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Abstract

Let F be a totally real field and χ a primitive narrow ray class character of
F . We prove a formula for the Fourier coefficients of the Siegel Eisenstein
series of degree n, weight k and character χ under certain conditions on χ.
We also prove the existence of Λ-adic Siegel Eisenstein series of degree n.
Keywords: Siegel Eisenstein series, explicit formula of Fourier coefficients,
Λ-adic Siegel Eisenstein series
2010 MSC: 11F30, 11F33, 11F46

1. Introduction

In [15], we calculated the Fourier coefficients of Siegel Eisenstein series
of Sp2(Q) for an arbitrary primitive Dirichlet character. As an application,
we constructed the p-adic analytic family of Siegel modular forms that in-
terpolates Siegel Eisenstein series of Sp2(Q), that is Λ-adic Siegel Eisenstein
series. In this paper, we generalize our result to the case of Siegel Eisenstein
series E(n)

k,χ of Spn(F ) for a primitive narrow ray class character χ of F , where
F is a totally real field and n is a positive integer. We calculate the Fourier
coefficients of E(n)

k,χ under the following conditions on χ:

(i) The conductor of χ is relatively prime to 2.

(ii) If v is a finite place of F and χv is ramified, then χ2
v is also ramified.
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If F is the rational field and χ is a primitive Dirichlet character modulo N ,
then the conditions meanN is odd and χp is not the quadratic character mod-
ulo p for every prime p | N . Though we cannot explicitly compute Fourier
coefficients of E(n)

k,χ for an arbitrary χ, we can construct Λ-adic Siegel Eisen-
stein series that interpolates E(n)

k,χ with χ satisfying the conditions above. The
key ingredient of the proof of our main results is the functional equation of
Whittaker functions (Theorem 5.1), which was proved by Ikeda. We assume
the conditions above χ not only because we use the functional equation. If
χ does not satisfy the conditions above, Fourier coefficients of E(n)

k,χ would
be complicated (see [9], [15] for the case where n = 2). In this case, The
difficulty of computing the Fourier coefficients of Siegel Eisenstein series lies
in the fact that the space defined in Lemma 8.2 is not one dimensional.

We state our main results. Let F be a totally real field with [F : Q] = m
and OF the integer ring of F . For a place v of F , we denote by Fv the
completion of F with respect to v and by Ov the integer ring of Fv if v is a
finite place. Let χ be a narrow ray class character of F modulo N. For an
infinite place v of F , let rv be an element of Z/2Z satisfying the following
condition.

χ ((a)) =
∏
v|∞

sgn (ιv(a))rv for a ≡ 1 mod N.

Here v runs over the set of infinite places of F and ιv is the real embedding
corresponding to v. For a ∈ F×, we put

sgnχ(a) =
∏
v|∞

sgnrv (ιv(a)) .

We define a character χf : (OF/N)× → C× by

χf (a) = sgnχ(a)χ ((a)) .

We denote by Hn the Siegel upper half space of degree n:

Hn =
{
z = x+ iy

∣∣∣ x, y ∈ Symn(R), y is positive definite
}
.

Let n be a positive integer. For 0 ≤ i ≤ n, we denote by wn,i the matrix
given as follows.

wn,i =


0i 0 −1i 0
0 1n−i 0 0n−i
1i 0 0i 0
0 0n−i 0 1n−i

 .
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We put wn = wn,n. We define the symplectic group of degree n by

Spn(R) =
{
g ∈ GL2n(R)

∣∣∣ tgwng = wn
}
,

for any commutative ring R. For g ∈ Spn, we denote g =
(
ag bg
cg dg

)
with

ag, bg, cg, dg ∈Mn. Define the Siegel parabolic subgroup Pn by

Pn(R) =
{
g ∈ Spn(R)

∣∣∣ cg = 0
}
.

We define a congruence subgroup Γ(n)
0 (N) by

Γ(n)
0 (N) =

{
g ∈ Spn(OF )

∣∣∣ cg ≡ 0 mod N
}
. (1.1)

Let k be positive integer. We assume that χf (−1) = (−1)k and k > n + 1.
We define the Siegel Eisenstein series E(n)

k,χ of degree n on ∏v|∞Hn as follows.

E
(n)
k,χ(z) =

∑(
a b
c d

)
∈Pn(OF )∩Γ(n)

0 (N)\Γ(n)
0 (N)

χ−1
f (det d) det(cz + d)−k. (1.2)

Here det(cz + d)−k is give by∏
v|∞

det(ιv(c)zv + ιv(d))−k, for z = (zv)v ∈
∏
v|∞

Hn.

The right hand side of (1.2) is absolutely convergent and defines a Siegel-
Hilbert modular form of degree n, weight k, character χ and level N. For
R = OF or Ov with v <∞, we define the set of half integral matrices by

Sym(∗)
n (R) =

{
B ∈ Symn(K)

∣∣∣ TrK/L(Tr(AB)) ∈ S, for all A ∈ Symn(R)
}
.

Here we put

S =

Z if R = OF ,
Zp if R = Ov and p is the residual characteristic of R,

K = FracR and L = FracS. Let

E
(n)
k,χ(z) =

∑
0≤B∈Sym(∗)

n (OF )

a(B,E(n)
k,χ) exp(2πiTrBz),
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be the Fourier expansion of E(n)
k,χ. Here we put

e(Bz) = exp
2πi

∑
v|∞

Tr ιv(B)zv

 ,
for B ∈ Sym(∗)

n (OF ) and z = (zv)v ∈
∏
v|∞Hn. The inequality 0 ≤ B means

B is totally positive semi-definite. The first main result of this paper is the
formula for a(B,E(n)

k,χ). We prepare some notation for our main result. Let
B ∈ Sym(∗)

n (OF ) and put r = rank FB. There exists a matrix A ∈ GLn(F )
such that

tABA =
(
B′ 0
0 0

)
,

with B′ ∈ Symr(F ). Then detB′ ∈ F×/F×2 does not depend on the choice
of A. If r is even, then we denote by χB the primitive narrow class character
of F associated with the extension F (

√
(−1)r/2 detB′)/F by the global class

field theory. For a prime p of F with p - N, there exists a matrix U ∈ GLn(Op)
that satisfies

tUBU =
(
B′p 0
0 0

)
,

with B′p ∈ Sym∗r(Op). The matrix B′p is unique up to unimodular equivalence.
Therefore Φ(r)

p (B′p;T ) does not depend on the choice of U , where Φ(r)
p (B′p;T )

is the polynomial obtained by the Siegel series (see (6.1) for the definition).
We put Φ(r)

p (B, T ) = Φ(r)
p (B′p, T ).

Theorem 1.1. Let 0 ≤ B ∈ Sym(∗)
n (OF ) be a half integral totally positive

semi-definite matrix of size n and k > n+1 an integer. We have a(0n, E(n)
k,χ) =

1. Put r = rankB and assume r > 0. Let χ be a primitive narrow class
character of F of conductor N with χf (−1) = (−1)k. Assume that N is
relatively prime to 2 and χ2

p is ramified for all p | N. If r is even, then
a(B,E(n)

k,χ) is given by

2rm/2L(1− k, χ)−1L(N)(1 + r/2− k, χBχ)
r/2∏
i=1

L(N)(1 + 2i− 2k, χ2)−1

×
∏
p-N

Φ(r)
p (B;χ(p)Npk−r−1).
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If r is odd, then a(B,E(n)
k,χ) is given by

2(r+1)m/2L(1− k, χ)−1
(r−1)/2∏
i=1

L(N)(1 + 2i− 2k, χ2)−1∏
p-N

Φ(r)
p (B;χ(p)Npk−r−1).

Here for a Hecke L-function L(s, χ) and an ideal N, we denote

L(N)(s, χ) =
∏
p-N

(1− χ(p)Np−s)−1,

where p runs over the set of primes of F relatively prime to the conductor of
χ and the ideal N.

Remark 1.2. The product ∏p-N Φ(r)
p (B;χ(p)Npk−r−1) in the statement of

the theorem is essentially a finite product. If F = Q and n = 1, this factor
is equal to the divisor sum σk−1,χ(B) = ∑

d|B χf (d)dk−1.

Remark 1.3. Let F = Q. We regard χ as a Dirichlet character modulo
N = ∏

p|N p
np . We decompose χ = ∏

p|N χp, where χp is a Dirichlet character
modulo pnp . In this case, the assumption of the theorem is equivalent to N
is odd and χp is not equal to the quadratic character modulo p for all p | N .
For F = Q, Katsurada [6] proved an explicit formula for the polynomial
Φ(n)

p (B;T ) for an arbitrary n. Thus by the theorem, we obtain an explicit
formula for a(B,E(n)

k,χ) in this case. If p | N and χp is the quadratic character
modulo p, then p-Euler factor of a(B,E(n)

k,χ) does not seem to be simple (cf.
[9], [15]).

In the next section, we shall define another Siegel Eisenstein G
(n)
k,χ and

state the formula for the Fourier coefficients of G(n)
k,χ (see Theorem 2.3). In

Theorem 2.3, we do not assume N is relatively prime to 2 and χ2
p is ramified

for all p | N. Theorem 1.1 is a consequence of Theorem 2.3 and the fact that
G

(n)
k,χ coincides with E(n)

k,χ if N is relatively prime to 2 and χ2
p is ramified for

all p | N. The key ingredient for the proof of Theorem 2.3 is the explicit
functional equation of Whitaker functions proved by Ikeda.

The second main result of this paper is the existence of Λ-adic Siegel
Eisenstein series. By Theorem 2.3 and the existence of the p-adic Hecke L-
functions [1] for totally real fields, we can prove the existence of Λ-adic Siegel
Eisenstein series.
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Before we state the next theorem, we recall the p-adic Hecke L-functions
for the totally real field F . We follow Hida’s book [3, §3.9]. For an integral
ideal N, we denote the group of fractional ideals of F relatively prime to
N by IN. We define the narrow ray class group of F of conductor N by
ClF (N) = IN/P+(N). For a rational prime p, we consider the projective
limit

ClF (Np∞) = lim←−
α

ClF (Npα).

We put G(N) = ClF (Np∞). Let Cp be the completion of Qp and OCp the
integer ring of Cp. We fix the embedding of Q to C and Cp. We denote
Meas(G(N),OCp) by the bounded p-adic measure on G(N) with values in
OCp . Since INp can be considered as a dense subgroup of G(N) and the norm
map N : INp → Z×p is continuous, we can extend N to G(N). We denote
the extended character by the same letter. Then for a ∈ G(N), there exists
a p-adic measure ζa ∈ Meas(G(N),OCp) such that for any narrow ray class
character χ : ClF (Npα) and any n ∈ Z≥0, we have∫

χ(x)N(x)ndζa(x) = (1− χ(a)N(a)n+1)L(Np)(−n, χ).

Theorem 1.4. Let N be an ideal of OF and p a rational prime. We assume
(N, p) = 1. For B ∈ Sym(∗)

n (Z), we denote by f(χB) the conductor of χB.
Then for an integer k > n+ 1 and a primitive narrow ray class character χ
of conductor Npα with α ≥ 1, there exists a non-zero constant ck,χ ∈ Q× that
satisfies the following statement. For each B, there exits a p-adic measure
µB ∈ Meas(G(N f(χB)),OCp) that satisfies∫

χ(x)N(x)kdµB(x) = a(B,Hk,χ),

Here we put Hk,χ = ck,χG
(n)
k,χ and G(n)

k,χ is the Siegel Eisenstein series defined
in §2.

We can prove this theorem easily by Theorem 2.3, the existence of the
p-adic measure which interpolates the valued of Hecke L function and the
same argument in the Proposition 1 of chapter 7 [3]. We omit the proof.

We recall recent results on the explicit formula for the Fourier coefficients
of E(n)

k,χ and Λ-adic Siegel Eisenstein series in the case where F = Q. Kat-
surada [6] proved the explicit formula for the polynomial Φ(n)

p (B;T ) for an
arbitrary degree n. If the degree n is equal to 2 and the conductor of χ
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is square free odd integer, Mizuno [9] proved the explicit formula for E(2)
k,χ.

Gunji [2] also computed local factor of Fourier coefficients of E(2)
k,χ at the odd

prime. For a general primitive character χ, the author [15] computed the
Fourier coefficients of E(2)

k,χ. H. Kawamura [8] proved the existence Λ-adic
Siegel Eisenstein series that interpolates p-adic stabilization of Siegel Eisen-
stein series of degree n, level 1. Recently, he [7] also proved the existence
Λ-adic Siegel Eisenstein series that interpolates Eisenstein series of degree n
with a character of conductor pν+1, where p is an odd prime and ν ≥ 1. His
method uses the control theorem proved by V. Pilloni.

Acknowledgments. The author would like to express his gratitude to
Professor T. Ikeda for his helpful advice and encouragement. The author
would also like thank the referee for the careful review and the valuable
comments. This work was supported by Grant-in-Aid for JSPS Fellows.

Notation. For a commutative ring R, we denote by Mn,m(R) the set of
n-by-m matrices with entries in R. We denote by Mn(R) the set of n-by-n
matrices with entries in R. For α ∈Mn,m(R), we denote by tα the transpose
of α. We denote by Symn(R) the set of symmetric matrices of size n with
entries in R and by Spn(R) the symplectic group of size 2n. For α ∈ Symn(R)

and β ∈ GLn(R), we put νn(α) =
(

1n α
1n

)
and µn(β) =

(
β

tβ−1

)
. Then

ν(α) and µ(β) are elements of Spn(R). For x ∈Mn and y ∈Mn,m, we define

x[y] ∈ Mm by tyxy. For g =
(
ag bg
cg dg

)
∈ Spr and h =

(
ah bh
ch dh

)
∈ Sps, we

put

ι(g × h) =


ag bg

ah bh
cg dg

ch dh

 ∈ Spr+s.

We put

ιr+s(g) =


ag bg

1s 0s
cg dg

0s 1s

 .
The organization of this paper is as follows. In §2, we define another Siegel

Eisenstein series G(n)
k,χ and state result for the Fourier coefficients of G(n)

k,χ. In
§3, we introduce basic notions of Siegel modular forms. In §4, we introduce
general results of Euler factor of Fourier coefficients of Siegel Eisenstein series.
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In §5, we introduce the functional of Whittaker functions associated with
IndSpn

Pn (χ̃p| · |sp), that is a key result for our main theorem. In §6, we introduce
a result for Euler factors of Siegel Eisenstein series at unramified places. In
§7, we prove Theorem 2.3 and in §8 we prove Proposition 2.2.

2. The definition of G(n)
k,χ

In this section, we define G(n)
k,χ that appeared in Theorem 1.4. Let χ be

a narrow class character modulo N and k a positive integer with χf (−1) =
(−1)k. We denote by AF the adele ring of F and by A×F the idele group of
F . Denote the character of finite order of A×F/F× corresponding to χ by χ̃.

For a place v of F , we define a maximal compact subgroup of Spn(Fv) by

Cv =


{
g ∈ Spn(R)

∣∣∣ ag = dg and bg = −cg
}

if v is real,
Spn(Ov) if v is finite.

We denote the space for the normalized induction by IndSpn
Pn (χ̃−1

v | · |sv), that
is, the set of C-valued functions on Spn(Fv) satisfying the following two
conditions.

(i) For
(
a ∗
0 ta−1

)
∈ Pn(Fv) and g ∈ Spn(Fv),

f

((
a ∗
0 ta−1

)
g

)
= χ̃−1

p (det a)| det a|s+(n+1)/2
v f(g).

(ii) f is right Cv-finite.

Here | · |v is the absolute value of Fv. If v is a finite place, then we normalized
| · |v so that

|$|v = # (Ov/$Ov)−1

for a uniformizer $ of Fv. We define the intertwining operator

M (s)
wn : IndSpn

Pn (χ̃−1
v | · |sv)→ IndSpn

Pn (χ̃v| · |−sv ) (2.1)

by

M (s)
wn (f)(g) =

∫
Symn(Fv)

f

(
wn

(
1 x
0 1

)
g

)
dx,
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for g ∈ Spn(Fv). Here we take a Haar measure of Symn(Fv) so that we have∫
Symn(Ov) dx = 1 for a finite place v. The integral is convergent if Re s is
sufficiently large and has meromorphic continuation to the whole complex
plane.

We define a compact subgroup C0,v of Cv as follows.

(i) If v is real or χ̃v is unramified, then we define C0,v = Cv.

(ii) If v = p is a finite place and χ̃p is ramified, then we define

C0,v =
{
g ∈ Spn(Ov)

∣∣∣ cg ≡ 0 mod pν
}
.

Here pν is the conductor of χ̃v.

We define a character κv of C0,v as follows.

(i) If v is real, then we define

κv

((
u −v
v u

))
= det(u+ iv)−k.

(ii) If v is finite and χ̃v is unramified, then we define κv = 1.

(iii) If v is finite and χ̃v is ramified, then we define

κv(γ) = χ̃v(det dγ).

We denote by φv(s, ·) the element of IndSpn
Pn (χ̃−1

v | · |sv) satisfying the fol-
lowing conditions.

suppφv(s, ·) = Pn(Fv)C0,v,

φv(s, gγ) = κv(γ)φv(s, g) for all γ ∈ C0,v,

φv(s, 1) = 1.
(2.2)

Here suppφv(s, ·) is the support of the function g 7→ φv(s, g). We put
φ(s, g) = ∏

v φv(s, g). Then by (3.5), the Eisenstein series E(n)
k,χ corresponds

to an Eisenstein series on Spn(AF ) defined by

∑
γ∈Pn(F )\Spn(F )

φ
(
k − n+ 1

2 , γg
)
.

9



We denote by φ′v(−s, ·) the element of IndSpn
Pn (χ̃v| · |−sv ) satisfying the

following conditions.

suppφ′v(−s, ·) = Pn(Fv)wnC0,v,

φ′v(−s, gγ) = κv(γ)φ′v(−s, g) for all γ ∈ C0,v.

φ′v(−s, wn) = 1.
(2.3)

For a place v of F , we define ϕn,v(s, ·) = ϕv(s, ·) ∈ IndSpn
Pn (χ̃−1

v | · |sv) as follows.

ϕv(s, g) =

φv(s, g) if v is real or χ̃v is unramified.
M (−s)

wn (φ′v(−s, ·))(g) if v is finite and χ̃v is ramified.
(2.4)

Definition 2.1. Let ϕv(s, g) be a function defined in (2.4). For g = (gv)v ∈
Spn(AF ), we put

ϕ(s, g) =
∏
v

ϕv(s, gv),

where v runs over the set of the all places of F . We define an Eisenstein
series on Spn(AF ) by

G(n)
s,χ (g) =

∑
γ∈Pn(F )\Spn(F )

ϕ(s, γg).

We define G(n)
k,χ by the function on ∏v|∞Hn corresponding to G(n)

k−(n+1)/2,χ by
(3.5).

We explain why we choose ϕv(s, g) as above. To compute the Fourier
coefficients of E(n)

k,χ, we have to compute the following local integral at a
place v of F ∫

u∈Symn(Fv)
fv (wnνn(u)g)ψv(−Bu)du (2.5)

for fv = φv(s, ·) (see Proposition 4.2). Here ψv is a character of Fv and
B ∈ Symn(F ). But it is difficult to compute the integral (2.5) for fv = φv(s, ·)
in general. As we shall see in Proposition 8.1, φv is equal to ϕv if χ satisfies
the condition in the introduction. Thus we compute the integral (2.5) for
fv = ϕv(s, ·) instead. By the functional equation (Theorem 5.1), it is enough
to compute the integral (2.5) for fv = φ′v(−s, ·) to compute the integral for
fv = ϕv(s, ·) at a ramified place v. The reason for the choice of ϕv is that
the computation of the integral (2.5) for fv = φ′v(−s, ·) is easy.
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Put

P =
{
p : a prime of F

∣∣∣ p | N and χ̃2
p is unramified

}
.

Let g ∈ Spn(OF ) and assume cg ∈ pordp(N) if p /∈ P and rank OF /p(cg mod p) =
ip with 0 ≤ ip ≤ n if p ∈ P . For p ∈ P , the assumption for g implies
g mod p ∈ Pn(OF/p)wipPn(OF/p). Therefore if p ∈ P , there exist elements
xp, yp ∈ GL(OF/p) satisfying

g mod p =
(
xp ∗
0 tx−1

p

)
wip

(
yp ∗
0 ty−1

p

)
.

We put

χ({ip}p∈P ; g) =
∏
p|N
p/∈P

(χf )p (det dg)
∏
p∈P

(χf )p (detxp det yp) .

Here (χf )p is the p-component of χf . If (N, 2) = 1, then we define an
Eisenstein series E ′k,χ({ip}p∈P ; z) as follows.

E ′k,χ({ip}p∈P ; z) =
∑
g

χ({ip}p∈P ; g)−1 det(cgz + dg), (2.6)

where g runs over the set Pn(F )∩ Spn(OF )\Spn(OF ) satisfying the property
cg ∈ pordp(N) if p /∈ P and rank OF /p(cg mod p) = ip if p ∈ P . By the
definition, we have E ′k,χ({ip}p∈P ; z) = E

(n)
k,χ if ip = 0 for all p ∈ P .

Let p be a prime of F and assume p ∈ P and (p, 2) = 1. For 0 ≤ i ≤ n,
we set

mi(k, χ, p) =


0 if i is odd,
χ̃p(−1)i/2q−i/2 (q−1; q−2)i/2
×
(
χ̃2
p(p)q−i−2k+2n+1; q2

)−1

i/2
if i is even.

(2.7)

Here we put q = Np and for a positive integer r, we denote by (x; y)r the
following product:

(x; y)r =
r−1∏
m=0

(1− xym).

We prove the following proposition in §8.
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Proposition 2.2. Assume that N is relatively prime to 2. If P 6= ∅, we have

G
(n)
k,χ =

∑
{ip}p∈P∈{0,...,n}|P|

∏
p∈P

mip(k, χ, p)
E ′k,χ({ip}p∈P ; z).

If P = ∅, we have
G

(n)
k,χ = E

(n)
k,χ.

The following theorem gives a formula for Fourier coefficients of G(n)
k,χ. We

prove the theorem in §7.

Theorem 2.3. Let 0 ≤ B ∈ Sym(∗)
n (OF ) be a half integral totally positive

semi-definite matrix of size n and k > n+ 1 an integer. Let χ be a primitive
narrow class character of F of conductor N. We have a(0n, G(n)

k,χ) = 1. Put
r = rankB and assume r > 0. Then the following assertions hold. If r is
even, then a(B,G(n)

k,χ) is given by

2rm/2
∏
p-N

Φ(r)
p (B;χ(p)Npk−r−1)

× L(1− k, χ)−1L(N)(1 + r/2− k, χBχ)
r/2∏
i=1

L(N)(1 + 2i− 2k, χ2)−1.

If r is odd, then a(B,G(n)
k,χ) is given by

2(r+1)m/2∏
p-N

Φ(r)
p (B;χ(p)Npk−r−1)L(1− k, χ)−1

(r−1)/2∏
i=1

L(N)(1 + 2i− 2k, χ2)−1.

Remark 2.4. Theorem 1.1 follows from Proposition 2.2 and Theorem 2.3.

3. Classical and adelic Siegel-Hilbert modular forms

In this section, we define classical and adelic Siegel-Hilbert modular forms
and recall the relation between them.

The symmetric group Spn(R) acts on Hn by

g · z = (agz + bg)(cgz + dg)−1,

for g ∈ Spn(R) and z ∈ Hn. We define a factor of automorphy j(g, z) by

j(g, z) = det(cgz + dg).

12



The group Spn(F ⊗Q R) ∼=
∏
v|∞ Spn(R) acts on ∏v|∞Hn diagonally. Thus

as a subgroup of Spn(F ⊗Q R), Spn(F ) also acts on ∏v|∞Hn. For g = (gv) ∈∏
v|∞ Spn(R) and z = (zv) ∈

∏
v|∞Hn, we put

j(g, z) =
∏
v|∞

j(gv, zv).

Let N be an ideal of F . Let Γ(n)
0 (N) be the congruence subgroup defined

by (1.1). Let χ be a narrow ray class character modulo N and k be an
integer. We define the space Mk(Γ(n)

0 (N), χ) of Siegel-Hilbert modular forms
of weight k, of character χ, of level N by the set of holomorphic C-valued
functions f on ∏v|∞Hn satisfying the following condition:

f(γ · z) = χf (det γd)j(γ, z)kf(z), for all γ ∈ Γ(n)
0 (N). (3.1)

If m = n = 1, then we add the cusp condition. By the condition (3.1), we
have the Fourier expansion

f(z) =
∑

B∈Sym(∗)
n (OF )

a(B, f)e(Bz).

By the Koecher principle (or the cusp condition), we have a(B, f) = 0 unless
B is totally positive semi-definite.

Next we consider modular forms on the adele group Spn(AF ). Let Cv and
C0,v be the compact subgroups of Spn(Fv) defined in §2. We put C0(N) =∏
v<∞C0,v. Since the strong approximation theorem holds for Spn, we have

Spn(AF ) = Spn(F )C0(N)
∏
v|∞

Spn(Fv).

For a C-valued function f on ∏v|∞Hn satisfying (3.1), we define a C-valued
function f̃ on Spn(AF ) by

f̃(g) = f(ξ · i1n)j(ξ, i1n)−k
∏
v|N

χ̃v(det (dγ)),

where α ∈ Spn(F ), γ ∈ C0(N), ξ ∈ ∏v|∞ Spn(Fv) and g = αγξ. Then f̃(g)
does not depend on the choice of α, γ and ξ.

13



By definition f̃ satisfies the following conditions:

f̃(αg) = f̃(g) for α ∈ Spn(F ), (3.2)
f̃(gθ) = f̃(g)j(θ, i1n)−k for θ ∈

∏
v|∞

Cv, (3.3)

f̃(gγ) = f̃(g)
∏
v|N

χ̃v(det (dγ)) for γ ∈ C0(N). (3.4)

Conversely, given a function f̃ on Spn(AF ) satisfying (3.2), (3.3) and (3.4)
we define a function f on ∏v|∞Hn satisfying (3.1) by

f(z) = f̃(g∞)j(g∞, i1n)k, (3.5)

where z = g∞ · i and g∞ ∈
∏
v|∞ Spn(Fv). Then this gives the inverse map to

the map f 7→ f̃ .
For a place v of F , we define a character ψv of Fv as follows. If v is real,

then we put ψv(x) = e(ιv(x)). Let v is a finite place and p be the residual
characteristic of Fv. We define a character ψp of Qp by the unique contin-
uous character such that ψp(x) = e(−x) for x ∈ Z[p−1]. We put ψv(x) =
ψp(TrFv/Qp x). We define a character ψ of AF/F by ψ = ∏

v : place of F ψv.
For B ∈ Symn(F ) and a function f̃ on Spn(AF ) satisfying the conditions

(3.2), (3.3) and (3.4), we define a function WhB(f) on Spn(AF ) as follows.

WhB(f)(g) =
∫

Symn(F )\Symn(AF )
f̃(ν(x)g)ψ−1(Bx)dx.

Here we take a Haar measure of Symn(AF ) so that∫
Symn(F )\Symn(AF )

dx = 1.

For f ∈Mk(Γ0(N), χ) and B ∈ Sym(∗)
n (OF ), we have

a(B, f)e(iBy) = det y−k/2 WhB(f)
(
µ(y1/2)

)
. (3.6)

Here for y = (yv)v|∞ ∈
∏
v|∞ Symn(R) with yv > 0, we put

det y−k/2 =
∏
v|∞

det y−k/2v , µ(y1/2) =
∏
v|∞

µ(y1/2
v ).
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4. Siegel Eisenstein series and the Euler factor of Fourier coeffi-
cients

Let k be an integer and f an element of IndSpn
Pn (χ̃−1| · |k−(n+1)/2) and sup-

pose f = ∏
v fv, where fv ∈ IndSpn

Pn (χ̃−1
v | · |k−(n+1)/2

v ). We define an Eisenstein
series Ef on Spn(AF ) associated with f by

Ef (g) =
∑

γ∈Pn(F )\Spn(F )
f(γg), g ∈ Spn(AF ). (4.1)

We assume that the right hand side is absolutely convergent.
In Proposition 4.2, we shall show that the Fourier coefficients of Ef has

the Euler product expression when Ef corresponds to holomorphic Siegel
Eisenstein series. For the proof, we need some results of the infinite factor of
the Fourier coefficients of Siegel Eisenstein series.

Let B, y ∈ Symn(R) be symmetric matrices and assume y is positive
definite. For α, β ∈ C, we define a function ξ by

ξ(y,B;α, β) =
∫

Symn(R)
det(x+ iy)−α det(x− iy)−βe(−Bx)dx. (4.2)

Theorem 4.1 ([12] (7.11),(7.12); [11] (4.34K),(4.35K)). Suppose y,B ∈
Symn(R) be symmetric matrices and y is positive definite. Let p and q
be the number of positive and negative eigenvalue of B respectively and put
t = n−p−q. We denote by δ+(By) (resp. δ−(By)) the product of all positive
(resp. negative) eigenvalues of y1/2By1/2. For l ∈ Z≥0, we define a function
Γl by

Γl(s) =

1 if l = 0,
πl(l−1)/4∏l−1

i=0 Γ
(
s− i

2

)
if l ≥ 1.

Then, there exists a function ω(y,B;α, β) holomorphic with respect to α and
β and satisfies the following equation.

ξ(y,B;α, β) = e(n(α− β)/4)2τπθΓt
(
α + β − n+ 1

2
)
Γn−q(α)−1Γn−p(β)−1

× det(y)(n+1)/2−α−βδ+(By)α−(n+1)/2+q/4δ−(By)β−(n+1)/2+p/4ω(y,B;α, β).

Here τ, θ is

τ = (2p− n)α + (2q − n)β + (n+ t)(n+ 1)
2 + pq

2 ,

θ = pα + qβ + t+ 1
2{t(t− 1)− pq}.
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If B is positive definite, then the following holds.

ξ(y,B;α, 0) = 2n(1−n)/2i−nα(2π)nαΓn(α)−1 det(B)α−(n+1)/2e(iyB).

For g ∈ Spn(AF ) and 0 ≤ i ≤ n, we put

WhB,i(Ef )(g) =
∫

Symn(F\AF )

∑
γ

f (γνn(u)g)ψ(−Bu)du.

Here γ runs over the set Pn(F )\Pn(F )wn,iPn(F ). We set

Si,n−i(F ) =
{(

0i,i ∗
∗ ∗

)
∈ Symn(F )

}
,

Pi,n−i(F ) =
{(
∗ ∗
0i,n−i ∗

)
∈ GLn(F )

}
,

where 0i,j is the zero matrix of size i× j. If i = 0, we understand S0,n(F ) =
{0n} and P0,n(F ) = GLn(F ). Then WhB,i(Ef )(g) becomes∫

Symn(F\AF )

∑
β,α

f
(
wn,iνn(β)µn

(
tα−1

)
νn(u)g

)
ψ(−Bu)du.

Here β and α run over Si,n−i(F )\Symn(F ) and Pi,n−i(F )\GLn(F ) respec-
tively. For α ∈ Pi,n−i(F )\GLn(F ), we put

WhB,α,i(Ef )(g) =
∫

Symn(F\AF )

∑
β∈Si,n−i(F )\Symn(F )

f
(
wn,iνn(β)µn

(
tα−1

)
νn(u)g

)
ψ(−Bu)du.

Proposition 4.2. Let 0 ≤ B ∈ Symn(F ) be a totally positive semi-definite
symmetric matrix, f = ∏

v fv an element of IndSpn
Pn (χ̃−1| · |k−(n+1)/2). We

assume that there exits an infinite place of F such that fw(g) = φw(k− k+1
2 , g).

Suppose k > n+ 1. Then WhB,i(Ef )(g) = 0 unless rankB = i. If rankB = i

and B =
(
B′ 0
0 0

)
with B′ ∈ Symi(F ) then WhB(Ef )(g) is given by

∏
v

∫
u∈Symi(Fv)

fv

(
wn,iνn

((
u 0
0 0n−i

))
g

)
ψv (−B′u) du.

Here v runs through all the places of F .
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Proof. By definition, we have

WhB,α,i(Ef )(g) = WhB[tα],1,i(Ef )
(
µn
(
tα−1

)
g
)
.

Put
B[tα] =

(
B11(α) B12(α)
tB12(α) B22(α)

)
, u =

(
u11 u12
tu12 u22

)
.

Then the function f (wn,iνn(β)νn(u)g) does not depend on u12 and u22.
Therefore unless B12(α) = B22(α) = 0, WhB,α,i(Ef )(µn(tα−1)g) = 0. If
B12(α) = B22(α) = 0, then we have

WhB[tα],1(Ef )
(
µn
(
tα−1

)
g
)

=
∏

v: place of F

∫
u∈Symi(Fv)

fv

(
wn,iνn

((
u 0
0 0n−i

))
µn
(
tα−1

)
g

)
× ψv (−B11(α)u) du.

Fix an infinite place w of F satisfying the assumption in the theorem. Let

µn
(
tα−1

)
g = νn(β)µn(γ), β ∈ Symn(Fw), γ ∈ GLn(Fw)

be the Iwasawa decomposition in Spn(Fw). Then we have

f

(
wn,iνn

((
u 0
0 0n−i

))
µn
(
tα−1

)
g

)

= det γ−1 det
((

u+ β′

1n−i

)
+
(

1i
0n−i

)
γ tγi

)−k
= det γ−1 det (u+ β′ + y′i)−k .

Here β′ and y′ are the upper left i× i block of β and γ tγ respectively. Then
we have∫

Symn(Fw)
f

(
wn,iνn

((
u 0
0 0n−i

))
µn
(
tα−1

)
g

)
× ψw (−B11(α)u) du.

= ψw (B11(α)β′) det γ−1
∫

Symn(Fw)
det (u+ y′i)−k ψw (−B11(α)u) du

= ψw (B11(α)β′) det γ−1ξ (y′, B11(α); k, 0) .
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Here ξ (y′, B11(α); k, 0) is defined by (4.2). By Theorem 4.1, this value van-
ishes unless detB11(α) 6= 0. Thus

WhB,α,i(Ef )(g) = 0

unless rankB = i. Suppose rankB = i and B =
(
B′ 0
0 0

)
with B′ ∈

Symi(F ). Then rankB11(α) = i if and only if α ∈ Pi,n−i(F ). Thus we have

WhB,i(Ef )(g) =
∑

α∈Pi,n−i(F )\GLn(F )
WhB,α,i(Ef )(g) = WhB,1,i(Ef )(g)

=
∏
v

∫
Symi(Fv)

fv

(
wn,iνn

((
u 0
0 0n−i

))
g

)
ψv (−B′u) du.

Before proving the next proposition, we introduce a lemma.

Lemma 4.3 (Proposition 3.6 of [13]). We define a set Mn by

Mn =
{

(c, d) ∈Mn,2n(Ov)
∣∣∣ det c 6= 0 and (c, d) is symmetric and co-prime

}
.

Here a pair (c, d) is said to be symmetric if c td = d tc and said to be co-prime
if there exist matrices u ∈ GLn(Z) and v ∈ GL2n(Z) such that u(c, d)v =
(1n, 0n). Then GLn(Ov) acts on Mn by the left diagonally. Then, the map

GLn(Ov)\Mn 3 (c, d) 7→ c−1d ∈ Symn(Fv)

is bijective.

Proposition 4.4. Let v be a finite place of F . Let φ′n,v(−s, g) = φ′v(−s, g) be
the function on Spn(Fv) defined by (2.3) and ϕn,v(s, g) = ϕ(s, g) the function
on Spn(Fv) defined by (2.4). Then, for 1 ≤ r ≤ n and g′ ∈ Spr(Fv), we have

ϕn,v(s, ιn(g′)) = ϕr,v(s+ n− r
2 , g′).

Proof. By the Iwasawa decomposition Spr(Fv) = Pr(Fv)Spr(Ov), we may
assume g′ ∈ Spr(Ov). By definition, we have

ϕn,v(s, ιn(g′)) =
∫

Symn(Fv)
φ′n,v (−s, wnνn(x)ιn(g′)) dx.
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Here we take a Haar measure of Symn(Fv) so that
∫

Symn(Ov) dx = 1. Let L
be a lattice of Symr(Ov) such that

φ′n,v (−s, g ιn(νr(l)g′)) = φ′n,v (−s, g ιn(g′)) ,

for any g ∈ Spn(Fv) and l ∈ L. Put x =
(
x11 x12
tx12 x22

)
with x11 ∈ Mr(Fv),

x12 ∈Mr,n−r(Fv) and x22 ∈Mn−r(Fv). Then we have

ιn(g′)−1νn(x)ιn(g′) = ιn(g′−1νr(x11)g′)µn
((

1r 0
tx12cg′ 1n−r

))

× νn
((

0r tdg′x12
tx12dg′ x22 − (cg′ tdg′)[x12]

))
.

By the definition of φ′n,v(−s, g), we have

φ′n,v(−s, gγ) = χ̃v(det dγ)φ′n,v(−s, g)

for γ ∈ C0,v. Thus φ′n,v (wnνn(x)ιn(g′)) is determined by x11 mod L, x12 mod
Mr,n−r(Ov) and x22 mod Symn−r(Ov).

Let Mn be the set defined in Lemma 4.3. For (c, d), (c′, d′) ∈ Mn and a
lattice M of Symn(Fv), we denote (c, d) ∼M (c′, d′) if c−1d ≡ c′−1d′ mod M .
We denote the equivalence class of Mn by Mn/ ∼M . We define a lattice
M0 ⊂ Symn(Fv) by

M0 =
{(

x11 x12
tx12 x22

) ∣∣∣∣ x11 ∈ L, x12 ∈Mr,n−r(Ov), x22 ∈ Symn−r(Ov)
}
.

If Re(−s) is sufficiently large, then by Lemma 4.3 we have

ϕn,v(s, ιn(g′)) =
∫
L
dx

∑
(c,d)

φ′n,v
(
−s, wnνn(c−1d)ιn(g′)

)
,

where the summation index runs over GLn(Ov)\Mn/ ∼M0 . The Iwasawa
decomposition of wnνn(c−1d)ιn(g′) is given by

(
tc ∗
0 c−1

)
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ c12 ∗ d12
∗ c22 ∗ d22

 .
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Here c =
(
c11 c12
c21 c22

)
and d =

(
d11 d12
d21 d22

)
with c11, d11 ∈Mr(Fv) and c22, d22 ∈

Mn−r(Fv). By the definition of φ′n,v(−s, g), we have φ′n,v (wnνn(c−1d)ιn(g′)) =
0 unless

rank Fv

((
c12
c22

)
mod pv

)
= n− r (4.3)

Here pv is the maximal ideal of Ov and Fv is the residue field of Ov. We
assume

φ′n,v
(
−s, wnνn(c−1d)ιn(g′)

)
does not vanish. Put

Mn,r =
{

(c, d) ∈Mn

∣∣∣ c satisfies (4.3)} .
Let M̃r be a complete set of representable of GLr(Ov)\Mr/ ∼L. For c′ ∈
GLr(Fv) ∩ Mr(Ov), we denote by Ũ(c′) a complete set of representable of
Mn−r,r(Ov)/Mn−r,r(Ov)c′. For (c′, d′) ∈ M̃r and u ∈ Ũ(c′), we put

α(c′, u) =
(
c′

u 1n−r

)
, β(d′, u) =

(
d′ −d′ tu

0n−r

)
.

Then the set

M̃n,r =
{

(α(c′, u), β(d′, u))
∣∣∣ (c′, d′) ∈ M̃r, u ∈ Ũ(c′)

}
gives a complete set of representable of GLn(Ov)\Mn,r/ ∼M0 . We can prove
this as follows. It is easy to see that every element (c, d) ∈Mn,r is equivalent
to some element of M̃n,r. Suppose that two elements (α(c′1, u1), β(d′1, u1))
and (α(c′2, u2), β(d′2, u2)) in the set M̃n,r are equivalent. Then by

α(c′, u)−1β(d′, u) =
(

c′−1d′ −c′−1d′ tu
−uc′−1d′ uc′−1d′ tu

)
,

we have c′1 = c′2, d
′
1 = d′2 and uc′−1d′ ∈ Mn−r,r(Ov). Here we put u =

u1 − u2, c
′ = c′1 and d′ = d′1. Since the pair (c′, d′) is co-prime and

uc′−1
(
c′ d′

)
=
(
u′ uc′−1d′

)
∈Mn−r,2r(Ov),

we have uc′−1 ∈Mn−r,r(Ov) (see [13, Lemma 3.3]). Thus u1 = u2 and the set
M̃n,r is a complete set of representable of GLn(Ov)\Mn,r/ ∼M0 .
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For (α(c′, u), β(d′, u)) ∈ M̃n,r, we have

wnνn(α(c′, u)−1β(d′, u))

= µn
(
tα(c′, u)

)
νn

((
a12

ta12 a22

))
ι

((
a′ b′

c′ d′

)
× wn−r

)
µn

((
1r
u 1n−r

))
,

with a12 ∈ Mr,n−r(Ov), a22 ∈ Mn−r(Ov) and
(
a′ b′

c′ d′

)
∈ Spr(Ov). Therefore

by

ιn(g′)−1µn

((
1r
u 1n−r

))
ιn(g′) =


1r tbg′

tu
uag′ 1n−r ubg′

1r −ag′ tu
1n−r

 ,
and

φ′n,v(−s, ι(g × wn−r)) = φ′r,v(−s+ n− r
2 , g) for g ∈ Spr(Fv),

we have

φ′n,v
(
−s, wnνn

(
α(c′, u)−1β(d′, u)

)
ιn(g′)

)
= φ′r,v

(
−s+ n− r

2 , wrνr(c′−1d′)g′
)
.

Thus we have

ϕn,v(s, ιn(g′))

=
∫
L
dx

∑
(c′,d′)∈M̃r

∑
u∈Ũ(c′)

φ′r,v

(
−s+ n− r

2 , wrνr(c′−1d′)g′
)
,

=
∫
L
dx

∑
(c′,d′)∈M̃r

φ′r,v

(
−s+ −n+ r

2 , wrνr(c′−1d′)g′
)
,

= ϕr,v

(
s+ n− r

2 , g′
)
.

5. Functional equation of Whittaker functions

In this section, we introduce the explicit functional equation of Whittaker
functions proved by Ikeda.
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Let K be a local field. Let ψ be a nontrivial additive character of K
and χ be a character of K×. Suppose B ∈ Symn(K) and detB 6= 0. For
f ∈ IndSpn

Pn (χ| · |s), we define a function Wh(s)
B (f) on Spn(K) by

Wh(s)
B (f)(g) =

∫
Symn(K)

f(wnνn(x)g)ψ(−Bx)dx, for g ∈ Spn(K).

For a character ω of K×, we denote by ε(s, ω, ψ) the local factor from Tate’s
thesis and put γ(s, ω, ψ) = ε(s, ω, ψ)L(1−s,ω−1)

L(s,ω) . If n is even, we define DB by
(−1)n/2 detB. We denote by χB the character of K× corresponding to the
extension K(

√
DB)/K by the local class field theory. For a ∈ K×, we denote

by α(a) the Weil index of the character of second degree x 7→ ψ(ax2). By
[14, lemma 2.4], we have

α(DB)
α(1) = ε

(1
2 , χB, ψ

)
. (5.1)

If n is odd, we define ηB by

ηB = 〈(−1)(n−1)/2, detB〉〈−1,−1〉(n2−1)/8h(B).

Here 〈·, ·〉 is the Hilbert symbol of K and h(B) is the Hasse invariant defined
by

h(B) =
∏

1≤i<j≤n
〈ai, aj〉,

where B[U ] = diag(a1, . . . , an) for a matrix U ∈ GLn(K).

Theorem 5.1 (Ikeda). The following equation holds.

Wh(−s)
B ◦Mw = χ(detB)−1| detB|−sc(s, B) Wh(s)

B .

The function c(s, B) is given as follows.

(i) Let n be even. Then we have

c(s, B) = |2|−nsα(DB)
α(1) χ(2)−nγ(s+ 1

2 , χχB, ψ)

× γ(s− n− 1
2 , χ, ψ)−1

n/2∏
r=1

γ(2s− n+ 2r, χ2, ψ)−1.
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(ii) Let n be odd. Then we have

c(s, B) = |2|−(n−1)sχ(2)−(n−1)ηBγ(s− n− 1
2 , χ, ψ)−1

(n−1)/2∏
r=1

× γ(2s− n+ 2r, χ2, ψ)−1.

Remark 5.2. To prove this theorem, it is enough to calculate the coefficients
appearing in the local functional equation of prehomogenous vector space
Symn(K) (cf. [4, Lemma 4.3]). Sweet [14, Theorem 1.1] calculated such
coefficients in the case where K is non-archimedean and χ is unramified. In
[5], Ikeda generalized Sweet’s result for an arbitrary character χ.

6. Euler factor at unramified places

Let v be a finite place of F such that χ̃v is unramified and B ∈ Sym(∗)
n (OF )

with detB 6= 0. By equation (3.6) and Proposition 4.2, a(B,G(n)
k,χ) has an

Euler factor

Wh(k−(n+1)/2)
B (ϕv)(1) =

∫
Symn(Fv)

ϕv

(
k − n+ 1

2 , wnνn(x)
)
ψv(−B)dx

at v.
For x ∈ Symn(Fv), we put x = c−1d, (c, d) ∈ Mn. Here Mn the set

defined in Lemma 4.3. We put

κ(x) = ordv det(c),

where ordv is the normalized additive valuation of Fv. Then, we have∫
Symn(Fv)

ϕv

(
k − n+ 1

2 , wnνn(x)
)
ψv(−B)dx

=
∑

x∈Symn(Fv)/Symn(Ov)

(
χ̃−1
v ($v)q−kv

)κ(x)
ψv(−Bx).

Here qv is the order of the residue field Ov/($v). This series is called the
Siegel series and has been examined by several authors. We introduce some
of the known results.

Let A(n)
B (T ) be the formal power series such that

A
(n)
B (χ̃−1

v ($v)q−kv ) =
∫

Symn(Fv)
ϕv

(
k − n+ 1

2 , wnνn(x)
)
ψv(−B)dx.
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Proposition 6.1 ([13] Proposition 14.9). Let B ∈ Sym∗n(Ov) and assume
detB 6= 0. Then A

(n)
B (T ) is Z-coefficient polynomial with constant term 1

and divisible by a polynomial γ(B;T ) defined as follows.

γ(B;T ) =


1−T

1−λ(B)qn/2
v T

∏n/2
i=1(1− q2i

v T
2) if n is even,

(1− T )
(n−1)/2∏
i=1

(1− q2i
v T

2) if n is odd.

Here, when n is even, we define d = (−1)n/2 det(B), KB = Fv(
√
d) and

λ(B) =


1 if KB = Fv,

−1 if KB/Fv is unramified quadratic extension,
0 if KB/Fv is ramified extension.

Moreover if B satisfies the following condition,det(2B) ∈ O×v if n is even,
det(2B) ∈ 2O×v if n is odd,

then
A

(n)
B (T ) = γ(B;T ).

We put
Φ(n)
v (B;T ) = A

(n)
B (T )/γ(B;T ). (6.1)

Then Φ(n)
v (B;T ) is a Z-coefficient polynomial by Proposition 6.1.

By the functional equation of Whittaker functions 5.1, the following the-
orem holds.

Theorem 6.2 (Ikeda). Let B ∈ Sym(∗)
n (Ov) ∩GLn(Fv). Let ρB be the char-

acter of F×v that corresponds to the extension KB/Fv by the local class field
theory. Here KB is defined in Proposition 6.1. Let f(ρB) denote the conduc-
tor of ρB. Define an ideal fB by (det(2B)) = f(ρB)f 2

B. Then fB is an integral
ideal. Put

eB =

2ordv(fB) if n is even,
ordv(2n−1 detB) if n is odd,

ζB =

1 if n is even,
ηB if n is odd,
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Here ηB is defined in §5. Then the following functional equation holds.

Φ(n)
B (B; q−n−1

v T−1) = ζB
(
q(n+1)/2
v T

)−eB Φ(n)
B (B;T ).

Remark 6.3. The theorem was first proved by Katsurada [6] in the case
where p is a rational prime and Fv = Qp.

7. Proof of Theorem 2.3

In this section, we prove Theorem 2.3. Let B ∈ Sym(∗)
n (OF ) and put

r = rank FB. We assume that r is even. Since the computation is similar,
we omit the proof when r is odd.

Choose U ∈ GLn(F ) so that B[U ] =
(
B′ 0
0 0n−r

)
. For a place v of F ,

choose Uv so that B[Uv] =
(
B′v 0
0 0n−r

)
and

Uv ∈

On(Fv) if v | ∞,
GLn(Ov) if v -∞.

Put
kn = k − (n+ 1)

2 .

From (3.6), we have

a(B,G(n)
k,χ) = e(−iBy)(det y)−k/2 WhB

(
G(n)
ϕ,χ

)
(µn(y1/2))

∣∣∣
s=kn

.

By replacing x by x[tU ], we have

a(B,G(n)
k,χ) = e(−iBy)(det y)−k/2 Whdiag(B′,0n−r)

(
G(n)
ϕ,χ

)
(µn(U−1)µn(y1/2))

∣∣∣
s=kn

.

By Proposition 4.2, we have

a(B,G(n)
k,χ) = e(−iBy)(det y)−k/2

×
∏
v

∫
Symr(Fv)

ϕv
(
kn, wn,rνn (diag(x, 0n−r))µn(U−1)µn(gv)

)
ψv(−B′x)dx,

where

gv =

y1/2
v if v | ∞,

1 if v -∞.
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Since
(
B′

0

)
[U−1Uv] =

(
B′v

0

)
, the upper right block of U−1Uv is the

zero matrix. We put

U−1Uv =
(
αv 0
∗ βv

)
.

Let v be an infinite place of F and let us consider the factor at v. Replacing
x by x[tαv] and noting that

µn(U)µn(y1/2
v ) = µn(UU−1

v )µn(y1/2
v [Uv])µn(U−1

v ),

we have∫
Symr(Fv)

ϕv
(
kn, wn,rνn (diag(x, 0n−r))µn(U−1)µn(y1/2

v )
)
ψv(−B′x)dx

= χ̃v(detUv detαv det β−1
v )| detαv|−k+r+1

v |det βv|kv
×
∫

Symr(Fv)
ϕv
(
kn, wn,rνn (diag(x, 0n−r))µn(y1/2

v [Uv])
)
ψv(−B′vx)dx.

By a similar computation at a finite place and the fact that detU ∈ F×, we
have

a(B,G(n)
k,χ) = e(−iBy)(det y)−k/2

∏
v

χ̃v(detα2
v) |detαv|−2k+(r+1)

v

×
∏
v

∫
Symr(Fv)

ϕv
(
kn, wn,rνn (diag(x, 0n−r))µn(gUvv )

)
ψv(−B′x)dx, (7.1)

where gUvv = U−1
v gvUv.

Let χB denote the narrow class character corresponding to the extension

F (
√

(−1)r/2 detB′)/F

by the global class field theory. By Proposition 4.4, we have
∏
v-∞

∫
Symr(Fv)

ϕv (kn, wn,rνn (diag(x, 0n−r)))ψv(−B′x)dx

=
∏
v-∞

∫
Symr(Fv)

ϕv (kr, wrνr(x))ψv(−B′x)dx
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By Proposition 6.1, we have∏
v-∞

∫
Symr(Fv)

ϕv (kr, wrνr(x))ψv(−B′x)dx

=
∏
v-∞
v-N

Φ(r)
v (B′v, χ̃v($v)−1q−kv )

× L(N)(k − r

2 , χBχ
−1)L(k, χ−1)−1

r/2∏
i=1

L(N)(2k − 2i, χ−2)−1

×
∏
v-∞
v|N

∫
Symr(Fv)

ϕv (kr, wrνr(x))ψv(−B′vx)dx.

Let v be an infinite place and κ(r)
v the upper left r × r block of yv[Uv].

Then by the definition of ϕv, we have∫
Symr(Fv)

ϕv
(
kn, wn,rνn (diag(x, 0n−r))µn(y1/2

v [Uv])
)
ψv(−B′vx)dx

= |det yv|k/2v ξ(κ(r)
v , B′v; k, 0).

Here ξ is the function defined by (4.2).
By (7.1) and equations above, we have

a(B,G(n)
k,χ) = e(−iBy)

∏
v

χ̃v(detα2
v) |detαv|−2k+(r+1)

v

×
∏
v-∞
v-N

Φ(r)
v (B′v, χ̃v($v)−1q−kv )

× L(N)(k − r

2 , χBχ
−1)L(k, χ−1)−1

r/2∏
i=1

L(N)(2k − 2i, χ−2)−1

×
∏
v-∞
v|N

Wh(kr)
B′v

(ϕv)(1).

(7.2)

By Theorem 4.1, we have

ξ(κ(r)
v , B′v; k, 0) = 2r/2ir2/4 (det 2B′v)

k−(r+1)/2 e(iκ(r)
v B′v)

× γv (k, χ̃−1
v )

γv (k − r/2, χ̃B,vχ̃−1
v )

r/2∏
i=1

γv
(
2k − 2i, χ̃−1

v

)
. (7.3)
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By equations (7.2), (7.3), Theorem 5.1, Theorem 6.2 and the functional
equation of Heck L-function, the following equation holds.

a(B,G(n)
k,χ) = A

∏
v|∞

ir
2/4 (detB′v)

k−(r+1)/2∏
v

χ̃v(detα2
v) |detαv|−2k+(r+1)

v

×
∏
v-∞
v-N

χ̃v($v)−eB′v q
((r+1)/2−k)eB′v
v

∏
v|f(χB)
v-N

γv
(
k − r/2, χ̃B,vχ̃−1

v

)

×
∏
v-∞
v|N

χ̃v(2 detB′v)−1 |2 detB′v|
k−(r+1)/2 Wh(−kr)

B′v
(φ′v)(1),

Here φ′v is defined by (2.3) and A is given by

A = 2rm/2
∏
v-∞
v-N

Φ(r)
p (B; χ̃v($v)qk−r−1

v )

× L(1− k, χ)−1L(N)(1 + r/2− k, χBχ)
r/2∏
i=1

L(N)(1 + 2i− 2k, χ2)−1.

By the definition of φ′v, we have

Wh(−kr)
B′v

(φ′v)(1) = 1. (7.4)

Let v be a finite place such that χ̃v is unramified. Then

εv
(
k − r/2, χ̃B,vχ̃−1

v

)
=
(
χ̃−1
v | · |k−(r+1)/2

v

)
(f(χ̃B,v)) εv (1/2, χ̃B,v) .

By (7.4) and the equation above, we have

a(B,G(n)
k,χ) =A

∏
v|∞

ir
2/4 ∏

v-∞
εv (1/2, χ̃B,v)

×
∏
v

χ̃−1
v

(
detα−2

v det(2Bv′)
) ∣∣∣detα−2

v det 2B′v
∣∣∣k−(r+1)/2

v
.

By B′v[α−1
v ] = B′ ∈ GLr(F ), we have

a(B,G(n)
k,χ) = A

∏
v|∞

ir
2/4 ∏

v-∞
εv (1/2, χ̃B,v) .

By equation (5.1) and the product formula for the Weil index ([16, chapter
2 proposition 5]), a(B,G(n)

k,χ) is as stated in Theorem 2.3 if r is even. In a
similar way, we can prove the theorem for an odd r.
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8. The value of intertwining operators at odd primes

In this section, we prove Proposition 2.2. Since the Fourier coefficients
of E(n)

k,χ and G
(n)
k,χ have Euler product expression by ( 4.2), we may assume

N = pν where p is a prime of F such that (p, 2) = 1.
When χ̃p is a ramified character of F×p such that χ̃2

p is unramified, we
define a function fr of IndSpn

Pn (χ̃−1
p | · |sp) as follows.

supp fr = Pn(Fp)wn,rC0(p),
fr(wn,r) = 1.

Here, for an ideal pν of Op, C0(pν) is the compact open subgroup of Spn(Fp)
defined by

C0(pν) =
{
g ∈ Spn(Op)

∣∣∣ cg ≡ 0 mod pν
}
.

Let E ′k,χ({r} ; z) be the Eisenstein series defined by (2.6). Then Eisenstein
series E ′k,χ({r} ; z) corresponds to Efr by (3.5), where Efr is the Eisenstein
series on Spn(AF ) defined by (4.1).

Thus, to prove Proposition 2.2, it is enough to prove the following propo-
sition.
Proposition 8.1. Let φp and ϕp be the functions defined by (2.2) and (2.4).
If χ̃2

p is ramified, then ϕp = φp. If χ̃2
p is unramified, then

ϕp =
n∑
r=0

mr(s+ (n+ 1)/2, χ, p)fr,

where mr(k, χ, p) is defined by (2.7).

When χ̃2
p is ramified, then this proposition follows from the lemma below

and (7.4). When χ̃2
p is unramified, we need some computation of the value

of intertwining operators.
Lemma 8.2. Let IndSpn

Pn (χ̃−1
p | · |sp)C0(pν) denote the space defined below.{

f ∈ IndSpn
Pn (χ̃−1

p | · |sp)
∣∣∣ f(gγ) = χ̃p(det dγ)f(g),
for all g ∈ Spn(Fp) and γ ∈ C0(pν)

}
.

Then we have

IndSpn
Pn (χ̃−1

p | · |sp)C0(pν) =


Cφp if χ̃2

p is ramified,
n⊕
r=0

Cfr if χ̃2
p is unramified.
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Proof. By Bruhat decomposition, we have

Spn(Fp) =
⋃

0≤r≤n
c∈pSymn−r(Op)

Pn(Fp)ι
(
wr × tνn−r(c)

)
C0(pν).

If ν = 1, then we also have

Spn(Fp) =
n⋃
r=0

Pn(Fp)wn,rC0(p).

When χ̃2
p is unramified, then the assertion of the lemma follows from this.

Next, assume that χ̃2
p is ramified. Let f ∈ IndSpn

Pn (χ̃−1
p | · |sp)C0(pν) and r > 0,

then for a ∈ GLr(Op), we have

χ̃−1
p (det a)f(g) = f

(
ι
(
µr(a)× 12(n−r)

)
g
)

= f(gι
(
µr(ta−1)× 12(n−r)

)
) = χ̃p(det a)f(g).

Here g = ι (wr × tνn−r(c)). Thus if χ̃2
p is ramified, then we have supp f =

Pn(Fp)C0(pν). Therefore, we have the assertion of the lemma.

In the rest of this section, we assume χ̃2
p is unramified. By Lemma 8.2,

we have
ϕp =

n∑
r=0

Mrn(s)fr.

Here, we put
Mrr′(s) = M (s)

wn (fr′)(wn,r),

where M (s)
wn is the intertwining operator defined by (2.1). Thus, to prove

Proposition 8.1, it is enough to prove proposition below.

Proposition 8.3. If r is odd, then Mrn(s) = 0. If r is even, then

Mrn(s) = χ̃p(−1)r/2q−r/2
(
q−1; q−2

)
r/2

(
χ̃p($)2qn−r−2s; q2

)−1

r/2
.

Here we denote $ by the uniformizer of Op and q by the order of the residue
field Fp = Op/pOp.
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Proof. Define σ = (σij)ij ∈ GLn by σij = 1 if i + j = n + 1 and σij = 0 if
i+ j 6= n+ 1. Since µn (σ)wn,rµn (σ) = 12(n−r) × wr, we have

Mrn(s) =
∫

Symn(Fp)
fn (α(x)) dx,

where
α(x) = wn

(
1 x
0 1

)
ι
(
12(n−r) × wr

)
.

Put x =
(
x11 x12
tx12 x22

)
, where x11 ∈ Symn−r(Fp). We define a lattice L ⊂

Symn(Fp) by

L =
{
x ∈ Symn(Fp)

∣∣∣ x11 ∈ Symn−r(Op), x12 ∈Mn−r,r(Op),
x22 ∈ pSymr(Op)

}
.

Since the value of the function fn (α(x)) is determined by x mod L, we have

Mrn(s) = q−r(r+1)/2 ∑
x mod L

fn (α(x)) .

Let Mn be the set defined in Lemma 4.3. Put x = c−1d, where (c, d) ∈Mn.
Then by Lemma 4.3, we have

Mrn(s) = q−r(r+1)/2 ∑
(c,d)∈GLn(Op)\Mn/∼L

fn
(
α(c−1d)

)
.

Here, for (c, d), (c′, d′) ∈ Mn, we denote (c, d) ∼L (c′, d′) if and only if
c−1d ≡ c′−1d′ mod L. Put

c =
(
c11 c12
c21 c22

)
, d =

(
d11 d12
d21 d22

)
.

Here upper left blocks are n− r× n− r matrices. Then the Iwasawa decom-
position of α(x) is given by

α(x) =
(
tc ∗
0 c−1

)
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
c11 d12 d11 −c12
c21 d22 d21 −c22

 .
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By the definition of fn, fn(α(x)) does not vanish if and only if

rank Fp

(
c11 d12
c21 d22

)
mod p = n. (8.1)

When x satisfies the condition above, we have

fn (α(x)) = χ̃p(det c) |det c|s+(n+1)/2
p χ̃p

(
det

(
c11 d12
c21 d22

))
.

Assume c, d satisfies the equation (8.1). Put rank Fpc mod p = n − r + r0,
then r0 ≥ 0. Let

c = v′diag(1n−r, 1r0 , $
e11r1 , . . . , $

ek1rk)v, v, v′ ∈ GLn(Op),

be the elementary divisor decomposition. Here $ is the uniformizer of the
integer ring Op. Put

Er =
{
c′
∣∣∣ c′ = diag($e01r0 , $

e11r1 , . . . , $
ek1rk),

0 = e0 < e1 < · · · < ek,
∑k
a=0 ra = r

}
.

Let [Symr(Op)/pSymr(Op)] be a set of complete representatives of the set

Symr(Op)/pSymr(Op).

We set

Dr(c′) =
{
d′ ∈Mr(Op)

∣∣∣∣ c′−1d′ ∈ [Symr(Op)/pSymr(Op)]
}
.

We put

Γ0(c′) =
(

1n−r
c′

)−1

GLn(Op)
(

1n−r
c′

)
∩GLn(Op),

and denote by V(c′) a set of complete representatives of

Γ0(c′)\
{
v ∈ GLn(Op)

∣∣∣ v =
(

1n−r ∗
0 ∗

)}
.

With the notation above, we can take a set of complete representatives
of

GLn(Op)\
{

(c, d) ∈Mn

∣∣∣ (c, d) satisfies (8.1)
}
/ ∼L
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as the following set:{((
1n−r

c′

)
v,

(
0n−r

d′

)
tv−1

) ∣∣∣ c′ ∈ Er, d′ ∈ Dr(c′) ∩GLr(Op), v ∈ V(c′)
}
.

Thus Mrn(s) becomes

Mrn(s) = q−r(r+1)/2 ∑
c′∈Er

χ̃p(det c′) |det c′|s+(n+1)/2
p

∑
v∈V(c′)

d′∈Dr(c′)∩GLr(Op)

χ̃p (det d′) .

(8.2)
Take c′ ∈ Er and fix c′ = diag($e01r0 , . . . , $

ek1rk) ∈ Er. By [13, Lemma
15.2], the cardinality of V(c′) is given by

|V(c′)| = br(q)
k∏
a=0

q(n−r)earabra(q)−1 ∏
0≤a<b≤k

q(eb−ea)rarb , (8.3)

Here br(q) is defined by

br(q) =
r∏

a=1
(1− q−a).

We define Wm(0, χ̃p) by

Wm(0, χ̃p) =
∑

s∈Symm(Fp)∩GLm(Fp)
χ̃p(det s).

Then we have
∑

d′∈Dr(c′)∩GLr(Op)
χ̃p(det d′) =

k∏
a=0

qeara(ra+1)/2Wra(0, χ̃p)
∏

0≤a<b≤k
q(ea+1)rarb .

(8.4)

By (8.2), (8.3) and (8.4), we have

Mrn(s) = q−r(r+1)/2br(q)
∑
c′∈Er

qα(c′)
k∏
a=0

χ̃p($eara)bra(q)−1Wra(0, χ̃p). (8.5)

Here for c′ = diag($e01r0 , . . . , $
ek1rk) ∈ Er, α(c′) is given by

α(c′) =
k∑
a=0

(
eara

(
−s+ n

2 − r
)

+ 1
2ear

2
a

)
+

∑
0≤a<b≤k

(eb + 1)rarb.
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By [10, Theorem 1.3], we have

Wm(0, χ̃p) =


0 if m is odd,

χ̃p(−1)m/2qm2/2 bm(q)
bm/2(q2) if m is even. (8.6)

Thus Mrn(s) = 0 unless r ≡ 0 mod 2. Assume r ≡ 0 mod 2. For c′ =
diag($e012r0 , . . . , $

ek12rk) ∈ Er, we put ξ = ξ(c′) = diag($e01r0 , . . . , $
ek1rk) ∈

Er/2. Substituting ra by 2ra in (8.5) and by (8.6), we have

Mrn(s) = q−r(r+1)/2χ̃p(−1)r/2br(q)
∑

ξ∈Er/2

qβ(ξ)
k∏
a=0

χ̃p($2eara)bra(q2)−1.

Here β(ξ) is define by

β(ξ) =
k∑
a=0

eara(−2s+ n− 2r) +
k∑
a=0

2ear2
a +

∑
0≤a<b≤k

4ebrarb + r2/2,

where ξ = diag($e01r0 , . . . , $
ek1rk) ∈ Er/2. Therefore we have

Mrn(s) = q−r/2χ̃p(−1)r/2 br(q)
br/2(q2)

∑
ξ∈Er/2

ϕr/2(ξ; χ̃p($)2qn−rX). (8.7)

Here X = q−2s and ϕm(ξ;X) is defined by

ϕm(ξ;X) = bm(q2)∏k
a=0 bra(q2)

k∏
a=0

(q−2mX)earaq2ear2
a

∏
0≤a<b≤k

q4ebrarb ,

for ξ = diag($e01r0 , . . . , $
ek1rk) ∈ Em. We define formal power series as

follows.

Φm(X) =
∑
ξ∈Em

ϕm(ξ;X), Ψm(X) =
∑

ξ∈$Em
ϕm(ξ;X).

When m = 0, we put Φ0(X) = Ψ0(X) = 1. We shall prove that

Φm(X) =
m−1∏
a=0

(1− q2aX)−1, Ψm(X) = XmΦm(X). (8.8)
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The assertion of the proposition follows from (8.7) and (8.8). Let ξ =
diag(1r, ξ′) ∈ Em, where ξ′ ∈ $Em−r. Then we have

ϕm(ξ;X) = c(m, r)ϕm−r(ξ′, q2rX),

where c(m, r) = bm(q2)
br(q2)bm−r(q2) . Thus we obtain

Φm(X) =
m∑
r=0

c(m, r)Ψm−r(q2rX). (8.9)

In a similar way, we have

Ψm(X) =
m∑
r=0

c(m, r)q2r(m−r)X2m−rΦm−r(q2rX). (8.10)

Recursive equations (8.9), (8.10) and Φ0(X) = Ψ0(X) = 1 determine Φm(X)
and Ψm(X). By these equations, we have Φm(X) = XmΨm(X). Therefore
the following recursive equation holds

Φm(X) =
m∑
r=0

c(m, r)q2r(m−r)Xm−rΦm−r(q2rX).

By [13, Lemma 15.3], the recursive equation above is satisfied for Φm(X) =∏m−1
a=0 (1−q2aX)−1. Thus equation (8.8) holds and we obtain our proposition.
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