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Abstract

Let F be a totally real field and y a primitive narrow ray class character of
F. We prove a formula for the Fourier coefficients of the Siegel Eisenstein
series of degree n, weight k and character x under certain conditions on Y.
We also prove the existence of A-adic Siegel Eisenstein series of degree n.

Keywords: Siegel Eisenstein series, explicit formula of Fourier coefficients,
A-adic Siegel Eisenstein series
2010 MSC: 11F30, 11F33, 11F46

1. Introduction

In [15], we calculated the Fourier coefficients of Siegel Eisenstein series
of Spy(Q) for an arbitrary primitive Dirichlet character. As an application,
we constructed the p-adic analytic family of Siegel modular forms that in-
terpolates Siegel Eisenstein series of Sp,(Q), that is A-adic Siegel Eisenstein
series. In this paper, we generalize our result to the case of Siegel Eisenstein
series E,g")z of Sp,,(F") for a primitive narrow ray class character y of F', where
F' is a totally real field and n is a positive integer. We calculate the Fourier
coefficients of E,inz under the following conditions on x:

(i) The conductor of x is relatively prime to 2.

(ii) If v is a finite place of F' and Y, is ramified, then x? is also ramified.
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If F' is the rational field and y is a primitive Dirichlet character modulo N,
then the conditions mean /V is odd and Y, is not the quadratic character mod-
ulo p for every prime p | N. Though we cannot explicitly compute Fourier
coefficients of E,(g"; for an arbitrary x, we can construct A-adic Siegel Eisen-
stein series that interpolates E,g") with y satisfying the conditions above. The
key ingredient of the proof of our main results is the functional equation of
Whittaker functions (Theorem 5.1), which was proved by Ikeda. We assume
the conditions above y not only because we use the functional equation. If
x does not satisfy the conditions above, Fourier coefficients of E,(;Q would
be complicated (see [9], [15] for the case where n = 2). In this case, The
difficulty of computing the Fourier coefficients of Siegel Eisenstein series lies
in the fact that the space defined in Lemma 8.2 is not one dimensional.

We state our main results. Let F' be a totally real field with [F': Q] = m
and Op the integer ring of F. For a place v of F', we denote by F, the
completion of F' with respect to v and by O, the integer ring of F), if v is a
finite place. Let x be a narrow ray class character of F' modulo 1. For an
infinite place v of F, let r, be an element of Z /27 satisfying the following
condition.

X ((@)) = ] sen (to(a))™ for a =1 mod N.
v|oo
Here v runs over the set of infinite places of F' and ¢, is the real embedding
corresponding to v. For a € F'*, we put

s, (a) = T sg™ (1(a)).

v|oo
We define a character x; : (Op/MN)* — C* by
x7(@) = sem, (@)x (@)
We denote by $),, the Siegel upper half space of degree n:
= {z =+ 1y ‘ z,y € Sym,,(R), y is positive deﬁnite} .

Let n be a positive integer. For 0 < ¢ < n, we denote by w,; the matrix
given as follows.

0; 0 |1 0
|0 L] 0 0ny
S I PR P

0 0| 0 Ly




We put w,, = w, . We define the symplectic group of degree n by

Sp,(R) = {g € GLan(R) | ‘gung = w

for any commutative ring R. For g € Sp,,, we denote g = (CCLQ Zg > with
g Cqg

g, by, cy,dg € M,,. Define the Siegel parabolic subgroup P, by
Po(R) = {g € Sp,(R) | ¢, = 0} .
We define a congruence subgroup F(()n) (M) by
T (m) = {g € Sp,,(OF) ’ ¢y = 0 mod ’)’t} (1.1)

Let k be positive integer. We assume that x;(—1) = (=1)F and k > n + 1.
We define the Siegel Eisenstein series E,(g"; of degree n on [, Hn as follows.

EM(2) = 3 X7 (det d)det(cz +d)™".  (1.2)

a b €P, (Op)ND{™ (1™ ()
c d 0 0

Here det(cz + d)~* is give by
IT det(eo(c)zy + to(d)) ", for z = (z,), € [] Hn-

v|oo v]oo

The right hand side of (1.2) is absolutely convergent and defines a Siegel-
Hilbert modular form of degree n, weight k, character y and level 91. For
R = Op or O, with v < 0o, we define the set of half integral matrices by

Sym™(R) = {B € Sym,, (K) ‘ Trg/(Tr(AB)) € S, forall A € Symn(R)} :
Here we put

g_ Z it R = Op,
B Z, if R = 0, and p is the residual characteristic of R,

K =Frac R and L = FracS. Let
EQ() = S a(B,EY) exp(2ri Ty B),

0<BeSym{, (OF)



be the Fourier expansion of E,i")z Here we put

e(Bz) = exp <2m' Z Tr Lv(B)zv> ,

v|oo

for B € Sym{”(Op) and z = (2,), € [Tojoc - The inequality 0 < B means
B is totally positive semi-definite. The first main result of this paper is the
formula for a(B, E,g”)) We prepare some notation for our main result. Let

B € Sym'”(Or) and put r = rank pB. There exists a matrix A € GL,,(F)

such that /
' (B0
ABA = < 0 o)

with B’ € Sym,.(F). Then det B’ € F*/F** does not depend on the choice
of A. If r is even, then we denote by y g the primitive narrow class character

of F associated with the extension F(y/(—1)/2det B")/F by the global class
field theory. For a prime p of F' with p { 0, there exists a matrix U € GL,(O,)

that satisfies /
B0
= p
UBU < 0 O) ,

with B, € Sym;(O,). The matrix B, is unique up to unimodular equivalence.
Therefore cpf,”(B{); T') does not depend on the choice of U, where @,@(B;,; T)
is the polynomial obtained by the Siegel series (see (6.1) for the definition).
We put &) (B,T) = &, (B,,T).

Theorem 1.1. Let 0 < B € Sym,gl*)((’)p) be a half integral totally positive
semi-definite matriz of sizen and k > n+1 an integer. We have a(0,, E,gnx) =
1. Put r = rank B and assume r > 0. Let x be a primitive narrow class
character of F of conductor M with x;(—=1) = (=1)*. Assume that 9 is
relatively prime to 2 and Xg is ramified for all p | M. If r is even, then

a(B, E,g";) is given by

r/2
2L =k, x) T LV (1 41 /2 =k xx) [T LV (1 + 20 — 2k, x%)
=1
x TT @8 (B x(p)Nph ).

pin



If r is odd, then a(B,E,gzg) is given by

—1)/2
2L H (120 = 2 x%) 7 T (B x(p)Ne™ 7).
=1 prn

Here for a Hecke L-function L(s,x) and an ideal N, we denote

L™ (s,x) =111 = x(p)Np~*)~"!

pin

where p runs over the set of primes of F relatively prime to the conductor of
x and the ideal N.

Remark 1.2. The product Hpm ") (B; x(p)Npt~"~1) in the statement of
the theorem is essentially a finite product If F =Q and n = 1, this factor
is equal to the divisor sum oy (B) = Y45 xs(d)d" .

Remark 1.3. Let FF = Q. We regard y as a Dirichlet character modulo
N =TI, np". We decompose x = [,y Xy, Where X, is a Dirichlet character
modulo p™. In this case, the assumption of the theorem is equivalent to N
is odd and x, is not equal to the quadratic character modulo p for all p | N.
For ' = Q, Katsurada [6] proved an explicit formula for the polynomial
<I>,(Jn)(B ;T) for an arbitrary n. Thus by the theorem, we obtain an explicit
formula for a(B, E,ER)Z) in this case. If p | N and Y, is the quadratic character

modulo p, then p-Euler factor of a(B, E(n +) does not seem to be simple (cf.

(9], [15]).

In the next section, we shall define another Siegel Eisenstein G,E:n; and

state the formula for the Fourier coefficients of Gg?( (see Theorem 2.3). In
Theorem 2.3, we do not assume 1 is relatively prime to 2 and Xﬁ is ramified
for all p | 91. Theorem 1.1 is a consequence of Theorem 2.3 and the fact that
G,(gng( coincides with E( if N is relatively prime to 2 and X is ramified for
all p | M. The key mgredlent for the proof of Theorem 2. 3 is the explicit
functional equation of Whitaker functions proved by Ikeda.

The second main result of this paper is the existence of A-adic Siegel
Eisenstein series. By Theorem 2.3 and the existence of the p-adic Hecke L-
functions [1] for totally real fields, we can prove the existence of A-adic Siegel
Eisenstein series.



Before we state the next theorem, we recall the p-adic Hecke L-functions
for the totally real field F. We follow Hida’s book [3, §3.9]. For an integral
ideal 91, we denote the group of fractional ideals of F' relatively prime to
N by Iy. We define the narrow ray class group of F' of conductor 91 by
Clp(M) = In/P.(M). For a rational prime p, we consider the projective
limit

CIF(‘)Tp ) LLnClF(‘ﬁpo‘)

We put G(91) = Clp(9Mp™). Let C, be the completion of Q, and O, the
integer ring of C,. We fix the embedding of Q to C and C,. We denote
Meas(G(), Oc,) by the bounded p-adic measure on G(N) with values in
Oc,. Since Iy, can be considered as a dense subgroup of G(9) and the norm
map N : Iy, — Z, is continuous, we can extend N to G(91). We denote
the extended character by the same letter. Then for a € G(N), there exists
a p-adic measure ¢, € Meas(G(M), Oc,) such that for any narrow ray class
character x : Clp(9p®) and any n € Zs(, we have

[ x@)N (@) déalw) = (1 = x(@)N (@) ) L) (=n, ).

Theorem 1.4. Let N be an ideal of O and p a rational prime. We assume
(M,p) = 1. For B € Sym!(Z), we denote by f(xp) the conductor of 5.
Then for an integer k > n + 1 and a primitive narrow ray class character x
of conductor NMp* with o > 1, there exists a non-zero constant ¢y, € Q" that
satisfies the following statement. For each B, there exits a p-adic measure
pp € Meas(G(M f(xB)), Oc,) that satisfies

[ X(@)N @) dn(x) = a(B, Hy,).

Here we put Hy., = ¢ XG(n and G\"

kox kx is the Siegel Eisenstein series defined
in §2.

We can prove this theorem easily by Theorem 2.3, the existence of the
p-adic measure which interpolates the valued of Hecke L function and the
same argument in the Proposition 1 of chapter 7 [3]. We omit the proof.

We recall recent results on the explicit formula for the Fourier coefficients
of Ekrgz and A-adic Siegel Eisenstein series in the case where F' = Q. Kat-
surada [6] proved the explicit formula for the polynomial CID,(Jn)(B ;T') for an
arbitrary degree n. If the degree n is equal to 2 and the conductor of y

6



is square free odd integer, Mizuno [9] proved the explicit formula for E,?))(

Gunji [2] also computed local factor of Fourier coeflicients of E at the odd

prime. For a general primitive character x, the author [15] computed the

Fourier coefficients of E,“)( H. Kawamura [8] proved the existence A-adic

Siegel Eisenstein series that interpolates p-adic stabilization of Siegel Eisen-
stein series of degree n, level 1. Recently, he [7] also proved the existence
A-adic Siegel Eisenstein series that interpolates Eisenstein series of degree n
with a character of conductor p**1, where p is an odd prime and v > 1. His
method uses the control theorem proved by V. Pilloni.
Acknowledgments. The author would like to express his gratitude to
Professor T. Ikeda for his helpful advice and encouragement. The author
would also like thank the referee for the careful review and the valuable
comments. This work was supported by Grant-in-Aid for JSPS Fellows.
Notation. For a commutative ring R, we denote by M, ,,(R) the set of
n-by-m matrices with entries in R. We denote by M, (R) the set of n-by-n
matrices with entries in R. For a € M, ,,,(R), we denote by ‘« the transpose
of a. We denote by Sym,,(R) the set of symmetric matrices of size n with
entries in R and by Sp,,(R) the symplectic group of size 2n. For a € Sym, (R)

and € GL,(R), we put v,(«a) = L 104) and p,(8) = (”6 %1). Then
v(a) and p(B) are elements of Sp,,(R). For x € M,, and y € M, ,,, we define

xly] € M, by yxy. For g = (Zg Zg> € Sp, and h = ( ) € Sp,, we
g

g

ap by
cn dp
put

Qg by
ap, bh
(g x h) = € Sp,is-
( Cq dg +
Cp, dh
We put
g by
L 05
Lr+8(g) = c d
g g
Os Ls

The organization of this paper is as follows. In §2, we define another S1egel
Eisenstein series G,;) and state result for the Fourier coefficients of G(n In
§3, we introduce basic notions of Siegel modular forms. In §4, we mtroduce
general results of Euler factor of Fourier coefficients of Siegel Eisenstein series.
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In §5, we introduce the functional of Whittaker functions associated with
Ind?;n“ (Xpl - I3), that is a key result for our main theorem. In §6, we introduce
a result for Euler factors of Siegel Eisenstein series at unramified places. In
§7, we prove Theorem 2.3 and in §8 we prove Proposition 2.2.

2. The definition of G\

n)

In this section, we define Gé,x that appeared in Theorem 1.4. Let x be
a narrow class character modulo O and & a positive integer with xp(—1) =
(—1)*. We denote by Ar the adele ring of F and by A} the idele group of
F. Denote the character of finite order of Ay /F* corresponding to x by X.
For a place v of F', we define a maximal compact subgroup of Sp,, () by

B {g € Sp,(R) ’ ay, =d, and b, = —cg} if v is real,
*1Sp,(0y) if v is finite.

We denote the space for the normalized induction by Ind%ﬁ“()zv_ 1. ]%), that
is, the set of C-valued functions on Sp,(F),) satisfying the following two
conditions.

a

(1) For (0 ta*1> € Pn<Fv) and g€ Spn(Fv>7

d <<(CJL ta:> 9> =X, '(deta)| det a|;* V2 £ (g).

(ii) f is right C,-finite.

Here |- [, is the absolute value of F;,. If v is a finite place, then we normalized
| - |, so that
||, = # (Ov/wov)il

for a uniformizer w of F,. We define the intertwining operator
MG IndE (31 - 15) = Ind 2 (%] - [5°) (2.1)

by



for g € Sp,,(F,). Here we take a Haar measure of Sym,,(F,) so that we have
fsymn(ou) dr = 1 for a finite place v. The integral is convergent if Res is
sufficiently large and has meromorphic continuation to the whole complex
plane.

We define a compact subgroup Cy, of C, as follows.

(i) If v is real or Y, is unramified, then we define Cy, = C,.

(ii) If v =p is a finite place and X, is ramified, then we define
Cop = {g € Sp,(Oy) ’ ¢y = 0 mod p”}.
Here p” is the conductor of .

We define a character x, of Cy, as follows.

(i) If v is real, then we define

Ko ((Z ;”)) = det(u + iv) 7",

(ii) If v is finite and X, is unramified, then we define x, = 1.

(iii) If v is finite and X, is ramified, then we define
Ko(77) = Xo(det d,).

We denote by ¢,(s,-) the element of Ind%ﬁ“(i; 1 |%) satisfying the fol-
lowing conditions.

supp ¢v(37 ) = Pn(Fv)OO,v;
Gu(s,97) = ku(V)du(s,g9)  for all v € Gy, (2.2)
ou(s,1) =1.

Here supp ¢,(s,-) is the support of the function g — ¢,(s,g). We put
&(s,9) = II, (s, 9). Then by (3.5), the Eisenstein series E,Szz
to an Eisenstein series on Sp,,(Ar) defined by

) ¢</f—n;1,vg)

YEPn (F)\Sp,, (F)

corresponds



We denote by ¢! (—s,-) the element of Ind%ﬁ“(iv| - |, %) satisfying the
following conditions.

supp ¢;](_Sa ) = Pn(Fv)wnCO,va
0o(=5,97) = k() (=s,9)  forall v € Co,. (2.3)
¢;(_Sawn) =L

For a place v of F, we define ¢,,(s,-) = ¢u(s,-) € Ind2" (X, |- |2) as follows.

(s, 9) if v is real or Y, is unramified.

P o (2.4)
M9 (¢, (—s,))(g) if v is finite and ¥, is ramified.

9011(579) = {
Definition 2.1. Let ¢, (s, g) be a function defined in (2.4). For g = (g,), €

Sp,,(Ar), we put
o(s,9) = [T (s, 90),

where v runs over the set of the all places of F'. We define an Eisenstein
series on Sp,,(Ag) by

G = Y e(s,79)

YEPL (F)\Sp,, (F)

We define G,(Cni by the function on [[,| $n corresponding to Q,(Ji)(
(3.5).

by

n+1)/2,x

We explain why we choose ¢,(s,g) as above. To compute the Fourier
coefficients of E,(gn;,

place v of F

we have to compute the following local integral at a

/uesymn(Fv) Jo (wn’/n(u)g) ¢u(—Bu)du (2.5>

for f, = ¢,(s,:) (see Proposition 4.2). Here 9, is a character of F, and
B € Sym, (F'). But it is difficult to compute the integral (2.5) for f, = ¢, (s, )
in general. As we shall see in Proposition 8.1, ¢, is equal to ¢, if x satisfies
the condition in the introduction. Thus we compute the integral (2.5) for
fo = @u(s,-) instead. By the functional equation (Theorem 5.1), it is enough
to compute the integral (2.5) for f, = ¢/ (—s,-) to compute the integral for
fo = @u(s,-) at a ramified place v. The reason for the choice of ¢, is that
the computation of the integral (2.5) for f, = ¢, (—s, ) is easy.

10



Put
P = {p : a prime of F’ ‘ p | DM and ﬁ is unramiﬁed}.

Let g € Sp,,(Or) and assume ¢, € p»™ if p ¢ P and rank o,/ (c, mod p) =
iy with 0 < 4, < nif p € P. For p € P, the assumption for g implies
gmod p € P,(Op/p)w;, P,(Op/p). Therefore if p € P, there exist elements
Ty, Yp € GL(Op/p) satistying

T, % Yy, Ok
modp= {7 , " w. |7, ,].
I ! (O N 1) ’ (0 Yy 1)

X{ip}pep i 9) = llT (xr), (detdy) [T (xy), (deta, dety,).
p|N peP

pgP

We put

Here (Xf)p is the p-component of xy. If (91,2) = 1, then we define an

. ! o .
Eisenstein series £} ({ip},cp;2) as follows.

By (intpepi2) = D x(in}yep:9) " det(cgz + dy), (2.6)

g

where ¢ runs over the set P,(F) N Sp,,(Or)\Sp,,(OF) satisfying the property
cg € pordO if p ¢ P and rank o, p(cy mod p) = 4, if p € P. By the
definition, we have Ej \ ({ip},cp:2) = E,gni if i, = 0 for all p € P.

Let p be a prime of F' and assume p € P and (p,2) = 1. For 0 < i < n,
we set

0 if ¢ is odd,
mi(k, v, p) = o (D2 (¢ ¢7%), (2.7)

> —i— n+1. -1
% (x,?(p)q 2k+2 +1’q2>i/2

if 7 is even.

Here we put ¢ = Np and for a positive integer r, we denote by (z;y), the

following product:
r—1

(w5 y)r = ] (1 —ay™).

m=0

We prove the following proposition in §8.

11



Proposition 2.2. Assume that N is relatively prime to 2. If P # 0, we have

Gh= X (H mi,,<k,x,p>) By ({ip}yep i 2)-
{ip}yep€{0,...,n}IPI \PEP
If P =10, we have
oty = £t

The following theorem gives a formula for Fourier coefficients of G,(ﬁn))< We
prove the theorem in §7.

Theorem 2.3. Let 0 < B € Sym'”)(OF) be a half integral totally positive
semi-definite matriz of size n and k > n+1 an integer. Let x be a primitive
narrow class character of F of conductor M. We have a(0,, G,(cni) = 1. Put
r = rank B and assume v > 0. Then the following assertions hold. If r is
even, then a(B, G,(g"i) is given by

22T @87 (B; x(p)Np*——1)
pint
r/2
X L(1 =k, x) 'L (14 r/2 — ko xpx) [T LV (1 + 20 — 2k, x*)
i=1

If r is odd, then a(B, G,(Cn}() is given by

—1)/2
9(r+1)m/2 H (I)'(JT)(B; () Np* " DL -k, %)~ H (14 2i — 2k, x3) L.
prt =1

Remark 2.4. Theorem 1.1 follows from Proposition 2.2 and Theorem 2.3.

3. Classical and adelic Siegel-Hilbert modular forms

In this section, we define classical and adelic Siegel-Hilbert modular forms
and recall the relation between them.
The symmetric group Sp,,(R) acts on §,, by

g2 = (agz +by)(cez +dg) ™",
for g € Sp,,(R) and z € $,,. We define a factor of automorphy j(g, z) by
(9, 2) = det(cyz + dy).

12



The group Sp,(F ®g R) =[], SP,(R) acts on [, H, diagonally. Thus
as a subgroup of Sp,,(F' ®q R), Sp,,(F') also acts on [, Hn- For g = (g,) €
[Lojoe SP,(R) and 2 = (z,) € [1yje0 Hn, We put

j(ng) = H j(gva Zv)'

v]oo

Let 91 be an ideal of F'. Let F(()") () be the congruence subgroup defined
by (1.1). Let x be a narrow ray class character modulo 9 and k be an

integer. We define the space M, k(F((]n) (M), x) of Siegel-Hilbert modular forms
of weight k., of character y, of level 91 by the set of holomorphic C-valued
functions f on [[, |~ $n satisfying the following condition:

Fly-2) = xs(detya)j(y, 2)F f(2),  forally € T§V(M). (3.1

If m =n = 1, then we add the cusp condition. By the condition (3.1), we
have the Fourier expansion

fly= > a(B, fle(Bxz).

BGSym;*)(Op)

By the Koecher principle (or the cusp condition), we have a(B, f) = 0 unless
B is totally positive semi-definite.

Next we consider modular forms on the adele group Sp,,(Ar). Let C, and
Co,» be the compact subgroups of Sp,,(F,) defined in §2. We put Cy(91) =
[Ty<oo Co,v- Since the strong approximation theorem holds for Sp,,, we have

Sp,.(Ar) = Sp, (F)Co(MN) H SP, (Fy)-

v|oo

For a C-valued function f on [],j. 9, satisfying (3.1), we define a C-valued
function f on Sp, (Ap) by

Flg) = f(€-i1,)5(€ i1,) 7 T] Xu(det (d,)),

v|N

where a € Sp,,(F), ¥ € Co(N), € € [j SP,(F,) and g = ar€. Then f(g)
does not depend on the choice of o,y and &.

13



By definition f satisfies the following conditions:

fag) = f(g) for a € Sp,(F),

f(g0) = f(9)4(0.i1,)~" for 0 € [] C., (3.3)
v|oo
(o) = f(9) TT Ru(det (d,)) for 7 € Co(N). (3.4)
v|N

Conversely, given a function f on Sp, (Ap) satisfying (3.2), (3.3) and (3.4)
we define a function f on [],. $, satisfying (3.1) by

f(z) = f(gm)j(gom iln)k7 (3'5)

where 2 = g, 7 and goo € [[yjo0 SP,,(F7). Then this gives the inverse map to
the map f — f.

For a place v of F', we define a character v, of F, as follows. If v is real,
then we put ¥,(z) = e(i,(x)). Let v is a finite place and p be the residual
characteristic of F,. We define a character v, of @, by the unique contin-
uous character such that v,(z) = e(—z) for z € Z[p~']. We put ¢,(z) =
Yp(Trp, /g, ©). We define a character 1 of Ap/F by ¥ = [, . place of 7 Yo-

For B € Sym, (F') and a function f on Sp,,(Ar) satisfying the conditions
(3.2), (3.3) and (3.4), we define a function Whp(f) on Sp,(Ar) as follows.

Whi(f)(9) = | F(v(x)g)e (Bx)da.

Symn (F) \Symn (AF)

Here we take a Haar measure of Sym,, (Ar) so that

/ dr = 1.
Sym,, (F)\Sym,, (AF)

For f € My(To(M), x) and B € Sym'?(OF), we have

a(B, fe(iBy) = dety "> Whp(f) (u(y'"?)) . (3.6)

Here for y = (Yy)vjoe € [lvjee Sym,, (R) with g, > 0, we put

det y=/? = T det y; "/, u(y'?) =TT wy?).

v|oo v]oo

14



4. Siegel Eisenstein series and the Euler factor of Fourier coeffi-
cients

Let k be an integer and f an element of Ind2™ (Y~!| - [F~("*1)/2) and sup-

pose f =1, fo, where f, € Ind¥"(x, |- [F~(**1/2). We define an Eisenstein
series £ on Sp,,(Ap) associated with f by

Erlg) = > f(v9). g€ Sp,.(Ap). (4.1)

YEPn (F)\Sp,, (F)

We assume that the right hand side is absolutely convergent.

In Proposition 4.2, we shall show that the Fourier coefficients of &£; has
the Euler product expression when &£; corresponds to holomorphic Siegel
Eisenstein series. For the proof, we need some results of the infinite factor of
the Fourier coefficients of Siegel Eisenstein series.

Let B,y € Sym,(R) be symmetric matrices and assume y is positive
definite. For «, 5 € C, we define a function £ by

&(y, By, B) = /s - det(z + iy)~* det(z — iy) "e(—Bx)dz. (4.2)

ym,,
Theorem 4.1 ([12] (7.11),(7.12); [11] (4.34K),(4.35K)). Suppose y, B €
Sym,, (R) be symmetric matrices and y is positive definite. Let p and q
be the number of positive and negative eigenvalue of B respectively and put
=n—p—q. We denote by 0, (By) (resp. 0_(By)) the product of all positive
(resp. negative) eigenvalues of y'/?By*/?. For | € Zs, we define a function

Fl by
1 if 1 =0,
Fl(S) = { . f

Al=1)/4 Hi;ér(s _ %> if 1> 1.

Then, there exists a function w(y, B; «, 8) holomorphic with respect to o and
0 and satisfies the following equation.

€y, B, 6) = elnla — §)/027 7Ty (a+ 5 — "L yfe) Ty ()

> det(y>(n+1)/2fa7ﬁ5+(By)af(n+1)/2+q/457(By)ﬁf(n+1)/2+p/4w<y’B;a76>.

Here 7,0 is

T=(2p—n)a+(2q—n)6+(nH)Q(nH) +%,

1
sza+qﬁ+t+§{t(t—1)—pq}.
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If B is positive definite, then the following holds.
(y, By, 0) = 2n(=n/2=ne(gmyna (o)=L det(B)~ "D/ 2e(iy B).

For g € Sp,,(Ar) and 0 < i <n, we put
Whp,i(&r)(9) = / Zf (1) g) ¢ (—Bu)du.
Sym,, (F\AF)

Here ~y runs over the set B,(F)\P,(F)w, ;P,(F). We set

Sin—i(F) = {( 2” : ) € Symn(F>}a
Poar)={(5. 1) ectinf.

where 0; ; is the zero matrix of size ¢ x j. If i = 0, we understand Sy ,,(F') =
{0, } and Py, (F) = GL,(F). Then Whp,(€¢)(g) becomes

naVa(B)n (07") v —Bu)du.
Founrvany 2o (it (B (07 1 a)g) =B

Here § and o« run over S;,_;(F)\Sym,(F) and P;,_;(F)\GL,(F) respec-
tively. For a € P, ,,_;(F)\GL,(F), we put

Whiso(€7)(9) = |
Symn (FAAF) geg, . (F)\Sym,, (F)

f (wn,iVn(ﬁ)un ( ) Vn(u)g> Y(—Bu)du.

Proposition 4.2. Let 0 < B € Sym,(F) be a totally positive semi-definite

symmetric matriz, f = I, f, an element of IndyP" (Y~ - [F~(+D/2). We

assume that there exits an infinite place of F' such that f.,(g) = ¢ (k —@, qg).

Suppose k > n+1. Then Whp;(E7)(g) = 0 unless rank B = i. Ifrank B =1

!
and B = (B;) 8) with B" € Sym,(F') then Whg(Ef)(g) is given by

u 0 .
1o (3 8 )t

Here v runs through all the places of F.
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Proof. By definition, we have

Whgai(Er)(9) = Whpa)1:(Er) (Nn (to‘_l) 9) :

Bii(a) Bia(a) Upr U2
B t — 11 _ )
[a] <tBl2(04) Ba(a) )’ " fury Uz
Then the function f (wy,vn(8)vn(u)g) does not depend on wujs and ugs.

Therefore unless Bia(a) = Bos(a) = 0, Whp (&) (un(a™t)g) = 0. If
Bia(a) = Bay(a) = 0, then we have

Whga)1(Ey) (:“n (tail) g)

= . u 0 t -1
N v: plgofF‘/uesymi(Fv) fU (wn’lyn (( 0 0p )) fin (a ) g)

X 1/}1) (-Bll(Oé)U) du.
Fix an infinite place w of F' satisfying the assumption in the theorem. Let
fin (tofl) g =vn(B)un(y), B € Sym,(Fy,), v € GL,(Fy)

be the Iwasawa decomposition in Sp,,(F,,). Then we have

= dety " det (u+ B +y'i) ",

Here 3’ and ¢ are the upper left ¢ x ¢ block of 3 and ~% respectively. Then
we have

u 0 t -1
/Symn(Fw) / <w"’iyn (( 0 0, )) Hn (a )g)

X Uy (—Br1(@)u) du.
=t (Bii(@) ) det 7™ o () det (u + /1) " 1, (—Bu(a)u) du

= by, (Bui(a)f') dety "¢ (i, Bui(a); k. 0) .

17



Here & (v, Byi(«); k,0) is defined by (4.2). By Theorem 4.1, this value van-
ishes unless det Byi(a)) # 0. Thus

Whiea(E7)(9) = 0

B 0

unless rank B = i. Suppose rank B = i and B = 0 0 with B’ €
Sym;(F'). Then rank By («) =i if and only if & € P,,,_;(F). Thus we have
WhB,i(gf)(g) = Z WhB,a,i(gf)(g) = WhB,l,i(gf)(g)

aEPi’n,i(F)\GLn(F)

— I;I/Symi(Fv) o (wn,wn (( g gn_i )) g) Wy (—B'u) du.

Before proving the next proposition, we introduce a lemma.

Lemma 4.3 (Proposition 3.6 of [13]). We define a set M, by

Mm,, = {(C, d) € Mn,Qn(OU)

det c # 0 and (¢, d) is symmetric and co—pm’me}.

Here a pair (c,d) is said to be symmetric if ¢'d = d'c and said to be co-prime
if there exist matrices uw € GL,(Z) and v € Glg,(Z) such that u(c,d)v =
(1,,0,). Then GL,(O,) acts on M,, by the left diagonally. Then, the map

GLA(O0,)\M,, 5 (¢, d) = ¢~'d € Sym,,(F,)
is bijective.
Proposition 4.4. Let v be a finite place of F. Let ¢, ,(—s,9) = ¢,(—s,g) be
the function on Sp,,(F,) defined by (2.3) and ¢,.»(s,9) = ¢(s,g) the function
on Sp,,(F,) defined by (2.4). Then, for 1 <r <mn and g € Sp,(F,), we have

n—r
Spn,v(sa Ln(g/)) = 907",1)(5 + 9 ,g/)-

Proof. By the Iwasawa decomposition Sp,(F,) = P,(F,)Sp,(O,), we may
assume ¢’ € Sp,(0O,). By definition, we have

oo tn(@)) = [ G (5 warn(@)inle) da.
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Here we take a Haar measure of Sym,(F,) so that [, o, dv = 1. Let L
be a lattice of Sym, (O,) such that

D (5,9 tn(Vr(1)g) = b1 (5,9 ta(d)) s

T11 12

for any g € Sp,(F,) and [ € L. Put x = with x1, € M,(F,),

txlz X22
12 € My 5 (F,) and x92 € M,,_,(F,). Then we have

Ln(g’)_ll/n(x)bn(g/> = Ln(g/_lyr(xll)g/”‘n << t N (1)n—7" ))

L12Cy

0, d 1 T12
X Un | |4 g :
Z)L'lgdg/ Too — (Cgl dg/)[.l’lg]

By the definition of ¢/, (—s,g), we have

(biz,v(_& gfy) = iv(det dW)(b;,v(_S? g)

for v € Co,. Thus ¢}, , (W, (7)1,(g')) is determined by z1; mod L, 715 mod
M, ,—+(O,) and x99 mod Sym,,_,.(O,).

Let 9, be the set defined in Lemma 4.3. For (c¢,d), (¢,d’) € M, and a
lattice M of Sym,,(F,), we denote (c,d) ~y (¢, d') if c7'd = ¢7'd mod M.
We denote the equivalence class of 9, by 9,/ ~y. We define a lattice
My C Sym,,(F,) by

T11 T12
My = .
L12 T22

If Re(—s) is sufficiently large, then by Lemma 4.3 we have

xr11 € L, T19 € Mnn_r(ov),l’gg - Symnr(Ov)} .

Onw(S,tnlg /dx Z (bm —8, Wyl (c™ d)Ln(g’)),

where the summation index runs over GL,(O,)\IM,/ ~n,. The Iwasawa
decomposition of w,v, (c7*d),(g') is given by

* ok |k ok
e % x x| % %
0 ¢! x Cpo | % dpo

*  Co9 | k d22
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Here ¢ = (CH ClQ) and d = <d11 d12> with ¢11,dyy € M. (F,) and cg9,das €

Co1 C29 d21 d22
M,,_.(F,). By the definition of ¢/, ,(—s, g), we have ¢, , (wnvn(c'd)in(g")) =

0 unless
rank g, <<012> mod pv> =n-—r (4.3)
C22

Here p, is the maximal ideal of O, and F, is the residue field of O,. We
assume

Broa (—s, wnl/n(c_ld)Ln(g’))

does not vanish. Put

M, = {(c, d) e M, ‘ c satisfies (4.3)}.

Let 90, be a complete set of representable of GL,(O,)\M,/ ~p. For ¢’ €
GL,(F,) N M,(O,), we denote by U(c') a complete set of representable of
My (Oy) /My (Oy)C. For (¢, d') € M, and u € U(), we put

Oé(C/7U> = (ZI 1n—r> ) ﬁ(dlau) = <d/ _Ozl/_iu> ’

M, = {(a(c,u), B(d,w)) | (¢, d) € M\, ue ()}

Then the set

gives a complete set of representable of GL,,(O,)\M,, ./ ~nr,. We can prove
this as follows. It is easy to see that every element (c,d) € 9, , is equivalent
to some element of M,,,.. Suppose that two elements (a(c},u), 3(d},u1))
and (a(ch, us), B(dh, uz)) in the set g)v?mu are equivalent. Then by

, . , B leld/ _leld/tu
a(c,u) B(dvu) - (_ucl—ld/ ucl—ld/tu )

we have ¢ = d,, d} = dy and ud~'d € M,_,,.(0,). Here we put u =
uy — ug, ¢ =c) and d’' = dj. Since the pair (¢/, d’) is co-prime and

ud 1 <C, d/> _ (ul uc/—ld/) c Mn—r,?'r(O'u)v

we have ud™' € M,,_,,(0,) (see [13, Lemma 3.3]). Thus u; = uz and the set
M, is a complete set of representable of GL,,(O,)\M,../ ~ -
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For (a(c,u), B(d', u)) € My, we have

Wy (a(d,u) 1 B(d, u))
el DA ()

/ /
with ajp € M, ,,—.(O,), a2 € M,,_,(O,) and <CCL, ) € Sp,(O,). Therefore

1, Byt
N1 1, N | uag 1, | uby
tn(9')" fin ((u )l = o—

171*""

and

, , n—r
¢n,v(_87 L(g X wn—”‘)) - ¢r,v(_8 + 79) for gc€ Spr(FU>’
we have

n—r

,wrur(c’ld’)g'> )

B (=50 (ale ) B 0) (g)) = 8, (=5 +

Thus we have

@n,v<57 Ln(g/))

—[de X% (st S )y ).

L ~ =
(¢!, d")em, uel(c)

:/dw oo, (—54—_71;—70,11),,1/,,(0’1(1’)9’),
. 7

(¢, d')EMm,

= (34755
= Pro 9 g -

5. Functional equation of Whittaker functions

In this section, we introduce the explicit functional equation of Whittaker
functions proved by Ikeda.
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Let K be a local field. Let v be a nontrivial additive character of K
and x be a character of K*. Suppose B € Sym, (K) and det B # 0. For

fe Ind%ﬁ“(x] - 1%), we define a function Whg)(f) on Sp,,(K) by
W (1)(9) = [ Twwn(e)gw(~Br)dr, for g € Sp,(K).

For a character w of K*, we denote by &(s,w, ) the local factor from Tate’s

L“%’:‘j;l). If n is even, we define Dg by

(—1)"/2det B. We denote by xp the character of K> corresponding to the
extension K (v/Dp)/K by the local class field theory. For a € K*, we denote
by a(a) the Weil index of the character of second degree x — 1 (az?). By
[14, lemma 2.4], we have

thesis and put y(s,w, ) = (s, w, V)

(D) =¢ (;,Xg,w> . (5.1)

If n is odd, we define ng by
e = (1), det BY(—1, ~ 1) D/S(B),

Here (-, -) is the Hilbert symbol of K and h(B) is the Hasse invariant defined

by
MB)= TI (aiaqy),

1<i<j<n

where B[U| = diag(ay,...,a,) for a matrix U € GL,(K).
Theorem 5.1 (Ikeda). The following equation holds.

Wh® oM, = y(det B)™"| det B|~*c(s, B) Whi? .
The function c(s, B) is given as follows.

(i) Let n be even. Then we have

D 1
(s, B) = 21 XL B2+ 5 e )
% _n-= 1 -1 k. _ 2 \—1
Vs = 5= ) T T (2s —n+2r x4
r=1
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(ii) Let n be odd. Then we have

n—1 (n—1)/2

cls, B) = 1217 Dx (@) " (s = = ) ]
r=1

X 7(25 —n+2r, X271/))_1'

Remark 5.2. To prove this theorem, it is enough to calculate the coefficients
appearing in the local functional equation of prehomogenous vector space
Sym,, (K) (cf. [4, Lemma 4.3]). Sweet [14, Theorem 1.1] calculated such
coefficients in the case where K is non-archimedean and y is unramified. In
5], Tkeda generalized Sweet’s result for an arbitrary character .

6. Euler factor at unramified places

Let v be a finite place of F such that Y, is unramified and B € Sym{” (Op)
with det B # 0. By equation (3.6) and Proposition 4.2, a(B,G,(:))C) has an
Euler factor

o 1

WhE )0 = [ g (k=T wan(@)) v~ B)da

Sym,, (Fy) 2

at v.
For x € Sym,(F,), we put z = c¢7'd, (c,d) € 9M,. Here M, the set
defined in Lemma 4.3. We put

k(z) = ord, det(c),
where ord, is the normalized additive valuation of F,. Then, we have
n+1
v k - T 5 oy Wnlbn v _B d
Lo e (b= " (@) ) v~ B)da
_ _p\r@)
= > (W (@0)a, ") tu(—Ba).
xESymn(F’U)/Symn(O’U)

Here ¢, is the order of the residue field O,/(w,). This series is called the
Siegel series and has been examined by several authors. We introduce some
of the known results.

Let Ag) (T') be the formal power series such that

n)/~— _ n -+ 1
A%)(le(wv)% k) = /Sym () Po <k - 27wnyn(x)) ¢v(_B)dx
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Proposition 6.1 ([13] Proposition 14.9). Let B € Sym,(O,) and assume

det B # 0. Then A}?) (T') is Z-coefficient polynomial with constant term 1
and divisible by a polynomial v(B;T) defined as follows.

— n/2 i . .
W Hiz/l(l - 613 T2) if n is even,

Y(B;T) = (n-1)/2 |
(1-17) [] A=¢XT?  ifnis odd.

i=1
Here, when n is even, we define d = (—1)"/?det(B), Kz = F,(v/d) and
1 ifKy=F,
ANB) =4 -1 if Kg/F, is unramified quadratic extension,
0 if Kg/F, is ramified extension.

Moreover if B satisfies the following condition,

det(2B) € O  if n is even,

det(2B) € 20 if n is odd,
then

AR (T) = 1(B:T).
We put
O(B; T) = A (T)/4(B: T). (6.1)

Then & (B;T) is a Z-coefficient polynomial by Proposition 6.1.

By the functional equation of Whittaker functions 5.1, the following the-
orem holds.

Theorem 6.2 (Ikeda). Let B € Sym!(0,) N CGL,(F,). Let pg be the char-
acter of E) that corresponds to the extension Kg/F, by the local class field
theory. Here Kp is defined in Proposition 6.1. Let f(pg) denote the conduc-
tor of pg. Define an ideal fg by (det(2B)) = f(pB)f%. Then fp is an integral
ideal. Put

2ord, (fB) if n is even,
e =
B ord, (2" 'det B) ifn is odd,

1 ifn is even,
(B = o
N if n is odd,
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Here ng is defined in §5. Then the following functional equation holds.
o) (B;g;" ' T7) = Cu (a0 PT) " 0 (B; 7).

Remark 6.3. The theorem was first proved by Katsurada [6] in the case
where p is a rational prime and F, = Q,.

7. Proof of Theorem 2.3

In this section, we prove Theorem 2.3. Let B € Sym{”(O) and put
r = rank pB. We assume that r is even. Since the computation is similar,
we omit the proof when r is odd.

Choose U € GL,(F) so that B[U| = (B 0

0 On—r>' For a place v of F|,

/
choose U, so that B[U,|] = (B” 0 and

U e O.(F,) ifv] oo,
GL,(O,) ifv{oo.
Put
k—(n+1)

k, =
2

From (3.6), we have

a(B,G{") = e(—iBy)(det y) "> Whp (L)) (1a(y'/?))

s=kn ’

By replacing = by z[U], we have

a(B, Gy) = e(=iBy)(det y) ™™ Whaiag(sro, ) (G55 (1n (U™ ) pn(y''?))

s=kn

By Proposition 4.2, we have
a(B, Gfﬂ”}l) = e(—iBy)(det y)—k/Q
X H/S (F) 2 (kn7 Wn, rVn (diag(x, On—T)) Mn(U_l)Mn(Qv)) ¢U(—B/x)d1’,
v ym,. v

Jyi? it | oo,
7= if v { oc0.

where
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! !
Since (B O> U~U,] = <BU 0) , the upper right block of U~'U, is the

-1 [y 0
U UU—<* m)

Let v be an infinite place of F' and let us consider the factor at v. Replacing
x by z['a,] and noting that

1 (U) i (y3"%) = 1 (UU ) i (10 (U,

zero matrix. We put

we have

L (et (ing . 0,m)) U 0)) v (~ B

ym,. (L'y

= Xo(det U, det o, det 5;1)] det |74+ |det 8, |*

X o  kn, Wy vy (diag(x, 0,—r)) tn i/z ,U o(— Bl x)dz.
Loy @0 (b v (ding (2, 0n0)) (w3 (U)o~ B

By a similar computation at a finite place and the fact that det U € F*, we
have

a(B, foi) = e(—iBy)(det y) /2 IT %o (det 02) |det av|;2k+(r+1)

XH/

Sym,. (

9011 kmwnryn (diag(z, 0, r)),lm(gff”)) ¢v(_B/x)dxv (7.1)

where gUv = U, 1g,U,.
Let xp denote the narrow class character corresponding to the extension

F(/(=1)/2det B')/F

by the global class field theory. By Proposition 4.4, we have

H /Sym (F) Pu (kna Wn,rVn (dl&g(l’, On—r))) djv(_B,x)dZL'

vfoo

=TLL . o ke wn(@) (=B

vfoo
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By Proposition 6.1, we have

vl; /Sym 7" (K, w,vp () o (= B'z)dx

= H <I>(r m Xv wv) 1qv—k)

vfoo
v
r/2

r _ \— P N
m)(k_§7XBX 1)L(kaX 1) 1HL(m)(2k_227X 2) !

=1

X H /Sym () po (b, wevn(2)) Py (— By )de.

vfoo
v|N

Let v be an infinite place and (") the upper left r x r block of ,[U,].
Then by the definition of ¢,, we have

/sym ) (s wnrvn (diag(, 0, 1)) (/2 [U))) 00 (— Bl)da
= [dety,|S2€(x, Bl £, 0).

Here € is the function defined by (4.2).
By (7.1) and equations above, we have

anﬁb=evﬁmul%waabMa%u%W“>

X H(I)T %v wv) lq;k)
i
r/2 (72)

x LV (k — g XX DLk T L2k — 26, x2)

=1
x [T Wh (00)(1).

vfoo
v|N

By Theorem 4.1, we have
§(k0), Bk, 0) = 2727/ (det 2BL) T2 e ik BY)
~_1> r/2

Yo (k, X
S () vax—l)H%@k_mX N, (73)
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By equations (7.2), (7.3), Theorem 5.1, Theorem 6.2 and the functional
equation of Heck L-function, the following equation holds.

a(B,G{) = AT] "/ (det B))* """V T] %o (det 02) [det |, 0D

v]oo v
((r+1)/2—k) eB/

X H )ZU(’UTJ»U B 4’Qv H 71}( - r/l%B,v%;l)

vfoo vlf(xB)
IRIe IRl

x [ Xo(2det BL) ™" [2det By~ 2Whi ™) (41) (1),
i

Here ¢/, is defined by (2.3) and A is given by

A — 2rm/2 H @é B Xy(w'u) k—r— 1)
vfoo
ot
r/2
X L(1 =k, x) ' L1+ r/2 — kb, xpx) [T LV (1 + 20 — 2k, x%)

i=1
By the definition of ¢!, we have

Whi ) (¢)(1) = 1. (7.4)
Let v be a finite place such that y, is unramified. Then

eo (k=r/2,X8,% ") = (G- [5702) (1(Xm.0)) 20 (1/2, X0 -
By (7.4) and the equation above, we have
a(B.G) =ATL* I & (1/2,Xe.0)
v|oo vfoo

X HXU (deta 2 det(2B,) ) ‘detoz 2 det ZB' (TH)/Q.

By B!la, '] = B’ € GL,(F), we have
a(B,G) = AT ] e (1/2, Xn.)
v]oo vfoo

By equation (5.1) and the product formula for the Weil index ([16, chapter

2 proposition 5)), a(B, G,(cnz() is as stated in Theorem 2.3 if 7 is even. In a
similar way, we can prove the theorem for an odd r.
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8. The value of intertwining operators at odd primes

In this section, we prove Proposition 2.2. Since the Fourier coefficients
of E,Siz and G,(C"; have Euler product expression by ( 4.2), we may assume
M = p¥ where p is a prime of F' such that (p,2) = 1.

When x, is a ramified character of F,* such that ﬁ is unramified, we
define a function f, of Ind%ﬁ“(i; ' - ]3) as follows.

supp fr - Pn(FP)wn,rCO(p)v
fr(wn,r) =1
Here, for an ideal p” of O,, Cy(p¥) is the compact open subgroup of Sp,, (F},)
defined by
Co(p”) = {g € Sp,(0,) ’ ¢, =0 mod p”} .

Let Ej  ({r};2) be the Eisenstein series defined by (2.6). Then Eisenstein
series F  ({r};z) corresponds to &, by (3.5), where &, is the Eisenstein
series on Sp,,(Ar) defined by (4.1).

Thus, to prove Proposition 2.2, it is enough to prove the following propo-
sition.

Proposition 8.1. Let ¢, and ¢, be the functions defined by (2.2) and (2.4).
If )?g is ramified, then @, = ¢y. If )Zg is unramified, then

pp = me(s+ (n+1)/2,x,0)fr,
r=0

where m,.(k, x,p) is defined by (2.7).
When )Zg is ramified, then this proposition follows from the lemma below

and (7.4). When x; is unramified, we need some computation of the value
of intertwining operators.

Lemma 8.2. Let Ind%ﬁ“(i;” : |§)CO(’°V) denote the space defined below.

flg7) = Xp(det d,) f(9), } |

Spn (-1 . |s
{f € Indp"(x, |- [;) for all g € Sp, (F,) and y € Co(p”)

Then we have
Coy, if Xp is ramified,
@Cf if xp is unramified.

r=0

S n /(. >— S v
Ind (5] ) %) =
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Proof. By Bruhat decomposition, we have

(B = U PalFp)e(we x vai(e)) Colp?):
0<r<n
CepSyanir(op)

If v =1, then we also have

n

Sp,(Fy) = U P (Fp)w, . Co(p).

r=0

When )Zg is unramified, then the assertion of the lemma follows from this.
Next, assume that X; is ramified. Let f € Ind?}i“(ig” - [5)®) and r > 0,
then for a € GL,(O,), we have

% '(deta)f(g) = f (¢ (pr(a) X Lo ) 9)
= flgr (@) X Lo )) = Xy(det a) f(g).

Here g = ¢+ (w, X p_,(c)). Thus if )Zg is ramified, then we have supp f =
P, (F,)Co(p”). Therefore, we have the assertion of the lemma. O

In the rest of this section, we assume )Zﬁ is unramified. By Lemma 8.2,
we have

oo =D M),
r=0
Here, we put
My (s) = ME (fr) (wn,),

where M(®) is the intertwining operator defined by (2.1). Thus, to prove
Proposition 8.1, it is enough to prove proposition below.

Proposition 8.3. If r is odd, then M,,(s) = 0. If r is even, then

(%o(@)20" 7 %) »

Mrn(s) = %P(_l)r/Qq_r/Q (q_l; q_2) r/2"

r/2

Here we denote w by the uniformizer of O, and q by the order of the residue
field Fy = O, /pOy.
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Proof. Define 0 = (0y)ij € GL, by 0, =1if i+ j=n+1and g;; =0 if
i+ 7 #n+ 1. Since py, (0) Wty (0) = logm—p) X w,, we have

My (s) = / fo (a(x)) dz,

Symn(Fp)

a(z) = w, (é T) L (12(n_r) X wT) )

Put x = tin im), where 11 € Sym,,_,.(F,). We define a lattice L C
12 T22

Sym,,(F,) by

where

11 S Symn—r(op)u T12 S Mnfr,r<0p>7
Tyz € pSym, (O,) '

L= {x € Sym,, (Fp) ‘

Since the value of the function f, (a(z)) is determined by x mod L, we have

Moy (s) =g "0*2 37 fo(al@)).

x mod L

Let 90, be the set defined in Lemma 4.3. Put x = ¢~'d, where (¢, d) € M,,.
Then by Lemma 4.3, we have

Myn(s) = g "0+ > fa(alc™'d)) .

(e, d)EGLn (Op)\Mp /~1,

Here, for (c¢,d), (¢,d") € 9M,, we denote (¢,d) ~p (¢,d') if and only if
cld=cd7'd mod L. Put

= Ci1 C12 d— diy dip
Co1 C22) dyy doz)”
Here upper left blocks are n —r x n — r matrices. Then the Iwasawa decom-
position of a(z) is given by

* * * *
( ) (tc * ) * * * *
K=o ci1 dip | dyp —cio

Co1 dog | dyy  —Cpo
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By the definition of f,,, f,(a(z)) does not vanish if and only if

rank g, <Cll d12> mod p = n. (8.1)

co1 dag

When z satisfies the condition above, we have

C21

=~ s+(n ~ C d
fu (a(2)) = Tp(det ) [det ;2 5, (det ( ) d;j)) -

Assume c, d satisfies the equation (8.1). Put rankg,cmod p = n —r + 7o,
then g > 0. Let

c=v'diag(lp_r, 1y, @ 1py, .., @* 1, )0, 0,0 € GL,(O,),

be the elementary divisor decomposition. Here w is the uniformizer of the
integer ring O,. Put

E, = {c’

Let [Sym, (O,)/pSym, (O, )] be a set of complete representatives of the set

Sym,(Oy)/pSym, (O,).

d = diag(w®1,,,w1,,,...,w%*1,,),
O=e<ep < < ey, Z];:OT’GZT '

We set

0,(¢) = {d’ € M,(0,)

¢l € [Sym, (0y) /pSym, (Oy) )
We put
~1
(VY] 1nfr 1n77"
)= (M) a0 () Loy,
and denote by (') a set of complete representatives of
() {v € GL,(0y) | v = <1“0—?" :) } .

With the notation above, we can take a set of complete representatives
of
GL,(Op)\ {(c, d) e M, ’ (¢, d) satisfies (81)}/ ~L
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as the following set:

() ()]

Thus M,,(s) becomes

ek, de®.(/)NGL.(Op), v e %(c/)} .

M,y (s) = ¢ " t/2 3™ f(det ') [det ¢ ]H (n+1)/ > Xp (detd').

CEE, ve (')
d' €D, (' )NGL,(Oy)
(8.2)
Take ¢ € E, and fix ¢ = diag(w®1,,,...,w*1,,) € E,. By [13, Lemma

15.2], the cardinality of U(c’) is given by

k
[D()| =be(g) [T a7 b (@)t [T gl@meem, (8.3)

a=0 0<a<b<k

Here b,.(q) is defined by

be(q) = [T(1—q7®).

a=1
We define W,,(0, Xp) by
Wi (0, Xp) = > Xp(det s).
seSym,, (Fp)NGLr (Fp)
Then we have
Z detd H qear,l raJrl)/QW (O, va) H q(ea+1)rarb.
d’E'DT(c’)ﬁGLr(Op) 0<a<b<k
(8.4)
By (8.2), (8.3) and (8.4), we have
k
My (s) =q™" T+1)/2b Z q H eara)bra@)_lwra (0,Xp)-  (8.5)
ceE, a=0
Here for ¢ = diag(w®1,,,...,w*1,,) € E,., a(d) is given by
k
1
= Z (eara (_5 + g - T) + 260, ) + Z 6{, +1 rarb.

a=0 0<a<b<lk
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By [10, Theorem 1.3}, we have

0 if m is odd,
(8.6)

if m is even.

Thus M,,(s) = 0 unless r = 0 mod 2. Assume r = 0 mod 2. For ¢ =
diag(@w 1y, ..., w% 1y, ) € E,, weput £ = () = diag(w®1,,,...,w*1,,) €
E, 5. Substituting r, by 2r, in (8.5) and by (8.6), we have

Mrn(s) — qfr(rJrl)/QXp r/2b Z q H Xp Qeara Ta< 2)71'
gEEr/Q a=0

Here () is define by

k k

a=0 0<a<b<k

where ¢ = diag(w®1,,,...,w%*1,,) € E,/;. Therefore we have

Myo(s) = ¢7"2%(— 1)/ b’“(ql S orp(&Ne(@)? X)) (8.7)
br/2(q >§EET/2

Here X = ¢~ and ¢,,(&; X) is defined by

S X)) = M i —2mX eaTa 2ear2 depraTh
em(&X) = = -~ 11 )"q | ]

| ra (4 )a:O 0<a<b<k
for ¢ = diag(w®1l,,,...,w*1,,) € E,. We define formal power series as
follows.
(X)) = > em(§X), Un(X) = > om(&X).

When m = 0, we put ®y(X) = ¥y(X) = 1. We shall prove that

0, (0) = TLO-X) L U(X) = X", (X). (88)

a=0
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The assertion of the proposition follows from (8.7) and (8.8). Let £ =
diag(1,,¢') € E,,, where ¢’ € wE,,_,. Then we have

@m(f, X) = C(m7 r)gpm,r(f’, q2rX>>

bm(q2)

m. Thus we obtain

where ¢(m,r) =

m

D, (X) =D clm, 1)V, (¢*" X). (8.9)
r=0
In a similar way, we have
V(X)) =D e(m, P mIXI D (67 X). (8.10)
r=0

Recursive equations (8.9), (8.10) and ®¢(X) = ¥(X) = 1 determine ®,,,(X)
and ¥,,(X). By these equations, we have ®,,(X) = X"V, (X). Therefore
the following recursive equation holds

m

d,(X)= Z c(m, T)qgr(m_r)Xm_rq)m_r(qZTX).
r=0

By [13, Lemma 15.3], the recursive equation above is satisfied for ®,,(X) =
mH(1—¢* X)L, Thus equation (8.8) holds and we obtain our proposition.
0
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