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ON SOME PROPERTIES OF A SUBMANIFOLD
WITH CONSTANT MEAN CURVATURE
IN A RIEMANN SPACE

By

Yoshie KATSURADA and Tamao NAGAI

Introduction. It has been proved by H. Liebmann [1]"V that the only
ovaloids with constant mean curvature in an FEuclidean space E® are the
spheres. The same problem for closed hypersurfaces in an n-dimensional
Euclidean space E* has been investigated by W. Siiss [2], T. Bonnesen and
W. Fenchel [3], (cf. p. 118), H. Hopf [4], C. C. Hsiung [5] and A. D.
Alexandrov [7]. The analogous problem for closed hypersurfaces in an 7n-
dimensional Riemann space R" has been discussed by C. C. Hsiung [6], A. D.
Alexandrov [8], Y. Katsurada [9], [10], [11], K. Yano [12] and T. Otsuki
[15].

It is the aim of the present authors to investigate the analogous problem
for an m-dimensional closed submanifold V” in the 7n-dimensional Riemann
space R*. The generalized Minkowski formulas for V* in R* are given in
§1. In §2 and §3, we derive the second and the third integral formulas
which are valid for V” in R* under some conditions. Making use of those
integral formulas, certain property of V" in constant Riemann curvature space
is proved in §4. Also, we prove a theorem for V” in R* which admits an
one-parameter group of homothetic transformations.

§ 1. Generalized Minkowski formulas for a submanifold. We
consider a Riemann space R" (n=3) of class C* (v=3) which admits an one-
parameter continuous group G of transformations generated by an infinitesimal
transformation

(1.1) = 2 +&(2)o=

where ¢ are local coordinates in R* and & are the components of a contra-
variant vector £&.  We suppose that the paths of these transformations cover
R* simply and that £ is everywhere continuous and #0. If the vector £ is
a Killing vector, a homothetic Killing, a conformal Killing etc. ([13], p. 32),

1) Numbers in brackets refer to the references at the end of the paper.
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then the group is called isometric, homothetic, conformal etc. respectively.
We now consider a closed orientable submanifold V™ of class C* im-
bedded in R*, locally given by

_rz' — xi(un)
Let the contravariant unit vectors ¢ (=1, 2, ---, m) span the tangent vector

space at each point of V" and they be orthogonal to one another. We shall

indicate by n’ (P=m+1, m+2, ---, n) the contravariant unit vectors normal to
»

V™ and suppose that they are mutually orthogonal.

Putting

(1.2) By=3>17i,, C,= 2 n'n,

i1 2 rP-m:1r r

we have

(1.3) Bi+Ci = g5 .

The first fundamental tensor g,; of V™ is given by

Y dur out

and ¢ are defined by ¢**g, =d%, where g,; denotes the first fundamental tensor
of R".

Denoting by ““;” the operation of D-symbol due to van der Waerden-
Bortolotti ([16], p. 254), we have
(1. 4) (W ) —H;,
ou" Jis

where I,/ means the Euler-Schouten curvature tensor ([16], p. 256). Then,

putting H,'n;=b,, we have
r r

(1.5) Hyi= 3 bon'.
r-m:1r r
Multiplying (1.5) by ¢* and contracting, we get
(1.6) g"H.3= 3 mHn",
P-m-+1 r r

1 . ,
where we put ler;{l gb,s and H, is the first mean curvature of V" for
r P r

the normal direction 7’.
f

2) Throughout the present paper the Latin indices run from 1 to n and the Greek
indices from 1 to m (m<n—1).
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Let 71 be the unit vector of the same direction to the vector ¢ s
Then, we may consider 7’ as one of the unit normal vectors of V*, that is,
i

n* =n’. In this case, we obtain from (1.6)
mo+ 1 E

(1.7) g H ., = mH 71 ,
where H, is the first mean curvature of V.

To the vector &, there belongs a covariant vector € of V” with the
components

(1. 8) g _ 0 o

Covariantly differentiating” the vector &,, by means of (1.4) we have

) oxr’ ox’
1.9 =H. &+ :
( ) gu;ﬁ - Haﬂ Ei + ou all‘a

Multiplying (1.9) by ¢** and contracting, we get by (1.7)
1 oxt ox?
1.10 *E, —mHn ot g £y,
( ) 95 St 07 o o 0
where £g,; is the Lie derivative of g¢,; with respect to the infinitesimal trans-
3

formation (1.1) ([13], p. 5). If we put

then (1.10) is rewritten as follows :

1
m

:'a L= Hl n.isi + 1 g«5£ Gos -
£ 2m ¢

Since V™ is closed and orientable, we have

S...jga;nd/l:() ,

pm

where dA is the area element of V™ ([14], p. 31). Thus we obtain the
following integral formula :

S SH, wedA+ ! S~--Sg"f’£ GusdA = 0. ()
£ 2m ¢
L,’"{ Irm

3) In this paper, covariant differentiation means always the operation of D-symbol.
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Let the group G be conformal, that is, & satisfy the equation
(1.11) £gu i téni=209;
(cf. [13], p. 32). Then (I') becomes
§~-~SHlyzi$idA+S-~S(DdA=0.
g
pm pm

Let G be homothetic, that is, @®=c=const. Then

S-~SH1n"§l-dA+cSdeA=O.
'
I;Wl l/m
Let G be isometric, that is, c=0. Then
|- {Hnean-o.

%

§ 2. The second integral formula. By virtue of (1.
follows that

k
n.. = Cﬁ;,cnj»aqC
) " £ ou"
(2. 1> m ax/c
= - (ij.,“zj - )z‘
P\ E Qut )
Then we may put
(2.2) =1
E £ ou

2) and (1.3

Multiplying (2.2) by ¢,; gx: and summing for 7 and j, we have
u’

(2.3) Gis o s o =100,
Since we have
ox’ ox?
(2 4) gaaz 9ij <Tz§> ’ — 05 a*ﬁ nNas
we obtain from (2.2), (2.3) and (2.4)
(2.5) n',, = —-b,’, Kol ,
B ou’

where b, =¢"b,;.
o o

To the vector & given in §1, we put

) it
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(2.6) = n «&i -

Covariantly differentiating (2.6), by means of (1.4) and (2.5) we get

: i i A
Ness = — | Olus af’ &+, H, &+ b *al - 0 §ii— Fas)»
' ou B E o ou’

def. r
where F,; = I'}4 n ' & and 'y means V;n* Bin,.
@
Multiplying the above equation by ¢* and contracting, we obtain

(2.7) 9505 = — (00 2 Gt g b gt 00 e F)
ou’ " 811 0’

We shall first calculate the first term of the right hand side of (2.7):

ox’ of 13 o.x’
§&,=g%g bm,,, ;.

2.8 g b,
( ) ’sa, o

Since the Codazzi equations hold good for the submanifold V” in a Rie-
mann space R*, we have
; 0" ox? oxt

dus o’ ot ([16], p. 266),

D5 buﬂo = —Ryun

> F

where R,,;, is the curvature tensor of R”.
Then, from (2.8) we get

ox’
o’

s
9“ /)f,” &
3

k ¥ (£ h
§i=gPg" (bl,,) s— R lilf' 0x' oxr’ ox ) ox

ous 0’ o’ | ow
, 0" ox? ox' “73‘>gré ox"

£n -

= (mH,;—R MJln
< £ ou® ou’  ou’ o’

Next, we calculate the second term of the right hand side of (2.7). By
means of (1.5), it follows that

(2.10) "’bf, i E =g (b,/;n + Z b.n’ )5; .
F rP-mi2F P
Now, we assume that at each point on V™ the contravariant vector & is
Z
contained in the vector space spanned by m+1 independent vectors ox
u"

(=1,2,---,m) and n This assumption is always satisfied for the case

m=n—1, that is, V”‘ is a hypersurface in R”. Especially, if we consider
a closed curve in 3-dimensional Euclidean space, the above condition for the
vector &' means that & is contained in the osculating plane at each point on
the curve. Now, we consider a closed plane curve and take a point in the
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interior of the curve as the origin of an euclidean coordinates z°. Attaching
to each point x the vector &(x) with components £=x’, the vector & satisfies
our assumption.
From our assumption for & and (2.10), it follows that
“517’ Hyé, =g ‘gb’ 0157 ‘g

Then, we have

(2.11) g?bLH,i &, =m {me—(m— I)HZ} nte; .
F E

FE

By means of (2.9) and (2.11), we get from (2.7)
ax 811 ox' a5> 5 0X"

,77g g —

o= —|mH,,—R, n = ;
7 < e out ow’ ou’

ou’ >
—m {me—(m—l)Hz} 71iEi—J—H37£g3, +9°F,;,
E’E 2 E &

where H'i'“zg“ﬁg"‘bm; and H, denotes the second mean curvature of V™ for
E

the normal dlrectlon n By means of (2.12) we have the following integral

formula :

mH,,— dx' 0x’ 0x' .\ g 0", “
S S(me RW”Z‘ out o’ o 9 )g ou’ SdA
V"‘
= —S S[m {(me-—(m— )H2>n &+ H"’£g5r} — g« Fa,,] dA .
Vm
(Ir')
If the group G of transformations is conformal, (II') becomes J
B ; 00X ox' 5\ L 0x" . ‘
S mg("’Hl‘“ Rl e our au ° >g o ‘
” (), \
= —S S [m {(me—(m—l)Hg) 71‘6,-+<DH,} — g"ﬂFaﬁ] dA .
o 22

§3. The third integral formula. Putting
(3.1) P=n'¢
E

by means of (2.6) we have
j

(3.2) o Eﬂf"%f: '
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By covariant differentiation of (3.2), it follows that

ox’ ox’ ox*

(3.3) Ouwis = Quis T 155605, —Fag+0'&eyn 7 40’6y H,
" ou £ ou* ou’ ok

Multiplying (3.3) by ¢* and contracting, by virtue of (1.7) and (2.5) we get
ox’ dx’.
o’ ou"
ox’ ox"

Fn' e
b3 ou™ ou’

g“'sp;a;,a: U";a_gaﬁéﬁrfi;j' _gajFu,s
(3. 4)

g+ mH g, ;.
FE F

Therefore we have the following integral formula :

j 4
= 17H“’£ga,—|—;z“5i;j;k—arx . —arxﬂ g+ " Hn'n’ €g,, — g F \dA=0.
2 r ¢ E qus  ou’ 2 E L ¢
Vm
(II1")
Let the group G be conformal. Then we have
(3~ 5) Si;j;k = £ {jL/\,} _Rij/mfll >
(3.6) g{t) =ao.co0,-0,,

where {le} are the Christoffel symbols and @,=@,,, @'=¢7®; ([13], p. 160).
By means of (1.11), the first term of the left hand side of (III') becomes

(3.7) - l) H L9, = —mOH, .

Now, we calculate the second term of the left hand side of (III’). By
means of (3.5) and (3.6) it follows that
ox’ ox*
ou*  ou’

ox’ ox*

3.8 T
( > 7 Sii ik au"‘ au'i

g% = —mn* @, — R, n'&" @
Vol yol

We consider that the vector & satisfy the assumption stated in §2. Then,

we may put

ox"
3.9 g = o7 +Pn".
(3.9) S d

From (3.9), we get

i a m L
(3- 10) g‘or = g('mé:/ ‘L‘:' gl( .
ou’
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Making use of (3.9) and (3.10), it follows that

op 07 0x*
R, et 08 0T o
e o !
J N oy m
(3 11) = Rij/Lkni”@x' - a‘z:’ ’axo"g“ﬁgmfm a‘r.
E ou* ouw ou’ ou’

., 0x? ox*
+OR 0 T g
®E Qu* ou

By means of (1.11), the third term of the left hand side of (III’) becomes
(3.12) ’,’; Hn'n’£g9,,= mOH, .
2 EOE ¢

Therefore, by virtue of (3.7), (3.8), (3.11) and (3.12), (III') is rewritten as
follows :

o 0 0xt 9t e OX
ous ou’  ouf " o
, 07 ox*

ou"  ou’

By means of (II'), in §2 and (3.13), finally we obtain the following
integral formula :

N dma’ @, + Ry
£ F
(3.13) v

+OR e nn g7 + g“’aFaﬂ} dA=0.
FE FE

d oy
S S {,,leerRijann,,, ox! dx ,ga.s} dA
EF

o o’
v (I1"),
= —S e Sm {(me —(m— 1)]12> neE+nNd, + (DH,} dA .
Vm F o F

If the group G is homothetic, we have

j A
S S {,,LH];JJFpRiW_ nzn/,,a@ ox gnﬁ} dA
VIR

i ot u
) (111",
— _S --~Sm {(me—(m— 1)%)71555 +CH1} dA .
E F
V?n

§4. Some properties of a closed orientable submanifold. If R" is
the constant Riemann curvature space and if V™ has the property H,=const.,

then the left hand side of (II') in §2 vanishes and we have
S S [{"lle-‘(m_l)Hz} Wi+ L H £g, — g"ﬁFaﬂ] dA =0
KR O2m B¢ :
V"l

(1)
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If the group G of transformations is concircular (II"") becomes

S S {mHi—(m—1) L} n'&,dA +S S@H,dA ~0.

V?IL Vm
If the group G is homothetic,
S S {mH,z—(m—l)Hz} nt&;dA +CS ---SH,(ZA =0, II"),
" yol

pm E |l

and if G is isometric
S S {me—(m— l)Hg} n&dA=0. (11,
E F
Vm
Now, we shall prove the following theorem :

Theorem 4.1. Let R* be a constant Riemann curvature space and V™
a closed orientable submanifold with H,=const. We suppose that there exists
E

a continuous one-parameter group G of concircular transformations generated
by a wvector & of R* such that the scalar product P=n'¢, does not change
E

the sign (and is not =0) on V™, where the wvector & s contained in the
vector space spanned by m+1 wvectors oz’ (@=1,2,---,m) and n’. Then
u” E
every point of V™ is umbilic with respect to Euler-Schouten vector n.
r
Proof. Multiplying the formula (I'), in §1 by H, (=const.), we obtain
g~-~SH,ZP(ZA+S-~-S<DH,dA:O.
v ym
Therefore, subtracting this formula from the formula (II"), in §4, we find
(4.1) S.-.S(m—l)(Hf—Hz)PdA:O.
- yo

By means of

mH, = Sk, | (’,’}) Hy= 3 kok,
a FE ~ yaol a<lp F E

we get
(4.2) Hi-H,— ' s—hp,

2
" mim—1) «<s £k
where k,k,, .-, k, denote the principal curvatures for #.
FoE I s

Then we see that
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(4.3) H*—H,>0.
ol

Therefore, because of (4.2), it follows that
klzkzz :km
ol ol o

hold good at each point of V™.

Theorem 4.2. Let R* he an n-dimensional Riemann space and V™
an m-dimensional closed orientable submanifold with H,= const. We suppose
that there exists a continuous one-parameter group G of homothetic trans-
Jormations generated by a wvector & of R* such that the scalar product
P=n"¢, does not change the sign (and is not =0) on V™, where the vector &

£ ;

. . . ox’ "
is contained in the vector space spanned by m+1 vectors =~ (a=1,2, -, m)
u”
and n'. If the relation
F
) m s
Run'n" 07" =0

E FE i=12 2
holds good on V™, then every point of V™ is umbilic with respect to Euler—
Schouten vector n.
ol

Proof. Multiplying the formula (I'), in §1 by H, (=const.), we have

(4. 4) S--&Hﬁigsidmrs..-ScHldAzo.

y’n
From our assumption H,=const., (III'), becomes
1 ;o 070Xt
o NOR e 0 = “dA
mS mS e ou  ou’ g
(4.5) g
= ——S S {me—(m—l)Hz} zg"EidA—S ---SCH,(ZA .
Vm F ¥ Vm‘
By means of (3.1), (4.4) and (4.5), we have
ox’ ox*
ou®  ow

(4.6) S---SP{(m——l)(H%—HZH L Rpen'n

m E
|44

Since we have

if RL-j,,A,n”;z";‘L_l}iji"go hold good on V™, we get from (4.6) the relation
£

£ 212 12

4
|
g“ﬁ} dA=0.
P axj‘ ox" _ ¥ ik
ous 0w’ i1z oz
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FE
This means k,=k,=--=Fk,,.
F E FE
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