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Abstract  The aim of this article is to study the Bloch—Kato exponential map and the Perrin-Riou big
exponential map purely in terms of (¢, I')-modules over the Robba ring. We first generalize the definition
of the Bloch-Kato exponential map for all the (¢, I')-modules without using Fontaine’s rings Bcrys, Bqr
of p-adic periods, and then generalize the construction of the Perrin-Riou big exponential map for all the
de Rham (¢, I')-modules and prove that this map interpolates our Bloch—-Kato exponential map and the
dual exponential map. Finally, we prove a theorem concerning the determinant of our big exponential
map, which is a generalization of theorem 8(V) of Perrin-Riou. The key ingredients for our study are
Pottharst’s theory of the analytic Iwasawa cohomology and Berger’s construction of p-adic differential
equations associated to de Rham (¢, I")-modules.
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1. Introduction

1.1. Introduction

Let p be a prime number, K a finite extension of Q,, and Gk the absolute Galois group
of K. Let Berys, Be 1= Bgr:yé, B:er, and Bgg be Fontaine’s rings of p-adic periods [14].

By the results of Fontaine [13], Cherbonnier and Colmez [8] and Kedlaya [22], the
category of p-adic representations of Gk is naturally embedded in the category of
(¢, I'r)-modules over the Robba ring Biig, k- The (¢, I')-modules corresponding to p-adic
representations are called étale (¢, I")-modules.

The aim of this article is to study the Bloch—Kato exponential map and the
Perrin-Riou big exponential map in the framework of (¢, I')-modules. In particular,

we generalize the Perrin-Riou big exponential map to all the de Rham (¢, I')-modules.

1.2. The Bloch—Kato exponential map
For a p-adic representation V of Gk, Bloch and Kato [7] defined a Qp-linear map

expg y i=381,v : DAL (V) - HY(K, V),
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where we put DgR(V) = (Bdr ®q, V)9 as the first connecting homomorphism of the
long exact sequence

0— HY(K, V) - HY(X, B, ®g,V) ® H (K, BJ; ®¢,V) = H(K, B4r ®q, V)
8

=% HY(k, V) - HY(K, B, ®g,V) ® H' (K, Bj; ®q,V) — H (K, B4r ®g, V)
8

=% H2(K, V) — H*(K, B, ®g,V) — 0

associated to the short exact sequence obtained by tensoring V with the so-called
Bloch—Kato fundamental exact sequence

x> (x,x)

(x,y)>x—y
—>B.®B/;

O—)Qp BdR_)O'

When V is a de Rham representation, Kato [18] defined the dual exponential map
expl yv (1, : H'(K, V) > DR (V)

using Tate’s pairing U : HY(K, V) x H{(K, VY(1)) — Qp and the canonical pairing
DgR(V) X DgR(Vv(l)) — K. These maps describe the mysterious relationship between
Galois objects and differential objects. In fact, when V =Q,(1) or V is the p-adic
Tate module of an elliptic curve over Q, Kato [18,20] proved that the values of
eXpa,,(gpn),vv(l—k) for suitable k < 0 at some special arithmetic elements (i.e., cyclotomic
units or Kato’s elements obtained from his Euler system) can be described by using the
special values of the L-functions associated to cyclotomic twists of V.

In this article, we first generalize the above long exact sequence and the definition
of the Bloch—Kato exponential and the dual exponential maps for (¢, I'x)-modules over
BZig,K'

Fix a set {{m},>1 C K such that & # 1, ;f,’ =1 and {5,1“ = ¢y for each n > 1. Set

Ky = K(n), Koo := UyK, and Tk := Gal(Keo/K). Let :=1log(1 +T) € Bjig,,( be the
period of Q,(1) determined by {{yn},>1 (see §2.1 for the precise definition).

Let D be a (¢, I'r)-module over BIig,K' Taking the ‘stalk at ¢, — 17 (n 2 1), we can
define Ko[[f]] := U, K, [[]]-modules D;i"if(D) and Dgir (D) := Dérif (D)[1/t] with semi-linear

I’y := Gal(K /K)-action. Using the ¢, I'x-actions, we can define cohomologies
HY(K,D), HYK,D[1/:]), HYK, Dérif(D)) and HY(K, Dg;t(D))
which correspond to
HY(K,V), HY(K.B.®q,V). HYK,Blz®q,V) and H(K,Bggr ®q,V),

respectively.

Our first result is the following theorem (more precisely, this is a combination of
Theorems 2.8 and 2.21), which is the (¢, I')-module version of the above long exact
sequence and its comparison with that of the étale case.
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Theorem 1.1. (1) We have the following functorial exact sequence:
0— H(K, D) — H(K, D[1/1]) & H*(K, D};¢(D)) — H'(K, Dgjs (D))
8
—> H'(K, D) - H'(K, D[1/1]) & H' (K, D{;¢(D)) — H' (K, D¢ (D))
%20 119 2
22 H2(K, D) — H2(K, D[1/f]) — 0.
(2) Let D(V) be the (¢, I'kx)-module over B:ig,K associated to V. Then, we have the

following functorial isomorphisms.
(i) HY(K, V) > HI(K, D(V)),
(i) HY(K, B, ®q,V) > HI(K, D(V)[1/1]),
(iii) HY(K, B{Y ®g,V) = HI(K, D7 (D(V))
for each ¢ Z 0, and these comparison isomorphisms induce an isomorphism from the
long exact sequence associated to V to that associated to D(V).

Remark 1.2. The isomorphism of (i) is due to Liu [23], and that of (iii) is due to
Fontaine [15].

Remark 1.3. We construct this long exact sequence purely in terms of (¢, I")-modules
without using Fontaine’s rings Berys, B;;'R and Bgr. As will be shown in this article,
this fact enables us to reprove some results concerning Bloch-Kato or Perrin-Riou
exponential maps more directly.

Remark 1.4. In fact, in §2.5, we prove the above comparison result (2) in a more
general setting. In [5], Berger defined a notion of B-pairs using Be, BgR and Bgr, whose
category naturally contains the category of p-adic representations of Gk, and established
an equivalence of categories between the category of B-pairs and that of (¢, I'x)-modules
over B;fig’ k- In §2.5, we prove the comparison isomorphisms for all the B-pairs (see
Theorem 2.21).

As in the case of p-adic representations, we define the Bloch-Kato exponential map of D
as the connecting homomorphism of the above exact sequence

expk.p :=61,p : DAz (D) - H' (K, D),

where we put DgR(D) :=HO(K, Dgi¢(D)). When D is a de Rham (¢, I')-module, then we
also define the dual exponential map

expy pv1,H' (K, D) — DR (D)

in the same way as in the case of p-adic representations.

1.3. The Perrin-Riou big exponential map

To construct a p-adic L-function for a p-adic Galois representation V coming from
a motive, it is crucial to p-adically interpolate the special values of the complex
L-functions associated to cyclotomic twists of V. Since the Bloch-Kato exponential map
and the dual exponential map relate some arithmetic elements in Galois cohomology



68 K. Nakamura

groups with the special values of the L-functions, it is crucial to p-adically interpolate
the Bloch—Kato exponential map and the dual exponential map for the construction of
the p-adic L-function and for relating the p-adic L-function with the Selmer group.

Let A :=Z,[[Ix]] be the Iwasawa algebra of Iy, and let Ay be the Q,-valued
distribution algebra of Iy (see §3.1 for the precise definition). For a p-adic
representation V of Gk, Perrin-Riou [28] defined a A-module

n

H! (K,V):= (ggn H(K,, T)) ®7,Qp,

called the Iwasawa cohomology of V, where T is a Gg-stable Z,-lattice of V and
the transition map is the corestriction map. This A-module p-adically interpolates
HY(L, V(k)) for any L =K, K, and k € Z, i.e., we have a natural projection map

prr v - Hi, (K, V) = HY(L, V(k))

for each L and k. When K is unramified over Q, and V is a crystalline representation of
Gk, Perrin-Riou [29] constructed a system of functorial As-morphisms

Qv (Ao ®g, DE L (V)= = Ag @ a(H, (K. V)/H], (K. V) A_torsion)

for each h > 1 such that FiI*hDgR(V) = DgR(V), and proved that this interpolates
expy yx and expzvv(1 ) for any L = Kj,, K and for suitable k. Here, the source of the
map vy, is a Aso-module which p-adically interpolates DéR(V(k)) for any L and k. This
map £y j, is the most important ingredient for her study of p-adic L-functions [30].

The main purpose of this article is to generalize the map 2y to all the de Rham
(¢, I')-modules. For this generalization, the following two notions are essential:

(1) Pottharst’s theory of the analytic Iwasawa cohomology,
(2) Berger’s construction of p-adic differential equations associated to de Rham
(¢, I')-modules.

As for (1), for each (¢, I'r)-module D over BIig,K7 Pottharst [32] defined a Asc-module

H! (K,D)

called the analytic Iwasawa cohomology as a generalization of the Iwasawa cohomology
of p-adic representations. In fact, he proved that we have a functorial As-isomorphism

H{ (K,D(V)) > Ac ®2H (K, V)

for each p-adic representation V.
As for (2), let D be a de Rham (¢, I')-module. In order to interpolate DI&R(D(k)), we
need to generalize the As-module A ®q, D{frys(V) for the de Rham case. Our idea

is to use Berger’s p-adic differential equation Nyjg(D). Let Vg := l(l)ogg;(({;) € Aso, Where
y € Ik is a non-torsion element. For each i € Z, we define V;:= Vg — i€ Ay. Let

x :Gg — Z[f be the p-adic cyclotomic character. Vg acts on D as a differential operator
¥
and acts on Brig,@,, by t(1 + T)dd—T.
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In [3,6], for a de Rham (¢, I'x)-module D over Biig’K, Berger defined a (¢, I'k)-
submodule Nyjo (D) € D[1/t] which satisfies that Vo(Nyig(D)) € tNyjg(D). This condition
enables us to define another better differential operator

9= Vo ® e—1 : Nijg(D) = Nijg(D(~1)).
The map 9 naturally induces a Qp-linear map
3 Hi, (K, Nyig(D)) — Hi, (K, Nyig(D(—1))).
In § 3.2, we define a canonical projection map for each L = K, Kj,,
Ty : Hiy, (K, Nyig (D)) — DR (D).

The main theorem of this article is the following (Theorem 3.10), which concerns the
existence of a Aog-morphism Expy, j, for each h € Z>1 such that Fil™"DX; (D) = DX (D)
which interpolates expy, v, for some k 2 —(h — 1) and epoDv(l_k) for any k < —h.

Theorem 1.5. Let D be a de Rham (¢, I'x)-module over BIig,K' Let h € Z>1 such that

Fil_hDgR(D) = DgR(D). Then there exists a functorial Aso-linear map
Expp,j, : H, (K, Nyig(D)) — H] (K, D)
such that, for any x € Hllw (K, Nyjg(D)),

(1) if k=1 and there exists x; € H (K, Nyig(D(k))) such that ) =x orif 0=k
—(h—=1) and xi ;= 3 *(x), then

(=DM =Y h 4k — DI tor|

Prr peky (Expp (%)) = D) expr, pery (T (k)
for each L=K, K,,
(2) if —h 2k, then
exp* ( E o |FL,t0r| T 5_/‘
PL.pv (1) (PTL, Dk EXPp (X)) = Ch— £(07"(x))

for each L=K, K,,
where we put m(L) := min{v,(log(x (y))|y € I} for each L=K, K,.

Remark 1.6. The definition of Expp ) is strongly influenced by Berger’s work [4]
concerning the reinterpretation of the Perrin-Riou map in terms of (¢, I')-modules.
In particular, this theorem is a generalization of Theorem 2.10 of [4] to all the de Rham
(¢, I'r)-modules over Biig’ ¢ for any p-adic field K.

Remark 1.7. When K is unramified and V is crystalline, we can easily compare
Ao ®Q, Dfrys(V) with Hllw(K, Nyig(D(V))). Hence, we can also compare £y, with
Expp(v).» by Berger’s work above. Therefore, the maps Expp, ; and their interpolation
formulae can be regarded as a generalization of Perrin-Riou’s theorem (Theorem 3.2.3
of [29]) on the existence of 2y, and their interpolation formulae to all the de Rham
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(¢, I')-modules. Moreover, Pottharst [32] generalized 2y (precisely, the inverse of
Ry called the big logarithm) to crystalline (¢, I')-modules using the theory of Wach
modules. We can also compare Pottharst’s map with our map. See § 3.5 for more details
about the comparison of our big exponential map with their ones in the crystalline case.
On the other hand, Colmez (Theorem 7 of [11]) generalized the Perrin-Riou map to all
the de Rham p-adic representations by a completely different method.

Remark 1.8. In fact, Perrin-Riou and Comez also proved the uniqueness of their big
exponential maps using the theory of ‘tempered Iwasawa cohomologies’. If we can
generalize the theory of tempered Iwasawa cohomologies for (¢, I")-modules, it will
be possible to prove the uniqueness of our map Expp 5.

Finally, we prove a theorem (Theorem 3.21) concerning the determinant of Expp .
For a torsion co-admissible As-module M, denote by char 4 (M) the characteristic ideal
of M, which is a principal ideal of As.

Theorem 1.9. (6(D)) Let D be a de Rham (¢, I'x)-module over BZig,K of rank d with
Hodge—Tate weights {h1, ho, ..., hg}. For each h > 1 such that Fil_hDgR(D) = DgR(D),

we have the following equality of principal fractional ideals of Axo:
1

d h—h;—1
(Hi=1 j,‘=Ol Vhi+ji

= char s (HZ, (K, D))(char o, HZ, (K, Nyig(D)) .

1 Expl_),h 1
det 4, (Hi, (K, Nyjg (D)) —— Hi, (K, D))

)[K:Qp]

Remark 1.10. This theorem is a generalization of theorem §(V) which was conjectured
by Perrin-Riou [29] and was proved as a consequence of her reciprocity law conjecture
Rec(V) proved by Colmez [11], Kato, Kurihara and Tsuji [21], Benois [2] and Berger
[4]. Theorem §(V) is very important in her works on p-adic L-functions. For example,
it enables us to define the ‘inverse of 2y j’, which is a generalization of the Coleman
homomorphism and from which we can conjecturally define the p-adic L-functions
associated to V. In the non-étale crystalline case, Pottharst also generalized theorem
8(V) and proved his theorem §(D) for all the crystalline (¢, I')-modules D by reducing to
the étale case using a slope filtration argument. In § 3.5, when D is crystalline, we show
that our theorem §(D) is equivalent to their theorems §(V) or §(D). Moreover, our proof
does not use Rec(V) and is via a direct computation rather than by reducing to the étale
case, and hence gives a new and more direct proof of their theorems.

Introducing non-étale (¢, I')-modules to Iwasawa theory was initiated by Pottharst
in [31,32], where he studied Iwasawa’s main conjecture for p-supersingular modular
forms by generalizing the notion of Greenberg’s Selmer groups using his theories of the
analytic Iwasawa cohomology and of the big logarithm. Our interpolation formula of
the big exponential map might help in studying the values of the p-adic L-functions.
Moreover, the author hopes that the results of this article will shed some light
on Iwasawa theory or p-adic L-functions in the case of bad reductions. As another
application of this article, in a forthcoming article [27], the author generalize Kato’s



Iwasawa theory of de Rham (¢, I")-modules over the Robba ring 71

local g-conjecture [19], which is intimately related with Kato’s generalized Iwasawa
main conjecture [18], for families of (¢, I')-modules over the Robba ring, and prove the
conjecture in some special cases using the results of this article.

Notation

Let p be a prime number. Let K be a finite extension of Q,, Ko the maximal unramified
extension of Q, in K, K a fixed algebraic closure of K, and C, the p-adic completion of
K. Let v, : CF — Q be the valuation such that v,(p) = 1. Let |—|, : C — Q3¢ be the
p-adic absolute value such that |p|, :=1/p. Let Gk := Gal(K/K) be the absolute Galois
group of K. We fix a set {¢p},>1 C K™ such that ¢ #1 and ¢y =1 and glfnﬂ = g for
any n = 1. We put K, :=K(») (n21) and Koo = U,>1K,. Let x : Gg — Z, be the

C; (9

p-adic cyclotomic character (i.e., the character defined by the formula g(gm) = ¢ for

any n 2 1 and g € Gg). We put Iy := Gg/Ker(x) S Gal(Kw/K). Denote by the same
letter x : ['x — Z; the map which is naturally induced by yx : Gx — Z;(. Define the base
e1 1= (§p)nz1 € Zp(D) :=lim 10 (K). Set ey = e € 7, (k) := Z,(1)®* for each k € Z. In
this article, we normalize the Hodge-Tate weight such that that of Q,(1) is 1. For a
finite group G, we denote by |G| the order of G.

2. The Bloch—Kato exponential map for (¢, I')-modules

In this section, we define the Bloch—Kato exponential map and the dual exponential
map for (¢, I')-modules over the Robba ring. In §2.1, we first recall the definition
of (¢, I')-modules over the Robba ring. In §2.2, we recall the definitions of some
cohomology theories associated to (¢, I')-modules. Subsection §2.3 is the main part
of this section, where we generalize Bloch—Kato’s fundamental exact sequence to all the
(¢, I')-modules, and then define the Bloch—Kato exponential map for them and give
an explicit formula of this map. In §2.4, we define the dual exponential map explicitly
and then prove that this is the adjoint of our Bloch—Kato exponential map. In § 2.5, we
compare our exponential map with the classical Bloch—Kato exponential map using the
notion of B-pairs.

2.1. (¢, I')-modules over the Robba ring

In this subsection, we recall the definition of (¢, I')-modules over the Robba ring.

We first recall the definition of Fontaine and Berger rings of p-adic periods [14,
3]. Almost all rings in this paragraph are used only in §2.4, where we compare
our exponential map with the classical Bloch—Kato exponential map. Define Et =
1(131}120 Oc,/p, where all the transition maps are the pth power map. The ring E*+

is equipped with a valuation Vit defined by Vi ((Gn)nz0) = lim,,, o0 p"Vvp(x,), wWhere
xp € Oc, is a lift of X, € Oc,/p. By this vg,, E* is a perfect complete valuation ring.
We denote by E := Frac(ET) the fraction field of ET. We define & := ({n),>0 € ET
for the fixed set {gy},>0. We have vy (e — 1) = 1% Define p := (p,)n>0 € ET where
po:=p and pj, | =p, for any n = 0. Let AT := WE"), A := W(E) be the rings of
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Witt vectors of E* and E respectively, which are naturally equipped with actions
of ¢ and Gg. For each a € E denote by [a] € A the Teichmiiller lift of a. We
have a natural Gg-equivariant surjective ring homomorphism 6 : At > Oc, such that
O(LEn)nz0]) = limyoo ¥y , where x, € Og, is a lift of X,. We have Ker(6) = ([5] — p).
We define Bji_R = lim K*[l/p]/(Ker(@)[l/p])” and define an element ¢ := log([e]) =

n—1
anl )
ideal B}, qr and with the residue field C,. We have ¢(f) = pt and y (#) = x(y)t for any
y € I'x. We put Bgpr := Frac(B R) = BIR[I/t]. These rings BIR and Bgr are naturally

([e] = )" € BT qr; then BT 4R 1s a discrete valuation ring with the maximal

equipped with Gg-actions. Next, we define Biig and Bmax. For each 0 S r <5 < +00
such that r, s € Q, we define a ring A" as the p-adic completion of X*[[S pl [S;HS].
We define BIr .= Alnsl[1/p), B+ .= BIO%7) Bl = Nys<40oBU* and Bl == U, B’
and B = ﬂ¢<+ooB[0 Sl These rings are equipped with Gg-actions. The rlng B

ma rlg rig

max
stable by ¢, and ¢ induces isomorphisms Blsl 5 Blpr. psl, B} s BTlpr and Bilg =S BIlg
For each n > 0, we put r, :=p" 1(p—1) = 1/vp(gpn —1). Then, we have a natural injection

Blro.rol <y BER and a Gg-equivariant injection ¢, : ]§T’r” LN ]~3T’r0 < Blrorol <y B:{R for
each n =2 0. The element ¢ is an element of ]§+ and since we have Bj C Bf_ . and

rig max
B+ - B’ , tis also contained in BF . and B'. . We define Buax := B}, [1/¢] and

rig — rlg’ max rig’
B, :=B{nl = (B+1 [1/)¥=". One has B, = (B, nigl1/1] D?=! by Lemma 1.1.7 of [5].

We next recall the definition of the Robba ring Brlg x S BLg See [3] for more details.
Weset T:=[e]—1¢€ A*. We first assume that K = F is unramified over Qp. For each

r € Q-0, we define a subring BL; 7 of leé

max

B;’é’F = {f(T) = ZanT"mn € F and f(T), is convergent on pil/r SIT), < 1} .
nez

C B'. . We note that t = log(14+T7) e B':

We define B F = Ur>0Br1g F = “rig®

rig, rlg
is a subring of Br ", this definition of BT »  does not depend on the choice of T, i.e., does
not depend on the choice of {yn},>0. For general K, we put F:=Kg and e := [Koo : Fool,
and denote by K{) € Ko the maximal unramified extension of F in Koo Then, the theory

Q for any r. As

of fields of a norm enables us to define the subring BI x of Brlg as a finite étale

extension of BJr o K of degree ek, and there exist r(K) € Q- and ng € B’ r( such that
0

rig, K
Bl =Uz.xBL

rig, x 1s the union of the subrings

rig,

BLg K- {f(ﬂK) ZannKmn e F' and f(X) is convergent on p —1/rex < X, < 1}

nez
of BLg For each finite extension K C K'(C K), B rlg K~lb a subring of Brlg k- The
ring Brlg x is stable by the actions of ¢ and Gg on Br More precisely, we have
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(p(BI{é ) S BL’?K, and the action of Gk factors through that of I'y. When K = F is
T

rig.F, for any n 2 1, and the actions of

unramified, then we have an equality BIig r=B

¢ and I'r are explicitly defined by the following formulae, for f(T) =", ., a.T" € Bzig, F
and y € [F:

(D)= @a)(T+ 1 = 1", y(D) = an(T+ 1H*" —1y",

nez nez

¥
rig,K

¥
rig,K
+

rig, K

Next, we define a Q)-linear map v : B — Biig, x as follows. It is known that B
can be written as a direct sum BIig,K = @5:01 (T+ 1)i(p(BIigyK), so each element x € B

is uniquely written as x = Z‘::OI (T + 1)ip(x;). Then we define ¥ by

p—1
v Bzig,K - B:rrig,K x=> (T+1)p(x) — xo.
i=0

This operator i satisfies that Y@ =id and ¢ is surjective and commutes with
the action of I'x. More precisely, if we define n(K) := min{n|r, = r(K)}, then we

have W(BL’;?) = B;é’”K for any n 2= n(K). For each n 2 n(K), the restriction of

Ly ﬁzig‘ (N BXR to Bj{;’fK factors through K,[[¢]] € BZ{R, i.e., 1, induces a I'x-equivariant
injection
BT K[l

When K = F is unramified over Qp, ¢, : Bl s Fy[[1]] is explicitly defined by

ri,g,F
ln <Z ame> = Z ¢_n(am)(§p"exp(t/pn) - "
mez meZ
One has the following commutative diagrams:
n JTn tn
By —— Kl BLr — Kl
l‘ﬂ lcan J{w l]%TrKIH—l/KVL
o1 ln T ln
Bt —— Kulll] BLr —— Kl

where can : K,[[t]] < Kj+1[[]] is the canonical injection and %TTK,,H/K,, is defined by

1 > 21
STk, K 1] — Koll) > a0y 5 T/, (@)

m=0 m=0
Definition 2.1. We say that D is a (¢, I'x)-module over B;g’K if
(1) D is a finite free Bzig‘
(2) D is equipped with a g-semi-linear map ¢ : D — D such that the linearization map

¢*(D) := BIig,K ®¢‘Bzig KD — D :a® x> ap(x) is an isomorphism,

x-module,
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(3) D is equipped with a continuous semi-linear action of I'y which commutes with ¢,

where semi-linear means that ¢(ax) = p(@)p(x) and y(ax) = y(a)y(x) for any a €

BIig,K’x €D and y € I'k.

Let D be a (¢, I'k)-module over Biig k- For each k, we denote by D(k) := D ®q,Q) (k)
the kth Tate twist of D. For each finite extension L of K, the restriction D|; of D to L,

which is a (¢, I'z)-module over Brlg 1, is defined by

D|p =B}, , ®p: D,

rig, rig K

and the actions of ¢ and I'7(C Ix) are defined by ¢(a ® x) := p(a) ® ¢(x), y(a ® x) :=

y(a) ® y (x) for any a € Brlg 1»X €D and y € I'l. We define the dual DY of D by

. i
DY — HomBiig,K D, Brig,K)’
and, for any f € DYV and y € I'x, y(f) € DV is defined by y(f)(x) := y(f(y'x)) for
any x € D, and ¢(f) € DV is defined by ¢()(O_iL; aip(x)) == > i 1a,<p(f(x,)) for any
x=> 1", aipx) €D (a; € Brlg kX € D). Let D1, D3 be (¢, I'r)-modules over B’ We
define the tensor product D1 ® D2 by

rig, K"

D1 ® D2 :=D1®g: Do

rig, K

with ¢ and I'x acting diagonally. Let D be a (¢, ['x)-module over BLg’K of rank d. By

Theorem 1.3.3 of [6], there exists a n(D) = n(K) and there exists a unique finite free
Blé”?—bubmodule DWD) C p of rank d which satisfies

;
(1) Biig k ® 5 D) = p,

rlg K

(2) if we put D™ := BilglK ® Tr,,(D)D(n(D)) for each n = n(D), then ¢(D™) € D@D and
rng

the natural map BL;";’(I ® B‘ " D™ — DD 1 4 @ x > ap(x) is an isomorphism for
any n = n(D).

The uniqueness of D™ implies that D™ is preserved by the I'k-action for any n = n(D).
Using D™, we define D}, (D) and Dg;¢(D) as follows. For each n = n(D), we put

D (D) := Ki[[1]] ®, Bl D™ (respectively Dgit (D) := K, ((t)) ®x,mD s, (D)),

which is a finite free Kn[[t]]—module (respectively K, ((f))-module) of rank d with a
semi-linear I'g-action. Define a transition map

D¢ (D) = D, (D) 1 f(0) @ x = f(1) ® p(),

and define a map Dgif ,(D) <> Dgif ,+1(D) in the same way. Using these transition maps,
we define

f(D) = hmD dif.n (D) <respectively Dgis(D) := lil'_I)ldef’n(D)> ,

Vl n
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which is a free Koo[[t]] := U2, Ky[[¢]]-module (respectively Koo (1) := U K, ((1)-
module) of rank d with a semi-linear I'k-action. For each n 2 n(D), define a canonical
I'k-equivariant injection

2D D, (D) x> 1®x.

2.2. Cohomologies of (¢, I')-modules

In this subsection, we recall the definitions of some cohomology theories associated to
(¢, I')-modules and the fundamental properties of them proved by Liu [23].

Let Ax C I'k be the p-torsion subgroup of I'y which is trivial if p # 2 and at largest
cyclic of order 2 if p = 2. Choose yx € I'x whose image in I'x/Ag is a topological
generator (this choice of Ag is useful for explicit formulae, but if desired one can
reformulate everything to eliminate this choice).

For a Ag-module M, we put M?K := {x € M|y’(x) = x for all y’ € Ag}. For a
Z[I'k]-module M, we define a complex C;,K (M) concentrated in degree [0, 1] by

5 (M) 1 [MA% 5 ).

For a Z[I'k]-module M with a ¢-action which commutes with the action of Iy, we define
a complex C('M/K (M) concentrated in degree [0, 2] by

o (M) : M2 Dy ppax g ppax L ppang

with d1(x) := ((yx — Dx, (¢ — Dx) and da(x,y) = (¢ — Dx — (yx — Dy

Let D be a (¢, I'x)-module over Brlg k- We put D[1/1] := Bhg x[1/t1®g+  D. For each
rig, K

q € Z>q, we define
HY(K, D) := HY(C;, ,, (D)), HYK, D[1/1])) :== HY(C;, ,, (D[1/1]))
and
HY(K, D;;(D)) := HY(C;, (D (D)), HY(K, Dyt (D)) := HY(C}, Dyt (D)))-

These definitions are independent of the choice of yx. Namely, for each yx € I'x whose
Zpl[Tx/Ag1*, and we have

image in I'x/Ak is a topological generator,
the canonical isomorphism

HY(Cy,, (D) > H(C), . (D))
given by the map which is induced by the following map of complexes:
(D) :[DAk L) DAKx @ DAk L) DAK]

Ju FEETe

c: (D) (D — N, pAx g DAk 2, paxy
YK

‘/7 YK

where we note that the Z,[I'x/Ag]-module structure on DAk uniquely extends to a
continuous Zy[[I'kx/Ak]]-module structure.
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o
rig, K>

U:HY (K, D1) x H?2 (K, Dy) — H'" 92(K, D1 ® Do).

For (¢, I'k)-modules D1, D2 over B we can define a cup product pairing:

See § 2.1 of [23] for the definition. When (g1, ¢2) = (0, 1), (1, 1), the pairing U is
defined by

HO(K, D1) x HY(K, D2) - HY(K, D1 ® D2) : (a, [x,y]) - [a ® x, a @ Y],
HY(K, D1) x HY(K, D2) — HX(K, D1 ® D2) : ([x, y], [, YD) = [y ® 9(¥) — x® y ().

The following theorem was proved by Liu [23] by reducing to the results of Herr
[16,17] in the étale case.

Theorem 2.2. Let D be a (¢, ['x)-module over BIig,K'
following.

(0) HY(K,D) =0 if ¢ #£0, 1,2,

Then HY(K, D) satisfies the

(1) for any q, HY(K, D) is a finite-dimensional Q,-vector space,
(2) Zgzo(—l)qdimeHq(K, D) = —[K : Q,Jrank(D),
3)

3) we have a canonical isomorphism fi : H2(K, BL

ex(1) = Q, and the following
pairing (, ) is perfect for each ¢ =0, 1, 2:
() H(K. D) x B2 (K, D¥ (1)) S H2(K, D ® D" (1)) < H2(K, Bl (1)) % Q,

where ev: HX(K, D ® DY (1)) <> H2(K, B,

1,

map D ® DV(1) — BIig,K(l) xR ®el) = f(x) Qey.

g,K(l)) is the map induced by the evaluation

Proof. See Theorem 0.2 of [23]. O

Remark 2.3. We remark that Liu proved the existence of functorial comparison
isomorphisms HY(K, V) = H9(K, D(V)) for all the p-adic representations V of Gg. Then,
the isomorphism fi; is defined as the composition of the inverse of the comparison
isomorphism H2(K, Q,(1)) — H2(K, D(Q,(1))) = H*(K, Bjig (1)) with Tate’s trace f{, :
H2(K, Qp(1)) = Qp. In this article, we normalize the isomorphism f{, : H2(K, Q(1)) > Qp
such that Tate’s pairing

() HYQp. Qp(1) x HY @y, Q) 2 HE@p. Qp(1) 25 @,

satisfies that (k(a),7) = t(recg,(a)) for any a € Q;( and T € Hom(G(at;,(@p) =

H! (Qp, Qp), where « : Qlf — H! (Qp, Qp(1)) is the Kummer map and recg), : Q;; — G&B is
the reciprocity map of local class field theory.

It is important to define the cohomology H4(K, D) using ¥ instead of ¢, which we
recall below. We define a complex Ci.#,yx (D) concentrated in degree [0, 2] by

d, d.,
% (D) : [DF — D @ DA = DK]
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with d}(x) := ((yK — Dx, (Y — Dx) and d5(x,y) :== (¢ — Dx — (yxk — 1)y. We define a
surjective map Cg ,, (D) — CW v D) of complexes by

(D) :[DA —U, pax g pAx _©_, pax)

Jid lid@ew l—w

4

d dy
(D) :[DA — > DAk @ DAk 2, DAk

‘ﬂ YK

IPVK

0®(yk—1)
— 5

The kernel of this map is the complex [0 — 0 @ DA&-¥=0 DAx-¥=01_Concerning

this complex, we have the following theorem.

Theorem 2.4. The map DA&-¥=0 L DAK V=0 4s an isomorphism. In particular, the

map Cw v D) = CW/K (D) defined above is a quasi-isomorphism.
Proof. For example, see Lemma 2.4 of [23] in the étale case and see Theorem 2.6 of [32]
for the general case. O

Next, we recall the definition of crystalline or de Rham (¢, I')-modules.

Definition 2.5. For a (¢, I'x)-module D over B, we define

rig, K>
DX (D) :=D[1/1"*=', DR (D) := Daie(D)*=".
We define a decreasing filtration on D r(D) by
Fil'DiR (D) := DA (D) N D} (D) € Dyis (D)

forieZ.
Using cohomologies which we defined above, we have equalities

D{R (D) = H'(K, Dgir(D)),  Fil’DfR (D) = HO(K, D (D)),
and

DX, (D)*=' = H(K. D[1/1)).

As in the case of p-adic Galois representations of Gg, we have inequalities

dimKO (D) < dlmKD r(D) < rankD.

crys

Definition 2.6. Let D be a (¢, [x)-module over BLg k- We say that D is
crystalline (respectively de Rham) if an equality dimg,DX crys(D) = rank(D) (respectively
dlmKD r(D) =rank(D)) holds. We say that D is potentially crystalline if there exists a

finite extension L of K such that D]y is a crystalline (¢, I'7)-module over Brlg L

Definition 2.7. Let D be a de Rham (¢, I'x)-module over BngK We call the set

{h € Z|FiI™"DXL (D) /Fil "' DXL (D) # 0} the Hodge-Tate weights of D.

If D is crystalline then D is also de Rham by the above inequalities. Because potentially
de Rham implies de Rham by Hilbert 90, if D is potentially crystalline, then D is de
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Rham. If D is potentially crystalline such that D|p is crystalline for a finite Galois
extension L of K, then Dérys(D) = Dcrys(DlL) is naturally equipped with actions of

DL,y (D) > Dk (D) =
L®KD r(D), le., Crys(D) is naturally equipped with a structure of a filtered
(o, Gal(L/K)) module

¢ and of Gal(L/K), and we have a natural isomorphism L ®j,

2.3. The Bloch—Kato exponential map for (¢, I')-modules

This subsection is the main part of this section. We define a map expg p : D§R(D) —
H! (K, D), which is the (¢, I')-module analogue of the Bloch-Kato exponential map.

The following is the main theorem of this section, which is the (¢, I')-module analogue
of the long exact sequence, for a p-adic representation V of G,

0— H(X, V) - H(K, B. ®q, V) ® H'(K, Bl ®¢,V) - H(K, Bar ®q,V)
§

—5 HY(K, V) » H'(K, B, ®g,V) ® H' (K, B3 ®¢,V) - H' (K, B4r ®q,V)
2% H2(K, V) - H2(K, B, ®g,V) — 0

which is obtained by taking the cohomology long exact sequence associated to the
Bloch—Kato fundamental short exact sequence

0—V—>B, ®QPV@B ®Q})V—>BdR®QpV—>O
See §2.5 for the comparison of the above exact sequence with the following exact

sequence.

Theorem 2.8. Let D be a (¢, I'x)-module over B, Then there exists a canonical

rig,K -
functorial long exact sequence
0— HY(K, D) — H(K, D[1/1]) ® H*(K, D}, (D)) — H(K, Dgir (D))
—% H'(K, D) — H' (K, D[1/1]) ® H (K, D};(D)) — H' (K, Dgi¢(D))
225, 12k, D) — H(K, D[1/1]) — 0.

Proof. To construct this exact sequence, we need to define some more complexes. For
each n 2 n(D), we define a complex with degree in [0, 2]:

C(:, VK(D(n)) . [(D(n))AK £1_> (D(n))AK e (D(n+1))AK g (D(n+1))AK]

with di(x) := ((yg — Dx, (¢ — Dx) and da((x, y)) (¢ — Dx — (yk — 1)y. Define

C; - (D(")[l/t]) in the same way. We also define C (p - (Ddlf .(D)) with degree in [0.2] by

/

[ 04, @2 5 [[ D5, @%@ [ i, % [ D,

m=n m=n m=n+1 m=n+1
with

d/l((xm)mzn) = (((yx — 1)xm)m§ns (Xm—1 — xm)m§n+1)
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and
dé((xm)mgn, (ym)mZn—i-l) = (=1 — Xm) — (yx — 1)ym)m§n+1'

Define C(; v Daif (D)) = Uk>0 9. yk(;lk Dji_lf .(D)). We first prove the following lemma.

Lemma 2.9. Let D be a (¢, I'x)-module over B;g k- The following sequence is exact for
any n 2 n(D):

Ak
f f: 1
0— (D™)ax L (p™[1/17)dx g H Ddlfm(D)AK 2 Urz0 H (tdeif,m(D)) — 0,
m2n m2n
where f1(x) := (x, (Lm(x))mzn) and fo(x, (ym)mzn) = (tm(x) — ym)mzn'
Proof. Because the functor M — M4k is exact for Q[Ak]-modules, it suffices to show
that the sequence

00" % p®pyne [ Dhy,, 0 2 uk;o}k [ P&e.n@ =0
m>n m=n

is exact.

That f is injective and that fo o f1 = 0 are trivial by definition.

If (x, Om)m=n) € Ker(f2), then we have ¢, (x) = ym € Dérif,m(D) for any m = n. Hence we
have x € D™ by Proposition 1.2.2 of [6], and so we have (X, (yu)pm>,) =/f1(x) € Im(f1).

Finally, we prove that fo is surjective. Because we have D™[1/f] = U,i’ilrlkD(”), it
suffices to show that the natural map

D" — H Ddlf m(D)/Ddlf m(D) X (Lm(x))mZn

m>n

is surjective for any k > 1. Moreover, twisting by X, it suffices to show that the map

D® — [ Diis wD)/FDs (D) s x> (an) iz

mzn

is surjective for any k = 1. By induction and by dévissage, it suffices to show
that this map is surjective for k= 1. Let {el} ~1 be a basis of D such that
D™ — B: g’Kel Q- D BilglKed for any n = n(D). Then {uq(e)}l, is a Ky-basis of
Dgen (D) = Dd1f m(D)/thlf n(D) for any m 2 n by Lemma 4.9 of [3]. Hence, for
any (Ym)m>n € Hm>n Dgen.m(D), there exists am; € Ky (m 2 n,1 <i < d) such that

Ym = Z "1 amitm(e;) for any m = n. Because the natural map Brlg x/t— Hm>n

X (Lm(x))m>n is an isomorphism, there exists {a;}1<j<q C B': "¢ such that tm(a;) = am.i

rlg
for any m = n and i. Then we have lm(zizl a;e;) =y, for any m = n. This proves the
surjection of f2, and hence proves the lemma. (]

It is easy to see that the maps fi1, fo commute with the differentials of é(:),]/l((_)' Hence,
for each n = n(D), we obtain the following short exact sequence of complexes:

0= Cs, D™D e DOrm ey, D, 005 L D (D)) — 0.
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We define a transition map

Covk Dt ) = C e Didig 1 (D))

which is induced by the map

[ID%e.@ = T] Dt : Gmdmzn = Gmdmzns1-

m>n m=n+1

We similarly define C;WK (Dgit.n) — C;WK (Dgif,n+1(D)). Taking the inductive limit with
respect to n 2 n(D), we obtain the following short exact sequence of complexes:

(D[1/t]) & hm o, VK(Ddlf (D) — hm

I‘l

0— C;’yK(D) —C

0.7 (Dgi (D)) = 0,

fﬂ YK

2.y (D1) for D1 = D, D[1/t]. Taking the cohomology
long exact sequence, we obtain the following long exact sequence:

because we have lir_r)lnC;,’yK (Dﬁ")) =

0— 0, D) - HY(k, D[1/1]) & H° (hm Co (D n(D))) 1o (131)1 Co vk (Ddif,n(D))>

n n

— —
n n

210wl (k, D) — HY(K, D[1/1]) & H' <lim * (DL n(D))) — H! (lim ~;,,),K(Ddhc,,,(p))>

8
2P w2k, D) — H2(K, D[1/1]) ® H? (11m Co (DL, n(D))) - H2 <hm Cox (Ddif,,,(D))>

— 0.
Next, for D((;lrf) (D) = Dgif,n(D)* Dgjif n (D), define a map of complexes
C3, DL, (D) > €, (DY, (D))
by
. G, 0) — €0, D) (D)) :x> (m)pz,  where Xy :=x (m 2 n),

1 +)
Cy Dig , (D) = €y, D,

(D)) : x = ((Xm)m=n, 0)  where x,, :=x (m 2 n).
It is easy to check that the map C (D((;ff) (D) — (ﬂ}/K(D(de) ,(D)) is a quasi-

isomorphism. Because we have C (Ddl)(D)) = hm C (D((ﬁ_f) .(D)), we obtain an
isomorphism

¢, VK
n

HY(K, D (D)) > HY (hm lo (Df;f)’n(D))> .
Combining the above isomorphisms and the above long exact sequence, we obtain the
following desired long exact sequence:
0—> HO(k, D) — H(K, D[1/1]) ® H(K, D}¢(D)) — H°(K, D¢ (D))
—= H'(K, D) - H'(K, D[1/1)) & H"(K, D¢ (D)) - H' (K, Dgis (D))
52p, H%(K, D) — H?(K, D[1/1]) — 0.
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The functoriality of this exact sequence is trivial by construction. This finishes the proof
of the theorem. O

Definition 2.10. Let D be a (¢, I'x)-module over BLg’K. Then we define a map
expg p : DER (D) — HY(K, D)

as the connecting map é1.p : DgR(D) = HY(K, Dgis (D)) — HY(K, D) of the long exact
sequence of Theorem 2.8. We call expg p the exponential map of D.

Remark 2.11. By definition, we have expg D(FiloDdR(D)) = 0. Hence expg p induces a
map

expg p : DR (D)/Fil’DEL (D) — HY (K, D).

To study the map expg p, it is useful to define expg p in a more explicit way.
The following lemma gives explicit definitions of expg  and d2p : HY (K, Dgis(D)) —
H2(K, D).

Lemma 2.12. (1) Let x be an element of DgR(D). Take an n = n(D) such that
x € Dgi¢ o (D), and take an x € (DD[1/)2 such that ,,(X) —x € Dérif (D) for any
m 2 n (such an X exists by Lemma 2.9). Then we have

expg p(¥) = [(yk — DF, (¢ — D3] € HY(K, D).

(2) Let [x] be an element of H' (K, Dgi(D)). Let x € Dyif.,(D)2K be a lift of [x] for some
n 2= n(D). Take an X € (D™[1/1])3% such that 1,u(X) — x € Dgif,m(D) for any m 2 n
(such an X exists by Lemma 2.9). Then we have

82.p(Ix]) = [(¢ — 1)X] € H2(K, D).

Proof. These formulae directly follow from the proof of the theorem above and the
construction of the snake lemma. |

2.4. Dual exponential map

In this subsection, when D is de Rham, we define a map expg V(1) - HY (K, D) —
FilODgR(D), which we call the dual exponential map of D. Then, we prove that
the map exg)*KD -HY(K, DY (1)) —> FilODgR(DV(I)) is the adjoint of the map expg p :
DX, (D)/Fil’DK, (D) — HY (K, D).

Before defining expy pv(1), We prove some preliminary lemmas. Let D1, Ds be

B

rig K We define a pairing

(¢, I'r)-modules over B
Uaif : HO(K, Dgig(D1)) x H' (K, Dgi(D2)) > H (K, Dgif (D1 ® D))

by x Ugit [y] := [x ® y] for any x € HY(K, Dgir(D1)) and [y] € H' (K, Dgit(D2)).
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Lemma 2.13. The following two diagrams are commutative:
Udi
HO(K, Dgi(D1)) xH! (K, Dgif(D2)) —— H'(K, Dgi(D1 ® D2))
leXpK,Dl T[x,y]H[tn(X)] l52101 ®D2

HY(K,D1) x HNK,Dy) —2> HX(K, D) ®Do)

Udi
HO(K, Dgif(D1)) xHY (K, Dgir(D2)) —— H'(K, Dg;¢(D1 ® D2))
Tar—n,,(u) l32,D2 J752,D1®D2

HOK,D1) x HXK,Dy) —— H2(K,D;® Do)

In other words, we have equalities
82,01®D, (z U[tn(x)]> = expg p, (2) U [x, )]
dif
and
82,01 @05 (m(a) U [b]) = aU 82 p, ([b])
dif

for any z € HO(K, Dgir(D1)), [x, y] € HL(K, D2) and a € HO(K, D1), [b] € H (K, Dgi¢(D2)).

Proof. Here, we only prove the commutativity of the first diagram. We can prove the
commutativity of the second diagram in a similar way.

Take any z € HO(K,Dgir(D1)) and [x,y] € H'(K, D3). Take n sufficiently large
such that z € Dgjf,(D1) and x € Dg’),y € Dg'H). By Lemma 2.12(1), if we take
Z€ (D(I")[l/t])AK such that ¢,(27) — z € Dji_if n(D1) for any m 2 n, then we have

expg . p, @) = [(yk — Dz, (¢ — DZ].
Hence, we have
expg p, (@D U [x,y] =[(yk — DZ, (¢ — DZ] U [x, y]
=[(p — DZ® ) — (vk — DZ® yx ()] € H*(K, D1 ® Dy).

On the other hand, under the natural quasi-isomorphism G5 Dt n (D)) —
é‘;yyk(Ddif’n(D)) which is defined in the proof of Theorem 2.8, the element [i¢,(x)] €
H' (K, Dgit.,(D2)) is sent to

[t @Dz (nOmznr1] € HES, Daig n(D2)))-
Hence, the element z Ug;t [1,(x)] € HY (K, Dgir.,(D1 ® D2)) is sent to
[@® tn (X)) zns @R tn(M)zns1] € H'(CY L, Daig (D1 ® D2))).

The element G ® x,%2 ® y) € (D! ® DY [1/0)4% @ (D™ @ DYV [1/M)4% satisfies
that ((tbn@ ® 2> tnE O Ymzntr1) = (@ ® tn()mzns @ © tnOmznt1) € [Lzn Dig



Iwasawa theory of de Rham (¢, I")-modules over the Robba ring 83

(D1 ® D7) @H,@Hl Dérif (D1 ® D2). Hence, by the definition of the boundary map
82,0, @D+, We obtain

82,0105 (z U [m(x)]) =[(¢ - DE®Y — (k — DE®Y)].
dif
Using the equality (¢ — 1)x = (yx — 1)y, it is easy to show the equality
(¢ =Dz ¢ —(rk —DZ2@yk(M=(p —DE®x) — (rk —DE®Y).

Hence we obtain the desired equality

eXpK,D1 (Z) U [X, Y] = 62,D1®D2 <Z U [Ln(x)]> . g
dif

Let D be a de Rham (¢, I'x)-module over BLg’K. Then the natural map

Koo (1)) ®k DR (D) = Dyit (D) : £ (1) ® x > f(1)x

is an isomorphism. We identify Koo ((2)) ®KD§R(D) with Dgif(D) by this isomorphism.
Then, it is easy to check that the map

gp : DER (D) > H' (K. Dg;¢ (D) (= H' (C}, (Koo (1) @k DER (D))))
defined by

gp() := [log(x (&) (1 ® x)] € H(CY, (Koo (1)) ©xDER (D))

is an isomorphism and is independent of the choice of yx up to the canonical
isomorphism. We note that DgR(B;g 1)) =K- %el.
Lemma 2.14. The following diagram is commutative:

Ger—>a

DKL B, (1)  —— K- tel

8ot
l Bl kM lTrK/Qp

H(K, Dy (B! 62'B1‘g"((1) 2 T for
Dyit (Bl (1) —=— HAK,Bf, (1) —— Q,
Proof. Using the trace and the corestriction, it suffices to show the lemma when
K =Q,. Assume that K = Q,. We prove the lemma by comparing the cohomology of
the (¢, I'g,)-module B;g’(@p(l) with the Galois cohomology of the p-adic representation
Qp(1) of Gq, as follows. Please see §2.5 for some notation and definitions used in the
proof below.

Take the element [log(x (yx)), 0] € H! (Qp, BIig,Q,,)' Then we have

8B, 0,1 (?el) = %el U[tn(log(X(VK)))]
e dif
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by the definition of gp and Ugis. Hence, by Lemma 2.13, we obtain an equality

a a
82’Biig.@p(1) <gBIig,Qp(1) <t€1>) = 82”B1ig,<@p(1) (lel g[tn(log(){ (VK)))])

a
= I —e1 | Ul ,0
“Pg,.Bl,, ¢, M) ( p el) [log(x (vx)). 0]

for any a € Q,. Hence, it suffices to show that

a
fur (exp@,,,B;g,me <z€1)> U llog(x (vk)), 0D = a.
We note that the comparison isomorphism
1 ¥ ~ ol ¥ ol
HY (@), B, ) = HU(Qp WBL, ) = HY(@). Q)

(where @, on the right-hand side is the trivial p-adic representation of Gg,) sends
[log(x (vk)), 0] to the element log(x) € Hom(G@E, Q) = Hl((@p, Qp) defined by log(x) :
G%l; — Qp : g+ log(x(g)). Hence, by Theorem 2.21, in particular, by the compatibility
of expg p with expg wp) (We remark that we do not use any results in this subsection
(§2.4) to prove this compatibility, but we use them to prove the compatibility of 32 p
with 82 w(p)), it suffices to show that Tate’s pairing satisfies

<exp@p,<@p (%61) ,log(X)> —u

for any a € Q,. Because it is known that «(b) = eXpr,Qp(
(k: Q) — Hl(Qp, Qp (1)) is the Kummer map), we obtain

log(b)
t

e1) for any b € Z;,‘

log(b
<exp@,,,@p ( Ogt( )e1> ,log(x>> = k(). log(x))
= log(b)

for any b € Z[f, where the last equality follows from Remark 2.3. This finishes the proof
of the lemma. O

T

Let D be a (¢, I'x)-module over B We define a pairing

rig, K"

()air : HOK, Dair(D)) x HL(K, Dgie(D (1)) —25 H (K, Dais(D @ DY (1))
-1

85t

rig, K

ev 1] . B (1) K ¥ der—>a
2 H(K, Daif (B, (1)) —5— DK, B, (1) ~225 k.

Lemma 2.15. Let D be a (¢, I'x)-module over Biig k- Then the following diagrams

S dif

(
HO(K, Dgir (D)) xHY(K, Dgif(DY (1)) —— K
leXPK,D T[x,y]»»[w)] lﬂm@,}

HY(k,D) x HYK,DY(1) —<>—+@p
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and

() dif

HO(K, Dgi¢ (D)) xHY (K, Dgir(DV (1))) — K
Tlen(X) lEQ,DV(l) lTrK/Qp

HOK,D) x H2(K,DY(1) Tﬂ@p

are commutative. In other words, we have equalities

(expg p(2), [x, yI) = Trg/q, ({2, [t ()] aif)
and

(a, 82,pv (1) ([bD) = Trk/q, ({tn(@), [D])air)

for any z € HY(K,Dgit(D)), [x,y] € HY(K,DV(1)) and a € HY(K,D), [b] € H (K,
Dgis (DY (1))).

Proof. This lemma follows from Lemmas 2.13 and 2.14. |

Let D be a de Rham (¢, I'x)-module over B;rig,K'
We define a map

expy pv(1y - H (K, D) — Fil’D&R (D)
as the composition of the natural map
H' (K, D) - H'(K, Df¢(D)) - H' (K, Dgis (D)) : [x, ] = [ta ()]
(for sufficiently large n) with the inverse of the isomorphism
gp : Dffp (D) > H' (K, Dgi¢ (D).

Because we have Dji'if(D) =Fil° (Ko ((2)) ®KD§R(D)), we can easily see that the image of
exp}‘(’ V(1) is contained in FilODgR(D). As in the case of p-adic Galois representations,
the map expy p, is the adjoint of expg p in the following sense. We define a K-bi-linear
perfect pairing [—, —]qr by

der>a
[, —ldr : DR (D) x DR (DY (1)) = DR B, (1)) =— K

where ev is the natural evaluation map. By the definition of Fil, this pairing induces a
perfect pairing

[—, —1dr : D& (D)/Fil°DE (D) x Fil’DE, (DY (1)) — K.

Proposition 2.16. Let D be a de Rham (¢, I'x)-module over BIig,K'

DAL (D) /FﬂODgR(D) and y € HY (K, DV (1)), the following equality holds:

For any x e

{expg p(X), y) = Trg/q, (X, expx p(M1dR)-

Proof. By Lemma 2.15, it suffices to show the equality

[x, Zlar = {x, gpv (1) (2)) dif
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for any x € HO(K, Dgir(D)), z € HY(K, Dgir(DV(1))); but this equality is trivial by
definition. O

2.5. Comparison with the Bloch—Kato exponential map of B-pairs

In this subsection, we show that the long exact sequence of Theorem 2.8 associated to D
is isomorphic to the long exact sequence naturally defined from the cohomologies of the
corresponding B-pair W(D). In particular, in the étale case, we show that the sequence
of Theorem 2.8 is isomorphic to the long exact sequence induced from the Bloch—Kato
fundamental short exact sequence.

We first recall the definition of B-pairs and the definition of the functor from the
category of (¢, I')-modules to the category of B-pairs which induces an equivalence
between these categories; see [5] for more details.

The following definition is due to Berger [5].

Definition 2.17. We say that a pair W := (W,, W;'R) is a B-pair of Gk if

(1) W, is a finite free B,-module with a continuous semi-linear Gg-action,
(2) W:{R is a Gg-stable finite B(JirR—submodule of Wgr := Bgr ®B,W. which generates
W4r as Bgqr-module,

where semi-linear means that g(ax) = g(a)g(x) for any a € B, x € W, and g € Gg.

Remark 2.18. Let V be a p-adic representation of Gg. We define a B-pair
W(V) := (B, ®q, V. Bis ®q, V).

By Bloch—Kato’s fundamental short exact sequence [7]

0— Q, =% B, P Bl S Byg -0,

we can easily see that this functor V i+ W(V) is fully faithful; hence we can view the
category of p-adic representations of Gk as a full subcategory of the category of B-pairs
of GK.

By the theorems of Fontaine, Cherbonnier and Colmez and Kedlaya, the category
of p-adic representations of Gk is equivalent to the category of étale (¢, I'x)-modules

over B’ Berger extended this categorical equivalence to the equivalence between

rig,K*

the category of B-pairs of Gx with that of (¢, I'x)-modules over B/

rig, K which we recall

below.

We first note that we have a (¢, Gg)-equivariant canonical injection Biig ¥ ELg.

Let D be a (¢, I'k)-module over BIig,K of rank d. For each n = n(D), we define

We(D™) := (B [1/1] @gin D).
rig,

Since we have an isomorphism

BT)r’H—l

rig, K ®¢,BT:"’ D™ 5 D"V a@ x> agp(x)

rig,K
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and the map ¢ : BLg’ Bilg”“ is isomorphism, we obtain a natural isomorphism

i (n) a@x—>P(A)®X =+ 1,11 (n)
B Qpt — B! D
rig Brl’gnK g W*Biigk
o+l Tornt1 (n)y 9®BBN)—a®by(x) F+t,r41 (n+1)
: ARt A ,
Brlg ®BZ;;"}1 Bigx @ Bjjg"KD ) Biig ®BI;’;;1D ’

i.e., the map

@ :Blm ®gtm D™ s B/l g trn DY D a @ x> ¢(a) ® o(x)

rig rig, K g Brig,K

is an isomorphism. Hence, we obtain the following diagram:

-1
0 —— WD) ——  BLI(/1 @, DO B""“u/rJ ® .y DD
rig, K rig, K
v v v
~ -1
0 —— WD) — BI;;”“[l/t] ® iy DO <, Br' o 2/ @ ity DD
rig, K rig, K

with exact rows. Hence, the map
¢ : We(D™) = W (D)
is also an isomorphism. We define

W, (D) := W,(D™)

87

for any n 2 n(D). Using the isomorphism ¢ : We(D(")); W, D"V W,(D) does not
depend on the choice of n. One has that W,(D) is a finite free B,-module of rank d, and

the natural map

B:""[1/1]®p, We(D™) — BL"[1/11 @prn D™ 1a® x> ax

ng rig e

is an isomorphism by Proposition 2.2.6 of [5]. Put
W4r(D) := Bgr ®B, W, (D).

Using the isomorphism above, we obtain an isomorphism

War(D) = Bqr &, We(D") = Bar &, Frnpy (Brig [1/11 @8, We(D™))

S Bar ®L Bl /1 (BT fn[l/t] ®BT rn D(")) — Bggr, ® LB D™
> Frig

rg rig,K

We define a Bd+R—subm0dule
Wi (D) =B} R®, gim D™

rlg K
of Wyr (D). Using the isomorphism

Bip®, pin DV S BiR®  pin DY ra@xis a® ).

rig, K tn+1 B rig,K

WCTR(D) also does not depend on the choice of n. Hence, we obtain a B-pair

W(D) := (We(D), Wi (D).
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The main theorem of [5] is the following,.

Theorem 2.19. The functor D+ W(D) is exact and gives an equivalence of categories
between the category of (¢, I'k)-modules over BIig,K and the category of B-pairs of Gg.
Moreover, if we restrict this functor to étale (¢, I'x)-modules, this gives an equivalence of
categories between the category of étale (¢, I'k)-modules over B'. x and the category of
p-adic representations of Gg.

rig,

Proof. This is Theorem 2.2.7 and Proposition 2.2.9 of [5]. O

Remark 2.20. The inverse functor D(—) of W(—) is defined as follows; see § 2 of [5] for
the proof. Let W = (W,, Wd+R) be a B-pair of Gk of rank d. For each n 2 1, we first define

DMW) :={xe BLg’[l/r] ®B, Weltm(x) € W;R for any m = n}.

Berger showed that D(W) := 1ir_r)1 D™ (W) is a finite free B! g—module of rank d with
a (¢, Gg)-action. Then D(W) is defined as the unlque (¢, I'k)-submodule D(W) C
DW)Ker over BT, ¢k Such that Br ®gi  D(W) > D(W).

rig K

Next, we recall the definition of Galois cohomology of B-pairs; see § 2 of [25] and
the appendix of [26] for details. For a continuous Gg-module M, and for each ¢ = 0, we
denote by

C1(Gg, M) :=c: G;q — M continuous map}

the set of ¢ continuous cochains (when g = 0, we define G;O := {one point}). As usual, we
define the map

8 C1(Gg, M) — CT(Gk, M)
by

84(0) (81,82, -+ 8g+1) = 81¢(82, -+ 8g1+1) + (=17 (g1, g2, ..., &9)

+ > (1)1, 8510 8585t 1s 8s42s - - -+ 8g1)
s=1
and define the continuous cochain complex concentrated in degree [0, +00) by
C*(Gk. M) == [CO(Gg. M) 25> M (G M) 25 - 1.
We define
HY(K, M) := HI(C*(Gg, M)).
For a B-pair W := (W,, WJR)’ we denote by

(CesCdRIF>Ce—CdR,
-

C*(Gg, W) := Cone(C*(Gk, We) ® C*(Gkg, W(J{R) C*(Gk, War))[—1]
the degree (—1)-shift of the mapping cone of the map of complexes

C*(Gk, We) ® C*(Gg, W) — C*(Gk, WaR) : (. ¢dR) > Ce — CdR-
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We define
HY(K, W) := HY(C*(Gg, W)).
By the definition of mapping cone, we have the following long exact sequence:
0— H(k, W) — HO(K, W,) @ HO(K, WjR) — HO(K, WqR)
20 HUK, W) — HL(K, W) @ HU (K, W) — HY(K, Wqp)
20 WK, W) — HEK, W) — 0,

where the vanishings of HY(K, W), HY(K, Wqgr), H*"1 (K, W) and HITL(K, W,) for any
g 2 2 are proved in [26].
We define

DAL (W) := HO(K, WaR),
and we define
expg w = 81,w : DEg (W) — HY(K, W)

as the first boundary map of the above exact sequence.
When W = W(V), since we have a short exact sequence

0—V—B.®q,V®Bj; ®y,V— Bir ®q,V — 0
by Bloch and Kato, we have a canonical quasi-isomorphism
C*(Gk, V) — C*(Gk, W(V)).
This quasi-isomorphism gives an isomorphism
HY(K, V) = HI(K, W(V))

for each ¢. By this isomorphism, the above exact sequence for W = W(V) is equal to the
exact sequence

0— H(K, V) » H(K, B, ®¢,V) ® H'(K, Bi; ®q,V) — H’ (K, B4r ®q,V)
s
—% HY(K, V) - HY(K, B, ®g,V) ® H (K, BJ ®g,V) — H (K, B4r ®g,V)
s
=% H2(K, V) — H2(K, B, ®qg,V) — 0,

obtained from the Bloch—Kato fundamental short exact sequence.

The main result of this subsection is the following.

Theorem 2.21. Let D be a (¢, ['x)-module over Biig,K' For each g = 0, there exist the

following functorial isomorphisms.

(1) HY(K, D) = HI(K, W(D)),

(2) HY(K, D[1/1]) > HI(K, We(D)),

(3) HY(K, D§¢(D)) > HI(K, WiR (D)),

(4) HY(K, Dgi(D)) — HI(K, War (D).
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Moreover, these isomorphisms give an isomorphism between the exact sequence
associated to D in Theorem 2.8 and that associated to W(D) defined above.

Proof. We proved (1) in Theorem 5.11 of [26]. Since we have W:{R(D) =
BdR ®Kool [;]Ddlf(D), then ( ) follows Theorem 2.14 of [ 5]. ( ) follows from (3) since
we have Wgr (D) = hm NG WdR(D) and Dg;s(D) = hm Lp+ dif(D)-

—>n20 —nz0""
We prove (2) using (1). By (1), we have

- 1\ ~ 1
HY(K, D[1/1]) > lim HY <K, D) = lim HY <K, w (D)) .
iy m — m
n n

Since we have W( D) > (W.(D), WdR(D)) for each n > 0, we obtain

tll
e 1 e o

lim (GK, Wis (tD)) —lim € (GK, thchrR(D)> = C*(Gx. War(D).
n=0 nz=0

Hence, we obtain an isomorphism

1 ~ 1
lim HY <K, w <D>> S HY | limC® <G1<, w ((D)>>
—> m —> m
n=0 n20

= HY(Cone(C*(Gk, Wo(D)) ® C*(Gk, War(D))
(o CaRIDER, 0o (G, War (D))[-1D).

Since we have the following short exact sequence of complexes:

x> (x,x)

0— C*(Gkg, W.(D)) ———
(x,y)>x—y
_—

=225 C*(Gi, WeD)) @ C*(Gk, War (D))
C*(Gk. War(D)) — 0,
we obtain a natural isomorphism
HY(K, We(D))
= H4(Cone(C*(Gk, We(D)) & C*(Gk, War(D))
LoCarIZ AR, oo (G, War(D))[—11),

which proves (2).

Next, we prove that the isomorphisms (1)—(4) of the theorem give an isomorphism
of the corresponding long exact sequences. Since the other commutativities are easy to
check, it suffices to show that the following two diagrams are commutative

(i)
HO(K, Dgif(D)) —— HO(K, War (D))
lepr_D leXpK.W(D)

HY(K, D) N HY(K, W(D))
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H'(K, Dgir(D)) —— H'(K, War (D))

lSQ,D Jt?z,wa))

HXK, D) ——— W2(K, W(D))

We first prove the commutativity of (i). For simplicity, we assume that I’y has a
topological generator yx; the general case can be proved similarly using the argument of

§ 2.1 of [23]. If we denote by Extl(BLg’K, D) (respectively Ext!((B., BgR), W(D))) the
T

rig, K by D (respectively of the trivial B-pair (B, Bji'R) by
W(D)), then we have the following canonical isomorphisms

group of extension classes of B

hp : HY(K, D) > Extl(BZigyK, D), hwp): HY(K, W(D)) > Ext!((B., BjR). W(D))

by § 2.1 of [23] and by § 2.1 of [25], and we have the following commutative diagram

—

HY(kX,D) —— H(K, W(D))

lhn J(hW(D)

Extl(B;g’ D) —— Ext!((B., BjR), W(D))

by Theorem 5.11 of [26], where the isomorphism

Extl(BIig, D)= Ext! (B, Bip), W(D))

is given by

[0— BIigYK — D' — D— 0]+ [0~ (B, B}) — WD) — WD) — 0],

i.e., given by applying the functor W(—).

Let a € HO(K, Dgi¢(D)) = Dgjr(D)V¢=! = HO(K, Wagr(D)). By the above diagram, it
suffices to show that the functor W(—) sends the extension corresponding to expg p(a) to
the extension corresponding to expg w(p)(a)-

Take n sufficiently large such that a € Ddif’n(D)szl. By (1) of Lemma 2.12, and by
the definition of the isomorphism H'(K, D) > Ext! (B, 4., D), if we take @ e D™[1/1]
such that ¢,(a) —a e Dji_if, (D) for any m > n, the extension D, corresponding to
expg p(a) is explicitly defined by

x> (x,0)

0—>D—>D€BBIigKe

(x,ye)>y BT
rig, K

—0
such that
((x, ye)) = (p(x) + oM (yk — Da, p(y)e),
vk ((x, ye)) := (yk(x) + vy () (@ — D)a, yk(y)e)

for any (x,ye) e D ® Biig,Ke'
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On the other hand, the extension
W i= (We,a := We(D) ® Beearys, Wi , i= Wr (D) ® Bigedr)
corresponding to expg w(p)(a) is defined by
8(x + yeerys) i= g(x) + gMecrys, g +Y'eqr) i= () + g0 )ear
for any g € Gk, x € W.(D), x € Wd+R(D), yeB,, )y € B:ier and the inclusion
Wik o = Bdr®B, We.q = War(D) @ Barecrys
is defined by
X+ yeqr = (X +ya) + yeerys (x € Wip (D), y € Blp).

Let us show that D(W,) — D, as an extension. By the definition of a, we can easily
check that D™ (W,) defined in Remark 2.20 is isomorphic to

Bliy @y D" © Bl (ccrys + < B [1/1] ©p, Weq

and that l~)(Wa) contains a (¢, I['x)-module D & BIig,K(eCTYS + a) over BIig,K’ which is
easily seen to be isomorphic to Dy, hence finishing the proof of the commutativity of (i).

Finally, we prove the commutativity of (ii). By Lemma 2.15 (we note that we can
show the B-pairs analogue of Lemma 2.15 in the same way), it suffices to show that the
following diagram is commutative:

(i)’

HO(K, Dgie (DY (1)) —— HO(K, War (DY (1))

Txl—nn(x) Tcan
HO(K, DY (1)) —;> HO(K, W(DVY(1)))

The commutativity of this diagram is trivial. We finish the proof of the theorem. O

3. The Perrin-Riou big exponential map for de Rham (¢, I')-modules

This section is the main part of this article. For any de Rham (¢, I')-module D, we
construct a system of maps {Expp ,}ns0, which we call big exponential maps, and
prove their important properties, i.e., their interpolation formulae and theorem (D).
The first two subsections deal with preliminaries. In §3.1, we recall Pottharst’s theory
of the analytic Iwasawa cohomologies [32]. In §3.2, we recall Berger’s construction of
p-adic differential equations associated to de Rham (g, I')-modules [3,6]. The next two
subsections form the main part of this article. In §3.3, we define the maps {Expp ,}ns0
and prove their interpolation formulae. In § 3.4, we formulate and prove theorem §(D).
In §3.5, we compare our big exponential maps and our theorem §(D) with those of
Perrin-Riou or Pottharst in the crystalline case.
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3.1. Analytic Iwasawa cohomology

In this subsection, we recall the results of Pottharst concerning analytic Iwasawa
cohomologies of (¢, I')-modules over the Robba ring [32].

Let A :=Z[[Tk]] = l(ir_nn ZplT'x/Tk,] be the Iwasawa algebra of I'x. If we decompose
I'x by Tk = Ik tor X Tk free, Where I'gtor € I'x is the torsion subgroup of I'x and
Tk free = Tk N X’l(l + 2pZy), then we have an isomorphism A = Zp| Ik tor] ®Zpr
[Tk freell. If we take a topological generator y € Ik free;, then we also have
a Zp[FI(,tor]'algebra isomorphism Zp[FK,tor] ®Zpr[[FK,free]] g Zp[FK,tOI‘] ®Zpr[[T]]
defined by 1 ® [y~ 1@ (1 +T).

Let m € A be the Jacobson radical of A. For each n > 1, we set A, := A[Z ] [1/p],
where /\[‘“7]A is the p-adic completion of A[7], which is an affinoid algebra over Qp.
The natural map A[%ﬂ] — A[%n] induces a continuous map A,y1 — A, for each
nz1 We set Ao :=lim A,. If we fix an isomorphism A5 Zp[Tk tor] ®2,Zy[[T]] as
above, then this isomorphism naturally extends to a Q,[Ik tor]-algebra isomorphism
Ao = Qpl Ik tor] ®@1,Bjig’(@p, where the ring B;’Engp is defined by

oo
B:ig,Qp = {f(T) = Z a,T"|a, € Q, and f(T) is convergent on 0 < |T| < 1} .
n=0

We remark that the above isomorphism Ax = Qpl T K,tor]®QpB$g,Qp also depends on
the choice of a topological generator y and is highly non-canonical, and is only used to
help the reader to understand the structure of Aq.

We define A,[lx]-modules A,, and A‘ by An = A‘ = A, as a A,-module and
Yy =yl A yQ)=[y - Vforre Ap, N € Ajl and y € Ig.

Let D be a (¢, I'x)-module over BIig,K'
D(§)QPA£1 over B:ig,K®QpAn as follows (see § 2 of [32] for a more precise definition).
We define D@@ X‘ = D@Q A, as a B;g K@)QPA -module and define p(x®1) := @(x)PA,

Y (@A) == Y (x)@% and y x®1) := y (0)Q[y - A forxe D, 1 € A, and y € Ik.
For each n > 1, we define two complexes C e, ),K(D®QPA‘) and Cw K(D®QPA‘) and

For each n = 1, we define a (¢, I'x)-module

define the natural map of complexes C(p Vi (D®QPA ) — Cw i (D®QPA;) in the same way
as those for D. We define HY(K, D®Q A‘) =H4(C? vk (D®QI,A‘ )), which is a A, module.
The natural map A,y1 — A, induces a natural map D®Q il D®Qp and

this map induces H?(X, D®@ n+1) — HY(K, D®Q)A‘) Following [32], we deﬁne the
analytic Iwasawa cohomology of D as follows.

Definition 3.1. Let D be a (¢, ['x)-module over Bng X
define the gth analytic Iwasawa cohomology of D by

and let ¢ = 0 be an integer. We

H{ (K,D):= lim H(K, D®q, A,

n

which is a Aq-module.
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Because we have a decomposition Q,[Ik tor] = @n Fetor Qpory, where I K.tor is the
character group of Ik tor and «;, is the idempotent corresponding to 5, we also
have Ay = @nefk,mr Aoy, and each Axoy is non-canonically isomorphic to B:ig,Qp'
Let M be a Ayg-module. Using this decomposition, we obtain a decomposition
M = ®ﬂ€ﬁK,tor M,, where we define M, := ayM which is a Asa;-module. For a

Bt . -module N, we define Nior := {x € N|ax = 0 for some non zero a € B, }. For a
rig,Qp rig,Q,
Aso-module M, we define Myor 1= @nefK vor (Mp)tor-

As for the fundamental properties of HiIW(K, D), Pottharst proved the following
results, which are a generalization of Perrin-Riou’s results [29] in the case of p-adic
Galois representations.

Theorem 3.2. Let D be a (¢, I'x)-module over B;g,K
following.

of rank d. Then we have the
(1) For eachn =1 and q 2 0, the natural map
HY(K, D®q, AL, 1) — HI(K, D®q, AL)
induces an isomorphism of Ap-modules
HY(K, D®q, AL 1) ® 4,1 An— HI(K, DRg, AL,
(2) H] (K,D)=0if ¢#1,2,
(3) H%W(K, D)ior and H%W(K, D) are finite-dimensional Q,-vector spaces,
(4) H%W(K, D)/Hllw(K, D)tor is a finite free Aog-module of rank d[K : Qp].
Proof. This is Theorem 2.6 and Proposition 2.9 of [32]. O

Let A be a Q,-affinoid algebra, and let § : I'x — A* be a continuous homomorphism.
We define A(8) := Aes the free rank-1 A-module with the base es with an A-linear I'y
action by y(es) := é(y)es for y € I'x. Then the continuous Qp-algebra homomorphism
fs : Aso — A which is defined by f5([y]) :=8(y)~! for any y € I'x induces the
isomorphism

D&, (A ®arpA) > D®,AW) :x® (h ® a) = x & fs (M)aes

of (¢, I'g)-modules over Biig, % ® Q,A. This isomorphism induces the canonical projection
map

H (K, D) — HY(K,D & g, (A, ®4;4)) — HI(K, D& g,A(9)).

For each L=K, (n=21) or L=K, k€ Z and ¢g 2 0, as a special case of the above
projection map, we define the canonical map

prr p : By (K, D) — HY(L, D(k))

as follows. First, define the continuous homomorphism 8y : I'x — Q,[Ix/I1]* :y
[#17L. Then, for each k € Z, we obtain the projection map

H{ (K, D) — HY(K, D ®q, Q[ Ik /TL1(Lx"))
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associated to the character (SLXk. Using the isomorphism D®QFQ,,[FK/FL](8LX/‘)—N>
D(k) ®@p(@p[1%][ (X ®aes k> (x®@er) @a (where QP[I:IJ_FL][ is defined similarly

as AL,), we define

prL pey  Hiy (K, D) >HI(K, D ®q, Q[ Ik /T11061.x"))
~ —
— HY(K, D(k) ®q, Qp[Ik/TL])
— H(L, D)),
where the last isomorphism is the canonical one induced by Shapiro’s lemma (see

Theorem 2.2 of [23]).
For each k € Z, we define a canonical isomorphism

fox B, (K, D)= H{ (K, D(k))

of Qp-vector spaces as follows. We first define continuous Q)-algebra isomorphisms

fe: A= Ag (Ao = A, Ay, Ax) by fily]) := x(»)“*[y] for any v € Ik. Using fi, for
each n 2 1, we define a continuous BT g-linear isomorphism D®Q Al —>D(k)®@p

AL > (x ® ek)®fk(k) This map ¢ commutes with @ and [Ig-actions, and hence 1nduces
an isomorphism C (p Vi (D®@I,A‘ Y>> C (p Vi (D(k)®QpA‘) of complexes of QQ,-vector spaces,

and hence also induces an isomorphism fp : H w (K D)—> H w (K, D(k)) of Qp-vector
spaces for each q.

Using the ¥-complex C,'//,VK (D@@p/ﬁ), we can describe H?W(K, D) in a more explicit
way as follows.

Theorem 3.3. Let D be a (¢, I'k)-module over B]rlg K
(1) For each n =1, the map
(vk — 1) : (D&, 4,) V=" — (D®q, A}) < V=0
s an isomorphism. In particular, the natural map
Co, }/K(D®QpA )= C‘// VK(D®QPA )

18 a quasi-isomorphism.

(2) The complex
-1
¢y, 0y : 10 by

of Aso-modules concentrated in degree [1,2] calculates H w (K, D), i.e., we have
functorial isomorphisms of Aeo-modules

wp:DY=L S HL (K, D)
and
D/(y —1)D S HZ (K, D).

Proof. This is Theorem 2.6 of [32]. O
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Remark 3.4. Let D be a (¢, ['x)-module over Biig k- Then one has that the structure
of the Q,[Ix]-module on D uniquely extends to a structure of a continuous Ax-module
(see Proposition 2.13 of [10]).

1 .
We define pa, = ITlK\ deAK g € Q[Ak], logg(a) := [ﬁ%(gagm € Zy; for any non-torsion

ae Z;. For ¢ =1, the isomorphism
wp:DV=L S HL (K, D)
is defined as the composition of the following isomorphisms:
t - DY=" S lim((D®q, 4;) %/ (vk — D(D®q, A,) €)=
n
1 1,/ e S Y
— 1(1_131 H (¢}, (D® Q,A4n)

° S Y 1
C‘vaK(D ® QpAﬁ’Z)) = HIw(Ks D)s

n
S limHY(
P
n
where each isomorphism is defined as follows. The first isomorphism is defined by
x> (|[ITk torllogo (X (Y&))P Ak (x@l))@lg for any x € D¥=! (see the proof of Theorem 2.6 of
[32]). We remark that it is Aso-linear because we have pAK(yx@)l) =Ppag (x®1) - [¥] (mod
(yk — 1)) for any y € I'x. The second isomorphism is defined as the projective limit of
the isomorphisms

(D®q, A% /(v — (DB, A=t S HY(CY, , (D®q, AL) : X+ [x, Y],

where x € (D@QPX;)AK is a lift of ¥ and y € (D@QP/T;)AK is an element such that
(¢ — Dx = (yx — 1)y (see Proposition 2.4 of [32]). The third isomorphism is induced by
Theorem 3.3 (1).

For each k € Z, we have the following commutative diagram:

pv=t 2 Hl (K,D)

lxn—)x@ek J,fD‘k

LD(k)

D(kV=! — H!._(K,D(k))

3.2. p-adic differential equations associated to de Rham (¢, I')-modules

In this subsection, we recall the results of Berger concerning the construction of
p-adic differential equations associated to de Rham (¢, I')-modules. Let D be a de
Rham (¢, I'k)-module over BIig,K' Then we have an isomorphism K ((¢)) ®KD§R(D) S
Dgif (D) for each n 2 n(D). Hence K,[[t]] ®k DgR(D) is a I'x-stable K,[[f]]-lattice of

Dgi (D) for each n 2 n(D). Define Vp := lolg(%;{y))) € Aso, where y is a non-torsion
element of Iy, which is independent of the choice of y. For each i € Z, we define
Vi:=Vy —ie€ Ax. The operator Vq satisfies the Leibnitz rule Vo(fx) = Vo(f)x + fVo(x)

for any f € B! x € D. When K = F is unramified over QQ,, then we have Vo(f(T)) =

rig,K>
(T + 1)% for f(T) € Biig p- For the case of general K, let P(X) € B;rig x T] be the
J Ko
monic minimal polynomial of mx € BL x over B’ ,. Calculating 0 = Vo(P(tg)), we
g, rig,Kj



Iwasawa theory of de Rham (¢, I")-modules over the Robba ring 97

obtain Vg(mg) = —%Vo (P)(rk), where we define Vo(P)(X) := > 1~ Vo(a;))X™ for any
ax

PX) =) gamX" € B! K, [X]. We denote by $2p:

rg, rig,K/

Then one has ﬁBiig,K/K(/) = BLgyKdT by the étaleness of the inclusion B;g’Ké - B:ig’K.

K the continuous differentials.
0

Theorem 3.5. Let D be a de Rham (¢, I'x)-module over BIig,K
n = n(D), we define

N (D) = {x € D®[1/8|un(x) € Ky[[1]] @kDER (D) for any m = n}.

of rank d. For each

Then Nyig(D) := li_n)lnNglé(D) is a (¢, I'x)-module over BIig,K of rank d which satisfies
the following.
(1) Niig(D)[1/1] = D[1/1],
(2) D¢, (Niig(D)) = K,l[1]] @k DR (D) for any n = n(D),
(3) VO(Nrig(D)) < tNrig(D)'
In fact, properties (1) and (2) uniquely characterize Nyig(D).
Proof. See, for example, Theorem 5.10 of [3] or Theorem 3.2.3 of [6]. O

By condition (3) in the above theorem, we can define a differential operator
1
9= ;VO :Nrig(D) - Nrig(D)

which satisfies that d¢ = ppd and 9y = x(y)yd for any y € I'x. In particular, we
can equip Nyjg(D) with a structure of a p-adic differential equation over BIig x Wwith
Frobenius structure by

~

Nrig(D) - Nrig (D) ®B?4 2

i ’
rig,K Brig,K/KO

x> 0(x)dT,

where we define ¢(dT) := pdT and y (dT) := x (y)dT for any y € I'k.
Moreover, because we have an isomorphism

Niig(D(=1)) = Niig(D) ®g1 Niuig(B] (1)
rig,
= Nijg(D) ®p; B, ¢ (1) = Nrig(D)(~1).
rig,
we obtain a ¢-equivariant map:

8 : Nyig(D) — Nyjg(D(—1)) 1 x> Vo(x) ® e_1.

3.3. Construction of Expp j, for de Rham (¢, I')-modules

This subsection is the main part of this article. We generalize Perrin-Riou’s big
exponential map to all the de Rham (¢, I")-modules, and prove that this map
interpolates the exponential map and the dual exponential map of cyclotomic twists
of a given (¢, I')-module.

We first prove the following easy lemma. We remark that a stronger version (in the
crystalline case) appears in § 2.2 of [4].
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Lemma 3.6. Let D be a de Rham (¢, I'x)-module over B'.
Fil™ hDgR(D) = DgR(D). Then we have

rig, K and let h € Z>1 such that

Vi—1-Vp—2--- V1 - Vg(Nyjg (D)) C D.

Proof. By (3) of Theorem 3.5, and by the formula V;(fx) = #Vo(x) for each
i € Z, we obtain an inclusion Vj_1---Vo(Nyg(D)) € tthig(D). Hence, it suffices
to show that tthg(D) is contained in D. By (2) of Theorem 3.5, we have

dlfn(t Nyig(D)) = "KL ([ ® (D) for each n 2 n(D). Hence, by the assumption
on h, MK, [[1] ®KD r(D) is contalned in Fllo(K (1) ®KD r(D) = d1f,n(D) for any
n = n(D). Hence tthg (D) is also contained in D. O

Definition 3.7. Let D be a de Rham (¢, I'x)-module over Biig e

that FilthgR(D) = DgR(D). Then we define a Ayo-linear map

and let h € Z>1 such

Expp.j : Niig(D)V =1 — H] (K, D) : x > 1p(Vip_1 - - - Vo (),

where (p : DV=1 5 HIlW (K, D) is the isomorphism defined in Theorem 3.3.

Remark 3.8. This definition is strongly influenced by the work of Berger [4], where
he reconstructed Perrin-Riou’s big exponential map using (¢, I')-modules over the
Robba ring. Using the work in §3.5 below, comparing DcryS(D) ®q, (B]rlg Q )= with

Niig (D)Y=1, one sees that in the crystalline étale case our map is essentially the same as
that of Berger, reinterpreted in terms of Nrig(D)‘”zl. Therefore, we regard our map as a
generalization of his.

Next, we define a projection map for each L=Kor L=K, (n=1)
Ty : Nyig(D)'=! — Dig (D)

as follows. Because we have 1//(N](r'ing+1) (D)) C Ngg (D) for any sufficiently large m, we have

an equality Nrig(D)'/’:1 = Ng’g (D)Y=1 for any m>> 0. Let n > 1 be any integer. We take a
sufficiently large m = n, as above. Then we define Ty for L =K, or L=K by

Ty : Ny’ =N (0)/=1 2 K, [[1]] ®KD§R<D>

rig
Rl YK /L DL
DdR(D) Ll Dir(D).
Because we have a commutative diagram
1 m 0 K
NGED (D) 2 Kyllnl] ®k D) ——% D ()
lw lETerJrl/Km JrﬁTer+1/Km
0
N®(D) —> Kulll] ® D (D) ——= DEp(D)

the definition of 77 does not depend on the choice of m > n.



Iwasawa theory of de Rham (¢, I")-modules over the Robba ring 99

The following lemma directly follows from the definition.

Lemma 3.9. Let D be a de Rham (¢, I'x)-module over BIig,K’ and let h € Z>1 such that
FiI*hDgR(D) = DgR(D). Then we have the following.

(1) Expp,n1 = VaExpp -
(2) The following diagram is commutative:

Nug D)= — s Nygy(D)V=

lEXpD(l),thl lEXPD,n
fpay.—1
H{ (K,D(1)) —— H{ (K,D)

where fpa),-1 : HIIW(K, D(1)) S HIIW(K, D) is the canonical isomorphism defined
me§Ss.1.

The main theorem of this paper is the following, which says that Expp ; interpolates
expy p( for suitable k = —(h — 1) and expj pv(1_p for any k < —h for any L=K,, K.
According to the comparison of DfryS(D) ®q, (B;rig’ Qp)'ﬂ =0 with Nrig(D)W=1 provided in
§3.5, we see this theorem as a generalization of Berger’s theorem (Theorem 2.10 of [4])
in the crystalline étale case.

Theorem 3.10. For any h € Z>1 such that Fil_hDgR(D) = DgR(D), Expp , satisfies the
following formulae.

1) If k=1 and there exists xi € Nyig(DK)V=L such that 3% () =x, or if 0=k =
g
—(h—1) and x; ;= 3 *(x), then
(=DM + k — DI tor

Pr peky (Expp (%)) = D) expr pek) (TL(xk)),
(2) if —h 2k, then
* |FL,t0r| ~N—k
CXPL,Dv(1—k) (Prz, Dk (Expp (%)) = WTL@ (),

for any L =K, K,(n 2 1), where we put m(L) := min{v,(log(x (y)|y € I'.}.

Proof. We first prove (1). By Lemma 3.9, it suffices to show (1) for k = 0. Moreover,
since we have a commutative diagram

€XPKy.D

Dir (D) H' (K, D)

lTer/L lcoer/L

L.D

DL, (D) —%  H(L, D)

for each L = K, K (m 2 n) (where cor,, /1 is the corestriction map), and since we have an
equality

Ik, torl L tor]
pm(Kn) - pm(L) ’

[K,: L]
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it suffices to show (1) when L = K,, for sufficiently large n. Hence we may assume that
n 2 n(D) and Ik, tor = {1}. We set N, := [Ix/(Ik, X Ak)|. Then we can write uniquely
y,](v” = yng8, where y, € I't, is a topological generator of Iy, and g € Ax. Under this
situation, we prove (1) using the isomorphisms H w (K, D) > hm H! (Cy,. VK(D®QPA‘ )

and H(K,, D) > HY(Cy, , (D). We define

Vo o (—D)F! k-1
(vn—1) € Ao.
-1 log<x<yn ) ; >

Let x € (N(n) (D))?=! be any element. By the same argument as in the proof of Theorem
2.3 of [4], we have equalities

(Tx, (%)) Tk, (x) € DA (D)

Yo — 1 " log(x (v))

and

tn ( ()) 0, L 7 (0 + 1z € Kull]] ®x, DE: (D)
n(X = < X Z n
Yo — 1 Yn— 1 log(x (ya)) " K TdR
for some z € K, [[1]] ®k, Dg"R(D). Hence, if we define

X:=Vy_1-Vj_o---Vq-

Y e @Pnym?=,

Yn —

then we obtain

n(X) =Vt Vig-Vp - — ()

' —

1
! (log(x )
T, (x) (mod ¢"K,[[1]] @k, Dk (D).

= Vh_l . Vh_2 DY V
_ =0t
log (X (yn))

Tk, (x) + fZ)

Next, we claim that we have
tn(F) = 1,(%) (mod "K,,,[[1]] ®, D (D))
for any m = n. To prove this claim, it suffices to show that
31 (F) = (%) € "Kypi1 [[1]] ®K,,. Dgie™ (D)

for any m = n. Moreover, since we have (;+1((¢ — 1)2) = tn(2) — tmsr1(z) and
Daif, (" Nyjg(D)) = "Knl[1]] ®k,, DK’" R (D), it suffices to show that

hig (1)
(¢ — D¥ e "NGV (D).

Since x € Nrig(D)‘/’zl, we have p(x) —x € Nrig(D)‘/’ZO. By Theorem 2.4, there exists a
unique y, € Nyig (D)?¥=Y such that

o) —x=(Yn — Dyn.
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Then we have

~ Vo
(¢ = DF= Vit Vi 20 (90 = )
—
Vo
=Vp_1---Vy1- . 1((1/" — Dyn)
—
= V)1 V1 - Vo) € !N (D),

rig
where the last inclusion follows from Lemma 3.6.

By this claim, by Lemma 2.12 (1), by the definition of the canonical isomorphism
HY(K,, D) > H(CY, , (D)), and by the fact that "K,,[[1] ®x,Dip (D) € D (D), we
obtain

D" = 1)

Tog(x () expg,,p(Tk,(®)) = [(yn — DX, (1 — ¥)x]

=[Vi-1Va-2-- V1 - Vo), 0] € H'(C}, , (D).

Since the natural projection map pry, p: D=t — H(K,, D) > H(Cy, ,, (D)) is given by
prg, p(v) = [logo(x (¥4))y, 0], we obtain

prg, p(Expp 5 (%)) = [logo (x (¥n)) V-1 - - - Vo(x), 0]

= (1L 1 RO T )
log(x (¥a)) "

=D - .

- pm(Kn) eXpKn,D( Kn(x))a

which proves (1).
Next we prove (2). Because we have
Trk, 41 /K, (€XPk,; pv(1) () = XDk, pv(1)(COTK, 1 /K, (X))

for any x € H (K41, D), it suffices to show (2) for sufficiently large n as in the proof
of (1). Moreover, by Lemma 3.9, it suffices to show (2) for Expp; when D satisfies
Fil ' DX (D) = DX, (D). For x € Nyjo (D)=, we write

w) =Y "ty € Dy (Niig (D)) = K,l[]] @k, DR (D) (xm € DR (D)).

m=0

Because we have the following commutative diagram

Nyig(D) - Kyll7]] ®k, Dgg (D)

ﬁ—k l F(O@x—> (zﬂ) )@t
Niig(D(K)) — Kalll] ®, D (D(K)
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for each k < —1, we obtain

Tk, (0% (x)) = 1, (% (X)) 1=0
Q1 “ex

-(5) (S|

= (—k)! - x_ ® t Fer € DI (D(K)) = DA (D) @ 17e.

k

On the other hand, we have an equality

prk, pik (Expp,1(0) = prg, pay (Vo(x))
= [logo(x () Vo) ® ex. 0] € H (K., D)) = H(C}, ,, (D)),
and the natural map

HY(CY, ,, (D()) — HY(C, (Dgie(D(K)))) = H! (C}, (Koo (1)) @k, D (D(K))))

sends the element [logy(x (1)) Vo(x) ® ek, 0] to

[logo (X (¥a)) Vo(ta(x)) @ ex] = [IOgo(X (¥n)) Vo <Z t’"xm) Q ek

m=0
o
= [logo(x (¥n)) <Z mt’"xm> ® ex| -
m=1
Moreover, since we have
o
logo(x(v) | Y. mi"xw | ® ex| =0€H(CS, (Daie(D(K)))).
m=1,m#£—k

we obtain an equality

[logo()(()/n)) (Z mt’"xm> ® ek

m=1

= [logo (x () (—R)x—kt* @ €]

e H'(C}, Dais(D()))).

By these calculations, and by the definition of exp}n DV (1—k)s WE obtain

eXPk, pv(1—k (P, py EXPp 1 (1)) = expx. pv 1) ([logo (X (¥2)) Vo (x) ® e, O])

logo (X (va)) & K,
= (k) ————x_k @1 "ex € Dy (D(K))
log(x (va)) an
_ Tk
= i g e Ka@ (),
which proves (2), and hence finishes the proof of the theorem. O

3.4. Determinant of Expy ;: a generalization of Perrin-Riou’s theorem §(V)

In this subsection, we formulate and prove a theorem which we call §(D) concerning
the determinant of our big exponential maps, which says that the determinant of our
map Exppj can be described by the second Iwasawa cohomologies HIQW(K ,D) and
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H%W(K , Nyig(D)) and by the ‘I'-factor’, which is determined by the Hodge-Tate weights
of D.

To formulate theorem &(D), we need to recall the definition of the characteristic
ideal char, (M) € Ax for a co-admissible torsion As-module M. A co-admissible
Ago-module is defined as a Ag-module which is isomorphic to the global section of
a coherent sheaf on the rigid analytic space U,Spm(A,). See [33] or § 1 of [32] for more
precise definitions. Let M be a torsion co-admissible Ago-module. For each n = 1, we
put M, :=M ®a,, Ay, which is a finite generated torsion A,-module, and MS 1<ir_nn M,
by the theorem of Schneider and Teitelbaum. Since A, is a finite product of principal
ideal domains, M), is a finite length A,-module. Hence, we can define a unique principal
ideal (fy,) of A, such that length, ) ((My)x) = vi(fu,) for each maximal ideal x of Ap,
where v, is the normalized valuation of the local ring (A,), of A, at x. By the theorem of
Lazard, there exists a unique principal ideal (fa) of A such that fyy A, = (fu,) € A, for
each n 2 1. Then, the characteristic ideal char 4 (M) of M is defined by

char,, (M) := (fu) € Axo.

Let Frac(Ao) be the ring of the total fractions of As. Since we have

Ao —> ®7)€FK,tor Aoy and we have a non-canonical isomorphism Axco; — Brig,@,,

each n € fK,tor; we have Frac(As) = @nefkm Frac(Axo0ry), where Frac(Asoy) is the
fraction field of Axoar,. For any principal ideals (f1), (f2) € Ao such that fier; # 0 for any
i=1,2and ne IQK,tor, we denote by (fl)(fg)_1 C Frac(As) the principal fractional ideal
of Frac(Ax) generated by % € Frac(A).

Let M7 and M2 be co-admissible Ax-modules, and let f: M1 — M be a Axo-linear
morphism. We assume that Coker(f) is a torsion As-module and that the natural
induced map oe,l]7 Doy (M1 /M1 tor) = on(M2/M3 tor) is a non-zero injection for each

for

n e fK,t0r~ Because we have (M/Mior) ® . An S M, /M, 1or for any co-admissible
Aso-module M, and because the latter is a finite projective A,-module, we can
define detiln(fn) = deta, (f, : M1.2/Miptor — M3,0/M2 . tor) € Ay and deta,, (f) =
l(i_r_nn deta, (f,) € Aoo, which satisfies that a,det s, (f) # 0 for any n € Ik tor. We define a
principal fractional ideal det 4 (f) € Frac(Ao) by

det 4, (f) := (det o (f))char 4 (M2 tor)(char o (M1 tor)) ™ € Frac(Aso).

Lemma 3.11. det 4 (—) satisfies the following formulae.
(i) deta. (f) = chara_ (Coker(f))(char,_ (Ker(f))) L.
(ii) For any f1 : M1 — M2 and fo : Mo — M3 as above, we have an equality
det gy (f2 0 f1) = det g, (f1)det s, (f2).
(iil) If we have a commutative diagram
0 My M) My 0
b

0 Mo M) My 0
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with exact rows, then we have an equality
dEtAoo (f/) = detAoo (f)det/\oC (f//).
Proof. One can prove this by an easy linear algebra argument, so we omit the proof. [

Let M1, M2 be As-modules, and let d; : M; — M; be a A-linear endomorphism.

Denote by C[}'_(M,-) = [M; ﬁ) M;] the complex of As-modules concentrated in degree
[1,2]. We assume that Hj(C“ii(M,-)) are co-admissible As.-modules for any i,j € {1, 2}.
Let f: My — M2 be a Ay- linear morphism which satisfies that f o dy =d2 o f. We
assume that the induced maps H!(f) : H"(Cg'l1 (My)) — H"(Cg'l2 (M2)) for i =1, 2 satisfy the
conditions in the last paragraph. Then we define a principal fractional ideal

det 4, (H*(f) := det a, (H' (M)det 4, (H* ().

Lemma 3.12. dets (H*(f)) satisfies the following.

(iv) For (M;,d)(i=1,2,3), f1: M1 — M2 and fa : Mo — M3 as above, we have
det 4, (H*(f2 0 f1)) = deta,, (H*(f1))det 4, (H* (f2)).

(v) If Ker(f) and Coker(f) are both torsion co-admissible Axo-modules, then we have an
equality

det 4., (H*(f)) = Awo.
Proof. This is also proved by an easy linear algebra argument, so we omit the proof. [

We apply these definitions to the following situation. Let D be a de Rham
(¢, I'k)-module over B;g Take h = 1 such that Fll_hDgR(D) DgR(D) We want
to apply the above definitions to the maps ¢ —1:D — D, ¥ —1: Nyjg(D) — Nyjg(D) and
the map Vj_1--- Vg : Nyjg(D) — D defined in Lemma 3.6. By Theorem 3.2, in order to
apply the above definition to this setting, we need to show the following lemma.

Lemma 3.13. The map

S A - = 1

Vie1 V0 : Niig (D)= /Nosg D)}y — DY=1/DY T
which is induced by Vi1 -+ Vo : Nyjg (D)V=1 = p¥=1 i injective.

Proof. We first note that the map Vj_1---Vp: Nrig(D)‘/’:1 — D¥=1 is the
composition of V,_1---Vp: Nrig(D)‘p:1 — (tthig(D))‘/’:1 with the natural injection
(t"Nyig(D)V=1 < DY=L. Since we have
1 1 =
(" Niig(D)for ' =Dy N ("Nyig (D)),

tor

the map (thN“g(D))‘” 1/(tthlg(D))tor — D'/’:l/D;ﬂ;1 is injective. To show that the
map

Niig (D)= /Ny (D)t Y0 (N (D))= ) (P Ny (D)
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is injective, it suffices to show that the map

1 ViiiVo

Nuig (D) =1 /Ny (D)) Nyig (D)= /Ny (D) /5!

is injective. Since Nrig(D)'l’zl /ng(D)g/;1 is a finite free A-module by Theorem 3.2
and Vj_1--- Vg € Ay is a non-zero divisor, the map

= =1 Vi-1-
Nyig (D)= /Nyig (D)5 20 N (D)= Ny (D)L

is injective, which proves the lemma. O

By this lemma and by Theorem 3.2, we can define a fractional ideal

deta, (H* (Nyig (D) —Y% D)) € Frac(Aeo).

By the definition of dets, (—), and since H12w (K,—) are co-admissible torsion
Aso-modules by Theorem 3.2, we have an equality:

Vh—1--Vo

det a,, (H* (Nyig (D) D)) = det o, (Nyig (D) =" —=5 Hi, (K. D))-

char 4, (H,, (K, Niig (D)) (char a, (H{,, (K, D).

Concerning this determinant, we have the following theorem. As we will explain in
the next subsection, this theorem can be seen as a generalization of theorem §(V) of
Perrin-Riou (Conjecture 3.4.7 of [29]) and of theorem 8(D) of Pottharst (Theorem 3.4
of [32]).

Theorem 3.14. (§(D)) Let D be a de Rham (¢, I'x)-module over BIig,K of rank d with
Hodge—Tate weights {h1, ha, ..., ha} (note that the Hodge—Tate weight of Q,(1) is 1). For
any h 2 1 such that Fil_hDgR(D) = DgR(D), we have the following equality of principal
fractional ideals of Axo:

1

-1

—chaero(HIW(K D))(chaeroH (K, erg(D)))f

det 4, (Nyig(D)V =1 —2% H} (K, D))

)[Ki@ p]

In particular, the ideal of the left-hand side does mot depend on h, where we define
h—h;i—1
=0 Vhij; =1 when h=h;.

Proof. By the definition of dets (H®°(—)) and because we have an isomorphism

H{([D I/]—_1> D)) = Hiw (K, D) by Theorem 3.3, it suffices to show that

d h—hi—1 (K:Qpl

Vy—1-V,
det g, (H*(Nyig(D) ——=>D) = [ [] [] Vi
i=1 ji=0
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Moreover, since we have an equality

0

Vih—1--V
deta (H* (Nyig (D) ———
h—1
' Vi i .
= [ [ deta. (H* (¢ Nyig (D) = £+ Nyjg (D)) - det 4, (H* (" Nyig (D) > D))
i=0

D))

by Lemma 3.12 (where ¢ : tthig(D) <> D is the canonical inclusion), it suffices to show
the following equalities.

(1) det s, (H*(#'Nyig(D) ALY 1IN,ig(D))) = Ao foreach 0 S i < h — 1,

(2) deta, (H*("Nyg(D) = D)) = ([14, ]/?i;gi—l Vi) K1,

Claim (1) follows from property (v) of Lemma 3.12 because Ker(V; : tiNrig(D) —
ti+1Nrig(D)) and Coker(V; : tiNrig(D) — tH‘lNrig(D)) are finite-dimensional Kp-vector
spaces by a result of Crew (§ 6 of [12]) (precisely, his result was under the assumption
of the Crew conjecture, which is now a theorem proved by André [1], Mebkhout [24] and
Kedlaya [22]).

We prove claim (2) as follows. We first consider the following diagram of short exact
sequences:

0 —— "Nyig(D) D D/t"Nyig(D) — 0
N (SIS
0 —— "Nyig(D) D D/t"Nyjg(D) —— 0

Using the snake lemma, we obtain the following long exact sequence:

0 — Hi, (K. "Nyjg(D)) — Hi, (K, D) — (D/{"Nyig (D)=

— H{ (K, " Nyjg (D)) — Hf, (K, D) — (D/!"Nyjg(D))/ (¥ — 1) — 0.
Since (D/tthig (D))¥=! is a torsion co-admissible As-module and
(D/f"Nyig(D) /(¥ —1) =0
by Proposition 2.1 of [32], we obtain an equality:
det A, (H*("Nyig(D) = D)) = char,, (D/"Nyig(D))V=1).

Hence, it suffices to show that

d h—hi—1 (K:Qp]

char 4, (D/"NuigOHY= = [T T] Vi

i=1 ji=0
Since we have Djirif, ,,(l‘thig(D)) ="K, [[1]] ®k, DR (D) for any sufficiently large n > 0,

we have a Ago-linear isomorphism for each n > 0:

D /NG (D) S T Ddip D)/ (" Knll1]] @k, DJ (D)) :F > (0n ()2

mzn
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()
rig
by the same proof as Lemma 2.9. If we write DgR(D) = @flzl KB; such that B; €
Fil™MDXL (D) \ Fil "' DX, (D), then we can write

where the injection follows from the definition of N .’ (D) and the surjection follows

D (D) = Fil’ (K, (1)) ®k, D (D)

d
= P Kull1(" By).
i=1

Since I'x acts trivially on each B;, we obtain a As-linear isomorphism:

d
gn: DO /NG (D) S @D [ A Knlle1)/ " Kinl 1)

i=1 mzn

Since we have the following commutative diagrams:
DO/INGD) > Tz Bies " Knll])/ K111
lxwx l(x'")mzn'_)(x’")77@n+l

DD /NG D) —— TLzpes @i M Knll11)/ Kol 1]

and
DI NGV D) —— Tz @iy K1)/ Kl 1]
Jw l(xm)m;m > (%TYK,,,H/km (xm+1)) o

DOJINGD) > Tz By K11/ K111

we obtain the following Asc-isomorphism:

(D/"Nig (D)) =" = lim (D™ /"N (D)) V=

n>3>0
d
= P lim lim K]/ K]
i=1 >0 %Ter+1/Km,m§n
d
@  lm K/ KA,
i=1 %TerJrl/Km’mzl
Since we similarly have the Ayo-isomorphism
("Bl /Bl OV > lim KA/ K]

%Ter+1/Km’m21
for each 1’ < h, it suffices to show that

chary,, ((th/BLg’K/thBT.

rlg,K)VI:l) =(VpyVp_1--- vh—l)[K:Qp].
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Since we have (l‘h/BLg’K/lhBLg’K)/(l/f — 1) =0 for any & > I’ by Proposition 2.1 of [32],
we obtain the following short exact sequence:

0— ("B, (/"B )V > ("B, /I"B];

W+1pt
rig, K rig, K B,

=1
rig, K)w — 0

=1 Wnt
ek /! W=l (¢ Bli, /1
for each h > /', and hence we obtain
h—h—1

chaero((th/ rlg K/thBrlg K)w:1) = H chara,, (lh —HBLg K/th +l+1BT

=l
rig, K .
i=0

Hence, to prove claim (2), it suffices to show the following lemma.

Lemma 3.15. For each h € Z, we have

. K ,
char 1., ("Bl /7B, V=1 = (v,

)-

Proof. From the short exact sequence

0— th+1BT. k=t hgt

hpt +1pt
rng%tBrig,K/th B,

rig, K~ -0

and from the fact that (z‘hBrlg K/z‘h'*‘lBrig x)/ (¥ — 1) =0, we obtain the following exact
sequence:

0 —Hi, (K, thHBLg ) — HL (K, thBLg O = (thLg’K/thHBLg Pl
—H? (K. +1Biig’ © — B2 (K, thBLg’ ) — 0.

Hence, we obtain an equality:

char 4, ("B, /"B,

fex)V™h =deta (H* ("B,

hpt
rig,K -1 Brig,K))'

If we apply (iv) of Lemma 3.12 to the composition of the maps

MBI Vi h1 hpt
Brlg k1 Bl"lg K1 Brig,K’
we obtain an equality:
det 4., (H* ("M BL < /B )
= det, (H*("Bf, « = AL —5 "B, x))(deta, (H (z”B;g 5Bl o

Since we have det 4 (H’(z‘hBrlg K ALY th+1B;(1g ¥)) = Ao by claim (1), we obtain

det o, (H* (" 'B;,  — "Bl 1)) = det s (H* ("B, ¢ T, — "Bl ).

Finally, because thB;g /(0 — 1)(thBiig’K) is a co-admissible torsion As-module and the
co-free rank of (thBrlg ©V=1is [K:Q,] by Theorem 3.2, we obtain

. Vl [K:
det o, (H* ("B, , ~% Bl 1)) = (v, ),

Combining all these equalities, we obtain the equality

K:
chaero((thBLg K/thHBLg)K)V/ h= (V Ul )s

which proves the lemma, and hence proves the theorem. (|
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3.5. Crystalline case

In this final subsection, we compare our results obtained in the last two subsections with
the previous results of Perrin-Riou when K is unramified over QQ, and D is potentially
crystalline such that D|g, is crystalline for some n = 0. After some preliminaries on the
theory of p-adic Fourier transform, we recall the Berger formula of the Perrin—Riou big
exponential map 2p  [4], which is a map from a A-submodule of Ay ®q, D Crys (D) to
H%w (K, D) /HIlW(K , D)tor.- We next recall the statements of Perrin-Riou’s theorem §(V).
Finally, we compare our exponential map Exppj, with Perrin-Riou’s big exponential
map. In particular, we show that our theorem §(D) is equivalent to Perrin-Riou’s
theorem §(V) in the unramified and crystalline case.

If K is unramified, the cyclotomic character gives an isomorphism y : I'gx = Z;. If we

set T :=[e] — 1, then B;rig’K = Ur>0BIi;,K can be written as

B;rlg K {f(T) = ZanT"I a, € K and f(T) is convergent on p~ /" < 7|, < 1}

nez

and the actions of ¢ and y € Ik are given by the formula

Y (Z anT”> =g +T7 - 1",y (Z anT"> =3 a1+ 1)1 — 1y,

nez nez nez nez

We define a (¢, I'x)-stable subring B g of B'. by

rig, rig,K

400

Bxg K= {f(T) = ZanT"| ay € Kand f(T) is convergent on 0 < |T|, < 1} .
n=0

We have natural ¢- and I'x ST Q,-equivariant isomorphisms

B

rig,Qp B

®g, K —> B’ ®g,K = B;g « f(D) ®ar> af ().

rig,K° rig,Q,

One has a Ago-linear isomorphism defined by

Aso —>(B;g

o W= a s A (L4 T).
We remark that the definition of this isomorphism depends on the choice of T, i.e., the
choice of {gpn},m In this subsection, we consider potentially crystalline (¢, I")-modules
D over B o Such that DIk, are crystalline for some n 2 0.

We ﬁrst need to study the relationship between Nyjg (D)'=1 and As ®Q, Dfr"yS(D).
Lemma 3.16. Let D be a potentially crystalline (¢, I'x)-module over BLgK such that
Dk, 1is crystallme for some n 2 0. Then there exists an isomorphism of (¢, I'k)-modules

over Brlg K’

Nrig (D) = B, x®@xD (D),

where, on the right-hand side, ¢ and I'kx act diagonally.
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Proof. Since the natural map
Bl «[1/1®kD& (D) — DI1/1]: f(T) ® x> f(T)x
is an isomorphism, the natural map

B, x ®k DX (D) — D[1/1]:f(T) ® x > f(T)x

is injective. Then, it is easy to see that BIig,K ®KD§{’ys(D) C D[1/1] satisfies conditions
(1) and (2) of Theorem 3.5. Hence B;g’ K ®KD(’§£'yS(D) S N,ig(D) by the uniqueness of
Nyig (D). O

By this lemma, B;’ig’K ®KD§;’yS(D) can be seen as a (¢, ['x)-stable submodule of
Niig(D). Since we have an isomorphism

Ao ®q, Difys(D) = (B, )V =" ®g, D (D) > (B, x @k DE (D) ="

and the map (¢ — 1) sends (B;’Eg’K ®KD§1yS(D))1//=1 to (B:ig,K (X)[(Dfr"ys(D))l/f:O7 to study

the relationship between A ®QPDK" (D) and Nrig(D)””zl7 we need to study the

crys
inclusion (BY 1'% ®xDKn S(D))‘”:1 — Nrig(D)‘/’:1 and the map

rig, cry

¢ —1: (B, x ®kDin (D)V=" — B,  @xDE (D)V=0.

Il

Before studying these maps, we recall some facts concerning p-adic Fourier transforms
(see § 2.6 of [10]). Let f:Z, — Q, be a map, and let h € Z>y;. We say that
f is locally h-analytic if, for each x € Z,, there exists {a,(x)},>0 € Q, such that
F+pty) =302 ) an(x)y" for any y € Z,,. We define -

LAy (Zp, Qp) :={f : Z, — Qp|f is locally h-analytic}
and

LA(Zpa Qp) = h_H)lLAh(Zpa Qp)
h

LA, (Zy, Qp) is a Qp-Banach space whose norm | — |, is defined by
[fln = SqueZp,ngomn(x) |p~

We define the actions of ¢, ¥ and y € I'x = F@p on LA(Z,, Q) by

0 (ifxe Zlf)
oW =14 /x\
f () (if x € pZyp),
p
1 X
VOW =FE0, YOG = ——f ( ) .
X)) \x»)
We define a map Col : Biig,(@p — LA(Z,, Qp), which we call the Colmez transform, by

Col(f)(x) := Res <(1 + T)xf(T)$> for each x € Z,
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where Res : B

rig,Q, Qp is the residue map defined by

Res (Z a,,T") =a_q.

nez

The map Col commutes with the actions of ¥, ¢, and IT,, and we have Ker(Col) =

B;gg Q- Hence we obtain the following short exact sequence:

Col

0—BY o — Bl o —> LA(Z,, Q,) — 0.

rig,Qp ringp

For each k € Z>(, we define a locally analytic function XK Zp — Qp:yr— yX. This
function satisfies that

by =ph and  y (k) = g (y) kDK,

Lemma 3.17. Let Dy be a ¢-module over Qp, i.e., Dy is a finite-dimensional Q,-vector
space with a Qp-linear automorphism ¢ : Do = Do. Then, for sufficiently large kg > 0, we
have the following equalities.

(1) @2 ® Do)*=" = B2 (t* @ D)*~! = (B}, o, ®0,00)7~",
(2)

ko 00
P ® Do)/ (1 — )¢ ® Do) = @D ® Do)/ (1 — ) (t* & Do)
k=0 k=0

= (B, g, ®3,00)/(1 = 9) B, 5, ®q, Do),

(3) (Big.q, ®0,P0)/(1 = ¥)(B, o ®q,Do) =0,
(4) D20 (* ® D)= = B2 (F ® Do)V =" = (LA(Z,), Q) ®g,D0)" =",
(5)

ko o)
P ® Do)/ — ¥+ ® Do) = PE* ® Do)/ (1 — ¥)(* @ Do)

k=0 k=0
5 (LA(Zy, Q) ®g,D0)/(1 — ¥)(LA(Zy, Q) @q,Do),
where we define * @ Dy := thk ®q,Do and ¥ QDg:= prk ®q,Do for each k > 0.

Proof. When Dy is one dimensional, then all these properties are proved in § 2 of [10].
In the general case, this lemma can be proved in the same way, so we omit the proof. [

We go back to our situation. Let D be a potentially crystalline (¢, I'x)-module over

B%

rig K such that D, is crystalline for some n = 0. We define a Ax-linear morphism

o0
A: B, x @kDE D)= - P @ DY (D)/(1 — ) (* @ DE (D))
k=0
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by

Z(Zﬁm ®z,~> =|r® (Z A (£)(0) -z,~> :
k=0

i=1 i=1

where we recall that o(f)(T) = (1 + T)%.
The following lemma was proved in § 2.2 of [29], but here we reprove it using the
above lemma.

Lemma 3.18. There exists the following exact sequence of Aoo-modules:

0— @(r" ® Dy (D)= — B, « @D (D)=
k=0
AN o
7L (B, 4 @xDE0)" 0 A @D ® DEL.(D))/(1 — ¢)(* ® D (D)) — 0.
k=0
Proof. Since we have an inclusion
(1 — o) (B, x ®kDEL(D)V=! € (B, x @xDE (D)=,

we have the following exact sequence:
0— @(r ® Difys (D)= — (B, « ®kDEy (D)=

k=0
% (B, x @k DE1 (D)0 > B, ¢ ®kDEL(D)/(1 — 9)(Bf,, x ®k DE1 (D)),

where the exactness at the second arrow follows from the equality

1-

@(r ® D (D)?=" = (B, « ®kDEL (D)=

which is proved in (1) of Lemma 3.17. We show that the natural map
(B, x ®kD& (D)= — B, @D (D)/(1 — 9) (B, x @D (D)) 122

crys rlg K crys crys
is a surjection. To prove this claim, let z be an element of Brlg K®KD§rnys(D). Then it
suffices to show that there exists y € Bng K®KDcrys(D) such that ¥ (z — (1 — ¢)y) = 0.
Because we have ¥ (z — (1 — ¢)y) = ¥ (z) — (¥ — 1)y, such y exists by (3) of Lemma 3.17.

By this claim, and because we have a natural isomorphism
69 # @ DX (D)/(1 — 9)(* ® DK (D))

$(Bmg x ®kDE (D) /(1 — 9) (B, x ®©k Dy (D))

by Lemma 3.17, we obtain the surjection

(B, x ®xD& (D)= — (P (* ® D (D) /(1 — ) (* @ D (D)),
k=0
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which is explicitly defined by

m 1 m
S D@ | ke (Z 0k(f)(0) -xl->

i=1 i=1

k=20

Since this map and A only differ by a factor of k! at each k th component, their kernels
and images are equal. Hence we finish proving the exactness of the sequence in this
lemma. |

The following definition is Berger’s formula for Perrin-Riou’s big exponential map.
More precisely, Berger defined Perrin-Riou’s map for crystalline p-adic representations,
and the following definition is just the direct generalization of his formula for potentially
crystalline (¢, I')-modules.

Definition 3.19. Let D be a potentially crystalline (¢, I'x)-module over Brlg
that D|k, is crystalline for some n =20, and let 7 =1 be an integer such that
Fil_kDgR(D) = DgR(D). Then, we define a Axo-linear map

K such

201+ (Ao ®g, D (D)= — Hy, (K, D)/Hj,, (K, D)tor
as the composition of the isomorphism
(9 — D' (Ao ®0, DKL (D)= 5 (B}, x @k DKL (D)= /(B x @k DL (D)=
with the natural inclusion
(B, x ®kDE (D)= /(B ¢ @D (D)?=" > Nyig (D) =" /Ny (D)?="
and with the injection proved in Lemma 3.13

Expp s : Niig(D)V =1 /Nyig (D)= — H}, (K, D)/H},, (K, D)tor-

Remark 3.20. Let V be a crystalline representation of Gg, and let D(V) be the

(¢, I'k)-module over B;g x associated to V. If we admit the natural isomorphisms
Aso ®AH (K, V)—>H (K,D) (see § 2 of [32]) and DX (V)—)DcryS(D(V)), Berger

crys
proved that the map

Qv.h: (Ao ®0, DK (V)= 5 (A ®g, DE. (D(V)) ="

D h

— H{,, (K, D(V))/H{, (K, D(V))tor = Ao ® 4 (Hiy, (K, V) /H{ (K. V)ior)
coincides with Perrin-Riou’s original map defined in [29] (see Theorem 2.13 of [4]).

To state Perrin-Riou’s theorem §(V), we slightly generalize the definition of det 4, (—)
to the following situation. Let M1 and M2 be co-admissible Ax-modules. We assume
that there exist co-admissible Ax-submodules M| € M1 and M5y C M3 such that M1 /M
and M, are torsion As-modules and that there exists a Axo-linear map f : M| — Mo /M,
for which we can define dets (f). Under this situation, we define a fractional ideal
det s, (f : M1 — M2) C Frac(As) by

deta,, (f : M1 — M2) :=dety (f: M’l — MQ/Mé)charAw(M1/M/1)71chaero(M/2).
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We apply this definition to the map

2.1t (Ao ®g,DEL(0)2=0 — Hi,, (K, D)/H{ (K, D)tor.

crys
i.e., we define the principal fractional ideal

det 4, (2D, : Aos ®q, D& (D) — Hf,, (K, D))

crys

by the product
det A, (20,1 : (Aoo @, D (0))*=" — H{, (K. D)/Hj,, (K. D)tor)-
char g, (Aoe ®g, DEL(D)/(Aoe @, DEL(D)A=0) . char s (HL, (K, Dtor).

Using this definition, Perrin-Riou’s theorem §(V) can be stated as follows. More
precisely, the following is the direct generalization of Perrin-Riou’s theorem &§(V) to
non-étale crystalline D. In Proposition 3.23 below, we will prove the theorem by proving
that the theorem is equivalent to Theorem 3.14.

Theorem 3.21. Let D be a potentially crystalline (¢, I'x)-module over BIig,K such that
DIk, is crystalline. Let {h1, ..., hq} be the set of Hodge—Tate weights of D, and let h =1
be an integer such that Fil_hDgR(D) = DgR(D). Then, we have an equality of fractional
ideals of Frac(Aoo)

det(2p,1 : Ao ®q, DE(D) — Hi, (K, D))

[K:Qp]

= II VuVar1-- Vi - char 4, (Hf,, (K, D)).
1<isd

crys

Remark 3.22. On the other hand, for any slope potentially crystalline D, Pottharst
defined the ‘inverse’ map

Logp : HIW(K D) — Frac(Axo) ®@pDcrys(D)

of 2p j using the theory of Wach modules. Using Logp, he also proved his theorem
3(D) (Theorem 3.4 of [32]) by reducing it to Perrin-Riou’s theorem §(V) using a slope
filtration argument. It is easy to check that the theorem above is equivalent to his
theorem §(D).

The next proposition is the main result of this subsection, which says that, when D is
as above, our Theorem 3.14 is equivalent to the above Theorem 3.21.

Proposition 3.23. We have an equality
det A, (Nyig(D)V =1 —=5% H}, (K. D)) - CharAw(HIW(K Niig(D)))

= det a,, (Aoo ®g, DA (D) 2oh gl (K, D)),

In particular, Theorem 3.14 s equivalent to Theorem 3.21.
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Proof. Since we have Nyjg(D) = 1qu(X)KDcryS(D) by Lemma 3.16, the principal
fractional ideal

pD h

det . (Nrig(D)V=! —=% Hj,, (K, D)) - char 4, (H{, (K, Nyig (D))
is equal to the product

. vt Expo,h\<B+ « @ DXL onY=1 )
detAoc((Brlgl(@KDcrys(D)) - Hi, (K, D))-

char s, (Bl x @k D (D)= /B, @D (D)Y=1)7! - chara,, (7, (K, Niig(D))).

Since we have

(Brlg K ®KDcrys(D))/(w 1)(Br1g x Ok Dcrys(D)) =0
by (3) of Lemma 3.17, using the snake lemma, we obtain the following isomorphisms:

(B, ®Di (D)= /B, « ®kDE (D)= 5 (LA(Z,,,@,» ®q, D& (D)V=!

- EB(xk ® Dy (D)),

where the last isomorphism is (4) of Lemma 3.17 for sufficiently large kg > 0. We
similarly obtain an isomorphism
ko
H, (K, Nyig (D)) > P @ D (D) /(1 — ) (* @ Dy (D).
k=0

Hence, we obtain

chaero((B ®KD (D))w 1/(B

rig crys

Sk ®KD§;1ys (D)Y=1)~L . char s, (HZ, (K, Nyig(D)))

Y—1
=dety (@x ® iy (D) — @xk ® ngys(p)> = Ao,

k=0

where the last equality follows from (v) of Lemma 3.12. Hence, we obtain an equality:

det 4, (Nyig (D) =1 —2% H}, (K, D)) - char 4 (HZ, (K, Nyig (D))

Expp pl B+

Fiek @K D )V=1

= det Am((Bmg « ®K crys(D))‘” 1 Hi (K, D)).

Next, we calculate the right-hand side of the proposition.
First, by the definition of §£2p , and by the property of det 4 (—), the fractional ideal
det 4, (Aoo ®Q, Dty (D) LY Hi, (K, D))
is equal to the product

Ex
Pp, h\(B;rl <K pkn oyv=1

det 4., (B, x ®kDE (D)= Hi,, (K, D)) -

_1 1- _
det ., (B, x @xDE (D) =1 —5 Ao @g,DEx (D)) .
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By Lemma 3.18, we have

_1 1-
det A, (B, « ®xDEn (D) =! % Ax ®q, D& (D))

=dety,, <@ * ® D (D) 1 EB; ® Dcrys(D)> = Aoo.

k=0

Hence, we also obtain an equality:

2
det s, (A ®q, D2 (D) =25 HL, (K, D))

crys
. vt Expp h|(B;rl ¢ Ok DEL oy =1 .
= detAoo((Brlg K ®KDcrys(D)) - HIW(K9 D)),
which proves the proposition. O

List of notation

Here is a list of the main notation of the article, in the order of the section in which it

appears.

§1.1:

§1.2:

Notation:

§2.1:

§2.2:

§2.3:

§2.4:
§2.5:

§3.1:

§3.2:

§3.3:
§3.4:
§3.5:

exXpg, v, €XPk, W)

A H (K, V), Qv

p, K, Ko, K (Cp» Vp, | — |p» Gk, {Cp }n>07 K,, Koo» x, Ik, e1, e, |Gl.

E*, vg., E e, p, A*, A, 0, Bls, 1, Bar, B A[” Bl B, BL;, leg,

BT T,r T r
In, L Brlg — BdR; Bmaxa Bev T Brlg F Brlg,F’ €K, KO) V(K), K, Brlg K>

Brig,,{, ¥, n(K), 1y BY <> Kul[A]], 1Tr,., k,, DI, DY, D1 ® D2, n(D), D™,
D;;¢(D), Dgit o (D), D¢(D), Dyt (D), Kool[t1], Koo (1)), tn : D™ < Dygig (D).
Ak, vk, MK, C3, (M), C; (M), HY(K, D), HI(K, D[1/1]), HY(K, D};(D)),
HY(K, Daig (D)), U, (), ev, fir, fixs K, ecg,, €Y, (D), D (D), DgR(D),
Fil'Dgr (D).

81.0, S2.p, C5, (D™), Cy, (DW[L/1]), Co, (D (D), Co., DaitA(D)),
€XPk p-

Udit, &0 10g(x), (, }aif, €XPk pv(1y> [=» —ldR-

W, We, Wig, War, W(V), We(D), War (D), Wig(D), W(D), D™ (W), D(W),
D(W), C1(Gk, M), 8;, C*(Gg, M), C*(Gk, W), H'(K, W), 81.w, 82.w, DER (W),
eXPk w-

Tk tors Tk frees Ans Ao, Bng(@ , An, A4, DB, A4, HY (K. D), Tk tor, 0, o,

Mior, A(S), f5, PrL D(k)s OLs Qp[FK/FL] s JD.kes Jies €3, (D), tp, Pag, 1ogo(—).

~ ) ~
V07 QBIig.K/K/ Nr’fg(D) erg(D)7 83 8

Vi, EXpD’h, Tr, m(L).
chars, (M), det s, (f), det o, (H*(f)).

B igr LAK(Zy, Qp), LA(Zy, @p), | — ln, Col, Res, &, A, 2p .



Iwasawa theory of de Rham (¢, I")-modules over the Robba ring 117

Acknowledgements. The author would like to thank Kenichi Bannai for constant
encouragement. He also would like to thank Gaétan Chenevier and Jonathan Pottharst
for discussing related topics on (¢, I')-modules over the Robba ring.

References

1. Y. ANDRE, Filtrations de Hasse-Arf et monodromie p-adique, Invent. Math. 148 (2002),
285-317.

2. D. BENoIS, On Iwasawa theory of crystalline representations, Duke Math. J. 104 (2000),
211-267.

3. L. BERGER, Représentations p-adiques et équations différentielles, Invent. Math. 148
(2002), 219-284.

4. L. BERGER, Bloch and Kato’s exponential map: three explicit formulas. Doc. Math,
(2003), 99-129 (electronic). Kazuya Kato’s fiftieth birthday.

5. L. BERGER, Construction de (¢, I")-modules: représentations p-adiques et B-paires,
Algebra Number Theory 2(1) (2008), 91-120.

6. L. BERGER, Equations différentielles p-adiques et (¢, N)-modules filtres, Astérisque
(319) (2008), 13-38, Représentations p-adiques de groupes p-adiques. I. Représentations
galoisiennes et (¢, N)-modules.

7. S. BrocH anD K. Karo, L-functions and Tamagawa numbers of motives, in The
Grothendieck Festschrift, Vol. I, Progress in Mathematics, Volume 86, pp. 333-400
(Birkh&user Boston, Boston, MA, 1990).

8. F. CHERBONNIER AND P. COLMEZ, Représentations p-adiques surconvergentes, Invent.
Math. 133 (1998), 581-611.

9. F. CHERBONNIER AND P. COLMEZ, Théorie d’Iwasawa des représentations p-adiques
dun corps local, J. Amer. Math. Soc. 12 (1999), 241-268.

10. G. CHENEVIER, Sur la densité des representations cristallines de Gal(@p/Qp), Math.
Ann. (2012).

11. P. CoLMEZ, Théorie d’Iwasawa des représentations de de Rham d’un corps local, Ann.
of Math. 148 (1998), 485-571.

12. R. CREW, Finiteness theorems for the cohomology of an overconvergent isocrystal on a
curve, Ann. Sci. Ec. Norm. Supér. (4) 31(6) (1998), 717-763.

13. J.-M. FONTAINE, Représentations p-adiques des corps locaux I, in The Grothendieck
Festschrift, Vol. 2, Progress in Mathematics, Volume 87, pp. 249-309 (Birkh&user,
Boston, 1990).

14. J.-M. FONTAINE, Le corps des périodes p-adiques, Astérisque 223 (1994), 59-111.

15.  J.-M. FONTAINE, Presque Cp-représentations, Kazuya Kato’s fifties birthday, Doc.
Math., (2003), Extra Vol., 285-385 (electronic).

16. L. HERR, Sur la cohomologie galoisienne des corps p-adiques, Bull. Soc. Math. France
126(4) (1998), 563-600.

17. L. HERR, Une approche nouvelle de la dualité locale de Tate, Math. Ann. 320(2) (2001),
307-337.

18. K. KATO, Lectures on the approach to Iwasawa theory for Hasse-Weil L-functions via
BgR, in Arithmetic algebraic geometry, Lecture Notes in Mathematics, Volume 1553,
pp. 50-63 (Springer, Berlin, 1993).

19. K. KaAro, Lectures on the approach to Iwasawa theory for Hasse-Weil L-functions via
Bgr. II, preprint (1993).

20. K. Karo, p-adic Hodge theory and values of zeta functions of modular

forms, Astérisque ix(295) (2004), 117-290, Cohomologies p-adiques et applications
arithmétiques. III.



118

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.
33.

K. Nakamura

K. Karo, M. KURIHARA AND T. TsuJi, Local Iwasawa theory of Perrin-Riou and
syntomic complexes, preprint (1996).

K. KEDLAYA, A p-adic local monodromy theorem, Ann. of Math. (2) 160 (2004),
93-184.

R. Liu, Cohomology and duality for (¢, I')-modules over the Robba ring, Int. Math.
Res. Not. IMRN (3) (2008).

Z. MEBKHOUT, Analogue p-adique du théoreme de Turrittin et le théoreme de la mon-
odromie p-adique, Invent. Math. 148 (2002), 319-351.

K. NAKAMURA, Classification of two dimensional split trianguline representations of
p-adic fields, Compositio Math. 145 (2009), 865-914.

K. NAKAMURA, Deformations of trianguline B-pairs and Zariski density of two
dimensional crystalline representations, preprint (arXiv:1006.4891 [math.NT]).

K. NAKAMURA, A generalization of Kato’s local e-conjecture for (¢, I')-modules over
the Robba ring, in preparation.

B. PERRIN-RIOU, Théorie d’Iwasawa et hauteurs p-adiques, Invent. Math. 109 (1992),
137-185.

B. PERRIN-RIOU, Théorie d’Iwasawa des représentations p-adiques sur un corps local,
Invent. Math. 115 (1994), 81-161.

B. PERRIN-RIOU, Fonctions Lp-adiques des représentations p-adiques, Astérisque
(229)(1995), 198 pp.

J. POTTHARST, Analytic families of finite-slope Selmer groups, preprint on his web
page.

J. POTTHARST, Cyclotomic Iwasawa theory of motives, preprint on his web page.

P. SCHNEIDER AND J. TEITELBAUM, Algebras of p-adic distributions and admissible
representations, Invent. Math. 153(1) (2003), 145-196.


arXiv:1006.4891
arXiv:1006.4891
arXiv:1006.4891
arXiv:1006.4891
arXiv:1006.4891
arXiv:1006.4891
arXiv:1006.4891
arXiv:1006.4891
arXiv:1006.4891
arXiv:1006.4891
arXiv:1006.4891
arXiv:1006.4891
arXiv:1006.4891
arXiv:1006.4891
arXiv:1006.4891

	Iwasawa theory of de Rham (varphi, Γ)-modules over the Robba ring
	Introduction
	Introduction
	The Bloch--Kato exponential map
	The Perrin-Riou big exponential map

	The Bloch--Kato exponential map for (varphi, Γ)-modules
	(varphi, Γ)-modules over the Robba ring
	Cohomologies of (varphi, Γ)-modules
	The Bloch--Kato exponential map for (varphi, Γ)-modules
	Dual exponential map
	Comparison with the Bloch--Kato exponential map of B-pairs

	The Perrin-Riou big exponential map for de Rham (varphi, Γ)-modules
	Analytic Iwasawa cohomology
	p-adic differential equations associated to de Rham (varphi, Γ)-modules
	Construction of Exp D, h  for de Rham (varphi, Γ)-modules
	Determinant of Exp D, h : a generalization of Perrin-Riou's theorem δ (V)
	Crystalline case

	Acknowledgements
	References


	ikona: 
	65: 
	66: 
	67: 
	68: 
	69: 
	70: 
	71: 
	72: 
	74: 
	75: 
	76: 
	77: 
	79: 
	86: 
	87: 
	88: 
	89: 
	90: 
	91: 
	92: 
	93: 
	94: 
	95: 
	96: 
	97: 
	98: 
	99: 
	100: 
	103: 
	105: 
	106: 
	108: 
	109: 
	110: 
	111: 
	112: 
	113: 
	114: 

	animtiph: 
	1: 
	2: 
	3: 
	4: 
	5: 
	6: 
	7: 
	8: 
	9: 
	10: 
	11: 
	12: 
	13: 
	14: 
	15: 
	16: 
	17: 
	18: 
	19: 
	20: 
	21: 
	22: 
	23: 
	24: 
	25: 
	26: 
	27: 
	28: 
	29: 
	30: 
	31: 
	32: 
	33: 

	TooltipField: 


