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Wave-front images of acoustic waves in th€100) and (001) surfaces of TeQ
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Department of Applied Physics, Hokkaido University, Sapporo 060-8628, Japan
(Received 25 February 2002; published 15 August 2002

Based on the finite-difference time-dom&#DTD) method, we study theoretically the wave-front images of
acoustic waves propagating on tfi0 and(001) surface of a highly anisotropic tetragonal Te€@ystal for
which imaging experiments have recently been conducted. The theoretical images well reproduce characteristic
features observed experimentally. The group-velocity calculations of both surface and pseudosurface acoustic
waves account for the shapes and locations of the major wave fronts obtained with the FDTD method.
Additional weak wave-front structures that disappear rather quickly in time are attributed to bulk acoustic
waves.
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[. INTRODUCTION consist of both bulk and surface acoustic modes. We study
the time evolutions of these wave fronts and analyze their
A TeO, crystal of tetragonal symmetry is known to pos- main features based on the group velocities of both the sur-
sess a large elastic anisotropy. The shapes of the calculatédre and pseudosurface acoustic modes calculated separately.
bulk slowness(the inverse of bulk sound velocihare de-  The comparison with the results of imaging experiméhis
formed dramatically from circles especially in tH{601)  also made.
plane(XY plang with fourfold symmetry* In addition, along
certain directions the longitudinal sound velocity is slower Il. EORMULATION
than the sound velocity of the one of the shear modes. Thus
we can expect that this large anisotropy should also affect We study a semi-infinite TeQOcrystal that occupies the
significantly the acoustic wave propagation on a free surfac8alf-spacez>0 with a flat surface az=0 parallel toxy
of the TeQ crystal. In particular, the shapes of wave front Plane. On surfaces, in general, the propagation of bulk, sur-

governed by the group-velocity at the surface are expected f§ce and pseudosurface acoustic waves can be observed.
exhibit some interesting properties. Here we briefly recapitulate the formulations we need for

Recenﬂy, a real-time |mag|ng experiment of acousticobtaining the solutions for those three kinds of acoustic

waves at the surfaces of both isotropic and anisotropic mawvaves. In the present calculation we ignore small piezoelec-

terials (including a TeQ crysta) has been done by Wright tric effects of TeQ crystals.

and his coworkeré? They used the optical pump and probe

techniqué to periodically excite surface phonons, illuminat- A. Bulk acoustic waves

ing an opaque thin film on a transparent substrate. With this

technique they have imaged the wave fronts of acousti%
. " r

waves on surfaces at frequencies up to 1 GHz. In addition to

The equations governing the elastic wave propagation in
ystalline solids are

the anisotropic shapes of the wave fronts, the observed im- e

ages show a large variation in acoustic amplitude with re- pU;= jjmn (i=1,2,3, (1)
spect to the propagation direction. The latter effect is related IX;j X

to the phonon focusing effect in the finite-wavelength

wherep is mass density of the medium(r,t) is the lattice
egiisplacement Vvectot;m,, is the elastic stiffness tensor, and
r=(x,y,z) =(X1,X2,X3) is a position vector. The summation
convention over repeated indices has been assumed. By put-
ting

regime’~°
The purpose of the present work is to develop in detail th
calculation of wave-front images of acoustic wavé®th
bulk and surface in natureon the (100) plane (YZ plane
with twofold symmetry and on th€001) plane (XY plane
with fourfold symmetry for the tetragonal crystal TeT his
is carried out by solving the elastic wave equations in a crys-
tal with a localized lattice displacement as an initial condi-,, . ; ; ot
tion. The finite-difference time-domaifFDTD) method is V_lel ?( aI? iamkph}(udi,e a unit potlanzatgdc)nr;h vector,lk
d to solve the equations numericaflzhe FDTD method = (K ky ko) = (kg ko k) @ wave vector and the angular
use a . frequency, Eq(1) is converted to the eigenvalue equation
is a popular numerical scheme for the solution of many prob-
lems in wave propagations. It is especially effective for a
large-scale simulation of a finite complex system, and has
recently been applied to the study of the transmission and (i=1,2,3. ®)
frequency spectra of both electromagnetic and acoustic
waves in periodic, composite structures called photdrifc  The explicit expression for the matrM;,, for TeO, crystal
and phononic crystaf$:**The calculated wave fronts should (tetragonal, point group 422s

u=aeexp{i(k-r—ot)}, 2

(Mim— szgim)em: (Cijmnkjkn_ P(J’)25im)em:O
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C11KE + Cogk+ Caak’ Cyokky Cyk Ky
M= Cyokeky Cooky + C11KG + Cadk Cigkyk, (4)
C13K,Ky Cyakyk, Caa( K5+ ki) +Cake

with c¢;; being the conventional elastic constants with twoPSW'’s behave as surface waves, though they are not true

indices, C1,=Cy,+ Cgs and C13=Cq3+Cyq. From the eigen-
valuesw=w, (1=1,2,3) of Eq.(3) we obtain, for a given
wave vectok, the phase velocities, = o, /k with k=|k| and
the group velocitie¥|= V w, of three bulk modes, i.e., slow
transversgST, | =1), fast transversé-T, | =2), and longi-
tudinal (L, I=3) modes.

B. Surface acoustic waves

(nondecaying surface waves, having a quasitransverse bulk
wave component with propagation vector tilted down into
the solid. However, their amplitudes decay very slowly as
they propagate along the surface and hence PSW’s are ob-
served experimentally rather like surface wates.

Thus the PSW's are characterized by a complex 2D wave
vector along the surface, but the searching procedure for
PSW's is quite similar to that for the surface waves described
above. More explicitly, we add a small positive imaginary

To obtain the surface wave solutions in a semi-infinitepart tok; by Changinwllﬁkli:k“(lﬂg) with the attenua-
solid occupying a half-space, stress-free boundary conditioflon coefficients >0, and find a set of solutions [rk{]

should be imposed. For example, if the surface is(tl)

face (XY plane and the medium occupies>0 with the
stress-free surface at=0, Eq. (3) should be solved fomw

and kg=k, with given two-dimensional2D) wave vector
k= (ky,ky) together with the boundary conditions

au _
Ui3|z:0:Ci3mné,_Xm =0 (i=1,23.
niz=0

©)

>0 (Imk{"1>0), (1=1,2), and IMkP]<0 (IMk]
<0) for the (0021) [for the (100)] surface. These solutions
correspond to the wave with amplitude growing into the bulk
of the medium.

D. FDTD method

In this FDTD scheme, Eql) governing the motion of
lattice displacement(r,t) is decomposed into a set of two

In general, the surface wave solution consists of three partiaifferential equations of the first order with respect to the

waves(discriminated byl =1,2,3) with complex wave num-
berskz=k§’ (Im[k{’]1>0, 1=1,2,3) and takes the form

3
uzzl aVeVexp(ik{xs)expli(kj-x—w)},  (6)

where x;=(x,y). The phase velocityvs=ws/k, (K

=[kj|). and the group velocit}/s=V ws of the surface
waves are derived from the eigenfrequency wg of the
surface waves, which is determined from E®) and the
following homogeneous equations equivalent to &

3

ciSmngl kPePla®=0 (i=1,2,3. (7

A similar analysis should also be done for the case i
which the surface is th€100) face of TeQ (the medium
occupiesx>0 with the stress-free surface xt0). In this
case Eq.(3) should be solved forw andk;=k, (Im[k{"]

>0, 1=1,2,3) with a given two-dimensional wave vector

k = (ky,k;) on the(100) surface]i.e.,k=(0k;) and also in
this caser = (0,x)) with x;=(y,z)] together with the bound-
ary conditionsojq|x—o=0 (i=1,2,3).

C. Pseudosurface acoustic waves

space variables,

pu;(r,t)=djoy;(r,1), (8)

(©)

For the calculation we impose the stress-free boundary con-
dition on the upper face of the assumed parallelopiped
sample and Mur's first-order absorbing boundary
conditiong® on the other five faces of the sample. The inter-
val of a unit time step for the time evolution and the sizes of
the grids in space are chosen so that the convergence criteria
may be satisfied. At the initial time=0, the displacement

field with a Gaussian profilé(xH)za exq—>q|2/(A>q|)2] with
X =[x anda a constant, is given at the top of the sample

n(the surfacg This is consistent with the experimental
situation? More explicitly the initial displacement profile is

Tij (r,t)= Cijmnanum(rvt)-

Ui(X”,tZO)ZﬁiJf(X”) (10)

= 5i,| Jl) F(kH)JO(kHX”)k”d k”, (11)
where =1 for the (100 surface and =3 for the (001)
surface, andly(x) is a Bessel function. The expression for
the displacement profilé=(kj) in wave-number space is

On a stress-free flat surface of an anisotropic semi-infinit@gain Gaussian, i.e5(k)) =2 exr[—qu/(Alqu]/[Z(Alq‘)Z] with
solid, branches of acoustic waves called pseudosurfac&k =2/Ax, which is obtained with the formula known as

waves (PSW’S exist in some restricted directioh3!® The

the Weber integral

075409-2
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* 1.2
f xJo( BX)exp — a®x?)dx=exp( — B%l4a®)2a?. (12 [ 1 :
0 |

Once these initial and boundary conditions are specified,
Egs.(8) and (9) can be solved numerically for each normal
mode by discretizing both the time and space domdiFise

explicit expressions for the discretized versions of Egs. Sf’ 06 ]
and(9) are given in the AppendixThe assumed dimensions i L ]
of the sample are 10Qumx 100 wmx 100 wm. For the 04 ] 24%, 4 4
FDTD calculation this sample is divided into small cubic i : X, (Hm) ]

cells; the size of each discretized cell is 0.2dn 0-2:

X 0.22 umx0.22 um. Thus, from the initial displacement r

fields at the instant=0, their spatial derivatives are deter- 0= /' i .

mined using simple finite difference formulas. Equati¢d)s 0 AK 1 2 " 3 4
and(9) then give us the time derivative of the displacement i k, (um™)

field u, which allows us to update(r,t) for a small but _ L ) _ _
positive time increment. In this way the displacement fields FIG. 1. ProﬁleF(k”)_ of the initial Iatt',cf dlsp!acement in the
u(r.t) at discretized points on the time axi§ (i wave-numbgr space Wllzhk”f(27r/7) pum-—=. The mset shows the
=1,2,...,) aredetermined for the sampled 3D grid points. c_o;;espondmg profilef(x) i the real space withAx=2/Ak,
For a sufficiently large number of thesedata on the time moem
axis, the displacement fields on the surface can be plotted.
separation of the grid points iAx=Ay=Az=0.22 um.
These sizes of the time step and grid are determined from the
Il NUMERICAL RESULTS convergence criteria of the FDTD schem&xtv,At with
We present numerical results for the acoustic wave propas, the sound velocity in thex direction etc).. The width
gation on the(100 and (001) planes of Te@ crystal’’ The Axy=2/Aky=7/m wm for the displacement field is assumed
time step used for the FDTD calculations is 0.005 ns and théor the Gaussian profile d&=0, as shown in Fig. 1.

40() -::—\ 404 (b)
1 0.005 0.000 0005 | '
N 20 ~ / .,\\ R 20+ ', \‘
g oo ¢ ) 5 of
N 1 B ] \ /
] T N\ i N /2
] 4 FIG. 2. (Color) (a)—(c) Dis-
ik s placement imagepu,(x=0) cal-
4011t=5ns ——»[010] | 407 t=10ns culated by the FDTD methddor
TR L VR T TR ST e | SR B FYTEL S PR PR the (100 surface (YZ plane of
40 20 0 20 40 40 20 0 20 40 TeO, plotted at every 5 ns after
y(pm) y(um) excitation. The images span over
0.01 100 um both horizontally and
40 4 (C) P vertically. (d) The displacement
] B profile along the line connecting
20 E the pointsO’ andO shown in(c).
1 2 The inset shows the profile calcu-
E‘ &) lated with Eq.(15).
= 07 g
N :
20 :
40 t=15ns
T B PO [ s prem o -ﬂ.“lﬂ """ '2'0 """ : 4Iﬂ
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A. Wave-front images in the (100 plane of TeO,

Figures 2Za)—2(c) show the wave-front image&orre- 40
sponding to the out-of-plane component that can be ac-
cessed experimentajlyon the (100) plane at the three se-
lected times 5 ns, 10 ns, and 15 ns, after the excitation of th Q)
waves. These theoretical images for the lattice displacemel
u, are consistentboth in shape and in brightngssith the = =

experimental images for the particle velocity obtained by 0
Sugawarzaet al? We see the dominant anisotropic signature
of elliptical shape at the center together with faint signals
outside. The latter disappears rather quickly as time elapse _72{)
In Fig. 2d) we have illustrated the profiles of the wave am-
plitude along thez axis (the[001] direction att=15 ns.

In order to identify the origins of these wave-front struc- -40
tures we have illustrated in Fig(&® the group velocities of
the bulk, surfac€S) and pseudosurfad®S1 and PS2vaves
in the (100 plane overlapped with the theoretical wave-front
image. To generate these plots for the surfguseudosur-
face mode, the directions of the wave vectqrin the (100
plane are assumed to be distributed uniformly with the inter- 2
val of AGkH=4° (A GkH=8°). Thus the density of the points

plotted represents the accumulation of the group-velocity
vectors, reflecting phonon focusing effé€tg? at the sur- ¥
face. All these group-velocity curves coincide well with the
locations of the wave fronts obtained by the FDTD calcula-
tions, though the structure of the P&ihe of the pseudosur-
face wave branchgss not obvious in Figs. @)—2(c) due to
their polarizations(predominantly polarized parallel to the p
surface.

Now we see that the intense inner structure corresponds
the surface waves and the weak structures outside correspo
to pseudosurfacéPS2 and bulk waves. To understand the 2 S
variation of the relative magnitudes of the wave amplitude
appearing in the surface wave image, we also illustrate i A N R T A R A
Fig. 3(b) the density of the group-velocity vectors of the -2 -1 0 1 2
surface mode weighted by the square of the displacemel Vv “03".;5]
amplitude|u,|? at the surfacex=0. The results reproduce ¥
semiquantitatively the relative magnitudes and their angular

de%enn?heen(s:ﬁrfsfrcoewvr\]/a:\r/]etrl;?alr:lEr-lrglelzrg?sgelgé:ement amplitude &t rface ©, open circley; pseudosurfacéPS1 and PS2, dotand
P P Bulk acoustic waveslongitudinal (L), slow-transverséST), and

the wave front becomes very large at 84° rotated from thqast-transverse{FT), solid lined overlapped with the wave-front

[010] direction [the region labeled® in Fig. 2c)]. The  image att=15 ns. To generate this figure, the wave vectors are
group velocities are accumulated closely in this direction agonfined inside thé100) plane of TeQ and they are assumed to be
can be seen in Fig.(8). This is more evident in Fig. (4 distributed uniformly.(b) Distributions of the group velocities of
where the pseudo-three-dimensional representation of the surface modéS weighted by the square of the out-of-surface
FDTD signal is displayed. Figured) shows a magnification componenu,(x=0)|? of the lattice displacement at the surface.
of the group-velocity curvgequivalent to Fig. @)] in the  [The wave vectors are inside t&00) plane of TeQ.]

region marked. We see that there exist two directions close

together(the ones labeledh and B) at which the group-  corresponding small angle subtended by the group-velocity
velocity curve folds. These directions are the caustics alongector V in the surface. In the calculation of we have
which the wave intensity diverges in the geometrical acousassumed a uniform distribution for the wave-vector direc-
tics approximation. The folding of the group-velocity curve tjons ofk;. The resulting focusing factaf is shown in Fig.
induces a strong phonon focusing effect at the surface, whlclzg(c)_

is quantitatively evaluated by the focusing factbimeasur- Here we remark on the profile of the lattice displacement
ing the enhancement of acoustic flux relative to that in anersus distance in the surfa¢the FDTD result shown in
isotropic - medium.  Explicitly, 7 is defined by F  Fig. 2(d). In order to understand this numerical profile we
=|A6) /A6y|, whereA 6, is a small angle occupied by the solve the wave equation for a scalar displacens ,t) in
wave vectork; in 2D wave-vector space anli¢\, is the  an isotropic 2D space

[10°m/s]
=]

\Y

FIG. 3. (Color) (a) Distributions of the group velocities of the

075409-4
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FIG. 4. (a) Pseudo-three-
dimensional representation of the
displacement u;(x=0) perpen-
dicular to the surface near the
[001] direction.(b) Distribution of
the group velocities in the region
P (rotated ~84° from the[010]
direction. A and B are the caus-
tics at which the group-velocity
curve folds. In this figure the dots
are used for indicating group ve-
locities of the surface mod€c)
The phonon focusing factor versus
group-velocity direction of the
surface mode on the 00 surface
(the [001] axis corresponding to
6y=90°). Inset shows the magni-
fication of the focusing factor in
the regionP.

FIG. 5. (Colon (a)—(c) Dis-
placement imagepus(z=0) cal-
culated by the FDTD methddn
the (001) surface (XY plane of
TeO, plotted every 5 ns. The im-
ages span 10Qum both horizon-
tally and vertically. (d) The dis-
placement profile along the line
connecting the point®©®’ and O
shown in(b).
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&2u+1¢9u) 13 {a'
¢ xam) 9 4n—r

under the initial conditionsi(x,0)= f(x)) (with f the Gauss- ]

=07

ian profile given in Sec. Il DandU(xH,O)=0. We find that 20 -
the solution of Eq(13) takes the form L
. 2 1B
U(XH b= f dka”\]O(kHXH)CO':{w(k”)t] 2 0+ <L
0 =

x| i) o). a9 207
0

The integral ovelxﬁ can be done analytically again with the

Weber integral, Eq(12), and we find -40 -

~ J T T T T L T

2a (= [010]

u(x,t)= f kiJdo(Kix;) 40 -20 0 20 40
(% Bk J o Kotk x (m) T
X exp —[k|/Akj1?)cod w(k))tldkj. (15) 4 g (b) Ps2| [100]
The integral ovelk in Eqg. (15) is carried out numerically. 3 - o, - ’
The calculated result fou(x,t) has been illustrated in the 2 T \ S
inset of Fig. 2d), which reproduces semiquantitatively the ] —ane PS1
oscillatory behavior of the displacement obtained by the — | J
FDTD calculation. A small discrepancy would be attributed "=
to the fact that the initial disturbance is also converted to theis ) ' '
bulk wave components and the medium supporting the sur = T
face acoustic waves is three dimensional. = = j \ /
-2 i
B. Wave-front images in the (001 plane of TeO, ; J \
Similar but more interesting results for tk@01) plane of -3 'I e * -
TeG, crystal are shown in Figs(&-5(c). A dramatic anisot- 4 00 05 1.0
ropy in the wave-front image on this plane is the existence o e I R o S e pee e s
the star-shaped structure exhibiting a four-fold symmetry 4 -3 2 -1 0 1 2 3 4
outside the major round structure. Also a weak square struc v |]03m;5]
X

ture surrounding the star-shaped structure is seen in Fyg. 5
which is attrlbu_ted to the bu!k Ion_gltudlr!al Waves. The cen- FIG. 6. (Color) (a) Distributions of the group velocities of the
tral structure with large amplitude in the image is found to beg ;.o 6, open circles pseudosurfacéPS1 and PS2, dotand
woven from both the surface and pseudosurface waves. Thg,k acoustic waveglongitudinal (L), slow-transverséST), and

profile of the displacement amplitude along the line connectyast-transversdFT), solid line§ overlapped with the wave-front

ing the pointsO" and O in Fig. &d) exhibits more oscilla-  jmage att=15 ns. To generate this figure, the wave vectors are

tions than those in the corresponding profile on 480  confined inside thé001) plane of TeQ and they are assumed to be

plane shown in Fig. @)). This is because in thel00] direc-  distributed uniformly(every 0.5° in this plane (b) Distributions of

tion (and its equivalent direction®n this surface, overlap- the group velocities weighted by the square of the out-of-plane

ping of the surface waves with different wave vectors existzomponentu,(z=0)|? of the lattice displacement at the surface

due to the folded structure of the group-velocity curves, lead=0.[The wave vectors are inside tf@01) plane of TeQ and both

ing to the interference effects of the waves. the surface(S) and pseudosurfacPS1 and PS2modes are dis-
Figure @a) illustrates the group velocities of the bulk, played]

surface, and pseudosurface waves in @l plane over-

lapped on the wave-front image. To generate this figure th@aye illustrated in Fig. ®) the density distribution of the
directions of the wave vectds are again assumed to be group-velocity vectors of the surface and pseudosurface
distributed uniformly @ 6, =0.5°) for the surface and pseu- modes weighted by the square of the lattice displacement
dosurface modes. All these group-velocity curves coincidenormal to the surface, i.eju;(z=0)|%. The results repro-
very well with the locations of the wave-fronts obtained by duce well the relative magnitude and the angular dependence
the FDTD calculations, though some structures of the groughown in the wave-front images.

velocities do not have counterparts in the wave-front image. The PSW'’s are observed experimentally through the out-
The latter group velocities are those of the waves that do natf-plane component of displacement and the smallness of the
have the displacement component normal to the surface. Waagnitude of the attenuation coefficienalong the surface.

075409-6
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crystalg and also surfaces with roughness and other inhomo-
geneities. In our future studies we plan to extend the FDTD
calculations to the acoustic wave propagation in such com-
plex surfaces and interfaces.
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) o ) ) ) APPENDIX
FIG. 7. Attenuation coefficient versus propagation direction

6\, (the group-velocity direction measured from fi€0] direction In this appendix we give explicit expressions for the dis-
of the pseudosurface waves propagating on (@&l surface of cretized versions of Eq$8) and (9).
TeG,. PS1 and PS2 correspond to the pseudosurface branches

. . i+1/2j,k;n—1
shown in Fig. 6.

i+1/2j,k;n+1_ i+1/2j,k;n__
u; =2uy u;

. (At)z 0_i+1,j,k:n_0_i,j,k;n
Figure 7 shows: for the PSW’s on th€001) plane plotted as + 11 1

a function of group-velocity direction. The magnitude of the P Ax
attenuation coefficient is quite small, that is, it is typically Ui 12kin_ i+ 12j-1/12kn
~102 or less, indicating the small coupling to the bulk 12 12

waves. Thus the PSW’s can propagate along the surface al- Ay

most unattenuated over 100 wavelengths1Q000 wm) or Gl U2i kL2 _ i+ 1) k=112
more. This is the reason why PSW'’s are observed experi- 13 13 ,
mentally just like true surface wavé$We also note that in Az
the [110Q] direction (#,=45°), one of the pseudosurface (A1)
brancheglabeled PSjlbecomes a true surface mode without
decay(i.e., e=0) along the surface. Near this direction an- u
other branch of the PSW#abeled PSPappears.

i,j+1/2k;n+1_2ui,j+1/2k;n_ i,j+12kn—-1
2 - 2 2

u

o[ i+12j+12kn_ _i—12j+1/2kn
(A)?| o7, 01

IV. CONCLUDING REMARKS p Ax
. . . . . 0_i,j+1,k;n_0_i,j,k;n
Stimulated by the recent imaging experiments by Wright 422 22
and co-worker$;?® we have studied theoretically the wave- Ay
front images of acoustic waves propagating on(#@9) and |+ 12K+ 120 i+ 12k—1/2n
(001 surfaces of a semi-infinite TeQerystal of tetragonal 923 923 (A2)
symmetry. The FDTD calculations reproduce very well the Az '
anisotropic features of the experimentally observed acoustic . . .
.. . L), k+1/2; _ J.k+1/2; JJ,k+1/2;n—
wave fronts arising from both surface and bulk propagations. uy’ T n+l—2U'3J N ug’ ez

However, the FDTD scheme does not directly give us infor- 5
mation concerning the origin of those anisotropic structures. (A1)
That can rather be provided by solving eigenvalue equations P Ax
derived from the wave equations for the lattice displace- DitlktU2n il — 12K+ 12N
ments. With this latter method we could identify that the g23 T23
long-lived features of the wave fronts observed experimen- Ay
tally are composed of both surface and pseudosurface modes ik in_ i,j,k;n}

33 33

i+1/2j,k+1/2;n__ _i—1/2j,k+1/2;n
013 013

satisfying the stress-free boundary conditions at the surfaces
and also having large displacement components perpendicu- Az

lar to the surfaces. Weak signals from bulk acoustic modes +1/2j kin
which do not satisfy the boundary conditions at the surface ijkn_ L U T
can also be seen, but they disappear rather quickly due to the o1 =Cu
decay into the bulk of the medium.

The FDTD method can also be applied to the calculation 4o u
of the acoustic wave propagation in more complex surfaces 12
than the homogeneous one studied here. An interesting ex-
ample is a free or loaded surface with one- or two- 4 u
dimensional periodicityi.e., surfaces of so-called phononic 13

(A3)

u
AX

i,j+12k;n__
2

i—1/2j k;n
1

u
Ay

ij,k+1/2n
3

i,j—1/2k;n
2

ula,J,kflIZ;n

Az ’

(A4)
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i+1/2j,k;n_ i—1/2j,kn
Likin_ o Uy uy
022 —CL12 Ax
i,j+12k;n__ i, j—1/2k;n
uz uz
i,j,k+1/2;n_ i,j,k=1/2;n
us us
+C13 Az y (AS)
i+1/2j,k;n__ i—=1/2j,k;n
bjkin= o ! Uz
033 " ~C13 Ax
i,j+1/2k;n__ i,j—1/2k;n
uz u;
i,j,k+1/2;n_ i,j,k=1/2;n
us us
+C33 Az y (AG)
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i,j+12k+1;n__  i,j+1/2k;n
2 2

u

i,j+1/2,k+1/2;n_C u
023 =Cy4 Az

ij+1k+1/2n
3

Ay

i,j,k+1/2;n

u ug

(A7)

i+1/2) k+1;n_ i+1/2jkn
1

Uy

i+1/2)j,k+1/2;n _ u
013 =C4 Az

i+1j,k+1/2;n_

U3 i,j,k+1/2;n

us

+ (A8)

AX

u|l+ 12j+1kn_
Ay

u|2+ 1j+1/2k;n__

u|l+l/2,J,k;n

i+1/2j+1/2k;n_
012 =

Ceg

u;

+ (A9)

AX

where (, j, k) defines a three-dimensional grid poigrid
point separations arAx, Ay, andAz) and n specifies the
time step with the intervaht.

i,j+1/2k;n}
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