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Abstract

Clustering, also called cluster analysis, is one of the most important techniques for
analyzing data, and has been widely applied in many fields, such as data mining, ma-
chine learning, pattern recognition, information retrieval, etc. However, the amount
of data is exponentially increasing because of the recent big data explosion. Many
excellent clustering algorithms designed with good robustness, e.g. the recently pro-
posed fuzzy density-based clustering algorithms, are not efficient enough for large-
scale datasets. On the other hand, some efficient algorithms, e.g. the incremental
clustering approaches, are not robust enough when they learn new data, especially in
a noisy environment. In this dissertation, two novel methods for efficient and robust
clustering are proposed. One is an efficient fuzzy density-based clustering algorithm
which uses a new concept, called “landmark”, to obtain a good representation for
the input dataset. Since the number of landmarks is much smaller than that of the
actual data, the computational cost is significantly reduced. The other one is a robust
incremental self-organizing neural network, where a new flexible network structure is
modeled so that the algorithm is able to automatically determine a suitable number
of neurons for the network while keeping stability to outliers.

In Chapter 1, the background of this study, including the purpose of clustering
and a brief summarization of the state of the art, is introduced. Then the challenge of
detecting clusters in large-scale datasets is discussed. After that, the purpose of this
study and a brief introduction of the two proposed methods as well as a description
of their contributions are presented.

Chapter 2 presents the fundamentals necessary for the remaining chapters. Three
classical clustering techniques, i.e. partitional, hierarchical and density-based cluster-
ings, are described and their benefits and drawbacks are discussed. Then it is followed
by the discussion on incremental clustering, including classical ones and relatively new
ones based on the self-organizing neural networks.

In Chapter 3, as the base of this study, a density-based clustering method, called
Landmark Fuzzy Neighborhood DBSCAN (landmark FN-DBSCAN), is presented,
aiming to improve the efficiency of FN-DBSCAN. The new concept, landmark, is
introduced to represent a subset of the input dataset so that the original dataset can
be compressed and represented by the generated landmarks. We give a theoretical
analysis on the time and space complexities of the algorithm, which shows that both
of them are linear to the size of the dataset. The experiments presented in this chapter
also show that the landmark FN-DBSCAN algorithm can be much faster than FN-
DBSCAN, while maintaining the good clustering quality of the original algorithm.
However, we will see that this algorithm has a critical limitation, because the final
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clustering result may be easily influenced by the input data orders, if the number of
landmarks is very small.

Chapter 4 introduces a new effective and efficient solution for the task of landmark
generation, i.e. Locally Adaptive Incremental LBG (LAI-LBG). In order to overcome
the above-mentioned drawback, LAI-LBG incrementally inserts and removes land-
marks with no requirement of predefining the number of landmarks, and it is not
sensitive to the initializations and the input data orders, which means that the al-
gorithm can pursue a well-balanced representation of the input dataset with a small
number of landmarks. In addition, it has a higher efficiency than its competitors with
comparable quantization quality.

In Chapter 5, a novel density-based clustering algorithm which is a significant
improvement of the landmark FN-DBSCAN algorithm is proposed. Benefiting from
LAI-LBG, the new algorithm can obtain a good clustering result with a few number
of landmarks, which indicates that the efficiency has further increased. In addition, it
is not sensitive to the input data orders, which means that the robustness is improved.
Furthermore, its parameters have typical values or can be automatically estimated,
which means that the practicability is also enhanced.

Chapter 6 presents a novel incremental self-organizing neural network, called en-
Hanced Incremental Growing Neural Gas (Hi-GNG). In this work, an enhancement
of the conventional competitive Hebbian learning (enhanced CHL) is also proposed,
where the birth and death of neurons, the creation and elimination of connections
between each pair of neurons, and the adjustment of the connection-strength of each
connection are modeled. On the basis of the enhanced CHL, the Hi-GNG algorithm
can automatically generate a topological structure with a suitable number of neu-
rons. Furthermore, it is also robust to noisy data and even more efficient than its
competitors, such as the Growing Neural Gas (GNG) algorithm.

In Chapter 7, the methods proposed in this dissertation are summarized and some
future works are discussed.
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Chapter 1

Introduction

In recent times, people are living in a world full of data. The rapid development of

information science and technology allows us to collect, store or analyze data in an

effective and convenient way that we could never imagine before. The impact on our

lives is inescapable [1, 2]. Clustering, also called cluster analysis, is one of the most

important techniques for analyzing data. It assumes that a set of observations or pat-

terns which have similar characteristics are forming natural grouping(s) in the feature

space, which can be observed by some statistical classification techniques. Webster

(Merriam-Webster Online Dictionary) [3] gives a definition of clustering as “a statisti-

cal classification technique for discovering whether the individuals of a population fall

into different groups by making quantitative comparisons of multiple characteristics”.

On the basis of a specific similarity measure, a clustering algorithm is a computer

program which can automatically divide a given dataset into several groups, named

clusters, where the data points in the same cluster are more similar to each other than

to those in different clusters. From a data modeling perspective, the long history of

clustering roots from mathematics, statistics and numerical analysis. Standing on the

point of view of machine learning, clustering is an unsupervised learning technique

which requires the algorithm to have a capability of processing datasets without

any prior knowledge. Since its fundamental and irreplaceable contributions to data

analysis, clustering now has been widely applied in many scientific fields including

data mining, machine learning, pattern recognition, information retrieval, etc.
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During the past decades, many excellent clustering algorithms have been proposed,

which have been successfully applied as solutions for different kinds of clustering

or classification problems. A rough but widely agreed framework is to classify the

existing clustering techniques into partitional clustering, hierarchical clustering or

density-based clustering [4].

Partitional clustering classifies a dataset into a set of disjoint non-empty clusters.

A classical technique in this category is the k-means clustering [5]. It assumes that a

cluster distributes with a single point as the center. Given n data points and k ini-

tialized clusters, the standard k-means clustering algorithm calculates the center for

each cluster and reassign all data points to the cluster with the closest center. In gen-

eral, this process is repeated until the Mean Squared Error (MSE) converges. Since

k-means is simple and efficient, it is still widely used even though over 50 years have

passed since it was first proposed [6]. Motivated by k-means, many improved algo-

rithms have been developed [7, 8, 9, 10, 11]. However, there are several shortcomings

of partitional clustering techniques, e.g. the number of clusters is a prerequisite; the

clustering results may significantly depend on the initialization; and complex-shaped

clusters are often difficult to detect.

Hierarchical clustering, in general, classifies data points with a hierarchical struc-

ture which is usually implemented by a binary clustering tree or a dendrogram [12].

Hierarchical clustering can be further categorized by the ways of how to organize

data points: by agglomeration or division [13]. A standard agglomerative clustering

algorithm is initialized with N clusters, where N usually equals to the number of

data points in the dataset. By merging the closest clusters into one single cluster,

the number of clusters decreases until some stop condition is reached. On the other

hand, a classical divisive hierarchical clustering algorithm usually starts with one clus-

ter containing all data points, splitting the cluster repeatedly to make a collection of

smaller clusters until some predefined stop condition is met. An important step of

hierarchical clustering is to choose a similarity measure which can be, but not limited

to, single-linkage [14], complete-linkage [15] or average-linkage [16]. Using different

similarity measures may lead to different clustering results. The main difficulty of
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using hierarchical clustering is their low efficiency for large-scale datasets. Given n

data points, a typical agglomerative clustering requires O(n3) time complexity and a

standard divisive clustering usually costs O(2n). Some approaches were proposed to

improve the efficiency, e.g. the literatures [17, 18], but they still need at least O(n2)

time complexity [4].

Some hybrid algorithms which combine the advantages of partitional and hierar-

chical clusterings have been proposed, such as, Cohesion-based Self-Merging (CSM)

[10] and CHAMELEON [19]. CSM is a two-phase clustering algorithm which par-

titions a dataset into several small sub-clusters in the first phase, and then merges

these sub-clusters in the second phase based on a similarity measure of the inter-

cluster distances in a hierarchical manner. CHAMELEON is another well-known

hybrid clustering algorithm. Different from the typical hierarchical clustering algo-

rithms, CHAMELEON clusters a dataset by considering both interconnectivity (the

number of links between two clusters) and closeness (the length of those links) in

identifying the most similar pair of clusters, which makes CHAMELEON powerful in

discovering clusters in arbitrary shapes and of different sizes.

Density-based clustering algorithms are proposed on the basis of several density-

related concepts, e.g. ε-neighborhood, core-point, directly density-reachable, density-

reachable and density-connected [20]. DBSCAN [21] is a typical one implemented

with these features. It assumes that the probability density of a small area in the

feature space is uniform and the data density in each desired cluster is higher than

the outside of the cluster. In general, compared to the other categories of cluster-

ing techniques, density-based clustering techniques usually have several advantages,

such as no requirement for the number of clusters, the ability of detecting arbitrary

shaped clusters and the effectiveness of outliers detection. However, they often suffer

a difficulty in the parameter selection. The main reason is that a typical density-

based clustering algorithm, e.g. DBSCAN, detects local density values by counting

the number of data in a so-called crisp-neighborhood which is directly controlled by

the parameter ε (or Eps). In addition, to obtain the core-points, the counted number

must exceed a threshold which is defined by another parameter, MinPTS. Unfortu-
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nately, in practice, it is very hard to select appropriate values for them. Recently,

building a soft model for the neighborhood has attracted a lot of attention. Fuzzy

Joint Point (FJP) and its extension, Noise Robust FJP (NRFJP), introduced the

concept of fuzzy-neighborhood into density-based clustering algorithms and partially

solved this problem [22, 23]. Unfortunately, a FJP-like method usually requires a

very high time complexity. Another approach, Fuzzy-Neighborhood DBSCAN (FN-

DBSCAN) provides a good balance between clustering efficiency and quality [24].

The key idea of FN-DBSCAN is to use fuzzy neighborhood functions to define a new

fuzzy neighborhood instead of the old crisp neighborhood used in DBSCAN. How-

ever, FN-DBSCAN has a typical time complexity of O(n2), which means that it is

not suitable to deal with large-scale datasets. Like the classical DBSCAN algorithm,

FN-DBSCAN can also be extended with a spatial index support, e.g. R∗-tree [25] or

kd-tree [26], so that the average time complexity can be reduced to O(n∗ log(n)) [21].

However, due to the recent big data explosion, an algorithm with a time complexity

of O(n2) or even O(n ∗ log(n)) may not be efficient enough if the input data scale is

very large. For example, in a geographic information system (GIS), a raster image

of an earth area of 1,000 by 1,000 meters captured by the NOAA satellite with

Advanced Very High Resolution Radiometer (AVHRR) sensor may generate over

four millions of data from each spectral channel [27]. In the social networks over the

internet, in every minute, Facebook users update over 246,000 statuses and about

278,000 tweets appear in the Twiter website [28]. People are seeking to find useful

information from such a huge amount of data. Therefore, designing more efficient and

robust clustering algorithms is still worth more deep research to catch up with this

rapidly developing world. Nowadays, there are mainly two approaches to improve the

clustering efficiency. One is to improve the algorithm so that the computational cost

can be directly reduced. The other one is to use an incremental manner for clustering

so that the algorithm can classify new data into clusters without recalculation of the

previously processed data. Regarding these two approaches, in this dissertation, we

propose two novel approaches to an efficient and robust density-based clustering and

an incremental self-organizing neural network, respectively.
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Here, we summarize the main features of the proposed methods and explain why

we need these features as follows.

1. The algorithms have a significantly higher efficiency than the other comparable

algorithms. According to the previously discussed big data explosion, the effi-

ciency of a clustering algorithm is highly more important than ever before. This

new challenge is encouraging researchers to find new efficient ways to analyze

data [29].

2. The algorithms do not require the number of clusters as a prerequisite. One

of the biggest problems with many classical clustering algorithms, e.g. most

partitional clustering algorithms, is that they require the number of clusters, k,

as an input parameter [6]. In this case, users have to own expertise and select

an accurate number for the value of k. Although there are some estimation

methods for determining k [30, 31, 32], it is very common that the value of k

cannot be exactly predicted, which often directly causes a low quality of data

analysis.

3. The algorithms can discover the clusters with arbitrary shapes. With many

clustering algorithms, the shapes of the detected clusters are limited to convex

shapes, e.g. spheres, polygons, etc. But a cluster, especially in a spatial dataset,

may not have a convex shape, but may be represented in an arbitrary shape

[33]. Moreover, the shape of a cluster might be more complicated in a higher-

dimensional space.

4. The algorithms is insensitive to outliers and can eliminate them if necessary. It

is very common that a given dataset contains some outliers [21]. In general, it

is preferable that a clustering algorithm is insensitive to the outliers and has a

capability of removing such exceptional data.

5. The algorithms have typical values for the parameters or it can automatically es-

timate appropriate values. According to the previous discussions, density-based

algorithms are usually suffering a difficulty in selecting appropriate parameter
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values. Since the proposed algorithm is also a density-based approach, it will

significantly improve the practicability of a clustering algorithm, if the param-

eters can be automatically determined or set by typical values.

The rest of this dissertation is organized as follows. We summarize the state of

the art of clustering techniques in Chapter 2. Next, we present our preliminary work

which is a density-based clustering algorithm called landmark fuzzy neighborhood

DBSCAN (landmark FN-DBSCAN) in Chapter 3. After that, we present a new

landmark generation method called Locally Adaptive Incremental LBG (LAI-LBG) in

Chapter 4. On the basis of previous two algorithms, we propose a novel density-based

clustering in Chapter 5 as one of main contributions in this dissertation. In Chapter

6, we propose another main contribution which is a new approach for incremental

clustering, called enhanced incremental growing neural gas (Hi-GNG). Finally, we

give the conclusions and discuss about our future work in Chapter 7.
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Chapter 2

Fundamentals

Designing a robust and efficient clustering algorithm has been attracting a lot of

attention for the past decades. In general, there are two ways of categorizing the ex-

isting clustering techniques. One is a widely agreed framework according to the main

characteristic in the procedure of clustering, i.e. partitional clustering, hierarchical

clustering and density-based clustering [4]. The other one is to categorize clustering

techniques by the manner of processing data, i.e. batch clustering and incremental

clustering.

In this chapter, we summarize the state of the art of the clustering techniques

for the categories of partitional clustering, hierarchical clustering and density-based

clustering. In addition, in each mentioned clustering category, we consider both batch

and incremental clustering approaches.

2.1 Classical Clustering Techniques

2.1.1 Partitional Clustering

The partitional clustering techniques can be further classified into hard partitional

clustering and fuzzy partitional clustering.
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Hard Partitional Clustering

In hard partitional clustering, each data belongs to and must only belong to one

cluster. Consider a m-dimensional dataset X = {xi}, i = 1, 2, ..., n, where xi =

(xi1, xi2, ..., xim) ∈ <m and a set of clusters C = {Cj}, j = 1, ..., k. The basic idea of

hard partitional clustering is to classify X into a set of disjoint non-empty clusters

[4], i.e.:

1. Ci ∩ Cj = ∅, where Ci, Cj 6= ∅, i, j = 1, ..., k, i 6= j;

2.
⋃k
i=1Ci = X;

The classical k-means algorithm is one of the most successful approach in this

category. It assumes that a cluster is distributed with a single point as the center.

Let Vk be the mean of the cluster Ck. A squared error function (Equation (2.1)) is

used to measure the fitness between Vk and the data in the cluster, Ck.

E(Ck) =
∑
xi∈ck

d(xi, Vk)
2 (2.1)

where, in general, the function d (x′, x) is the Euclidean distance between two m-

dimensional vectors x′ = (x′1, x
′
2, ..., x

′
m) and x = (x1, x2, ..., xm), i.e., d (x′, x) =√∑m

i=1 (x′i − xi)2.

Since there are k clusters with k centers, the objective function which is usually

the Mean Squared Error (MSE) (Equation (2.2)), is used to measure the distortions

of the optimization by the algorithm.

D =
1

n

k∑
j=1

E(Cj) =
1

n

k∑
j=1

∑
xi∈ck

d(xi, Vj)
2 (2.2)

Given a dataset and k initialized clusters, the standard k-means clustering algo-

rithm classifies data into k clusters by minimizing MSE as Algorithm 1 shows:

However, some limitations are known in the standard k-means algorithm.

First, the sensitivity to the initializations. The k-means clustering starts with

k arbitrary centers. Unfortunately, the final clustering quality significantly depends
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Algorithm 1 The k-means Clustering Algorithm

Input: X, k
Output: k partitions of X
1: Randomly initialize k vectors as the centers of k clusters;
2: Assign each data to its closest cluster by calculating the distance between the

data and the cluster centers;
3: Repeat Step 2 until the assignments of all data do not change, i.e. MSE is

minimized.

on the initialization. In general, a bad initialization may results in a seriously wrong

clustering result. David A. and Sergei V. proposed an initialization algorithm called k-

means++ [34], which guarantees a good solution with a time complexity of O(log(k)).

Second, the problem of local minimum. The optimization by minimizing MSE

is known as an NP-hard problem (even for k=2). From Step 2 of Algorithm 1, we

know that k-means takes a greedy strategy to assign data to clusters. Since the best

partition of a dataset usually falls in an exponentially large solution space, sometimes,

such a greedy way easily results in a convergence to a local minimum. Furthermore,

a bad initialization may lead to a deterioration of this situation [6].

Third, the sensitivity to the outliers. Outliers usually exist quite far away from

normal data, which means that they have a significantly higher or lower value than

the normal data. In this case, one single outlier may heavily influence the result of

the calculations for the cluster centers. The k-medoids [35], a variation of k-means,

chooses the medoid instead of calculating the center for each cluster, where a medoid

is usually a data in the dataset. By minimizing the sum of pairwise dissimilarities

instead of MSE, the k-medoids clustering algorithm can perform more robust to the

outliers than the original k-means clustering algorithm.

Due to the simplicity of implementation and efficiency in practice, the k-means

clustering is still widely used even though over 50 years have passed since it was first

proposed [6]. Inspired by k-means, many variations of k-means have been developed.

The Iterative Self-Organizing Data Analysis Technique (ISODATA) [36] merges clus-

ters, the separation distance of which in multi-spectral feature space is less than a

user-specified parameter, and also split a big cluster into two smaller clusters if the

standard deviation is greater than a user-specified parameter. Kanungo T. et al.
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proposed a k-means implementation with an efficient manner [37]. Their algorithm

organizes all the data in a kd-tree structure so that all the data which are closest to

a specified given data can be efficiently found out. The Clustering Large Applica-

tions based on RANdomized Search (CLARANS) is an improvement of the k-medoid

algorithm, which is more effective and efficient. More hard partitional clustering

algorithms can be found in literatures [7, 8, 9, 10, 11, 38, 39].

Fuzzy Partitional Clustering

Unlike hard partitional clustering, fuzzy partitional clustering allows each data to

be assigned to more than one clusters, and each cluster is associated with all data

points, which is measured by a set of membership degrees. A representative approach

is fuzzy c-means (FCM) (first developed by Dunn [40] and later improved by Bezdek

J.C. [41, 42]). The weighting factors of FCM are adjustable and the distance measure

is also exchangeable so that the sensitivity to noisy data can be essentially controlled.

The FCM algorithm uses Equation (2.3) instead of MSE.

Jm =
n∑
i=1

k∑
j=1

urij‖xi − Vj‖2, 1 ≤ r ≤ ∞ (2.3)

where k is the number of clusters, r is any real number greater than 1, uij is the

membership degree of xi belonging to the cluster Cj, Vj is the center of Cj, and ‖ ∗ ‖

can be any similarity measure, e.g. Minkowski distance or Euclidean distance. In

each iteration, minimize this objective function by updating the cluster centers and

the membership degrees. Given a data xi, FCM updates the membership degree of

xi belonging to cluster Cj by Equation (2.4), and updates the centers by Equation

(2.5), respectively.

uij =
1∑k

p=1(
(‖xi−Vj‖
(‖xi−Vp‖)

2/(r−1)
(2.4)

Vj =

∑n
i=1 u

r
ij ∗ xi∑n

i=1 u
r
ij

(2.5)

Here we summarize the FCM algorithm in Algorithm 2.
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Algorithm 2 The Fuzzy c-means (FCM) Algorithm

Input: X, r, k, ε
Output: the membership degrees of all data
1: Initialize a n× k matrix to represent the membership degree U(0)← [uij]n×k;
2: In each iteration, e.g. the t-th iteration, update cluster centers and membership

degree matrix as follows

Vj ←
∑n

i=1 uij(t)r∗xi∑n
i=1 uij(t)r

,

uij(t+ 1)← 1∑k
p=1(

(‖xi−Vj‖
(‖xi−Vp‖

)2/(r−1)
;

3: Repeat Step 2 until ‖U(t+ 1)− U(t)‖ < ε;

Recently, Havens, T. C., Bezdek, J.C. et al. significantly improved the efficiency

of FCM so that the improved version can be well applied to the processing of very

large-scale datasets[43].

2.1.2 Hierarchical Clustering

An Overview of Hierarchical Clustering

Hierarchical clustering (HC) is another widely used tool for data analysis. Compared

to partitional clustering, e.g. k-means, a HC algorithm does not require the number

of clusters and the initialization of k clusters. A typical HC algorithm organizes data

with a hierarchical structure [4]. In practice, such a hierarchical structure can be im-

plemented by a binary tree or a dendrogram [12] where root node represents the whole

dataset and each leaf node is regarded as a single data point [4]. So, HC algorithms

can be further categorized by the ways of obtaining such a hierarchical structure, i.e.

bottom-up method and top-down method, which are called hierarchical agglomerative

clustering (HAC) and hierarchical divisive clustering (HDC), respectively [13].

A HC algorithm initializes all data points as singleton clusters (in the HAC case)

or a single cluster containing all data points (in the HDC case), then it merges or

splits the most appropriate clusters until the stopping criterion is reached. Here, we

summarize a standard HAC algorithm in Algorithm 3.

Early representative HC algorithms are SLINK [17] and CLINK [15] which im-

plement single-linkage and complete-linkage (see section 2.1.2 for more detailed dis-
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Algorithm 3 A Hierarchical Agglomerative Clustering Algorithm
Input: X
Output: the partitions of X
1: Initialize each data point as a singleton cluster;
2: Merge two closest clusters;
3: Repeat Step 2 until all clusters have been merged into a single cluster.

cussions), respectively. The main difficulty of using classical HC algorithms is their

low efficiency for large-scale datasets. Given n data points, a typical HAC requires

O(n3) time complexity and a standard HDC usually costs O(2n). A well-known HC

algorithm is CURE [18] which provides a more robust solution for detecting out-

liers in large-scale dataset. In addition, CURE also enhanced the ability to detect

non-spherical shaped clusters. ROCK uses a new concept, called link, to measure

the similarity between a pair of data points, which makes ROCK suitable for both

boolean and categorical attributes [44].

Recently, HC algorithms have been extended in many directions, one of which is

a combination of partitional clustering and hierarchical clustering, which is usually

called hybrid clustering. The Cohesion-based Self-Merging (CSM) algorithm [10] is

a two-phase clustering algorithm which partitions a dataset into several small sub-

clusters in the first phase, and then merges these sub-clusters in the second phase

based on a similarity measure of the inter-cluster distances in a hierarchical manner.

CHAMELEON [19] is another well-known hybrid clustering algorithm. Different from

the typical hierarchical clustering algorithms, CHAMELEON clusters a dataset by

considering both interconnectivity (the number of links between two clusters) and

closeness (the length of those links) in identifying the most similar pair of clusters,

which makes CHAMELEON powerful in discovering clusters in arbitrary shapes and

of different sizes. Clustering documents by HC also attracted a lot of attention

[45, 46]. Benjamin C. M. Fung et al. proposed a hierarchical document clustering

where a new concept, called frequent itemsets, which is a set of common words in

a document, is introduced to identify clusters and also used to produce a hierar-

chical topic tree for clusters. By focusing on frequent items, the dimensionality of

the document set can be reduced [46]. A. Kraskov and P. Grassberger introduced a
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new similarity measure, called mutual information (MI), and they also proposed the

mutual information clustering (MIC) algorithm based on MI [47], which can be well

applied in some real-world problems, such as constructing phylogenetic trees from mi-

tochondrial DNA sequences and analyzing Electrocardiography (ECG) of a pregnant

woman. Using parallel techniques for HC also received many attention, which are

discussed in [48, 49, 50]. Another popular direction is the extension of HC algorithms

with a capability of incremental clustering, which we will discuss in section 2.2.1.

More interesting recent work related to HC algorithms can be found in [14, 16,

51, 52, 53, 54].

Linkage criteria

No matter a HC algorithm is implemented with HAC or HDC, the most important

thing to obtain the final clustering result is to determine a suitable linkage criterion,

i.e. the similarity measure of two clusters. Using different linkage criteria may directly

lead to different clustering results. Letting Ci and Cj be two clusters, we summarize

several widely-used linkage criteria as follows.

Single-linkage [55] can be described by Equation (2.6).

D(Ci, Cj) = min{d(x, y), x ∈ Ci, y ∈ Cj} (2.6)

where we can see that single-linkage is a local-search strategy where the similarity of

two clusters is measured by their most similar members. In general, single-linkage

can be well applied to discover clusters with complex-shapes, but, sometimes, two

clusters may be easily mis-merged if there exist some noisy data establishing a bridge

between them.

Complete-linkage [56], however, is a non-local strategy to measure the similarity

of two clusters given by Equation (2.7).

D(Ci, Cj) = max{d(x, y), x ∈ Ci, y ∈ Cj} (2.7)
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Unlike single-linkage, complete-linkage measures the similarity by the most dis-

similar members so that the entire cluster structure can influence merge decisions

[57]. However, it often suffers from the problem with outliers.

Another well-known linkage criterion is the average-linkage criterion, also known

as Unweighted Pair Group Method with Arithmetic Mean (UPGMA) [58], which is

described as follows.

D(Ci, Cj) =
1

|Ci| ∗ |Cj|
∑
x∈Ci

∑
y∈Cj

d(x, y) (2.8)

The above three linkage criteria are called graph method since they calculate

all data of a cluster pair. There are also some other linkage criteria, whereas they

are called geometric methods which use geometric centers to represent clusters and

determine their distances. Interested readers are recommended to read the literatures

[4, 59, 60, 61, 62, 48] to find more major linkage criteria.

2.1.3 Density-Based Clustering

Compared to partitional clustering and hierarchical clustering, denstiy-based cluster-

ing is a younger category of clustering techniques. The first method which is the

Density-Based Spatial Clustering of Applications with Noise (DBSCAN) algorithm

was proposed at ACM-KDD 1996 [21].

In general, density-based clustering algorithms are based on several density-related

concepts, such as density, connectivity and boundary [60]. DBSCAN defines such

concepts including ε-neighborhood, core-point, directly density-reachable, density-

reachable and density-connected [20], so that it detects clusters by searching for

the density-connected data points. The standard DBSCAN has a time complexity of

O(n2) and can be further reduce to O(n∗log(n)) with some spatial indexing structure,

e.g. R?-tree or kd-tree. In addition, DBSCAN has only two parameters ε (or Eps)

and MinPts which are used to define ε-neighborhood of a data point and a core

point. Due to the effectivity and efficiency, DBSCAN has become the most widely

used density-based clustering algorithm, especially for detecting clusters in spatial
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datasets where data points have low-dimensionality but the amount of data is usually

dramatically large. Since DBSCAN is very important to the proposed methods of

this dissertation, we will detail this algorithm in Section 3.1.1.

Compared with other categories of clustering techniques, density-based clustering

methods usually have the following advantages:

1. The number of clusters in a dataset is not a prerequisite of clustering.

2. The detected clusters can be represented in an arbitrary shape.

3. Outliers can be detected and removed.

However, DBSCAN often suffers from some limitations, e.g. different part of data

may have different densities indicating a different determination for parameters. How-

ever, the two parameters used in DBSCAN are pre-defined and globally fixed before

carrying out clustering, which results in a difficulty in the parameter selection [19].

Furthermore, the neighborhood radius is directly controlled by the parameter ε, which

is a crisp-neighborhood model indicating that the algorithm is poor at representing

the local densities [24]. Unfortunately, there is no straight-forward way to determine

them [60]. Over the past decades, the improvements or extensions of DBSCAN has

attracted a lot of attention.

The Generalized DBSCAN (GDBSCAN) is a generalized version of the DBSCAN

algorithm [63]. It can use any notion of a neighborhood of a data point if the definition

of the neighborhood is based on a binary predicate which is symmetric and reflexive.

Second, to define the cardinality, instead of simply counting the data points in the

neighborhood, GDBSCAN can use some other methods considering both spatial and

the non-spatial attributes, e.g. the average income of a city. These new features make

GBSCAN more powerful than the original DBSCAN algorithm to the applications in

solving real world problems.

The algorithm, Ordering Points To Identify the Clustering Structure (OPTICS),

extended DBSCAN with the ability to analyze clusters with different densities [64].

It can automatically or interactively build an augmented ordering of data so that
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a density-based clustering structure can be represented. OPTICS uses the same

parameters as DBSCAN, but it is easier to parameterize than the former one. A

main lamination of OPTICS is that the clustering results are not easy to use. In

general, a visualization method is needed to analyze the results. Some improvements

or modifications of OPTICS can be found in literatures [65, 66, 67, 68]

In order to improve the efficiency, DENsity-based CLUstEring (DENCLUE) [69]

and its improvement DENCLUE 2.0 [70] employ a cluster model based on kernel

density estimation. A cluster is defined by a local maximum of the estimated density

function. Data points are assigned to the same cluster if they are going to the same

local maximum, using the procedure called hill climbing. The rough-DBSCAN algo-

rithm is another good modification of DBSCAN regarding the same objective, which

uses a modified Leaders algorithm to extract a small part of data points and then use

DBSCAN to classify the leaders so that the efficiency can be significantly improved

[71].

Another important direction of the development of density-based clustering is the

extension with fuzzy-set theory. As previous discussions, a typical density-based clus-

tering algorithm has a crisp-neighborhood model. A critical problem of this model is

the difficulty in selecting appropriate parameters. In order to overcome this shortcom-

ing, recently, building a soft model instead of the crisp model for neighborhoods has

attracted a lot of attention. Fuzzy Joint Point (FJP) and its extension, Noise Robust

FJP (NRFJP), introduced the concept of fuzzy-neighborhood into density-based clus-

tering algorithms and partially solved this problem [22, 23]. Unfortunately, FJP-like

method usually requires a very high time complexity. Another approach, Fuzzy-

Neighborhood DBSCAN (FN-DBSCAN) provides a good balance between clustering

efficiency and quality [24]. Since FN-DBSCAN is the preliminary of the proposed

method in this dissertation, we will detail this algorithm in Section 3.1.2.

More interesting work for the improvements of density-based clustering algorithms

can be found in the literature [68, 72, 73, 74].
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2.2 Incremental Clustering

Another reasonable way of categorizing existing clustering techniques is to classify

them into two types by the manner of processing data, i.e. batch clustering and

incremental clustering (also called stream clustering or online clustering). The batch

clustering requires that all the data are input to algorithm at once before carrying

our clustering. On the other hand, the incremental clustering allows that data can be

input and learned by the algorithm one by one. So, if the input dataset is changing

over time, the incremental clustering is a much more efficient manner than the batch

clustering to detect clusters in such datasets.

2.2.1 Classical Incremental Clustering Techniques

So far, the state of the art we summarized in the previous section are batch clustering

techniques. It is also possible to extend the classical clustering with a capability of

incremental clustering.

Incremental Partitonal Clustering

Recently, the implements of incremental k-means attracted a lot of attention. A well-

known algorithm is STREAMLS [75], which partitions the input stream into chunks

and clusters each chunk using a local search algorithm from [76]. Although it has been

shown that STREAMLS is slower than BIRCH (a well-known incremental hierarchical

clustering, see more discussions in the following part), it can usually obtain a better

clustering quality than the later one. CluStream [77] is a stream clustering framework

which allows the exploration of a stream over different time windows, hence providing

a better understanding of the evolution of a stream [78]. The main idea of CluStream

is to divide the clustering process into an online process that periodically stores

summary statistics, and an offline process that uses only these summary statistics.

N. Ailon et al proposed a modified k-means algorithm which can work well in an

incremental mode [79]. In this work, they combined a deviation of the k-means++

algorithm which can output more than k centers, and a hierarchical clustering, so
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that the modified algorithm has an impressive performance with limited memory.

M. R. Ackermann et al proposed the StreamKM++ algorithm which consists of an

adaptive, non-uniform sampling approach and a new data structure called coreset

tree [80].

Incremental Hierarchical Clustering

Balanced Iterative Reducing and Clustering using Hierarchies (BIRCH) [81] incre-

mentally and dynamically clusters based on a new data structure, called clustering

feature (CF) tree which grows by aggregation, achieving a result with only one pass

over the data, with time complexity of O(n). Therefore, BIRCH can achieve an

impressive efficiency for large-scale multi-dimensional datasets. However, BIRCH

usually has a difficult in detecting arbitrary-shaped clusters [75]. S. Nassar proposed

a new incremental hierarchical clustering based on a scheme to maintain data bub-

bles dynamically [82]. By using incremental data bubbles, a high-quality hierarchical

clustering is quickly available at any point in time. In this new scheme, a quality

measure for incremental data bubbles is used to identify data bubbles that do not

compress well their underlying data points after certain insertions and deletions. Only

these data bubbles are re-built using efficient split and merge operations. The Online

Divisive-Agglomerative Clustering (ODAC) [83] uses a correlation-based dissimilarity

measure between time series over a data stream and possesses an agglomerative phase

to enhance a dynamic behavior capable of concept drift detection. Main features of

ODAC include splitting and agglomerative criteria based on the diameters of existing

clusters and supported by a significance level. At each new data point, only the leaves

are updated, reducing computation of unneeded dissimilarities and speeding up the

process every time the structure grows.

Incremental Density-based Clustering

DenStream [84] is an incremental version of DBSCAN. The concept, core-micro-

cluster, is used to summarize the arbitrary-shaped clusters, while the potential-core-

micro-cluster and outlier-micro-cluster structures are used to maintain and distinguish

18



the potential clusters and outliers. On the basis of these concepts, a pruning strategy

is used to guarantee the precision of the weights of the micro-clusters with limited

memory. Like DBSCAN working in the batch mode, DenStream can discover clusters

of arbitrary shape in data streams, and it is insensitive to noise. D-Stream [85] is a

density-based incremental clustering framework. It first maps each input data into

a grid, then computes the density of each grid, and classifies the grids into clusters

using a density-based approach. Due to the density-related concepts, D-Stream works

better at finding arbitrary-shaped clusters than the previously introduced clustering

framework, CluStream.

2.2.2 Incremental Clustering by Self-organizing Neural Net-

works

Although we have introduced some incremental extensions for each clustering category

in the previous section, a more natural implementation is to use self-organizing neural

networks which have been playing an important role in the field of unsupervised

learning over the past few decades.

One of the most well-known techniques is self-organizing map (SOM) [86], also

known as the Kohonen network. The original SOM has two layers: the input layer

and the competitive layer. The competitive layer consists of a set of units (also

called neurons or nodes) with lateral connections, which is usually constructed as a

two-dimensional topological structure. A weight vector is assigned to each unit and

is updated during training procedures according to the simple competitive learning

(SCL) [87] strategy. When the training procedure is finished, SOM divides the input

space into several regions, which can be considered that the input space is described

by SOM as a Voronoi diagram, and each best matching unit (BMU) is the site of

the corresponding Voronoi cell, indicating that SOM is suitable for clustering tasks.

Another powerful feature of SOM is that high-dimensional data can be projected to

a low-dimensional topological structure, which means that SOM can be applied to

data visualization. Unfortunately, SOM has some drawbacks, one of which is its fixed
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structure in its competitive layer. The size of the network must be predefined and

is unchangeable during training procedures, which is similar to providing an integer

number k as a parameter in the k-means clustering algorithm. In general, it is difficult

to determine k without any prior knowledge of the given dataset [88]. In addition,

the fixed structure limits SOM to the detection of clusters which are presented as

complex shapes.

In order to overcome the drawback caused by the fixed structure, a series of

‘growing-type’ self-organizing neural networks have been proposed. These techniques

usually have dynamic network structures.

Growing cell structures (GCS) [89] have a flexible network consisting of k-dimensional

simplices. Each node is assigned a local variable, called a signal counter, which

presents the local error of a neuron in the training procedure. GCS starts with a

random k-dimensional simplex, e.g. the network is a triangular network if k = 2, and

then, at timed intervals, new nodes will be inserted by splitting the longest edge em-

anating from the node with the maximum accumulated error. However, the topology

dimensions in GCS must be kept strictly: when inserting a node, additional edges are

also required to be added in order to maintain the topological structures. Further,

another problem is that once a node is created in GCS, it cannot be removed.

Unlike SOM and GCS, the growing neural gas (GNG) method [90] has a more

flexible network structure in which nodes can be added or removed, and there are no

constrains for the topological structure. Actually, it can be considered as a combi-

nation of competitive Hebbian learning (CHL) [91] method (See more discussions in

Section 6.2.1), neural gas (NG) [92] and the growing strategy of GCS. In the training

procedure, GNG starts with two neurons. An edge will be created between two nodes

with the highest activity if there is no edge between them. New nodes are inserted in

the same way as that of GCS. The algorithm will stop if some predefined condition

is met. Because of the presence of these important features, the GNG algorithm is

considered to be suitable for the task of on-line learning.

With the increasing number and dimensions of data, the learning algorithms are

required to efficiently deal with large number of signals. In general, there are two
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main approaches to speed up the GNG algorithm. The first approach is to reduce the

computational complexity of GNG, such as density-based growing neural gas (DB-

GNG) [93] and the literature [94]. They usually establish a supporting structure,

such as an R-tree, slim-tree or kd-tree, in order to reduce the cost of finding the

nearest neuron. Another approach tries to modify the growing mechanism, such as

fast autonomous growing neural gas (fAGNG) [95] and incremental growing neural

gas (IGNG) [96]. The fAGNG algorithm performs the insertion of k neurons every

λ signals. IGNG uses a distance-check strategy to insert neurons, which means that

there is no necessity to calculate the local accumulated errors. Furthermore, it is not

required to find the neurons with the maximum accumulated error when inserting

neurons. These features make IGNG more efficient than the original GNG algorithm.

Considering that the given data distribution contains some noisy data, it will be-

come a very difficult task for the methods mentioned above to learn such data distri-

butions robustly. Unfortunately, few self-organizing neural networks were developed

to address this problem. The self-organizing incremental neural network (SOINN)

[97] was designed for the learning of non-stationary data distributions. SOINN has

two layers in its architecture. The first layer performs like the GNG algorithm and

the second layer is used to detect the potential low-density areas using the output of

the first layer as its input. However, this two-layer architecture is sometimes too com-

plicated for an on-line learning algorithm as users do not know when to stop the first

layer and when to start the second layer. In addition, two layers mean that there are

more parameters to be determined. In order to deal with noisy data, Robust Growing

Neural Gas (RGNG) [98] extended the GNG algorithm with a noisy data resistant

scheme. However, like the original GNG algorithm, RGNG also needs to calculate

the local accumulated errors, which means that RGNG has a higher computational

complexity than the IGNG like techniques.
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Chapter 3

Landmark Fuzzy Neighborhood

DBSCAN

In this chapter, we present our preliminary work, a fuzzy density-based clustering

algorithm called Landmark Fuzzy Neighborhood DBSCAN (landmark FN-DBSCAN),

which can provide a similar clustering quality to FN-DBSCAN, but only requires a

linear time complexity to the size of input dataset.

3.1 Preliminaries

3.1.1 DBSCAN

DBSCAN assumes that the probability density of a small area in the feature space is

uniform and the data density in each desired cluster is higher than the outside of the

cluster. The density of noisy data is expected to be lower than that of normal data.

To describe the density of data, a neighborhood for each data, called ε-neighborhood,

is defined, and then, the main idea of DBSCAN is that for each core-data in a cluster,

the number of data in its neighborhood has to exceed some threshold, and for each

border-data in a cluster, there must exist at least one core-data such that the border-

data are density-reachable from the core-data [21]. Now, we describe these concepts

as follows.
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Definition 1 (ε-neighborhood of a data) Given a dataset D and a positive real

number ε, the ε-neighborhood of a data x (x ∈ D), denoted as Nε(x), is a set of

data defined by:

Nε(x) = {x′ ∈ D | dis (x′, x) ≤ ε} (3.1)

where dis (x′, x) represents the Euclidean distance between x′ = (x′1, x
′
2, ..., x

′
n) and

x = (x1, x2, ..., xn), i.e., dis (x′, x) =
√∑n

i=1 (x′i − xi)2. We say that x′ is in the

ε-neighborhood of x if x′ ∈ Nε(x).

Definition 2 (core data) Given a positive integer, MinPts, a data x (x ∈ D) is

called a core data if:

|Nε(x)| ≥MinPts (3.2)

where |Nε(x)|, named the cardinality of x, is the number of data in the ε-neighborhood

of x.

Definition 3 (directly density-reachable) Given the two parameters, ε and MinPts,

a data point xi (x ∈ D) is directly denisty-reachable to the data point xj, if xj is a

core data and xi ∈ Nε(xj).

Fig. 3-1 (a) shows three data points lying on a part of data distribution, where

x1 is a border point, x2 and x3 are two core points (with the parameter setting as

MinPts = 6). Directly density-reachable is symmetric for pairs of core data (Fig. 3-1

(b)). However, it is not symmetric if one core data and one border data are involved.

Fig. 3-1 (c) shows the asymmetric case.

Definition 4 (density-reachable) Given the two parameters, ε and MinPts, a

data point xi (x ∈ D) is denisty-reachable to the data point xj, if there is a chain of

data points x1, ..., xn, x1 = xi, xn = xj such that xi+1 is directly-researchable from xi.

Density-reachability is a canonical extension of direct density-reachability. This

relation is transitive, but it is not symmetric since directly density-reachable is not

symmetric[21]. Figure 3-2 (a) shows an example of an asymmetric case of density-

reachable.
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x : core data2
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x3x : core data3

(a)
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reachable from x .1

x3

(b)

x1

x2

x is directly density-1

reachable from x . 2

x is NOT directly density-2

reachable from x .1

( c)

Figure 3-1: Two data points, x1 and x2 with MinPts = 6 (a). x1 is directly density-
reachable from x2 (b), whereas x2 is NOT directly density- reachable from x1 (c).

Definition 5 (density-connected) Given the two parameters, ε and MinPts, a

data point xi (x ∈ D) is denisty-connected to the data point xj, if there is a data

point xk such that both xi and xj are density-reachable from xk.

Obviously, density-connectedness is a symmetric relation. Fig. 3-2 (b) shows a

density-connected case.

On the basis of the above definitions, DBSCAN finds clusters in which each pair

of data points are density-connected. We summarize the DBSCAN algorithm in

Algorithm 4.

DBSCAN uses a distance-based strategy to describe the neighborhood of each

data, i.e., the ε-neighborhood of a data (see Definition 1). Here, the parameter ε is

used as a globally fixed value, which means the neighborhoods of all data have the

same value of radius. And such a fixed value of radius results in a crisp boundary

for the neighborhood. The neighborhood function of DBSCAN can be described by

Equation (3.3).

fx(x
′) =

1, if dis(x, x′) ≤ ε

0, otherwise

(3.3)
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x j
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x  is density-reachable from x . i k

x  is also density-reachable from x . j kxk

Figure 3-2: Two data points, xi and xj with MinPts = 6. (a) xi is density- reachable
from xj, whereas xj is NOT density- reachable from xi. (b) xi and xj are density-
connected

When a data is given, this model works well for determining whether another

data in the dataset is a neighbor of the current one or not. However, since a key

step of DBSCAN is to estimate the local density by calculating the cardinality of

the ε-neighborhood of each data, it may not be always powerful to estimate the local

density correctly, because two ε-neighborhoods of two different data may have the

same cardinality according to Definition 2, although the density values are not the

same. Fig. 3-3 shows an example of this situation. If we take a point of view of

measuring the degree of the neighborhood membership for each pair of data, this

phenomenon is caused by the same, crisp membership degree for all data in one

neighborhood according to Equation (3.3). For example, consider that there are

three data, x, x1 and x2, and we want to tell the difference of the membership degrees

between two pairs of data, i. e. (x, x1) and (x, x2). Unfortunately, the membership

degrees for (x, x1) and (x, x2) are the same given by the crisp neighborhood function

(See Fig. 3-4(a)).
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Algorithm 4 The DBSCAN Algorithm
Input: D, ε, MinPts
Output: C and “noise” mark
1: Mark all data as “unassigned”;
2: C ← φ;
3: for all x in D do
4: if x is marked as “unassigned” then
5: Nε(x)← find the ε-neighborhood of x;
6: card(x)← Calculate the cardinality of x.
7: if card(x) ≥MinPts then
8: Mark x as “assigned”;
9: Create a new cluster C, initialized by C ← {x};
10: Create a queen S, initialized by S ← Nε(x);
11: for all p in S do
12: C ← C ∪ {p};
13: Mark p as “assigned”;
14: Nε(p)← find the ε-neighborhood of p;
15: card(p)← Calculate the cardinality of p.
16: if card(p) ≥MinPts then
17: Add all data in Nε(p) to the end of queen: S ← S ∪Nε(p);
18: end if
19: end for
20: C ← C ∪ {C};
21: end if
22: end if
23: end for
24: Mark all remaining “unassigned” data as “noise”;

3.1.2 Fuzzy Neighborhood DBSCAN (FN-DBSCAN)

To overcome the drawback mentioned in the previous section, recently, using more

flexible, soft model to build the neighborhood has been developed. The Fuzzy Neigh-

borhood DBSCAN (FN-DBSCAN) is a good extension of the original DBSCAN al-

gorithm with the fuzzy set theory. The key idea of FN-DBSCAN is to use fuzzy

neighborhood functions to define a new fuzzy neighborhood instead of the old crisp

neighborhood. In the following part, two different fuzzy neighborhood functions, i.e.

the linear one and the exponential one, are introduced.

Given two data x and x′ (x, x′ ∈ D), the linear neighborhood function is given by
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Figure 3-3: An example of using crisp neighborhood in DBSCAN. Data x1 and x2

have the same value of cardinality which is 12, but the values of the density are not
the same.

Equation (3.4).

fx(x
′) = max

{
1− kdis(x, x

′)

xmax
, 0

}
(3.4)

where k is a positive real number (k > 0) and xmax is the maximum distance of all

pairs of data in D.

As expected, different membership degrees can be distinguished by applying linear

neighborhood function. Fig. 3-4(b) shows that the membership degree of the data

pair (x, x1) is higher than that of the data pair (x, x2).

Given two data x and x′ (x, x′ ∈ D), the exponential neighborhood function is

given by Equation (3.5).

fx(x
′) = exp

(
−
(
k
dis(x, x′)

xmax

)2
)

(3.5)

where k is a positive real number (k > 0) affecting the neighborhood radius and xmax

is the maximum distance of all pairs of data in D.

Fuzzy Neighborhood DBSCAN (FN-DBSCAN) gives a generalized definition for

describing a soft neighborhood.

Definition 6 (fuzzy-neighborhood of a data) Given a dataset D and a positive

real number ε1, the fuzzy-neighborhood of a data x (x ∈ D), denoted as Nf (x), is a

set of data defined by:

Nf (x) = {x′ ∈ D | fx(x′) ≥ ε1} (3.6)
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(a)

(b) (c)

Figure 3-4: Different neighborhood functions. (a) The crisp neighborhood function.
(b) The linear fuzzy neighborhood function. (c) The exponential fuzzy neighborhood
function

where fx(x
′) is a generalized fuzzy neighborhood function which produces a membership

degree for two data, x and x′. We say that x′ is in the fuzzy neighborhood of x if

x′ ∈ Nf (x).

Additionally, FN-DBASCAN modified the definition of the “core data”.

Definition 7 (fuzzy core data) Given a positive real number ε2, a data x (x ∈ D)

is called a fuzzy core data if:

|Nf (x)| ≡
∑

x′∈Nf (x)

fx(x
′) ≥ ε2 (3.7)

where |Nf (x)|, named fuzzy cardinality, denotes the level of the density of the fuzzy
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Algorithm 5 The FN-DBSCAN Algorithm

Input: D, ε1, ε2, f
Output: C and “noise” mark
1: Mark all data as “unassigned”;
2: C ← φ;
3: for all x in D do
4: if x is marked as “unassigned” then
5: Nf (x)← find the fuzzy neighborhood of x by applying f and ε1;
6: card(x)← Calculate the fuzzy cardinality of x.
7: if card(x) ≥ ε2 then
8: Mark x as “assigned”;
9: Create a new cluster C, initialized by C ← {x};
10: Create a queen S, initialized by S ← Nf (x);
11: for all p in S do
12: C ← C ∪ {p};
13: Mark p as “assigned”;
14: Nf (p)← find the fuzzy neighborhood of p by applying f and ε1;
15: card(p)← Calculate the fuzzy cardinality of p.
16: if card(p) ≥ ε2 then
17: Add all data in Nf (p) to the end of queen: S ← S ∪Nf (p);
18: end if
19: end for
20: C ← C ∪ {C};
21: end if
22: end if
23: end for
24: Mark all remaining “unassigned” data as “noise”;

neighborhood of x.

By replacing the Definition 1 and Definition 2 in the original DBSCAN algo-

rithm with Definition 6 and Definition 7, respectively, we can transform the original,

distance-based DBSCAN into the level-based FN-DBSCAN. Thus in the previous

example shown in Fig 3-3, the fuzzy cardinality of x1 and x2 are not the same

according to Definition 7.

With specifying parameters ε1, ε2 and the fuzzy neighborhood function f , the

FN-DBSCAN algorithm can be implemented as Algorithm 5.

We see the FN-DBSCAN algorithm is very close to the original DBSCAN algo-

rithm. Actually, if FN-DBSCAN uses the same way of defining neighborhoods and

calculating the cardinalities, FN-DBSCAN will become DBSCAN. Besides, we easily
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know the time complexity of FN-DBSCAN is O(n2), which is the same as DBSCAN.

3.2 Landmark Fuzzy Neighborhood DBSCAN

Despite the fact that the FN-DBSCAN made the density-based clustering more ro-

bust, the standard FN-DBSCAN algorithm has a time complexity of O(n2), indicating

an expensive time complexity for large-scale datasets.

3.2.1 Landmark Generation

In order to reduce the expensive cost on processing the dataset directly, the input

dataset is divided into several subsets with smaller sizes. In this procedure, a set of

data are selected and further processed as “landmarks” and each landmark is used to

represent one subset. Here we give several related concepts in this procedure.

Definition 8 (landmark) Given a dataset D as an n-by-m matrix, where n is the

number of data and m is dimensionality of data, a landmark, denoted as l, is a triplet:

l =
〈
V, NL

f (l), µ
〉

(3.8)

where V is an m-dimensional vector corresponding to a data in D (determined by

Algorithm 6), NL
f (l) is a subset of D, containing all the data in the fuzzy neighborhood

of l (See Definition 9) and µ is a positive real number called the membership level of

l.

With the property V, a landmark is able to compare the membership degree with

a data or another landmark. In order to measure the membership degree in such two

cases, two variants of exponential fuzzy neighborhood functions are used.

First, given a landmark l and a data x (x ∈ D) for example, we measure the

membership degree between l and x by, say, Equation (3.9),

fl(x) = exp

(
−
(
r · k · dis(V, x)

∆dmax

)2
)

(3.9)
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where r, k are positive real numbers and ∆dmax is the maximum distance between V

and all the other data in D.

Second, as for the membership degree between two landmarks l1 and l2, we define

the membership function as, say, Equation (3.10),

fl1(l2) = exp

(
−
(
k · dis(V1,V2)

∆dmax

)2
)

(3.10)

where k is a positive real number and ∆dmax is the maximum distance between V1

and all the other landmarks.

Taking Equation (3.9) for example, we describe how the above two exponential

fuzzy neighborhood functions were designed. Given a data x (x ∈ D) and a landmark

l, the function fl(x) = exp(−dis(V, x)) is used to make the membership degree fixed

in the range of (0, 1], where fl(x) approaches to 0 when the distance between l and

x approaches to infinity. In addition, we want the membership degree to be more

sensitive to the small distance between l and x, which means two close points can

get a greater value of the membership degree. For this purpose, the function was

transformed to fl(x) = exp(−(dis(V, x))2). In practice, when the dataset D and

a landmark l are given, the maximal distance between V and all the data in D,

denoted as ∆dmax, can be considered as a constant. So we further transformed the

function to fl(x) = exp(−(dis(V,x)
∆dmax )2). Finally, the parameters k and r are used to

adjust the radius of the neighborhood, i.e., the function was finally transformed to

fl(x) = exp

(
−
(
r · k · dis(V,x)

∆dmax

)2
)

.

Here, we make a further discussion on the parameters k and r in Equation (3.9)

and Equation (3.10). Comparing these two equations, we see that both of them use

parameter k, and here k is used as the same value. The reason why two parameters

k and r are used in Equation (3.9) is that it is necessary to emphasize that those

two equations are used in different steps. Equation (3.9) is used only in landmark

generating procedure (Step (1), see Algorithm 6). The other Equation is only used in

Step (2) (See Algorithm 7). Since these two steps have different purposes, the radii

of the neighborhood may be different. Hence, the parameter r used in Equation (3.9)
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Algorithm 6 The Landmark Generation Algorithm

Input: D, r, k, ε1

Output:  L
1:  L← ∅;
2: for all x in X do
3: Find a landmark, l, such that:

l← arg minl∈ L{d(V(l), x)};

4: u← exp

(
−
(
r · k · dis(l.V,x)

∆dmax

)2
)

;

5: if  L = ∅ or u(l) < ε1 then
6: V(l)← x; N(l)← {x}; µ(l)← 1;
7: l← (V(l), N(l), µ(l));
8:  L←  L ∪ {l};
9: else
10: N(l)← N(l) ∪ {x};
11: µ(l)← µ(l) + u(l);
12: end if
13: end for

offers an additional adjustment for the neighborhood radius in Step (1).

Definition 9 (fuzzy-neighborhood of a landmark) Given a set D, where D can

be a set of data or a set of landmarks, and a positive real number ε1, the fuzzy-

neighborhood of a landmark l, denoted as NL
f (l), is the set of data or the set of

landmarks defined by:

NL
f (l) = {x ∈ D | fl(x) ≥ ε1} (3.11)

where fl(x) can be Equation (3.9) or Equation (3.10). Similar to Definition 6, we

say that x is in the fuzzy neighborhood of landmark l, if x belongs to NL
f (l).

The last property of a landmark, the membership level, µ, can be calculated by

the following equation:

µ =
∑

x∈NL
f (l)

fl(x) (3.12)

With the above concepts we give a way of generating landmarks in Algorithm 6.

From Algorithm 6, we see landmarks are generated dynamically during the algo-

rithm’s execution and all data in the dataset can and only can belong to one landmark.

An example of generating landmarks on an artificial dataset is shown in Fig. 3-5. All
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Figure 3-5: Example of generated landmarks on “arc” shaped dataset. (a) The “arc”
dataset. (b) Generated landmarks

data are labelled by each corresponding landmark.

3.2.2 A Modified Version of FN-DBSCAN

Since the output of Algorithm 6 is a set of landmarks, which is not acceptable by the

original FN-DBSCAN algorithm, we modify the standard FN-DBSCAN so that the

modified version can process landmarks.

First, we give a modified method to calculate the cardinality of the neighborhood

of a landmark. Consider a set of landmarks, L, where l =
〈
V, NL

f (l), µ
〉
∈ L. The

cardinality of the neighborhood of l can be calculated by the following equation:

card(l) =
∑

l′∈NL
f (l)

l′.µ (3.13)
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Next, we show the details of this modified version in Algorithm 7.

Algorithm 7 A Modified FN-DBSCAN Algorithm

Input: L, ε1, ε2, k
Output: C and “noise” mark
1: Mark all data as “unassigned”;
2: C ← φ;
3: for all l in L do
4: if l is marked as “unassigned” then
5: NL

f (l) ← find the fuzzy neighborhood of l by applying Equation (3.10) to
Definition 9 wrt. ε1 and k;

6: card(l)← Calculate the cardinality of l by Equation (3.13);
7: if card(l) ≥ ε2 then
8: Mark l as “assigned”;
9: Create a new cluster C, initialized by C ← {l};
10: Create a queen S, initialized by S ← NL

f (l);
11: for all p in S do
12: C ← C ∪ {p};
13: Mark p as “assigned”;
14: NL

f (p) ← find fuzzy neighborhood of p by applying Equation (3.10) to
Definition 9 wrt. ε1 and k;

15: card(p)← Calculate the cardinality of p by Equation (3.13);
16: if card(p) ≥ ε2 then
17: Add all data in NL

f (p) to the end of the queen: S ← S ∪NL
f (p);

18: end if
19: end for
20: C ← C ∪ {C};
21: end if
22: end if
23: end for
24: Mark all remaining “unassigned” data as “noise”;

3.2.3 The Landmark Fuzzy Neighborhood DBSCAN Algo-

rithm

The landmark FN-DBSCAN algorithm is a three-phase clustering algorithm described

as follows.

1. Divide a dataset into several subsets represented by generated “landmarks”

according to Algorithm 6.
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2. Execute a modified version of FN-DBSCAN (Algorithm 7) on the generated

landmark set and output the index of landmarks.

3. Label data according to the cluster-indices of the landmarks.

Now, we summarize our algorithm based on the above discussions in Algorithm 8.

Algorithm 8 The Landmark FN-DBSCAN Algorithm

Input: D, ε1, ε2, r, k
Output: P
1: L← Execute the Landmark Generation algorithm (Algorithm 6)

wrt. D, r, k, ε1;
2: C ← Execute the modified FN-DBSCAN algorithm (Algorithm 7)

wrt. L, ε1, ε2, k;
3: P ← Label D by C.

3.2.4 Complexity Analysis

Theorem 1 The time complexity of landmark FN-DBSCAN is O(mn + m2), where

n is number of data and m is the number of generated landmarks.

In Step (1), the algorithm needs to scan the dataset once, which takes O(n) time com-

plexity. And in each loop, to find the landmark which has the minimum distance to

the current data, it is expected to take an O(1/2*mn) time complexity in total. Cal-

culating ∆dmax takes O(mn). So, the time complexity of Step (1) is O(mn). In Step

(2), it has the same time complexity as FN-DBSCAN, which is O(m2). Obviously,

Step (3) costs O(n) time complexity. Therefore, the time complexity of landmark

FN-DBSCAN is O(mn+m2 + n) = O(mn+m2)

However, in practice, the number of generated landmarks is much less than the

number of data, i.e., m � n. In this case, the time complexity of landmark FN-

DBSCAN reduces to O(n), which indicates that it is suitable to large datasets.

Theorem 2 The space complexity of landmark FN-DBSCAN is O(n + m), where n

is the number of data and m is the number of generated landmarks.
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In Step (1), the algorithm requires the space complexity of O(n) to store the dataset

and needs O(m) to store the generated landmarks. Besides, it also needs to store the

indexes of all data in neighborhoods of landmarks, which is O(n) in total. In Step (2),

it requires the same space complexity as the FN-DBSCAN, which is O(m). Step (3)

needs no more extra space. Therefore, the space complexity is O(n+m+ n+m) =

O(n+m).

Similar to the time complexity, the space complexity will reduce toO(n), ifm� n.
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Figure 3-6: Synthetic datasets. (a) Anchor dataset. (b) Banana dataset. (c) Gaussian
dataset (3 clusters). (d) Gaussian dataset (14 clusters).
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3.3 Experimental Results

3.3.1 Experiments on Clustering Quality and Efficiency Com-

paring with FN-DBSCAN

In this section, both efficiency and clustering quality of the landmark FN-DBSCAN

are tested for comparing with the original FN-DBCAN algorithm. Four synthetic

datasets and two real world datasets are used. The details of these datasets are

shown in Table 3.1 and four synthetic datasets are illustrated in Fig. 3-6.

Table 3.1: datasets Used in Experiments.

name Size ]dimensions ]clusters noise

Anchor 28196 2 2 yes

Banana 16532 2 2 yes

Gaussian (3 clusters) 30000 2 3 no

Gaussian (14 clusters) 28000 2 15 no

Letter 20000 16 26 no

Pendigits 10992 16 10 no

The symbol ] denotes “the number of”.

The quality of clustering results is evaluated by comparing with the true partition

(gold standard). A most well-known method, Rand-Index [99], is used in the fol-

lowing experiments, which are described briefly as follows. We briefly introduce the

Rand-Index method in Appendix A.3. A higher Rand-Index value means a smaller

distortion.

All the experiments were conducted by the Intel Core i5 2.67GHz CPU (with two

of four threads available) with 2GB RAM running on Windows XP operating system.

Both of the FN-DBSCAN algorithm and the landmark FN-DBSCAN algorithm were

realized in Matlab language and were executed on the platform of Matlab 2011b

(32-bit version).

In order to provide a fair comparison between FN-DBSCAN and the landmark

FN-DBSCAN, the parameters were determined by the following rule. Actually, the

authors of FN-DBSCAN suggested a general way of selecting parameters ε1 and k,
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i.e., choosing greater values of parameters ε1 and k if datasets have strong density

and choosing smaller values of these two parameters if datasets have low density.

The parameter ε2 is related to noisy data detection, greater value being suggested to

deal with a large number of noisy data [24]. Since both of these two algorithms use

parameters ε1, ε2 and k, we first determined the best combination of parameters ε1, ε2

and k for FN-DBSCAN when a dataset was given, and then, applied the same values

of these parameters to the landmark FN-DBSCAN. As the landmark FN-DBSCAN

uses an additional parameter r, it can provide a satisfactory clustering result by

selecting an appropriate value of parameter r. We tested the landmark FN-DBSCAN

algorithm with different values of r in the following experiments.

In addition, because FN-DBSCAN requires the input data be normalized before

carrying out clustering, we normalized all data so that these two algorithms can

accept the same values of parameters of ε1, ε2 and k. Here, the normalizing method

used in FN-DBSCAN was used again, as summarized in the Appendix A.1.

In the following experiments, datasets with several different sizes were prepared,

but they shared the same data distributions as their original ones. Besides, correct

answers for each dataset (including each size for each dataset) were pre-prepared

and then used in Rand-Index calculation to verify the results given by the landmark

FN-DBSCAN and FN-DBSCAN.

The first two datasets, Anchor dataset and Banana dataset, were used to test

whether each algorithm had a capability of detecting clusters in arbitrary shape.

Besides, both of them had some noisy data.

1. The Anchor dataset, illustrated in Fig 3-6(a), consists of two clusters includ-

ing 28196 data with a shape like an “anchor”. The clustering result is shown

in Table 3.2. Generally speaking, both the landmark FN-DBSCAN and FN-

DBSCAN could provide a good quality on this dataset, but the former one was

much faster than the latter one. When the size of dataset was 2500, it saved 93%

time of FN-DBSCAN and even provided a slight better quality (r = 1.5). With

increasing the number of data, the time cost by the landmark FN-DBSCAN

was less than 2% of the time cost by FN-DBSCAN.
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2. Banana dataset has two banana shaped clusters, illustrated in Fig. 3-6(b).

Experimental results are shown in Table 3.3. When the size was 1500, the land-

mark FN-DBSCAN was 5 times faster than FN-DBSCAN (r = 1.8). But when

the dataset size was increased to 16532, the landmark FN-DBSCAN became 40

times faster than FN-DBSCAN, providing a perfect clustering quality on this

dataset.

The following two datasets are Gaussian datasets. Usually, density-based clus-

tering algorithms are weak in dealing with Gaussian distributed data. But by using

fuzzy neighborhood instead of classical crisp neighborhood, FN-DBSCAN can be ex-

pected to have a better capability of dealing with such datasets. So the following two

datasets are used to test the proposed algorithm in this situation.

1. Fig. 3-6(c) shows a dataset containing 3 clusters each obeying a Gaussian

distribution. The experimental result is summarized in Table 3.4. We see both

of the landmark FN-DBSCAN and FN-DBSCAN got a good result on this

dataset. Again, the landmark FN-DBSCAN was much more efficient than FN-

DBSCAN. When dataset size was 30000, the landmark FN-DBSCAN was over

190 times faster than FN-DBSCAN, but provided the same quality (r = 3.0).

2. The result was similar when the number of clusters was increased to 14 (see

Fig. 3-6(d)), which is shown in Table 3.5. The landmark FN-DBSCAN was

still faster than FN-DBSCAN and provided similar quality.

In the following experiments, we observed that a cluster represented in a convex-

shape could be represented by one landmark, if each cluster in the dataset was not

overlapped with another cluster. The Gaussian datasets (3000 data, 3 clusters) were

used in this experiment. Smaller values of r and ε1 were used to generate smaller

number of landmarks. The Fig. 3-7 shows two cases of the generated landmarks

by using two different settings of the parameters. We can see that many landmarks
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were generated to represent one cluster in Fig. 3-7(a), but only three landmarks

were generated and each landmark represents one cluster in Fig. 3-7(b). Besides, we

also notice that both of these two parameter settings could obtain good results of

clustering, which were 0.9953 and 0.9969 in the Rand-index value, respectively. Since

using smaller values of r and ε1 can generate smaller number of landmarks, it can

be expected to be faster than using greater values. In this experiment, the execution

time was 0.09 when using smaller values, and the execution time was 0.13 when using

greater values. (See the last paragraph of this section and Section 3.3.4 for more

detailed discussions about selecting the parameter r).

(a) (b)

Figure 3-7: The landmarks generated by different parameter settings when using
the landmark FN-DBSCAN to discover convex-shaped clusters. (a) 178 landmarks
were generated when ε1 = 0.7, ε2 = 10, k = 10, r = 1.5. The execution time was
0.13 and the value of Rand-Index was 0.9953.(b) 3 landmarks were generated when
ε1 = 0.05, ε2 = 10, k = 10, r = 0.3. The execution time was 0.09 and the value of
Rand-Index was 0.9969.

The last two datasets were selected from UCI Machine Learning Repository, which

are Letter dataset and Pendigits dataset (see the website: http://archive.ics.uci.edu/ml/).

The result of using the landmark FN-DBSCAN and FN-DBSCAN are summarized

in Table 3.6 and Table 3.7, respectively. The results similar to the previous exper-

iments were obtained. The landmark FN-DBSCAN was over 12 times faster than

FN-DBSCAN for 20000 size Letter dataset (r = 0.7) and over 267 times faster for

10992 Pendigits dataset (r = 0.2). However, we notice that FN-DBSCAN provided

a better quality than the landmark FN-DBSCAN on the Pendigist dataset, but they
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are very close. And the landmark FN-DBSCAN got a better result on the Letter

dataset.

Now, we sum up the results influenced by the parameter r. For the datasets in

which clusters represent complex shapes such as the Anchor dataset and the Banana

dataset, the parameter r should be set as r > 1 in order to generate a sufficient number

of landmarks to describe the data distributions well. We notice that although there

are some exceptions, in general, with a greater value of r, we can obtain a better

clustering quality than a smaller value of r, if the other parameter values are fixed.

This is because the greater number of landmarks can describe the data distributions

more precisely than the smaller number of landmarks. However, the value of r strongly

influences the efficiency. A greater value of r costs much time than a smaller value

of r, because a larger number of landmarks are generated and calculated if r is large.

On the other hand, for the datasets where clusters are represented in convex-shapes

such as Gaussian, Letter and Pendigits datasets, there are two strategies to decide

the parameter r. One is using r > 1 to generate many landmarks like the previous

discussions, and another way is to use small values of r (r < 1) and ε1 to generate

small number of landmarks. In this situation, one landmark can represent one cluster

in the dataset like what Fig. 3-7 shows.

3.3.2 Experiments on Generating Landmarks with Different

Input Orders of Data

Since the landmarks are generated dynamically according to the input datasets, it

is possible that the input order of data may affect the generated landmarks. So, in

this section, we verify whether the input order of data will influence the generated

landmarks and whether it will influence the final clustering result.

The Banana dataset (with 1500 data in total) was used in this experiment. Two

completely random input orders of this dataset were prepared. Since the purpose

was to test the robustness in the cases of different input orders, the parameters were

required to be kept as the same value in all the cases. The parameters were selected
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Table 3.2: Anchor dataset.

Size

Landmark FN-DBSCAN FRI Landmark FN-DBSCAN FET

Rand-Index Execution Time (s)

r value r value

1.5 1.8 2.0 2.5 3.0 1.5 1.8 2.0 2.5 3.0

2500 0.9995 0.9713 0.9995 0.9987 0.9987 0.9987 0.06 0.08 0.08 0.09 0.13 0.86

5000 0.9895 0.9825 0.9819 0.9504 0.9924 0.9920 0.19 0.20 0.22 0.30 0.34 4.36

7500 1.0000 0.9998 0.9998 0.9998 0.9998 0.9998 0.45 0.59 0.67 0.94 1.23 7.75

10000 0.9998 0.9999 0.9999 0.9996 0.9996 0.9996 0.59 0.72 0.84 1.16 1.08 12.67

12500 0.9897 0.9996 0.9996 0.9993 0.9994 0.9993 0.75 0.58 0.66 1.55 1.45 12.05

15000 0.9973 0.9997 0.9998 0.9997 0.9996 0.9996 0.55 0.69 0.75 1.09 1.44 16.59

17500 0.9980 0.9999 0.9999 1.0000 0.9999 0.9999 0.84 1.13 1.31 1.83 2.63 22.28

20000 0.9835 0.9999 0.9999 0.9998 0.9999 0.9996 1.03 1.34 1.69 2.36 3.91 86.91

22500 0.9989 0.9999 0.9999 0.9999 0.9998 0.9997 1.14 1.61 1.95 2.67 4.34 93.50

28196 0.9998 0.9971 0.9998 0.9997 0.9998 0.9996 1.69 2.28 2.70 4.03 6.00 111.89

FRI: FN-DBSCAN’s Rand-Index. FET: FN-DBSCAN’s execution time(s).

Parameters: 2500: ε1 = 0.6, ε2 = 10, k = 10; 5000: ε1 = 0.6, ε2 = 10, k = 10;

7500: ε1 = 0.6, ε2 = 10, k = 20; 10000: ε1 = 0.6, ε2 = 10, k = 20;

12500: ε1 = 0.6, ε2 = 10, k = 20; 15000: ε1 = 0.6, ε2 = 10, k = 20;

17500: ε1 = 0.6, ε2 = 10, k = 25; 20000: ε1 = 0.6, ε2 = 10, k = 25;

22500: ε1 = 0.6, ε2 = 10, k = 25; 28196: ε1 = 0.6, ε2 = 10, k = 25.

as: ε1 = 0.7, ε2 = 10, k = 10 and r = 2. The results of applying different input

orders are shown in Fig. 3-8, where each result is shown by two figures. The left

figure shows all the generated landmarks and the clustering result. The landmarks

are marked by red-circle markers and the data in different clusters are depicted in

different colors and shapes. The right figure shows a magnified part of data in the

left figure (the data within the rectangle), which further illustrates the neighborhood

of each landmark (shown by the colored data in the fuzzy neighborhood of a land-

mark) and the membership level of each landmark (shown by the number besides the

corresponding landmark).

We notice that by applying two different input orders of data, two groups of

landmarks were generated in different positions, neighbors and the membership levels.

However, the final clustering results were almost the same. When we used Rand-Index

to measure the clustering quality, both of these two results obtained 1.0 Rand-Index
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Table 3.3: Banana dataset.

Size

Landmark FN-DBSCAN FRI Landmark FN-DBSCAN FET

Rand-Index execution time(s)

r value r value

1.5 1.8 2.0 2.5 3.0 1.5 1.8 2.0 2.5 3.0

1500 0.9751 1.0000 1.0000 1.0000 1.0000 1.0000 0.05 0.05 0.05 0.08 0.08 0.25

3000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.08 0.08 0.16 0.11 0.13 1.03

4500 0.9934 0.9998 0.9998 0.9998 0.9998 0.9998 0.17 0.17 0.20 0.28 0.36 3.77

6000 0.9994 0.9998 0.9994 0.9998 0.9998 0.9994 0.14 0.19 0.23 0.17 0.33 5.77

7500 0.9097 1.0000 1.0000 1.0000 0.9999 0.9999 0.25 0.31 0.34 0.45 0.59 7.95

9000 0.9999 1.0000 0.9999 1.0000 1.0000 0.9999 0.31 0.36 0.39 0.52 0.69 12.09

10500 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.27 0.30 0.47 0.58 0.48 15.31

12000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.44 0.39 0.67 0.88 1.22 20.89

13500 0.9951 1.0000 1.0000 1.0000 1.0000 1.0000 0.39 0.42 0.47 0.63 0.77 13.97

16532 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.48 0.56 0.66 0.84 1.11 19.23

FRI: FN-DBSCAN’s Rand-Index. FET: FN-DBSCAN’s execution time (s).

Parameters: 1500: ε1 = 0.7, ε2 = 10, k = 10; 3000: ε1 = 0.7, ε2 = 10, k = 10;

4500: ε1 = 0.7, ε2 = 10, k = 10; 6000: ε1 = 0.7, ε2 = 10, k = 10;

7500: ε1 = 0.7, ε2 = 10, k = 12; 9000: ε1 = 0.7, ε2 = 10, k = 12;

10500: ε1 = 0.7, ε2 = 10, k = 12; 12000: ε1 = 0.7, ε2 = 10, k = 15;

13500: ε1 = 0.7, ε2 = 10, k = 15; 16532: ε1 = 0.7, ε2 = 10, k = 15.

value, which implies the landmark FN-DBSCAN algorithm got the correct answer in

the cases of applying two completely random input orders.

We further investigated why the proposed method could get the same result with

different generated landmarks. From Algorithm 8, we see the second step processes

only landmarks. In order to get the same result with the one obtained by directly

processing the input data, the generated landmarks must be able to represent the

input dataset. The key elements to represent a dataset is the data density and the data

distribution. So the following experiment was designed to test whether the landmarks

generated by applying different input orders could give similar representation of the

data density and data distribution.

First, we selected a small part of data of the upper cluster (the data within

the rectangle in the left figure in Fig. 3-8) and we also recorded the corresponding

landmarks generated by this part of data (shown in the right figure). We calculated
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Table 3.4: Gusssian dataset (3 Clusters).

Size

Landmark FN-DBSCAN FRI Landmark FN-DBSCAN FET

Rand-Index Execution Time (s)

r value r value

1.5 1.8 2.0 2.5 3.0 1.5 1.8 2.0 2.5 3.0

3000 0.9953 0.9976 0.9980 0.9982 0.9987 0.9991 0.13 0.13 0.16 0.22 0.27 2.00

6000 0.9669 0.9982 0.9985 0.9990 0.9994 0.9996 0.20 0.25 0.30 0.36 0.45 6.08

9000 0.9921 0.9861 0.9814 0.9999 0.9999 0.9999 0.20 0.20 0.23 0.28 0.55 12.34

12000 0.9926 0.9928 0.9969 0.9962 0.9995 0.9996 0.25 0.28 0.31 0.36 0.44 20.55

15000 0.9983 0.9984 0.9995 0.9995 0.9995 0.9996 0.34 0.36 0.41 0.45 0.58 24.05

18000 0.9924 0.9990 0.9994 0.9996 0.9996 0.9997 0.39 0.44 0.45 0.56 0.67 38.56

21000 0.9976 0.9995 0.9996 0.9995 0.9998 0.9998 0.45 0.52 0.56 0.67 0.80 47.28

24000 0.9955 0.9998 0.9998 0.9999 0.9999 0.9999 0.53 0.59 0.66 0.75 0.92 127.11

27000 0.9943 0.9973 1.0000 1.0000 1.0000 1.0000 0.58 0.66 0.70 0.88 1.06 137.14

30000 0.9992 0.9998 0.9998 0.9998 0.9999 0.9999 0.64 0.72 0.81 0.97 1.14 218.30

FRI: FN-DBSCAN’s Rand-Index. FET: FN-DBSCAN’s execution time (s).

Parameters: 3000: ε1 = 0.7, ε2 = 10, k = 10; 6000: ε1 = 0.7, ε2 = 10, k = 10;

9000: ε1 = 0.7, ε2 = 10, k = 10; 12000: ε1 = 0.7, ε2 = 10, k = 10;

15000: ε1 = 0.7, ε2 = 10, k = 10; 18000: ε1 = 0.7, ε2 = 10, k = 10;

21000: ε1 = 0.7, ε2 = 10, k = 10; 24000: ε1 = 0.7, ε2 = 10, k = 10;

27000: ε1 = 0.7, ε2 = 10, k = 10; 30000: ε1 = 0.7, ε2 = 10, k = 10.

the sums of the membership levels of all the landmarks, and we noticed that such

sums with different input orders were very close. In this specific case, the sum of

membership levels with the order 1 was 46.65 and the sum with the order 2 was

46.23. And when we continued to calculate such sums for the landmarks generated

by the data in each cluster, we got similar results: the sum for the upper cluster with

the order 1 was 734.14 and the sum was 731.52 with the order 2. The sum for the

lower cluster with the order 1 was 606.44 and the sum with the order 2 was 608.23.

Since the sum of membership levels is related to the data density, we can say the

input orders of data did not influence the representation of data density locally or

globally.

The second step of the proposed method calls a modified version of the FN-

DBSCAN algorithm (See Algorithm 7) where landmarks are considered as the input

data. Since Algorithm 7 is also a density-based algorithm, the two concepts, density-
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Table 3.5: Gusssian dataset (14 Clusters).

Size

Landmark FN-DBSCAN FRI Landmark FN-DBSCAN FET

Rand-Index Execution time (s)

r value r value

1.2 1.4 1.8 2.0 2.5 1.2 1.4 1.8 2.0 2.5

2800 0.9576 0.9848 0.9992 0.9991 0.9992 0.9694 0.11 0.13 0.17 0.19 0.25 1.61

5600 0.9564 0.9815 0.9981 0.9987 0.9990 0.9892 0.17 0.20 0.25 0.30 0.41 4.16

8400 0.9572 0.9796 0.9691 0.9691 0.9691 0.9388 0.44 0.45 0.61 0.73 1.11 9.77

11200 0.9173 0.9844 0.9970 0.9981 0.9886 0.9888 0.56 1.02 1.42 1.59 2.33 16.45

14000 0.9466 0.9876 0.9984 0.9988 0.9989 0.9992 0.56 0.67 1.00 1.09 1.89 82.08

16800 0.9429 0.9880 0.9988 0.9991 0.9792 0.9793 0.73 0.89 1.25 1.55 2.09 25.91

19600 0.9393 0.9880 0.9984 0.9989 0.9992 0.9994 1.00 1.30 1.70 2.13 2.98 90.34

22400 0.9435 0.9872 0.9984 0.9988 0.9991 0.9993 1.33 1.55 2.20 3.11 3.81 106.91

25200 0.9452 0.9887 0.9984 0.9987 0.9990 0.9992 1.72 1.89 2.88 3.36 4.83 113.58

28000 0.9402 0.9870 0.9888 0.9789 0.9791 0.9691 1.88 2.30 3.88 4.02 5.72 184.05

FRI: FN-DBSCAN’s Rand-Index. FET: FN-DBSCAN’s execution time.

Parameters: 2800: ε1 = 0.6, ε2 = 10, k = 15; 5600: ε1 = 0.6, ε2 = 10, k = 20;

8400: ε1 = 0.6, ε2 = 10, k = 20; 11200: ε1 = 0.6, ε2 = 20, k = 20;

14000: ε1 = 0.6, ε2 = 20, k = 28; 16800: ε1 = 0.6, ε2 = 20, k = 30;

19600: ε1 = 0.6, ε2 = 20, k = 33; 22400: ε1 = 0.6, ε2 = 20, k = 35;

25200: ε1 = 0.6, ε2 = 20, k = 38; 28000: ε1 = 0.6, ε2 = 20, k = 38.

reachable and density-connected, are directly related to the data distribution (See

[21] and [24] for more detailed discussions). We notice that for any landmark in a

Table 3.6: Letter dataset.

Size

Landmark FN-DBSCAN FRI Landmark FN-DBSCAN FET

Rand-Index Execution time(s)

r value r value

0.5 0.6 0.7 0.8 0.9 0.5 0.6 0.7 0.8 0.9

2000 0.9612 0.9623 0.9623 0.9622 0.9621 0.9620 0.45 0.84 0.98 1.27 3.23 1.69

4000 0.9611 0.9620 0.9623 0.9624 0.9623 0.9528 0.83 1.42 2.52 3.19 4.16 7.03

8000 0.9616 0.9623 0.9623 0.9622 0.9621 0.9239 8.80 16.94 28.06 40.48 53.61 437.02

16000 0.9617 0.9623 0.9622 0.9621 0.9621 0.8083 19.16 103.13 131.94 212.63 495.86 1494.45

20000 0.9613 0.9621 0.9622 0.9621 0.9620 0.9615 25.16 107.95 220.83 257.94 723.47 2722.22

FRI: FN-DBSCAN’s Rand-Index. FET: FN-DBSCAN’s execution time (s).

Parameters: 2000: ε1 = 0.6, ε2 = 0.5, k = 6; 4000: ε1 = 0.6, ε2 = 0.5, k = 6;

8000: ε1 = 0.6, ε2 = 0.8, k = 6; 16000: ε1 = 0.6, ε2 = 0.8, k = 6;

20000: ε1 = 0.6, ε2 = 0.8, k = 6.
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Table 3.7: Pendigits dataset.

Size

Landmark FN-DBSCAN FRI Landmark FN-DBSCAN FET

Rand-Index Execution time (s)

r value r value

0.2 0.3 0.4 0.5 0.6 0.2 0.3 0.4 0.5 0.6

1000 0.9260 0.9220 0.9090 0.9037 0.9018 0.9003 0.06 0.06 0.09 0.17 0.23 0.42

2000 0.9193 0.9151 0.9086 0.9054 0.9030 0.9068 0.05 0.11 0.22 0.38 0.58 1.39

4000 0.9300 0.9185 0.9083 0.9044 0.9025 0.9180 0.11 0.25 0.56 0.98 1.63 5.52

8000 0.9190 0.9154 0.9074 0.9042 0.9020 0.9263 0.55 1.36 2.53 4.09 6.98 66.44

10992 0.9242 0.9160 0.9075 0.9036 0.9021 0.9336 0.45 1.41 3.16 6.45 10.83 120.41

FRI: FN-DBSCAN’s Rand-Index. FET: FN-DBSCAN’s execution time (s).

Parameters: 1000: ε1 = 0.06, ε2 = 0.8, k = 20; 2000: ε1 = 0.06, ε2 = 0.8, k = 20;

4000: ε1 = 0.06, ε2 = 0.8, k = 20; 8000: ε1 = 0.06, ε2 = 0.8, k = 20;

10992: ε1 = 0.06, ε2 = 0.8, k = 20.

cluster, there always existed at least one landmarks in the current cluster such that

they were density-reachable and density-connected wrt. the parameters ε1, ε2 and k.

So the input orders of data did not influence the representation of data distributions.

To sum up, the input order of data influenced the generated landmarks which

were different in positions, neighbors and the membership levels. But the landmarks

generated by different input orders provided almost similar representations of the

input dataset in data density and data distribution. The result of clustering was not

much influenced by the input order of data.

3.3.3 Working with Sparse Data

The capability of dealing with sparse data was tested in the following experiment. The

Anchor dataset was prepared as four copies with different values of density, which had

strong, normal, medium and low density respectively (See Fig. 3-9(a) to Fig. 3-9(d)).

The data were normalized by Equation (A.3). The parameters were selected for

each dataset in order to adapt to different values of density (for the strong density

dataset, the parameters were selected as: ε1 = 0.8, ε2 = 10, k = 10 and r = 3; for the

normal density dataset, the parameters were selected as: ε1 = 0.6, ε2 = 10, k = 10

and r = 3; for the medium density dataset, the parameters were selected as: ε1 = 0.3,
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(a)

(b)

Figure 3-8: Results of generated landmarks with two random input orders. (a) The
order 1: the Rand-Index is 1.000 and 231 landmarks are generated. The sum of
membership level of all landmarks in the right figure is 46.65. (b) The the order 2:
the Rand-Index is 1.000 and 234 landmarks are generated. The sum of membership
level of all landmarks in the right figure is 46.23.

ε2 = 5, k = 10 and r = 3; for the low density dataset, the parameters were selected

as: ε1 = 0.1, ε2 = 2, k = 10 and r = 3). The clustering results are shown from

Fig. 3-9(e) to Fig. 3-9(h), respectively. The Rand-Index was used to measure the

clustering quality. We see all the results obtained a high score of Rand-Index, which

means the algorithm could provide a good clustering quality on these datasets. The

authors believe the proposed method is robust in dealing with the low dimensional

sparse data. However, working with the high dimensional sparse data is still worth

further investigation.
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3.3.4 The General Way of Tuning Parameters

In this section, we summarize a general way to select appropriate values of parameters.

The landmark FN-DBSCAN has four parameters, ε1, ε2, k and r. Among these

parameters, ε1, ε2 and k are also used in the original FN-DBSCAN algorithm, and

the way suggested in the paper of FN-DBSCAN still works, i.e., choosing greater

values of parameters ε1 and k if datasets have high density and choosing smaller

values for these two parameters if datasets have low density. The parameter ε2 is

chosen related to the number of noisy data. Greater value is suitable if the number

of noisy data is large, but it still requires the expertise and experience of users. The

parameter r in the landmark FN-DBSCAN algorithm should be a greater value if the

cluster is represented in complex shape, and a smaller value is suitable if the cluster

is represented in convex-like shape. The algorithm with a smaller value of r will

generate more landmarks, which costs more time to calculate the result, but generally

speaking, it can get a better result. In addition, there is a special combination of ε1

and r suitable for the following case. If a distribution of each cluster is presented in

convex-like shape, it is possible that one landmark represents one cluster. In this case,

the parameter r can be set as a very small value (r = 0.2− 0.9) and the parameter ε1

is also set as a small value (ε1 = 0.0001− 0.05). With these small values of ε1 and r,

the number of landmarks is expected to equal the number of clusters in the dataset.

3.4 Summary

In this chapter, we proposed a novel clustering algorithm called landmark fuzzy neigh-

borhood DBSCAN (landmark FN-DBSCAN). The presented concept, landmark, was

used to represent a subset of the input dataset which made the algorithm efficient on

large scale datasets. We gave a theoretical analysis on the time and space complexities

of the algorithm, which showed both of them were linear to the size of the dataset.

The experiments presented in this chapter also showed landmark FN-DBSCAN was

much faster than FN-DBSCAN, almost keeping a good quality of clustering.

48



0 100 200 300

0

100

200

300

(a) Strong density

0 100 200 300

0

100

200

300

(b) Normal density

0 100 200 300

0

100

200

300

(c) Medium density

0 100 200 300

0

100

200

300

(d) Low density

0 0.2 0.4 0.6 0.8

0

0.2

0.4

0.6

(e) Rand-Index = 0.9992

0 0.2 0.4 0.6 0.8

0

0.2

0.4

0.6

(f) Rand-Index = 0.9985

0 0.2 0.4 0.6 0.8

0

0.2

0.4

0.6

(g) Rand-Index = 1.0000

0 0.2 0.4 0.6 0.8

0

0.2

0.4

0.6

(h) Rand-Index = 1.0000

Figure 3-9: The clustering results of the Anchor dataset with different values of
density.
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Chapter 4

The Locally Adaptive Incremental

LBG (LAI-LBG) Algorithm

In this chapter, we first present the motivations of the proposed algorithm, including

the problem of using the current landmark generation method (Algorithm 6), as well

as the limitations of using both traditional and recently proposed vector quantization

methods for the landmark generation task. Then, we propose a new landmark gener-

ation method called Locally Adaptive Incremental LBG (LAI-LBG) and present the

experimental results.

4.1 The Motivations of the LAI-LBG Algorithm

4.1.1 The Problems of Landmark Generation in the Land-

mark FN-DBSCAN Algorithm

The landmark generation method, i.e., Algorithm 6, has one critical limitation. The

input data distribution represented by the generated landmarks is significantly in-

fluenced by the number of landmarks and the input orders. Here, we take a simple

experiment to test the performance of Algorithm 6 on generating different numbers of

landmarks with different input orders. We carefully selected the parameters in order

to let the algorithm generate 250 and 25 landmarks, respectively. In addition, we
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Figure 4-1: The generated landmark positions with different landmark numbers and
input orders. 250 landmarks generated with an extreme order (a) and a random order
(b). 25 landmarks generated with an extreme (c) and a random order (d).

used an extreme order (data points were input from left to right and from bottom to

top) and a completely random order. The experimental object was Banana dataset

with 16,437 two-dimensional data points represented in two banana-shaped clusters.

The results are shown in Figure 4-1. We noticed that when the number of land-

marks was large, i.e 250, the two clusters could be well presented by the generated

landmarks (Figure 4-1(a) and Figure 4-1(b)), which means that the modified FN-

DBSCAN algorithm in the later step could easily detect these two clusters based on

the generated landmarks. However, when the number was small, i.e. 25, we observed

that the generated landmarks were mixed together (Figure 4-1(c)) when the extreme

order was used. In this case, the modified FN-DBSCAN algorithm could not easily

detect the clusters based on these landmarks. The random order obtained a better re-

sult than the extreme order, but the result was still not good enough (Figure 4-1(d)).
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Although we could always let Algorithm 6 generate a large number of landmarks

to achieve a better representation for the input dataset, it usually means a higher

computational cost.

So, one of our aims is to design a new landmark generation method which can

provide a good representation of the input dataset with a very small number of

landmarks.

4.1.2 Landmark Generation by Vector Quantization Tech-

niques

Since the proposed Algorithm 6 compresses and encodes the input dataset by a set

of landmarks, we realize that vector quantization (VQ) techniques can be suitably

applied as an “engine” for the landmark generation. VQ is a powerful tool for approx-

imating a probability density function with a finite number of prototype vectors. In

addition, it can be used as an encoder for the given dataset and it is not sensitive to

the input orders. Let X = {x1, x2, ..., xn} be a set of data points and C = {c1, ..., cg}

be a set of prototype vectors. Here, the set C is usually called the codebook and the

element in C is called a codeword. The object of VQ is to find a map, M : X → C, by

minimizing a specified quantization error function, e.g. the Mean Quantization Error

(MQE, Equation (4.1)). A lower MQE value usually means a better quantization

quality.

MQE =
1

n

n∑
i=1

d (xi, ĉ)
2 (4.1)

where ĉ is the nearest codeword to xi determined by Equation (4.2).

ĉ = arg min
cj∈C

d (cj, xi) (4.2)

Let S be an input space and assume the number of codewords is g. Then the

codewords adapted by VQ can divide S into g sub-spaces, which exactly construct

a V oronoi tessellation. The codewords can be considered as the sites in Voronoi

tessellation and each sub-space of S is a V oronoi region corresponding to a site.
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Here, we denote a Voronoi region with a site c as R(c). Then, the Local Quantization

Error (LQE), denoted by E, representing the distortion of a Voronoi region, can be

calculated by Equation (4.3).

E(c) =
∑

x∈R(c)∩X

d (x, c)2 (4.3)

Algorithm 9 The LBG algorithm

Input: X, C, β
Output: C
1: E0 ← 0, E ← 0;
2: while true do
3: E0 ← E;
4: Label each x ∈ X by the nearest codeword according to Equation (4.2);
5: Update each codeword c ∈ C by: c = 1

|R(c)|
∑

x∈R(c) x;

6: E ← Calculate the current MQE according to Equation (4.1);
7: if (E0 − E)/E < β then
8: break;
9: end if
10: end while

Linde, Buzo, and Gray extended the classical Lloyd’s algorithm [100] to vector

quantization design, which is often referred to as the “LBG” algorithm [101]. Given

a dataset X, a codebook, C and a positive real number, β, as the predefined quan-

tization error threshold, we summarize LBG in Algorithm 9. Figure 4-2(a) shows

a quantization result for Banana dataset with 25 vectors. As expected, the vector

positions adapted by LBG are much more precise than that calculated by Algorithm

6 (Figure 4-1(c) and Figure 4-1(d)). However, there are still two main limitations, if

we directly use LBG as an alternative of Algorithm 6.

Limitation 1: The LBG algorithm cannot always guarantee a good quantization

quality, because the quantization procedure significantly depends on the codebook ini-

tialization. In general, the codebook is initialized by randomly selecting data points

in the given dataset. In this case, different initializations may lead to different quanti-

zation results. For example, Figure 4-2(b) shows the quantization result with another

different random initialization. Although the quantization result is still better than
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Figure 4-2: The LBG results with different initializations. (a) A “balanced” quan-
tization result with MQE = 0.00076. (b) A “unbalanced” quantization result with
MQE = 0.00080.

that of Algorithm 6 (Figure 4-1(c) and Figure 4-1(d)), we can clearly see that the

number of adapted codewords used to represent the upper cluster is much smaller

than that used to represent the lower cluster. We say it is an “unbalanced” result

where the upper codewords have larger contributions to the quantization result than

the lower codewords. Since the two banana-shaped clusters have almost the same

scale, it is preferable to use a similar number of codewords to represent both of the

two clusters. Furthermore, if we use MQE to measure the quantization quality, the

result for the case (a) was MQE value at 8.0 × 10−4 and that for the case (b) at

7.6 × 10−4, which indicates that the case (a) obtained a better quantization result

than the case (b). The main reason for the “unbalanced” result is that if more code-

words are initialized with the positions around the lower cluster, it is very difficult to

move these codewords towards the upper cluster, and vice versa. In addition, pursu-

ing a “balanced” representation plays an important role in the parameter estimation

in our proposed method (See more detailed discussions in Section 5.1.2).

Limitation 2: In LBG, the number of codewords must be predefined. The con-

sequential question is how to predefine it. Actually, it is a difficult task for users to

determine such a number, because different datasets may have different distributions.

In general, in order to represent the data distribution precisely, a dataset with a

complex distribution usually needs more codewords than a dataset with a simple dis-
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tribution. Although a larger number of codewords helps to get a better quantization

quality, it usually results in a critically lower efficiency. So, the number of codewords

should be large enough to obtain a good quantization quality and also should be as

small as possible to achieve a good efficiency. Unfortunately, it is difficult for users

to choose such a suitable number. Therefore, it is preferable for a VQ algorithm to

automatically determine a suitable number of codewords and incrementally generate

codewords by the algorithm itself.

4.1.3 Considerations about the Adaptive Incremental LBG

Algorithm

Thanks to F. Shen and O. Hasegawa, the adaptive incremental LBG (AI-LBG) al-

gorithm [102] provides a good solution for the above two limitations. In AI-LBG,

codewords are incrementally inserted until the termination condition is met. Here,

the termination condition can be one of the following two criteria. 1) A predefined

maximal codeword number. 2) A predefined minimal quantization error. Obviously,

the second criterion does not require predefining the number of codewords, which in-

dicates Limitation 2 can be solved. In addition, a new codeword is always inserted

near the codeword with the maximum LQE, which facilitates to achieve a “balanced”

quantization result, indicating that Limitation 1 can be solved. Given a dataset

X and a codebook C, the AI-LBG algorithm using predefined minimal quantization

error threshold, ξ, is summarized as follows:

1. Initialize the codebook C by randomly selecting a data point from X as the

first codeword.

2. Execute the LBG algorithm (Algorithm 9) with full dataset X and codebook

C .

3. Calculate the current MQE and record the LQE for each codeword.

4. If the current MQE is greater than the predefined quantization error threshold,

ξ, insert a new codeword by the following steps.
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• Find the codeword with the maximal LQE:

c? ← arg maxci∈C E(ci);

• Randomly select a data point in the Voronoi region with the codeword c?

as the new codeword, i.e.

c← x ∈ R(c?).

• Add the new codeword to the codebook C, i.e.

C = C ∪ {c}.

5. Repeat Step 2) to Step 4) until MQE is no greater than the threshold ξ.

6. Remove the codewords whose LQE is zero or the smallest one, then go to Step

2) to insert new codewords. The algorithm will terminate when such a removal-

insertion process cannot decrease the number of codewords.

However, we notice that the procedure, from Step 2) to Step 4), is a loop where

each iteration needs an execution of the LBG algorithm on the whole dataset and

the full codebook, which indicates a high computational cost. We say the above

method is the AI-LBG with global adaption, i.e. the AI-LBG (global) algorithm.

F. Shen and O. Hasegawa also introduced a local adaption method to reduce the

computational cost. In each iteration, the LBG algorithm is executed with only two

codewords, i.e {c?, c}, and the data points in R(c?). We say this method is the AI-LBG

with local adaption, the AI-LBG (local) algorithm. Although the AI-LBG (local)

has improved the efficiency of AI-LBG (global), only considering the local adaption

cannot guarantee the quantization result as good as that of AI-LBG (global). In

addition, in order to achieve a high efficiency by local adaption, the Voronoi regions

cannot be globally calculated in each iteration. In this case, the data points cited by

the codewords may not be exactly the same as the corresponding Voronoi regions,

which may cause an unacceptable distortion if we use it as an encoder for the input

dataset.
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4.1.4 The Requirements of a Vector Quantization Method

for Landmark Generation

Based on the above discussions, a desired vector quantization method for landmark

generation should have the following advantages:

1. The input orders will NOT influence the quantization result.

2. The algorithm can always achieve a “balanced” result with a high quantization

quality which is not dependent on the initialization.

3. The number of landmarks is NOT a prerequisite.

4. The high efficiency is a vital feature.

4.2 Locally Adaptive Incremental LBG

In this section, we first introduce several basic concepts in Section 4.2.1, then we

present a new incremental vector quantization method for landmark generation called

Locally Adaptive Incremental LBG (LAI-LBG), which can provide high quantization

quality similar to that of AI-LBG (global) and significantly improve the efficiency.

Based on LAI-LBG, we further propose a novel clustering algorithm as an improve-

ment of the landmark FN-DBSCAN algorithm in Chapter 5.

4.2.1 Basic Concepts

Since we want to use an incremental VQ technique to generate landmarks and encode

the given dataset by the generated landmarks, the related definitions are modified as

follows:

Definition 10 (landmark) Given a dataset X as an n-by-m matrix, where n is

the number of data points and m is the dimensionality of data points, a landmark,

denoted as l, is a triplet:

l = 〈V,C , Nε1〉 (4.4)
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where:

• V is an m-dimensional vector in the space Rm, called the vector of the landmark

l.

• C is a subset of X, called the citations of the landmark l and we say that the

data point x is cited by l if x ∈ C.

• Nε1 is a set of landmarks called the fuzzy-neighborhood of l which will shortly

be defined by Definition 11.

In the following discussions, we denote the three elements of a landmark l by V (l),

C(l) and Nε1(l), respectively.

Comparing to Definition 8, we introduced a new concept, the citation C, to a land-

mark in order to describe a subset of the input dataset. The citation is simply defined

as an abstract set, which means the manipulation of cited data points only depends

on the algorithms that adopt the landmark concepts. The fuzzy-neighborhood, Nε1 ,

has some specialized criteria by Definition 11. The concept, citations, is only used for

the relationship between data points and landmarks, while the fuzzy-neighborhood is

only used for the relationship between landmarks.

Definition 11 (fuzzy-neighborhood of a landmark) Given a landmark set  L and

a landmark l (l ∈  L), the fuzzy-neighborhood of l is a subset of  L as:

Nε1(l) = {l′ ∈  L | fl(l′) ≥ ε1} (4.5)

where the function fl(l
′) is given by Equation (4.6) and the parameter ε1 is a positive

real number. We say l′ is a neighbor of l if l′ ∈ Nε1(l).

fl(l
′) = exp

(
−
(
k · d(V(l),V(l′))

dmax

)2
)

(4.6)

where k is a positive real number for controlling the neighborhood radius and dmax is

the maximum distance between l and all the other landmarks in  L.
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On the basis of Definition 10 and Definition 11, the landmark-cardinality can be

calculated by Definition 12.

Definition 12 (landmark-cardinality) Let l be a landmark, then the landmark-

cardinality of l can be calculated by:

card(l) =
∑

li∈Nε1 (l)

fl(li) · |C(li)| (4.7)

where Nε1(l) is the fuzzy-neighborhood of l and C(li) is the citation of a landmark

li which is a neighbor of l. Given a positive real number, ε2, a landmark is called a

core-landmark if its cardinality is no less than ε2, i.e. card(l) ≥ ε2.

According to Definition 10, a landmark is assigned with a vector, which indicates

that a landmark can also be considered as a codeword. So, in the following discussions,

codewords and landmarks are collectively referred to as “landmarks”.

4.2.2 The Proposed Method

The main reason for the low efficiency of AI-LBG (global) is the heavy calculation

with the whole dataset and the full landmark set in each iteration. Although the

algorithm needs to find the right positions for the newly inserted landmark and the

corresponding nearby landmarks, we notice that it is not necessary to use the whole

dataset and all landmarks to finish this adaption. Here, we show a simple example

for this issue.

Figure 4-3 shows a snapshot of an adaption for three clusters with several land-

marks. The landmark l1 has the maximal LQE value (Figure 4-3(a)), and a new

landmark should be accordingly inserted near l1 in order to achieve a “balanced”

quantization result. Actually, an approximated adaption can be finished just by

the data points only in Cluster 3 and the two landmarks, l1 and the newly inserted

landmark (Figure 4-3(b)), which means only a small part of data points and a few cor-

responding landmarks are involved in the current iteration so that the computational

cost can be significantly reduced. We say that such an adaption is a local adaption.
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This idea performs like what AI-LBG (local) does. However, the main drawback of

this technique is the difficulty in obtaining a high quantization result, simply because

the scale of data points that it considers is too small to represent a local area.

In order to efficiently obtain a high quantization quality, our solution is to di-

vide the conventional VQ procedure into two parts: vector initialization and vector

quantization. The initialization part is greatly inspired by the AI-LBG algorithm, i.e.

monitor the LQE value for each landmark and always insert a new landmark near

the one with the highest LQE value so that the algorithm can provide a balanced

landmark generation result. However, we develop a new local adaption method to

improve the efficiency. Then, the vector quantization part in the later step will exe-

cute a modified LBG algorithm on the whole dataset together with the full generated

landmarks so that a global quantization result can be obtained. Here we must note

that the later step can also achieve a very good efficiency because only a few number

of iterations is required, which benefits from a well-balanced landmark positions by

the former initialization part.

Now, we present the new local adaption in detail.

First, we update the quantization error measures, i.e LQE and MQE. In Equation

(4.3), the LQE value is obtained according to the Voronoi regions of landmarks.

However, such a calculation will require a high computational cost, if we do it for

each iteration. In order to improve the efficiency, we calculate an approximated LQE
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Figure 4-3: An illustration of the LBG algorithm with a Locally Adaptive Incremental
Initialization.
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value from the citations of landmarks. Let l and X be a landmark and the given

dataset, respectively. The LQE of l can be approximately calculated by Equation

(4.8).

E(l) =
∑

x∈C(l)∩X

d (x, V (l))2 (4.8)

Then, let  L be a set of landmarks. The MQE value can be obtained by Equation

(4.9).

MQE =
1

n

∑
li∈ L

E(li) (4.9)

where n is the number of data points in X.

Second, comparing to the AI-LBG (local), we use a bigger local area in order to

obtain a better quantization quality. We use two special landmarks, i.e. l? and l??,

to represent a local area. Here, l? is the landmark which has the maximal LQE value

among all the landmarks indicating a small area with the highest quantization error.

The landmark l?? is close to l? which is pointing out a nearby small area which also

has a high quantization error. Thus, these two small areas construct a local area in

the input space and we know that this local area potentially has a higher quantization

error than the other areas. The newly inserted landmark, l̇, is always selected from

the citation of l?, C(l?), which guarantees that the quantization error will be reduced

for this local area. In this procedure, only the data points belonging to C(l?) or C(l??)

and three landmarks {l?, l??, l̇} participate in the adaption.

Third, we develop a simple and effective accelerating method for the search of

l??. We organize the generated landmarks in a graph where nodes represent the land-

marks and connections (edges) represent the so-called nearby-relationship between

two landmarks. Here, the nearby-relationship indicates that the two landmarks are

very close to each other in the input space. For any pair of landmarks in the graph,

we say that they are directly-adjacent to each other or they are the directly-adjacent

neighbors to each other if there is a connection between them. The graph is dynam-

ically maintained during the whole initialization part. At the beginning, the graph

is initialized by two directly-adjacent landmarks (Figure 4-4 (a)). After inserting a
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landmark, l̇, the old connection between l? and l?? is removed. Then, create two

connections representing the two shortest edges in the triangle with {l?, l??, l̇} as the

vertices (Figure 4-4 (d)). In addition, if the landmark l? has more than one directly-

adjacent neighbor before the insertion, then the connections will be updated in order

to maintain the locally nearby-relationship. For example, in Figure 4-4 (e), the land-

mark l? has two directly-adjacent neighbors, i.e. l1 and l??. If the newly inserted

landmark, l̇, is closer to l1 than l?, then the connection, c(l?, l1), will be removed and

a new connection, c(l̇, l1), will be created (Figure 4-4 (f)).

Now, we summarize the LAI-LBG algorithm as follows:

1. Initialization part.

(a) The algorithm starts with two landmarks {l1, l2} whose vectors are initial-

ized by randomly selecting two data points in the dataset X. Then, create

a connection c(l1, l2) between l1 and l2 and add l1 and l2 into the landmark

set  L (Figure 4-4 (a)). Next, execute the algorithm 10 which is a modified

LBG algorithm (Figure 4-4 (b)). Record the LQE values for l1 and l2.

(b) Repeat the following sub-steps until MQE ≤ ξ.

i. Find the landmark l? with the highest LQE (l? ∈  L).

l? = arg max
li∈ L

E(li) (4.10)

ii. Let N̂ be the set of directly-adjacent-neighbors of l?. Search N̂ for a

landmark which has the highest LQE value.

l?? = arg max
li∈N̂

E(li) (4.11)

iii. Create a new landmark, l̇, by randomly selecting a data point in C(l?).

Add l̇ to  L (Figure 4-4 (c)).

iv. Execute Algorithm 10 only with the data points which belong to

C(l?)∪C(l??) and only with three landmarks, i.e. l?, l?? and l̇ (Figure
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Algorithm 10 The modified LBG algorithm

Input:  L, X, β
Output:  L
1: E0 ← 0, E ← 0;
2: while true do
3: E0 ← E;
4: Empty the citations of each landmark (li ∈  L);
5: For each data point x ∈ X, do C(li)← C(li) ∪ {x}, if there is no landmark lj,

(lj ∈  L), such that
d(V (lj), x) < d(V (li), x);

6: For each landmark li ∈  L, update the landmark vectors by V (li) =
1

|C(li)|
∑

x∈C(li)
x;

7: E ←
∑

li∈ L

∑
xj∈C(li)

d(V (li), xj)
2;

8: if (E0 − E)/E ≤ β then
9: break;
10: end if
11: end while

4-4 (d)).

v. Remove the connection, c(l?, l??), then create two connections repre-

senting the two shortest edges in the triangle with {l?, l??, l̇} as the

vertices (Figure 4-4 (d)).

vi. If a landmark li (li ∈ N̂/{l??}) satisfies that d(V (li), V (l̇)) < d(V (li), V (l?)),

then remove the connection c(li, l
?) and create a connection c(li, l̇)

(Figure 4-4 (e) and (f)).

(c) Remove the landmarks whose LQE value is zero, i.e. those landmarks with

empty citations are removed.

2. Vector quantization part.

(a) Execute the Algorithm 10 with the whole dataset X and full landmark set

 L.

(b) If the algorithm terminated, output the landmark set  L.

Based on the previous discussions, the initialization part only takes the local

adaption. If we compare the citations of landmarks with the data points belonging

to the corresponding Voronoi regions, sometimes, distortions may exist. We show an
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example distortion for Cluster 1 (the left-upper cluster in Figure 4-4 (g)) in Figure

4-4 (h) where the data points cited by different landmarks are marked by different

shaped markers. In order to eliminate such distortions, in the vector quantization

part, Algorithm 10 is executed again with the whole dataset and the full landmark set.

After that, for each landmark, the citations are exactly the same as the data points

belonging to the Voronoi region (Figure 4-4 (j)). Please note that the landmarks

generated by the initialization part are almost already in the final positions in the

input space (Figure 4-4 (g)), which means that very few iterations are required in

this procedure.

4.3 Experimental Results

In this section, we will evaluate the performance of the LAI-LBG algorithm for vector

quantization. All the experiments were conducted by Intel Core i7 3.40 GHz CPU

with 8GB RAM running on Windows 7 64-bit operating system. All the algorithms

involved were implemented in Matlab language and were executed on the platform of

Matlab 2013a 64-bit version. The datasets were normalized by Equation (A.3).

In this section, we focus on the performance evaluation of the LAI-LBG algorithm

for vector quantization. In the experiments, we first used Cantor distribution [103]

to test whether or not the algorithm could achieve a balanced quantization result.

Then, we further used the Banana dataset to evaluate the performance of landmark

generation. We tested the performance with different number of landmarks. All the

experiments were designed with the consideration about both quality and efficiency.

All the results shown in this section were the average value of 10 times runs and

compared with LBG, AI-LBG (local) and AI-LBG (global).

In the first experiment, we used a three-level Cantor distribution which consisted

of 4096 data points symmetrically distributing in 16 small clusters. In order to ob-

tain a fair comparison for all the tested algorithms, we set the minimized quantization

threshold β by zero in order to achieve the best convergence for all algorithms. In

addition, we directly set the number of landmarks by 16 for the classic LBG algorithm
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Figure 4-5: The results for the Cantor dataset.

and carefully selected appropriate values for parameter ξ for the rest of algorithms

so that all the algorithms could generate 16 landmarks. The landmarks calculated

by LBG, AI-LBG (local), AI-LBG (global) and LAI-LBG are shown in Figure 4-5(a),

4-5(b), 4-5(c) and 4-5(d), respectively. We can see that the classic LBG algorithm

mis-placed several landmarks: less landmarks for the right-upper and left-bottom

clusters but more landmarks for the right-bottom clusters, which was an unbalanced

quantization result for the symmetrical Cantor dataset. On the other hand, AI-LBG

(local), AI-LBG (global) and the proposed LAI-LBG could achieve a perfectly bal-

anced distribution for landmarks. Furthermore, we recorded the MSE values in Table

4.1, where the AI-LBG (global), AI-LBG (local) and LAI-LBG had much smaller

MSE values than LBG, which further proved that they achieved a higher quantiza-

tion quality than LBG. In addition, we also recorded the execution time in Table

4.1, where we noticed a significant difference on efficiency. Although the classical

LBG algorithm obtained the highest efficiency, its quantization quality was too poor.
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The proposed LAI-LBG achieved about 34% faster than AI-LBG (global) and the

difference became more significant when the number of landmarks became larger (see

the following experiment). Although the AI-LBG (local) algorithm was slightly faster

than the proposed method, the distortion existed in its result, which means the data

points cited by landmarks might not be the data points in the real Voronoi regions.

We show the distortion comparisons in the following experiment.

Table 4.1: The efficiency and quality comparison for the Cantor dataset.
LBG AI-LBG (local) AI-LBG (global) LAI-LBG

MSE 0.0037 0.0015 0.0015 0.0015
Time 0.0102 0.0165 0.0547 0.0185

Next, we used the Banana dataset to further examine the performance of the

proposed method. This time, the algorithms were tested with different number of

landmarks, i.e. 25, 50, 100, 200, 400 and 800. The results are shown in Table 4.2.

Table 4.2: The Results for the Banana dataset.

N1 LBG AI-LBG (local) AI-LBG (global) LAI-LBG
MSE Time MSE Time MSE Time MSE Time

25 7.3095×10−4 0.4339 7.7337×10−4 0.0629 7.0941×10−4 2.6194 7.1093×10−4 0.3875
50 3.4792×10−4 0.9000 3.6344×10−4 0.1308 3.3963×10−4 10.5698 3.4259×10−4 0.7567
100 1.7153×10−4 1.5017 1.8678×10−4 0.3370 1.6685×10−4 29.8033 1.6858×10−4 1.3818
200 8.5703×10−5 2.1506 8.9822×10−5 1.0636 8.3077×10−5 83.6323 8.3986×10−5 1.6649
400 4.3368×10−5 2.7906 4.6129×10−5 3.7877 4.1721×10−5 221.5666 4.2055×10−5 2.5092
800 2.2255×10−5 3.5422 2.2377×10−5 14.1099 2.0957×10−5 566.1216 2.1119×10−5 3.7987
1N indicates the number of landmarks.

We noticed that for AI-LBG (global) and the proposed method, both of them

obtained a similar high quantization quality, but the proposed method saved over

99% of time than AI-LBG (global). The AI-LBG (local) achieved a high efficiency

when the number of landmarks was small, but the quantization quality was poor

comparing to that of AI-LBG (global) and the proposed method. The main reason

is that a significant distortion between the landmark citations and the real Voronoi

regions could be observed in each iteration and the final result, which means that only

the local adaption cannot make sure a consistency between the landmark citations

and the real Voronoi regions. On the other hand, there were no such distortions in
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the LAI-LBG results. Here, we show an example of the distortions in Figure 4-6 and

we used Rand-Index (Appendix A.3.) to measure how much the distortions were.
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Figure 4-6: The distortion comparisons between the landmark citations and the real
Voronoi regions when the number of landmarks were 25. The citations of different
landmarks are marked by different colors.

Table 4.3: The distortions comparison in the results of AI-LBG (local) and LAI-LBG
measured by Rand-Index.

The number of Rand-Index
landmarks AI-LBG (local) LAI-LBG

25 0.9907 1.0000
50 0.9960 1.0000

100 0.9971 1.0000
200 0.9988 1.0000
400 0.9992 1.0000
800 0.9997 1.0000

We summarized the results in Table 4.3. For the AI-LBG (local) algorithm, the

distortions existed throughout the experiment, whereas there was no distortion at all

in the LAI-LBG result. For AI-LBG (local), the distortion reduced with the increase

of the landmark numbers. When the number of landmarks was small, e.g. 25, the

distortion resulted in a Rand-Index value at 0.9907 (Figure 4-6). When the number of

landmark increased, the size of the landmark citations shrunk, which made the data

citations approximately equal to the corresponding Voronoi regions. This reduced

the distortions, e.g. the Rand-Index value was approximately equal to 1 when the
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number of landmarks was 800, which indicated that almost no distortion existed.

However, according to our previous experiment result, Table 4.2, the efficiency of AI-

LBG (local) deteriorated when the number of landmarks was large, because AI-LBG

(local) spent more time on the insertion-removal step when the number of landmarks

increased.

4.4 Summary

In this chapter, we proposed a novel vector quantization method called Locally Adap-

tive Incremental LBG (LAI-LBG) which serves as the landmark generation method.

Compared to the other methods, such as the classical LBG algorithm and the most

recently proposed methods including the landmark generation method used in the

landmark FN-DBSCAN algorithm, AI-LBG (global) and AI-LBG (local), the pro-

posed LAI-LBG algorithm has the following new features:

1. The algorithm has a significantly higher efficiency than the other methods which

can provide a similar quantization quality.

2. The algorithm is not sensitive to the initializations and the input data orders,

which means the generated landmarks can be considered as a balanced repre-

sentation of the input dataset.

3. The algorithm incrementally inserts and removes landmarks with no require-

ment of predefining the number of landmarks.

From the Cantor dataset experiment, we conclude that the classic LBG algorithm

fails to provide a well-balanced distribution for the landmarks, which is a key re-

quirement of the proposed clustering algorithm. The AI-LBG (global) can obtain

excellent quantization results, but the low efficiency is not acceptable when it is used

as a part of an efficient clustering algorithm. The AI-LBG (local) has a good ef-

ficiency when the number of landmarks is small. Although for some datasets, e.g

the datasets with smaller cluster numbers and simpler distributions, the number of

landmarks may not be required to be large, the distortions existing in the result of

69



AI-LBG (local) causes a poor quantization quality, which may finally lead to bad

clustering results. The proposed method, LAI-LBG, can achieve a good performance

both on quantization quality and efficiency, which indicates that it is suitable to be

used in the implementation of an efficient clustering algorithm.
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Chapter 5

The Improvement of the landmark

FN-DBSCAN Algorithm

On the basis of the LAI-LBG algorithm, in this chapter, we propose an improved

landmark FN-DBSCAN algorithm. We also discuss about the parameter selection

and outliers detection for the improved algorithm.

5.1 The Improved landmark FN-DBSCAN Algo-

rithm

5.1.1 The Proposed method

Given a dataset, our basic idea is summarized as follows:

1. Use LAI-LBG to efficiently obtain a set of landmarks. Then the input space is

divided into several sub-spaces represented by the generated landmarks corre-

sponding to the Voronoi regions.

2. Detect outliers for each Voroni region by Grubbs’ test (See A.1 for detecting

outliers by Grubbs’ test).

3. Use a modified FN-DBSCAN clustering algorithm (detailed in Algorithm 11)

to get the clustering information about the generated landmarks.
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4. Label the input data points according to the clustering information about land-

marks.

Here, we use Banana dataset again to illustrate how the proposed algorithm works.

However, at this time, the Banana dataset has 16, 535 data points and also contains

some outliers (Figure 5-1(a)).

After Step 1), the input space has been divided into several Voronoi regions with

the generated landmarks as their sites (Figure 5-1(b)). We notice that, for each

Voronoi region, the local data distribution can approximately be considered as a

“convex-shaped” distribution with the landmark vector as the gravity center. Thus,
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Figure 5-1: An illustrated clustering procedure of the proposed algorithm (a) The
input dataset (Banana dataset with outliers). (b) After the Step 1), 25 landmarks
are generated and 25 corresponding Voronoi regions are formed. (c) The outliers can
be detected and removed for each Voronoi region. (d) The final clustering result.
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for each Voronoi region, if we calculate the distances between each one of the data

points and the landmark vector, such distance values should approximately be a Gaus-

sian distribution. Therefore, the Grubbs’ test is applicable to the outliers detection

(Figure 5-1(c)). Fortunately, we do not have to re-calculate such distances because in

the former step, the execution of LAI-LBG, we had already finished this calculation

when it measured the MQE value. So, just reusing them is an efficient manner to

implement the Grubbs’ test.

Algorithm 11 A Further Modified FN-DBSCAN Algorithm

Apply Definition 11 and Definition 12 as the fuzzy-neighborhood function and the
landmark cardinality, respectively.

Input:  L, k, ε1, ε2

Output: C and outliers label
1: Mark all landmarks as “unassigned”;
2: C ← ∅;
3: for all l in  L do
4: if l is marked as “unassigned” then
5: Nε1(l)← Find the fuzzy-neighborhood of l wrt. ε1 and k;
6: card(l)← Calculate the cardinality of l;
7: if card(l) ≥ ε2 then
8: Mark l as “assigned”;
9: Create a new cluster C, initialized by C ← {l};
10: Create a queen S, initialized by S ← Nε1(l);
11: for all p in S do
12: C ← C ∪ {p};
13: Mark p as “assigned”;
14: Nε1(p)← Find fuzzy-neighborhood of p wrt. ε1 and k;
15: card(p)← Calculate the cardinality of p;
16: if card(p) ≥ ε2 then
17: Add all data points in Nε1(p) to the end of the queen: S ← S∪Nε1(p);
18: end if
19: end for
20: C ← C ∪ {C};
21: end if
22: end if
23: end for
24: Mark all remaining “unassigned” landmarks as outliers;

Next, the modified FN-DBSCAN is used to obtain the clustering information

about landmarks, which is detailed in Algorithm 11. Since each data point is cited
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by only one landmark, we can easily label the input data points according to the

clustering information about landmarks. For example, let xi and xj be two data

points which are cited by landmarks lp and lq, respectively, i.e. xi ∈ C(lp) and

xj ∈ C(lq). If lp and lq are in the same cluster according to Algorithm 11, then give

the same cluster label to xi and xj.

5.1.2 Tuning the Parameters

There are six parameters in the proposed method. Most of them have a typical range

for the selection or can be easily estimated for the normalized datasets (See Appendix

A.1 for the method of data normalization).

The parameter ξ is the threshold for the minimized MQE value in the quantization

convergence procedure of the LAI-LBG algorithm. The smaller value of ξ is selected,

the higher quantization quality is achieved, but more iterations are required. As with

the most VQ techniques, the minimized MQE value can typically be in the range of

[0.0002, 0.001]. Selecting 0.0002 for the parameter ξ can achieve both high efficiency

and high clustering quality in our experiments (see more results in Section 5.2).

The parameter α is the significance level used in the Grubbs’ test. In general,

such a significance level should be a small value. Using 0.05 can achieve a very good

result in most cases.

The parameter β is the convergence threshold for the minimized MSE value in the

modified LBG algorithm (Algorithm 10). Such a threshold is also a very small value.

Setting β with zero will achieve the best quantization quality. In general, a typical

value can be in the range of [0.001, 0.005] in order to achieve a faster convergence.

The parameters k and ε1 is a parameter pair used to control the radius of the fuzzy-

neighborhood of a landmark (Definition 11). Now, we give an estimation method for

these two parameters. Figure 5-2(a) illustrates two adjacent Voronoi regions. If

landmarks lp and lq are in the same cluster, they must be neighbors to each other

according to Definition 11. If so, the the distance between V (lp) and V (lq) must be

appropriately suitable for determining the parameters k and ε1. Let such a suitable

distance be ḋ, then the parameter k can be obtained by Equation (5.1) which is
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Figure 5-2: (a) Estimating the suitable distance between two neighbor landmarks.
(b) The landmark l will be considered as an outlier.

transformed from Equation (4.6).

k = (dmax/ḋ) ∗
√
− log(ε1) (5.1)

Since determining the parameter k is related to ε1, we can arbitrarily select a

value for ε1 (ε1 ∈ (0, 1)), and then Equation (5.1) will obtain a corresponding value

for k. Now, the only problem is how to know the “suitable distance”, ḋ.

Actually, estimating the ḋ value can be inspired from how to determine the pa-

rameter Eps of DBSCAN. [21] proposed an effective method to solve this problem

(called M. Ester’s method). Their main idea is to calculate, for each data point x
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Figure 5-3: The sorted mean distances between landmarks and their corresponding
top-three neighbors for Banana dataset with 40 landmarks generated.
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in the dataset, the distance from x to its m-th nearest-neighborhood, where, typi-

cally, m is set to 4 in a method called 4-dist. After that, sort all such distances in

descending order and show them as a curve as in Figure 5-3. The suitable value for

the parameter Eps is determined as the distance associated with the leftmost point

from which the curve tends to flatten. However, DBSCAN is very sensitive to the

estimated Eps value because of its crisp-neighborhood model, which indicates such

a point on the curve must be precisely located. Fortunately, FN-DBSCAN reduced

the parameter sensitivity because of the soft neighborhood model adopted [24]. Since

DBSCAN and FN-DBSCAN share the essential concepts, the M. Ester’s method for

estimating the parameter Eps of DBSCAN is still valuable for the estimation of the

parameters k and ε1 of FN-DBSCAN. Now, we extend the M. Ester’s method to

estimate the parameter k and ε1 in low dimensional space as Algorithm 12.

Algorithm 12 Estimate the parameters k and ε1

Input:  L
Output: k, ε1

1: D̄nn=3 ← For each landmark l ∈  L, calculate the mean distance, d̄nn=3, between
V (l) and its top-three nearest-neighbors. Let D̄nn=3 be the set of all d̄nn=3;

2: O ← Use Grubbs’ test to detect the significantly large distances in D̄nn=3;
3: ḋ← max{D̄nn=3 \O};
4: ε1 ← Randomly select a real number in (0, 1);
5: k ← (dmax/ḋ) ∗

√
− log(ε1);

In Algorithm 12, the mean distance, d̄nn, can be always calculated from the top-

three or top-four nearest-neighbors. Actually, using top-three nearest-neighbors was

applicable to most tested datasets in our experiments. Using a larger number of

nearest neighbors did not significantly differ from using three or four, which is similar

to using 4-dist for the estimation of the parameter Eps of DBSCAN. We used the

Grubbs’ test to detect the distances which are significantly larger than the other ones,

and then we know the leftmost point where the curve tends to flatten (Figure 5-3).

Furthermore, it is not necessary to sort all the distances when Grubbs’ test is used,

which implies less computation cost compared with the M. Ester method. We also

noticed that Grubbs’ test worked well for most datasets in the experiments by setting

the significance level to 0.05.
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The parameter r is used to help estimate the parameter ε2 which is the threshold

of the local density. From Definition 12, we know that such a threshold is directly

related to the landmark-cardinalities. Thus, the expected average local density can

be represented by the average value of the landmark-cardinalities. We use a positive

real number r to represent a ratio of the average local density. Then, the threshold

ε2 can be estimated by the following Equation.

ε2 = r ·
∑

l∈ L card(l)

g
(5.2)

where g is the number of the generated landmarks. In most cases, the parameter r

can be in the range of [0.5, 1.5]. Users are recommended to select a larger value for

the parameter r if the density of outliers is higher, and vice versa.

Algorithm 13 The proposed clustering algorithm

Input: X, ξ, α, β, r
Output: P
1: Let P1 and P2 be two n-by-1 vectors, where n is the number of data points. P1

and P2 are used to distinguish whether a data point is an outlier nor not.
2:  L← By the LAI-LBG algorithm with X, ξ and β;
3: P1 ← Do the Grubbs’ test for the landmark citations using α as the significance

level. Mark the outliers by “zero”, otherwise by “one”;
4: k, ε1 ← Estimated by Algorithm 12;
5: ε2 ← Estimated by Equation (5.2);
6: C ← Call the modified FN-DBSCAN algorithm (Algorithm 11) with k, ε1 and ε2;

7: P2 ← Label all data points according to the landmark cluster index, C. A data
point is marked by “zero”, if it is cited by a landmark which is recognized as an
“outlier” by the modified FN-DBSCAN;

8: P ← P1 ◦ P2; // The operator “◦” means the Hadamard product (elementwise
product), i.e. [P1 ◦ P2]i ← [P1]i[P2]i, for all 1 ≤ i ≤ n. The data points labelled
by “zeros” are outliers.

5.1.3 A Further Discussion on Outliers Detection

The Grubbs’ test in Step 2) can detect the outliers in a Voronoi region. However,

sometimes, a landmark may be generated in the outliers data area if the density of

outliers is very high or too much landmarks are generated when a very low value is
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selected for the parameter ξ. Figure 5-2(b) shows an example of this case. We notice

that the area near the landmark l has a lower density than the other areas since

all the data points cited by l are outliers. Fortunately, the modified FN-DBSCAN

algorithm can detect this low density area in a later step, because the landmark l

itself will be considered as an outlier. Consequently, the data points cited by l are

eventually considered as outliers.

Finally, we summarize the proposed clustering algorithm in Algorithm 13.

5.2 Experimental Results

In this section, we will evaluate the performance of the proposed clustering algorithm,

i.e. Algorithm 13. In the following experiments, both clustering efficiency and cluster-

ing quality were tested. We compared the results of the proposed method with those

of the original FN-DBSCAN algorithm and the landmark FN-DBSCAN algorithm.

In addition, the results of the proposed method implemented with LAI-LBG were also

compared with the other VQ implementations including LBG, AI-LBG (local) and

AI-LBG (global). Five synthetic datasets were used. The details of these datasets are

shown in Table 5.1 and illustrated in Figure 5-4, respectively. The clustering quality

was evaluated by Rand-Index according to the true partitions (gold standards). All

the results shown in this section were the average value of 10 times runs. In addition,

the performances were evaluated with different number of landmarks.

Table 5.1: Datasets Used in Experiments.
Name Size ]dimensions ]clusters outliers
Banana 16437 2 2 no
Banana (outliers) 16532 2 2 yes
Anchor 28196 2 2 yes
Gaussian (3 clusters) 33000 2 3 no
Gaussian (14 clusters) 28000 2 14 no
The symbol ] means “the number of”.

In the experiments, we observed that no matter what VQ implementation was

applied, the proposed method definitely could run much faster than the original FN-

DBSCAN algorithm when the same or higher clustering quality was achieved, which
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Figure 5-4: Five datasets used in our experiments. (a) The standard Banana dataset.
(b) Banana dataset with outliers. (c) Anchor dataset. (d) Gaussian dataset (3 clus-
ters). (e) Gaussian dataset (14 clusters).

indicated that the idea of using VQ to generate landmarks indeed significantly im-

proved the clustering efficiency. Now, we detail the experimental results for each

dataset as follows.

For the standard Banana dataset (Table 5.2), the proposed method with AI-LBG

(global) achieved the best clustering quality because of the best vector quantization

quality provided, but with its efficiency, it fell far behind other vector quantization

implementations including LBG, AI-LBG and the proposed LAI-LBG. Even so, the

efficiency was still much better than that of the original FN-DBSCAN algorithm

when the number of landmarks was small (0.1561 second VS 7.8780 seconds with

15 landmarks). The clustering quality of using LAI-LBG was very close to that of

using AI-LBG (global), but the efficiency was about 2.5 times higher than the latter

one’s when the number of landmarks was 15. We observed that the difference in

the efficiency became larger when the number of landmarks increased, e.g. when
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Table 5.2: The Clustering Results for the Banana dataset.

N1
Original

FN-DBSCAN
Landmark2

FN-DBSCAN
Proposed

LBG AI-LBG (local) AI-LBG (global) LAI-LBG
Rand Time Rand Time Rand Time Rand Time Rand Time Rand Time

15

1.0000 7.8780

0.5775 0.2180 0.7526 0.0507 0.9991 0.0704 1.0000 0.1561 1.0000 0.0621
20 0.5537 0.2190 0.8761 0.0701 0.9756 0.0781 1.0000 0.2164 0.9998 0.0800
25 0.5416 0.2340 0.9997 0.0878 0.9993 0.0819 0.9826 0.3083 0.9998 0.0995
50 0.5193 0.2340 0.9867 0.1677 0.9849 0.1913 0.9999 0.8540 0.9998 0.1638
100 0.5064 0.2490 0.9998 0.3335 0.9328 0.4486 0.9999 2.5644 0.9997 0.3179
200 0.5005 0.2960 0.9995 0.5946 0.9986 1.2480 0.9998 7.7005 0.9997 0.5771
1N indicates the number of landmarks.
2The landmark FN-DBSCAN algorithm started to achieve an acceptable Rand-Index value at 1.0000 since the
number of landmarks was 413. The corresponding execution time was 0.3900s.

Table 5.3: The Clustering Results for the Banana (outliers) dataset.

N1
Original

FN-DBSCAN
Landmark

FN-DBSCAN
Proposed

LBG AI-LBG (local) AI-LBG (global) LAI-LBG
Rand Time Rand Time Rand Time Rand Time Rand Time Rand Time

15

0.9946 7.8630

0.6187 0.2180 0.7551 0.1716 0.8768 0.1772 0.9999 0.2867 0.9998 0.1871
20 0.6010 0.2190 0.9288 0.1814 0.9984 0.2144 0.9998 0.3432 0.9996 0.2009
25 0.5821 0.2190 0.9997 0.2085 0.9677 0.2086 0.9998 0.4329 0.9996 0.2224
50 0.5426 0.2340 0.9998 0.2534 0.9945 0.2731 0.9999 0.8970 0.9998 0.2476
100 0.5216 0.2650 0.9996 0.3571 0.9791 0.5186 0.9999 2.5779 0.9996 0.3880
200 0.9946 0.2970 0.9990 0.6589 0.9986 1.4020 0.9380 7.6400 0.9996 0.6064
1N indicates the number of landmarks.

the number of landmarks was 200, LAI-LBG achieved over 13 times faster than AI-

LBG (global), whereas their qualities were almost the same. In addition, we noticed

that the landmark FN-DBSCAN algorithm could not obtain a good result within 200

landmarks. It used 413 landmarks to successfully achieve Rand-Index value at 1.0000,

but took 0.39 second as the cost, which was about 6 times slower compared with the

proposed method with LAI-LBG (with 15 landmarks). The experimental results for

the Banana (with outliers) datasets and Anchor datasets were quite similar to that

for the standard Banana dataset. The results are shown in Table 5.3 and Table

5.4, respectively. The high scores of Rand-Index achieved for these three datasets

indicated that the proposed method could successfully detect the arbitrary shaped

clusters even outliers existed.

For the Gaussian dataset with three clusters (Table 5.5), the proposed method
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Table 5.4: The Clustering Results for the Anchor dataset.

N1
Original

FN-DBSCAN
Landmark2

FN-DBSCAN
Proposed

LBG AI-LBG (local) AI-LBG (global) LAI-LBG
Rand Time Rand Time Rand Time Rand Time Rand Time Rand Time

15

0.9572 16.9850

0.5958 0.3590 0.8227 0.5325 0.9976 0.5636 0.9753 0.6923 0.9891 0.5516
20 0.5864 0.3740 0.9799 0.5656 0.9766 0.6164 0.9855 0.8407 0.9990 0.5970
25 0.5618 0.3750 0.9932 0.5871 0.9921 0.6124 0.9810 0.9634 0.9993 0.6279
50 0.5310 0.3740 0.9995 0.6105 0.9988 0.5887 0.9997 1.6048 0.9996 0.5229
100 0.5124 0.4060 0.9986 0.7159 0.9989 0.9086 0.9999 4.2434 0.9999 0.6319
200 0.5028 0.4840 0.9997 1.0199 0.9981 2.0961 0.9997 12.3260 0.9996 0.9125
1N indicates the number of landmarks.
2The landmark FN-DBSCAN algorithm started to achieve an acceptable Rand-Index value at 0.9572
since the number of landmarks was 961. The corresponding execution time was 0.8740s.

with AI-LBG (global) and with LAI-LBG achieved perfect clustering qualities. The

efficiency of using LAI-LBG was over 680 times higher than that of the original FN-

DBSCAN algorithm and from twice to five times higher than that of using AI-LBG

(global). Using LBG or AI-LBG (local) as the VQ implementation in the proposed

method failed to obtain such good results on quality, but they were still acceptable

compared with the original FN-DBSCAN algorithm and the landmark FN-DBSCAN

algorithm. During the experiment, we noticed that there was a special case for the

landmark FN-DBSCAN algorithm, i.e. a very small number of landmarks to represent

the input data distribution could achieve a good quality and efficiency, because one

or two landmarks might be enough to well represent a Gaussian distributed cluster

if the landmarks were near the cluster centers. However, since all three clusters in

this dataset were large, it was difficult for the landmark FN-DBSCAN algorithm to

precisely generate landmarks close to the cluster centers owing to the input order

problem discussed in Section 4.1.1. In this experiment, the landmark FN-DBSCAN

used 10 landmarks to achieve 0.9004 Rand-Index value, but the good result could

not be kept with the increase of the number of landmarks. The quality started to be

stable when the number of landmarks was more than 226, but the time consumption

was 0.5460 second which was too much compared to that of the proposed method

with LAI-LBG.

For the Gaussian dataset with 14 clusters (Table 5.6), similar to the previous re-

sults, the proposed method with LAI-LBG obtained the best combination of clustering
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Table 5.5: The Clustering Results for Gaussian (3 clusters) dataset.

N1
Original

FN-DBSCAN
Landmark2

FN-DBSCAN
Proposed

LBG AI-LBG (local) AI-LBG (global) LAI-LBG
Rand Time Rand Time Rand Time Rand Time Rand Time Rand Time

10

0.9999 41.2620

0.9004 0.4210 0.9721 0.0351 0.9983 0.0605 1.0000 0.1619 1.0000 0.0605
15 0.8524 0.4210 0.9999 0.0467 0.9998 0.0741 1.0000 0.3061 1.0000 0.0896
20 0.8215 0.4210 0.9999 0.0720 0.9999 0.0995 1.0000 0.4289 1.0000 0.1130
25 0.7934 0.4360 0.9944 0.0954 0.9999 0.1230 1.0000 0.5850 1.0000 0.1308
30 0.7760 0.4370 1.0000 0.1073 0.9998 0.1500 1.0000 0.7565 1.0000 0.1540

1N indicates the number of landmarks.
2The landmark FN-DBSCAN algorithm started to achieve an acceptable Rand-Index value at 0.9991 since the
number of landmarks was 226. The corresponding execution time was 0.5460s.

Table 5.6: The Clustering Results for Gaussian (14 clusters) dataset.

N1
Original

FN-DBSCAN
Landmark2

FN-DBSCAN
Proposed

LBG AI-LBG (local) AI-LBG (global) LAI-LBG
Rand Time Rand Time Rand Time Rand Time Rand Time Rand Time

143

0.9988 20.7320

0.9983 0.3740 0.0714 0.0546 0.0714 0.0858 0.0714 0.2516 0.0714 0.0780
50 0.9641 0.4210 0.5153 0.1129 0.9976 0.2964 0.9998 1.4100 0.9997 0.1892
60 0.9607 0.4680 0.7371 0.1404 0.9982 0.3606 0.9998 1.8351 0.9997 0.2109
70 0.9576 0.4840 0.5777 0.1873 0.9984 0.4251 0.9998 2.3869 0.9998 0.2421
80 0.9549 0.3900 0.8964 0.2165 0.9984 0.5031 0.9998 2.9837 0.9997 0.2963

1N indicates the number of landmarks.
2The landmark FN-DBSCAN algorithm started to achieve an acceptable Rand-Index value at 0.9929 since the
number of landmarks was 2850. The corresponding execution time was 2.1840s.
314 landmarks was an special setting for the landmark FN-DBSCAN algorithm.

quality and efficiency. Since the clusters were small, it was easier for the landmark

FN-DBSCAN algorithm to generate landmarks near the cluster centers. We found the

landmark FN-DBSCAN could only use 14 landmarks, which was the exact number

of the clusters, to represent the input datasets. Unfortunately, with the efficiency, it

still fell behind that of the proposed method with LAI-LBG. In addition, we noticed

that using LBG as the implementation resulted in a very poor clustering quality. The

main reason was that the tested dataset contained a considerable number of clusters.

In this case, it was difficult to initialize a balanced distribution for landmarks by the

random selection method, which in the later stage highly influenced the quantization

result for LBG.

Next, we tested the performance of the improved landmark FN-DBSCAN with a

real-world dataset, the Optical Recognition of Handwritten Digits (optdigits) dataset

(Fig. 5-5), selected from the UCI machine learning database (https://archive.ics.uci.

82



edu/ml/datasets/). The optdigits dataset contained 10 classes of handwritten digits

from 43 people. The total number of the data points was 5,620 and the data dimension

Figure 5-5: The Optical Recognition of Handwritten Digits (optdigits) dataset.
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Figure 5-6: The results of clustering quality (a) and efficiency (b) for optdigits dataset
regarding different number of landmarks.
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was 64. The experimental results were compared with those of the landmark FN-

DBSCAN algorithm. Here, we must note that there were two reasons for applying

a post-processing to improve the clustering quality. One was that both of the two

algorithms might label data points as noise, but the actual dataset did not contain

any noisy data. Another reason was that the two algorithms might find more than

10 clusters in their results. Therefore, in the post-processing for the result of each

algorithm, we only accepted the top-10 largest clusters, if the number of clusters was

larger than 10, and reassigned the data points in the remaining smaller clusters, as

well as the data points labelled as noise, to the closest accepted clusters.

The results for the clustering quality and efficiency with regard to different num-

bers of landmarks are shown in Fig. 5-6(a) and Fig. 5-6(b), respectively. We observed

that the landmark FN-DBSCAN could not obtain a good clustering quality within

300 landmarks. Actually, the quality results, which the landmark FN-DBSCAN algo-

rithm achieved, were not stable, which even decreased with the increasing number of

the generated landmarks. The main reason was that 300 landmarks were not sufficient

to represent the distribution of the optdigits dataset, because the data dimension was

considerably high. On the other hand, we could see that the improved algorithm could

continuously obtain a good clustering result when the number of landmarks varied

from 100 to 300, and had a higher efficiency than the original landmark FN-DBSCAN

algorithm.

5.3 Summary

In this chapter, we proposed a novel density-based clustering algorithm which is an

improvement of the previously proposed landmark FN-DBSCAN algorithm, benefit-

ing from the new features of LAI-LBG algorithm. The experiments presented in this

chapter show that the proposed clustering algorithm achieved a similar high cluster-

ing quality to and a higher efficiency than the other techniques including the original

FN-DBSCAN, landmark FN-DBSCAN and the proposed method with other vector

quantization approaches.
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Chapter 6

Incremental Clustering by

Self-organizing Neural Network

As discussed in Chapter 2.2.2, using self-organizing neural networks, especially for

the ones with a dynamic structure, is a more natural way to implement incremental

clustering. However, recently, a much more difficult task for on-line learning is to

efficiently and robustly learn data from noisy environments. In this chapter, we

propose a novel method, called Enhanced Incremental Growing Neural Gas (Hi-GNG)

as a solution for this problem. The rest of this chapter is organized as follows. In

Section 6.2, we first review the Competitive Hebbian Learning (CHL) method, and

then propose the enhanced CHL method. In Section 6.3, we propose the Hi-GNG

algorithm. In Section 6.4, experimental results are presented. Finally, we summarize

the features of Hi-GNG and give conclusions in Section 6.5.

6.1 Motivations of the Hi-GNG algorithm

Recently, with the increasing number and dimensions of data, the learning algorithms

are required to efficiently deal with large number of signals. Moreover, a much more

difficult task for on-line learning is to efficiently and robustly learn data from the

distributions in which noisy data exist. The main difficulty is that learning algorithms

have no prior knowledge of the whole data distribution. Thus, upon the arrival of
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the first several data of a certain distribution, the amount of data is not sufficient

to represent the whole distribution. At this time, learning algorithms cannot judge

whether these data are noisy or normal. Consequently, for each iteration, the existing

techniques, e.g. SOM, NG, and etc., have to respond to the new data and update the

weight vectors of the corresponding neurons, which usually cause a critical deviation

of the topology reflection in the result.

Another problem is that in most ‘growing-type’ self-organizing neural networks,

such as GNG, the number of neurons will continuously increase owing to the growth

strategy. The large number of neurons increases the computational cost of searching

for the winner neurons in each iteration, which makes the training procedure inef-

ficient. In fact, such a number cannot increase indefinitely because of the limited

computer resources, such as CPU speed and memory size. To partially solve this

problem, the maximum number of neurons in the network is usually predefined by an

additional parameter. However, this yields another problem of determining the value

of this parameter. If the parameter is set with a low value, some small clusters will

be merged, indicating that the clustering result will be wrong. If the parameter is set

too high, many neurons will be generated and some large cluster may be divided into

several smaller clusters, which may also results in a low clustering quality.

6.2 Enhanced Competitive Hebbian Learning

The Competitive Hebbian Learning (CHL) method is a foundation of many compet-

itive learning system. Here, we extend the conventional CHL to model the creation

and elimination of connections between each pair of neurons, especially for the ad-

justment of the connection-strength of each connection.

6.2.1 Competitive Hebbian Learning

The classical Hebbian theory (also called Hebbian rule) [104] describes a basic mech-

anism for how neurons can connect with each other, more precisely, it shows how

to create the connections between neurons. According to Hebbian theory, any two
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neurons sufficiently near to each other that are repeatedly activated at the same time

will tend to become ‘associated’ in the sense that a connection can be created between

them.

CHL can be considered as an extension of the classical Hebbian theory in compet-

itive learning systems. The key idea of CHL is that given an input signal, we find the

nearest neuron and the second-nearest neuron in the network, after which we create

a connection (edge) between these two neurons if such a connection does not already

exist.

CHL is a good method for the creation of connections between neurons in compet-

itive learning systems. However, CHL only provides a way of creating connections,

but does not address the elimination of the existing connections. Some learning algo-

rithms, such as GNG, use a local variable to record the ‘age’ of a connection. The ‘age’

of a connection will increase according to some updating strategy. If a connection’s

‘age’ has exceeded a particular threshold, it will accordingly be removed. In general,

such a threshold is a positive integer, e.g. the threshold is given by the parameter

αmax in the GNG algorithm. Here, αmax is usually set with a big value because the

network will not grow if αmax is too small. Unfortunately, considering that the given

dataset contains some noisy data, the final graph will be significantly influenced by

the noisy data if αmax is big, because the local variable ‘age’ may be easily reset to

zero and the corresponding connections will be kept for a long time. This means that

the learning algorithm will not robustly reflect the data relationships from noisy data

distributions.

6.2.2 Enhanced Competitive Hebbian Learning

In order to solve this problem, we propose a new technique to generate topological

structures, called enhanced competitive Hebbian learning (enhanced CHL). The en-

hanced CHL method considers both the creation of connections between neurons and

the elimination of the existing connections between neurons.

The aim of enhanced CHL is to generate an undirected weighted graph, 〈G,w〉,

where G = 〈V,E, ψG〉 consists of a set of vertices V , a set of edges E and an inci-
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dence function φG. The weighting w : E → R can be considered as a vector whose

coordinates are indexed by the edge set E. For example, let {v1, v2} be an unordered

pair of two vertices of G and e be an edge of G. Then ψG(e) = {v1, v2} indicates that

{v1, v2} is associated with e, and w(e) represents the weight of the edge e.

In this dissertation, the vertex and the weighted graph are called a neuron and

a network, respectively, and are denoted by n and net, respectively. On the basis of

these standard concepts of graph theory, we give the formal definition of a connection

in the enhanced CHL method.

Definition 13 (connection) Let n1 and n2 be two neurons in the network (n1 6= n2)

and let {n1, n2} be the edge between n1 and n2. A connection, denoted as c(n1, n2),

is a pair:

c(n1, n2) = 〈{n1, n2} , s〉 (6.1)

where s is a non-negative integer, called the connection-strength of c(n1, n2). For

convenience, we also call it the connection-strength between n1 and n2, denoted by

s(n1, n2).

Given an input signal ξ and a network, net, the nearest neuron, n?, and the

second-nearest neuron, n??, to the signal ξ can be obtained by Equation (6.2).

n? = arg min
ni∈N(net)

‖ξ −Wni
‖ (6.2)

n?? = arg min
ni∈N(net)\{n?}

‖ξ −Wni
‖

where Wni
is the weight vector of ni and N(net) is the neuron set of the network.

Then let net be a network and n?, n?? be the nearest neuron and the second-

nearest neuron to an input signal ξ, respectively (n?, n?? ∈ N(net)). The enhanced

CHL method is described in the following four parts:

1. CREATION: Create a new connection c(n?, n??) if c(n?, n??) does not exist.

When the new connection is established, the connection-strength is initialized

by: s(n?, n??)← 1.
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2. UPDATING: If the connection, c(n?, n??), already exists, then its connection-

strength is enhanced by: s(n?, n??) ← s(n?, n??) + ∆s, where ∆s is a posi-

tive real number. If ∃c(n?, ni) where ni ∈ N(net) such that ni 6= n??, then

the connection-strength of these connections are reduced by: s(n?, ni) ←

s(n?, ni)−∇s, where ∇s is a positive real number.

3. DECAYING: when the elapsed time is an integer multiple of some desired num-

ber, the connection-strength of every connection in the network will be reduced

by: s(ni, nj)← s(ni, nj)−∇s, ni, nj ∈ N(net).

4. ELIMINATION: if ∃c(ni, nj) where ni, nj ∈ N(net), ni 6= nj such that s(ni, nj) =

0, then remove the connection, c(ni, nj).

In the creation part, the enhanced CHL method follows the idea of Hebbian theory,

i.e. a connection is created between two neurons if they are near enough and are

activated at the same time. However, in our model, we do not care only about

how to create a connection, but also about the connection-strength of the created

connection. The connection-strength of the newly created connections are initialized

by one, indicating that these connections are temporal ones. If they are not enhanced

in the following few steps, they can be quickly removed.

In the second part, the updating is also related to Hebbian theory. If a connection

between two neurons has already been created in some earlier steps and subsequently

the two neurons are again activated at the same time, then the connection-strength

will be enhanced. Moreover, we also consider the opposite situation: if the two

neurons are not simultaneously activated, the connection-strength between them

will be weakened.

In the decaying part, the connection-strength between neurons will be gradually

weakened with time. In order to make an easy calculation, the connection-strength

will be reduced if the total elapsed time is an integer multiple of some desired number.

In the eliminating part, the connections in the network will be removed if their

connection-strength values are zero.

Like CHL, the enhanced CHL method is also a pure topology generating method.
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To incrementally learn the given data distribution, p(ξ), the learning algorithm also

requires a way of inserting neurons and a vector quantization technique in order to

generate and place the neurons in regions in which the probability density P (ξ) > 0.

In addition, we must note that it is possible to specify the increment and decrement of

the connection-strength, i.e. ∆s and ∇s, when the enhanced CHL method is applied

in a specific learning algorithm. An example will be presented in Section 6.3.

6.3 The Algorithm of Enhanced Incremental Grow-

ing Neural Gas

In this section, we present the enhanced incremental growing neural gas (Hi-GNG)

algorithm which is based on the enhanced CHL method.

In Hi-GNG, the classical SOM neuron model is modified by assigning an additional

local attribute called a maturity-level. Now we give the definition of a neuron in the

Hi-GNG algorithm.

Definition 14 (neuron) A neuron, denoted by n, is a pair:

n = 〈W,m〉 (6.3)

where W is the weight-vector of n in the input space and m is a non-negative integer

called the maturity-level. We denote the weight of n and the maturity-level of n by

Wn and m(n), respectively.

In this modified neuron mode, the new attribute m functions as a local counter to

count the number of times that a neuron becomes the nearest neuron or the second-

nearest neuron. Given an integer number, m̂, as the threshold, if the maturity-level

of neuron n is greater than m̂, i.e. m(n) > m̂, we say n becomes ‘mature’.

On the basis of this modified neuron model and the enhanced CHL method pre-

sented in Section 6.2.2, we present the Hi-GNG algorithm as follows:

1. Initialize the network with an empty graph.
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2. Randomly generate a signal ξ from P (ξ).

3. If the network is empty or the Euclidean distance between the input signal and

the nearest (or the second-nearest) neuron satisfies Equation (6.4), then insert

two neurons.

∃n ∈ {n?, n??}, ‖ξ −Wn‖ > σ (6.4)

where ξ is the current input signal and Wn is the weight vector of the nearest

neuron (n?) or the second-nearest neuron (n??).

Let n1 and n2 be the two newly inserted neurons. The weight of n1 is set with

Wn1 ← ξ and n2 is placed very close to n1 in the input space. Here, Wn2 is

randomly generated, such that ‖Wn1 −Wn2‖ < σ
10

. Then, create a connection

between n1 and n2 with the connection-strength: s(n1, n2) ← 1. Finally, the

adaption of the current input signal, ξ, is complete. Continue to adapt the next

signal.

4. Update the weight vectors of the neurons using Equation (6.5).

Wn =

Wn + εb (ξ −Wn) , if n = n?

Wn + εn (ξ −Wn) , if ∃c(n, n?)
(6.5)

where n? is the nearest neuron to the input signal ξ, and εb and εn are two real

numbers in the range of (0, 1), which represent the constant learning rate for

the nearest neuron and its topological neighbors. In general cases, εb is greater

than εn.

5. Increment the maturity-level of the nearest neuron, n?, and the second-nearest

neuron, n??.

6. Create a connection between n? and n?? if there is no such a connection. Ini-

tialize the connection-strength by the maturity-level of the nearest neuron,

n?.
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7. Increment the connection-strength using Equation (6.6), if a connection exists

between n? and n??.

s(n?, n??)← s(n?, n??) + ∆s (6.6)

where ∆s is a positive integer presenting the increment of the connection-

strength. In general, ∆s can be appropriately calculated according to the

maturity-level of the nearest neuron, n?.

∆s← m(n?) (6.7)

8. Reduce the connection-strength between the nearest neuron, n?, and its topo-

logical neighbors using Equation (6.8).

s(n?, ni)← s(n?, ni)−∇s, if ∃c(n?, ni) (6.8)

where ∇s can be calculated according to the maturity-level of n?, given by

Equation (6.9).

∇s← log(m(n?)) (6.9)

9. Remove the connections whose connection-strength is zero and if this isolates

some neurons, also remove the isolated neurons as well.

10. Reduce the connection-strength of all the connections in the network using

Equation (6.10), if the number of iterations so far is an integer multiple of the

parameter α.

s(n?, ni)← s(n?, ni)−∇s, ni ∈ N(net) (6.10)

where ∇s can be log(m(n?)) according to Equation (6.9).

11. If the stopping condition is not met, then go to step 2). Otherwise, output the

network which only consists of the neurons whose maturity-levels are larger

than the parameter m̂
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Algorithm 14 The Hi-GNG Algorithm

Input: X, σ, εb, εn, α, m̂
Output: an undirected weighted graph only consists of the mature neurons (m(n) >

m̂) and their corresponding connections.
1: Initialize the network with an empty graph;
2: g ← 0;
3: repeat
4: ξ ← generate a signal ξ from P (ξ) randomly;
5: Search the network for the nearest neuron, n? and the second-nearest neuron,

n?? by:
n? ← arg minni∈N(net) ‖ξ −Wni

‖
n?? ← arg minni∈N(net)\{n?} ‖ξ −Wni

‖
6: if N(net) = φ or ‖ξ −Wn?‖ > σ or ‖ξ −Wn??‖ > σ then
7: Insert two neurons, n1 and n2, to the network and set them by:

Wn1 ← ξ and randomly generate Wn2 , such that ‖Wn1 −Wn2‖ < σ
10

. Then
create a connection between n1 and n2 and set the connection-strength by:
s(n1, n2)← 1;

8: continue;
9: end if
10: Update the neurons by:

Wn? ← Wn? + εb (ξ −Wn?)
Wni
← Wni

+ εn (ξ −Wni
) // ∃c(ni, n?)

11: Increment the maturity levels of n? and n?? by:
m(n?)← m(n?) + 1
m(n??)← m(n??) + 1

12: if c(n?, n??) already exists then
13: Update the connection-strength of c(n?, n??) by:

s(n?, n??)← s(n?, n??) +m(n?);
14: else
15: Create a connection c(n?, n??) and set the connection strength as:

s(n?, n??)← m(n?);
16: end if
17: Reduce the connection-strength of the connections between n? and its topolog-

ical neighbors by:
s(n?, ni)← s(n?, ni)− log(m(n?));

18: Remove the connections whose connection-strength is zero and if this makes
some neurons isolated, also remove the isolated neurons.

19: if g mod α = 0 then
20: Reduce the connection-strength of all existing connections by:

s(ni, nj)← s(ni, nj)− log(m(n?));
21: end if
22: g ← g + 1;
23: until the stopping condition is reached
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In step 3), as with the IGNG algorithm, the Hi-GNG algorithm also applies a

distance-check strategy when neurons are inserted. However, the IGNG algorithm

inserts only one neuron, whereas the Hi-GNG algorithm inserts two neurons. The

main reason for inserting two neurons is that the distance between the input signal

and the nearest neuron is larger than a threshold, which means that the current input

signal is far away from the signals learned so far. Thus, there is a high probability

that the current signal belongs to a new cluster or is a noisy signal. In this case,

the network should create a ‘new land’ (a new topological structure disjoint from

the existing structure) to represent the new cluster or the noisy signal (this can also

be regarded as a small cluster). If we consider that each cluster is represented by a

component in the network graph, two connected neurons can be inserted to create a

minimal component for representing a new cluster. A component which contains only

one isolated neuron will be directly removed in the next iteration because of step 9).

In step 5), the maturity-level is incremented, but note that only the nearest

neuron and the second-nearest neuron will be manipulated, which is different from

other techniques, such as IGNG. The IGNG algorithm uses a local variable, called

‘age’, to identify whether or not a neuron is ‘mature’. The nearest neuron and all its

topological neighbors will be manipulated in the IGNG algorithm.

From step 6) to step 10), the enhanced CHL method is applied. When a connection

is created, the connection-strength is very weak, which means that the new connection

must be enhanced within a small number of iterations, or it will be removed quickly

owing to step 9). This strategy makes the Hi-GNG algorithm robust to noisy signals.

When a noisy signal is input, there is a high possibility that Equation (6.4) is sat-

isfied. Then, the algorithm inserts two connected neurons to respond to this noisy

signal. Because the noisy signal can be expected to have a low probability of being

regenerated, it is also expected that the connection between the just created two

neurons is not easily enhanced. Therefore, the neurons presenting the noisy data can

be quickly removed. This is similar to the short-term plasticity in biological neural

behaviors. On the other hand, the connections between those neurons which present

the normal data can be repeatly enhanced. Such neurons can therefore be kept in
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the network for a long time. This appears like the long-term plasticity in biological

neural behaviors.

Details regarding the implementation of Hi-GNG are presented in Algorithm 14.

6.4 Experimental Results

6.4.1 Batch Learning

n the following experiments, we focus on the batch learning experiments. Two artifi-

cial datasets were used to test the performance of Hi-GNG compared with that of the

GNG algorithm. We summarized the information regarding these artificial datasets

as follows:

1. Dataset 1 contained 1386 two-dimensional data in four clusters. The cluster

at the top of Fig. 6-1(a) was represented by a twisty shape and another three

smaller clusters were located under the former bigger one. No noisy data existed

in this dataset.

2. Dataset 2 had two banana shaped clusters, as illustrated in Fig. 6-1(b). In

total, there were 16532 data including some noisy data.
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Figure 6-1: Artificial datasets used in the experiments. (a) dataset 1. (b) dataset 2.
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Figure 6-2: The snapshots in the learning procedure for dataset 1 with GNG. The
parameters were selected as follows: λ = 650, εb = 0.05, εn = 0.006, αmax = 80,
α = 0.5, d = 0.0005.

In the experiment involving dataset 1, we captured five snapshots during the learn-

ing procedure for both GNG (Fig. 6-2) and Hi-GNG (Fig. 6-3). We observed that the

Hi-GNG algorithm generated neurons faster than the GNG algorithm. At the begin-

ning, Hi-GNG started with an empty graph and inserted many neurons very quickly,

and the newly inserted neurons started as immature neurons (represented by the ‘di-

amond’ shaped markers in Fig. 6-3(a)), whereas the GNG algorithm started with two

neurons and inserted neurons slowly (Fig. 6-2(a) - Fig. 6-2(c)). We also noticed that

in the Hi-GNG learning procedure, immature neurons were widely placed according to

the input distribution. In each iteration, new neurons were directly inserted near the

input data if the distance-check (by Equation (6.4)) was satisfied. About 1500-2000

iterations later, some immature neurons became mature (represented by ‘solid circle’

shaped markers in Fig. 6-3(b)), and when the number of iteration was 5000, most im-
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Figure 6-3: The snapshots in the learning procedure for dataset 1 with Hi-GNG. The
parameters were selected as follows: σ = 5, εb = 0.05, εn = 0.006, m̂ = 30, α = 80.

mature neurons became mature and more connections were established (Fig. 6-3(c)).

When the number of iterations was more than 20000, the data distribution was well

adapted by Hi-GNG (Fig. 6-3(d)) comparing with that of the GNG algorithm, which

still needed more iterations to finish the adaption (Fig. 6-2(d)). Although we could

choose a smaller value for the parameter λ in GNG, a smaller value may sometimes

result in a bad adaption result.

In addition, we also observed that the number of neurons generated by these two

algorithms was significantly different during the whole learning procedure (shown in

Fig. 6-6(a)). If we had not provided an upper limit for the number of neurons, the

insertion of neurons would have been a never-ending operation in the GNG algorithm.

On the other hand, the number of neurons in Hi-GNG stopped increasing at around

120 after 45000 iterations. Moreover, we separately recorded the number of mature
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Figure 6-4: The snapshots in the learning procedure for dataset 2 with GNG. The
parameters were selected as follows: λ = 250, εb = 0.05, εn = 0.006, αmax = 80,
α = 0.5, d = 0.0005.

neurons and immature neurons. The number of mature neurons started from zero

and slowly increased at the beginning of several hundreds of iterations, but started to

increase very quickly afterwards. Two or three thousands of iterations later, the rate

of increase slowed again. Finally, the number became stable when it was at around

120. The number of immature neurons also started at zero, but on the contrary, it

first increased quickly and then also decreased quickly. Finally, the number became

stable around zero or two and there were very few fluctuations.

We also captured five snapshots of the experiment regarding dataset 2 for both

GNG (Fig. 6-4) and Hi-GNG (Fig. 6-5). First, we observed that Hi-GNG could

generate neurons faster than GNG, which was similar to the previous experiment with

dataset 1. However, because dataset 2 contains noisy data, the topological structures

generated by these two algorithms were quite different. The topological structure
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Figure 6-5: The snapshots in the learning procedure for dataset 2 with Hi-GNG. The
parameters were selected as follows: σ = 10, εb = 0.05, εn = 0.006, m̂ = 30, α = 50.

generated by GNG became twisty and distorted after 20,000 iterations (Fig. 6-2(d)),

and continuously deteriorated with the increasing number of iterations (Fig. 6-2(e)).

The reason was that the noisy data were usually far away from the normal data,

which resulted in a large distance value being calculated using ‖ξ −W‖2. Then, this

large distance significantly affected the updating of the weights. On the other hand,

the topological structure generated by Hi-GNG was stable and always reflected the

distribution of the normal data. We recorded the number of neurons to help explain

why these results were obtained (Fig. 6-6). Like the previous result for dataset 1, the

number of mature neurons in Hi-GNG became stable when the number of iterations

was more than 20,000. However, at the same time, the number of immature neurons

was not so stable and frequently changed. This unstable number appeared when

Hi-GNG responded to the noisy data; new immature neurons were inserted into the
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(a) The result for dataset 1

(b) The result for dataset 2

Figure 6-6: The number of neurons during the learning procedures.

network, because the large distance between the noisy data and the nearest neuron

satisfied the distance-check (Equation (6.4)). Since the connection-strength between

the two newly inserted immature neurons was very weak and not easily enhanced, it

easily decreased to zero after a few numbers of iterations, which led to the removal of

the newly inserted neurons. As a result, the mature neurons which represented the

normal data were kept and those immature neurons which represented the noisy data

were generated and removed quickly. To better understand this experiment, we have

uploaded a video demonstration of this learning procedure on the YouTube website,

which can be found at http://youtu.be/s7NhrPqaVXg.
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Figure 6-7: The comparable results for dataset 2 when the number of iterations was
500,000. The maximum number of neurons was limited at 250 for GNG, fAGNG and
IGNG. The parameters of GNG were: λ = 250, εb = 0.05, εn = 0.006, αmax = 80,
α = 0.5, d = 0.0005. The parameters of fAGNG were as follows: k = 3, λ = 250,
εb = 0.05, εn = 0.006, αmax = 80, α = 0.5, d = 0.0005. The parameters of IGNG
were: αmature = 20, εb = 0.05, εn = 0.006, αmax = 80. The parameters of Hi-GNG
were as follows: σ = 10, εb = 0.05, εn = 0.006, m̂ = 30, α = 50.

In addition, we compared the result of Hi-GNG with those of fAGNG, IGNG and

GNG. In this experiment, the maximum number of neurons in GNG, fAGNG and

IGNG was set to 250. We captured the experimental snapshots when the number

of iterations was 500,000, because all the algorithms became stable at that time

(Fig. 6-7). We observed that fAGNG and IGNG placed some neurons in the low-

density areas and all the neurons in the network were connected with each other,

which means that there was only one component in the graph, indicating that only
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one cluster could be reported (shown in Fig. 6-7(a) and Fig. 6-7(b), respectively).

The GNG algorithm reported two components in its topological graph, indicating

that there were two clusters in the given dataset (Fig. 6-7(c)). However, the two

clusters found by GNG were not the true clusters. On the other hand, the Hi-

GNG algorithm automatically inserted a suitable number of neurons to generate the

topological structure without being provided the maximum number of neurons in the

network. The number of mature neurons became stable at around 270 and the number

of immature neurons fluctuated around six. Furthermore, the generated topological

structure always clearly reported that there were two clusters which were exactly the

true clusters in the given dataset (Fig. 6-7(d)).

6.4.2 Incremental Learning

In the following experiments, we evaluated the performance of Hi-GNG for incremen-

tal learning and compared the experimental results with that of the GNG algorithm.

Figure 6-8: The synthetic dataset used in the experiment of incremental learning. The
marker on the clusters indicates the order in the procedure of the data generation,
e.g. “p4” indicates that the cluster of data is the 4th part in the data generation.

We used a synthetic dataset, containing five parts (also the clusters) with 163,043

data points in total (Fig. 6-8). To test the performance of incremental learning based

on learned structures, first, we input “p1” as the part of data that the algorithms had
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already learned, and then, we sequentially input the remaining parts of data with an

order as “p2, p3, ..., p5” after every 35,000 iterations. In the learning procedure of

each part of data, we fairly generate data, i.e. the probabilities of generating data

from the newly added part and from the learned parts were the same. Since the

number of neurons in the GNG network would continuously increase, we limited its

maximal number to 650. The learning quality was evaluated by MSE (Equation (2.2).
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Figure 6-9: The learning qualities when each part of data arrivals with an order “p1,
p2, ..., p5”.
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Figure 6-10: The number of neurons when each cluster of data arrivals with an order
“p1, p2, ..., p5”.
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The results of the experiment regarding the learning quality are shown in Figure

6-9. First of all, for the learning procedure of each part of data, we observed that

Hi-GNG could converge to a minimal MSE value faster than GNG. Second, for the

first three parts of data after learning “p1”, i.e. for “p2”, “p3” and “p4”, Hi-GNG and

GNG converged at a very similar MSE value. However, for the last part, i.e. “p5”,

GNG could not converge at a minimized MSE value as good as it obtained before.

The main reason was that the number of neurons in the GNG network reached to

the predefined maximal value, i.e. 650, when it was learning the fifth part of data

(Fig. 6-10). Hence, the number of neurons used to represent the last part of data

was too small, which led to a bad quantization result. Although we could use a larger

value for the predefined maximal number of neurons, it is easy to image that the

number of neurons would definitely reach such an upper-limitation, when the amount

of data increases to a considerable large value. Another possible solution was to use a

larger value for the parameter λ, so that GNG could generate neurons with a longer

time interval, but the cost was a slower adaption for the learning of each part of

data. In addition, we also noticed that the number of neurons in the GNG network

was linearly increasing until it reached the predefined maximal value, while on the

other hand, the number of neurons in the Hi-GNG network increased like climbing

stairs during the learning procedure of each part of data (Fig. 6-10). The number
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Figure 6-11: The learning qualities when the number of neurons was 500.
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became stable at around 635 which was smaller than that of GNG, and meanwhile,

quantization quality was better than that of the later one. This result was easier to

be observed when we limited the maximal number of neurons in GNG network to

500 (Fig. 6-11), because less neurons were used to approximate the distribution of

the last part of data, resulting in a larger MSE value. The snapshots when GNG

and Hi-GNG finished learning the whole dataset within 500 neurons are shown in

Fig. 6-12(a) and Fig. 6-12(b), respectively, where we could see that the Hi-GNG

algorithms obtained a better presentation for the input data distribution than GNG.

(a) GNG (b) Hi-GNG

Figure 6-12: The snapshots when GNG (a) and Hi-GNG (b) finished learning the
whole dataset. The parameters of GNG were: λ = 250, εb = 0.05, εn = 0.006,
αmax = 80, α = 0.5, d = 0.0005. The parameters of Hi-GNG were as follows: σ = 24,
εb = 0.05, εn = 0.006, m̂ = 30, α = 80.

6.4.3 An Efficiency Comparison between Improved Landmark

FN-DBSCAN and Hi-GNG

In the following experiments, we focused on the efficiency comparisons between the

two methods proposed in this dissertation, i.e. the improved landmark FN-DBSCAN

algorithm (Chapter 5) and the Hi-GNG algorithm (Chapter 6). We used an large

synthetic dataset, the volume of which will gradually increase by being extended with

new batches of data points. Here, each batch of data points was an entire dataset

used in Section 6.4.2 (shown in Fig. 6-8). In this experiments, we generated ten
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batches of data points, and each data batch contained 163,043 data points belonging

to five clusters. Hence, the final dataset contained 50 clusters including 1,630,430

data points in total. The procedure of data generation is illustrated in Fig. 6-13. In

order to well learn each batch of data points, we carefully selected the parameters

for the two algorithms, so that both of them could generate 60 landmarks or neurons

for each new batch of data points. The experiments were conducted by Intel Core i7

3.40 GHz CPU with 8GB RAM running on Windows 7 64-bit operating system.

Batch 2

Batch 1 Empty

Batch 3

Batch 10

Learned data

New batch of data

Figure 6-13: The procedure of data generation.

We show the efficiency comparisons in Fig. 6-14. We observed that, at the begin-

ning, i.e. when the number of data was smaller than 326,086, the improved landmark

FN-DBSCAN algorithm could run faster than Hi-GNG. However, with the increasing

of the volume of the dataset, Hi-GNG significantly outperformed than its competi-

tor, because it took an incremental clustering strategy and the improved landmark

FN-DBSCAN algorithm had to calculate all the data points including the previously

learned ones and the new ones.
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Figure 6-14: The efficiency comparison between the improved landmark FN-DBSCAN
algorithm and the Hi-GNG algorithm.

6.5 Summary

In this chapter, we first proposed a new topology generation method, called en-

hanced competitive Hebbian learning (enhanced CHL), which considers how to both

create and eliminate connections between neurons. On the basis of the enhanced

CHL method, we further proposed a novel incremental self-organizing neural net-

work, called enhanced incremental growing neural gas (Hi-GNG). The experiments

presented in this chapter proved that the Hi-GNG algorithm could efficiently learn the

given data distribution and the generated topological structure was not influenced by

noisy data. In addition, Hi-GNG could automatically generate a topological structure
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with a suitable number of neurons.

Although Hi-GNG is usually faster than the original GNG algorithm, the efficiency

can be further improved by indexing the neurons by some supporting structures, such

as R∗-tree, slim-tree or kd-tree, in order to reduce the cost related with the search

for the nearest (or the second-nearest) neuron in the training procedure.

Some promising applications of the Hi-GNG algorithm are incremental clustering

with noisy datasets, image segmentation and 3-D surface reconstruction.
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

In this dissertation, we have proposed two novel methods which are an efficient and

robust density-based clustering and an incremental self-organizing neural network,

respectively.

Since the original FN-DBSCAN algorithm has a time complexity of O(n2) which

usually means an expensive cost on time. To improve the efficiency, in Chapter 3, we

first presented our preliminary work, called landmark fuzzy neighborhood DBSCAN

(landmark FN-DBSCAN). A new concept, called landmark, was introduced to repre-

sent a subset of the input dataset so that the original dataset can be compressed and

represented by the generated landmarks. We gave a theoretical analysis on the time

and space complexities of the algorithm, which showed that both of them were linear

to the size of the dataset. The experiments presented in Chapter 3.3 showed that

the landmark FN-DBSCAN algorithm was much more efficient than FN-DBSCAN,

and also could provide a very similar quality of clustering to the original algorithm.

However, there was an obvious limitation in this preliminary work, i.e. the input data

distribution represented by the generated landmarks was influenced by the input data

orders if the number of the generated landmarks was very small.

To improve this limitation, in Chapter 4, we proposed a new effective and efficient

solution for the task of landmark generation, called Locally Adaptive Incremental
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LBG (LAI-LBG). LAI-LBG could incrementally insert and remove landmarks with no

requirement of predefining the number of landmarks. No matter how many landmarks

were generated, it was always insensitive to the initializations and the input data

orders, which means the input dataset could be well represented by the generated

landmarks. In addition, the efficiency of the new algorithm was higher than its

competitors.

In Chapter 5, on the basis of the previously proposed LAI-LBG and the landmark

FN-DBSCAN algorithm, we further improved the previously proposed landmark FN-

DBSCAN algorithm, which is one of the main contributions of this dissertation. The

improved algorithm could obtain a good clustering result with a few number of land-

marks, which indicates a further increased efficiency compared to the previous algo-

rithm. In addition, the new algorithm was not sensitive to the input data orders,

which means that the robustness was improved. Furthermore, the parameters used

in the improved algorithm had typical values or could be automatically estimated,

which means that the practicability was also enhanced.

Finally, as another main contribution of this dissertation, in Chapter 6, we pro-

posed a novel self-organizing neural network for clustering called enHanced Incremen-

tal Growing Neural Gas (Hi-GNG) based on a new topology generation method which

was an enhancement of competitive Hebbian learning (enhanced CHL). In this work,

we modeled the birth and death of neurons, the creation and elimination of connec-

tions between each pair of neurons, and especially the adjustment of the connection-

strength of each connection. Hence, the Hi-GNG algorithm presented a natural way

to the incremental clustering techniques with its dynamic network structure. In ad-

dition, it could automatically and efficiently generate a topological structure with a

suitable number of neurons, and was also robust to noisy data.

As a summary, we show the relationship between the proposed methods and the

state of the art in Figure 7-1.
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Chapter 4
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Hebbian Theory [104]

Figure 7-1: The relationship between the proposed methods and the state of the art.

7.2 Future work

We are considering about several extensions of the methods which were proposed in

this dissertation as follows.

Like many density-based clustering algorithms, it is very hard for the landmark

FN-DBSCAN algorithm and its improved version to detect overlapped clusters. How-

ever, it is very common that a real-world dataset contains such kind of clusters. Pio-

neers studied this task in many aspects, such as graph-based method [105, 106, 107],

model-based method [108] and density constraint-based methods [109, 84]. It will

make the proposed method more robust to real-world datasets, if we can bring a new

feature of detecting overlapped clusters to them.

Although the landmark FN-DBSCAN and its improvement are presented as density-

based clustering algorithms in this dissertation, it is passible that we can generalize

them as a general efficient clustering framework which is a three-phase method de-

scribed as follows.

1. Use LAI-LBG to generate landmarks so that the input dataset can be well

111



compressed into a smaller number of landmarks.

2. Use a specific clustering algorithm, e.g. a hierarchical clustering algorithm or

a density-based clustering algorithm, to classify the generated landmarks into

clusters.

3. Label data according to the clustering information about landmarks.

Let n and k be the number of data points and the number of the generated

landmarks, respectively. In the second phase, we believe that it is possible to use an

algorithm which has a high time-complexity, e.g. O(k2) or O(k3), because a high time

complexity in the second phase cannot result in a big time consumption to the whole

algorithm, if the condition k � n is satisfied. Hence, it will be a promising work for

us to create such a framework in order to improve the efficiency of the algorithms

which have a high time complexity. Here we must note that, unlike some hybrid

clustering, e.g. CSM [10] and CHAMELEON [19] which are the combination of k-

means clustering and hierarchical clustering, the framework is not under the influence

of initializations, because from Chapter 4 we know that the LAI-LBG is insensitive

to the initializations.

The proposed LAI-LBG algorithm can work well as a landmark generation method,

but we realized that it also can serve as a general vector quantization method. More

experiments, such as the compression and decompression test on benchmark images,

will be designed and conducted regarding this topic.

A limitation of the Hi-GNG algorithm is that the parameter, σ, may influence the

final result. Unfortunately, so far it is a very difficult task to determine a suitable

value for it, because the data are incrementally input to the algorithm. In order to

improve the practicability, our further work will also include a method which can

automatically determine the parameter, σ.
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Appendix A

Related Methods Involved in this

Dissertation

A.1 Outliers Detection

Given a dataset, an outlier is a data point located significantly distant from the rest

of the data points. It is very common that a given dataset contains some outliers.

Sometimes, an outlier may indicate an exceptional data point and generally should

be labeled in a robust clustering algorithm. In the statistics field, several outliers

detecting methods have been proposed, such as Grubbs’ test [110], Tiejen-Moore

test [111] or the generalized extreme studentized deviate (GESD) test [112]. Here,

we briefly introduce the Grubbs’ test which is an effective statistical way of outliers

detection in a univariate dataset.

Let the sample of n observations be denoted in order of increasing magnitude by

x1 ≤ x2 ≤ x3 ... ≤ xn and let xn be the doubtful value, i.e. the largest value. The

following test criterion, Tn, is used to detect one single outlier.

Tn = (xn − x̄)/s (A.1)

where x̄ and s are the arithmetic average and the standard deviation of all n values,

respectively.
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Then xn is considered as an outlier if the following condition is met.

Tn >
n− 1√
n

√
(tα/(n),n−2)2

n− 2 + (tα/(n),n−2)2
(A.2)

where α is the significance level and tα/(n),n−2 denotes the upper critical value of

the student’s t-distribution with n− 2 degrees of freedom.

The Grubbs’ test can also be used to detect the outlier which is the smallest one

of n observations. Interested readers are recommended to read the literature[110] for

more detailed discussions. In this dissertation, we only use Grubb’s test to detect the

potential outlier which is the largest one of n observations.

A.2 Data Normalization

Given a dataset X as an n-by-m matrix, where n is the number of data points and

m is the dimension of data points, considering a data point as a row-vector, then xik,

which is the kth (k=1,2,...,m) vector component of the data point xi, is transformed

to:

xik
′ =

xik − xmin
k

(xmax
k − xmin

k ) ∗
√
m

(A.3)

where xmin
k = min{X(:, k)} and xmax

k = max{X(:, k)} where X(:, k) is the kth column

of X. 1/
√
m indicates that the maximum distance between the normalized data

points belongs to the range of [0, 1]. See more detailed discussions in the literature

[24].

A.3 Rand-Index

Let C = {C1, C2, ..., CI , ..., CK} be a set of clusters obtained by a clustering

method, where CI is the I th cluster of data points, K is the total number of clusters.

Similarly, let P be the true partitions which are described as P = {P1, P2, ..., PJ ,

..., PL}, where PJ is the J th partition in the true partitions, L is the total number

of partitions. Suppose that there is a pair of data points (xv, xu) in the dataset,
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then it is referred as follows: (SS): If both data points belong to the same cluster

C and they are also in the same partition in the true partition P. SS = {(xv, xu) |

∃I(xv ∈ CI ∧ xu ∈ CI) and ∃J(xv ∈ PJ ∧ xu ∈ PJ)}. (DD): if two data points

belong to different clusters of C and also belong to different partitions of P. DD =

{(xv, xu) | @I(xv ∈ CI ∧ xu ∈ CI) and @J(xv ∈ PJ ∧ xu ∈ PJ)}. Assuming that a,

b are the numbers of SS, DD respectively and M denotes the total number of such

pairs of data points, which is
(
n
2

)
, the Rand-Index, R, is given by Equation (A.4).

R = (a+ b) /M (A.4)

Here, R ∈ [0, 1] represents the clustering quality provided by the tested method: the

higher, the better.
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