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ON VALUATIONS OF POLYNOMIAL RINGS
OF MANY VARIABLES

Part two
By

Hiroshi INOUE

I published a paper on the same theme as this in Jour. Science. Hok-
kaido. Univ. Vol. 21, No. 1, in 1970. The following is its continuation. So
I want to use in this paper the same symbols that I used in the preceding
one as much as possible.

K is a field with a discrete non-archimedean valuation V,, and W is
a given extension of it to a polynomial ring K[z, y]. Then Viy=[Vy, Viex
= Wx=p,] is a valuation of the ring K[x], namely, of its quotient field K,
and in the same way Vy=[Vy, Voy= Wy=y,] is a valuation of the ring
K[y], consequently, of its quotient field K,. And V,=[Vy, Vix=p, Vi1y
=y,] is a valuation of the ring K[z, y] and the last simply augmented valua-
tion U which appears in the series of augmented inductive valuations binding
Vi and W is decided uniquely by W and the series of continuous xy-doubly
augmented inductive valuations binding U and W is decided uniquely by W.
I proved all of them in Part one.

In this paper, first in §11, I make series of continuous simply augmented
inductive valuations binding V), and U. Next I expect to investigate struc-
tures of key-polynomials which produce simply augmented valuations or doubly
augmented ones and structures of the residue class rings of K[z, y] by these
valuations. But for the sake of it, I found a fact that we can inspect these
structures naturally after we can solve the next problem which I name
“Principal Problem” in this paper.

Principal Problem

Vo is a given discrete non-archimedean valuation of K|[x] and V,, is
a given one of K[y] and both V,, and Vi, induce the same valuation V,,
in K.

In this case, the problem is how we should make such valuations W of
K[z, y] that induce V,, in K[x] and V,, in Kly].

To make such valuations is my chief study in this paper.
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§ 11. Series of continuous simply augmented inductive valuations

Among these series, I presented the two simplest ones in Part one; the
first one in §8,
ys ys ys ys

V11< V21<< Vp1< V7;2< V1)3< "'< V]zq = U

and the second one in §9
Vv111<8 V12J< é V111’< Vz«,'< SRR Vp'q’ =U

In addition to these two, there are many other series of continuous simply
augmented inductive valuations binding V), and U. A method to make one
of them is as follows;

If we want to make a continuous x-simply augmented valuation of Vi,
first of all we must inspect whether such a polynomial f{x) of & for which
Wf(x)>V, f(x) exists. If such a polynomial f(x) does not exist, then no
x-simply augmented valuation of V), exists. If such polynomials f(x) exist,
then out of them we select such polynomials g (x) whose degrees are minimum
and next out of these g(x) we pick up such a polynomial ¢,(x) for which
We,(x)— Vi, (x) is minimum and whose leading coeficient is 1.

Then ¢,(x) becomes an z-key polynomial of V), which is a valuation of
K,[x] whose coefficient field K, has the valuation V,. We make V, as
follows ;

Va=1[Vu, Vug,=Wo,=p,].

V. is a continuous x-simply augmented valuation of V.
In the same way as above, we continue such processes and we obtain a
series of continuous x-simply augmented inductive valuations

Vi< Vp< Vi < - < Vi |

Next, if we want to make a continuous y-simply augmented valuation
of V,,, first of all, we must inspect whether such a polynomial A(y) of ¥
for which Wh(y)>V, h(y) exists. If such a polynomial does not exist, no
y-simply augmented valuation of V,, exists.

If such a polynomial exists, we make a valuation V,, which V,, induces
in K[x]. And we select such polynomials /(x, y) whose degrees with respect
to y are minimum, out of such polynomials A(xz, y) for which Wh(x, y)>
Vah(x,y). And moreover out of these I(x,y) we pick up a polynomial
&y(x, y) for which We,(x, y)— Va¢.(x, y) is minimum and whose coefficient
of the term of the highest power of ¥ is 1. Then ¢,(x, y) is a y-key poly-
nomial of V,, which is a valuation of K,[y] whose coefficient field K, has
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the valuation V,,. Let be an expansion of an arbitrary polynomial k(z, y)

by ¢u(x, y)=¢,
ka,v) = 5 klx, )¢

, where deg, k,(x, y)<deg, ¢, for i=0,1,2,---,n.

Then the function V,, defined as follows is a continuous y-simply aug-
mented valuation of V,; of the ring K,[y];

Viak(a, y) = Min[ Viiki(a, ) +i W]
V,, is denoted simply as
V= [Vsl; Vsz¢z = Wsz = Vz] .

By repeating such processes we obtain a series of continuous ¥-simply
augmented inductive valuations

ys ys ys
Va< V<<V,

Next, if we want to make a continuous x-simply augmented valuation
of V,, we must inspect whether such a polynomial f(x) of x for which
W (x)>V,flx) exists. If such a polynomial does not exist, then no z-
simply augmented valuation of V,, exists. If such a polynomial f(x) exists,
we can make an r-simply augmented valuation of V,,. But for the sake of
it, as I explained in §4, we must transform the valuation V,, of the ring
K,[y] into a valuation V., of the ring K,[x]. Namely, first we must make
a valuation V,,. which V,, induces in K[y]. In this case each y-key poly-
nomial which appears at each stage on the way while we make a series of
continuous y-augmented inductive valuations from Vi to V., may be ge-
nerally different from the y-key polynomials which produced respectively
Va, Vi, -+, Vi and £ is not always equal to #, as I showed in Example 10. 6.
Next we make the valuation V,, as the last valuation V,, of a series of
continuous x-simply augmented inductive valuations of the polynomial ring
K,[x] whose coefficient field K, has the valuation Vi, .

Vst == Va’t’ = [VOt’; VW.Z‘ = Wx, V2tf¢é = W¢£, Tt Vs’t’¢;’ = W¢;'] .

Herein &,, ¢;, -+-, ¢, are generally polynomials of x and ¥ and may generally
be respectively different from the polynomials ¢,, ¢, ---, ¢, which produce
Vo, Vy, -+, V1 respectively and s’ is not always equal to s.

Namely V,, is a valuation of the polynomial ring K,[y] whose coefficient
field K, has the valuation V,,, but only after we transform V,, into a valua-
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tion V., of the polynomial ring of K,[x] whose coefficient field K, has the
valuation V,,., we can make an z-augmented valuation of V..

After we make V..., out of such polynomial /(z, y) for which Wi(z, y)
>V l(x, y) we pick up such a polynomial ¢, ., whose degree with respect
to x is minimum and whose difference between W¢,, .,— V.., @, ., is minimum
and whose coefficient of the term of the highest power of x is 1. And with
¢, ., we make a continuous x-simply augmented valuation V. ., of V.,

Vv =Ver, Vo 10050=Woy 1]

Thus, as last we can attain U, because U is a discrete valuation. Therefore
many series of continuous simply augmented inductive valuations binding V),
and U exist.

Now, I want to prepare for solution of Principal Problem, but for the
sake of it I must use many notions which Maclane used. So I explain
these notions as simply as possible.

§ 12. Homogeneous inductive valuations

MacLane introduced a notion of “homogeneous inductive valuations” as
“normal forms” of valuations in M §16.

We first choose in K a complete set K’ of “representatives”” with respect
to V,, such that each element of K is equivalent in V, to one and only one
representative.

A series of augmented inductive valuations of K{x]

V1< V2<"'<Vz‘~1< Vz’<"'<V/c

is called that of homogeneous inductive valuations when they satisfy the
following conditions ;

let be Vz‘ = [Vi'—ly Vi¢i<x) = ‘Ui] for i= 1,2,--, k,

and b0 = Tlagiigys - gl (12.1)

then my; < deg §y 1 for all terms in (12. 1)
deg ¢,

and a; belongs to K’ and
Vs =V, 17 - gripni for all terms in (12.1).

According to M. Theorem 16.3, any inductive constructed valuation from
a discrete valuation V, of K is equal to a homogeneous inductive valuation
and two equal homogeneous valuations of K[x] are identical by M. Theorem
16.4. (See §27).
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Namely, if V; and W, are two homogeneous valuations of K[z] and
for any polynomial f(x)

Vif(z) = W, f(z)

and Vi=1[Vy, Vix=p, -+, Vit = p;]
W,=[W,, W=y, -, Wi, =v,]
and 1<deg ¢p,<deg ¢;< -+ <deg ¢,
1<deg ¢, <deg < -+ <deg ¢,
then Vo=W, and k=t
and & = &; (i=1,2, -, k)
L = v, (=1,2,---, k).

In the same way a series of continuous x-augmented homogeneous in-
ductive valuations from V), to W is decided uniquely by W according to
Theorem 2.5. and every key polynomial #,(x) and its value p,=V,é, are
decided uniquely by W.

Hence I let be all valuations homogeneous in this paper. For example,
in this paper I write the key polynomial ¢,.,(x) as follows;

P =i+ +a, () P+ +ay () (12, 2).

In (12,2) I dropped all such terms a;(x)¢i* which appear in the expansion
of ¢,.,=f(x) by M. Theorem 9. 4. and for which V,a,(x)¢i* >V, ...
So, for all terms that appear in (12, 2) the followings hold;

Vidi 1= Via,(x) 5+ = Vit = Viag(x)
and deg a;(x)<deg ¢, .

§ 13. Approximants

MacLane established a paper “A construction for prime ideals as absolute
values of an algebraic field” in “Duke Jour. Vol. 2, No. 3.” in 1936. In
this paper I will often quote this paper of his. For example, D. Theorem
5.2. is Theorem 5.2. in this paper.

In it, MacLane studies to seek such series of augmented inductive valua-
tions of K[x].

Vi<V, <<V, 1<V, (13. 1).
Let be Vi=[V,, Vix= p]
V/f = [V/ 1y V,{¢A(x) = #A] fOr k=2, 3, s

and for a given polynomial G(x) which is irreducible in K[x], the following
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relations hold
VIG(x)< VzG(x>< ce < Vk IG(‘Z’>< VkG(x)

and moreover V,.G(x) must be o or lim V,G(x) must be oo.

k—oo
G(x) = g,(x) i + -+ 9:(2) i+ - + go(x)
where deg g;(x)<deg ¢, for =0,1,2,---,m.

Among the exponents j for which V,G(x)=V,(g,4]), let a be the largest
and B the smallest. The difference a—p, which depends on both K and
G(x), is called the project of V, (Symbol: Proj V,) (D §3). And in (13.1),
if such a valuation V., for which V,G(x)<V,,,G(x) exists, then this case
is said that the “terminating” case does not occur by the k-th stage, and if
V,.G(x)=00, then the case is said that the “terminating” case occurs by
the k-th stage.

A necessary and sufficient condition that the “terminating” case does
not occur by the k-stage is that Proj V, is positive. V, is called a k-th
approximant to G(x). (D. Definition 3. 3.)

When G(x) is given, generally there are many series of approximants
of G(x), and MacLane gives the two following theorems;

D. Theorem 5.2.

If the “terminating” case does not occur by the k-th stage, there is a
Sinite number of k-th approximants, such that

) (Proj V) (deg ¢(V)) = deg G (),

where ¢(V) represents the last key of V and the sum is taken over all such
augmented valuations V.

D. Theorem 5. 3.

If there is a non-finite homogeneous inductive value V, with V,G(x)
=00, then for i<k the value V; from which V, is obtained is the only i-th

approximant.
If G(x) can be decomposed inV, , as in D §5 (4),

G(x)~e(x)d; 1(x) g ()™ - - P (x) in V..,

namely one homogeneous key polynomial ¢,(x) appears in this decomposition,
by giving a suitable value V,¢,(x) greater than V, ¢ (x) to ¢,(x), we can
make as follows;

ViaG@)<V,G(x)# oo .
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Therefore, when V,G(x)=c0, G(x) itself must be a homogeneous key
polynomial in V, ;.

Definition 13. 1.

Vi<V, <<V, (a)
V1I<V2,<"'<Vt, (18)
Both («) and (B) are series of augmented inductive valuations which are ex-
tensions of V, to K[x] and when we make both («) and () into series of
continuous augmented inductive valuations by making dense the ways of
the two series as in § 3, the two series of continuous augmented inductive
valuations completely coincide with each other. In this case we say that
(@) and (B) are on the same course.
Then by D. Theorem 5. 2. we obtain the following corollary.
Corollary 13. 2.
If G(x) is irreducible in K[z] and (a) and (B), the two following series
of augmented inductive valuations which are extensions of V, to K|[x]
V1<V2<"'<Vlc—1<Vk (a)
VIKV< < Vi<V (8)
satisfy the following conditions
ViGx)< V,G(x)< <V, .G(x)< V,G(x)
VIGx)<V, G(x)< - < Vi1 G(x)< VG ()
and V,=[V, ,, V.G@)=p], that is, G(x) is the last key polynomial that

produces V, and V,G(x)=V,G(x), then (a) and (f) are on the same course
and V,=V].

In this corollary V,.é.=p, may be finite.
Theorem 13. 3.
If Vi<V, <<V, 1<V, (r)

is a series of augmented inductive valuations which are extensions of V, to

K[z] and
Vi=1[Vi, Vidr= il
and V1,<V2,<"'<Vt/~1<Vt, (5)

is another series of augmented inductive valuations which are extensions of

V, to K[x] and
V1,¢/;< V2l¢[c<"'<Vt,~l¢k< Vt,¢/;:,u/c;



On Valuations of Polynomial Rings of many Variables 255

then V.=V, or V| is an augmented valuation of V,.
Proof.

¢, is the last key polynomial, so ¢, is irreducible and V¢, <V,p,.<---
<V <V, =py.

We can make both (7) and () into series of continuous augmented in-
ductive valuation by making dense the ways of (7) and (9) as in §3, then
according to Corollary 13. 2. and Theorem 2.6, V, equals to V;, or V, is
equal to a valuation between V, ; and V,.

§ 14. Decompositions of the last key polynomial in 7,
Theorem 14. 1.

If Vi<V, &<V, 1<V, (14. 1)

is a series of homogeneous augmented inductive valuations which are exten-

sions of V, to K[x]|, then

¢, (x) ~ ¢ ()" n V, for i=23,---, P,
where b; =deg ¢,/ deg ¢, for i=23,-.- P,
Therefore especially ¢,~¢% in V.

In order to prove this theorem, I will prove the two following lemmas
before it.

Lemma 14. 2.
In the series (14. 1), if

Vi=[Via Viads 1=, Vig; = p]

and h(x) is a homogeneous polynomial in V; ,

namely h(z) = g,(x)} 1+ +9:(x)§F 1+ +go(x), (14.2)
where deg g.(x)<deg ¢, , Sor all terms in (14. 2)
and Vi th(x)=V; 1g:0% 1  for all terms in (14. 2)
, then h(x)~g.o7 1 in V,_,
and Viih(x)—=V, sh(x)=n[V; 1¢; 1— Vi_aghs_1] .

Proof.

deg g, <deg ¢;.,
so Vigr=V; 204 for all ¢, in (14.2.)
So, when n>%
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Vi—-lgn¢;141— V. 20,071 = n(V¢—1¢¢—1_ Vi —z¢¢71)
>k(Vi—l¢¢—1_V¢‘2¢i—l)
= Vi—lgk¢f—1“V¢—2gk¢;—1 .

while Viah(x)= V19,071 = V194851,
then « Min [V, ,g:67 1] = Vi 20,001 .
x
Therefore h(x)~g,07 in V,.,.
Viﬂzh(aﬁ = szgn?&;}d
and Vi 1h(2)=V, 2h(x)=n[V, 1¢; 1— Vi 20,1].

Lemma 14. 3.
In Lemma 14.2 if

deg h(x)<deg ¢,
then Vi 1h(@2)=V, h( )<V, 16—V, 1¢,.
Proof.
Let be Gi=¢7 1+ + bl 1+ +g0(D) (14.3).
@, is homogeneous in V, ,, so
Vi 1=V, 19:0f 4 for all terms in (14. 3).
h(z) = g.$i 1+ +go(@)
deg h(x)<deg ¢,
n<C.
So Vi 19:—V, 29,
=C[V, 1¢; 1—V; 20 1] owing to Lemma 14. 2.

>n[Vi ¢y 1— Vo9 J=Viaih(x)=V, ,h(x).

It is evident that both lemmas 14.2. and 14.3. hold when i moves from 3
to p in the series (14.1).
Now I can prove Theorem 14. 1.

Proof of Theorem 14.1.
¢, =@rr+ -+ h(X) Gyt -+ () (14.4)
Owing to Lemma 14. 2.
$p~Pirr in V, .,
and Va2 <V, s o for all terms in (14. 4) (14. 5)
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Let be Gy 1 =05 2+ -+ 1 (2)
then in the same way
by ~1~¢ng in V.,
Vieprr = Vo sdprr 2+ D[V, 26, 1—V, 59,-1]
b, >k and V, .4, >V, 6,
=(Vy 20, 1= Vys0p )+EV, 20, 1=V, 36, )
>(Vpohe=Vy shi)+k(V, 20, 1—V, 36,.1)
deg h,<deg ¢, 1, so Lemma 14. 2 holds.
=V, oy 1= Vioshidya .
Namely Vs 2¢3f11_ P 3¢pp >V, gy — p—rsh/r¢,£—1

Vp*Shk¢g 1> V])73¢pziri +( p- Zh/c¢p 1 17 2¥p- 11)
>V, 2} by (14.5)

b

So lein (Vo shugt 1=V, 34,27 .
Therefore G~p 2 in V. &, 1~¢% ., in V.,
then &, ~g5p in V, ;.
deg ¢, =0b, deg ¢, .= Cb, 1deg ¢, »,
S0 Cb,..=deg ¢,/deg ¢, .=b, ,

Go~gy s in V.  degg,—deg st
Let be an expansion of ¢p by ¢, »

G, =G0+ + L (2)BE o4 -+ 1(2) (14. 6)
Vo sLipt 2> Vp-,ggzil,p 2 for all terms in (14.6),
because Go~Pr in V,,.

Then we can prove that ¢,~¢.»5* in V, , in the same way as when I
proved that ¢,~¢?52 in V, ;.
Thus at last we can prove that ¢,~¢3 in V.

§ 15. Effective degrees

There is a famous theorem called “Hensel’s Lemma” in theory of valua-
tion. In order to solve the Principal Problem in my own way, I want to
make an extension of this “Hensel’s Lemma” to V, in K[z]. For the sake
of it I must arrange some lemmas.
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V.= [le, V/c¢k = #/c] .

And the following is an expansion of an arbitrary polynomial f(x);

S1z) = o) @i+ fur (D)9 + -+ fi (@) Bl 4+ fo(x)  (16.1)
deg f;(x)<deg ¢, for all terms in(15. 1).

Then, the largest exponent o« for which V,flx)=V,.(f.$:) is called the
effective degree of f(z) in ¢, and is denoted by D, f or simply by D,f.
(D§4)

If hx)~I(x) in V., then D,h(x)=D,l(x) and for any two polynomials f(x)
and g¢(x)

Dy(f 9)=D,f+Dyg .
If D,e(x)=0, then the polynomial e(x) is called an equivalent unit in V, or
simply a unit.

Lemma 15.

FEvery unit is equivalent to a unit whose degree is less than that of ¢,
and a set of all equivalent-units in V, is a group with respect to multipli-
cation. (D §4)

§ 16. Canon polynomials

I'._, is a group of all values V, ,f(x), where f(x)ek[x] and <, is the
smallest integer such that 7,p,€I";,_,. Then there exists such a polynomial

Q(x) that
ViQ(2)¢ix=0 and deg Q(x)<deg ¢, .

In this paper, hence 1 write this polynomial Q(x)¢;¢ as @. Then 4,,
the residue class ring of K[x] by V, is F.[X], where F, is an algebraic ex-
tension of F, which is the residue class field of K by V, and X=H,® is
a transcendental element with respect to F,, herein H, is a natural homo-
morphism by which @ corresponds to X. (M. Theorem 12. 1)

Then a set {e(@)|De(x)=0 and Vie(x)=0}
is a subgroup of a group of all units in V,.

Lemma 16. 1.

If ¢ kl(x) in V,_,, then [(x) is a unit in V.
Proof.

By M. Lemma 9. 2. V)=V, 1(x),
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so according to M. Lemma 9.1, there exists such a polynomial /'(x) that
l(x)l'(x)~1 n V.
Therefore
0=D,1=D,l')=D,+D,l
D,(x)=0.
Lemma 16. 2.
If V. fle)=0 and %k(x) =m>0, then there exists such a polynomial
f*(x) that
Slx)~f*(x) = an(x)(@™ + -+ + b(x) D" + -+ + b, (x) ) (16.1)

in V,
and
H,f(x)=H!f(x)
=a,( X"+ +4,X°+---+5,X9
where a,=H,a,(x)#0 and b= Hb;(x)#0
and deg a, (x)<deg ¢,
deg b,(x)<deg ¢, Jor all terms in (16.1)

Proof.

Let be fl@)= S a2l (16. 2),
where deg a;(x)<deg ¢, for all terms in (16. 2).
First we drop all such terms a,(x)¢% for which

Vieapi >V, flx), from 16. 2.
Then we obtain

f@)~a, (2)gi -+ au(2) gL + - +a, (2)$F (16.3)
in V,.
0=V,.flx)= V,.(axfi) for all terms in (16. 3)

T4 |7 so i'=1ir,.
Namely S(&)~a (G70)" + -+ ap (Pir) + -+ + ay ($74) (16. 4)
in V,.

Owing to M. Lemma 9.1, there exists such a polynomial Q’(x) that
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Qx)Q'(x)~1 inV, and V.Qx)=V, Q' (x).
Then
P @ QG+ +anQ Q)+ +a, QUQFEN in V,

because values of all terms in (16.4) are zero.

fla)man Q'™ [@m+---+LQ@i+---+~“q'¢q] (16.5) in V..
am,le a’",QlﬂL

According to Lemma 15, every coefficient in (16.5) is equivalent to a unit
whose degree is less than that of ¢,.

fl)~a,(@"+ -+ b,0°+ --- + 5,07 in V,.
So, ka(x)za;L(Xm+...+BiXi+..._|_Z(1Xu>
where all coefficients a,, and &, belong to F, and none of them is zero.

Lemma 16. 3.
If Vig(x)=a>0, then there exists such a polynomial c(x)@ig*(x) that

g(x)~c(z)pig* () in V,
where Vic(x)dl =
and g¥(x) = 0"+ - + b (x2) D + - + by(x) (16. 6)
and deg c(x)<deg ¢, and degb;(x)<deg ¢,
0+#b,=Hb,(x)e F, for all terms in (16.6).
Proof.
Let be an expansion of g(x) by ¢, as follows;

9(x) =g (X)) + -+ g; () L+ - +go(2) (16.7).
We drop all such terms g¢,(x)¢] for which
Vig(x)< V,g,;61, from (16.7) and we obtain
9(x)~g,(X) 7+ - +g;(x)pl+ -+ g, (). (16.8) in V;

and Vglx)=V.9,6l =a for all terms in (16.8).
g<x>~gt¢i<i’-l'¢¢£l+---+—gf—¢3;l+---+1> in V,
g: g:
V,c<&¢g'l+---+ 1)=0 Soonlp—L.
g:

Let be p—l=mz,,
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then owing to Lemma 16.2

Tr gt g 1ma, () (07 4 o + B (D) O+ -+ bo(2))  in V.

g

So, consequently
0(@)~ 0,2, (D)4 (" + -+ +b,(2) D+ - +by(x))  in V.
deg 9, <deg ¢, and deg a,(x)<deg ¢,
then owing to Lemma 15,
g.a,(x)~c(x) in V, and degclx)<deg¢..
0(@~c(@)gl (07 + - +b(@) O+t by (@) in V.
Vie(x)gl = Vig(x) =

Corollary 16.4. In Lemma 16.3, we can make [ less than t,.
Proof. When [=z,, [=hr,+!,

where 0!'<z,—1.

~c(@) (Q'(2))' 87 (Q2) i)' ~c @)Pf@*  in V.,

where c'(x)~c(x)<Q’(x)>h in V., and degcd(x)<deg ¢, .

Therefore

G(@)c (2) g (" 4 -+ 4 b O o+ by ()0 in Y,
where 0sl'<r,—1
and Vic'(x) g% = Vig(x) =

Definition 16.5. A polynomial e(x) for which Dye(x)=0 and Vie(x)

=0 s called a Vi-unit and Hie(x)=e(x) is called a F-unit.
Definition 16.6. If flx)=0™+ -+ +b;(x) D"+ --- + b (x) D"

,where all b,(x) are V -units and m=1, then f(x) is called a canon poly-
nomial in V,

and H, f(x)= X"+ +by(x) X7 + -+ + b, (x) X*
where all b,(x) are Fi-units, is called a canon class of f(x).

Definition 16. 7. f(x) is a canon polynomial
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and F2) = (Q@) g5t )" + - + () (Q) $i#) + - + bol2)
and A@~Q@y [0+ + D) it + -+ (@), in Vi,
where deg c;(x)<deg ¢,

Gkt + ¢ (X) T H+ -+ co(x) is called a key part of flx).
Then we have the following theorem.

Theorem 16.8. A necessary and sufficient condition that a polynomial
is a homogeneous key polynomial in V, is that it is a key part of a canon
polynomial whose canon class is irreducible in F,[X]. (M. Lemma 11.2.
and M. Theorem 9.4.)

§17. Prime each other in V,

Theorem 17.1. If both g(x) and h(x) are canon polynomials and
there exist such polynomials [(x) and m(x) that

g(x)l(x)+h(x)m(x)~1 in V,,
and Vilx)=0 and V,m(x)=0,
then Villx)= Vun(x) =0
and (Heg(@) (Hd(2)) + (HA(@) (Hom(x)) = 1 in F.[X].

Theorem 17.2. If all G(X), H(X), L(X) and M(X) are residue classes
in Fo[X] and
GX)LX)+HX)M(X)=1,
then there are such polynomials ¢(x), h(x), [(x) and m(x) whose values by

V. are all zero and whose residue classes in F.[X] are respectively G(X),

H(X), LX) and M(X).

Definition 17.3. In Theorem 17.1 we say that g(x) and h(x) are prime
each other in V,. In the same way we say that many canon polynomials
are prime each other in V,, when their residue classes in F,[X] are prime
each other in F,[X].

Proof of Theorem 17.1 and Theorem 17.2. Assuming that
Vid(x)>0 and Vun(x)>0,
0=V,1=V, (gl+hm)=Min [V,gl, V,hm]>0.

This is a contradiction.
Next, assuming that V,l(x)>0 and V,m(x)=0,
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Vigl>0=V, hm=1V,1
SO h(x)m(x)~1 inV,.

But D,h(x)>1, so this is also a contradiction.
When we assume that V,/(x)=0 and V,m(x)>0, in the same way a
contradiction takes place.

Therefore Villx)=V,m(x)=0.

Then we can prove both Therem 17.1 and 17.2 naturally, because H, is
a homomorphism which makes every polynomial f(x) of x whose value by
V. is non-negative, correspond to its residue class H,f(x) in F,[X].

Definition 17.4. If V. (flx)—Il(x)—V,flx) >w>0, then flx) and [(x)

are said to be equivalent higher than o and are denoted as
fl)=l(x) inV,.

§ 18. Extension of Hensel’s Lemma

Theorem 18.1. Both g,(x) and hy(x) are canon polynomials which are
prime each other in V, and f(x) is a polynomial and e is an arbitrary
given positive number.

If S1&)~go(2) ho() in V,,
then there are such two polynomials g(x) and h(x) that

Fla)~ g() h(z) in Vy,
where g(@)~go(x) and h(x)~h(x) in V,
and deg g(x) = deg g,(x) .
Proof. flx)~goh, in V,.
Let be Vi(f—goho) =a>0, then owing to Corollary 16.4
S=goho~c(x)$ f*(P) in V;
where deg c(x)<deg ¢,
and 0<Ii<7r,—1
and Vic(x)ds = a
and *@) is a canon polynomial.
Let be f=gho+c(x)dif*+ B (18.1)

then VB> V,.(f—gsho) = .
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go and A, are prime each other in V,, then there are two polynomials I(x)
and m(x) such that

gol + hgm~1 in V,,
where Vid=Vm=0 by Theorem 17. 1.
glf*+hgnf*~f* in V., where f*=jf*).
In F,[X], let be H,(mf*)=(Hq(x))(Higo(z))+ Hur(z),

namely mf*=qg,+r,
where deg, 7 = deg, H, <r (x)) <deg. H, <go(x)> =deg 7,.
gl f* +hgm f* ~ f* in V.
So in F,[X], when we write H,/(x) as Z,
F* =gl 7 + B

= Gl F* + ho(GG0+T) = Go(LF* + hoil) + hsT
Let be Lf*+hg=1 , then  Ff*=gl' +hy
so SF~gl (x)+ heyr(x) in V, (18. 2)
and Dyr(x)< Dyg,(x)
Let be F(x) = f— (g0 +c(@)gir(x)) (ho+ c(2) g3l (2))

, then  F(x) = (f—goho) —c(2) ¢l (g (@) + hor (@) — (c(x) 4 (@) ' ().
(By 18.1)  F(x)=Bi—c(@)ghlgol +ho—f*)— (c()$%) T .

By (18.2) Vilgl +hir—f*)>0,

s0 Vic(@) (gl +har—f*) > a,

and Vi(c(a)gh) 1l = 2a+ Vil = 2a>a.
V.B,>a. Therefore V. F(x)>a.

When deg c(x)pir(x) = deg 9o(7),

[<7,—1 and deg, Hr(x)<deg,H.g\(x),
so we can select such a polynomial R(x)
that R(x)~ c(x)dir(x) in V,
and deg R(x)<deg ¢,(x).
So R(x) = c(x)¢ir(x)+ B:, where V,B,>a.
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And we make F'(z) as follows;
F'(x) = f— (g0+ R(@)) (ho+c(2) g4 ()
= f—(go+c(@) gk (x) + B,) (ho +c ()il ()
= F(a)=By(hy+c()gil' ().

Vi(Ba(ho+c(@) gl (2))) = ViBy+ Vi (ho+ (@)l (2)) > .

And V.F(z)>a,  so consequently V,F'(x)>a.
Then let be 9o(2)+ R(2) = g, ()
and ho+ c(x) $L'(x) = hy ()
Vil f—a(@) h(@) > a.
and 0,(@) ~ go() in V, (18.3)

When deg g,>deg c(x)dir(x), let be g,(x) = go(x) +c(x)Pir(x) .

In this case, also g(x)~gy(x) in V,.
In the same way

hy(x)~ hy(x) in V, (18. 4)
gol +hgm ~1 in V,,

so by (18.3) and (18.4)
gll+hm~1 in V,.

And deg g(x) = deg go() .

Therefore both g,(x) and h,(x) satisfy all conditions given to g,(x) and hy(x)
and moreover

Vk(f—glhl)> Vk(f_goho) .

So we can repeat the same processes as above and obtain two sequences of
canon polynomials (gly g2y s gp’ '”) and (h‘la h'Z’ Y hp’ )9

for which gp,~do in V, for p=1,2, .
h,~h, in V, for p=1,2,-.-.

and gl+hm~1 in V,

and deg g, = deg g, for p=1,2,---.

V.(f—g,h,) increases, as p increases.
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V. is a discrete valuation, then at last V,.(f—g,h,) can exceed w. So
f=g,(0)h,(x) in V,.
On extensions of Hensel’s Lemma I will again relate in §23.

Corollary 18. 2.

All ¢(x), (), -, () are canon polynomials that are prime each
other in V, and f(x) is a polynomial and w is an arbitrary given positive
number.

If Jx)~ gy, in V,
then there exist such t polynomials ¥\(x), ¥y(x), -, ¥ ,(x) that

Fla) =W, 7, in V.,
where U,~¢, n V, Jor i=1,2,---,t
and deg U, = deg ¢; for i=1,2,---,t—1.

Proof. ¢, and (¢, -+ ¢,) are prime each other in V,, so owing to The-
orem 18.1, there exist two polynomials ¥',(x) and A,(x) that

FaU.h, in V.,
where Ui~ in V,
hy~Qohs -+ b, in .V,
and deg ¥, =deg ¢, .
V.U, =V, 4,=0.

¢, and (¢s¢, -+ ¢,) are prime each other in V,, so again by Theorem 18.1,
there exist two polynomials ¥',(x) and h;(x) that

hy~W,h, in V, and U,~¢, in V,
hy~ sy &, in V,
and deg¥,=deg ¢,.

Vil f =00 = Ve[ (f =)+ ¥, (h— W)
= Min [ Vi(f=¥ihs), V¥ + Vilh,—Toh)]

>w.
Because V, ¥, =0.
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Therefore f ~ v, h, in V,.

Thus, by repeating the same processes as above, we can prove this
corollary. ‘
Generally by D. §5(4) a polynomial f{x) can be decomposed as follows;

Slx) ~e(x) @i -+ it inV,. (18. 5)
Let be ny=qr,+Il and O0ZLI[Z7,—1.
Then, by Theorem 16.8, we can change (18.5) as follows;

e (x)pir-tf(x) ~ P -+~ ¢ in V,
where dege (x)<degp, and 1Zc,—I[Z7,

and ¢, ¢y, -+,¢, are canon polynomials whose key parts are respectively

¢$‘q+1)fk, ¢,Ih, s Ayt )
Then owing to Corollary 18.2 and Theorem 16.8

) ) = U, - W, in V,, (18. 6)
where Uy~ hy~ @3 D5y () in V,

U, ~¢;~ e (x)dp in V, for i=1,2,---,¢,
and deg e,(x)<deg ¢, for 1=0,1,2,---,¢.

§ 19. Application of Hensel’s Iemma
When Fflx) ~e(x)ppegi - Pt in V,,
if we want to make an augmented valuation V,,, of V, for which V,f(x)
<V, .f(x), we must select one polynomial ¢; out of ¢, ¢, -, ¢, and must
increase a value of ¢;,. And ¢,,¢,, -, ¢, are prime each other in V,, so if
Vk¢1< V/c+1¢1 s then
Vidi= Vi 1¢s for i=2,3,--,¢.
Consequently, when we make an augmented valuation V,., of V, for which

Vif(2)<V,..(x), by (18.6)

if VU, <V, ¥, then
V¥, =V, ¥, for {=2,3,---,¢t. (18.7)
Let be Vf<Vif<--<V.f and
Vf—Vif=o. (18.8)

Ve (x)pix =W W, - T,)
= Vk(e’¢;"—lf""wo v, wt)
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V, is an augmented valuation of V,
>0+ Vi(eor'f) by (18.6)
0+ Vif+Viedgi i =V f+V,epir? (by 18.8)
Viesir"f)
Viegir i = Voegt.

I

So CF U, in V..
Vg f) = V(U W, - T)).
By (18.6) Vo f) = VW, T).
V@it f)=Vilegir ' f) = V(¥ ¥ )= V(¥ V),
by (18.7) Vif—Vif= V.0, —V,0,.
Vf—Vif=w (18.8)

Therefore, if we want to make a series of augmented inductive valuations

V< Vi <---<V, for which
Vlrf<Vk;1f<"'<V3f:(l)+ V,(f,

we may make such a series of augmented inductive valuations V, <V, <

.- <V, for which
V/cqr1< Vlc—'rqu1<'”< Vsqfl =w+ kal »

where ¥, is one factor in (18.6).

§ 20. Residue class ring of K,[x] with respect to V,,.

V4, is a valuation of K[y] and is the last valuation of a series of aug-
mented inductive valuations which are extensions of Vi to K[v].

Vo< V<<V, 1< Vi,

Voo =V, Vay =]

Ve =[Voi-1, Ve Ce(y) = v4] for =23, q.
Vo =[Voa-1, Vo Co(y) = v,]

Then the residue class ring of K[y] by V,, is made as follows by M. The-
orem 12.1.

Iy, 1 1s a set of values of all polynomials f{y) by V,, ., and ¢ is the
smallest integer such that ov,€l',, ,. a(y) is such a polynomial of y for

which
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Voa(y){;=0.

H,, is the homomorphism which makes a polynomial f{y) whose value
by V,, is non-negative, correspond to its residue class H,f(y) in F,[Y],
where H,,(a(y){))=Y is a transcendental element with respect to F;, and F,,
is an algebraic extension of the residue class field Fy, of K by V.
V,, is a valuation of a ring of polynomials of x K, [x] whose coefficient field
K, has the valuation V,,.

Let be qu = [VOqs qux = ‘ul] ’
namely, if fla )= 5 flw)at,
then VS (&, y) = Min [V, fi(y) + ] -

Now I will make the residue class ring of K,[x] by V.

B is the smallest integer such that gy el’,,

where Iy, is a set of values of all polynomials of y by V,,. Then b(y)(;
is such a polynomial of 3 that

Vieb(y)Cix’ =0,
where deg b(y)<deg L, (y) and 0=z<o.

H,, is the homomorphism that makes polynomials f(x, ¥) of ¥ and x
whose values by V), are non-negative, correspond to their residue classes
H, flx,y). Let be H,b(y){;x*=X,, which is a transcendental element with
respect to the residue class field Fi,(Y) of the coefficient field K, by V,,.
Then the residue class ring of K,[x] by V,, is F\*[X,], where F*=F,(Y),
owing to M. Theorem 10.2. But, here I will specially seek the residue class
of g(x,y) which is a polynomial of x and ¥ and that of ¢(x) which is a
polynomial of x, because we shall use them, when we solve the “Principal
Problem”.

Let be Viglz, 1) =0.

9@, y)~ 2 g:(y) 2’ in V,,
and 0:(y)~ L1y (v) € in Vg,
where deg, l;;(y)<deg, ,(v).

Then 9(x, y)~ L LGt in Vi,

Let be &'(y) and a'(y) such polynomials that
a(y)a'(y)~1 and b(y)b'(y)~1 in Vi,
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and deg b'(y)<deg L,(y).
Bli, because VI, ,Lix*=0 Sooi=fpr.
luchfi ~ (b(y)CExﬁ)’ (b'(,?/))r ;’j in qu,

| @w)Cf (@)

where j=nar—ab. (20. 1)
Ha () = 255 do,
where d,=H, (Z’A’(’y_)_)ilgzz% eF,.
(@' (v)
From (20. 1) Al —a6 =0, so 1229,
T

g -
where —— 18 a constant number.

7
So Hogla, y) = 5d, X0 (20. 2)
lqg > y o 78 Y" > .
where d,eF, and 7=-%4.
T

§21. Residue class of g(x)

Definition 21.1. When flx,vy) is a polynomial of x and y and an
expansion of flz,y) by C,(y) and x is

fla, y) = Bay)a’, (21.1)
deg, a,;(y)<deg, L,(y) Sor all terms in (21.1)
i Vi@, v)= Vya,;(y)Clx*  for all terms in (21.1)

then f(x,y) is said to be homogeneous in V.
Lemma 21.2. If both flx)=) f;:2° and g(x)=2,9,2° are homogeneous
in Vy and i i
Sl@)~g(x) in Vi,
then Jfi~g. in Vi Sor all terms in f(x) and g(x).
Proof. This is evident from its definition.

Lemma 21.3. If both fla, v)= 2 fuly)Cx’ (21. 2)
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and glx, v)= 2 g4, (y) it (21. 3) are homogeneous in V,,,
i

where deg f:;(y)<deg L,(v) ,
and deg g:;(y)<deg {,(v), for all terms in (21.2) and (21.3),
then 9;(y)~fi;ly) in Vy,  for all terms in (21.2) and (21.3).

Proof. Let be fla, v) = ; (Zj:ﬁj(y)CZ)xi
and gl y)= L (%l 9:;(y) )’

Sz, y)~g(z, y) in V.

Then by Lemma 21.2
Zj:ﬁj(?/) Cﬁ ~ ; gzj(?/)C'«i in V,,
Then, owing to M. Lemma 16.2
Jiy)~g:;(y) for all terms in (21.2) and (21.3).

Now I will seek the residue class of ¢(x) in the residue class ring of K,[x]
by qu- o

When Iy is a set of values of all elements in K by V,, let be = the
smallest integer such that rg €Iy and A the smallest integer that amel’,, i,
where Iy, , is a set of all values of f(y) by Vy, ..

V,x'€el,, 1, then there exists such a polynomial c¢(y) that
Vieale(y)x) =0,

where deg ¢ (y)<deg L, (v).
0= Vig(cw)a') = Vi(cly)).
H,, <c(y)x‘>el31* [X,]. Then by (20.2)

H, (C(y)x‘) = %} d, —);—1:

c(y)zi ~ d,a<y>%’(ly§—g—)?i in Vi, (21.4)

We multiply the both sides by the least common multiple of all denomi-
nators in (21.4), then

c(w)(aw))'r' ~ ) (b)) Gaoft in Vi (21.5)

~
£

We decrease degrees of all coefficients in (21.5) less than that of {,(y).
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)i~ d ) lr in V. (21.6)

2

Then, owing ot Lemma 21.3, ¢ (y)x
d(y)x[C? in the left side of (21.6).

is equivalent to only one term

So Iy~ (y) o [C in V,,
where eon=gx and A=fr
and c(y)~d(y) in V.

H, <C(?/)xx> = d%é,

. T .
where 7 is a constant number and n = -=-7 is also a constant number, and

c
deF,.

Now we can seek the residue class of a polynomial ¢(x) which is a
polynomial of x, in the residue class ring of K,[x] by Vi,. We select such
a number % in K that

qu k¢ (x) = Vikd(x)=0.
And let the homogeneous part of k¢(x) be 2ax’. (M. Lemma 16.2)

Vielaux?) =0 RV IER so 1=2".
ax’ = ax" ~ (c(y)x‘)il (c’(y))li’ai in V,
where d(y)ecly)~1 in V,, and degc(y)<deg{l,(y).
ax’ ~(c(y)2’)" bu(y) in Vi,
where b:(y) is a Vi,-unit.
So H,(a;x%) = 11< ‘;{7{ )1

where &, €F, (21.7)

H, <k¢ (x)> = ; 5, ( ))(/{y

and both 7 and n are constant numbers.

r

Therefore, if we substitute z for ‘;% , then

H,(kp(x)) = T B2, (21. 8)

where z=H, <c(y)x‘>.
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§ 22. Solution of the “Principal Problem”

I finished making preparations for solution of the Prinicipal Problem,
now I will begin the solution.

Principal Problem

Vi is a given valuation of Kly] and V,, is a given one of Klx] and
Vo and V,, induce the same valuation Vy in K. In the case, this problem
is how we should make such valuations W of K|z, y] that induce V,, in
Kly] and V,, in Kl[x].

Solution

Let be VOq = [V007 VOly =Vttt VOqu(y) = VIZ]

and V])O = [Voo, Vex=p, -, Vp0¢p(x) = #p] . (22.1)

Then this problem is that we make such extensions W of the valuation Vj,
to the ring K, [x] that induce in K[x] the valuation V.

Let be W,=[V,, Wix=Vx=p] an extension of V, to K,[x] and the
shortest series of x-simply augmented inductive valuations of K, [x] binding

W, and W, as follows; (§ 3)
W1<W2<"<W141<W,=W (22 2)

A series of augmented inductive valuations which the valuations in (22.2)
induce in K[z] is

Vie<Vy <o <V <V

When we bind V}, and V, with a series of continuous augmented inductive
valuations and obtain the following series;

Vi< Vi< Vi< Vi< V. (22.3)
Then Wi, < Wod, << W, 16, < W, ¢, = Wé, = p,,
and Vi< Vi, < <V/ 16, <V/d,=p,.
and Vi, < Vi'g,< <V ¢y<Vig,=py=Vid,.  (22.4)

Then, from (22.1) and (22.4), owing to Theorem (13.2) we see that the
two series (22.1) and (22.3) are on the same course and V= V.

Namely in this problem we must find such a series (22.2) that satisfies
all conditions that I related above. But when we practically make a series
of x-simply augmented inductive valuations binding W; and W, we need not
make the shortest series, but we may make a series of x-simply augmented
inductive valuations which appear naturally at that time.
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I am afraid that you, readers of this paper, may think that my expla-
nation here is very complex. The reason why I explained as above is as
follows; if I make a series (a) of augmented inductive valuations of K, [x]
binding W, and W and make a series () of augmented inductive valuations
which (a) induces in K[x], it may happen that (8) is not a series of aug-
mented inductive valuations as I shall explain late in this paper.

Now we want to make such an augmented valuation W, of W, of
K,[z] that W,¢,< W,¢,. For the sake of it, we must find a decomposition
of ¢,(x) in W, as in D. §5 (4). W, induces Vi, in K[z] and according to
Theorem 14.1

(X)) ~@y(x)> in Vy, and deg ¢,(x)=deg ¢,(x):.
Namely é,(x) ~ (x)t in W,

where ¢,(x) is the key polynomial which produces
Vio = [ Vi, Viohola) = o] -
Therefore in this case we may find a decomposition of ¢,(x)*: in W of K, [x].
G(x) =2+ +ax"+ - +a,, (22. 4)
where a;€e K and Vg, = Wig, = Vyax”

for all terms in (22.4), because ¢, is homogeneous in Vi, namely in W,
and 7 is the smallest integer such that rp,=V,xr'el, which is a set of
values of all elements in K. Let be 4 such a number in K that W,(k¢,(x))
=0. In order to find a decomposition of (kg,(x)’: in W,, we must find
factorization of the residue class H(kg,)* in the residue class ring Fi*[X]] of
the ring K,[x] by W,, where H is the natural homomorphism which makes
every polynomial f(z,y) of x and y whose value by W) is non-negative,
correspond to its residue class Hf(x, y). By (21.7) and (21.8) and from the
fact that ¢,~¢% in W,

H(k"¢,) = H (k) = (Z b (T>>

= (D b2ty where b€ F,,. (22. 5)
X/

n

)) in F*[X,], where

Both 7 and 7 are constants, so factorization of (2, R-(
7

F*=Fy(Y), is the same as that of (2] bi2’) in Fy[z].

So B(X byt = L (2) 01, (=) (22.6)
z
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where b is a suitable Fy-unit and every [,(2) is an irreducible canon class.
In (22.6), = does not appear as a factor, because the last term of 3] #2%
7

namely the constant term, is not zero.

Let be c(y)xr*=¢ and W,0=0
then b(y) k@ ,~b(y) (kpy) ~ L, (D)2 -1, (D) in Wi,
where H ( b(y)> =b and degb(y)<degC,(y)

and every [,(®) is an irreducible canon polynomial in W, whose irreducible

R T
canon class is /[;(z) in F*[X]] and z = )Y(L
X7
d = —-L:H 4 :H @ .
an 2= Ln = H(cw) = H@)
Then according to Theorem 18.1
bR G, (R)= T W, in W,
where U, ~L,(D)® in W, for i=1,2, .-, t.

According to explanation in §19, herein we decide a value of w so that

0=V ¢,(x)— W,¢,(x).

And we must make such a series of x-augmented inductive valuations that

W< W, << W,

and Wlw1<W2w1<‘~~<W,w1=w+le[fl.
We may select any ¥, out of ¥, ---,¥,, so herein we selected ¥,.
U~ (D) in W,.

Let the key part of 4(®) be ¢(x)=21/(y)x",

then dy)¥,~ <gp(;c)> e in W,
where ¢(x) is a homogeneous key polynomial in W, and
deg d(y)<degC(y) and degl(y)<deg{l.(y).

Let ihi(y, x)(p(x)) be an expansion of d(y)¥, by ¢(x), then m=sb,
=0

and A,(y, x) are polynomials of « and v, because the coefficient of the term
of the highest power of ¢ is 1. And degrees of A;(y, ) with respect to x
are less then that of ¢(x). We write it as follows; deg, h,(x, y)<deg, ¢(x).

Now we must make such an augmented valuation W, of W, that
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W ¥, > W\ ¥,.
Here the three following cases occur.
a-case is the one when d(y)¥,= (p(x))/*.
B-case is the one when W, h(y, 2)<o+ W, d(y)¥,.
T-case is the one when Wi h(y, ©)=w+ W d(y)¥,.

When the a-case occurs, we may decide a value of ¢(x) by W, so that
Wilp(2)*:=w+ Wi ¥+ Wid(y),

namely W,p(z) = 51 (Wil + o+ Wid().
b,
d(@)¥,~(p(x)"" in W,
S0 Wid(y)+ W\ ¥, = 5.0, W, 0(x)
Wapla) = (st Wig(2)+o)
Wp(x)> Wp(x).

Then as I explained in §19, where I used f(z) for ¢,(x),
W2¢p(x) = Vp0¢p(x) =HUp-

So, when the a-case occurs, thus the problem is solved completely. When
the B-case occurs, we must decide the value W,p(x) so that d(y)¥, can be
decomposed in W, as follows;

dy) ¥~ o(x)p, () p,(x)" in W,, (22.7)

where every p;(z) is a homogeneous key polynomial in W, and at least such
one p;(x) must appear in this decomposition.

For the sake of it, plot the points P,=(s;6,—1t, Wi(h;(y, ) (x))) in a
cartesian plane, where / moves from zero to sb, and make the Newton
polygon of these points. (D §5)

Let one side of the polygon be P,P,, where a>c.

Namely pP,= <slb2 —a, Wi(h, 90“))
P, = (sibr—c, Wi(h.e")).

Now we decide the value W0 so that W,(h.0*) = W,(h.e°).
Then W,h,= W, h, and W,h,= W;h., so

1

a—c

Weo(x)= (Wi h.—Wih,).
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The slope of P, P, is Wi(hg)— Wilha") which is equal to W,p(x)— W, p(x).

a—c
The ordinate of P,, is the lowest, so the slope of P,P, is positive.
Then Woo(x)> Wip(x).

¢(x) is a homogeneous key polynomial in W;. So W, is an augmented
valuation of W, such that W,p(x)> W, ¢(x).

And all other points of Py, P, P;,-,P,,, except P, and P, are above
the straight line P,P, or are on it. From this fact, through simple calcu-
lation of analytical geometry we find that

W,d(y)¥, = Min[ W, h;0*] = Wyh.0" = W,ho°
%
and AV, ~h "+ +hg° in W,

and we obtain the decomposition (22.7). Namely n,=a—c in (22.7).
When m>sb,, by simple calculation we find that W,(h,¢™)>Min[W,h.¢’]

= W,d¥,, so in order to find the decomposition of d¥, in W,, such terms
h.9™, where m>sb,, are not necessary.

The Newton Polygon which I present here is pretty different from that
which MacLane presented in D §5. But I use this polygon in this paper.

The first reason is that a number of sides of this polygon is much less
than that of the one which MacLane presented in his paper. The second
reason is that, when we make an augmented valuation W, of W;, we elevate
each point P; and we must make at least one straight line binding these two
points be parallel to x-axis so that projection of W, of d(y)¥, becomes
positive.

On my polygon, the position of P,,, is the lowest, because d(y)¥,~¢"
in W,. And as the valuations increase from W, to W,, we can inspect
geometrically elevating movement of value of each term %,¢°, namely elevating
movement of each point P;. And W,¢(x) is always a sum of W, ¢(x) and
the slope of P,P,.

I call this Newton Polygon “Neo-Newton Polygon”.

Again, from (22.7), by Theorem 18.1 we obtain the following decomposition;

ely, DU, = U WV, in W,
where ey, )W o~ ()™ in W,

e;(y, D)V~ ps(x) in W, for i=1,2,---,1,
and deg, e(y, x)<deg, ¢(x)

and deg. e;(y, x)<deg, p(x) for i=0,1,2,---,r.
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¢(x) and p;(x) may include y, but they are x-key polynomials, so purposely
I wrote like this.

Now we must make such an augmented valuations W, of W, that in-
creases value of one ¥,,; and only ¥, out of ¥,,, -, ¥,,,

el(y; )Y~ O () in W,.

So in the same way, the three cases occur.

If the a-case occurs, then this problem can be solved as I did.

If the p-case occurs, then we repeat the same process that I did and we obtain
such an augmented valuation W; of W, that

Wsw*1> sz*l .

Thus we get the following series of augmented inductive valuations

W1< W2< W3<"‘a
5 Where lelr1< W2w1< W3w1<""
and Wid,(x)— W;1¢, (x) = W ¥, — W, ¥,

for i=2,3,4,--

And p,=V,$,(x) is a finite number and all augmented valuations that appear
in this problem are discrete. So at last W,¢, arrives at y,. As long as the
B-cases occur, W,¢$, can not arrive at g,. So, at last the r-case or the a-
case must occur.

If the r-case occurs, then we can solve this problem at once as follows.

Let be d(y, )¥ ~ao(x) in W,

where ¢(x) is a homogeneous key polynomial in W, which is an augmented
valuation of W, and deg, d(y, x)<deg, ¢' (x), where ¢'(x) is the key polynomial
that produces W,. Such value W, ,d¥ = that makes W, ,¢,(x)=p,, can
be calculated.
Let an expansion of d¥ by ¢(x) be

m i

pARCICIENE
where deg, l;<deg, o(x) for every term
and m=s and [(y,x)=1.

The r-case occurs, namely W,[(y, x)=£2.

Plot the points P,=(s—i, W,(l;(y, x)¢%)) in a cartesian plane. But this
time, 7 moves from 1 to s. We do not plot P, and instead of P, we plot
the point Q=(s, 2). Here o=0(x) and [,=/,(z, y).
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Next we make the Neo-Newton Polygon of Q,P,,P,,---,P,. Let one side of
the polygon which passes through Q be QP..

P.= (s—c, W,(L.o")).
Then assign the value W, ,o(x) so that
Wes(L(v, 2)(o(2))) = 2.
deg. l.(y, x)<deg,a(x), so W,.l.(y,x)=W,l.(y, ).

So Weoso(a) = - (0= Wil(y, 2).

o 1
2> W, (Liy, 2)(0(@))) and —(@=W.l)>W.o.

Therefore W, 10(x)>W,e(x).

o(x) is a homogeneous key polynomial in W,, so W,,, is an augmented
valuation of W,. All other points of Q, P, ---, P, except Q and P, are above
or on the straight line QP, and from this fact, by simple calculation of
analytical geometry, we can find that

W, d¥ =Min[W,.,L(y, 2)(s (x))' ] = 2.

Thus at last W,.,¢,(x) can arrive at p,. And the Principal Problem
is completely solved in every case. Because when s<t+1, W,¢,<W,,, 6,
= Vyé,(x). Therefore by Theorem 13.2 W,,; induces the valuation V,
in K[x].

§ 23. Generalization of Hensel’s lemma

Theorem 18.1 is pretty different from Hensel’s Lemma. It is convenient
for me to solve the Principal Problem with it. But in this paragraph I will
try to make it approach the primitive type of Hensel’s lemma as nearly as
possible.

For the sake of it, we must make a complete ring of K[x] with respect
to the valuation V,.

As I related in §12, MacLane introduced notion of ‘“homogeneous” in
M §16. First he made a set of representatives of elements of K and defined
homogeneous polynomials and homogeneous inductive valuations and in M.
Lemma 16, 2, he related that every polynomial f(x) is equivalent in V, to one
and only one homogeneous polynomial A(x). The A(x) is called the “homo-
geneous part” of f(x). Then an arbitrary polynomial f(x) is equivalent to
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its homogeneous part fi(x).
Sflx)~fi(z) in V,.
Let be Sf(x)—filz) = g.(2),
Vig:(2)> Vi fla) = V. fi(x).
g,(x) is equivalent to its homogeneous part f5(x).
So(z)~ go(x) in V,
so, let be Sflx)—=filx)—fi(x) = gs(z), then
Vags(x) > V. fo(x) = Viga(x) > V. filx) -

When we repeat such processes, then g, ;(x) becomes zero or lim V,g¢,,.(x)

n—oo

=00, where

gn ()= flx)—filx)—folx) = —ful@),

because V, is a discrete valuation.
In this case we let f(x) be equal to

[i@)+folx)+ o+ f () 4o

Even if a number of terms which are included in f{x) is finite, it hap-

pens often that this sequence lasts endlessly. For example, when we select
0,1, 2 as representatives of residue classes by mod 3 in 3-adic field, ; is

a sum of endless sequence as follows;

_%: 2 2.342:8 4 e (1) 23" -

We consider all such sequences that satisfy the following conditions;
hl(x): hz(I)a ) hn(‘r)’

are all homogeneous polynomials and a number of terms which are included
in each h,(x) is finite and

V()< V,ihy() <+ < Vi h () < Vihyy o (2) <o

Then a set M of all sums of these polynomials is a complete ring with re-
spect to V,.

M = (I (@) + ha(@) + -+ 4 @)+ o 1 ()4
Let be h(z)=h(x)+ -+ h,(x)+ -
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and g(x):gl(x>+...+gn(x)+...,

then a necessary and sufficient condition that A(x)=g¢(x) is that h,(x)=g,(x)
for n=1,2,---. And we let V A(x) be V,h ().

It may happen that some tails of these series consist of zero only.

Lemma 23.1.

If K|x] is a complete ring with respect to a homogeneous valuation
V. which a key polynomial ¢, produces and V,a(x)=0 and deg a(x)<deg ¢.,
then in K[x] there exists such a polynomial a(x) that a(x)a(x)=1.

Proof.
¢, 1s irreducible in K[x] and deg a(x)<deg ¢,, so in K[x] there are
such two polynomials o'(x) and g(x) that

a(x)e/ (x)+q(x)¢, =1
where deg o' <deg ¢, and deg q<dega<deg ¢,.
By M. Lemma 4.3
Veq9i>Vi 192V, 11 =0="V,aa.

=D+ qd, . (23.1)

Now in (23.1) we substitute a'(x)—l————l—”qu,‘ for L repeatedly and we
a(x) a(x)

obtain the following sequence

= (@) (@) gp () (gpS e (D gp)

a(x) a(x)
Vi(gpe)> Vi(aa') = 0.

So we can transform the right side of (23.2) into such a polynomial a(x)

in K[x] that a(x)a(x)=1, because K[x] is complete with respect to V,.

(23. 2)

Theorem 23. 2.

If K[x] is a ring in Lemma 23.1 and in K[x] there are such five
polynomials flx), g,(x), hy(x), [{x), m(x) that

Slx)~ go(x) ho( ) in V,
go(X)(x) + ho(x)m(x)~ 1 in V,
and Vil(x)=20 = V,g4(x) = V, ()

and D, gy()>0 and Dy, hy(2)>0),
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then in K[x] there exist such two polynomial g(x) and h(x) that f(x)
=g(2)h(z) |
and glx)~gox) in V, and h(x)~h(x) in V,.
Proof.
Vigo()=0 and  D;, go(x)>0
Viho(x)=0 and D, hy(x)>0

so by Lemma 16.2 there are such two canon polynomials ¢'(x) and A'(x)
in V, that

go(x) ~ a(x)g' (z)

ho(x) ~b(x)h (x) in Vg,
where Vialx)=V,b(x)=0
and deg a(x)<deg ¢, and degb(x)<deg ¢, .
According to Lemma 23.1
let be a(@)a(x)=b(x)p(x)=1.

f~gohy~ag'bh’ in V,
s0 a(z)B(z)f(z)~¢' (x)h' (z) in V.
Owing to Theorem 18.1 there exist such polynomials ¢,(x) and 4,(x) that
DB D= (D) in Vi

where go(x)~g'(x) and A, (x)~h' (2) inV,.

We repeat this process endlessly, then

limw = oo

and a(x)B(x) flx) = g* () h* ()
where g*(x) = li_r.g 9,(x)e K[x]

h*(x) = li-{n h.(x)e K[x]

because K|[x] is complete with respect to V.

Sflx) = a(x)a(z)b(x) flx)flx) = a(x)g* () b(x) h*(z) .
Now let be g(x)=a(lx)g*(x) and h(x)=>b(x)h*(x)
then Sflx) = g(2)h(z)
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a(x)g*(x)~ a(x)g’(x) ~ go(x)
R(x) = b(x) ¥ (2) ~ b(2) I () ~ ho(x) in V..

and g(x)

§24. Some examples of Principal Problem.
Example 24.1

Let V,, be an extension of V,, to K[x] and V,, an extension of Vj to

K[y] and
Vo = [Voo, Viex =, Vud(x) =, =, Vo @,(x) = IJ”]

VOp = [Voo, Vay = s V02¢2(y) = Ha, "% Vp0¢p(y) = F‘p] .

Namely the key polynomial ¢,(y) which produces Vi, of K[y] is equal
to the polynomial which is made by substitute y for x in the key polynomial
é:(x) which produces V. And their key values are equal to each other.

In this case, we can very easily make a valuation W of K[z, y] that
induces V,, in K[x] and V,, in K[y].

Let W,=[V,,, W,x=p,] be an extension of V;, to K,[x].
By the remainder theorem

$p(X)—¢,(v) = (x—v)Q(x, ¥) . (24.1)

Now we want to make such an augmented valuation W, of W, of K, [x]
that W;¢,(x) = p,.
By M. Corollary 13.2 £—y is a key polynomial in W;.

Wié,(y)> Wi é,(x), because
Wl¢1’(y) = V0ﬁ¢li(y) =Up= 110¢p(x)> V10¢p(x) = W1¢,,(.13) .

So tty= Wi, (y)> Wi, (@) = Wi [(x— 1) Q(=, )]
Wi(x—y)=Min [W,z, W,y] = p.
Let be r,— W, [(x— Q)] =0 . (24. 2)

Then we may decide so that Wy(x—y)=pm+w+1, and
W, = [u/x, Wolx—y) = #1+w+1]

W, is an augmented valuation of W, of K,[x] and induces V,, in K[x].

Because W, [(z—9)Q(z v)] = Wila—v)+ W2Q(x, v)
zm+o+1+ W 0(x, y)
=p,+1 " by (24.2)
>ty = Vopbon(¥) = Wado,(v) -
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So W, [(@—v) Q@ v)] > Wado,(v) = £, = Wag,(x) by (24.1).

If Viy<Vyu<--<V,, is the shortest series of augmented inductive valuations,
when we make V,, from Vy in K[x]; we must pass at least P stages by
M. Theorem 15.3 and M. Theorem 16. 3.

But in this case, we can make such an augmented valuation W, of W, of
K, [x] that induces V,, in K[x], only by one stage.

Example 24. 2.

K is a set of all rational numbers and V,, is 3-adic valuation.
Vie=[Vw, Viex =0] is a valuation of K[x].

22+1 is a key polynomial in Vi, of K[x] which was explained in Example 10. 1.

Then Vy=[Vy, Vu(@*+1)=1] is an augmented valuation of Vy, of K[z].
é(x) = (*+1P—9(2*+1)+27 is a key polynomial in V.

The reason is as follows.

F,, the residue class field of K by Vi, is (—1,0, 1).

Viex=0, so Hyz=X,, then the residue class ring of K[x] by V), is F,[X]],

where H, is the natural homomorphism which makes the polynomials f(x)

whose values by Vi, are non-negative, correspond to their residue classes

H, f(x) in Fi[X]].

x+1 is a key polynomial which produces V,,.
H(x2*+1)=X+1=0.

One root of this equation is i=4 —1 .

2 2
Vz(,(x;l):o and Hz(x:;”):Xz.

F,=F(). H, is the natural homomorphism of V,.
Then the residue class ring of K[x] by V, is F,[X,].

H2< (2 +1P—9(zx*+ 1)+ 27 ) S X —X,+1.
27

If X,—X,+1 is irreducible in F,[X,], then (x?+17°—9(x?+1)+27 is equiva-

lent irreducible in V.

If X,—X,+1 is reducible in F,[X,], one of its factors must be an ex-
pression of X, of one degree. Let the factor be X,—(a+5i). Here both a
and b are elements of F,, because F,=F,({). We substitute a+bi for X, in
X3 —X,+1, then
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(a+biP—(a+bi)+1
=a—b—a—bi+1 .+ Vi is 3-adic valuation.

=ala—1)(a+1)+1—ib(b°+1)

If this expression is zero, then

al@a—1)(a+1)+1=0 e (24. 3)
and bb*+1)=0
F,=(-10,1), so (24.3) never happens.
Then X, —X,+1 is irreducible in F,[X,] and

(B+1P—9(*+ 1)+ 27 is equivalent irreducible in Vy,.
This expression is a key polynomial in V, by M. Theorem 9.4.
Vi (@) = Vip [(@* + 1 —9(2*+1)+27] = Min [3,3,3] = 3.

So Vi =[Va, Vyod(x)=4] is an augmented valuation of V, of K[x].
Next we make a valuation of K[y]. Let be

Vo= [Voo, Vay = 0] and Vi, = [Vm, Voz(yz"‘ 1):%]-

Now we shall make such an extension W' of V, to K.[y] that induces V,,
in K[y].
Let be W/ =[Vy, W/y =0] which is an extension of Vy to K,[y].

Yot 1~y —2? in Wy,
because Wi (" +1) = Min [W/ %%, W/1]1=0
W [0+ D)= (yP— 2] = Wi (@ +1) = Vig(a?+1) = 1>0.
V' +1l~(y—x)(y +2) in Wy.

So, in order to make such an augmented valuation W; of W/ in K,[y] that
W3 (y*+1)> W{(y*+1), we must make such a valuation W, that increases
a value of y—x or that of y+.

By M. Corollary 13.2, both y—x and y+x can be key polynomials in WY.

Let be Wily—a) = >0=Wily—a).
Then ¥+ 1=(y—xP+2x(y—x)+(*+1)

WZ’('_UZ—!— 1) = Min [1, %A, 1] = __;_,_ — Voz(y2+ 1) .
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Therefore W, induces V,, by Theorem 13.2.

Next let us try to make an extension W of Vi, to K,[x] that induces Vi,
in K[x].

Voo = [Vin, Viex =0, Vg(2*+1) = 1]

Vao = Vo, Vo {(2®+ 17— 9(a? + 1)+ 27} = 4].

Ve = [Voo, Vay =0, Voz(?/2+1>= ; ]

First we decide that W ,=[V,,, W,x=0].
W, is an extension of Vi, to K,[x].
Next we try to make such an augmented valuation W, of W, that

Wiz +1)=1>0 = W,(22+1).

»7;52+1~x2—y2 in Wi.
Because Wi [(a*+ 1) —(@f—y?)] = Valy* +1) = % > Wi(224+1)

=y~ (x—y)x+y) in W,
So, again by M. Corollary 13.2, both x—y and x+y can be key polynomials
in Wi.

Let be Wg(x—y)z—;—>0= Wilz—y).

Then W, = [WI, Wyx—v) 2%] is an augmented valuation of W, in
K,[x].
2+1=(x—yf+2y(x—y)+(y’'+1)

Wo(x*+1) =Min [ Wy(x =), Wa2z(x—1v), Wa(y*+1)]

W,(z?+1) = Min |1, L, 41_] - i
2 2 2
% = Wy(@?+1)<1 = Vy(2*+1).

But this is a natural result from the fact that

Wi [(@+ D) —(z—y)(+)] = -;_ . Wi@*+1)=0

and ' 4+ 1l~2t—yt in Wy.
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In order to make such an augmented valuation W; of W, in K,[x] that
W32+ 1) > W,(x*+1), there are two ways.

One way is that we make a decomposition of x*+1 in W, and pick
one z-key polynomial ¢;(x) out of factors of x*+1 and make such an -
augmented valuation W, of W, that W;¢s(x)> W,¢s(x).

The other way is that by Theorem 18.1 we find such two polynomials
g(x) and h(x) that

1
2+ 1= g(x) h(x) in W,
where glx)~x—Yy in W,.
First, let us take the former way.

Wyx—y)P=1= W,y(2*+1)

So +1~2yx—y)+y*+1 in W,
2
x2+1~2y[(x—y)+ y2+1] in W,.
Y

Here we can simplify

. ‘
z—y+ Y +1 as follows.
2y
‘ i +1
Because Wylx—y)= W,~LZ——
2y
and 2~ —1 and A,LNy in W,
—-Y
2
so @)+ V@ ryli+) i W,
Yy
x2+1~2y[(x—y)+y(y2+l)]=($+y3>2y in W;.

This is a decomposition of z?+1 in W, and (x—y)+ (¥’ +y)=x+%° is a
homogeneous key polynomial ¢(x) in W,, because

Wl<x—y>=—; =le<y2+1>=-;—.

So we assign a value of W;(x+%°) equal to 1 which is greater than

L = Wi+ y) = Min [ Wile—v), Wity +9)]-
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Then W, is an x-augmented valuation of W, and W,(z2*+1)=1,
because ; 2+1=(x+y*P—2¢x+y)+ (¥ +1) (24. 4)

Y+ 1=(2+17—3(*+1+3(y*+1)

.3 3 3
Wi(y®+1)=Min |-, 2, = | = Vp(¢f+ 1) = =
3(y°+1) ln[Z 2] oz(?/ ) B

Wi(2®+ 1) = Min [ Wy(z+ %8, Wi2¢'(z+9°), Waly*+1)]

— Min [2, 1, “3] —1 : (24. 5)
Next, let us take the latter way.
2+ 1~(zx—y)x+y) in W;.
Because W= [V, Wiz =0]

Wilz—y)=0= Wi(z+y)

(Z+1)—(z—y)(x+y) =y +1

W[+ D=y +u)] = Wil + 1) = .
Therefore, along the proof of Theorem 18.1 we must find such two poly-
nomials / and m of x and y that

W, [(x2+ 1)— {(x—y)+ (2 + 1)m} {(x+ y)+(y*+1) l}] >%. (24. 6)

Wil + 1)+ Wi [1—(a =)l (@ +y)m—(u*+ Dim] >

) W, [1—(x—y)l—(x+y)m—(y2+ 1)lm]>0

Wiy 1im 2 Waly+1) = .

If we can find such two polynomial / and m that
l—(x—y)l—(x+y)m=1+9°

then W, [1=(z—v)l—(x+v)m] = Wi(1+y)>0 and (24.6) holds.

Assumed that l—x(l+m)+y(l—m)=1+42,

then I[+m=0 and [—m=y
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namely [=- m=— __ZZL .

Yy
2
rz—y+@+1)m=x—y— %(yzﬂ)

~x—y+yy*+1)

x—y+ P+ D)m~zx+9° in W,
because 1~~—1? in W,
z+y+(P+ D =x+y+ ¥+ 1)%—
~x+y—y(y'+1)
x+y+ W+ 1)l ~x—9° in W,
So, let be glx)=x+9y* and hx)=zx—19°
then gl@)~xz—y and hAl@x)~zx+y in W,
and W, [(x2+ 1)—g(x)h(x)] = Wi+ 1)= % = Vp(yt+1).
So, 2+ 1% g(2)h(z) in W,
and g(x)~x—y
h(x)~zx+y in W;.
W[+ 1) =g (@) h(a)] = - >1,
so let be W*g(x)= W*x+y)=1, then
W*(+1)=1, for W*g@)h(x)=1.
SO W* = W3.
Let be ¢=(F+1P—9(x*+1)+27.

And we must make such an augmented valuation W, that W,¢> W,é.
But, here we meet a problem which we must solve immediately. We
consider about it in §25.

§ 25. Greater valuation
W< W< W,

This is a series of x-simply augmented inductive valuations which are exten-
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sions of Vi, to the ring K, [x].
W, = [Vi, Wiz =0]

Is

W, = [Wu Wilx—y)= —1—]

oo

W= W, Wiz +49) =1]

Wiz +1)=0, Wylat+1)= ; Wit +1)=1.
$0 Wi+ 1)< Wo(?+ 1)< Wy(2+1).

Let the valuations which W,;, W,, and W, induce in K[x], be respectively
Wi, W5 and Wj.

W/ = [V, Wiz =0 =W,z

Wy

Il

[W{, Wyl +1) = 5]

Wi =Wy, Wi(a+1)=1]

Because £’ +1 is a key polynomial in WY of K[x] which I proved in Example
10.1. But here W (2*+1)> W, (2*+1).

Here I give newly some definitions.

Definition 25. 1.

If U, and U, are valuations of Klx] and U,#U, and for every poly-
nomial f(x)

U flx) = U fla),

then U, is called a greater valuation of U,.

Definition 25. 2.

If U, is a greater valuation of U,, but U, does not change a value of
the key polynomial ¢,(x) which produces Uy,

namely U g (x) = Upghi (),

then U, is called an augmented valuation of U,.

These definitions never contradict those which MaclLane gave. And the
definition of an augmented valuation of a valuation which I give here, coin-
cides completely with what MacLane gave.

Here W7 is a greater valuation of W,, but it is not an augmented valua-
tion of W;. In this case, if we make newly such a valuation W;*
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Wi = [W{, Wi (22 +1) = 1]

then W3* is an augmented valuation of W, and W= W,. This means that
5" fle)= W flx) for every polynomial f(x).

When we discuss about valuations, the most important valuation is the
last valuation of a series of augmented inductive valuations.

In Example 24.2, of course, the valuation that we want to make is the
last valuation W which is an extension of Vi, to K,[x] and induces V,, in
Klz].

If we make such a valuation W of K,[xz] that

W =W, W(z+y)=1=Wilz+y?]

then i)y M. Lemma 15.1 W=W, and W is an augmented valuation of W,
and W induces W3 in K|[z].

So W1<W=W3.

Thus, from a series of augmented inductive valuations, we can drop excessive
valuations not to change the last valuation of the series.
Like this, if we drop W, from a series,

W1< W2< W3 = W

then we obtain a new series which induces in K[x] a new series W'< W*
= W;, which does not change the last valuation Wj .

So in Example 24.2, we drop W, and we continue our study about the
new series W, < W,. So hence W,=W.

§26. Continuation of soluation of Example 24.2

Again we consider about ¢=(x*+1P—9(x*+1)+27. From (24.4) and
(24.5)

Z+1=(x+yP—2¢x+9y))+ (¥ +1)
Wilx+9y*F =2, Wi[+1)= % and W, [——2y3(x+ y3)] =1.

Now let be (x+v*+(*+1)=a and W3a=%—

and —2y(x+9y)=¢€ and W, ,é=1.

dx)=¢ =+ 1P—9(*+1)+27
=(a+&’—9(a+&)+27
= (&’ + 3%+ 3a8®) —9a + (88— 9+ 27). (26.1)
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Wia® =45, W;3a%)=5, W;(3a8%)=45
Therefore Wi(a® + 3% + 3aé?) = 4.5 (26. 2)
W(—9a)= 3.5 (26. 3)
Wi (@ —92+27) = Wi [ {—20°(x+29)f —9{—20"(x+29)} +27]
= Min [3, 3, 3] = 3 . (26. 4)
From (26.1), (26.2), (26.3), and (26. 4)
Wio =W,y (£—96+27)=3

In this example, we must make such an augmented valuation W that

Wo=4=V;é.
Let be E—96+27=P.
P=—8y(x+ 9P+ 18y (x+ 9" +27
1

yY~—1, —~—y and 2~ -—1 in W,
Y
31\3 3
,§Ny[(‘r—|3_y>+x-'3_y —y] in W,

. 3\3 3
(‘C;y ) + x%3—y —y=-3%[(x+y3)3+9(x+y3)—27y]

By M. Theorem 9. 4, if we prove only that (x+ %°?+9(x+y*)—27y is equiva-
lent irreducible in W, then this expression is a homogeneous key polynomial
in W;.

For the sake of it, we may prove that H;* 3—}:) is irreducible in the

residue class ring of K,[x] by W;, where H; is a natural homomorphism
of W,.

Vo =1V, Vay =0] is a valuation of K[y].

So H,K[y]=F,[Y.], where H, is a natural homomorphism of V, and
H K[y] is the residue class ring of K[y] by V, and H,[y]=Y,.

Vi = [Vou Voz(?lz+ 1) = é‘]
H+1)=Yi+1=0 o Yi=i=y =T

Voz(yzgﬁzo and H2<?/23;1)2=Y2
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Then H,K[y] = F,|Y,], where F,=F\(i)

and H, is a natural homomorphism of V,, and H,K[y] is the residue class

ring of K[y] by V..
W, =[Ve, Wix=0]
W, is a valuation of K, [x].
H*xr=X, and HK,[x]=F'[X]]
where F,*=F,(Y,) and H{* is a natural homomorpnism of K,[x] by W;.
W =[Wi, Wilz+v%)=1].
H(x+y") = H* x+(H"y)
=X, +Y,
=X +'=X—1.
X,—i=0 X, =1
Hy _9?%/3 —X,, then

HyK,[z] = F¥[X)], where F;* = F,(Y),)

because F,({)=F,.
Hy (%) =1(X; + X,—1), because H;fy=1.
Assumed that X;+X;—1 can be factorized in F,*[X,],

one of its factors is X,—(a+bi), where both a and & are 0, 1, orr —1 in F,
for Y, and X, are algebrically independent with respect to F,.
We subsitute a+bi for Xj, then

(a+bi’+a+bi—i=0
ad—bi+a+bi—i=0 v Hf3=0
B—b+1=5b60b+1)bF—-1)+1=0
Such b does not exist in F;. So 4*—b+1 can not equal zero.
And X+ X;—i is irreducible in F3*[X].
Then (x+ P +9(x+y*)—27y is a key polynomial in W;.
Now we decide an augmented valuation W, of W as

W, [(x+ P +9(x+v9)—27y] =35,
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where 35> W, [(x+y3)3+9(x+y3)—27y] =3.
Then W,P=3.5.
Let be (x+ ¥ +9(x+v)—27y =¢,, then
Wi = 3.5.
In (26.3) —9a=—9z+ 9y —9(y°+1)

W, [—-9(x+y3)2] =W, [—9(x+ y3)2] =4

and W[-9(*+1)]=Wi[-9(*+1)] =35
deg, [—- 9(x+ y3)2] < deg, ¢ .
So W.g = Min [ W,{—9(z+ v}, Wi{—9(*+1)}, W.P]
= Min [4, 3.5, 3.5] v Wi(ed+ 3% +3a8) = 4.5
=35> Wap =3.
And P—9(y*+1)~¢ in W,. (26.5)

Therefore, if we make such an augmented valuation W, of W, that

W5 [P—9(y%+1)]=4, then
Wig =4 by (26.5).
And this example 24.2 is solved completely.
P-9(y°+1)= =8y’ (x+ ¢’ + 18y (x+¥*) +27—9(y°+1).

—2~1, *~—1 and —%Ny in W,

P—-9(y*+1)~y [(x—l— VP+9(x+ 9% —27y + 9y (v* + 1)]
P—9(yf + 1)~y [pe+9u(y*+1)] in W,. (26. 6)
W, [9y(y*+1)] = 3.5 = Wig,.

By M. Corollary 13.2, ¢,+9y(¥*+1) is a key polynomial in W,.
Then we decide an augmented valuation W, of W, that

Ws[ge+9u(v° +1)] =4> W, [+ 9y (4 +1)].
By (26.6) Wi [P—9(s*+1)] = Way [ g4+ 9y (4 +1)]
=4.
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And W5¢ =4 = V30¢ by (26 5) .
In (26.1) Wi(a® + 3% + 3a8?) = Wi + 30’6 + 3a€%) = 4.5 .

Therefore when we make such an augmented valuation W; of W; that
W;6=4>3=W,é, we may neglet this term. Thus, example 24.2 is solved
completely.

§27. Homogeneous valuations

Lemma 27. 1.

If W=[V, Wo(x)=p] is an augmented wvaluation of a homogeneous
valuation V of K [x] and we can insert such a valuation U between them
that V<U<W, then ¢(x) is not a homogeneous polynomial in V.

Proof. Let be U=[V, U¢(x)=1], and ¢(x) homogeneous in V.

For every polynomial f{x) whose degree with respect to x is less than that

of ¢(x)
Wiflx) = Vflz).

Wo(x)=Ud(x)> V(). (27.1)
So deg ¢(x) = deg ¢(x), for deg¢(xr)=degd(x) by (27.1).
Let be $(x) = ¢(x)+r(x)
then deg r(x)<deg ¢(2) = deg ¢(x).

é(x)=¢(x)+r(x) is a key polynomial in U which the key polynomial
¢(x) produces from V, so by M. Theorem 9.4. Ur(x)=U¢(x)>V¢(x)

while Vr(x)=Ur(x) v deg r(x)<deg ¢(x).
Namely Vr(x)>V¢(x).

So ¢(x) is not a homogeneous polynomials in V. For ¢ is homogeneous
in V.

Therefore, from this Lemma we obtain immediately the following theorem.
Theorem 27.2.
Every series of augmented inductive homogeneous valuations of K |[x]
i<V <o <V,

is a series of continuous augmented inductive valuations of K[x], where all
Vi, Vs, -, V., are extensions of V, wihch is a valuation of K.
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Example
Vo=[Vo, iz =0, Vy(a*+1) =1]

V, is the valuation in Example 10.1 in which I substitute = for y.

Let be W= [V, W{a*+1)+3+3} =3].
Then we can insert U so that
V,<U<W
where U=[Va, U{(z*+1)+3} =2].
) (@ +1)+3+ 3~ (2 +1)+3 in V,

(£*+1)+3+3% is not a homogeneous polynomial in V,, for 12~3 in V,, so
12 is not a representative.

But let be (B+1)+3=¢
and (B+1)+3+3=9.
¢p=¢+3* and Up= Up= U3

namely ¢ is a homogeneous polynomial in U.
So in a series of continuous inductive valuations

V<U<W
every key polynomial is homogeneous.

In this paper, I often use the two following lemmas which are related
as Remark 3 and Remark 4, but I omit their proofs, for they are very easy.

Remark 3. I a(x)~b(x)+c(x) and b(x)~b'(x) in V
and Va(x)= Vb(x)= Vc(x),
then a(x)~b'(x)+c(x) in V.
Remark 4.

If ¢(x) is a key polynomial which produces an augmented valuation W

of a valuation V of K[x] and a(x)~¢(x) in V and deg (a(x)—¢(x))<deg ¢(x)
and 1% (a(x)—¢(x)) >0+ Vé(a)

and Woé(x)=6+ Vé(x),
then Walx)= W¢(x).
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I want to relate what I can not do in this paper, in Part three of the
same theme which will be published in future.
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