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Spinor Bose-Einstein condensates with many vortices
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Vortex-lattice structures of antiferromagnetic spinor Bose-Einstein condensates with hyperfiRe-dpare
investigated theoretically based on the Ginzburg-Pitaevskii equationd pedihe Abrikosov lattice with clear
core regions is never found to be stable at any rotation dflvelnstead, each compone#t; (i=0,+1)
prefers to shift the core locations away from the others to realize almost uniform order-parameter amplitude
with complicated magnetic-moment configurations. This system is characterized by many competing meta-
stable structures so that quite a variety of vortices may be realized with a small change in external parameters.
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Manipulating various experimental techniques, severaHere «, B,, and Bs are expansion parameters,, (u
groups have succeeded recently in creating quantized vorti=x,y,z) denotes the spin operatdv] is the particle mass,
ces in the Bose-Einstein condensal®&EC’s) of atomic  and summations over repeated indices are implied. The rota-
gaseq1-4]. Especially interesting in these systems are vortion axis Q is taken alongz. The quantities3,, and 3, are
tices of spinor BEC'’s in optically trappetfNa[5] and®’Rb  assumed to be constant ne¢ with 8,>0, whereasa
[6], where new physics absent in superconducf@is “He  changes its sign &, with a>0 for T<T.. To simplify Eq.

[8], and *He [9-11], may be found. (1), we measure the length, the energy density, the angular

Theoretical investigations on spinor BEC’s were startedvelocity, and the order parameter in units bf\2Ma,
by Ohmi and Machid412] and Ho[13], followed by de-  «%g,, a/f, and a/B,, respectively. The corresponding
tailed studies on vortices with a single circulation quantumfree-energy density is obtained from Ed) by a—1, B,
[14-23. However, no calculations have been performed yet- 1, #2/2M—1, MQ— 3Q, and Bs—gs=Bs/B,. It thus
on structures in rapid rotation where the trap potential willtakes a simple form with only two parameteig (). We
play a less important role. Indeed, the clear hexagonal-latticghen introduce a couple of operators b§E€(§X+ié)y)/\/§
image of magnetically trappetfNa [3] suggests that predic- ang al=0(—a,+id,)/\2 with @=V—i/2Qxr and ¢
tions on infinite systems are more appropriate for BEC’s with_ 1/JQ, which satisfy aa'—a’a=1. Equation (1) now
many vortices. Such calculations have been carried out b
Ho for the single-component BE[24] and by Mueller and
Ho for a two-component BEC25] near the upper critical

Yeads

angular velocityQ)., at T=0. f=v*[(2a'a+1)Q—1]¥;+ ;\I'{“Ifj’“lfi\lfj
The purpose of the present paper is to perform detailed
calculations on vortices df =1 spinor BEC's in rapid rota- 9s
tion to clarify their essential features. To this end, we focus + ?\If(‘\lf}‘(FM)ik(FM)i,\Pk‘Iﬁ , (2

on the mean-field high-density phase rather than the low-
density correlated liquid pha$26], and use the phenomeno-
logical Ginzburg-Pitaevskijor Ginzburg-Landauequations
nearT. [27,2§ instead of the Gross-Pitaevskii equations at
T=0. Since fluctuations are small in the present system, this ]:Ef f(rydr. 3)
approach will yield quantitatively correct results néar. It
should be noted that the corresponding free energy is for-
mally equivalent to that derived with Ho’s “mean-field quan- We can find the stable structure for ead (2) by mini-
tum Hall regime” near(), at T=0 [24,25, so that the re- mizing 7, it is easily seen thaW¥; becomes finite below
sults obtained here are also applicable to that region. Qc,=1. We have performed extensive calculations over
Model The free-energy density of @i=1 spinor BEC the whole antiferromagnetic regiongs=0, where

nearT. may be expanded with respect to the order param{¥1, Vo, ¥ _;)=€"%(0,1,0) andf=3 at Q=0 with ¢ an

and the free energy is given by

eters¥; (i=0,£1) as arbitrary phase ant the spin-space rotatigr 3].
A major difference from superfluidHe [11] lies in the
(—ihAV—MQXr)? fact that terms such aB*aaW; (i#]) are absent, i.e., there
f=—aV V¥, + ¥} 5M v, are no gradient couplings between different components.
Hence(), is the same for all components, whereas’ ke
B Bs only a single component becomes finite(ht, to realize the
+ ?\Ifi*llf}* W+ 7\1’?\1’}‘(F“)ik(FM)“‘Ifk‘I'| : polar statg11]. This degenerate feature is what characterizes

the present system to bring many competing metastable
1 structures, as seen below.
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Method We minimize Eg.(3) with the Landau-level- to yield stable structures. It also describes the mixed-twist
expansion methotLLX ) [11,29 by expanding the order pa- lattice to be found ifHe [11]. The second category may be
rameters as called “fill-core” states with a single circulation quantum per
unit cell (i.e., a singleq is relevant. Here the cores of the

i conventional Abrikosov lattice are filled in by some super-
‘I’i(r)=\/1—/NE:0 % le Ina(1), (4) fluid components using odd- wave functions of Eq(5).
This entry of oddN Landau levels occurs as a second-order
with N the Landau-level indexq the magnetic Bloch vector, transition below some critical angular velocity smaller than
and V the system volume. The basis functiofgy,} are  {c,/3. It has been shown that tWephase-core vortex in the
eigenstates of the magnetic translation operafbg B phase of superfluidHe belongs to this categof1].
=exgd —R-(V+i/2QXr)], whereR denotes a lattice point We have carried out an extensive search for stable struc-
spanned by two basic vectora;=(a;y,a;,,0) and a,  tures with up ton,=9 circulation quanta per unit cell, in-
=(0,a,,0) satisfyinga;,a,=2m€2. Thus, every basic cell cluding fill-core states. Since we are n&arwhere normal
holds a unit circulation quantum=h/M, andq runs in the particles are also present, we have performed the minimiza-

Brillouin zone spanned by two basic vectdig=a,xz/¢2  tion without spe_cifying the value of the magnetic mombisht
and b.=2xa, /€2 of the reciprocal lattice. Thi§yy,} can for the superfluid components. However, all the stable states
2= 1 - Ng

: P found below havévl =0. Each of the three components were
describe all the periodic vortex structurg29], whose ex- . . )
plicit expression is given by expand(_ad as _Eq.4) usingn, d|fferen(ti)qs, and the free_en—
ergy (3) is minimized with respect toy,, 8, andp by using

o

Nil2 _ ) ) X Powell’s method 30]. To pick out stable structures correctly,

Ing()= X elalyriaddnan(ys Ca,nay,/2)/t] we calculated Eq(3) many times starting from different ini-
it tial values forc{), B, andp given randomly within 0.1
¢ @ IXYI26? = (x— £%qy~nay,)?/2¢? SRecg%, Im083$0.9, 0.Lr=B=<0.57, and 0.8&p=<3, re-

spectively. The state with the lowest energy was thereby
identified as the stable structure. The spin quantization axis
, (5 and an overall phase were fixed conveniently to perform ef-
ficient calculations. Thus, any structures obtained from the
solutions below with a spin-space rotation and a gauge trans-
formation are also stable.
Instability of the Abrikosov latticeThe present calcula-

X—€2qy—nay
€

27T€/a2
X Hy
2NN 7Y
with A'? denoting the number of’s in the system andH
the Hermite polynomial. We substitute E@) into Eq. (3),

make a Chﬁ”ge of vquablgsr]asy() = (alxs’a_lryr?+ azt),sarjd tions have revealed that the Abrikosov lattice with clear core
;:arryfoutt de !n:egra;lon ¥Y't rlesf?ﬁt ®0). Then Eq( %_'S_ Jegions is never stable at any rotation driteover the entire
ré:}ir;s Otrr:?aea Ieno a lun=c lona’ o k € ex%a?hsmn t_coefltcrllen Santiferromagnetic regiom=0. Thus, any optical experi-
{cNgl, the apex angl@=cos (ay,/ay), an(i) erato orthe  ments to detect vortices by amplitude reductions are not suit-
two basic vectorsp=a,/a; as F=F[{Cy\gf.B.p]. FOr @  aple for the spinor vortices.

giVen.Q, we direCtly minimize F/V with reSpeCt to these The |0west-energy Abrikosov lattice is given by
quantltles.

Search for stable structure¥Ve here sketch our strategy
to find stable structures. To this end, we first summarize the — (0)
basic features of the conventional Abrikosov lattice within Polr) W % N l'qul(r)’ ©)
the framework of LLX[29]: (i) any singleq=q; suffices,
QUe. tQ the brpken translational _sym_metry of the vcirtex Iat-With CF\‘O) real, N=6n, 8= /3, andp=1. Here the antifer-
tice; (ii) the triangulansquare lattice is made up oN=6n 9 ) )
(4n) Landau levelsi§=0,1,2 . . . ): (iil) more general struc- r(_)magngtlc co_mponenlfo forms a_hexagonal lattice W|t.h.a
tures can be described Y= 2n levels, oddN’s never mix- smglg circulation quantum per unit cell. Belpw some critical
ing up since those bases have finite amplitudes at the coreglocity (s smaller than(),/3, the core regions start to be
This Abrikosov lattice has a single circulation quantum perfilled in by
unit cell.

With multicomponent order parameters, there can be a _ )
wide variety of vortices, which may be divided into two W, =iW X Cny v, (1), (7)
categories. We call the first category as “shift-core” states, N
where core locations are different among the three compo-
nents with an enlarged unit cell. General structures wijth  with N’ odd. The second transition for this odd-Landau-level
circulation quanta per unit cell can be described by usipg entry occurs af){=0.149%) ., and 0.0938), for gs=0.1
different g's, where the unit cell becomes, times as large and 0.3, respectively.
as that of the Abrikosov lattice. For example, structures with  However, calculations down to 0.0001, of using 1800
two quanta per unit cell are given by choosing, (0,) Landau levels fogs=0 have clarified that the above fill-core
=[0,(b;+b,)/2]. This possibility was already considered by state carries higher free energy than the following shift-core
Mueller and HJ25] for a two-component system and shown state with two circulation quanta per unit cell:
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FIG. 1. Spatial variations ofa) the order-parameter amplitude
and(b) the magnetic moment alormyfor the shift-core statés), (9)
over |x|,|y|<a; at g4=0.08 andQ)=0.95),. The moment is di-
rected alonge.
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FIG. 2. Calculated free energy per unit volume as a function of

gs at Q=0.95),. Five different structures have been found for

gs=0, and the value of eaahn, denotes the number of circulation
guanta per unit cell for each stable structure.

Wi =V > g, (1) 8)

V1=V 2 g, (1), 9

with cy real and common to botiN=4n, B=x/2, p=1,
and @;,92)=[0,(b;+by)/2]. The cores of¥_.,(r) are
shifted from each other by(a; +a,). Figure 1 displays ba-
sic features of this shift-core state. The order-parameter am-
plitude |¥| is almost uniform, and the magnetic moma#j

is ordered antiferromagnetically alormaxis. This moment

M, is seen to vanish at points whem| takes its maximum
value; there the bulk order-parameter configuration
(V,,¥,,¥_,)=xe'4(0,1,0) is realized.

Stable structures af) =0.95).,. Having seen that the
conventional Abrikosov lattice is never favored in the whole
antiferromagnetic domaigs=0, we now enumerate all the
stable structures found &= 0.95), to clarify their essen-
tial features. This rapidly rotating domain is especially inter-
esting, because the same free energy also becomes relevant
near (., at T=0, as shown by Ho using a “mean-field
guantum Hall regime[24]. Thus, the conclusions obtained
here are also applicable to the regionTat 0.

Figure 2 displays the lowest free energy per unit volume
as a function ofgg for 1=0.95).,. The value of eachm,
denotes the number of circulation quanta per unit cell. A
special feature to be noted is that these various structures are
energetically quite close to each other; for example,rthe
=8 state atg,=0.02 is favored over the,=3 state by a
relative free-energy difference of order 10 This fact sug-
gests that we may realize quite a variety of metastable struc-
tures by a small change of the boundary conditions, the ro-
tation process, etc.

Details of these structures are summarized as follows.
The n,=2 state of Egs.(8) and (9) is stable forgg
=0.0671. We have already seen its basic features above.
Then,=3,5,7 states can be expressed compactly as
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FIG. 3. (a) Variations of 8/ andp as a function ofgs for the
n.,=3 state at)=0.95).,. This lattice forgs=0 is hexagonal
with 8= 7/3 andp=3. (b)—(d) display, forgs=0.01, spatial varia-
tions of (b) the order-parameter amplitudé;) amplitude of the
magnetic moment, an¢d) the magnetic moment, over 3a,,/2
<x<3ay,/2 and —a,/2<y<a,/2.
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where N’s are even andy,=(v/n,)b;. Thesen,=3,5,7 Concluding remarksWe have performed extensive calcu-
states are stable for<0gs,<0.0196, 0.03189,=<0.0613, lations on antiferromagnetiE =1 spinor vortices in rapid
and 0.0613<gs=<0.0671, respectively. Unlike the two com- rotation. The conventional Abrikosov lattice is shown to be
ponent system considered by Mueller and F&%] where never favored. Each stable structure has almost constant
each component is specified by a singlbasis function¥',  order-parameter amplitude and a complicated magnetic-
here is made up of multiple basis functiopg, whose cores  moment configuration, as shown in Figs. 1 and 3, for ex-
are shifted from each other byin,)a,. Figure 3 displays ample. This means that any optical experiments to detect
the basic features of the,= 3 state. The lattice is hexagonal vortices by amplitude reduction will not be suitable for the
at gs=0, but deforms rapidly agg increases. The order- spinor vortices. Instead, techniques to directly capture spatial
parameter amplitude is again almost constant, and the magaagnetic-moment configurations will be required. The sys-
netic momenM has a complicated structure. These featuresem has many metastable structures that are different in the
are common to all the,=3 states discussed here, althoughnumber of circulation quanta per unit cel|, but are quite
no details are presented for the other states. The lattice pgtose to each other energetically. Thus, domains to separate
rameters 3,p) for n,=5,7 states are (0.13412.056) and (ifferent structures may be produced easily. This degenerate
(0.183017',2.699) forgs=0.05 and 0.066, respgctively, which feature is also present within th@ () space of a fixean,,
change little in each relevant range of stability. wherep is the vortex-lattice apex angle apdis the length
_ The remainingn,=8 state, stable over 0.018@)s |44 of the two basic vectors. Putting it differently, we can
=0.0313, is given by deform a stable lattice structure with a tiny cost of energy.
These facts indicate that the spinor BEC's can be a rich
Vo=, c(Nogl( Ung, T ¥ng,~ UNasti¥ng,), (12 source of novel vortices realized with a small change in ex-
N ternal parameters. To observe those states, however, one

8 would presumably need a very high stability of the experi-
\I’tﬁz E C(thl)quv, (13) mental setup, because the small energy differences may also
N v=5 v make them less robust to noise.

whereq; = (by+b,)/2, q;=0, g3=(b;—b)/4, qs=c—(b;
+by)/4, qs=(b1)/2, qe=b,/2, gq;=(by+by)/4, and gg This research was supported by a Grant-in-Aid for Scien-
=—(b,—b)/4. The parametersfp) at gs=0.025 are fic Research from the Ministry of Education, Culture,

(0.33177]:7,1.049), and changes only slightly in the aboveSports, Science, and Technology of Japan.
range ofgs.
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