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Abstract  Let L? = L?(D,rdrdd/mw) be the Lebesgue space on the open unit disc D and let
LE =12nN Hol(D) be a Bergman space on D. In this paper, we are interested in a closed subspace
M of L? which is invariant under the multiplication by the coordinate function z, and a Hankel-type
operator from L2 to M- In particular, we study an invariant subspace M such that there does not
exist a finite-rank Hankel-type operator except a zero operator.
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1. Introduction

Let D be the open unit disc in C and Hol(D) be the set of all holomorphic functions on
D. Let du = rdrdf/m and L? = L?(D,dpu) the Lebesgue space. The Bergman space L2
on D is defined by L2 = L? N Hol(D). Then L2 is the closed subspace of L?. When M
is a closed subspace of L? and zM C M, M is called an invariant subspace. For ¢ in
L% = L*°(D,du), a Hankel-type operator is defined by

HMf=(I—PM)(ef) (f€Ly),

where PM is the orthogonal projection from L? onto M. When M = L2, Hé‘/‘ is called
a big Hankel operator and when M = (zL2)*, H é‘" is called a small Hankel operator.
When L2 C M C (2L2)*+, H é‘/‘ is called an intermediate Hankel operator.

It is easy to see that there does not exist a finite-rank big Hankel operator except a
zero one (see [3,6]). On the other hand, there exist a lot of finite-rank non-zero small
Hankel operators (see [6]). In fact, it is easy to see the results. Strouse [7] described
completely all finite-rank intermediate Hankel operators for some invariant subspace. In
the previous paper [6], we began to study finite-rank intermediate Hankel operators for
arbitrary invariant subspace. In [6, Theorem 3.2], we gave three necessary and sufficient
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conditions for M such that there does not exist a finite-rank intermediate Hankel operator
except a zero one. In this paper, without the hypothesis on an invariant subspace M, we
give a new necessary and sufficient condition for M which have a finite-rank Hankel-type
operator except a zero one.

For an invariant subspace M in L2, ker Hé"l denotes the kernel of H;;V‘ and then
ker Hﬁ” ={f e L3 ¢f € M}. Hence ker Hé” is also an invariant subspace in L2. Thus
each invariant subspace M in L? is related to an invariant subspace in L2 by a Hankel-
type operator. In this paper, the following property of invariant subspaces in L? is impor-
tant.

Definition 1.1. Let M be an invariant subspace of L?. M is called weakly divisible
if whenever f € M and |f(z)] < 7]z — a| for some a € D and some v > 0 then
f(z) = (2 —a)g(z) and g is a function in M.

In §2, we generalize a theorem of Axler and Bourdon [1], which will be used later on.
In §3, we show that there does not exist a finite-rank Hankel-type operator H é‘/l except
a zero one if and only if M is weakly divisible. In § 4, we give several examples of weakly
divisible invariant subspaces.

In this paper [S]. denotes the weak* closed linear span of a subset S in L> and [S]2
denotes the closed linear span of a subset S in L2.

2. An invariant subspace and the index

In this section, for a given invariant subspace M we are interested in two invariant
subspaces M’ and M" such that M’ C M C M”, dim MEM'’' < oo and dim M"OM <
co. Under some conditions on M, M’ and M", we describe M’ and M" using M.
Corollary 2.4 will be used in §§3 and 4. Corollary 2.4 (i) is known from [1].

When M is an invariant subspace of L?, for a € C put ind, M = dim{M & (z —a)M}.
ind, M is called the index of M at a. It is known (cf. [1]) that for each n (0 < n < o0)
and for any a (€ D) there exists an invariant subspace M with ind, M = n.

Theorem 2.1. Let M, M and Ms be invariant subspaces of L?> and M C M.
(i) indg M =0 for any a ¢ D.

(ii) If dim My © My < oo, then there exists a polynomial b such that bMs C My,
Z(b) C D and the degree of b < dim My & M; and

> (ind, Ma;a € Z(b)) > dim My © M;.

Proof. (i) If |a| > 1, then (z —a)™! € H*® and M = (z — a) M. Hence ind, M = 0.
If |a| = 1, then (z —a)M = (z —a){z —a(1 + &)} ' M. For any f € M, it is easy to see
z—a

that
/D z—a(l+e¢)

by Lebesgue’s convergence theorem. This implies that (z — a)M is dense in M and so
ind, M = 0 for |a| = 1.

2
du—0 (¢—=0)

f=r
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(ii) Put N = My &6 M; and S, = PM,|N, where M, is a multiplication operator
on L? by the coordinate function z and P is the orthogonal projection from L? to
N.If n = dimN < oo, then there exists a polynomial b of degree n such that S, =
b(S,) = 0 and so bMy C M;. By (i), we may assume that Z(b) C D. We will prove
that > (ind, M2;a € Z(b)) = n. We can write that b = ag [[;_,(+ — a;) and so Z(b) =
{a1,a2,...,a,}, where ay € C. If > (ind, Mo;a € Z(b)) < n — 1, then we may assume
ind,, My = 0. Since [(z — a1)Ma]s = Mo,

H(z — aj)/\/lg - Ml C MQ.

=2

Then it is easy to see that dim My © [H;L:Q(Z — aj)Mz]s <n — 1 because ind,; Ma <1
for 2 < j < n. This contradicts that dim My & My = n. O

Corollary 2.2. Let M; and My be invariant subspaces of L?> and M; C M. If
dim My & My =1, then (z — a)Ms C My C My for some a € D and ind, Mo > 1. If
ind, My =1 orind, My =1, then My = [(z — a) M3]s.

Proof. By Theorem 2.1, (z — a)My C M, for some a € D and so ind, Mo > 1.
Since (z —a)M; C (z —a)Ms C M1 C Mo, My = [(z — a)Ma]s if ind, M7 = 1 or
ind, Mo = 1. O

Corollary 2.3. Let M; and My be invariant subspaces such that M; C My and
dim My & M1 =n < co. Suppose that (z —a)M; is closed for any a in D when j =1,2.
If ind, My = 1 for any a in D or ind, My = 1 for any a in D, then M; = bMy and

Mo = {(f1/b,..., fn/b) & My, where b=T]_,(z —a;),{a;} C D and {f;} C M.

Jj=1

Proof. By Theorem 2.1 there exists a polynomial b such that bMs C M and Z(b) C
D and the degree of b < n. Hence b = Hle(z —a;) and {a;} C D and ¢ < n. When
ind, Ms = 1for any a in D, dim MsSbMy = £ because (z—a;) M is closed for 1 < j < ¢
and so £ = n. Hence My = bMsy. When ind, M; =1 for any a in D, dim M, S8bM; =/
by the same reason. Since bM; C bMs C M7 and dimbMs © bM; = n, £ = n and so
My = dMy. Put My = (¢1,...,¢,) & My, where {p;} are orthogonal to M;. What
was just proved above, bMsy = Mj and so bMy = (bp1,...,bp,) & bM; = M. Put
fj =bpj for j=1,...,n, then {f;} are in My and My = (f1/b,..., fn/b) & M. O

Corollary 2.4. Let M be an invariant subspace of L.

(i) IfdimL2 © M =n < 0o and n # 0, then M = bL?

2, where b = [[_, (2 — a;) and
{aj} Cc D.

(i) If dimM © L2 =n < oo, then M = L2.

Proof. It is known that ind, L2 =1 and (2 — a)L? is closed for each a € D. Hence
we can apply Corollary 2.3 to M; = L2 or My =L2. If M; = M and My = L2,
then (i) follows. If My = LZ and My = M, then M = (f1/b,..., f,,/b) & L2, where

b=11j_1(2 —a;), {a;} C D and {f;} C L2. For each 1 < £ < n, f¢/b€ L? and so
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fe(a;) = 0 for 1 < j < n. Then f;/b belongs to L2 and so f,/b = 0 for each ¢. Thus
M = L2 and so (ii) follows. O

3. Finite-rank Hankel-type operators

In this section, we study the relation between finite-rank Hankel-type operators and
invariant subspaces.

Theorem 3.1. Let M be an invariant subspace of L?. Then there does not exist
a finite-rank Hankel-type operator H;,M except a zero one if and only if M is weakly
divisible.

Proof. Suppose M is weakly divisible. If Hﬁ/‘ is of finite rank, then kerHé"‘
is an invariant subspace in L2 and dim L2 /ker Hé‘/‘ < o0o. By (i) of Corollary 2.4,
ker HZDVI = bL? for some polynomial b with Z(b) C D and so by belongs to M. Put
f =0y, then |f(2)| < 7|b(2)| (2 € D), where ¥ = [[¢]|o- Suppose b(z) = ao [T}_; (2 — a;),
where {a;} C D. For any ¢ with 1 < ¢ < n,

f(z)

Z— Qy

<laol [T 1z —ajl (z€ D)

A
and f(z)/(# — a¢) belongs to M because ag € D and M is weakly divisible. Thus
©(z) = f(2)/b(2) belongs to M. Hence H;;V‘ =0.

Conversely, if M is not weakly divisible, then there exists a function f in M and a
point @ in D such that |f(z)| < |z —al (2 € D) and f(z)/(z — a) does not belong to M.
Put ¢ = f(2)/(z — a), then ¢ € L and HA" is not zero because ¢ ¢ M. On the other
hand, (z —a)p € M and so the kernel of H* contains (z — a)LZ. This implies that H}"
is of rank one because L2 /(z —a)L? = C. O

Proposition 3.2. If there exists a symbol ¢ such that T(H[QA) =n 2= 1, then there
exists a symbol @; such that r(Hx) =jforany j with0<j<n—1.

Proof. Suppose lgn:r(Hﬁ/‘) < 00. Then kerH;M = the kernel of Hé\/l is an
invariant subspace of L2 and LZ2/ker Hﬁ" is of finite dimension n. By Corollary 2.4,
ker HM = bL2, where b = [;_,(z — ar) and (a;) C D. Hence by belongs to M. Put

n

0= H (z—ay) for1<j<n—1,
r=j+1

then p; ¢ M for 1 < j <n—1and ¢y = bp. Since kerHé\j:bng for1<j<n—1,
where b; = [[}_,(z — ae), H;\;’ is of finite rank j for 0 < j < n —1. O

Corollary 3.3. The following two expressions are equivalent for an invariant subspace

M.

(i) If r(H)") < oo, then r(H}') = 0.
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(i) If r(HA') <1, then r(H}') = 0.
Proof. (i) = (ii). This is clear.

(ii) = (i). If (i) is not true, then there exists a symbol ¢ with r(HéVl) =n > 2. By
Proposition 3.2 there exists a symbol ¢; such that T(Hé\f) = 1. This contradicts (ii). O

4. Weakly divisible invariant subspaces

For a function f in L2, put Z(f) = {a € D; f(a) = 0} and Z(G) = N{Z(f); f € G}
for a subset G in Li. For 1 < p < o0, if FE is an open set in D, Hg denotes the set of
all functions in L? that are analytic on E. In Corollary 4.2, a weakly divisible invariant
subspace M is described completely when M is in L2. There exists a non-zero invariant
subspace M in L2 such that M N L> = (0). For it is known (see [5]) that there exists a
non-zero function f in L2 such that Z(f) does not satisfy the Blaschke condition.

Theorem 4.1. Let M be an invariant subspace of L?.

(i) HIMNL>® C H* and Z(M N L>®) =0, then M is weakly divisible.
(ii) If M N L>® = Hy for some open set E, then M is weakly divisible.
(iil) If M N L*> = (0), then M is weakly divisible.

Proof. (i) If {f,} is a sequence in M N L> which converges pointwise boundedly to
f, then f € M. By the Krein—Schmulian criterion (see [4, IV 2.1]), M N L* is weak*
closed. Hence, by a well-known theorem of Beurling [2] M N L™ = ¢H> for some inner
function ¢. Hence if f € M and |f(z)| < 7|z — a| (¢ € D) for some a € D, then f = gh
for some h € H*. Since Z(M N L>®) =0, |¢(z)] > 0 (z € D) and so h(a) = 0. Hence
f(2)/(z —a) =q(z) x (h(2)/(z —a)) € ¢gH>®. Thus f(z)/(z — a) belongs to M.

(i) If f € HY and |f(2)| < v|z—a| (2 € D) for some a € D, then f(z)/(z—a) € L* and
f(2)/(z — a) is analytic on E. Hence f(z)/(z — a) belongs to Hy and so M is weakly
divisible.

(iii) This is clear. O

Corollary 4.2. Let M be an invariant subspace of L2. Then M is weakly divisible if
and only if M N L> = (0) or Z(M N L>®) = 0.

Proof. The part of ‘if’ is a result of (i) and (iii) of Theorem 4.1. Conversely, suppose
that M is weakly divisible. If M N L # (0), then by a theorem of Beurling there exists
an inner function ¢ with M N L>® = gH>. If g(a) = 0 for some a € D, then there exists
a finite positive constant v such that |¢(z)| < 7|z —a| (z € D) and ¢/(z — a) ¢ M. This
contradicts the weak divisibility of M and so Z(¢) = Z(M N L*>®) = 0. O

Corollary 4.3. Let M be an invariant subspace of L?.

(i) If M C L2 and dim L2 /M < oo, then M is not weakly divisible.
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(ii) If M D L2 and dim M/L2 < oo, then M is weakly divisible.

Proof. (i) If M C L2 and dim L2/ M = ¢ < oo, then by (i) of Corollary 2.4 M = bL2,
where b = Hle(z —aj)and a; € D (1 < j < ¥¢). Hence Z(M N L*>®) = Z(b) # (0 and so
by Corollary 4.2 M is not weakly divisible.

(ii) By (2) of Corollary 2.4 M = L2 and so M N L> = H*>. Hence (i) of Theorem 4.1
implies that M is weakly divisible. a

Corollary 4.4. If M = H% for some open set E in D, then M is weakly divisible.
Proof. It is a result of (ii) of Theorem 4.1. O

Proposition 4.5. Suppose that M; is a weakly divisible invariant subspace of L?
for j =1,2,... and Mj x My = {fg;f € Mjandg € My} = (0) if j # (. If M =
Z;‘;l ®M;, then M is a weakly divisible invariant subspace.

Proof. If f € M, then f = 3772, fjand |f(2)| = 2272, [fj(2)| (2 € D) by hypothesis.
This implies that M is weakly divisible. O

Corollary 4.6. Let 1 < ¢ < oo. Suppose Dj is an open set in D with u(0D;) = 0 for
1<) <t D;ND;=0#j)and D=J;_, D;. Then M =Y\ @L2(D;) is weakly
divisible.

Proof. This is a result of Corollary 4.4 and Proposition 4.5. |

Proposition 4.7. If M is a weakly divisible invariant subspace of L? and ¢ is a
unimodular function in L*°, then oM is a weakly divisible invariant subspace.

Proof. From the definition of weak divisibility, the proposition follows trivially. O

Corollary 4.8. If ¢ is a unimodular function in L™, then pL? is weakly divisible.
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