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ON VALUATIONS OF POLYNOMIAL RINGS
OF MANY VARIABLES

Part one
By

Hiroshi INOUE

In his paper “A construction for absolute values in polynomial rings”,
“Trans. Amer. Math. Soc. Vol. 40 (1936)”, MacLane developed a valuation
theory for a polynomial ring of one variable determining every possible valu-
ation in the ring whose coefficient field has a discrete valuation. In the pre-
sent paper the writer wants to extend MacLane’s theory to polynomial rings
of two variables and also to those of many variables.

We shall refer the above MacLane’s paper to as M. For example, M.
Theorem 8.1 means Theorem 8.1 in the Maclane’s paper. While the
present paper is concerned with polynomial rings of many variables, we shall
start for completeness with considerations on valuations of a polynomial ring
of one variable.

§ 1. Valuations of K (x)

Let K be a field. Suppose K has a discrete non-archimedean valuation
Vi, namely, Vi, is a real valued function of K satisfying the following con-
ditions ;

If aeK and ax0, then Vyax +oo and V0= oo,
Vwab = Viya+ Vb,
Vwla+b) = Min [ Vya, Vyb].

These are called the three conditions of a valuation.

In particular, if Via> Vyb, then Vi(a+b) must equal Vb, We shall
sometimes call this inequality the triangle law.

All real numbers which are the values taken by V,, in K form an isolated
point set I'y, and is a cyclic additive group. Therefore in this paper we may
assume that Iy is a set of all rational integers.

If a non-zero integral multiple of a real number g belongs to I'y, then p
is said to be commensurable with 1"y, and if otherwise p is called incom-
mensurable.

Let R be an integral domain and W a valuation of R. Let a and & be
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two elements of R. We shall say that @ and b are equivalent in W (notation :
a~b) if W(a—b)>Wa= Wb, while b is equivalence divisible by a (notation:
alb in W) if there exists an element ¢ in R such that ac~&b in W. Gener-
ally when a valuation U, of K[xz] is given, a polynomial ¢,(x) in K[x] is
called an x-key polynomial over U, if it satisfies the following three con-
ditions ;
(1) if ¢(2)|flx)g(x) in Uy, then
$:(x) | flx) or ¢u(x)|glx) in Ui,
(2) if ¢(x)|h(x) in U, and A(x)x0, then
deg.$,(x) <deg,h(x), where deg,h(x) means the degree of h(x)
with respect to z,
(3) the leading coefficient of ¢,(x) is 1. (M. Definition 4. 1)
Let ¢,(x) be an x-key polynomial over U, and p, a real number greater than
U,¢y(x). Then the function U, defined as follows is a valuation of K[x];

Ush(x) = Min[ Uy hy (@) + gz

where A(x) is any polynomial in K[z] and h(z)= X h:(x)(4.(x)), deg.hi(x)<
deg, ¢,(x) for 1=0,1,2,---, is the expansion of A(x) with respect to ¢,(x). (M.
Theorem 4. 2)

Definition 1.1. The above defined function U, is called an augmented
valuation of U, in narrow sense and is denoted as U,=[U,, U,$,=p] and

this relation is denoted as U,<U,.
Similarly, if ¢;(x) is an x-key polynomial over U,, then we define an

augmented valuation U; of U,, using ¢é;(x). Continuing in this way, we
obtain valuations of K[z] as follows;

U1<Uz<"'<U¢<Ui+1<"' (S).

The x-key polynomials ¢;(x) corresponding to this series must satisfy the fol-
lowing two conditions besides the above mentioned three conditions (1), (2)
and (3);

(4) deg.$:(x)<deg,$;..(2),

(5) ¢s(x) and @;.,(x) are not equivalent in U,
both for 7 =1,2,---. (M. Definition 6. 1)

Definition 1.2. We call the above series (s) a series of x-augmented
inductive valuations and when b>a, U, in the series is called an x-aug-
mented valuation of U, in broad sense and U, an z-descended valuation

Of Ub~

An z-augmented valuation of a valuation V of K[x] in narrow sense
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is an x-augmented valuation of V in broad sense. So, hence in this paper
whenever we say that W is an x-augmented valuation of V or write as
“W>V”, it means that W is an x-augmented valuation of V in broad sense.
Therefore, when W >V, W and V induce the same valuation in K and
Wx=Ux.

Now, let ¢, be a real number. Then the function V;, defined as follows
is an extended valuation of Vi, to K[x];

Viof(x) = Min [ Voo f; + 2],
where f(x)= 7} fix', f;€K, is any polynomial in K[x]. (M. Theorem 3. 1).
7

If a polynomial ¢,(x) is an x-key polynomial over V,,, we define an x-
augmented valuation Vy of V), using ¢,(x) in the same way as we defined
U, from U,. Thus we obtain a series of x-augmented inductive valuations ;

Vie< Vagp< Vg <+ < Vg < Vi 1,0< -+ . (M. Definition 6. 1)
In this case for every non-zero polynomial ¢(x)
Vi—kl,og(x)gviog(x) for i=1,2,3,---.

Therefore V,.,, is called an augmented valuation of V.

If the above series lasts infinitively and if for every non-zero polynomial
f(x) the sequence Vi, f(x), Vyf(x), -~ does not tend to oo, then the limit
valuation of this sequence is denoted by V..f(x). V., is also a valuation
of K[x].

Every discrete extended valuation of Vi, to K[x] can be represented
either as an x-augmented valuation or as a limit valuation. (M. Theorem 8. 1)

All values V, f(x) form a cyclic additive group I';, for 2=0,1,2,--
and g1 =V 1.00r..1(x) is always commensurable with I';, in this paper, so
there is a smallest positive integer z,.; such that 7,y is in I'y.

Let f(x)zzn] fi(@)(di(x)) be the expansion of f(x) with respect to ¢,(x)
§=0
which is the x-key polynomial producing the valuation V. Then the poly-

nomial f(x) can be an x-key polynomial with which we can produce an aug-
mented valuation V.., of V,, if and only if the three following conditions

hold :
(1) fulx)=1,
(2) Vifl@) = Vafil@) = Vio(ge(@)) = ns,

(3) fla) is equivalence-irreducible in V,, so owing to (2) n=0 (mod z,).
(M. Theorem 9. 4)

Let S, be a ring which consists of all polynomials f(x) with V,,f(x)=0
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and 4, the residue class ring of V,, in K[x]. Namely two polynomials f{x)
and g¢(x) for which V, f(x)=V,g(x)=0 belong to the same residue class of
4d,, if and only if

Vio (Alz)—g()) > Viafl2) = 0.

And the natural homomorphism H, of S; on the residue class ring 4, has
the following properties ;

H, (f(x) + h(a)) = H, f(x) + H ()

H, (flx)h(x)) = (H.fl2)) (Heh ()
and H.l(x)=0 if and only if V,l(x)>0.

A commensurable inductive valuation V,, of K[x] may be conveniently
symbolized thus:

Vie= [VOOs Viex = s Vzo¢z = #27"',Vko¢1c = #k]

or more briefly Vi,o=[V,i 1., Vietr = ptts].

Let F, be a residue class field of the original valuation Vi, of K. Then
about a residue class ring 4, we have the following theorem (M. Theorem
12.1):

There is a sequence of fields Fi=F;, F,, F;,---,F,, such that each field is
an algebraic extension of its preceding field and such that for any z=1,2-..,4,
the V,-residue class ring 4,, of K[x] is isomorph to the ring F,[y] of poly-
nomials in a variable y with coefficients in F,.

§2. Continuous augmented valuations

Definition 2.1. Q, V, U and W are elements in an ordered set L. If
Q< VW and Q<ULW implies always U<V or U>V or U=V, L is
said to be partially linearly ordered.

We shall show that a set of all descended valuations of a valuation of
K[x] is partially linearly ordered, while a set of all descended valuations of
a valuation of K[z, y] is not always partially linearly ordered.

Definition 2.2. An x-augmented valuation W of a valuation V of
K|[x] is called a continuous x-augmented valuation of V if there is no valu-

ation T of K|[x] such that V<T<W.

Definition 2.3. Let Vi< Vy<--- <V, <V, <--- <V, be a series of
x-augmented inductive valuations of K[x] and suppose, for every k between
p and t—1, Vi, is a continuous x-augmented valuation of V,y. Then the
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series is said to be continuous from V., to V,, t—p is called the x-distance
between Vg and Vi and V, <V, 10< <V, is called a series of continuous
x-augmented inductive valuations of K[z].

Theorem 2.4. Let W be a discrete valuation of K[x] which induces
a valuation Vy in K and let Wx=p,. Let Vi, be the valuation of K|x]
defined as follows;

Vieflx) = Min [Voof:+im],
k2
where flx)=) fix’, f;€ K, is in K[x].
£3
Then W can be represented either as the last member of a series of
continuous x-augmented inductive valuations starting from V, or as a limit
valuation of it.

Proof. Suppose that V,<W. Consider then the set P of all those
polynomials f(x) for which V, f(x)< Wf{x). Out of P pick up all those
polynomials whose degrees are minimum and whose leading coefficients are 1.

Furthermore out of these polynomials choose a polynomial ¢,(x) so that
W, (x)— Viydy(x) becomes minimum. Since both W and V), are discrete
valuations of K|[x], it is evident that such a polynomial ¢,(x) does exist.
Then ¢,(x) is an x-key polynomial over Vi, of K[x]. Let h(x) be a poly-
nomial, and let the expansion in ¢,(x) of h(x) be

hiz)= 5 hula)gf
(deg, h;(x)< deg.$, for 7=0,1,2,---,n)

and ty= V=W, >V d,, then a function V, defined by
Vish(a) = Min[ Vioh (@) +ife]

is a continuous x-augmented valuation of Vi, of K[x].

It was proved in M. Theorem 8.1 that V, is an x-augmented valuation
of V. Suppose that there were a valuation 7" such that Vi< T< V,<W.
T appears in a series of x-augmented inductive valuations which starts from
Vi, and ends at W. If #(x) is the x-key polynomial over Vi, of K[x] which
produces 7, it follows according to M. Theorem 6. 4

Tt(x)= Wt(x)> Vit(x).

Then because of the quality of ¢, (x), we have

deg ¢,(x) <degt(x).

Sometimes we denote deg, t(x) briefly as degt(x). Since V,, is an x-augmented
inductive valuation of 7, we have
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degt(x) < deg d,(x) and so
degt(x)=deg $,(x).
By M. Lemma 6. 3
Vg (x) = Vi t{a) < Wi(x) = Tt{x) < Vi o () = W o () .
Therefore Wi(x)— Vi t(x) < Wy (x)— Vi da(x) -
This contradicts the above conditions imposed on ¢,(x), and thus V, is
a continuous x-augmented valuation of V.

In case V,< W, we can derive Vy from V, in the same way as above,
so that V, is a continuous x-augmented valuation of V, of K[x]. By con-
tinuing this method we can establish our theorem in the same way as in M.
Theorem 8. 1.

Theorem 2.5. The series of continuous x-augmented inductive valu-
ations from V, to W or their limit valuation in Theorem 2.4 is uniquely
determined by W and hence the x-distance between Vi, and W is also
uniquely determined.

Proof. Consider two series of continuous z-augmented inductive valua-
tions from V,, to W;

V10< V20< IR Va—1,0< Va0<"'< VpO =W
V10< V2,0<"'<V:;~1,0< V(,50<"'< Véo: W,

and assume that V=V, Vyo=V5, -, Vioio=V. .. We shall then show
that V= Vi,.

Both V,, and V,, are continuous x-augmented valuations of V, ;, of
K[x], so letg,(x) and @4.(x) be respectively x-key polynomials over V,_,,
that produce V., and V. Then

deg ¢, = deg d.,> deg r(x)

where r(x)=¢.(x)—¢.(x), and moreover

Wo,=V.$> V.19

Woo=Vid> Vi1,
This implies

Veor(x) = Vi or(x) = Wrx)2zMin[We,, W]
>Min[V, 1 obes Vi108d],

and so Vor,or(@)> Vi 1000 = V1,000 -

As both V, and V,, are continuous z-augmented valuations of V,_,,
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W¢a_ Vlt**l,0¢ﬂ = W¢l’l_ Va~l,0¢:z .
Hence we have Wo,= W¢.,.

Since 7r(x)=¢,—¢,, it follows by the triangle law Wr{x)= W¢,= W¢; .
Namely ‘7,,_1’0711')2 V/zo¢u = Vao¢:, .

¢ = p.—7(2)
Ve =Min[ Vi, Voo or(@)] = Viepa= W= W= Viug..
Let the expansion in ¢, of an arbitrary polynomial % (x) be Y h;(x)¢; . Then
Vioh(z) = Min [ V. 1ohi(@) +iVigt]

= Min [V, 10hi(@)+ Vi

= Min| V.oh,(2) ]
< Vi 2 ()6
- VaOh(x)
In the same way, Vah(0)= Vh(x).
Thus VuOh (x) = V,; h (I) .

Theorem 2.6. If V< Vy<---<V,,=W is a series of continuous x-
augmented inductive valuations and U is a descended valuation of W, then
U coincides with one of Vi, Vy, - Ve and z-distance between U and W
is uniquely determined by U and W.

Proof. According to Theorem 2.4 one can build a series of continuous
x-augmented inductive valuations

Vi< V<o < Vo =W

which goes through U; say U=V,, (0<a<q). By Theorem 2.5 this is the
same as

V10< V20< e V])O =W.
Hence U must coincide with one of Vi,---,V,, and z-distance between U
and W is uniquely determined by U and W.

Corollary 2.7. If W is an augmented valuation of U of Klx], then
we can build a series of continuous x-augmented inductive valuations from
Uit W.

This corollary is self-evident from Theorem 2.6.
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Theorem 2.8. A set of all x-descended valuations of a valuation of
K[x] is partially linearly ordered.

Proof. Assume that Q, U and W are valuations of K[x] and Q< W
and U< W. Then we can build a series of continuous x-augmented inductive
valuations from V,, to W, according to Theorem 2.4. And owing to Theo-
rem 2.6, Q and U must appear in the series,

therefore O<U or Q>U or Q=U.

§ 3. The shortest series of a-augmented
inductive valuations

Mac Lane gave the following lemma (M. Lemma 15. 1); if an inductive
valuation

Vi=1[Via Vi 1Pr1= e 1, Vi = ,Ux-]
has two key polynomials ¢, , and ¢, of the same degree, then
W=[V,.,, Wé,= ]

is an inductive valuation equal to V.

Herein W¢,=p,=V,di, so instead of W=[V, ,, Wo,=pu,], we may
write this conclusion as V,=[V; ,, Vid,=p].

According to this lemma, we can shorten every series of continuous -
augmented inductive valuations.

Let V10< V20<"'<V,,0=W

be a series of continuous x-augmented inductive valuations and ¢, an x-key
polynomial which produces V,, for k=1,2,---,p:

V10¢1:,U1, Vzo¢2:/l2 PR Vpo¢p:/~1p-
Suppose
1l=degd, =degd,= - =degp,<degd, ,= -
- =deg$,<degp, = - =deg $p,<deg ¢, == deg¢,.

Then according to M. Theorem 15. 2

W= VpO :[Voo: V10¢1 =, Vao¢a = Ha, Vbo¢b = My " Vzo¢l = U,
Vﬁ0¢ll = Aup] .
Definition 3.1. Let W=[Vy, Vid=p, Vup=1tt,-, Vid,=p,]. If

deg ¢, <deg $;< ---<deg¢,, the series Vi< V<<V, is called the shortest
series of x-augmented inductive valuations from V, to W.
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When a series of continuous augmented inductive valuations of a valua-
tion W is given, construction of the shortest series of augmented inductive
valuations of W is very easy, as we have shown above.

Conversely when the shortest series of augmented inductive valuations
of a valuation W is given, we consider the method to construct a series of
continuous augmented inductive valuations of W.

Let the shortest series of augmented inductive valuations of W be given
as follows;

Vi< Vo< <V < V<< V=W

Now we want to construct a series of continuous augmented valuations
between V, and V,., as follows;

V< U Up< -+ KU < Vigyyreeeenees (1).

Let ¢, ¢1, ¢, -, ¢y, $ar1 be respectively the x-key polynomials which produce
V., Uy, Uy, -+, U,, Vo.i. Then according to M. Lemma 15. 1, the following
relations hold.

deg p.<deg = deg P, == deg, = deg p... .

Put V,é.=p., U,=0,, Uphy=0,,---, Uyp,=0, and V,.1@,.1=ptu:1(> V. 1)
If I', is a set of all values that V, takes in K[x], then I', contains
0, 0y, 0, and V,@..,. For, V,.1¢...> U, =P, according to M. Lemma 6. 3
and ¢; is a key polynomial which produces U,;, for i=1,2,---,b, so V, . ¢;=
U, for each i,
Let ¢,.,=¢;+C;(x). Then degC;(x)<deg¢;=deg .., so by the defi-

nition of V,.,
ViiilCilx) = V.Ci(x).
Therefore, owing to the triangle law
Viira1> Vi ¢y =0, = V,Cy(x),

so each ©,= Uy; belongs to I',.
According to M. Lemma 6. 3

Uuir=Us,=0;.
Therefore a necessary and sufficient condition for that a series
V.<U,<U, <+ <U, < Vs
be a series of continuous augmented inductive valuations is that the series

V«z¢u+l<p1<p2< <lob< ‘Ia+1¢a+1
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is most dense in I', except V.. .b, ;.
Namely we pick up all those numbers in I’, that are between V,¢,.; and

‘/a+1¢a+1-
Such numbers exist, for I', is a set of isolated points.

Let ¢a+1 = (¢ar")m + -1 (I>

be an expansion of ¢,., with respect to ¢,, where V, ¢ belongs to I',.,.
Then according to M. Lemma 9. 3, there exists a polynomial G,(x) such that

V.G.(x) = 0,
and deg G, (x)<deg Pus1
where i=1,2,---,b.
Put $= b= 1 G2
Then ¢, is a key polynomial over V,,
because V(2 G)=Min[0,] =0,>V, Py .
Therefore Z </11z~ Basr in V,.

¢..1 1s a key polynomial which produces V,.; from V,, so ¢, can be a key
polynomial over V,, for deg¢,=degp,.... On the other hand, ¢ produces
U,, then we may define U, as follows.

U1¢)1 = V(£+1¢1 = V¢+1(¢a+1_ ; GL) =0

because ViitPai1 = a1 >0
If we put ¢y = 1+ GL(x)

then we can prove in the same way that ¢, is a key polynomial over U, and
we may define U, as Ug,=0,. Next we put ¢;=¢,+G,(x), and so on.
Thus we can show that the series

Va< U1< U2<<Ub< Varzrl

is a series of continuous augmented inductive valuations between V, and V,.;.

§ 4. Valuations of K, )

Now we consider valuations of polynomial rings of two variables. A
valuation of a ring R can be extended uniquely to its quotient field. (M.
Thorem 2. 1)

We assume that a valuation W of a field K[z, v] is given, where x and
y are algebrically independent with respect to K. Let W induce a valuation
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Ve in K and a valuation V,, in K[x].

Since V,, is an extended valuation of Vy to K[x], we can build by
Theorem 2. 4 a series of continuous x-augmented inductive valuations of K[x]
such that

VpO = [ ‘/00 ) VIO T = My, V20¢2 =My, V110¢p = #1}] .

If we denote K(x)=K,, then W is an extended valuation of V,, to a ring
K.[y] whose coefficient field K, has a valuation V,. Therefore again by
Theorem 2.4, we can build a series of continuous y-augmented inductive
valuations of K,[y] such that

qu = [VpO) Vpl?/ =1V, V))Z(/}Z = Vy, """, Vm¢q = Dq],
where ¢;,, is a y-key polynomial over V,; of K,[y] and
Vs =v;0> Vo for j=1,2,---,q—1.

Vo, is denoted briefly as V,,=[V,, 1,V,,=v,]. V,, is a valuation of
K(x, y), so it is equal to W.

Suppose W induces another valuation V;, in K[y]. Then we can build
in the same way a series of continuous y-augmented inductive valuations of

K[y] such that
Vor = [Voo, Voy=v, Vulo=0,,---,Vo,¢, = pr]'

Since Vi, is a valuation of a quotient field K(y)=K,, we can obtain in the
same way a series of continuous x-augmented inductive valuations of K, [x]
such that

Vsr = [‘/O/r7 Vlr‘r = #I, VZ:'EZ =02, """, Vsrsr = 03] >
where &,., is an z-key polynomial over V,, in K,[z]
and Viandin=0:0>V6 0 for i=1,2,---,5s—1.

V., is denoted briefly as V, =[V, ,,, V,& =0, and we can also conclude
that V,, is equal to W in the same way.

Thus a valuation W of Klx, y] has two different expressions V,, =
(Vi1 Viobo(y)=v,] and v-‘l‘:[stl,'ﬂ Vsrfr<x):0's]- Namely V,, is an
expression of W in the case when W is regarded as the last member of a
series of continuous y-augmented inductive valuations of the ring K,[y] whose
coefficient field K, has the valuation V,, which W induces in K,, while V,, is
an expression of W in the case when W is regarded as the last member of
a series of continuous x-augmented inductive valuations of the ring K, [x]
whose coefficient field K, has the valuation V;, which W induces in K,.
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§ 5. y-augmented valuations

Now we want to build a y-augmented valuation of a valuation W of
K[z, y] which was given in §4. In this case we must naturally use V,, as
W. First we define a y-key polynomial ¢,,,(y) over V,, in the ring K.[y] in
the same way when we defined an z-key polynomial ¢,(x) over U, in the
ring K[x] in § 1. But this time ¢,.,(y) is a polynomial of y with coefficients
in K,.

Let any polynomial A(y) of y with coefficients in K, have the following
expansion with respect to ¢,,:(y);

h(x) = S h(y)(fea ()’

where h,;(y) is a polynomial of ¥ in K,[y] and
deg, h,(y)<deg,¢,.1(y) for i=0,1,2,---.
Then the function V,,.; defined as follows is called a y-augmented
valuation of V,,:
Vl),q ¢ lh'<y> = Mln[quhl (y) + iv(l "1]’
where v, =V, ,1¢,..(y) is an arbitrary real number greater than V,¢, ,(y).
V,ai1 is denoted briefly as V,,..=[V,., V,.1¢¥e1(¥)=v,.1] and this

relation is denoted as V,,qé Va1 -

V.1 1s a valuation of K,[y], so it induces the same valuation in the
subring K[z, y] of K.[y]. Then by M. Theorem 5.1, for every polynomial
Sz, y) in K[z, y]

Vi flx, y) = Vouf @ v),

and owing to the definition of the y-augmented valuation V,,.,, for every
polynomial ¢(x) in K[x]
Vyung(@)=Vyg(x).
Consequently for a polynomial 1(z, ¥) in K]z, y]
if Vil (@, 9)> Vil (2, v)

then y actually appears in the polynomial 1(z, ¥).

Next we define a y-key polynomial ¢,.,(y) over V, .., in K,[y] and with
it we define a y-augmented valuation V,,, of V,,.;. Thus we obtain a
series of y-augmented inductive valuations in K,[y] as follows;

K4 K4 K4
qu< Vp,q01< Vp,q+2< .
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In this series, when 6>a, V,, is called a y-augmented valuation of V,, and V,,
Y
a y-descended valuation of V,, and this relation is denoted as V,,<V,,.

Therefore when Vpaé Vi, Ve and V,, induce the same valuation V,, in K,
and V,y=V,y.

And completely in the same way when we established Definition 2. 2. and
Definition 2. 3., we define a continuous y-augmented valuation in K[z, y] and
the y-distance between two valuations in K[z, y].

Definition 5. 1. If W, is a y-augmented valuation of W, in K|z, y] and

there exists a polynomial f(y) in K[yl such that W,f(y)>W,f(y), then W,
is called a y-simply augmented valuation of W, and this relation is denoted as

W< W,.

In the following series of y-simply augmented inductive valuations of K[z, y]

Y8 ys ys ys
Wa< Wa+1<"‘< Wb<""

W, is called a y-simply augmented valuation of W, and W, a y-simply de-
scended valuation of W,.

Definition 5.2. If W, is a y-augmented valuation of W, in K [z, y]
but is not a y-simply augmented valuation of Wy, then W, is called an xy-
doubly augmented valuation of W, and W, an xy-doubly descended valuation
of W, and is denoted as

W, < W, .
Namely when W, is an xy-doubly augmented valuation of W, if
W.f(x, y)> W, f(x, y), then both x and y actually appear in the polynomial

Sz, v).

§6. a-augmented valuations

Next we want to build an z-augmented valuation of the valuation W
given in §4. In this case naturally we must use V,, as W. Completely in
the same way when we built a y-augmented valuation of V,, of the ring
K.[y], we define an x-key polynomial &,.,(x) with coefficients in K, over V,,
and with &,.,(x) we define an x-augmented valuation V, ,, of V, in the
ring K, [x] whose coefficient field K, has the valuation V.. And furthermore
we define a series of x-augmented inductive valuations as follows:

Vo Voo LV gy Lo LV gy oo
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We call V,, in this series an z-augmented valuation of V, and also in the
same way as in § 5 we define a continuous x-augmented valuation of V,, and
the x-distance between two valuations.

V.1, is an x-augmented valuation of V,, in K[z, y], so again by M.
Theorem 5.1, for every polynomial f(x, v)

Vs+l,rf(x7 y) Z Vsrf(x) y) M
And owing to the definition of an x-augmented valuation for every polynomial
g(y) in K[y]

—Vs+l,7-g (y) = VST g (y) b}
consequently if Voo llx, ) >V, 1(x,y)

then z actually appears in the polynomial 1(x, y).

Definition 6.1. If W, is an x-augmented valuation of a valuation W,
in K[z, y] and there exists a polynomial f(x) in K[x] such that W,f(x)>
W.f(x), then W, is called an x-simply augmented valuation of W, and is
denoted as le W,.

Definition 6.2. When U is an x-augmented valuation of V or a y-
augmented valuation of V, U is called an augmented valuation of V and
is denoted as V<U.

Definition 6.3. When U is an x-simply augmented valuation of V
in Klz, y] or a y-simply augmented valuation of V, U is called a simply
augmented valuation of V and is denoted as

V<U.
Definition 6.4. In the following series of augmented inductive valua-
tions in K|z, y]
U<U,< <UL <U, < -
U, is called an augmented valuation of U, and U, an descended valuation
of U,.
Definition 6.5. In the following series of simply augmented valuations
in Kz, y]
U< Up< oo QUL -+ < U, < o

U, is called a simply augmented valuation of U, and U, a simply descended
valuation of U,,.
When U and V are two valuations of a ring R, if for every element r
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in R Ur=Vr, then we say that U equals V and denote as U=V. We say
that the valuation W given in §4 has two expressions

qu = [Vp,q*1> VPQ¢Q<y) = Dq] and Vsr = [Vs 1,»» Vsr$r<x) = 08] .
Theorem 6. 6. No y-simply augmented valuation of a valuation W in
K[z, y] equals an z-augmented valuation of W.
Proof. This is evident according to their definitions.
Similarly no z-simply augmented valuation of a valuation W in K[z, y]
equals an y-augmented valuation of W.
Theorem 6.7. If W, is an x-augmented valuation of a valuation W,

in K[z, y] but not an z-simply augmented valuation of W, then W, is an
xy-doubly augmented valuation of W, in K|z, y].

Proof. W, is an x-augmented valuation of W, but not an z-simply aug-

mented valuation of W), so for every polynomial f{zx) in K[x] W,f(x)=
W, flx).
Namely W, and W, induce the same valuation V,, in the field K, and W, y
=W, y. So regarding W, as a y-augmented valuation of W) in the ring
K. [y], we can build the following series of continuous y-augmented inductive
valuations by Corollary 2. 7.;

v v v
W, = qu< Vﬁ,q+l<'”< Vpl =W,.

But W, is an x-augmented valuation of W, in K[z, y], so for every poly-
nomial ¢(y) in K[y] W,g(y)= Wig(y). Therefore no valuation in this series
is a y-simply augmented valuation of its preceding valuation. So W, is an
xy-doubly augmented valuation of W;.

§7. Doubly augmented valuations

Theorem 7.1. Let U be an x-augmented valuation of a valuation Q
of K[z, y] and W also an z-augmented valuation of U.
Then, for a polynomial f(x,y),

Uftz,y)=Q(x, y) implies  Wflz,y)= Uf(x, y).

Proof. Since U is an x-augmented valuation of Q in K[z, y], Ua(y)=
Qaly) for every polynomial of y.
Also since W is an x-augmented one of U,

Wal(y) = Ua(y) = Qal(y) .

Therefore W, U and Q induce the same valuation V,, in the ring K[y], and
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Wx=Uzx=Qx.

Owing to Corollary 2.7 we can build a series of continuous z-augmented
inductive valuations of a ring K,[z] from Q to W through U:

Q= Vi< Vi< < Vy, = UKV, <o < V= W,
Vi flz, y) = Qflx, y) = Uflz, y) = V,,.flz, v) .
Hence it follows from M. Theorem 6.5 that
Vo flz, y) = Vi, flx,y) = Wflz, ).

Theorem 7.2. If U is an xy-doubly augmented valuation of a valua-
tion Q of Klz, y] and W is an augmented valuation of U, then W, U and
Q induce the same valuations both in K[x] and in K[y] and W is also an
xy-doubly augmented valuation of U.

Proof. Since U is an x-augmented valuation of Q and also a y-augmented
one of Q, U and Q induce the same valuation V,, in K[y] and also the same
valuation V,, in K[x]. So, for every polynomial a(x) of x and b(y) of v,
we have

Ua(x)=Qa(x) and Ub(y)= Qb(y).

Assume that W is an z-simply augmented valuation of U. Then there
exists a polynomial /(x) of x such that

Wl(x) > Ul(x) .

But W is an x-simple augmented valuation of U, so W is an x-aug-
mented valuation of U. Hence

Wi(2)>Ul(z) = Ql () .

This is however impossible owing to Theorem 7. 1.
Thus W is not an x-simply augmented valuation of U. It is evident that
Theorem 7.1 holds when we interchange the letter “z” with the letter “y”.
So W is not a y-simply augmented valuation of U, even if W is a y-
augmented valuation of U. But W is an augmented valuation of U, hence
W must be an xy-doubly augmented valuation of U.
Theorem 7.3. The set of all xy-doubly descended wvaluations of a
valuation of Kz, y] is partially linearly ordered.

Proof. Let V, U, and U’ be xy-doubly descended valuations of W
and let VSUSW and VU< W.
Then according to Theorem 7. 2 they all induce the same valuation Vj, in
the ring K[y] and besides
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Wx=Ux=Ux=Vzx.

Therefore they may be considered x-descended valuations of W in K, [x]
whose coefficient field K, has a valuation V.. Hence owing to Theorem
2. 8 they are partially linearly ordered.

Theorem 7.4. If U is an xy-doubly augmented valuation of a valua-
tion Q of K[z, y] and W is an augmented valuation of U, then there exists
only one series of continuous xy-doubly augmented inductive valuations of
Kz, y] from Q to W through U and the z-distance between U and W is
equal to the y-distance between U and W.

Proof. Since W, U and Q induce the same valuation V;, in K, and
Wx=Ux=Qx, we can build according to Corollary 2.7 a series of continuous
x-augmented inductive valuations of K,[x] from Q to W through U:

(1) Q=Vi<V<<V/=W.

Since W and U are xy-doubly augmented valuations of Q, W, U and Q induce
the same valuation V), in the ring K[x] and W and U may be considered
as y-augmented valuations of Q of K,[y] whose coefficient field K, has the
valuation V,, because Wy=Uy=Qy.

Therefore again by Corollary 2.7 we can build a series of continuous
y-augmented valuations from Q to W through U:

(2) Q=VISCV/'ClV,=W.

W is an xy-doubly augmented valuation of Q, so Vi, Vi,---,V, are all
xy-doubly augmented valuations of Q in K[z, y]. But an xy-doubly aug-
mented valuation of  is a y-augmented valuation of (. Therefore V.,
---,V/ may be considered as a series of y-augmented inductive valuations of
Q in K[z, v].

Hence owing to Theorem 2.6 all V{, V3,---, V., must appear in the series (2).
Similarly all V{", V;’,---, V) must appear in the series (1).

Therefore both the series (1) and (2) coincide. Since U appears in the
series, the x-distance between U and W is equal to the y-distance between
U and W.

We shall later show that a set of all simply descended valuations of a
valuation of K[z, y] is not always partially linearly ordered.

§8. Series of augmented inductive valuations in K[, ¥]

The following theorem can be proved in the same way as M. Theorem
3. 1.
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Theorem 8.1. If R is an integral domain and has a valuation Vy,
then for any polynomial flx)=3 fix' in Rlx], the function Vi, defined as

Sfollows is a valuation of the ring R[x];

Viof(x) = Min[ Vio i + i

where p=Vyx is an arbitrary real number. The valuation is denoted
by
Vie=1[Vw, Viex= #1] .
When a valuation W of K[z, y] is given, in Theorem 8. 1 we substitute
Wz for Vyxr=p, and we obtain
Vie= [V, Wx=p].
Generally a polynomial f(z, y) of x and y can be expressed as . f;(x)y’,

where f;(x) are polynomials of x. Then the following theorem is an
immediate consequence of Theorem 8. 1.

Theorem 8.2. If W is a valuation of K[z, y] and Viy=[Vy, W=
1] is a valuation defined above, then for any polynomial f(x, y)=2f:(x)y’,

where f;(x) are polynomials of x, the function V,, defined as follows is a
valuation of K|z, y];

Vi f(@, y) = Min[ Vi £ (2) +ivi]

where v,= V,yy=Wy.

Now we want to build a series of augmented inductive valuations of
K|z, y] from V; to W.

Theorem 8.3. If a valuation W of K [z, y] induces in K[x] a series
of continuous x-augmented inductive valuations

Vi< Vio <+ < Vi,
then for any polynomial f(x,y)= X fi(x)y’, the functions V, defined as

Jollows are x-simply augmented valuations of Vy in K|z, y], where t ranges
between 1 and p;

Vafla, y) = Min[ Vafi(z)+iv]
where v,= Wy, and moreover

(1) Vu<Va<--<Vy
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gives a series of continuous x-simply augmented inductive valuation of
Kz, y].

Proof. Owing to Theorem 8.1 it is evident that each V,, is an x-simply
augmented valuation of V), for ¢=1,2,---,p. Assume that the series (1) is
not continuous x-simply augmented inductiove valuations. Then there exists
a valuation U of K[z, y] such that

xs xs xs

Val V<o < Vg UL Viga < < Vi,
So for suitable polynomials ¢ (x) and A(x)
Vag{x)<Ug(x) and Uh(x)<V,,  h(x).

In K[z] V., U and V,.,, induce respectively valuations V,, U’ and V,,,,
and Vrzlg(x):Vleg(x>’ SO

Vawg(@)<U'g(x) and  U'h(z)< Vi.yoh(x).

Namely Vo< U'< Vi 1.

But this is impossible because V,.,, is a continuous x-augmented valua-
tion of V, in K[x]. Thus (1) is a series of continuous z-simply augmented
inductive valuations.

W and V,; induce in K[x] the same valuation V,, so owing to Theorem
2.4 we can build a series of continuous y-augmented inductive valuations of

K.ly] from V, to W;

(2) Vpl%V1)2<"'<V1)q<"'< th:W'

In this series, according to Theorem 7.2, there must exist a valuation
V,, such that the subseries between V, and V,, is a series of continuous
y-simply augmented inductive valuations and the subseries between V,, and
W is a series of continuous xy-doubly augmented inductive valuations.

§9. Last simply augmented valuation

When W is a valuation, we define a valuation V), of K[z, y] as in §8.
But by interchanging x with ¥ in construction of the series, we obtain
another series ;

ws  ws  ws _ ws _ ms  ms _ ap oy ey
Vi< V<o <V < Vo <o <V <V o< <V, = WL

Namely, the beginning part of this series between V;; and V,, is a series
of continuous y-simply augmented inductive valuations of K[z, y], the middle
part of the series between V), and V,, is a series of continuous z-simply
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augmented inductive valuations of K[z, y] and the last part of the series
between V,, and W is a series of continuous xy-doubly augmented inductive
valuations.

Thus we can build the two different series of augmented inductive valua-
tions from V,; to W. We shall however show in Part 2 that we can build
many other series of continuous augmented inductive valuations which connect

V, and W.

Theorem 9.1. Let W be a valuation of K|z, y] and V,, a valuation
of K[z, y] defined in §8. Then in every series of continuous augmented
inductive valuations which begins at Vy, and comes to end at W, there
appears a valuation U such that the beginning part of the series between
Vi and U is a series of continuous simply augmented inductive valuations
of Klz,y] and the last part of the series between U and W is a series of
continuous xy-doubly augmented inductive valuations of Kz, y]; and such
a valuation U is determined uniquely by W.

Definition 9.2. The valuation U in Theorem 9.1 is called the last
simply augmented valuation of W.

Proof of Theorem 9.1. We prove first the uniqueness.
Let the following series be as in our Theorem ;

s s zy v
By connecting the series (1) in Theorem 8. 3 with the other series (2) in §8,
we obtain the following series ;

ys ys ys

(4> V112V212'“<Vp1<vp2<

xy xy

xy
< V])q< Vp,q+1< < Vp; = W
Namely, W is an xy-doubly augmented valuation of V,,, so W and V,, induce
the same valuation V,, in the ring K[x] and W is also an xy-doubly aug-

mented valuation of U. Hence W, U and V,, induce the same valuation
Vo in the field K,. Besides

Wy=Uy=V,y.

Therefore according to Theorem 2.6, U must coincide with one of
valuations in the series (4) between V,, and W. Assume that UxV,,. Then
the part of the series (4) between V,, and U is a series of continuous simply
augmented inductive valuations of K{x, y] due to its construction, while the
part of the series (4) between V,, and U is simultaneously a series of con-
tinuous xy-doubly augmented inductive valuations of K[z, y] according to the

construction of the other series. This is, however, impossible, so that we have
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U=V,,.

Therefore the last simply augmented valuation of W is determined
uniquely by W and it is independent of choice of the series.

According to Theorem 7.4 there is only one series of continuous xy-
doubly augmented inductive valuations which connects W with its last simply
augmented valuation V.

The proof of the existence of a series of continuous simply augmented
inductive valuations binding V;, and V,, and the method to construct the
series is not so simple. We shall show them in Part 2 of this paper, together
with other topics, such as key-polynomials of simply augmented valuations
and those of xy-doubly augmented valuations, residue class rings of a valua-
tion of K[z, y] and valuations of K|z, v, 2].

§10. Some examples of valuations of K[, ¥]

Let K be the field of all rational numbers with the 3-adic valuation.
Namely, for any rational number % expressed as sz”% -, where b, ¢ and n
are integers with (b, ¢)=(c, 3)=(3, b)=1, V, is defined by

Vok=mn.

The residue class field F, of K with respect to Vi, is a Galois field which
consists of only three elements 1, 0 and —1.
A valuation V,, of K[x] is defined as follows, for any polynomial

fla)=2 1., fie K;

Vi flx) = Min [Vofil,
Vi is denoted as Vi =[V,, V,@=0].
Example 10.1. Let K[x] have the above defined valuation V;. Then
a valuation V;; of K]z, v] is defined as follows, for any polynomial

S, y)= ;_fi(x)y"; = ;jawﬂy", a,;€K;
Vifia, y)=Min[ Vafi(2)] = Min[ Voa,].

V. is denoted as Vi, = [V, V,y=0].

In the ring K, [y] with the valuation V};, ¥*+1 can be a y-key polynomial
over V.
Since V,x=0, the residue class ring 4, of K[x] is Fy[X], where X=H,x
is the residue class of x; X can be a variable with respect to F,. (M.
Theorem 10. 2). So a residue class field /1, of a field K, is Fy(X)=,F,. Since
Viuy=0, the residue class ring 4, of K,.[y] is a ring (F,[Y], where Y=H,y
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is the residue class of y, and Y and X are variables algebrically independent
with respect to Fj.

The class H;(y*+1)=(H,yf+H;1=Y*+1. Y?+1 is an irreducible poly-
nomial in F,{Y] and also is irreducible in (F,[Y]. Therefore y?+1 is equi-
valence irreducible over V,; in K, [y] due to M. Lemma 11. 2.

Besides, y*+1 satisfies all the conditions for a y-key polynomial over V,
(M. Theorem 9.4). So ¥*+1 is a y-key polynomial over V,; in K,[y].
Any polynomial f{x, y) can be expressed as

flx, y) = Lfolw y) ( + 1)

where the degree of each f; (x, y) with respect to y is less than that of 3*+1
for i=0,1,2,---. We describe it briefly as deg, f;(x, y)<deg, (v*+1),
i=0,1,2,---. Then the function defined as follows is an augmented valuation
of V,, in the ring K[z, y];

Vef(@, y)=Min[ Vi fi (x, y)+i],

where V,(y*+1)=1>V,(*+1).
Vi, is a y-simply augmented valuation of V,,. V), induces in the ring
K{y] the following valuation Vi,;

VOZ:[V003 Vay =0, Voz(?/2+1>:l]-

Then it is evident that for any polynomial f(z, y)= LJily)x® in K[z, y], the
function V,, defined as follows is also a valuation of K,[x] whose coefficient
field K, has the valuation Vi, and V,, is equal to Vi, in K[z, y];

Ve fx, y) = Min[ Ve fi ()]
where V,x=0.

Example 10.2. Let K[z, y] have the same valuation V,, =[V,,, V,,y=0]
defined as in Example 10.1. Then y—z is a y-key polynomial over V,, in
the ring K,[y], because

Viy=0=V,x (M. Corollary 13.2).
Therefore for any polynomial f(x, y)= Z; folx)(y—a) the function Wi, defined
as follows is a y-augmented valuation of V), in K[z, y];
W f(@, y)=Min[ Viofi(z) +i],
where Wely—a)=1>Vyly—a).

But in this case W), is an xy-doubly augmented valuation of V,, of
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K[z, y]. The reason is as follows. By the remainder theorem, we have
for any polynomial ¢(y)
9(y)=(y—2)l(z, y)+g(2).

According to the definition of V,;, Vyg(x)=V,g(y) and therfore Wig(y)=
Vug(y) by M. Lemma 4. 3, so W}, is not a y-simply augmented valuation of
V., and consequently W), is an xy-doubly augmented valuation of V.

Example 10.3. Let K[z, y] have the same valuation Vi, as in Example
10.1. Then 9°+1 is a y-key polynomial over V}; in K,[y]. So it can be
seen in the same way that 2°+1 is an x-key polynomial over V), in K,[x],
where K, has the valuation Vy=[Vy, Vyy=0] and V,,=[V,, Vyx=0].

But K[z, y] having the valuation V,=V,, defined as in Example 10. 1,
22+1 can not be an x-key polynomial over V,, in K,[x]. For, since

V(@ + D) =@ =) = V(@ +1) = 1>0 = V(2 + 1),
it follows
PHl~2—y~@+y)lx—y) in V.

Hence 2’+1 is an x-key polynomial in V, in K,[x], then x+y or x—y
must be equivalence-divisible by #*+1 in V, in K,[x]. But this is impos-
sible because
deg,(x*+1)>deg,(x+y) = deg.(x—y).
Example 10.4. Let Vi =[Vi, Viz=0, Vy(a?+1)=1] be a valuation
of K[x] and let K[z, y] have the valuation V,,=[V,,, V,y=0].

Then y—x is a y-key polynomial over V}; in K,[y] and W,= [Vu, Wy —x)

= 1] is an xy-doubly augmented valuation of Vi, of K, [y]. But K,[y] having
the valuation V, =[V,, Vay=0], y—x can be a y-key polynomial over V,
in K.[y], while the valuation V,, =[V21, Ve (y—x)zl] of K.[y] whose

coefficient field has the valuation V), is not an xy-doubly augmented valuation
of V,, but is a y-simply augmented valuation of V.
Any polynomial f(x) can be expressed as }, f;(x)(@*+1),
[

where deg.fi(x)<deg,(*+1)=2.
Then V, is defined as follows;

Voo flx) = Min[ Vi fi(z) +1] ,
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where Vel@+1)=1> Vw(xz—i— 1).
And for any polynomial f{z, y)= Z fi(x)y®, Vi is defined as

Vafla, ) =M_in[vzoﬁ<x>]
where Vuy=0.

So V,, can be considered as a valuation of K,[y]. Since V,y=0=Vyz, again
by M. Corollary 13.2 y—x can be a y-key polynomial over V, in K, [y].
Therefore for any polynomial f(x, y)= Z filx ¢ the function V,, defined

as follows is a y-augmented valuation of Vﬂ in K [y]
Vo f(z, y) = Min[ Vaufi(2) + ]

where Vauly—2)=1>Vyly—2x).
But V,, is a y-simply augmented valuation of V,, because
Y+1l=(y—af+2z2(y—2)+(*+1)
Vit +1) = Min[ Vip (y— 2, Viu22(y—2), Vol +1)]
=Min[2, 1, 1]=1>0= V,(y*+1).

Thus it is shown that the y-key polynomial over V which produces U is
not always a polynomial of y, even if U is a y-simply augmented valuation
of Vin K,[y].

Example 10.5. Next we show that V, defined as in Example 10.4
induces in K[y] the valuation VOZ:[VOO, Vay =0, Voz(y2+l)=1] defined as
in Example 10. 1.

Vay= Vyly—x+x] = Min [sz(y—x), Vggx] =0=Vyuy
Y¥+1l=(y—af+2zx(y—x)+22+1.
Therefore
Ve +1)=Min[2, 1, 1]=1= Vi(y° +1)
and V+1~2z(y—x)+2F+1 in V.

Now assume that in K[y] V, induces a valuation greater than V,,, i e.
there exists a polynomial f(y) such that

Vaefly) > Vefly)

Among such polynomials f(y), we take a polynomial ¢(y) whose degree is
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minimum and whose leading coefficient is 1.  Then ¢(y) is a y-key polynomial
over V, and

Ve (4)> Vi ().
(1) Let #(y) ="+ 1" +(ay +0)(y* +1)" '+ +(cy +d).
Then owing to M. Theorem 9. 4,
Vi (y) = Vo' + 1) = m = Viplcy +d) < Viplay +0)(y* +1)" .

Namely m< Vylay+b)+m—1
1 = Min[Vyay, Vib].

Consequently (2) 1< Vga.
(3) Vad(y) > Vadly)=m.

Subsitituting 2x(y—x)+a2*+1 for y*+1 in (1), we have

m

hizx, y)= [2x(y—x)—|—x2+ 1] +(ay +b)[2x(y—a:)+x2+ l]mrl +
o+ ley +d]
and d(y)~h(zx, y) in Vy (4).

Then the coefficient of (y—x)” of h(xz, y) is

2a)y +a 22y = 2z [2x+a] .

V[ (221 (224 a)] = V[ (22" {22 +a)] = Min [ Vs 22, Vipa] =0
because of (2).

Vyph{x, y) £ Vup(lxy" ' 2ax+a)ly—x)" =m.
But by (4)
Vaeh(x, y) = Vaup(y) > Vb (y) =m .

This is a contradition, therefore V,, induces Vi, in K[y].

Example 10.6. Let V,,=[Vy, Viex=0, Vi;y=0] be the valuation of
K[z, y] defined as in Example 10.1 and V,=[V;, Vy(2*+1)=1] be a valua-
tion of K,[x]. Then V, is an x-simply augmented valuation of V), and is
equal to another valuation Vi, =[Vy, Vyy=0] of K,[y] whose coefficient field
K, has the valuation Vyu=[Vy, Vix=0, Viu(x®?+1)=1]. Moreover V,, =
[Va, Valy—a)=1] defined as in Example 10.4 is a y-simply augmented valua-
tion of V,. Namely

Vi xf-sm&plyaug Va=Vyu y-simply aug. V.
Next by interchanging x and y, it follows that V,=[Vy, V(@2 +1)=1] is
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a y-simply augmented valuation of Vi, of K,[y] and it is equal to another
valuation V,=[Vy,, Vi,x=0] of K,[x] whose coefficient field K, has the
valuation Vy,=[Vy, Vaay=0, Viu(y*+1)=1] and moreover V,, =[V,,, Vy(x—7y)
=1] is an x-simply augmented valuation of Vi, of K, [x]. Namely

Vi  y-simply aug. V=V, x-sirrriplyrjlug. V.
It is evident that V, %V, and V, >V, and V, < Vi, because

V(@ +1)=Min[Vx?, Vi 1] =0<1 = V(2 +1) .
Valy? +1) = Min[Vn?/Z, Vell=0<1l= V12<2/2+ 1.
Therefore next proving that V,, = V,,, it follows that this example is that of
the case when a set of simply descended valuations of a valuation of K[z, y]
is not partially linearly ordered.
We proved that V,, induces in K[y] Ve=[Vw, Vav=0, Vu(®+1)=1]
in Example 10.5. And V,, also induces Vi, in K[y] owing to its definition.

Vaple—y)=Vu(—=1)y—2) = Vply—x) = "/22<x_y> =1.
Let be flx, y)= 2 fi(y)(x—y)’ any polynomial of K[z, y], then

Vaf(z, )= Vel 5 filw)(e—v)) = Min[ Ve fi () + iV (2~ )]
= Min[ Veofi(v) + iVaslw—9)] = Min[ Vo fu () e~ v) ]
< Vo SA0)E—)) = Vafl v).

Again by interchanging x and y, in the same way it follows that
szf(x, y)= Vafla, v).
So, consequently V= V.

Example 10.7. Let K[z, y] have the valuation V,, defined as in Ex-

ample 10. 4, then y—x— is a y-key polynomial over V, in K,[y],

Fe1
because
Vply—x)=1= V22<' 2_9

). Therefore it follows again from M. Corol-
xr+1

lary 13.2 that y—x— - 22_—1—' is a y-key polynomial over V, in K, [y].
x

Any polynomial f(x, y) can be expressed as an expansion with respect

to (y—x— —97— ;
x2+1
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Then the function W,; defined as follows is a y-augmented valuation of V;

Wi f(, ) = hgin[vzz @) | 2:],

b;(x)
where W,, (y—x— —2?;—1 ) =2>1=V, (y—x— 9 ) Moreover W,; is an
x

Z+1
xy-doubly augmented valuation of V,. The reason is as follows. Again
by the remainder theorem any polynomial f(y) can be expressed as follows;

N R b e Ly

Let fl)=Zfw', fieK. Then

f(x+ }%2211) =2fi <x+ 3:2% 1,)*'

V22fi(x+ xzi_]:)t: I\/Ein[vzzfri-inz(x—!- i:(:zi—"l—)]

=M¢in[wa;] ,

because Vypx=0<1=V,- ,,2,9,,,, and so
x*+1

On the other hand,

Ve f(4) =Min[ Viofs +iVory] = Min[ Vief]
e )
Hence again by M. Lemma 4. 3 it follows
W f(y) = Vaufly).
Thus W,; is an xy-doubly augmented valuation of V3. Furthermore,
Va< Va< V< Wy, where
Vi a-simply aug. Vi, y-simply aug, Vs zy-doubly aug. Wi

So V., is the last simply augmented valuation of Wj;.

Remark 1.
Let V,, and Vzoz[Vw, V(@ +1)= 1] be the two valuations of K[x]
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defined in Example 10. 4.
V(@ +1)—(22—2)) = Vg3 = 1>0 = Vi (2* +1)

so P+1~2*—2 in V,, and deg,(2*+1)=deg.(*—2).

Then 22—2 can be an z-key polynomial over V,, and the function Vj=
[V, Vis(x—2)=1] is also an z-augmented valuation of V), and V3=V,
owing to M. Theorem 15. 3.

Vi —2)=1=V}3.
Then £2+1=(x*—2)+3 can be an x-key polynomial over V3, by M. Corollary
13. 2. and the function V} defined as follows in an z-augmented valuation
of V§;

Vi =[Va, Vi +1)=2],

because Vi +1)> V(22 +1).

But V} cannot be an x-augmented valuation of V,. For, even if we build
forcibly a function V; as follows;

Vso:[Vzo, V30<IZ+1):2]:[V00, Vix=0, Vy@®+1)=1, Vao(x—l—l):Z],

it follows that the polynomial 2*+1 is used in Vy twice as an x-key poly-
nomial. But this breaks the condition (5) for x-key polynomials in §1.

Namely V3 is an x-augmented valuation of V3 and V,= V3, but in spite
of it, V3 is not an z-augmented valuation of V. In this case we adopt
another method of definition. When valuations 73, 75,--- of K|z, y] are
equal to each other, we consider that 7, 7,,--- induce in K[z, y] the same
valuation W which is defined abstractly as a function satisfying only the three
conditions of a valuation in §1 and we regard each 7} as an expression of W,
namely, a concrete representation of W and if a valuation U is an augmented
valuation of one 7, then we call U an augmented valuation of W. In this
paper we adopt this method of definition like W at the end of §4. Following
this method of definition, the above valuation V3§ is an x-augmented valuation
of the valuation whose expressions are V3 and V.

Remark 2.

Let U and V be two valuations of K[x] and UxV. If for every poly-
nomial f(z) in K[x] Uf(x)=Vflx), then U is called to be greater than V.
Owing to M. Theorem 5. 1. an x-augmented valuation W of a valuation
Q in KJ[x] is greater than Q. But even if U is a valuation greater than
a valuation V in K[z], U is not always an x-augmented valuation of V.
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The following is an example of this case.

Let be V,, and VZ(,:[VIO, Vil +1)= l] the two valuations of K[x]
defined in Example 10.4. 2*+1 is an x-key polynomial over V,, and V,,
("+1)=0. Then the function V*= [Vm, V@)=L

Z

J is also an -

augmented valuation of Vi, and according to their definitions it is evident
that V,, is greater than V¥,

But V, cannot be an z-augmented valuation of V*. Because, if V,
is an x-augmented valuation of V*, then a set I, of all values that V,, takes
in K[x] must include a set I', of all values that V* takes in K[z]. I, is

a set of all integers, so I', does not include é‘ =V* (£ +1). All valuations

that are equal to each other have the same set of values. Then V,, cannot
be an z-augmented valuation of V*, even if we adopt the method of definition
in Remark 1.

In this paper when we write as “Ug(x)> Vfx)”, it means that a value of
the polynomial ¢(x) by a valuation U is greater than a value of f(x) by V.
But when we write as “W>Q”, it means that W is an augmented valuation
of Q and it does not mean that the valuation W is greater than the valua-
tion Q.
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