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ON NECESSARY AND SUFFICIENT CONDITIONS
FOR L2-WELL-POSEDNESS OF MIXED
PROBLEMS FOR HYPERBOLIC EQUATIONS

By

Rentaro AGEMI and Taira SHIROTA

1. Introduction.

Let R™ be the open half space {(z, ¥); x>0, y€ R*'}. We consider
the mixed problems (P, B,;; j=1, ---,[), denote simply it by (P, B,), for hy-
perbolic equations of order m :

(P, D., D,) u) (t, z, y) = f1t, , y) in (0, T)x RZ,
(Bj(ah Dxa Dy) u) (ty O, 'Z/) =0 (] = 1? Y Z) in (07 T) X 1])’n_17
@7u)0,z,y)=0  (k=0,1,-,m—1) in R,
0 .0 .0 . 0 R
where 8,25, Dz=—1~a-x—, Dy=<—l%1‘, ey, —1 ale) and 7=+ —1.

The purpose of this paper is to determine the necessary and sufficient
conditions for well-posedness in the following sense :

Definition. The mixed problem (P, B;) is L*-well-posed with decreasing
order v (v; non negative integer) if and only if there exist positive constants
C, T and T with T'<T which satisfy the following condition :

For every fe H"""°((—oo, T)x RV with f=0 (¢<0) the mixed problem
(P, B;) has a unique solution uc H*((0, T")x R") such that
(1.1) S: N, -, <)% dtSCS:Wf(t, E . de?.

When v=0 we call it L*-well-posedness (with decreasing order 0).

The contents of this paper are as follows. In Section 2 we give a sum-
mary on boundary value problems for elliptic ordinary differential equations
depending on parameters. In Section 3 we investigate the zeros of Lopatin-
skii’s determinant under the L*-well-posedness with decreasing order v. In

1), 2) For the definitions see Section 2. Hereafter we denote various positive constants
by C and C’, which are independent of variables in each inequality considered below respec-
tively.
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Section 4 we describe a certain necessary and sufficient condition for L*-well-
posedness with decreasing order v by the term of the compensating function,
and moreover we describe it by the terms of the reflection coefficients in
Section 5. In T. Shirota and K. Asano [9] it has been shown by semi-group
method that the mixed problem (P,D%") (m=2I) is well posed in the stronger
sense if P(D)= P(d,, D,, D,) does not contain the odd order terms in D..
As one of the applications of the results in Section 5 we show that, in the
case of constant coefficients, the property of P(D) mentioned above is essen-
tial to be L?-well-posed (with decreasing order 0) for the mixed problem
(P, D¥7Y). This assertion is achieved in Section 6. Finally we present some
examples in Section 7.
This paper contains the details of our previous paper [8].

2. Preliminaries.

First of all we state fundamental assumptions. Let P(D) and B,(D) be
homogeneous differential operators of order m and m;(m;<m) with constant
coefficients respectively. We assume that P(D) is strictly hyperbolic with
respect to t-direction and the hyperplane x=0 is non-characteristic for P(D).
Then it is easily seen that the number I(m—I) of the roots 2} (z, ) (4; (z, o)),
located in the upper (lower) half i-plane, in 1 of the characteristic equation
P(r, 2, 6)=0 is constant for any (r,¢)e C, x R*' respectively, where C, =
{reC'; Rer>0}. Furthermore we assume that the hyperplane x=0 is non-
characteristic for B;(D) and m;>m, if j>k.

Throughout this paper we use the following Fourier-Laplace transforms
and norms :

dlt, A, 0) = SwdtSmde e ey (t, 2, y) dy
0 0

R

e ite=% 2 [ au( "D Dy, 2, ) de

0

[ o e Lo do | (D2) (7, 5, o) e

0oJR" 1

lale, = 3 (L (eP+loP ) do [T 5, 3, o)

j=0 2=0JR" !

(TEO+)

where oy =01y, +-+ 6, 1Yn1, |6|*=0}+ -+ 5%, and ||-||; is the norm in
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Sobolev space H’(R?)(j; a non negative integer). By H*((—oo, T) x R")

(k, I; non negative integer) we understand the completion of Cy((— oo, T)x B
1
by the norm ([ lute -, i )

We define Lopatinskii’s determinant R(z, o) as follows:
B(z, 6) = det (B,(z, 2} (7, ), 9), -+, Bi(z, 25 (z, 0),6)5 j 1 1, ---, D),
R(r,0)=Bl(r,0) | 1 (4} (7, 0)— 2k (z, 0)).

1<j<kLl

Then R(z, o) is analytic in €. x R* ! and can be continuously extended to C.
x B! Let V be the zeros of R(r,s) in €. x R* ' and for every reC. let
S(z) be the analytic variety {s€ R*'; (r,0)€¢V} in R*". Then we have
aV=V and aS(r)=S(ar) for every a>0.

Applying now the Fourier-Laplace transform to equations in the mixed
problem (P, B;) we obtain the boundary value problem (P, B,) for elliptic
ordinary differential equations depending on parameters (r,0)e O, x R™!:

(P(z, D, 0) 2) (z, x, 6) = Flz, z, 0) in R.,
(By(z, D,, a) @)(z, 0,0) =0 (j=1, -+, 1).

Let R,(z, z, 0) be the determinat replacing j-column in R(r, ¢) by the trans-
posed vector of (exp (ixA (z, 0)), -+, exp (ixd] (¢, ¢)) and I'=1"(r, ¢) a closed Jordan
curve in the lower half A-plane enclosing all the roots iz (¢, o) (k=1, ---, m—1).
If R(z, 6)%0 for some (r, g)eC, x R* ", it is well known that for every f (,, 0)
€Co(R) the boundary value problem (P, B,) has a unique solution #(z, -, o)
€C=(R.), which is written in the following form :

) 1 (= ¢*Fflr,20) 1 (" 2
2.1 als a)=2f7rng ¢ P(TETz, U)"' A2+ SO Glz,s,z,0) flz, s, 0)ds

where G(z,s,7,0) = — i

J

<T’x U) B (T’ 4 0) —4is2
. R, 0) S Pleao ¢4t

3. Zeros of Lopatinskii’s determinant.

In this section we investigate the zeros of Lopatinskii’s determinant R(z,o)
under L*-well-posedness with decreasing order v. The following theorem
shows that if the mixed problem (P, B,) is L*-well-posed with decreasing order
v then the zeros V of R(z, ¢) has the product representation €. xS, where S
is the cone surface with vertex at the origin in R™.

Theorem 3.1. If the mixed problem (P, B,) is L*-well-posed with de-
creasing order v, then the analytic varieties S(t) don’t depend on r€C,.
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Proof. 1t suffices to prove that if R(z, g,) is identically not zero for
some ¢,€ B™ ' then R(r, 0,)%0 for any z€C,.

Using Weierstrass preperation theorem, if R(z,, ¢,)=0 for some 7,6 C. then
there are a neighbourhood U(g,) in €"™* and a continuous (analytic) function
7(¢) in an open set DCU(gy) such that R(z(s),¢)=0 and z(c)e C. in D.
Hence we can find continuous functions a,(¢)(j=1, -+, ) in D such that for
any g€l

3.1  (alo), s a(0))*0,
8.2)  Bafo)ffclara)=0  (h=1,1),
whete  furle, 0) = Byle, i 5, o) o),
Bu iz, 0) = S:dal ---dﬁj,,zglﬁ{*z---0,.,2(D1*13,L) (. g,(c, 03 0), ) 0,1,

95(t, 05 0) =2 (z,0)+ (% (t, 0)— 4 (r, 0)) O + -+
(A (1, 0)— A5ty 0)) O+ 0,4 (j=2, -+, D).

Note that we can determine branches 2] such that 2;(z(s), ¢) is continuous
(analytic) in D' C D, because the hyperplane x =0 is non-characteristic for
P(D).

First we construct smooth solutions of the equations (P(D)u)(¢, z, y)=0
and (B;(D)u) (¢ 0, y)=0, which don’t satisfy the following estimate

3.3 [Tl ndecl@ w0,k

where non negative integers 4 and k are arbitrarily fixed.
For this purpose we define the function

l

ult, 5, 9) =2 | alo)7,(c(0) 2, 0) exp(c(o)t+ioy)do,

where D"=D'nR"" which may be assumed to be not empty, 7.(r, x, ¢)=
exp(ixi (z, 0)) and

1 1
7;(r, x, 0) = (ix)’™* Sodal “'dﬁj‘zgoaf.‘z -0;_exp(ixg,(t, 050))dd; (j=2).

For every positive integer p let us set w,(t, x, y)=u(pt, px, py).. Then, by
the homogeneity of P(D) and B/(D) and (3. 2), «, is a solution of the equa-
tions above. From Plancherel theorem we obtain

(3. 4) || (9% a,,) (O, -, .)”igcjzi;opzmu_n )
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On the other hand, since for each A (D!7,)(z(0), x, 0) (j=1, -+, [) are linearly
U

independent as functions in z, it follows from (3. 1) that X a,(e) (D}7;) (z(e),
i=1

x,0)2=0 for any geD’”. Hence choosing sufficiently small D" we have, by
Plancherel theorem, for any positive 7" and p

7 m—1
(3.5) ‘g Il u,,(t, . .)mfn_ldtz C'&1v h sz—n .
0 k=1

By (3. 4) and (3. 5) u,, does not satisfy the estimate (3. 3) for a sufficiently large p.

Next we construct a solution of the mixed problem (P, B;) which does
not satisfy the estimate (1.1). Using the above function «, let us define for
a large K

(3.6) v,(t, 2, y) = Ot" (0fu,) (0, x, y)k! .

N TM;

Setting w, (¢, x, y) = 25 2f,.4(t, y) (L = max m;), we determine the f,, such

that w, is a solutiorf =z)f the following equations :

(3.7) (By(D) (w,—v,)) (£,0, ) =0 (j=1,-+,1) in (0, T')x R*™,
(0 (wp—vp,+u,)) (0, 2,y)=0 (k=0,1,--,m—1) in R».

This is possible if K>m+ L. In fact, substituting w), into the first equation
in (3.7), the f,, are inductively determined by the following forms :

fp,q(ta ’_l/)=0 if qxm; (]:1, T l)9
3.8) St y)=(Bi(D)v,) (¢ 0, y)/m!,

Foonts0) = (= 72 Al 10,00 Do) a6 9)+ (BAD) ) 6,0, !
(i=2),

where B;(D)=D7pi + Zf A0, D,) Dys~*. Note that w), satiefies then the

a=0
second equation in (3.7). Let us set w,(¢ x, y)=¢(x) w,(¢ x, y), where ¢(x)

€eCy(RL) with go(x)=1<0£x§%> and ¢(x)=0(x>1). Then w,—v,+u,€
H™((0, T)x R™) is a solution of the mixed problem (P, B,) (setting f=P(D)
(wp,—wv,+u,)) and satisfies P(D)(w,—v,+u,)(0, x, y)=0 in R".

If the mixed problem (P, B;) is L*-well-posed with decreasing order v,
then a solution w,—v,+u, must satisfy the estimate (1. 1), that is,

[ 10, = 0,4 1) (6 M ade<C[ T UPD) 0,y +2,)) (-, ot

0

Using P(D)u,=0 we obtain
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r

(3.9) S"mu,,@:,-, e 1dt<C<S o, (f - )| ,,mdt+s o, -,-)‘j?,“,dt>.
0

Since we have from (3. 8)
1“‘\t )Ngn‘ C”“"Il( .>M31L‘Lf1+u bl

it follows from (3. 6) and (3. 9) that

Pt

8100 [Tt de<CE 1080) 0

0

The right hand in (3.10) is polynomial order in p and the left hand in (3.10)
is exponential order in p. Then, for a sufficiently large p, u, is a required
function. Thus the proof is complete.

Remark. The construction of the function w,—wv, is used in Section 4.

Corollary 3.2. Suppose that B,(D) don’t contain the terms in 0, If
the mixed problem (P, B;) is L*-well-posed with decreasing order v, then S(7)
is empty for any re€C,.

Proof. Assume that R(zy, 6,)=0 for some (z,, 0,)e C. x B*"'. By Theo-
rem 3.1 and the homogeneity of R(r,s) we obtain that R(r,0)=0 for any
7€C.. On the other hand, R(z, 0) is written in the following form :

det ((iay o)™, -, (a5 kL1, oo 1)
det ((iak‘[)O, ) (iakT> 5 k \L 1’ ) Z)

R(7, 0)=

where the ia,t(r€C,) are roots of P(r, 2, 0)=0 with positive imaginary part.
By the theory of characters of unitary groups® weo btain that R(z, 0)%0 for
every 30, here we use the assumption that m,<---<<m,. (see [10]). Thus
the proof is complete.

By the first part of the proof of Corollary 3.2 we have

Corollary 3.3. Suppose that R(z,, 0)20 for some t,€C,. If the mixed
problem (P, By) is L*~well-posed with decreasing order v, then V is empty.

4. A certain necessary and sufficient condition
for L*well-posedness (I).

In this section we describe a certain necessary and sufficient condition

for I*-well-posedness with decreasing order v by the term of the compensating
function G(«, s, 7, 9).
Let X, be the set {(z/,¢')eC. x R*™"; |7'|*+|¢’|?=1} and 2, its closure.

3} This method is suggested by Prof. L. Garding.
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Let V'=VnZ2,, where V is the zeros of R(z,¢) in €, x B*'. When A is
a subset in X, we denote the complement of A in ¥, by A°.
Then we obtain the following main

Theorem 4.1. Let S(t)xR" "' and S(r)=S be independent of <€C..
The mixed problem (P, B;) is [*-well-posed with decreasing order v if and
only if the following condition (I) is satisfied

(I). For every (t;, 0))€(Z,—2, )V V" there exist a neighbourhood Ulz;, aq)
and a constant Clty, ag) such that for any (7', ¢')e Ulr, ag)n2 0V’

(4.1) (DEG) (0, 5, 7', " Miscr250, 120 < Clrg, 0g) (Re ')
(k=0,1, -, m—1)
where ||+ lacrziss0), z2@soy 15 the operator norm from L*(s>0) to L*(x>0).

To prove Theorem 4.1 we need the following lemmas. In particular,
Lemma 4.3 is essential. First we state an elementary lemma on strictly
hyperbolic polynomial without proof.

Lemma 4.2. If a homogeneous polynomial P, &) of degree m is strictly
hyperbolic with respect to z, then we have for any (z, §)cC. x R”

|P(z, §)P = C(Re o ([z]* + &%) "

Lemma 4.3. If the assumption in Theorem 4.1 and the condition (I)
are satisfed, then for every (t,0)€C, x R*™ with ¢&S and fe H*'" 1" ((— oo,
oo)x R%) (h; a non negative integer) with f=0 (¢<0) the boundary value
problem (P, B,) has a unique solution 4(r,-,¢)e H*'"*(R.), which satisfies
the following estimate

~

(Iie T>2(ykl)‘:¥ﬁ(f7 " )Hifulgcw‘f@-’ ) '>M1121,0 b

(Re oV lafr, -, )12, <ClFf(n - )Eene  (*=0, L, h)

for any reC,

(4. 2)

Proof. Note that the notation of the norms has no ambiguity, because
the measure of S is zero. Using the limit process and the relation P (z, D,, o)
i(c, x, 0)= f (¢, x, o), it suffices to prove the first estimate of (4. 2) for JFeCy((0,
oo)x R?) and # defined in (2. 1).

First let 4, be the first term in the right hand of (2.1). Then it follows
from Lemma 4. 2 and Plancherel theorem that

(*Re T)Z ‘H 7}\1(77 ) >‘wgn» 1£Cm fA(Ty s )mg >
which implies the first estimate of (4.2) for a,.

Let U be the set of all points (¢, ¢') for which (4.1) is valid and U the
set {(,0); (¢',0")€ U’} where t'=1p", o’=00"' and p=(|z|*+|o|?:. We de-
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compose &=+ #,+#; where @, is the function multiplying the characteristic
function of U to the second term in the right hand of (2. 1).

Next to prove the first estimate of (4.2) for #, we remark the following
facts. By the homogeneity of P(D) and B;(D) we have, for every integer
k>0 and (z,0)& U,

(D:R)) (z, z, 0)

© 2 oo 2

(D:R)) (', x, o)
(4 3) S _kR(T', ;/)

If K=K(z', ') is the convex hull of the roots 2; (<, ¢') (=1, ---, ), then we
have

(@8 [DER) (2 0)
<{Z, sup ID2G* = MY TT (S sup (DB, (), 2,001

px¥j\r=0 €K

X .

dx — ka—ij—IS

0 0

By the fact that R(</, ¢')>C and Im 2; (7, ¢')>C for ony (', ¢’) & U, it follows
from (4.3) and (4.4) that

“ D:R] ’ ) ? 2k —2m ; — -

(4.5) So LWT()TSTU)&)’ dz<Cp*=*"7'  for any (¢,0)&U.

Since |P(z, 2, 0)?>C(|z|*+ |4]*+ |¢|®)™ for any (r, )& U and 1€ R', we have
£ 2

(4. 6) S %((?;’:)) di< Cpmimtmi! for any (r,0)& U.

By Plancherel theorem and Schwarz inequality it follows from (4.5) and (4.6)
that

(e, - ) IAZCl £z, - )3,

which implies the first estimate of (4.2) for #,.
Finally note that (§,—2,)UV’ is compact and

4.7) (DEG) (x, s, 7, 6) = p* ™ Y (DEG) (pz, ps, T, o') (k=0,1,---,m—1).

Using the relation (4.7), the condition (I) and the change of variables we obtain

m -1 2

(e, - N = 5 Sm )pz(’"‘l"")doS:dx

=0

o
0

|[(D:6) @ 55 0) Fles.0)ds

2

s

-1

= S p"3dardx
k=0 J D(r) 0

<C(Re wwng p""“ldoSm | £(z, 07", o)|°ds
D(z) 0
<C(Re )™V flz, -, )k,

where D(z)={se R*'; (7, 0)€U}. Thus the proof is complete.

[[ 001w 52 0) Fle 507, ) s
0
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By Lemma 4.3 and Paley-Wiener theorem (e.g. Theorem 7.1 in [2])
we obtain the following

Lemma 4.4. If the assumption in Theorem 4.1 and the condition (I)
is satisfied, then for every a>0 and f with e “fe H" """ ((—o0, co)x R")
(h; a non negative integer) and f=0 (¢<0) the mized problem (P, B;) (with
T=c0) has a unique solution u with e"“uc H™"((0, o) x R?) such that

[Tem it e de< ) [Te Al 1 ode.
0
(4. 8) 0 .
S e lult, -, )| rdt < (C/a““*“)s e f (- )k, ndt
0 0
(k=0, 1,--h).

The following lemma used in proof of the necessity of Theorem 4.1 is

due to T. Okubo. The proof is easy.

Lemma 4.5. Let f be a function in H”°((— oo, co)x R*) with its sup-
port in (0, T)x B* and u a function satisfying e “*uc H™((0, o) x R") for
some a'’>0 and (0fu) (0, z, y)=0 (£=0,1, ---,m—1). Then the estimate

(4.9) Swe P ut, - ) | dt < Cr £, -, )12 edt
0 0

implies that

(4~ 10) ?l‘ld(fy i ’>“3)¢*1_<_C0CS_:M fh(a+l”7 ) ‘)m,odv

for any t with Rer=a (a>ad'), where a constant C, depends only on a, a'
and the support of f.

Remark. 1f the mixed problem (P, B;) is L*-well-posed with decreasing
order v, then for every fe H**°((— oo, co)x R") with f=0 (¢<0) the mixed
problem (P, B;) (with T'=o0) has a unique solution u« satisfying e “ueH™
((0, o) x R™) for some a>0 and the estimate (4.9). This follows from the
fact that P(D) and B;(D) are homogeneous and of constant coefficients.

Now we ready for the proof of Theorem 4.1. Our proof of the necessity
is inspired by M. Ikawa [4].

Proof of Theorem 4. 1. 1). Sufficiency. The existence follows imme-
diately from Lemm 4.4. To prove the uniqueness we use an extension # of
u to (0, co)x R™ which satisfies e *#€ H™((0, oo)x R") for some a>0 and
(B;(D) %) (t, 0, y)=0 in (0, o) x R™*'. (For the existence of such an exten-
sion see Remark after the proof of Theorem 3.1. Here we use the fact that
u may be considered as a sufficiently smooth function in (¢ y) by the method
of convolution). Then the uniqueness follows from Lemma 4.4 and Paley-
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Wiener theorem.

2). Necessity. Suppose that the mixed problem (P, B;) is L*-well-posed
with decreasing order v. Let f be a smooth function with its support in
(0, T)x R*. Then it follows from the Remark above that the estimate (4.10)
is valid for the Fourier-Laplace transform # of a unique solution # of the
mixed problem (P, B;) (with T'=c0). We use notations in the proof of Lemma
4.3. Since the inverse Fourier-Laplace transform wu, of #, is a solution for
Cauchy problem, by Lemma 4.5, the estimate (4. 10) is valid for #,, Hence
4, + 1, must also satisfy (4. 10), that is,

“ Flatin -, ) IRody

o

A1) s+ ) lEL<Cl
for any r with Rer=a.

If the condition (I) is not satisfied, then there exist a point (zg, oo) € (3.
—Y VUV, an integer k,(0<k,<m—1) and a sequence {z,,aq,} (p=1,2,3, -
in ¥, nV' which converges to (i, 65) such that

(4.12) C,=(Rer,)" (DG (x, s, z';, 0;)”8(L2(8>0),L2(:c>0))

tends to infinity if p does so.
First we take g¢,, ¢,€Cy(R,) which are identically not zero and satisfy

S ", (@) dew (D5 G) (x, 5, 77, 0,) 9, (5) s

0

1 ’ ’
ZNZH l@ull 22 @) 19l 22 @OIDE G) (, 5, 73 o) 8022550, 22 >0 -

Since Swgop(;) dew (DEG) (x, s, 7', 6') g,(s)ds is continuous at (1), g,)", there
0

0

is 8,>0 such that

[T de [ (D6 5,7, ) 0, 05)ds
4.13) . ’

271' 9ol 2@Vl 22 @D (D5 G) (2, 8, Tps )l 022500, 22500

for any (7, ¢') with |¢'—a,| <0, and |’ —1,|<8,.

Let (z,, 0,) be a point (a/Re t})(z,, 6;) and J, a set {(a/Re ;) (o, +0); |0]
<a,<8,}. Take a sufficiently small «, such that if ¢€J, then |p,'0—0,]| <8,
I, 0y — 75| <6, and C<(Re))p,'<C, where p, = (z,/*~ o).

Next take ¢,€ Cy(J,) which is identically not zero. We choose fe Cy

4) Regarding the continuity of the roots 1;(r, ¢) we use the following classical fact:
For a fixed point (ry, op) there is a labelling of the roots 4;(r, ¢) such that 2;(z, 4) is con-
tinuous at (tg, og).
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({0, T)) such that f,}(rll)zre AN dex0 if we set f,(8) =f(tlexp(it Timz,).
Then we have
| Tawiny Foarimlans 3 | ame, | lo0r 1) o) de.

wla+m)g,(p,x) ‘/71)7(00

'\,})

Replacing r and f(a+ip x,06) in (4.11) by 7, and

ol

respectively and multiplying da w]g!z](a) 0,(0,2)dx| to (4.11), it follows
J, 0 T
¥4

from Schwarz inequality that
([ "l ao|" Ztas i+ 1oP17 0t i) 0,00,2) 0, o)

2

) <S.,,,d"5: 16,(0) ¢, (0, 2" dxf

=l oaloron  #do g, (0,2
I 0

< [ (DEG) (@5, 0 0) £ (5] 0,00, 630) ],

which implies by the relation (4.7) and the change of variables that

ol (E [ dn| esarinr

V1 F i) gy ([, 0, i0sto)ds)

>C|f, )

o
0

| stgsords | o de [ (DG @ 5,700, 00,0, 050 ds
7, 0

From this and the choice of J, we have

1
2

”ngLZ(IZK)HSDpHLz(lﬂ¥>|[¢1)H?L2(E""‘)<Zy:S (|a+i77|2+(Ref;)*z)"lfp(a+i0)]2d7}>

o
7=0J ~o

(4. 14)

>C(Rez))

| words| o e dal (D£G) @ 5. 7,0,' 08, 0,05) ds

By the choice of f, and Imz,=(a Im ;)] Rec, the left hand in (4. 14) is
estimated by

<C(Re ) o, ewllol iy
By the choice of ¢, and ¢, the integrand in the right hand of (4.14) is not

zero at (r,, ¢,). Hence if the diameter of J, is sufficiently small the right

hand of (4.14) is estimated by
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>(CN2) (e )| 19,0 do

| el D26 (@ 5 2,071 007 0,008,
0

where the constant C is same in (4. 14). Therefore it follows from them,
(4.12) and (4. 13) that 1>C C,. But this inequality is not valid for a suffi-
ciently large p. Thus the proof is complete.

5. A certain necessary and sufficient condition
for L’-well-posedness (II).

In this section we decribe a certain necessary and sufficient condition for
L*-well-posedness with decreasing order v by the terms of the reflection coeffi-
cients. To achieve this purpose we first state the following condition intro-
duced by S. Agmon [1].

Condition (§). The multiplicity of a real root A(r, s) in 2 of the char-
acteristic equation P(t,,0)=0 is at most double for every non zero (r,o)
with Re =0 and ce R".

To define the reflection coefficients, for every (ri, gp)€ (&, —2 )VV' we
arrange the roots 4j (¢, ¢’) into ¢ groups {4; (', a"); h=1, ---, &'} (=1, ---, q)
in a sufficiently small neighbourhood Uf(zg, 6)nY, such that {4} ,(ce,60); A=
1, -, &'} is A'-multiple root. Let R, (7, x,¢') be the determinant replacing
the j-colum in R,(¢', z, ¢') by the transposed vector of (0, --,0, exp (ixi; ,(z’,d")),

.-+, exp (txd} 4 (7',0")), 0, -+, 0).  Since R,(¢',x,d")= f‘, R; (¢, x,d"), we can
k=1

define the generalized reflection coefficients C, (7', 2, 6')(k=1, -, q; h=1,--,

%) by the following equality

t R ’ %
(5.1) 2—%@“—03” B, 4 )= 3 3 Coalt) 4,0 Teale, 2,0'),

=1

M-

k=1

>

where  7,.,(¢', z, ¢') = exp (ixa; (', ¢'),
1 1
T/c,),(TI, xZ, 0'/) = (l‘x)h"lj d01 "‘dﬁj_gs 0{l_2 "'0},_2 exp (ixg/c,h(f’, 0',, 0))d0h~1 5
0 [}

9in(tsa’ s 0)=2;1(c', ')+ i (7', o)) =21 (7', 0") O+ -
+()‘;,h(rla o‘,>_2;cr,h-—l(rla ‘7')) 0,0, (h = 2) -

In particular, if 2;j(</,¢’) is simple in Uz, 00)n 2., for example 2 (z5, o)
(Re t4=0) is real and the condition (}) is satisfied”, then the generalized re-
flection coefficient is written in the following form :

(65.2) Gyl 4,0") = By(c', 2, )[B(', o),

5) See Lemma 6. 1.
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where B;(c’, 4, ') is the determinant replacing 1 (<, ¢’) in B(z’, ¢') by 2.
From Theorem 4.1 we obtain the following

Theorem 5.1. Suppose that the condition (%) is satisfied, S(r)x R*!
and S=38(t) is independent of v. The mixed problem (P, B;) is L*-well-posed
with decreasing order v if and only if the following condition (1) is satisfied:

(II). For every (ty, 60)e(2, =3 )V’ there exist a neighbourhood Uz, o)
and a constant C(zg, 0y) such that

C/c,h(fla 29 0")
r P(TI: 29 al)

e~ dy < Cle}, op) (Tm 25 4(z", ')} (Re ')

(k:l, g h:l, Y kl)

(5. 3)

' (BY)

Jor any (7', ¢')eU(zg, ag)n X . n V™.
Proof. 1). (II) implies (I). By (5.1), (5.3) and the definition of G(x, s, 7, 0)
we obtain, for every fe L*(R%),

I(DIG)(x, s, <, o') f1s) ds| = (&t)

<1l Cly ) (Re ) > 5 5 (DET0) (' o)t (Tow 2.0}

k=0r=

(5.4)

in a sufficiently small neighbourhood Uf(zg, eg)n2 . n V™.

In Ul 6)n 2. 0V, if Imij,(z}, 00)=0, by the condition (¥), 2; (7, ¢’)
is simple and hence we have |(Di7,.) (<, z, ¢)lz@)<C Im i, (7, o),
and furthermore if I 1} ,(z', ¢/)>0 we have ||(Dir,..) (), x, ¢')|l;2(e1)<C and
Im 2} ,(c', 6')<C. Therefore the condition (I) follows from (5. 4).

2). (I) implies (II). By the condition (I), the definition of G(«, s, 7, ¢) and
Schwarz inequality we obtain, for every g, o€ L*( RY),

lgllzz@ollell 22ty Clzi, a0) (Re /)
qu f <8:9<s) ds&% e"”‘d]) <Smrk,h(z', A 0") o(x) dx)l

k=1 hr=1 (Y

(5.5)

>

in a sufficiently small neighbourhood Uf(z;, g;)n3 . n V",

If the condition (II) is not satisfied, then there exist a point (z;, ;)€
(F.—2X.)UV", a pair of integers (k, hy) (1<k,<q; 1<h,<k') and a sequence
{(t) 0p)} in ¥, nV’* which converges to (z3, g¢) such that C%* tends to infinity
if p does so and

(5. 6) Chom|CE >C>0 for every (k, h)2(ky, hy),

S Ck,h(T;» 2$ 0';;)
r P(T;’ 4 0-;) :(r

First we choose ¢,€C,(R") which is identically not zero and satisfies

where Ct£* = e~ ¥ d) 1)(1"')1'1,,2;,,,(1;,, a;))‘%(Rer;)”“ .
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gp\s S Cenley, 4, 9,) '”*dzl

(Tzv'2 Up)
iw S Cinltpdoy)
= 2 \l p”’ (7%) - P(T;,, 2 0_;) e ¥ da )’

Replacing 7/, ¢’ and ¢ in (5.5) by r,, 6, and g, respectively, we obtain from
(5.7) and the definition of C%*

1 ’ 7\\L ® ’ ’
]lgp]llz(,,,g)zC{—‘z* Choo(Im 23, 4, (T, )2 SO Tiyn, (T X, ) () dx\
(5. 8)

— N CEMImii(c), o)

(k,0)% (kg 2y)

S:rk,h<f;, z, 0)) () dxl} .

Next if T 2;,,,(zo, 05)=0 we take ¢,(r)=exp (m_)) Then we have
[ Teunien 00, @) da|= 2 Tm i (51 03)
Moreover the second term in the right hand of (5.8) is bounded. Hence it
follows from them, (5.6) and (5. 8) that 1> C Cff”%(-%——C’(Inu;;u,,la(r;,, a;,))).

By the choice of (k,, &) this inequality is not valid for a sufficiently large p.
If Im 2}, (t, 60)>0 we can find p€ L*(R'.) which has a compact support

and satisfies S“Tku,,,u(r(), x, 00) p(x) dxr =1 and SwT,,‘,,(r{,, x, a)) ¢(x)dx =0 for
0 0
every (k, h)>c(ko, hy), because the 7, ,(zi, &, 6, are linearly independent in

L*(0,1). By the continuity of the functions SmTk,h(r', x, 6" )p(x) dx at (zq, ay),
0

0,122 ()= (2XM 25, 1, (<, 03)) Fand

we obtain, for a sufficiently large p,

| Teonlen & o) ol@) dez
5.9 .

[T s p@desadt i & Bk b,
0
where ¢£* is sufficiently small. Therefore it follows from (5. 8) and (5. 9) that

1 ’ 7\ ; ’ N\E
Il =C Coel (I (e )~ et (T i ey o))

(&, R)% (koo k)

By the choice of (k,, /) this inequality is not valid for a sufficiently large p.
Thus the proof is complete.

6. Applications.

In this section we prove S. Agmon’s results in [1] and the interesting
results stated in Introduction. First to prove S. Agmon’s results we need
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the following lemma which is implicitly contained in [7].

Lemma 6. 1. Let the condition () be satisfied. Then for every non zero
(4, 00) with Re t,=0 and o, BR*' there exists a neighbourhood Uz, a,) such
that

1). if a real root in 2 of Plty, 4 00)=0 is simple then there is an ana-
Iytic function i(r, o) in Ulzy, ao) which satisfies Pz, A(z, 6), 6)=0 and

6.1) [ Imi(z, 0)| >C(Re) in Ulzy, 0y) .

2). if a real root in 2 of P(ry, 4, 60)=0 is strictly double then there are
analytic functions i*(z,a) in Ulry, 0)nNE . which satisfy Pz, 7*(z,0),0)=0
and

6.2) |Imi=(r,0)|=C(Rer),
6.3) |Im 2 (zr,0) Im i (z, 0)| |27 (z, 6)— A (z, 0)’=C(Rez} in Uz, ap)n 2.
Then we obtain the following

Theorem 6.2. (S. Agmon) Suppose that the condition ($) is satisfied.
If R(z, 0)%0 for every non zero (r,e6)€C.x R*", then the mixed problem
(P, B,) is L*-well-posed (with decreasing order 0).

Proof. By the similar consideration in the proof of Theorem 5.1 and
using that R(r, ¢)%0 for every non zero (r, 0)eC. x R*"!, we can show that
the mixed problem (P, B,) is L*-well-posed if and only if the following
condition is satisfied :

For every (z), 69)€(¥.—2,) there exist a neighbourhood Ulzg, ¢5) and a
constant C(rq, gy) such that, for any (7', ¢')e U(z;, 69)n 2.,

6 |G

< Clzg, o0)| Ime 25 (7, ') T 2; (7', 0')| (9, P) (', % (', &), ') (Re ') *
where the j and £ satisfy the conditions Ime 1} (1o, 65)=0 and Im 2; (zq, 3)=0
respectively.

First if 2; (z;, o¢) is simple then (6.4) is valid by (6.1) and (6.2). When
i (7o, ag) is strictly double we denote another branch by A; (c.f. Lemma 6.1).
Next if 2;(z, 05) 1s strictly double and %2j, by the fact that |C;(<’, A¢ (¢,
o), d)| < Clal(e’, o) —2; (', 0’)| and |(D,P) (<, 2. (7', ¢'), )| = ClA; (7', ') — A {7/,
)|, (6.4) is valid. Finally if 2;(z, ¢o) in strictly double and j=# then (6. 4)
is valid by (6.3). Thus the proof is complete.

Next we prove the following

Theorem 6.3. Let Q(D) be a homogeneous differential operator, which
does not contain the odd order terms in D,, of order m—1 with constant
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coefficients and let B;D)=D%"'(j=1, -, 1; m=2I). If P(D) satisfies the
condition (%) and does not contain the odd order terms in D,, then the
mized problem (P(D)+¢D,Q(D), B;(D)) is not L*-well-posed (with decreasing
order 0) for a sufficiently small ¢ with certain fixed sign.

Proof: We may assume that, for a sufficiently small ¢, L (D)=P(D)+
eD.Q(D) is strictly hyperbolic and satisfies the condition (§). Furthermore the
number of the roots 2;(r, ) (25 (r, ¢)) of L.(z, 2, 6)=0 is a constant / for any
(r,0)e C, x R™ . Since Lopatinskii’s determinant written in the following
form :

R(r,o)=2(z,0)- 2 (r,0) Tl A}(z,0)+2i(z,0)),

1<j<k<l
S(z) is empty for any reC..

Since P(D) is strictly hyperbolic and deg,Q<deg.P, there is a point
(o, 00)€(¥ ., —2',) such that P(z, 0, 65)=0 and Q(zg, 0, 65)%0. By the assump-
tion of P(D) we have (9,L,)(z, 0, 65)=¢Q(7, 0, 05)x0. Hence there exist a
neighbourhood U(z;, 6;) and a simple root, denote A (7, ¢’), in Ulr, o) such
that A; (z;, 6g) = 0. Here we may assume that Tm A (z’, ¢') > 0 in Ulzy, ag)n 2,
because one can change ¢ into —e.

First we consider the case when there exists a root, denote 4, (7', ¢’), such
that A7 (r5, 60) %0 and Ine A7 (5, 00) = 0. Assume that Tm i; (rq, 0o)=0(k=
1,---,h). Since A;(c,¢") (k=1,---, h) are simple in a small neighbourhood
Ulzy, 0p)n23 ., we obtain

G 40) _,,
Spfg((‘r’ A a'; e d

o Cy(e, 2 (e, d'), o') e, G, 2, d)
2 JaTL() @ 2 (@ 2#), gy € )+Sr, L 2d)°

(6. 5)

‘L.s/ldz

where I, is a closed Jordan curve in the lower half i-plane enclosing all the
roots 2; (¢, ¢’)(j=h+1, -, ). Multiplying exp (—isi (', ¢") to (6.5), it fol-
lows from Schwarz inequality that

”S C‘TT f;‘; ‘“dz” 2Xmi (7, d")” H
6.6) =z 5 S f,) (15 (¢!, o) =i (7,0)
- TEE e,

By (5. 2) we have
6.7 Gl 2 0)=2TNE—=2;(, o P) (& @, o) [T (& (), 0P =25 (2, o' P)}.

J*1 PR
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Then it follows from (6. 6) and (6. 7) that

C(,4d)
S/" Lc<Tl7 '27 0’) ¢ zdz

>Clx (2, o) {4 (<), o) | Tm i (', o)

(6. 8) (@)

—C'|Imi (', a')}} .
If (5.3) in Theorem 5.1 is valid for Ci(7, 4, ¢’) then we have from (6. 8)

| Tm 2 (o) I 2y (2, ') (Re ') "> C |45 (<), o) (|35 (, o) — C'| T 35 (<!, ") ).

Using the fact that |4 (¢, ¢')]<C(Re7’') in a small neighbourhood Uf(z, ay),
this inequality is not valid for (7, ¢') sufficiently close to (z;, ).

Next we consider the case when I 4;(zq, 00)<0 for all j=1,---,1. In
a sufficiently small neighbourhood Uz, 6;)n2 ., we arrange the roots 4;(/, ¢')
into 7 groups {4z .(z/,¢"); h=1,--- &'} (k=1, ---, r) such that {i; ,(z;, 60); h=

-, k'Y is E'-multiple root. By the condition (§) there is a simple root,
denote 2; (<, ¢’), in a small neighbourhood Ufzg, 6g)nY.. Let (k=1 ---, 1)
be a sufficiently small and closed Jordan curve in the lower half i-plane
enclosing all the roots A; (¢, ') (h=1, ---, k'). Then we can find ge L*(R)
such that

Sw e *g(s)ds

0

1
> on I} and

(6.9) 5

Sm e g (s)ds

0

<e, on I', for kx1.

By Schwarz inquality we obtain

g | 2= ot SM)_ —t52
dilz (RY) ( ) L’(R_lf)
(6. 10) o o
> S[‘ mdlg g(S) ds —1§1 Srk L‘<Tl, A 0,/) dlgo e g(s) ds|.

If (5.3) in Theorem 5.1 is valid for C(z, 4, ¢/) then we have, by (6.7), (6.9)
and (6. 10),
lgll =) (T 25 (!, ') F (Re <) ' = C i (<), o) (1—e4) -

By the fact that |4 (7, ¢’)| <C(Re ') in a small neighbourhood Uz, ay), this
inequality is not valid for (7, ¢’) sufficiently close to (¢, 6;). Thus the proof
is complete.

7. Examples.

In this section we present some examples.
1). P(D)=d—4 and B(D)=D,+bD,—icd,, where 4 is Laplacian in R%

and b and ¢ are real. Then we have the following classification :
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c
b2*02+£}: 0 . \
R
NN
VAV v 7 - , g . § 7
///f/,// v ////Z/ 7 //b
; Vavea 7
S S S s
//// / .//-/ /S -/,//
Yyys LS
s // / ///
7 \\\ %
cj—lbl

——, +; L?-well-posed (with decreasing order 0),
----—; not L%well-posed but L2-well-posed with decreasing order 1,
———— , X ; not L?well-posed with any decreasing order.

Proof. In this case, A*(z, 0)= ‘Ii(z'2+az)% where it is assumed that (z* + ¢%)

(SIS o

has a positive real part if €€, Lopatinskii’s determinant R(r, ¢)=i(z*+ %)
+bo—ict and reflection coefficient Clz, i (z, 0), 0)=(—i(z? +02)%+ba—z'cz-)/R
(r, ). Hence, it is the necessary and sufficient condition for L*-well-posedness

with decreasing order v that the following inequality holds in a small neigh-
bourhood in ¥, NV of any (¢, a5)e(&. —3 . )VV’

|IC(<', 27 (', d'), &")|?
<C|Im2 (<',o') Im 2 (<, d")||(0,P) (<, 2 (<, &'), &)} (Re ') 2

Remark that, by Lemma 6.1, the right hand of (7.1) for v=0 is bounded
below.

If c<—1b|, R(z, 6)=0 for (r,0)e C.x R. By Theorem 6.2, the mixed
problem (P, B) is then L’-well-posed. If ¢=—15|, R(z, 6)x0 for (r, 0)eC, x
R' and R(z;, 65)=0 for some (z;, og)e(3. —2.) but C(z’, 27 (<, ¢'), ¢’) is bounded
in a neighbourhood of (z, ¢;). By the remark above and (7.1) for v=0, the
mixed problem (P, B) is L*-well-posed. If *—c*+1<0 and ¢>0, S(r) depends
on reC',. Hence, by Theorem 3.1, the mixed problem (P, B) is not L*-well-
posed with any decreasing order. If ¢=1, S(z)={0} but (7.1) for any v is not
valid in a nighbourhood of (zj, 0) (ry€ €.). Hence the mixed problem (P, B)
is not L?-well-posed with any decreasing order. In the other case, R(z, ¢)%0

(7.1)
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for (r, 0)eC. x R, R(r, 00)=0 for some (z;, g5)6(¥.—2,) and the numerator
of C(r’, 2 (', ¢’), ¢') 1s not zero at (zy, 65} Hence the mixed problem (P, B) is
not L’-well-posed. But, by the fact that |R(<',¢')] > C(Re7’) in a neigh-
bourhood of (7, a;), the mixed problem (P, B) is L*-well-posed with decreasing
order 1.

2). PD)=(0:—a, 4)(0:—a,d) where 4 is Laplacian in R” and @, and a,
are positive and distinct.

If B/(D)=1I and B,(D)=D, then, by Theorem 6.2, the mixed problem
(P, B;) is L*-well-posed. If B,(D)=1 and B,(D)=D? or B,(D)=D, and B,(D)
=D2, by Theorem 5.1 and more precisely taking the residue in (5.3) (c.f.
(6.4)), then the mixed problem (P, B;) is L’-well-posed. If B,(D)=D, and
B,(D)=D. or B{(D)=D. and B,(D)=D%, then the mixed problem (P, B,) is
not L*-well-posed but L:-well-posed with decreasing order 1. Finally if
B\(D)=1I and B,(D)= D2, then the mixed problem (P, B,) is not L*-well-posed
with any decreasing order by Corollary 3. 2.
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