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ON GALOIS EXTENSIONS AND CROSSED PRODUCTS
Dedicated to Professor K. Asano for his 60th birthday

By

Yéichi MIYASHITA

Introduction.

In this paper, we study Frobenius extensions (in the sense of Kasch
[14]), in particular, Galois extensions ([1][5] [6]), and crossed products ([13]).
In Section 1, we give a relation between invertible submodules and ring
automorphisms (Th. 1.3). In Section 2, we prove a fundamental relation
between generalized crossed products and Galois extensions (Th. 2.12). This
is our main theorem. In Section 3, we define an equivalence relation
concerning the ring homomorphisms, and prove that “Galois extension” and
“crossed product” are completely determined by an equivalence class (Th.
3.4 and Th. 3.5). In Section 4, we prove the splitting property of crossed
products, which includes Nobusawa [22]. In Section 5, we see that a partic-
ular generalized crossed product is a symmetric extension (which is defined
in § 2). Further we derive directly Williamson and Silver’s results [28], [25]
concerning hereditary orders, in our situation. Finally we correct the errors
in our previous paper “Galois extensions and crossed products, J. Fac. Sci.
Hokkaido Univ., Ser. I, 20 (1968)”.

Throughout this paper, all rings have identities, and modules are unital.
A subring of a ring contains the identity. A ring homomorphism means
a ring homomorphism such that the image of 1 is 1.

§ 1. Invertible submodules and automorphisms.

Let M, N be left A-modules. By N” we denote the direct sum of »
copies of ,N. If ,M is isomorphic to a direct summand of ,N™ for some
n, then we write M| ,N. I ,M|,N and ,N|,M, then we write M~ N
(similar). By Hom, (,M, ,N) (resp. Hom, (,M, ,N)) we denote the module
of A-homomorphisms from ,M to ,N acting on the right (resp. left) side.
We denote Hom, (,M, M) (resp. Hom, (M, ,M)) by End, (,M) (resp.
End, (,M)). Let f be a mapping from a set .S to a set 7. For any s in S,
the image of s by f is written as f(s)="s=(s)f=s', and f is written as
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f=(s—f(s)) (seS), etcc To be easily seen, ,M|,N if and only if there
are A-homomorphisms f;, ---, f, in Hom, (M, ,N) and ¢, -, g, in
Hom, (4N, M) such that >,fig,=id,, or equivalently, Hom, (,M, ,N)-
Hom, (,N, ,M)=End, (,M).

Then the following are well known :

S. 1. If M|,A (e .M is finitely generated and projective) then
A% |M,., where A*=End, (,M).

S. 2. If JAlUN (i.e. 4N is a generator of the category of left A-mod-
ules) then N,+|A;+ and End, (N,+)=~A, where A*=End, (,N).

To be easily seen, the following holds. (Cf. Hirata [9], [10].)

S. 3. If .M|,N then Hom, (,M, 4,N)+|A}+, 4+Hom (4N, ,M)|+A",
End, (Hom, (,M, 4,N),+)=A*, and End, (,+Hom, (,N, ,M))= A*.

The first half is a direct consequence of standard properties of Hom
and @. To see the latter half, let £, ---, f, and ¢y, -+, g, be A-homomor-
phisms in Hom, (,M, ,N) and Hom, (,N, 4M) respectively such that 33, f; 9,
=1y. And, let ¢ be in End, (Hom, (,M, 4+N),+). Then, for any f in
Hom, (,M, 4N), o(f)=¢(Z: fi0:f)= 2. ¢(f) 9./, and ¢(f;) g, is in A*. Further,
Hom, (,M, ,N)-Hom, (,N, ,M)=A* implies that ,Hom (,M, ,N) is faithful.
Similarly we know that A*=End, (,+Hom (N, ,M)).

Let .M, be a left A, right A’-module. If ,M~_,A and End,( M)~A’,
then we call ,M, a Morita module. Note that this definition is right-left
symmetric. By a ring extension A/B, we mean a ring homomorphism from
B to A such that the image of 1 is 1. Then every A-module may be
considered as a B-module by f. Let f: B—A and f*: A*—>B* be ring
homomorphisms, and let M be a left A, right B*-module. If both A/,.
and zMy. are Morita modules, we say that ,;My. . is a Morita module.
Note that, in this case, f and f* are injections, yA~B, and Bi.~A%.

Let A/B be a ring extension. By V,(B) we denote {x€A|bx=xb for
all beB}, and call it the centralizer of B in A/B.

Let A be a ring, and R a subring of A. Let X, be an R-submodule
of A. If there is an R-submodule Y of A such that 1€ XY and YXCR,
then X is said to be right invertible in A (cf. Maranda [15]). (Symmet-
rically we define left invertible submodules.) Evidently S=XY is a subring
of A. X and Y are a left S-submodule and a right S-submodule of A,
respectively. Further, S={zcA|xXC X}={xc A|YxC Y}, Y={xcA|xXC R},
and X={xeA|YxCR}. Thus we call .Y the right inverse of X, in A.
In this case we say briefly that (X is right invertible in A. Since S=
XY>51, 1 is written as 1=, vaw,;(v,€X, w,€Y). Then x=3},;v,(w;x) for
all xin X. As w.x€R, this means that X,|R, (i.e. X, is finitely generated
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and projective,) and evidently 7,(X)=0, where [,(X)={xcA|xX=0}. The
canonical homomorphism X® ,A—XA= A is an isomorphism with the inverse
mapping {(x— ), v;Qw;x) (x€A). Since X, is projective, we have XW=
X®,W for any R-submodule W of A, in particular, XY=X®.Y. Let f
be any R-homomorphism from X, to Az. Then A=X®,A® AR ,A—-A
is a right A-homomorphism, where AQA—>A is the contraction mapping.
Therefore, for some & in A, bx=f{x) for all x in X. From this fact, it
follows that S=~End, (X5) and S=End, (,Y) as rings, canonically.

Next we assume that X /R, [,X)=0, and every R-homomorphism
from X, to R, is given by a left multiplication by an element of A. Then,
as is easily seen, X, is a right invertible submodule with the right inverse
Y={xc A|xXCR}. Thus we obtain the following

Proposition 1.1. Let A be a ring, R a subring of A, and X an
R-submodule of A. Then the following are equivalent :

(i) There is an R-submodule .Y of A such that 1€ XY and YXCR
(i.e. X, is right invertible in A).

(i) Xz|Rr and A=XA=XQR,A.

(1) Xgz|Rp, [4(X)=0, and every R-homomorphism from Xz to Ry is
given by a left multiplication by an element of A.

In this case, if we set S=XY, then X is a left S-submodule, and Y is
a right S-submodule. S={xcA|lxXCX}~=End, (Xy), and S={zxcA|YxCY}
~End, (rY) as rings, canonically. Every R-homomorphism from X, into
Apr is given by a left multiplication by an element of A. X={xcA|YxCR},
and Y={ye AlyXCR}.

Let R, S be subrings of A, and <X, a submodule of A. If there is
a submodule Y of A such that XY=S and YX=R, we call (X, an
invertible submodule of A. Evidently this is equivalent to that ¢X, is
right and left invertible in A. Y is denoted by (X3! and is called the
inverse of ¢X;.

Next we consider a special class of ring homomorphisms. Let S, A be
rings, and let ¢, 7 be ring homomorphisms from S to A. Let ,Au, be a free
A-module which is isomorphic to A by the mapping a—au, (acA). If we
define u,s=0(s)u, (s€S) then we obtain a left A, right S-module. A sub-
module ,J, of A is defined by ,J.={zx€Als(s)a=a-z(s) for all s in S}. This
is a left V (¢(S)), right V (z(S))-submodule of A, where V,(¢(S)) means the
centralizer of ¢(S) in A.

The proof of the following lemma may be omitted.

Lemma 1.2. ,J.=Hom, (4Au.s +Au.s) by the correspondence a\— (xu,—~
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xau,) (x€A). In particular, V  (o(S))=,J,=End, (JAu,s) as rings. ,J. is
a left V(a(S), right V (z(S))-module, and ,J.-.J, is an ideal of V 4(c(S)).

Corollary. Au.lAu.s if and only if J.-.J,=V (a(S). In this case,
v ool s 15 Tight invertible in A, and .J, is its right inverse.

Now, let A be a ring, and R, S subrings of A. Let (X, be a right
invertible submodule of A, and Y its right inverse. Then, XY=X®,Y=
S31=3, u,®,v; for some w,€X, v,€Y. For any a in V,(R), the mapping
x®yi—zxay from X®,Y to A is well defined. Since s= 3, su,Qv,= 3., u,Qv;s
for all s in S, we have ), su,av;= 2 ; usavss for all a in V,(R). Put ox(a)
=Y, u,av,. Then, as is easily seen, ¢y is a ring homomorphism from V,(R)
to V,4(S). In the sequel, for any subring R of A, we denote V,(R) by R*.
Since XY>1, we have [,(X)=0, so that the ring homomorphism ¢, is
characterized as a mapping from R* to S* such that ¢.(@)u=ua for any
ac€R* and any wu€X. Similarly, v-oy(a)=av for any a€R* and any veY.
Therefore X Codis and YC, b and hence , 1 is right invertible in A as
a left o (R*), rlght R**-module As R***—R* the ring homomorphism
induced by , J; is the same with ¢y By Cor. to Lemma 1.2, we know
that 4Au, p:|sAr. Assume that R**=R. Then, since , oty NS R*¥* =R,
we have Y2(J, ., J1) Y21/, - XY2,J,, and so Y= _J,. Similarly, X,
Ji,» and hence S End, ( = =End, ( i) =(ox(R¥)*. (In general, it is
easdy seen that XR**YC(oy(R*)* and Y-(s,(R*))*CR** From these we
have XR**Y:=(0x(R*)*, and so ¢z XRz: is right invertible. Hence the
argument in the case R**=R implies XR**=, J,, because oy=0yz~ Thus
we have also R**Y=,J,.) Conversely, we take a subring R of a ring A
and a ring homomorphism ¢ from R to A such that ,Au, |.Az Then, by
Lemma 1.2, . .., is right invertible in A, where R*=V,(R), and the
ring homomorphism induced by ,J,,. is evidently an extension of ¢ to R**.

Let (X, be right invertible in A, and .Yy its right inverse, and let X
be right inversible, and Y’ its right inverse. Assume that S'CS. Then
XX YY=X'SY>1, and YY - X’XCYS'XCYXCR Hence yo0XXp is
right invertible, and YY’ is its right inverse. Therefore, if S§’=.S, then
v X' Xy is right invertible. Hence, if ,X¢ and (X are invertible, then so
is ;X'Xp and (X’'X)'=X"'X""1. To be easily seen, oyy=0yv0y and oy
=1idg. Therefore, if (X, is invertible then ¢y: R*~S* (isomorphism), and
(6x)'=0x1. Since AAuaX—lASI 4Ag. implies Ag. —AAua_rl®sS uaXI|?| AuaXR*’
we have  Au, g~ iAg-

Conversely we take a ring isomorphism ¢: R=S between subrings of
A such that  Au,,~,Axr Then g,Jip is invertible (Lemma 1.2). Let z:
S=~T be also a ring isomorphism between subrings of A such that ,Au ¢~
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As  Then J.-,J, <. J, because ..J,=.J,. Since ,J,-J,Z_J,=.J;, we obtain
whC. . Hence .J . Ji=_.J,. ,J, induces o: R¥*~S** and ¢ is an
extension of ¢ :R~S. Therefore R=R** and S=S** are equivalent.

From the above argument, the set of all invertible submodules of A is
a groupoid. This is denoted by &(A). The set of identities is the set of
subrings of A. By &*(A) we denote the groupoid of all ring isomorphisms
o: R~S between subrings of A such that ;Au, ~,A; The set of identities
is the set of identity mappings of subrings of A.

Summarizing the above we state the following

Theorem 1.3. Let A be a ring. Then the mapping (Xp—ox is
a groupoid homomorphism from &(A) to &*(A), where oy is the ring
isomorphism from R* to S* such that o (@)u=ua for any a in R* and
any u in X. The mapping ¢: R=S—,J, is a groupoid homomorphism
from &¥(A) to G(A), where J={ucAlo(@)u=ua for all a in R}. For
an invertible (X5, X=,.J,, S** =S8, and R**=R are equivalent conditions.
For 0: R=S in &*(A), 6=0,,, S**=S, and R**=R are equivalent con-
ditions. Therefore, if we put Op(A)={X,cO(A)|R*=R} and OF(A)=
{6e@*(A)le: R—A, R**=R} then, by the above homomorphism, G (A)=~
&&(A) as groupoids.

Let A be a ring, and R a subring of A. By &(A/R) we denote the
group of all R-R-invertible submodules of A. By &*(A/R) we denote the
group of automorphisms ¢ of R such that ,Au, . ~,Az By Aut(A/R) we
denote the group of R-automorphisms of A acting on the left side. If R**
is equal to R, we call R a commutor subring of A, where R* is the
centralizer of R in A.

Corollary. If R is a commutor subring of A, then G(A/R)=&*(A/R*)
as groups. Particularly, &(A|C)=G*(AJ/A), where C is the center of A.
If B is a subring of A, then the image of &(B*/C) under the above iso-
morphism is the group of B-automorphisms o of A such that  Au,,~ A,

Theorem 1.4. Let ADRDB be rings, and R a commutor subring of
A, Assume that ARQzRp~4 Ar. Then &(B¥/R*)~Aut (R|B) as groups.

Proof. It suffices to prove that Au, ,~,Az for all ¢ in Aut (R/B)
Since JAR zRz~ A, we have JAp~ AR zR~ AR zRu ~ AR sRQ zRu,,
~AQpRu, =~ jAttyr.  Thus Ar~,Au,,.

Corollary. If A is a central separable C-algebra then S(AJC)~=
Aut(A/C) as groups.

Let M be a module (i.e. additive abelian group). Put A=End, (M)
(the ring of all endomorphisms of M), and let S,7" be commutor subrings of

R
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A. Let g, 7 be ring isomorphisms from T%* to S* where T*=End, ;M)
sM may be considered as a left T*-module by ¢. We denote this by
e, M). Then, for a in A, a is a left T*-homomorphism from (s, M) to
A7, M) if and only if a-o(t¥)m=c(t*)am for any #*¢T* and any meM
(i.e. a€.J,. Therefore (o, M)~M if and only if ,J,+,J,=S and .J,+.J,
=T, or equivalently, ,Aw,,~.Ap. However, if ¢M~gS* and pM~pT*
then (o, M)~pla, S*)=,pT*~pM, and so o, M)~,M. Thus we have
proved the following

Theorem 1.5. Let M be a module, and put A=End (M). Let S2T
be commutor subrings of A. Then G(S/T)={ce Aut(T*|S*)|p.(¢, M)~ .M}
as groups. In particular, if pM~pT*, then S(S|T)= Aut(T*|S*) as groups.

We conclude this section with the following

Proposition 1.6. Let ADS be rings, and t a ring homomorphism
from S to A. Then the following conditions are equivalent :
(1) AAS|AAurS'

(i) = is a momomorphism, and  Au.- . 9|iA.s-

Proof. (i) (i) From  Au.-1(s|4A. s, we obtain 4Ag~ ;Au.~ Q.5 t(S)u.s
[4A® 57 (S)us= JAue (1) D) If z(s)=0 for s in S, then ,Ag|,Au.s means
that As=0. Hence s=0. To be easily seen, ,J.=.-J, and .J,=,J.-.
Therefore, 1€,J,:.J,=,-1J,*1J.-1, and hence Au.- .(5|+4.09-

§ 2. Centralizer of Frobenius extensions.

Let ¢ be a ring homomorphism from S to R. Then R may be consid-
ered as a left S, right S-module by ¢. R/S is called a Frobenius extension,
if RgSg and R=~Hom (Rg, S) as left S, right R-modules (cf. Kasch [14]).
If R/S is Frobenius, then there are h: (R¢—>gSs, and r, [,eR(i=1, -+, n)
such that x=>,r;+h{l,x)=2, h(xr,)l; for all £ in R, and conversely (cf.
Onodera [23]). In this case, & is called a Frobenius homomorphism, and is
characterized as the image of 1 under an S-R-isomorphism R=~Hom (R, Sg)

The proof of the following lemma is evident.

Lemma 2.1. Let R[S be a ring extension, and R a ring. Let M be
a left R, right R-module.

(1) End, (wMg=Hom; (o M®sRs, nMz) by the mapping fi—(mQr—
fm)r) (meM, reR).

(2) End, (o Mg=Hom, (;, My, nHom, (Rg M), by the mapping fi—
(m—(r—>f(mr)). The inverse of this mapping is the mapping g—(m—g(m)(1))
(meM).
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The proof of the following is easily checked.

Lemma 2.2. Let R/S be a Frobenius extension with (h, r, [, (i.e.
x=2hlxr)l,=>,rh{l;x) for all x in R), and let R' be a ring. Let
M be a left R, right S-module. Then Hom;(Rg, M)=~M®®R as left R/,
right R-modules, by the mapping f—3, fry)®l. The inverse of this
mapping is the mapping mQr—(x—m-h{rx)) (meM, r, zeR).

Corollary. Under the same notations and assumptions, we have an
isomorphism End, (Mg ~Hom (o My, oM Ry), fr>m— 2, flmr,)QL,).

Proof. This follows from Lemma 2.1(2) and Lemma 2. 2.

Proposition 2.3. Let R/S be a Frobenius extension with (h, r;, L),
and let M be a left R, right R-module.

(1) pMROR My if and only if there are f;, g; (j=1, -+, t) in
End, (o My) such that Y, ;(ms-xfi=m-h(x) for any meM and any x€R.

(2) pMplpM®Ry if and only if there is a left R, right S-endomor-
phism k of M such that Y, (mr)l;=m for all m in M.

Proof. By Lemma 2.1 and Cor. to Lemma 2.2, ,MQR;|zMy is
equivalent to that there are f;, ¢g; in End, (n M) such that X3, ;(m/-r,)"®l,
=m®1 in MR for all m in M. By making use of the inverse of
the isomorphism in Lemma 2. 2, the above equality is equivalent to that
2 (mrexyi=me-h({x) for any me M and any x€R. Similarly we can prove (2).

Proposition 2.4. Let both AJ/R and R[S be ring extensions, and
assume that R[S is a Frobenius extension with (h, r;, L))

(1) LARsRz|Ar (¢f. Hirata [10]) if and only if there are f;, g; in
V.(S) such that ijjvi-gjzizz;) Jor all x in R, where T is the image of
x in A. (Note that the latter is right-left symmetric.)

(2) LARARRE if and only if there is an element k in V 4(S) such
that 3, 7kl;=1.

Proof. Put M=R'=A in Prop. 2. 3.

Remark 1. In the above Corollary, let «: S—R and §: R—A, and
assume that JA®gRz| Az Then, if f(x)=0 for x in R, then Bak(x)=0,
because 0=73},f;+B(x)g;=Pah(x). h is defined by h(8(x)=pah(x) (x€R).
Then, to be easily seen, B(R)/Ba(S) is a Frobenius extension with (&, 8(r;),
B8), and JARiws B(R)sm|alsr- Further, if AL ARR, then LAyl
2A®sais) B(R)sz holds.

Remark 2. In Prop. 2.3, we put R'=the ring of integers and A=
End, (M). And assume that both R and S are subrings of A. Then, by
Prop. 2.3 and Prop. 2.4, M®Rz|M;, if and only if JARsRz| Az Simi-
larly, Mp|M®sR; if and only if A, AQRx
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Remark 3. Let R/S be a ring extension, and M a right R-module.
Assume that Rzp|M; and M|S;. Then MRy SQsRr~Rz|M,. Thus
MR Rz My (cf. [18]).

Lemma 2.5. Let R2S be a Frobenius extension with (h, r, l,), and
let RDS be subrings of R such that S2S. Assume that h(R)CS and
that r, l,€R for all i. Then R[S is a Frobenius extension, and R=R®¢S
=S®gR. Therefore, if S=8, then R=R. If R=R and S/R, then S=S5.

Proof. The canonical homomorphism R®S—->R, r®s—7§ is an iso-
morphism with the inverse mapping 7— ), 7,®A(l7). The remainder will
be easily seen.

Let A be a ring. In the sequel, for any subring R of A, R* means
the centralizer of R in A. Let R2S be subrings of A such that R/S is
a Frobenius extension with (A, 7, [;), and assume that ,A®Ry|.Ar Then,
by Prop. 2.4, there are aj, b; in S* such that X, a,xb;=h(x) for all x in
R. Now, R®sR=~Hom,(Rs; Rs) as R-R-modules, by the correspondence
xQy—xhy (cf. Onodera [23]). Since the image of >, 7,®/; is 1, we know
that >, 2r;®L;=2; :®lx for all x in R. Therefore, for any s* in S*,
Sexrstl,=Y ;¥ lx. Hence ), rss*l,e R* for any s* in S*. Put 3, rs¥,
=h*(s*). Then A* is an R*-R*-homomorphism from S* to R*. Further,
Sy h¥(s*a)b; = X2, jrsta;lb; = 2 rs* o h(L) = 2o h(l)s* =s*.  Similarly,
we obtain ) a;+h*(b;s*)=s* ~Hence S*/R* is a Frcbenius extension with
(h*, a;, b;) such that ;AR zS*s|+Ag. Thus we have proved the main part
of the following theorem.

Theorem 2.6. Let A be a ring, and RDS subrings of A such that
R/S is a Frobenius extension with (h, r, l;), and assume that JAQsRz|+Ar.
Let a;, b; be clements in S* such that )}, ; a,xb;=h(x) for all x in R, where
S* is the centralizer of S in A. Then S*/R* is a Frobenius extension
with (h*, a;, b;) such that AR pSé|iAs, where h*(s*)= 3, ris*l,(s*eS*).
In this case the following hold.

(1) LARARQRR is equivalent to p-R*|p.S*.

2) If pRr|pRQsRy (i.e. R[S is separable) then pRjw|rShs.

) If «SolsRs then ¢S§|gnS*® puSe..

) If 2RQsRz|rRy (i.e. R[S is H-separable) then pSi|p-Riw.
) If sRs|sSs then §S*® puSiils S

) If §S|sR then Ag|i AR pSk.

Proof. It remains to prove (1), -+, (6). (1) LAz L A®sRr is equivalent
to that A*(s*)=1 for some s* in S*. And the latter is equivalent to that
»R* is a direct summand of ».S*. (2) pRz|xR®sRz is equivalent to that

S O o WY
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>urcl,=1 for some ¢ in RNS*. Then the mapping s*—A*(s*c) from S*
to R* is an R*-R*-homomorphism such that A*(r*c)=7* for all »* in R*.
(3) ¢SslsRs is equivalent to that (X],a;cb;,=)h(c)=1 for some ¢ in RN S*.
Then .S%|eS*®z-Ss, because ce RNS*¥*CR*NS*. (4) rRQsRz|pRr is
equivalent to that a;, b, can be taken in RNS*. Then, as RN S*C R¥*N.S*,
we know .Sk | Ry, because s*=73; h*(s*a,)b; for all s* in S*. (5) ¢Rg|sS
is equivalent to that 7, /; can be taken in RN .S*, because Hom, (sRg, ¢Sg)=
h+«(RNS*) and Hom, (¢S5, sRg)=RNS* canonically. Therefore ¢S*® .S |
5%, because RNS*CR¥*NS*. (6) If 4S|sR then A(a)=1 for some acR.
Then, since h(a)=),aab; we know Azl AR xS (Prop. 2.4 (2)).

Corollary. Let A be a ring, C its center, and R a commutor subring
of A containing C. Put R¥=the centralizer of R in A. Then the
Jfollowing are equivalent :

(1) R/C is a Frobenius extension such that AQ:Rzp|.Ar.

(i) A/R* is a Frobenius extension such that AR pAul.A4.

Remark. Let ADTDORDS be rings such that ,A®Rz|.Ar and
AAR RT| 4T Then A®sTr~= 4 AQsRR T 4AR 2Ty 1Az

Let R/S be a Frobenius extension with (A, 7, ;). Then, ¢: R=~
Hom, (R, Sg), x—hx, as left S, right R-modules. For f in Hom, (R, Sg)
and a in V4(S) (the centralizer of S in R), we define (af)(x)= f(xa)(x€R).
Then Hom (R, Sy) is a left V,(S)-module. In this sense, ¢ is a left S, V,
(S), right R-isomorphism if and only if Z(ax)=h(xa) for any a in V4(S)
and any x in R. Noting these facts, the proof of the following is virtually
the same as that in Onodera [23].

Proposition 2.7. For a ring extension R[S, the following are equiva-
lent :

(1) Rg|Ss and R=Hom (Rg, Sg) as left S, V(S), right R-modules.

(1) There are h: sRy—>gSg, 1, [,€R (i=1, ---, n) such that h(zxa)=h(ax)
and x= 3, h(xr)l,= 2, ri h(lx) for any x in R and any a in V(S).

If a ring extension R/S satisfies (i) we call R/S a symmetric extension.
Note that a Frobenius extension R/S such that Vj(S)=the center of R is
a symmetric extension.

Theorem 2.8. In Th. 2.6, if S=S** and R/S is a symmetric exten-
sion, then S*|R* is also a symmetric extension.

Proof. In the proof of Th. 2.6, we may assume that };a;xab,=
2;aaxb; for any x in R and any a in Vg(S). Then, as is easily seen,
2o rhal,= 3 rahl,=(x—xa) (x€R) for any a in Vz(S). Hence X, 7:Qal;
=2:7a®; (ER®sR) for any a in V4(S), because R® R~Hom, (Rs Ry),
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by the mapping x®y—>xhy. Consequently, for any s* in S* A*(s*a)=
i rstal;= Y, raas*l;=h*(as*). Since Va(R¥)=V,4(S), S*/R* is a symmetric
extension.

Lemma 2.9. Let R/S be a Frobenius extension, and M a right
R-module such that MQgRz| My Put A=End, (M), and let B and S be
the images of R and S in A, respectively. Then R[S is a Frobenius
extension, and MQsRr~=MQsRy canonically. Therefore MQsRz|M;.

Proof. U Mr=0 for r in R, then M®r=0, and so M:h(r)=0. Then,
as in Remark 1 to Prop. 2.4, we can prove that R/S is a Frobenius exten-
sion. By Z, we denote the image of x in A. Then the mapping (m, Z)—

m®zx from M xR to M®gR is well defined. Because, if Z=7%, then .{—\;
=0, and so M@ (x—y)=0, so that m@xr=m®y in MRsR for any m in
M. Then the remainder is obvious.

Theorem 2.10. Let R/S be Frobenius, and M a right R-module such
that MQsRz|My  Put End, (Mzp)=R* and End, (Mg=S8*  Then S*/R*
is a Frobenius extension such that M p.Se&|Mg. If both S and R are
subrings of End, (M), End, (Ms)=S, and R[S is a symmetric extension,
then S*|R* is also a symmetric extension.

Proof. Put End, (M)=A. Then, by Lemma 2.9, we may assume that
both S and R are subrings of A. Then, by Remark 2 to Prop. 2.4 and
Th. 2.6, M®Rr|Mr = A QsRz|4Ar > 4A Q Si|slde > M Q :S5.| M.
The part concerning symmetric extensions follows at once from Th. 2. 8.

Next we consider crossed products. Let G be a group, and let 2D A
be rings, and C the center of A. Let U be a group homomorphism from
G to B(R/A). If 2=73,.¢ @U, (direct sum) then we call (2/A, U) a gener-
alized crossed product of A with G. (Note that our definition is more
general than that in Kanzaki [13].)  Then each U, induces a ring
automorphism of C. We denote this by ¢, too. For any subgroup H of
G, we set C"={ceC|r(c)=c for all 7 in H}. Assume that (G: H)<oo, and
let G=0,HU---Uo,H be the coset decomposition of G. Then the mapping
c—>tg.u(c)= Y 0;(c) from C* to C? is a C?-C%homomorphism, and is inde-
pendent of the choice of ay, -+, a,.

Theorem 2.11. Let 2/A=3,.«PU, be a generalized crossed product
of A with G.

(1) Let H be a subgroup of G such that (G:H)<oo, and put 2,=
3 en®@U.. Then /2y is a Frobenius extension. /82y is separable if and
only if tg.p(c)=1 for some ¢ in C~

(2) Let N be a normal subgroup, and put Qy=7.ex®U,. Then 2/2y
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is a generalized crossed product of 2, with G/N.

Proof.: (1) Let G=6,HU---Uo,H be the coset decomposition of G.
For any x=3 ¢ x.(x,€U,) in 2, we define h(x)=2.cxx.. Then h is evi-
dently an 2,-2,-homomorphism from 2 to £,. For any ¢;, 1 is written
as 1 =21, 2;.y;.(x;.€ Uaj, ¥;,:€U;5). Then 3, X, h(xx; o)y, = 2, 2 2ocaht
(x.x;5,4) Yie =215 2 Zreuxw}’xj,z‘ Y= 21j Zfi-me}’ = z. Similarly, 23; 25: ;.
h(y;sx)=x for all x in Q. Thus 2/2, is a Frobenius extension with
(h, 255, y;:. Therefore 2/2, is separable if and only if X, .x;,xy;,=1 for
some x in V,(2;). In this case, let x=) ¢z, (x,€U,). Then xeV,(2,)
implies x,€C% and tg,(x)=1 is easily seen. Thus we have proved (1).
(2) Let G= U e0,N be the coset decomposition of G with respect to a nor-
mal subgroup N. For any subset S of G, we set 2,=2,.sU,. Then 2=
2.®2,y, and 2,y2.y=2,.5 for any ¢, z in G. Thus we have proved (2).

Corollary. Let 2/A=3.,e®U, be a generalized crossed product of
A with a finite group G. Then 2/A is a Frobenius extension. R[A is
separable if and only if 3 ,qa(c)=1 for some ¢ in C.

Let A be a ring, and RDS subrings of A with JLAQR.|,As. For
any subring 7" of A, we denote the centralizer of 7°in A by 7*. Then,
by Th. 2.6, if R/S is Frobenius, then so is S*/R* and JA®.S%|.A4s..
Now, let R/S=3.c¢ DU, be a generalized crossed product of A with a finite
group G. Then each U, induces an automorphism of S*. This defines
a group homomorphism from G to Aut(S*/R*), and we obtain a G-ring S*.
Since the projection to S is a Frobenius homomorphism of R/S, by assump-
tion, there are aj b, in S* such that };,a;(}.cq2.) b;=2 for any z,eU,
(6€G). Then, };;a;6(b;)=6,, for any ¢ in G. Since S**=V  (R)=R*,
this means that S*/R* is a G-Galois extension. By Th. 2.6(1), r.S* is
a generator if and only if Az, ARRx.

Next we assume that R/S is a G-Galois extension. Then, since pRpy|
#RQsRy, we have ARl AR¢Rr, so that Ap~,ARsRr. Hence, by the
proof of Th. 1.4, ,Au,,~,Az for all ¢ in G. Thus ,J,eS(S*/R¥). Put
J=U. Then R*=U,C } .. U,25* and U,U.=U,.. By hypothesis, there
are a;, b; in R such that )3 ;a;-0(b;)=6,, (6€G). Let 2= ,62,(z,€U,) be
any element of },4U,. Then };7(a;) (Deaz.) ;=25 Deat(a;)o(b;)z,=z,.
Hence }.cq U,=2.e@®U,. Put X.o U,=Sf. Then, for any x in R, we
have x=73}]; tq4(xa;) b;= 3 ; a;-te(b,x), so that R/S is a Frobenius extension
with (4, a; b;. For any ¢ in G, 1 is written as 1=, 2, s,:(x, €U, ¥,
€U,-:). Then, for any x in R, #4(x)=2],.x,xy,.. Let h be an R*-R*-
homomorphism from S* to R* defined by A(s*)=3},a,*b;, Then both
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S*/R* and S§/R* are Frobenius extensions with (h, &, ¥..:), so that S*=S;
(Lemma 2.5). Hence S*/R*=)},.®U, is a generalized crossed product.
Noting Th. 1.4 we have the following

Theorem 2.12. Let A be a ring, and R2DS subrings of A such that
AARRR AR, and let G be a finite group. We set S*=V,(S) and R*
=V, (R).

(1) If R[S is a generalized crossed product of S with G, then S*|R*
is a G-Galois extension. In this case, p.S* is a generator if and only if
AAIL’,AA®SRI|’,'

(2) If RIS is a G-Galois extension, then S*|R* is a generalized
crossed product with G. Further, if R is a generator then ,Ag| A »Sk.

Therefore, if S**=S and R**=R then that R/S is G-Galois is equiva-
lent to that S*|R* is a generalized crossed product. In this case, let {U} be
the set of all monomorphisms U: G—->&(S*/R*) such that S*=3,,..®U,,
and {u} the set of all monomorphisms u: G—Aut(R[S) such that R[S
is G-Galois. Then there are a group isomorphism &(S*/R¥)=~ Aut(R/S),
X—0oy, and a bijection U—u from {U} to {u} such that the diagram

U ,/165(S*/R*) is commutative.
6<
Uy
Aut(R/S)

Corollary 1. Let A be a ring, and C its center, and let G be a finite
group. Let R be a commutor subring of A such that R2C. Then the
Jollowing are equivalent :

(1) R/C is a Frobenius extension such that ;AQRp|. Ar.

(1) A/R* is a Frobenius extension such that ;AQ pALlA4.

In this case the following hold :

(1) R/C is G-Galois if and only if A|R* is a generalized crossed
product of R* with G.

(2) R|C is a generalized crossed product of C with G if and only
if AIR* is G-Galois.

Corollary 2. (c¢f. [6][8][12]) Let A be a ring, and C its center. Let
G be a finite group. Then the following are equivalent:

(1) AJC is a G-Galois extension.

(i) A/C is separable, and is a generalized crossed product of C with G.

(1) A/C is a generalized crossed product with G, and a Frobenius
homomorphism of A|C is given by a member of AR A"

(iv) A/C is a generalized crossed product with G, and (G:1)1 is a
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unit of C.

Proof. (i) =(ii) In this case, as is well known, A/C is separable, and
A/C is a generalized crossed product of C with G (Th. 2.12). The impli-
cation (ii) =>(i) follows at once from Th. 2.12. By Cor. to Th. 2. 11,
(l)¢&=>(@v).  (ii) =>(iii) is obvious, and (iii) =>(i) follows from Th. 2.12 and
Prop. 2. 4.

Corollary 3. Let A be a ring, and C its center, and let G be a finite
group. Let B be a commutative subring of A such that V,B)=B. Then
the following conditions are equivalent :

(i) A/B is a finite G-Galois extension, and A zA.4lA,.

(1) B/C is a genealized crossed product with G, and JAQ:Bgl.Ap.

Corollary 4. With the same notations and assumptions as in Cor. 3,
the following conditions are equivalent:

(1) A/B is a generalized crossed product of B with G, and AR pA 4| JAL

(i) BJC is a finite G-Galois extension, and ,AR:Bz|.Azs.

(1) A/C is separable, and B|C is a finite G-Galois extension.

(iv) A/C is separable, A|B is a generalized crossed product of B with
G, and Ay, ARcBy.

Proof. (i)e=(ii) follows at once from Cor. 1. (ii) = (iii) Since C|.B,
we have A4, A®3A, by Th. 2.6 (3). Therefore both A/B and B/C are
separable, and hence A/C is separable. (iii)=>(ii) Since B/C is separable,
A¢|Ce implies that Ag|Bj,, and so By| Ay, because B is commutative. Then
AAR Byl AR Ay 4Ay.  Hence AARcBy|4Ap. (1)) =) (i) = (iv) As
B3| 3sB®¢By, we obtain Ap| ARQcBy. (iv) =>(i) Since ,Az|,ARQR:Bz, we
have AR pANARBR A=, ARAL AL Hence ARzALAL  This

completes the proof.

Theorem 2.13. Let R2DS be rings such that R[S is a Frobenius
extension, and let M be a non-zero right R-module such that M sRz|Ms.
Let G be a finite group. Put S*=End, (M) and R*=End, (M}).

(z) If R[S is a G-Galois extension, then S*|R* is a generalized crossed
product of R* with G.

(2) If RIS is a generalized crossed product of S with G, then S*|R*

is a G-Galois extension.

Proof. We set End, (M)=A (the ring of all endomorphisms of M),
and let ¢ be the ring homomorphism from R to A such that «*"’=uwr for
any u€M and any r€R. Then, by Lemma 2.9, M®,¢(R)r=MR:
canonically. Put A=Ker ¢. (1) If a is in A, then Ma=0, and so M®a
=0, because M®gcR;|M;. Then, for any ¢ in G, M®a(a)=0, so that
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M-g(a)=0. Hence ¢A)CA for all ¢eG. Therefore ¢(R)/e(R)* is a G-
Galois extension, canonically (cf. [16; Th. 5. 6]). Now there are a,, b, in R
such that Y, a;-0(b;)=0,, (6€G). Let r be an element of R with ¢(r)cp(R)%.
Then m-o(r)=mr for any m in M, and so m@r=m® 2, 2, 0(ra;) b;= 2,
m Y, 0(ra)®b;=Y mr-3,0la;) ®b;=2;mrQ 3 ,ola;) b;=mr@1 in MQOsR.
From this fact we can see that M®,%(R)r=MQ,s¢(R)r canonically.
Therefore, if we set End, (M, %) =S, then S§CS* and R*/S; is a gener-
alized crossed product of S§ with G. It remains to prove that Si=S5%*.
Let f be in S*. Then fim)Qr=_f(mr)®1, and so f(m)e(r)=fim)r= f(mr)
= flm-¢(r)) for any me M and any ¢(r)ep(R)®. Thus S5=S5%, as required.
(2) Let R/S=3.,.¢d DU, be a generalized crossed product of S with G. Let
x=Y,,x,(x,€U,) be in A Then Mzxr=0 implies MQKx=0 in M R.
Since MR =73 ,aPD(MRU,), we have MQx,=0 for any ¢ in G. Hence
Mzx,=0 for all ¢ in G. Thus A= ..,PANU,. As is well known, each
ANU, is written as a,U, with an ideal a, of S. Then, to be easily seen,
a,=ANS (=q) for all ¢ in G. Thus A=RANS)R. Similarly A=R((AN.S).
Then we can easily check that ¢(R)/¢(S)=..¢(U,) is a generalized crossed
product of ¢(S) with G. By Lemma 2.9, M®&,xs¢(R)om| M., and hence
S*/R* is a G-Galois extension (Th. 2.12).

§ 3. Equivalence relation concerning the
ring homomorphisms.

Lemma 3.1. Let both f: B—>A and f: B'—A’' be ring homomor-
phisms, and let both yN., and M, be Morita modules. Let ¢ be a left
B, right B'-homomorphism from N to M such that AQ ;N=M as left A,
right B'-modules, by the corresponcence a@n—a-@(n). Then the following
hold.

(1) N®upA'=M as left B, right A’-modules, by the correspondence
n®a'—en)a.

(2) Hom, (5, :B)®sA=Hom, (,M, 4A) as left B', right A-modules,
by the correspondence fQa—(x-¢n)—>zx+-n"+a) ( feHom, (zN, zB), a, x€A,
neN). Similarly A'® zHom, (Ny., By)=Hom, (M,, A') as left A', right
B-modules.

(3) The following diagram is commutative :

Hom, (,N, sB) — Hom, (Ny., By), where a, B are canonical
“’*l 8 “’ﬂ
Hom, (\M, A)—— Hom, (M, A’)
isomorphisms (cf. [18] or [21]), ©*(g)=(a-p(n)—>a-n) (¢gc¢ Hom, (zN, zB), ac A,
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neN), and ¢"(¢')=(p(n)a’—>g'(n)a’) (¢'¢Hom, (Np, By), neN, a'e A').

(4) Ker p=(Ker f)+N=N-Ker f'. Therefore Ker f=0, Ker f'=0,
and Ker ¢=0 are equivalent conditions. In this case, by identification,
B={acAlaNCTN}.

Proof. (1) There hold N®zA'~N® gzHom (M, ,M)=N& zHom (LA
®35N, sM)=NQ »Hom, (N, zHom, (LA, M))~=N®pxHom, (zN, 2M)=N® s
Hom, (3N, yB)® zM~M as left B, right A’-modules. To follow the above
sequence of isomorphisms, we take f;: N—3B and n,€ N such that }}; n's+n,
=n for all ne N. Then, for any #,®a’ in NRzA', n,®a'—n,Q (m—ma’)
(meM)—n,® (a®@n—a-p(n)a’) (ac A, ne N)—>n,Q(n—(a—>a-¢(n)a’))—>n® (n—
pn)a)—> 2 :n@f;Qe(n)a'— 3t n)a’ =p(n)a’. (2) Hom, (5N, xB)® A=
Hom, (3N, »B)®Hom, (3B, A)=~Hom, (zN, zA)~Hom, (3N, sHom, (LA, ,A))
~Hom, (LA®zN, ,A)~Hom, (M, 4A) as left B, right A-module. If we
follow the above sequence of isomorphisms we obtain the required one.
(3) is easily checked. In fact, for any ¢ in Hom, (;N, zB), a(g)=(n—(n—
(my)fsm)) (n, neN). (4) Since ¢(Ker f)N)=(Ker f)¢(N)=0, we have (Ker f)
NCKer ¢. On the other hand, Ker ¢ is written as Ker ¢=aN with an
ideal a of B. Then O=¢(aN)=a-¢(N) means O0=a-¢p(N)A’=aM. Thus
aCKer f. To prove the latter half, let aNCN for @ in A. Then there
is an element & in B such that an=6n for all n in N. Then 0=(a—b)NA’
=(a—b)M, and so a=b.

Let both A/B and A’/B’ be ring extensions. If there are Morita modules
M, and zNy such that AQzN~M as left A, right B'-modules, we write
A/B~A’/B'. 1In this case, let 6: AQN~M as left A, right B’-modules
and let ¢ be the B-B’-homomorphism from N to M defined by ¢(n)=(1&®n)
(neN). Then cla®@n)=a-c(1®n)=a-¢(n)(acA, neN), and so N®zA =M
as left B, right A’-modules, n®a’'—¢(n)a’'=¢(1®n)a’, by Lemma 3. 1.

Proposition 3.2. ~ is an equivalence relation.

Proof. By Lemma 3.1 (2),~is symmetric, because both zHom, (3N, zB)s
and ,Hom (,M, ,A) are Morita modules. Therefore, it remains to prove
that~is transitive. Let A/B~A’/B' and A'/|B'~A"/B"” by (zNy, +M,) and
(g N, 4+ M), respectively. Then, AQ;NR s N' =Mz N =M 1A' Qg N
~MEQ M as left A, right B’-modules. Thus A/B~A"|B"” by (zN® zNy,
M@ M),

Remark 1. Let both A and A’ be rings. Then, id,~id, if and only
if there is a Morita module M, .

Remark 2. Let f: B—A and f': B'—A’ be ring homomorphisms, and
let 6: B—>B and 7: A'—>A be ring isomorphisme rendering the diagram
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14
B,-——ji—> A' commutative. Then A®zBu,,, ~ Au.p, aQbu,~a-f(b)u,
¢ T
(ac A, beB). Thus f~f".
Let ADB be rings. By R(A/B), we denote the lattice of all B-B-sub-
modules of A. Then R(A/B) is a semi-group with respect to multiplication.
And B is the identity, and {0} is the zero element of a semi-group R(A/B).

Proposition 3.3. Let A2B and A'2 B’ be rings, and let ;M 2D zNy,
be Morita modules such that M=A®;N=NQ®gzA'. Then the following
hold.

(1) There is a lattice and a semi-group isomorphism R(A/B)=R(A'|B’),
X—X" such that XN=NX'. This induces a group isomorphism &(A/B)~
&(A'/B).

(2) Under the above isomorphism, the set of all intermediate rings
of AIB and the set of all intermediate rings of A'|B' correspond to each
other. If Te>T' then A|T~A'|T' and T/B~T'|B.

(3) Under the above isomorphism, the set of all B-T-submodules of
A and the set of all B'-T’-submodules of A’ correspond to each other.
Let 3Y, =5 Y,. Then Y, is right invertible in A if and only if so is
Y in A

(4) There is a ring isomorphism V ,(B)=V . (B'), and this induces
Vi(A)=V . (A") and Vg(B)=V(B).

(5) Under the correspondence in (2), B+V (B)~B'-V (B, and V4V,
(B)eV (V. (B)).

Proof. (1)Since zNp is a Morita module, the mapping X;—X® 3N
is a bijection from the set of all right B-submodules of A to the set of
all right B’-submodules of M, and this induces a bijection from the set
of all B-B-submodules of A to the setof all B-B’-submodules of M. The
remainder is obvious. (2) For a B-B-submodule 7" of A, T is an inter-
mediate ring of A/B if and only if T2B and 7:T=7. Thus the first
half is evident. To prove the latter half, it suffices to prove that , TN, =
NT' is a Morita module. Evidently ,7N~,7. Put 7" =End, (,7N). Then
T'cT”. However, TN=N®zT" by Lemma 3.1(1), and so N (T"/T")
=0. Thus T"/T'=0, that is, 7""=T". (3) Let XX’ under the correspond-
ence in (1) If XT=X then NX'=XN=XTN=XNT'=NX'T'. Hence
X'=X'T". This prove the first half. The remainder is easily seen. (4) Let
¢ be in V4(B). Then the mapping a®Qn—ac®n is a left A, right B’-endo-
morphism of M, and hence there is a unique ¢’€V  (B’) such that ac®n=
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(a®n)c’ for any a€ A and any neN. Then the mapping c¢—c’ is evidently
a ring isomorphism from V,(B) to V,(B'). Evidently this induces a ring
isomorphism Vz(B)=V (B') (cf. Lemma 3.1(4). If ¢ is in V,(A), then
can=acn=anc' for any a€ A and any neN, so that cm=mc' for any m in
M. Thus, as is well known, V,(A)=V,(A"). (5) By making use of (4),
VB)BN=V B)N=NV ,(B)=NB'V,(A"). Thus V(B)B~V,(B)B'. Let
V. (V4(B)eT", and let ¢ be in 7". For any n in N, nt'eV,(V,(B)N, and
hence nt’ is written as nt'=}; an; (a,€V(VB)N, n,e N). Then, for any
' in V. (B), (nt"\ =2 amnc =2 acn,=c Y,;am;=c(nt')=nc't’, where c—c'
under the isomorphism in (4). Thus 0=AN(c —c't')=M(t'c'—c't'). Hence
tc’=ct for all ¢’ in V(B), that is, £'eV (V. (B'). This completes the
proof.
From Prop. 3.3, we obtain at once the following

Theorem 3.4. Let ADB and A'2B' be rings such that A|B~A'|B,
and let G be a group. Let {U} be the set of all monomorphisms from G
to &(A/B) such that A=3..c®U,, and {U'} the set of all monomorphisms
from G to G(A’|B) such that A'=3Y,,.e®DU,. Then there are a group
isomorphism &(A/B)=S(A’'|B) and a bijection U—U' from {U} to {U’}
such that the diagram & (A/B) is commutative.

v
¢/

N
U~y
& (A'/B)
Let ADB and A’2B’ be rings such that A/B~A’/|B’, and G a finite
group. Let ,M D zN, be Morita modules such that M=A®;N=NR 5 A’
Assume that there is a group monomorphism «: G—Aut(A/B) such
that A/B is a G-Galois extension, and set 4=End,(Az). Then End, (JA)=B,
canonically. Since M=A®zN, M may be considered as a left 4-module.
If 6M=0 for ¢ in 4, then 0=§(A)NA'=6(A)M=0, and so 6=0. Therefore
/M is faithful. If f is in End, (,M), then there is an element @’ in A’ such
that m"=ma’ for any m in M. Now, N~Hom,(,A, ,/AQ3zN), n—(a—a®@n)
(n€N, ac A), because zN|;B, and End, (;A)=B. Therefore
Hom, (;A® zN,;A® zN)=~Hom, (zN, sHom, (,A, ;/A® 3N) ~Hom, (3N, zN)~B'.
Hence End, (,M)=~B', canonically. My =A® zNg|BR zNy =~Ng|Bj , and so
MRzpALBRQuAy~AW|M,. And ARyABRzA,~A,. Applying Th.
1.5 to both,, M 4,5 and ,,A. 5, we obtain group isomorphisms &(4/A)~
Aut(A’/B') and & (4/A)=Aut(A/B). Hence Ant(A/B)=~Aut(A’/B’). Then
Th. 2.12 and Th. 2. 13 yields directly the following
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Theorem 3.5. Let ADB and A'2B' be rings such that A|B~A'|B,
and let G be a finite group. Assume that A|B is a G-Galois extension.
Then A’|B' is also a G-Galois extension. Further there are a group iso-
morphism Aut (A|B)=~Aut(A'|B') and a bijection w—u' from the set of all
monimorphisms u: G—Aut(A|B) such that A|B is G-Galois to the set of
all monomorphisms u' : G—Aut(A’'|B') such that A'|B' is G-Galois rendering
the diagram Aut(A|B) commutative.

Aut (A’|B)

Remark. In fact the group isomorphism Aut(A/B)=~Aut(A'/B’), ¢—d¢'
is the following: >, e(x)n,= 2, u; 6’ (x)) for any 25, xm,= 2, uzx; (2,€A,
xie A, n, u;€ N) in M, where both zNz C M, are Morita modules such
that M=ARQ;N=N®RzA .

The following lemma is easily checked.

Lemma 3.6. Let A]T be a ring extension, and let both M and N
be left A-modules such that JM|,N, and L a left T-module. Put End, (,M)
=A* End,(,N)=A", and End, (;L)=T". Let f;: ,M— N and g;: ,N—, M
(i=1, .-+, n) be A-homomorphisms such that }, mi=m for all meM.

(1) Hom, (L, »N)® 4Hom, (N, ,M)~Hom, (L, ;M), kQg— kg, as left
T, right A*-modules. The inverse of this isomorphism is the mapping
h—23 hf;®g;.

(2) Hom, (;L, ,M)~=~Hom, (Hom, (,M, .N)+, Hom, (;L, ;N)+), hi—>(f—
hf)(feHom, (,M, ,N)), as left T', right A*-modules. The inverse of his
isomorphism is the mapping ¢— 2% fi+q;.

(3) Hom, (M, N)® +Hom, (N, pL)~Hom, (;M, L), fQk— fk, as left
A*, right T'-modules. The inverse of this isomorphism is the mapping
h—2; fi®g.h.

(4) Hom, (;M, ;L)~Hom, (4,+Hom, (4N, ,M), ,+Hom, (N, ;L)), h—(g—
gh), as left A*, right T'-modules. The inverse of this isomorphism is the
mapping ¢— 3, fi+95-

By Lemma 3.6(1) and (3), we obtain an isomorphism :

Hom, (M, 4,N)® 4+Hom, (N, ;L) ®Hom, (L, ;N)& 4+Hom, (., M)—
Hom, (;M,,L)R »Hom, (L, ;M), fRrRL' R®g—fkRFg. Putting .L=,N, we

obtain the following

Corollary 1. Under the same notations and assumptions as in Lemma
3' 6$ HOITI,,(A]‘[, AN)®A+T+®A+H0mr (AM AM): T*> f®t+ ®g‘_)f' t+ °9, where
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T"=End, (;N), and End, (;,M)="T*.

Corollary 2. Under the same notations and assumptions as in Cor. 1,
T ® ,+Hom, (N, ;,M)=~Hom, (N, ;M), t ®g—t +g, as left T, right A*-
modules. Hom, (M, N)®+T =Hom, (;,M, ;N), fQ®t '—f-t", as left A¥*,
right T "-modules.

Proof. Put ,L=,N in Lemma 3. 6.

Proposition 3.7. For two ring extensions A/B and A’|B', the follow-
ing are equivalent :
(1) A/B~A'IB, and Ay~By.

(2) For some B¥|A¥*, there are Morita modules g M5 and gy oMy p.

Proof- (1) >(2) In this case, B->A is a monomorphism. Put End, (4,)
=4. Then, by hypothesis, ;A4 is a Morita modules. ILet N, be
a Morita module such that End, (LA®QN)/B'=A’/|B. Then ;;,,AQsN . is
a Morita module. (2) =>(1) By Cor. 2 to Lemma 3.6, AQ zHom (.M, zM’)
~Hom, (.M, ,.M'), as left A, right B-modules. As is well known, both
sHom, (3M, ,.M", and Hom (.M, M'), are Morita modules. Hence
A/B~A'|B'. As Ap~My~B;, we have Ay~B;.

Let both A/B and B*/A* be ring extensions. If there is a Morita
module 4.,,.M,5 then we write B¥/A* JA/B. Note that Ay~B,, in this
case.

Proposition 3.8. If A'/B'~A/B[B*|A" then A'|B'[()B|A".

Proof. Let both .M, and N, be Morita modules such that N® A,
~uM,, and W, ,+ a Morita module. Then ,M® W, + is a Morita
module and M@ W, i+ ~px NQRQpAQ Wi+ =g NQyW, . Therefore
End (, M& W)/A"=End, (,W)/A*=B"JA". In this sense, 4, »MQ Wy 4+
is a Morita module, because zM® W=z N® zWe~, NQ yB=~ 5.N~5B'.

Proposition 3.9. Let R[S be a Frobenius extension such that gS|gR.
Then, for any ring extension S'|R', R/S_IS'/R' and S'|R'[R/S are equi-
valent.

Proof. Since pHom, (4R, sS)s= rRs, it follows that End, (zHom, (3R, &5))/
S=R/S. We set 4=End, ((R) and R,=End, (;Hom, ((R, s<S). Then
snHom,. (3R, S)rys 18 a Morita module. Consequently A/RIR,/S=~R/S.
Now, assume that S’/R'JR/S. Then S'/R'~4/R by Prop. 3.7, and so
R/S[C4/R~S'|R'. By Prop. 3.8, we obtain R/S_1S'/R’, as desired.

Let zN|zB, and End, (;N)=B'. Let ¢ be a ring homomorphism from
B to A. Then ,AR,N|,A. Putting End, ((LA®yN)=A’, we obtain a ring
homomorphism ¢': B'->A’, where (a®mn)-¢'(¥')=a®nb') (ac A, neN, b'eB').
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As A’=End, (,A®zN)=Hom, (zN, ;Hom (L4, ;AR zN))=Hom, (zN, ;AR zN)
~Hom, (zN, ;B)®zA®zN, we know Hom, (zN, zB)QRzA®zN is isomorphic
to A’ as a B'-B’-module, by the correspondence fR®a®@n—(xQu—>zx"+a@n)
(feHom,. (yxN, zB), a, z€ A, n, u€ N). Consequently Hom, (zN, ;B)® AR pN is
a ring by the multiplication (fR®a®n)(f'Ra' ®7n')= fRa-n"+a'®@n’, and we

have a commutative diagram of ring homomorphisms: B'=

Hom,. (,N, zB)® zHom (,B, ;N)-“,Hom, (;N, ;B)® AR zN, where a(f®g)=

N
A/
f®1®1% Let T/B be another ring extension, and put End, (;T®zN)=T".
Then there is a homomorphism 4—# from Hom, (zAz, 3715 to
Hom, (3. A%, 57T 5) such that the diagram Hom, (3, ;B)® AR zgN—p A’y 1s

| l

Hom, <BM BB)®T®BN_)B'T’B’
commutative. If %2 is a monomorphism (resp. an epimorphism), then so is £
To be easily seen, if %2 is a ring homomorphism from A/B to 7/B then
% is also a ring homomorphism from A'/B’ to 1"/B'. Therefore, if % is
a ring isomorphism, then so is 4. Evidently, if A/B="T/B, then the corre-
spondence k%' is a ring homomorphism from End, (zA;) to End, (zA%).
As A’'~Hom, (3N, ;BI® 2A®zN as B'-B'-modules, we have a B-B'-iso-
morphism N® zA’~N® z.Hom, (zN, ;B)®zAX:zN. Let = be the canonical
homomorphism 7® fi—»n" from N® zHom, (3N, zB) to B. Then we have

1
a commutative diagram : N® z A’ >N zHom (5N, zB)® A ®BN—@—>A®BN.
1QF 1Q1RER1 k&1

N®yT'~>N®,Hom (uN, 380, T NZELT@,N
Therefore, if ;N is a Morita module, there is a bijection k—%' from the
set of all B-ring homomorphisms from A to T to the set of all B'-ring

homomorphisms from A’ to 7" such that the diagram N®B,A’_‘B_>A®BN
ll@k' lk@l
NRpT'—TRzN

is commutative, where 8(n®a’)=(1®n)a’.

Proposition 3.10. Let A/B be a Frobenius extension with a Frobenius
homomorphism h (which acts on the right side), and let yNy be a Morita
module. Put Hom, (zN, :B)QzAQsN=A'. Then A'|B is a Frobenius
extension with a Frobenius homomorphism 1Qh&1.
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Proof. That 5 A’|z B will be easily seen. Since ,Az~  ,Hom, (A, zB)z,
a—ah (ae A), we have a sequence of isomorphisms: A’=Hom, (zN, zB)®pA
®sN=Hom, (,N, sB)®yHom, (A, yB)® zN=Hom, (zN, zB)® zHom, (A, sN)
~Hom, (zN, z;Hom, (34, zN))=Hom, (AR N, zN). If we follow the above
sequence of isomorphisms, we obtain an isomorphism A’=Hom, (AR zN, zN),
fRaR®n-—>(xQu->(x u'-a)*-n) (feHom, (zA, zN), a, x€ A, n, uc N). Further,
since zHom, (3N, zB)z is a Morita module, Hom, (zA ® zN, zN) =~
Hom,. (zHom, (3N, 3B)® A ® gN, zB') canonically. Thus A’'~
Hom, (3 A’, 3 B),f®a@n—(f®a®n) (lR®AKR1), as desired.

§ 4. Splitting property of crossed products.

Let Q/A=3,.c@PU, be a generalized crossed product of A with a finite
group G, and C the center of A. Put End,(2)=A* Then A*/Q is
a finite G-Galois extension (Th. 2.13), where 2 is identified with all right
multiplications by elements of 2. Putting 4=End,(A}), 4/A* is a trivial
crossed product. Then, by Prop. 3.7, Q/A~4/A*. Let p, be the projection
from 2 to U,. Then p,eA* 3 ,p,=1, and pp.=4, p, for all ¢,z in G.
If we put T=2,.¢ Ap., then T is a subring of A* containing A (=the
set of all right multiplications by elements of A). Evidently T is isomorphic
to the ring of (G:1) copies of A, and it is easily seen that T={xreA*
(U,)zc U, for all ¢eG}. Let (A=)UU,~21=3,u,,v,:u, €U, v, €U,
Then, for any 2=3,2,(2,€U,) in 2, we have 2/P=3, u, (v, 2’ =21,2;
Uy (Vg sZ0)77 = D05 Uy U, %0 =2, =(2)P=.  Thus e¢(p.)=p.., and hence the G-Galois
extension A*/Q induces a trivial G-Galois extension 7/A. Therefore A*=
QR T=TR,2 and QNT=A (cf. [16; Th. 5. 1]). 0 A For any o, ¢

N
in G, (U)U,TU,-~CU. holds, and so U, TU,-CT for all ¢ in G. Thus
UT=TU, for all ¢ in G. Hence A*/T=73,..®(TR U, is a generalized
crossed product of T with G.

In the sequel, we fix a group homomorphism from G to Aut(A) (which
may be trivial), and assume that there are invertible elements u«, of 2 such
that U,=Au,, ux=oc(x)u,(x€A). Put A,={2,067'(x)p.|JxreA}. Then, for
any v in G, t(2,0 " x)p,)= 2,0 {(X)p.=2, 0 'c(x)p,. Therefore the cor-
respondence x— >, 67 (x)p, (x€A) is a ring isomorphism and G-admissible.
Put A9=DB. Then, as is easily seen ANA,=B. Therefore A=B and
A=A, are equivalent. Let wu.=a, u,. Then each a,. is an invertible
element of C. As aq,.a,.,='a.,a,.,, we have a ,=3,(a. .).p.=(2.(a..)p.)

T
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(2 o(@us o p0) (25, (as k) Py, Where x; means the left multiplication by an element
xof C. Put f,=3,(a,..p,- Then each f, is an invertible element of the cen-
ter of T. Since w.pu;'=p.~, we have w, fu:'=3,(A0o)iPo= 2 0(@ur.0)i Po-
Hence a.,=f,"f,f, where f,=uwu fu '. Finally, for any > ,x,p, in T,
u (Y, xp)ut =2, t(x,)p.—r. Therefore it is easily seen that T9= A,.
Further, 2. u.pu;'=2.p.-1=1, D u.pul'p,=2,po-p.=061,.. Thus T/A,
is a finite G-Galois extension, and End (7, )/T=A*/T. This is the splittig
property of 2/A=>..e®Au,. If A/B is G-Galois, then T=AR®zA,=A4,
®gzA (cf. [16; Th. 5.1]). Conversely, if AA,=7T, then there are z,, y, in
A such that >, x; 2 .0 Y(y,)p.=p- Then X, x;26(y;)=6,,. Hence A/B is
G-Galois. Similarly, if A{A=T then A/B is G-Galois. (Cf. Nobusawa [22])

§5.

Theorem 5.1. Let G be a finite group, and let ADB be rings such
that V,(B)=V  (A). We give a group homomorphism from G to Aut(A|B)
(which may be trivial), and let A|A=73 ,.a®Au, be a trivial crossed product
of A with G. Then the following are equivalent :

(1) X.0lc)=1 for some c in the center of A.

(i) 4/A is a separable extension.

(1) If Y is a left 4, right B-submodule of 4 such that ,Yy|,Ap, then
AYB|JAB'

(iv) sAz|sds.

Proof. (i) 2(ii) follows from Cor. to Th. 2.11. (ii) = (iii) As
A4 AR 44, we have Y|, 4R Y5 4R 1A= 4. (ii)) D(v) Put X, u,=wu.
Then u,u=u for all ¢ in G, and hence Au is a left 4, right B-submodule
of 4 which is isomorphic to A as a left 4, right B-module. Therefore, by
assumption, ,A4z|.4z. (iv) (i) To be easily seen, V (B)=Hom, (;Ap, ,45),
c—(x—>zuc) (x€ A), and V, (B)=Hom, (,45, +Az), c¢—(6—d(c)) (6€d). Then,
4Ag|dy implies that there are ¢, -+, ¢,; d, =+, d, In V,4(B) such that
2.o(Xscd)=1.

Remark. In general, if A/B is G-Galois and };,a(d)=1 for some d in
V4(B), then zBz|zAp and hence 4/A is separable (Th. 2.6 (3)).

Corollary. Under the same notations and assumptions, the following
are equivalent :
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(1) A4dlA is separable, and if Xy is a submodule of A% for some n
then X3zl Az.

Q) If Yy is a submodule of 4% for some n, then ,Yy|45.

Proof. (i) (i) follows from Th. 5.1 and the fact that ,4,~ ,A%,
where g=(G:1). (ii) (i) It suffices to prove the latter half. Since 4, is
projective, ,4® X5 is a submodule of ,4® A% (=~,4%). Then, by assump-
tion, ,4® Xg|,dx. Since ,A4l.d,, we have ,X,|, 4% .,Xz. Hence we obtain
4Xp|4A,, because Ay~ A%.

Lemma 5.2. Let ADB be rings, and let ¢ be an automorphism of
A|B such that Au,,~,A, . Then ) ;-0 11,1241 1S a commutative subring
of V(B).

Proof. From Au,,~ . A, it follows A~ ,Au,-1,, so that (Awu,~ A,
for all integer ¢ Thus, by Th. 1.3, ,Ji€@(V (B)/C) for all integer ¢,
where C is the center of A. For j>1, ;Ji=(J), ,_;i=(_-1J), and _.J,
=,J,=(J1)". Therefore it suffices to prove that xy=yx for any =z, y in
1. First, assume that ,J;=Cu for some «. Then « is invertible, and
(,J)"'=Cu'. Therefore R is commutative. Next we return to general case.
For any maximal ideal p of C, let ¢,: V, (B)—>V (B)®:C, be the localization.
Then .,J®cC,eS(V,4(B)®C,/C,), and (,J,QC,)'=, 1/iQC,. Since C, is
a local ring, aJ1®C‘ch is a free module of rank 1. Therefore, for any x, v
in .,J;, we have zy®1=yx®1 in V,B)®.C,. Hence xy—yxe Ker o,
for all p. Then, as N, Ker ¢,=0, we have zy=yx. Hence R is commu-
tative. This completes the proof.

Theorem 5.3. Let Q/A=3,.ePU, be a generalized crossed product
of A with a finite group G. Assume that U,,~,A, for all 6€G. Then

Q|A is a symmetric extension.

Proof. Put A*=End, (,£2). Then ,,,2,.,, is a Morita module, and A*/Q
is a finite G-Galois extension such that ,A*®,A%~ A, (Th. 2.6). Put
A4/A* =End, (Ag). Then 4=3,.6®A*u,, and A*u, .~ A% (Th. 2.6).
Therefore, by Th. 2. 10, we may assume that 2/A=End,(A;) for some
finite G-Galois extension A/B such that ,A®zA,~,A,. Then Q/A=
2ica®PAu, is a trivial crossed product of A with G. Let A be the projection
from 2 to A. Then £2/A is a Frobenius extension with a Frobenius homo-
morphism h. Therefore it suffices to prove that & (6w)=h(ws) for any weQ
and any 6€V,(A) (Prop. 2.7). Evidently V (A)=3, ®,-Jiu,. Let x be in
1. Then xu,-yu,~=x-0(y)=ya and yu,+xu,=y-0(x) for any y in A.
On the other hand, Lemma 5. 2 yields ¢7'(x)=x. Hence 2/A is a symmetric
extension.
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Corollary. Let A/B be G-Galois, and assume that AR zA~ A,
Then A[B is a symmetric extension.

Proof. Put 4/A=End,(Az). Then 4/A=73,.e®Au, is a trivial crossed
product such that,Au,,~ A, for all 6€G (Th. 2.6). Therefore 4/A is sym-
metric, and hence A/B is a symmetric extension (Th. 2. 10), because ,4],A.

Finally we note the following

Proposition 5.4. Let 2/A=73,,.a®U, be a generalized crossed product
of A with a group G. If there is a ring homomorphism Q|A—AJA, then
QIA is a group ring (and conversely).

Proof. let ¢: Q/A—AJA. Then each ¢(U,) is an ideal, and A=
o(UU~)=¢(U,)o(U,~). Hence ¢o(U)=A. If ¢(x)=0 for some x in U,
then ¢(xU,~)=¢(x)¢(U,-:)=0. On the other hand, as z-U, :C A, we have
o(x-U,-)=xU,-:, and so £=0. Thus ¢|U,: U,~A as A-A-modules. Let
o{u,)=1 (w,€lU,). Then, to be easily seen, #, is an invertible elements of
V,(A) such that ,A=U,. Each wu. is in U,U.=U,., and ¢(wu.)=¢{(u,)¢(u.)
=1=¢(u,.). Hence w,u.=u,. Therefore 2/A is a group ring of A with G.

8§ 6. Correction to: Galois extensions
and crossed products.

In the previous paper “Galois extensions and crossed products, J. Fac.
Sci. Hokkaido Univ., Ser. I, 20 (1968)”, the fact that a,. is in the center
was false. Consequently I must eliminate the parts concerning the above
error.

From 2 line from the bottom of p. 122 to 3 line from the top of p. 123.
From 4 line from the bottom of p. 125 to 6 line from the bottom of p. 126.

Further I replace the proof of Prop. 2.3 by the proof of Th. 2.11 in
the present paper.
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