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SOME PROPERTIES OF KURAMOCHI BOUNDARIES
OF HYPERBOLIC RIEMANN SURFACES

By

Hiroshi TANAKA

1. Constantinescu and Cornea [1] remarked that Kuramochi boundary
points share many properties enjoyed by interior points. Let F and K be
mutually disjoint compact sets in a hyperbolic Riemann surface and let g be
a positive measure on K. It is known that the balayaged measure (with
respect to the Green potential) of ¢ onto F is supported by the boundary of
F. In this paper, we shall prove that a similar result is also valid for a
closed set F on the Kuramochi compactification by considering Kuramochi
boundary points like interior points (Theorem 1).

As an application, we shall prove that if the set of all non-minimal
Kuramochi boundary points is non-empty, then it is uncountable (Theorem

2). A corresponding result for the Martin boundary was proved by Ikegami
[2] and Toda [5].

2. Let R be a hyperbolic Riemann surface. We shall use the same
notation as in [1], for instance, §,, P", Sz f*, R}, A4y etc. For a subset A
of R, we denote by 9A the relative boundary of A in K and by A the
closure of A in R%. Let K, be a closed disk in R and Rf=R5—K,. The
Kuramochi boundary 4, is decomposed into two mutually disjoint parts, the
minimal part 4, and the non-minimal part 4,. By a measure g on R, we
always mean a positive measure ¢ on R} such that p(K)=0. For a measure
¢ on R§, we shall denote by Sy the support of g If a measure gz on Rf
satisfies p(4,)=0, then it is called canonical. It is known that if g is a
measure on R, then there exists a unique canonical measure v such that
P"=7" For a closed set F' in R and a measure p, we denote by g the
canonical measure associated with 7%. We note that Sy, CF.

The following properties are known ([1]).

(A) Let F be a non-polar” closed set in R and f a Dirichlet function?

1) A subset A of R is called polar if there exists a positive superharmonic function
s on R such that s(a)=+oo at every point a of A.
2) This is called eine Dirichletsche Funktion in [1].
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on R. If G is a component of R—F, then f“=f on G.

(B) Let F be a closed set in R. If s is a Dirichlet function on R,
s=0 on K, and s is a non-negative full-superharmonic function®
on R,, then

Sp = sHUF on R,—F.

(C) Let & be any point of RyU4,. If F is a closed set in R such
that F' is a neighborhood of & in R}, then (7,)7=7,.
(D) Let g be a measure on Rf. If F is a closed set in R, then

(f.dp®)z = §@.)z dp®).
(E) Let {.)7., be a sequence of canonical measures on R;. I p,
converges vaguely to a measure p as n—>o0 and each P*» is domi-
nated by a fixed full-superharmonic function, then g is canonical.

We shall prove

Theorem 1. Let F be a closed subset of R, and let p be a measure
on Ry such that SpN(FUK,)=0. Then Sp,cFNR—F.

Proof. (i) First suppose Sp is compact in R,. Since Sy, CF, it is
sufficient to prove that SyFCITF. Let b, be an arbitrary point of 4y—R—F.
Let U be an open neighborhood of 4, in R} such that UNRNR—F=¢ and
let G=UNR. We shall prove that z,(U)=0. Let D be a relatively compact
open set in R such that DN(K,UF)=0¢ and 8D consists of a finite number
of analytic Jordan curves. We set s=%% and f=s on R, and=0 on K,.
Then we see that f is a bounded continuous Dirichlet function on R. Since
(@) =0, on R,—D for beD, it follows from (D) that s=%*5=75" on R,—D.
Hence p%=s# and §";=4=s;~,. Since the measure associated with s is sup-
ported by 8D and dDC R—G, by (C) and (D), we obtain that s;~y=s on R,.
By (B) and (A), we have that s;==f%VY""=f% on G. Thus P"s=e=Sia
=f%=s;~=5s=P" on G. Similarily, by (A) and (B), we obtain that p*;—%
=74 on Ry—F. On the other hand, since p";/=4=p%=2"¢q.p". on F—G, we
see that 7*;7~4=7% ¢q.p. on R,. Hence p*;=4=7% on R,. Therefore it fol-
lows from the uniqueness of canonical measure that p,=pz o Hence Sps
CF—G=F-U, so that p,(U)=0.

(i) Next suppose Sp is not necessarily compact in R,. By the as-

3) This is called superharmonic by Kuramochi ([3]) and “positive vollsuperharmoni-
sch” in [1].

4) We shall say that a property holds g.p. on a set E if it holds on E except for a
polar set; cf. footnote 1).
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sumption, we can find a closed subset V of R, such that V is a neighbor-
hood of Sy in R} and VN (K,UF)=¢. Let {K,}7 , be an increasing sequence

o

of compact sets in R such that UK,=R. We write ppn,, =p, and (g,),=

v, for simplicity. Since 13”"§f)":§if>" for each n, by the aid of (E), we can
show that v, converges vaguely to a canonical measure v. Since Sy CF N
R—F(n=1,2, ---) by (i), we see that Sy"CFNR—F. By Hilfssatz 16.2 in
[1], we obtain that *» increases to P* as n—>oco. By Satz 15.3, b) in [1],
we see that P increases to 7"s as n—>oo. Since p*+=73" by (C) and (D),
it follows that 7“» increases to 7* as m—oo. Furthermore it follows from
Satz 15.3, b) in [1] that §77' =% increases to P as n—>oo. Hence we have
that %= 7" Since v is cananical, py=v. Therefore Sp,CFNR—F.

3. By a discussion similar to the proof of Théoréme 14 in [4], we
shall prove

Lemma. Let F be a closed subset of R, and let byedy—F. Then
there exists a measure p such that SpCFNR—F and (3,)s<3"<3,,.

Proof. First we note the following. Let & be an arbitrary point of R,.
Let a, be a positive real number such that {z; §,(2)=a,} is a compact set in
R,. For each a=a,, min (7, a) is a potential and the associated measure,
say 1., is supported by {z; 7,(2)=a}. Then %’ can be continuously extended
over Rf. We denote by p*=min(@,, «a) the continuous extension again. Let
v be a measure on Ry. Since sﬁ"dl,,:gmin(ﬁb, a)dy, by letting a—oco0, we

have that lim (3*di,=7"(b).

a—o0

Now we shall prove the lemma. Let {b,}7., be a sequence of points in
R,—F such that b,—b, as n—>o0o. We denote by p, the canonical measure
associated with (7, )». By Theorem 1, we see that Sg is contained in
FNR—F(n=1,2, ). Since p,(FNR—F)<1(n=1,2, ---), we can find a
subsequence {z, }7-1 of {z.}i-1 such that p, converges vaguely to a measure
¢ supported by FNR—F as k—>oo. Since j}*ﬂd/zzgﬁ”d&, and S’ﬁ‘ad‘unz

s’fﬂnd,{,(nzl, 2, -++), we obtain that }CifnSf)””‘*danff)"dla. Since (9,,)7= lim

n—o

(@,,)#<%,, we obtain that
_‘.(ﬁbﬁﬁd,h = jlim(ﬁbn JrdA < lim&(g’ybn )adA, = hﬂg?”’” da,
oo * k=2 & k—oo

=[P drn={a,da.

By letting a—oco, we have that (7, )x(b)<3"(b)<3d, (b).
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Theorem 2. If the set 4, of all non-minimal Kuramochi boundary
points is non-empty, then it is uncountable.

Proof. Let b, be an arbitrary point of 4,. We set D(r)={beR}; d(b,
bo)<r} and C(r)={beRy; d(b, b))=r} for r>0, where d is a metric on R}.
Suppose there exists a sequence of positive real numbers {r,}7_; such that
Cir,)N4dy=0, r,>r,.(n=1,2, ---) and lim »,=0. For each n, if we apply
the Lemma to F=R—D(r,)N R and the above b,, then we obtain a measure
¢, supported by F N R—FcC(r,) such that

( * ) <ﬁbo)ﬁ = I’F" = -?71;‘,-

Since p,(R5;<1 and Sp,CC(r,)cD(r,)UC(r,) for each n, we can choose
a subsequence {s, }7., of {g.};-, such that g, converges vaguely to a meas-
ure p supported by F%(D(r,,) ucC (rn)>={b0} as k—oo. Since b, is non-minimal
and g is not iden{ilczlilly equal to zero by (*), ¢ is not canonical. On the
other hand, since each g, is canonical, it follows from (E) that g is canoni-
cal. This is a contradiction. Hence there exists an r,>>0 such that C(»)N
4dy#9 for all r(0<r<r). If r#+, then C*)NC(#")=9. Thus 4, is un-
countable.

Corollary. If the set 4, is non-empty, then no point of 4, is isolated in A.
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