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Abstract

We study in some detail the GIT moduli ﬁLg of semistable pairs, each
consisting of a plane cubic curve and a line, following the method of the
Geometric Invariant Theory. We classify unstable, semistable and stable
pairs, respectively, and we give nontrivial identifications of semistable pairs
in ]_31,3.

This moduli ?1,3 is expected to be close to ﬁl’g which is the first non-
trivial case of Alexeev’s moduli. For instance, both spaces are of dimension
3. We construct a birational map from Flﬁ to ﬁLg. Each of the base loci
of this birational map and its birational inverse are projective lines.

In order to see rough structures of Fl’g and ﬁlyg, we construct natural
maps from blowing-ups of SQ;3 x P(V) to AP;3 and P, 3, respectively,
where SQ 3 is the moduli of Hesse cubics defined by Nakamura and V' is the
three dimensional vector space, that is, P(V') is the space of lines. We give
a relation between the above birational map and these maps, and hence a
relation between known compactifications SQ; 3 and ﬁlyg.
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Chapter 1

Introduction

The purpose of this paper is to study in some detail the GIT moduli FLg
of semistable pairs (C, L), each with C' a plane cubic curve and L a line,
following the method of [MFK94]. This is of some interest in connection
to the comparison problem of known compactifications S 3 of the moduli
spaces of level 3 elliptic curves [Na99] and Alexeev’s complete moduli AP 3
[A02]. Note that dim SQ;3 = 1 and dim P, 3 = dim AP; 3 = 3.

Let k be an algebraic closed field of characteristic # 2,3 and let V' be the
dual space of the space of homogeneous polynomials of degree one on the
projective space P? = Proj(k[xo, z1, 7o), that is, VV = k[zg, z1, x5];. Each
F e (S3V)V = S3VVY = k[xg, x1,x2]3 (resp. VV) corresponds to the cubic
curve (resp. line) V(F), where V(F) is the zero set of F' in P2, Then we
can regard P(S®V) = Proj(Sym(S®V)) (resp. P(V) = Proj(Sym(V))) as
the space of cubic curves (resp. lines). SL(3) acts on S*VV (resp. V) by
g-F(z) = F(g7'-x) for all F € S3VV (resp. V). We have the natural
morphism p : SL(3) — PGL(3) which is surjective with the finite kernel
I:={aFE | a® = 1}, where E is the identity matrix. For any g € PGL(3), let
g € SL(3) be a matrix such that p(g) = g, and we put g - V(F) := V(g - F)
for all F' € SV (resp. V). This definition is independent of a choice of g,
since §1 g, " € I for any two matrices ¢ and g, such that p(§1) = p(32) = g.
Thus we get an action of PGL(3) on P(S*V) x P(V):

PGL(3) x (P(S*V) x P(V)) — P(S’V) x P(V),
(g, (V(F),V(S))) +— (g9-V(F),g-V(5)).

Here we define the GIT moduli P; 3 of semistable pairs as
Pz = (P(S?V) x P(V))** //PGL(3).

By using the numerical criterion due to Hilbert and Mumford, we can classify
unstable, semistable and stable pairs completely (see Proposition 3.1.6 and

3



Table 3.1). Moreover by constructing suitable semistable limits, we give
nontrivial identifications of semistable pairs in Py 3 (see Proposition 3.3.2).

This moduli FLg is expected to be close to ELS that is the first nontriv-
ial case of Alexeev’s moduli AP, 4 constructed in [A02]. AP, 3 is the moduli
of pairs (C, L), each consisting of a cubic curve C' with at worst nodal sin-
gularities and a line L which does not pass through singularities of C'. Then
both spaces are of dimension 3, and a simple computation shows the follow-
ing (see Theorem 4.1.2 for a more precise statement).

Theorem. There exists a birational map f : Py3 — APy 3. The base locus
of f is Pt which is the set of all semistable pairs (C, L), each consisting of
a cuspidal curve C' and a line L intersecting with C' at smooth points of C'.
Furthermore the base locus of the birational inverse f=' of f is P! which
is the set of all abelian pairs (C, L), each consisting of an irreducible cubic
curve C' and a triple tangent L at a smooth point of C.

Let X := SQ13 x P(V), where SQ; 3 is the moduli of Hesse cubics (see
[Na99]). Since X is the space of pairs, each consisting of a Hesse cubic and
a line, we have rational maps from X to ﬁlﬁ and from X to Fl,g. By
constructing suitable blowing-ups X and X of X along base loci of these
rational maps, we can extend these rational maps to natural maps ¢ : X -
AP 3 and 1 : X = Py 3. In fact, X (resp. X) is a blowing-up of X (resp.
X ) three times. By these maps, we can understand rough structures of ﬁlﬁ
and ]_31,3. Moreover by construction, we can obtain a relation between the
birational map f and these maps ¢ and v, and hence a relation between
known compactifications SQ; 3 and AP, 3 as follows (see Proposition 5.4.5
for a more precise statement).

Proposition. We have a commutative diagram

where ™ and p are compositions of three blowing-ups, respectively. Then
the inverse image of the base locus of f (resp. f~') by ¥ (resp. @) is the
exceptional set (resp. the center) of the composition p of three blowing-ups.



This paper is organized as follows. Chapter 2 is a quick review of some
basic results on the Geometric Invariant Theory. In Chapter 3, we study
the moduli P, 3. Especially we classify unstable, semistable and stable pairs,
respectively, and we give nontrivial identifications of semistable pairs in P, 3
In Chapter 4, we compare P;3 and AP;3 by constructing the birational
map f : P13 — AP;3. In Chapter 5, we first give a quick review on the
compactification SQ); 3 of the moduli space of level 3 elliptic curves. Next we
see structures of AP 5 and P, 3 roughly, and give a relation between known
compactifications SQ; 3 and AP173.






Chapter 2

The Geometric Invariant
Theory

In this chapter, we recall briefly some basic results from [MFK94]. We use
mainly definitions and properties in [MFK94], [Ne78] and [D03].

2.1 The GIT quotient

An algebraic group over k is a group G together with a structure of algebraic
variety over k on GG such that the multiplication morphism p: G x G = G
and the inverse morphism  : G — G are morphism of algebraic variety. We
define an action of an algebraic group G on a variety X to be a morphism
0 :G x X — X satisfying the usual axioms of an action, that is,

o(g,0(g,x)) =o(ulg, g) z), ole,r)=u,

or, in simplified notation,

g- (¢ -z)=(99) -z, e-x=ux

for all g,¢' € G, x € X, where e is the identity element of G.

For the construction of a quotient of a variety X by an algebraic group
G which acts on X, we desire the quotient to have a natural structure of
variety. However, in general the obit space does not have it. Thus we need
to modify the definition of the quotient.

If G acts on X, then we obtain an action on the functions on X. For any
function f € Ox(U) on any open U C X, we define g - f(z) := f(g~ ' z) for
all g € G. Then we denote by Ox(U)® the subring of G-invariant functions:

Ox(U) ={f€Ox(U)|g-f=f forany geG}.



Definition 2.1.1. Let G be an algebraic group acting on a variety X. Then

1. a G-invariant morphism p : X — Y (that is, p(g - ) = p(x) for all
g € G,z € X) is called a categorical quotient, if for any variety Z and
any G-invariant morphism f : X — Z there exists a unique morphism
h:Y — Z such that hop = f,

2. a G-invariant morphism p : X — Y is called a good categorical quotient
(or GIT quotient), if p satisfies the following properties:

(i) Forallopen U C Y, p*: Oy(U) = Ox(p~'(U)) is an isomorphism
onto the subring Ox (p~1(U))¢ of G-invariant functions.

(ii) If W C X is closed and G-invariant (that is, g - W = W for all
g € G), then p(W) CY is closed.

(iii) If V4,V € X are closed, G-invariant, and V; NV, = (), then
p(Vi) Np(Va) = 0.

We denoted by X//G the good categorical quotient (or GIT quotient)
of X by G, when it exists.

Proposition 2.1.2. Let p: X — Y be a good categorical quotient. Then

(i) p: X = Y is a categorical quotient,

(i) p(z1) = p(xa) if and only if G-x1 NG -xy # 0, where G- x; is the

closure of G - x;.

Proof. (i) For any variety Z and G-invariant morphism f : X — Z,
f*: 0z(Z) — Ox(X) must be an embedding into Ox(X), since f is
G-invariant. By the first condition of the definition of a good categorical
quotient, p* : Oy(Y) — Ox(X)% is an isomorphism. Thus we can define
a morphism h* := (p*) Lo f*: Oz(Z) = Ox(X)¢ — Oy(Y). Then the
factoring p* o h* = f* is unique, and hence the dual f = h o p is a unique
factoring of f through p.

(ii) Suppose G - 11 NG - x5 = ). Then since G - x1 and G - x5 are disjoint
closed G-invariant subsets of X, we have p (G . xl) Np (G . xg) = () by the
third condition of the definition of a good categorical quotient. Hence p(z) #
p(2).

Conversely, if p(z1) # p(xs), then p~!(p(z1)) and p~!(p(z2)) are disjoint
closed subsets of X and p~!(p(x;)) 2 G-x;. Hence we obtain G - 1,NG - x5 C
p~H(p(z1)) NP~ (p(2)) = 0. O




Firstly, we construct GIT quotient of affine variety X = Spec Ox(X) by
G. We expect X//G = Spec Ox(X)Y, but for this we require that Ox (X)¢
is finitely generated k-algebra. By the fundamental theorem due to Nagata,
this is provided by the group G being reductive (see Theorem 3.4 in [NeT78]).

Definition 2.1.3. 1. A linear algebraic group is a closed subgroup of
GL(n) for some n.

2. A linear algebraic group G is called reductive, if the radical of G (that
is, maximal connected solvable normal subgroup) is a torus (that is,
isomorphic to G], for some ).

Example 2.1.4. PGL(n) is a reductive group. We first show that PGL(n)
is a linear algebraic group. GL(n) acts on the linear space of n x n matrices
M,, by conjugation. That is, we define A- M = AMA™! for A € GL(n),
M € M,,. This defines a morphism ¢ : GL(n) — GL(M,) = GL(n?). Then
we have Ker(¢) = {aF | a € k*} = G,,, where E is the identity matrix.
Hence we get an inclusion PGL(n) = GL(n)/G,, — GL(n?).

Next we show that PGL(n) is reductive. Note that the radical of GL(n)
is the diagonal group D,, = {Diag(a4,...,a,) | a; € k*}, and the surjection
7w : GL(n) — PGL(n) has solvable kernel, since Ker(7) = G,,. Hence it
follows that the radical of PGL(n) is n(D,) = G™~! (see [B91]).

Theorem 2.1.5. Let X be an affine variety and G be a reductive group which
acts on X. Then Ox(X)¢ C Ox(X) is a finitely generated k-algebra and
the canonical morphism p : X — Y := Spec Ox(X)Y is a good categorical
quotient.

In order to prove this theorem, we need the following geometric property.

Lemma 2.1.6. Let G be a reductive group acting on an affine variety X.
Let Zy and Zy be two closed G-invariant subsets of X with Z,NZy = (). Then
there exists a G-invariant function F € Ox(X)% such that F(Z,) = 1 and

Proof. Since Z1 N Zy = 0, we have (1) = I(Z1 N Zy) = I(Z1) + 1(Zs),
where [(Z;) is the ideal associated with Z;. Then there exists f; € 1(Z;)
such that f; + fo = 1. Let W C Ox(X) be the linear subspace spanned
by {g-f2 | g € G}. We show that W is finite dimensional. We define
Fy € Ogxx(G x X) by Fy(g,x) = fao(g - z). Since G and X are affine,
Ocxx(Gx X) = 0g(G)®Ox(X). Hence we can write F; as a finite sum of

the form .

Fy = Zai K i, a; € OG(G% Yi € OX(X)~

=1



Then we have

g falx) = folg™ - 2) = Fog™ 2) = Zai(gfl)%‘(m) for any g € G.

i=1

Thus W is finite dimensional with basis {¢1,..., ¢, }.

Let ¢ : X — A", z — (p1(2),...,¢.(z)). Since Zy is G-invariant and
fo=0o0n Zy, we have g- fo(z2) = fo(g ' 20) = 0 for any g € G, 29 € Z, and
hence ¢; =0 on Z (1 < j <r). On the other hand, since Z; is G-invariant,
fi=0on Z; and fi + fo = 1, we have g - fo(z1) = fo(g™' - 21) = 1 for any
g€ G,z € Zy,andhence p; =1onZ; (1 <j<r). Thusp(Z;)=(1,...,1)
and ¢(Z2) = (0,...,0). Since G is reductive, G is geometrically reductive,
and hence there exists a nonconstant G-invariant homogeneous polynomial
F' € klxy,...,x,] such that F'(1,...,1) =1 (see [Ha75]). Then F := @*F"
has the desired property. O]

Proof of Theorem 2.1.5. Let R := Ox(X). The first assertion follows from
Nagata’s theorem (see Theorem 3.4 in [Ne78]). We will show that p is a good
categorical quotient.

Firstly, we show that p is a G-invariant morphism. For any g € G, the
action of g on X is an automorphism of X. Then for all f € R“, we have
g o p*(f) = p*(f), since p*(f) is G-invariant. Thus we have p o ¢ = p, that
is, p is G-invariant.

Secondly, we show that the first condition of the definition of a good
categorical quotient is satisfied. For any open U C Y, there exists f; € R®
such that U = |J;_, Y7,. For each f;, we have

P~ (V) ={z € X | filp(z)) # 0} = {z € X [ p*(fi)(z) # 0} = X,

since p* is inclusion. Hence we obtain

p_l(U) = p_l (U Yfi) = Up_l (Yfz) = Usz

On the other hand, for any h/f™ € Ry, h/f™ is contained in (RG)f_ =
Oy (Y},) if and only if h/ f]" is G-invariant. Thus Oy (Yy,) = RS = Ox(Xy,).
Hence

Oy(U) = Oy (U Yﬁ-) = DOY(YJ%) = OOX(XL-)G

= Ox <UXf> = Ox(p " (U))“.

10



Thirdly, we show that the second condition of the definition of a good
categorical quotient is satisfied. Let W be an any closed G-invariant subset
of X. Suppose p(W) is not closed, so there exists y € p(W) \ p(W). Then
the closed subset Z := p~(y) of X is G-invariant, since p is G-invariant.
Clearly ZNW = . By Lemma 2.1.6, there exists F' € Ox(X)% such that
F(W)=1and F(Z) = 0. Since p* : Oy(Y) — Ox(X)% is an isomorphism,
we have F' = p*(f) for some f € Oy(Y). Then we have f(p(W)) = 1 and
f(y) = f(p(Z)) = 0, which is a contradiction, since y € p(W) \ p(W).

Finally, we show that the third condition of the definition of a good
categorical quotient is satisfied. Let Vj,Vo C X be closed, G-invariants,
and V; NV, = . By Lemma 2.1.6, there exists ' € Ox(X)Y such that
F(Vi) =1 and F(V3) = 0. Since p* : Oy (Y) — Ox(X)% is an isomorphism,
we have F' = p*(f) for some f € Oy(Y). Then we have f(p(V;)) = 1 and
f(p(V2)) = 0, and hence p(V1) N p(V2) = 0. O

Next we consider the case where X is a projective variety in P". The idea
is to cover X by open affine G-invariant sets U; and then to construct the
categorical quotient X//G by gluing together quotients U;//G. For this, we
need an extension of the GG action on X to a G action on P".

Definition 2.1.7. Let GG be a linear algebraic group acting on a projective
variety X which has an embedding ¢ : X — P".

1. A linearization of the action of G with respect to ¢ is a linear action
of G on A" which induces the given action on X.

2. A linear action of G on X is an action of GG together with a linearization
of this action.

Unfortunately, for a projective variety X, the GIT quotient X//G does
not exist in general. Instead we can take an open G-invariant subset of
X which has a good categorical quotient. This open subset is the set of
semistable points.

Definition 2.1.8. Let GG be a reductive group acting on a projective variety
X which has an embedding ¢ : X — P". Let ¢g be a linearization of the
action of GG with respect to ¢. A point x € X is called

i) semistable (with respect to ¢q), if there exists some G-invariant homo-
2
geneous polynomial f of positive degree such that f(x) # 0,

(ii) stable (with respect to ¢¢), if there exists f as in (i) and additionally
G, :={g € G| g-x =z} is finite and all orbits of G in X;:={y € X |
f(y) # 0} are closed,

11



(iii) unstable (with respect to ¢¢), if it is not semistable.

We write X**(pg) (resp. X*(pa), X" (pq)) for the set of semistable
(resp. stable, unstable) points of X with respect to ¢g, or just X (resp.
X?, X*) when the linearization is clear from the context.

Theorem 2.1.9. Let G be a reductive group acting on a projective variety
X which has an embedding ¢ : X — P™. Let vg be a linearization of the
action of G with respect to . Let R be the coordinate ring of X. Then there
exists a good categorical quotient p : X**(pa) — X**(¢q)//G = Proj RC.

Proof. By Nagata’s theorem, RC is finite generated k-algebra. Let fo, ...,
fm be generators of R®. By the definition of semistable points, we have an
affine open covering X**(¢q) = U~y Xs,. Then X, is G-invariant, since f;
is G-invariant. Thus for each X, we can take the good geometric quotient

bi: sz‘ - sz//G = Spec OX(*Xfi)G
= Spec (R[1/f]o) = Spec R[1/fi]o

by Theorem 2.1.5. Take the surjective map
k[Ty,..., Ty — R, T, — fi

with the kernel I C k[Ty, ..., T,,]. Let Y be the projective variety Proj R =
V(I) C P™. Forany y € Y C P™, there exists 0 < i < m such that T;(y) # 0,
so fily) # 0. Thus we have y € Y}, and hence we obtain an affine open
covering Y = [ JI" ) Y,. Then we have

Yy, = Spec Oy (Y},) = Spec RE[1/ filo.

This gives morphisms p; : Xy, — Yy, (0 < i < m). We will show that we can
glue these morphisms to get a good categorical quotient

p: X —Y =Proj R®.

Firstly, we show that this gluing of maps is well-defined and p is G-
invariant. If p is well-defined then p is G-invariant, since each p; and Xy, are
G-invariant. For any x € Xy, N Xy, = Xj,r,, we need to show p;(x) = p;(z).
Let pi; : Xyp, — Yy,5, be the quotient morphism, and let ¢;, ¢; (vesp. &y, #;)
be inclusions from the intersection Yy, (resp. Xy ) to Yy, Yy (resp. Xy,
Xy,), respectively. For any z € Xy,4,, f € RY[1/f;[;]o, we have

(ki opi) f(z) = rif(x) = fri(z)) = f(2)
= flu(@) = f(x) = (0} 0 1]) f(2),
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since p;, p;j, ti, ki are inclusion morphisms. Thus we have &7 o pi = pj; o if,
and hence we have p; o k; = ¢; o p;;. Similarly, we have p; o K; = 1; 0 p;j.
Therefore we get p;(v) = p;(x) for all ¥ € Xy ;.

Secondly, we show that the first condition of the definition of a good
categorical quotient is satisfied. For any open U C Y, we put U; := U NYy,.
Then Oy (U) = Oy (Ui, Us) = 2, Oy (U;). Since p is surjective, p* is
injective. Thus p* (-, Oy (U;)) = Niee 2" (Oy(U;)). On the other hand, we
have p~1(V) = p; 1(V) for any subset V C Y. In fact, p~4(V)) 2 p; ' (V) is
clear. Conversely, for any = € p™'(V), if # € X, \ Xy, for some j then

filp;(z)) = p; fi(x) = fi(z) =0,

since p; is inclusion. Then we obtain p(x) = p;(z) € Y},, which is a contra-
diction, since p(z) € V C Y},. Thus z € Xy, and hence p;(z) = p(z) € V.
In particular, for each U; C YY,, we obtain an isomorphism

p*: Oy (Us) = Ox(p; H(U)" = Ox(p~ ' (U:))°.

Therefore the image of Oy (U) under p* is

P (Oy(U) = p’ (ﬁ 0y<Ui>> = ﬂp* (Oy(Uy) = ﬁ Ox(p~" (Uy))¢

= OX <Up1<Ul)) = OX (pil(U))G

Since p* is injective, it follows that p* : Oy (U) — Ox (p~*(U))" is an iso-
morphism.

Thirdly, we show that the second condition of the definition of a good
categorical quotient is satisfied. Let W be an any closed G-invariant subset
of X**(¢¢). Then W; := W N Xy, is closed G-invariant subset of X/, clearly.
Since p;’s are good categorical quotients, p;(W;) C Y}, are closed, and hence
p(W) = UL, pi(W;) CY is closed.

Finally, we show that the third condition of the definition of a good
categorical quotient is satisfied. Let V, W C X be closed, G-invariants,
and VN W = 0. Then V; := VN Xy, and W; := W N Xy, are closed G-
invariant subsets of Xy, clearly. Since we know p~1(Y},) = p;'(Y},) C Xy,
we get p(W)NYy, = p(W;) = pi(W;). Therefore since p; is a good categorical
quotient, we have

p(Vi) np(W) = pi(Vi) N p(W) = pi(Vi) N p(W) N Yy, = pi(Vy) Npi(W) = 0,
and hence p(V) Np(W) = Up(Vi) N p(W) = 0. O

13



2.2 The numerical criterion of stability

Here we give a criterion for stability (so-called the numerical criterion of
stability) due to Hilbert and Mumford. We suppose that G is a reductive
group acting on a projective variety X embedded in P" with a linearization
vg. The basic idea is to compare the action of G with those of its one
parameter subgroups.

Definition 2.2.1. An one parameter subgroup (1-PS) of an algebraic group
G is a nontrivial homomorphism of algebraic groups A : G,, — G.

Let 2* € A"™! be a point above z € X. Then we have
x € X*¥(pg) if and only if 0¢& G - z*. (2.1)

In fact, if x € X**(¢¢g), then there exists some G-invariant homogeneous
polynomial f of positive degree such that f(x) # 0, and hence f(z*) # 0.
Then for any g € G, we have f(g-z*) =g~ ' f(z*) = f(a*) # 0, and hence
0 & G-x*. Conversely, if 0 € G -x*, then there exists by Lemma 2.1.6 a
G-invariant polynomial f such that f(0) =0 and f (G- z*) = 1. Thus f has
constant term 0 and some homogeneous part of f of positive degree must be
nonzero at z*. Hence x is semistable.

Let A\ be an 1-PS of G. Then )\ induces a linear action of G,, on A"+
Any such action can be diagonalized (see Section 4.6 in [B91]). Hence, there
exists a basis eg, ..., €, of A" such that A\(t) - e; = t™ie; for some integer
m;. Here we write 2* = > z,e;. Then we have

At) -2 = Ztmixiei.
i=0
We define
p(x, \) = max{—m; | z; # 0}.

Note that u(z,\) is independent of a choice of the basis of A"™. In fact,
let €, ..., €}, be another basis of A"*! such that A(t) - €} = tm./fe; for some
integer mj. We write a* = ) e}, so that A(t) - z* = Y7 tmgx;-eg and
define p'(z,\) = max{—m/ | 2} # 0}. Then we need to show u(z,\) =
W (xz,A). Let A = (a;;) be the (n 4+ 1) x (n + 1) matrix which satisfies

(€p,---sey) = (€o,...,en)A. Since z* = Y77 jalel = >0 (Z?:o aijx;) e,

we have z; = Y 7 a;;a;. Since A(t)-€; = > 1 a;it™e; and A(t) €} = tmiel =

j j
/ ) ’ ..
o g aiit™ie;, we have ag; <th — tmﬂ) = 0 for all 0 < 4,5 < n. Suppose
. . - n /e .
(@, A) = —my,. Then since z;, = 3 a;,;2; is nonzero, there exists some

14



0 < jo < n such that a;,;,2, is nonzero. Thus we obtain u(z, \) = —m;, =
—m/, < p/(z, ). Similarly we get p/(x,A) < p(x,\). Hence p(z,\) =
(@, A).

Suppose all m; for which x; # 0 are strictly positive. Then we have

n

lim A(¢) - 2™ = %gl& Zt ixe; = 0.

t—0
=0

Thus 0 € G - z*, and hence x is unstable by (2.1). Similarly, if all m; for which
z; 7 0 are strictly negative, then we have lim AHt) 2t = lim Atz =0,
— —

and hence x is unstable. Thus we get
r € X*¥(pg) = p(z,\) >0 for all 1-PS \. (2.2)

We assume x € X*(¢g) and p(xz,A) = 0 for some A\. Let I := {i | x; #
0, m; > 0}. Since pu(z,\) = 0, we have z; = 0 or m; = 0 for any j & I.
Let y := > y;e;, where y; = z; if i ¢ I, and y; = 0 if i € I. Then we have
151(1) A(t) - x* =y, and hence y € AN(G,) -2* C G-z*. If y & G- x*, then
G - x* is not closed, and hence x is not stable. Suppose y € G - z*. By the
construction of y, A(G,,) fixes y. Hence G, is not finite, and hence y is not
stable, and hence x is not stable. Therefore we obtain

zr € X*(pg) = p(z,\) >0 for all 1-PS A. (2.3)

Note that the sufficiency of conditions (2.2) and (2.3) are satisfied too.

Theorem 2.2.2. Let G be a reductive group acting on a projective variety
X embedded in P" with a linearization ¢g. Then

r € X¥(pg) <= p(z,\) >0 forall 1-PS A,
r € X%(pg) <= p(xr,A\) >0 for all 1-PS .

Proof. We have already proved the necessity of the conditions. All we have
to do is to show the sufficiency:

r € X(pg) = wp(x,\) <0 for some 1-PS A,
r € X\ X(pg) = p(z,\) <0 for some 1-PS \.

Let R be the ring of formal power series k[[T]] and let K be its field of
fractions k((T)). If r € X\ X*(p¢), then the morphism o, : G — A" g+
g-x* is not proper (see Proposition 4.7 in [Ne78|). By the valuative criterion
of properness, there exists ¢ € G(K) \ G(R) such that g-2* € A%™. Then
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by Lemme 9.1 in [D03], we can write g = g1[\]g2, where g1, g2 € G(R), and
[A] € G(K) comes from an 1-PS A of G in the following sense. We consider
A as a k(T')-point of G and identify k(7") with a subfield of K = k((7)).

Let go be the image of g, under the residue map G(R) — G(k) induced
by the residue homomorphism R — k, > a;T" — ag. Then we have

929 9 =95 "9 (1[N g2) = (95" [NG2) G5 ' go-

Put N = 3,'\g2 : G,y = G, t + gy 'A(t)g2. Then we get [N] = g5 [\]g2
clearly. For the 1-PS X, there exists a basis eg, ..., e, of A""! such that
N(t) - e; = t™ie; for some integers m;. This is equivalent to [N'] - e; = T™ie;.
Here we write 2* = )" x;e;. Then we have p(z, \') = max{—m; | z; # 0}
by definition. We show that p(z, \’) < 0. For this, we show that —m,; < 0 if
x; # 0. For each 7, we have

(92919 2"), = (V] (9292 -27)), = T™ (3 ' g2 - ) -
Since g - z* € A}?Ll, we obtain
(92'92-27), =T (3591 g~ 2"), € T"™k|[TT]. (24)

Thus we obtain —m; < 0 if 2; # 0, since (g5 'g> - z*). € k[[T]] has constant
term x;. Hence we get u(z, \') <0.

If © € X"(pg), then 0 € G -2* by (2.1). By the valuative criterion
of properness, there exists ¢ € G(K) \ G(R) such that g - 2* € A% and
g -z = 0 mod (7). Then by the same argument, the left-hand side of
(2.4) belongs to T~™ 1 E[[T]], and hence we get —m; < 0 if z; # 0. Thus
pu(x, N') < 0. O

Here we give a observation which will be useful in calculating p(z, A).
Lemma 2.2.3. pu(g-x,\) = u(z,g ' \g) for all g € G.

Proof. For 1-PS ), there exists a basis e, ..., ¢, of A" such that \(¢)-e; =
t"™ie; for some integers m;. Then we have

(g7'A®)g) - (97" - e) =g " (A(t) - &) = t™g™ " ey

For a basis g™ e, ..., g7 - e, of A"t we write 2* = Y"1 j 2,97 - €;. Then
we have g - 2* = > " x;e; and

n

At)-(g-2") = Ztmi%’ez‘, (g_l)\(t)g) = Ztmixig_l - e;.
=0

1=0

Thus we obtain u(g -z, ) = p(x, g7*Ag) by definition. ]
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This lemme allows us to replace A by a convenient conjugate in calculating
p. In particular, for our case G = PGL(3), any 1-PS X is conjugate to one
of the form

A(t) = Diag(t™, £, "), (2.5)

with r; € Z, ro > r1 > ro and rog+1r1+7r2 = 0. Such 1-PS is called normalized.
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Chapter 3

The moduli FLg

In this chapter, we study the GIT quotient
p: (B(S*V) x P(V))” — P13 = (P(S*V) x P(V))™ //PGL(3).

For this, we first classify unstable pairs.

3.1 Unstable pairs

We give explicitly the unstable pairs of P(S3V) x P(V') under the action of
PGL(3) defined in Chapter 1. By the above argument, to analyze stability
we can use normalized one parameter subgroups. Let

F = a31} + ag 2?2z + a101175 + ag3s
+a0ToT% + a11ToT1T2 + Ap2ToT
+CL10[L‘(2)171 + CL01{E(2)ZL‘Q
+a00x3,
S = boil?o + b1$1 + b2$2,

and let F' = Fy + xoFy + 22Fy + 23 Fy, Fi(z) = Fy(2z1,12), deg F}, = k. Then

the image of z = (V(F),V(S)) € P(S*V) x P(V) under the Segre embedding
0 :P(SPV) xP(V) = P(S*V ®@ V) is V(H), where

H(z,y) == F(2)S(y) = Y aibery 2\ xdyy.

For any normalized 1-PS X given by the form (2.5), we have

M) V(H) = VN2 M0 9) = V (3 abet vl okl
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where R;jx = (3 — i — j)ro +iry + jra + r,. Thus we get
(2, A) = max{Riji | aijbe # 0}
by definition. In what follows, we denote it by u(H, ).

Remark 3.1.1. The action of PGL(3) on P(S3V) xP(V) is not linear, but we
see that the definitions of stability (see Def. 2.1.8) are well-defined. For this,
we consider the natural morphism p : SL(3) — PGL(3) which is surjective
with a finite kernel. Then we have a liner action of SL(3) on P(S?*V) x P(V)
which induces the action of PGL(3) on P(S5*V) x P(V). In fact, actions of
SL(3) on S*VY and V'V defined in Chapter 1 induce an action of SL(3) on
S3VV @ V'V, hence on Sym(S?V @ V), hence on A3 = Spec (Sym(S3V @ V)).
The action of SL(3) on A% is a linearization of SL(3) with respect to the
Segre embedding ¢ : P(S?V) x P(V) — P(S*V @ V) = P¥.

Then since p : SL(3) — PGL(3) is surjective with a finite kernel, and the
sets of invariant homogeneous polynomials (resp. the orbits of any point in
P(S3V) x P(V)) with respect to these actions are the same, we can regard
semistable (stable) points with respect to the action of SL(3) as semistable
(stable) points with respect to the action of PGL(3).

To calculate p(H, A) we study relations between integer numbers
Rijk = 37”0 + i(?“l — 7”0) —f-j(?"g - 7"0) + 7K.

Since rg > r1 > rg, we have R;jo > R;j1 > R;jo. We fix k and consider
relations between R;jx. Since we have R;j, — Rijie = (i — ') (11 — o) + (j —
J')(rg —ry) and ro > ry > ro, we obtain that R, > Ryjy if ¢ < ¢ and
j < j'. This is the vertical relations in the diagram (3.1) below. On the
other hand, if (i —¢',j — j') = (1, —1), then R;jy — Riyjox =11 — 12 > 0. This
is the horizontal relations in the diagram (3.1) below. Therefore we obtain
the following diagram for fixed k:

Rook
AV
Rior > Row
Y Y, (3.1)

Roor > Riuk > Rook

Rsor, > Rouw > Rigr > Ross.



We classify all the geometric pairs (C, L) of H with pu(H, A) < 0 for some
normalized 1-PS A, where C': FF =0, L : S =0 and H = FS. We know
that any unstable pair is equivalent to one of such pairs under the action of
PGL(3). In what follows in this section, we assume u(H,\) < 0 for some
normalized .

Lemma 3.1.2. qgg = a9 = 0.

Proof. Suppose agg # 0 or ajg # 0. Then by (3.1), we get u(H,\) > Ry >
Rigo = 2rg 4+ r1 + ro = 19 > 0, which is absurd. Hence agg = a19 = 0. O

Lemma 3.1.3. Let ag; # 0. Then by = by = asy = 0,by # 0. In this case,

(i) L is a triple tangent to C' at a smooth point of C, or

(11) C = L+Q; L §Z Qred-
Conversely if (C, L) is one of the above two cases, then (C, L) is unstable.

PTOOf. If b() 7’é 0 or bl 7é 0, then /L(H,)\) Z ROlk Z ROll = 27’0 + 711+ ry =
ro > 0, which is absurd. Hence by = b; = 0. If agy # 0, then by (3.1),

0> [}J(H, )\) = maX{Smg, 5202} = maX{QTO + 27‘2, To + 27“1 + ’I"g}

= max{—2ry,r}
for some nontrivial A, which is absurd. This shows a9 = 0. Thus we obtain
C . F o 2 2 2 3 _ 0
: = ZBQ(CL21$1 + a12212T2 + Ap3T3 + A11ToT1 + Ap2Tox2 + CL01£E0) + azpr] =

and L : S = x9 = 0, where ag; # 0. Assume azg # 0. Then we get
LNC =3(1:0:0). Since ag; # 0, C is smooth at P := (1:0:0). Hence
L is a triple tangent to C' at a smooth point P. Next assume azy = 0. Then
F(x) = 22G(z), where G() := a912? + a1971 T + 0375 + a11T0T1 + Qo2 ToT2 +
apry. Let Q : G=0. Then C =L+ Q, and L ¢ Q by ag; # 0.

Conversely in the above two cases, we can choose coordinates such that
L:S=x=0and C: F = xy(agz? + ---) + ager; = 0. In particular,
bp = by = 0,0y # 0 and agg = a1g = agg = 0. Then by (3.1), we obtain

w(H,N) < max{ Rz, R3oe} = max{2rqg + 2ry,3r + 1o}
= max{—2r1, 27”1 — T‘()}.
Hence pu(H,\) < —1 <0 for r = (3,1, —4). O

Lemma 3.1.4. Assume ag; = 0 and Fy # 0. Then by = 0, or by # 0 and
a0 = ay1 = azg = ao = 0. In these cases, L passes through a double point
of C. Conversely in this case, (C, L) is unstable.
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Proof. If by = 0, then L : S = byxy + byzrs = 0 passes through a double
point (1 : 0 : 0) of C : F = F3 + xoFy = 0. Suppose by # 0. Then
Aon =— A11 = Q30 — A1 — 0. In fact, if 920 7é 0, a1 7é 0, aso 7£ 0 or 921 7é 0,
then by (3.1), we obtain

,LL(H, )\) > maX{Rogo, Rglo} = max{?ro + 27’2, 27’1 + 719 + To}
= max{—2r;,m} >0,

which is absurd. Hence asg = a;; = azg = a9y = 0 and age # 0. Then
C=2L'+L" L':2y=0and L"” : zg + ajox1 + agzro = 0. Thus L passes
through a double point P := L' N L.

Conversely if L passes through a double point P of C, then we can choose
coordinates such that S = 2o, P = (1 : 0 : 0) and F = zoFy + F5. In
particular, agy = a19 = ap1 = 0 and by = by = 0. Thus we obtain u(H, \)
Roge = 10 + 2r1 + 19 = m1 by (3.1). Thus pu(H,\) < —1 < 0 for r
(2,—1,—-1).

O IA

Lemma 3.1.5. Assume apy = 0 and Fy = 0. Then (C, L) is unstable. In
this case, C' has a triple point, to be more precise, C' is a nonreduced 3-lines,

or a reduced 3-lines with a triple point. Conversely if C' has a triple point,
then (C, L) is unstable.

Proof. By (3.1), we obtain u(H,\) < Rspg = 3r1 +19 = —1 < 0 for r =
(2,—1,—1), and hence (C, L) is unstable. On the other hand, we have C' :
F = a3p23 + anrirs + apr173 + agszs = 0. Thus C has a triple point
(1:0:0).

Conversely if C' has a triple point, then we can choose coordinates such
that C': F3 = 0. In particular, Fy = F; = F; = 0. Then (C, L) is unstable
by the above argument. O]

In summary, we can prove

Proposition 3.1.6. The pair (C, L) is unstable if and only if one of the
following s true:

(i) L is a triple tangent to C,
(ii L C Cred;

)
)
(iii) L passes through a double point of C,
(iv) C has a triple point,

)

(v) C is nonreduced.

22



Proof. All we have to do is to show that if C' is nonreduced, then (C, L) is
unstable. If C'is nonreduced, then C' contains a double line or a triple line.
If it contains a double line, then L passes through a double point of C', while
it contains a triple line, then C' has a triple point. Hence if C' is nonreduced,
then (C, L) is unstable by Lemmas 3.1.4 and 3.1.5. O

Remark 3.1.7. We here introduce the well-known results for stability of
plane cubic curves. If a cubic curve C': F' = 0 is unstable, that is,

M(F,)\) :maX{Rij = (3—i-j)7"o+’i7’1 + 479 | Qjj 750} <0

for some normalized 1-PS A, then we obtain agy = a19 = ag1 = a9 = a11 =0
by (3.1) and Ry = 79 + 71 + r2 = 0. Conversely if agg = aj9 = ap =
o = A11 = 0, then ,u(F, )\) S maX{ROQ,Rgo} = max{rg + 2’/“2,37“1} = —1
for r = (3, —1,—2), and hence C' is unstable. If further asy or ags = 0, then
C' is either three lines with a triple point or a line plus a conic tangent to
each other. If further aggagy # 0, then C has a cusp. Conversely in any of
these three cases, C' is unstable. Therefore C' is semistable if and only if C'
is a 3-gon, a line plus a conic transversal to each other, a nodal curve, or a
smooth curve.

Moreover C' is stable if and only if C' is a smooth curve. In fact, if
semistable cubic C' has a singular point p, then we may assume that p = (1 :
0:0), so that agg = a9 = agr = 0. Then u(F,\) < Rog = 19+2r1 = 0 for r =
(2,—1,—1). Hence C is not stable. Conversely, if C' is smooth, then we have
ago, 1o or agy # 0. Then p(F, A) > max{Ro1, Rao} = max{ro—ry,r1—rs} >0
for all nontrivial normalized 1-PS A. Hence C' is stable.

3.2 Semistable and stable pairs

From Proposition 3.1.6, we infer

Proposition 3.2.1. The pair (C, L) is semistable if and only if any of the
following is true:

(i) C is reduced and free from triple points. Therefore it is either smooth
or a 3-gon or a line plus a conic possibly tangent to each other, or a
rational curve with a node or a cusp,

(ii) L is not contained in C,
(iii) L does not pass through any double point of C,

(iv) L is not a triple tangent to C.
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Next we classify stable pairs. For it, we classify semistable pairs (C, L)
with p(H, ) = 0 for some nontrivial normalized \. In this case, (C, L) is
semistable but not stable. In what follows in this section, we always assume
that (C, L) is semistable.

Definition 3.2.2. We say that L is 2-tangent to C' if L is tangent to an
irreducible cubic C', but not triply tangent, at a smooth point of C, and L
1s 3-tangent to C'if L is triply tangent to C'.

Lemma 3.2.3. Assume p(H,\) =0 for some nontrivial normalized . Then
ago = aip = 0.

Proof. Suppose agy # 0 or ajp # 0. Then we obtain u(H, \) > Rygs =19 > 0
for any nontrivial normalized A\, which is absurd. Hence agy = a9 = 0. [

Lemma 3.2.4. Assume p(H,\) = 0 for some nontrivial normalized X, and
apy # 0. Then by = by = 0,by # 0, and asg # 0. In this case,

(i) C is irreducible and L is 2-tangent to C, and if further C' is singular,
then L does not pass through a double point of C, or

(ii) C is an irreducible conic Q plus a line L', and L is tangent to Q and
L' is possibly tangent to Q.

Conversely if (C, L) is one of the above two cases, then (C, L) is semistable
but not stable.

Proof. If by # 0 or by # 0, then by (3.1), we obtain u(H, \) > Rp11 =19 > 0
for any nontrivial normalized A\, which is absurd. Hence by = b; = 0, by # 0.
If agg = 0, then H is unstable by Lemma 3.1.3. Hence agg # 0. In this case,
we have C' : F = xo(agizd + -+ ) + asoroz? + azors = 0 with agrasy # 0 and
L:S =uxzy=0. Thus L is 2-tangent to C' at P := (1 : 0 : 0), which is a
smooth point of C' by ag; # 0. Since (C, L) is semistable, by Prop. 3.2.1, (i)
or (ii) is true.

Conversely, in the first case, we can choose coordinates such that L :
S=uxzy=0and C: F = apxizs + A(x)x9 + as0T0r? + azpz? = 0 for some
quadratic A(z) of degree at most one in . Since L does not pass through
any singular points of C', (1 : 0 : 0) is not a singular point of C' and hence
ap; # 0. Since L is not a triple tangent to C', we have agyg # 0. Therefore
ago = a1g = by = by = 0 and ap1az # 0. By (3.1), we obtain

w(H, \) = max{Roia, Rog2} = max{—2ry,71} >0

and p(H,\) = 0 for r = (1,0,—1). It follows that (C, L) is semistable but
not stable.
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In the second case, we can choose coordinates such that L : .S = x5 = 0,
Q:G=wzoro+23=0,L:5 =z9+c1x1+cors=0and P=(1:0:0).
In particular, agy = aj9p = bp = by = 0 and agraz # 0 and hence (C, L) is
semistable but not stable by the above argument. Note that L' is tangent to
Q if and only if ¢f + 4cy = 0. O

Lemma 3.2.5. Assume pu(H,\) = 0 for some nontrivial normalized A, and
apr = 0. Then asg = asg = a1 = 0 and ageaz by # 0. In this case, C = L'+Q,
L' is a line and Q is an irreducible conic such that L ¢ Q, L' # L, L is
tangent to Q, L is possibly tangent to Q. Conversely in this case, (C, L) is
semistable but not stable.

Proof. Since (C, L) is semistable, we have by # 0 by Lemma 3.1.4. If agy # 0
or aj; # 0, then by (3.1), u(H, \) > Ry19 = ro > 0, which is absurd. Hence
aso = ap; = 0. By Lemma 3.1.5, ags # 0. If azg # 0, then for some nontrivial
normalized A, we obtain

0 = p(H,\) = max{ Ry, R300} = max{—2ry,2r; —ry}.

Thus 71 = ro = 0, and hence this is a contradiction. Hence azg = 0. By
Lemma 3.1.4; as; # 0. In this case, we have

2 2
C B = .TQ(CLQlIl + 1212 + ap3To + a02$0$2> =0

with agiapge # 0 and L : S = xg + bz + bexy = 0. Let L' : x5 = 0 and
Q : a0 7% + 2o(agao + 1271 + ag3r2) = 0. By agiapr # 0, Q is an irreducible
conic and L ¢ Q). L' is tangent to @ at (1:0:0).

Conversely in the above case, we can choose coordinates such that L’ :
S'=1y =0, Q: G = z9(agero + a2 + agzrs) + 23 =0, L : S = x5 = 0.
Since @ is irreducible, we have ags # 0. In particular, agy = a9 = ag1 =
99 = A11 = A30 = 0 and a21a02b0 7é 0. Then by (3].), we obtain

,U(H, )\) = maX{ROQO, R210} = max{—er, 7’1} 2 0

and pu(H,\) =0 for r = (1,0, —1), hence (C, L) is semistable but not stable.
Note that L is tangent to Q if and only if a?, = 4ags. [

By the above Lemmas, we obtain the classification of the semistable and
stable pairs (C, L), which is given in Table 3.1. We denote by Sy the locus
of semistable pairs in the column £ in Table 3.1. Then each semistable pairs
in S; has the following geometric properties.
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Table 3.1: The semistable and stable pairs (C, L)

] C | C and L | stability | ‘
smooth L : transv. to C stable
L : 2-tangent to C' | semistable
3-gon L : transv. to C' stable

k

1

2

3

line L' + conic @ | L, L transv. to Q) stable 4
L : tangent to ) | semistable | 5
6

7

8

9

L' : tangent to () | semistable
L, L' : tangent to () | semistable

irred. a node L : transv. to C' stable
L : 2-tangent to C' | semistable
irred. a cusp L : transv. to C' stable 10
L : 2-tangent to C' | semistable | 11

>Z/L
/ . 7

| <’c w<<@1<
Lo <

3.3 Nontrivial identifications in P 3

Q

In this section, we give nontrivial identifications of semistable pairs in P 3.

Lemma 3.3.1. (1) The stable loci Sy, Ss, Sy, Ss and Sip are disjoint from
each other.
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(2) We define semistable pairs z; € S; (i = 3,5,6,7,11) as follows:

zz = (V(xoz172), V(20 + 21 + T2)) ,

zs = (V(zo(xoxs + z1(21 4+ 22))), V(22)),
zs = (V(xo(xoxs + :Ul(xo + xl))) V(zy)),
27 = (V({L‘()(J]()ZL'Q + 22)) 2)) ,

o= (V(ggos + 2f(zo + :(:1)), V(xs)) .

Then we have Sz = PGL(3) - z3, S5 = PGL(3) - z5 + PGL(3) - 27, Sg =
PGL(?)) * 26 + PGL(?)) s 27, 57 = PGL(?)) i and SH = PGL(3) - Z11-

Proof. (1) For any (C;, L;) € S; (i = 1,3,4,8,10), each C; has distinct
geometric condition each other. Hence the stable loci S, S3, S4, Sgz and Sig
are disjoint from each other.

(2) For any semistable pair (C, L) € S5, there exists g; € PGL(3) such
that g1 - C = V(zoxr122), since C' is a 3-gon. We write ¢g; - L = V(bozo +
bix1 + boxy). Since g1 - L is transversal to g - C, we have bybiby # 0. Hence
g2 := Diag(bg, by, by) € PGL(3) and gog1 - (C, L) = z3.

For any semistable pair (C,L) = (L' + Q,L) € Ss, there exists g; €
PGL(3) such that ¢; - L' = V(z¢) and gy - L = V(22). We write

2 2 2
g-Q=V (020% + a1171T2 + o235 + A10ToT1 + Ao1ToT2 + aooxo) .

Since g1 - LN g1 - Q = V(x2, agr? + ayoror1 + agz?) is a double point, we
have a?, = 4axag. If asy = 0, then ajp = 0, and hence g; - C has a double
point (0:1:0) € g1-L'Ng;-Q. Then gy - L passes through this point, which
is absurd. Thus we get asg # 0. Then there exists go € PGL(3) such that
G291 - L' =V (20), gog1 - L = V(x2) and gog1 - Q = V (27 + z2(ag1zo + an121)).
Since go9; - @ is irreducible, we have ag; # 0. Therefore we obtain

g-C =V(xo(xore + x1(21 + axy))) and g- L = V(xy)

for some g € PGL(3). If a = 0, then g - (C, L) = 27, and if a # 0, then this
pair g - (C, L) is equivalent to zz under PGL(3).

For any semistable pair (C, L) € Sg (resp. S7), by a similar argument, we
obtain

g+ C = V(xo(zow2 + 21(bro + 21))) and g-L = V(z2)

(resp. g- (C,L) = z;) for some g € PGL(3). If b = 0, then ¢g - (C, L) = 27,
and if b # 0, then this pair ¢ - (C, L) is equivalent to zg under PGL(3).

For any semistable pair (C,L) € Sj;, there exists g1 € PGL(3) such
that g; - C = V(222 + 23), since C is a cuspidal curve. We write g, - L =
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V(boxo + b1y + baxs). Since g; - L does not passes through the cusp point
(0:0:1) of g1 - C, we may assume by = 1. Let go € PGL(3) which satisfies

g5 L. (zo, 1, T2) — (Tg, T1, —boro—b1x1+22). Then we have gog1- L = V(x3)
and

9201 - C = V(xgxy + 23 — biwga; — borp).

Since gog1 -+ L is 2-tangent to g2g; - C, we have z3 — byxdr, — boxd = (z1 —
azo)?(xy — bxzg) for some a # b. Hence by = —2a3, by = 3a? and b = —2a.
In particular, a # 0. Let g3 € PGL(3) which satisfies g3 : (0, z1,22) +>
(ro/(3a),z1 + 10/3,9a%x2) and put g := g3g291 € PGL(3). Then we have
g-(C,L) =z ]

Proposition 3.3.2. p(S3), p(Ss), p(Se), p(S7) and p(Si1) are single points
in P13 and p(Ss) = p(Ss) = p(S7) = p(S11).

Proof. By (2) in Lemma 3.3.1, p(S3), p(S7) and p(S11) are single points.
We prove p(Ss) = p(S7). For it, by (2) in Lemma 3.3.1, we have to show
p(z5) = p(27). It is equivalent to

PGL(3) - 2zs N PGL(3) - 2z N (P(S*V) x P(V))** # () (3.2)

by Proposition 2.1.2. For any a € k*, let g, € PGL(3) which satisfies

gt (xo, 1, ) = (wg/a, x1, axy). Then we have

9o+ 25 = (V(zo(z072 + 21(21 + a22))), V(22)) € (P(S°V) x P(V))™

Thus we get lir% Ja - 25 = 27, and hence we obtain (3.2).
a—r

Similarly p(Se) (resp. p(Si1)) is equal to p(S7). In fact, for any b € k*,
let g5, hy € PGL(3) which satisfy g, ' : (zo, 21, 22) — (bxo, 1, 22/b), hy " :
(wo, 21, 9) = (g, by, b?T5), respectively. Then we have

g2 = (V(zo(zozs + x1(bxo + 21))), V(22)) € (P(SPV) x P(V))*,
hy-z1 = (V(xgas + 2i(zo + b1))), V(x2)) € (P(S?V) x P(V))**

Then we obtain lim g, - 26 = 2z7 and lim hy, - 217 = 27. O
b—0 b—0

Definition 3.3.3. We define Wy, := p(Sio) + p(S11) C ]_3173.

Lemma 3.3.4. Weys, > P! in ]_31,3, which is covered with two affine subsets

U1Cusp — {(C’ L) | C : xo&;g — x‘rf’L 1 Xy = bxl + .732} ~ Spec k[b?’]a
US™ = {(C,L)| €t aoa} = o} L mg = a1 + exa} = Spec ke,

where b is identified with 1/c*.
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Proof. For any stable pair (C, L) € Sy, there exists g € PGL(3) such that
g-C’:xOxgzx?, g-L:xg=0bix;+ byxs

with (b1, b2) # (0,0). Then the discriminant D = 4b3 — 2703 is nonzero, since
g - L is transversal to g - C'. Since any linear automorphism of g - C' keeping
the cusp stable is of the form (zg,z1,72) — (20, A2x1, N322), p(Sip) is the
set {(b1,b2) | D # 0}/ ~, where the equivalence relation (by,by) ~ (c1,¢o) is
defined by (c1, ¢a) = (A%by, A3by) for some A € k. Thus p(Si) is the weighted
homogeneous space P(2,3) minus a single point defined by the discriminant
D = 4b} — 27b3 = 0. This point is p(S11). In fact, if 465 = 2703, then g - L is
2-tangent to g - C. Thus we obtain Weysp = p(S10) + p(S11) = P(2,3) = P,
which is covered with U™ and U™ as above. O
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Chapter 4

A comparison between ﬁLg
and ?173

We define AP 3 to be the moduli of pairs, each consisting of a cubic curve C
with at worst nodal singularities and a line L which does not pass through
singular points of C'. It is a proper separated algebraic space over Z. This is
the same as Alexeev’s complete moduli ﬁm, because there always exists a
semiabelian group scheme acting C' in a functorial manner (see [A02]).

In this chapter, we give a birational map from FLg to ﬁl,?»-

4.1 A birational map from Fl’g to ﬁl,i&

Let Wy C APy 3 be the subset of abelian pairs (C, L) consisting of a cubic
curve C' and a line L which is 3-tangent to C. We denote by Y (resp. Z) the
open dense subset Pj 3\ Weusp (tesp. APp3\ Wr). Then the identity map
f:Y = Z (C,L) — (C, L) defines a rational map f : P35 — AP;3 and
the inverse map f~!: Z — Y defines the inverse rational map of f. Hence
f: FLg — ﬁl,iﬂ is a birational map. The base loci of f, f~! are Weusp, Wi,
respectively.
We denote by G(f) the graph of f:

G(f) = Im((ld, f) Y — Y x Z) C ﬁl,g X ﬁlyg.

Lemma 4.1.1. Let I' := Wy, x W 2 P x PL. Then for any x € T, there
exists a family of semistable pairs (Cy, Ly) € Y = P13\ Weusp Such that

11_{% (Cy, Ly) = pry(xz) and }}_I}(} J(Ci, Ly) = pry(z),

where pr; and pry are the canonical projections from I' to Weys,, Wi, re-

spectively. In particular, we have I' C G(f) \ G(f).
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Proof. For any x € I', we have pry(z) € Weysp and pry(z) € Wryp. Let
pry(z) = (C,L) and pry(z) = (C’,L'). Since C is a cuspidal curve, L does
not pass through the cusp point of C', and L is not 3-tangent to C', we may
assume that

C: :L'Ozzzg = x:f, L :xy=bix; + byxs

with (by,by) # (0,0) clearly. Since C” is a smooth or nodal curve, and L' is
a 3-tangent at a smooth point of C’, we may assume that

C': woxs = 2} + Biwiwy + Box), L' :29=0

with (By, By) # (0,0). In fact, assume L' : 2y = 0. Then C" N L' is a triple
point, hence C” has the form

! 2 2 3 2 2 3
(G Ap2T0To + a11T9x1T2 + Ap1Tox2 = Ty -+ A20T0Tq + 10Ty -+ QpoTyg-

If age = 0, then C’ has a singular point (0: 0 : 1) and L’ passes through this
point, which is absurd. Hence agy # 0. We may assume that agy = 1. Thus
C' has a Weierstrass form. Since characteristic of k is not equal to 2 or 3,
we may assume that C’ has an above form.

For t # 0, we define a pair (C;, £;) as follows:

2 3 4.2 6,.3
Ci : xox; = 2] + Byt zgr + Bot'xy,

Et Xy = bll'l + bgl’g.

Let g = Diag (1,t7%,t7%) € PGL(3). Then g ' (zg, x1, T2) = (0, t*z1, t313),
and hence

g-Cy: a:ozrg = :B:{’ + legml + ngg,
qg- Et Xy = bthZL‘l + thBZEQ.

Therefore we have lir% (Ci, L4) = (C, L) = pry(z) and
—

lim f(Cp, £4) = lim (Cp, £y) = lim (g - Cp, g - Ly) = (O, ') = pry().

Theorem 4.1.2. f: ﬁl,:ﬂ — ﬁLg 18 a birational map and

WCusp X WT = Prfl (WCusp> N prgl (WT) = W\ G(f)a

where pry, pry are the canonical projections from FLg X ﬁl,&‘» to FL;),, ﬁl,g,
respectively.
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Proof. Let 't := prit (Weusp) Npry ' (Wr). Clearly, we have I' = Wy, X
Wr C T'f. We first show that I'' € I'. We denote by ¢ (resp. ¢!) the canonical
inclusion from I' (resp. I'T) to FLg X EI,S- Since pry |ri: T — Weusp,
pry |pi: I — Wr satisfy a commutative diagram with the given morphisms
Weusp — Spec k, W — Spec k, there exists a unique morphism 6 : I'T — T’
such that pr; |r o @ = pr; |+ (¢ = 1,2) by the definition of fibered product
I. Then ! and ¢ o # are morphisms from I'f to ﬁLg X ﬁLg which satisfy
pr; ot = pr; |p+ and pr; o (o) = pr; |[r 0 @ = pr; |+ for i = 1, 2. By the
definition of fibered product P;3 x AP 3, such morphism is unique. Hence
1t =1 080. Therefore I'" C T, since ¢ and +' are canonical inclusions.

By Lemma 4.1.1, we have I' € G(f) \ G(f). Finally we show that G(f)\
G(f) c TT. For any z € G(f) \ G(f), there exists x; € G(f) such that
lim z; = x. Suppose pry(z) €Y = P13\ Weusp- Then we have

t—0

Z 3 f(pry(z)) = lim f(pry(z;)) = lim pry(z;) = pry(z).
—0 t—0
Thus x € G(f), which is absurd. Hence pr,(z) € Weysp- Since f is birational,

we get pry(z) € Wy similarly. Thus we obtain G(f) \ G(f) C pry* (Weusp) N
pry ! (Wr) =Tt O
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Chapter 5

Maps from blowing-ups of
SQLg X P(V) to APl,S and P173

In this chapter, in order to see rough structures of ﬁlg and FLg, we first
construct natural maps from blowing-ups of SQ; 3 x P(V) to AP; 3 and P, 3,
respectively, where SQ1 3 is the moduli of Hesse cubics defined in [Na99] and
V' is the three dimensional vector space. Next we will give a relation between
the birational in the previous chapter and these two maps.

We give a quick review on the known compactification S@ 3 of the mod-
uli space of level 3 elliptic curves, before we construct natural maps from
blowing-ups of SQ;3 x P(V) to AP, 3 and P; 3, respectively. For this, we
first recall the moduli space ATY of smooth cubics with the classical level-3
structure and its compactification SQICIg

5.1 The moduli space of smooth cubics with
the classical level-3 structure

Let k& be an algebraically closed field of characteristic # 3 and let K =
(Z)37)%2%, {e1,es} a standard basis of K. Let ex : K x K — u3 be a
standard symplectic form of K, where u3 is the group of triple roots of unity.
That is, ex is alternating nondegenerate bilinear form such that

eK(€1,€2) = €K(€27€1)71 = (3, €K<€i7€i) =1,

where (3 is a primitive triple root of unity. Note that for any pair (ae; +
beg, ce; + deg) € K x K, we have

ex(aey + bey, cey + dey) = (5§47,
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Let C' be a smooth cubic with zero O. We denote by C[3] the group of
3-division points Ker(3 id¢). Let ec : C[3] x C[3] — u3 be the Weil pairing
(see IIL. 8 in [S86]). Since e is nondegenerate, ec is surjective. Hence there
exist S, T' € C[3] such that ec(S,T) = (3. Then {S,T} is a basis of C|3].
Let ¢ : C[3] — K be an isomorphism defined by ¢(S) = ey, t(T') = e2. Then
for any pair (aS + b1, ¢S + dT') € C[3] x C[3], we have

ec(aS +bT,cS+dT) = (897" = ex(ae, + bey, cey + dey)
= ego(¢xt)(aS+bT,cS+dT),

and hence ec = ex o (v x ¢). Thus ¢ is a symplectic group isomorphism.

Definition 5.1.1. We define (C, C[3],¢) to be a (planar) cubic with classical
level 3-structure if C'is a smooth cubic, C[3] is the group of 3-division points,
and ¢ : (C[3],ec) — (K, ek) is a symplectic group isomorphism.

Example 5.1.2. Let C be a Hesse cubic C'(u) on P2, that is, C' is defined
by
933 + xi’ + x% = 3uxor122,

where 1 € k or = oo (in which case we define C'(00) as zoz122 = 0). We
see

(i) C(s) is smooth for 11 £ 00, 1, Gs, G,
(i) C(p) is a 3-gon for p = oo, 1, 3, (3,
(iii) any C(p) contains
Ko = {01 =G, (—Gh+0: 1),(1: —Gi:0) | § = 0,1,2)
which is independent of p,

(iv) for p # oo, 1, (3, (2, Ky is identified with the group of 3-division points
C(p)[3] by choosing (0 :1: —1) the zero.

We set Sp:=(0:1:—C), Tp:=(1:—-1:0) € Ky. Then {Sy,To} is a basis
of Ky and ec()(So, To) = (3. Hence we have a symplectic group isomorphism

Lo - K() — K, Lo(So) =éeq, Lo(T()) = €é9.
Thus (C'(p), Ko, to), t # 00, 1, (3, (3 is a cubic with classical level 3-structure.

Definition 5.1.3. Two cubics with classical level 3-structure (C, C[3],¢) and
(C',C"[3],) are defined to be isomorphic if there exists an isomorphism
f:C — C" such that f |¢g: C[3] = C'[3] is a symplectic isomorphism and
l'of=u.
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Lemma 5.1.4. For any cubic with classical level 3-structure (C,C[3],t),
there exists an unique u # 0o, 1, (3, (3 such that (C, C[3],.) = (C(p), Ko, to)-

Proof. Firstly, we show the existence of u. Since C' is smooth, there exists
an isomorphism f : C' — C(i') for some p' # oo, 1, (3, (3 (see Chapter
4, Section 2 in [Hu86]). Let O be the zero of C. We may assume that
f(O) = (0 : 1 : —1), if necessary by composing the translation 7. ).
Then since f is an isogeny of degree 1, f is a group isomorphism and the
dual isogeny f is equal to the inverse isomorphism f~1. Let S = :7(e1),
T = 1Y (ey) € C[3]. Since f and f = f~! are dual with respect to the Weil
pairing, we have

cow(f(S), F(T)) = ec(S, f o f(T)) = ec(S,T)
)

(see Proposition 8.2 in [S86]). Hence f |cg: C[3] = Ky is a symplectic group
isomorphism. Then ¢/ := 10 ( f |C[3])71 : Ko — K is a symplectic isomorphism
and we have f: (C,C[3],1) = (C(¢'), Ko, 1'). Let f(S) = aSy + bTy, f(T) =
cSo + d1y € Ky. Then we have

G = ex(er,e2) = ec(S,T) = ecin (f(S), (1)) = 54",
and hence ad — bec = 1 mod 3, so that the pair (f(S), f(T)) € Ko x Ky
contained in R U 2R, where R consists of
(S0, To), (S0, So + To), (So, 250 + To),
(T, 250), (Ty, 250 + 210), (1o, 250 + Tp),

(So + Tv,2S50), (So + To, To), (So + To, So + 2Tp),
(SO + 2T[), So), (S[) + QT(], 250 + 2T0), (SO + QT(], Tg)

—e

S

For each (f(S), f(T)) € RU 2R, there exists g € (oy,03) C PGL(3) =
Aut(P?) such that g |¢(n: C(1') — C(p) is a group isomorphism for some

fr # 00, 1, G, ¢§ with g(f(S)) = So, g(f(T)) = To, where

11 1 G 0 0
=11 ¢ G|, os=1]0 01
1 G ¢ 0 1 0

In fact, if (f(S), f(T)) € R, then we have the following Table 5.1. We replace
each g in Table 5.1 with o3¢, if (f(S), f(T)) € 2R.

Since g |y is an isogeny of degree 1, g |x,: Ko — Ko is a symplectic
isomorphism by the above argument. By construction, (' = g0 g |g,, so that
we have

f g
(C’ 0[3]> L) — (C(M/)a Ko, L/) - (C(H)a Ko, LO)'
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Table 5.1: g and p corresponding to (f(S), f(T))

| (f(5), f(T)) g ] 0 |
(So, To) id W
(So, So + Tp) 0§ Cap
(So, 250 + Tp) o3 &
(Ty,25) o1 (W+2)/(w—1)
(To, 250 + 2T0) O'10'§ (<3,u/ + 2)/((3,1/ — 1)
(T, 250 + To) 0103 (Gr +2)/(Gr = 1)
(So + Ty, 25)) 030, G +2)/(p = 1)
(So + 1o, To) 010301 | Ca3(Gap’ + 2)/(C3M —1)
(So + To, So + 2Tp) o30103 | G(Gp' +2)/(Gp' — 1)
(S0 + 275, S0) 0301 G +2)/(W —1)
(So + 270,250 + 2T0) | 050103071 | G (G’ + 2)/((3@ - 1)
(SQ+2T0,T0) 0'§0'10'3 g( M/+2)/( )

Secondly, we show the uniqueness of p. Suppose that f: (C'(u), Ko, o) —
(C(u'), Ko, tp) is an isomorphism. Then since t¢ = f |k, © ty, we have
f |k,= idk,. In particular, the line xy = 0 (resp. x; = 0, 9 = 0) which
passes through (0 : 1 : —¢) (resp. (—¢4:0:1), (1:—¢ :0)) is fixed by
f. Hence f = Diag(ag,a,as) (a; # 0). Moreover since (0 : 1 : —1) and
(=1:0:1) are fixed by f, we have a9y = a1 = as, and hence f = id. Thus
we obtain pu = p'. O

Proposition 5.1.5. Let A% be the set of isomorphism classes of cubics with
classical level 3-structure, and let SQTY be the union of ATY and the 3-gons
in Example 5.1.2 (ii). Then we hcwe

1
AIC,II; = {(C(M)7K07LU) | 2! 7£ 0, 1a€37§§} = Spec k |::ua ﬁ:| )
SQvs = {(C(w), Ko, w) | p € k or pp= o0} = Proj k [uo, ],
where 1 = pi1/ o

Proof. The assertions follow immediately from Lemma 5.1.4. O]

5.2 The moduli space of smooth cubics with
a new level-3 structure

If we keep naively using the same definition of the classical level structure in
higher dimension, then we will have nonseparated moduli spaces in general.
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To construct a separated moduli, we use a lifting of the translation action on
C by C[3] to (C, L) as the alternative, where L := O¢(1) is the hyperplane
bundle (see [NalO] in detail). In [NalO], Nakamura considers the moduli
spaces over Z|[(3, 1/3], however in this paper, we consider the moduli space
of cubics over an algebraically closed field k£ of characteristic # 3.

We set H := Z/3Z and Vi = k[H"] = @7,k v(i), where {v(i)} is a
free k-basis of Vj.

We first construct a G(3)-action on (C(u), L(p)) lifting the translation
action by K, for a smooth Hesse cubic C(u) on P(Vy) = P? with L(u) =
Oc (1), where Kj is the group of 3-division points of C'(1) with zero O =
(0 :1:—1), we identify Vy with k[zg, z1, x2]1 by the map v(i) — x;, and
G(3) := (o, 7) C SL(3) is the group generated by

1 0 0 0 01
c=10 ¢ O, 7=1]1 0 0
0 0 ¢2 010

Since o1 = (370, we have
G3)={(o"t" | a,a,b € Z/3L} .
G(3) acts on Vi = k[zg, x1, x2]1 by
o) = Gui, 7(w:) = Tiga. (5.1)

Then this action induces a group homomorphism G(3) — End(Vy). This is
called the Schrodinger representation. We denote by Uy this representation.
Let Vi := Hom(Vy, k) and ( , ) : Vy x Vg — k the dual pairing. Using this
pairing we have an action of G(3) on V}} as follows

(g-F,7):=(F,g"'(y)) forany v € Vg,

where F' € VY. Hence G(3) acts on P2 = P(Vy) by g- V(F) := V(g - F).
Then we have g - (zg : 71 : 22) = (g7 (o) : ¢~ (1) : g~ (22)). In particular,

o (zo:a:m9) = (10 Gy GTa), T (To: a1 2) = (2220 :71). (5.2)

Then C(p) is stable by this action, and hence G(3) acts on C(u). For any
P = (ag: ay:az) € C(u), we have

c-P=P+S, 1-P=P+T,

where S :=0-0=(0:1: ) and T:=7-0 = (1:0: —1). In fact,
if P =S (resp. 25), theno-P = (0:1: —(3) = 2S5 (resp. - P = (0 :
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1:—-1) =0 = 35). Suppose P # S, 25. Then the line {pg (resp. {,.po)
passing through P and S (resp. o - P and O) is

lps: (Gar + az) mo — ag({Gar 4+ 22) =0
(resp. £o.po (C§G1 + C3a2) To — ap(x1 + x2) = 0).

Then Q := ¢ps Nly.po = (ag : Gzas : (3ay) € C(p) and hence we have
P+S=—-Q =o-P. Similarly, we get 7- P = P +T. Therefore for any
g = (§or? € G(3), we have

g-P=P+aS+bT.

Hence the action of G(3) on C'(u) is a lifting of the translation action by K.

We denote by p : L(u) — C(u) the natural projection. Since the action of
G(3) on C(p) is linear (see Def. 2.1.7), it induces an L(u)-linear action (see
Remark 5.2.1), that is, there is an action of G/(3) on L(u) such that p(g-¢) =
g-p(C) for any ¢ € L(i), g € G(3), and the map L(p), — L(p),., ¢+ g-( is
linear for any z € C'(u), g € G(3), where L(1), is the fiber p~!(z). Note that
this L(u)-linear action is induced from the Schrodinger representation Uy by
the above arguments and this action induces the Schrodinger representation
(see Remark 5.2.4), so that we denote by Uy the L(u)-linear action:

Un : G(3) x (C(p), L(p)) — (C(p), L(p))-

By construction, Uy is a G(3)-action of weight one, that is, Uy(a) acts as
(ide(uy, @ idg () for any a in ps which is the center of G/(3).

Remark 5.2.1. An action p : G(3) — End(V') induces a H-linear action of
G(3) on P(V) as follows, where V' is a three dimensional vector space over
k and H := Op(yy(1) is the hyperplane bundle. Let V" := Hom(V, k) and
(,):VYxV — k the dual pairing. We define an action G(3) x V"V —
VY (9. F) = plg) - F,

(p(9) - Fiy) == (F,p(97") ()) forany v e V.

This induces an action of G(3) on (P(V'), T), where T is the tautological line
bundle:
T={(z,0) eP(V)xk*|vel.},

where /, is the line passing through the points above z and the origin of 3.
In fact, for any (z,v) = (V(F),aF) € (P(V),T), F € V¥ \ {0}, a € k, we
define

p(g) - (z,v) == (V(p(g) - F),p(g) - (aF)).

40



Since the hyperplane bundle H is the dual of the tautological line bundle T,
we have

H = {(z, f) € P(V) x (k*)V ] f is a linear functional on ¢},

and we can define an action of G(3) on H as follows:

p(g) - (2, f) = (p(g) - z,p(9) - f),
p(9) - f i lpgyz =k, v (p(g) - f) () == f(p(g7") -v).

This action is a H-linear action of G(3) on P(V'). We denote it by
S(p(g)) : (B(V), H) — (B(V),H) for any g € G(3).

Moreover if C' C P(V') is stable by this action, we have a L-linear action of
(G(3) on C by the restriction of the above action to (C, L), where L := O¢(1).

Next let C' be any smooth cubic, L = O¢(1) the line bundle viewed as a
scheme over C'. By Lemma 5.1.4, there exists a group isomorphism f : C' —
C(p) such that f |cg: O3] = Ky is a symplectic group isomorphism. Then
this isomorphism induces a G(3)-action on (C, L) lifting the translation by
C'3]. We denote it by

t:G(3)x (C,L) — (C,L).
In fact, ¢ is defined by

t:(9,(2.0) = (tg)-21g) Q)
= (f"(Unlg) - f(2), F~ (Un(g) - F(Q))),
where we put F' : L = f*L(pn) = C X L) % L(u). Using this G(3)-

action, we define a new level-3 structure. In a word, new level 3-structure fixes
the matrix form of the action of G(3) on the space of sections V := H°(C, L).

Definition 5.2.2. We define (C, ¢,t) to be a (planar) cubic with level-G(3)
structure (or a level G(3)-cubic) if

(i) (C,L) is a (planar) cubic with L = O¢(1).
(ii) ¢ is a G(3)-action of weight one on (C, L), that is, t(a) acts on (C, L)

as (idg,a idy) for any a € ug, the center of G(3). Additionally, if C' is
elliptic, then t induces a translation of C'.
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(iii) ¢ : C — P(Vy) is an inclusion, and
(¢,@) : (C, L) — (P(Vi), H)

is a G(3)-equivariant morphism by ¢, where ® : L = ¢*H — H is the
natural bundle morphism. That is,

(¢, @)t(g) = S(p(,t)(9)) (¢, ®) for any g € G(3),

where p(¢,t) : G(3) = End(Va), g — (¢") " o pru(g) 0 6", and py . :
G(3) — End(V) is defined by
per(9)(0)(2) = t(g)- (0 (t(97") - 2)) (5.3)

for any g € G(3), 0 € V, z € C. Note that S(p(¢,t)(g)) is a H-linear
action of g € G(3) on P(V) induced by p(¢,t) (see Remark 5.2.1).

Remark 5.2.3. p; 1, : G(3) — End(V) is a homomorphism. In fact, for any
g1, 92 € G<3)7 NS V7 z € Ca

(pe.c(g1) 0 per(g2)(0)) (2) = t(g1)- (Pw(fh)( )(( L Z))

= tg1) - (tg2) - (0 (t(g2") - t(g:") - 2)))
= t(g192) - (0 (¢t ((9192)7") - 2)))
= )(6)

t
Pt, L(9192 (9 (Z)

Hence pt,L(gl) o pt,L(gz) = pt,L(glg2)'

Remark 5.2.4. Let V be a three dimensional vector space over k. An action
p: G(3) — End(V) induces a H-linear action S(p(g)) of g € G(3) on P(V)
(see Remark 5.2.1). For simplicity, we denote by S this action. This action
induces a homomorphism pgy : G(3) — End(V) as above (see (5.3) and
Remark 5.2.3). Then pgg = p. In fact, for any g € G(3), 0 € V, z € P(V),

psu(9)(0)(z) = 0(S(g7")-2)
-~ @ (p(97") 2))
) . (P (g_l) %0 |£p(9_1)'z)

where £,,,-1y., is the line passing through the points above p (g~ 1Y. 2 and the
origin of k3 Note that 6 € V is a section of H:

0:P(V) —H, wr— (w,9|ew),
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and 0

¢, 18 a linear functional on ¢, defined by

0le,: bw —> k, aF — (aF,0),
where w = V(F), F € VV\ {0}, a € k,and (, ): VY xV — k is the dual
pairing. Recall that p(g) - <9 |gp(g71)'z) : £, — k is given by

@) (010, ) ) = Ol (057 )
= <p(‘) v, 0
= {(1.0(9) (0) = p(9)(8) |1. (v)

(see Remark 5.2.1). Thus we obtain

psm(9)(0)(2) = (z,p(9)(0) e.) = p(9)(0)(2),

and hence we have pgg = p.

Example 5.2.5. Let C be a G(3)-invariant cubic on P(Vy) = P% under the
action induced from the Schrodinger representation Uy (see (5.2)). Then C
is a Hesse cubic C'(u) or one of the following:

C1(b) : x4 ba? 4+ b%23 = 0,

Cy(b) : 2125 + brox? + b 13wy = 0,

C3(b) : 2229 + baozs + bPwiz; = 0,
where b® = 1. Then (C(u),4,Uy) with i the inclusion of C(u) into P(Vy)
is a level G(3)-cubic (see Remarks 5.2.1 and 5.2.4). However (C;(b),, Ugy),
(7,b) # (1,1) are not G(3)-cubics. Note that C1(1) is a Hesse cubic C(u)
with 4 = 0. In fact, (1:1:1) € Cy(b), b # 1 (resp. (1:0:0) € Cj(b),
j =2,3)is Uy(r) (resp. Uy(o))-invariant, and hence 7 (resp. o) is not a
translation of Cy(b), b # 1 (resp. C;(b), j =2, 3).
Definition 5.2.6. Two level G(3)-cubics (C, ¢,t) and (C’, ¢/, t') are defined
to be isomorphic if there exists an isomorphism f : C' — C” such that

(i) there exists a bundle isomorphism h: L — f*L/,
(ii) (f, F) is a G(3)-isomorphism, that is, (f, F)t(g) = t'(¢9)(f, F) for any
9€G3),
where f*L’ is the fibered product

T

f*L/ Pra s L/

T

c Lo

and F':=pryoh: L — f*L' — L.
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Let V = H°(C,L) and V' = H°(C", L'). If two level G(3)-cubics (C, ¢, t)
and (C', ¢',t') are isomorphic, then by Definition 5.2.6, we have an isomor-
phism

oV — VI —V, 0 — 0 — h o f*0.
Note that f*0’ is a section of f*L’, and hence h~' o f*#' is a section of L.
Lemma 5.2.7. If [ : (C,¢,t) — (C', ¢/, 1), then we have
pei(g)o (™o f*) = (A1 o f*) o pup(g) forany g€ G(3),
where h : L — f*L" is a bundle isomorphism in Definition 5.2.6, (1).
Proof. For this, we show that
F* (P, (9)(0) (2) = h (pr,2(9) (W™ o f70)(2)) € f*L

for any g € G(3), ¢ € V', z € C. Since h : L — f*L’ is a bundle isomor-
phism, we have p = pr; o h, where p: C'— L and pr; : f*L' — C are natural
projections. Hence we have

pry (f (pe,(9)(0)) (2)) = =
= p(perlg)(h™ o f0)(2))
= pry (h (perlg)(h o f0)(2))) .

By Definition 5.2.6, we have

pry (f* (pe1r(9)(0) (2)) = pt/L/(g)(H')(f( )

= ) - (0" (g f(Z)))

= ) (0'(f(t(g™") - 2)))

= t'(g)- (prg(f 9’ tlg™) - 2)))

= g) (Foh™(f0'(t(g™") 2)))
= F(tlg)- (W o f0)(tg™") 2)))
= F(pu(g)(h™" o f0)(2))

= pra (b (peplg)(h "o f50)(2))).

Thus we obtain f* (py,1/(9)(0')) (2) = h (pe,L(g)(h™" o f*0')(2)). N

Lemma 5.2.8. Any level G(3)-cubic (C, ¢,t) is isomorphic to a unique Hesse
cubic (C(u),i,Upy) (see Example 5.2.5).
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Proof. Firstly, we show the existence of . Since we have

p(6,t)(g192) = (¢°) 'peL(9192)0"
= (¢") " pe.r(91)9"(¢) " pr,r(g2) 9" = p(o, ) (g1)p(, 1) (g2),

Vi is an irreducible G(3)-module of weight one through p(¢,¢). By Schur’s
lemma, there exists A € GL(Vy) such that

Un(g) = A" p(o,t)(9)A = (¢"A) ' py.L(g) 9" A.

Hence it suffices to choose a closed immersion f : C' — P(Vy) by f* = ¢*A.
Then we have p(f,t)(g) = Un(g) and (C,¢,t) = (C, f,t). Therefore we
obtain f : (C, f,t) — (f(C),i,Ug) and f(C) = C(u) for some u, because
f(C) is a Ug-invariant subscheme of P(Vy) (see Example 5.2.5).

Secondly, we show the uniqueness of p. Suppose that f : (C(u),1,Uy) —
(C(u'),i,Ug) is an isomorphism. Then since (f, F') is G(3)-isomorphism, by
Lemma 5.2.7, we have

Un(g) o f* = f"oUn(g) forany g€ G(3).

Since the Schrodinger representation Uy is irreducible, f* is scalar by Schur’s
lemma. Hence f = idp(v,,). Thus we have C(u) = C'(1/), so that = 4/. O

Proposition 5.2.9. Let SQ13 be the set of isomorphism classes of level
G(3)-cubics. Then we have

SQI,?) = {(C(/’L)7Z7 UH) | 1% € k or m = OO} = Proj k [:U’Oalul]v

where p = 11/ o

Proof. The assertion follows immediately from Lemma 5.2.8. O]

Remark 5.2.10. Any smooth level G(3)-structure (C, ¢,t) induces a classi-
cal level 3-structure (C, C[3],¢) as follows. Since t is a G(3)-action of weight
one and induces a translation of C, we have t(g) - P = P + aS + bT for any
PeC, g=(Som" € G(3), where S :=t(0)-O, T :=t(7) - O. Then since we
have (n+1)S = nS+S = t(0)-(nS) for any n € N, we get 35 = t(03)-O = O.
Similarly, 37" = O. Thus we obtain

C[3] = G(3)- O = {aS +bT | a,b € Z/3Z}.

Let e (S, T) = &, where ec : C[3] x C[3] = ps is the Weil pairing. By the
surjectivity of the Weil pairing, we have 5 =1 or 2. We define ¢ : C[3] — K
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by t(aS + 0T) := afle; + bes, where {e1, e} is a standard basis of K =
(Z/3Z)%. Then we have

exo(tx)(aS+bT,cS+dT) = ex(afer + bey, cBey + des)
= (Pt — o (aS + BT, S + dT).

Thus ¢ is a symplectic group isomorphism and (C, C[3],¢) is a classical level
3-structure. Therefore we see SQ13 = S ?g We note that this isomorphism
satisfies over Z[(3,1/3] (see [NaT01] for detail).

5.3 A map from a blowing-up of SQ;3 x P(V)
to ﬁLg

In what follows, k is an algebraic closed field of characteristic # 2, 3.

Let X = SQi3 x P(V) = P! x P? where V = H°(P? Op2(1)) is the
irreducible representation of G(3) of weight one, say, three dimensional space
with actions o and 7. We want to define a map ¢ : X — AP 3,

@ (po: 1) X (b : by by) — (C, L), (5.4)
C: /,Lo(mg -+ l’? -+ .ZC;) = 3#11}03711'2, L: bo.ﬁCo -+ bliCl -+ b2$2 =0.

However ¢ is not well-defined when (C| L) is not an abelian pair. If p;/po =
00, 1, (3, (2, then C is a 3-gon. Only in this case, it is possible that (C, L)
is not an abelian pair. Then (C, L) is not an abelian pair if and only if L
passes through a singular point of C'. Thus ¢ is not well-defined on subsets

of X defined by

VO = {(0:1) x (b : by : by) € PE x P? | bybyby = 0}, (5.5)
VO = {(B:1) x (b : by : by) € P x P? |

(bo + b1 + Bb2) (bo + (b1 + 5C3ba) (bo + C3b1 + BCsbs) = 0},(5.6)

where 3% = 1. We will construct a scheme X such that ¢ can be extended

on it. X will be given by the blowing-up of X three times.
For a € {0, 1, (3, (2,00}, we put

Mo (Cl = 0)7
(a) — - 3 _ 1
o apr — po (@’ =1),
H1 (a = o0),
M1 (CL = 0)7
(a) — 2 3 _ 1
py apr +2p0  (a® =1),
Ho (CL = OO),



bA
o o [ | ’ 0<i<2
i {bo+<§bl+a<§%2 @ =1, )
u® =g
RER Oy

and we denote by U@ the affine open subset of X defined by

. 1
a,n) __ a (a) (@)
U@ = Spec (k‘ [u( ) s iyl Sivis —(u(“))g - 1]) . (5.7)

Then X has an affine open covering

x= U v

a=0,00 or a®=1,

0<i<2
and ¢ is well-defined on U™ := [JU?, but ¢ is not well-defined on only
1% (u(“), §+1z) uv (u(“) s(a) ) cU@) (a=0o0ra®>=1,0<1i<2).
Firstly we give X as the blowing-up of X three times:
X & X & X & X, (5.8)

where 7 is the blowing-up of X at 12 points P =V (1/ b pl) > (a=0

Y1 Y 7
or a® =1 and {i,j, k} = {0,1,2}). 7o is the blovvlng—up of X" along 12 lines
ZZ(»“), where lNLZ(a) is the strict transform of Lga) =V (V(“),bga)> (a =0 or
3 =1, 0 <4 < 2) under the blowing-up ;. 3 is the blowing-up of X"
along 12 lines L") (¢ = 0 or a® = 1, 0 <4 < 2) in the exceptional sets of
7y, where L"(%9) is defined as follows.
X" has an affine open covering which consists of U (0 < i < 2) and
60 affine open subsets Uj /(@) (a=0o0ra®>=1,0<17<2 1<j<5) defined
by

(i) (a) s st
U = Spec | b w0~ o 7N ’
Y
‘ (@) gl@ 1
mai) (a) Y an
U, := Spec | k Sit2,i» s Tl TG n\3 7
i+2,i <u2’ ) -1
| (a) 1
ai) a u a
Ué/( ) — SpeC k 3§+)2,i’ @ sz(+)1,i+27 T ’
Siv1 (u3’ ) -1

47



. (a) 1

Mai) | @ (@ u
U4( )= Spec | k Sit1,is Sit2,i+1s @ 7 @i\? )
i+2,i <u4’ > —1

(@) (a)
nag) (@) Sit2i U 1
U5 = SpeC k S’i+1,’i7 ’U,(a) 7S(a) ) (@) 3 )
i+1, (u5’ ) -1
where uga’i) is the function which gives u(® on U"(®%. We define
Lg(a’i) =V <U(a)/ Sz(j-)l,i? 351)1,1;+2> - U:Jl,/(a’i)a
Lg(a’i) =V <Sz(‘i)2,z‘+1vu(a)/5§i)2,i> - Uzil(a’i)-

By gluing these lines, we get 12 projective lines in the exceptional sets of my:
L@ = [5G L@ (g =0ora® =1, 0<i < 2).
Then X has an open covering

Y 00,1 (a,i)
x-yueu Joou
0<4i<2 a=0 or a3=1,

0<i<2, 1<5<7

where each open subsets U ;a’i) is given by

(i) (@) 3('1)1' 3(1)2' 1
U™ = Spec | k [u'Y, @ w@ 7 : (5.9)
GO
4 (@ g 1
Uz(a’z) := Spec | k s(»a)2 | Y , , (5.10)
2,0 (a) u(a) (a)i) 3
Sifo; <u2 ' > -1
. (a) s(a) ,S(G) . 1
Ug(a’z) := Spec | k& sgi)%, 4 , il ZH’ZH, 3 , (5.11)
gl ul@ ( (a,i))
i+1,0 Us —1
. (a) 1
(ai) (a) u (a)
Uy = Spec | k Si+2,i’W’si+1,i+27T (5.12)
8i41,i5i4+1,i+2 (u4’ ) —1
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; (a)
ai) . (a) (a) U
Us 7 i=8Spec | k|81 89015 @ @ 7 @ (5.13)
Si42,i%i42,i+1 <u5’ ) —1
(a) (a) (a)
(ai) ._ (a) 3i+2,i3i+2,z’+1 u 1
Us " :=Spec | k |5 @) NONEACE: ., (5.14)
Sit2,i <u6’ ) —1
(a) (a)
(ad) _ (@) Sitei U 1
U7 = Spec | k |57, MO ORI ) (5.15)
Si+1,i <’LL7’ > -1

(a,i)

and u; " is the function which gives u® on U ](a’i). In what follows, we denote

by 037 (@59 {49 the above coordinates of U;a’i). Then we have

( (G/,Z'7].)

vy N (j=1),
- U(()a,z,j)vga,lﬂ) ) (] =9 7)
u™ = U(()a,i,j) <U(a,i,j)> Uéa,i,j) (j = 3.,6), (5.16)
_ N2
| o (o) (= 4,5).

Next we define a map ¢ from X = U* U U;a’i) to AP 3. For this, we

will define a map ™, <p§-“’i) from U, U;a’i) to AP, 3, respectively, and we
will glue these maps. We define o> by (5.4). Let

(Clays Liw) = (V (Flay (@), V (S (@))) (5.17)
Floy(z) == u® (23 + 2% + 23) — 3mom139, S(oy(2) = b 2o + b2y + b\
and we define matrices M, ; ; as follows. When i = 2,
( Diag (1,1,1/u) (j
Diag ((bg%gww)% b, bg‘”) (= )
(7
(7

| |
\_/

Dlag <b(a) b(a) b(a)> j
Diag <b<“ BBy @)) ? ,b(“)) j
\ (87087ul)) " 3

When ¢ = 0 or 1, we define M, ; ; as the matrices given by replacing b,(fa) with

6,7).

b,(:jziﬂ in 74t Mo - 720D where 7 = Then we define the

S = O

0
0
1

o O =
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image of gog-a’i)

Mais - (Cay L) = (V (Flwy (M - @)V (St) (M - 7)) -

a,i,j a,i,j
(ay7)

Specifically, we can write ¢;

as the abelian pair given by

as follows.

Definition 5.3.1. For each affine open subsets U;a’i) (a=0ora =1,
0<i<2,1<5<7),weput J=(a,i,j). Then we define g0§a’i) : U;a’i) —
ﬁLg as follows. When 7 = 2,

A" (o vl i)

3

_ O+t + (w) 8 = Byomie, (5.18)
L :viyo+viys +1y2 =0,

a2) J . J J)

U07U17U2

C: o yo——3y1y2> S CIRC S CIN )
L: 1 vfyo + Y1+ y2 = 0,

Uo:vu%)

—{ ¢l s = () (s + ()"38) 5
L: oty +y2 =0,

(5.19)

a2)

a2) U07U1’U2)
3 3
: C : 3yoyry2 = vy (yo + (v9) (yi)’ + () yg’)) ' (5.21)
L:yo+y+y2=0,
a2) ’UO,UI,UQ)
3 3
_ ) O3y = vy (yl + (vi) <y8 + (v) y;’)) ’ (5.22)
L:yo+yi+y2=0,
“’2) UO,U1,1)2

{ C:yi(yi — 3yoy2) = (U2J)3 (Ui])B/2 (yg’ + (v({)gy§’> " (5.23)
L:yy+ Ul / y1+y2 =0,

a2)
U0>U1702

:{&M%_@mﬁzwﬁ”@+WWﬁ%

(5.24)
L:yo+ (UQJ)I/QU{yl +y2 = 0.

When ¢ = 0 or 1, we define the images of gpgq’i) as abelian pairs given by
replacing (yk,véa’Q’j)> with (yk+i+1,véa’i’j)) in (5.18), ..., (5.24).
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The definitions (5.19), (5.20), (5.23), (5.24) are independent of a choice
of a square root of v{ or vy. In fact, for (5.19), (5.20) (resp. (5.23), (5.24)),
we obtain same abelian pairs in ﬁl,?» under the transformation yy — —o
(resp. y1 = —y1).

We can show that (5.18), ..., (5.24) are abelian pairs. Here we only
consider in the case (5.21). The other cases can be checked by the same
arguments. For (5.21), that is, J = (a,2,4), if v{ = 0, then C is 3-gon
V(yoyry2) and L = V (yo + y1 +y2) does not pass through the singular points

Pp:=(1:0:0), P,:=(0:1:0), P,:=(0:0:1)
of C, and hence (C, L) is an abelian pair. If v{ # 0 and v§ = 0, then we
have C = L'+ Q, L' =V (yp) and Q =V (vl‘]yg — 3y1y2). Thus (C, L) is an

abelian pair, since L does not pass through the singular points P, P, of C.
If v{v] # 0 and v = 0, then we have

C=V (vi] (yg’ + (vz‘])gyi’> — 3yoy1y2> .

Since C' is a nodal curve with nodal point P, and L does not pass through
P,, (C,L) is an abelian pair. If vJv{v] # 0, then by the transformation
Yo = vy V3 To, Y1 = UJT1, Yo = Ta, We obtain

J o J

o od ()2 (3 3 3y —
C:ofvi (v))” (zf + 23 + 23) = 3woz129,
L vfvdxg + vz + 20 = 0.

3
Then we have (UO‘]’Ui] (05)2) # 1 by (5.12) and (5.16). Thus C is a nonsin-

gular cubic curve, and hence (C, L) is an abelian pair.

Theorem 5.3.2. We can glue the maps > and g0§.a’i), and we obtain a map

QOX:UOOU U U(a7i)—>ﬁl73.

J
a=0 or a®=1,

St>4ey x>

This map 1is an extension of (5.4) and ¢~ (Wr) is the union of the strict
transforms of AEJ) under the composition w:= m omoms : X — X, where

AE” = {(Mo tpn) X (bo i by iby) € X | biya = bi+2C§j, bijaps = bié“?uo} .

Proof. The second assertion is clear by construction. We show the first as-
sertion. Let oy = id and let o(,) = 0% 04, Where

11 1 10 0
=11 G G|, =010
1 2 G 00 a2

o1



Then we have o) - (C(O),L(O)) = (C’(a), L(a)). By definition, the image of

gpg-a’i) is given by

Maij - (Clays Liwy) = (Maijo(@) - (Coys Lo)) -

Thus for J = (a,1,j), we can write formally

(Ma,i,ja(a)) E @S'a’i) (Uojavijvvéj) = (Q:(J)vS(J)) )

Copy v (@ + 2 + 23) = 3xomiaa, L0y i bjao + b1 + bjwe = 0,

where u/, b/ are functions on Uj(a’i) which give u(9), by, respectively. By
construction, we have

ugo’i) (a =0),
o= 51 (5.25)
—1+2u§a,i) a (a®=1),
by (a=0)
b/ — k ! 5.26
L { e quaes (5 6

where '™ are defined by (5.16) and bj are defined by

J
L k=),
vy (k=1+1 (resp.i+2), j =5,6,7 (resp. 2,3,4)),
bl =< vlv]  (k=i+1 (vesp. i +2), j =1 (resp. 5)),
vjvy  (k=1i+1 (resp. i +2), j =4 (resp. 1)),
vjvivd (k=i+1 (resp. i +2), j =2,3 (resp. 6,7))

For any two maps g0§a’i), cpg-(,l/’i/) on U;a’i), U](fz /’i/), respectively, we show

that <,0§~a’i) = goﬁ?l’i/) on U;a’i) N Uj(,a/’i/). Then for J = (a,1,7), J' = (d,i, '),
we can construct functions

v! = F, (v(‘)ﬂ,vi]’,v{> (0<m<2)
by solving equations

w =’ (b]: 6] :b]) = (bg’ b7 b;) (5.27)

for v, v{, vJ. These functions F}, give the gluing U}a’i) and U;,a D We
will construct £, explicitly in a nontrivial case (see Example 5.3.3). Then
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for any (v, v{ ,vJ) = (Fy, Fy, Fy) € U;a’i) N U](,a/’i/), we have (€, £n)) =
(Q:(J), S(J)) by (5.27), and hence we obtain

@iy, g . J . J

SO ol 0d) Myi g ow) @l ol v))

P Yo , V1 » V2

-1 a,i
Ma,i,j 'U(a)) '905' )(FO,Fl,Fz)
= "Ry, Fy, F)

in AP, 3. Therefore we get cpga’ D= gpga ) on Uj(a’i) NnU J(,a ),

Next we show that gp(a ) = ¢ on U;a’i) N U. For it, we need to show

that g0] @) = o on U “) Uk | since UC>o = JU™*) . Recall that U
has Coordlnates ul>), SLH L(= ka/bk) 5k+2 o (= bry2/by) and
oo (00) = (o0) '\ _
o (w50 5hn) = (Cloop L)
Cloo) - mg + xi’ + mg = 3> ToT1T2, L) @ T + Sggoji’kxk_i_l + s,(:j%’kxﬂg = 0.
Then by solving equations
o) 214, YD = ) WD = o

aviz j (l,’i, j G,,’l:, j 3
for v (@) {04 e can construct functions

vt = G, (U(OO) Sl(c-f—i ko 52042 k) (0=m<2)

1 (avi) OO,k’ 1 (avi) — o0
wh1¢h glue U;77 and U (0o:k) together. Hence we obtain ;7 = > on
U;a’z) N U similarly to above. m
Example 5.3.3. We here consider the case where J = (1,2,3) and J' =
(¢3,0,4). For simplicity, we write (vo,vi,v2) = (vg,v{,v5), (v, v}, vh) =
(v, v{",vd"). Then we have

u] _ 1-— Uov%vg

1 + 2vgvivy’
bg = YyU1V2 + CngUO -+ Céc (O S k S 2),

2
J 1 — vjuiv’s
u = ,2 C37
1+ 2v{viv';

o) = (14 ooy + o) ™ (0<k <2).
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Then by solving equations (5.27), we obtain rational functions Fj(v), vy, v5)
and Gy (v, v1,v9) such that vy = Fi(Go, G1,G2), v, = G(Fy, F1, Fy). In

fact, we can write

(3 + vy + g

fo 1+ vpyCs + vg
P (1 4 vpuaGs + U6)(“671'171§2(C3 +2)+1-G)
(1 + vpvy + vpCs) (2vpvi vy (1 — @)+ 1+ 2<3)
P = (1 + vhos + vpls)* (upvivs” (1 — &) + 1+ 2)
(G + 040+ ) (L + vhhCs + ) (ope el (G £ 2) + 1= Go)’
Gy — VoU1V2 + V(3 + (3
VoU1v2(3 + Vo + (3
G, = (vov1v2 + V(s + C3) (VoV1V2Cs + Vo + C3) (VeVTV2(2¢3 + 1) + (5 — 1)
(vov1v2€3 + v0G3 + 1)2(2vovive (G — 1) +2 + G3) ’
G, = VU1V2(3 + voG3 + 1

VoU1Vg + UoCs + (3

Thus we have rational maps G : U3(1’2) — U4(<3’0), (vo, v1,v2) — (Go, Gy, G2)
and F : US? - Uém), (v5, v, v5) — (Fo, F1, Fy). Let Wg (resp. Wg) be
the union of the zero sets of the denominators of Gy (resp. Fj). Then we
have an isomorphism

G UM\ (Wo UG Y (W) — UL\ (WpU FY (W) .
We regard these sets as Uél’Q) N Uf?”o). Note that we have
G '(Wg) = {(vg,v1,v2) € Uél’g) | G(vo,v1,v9) € UV(denom(Fk))}
{(vo,v1,v9) € U§1’2) | denom(Fy)(Go, G1,Gs) = 0 for some k}
= V(vgvivg)

by a simple computation, where denom(F}) is the denominator of Fj. Sim-
ilarly, we have F'~'(Wg) = V(vjvh). Hence matrices M o3 and M, 04 has
nonzero determinants vgvlvél/ 2) vh*vh on U§1’2) NU. £<3,0)7 respectively. Thus
for any (vg,v1,v9) = (Go, G1,Ga) € U?El 2 UZEC?”O), we have

-1
90§,1 )(Uo,Ul,w) = (M123 0(1)) '90;())1’2)(?10,@1,02)

= (€. &) = (€, L)
= (M<304 O(¢s) )71 -0 (G, Gy, Go)
= (G, Gy, Go)

in EL&
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Remark 5.3.4. By the map ¢ : X — AP, 3, we have a rough structure of
AP, 5 in the following sense. Let U@ = U;Zl U;a’l), where a = 0 or a® = 1,
0 < i < 2. Recall that U9 is given by the blowing-up of U@ three times:

Ulad) T ppad) 2 ppnad) T )

Let Eéa’i) be the exceptional sets of the blowing-up 7, and let Eéa’i) c Ulad)
be the strict transform of E,_E“”) under the above blowing-ups. Then we have

Vv (véa’i’j)> ,

&
=~
S
-~
=
Il
-

1

<U§a,i,3)> UV <Uéa,i,4)> UV (vga,m)) UV (Uéa,i,G)) 7
<U§a,i,2)> UV <U§a,i,3)> UV <U§a,i,6)> UV (Uéa,iﬁ)) 7

where v\ {59 8450 are coordinates of U;a’i) defined in (5.9), ...,

(515) Let E(()mi) = V <U§a’i’4)> U V <Uéa‘7i75)> and

<.
Il

4
y

Ep= |J B"™cX, 0<0<s.
a=0 or a’=1,
0<i<2

For any v € X, we put ¢(v) = (C, L) € APy 3. Then we have

C'is a 3-gon <= v € Ej,
C' is an irreducible conic Q plus a line L' <= v € E, U E3 \ Ej,

C is a nodal curve <= v € EI\ (EO UFE,U E3> ,

C' is a smooth cubic curve < v € X \ <E0 U El U Eg U Eg) i

5.4 A map from a blowing-up of SQ;3 x P(V)
to ?173

Similarly to the previous section, we want to define a map 9 : SQ1,3 X P(V) =
IP)I X IP)2 — P173,

W (o 1) X (bo : by 2 be) — (C, L),
C: Mo(xg -+ .73? + l’g) = 3#133033’1552, L: boxo -+ blxl -+ bgﬂfg =0.
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Then (C, L) is not contained in P, 3 if and only if L passes through a singular
point of C or L is 3-tangent to C. Thus 1 is not well-defined on 3-gons V(@
(@ = 0 or a® = 1) and lines Al@ (0 < i,7 < 2) defined in the previous
section (see (5.5), (5.6) and Theorem 4.1.2). Recall that m; : X’ — X is the
blowing-up at 12 points P(a) (a=0o0ra®*=1,0</¢<2). Then each line

A(J) passes through only 4 points PZ( ) PQ(J’:L 2 i)k (0 < k < 2) in these 12

points. Conversely, each P( ) is contained in only 3 lines A(()j ) (0<j5<2)if
a =0, AZFmTIT20) (O <m < 2)if a= (¥ Moreover A ’s intersect only at
Pg(a)’s. In particular, the strict transforms AEJ ) of Aﬁj under the blowing-up
7 are disjoint each other and do not intersect with the center of the blowing-
up mp : X” — X'. Thus the strict transforms of Agj ) under the composition

of three blowing-ups 7 := m o m o w3 : X — X are isomorphic to flz(.j ), SO
we denote by /L(] ) the strict transforms. By Definition 5.3.1, we can define a
rational map

¢ : X — P13 with base locus U A,Ej). (5.28)
0<i,j<2
We will construct a scheme Af( such that 1 can be extended on it. X will be
given by the blowing-up of X three times.

The first step is to retake an affine open covering of X. In the previous
section, we take an affine open covering

Jou=u |y v

0<i<2 a=0 or a3=1,
0<i<2, 1<e<7

Fora=0ora®=1,0<14,j <2, let
(a) (a) (a)

@i Sitli 25542, (aid) _ Sit2i .25
1 u(a) 3 oyl T2 u(@ 30
(00,8,5) __ (00,3,3) _ _(c0) 27 3,(0)

@ = z+1 i CS: Qg = Sit2,i — 63

Then Ul(a’i) has local coordinates u®, oz(la’i’j), oz(Qa’i’j), and U has local

coordinates (>, agm’i’j), agoo’i’j). We define open subsets V(@) (q €

{0717C37<§7OO}~7 0 S 7’7.] S 2) and ‘/g(aﬂ:) (CL € {0717C37C§}7 0 S l S 27
2 <0 <7) of X as follows:

»i a,i,j i, 1 i’
V(G,ZJ) — Spec (k- [U/(a), Oég ) 7])7 Oééa’ 1.7), 3 ]) \CZ(/J )7

(u@)” —1
(‘” Ufaz\ U Agt)7

0<s,t<2
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where, Ci(,j,) = Ui AP ¢ X and (7', 4') is defined by
(4,5) (e =0),
(@5 = U:2kG+1)+20) (a=¢, 0<k<2), (5.29)
(i42,7) (a = 00).

Then X has an affine open covering

\ 0, a,i
X = U V(@i U V£( )’
a6{0717<37€§700}7 a=0 or 0,3:].,

0<4,5<2 0<i<2, 2<¢<7

and 1 is not well-defined on only
Ve 0 A7 = v (ol af ) ¢ v
where (7', j') is defined by (5.29). Note that these subsets are glued as follows:

A(j):V<Oé§o,i,j>7a§o,m) v U V( (65 2 +(2=i)ki) écétzmzfz’)k,i))

)
0<k<L2

UV (oo, 019 (5.30)

Next we give X as the blowing-up of X three times:
X & X2 X X (5.31)

where p; is the blowing-up along 9 lines /L(j ) (0 <i,5 <2), py is the blowing-
up along 9 lines L’ - in the exceptional sets of 7y, and ps is the blowing-up
along 9 lines L7 ; in the exceptional sets of my. Then L ; and L}; are defined
as follows.

We denote by Cg(j ) the strict transform of Ci(j ) under the blowing-up p;.
For each Aﬁj), we know that the affine open subsets which intersect with
AD) are V(i) y(G20+@-0ki) () < | < 2) and V19 by the above
construction. For each [ = (0,2,]), (¢F,25 + (2 — D)k,4), (00,i+1,7), w
denote by py : VI — V! the blowing-up of V! along AY N V1 = V(! aé).
Then we have

I
v = Spec | k w@) of o} —1
Tl (e 1

(
USnee [ £ |ge @1 0 L Ve
p ’@5 2 (u(a([)))g 1 (]
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where a(I) is the first component of /. We define L;f?(l)) =V (af/ad,al) C
V'l By gluing these lines, we get a projective line

v . 70 /(¢5) /(c0)
X'oL;=LYu | L L
0<k<2
We denote by C;/(j ) the strict transform of Cé(j ) under the blowing-up py. We
consider locally again. For each I = (0,4,7), (¢§,25 + (2 — i)k, i), (c0,i +

1,7), we denote by ps : V"1 — V' the blowing-up of V' along L;f;l(])) =
V (od/ad, od). Then we have

al 1
v o= [ Spec |k |u“D) af, 2 ——
ol () _ 1
2
USpoc (o), af (O‘g) 1
P ol o ’( (a()))3
2 1 (ule))” —1

I
USpec | k [u(et) 4ol ! \C{/(j).
H(od)” T () 1 l

We define L;’yg-a(l)) =V < Tad, (on) /a1> C V", By gluing these lines, we

get a projective line

X'on; =Yool

0<k<2

We denote by C U) the strict transform of C ) under the blowing-up ps.
Then X has an afﬁne open covering

% 9 0] a,i
X = U Vr(a,w) U U VZ( )’
CLE{O,LCS,C%,OO}, a=0 or 61,3217
0<4,j<2, 1<r<4 0<i<2, 2<4<7

77]

where affine open subsets V! are given by

(a/77/7])
V) Spec [ k (0@, aloid 22 1 \C¢9 (5.32)
ag‘”’” (u(a)) -1

3
i (o)
Vo) = gpec | & |u@ A A2 /L
aga,l,]) <O{§a’i’j)> (u(a)) -1

>

\ €9, (5.33)
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o (™) (o) »
V:a(a’l’J) = Spec | k |ul® — \Ci(’] g (5.34)

etd) — gpec | ke [u® \CY (5.35)

and (i) is defined by (5.29). In what follows, we denote by w """
w7 the above coordinates of V"7

Next we define a map ¢ from X = U ylabd) UU V" to Py 3. Recall that
we define already a map from (J Vz ) to Py 3 (see (5. 28)) We will define a

map " from V) o P, 3, and we will glue these maps. Let

(Cloo)s Liowy) = (V(Flooy (), V(S(o0) () (5.36)
Flooy () == x% + 23 2l — 3ul® oz s, S(oe) () := oo + by + bawo,

)

and we define matrices N, ; ;, as follows. When 7 = 2, we set

([ ol 0 0
(aga,2,j))2/3 2 (aga,m)z/?’ 0 (r=1,2),
G A VT
Noojr = )
(af**) R 0
2J 1 0 (r=3,4),
L ™ et et
( ag‘”“) 0 0
0 <agoo,2,j)) A (r=1,2),
C:g U(Oo)<3j 1
Neocojr = )
(aéoo’Q’j)) v 0 0
0 1 0 (r=3,4).
| L /a8 a0 oyt 1 aye

When i = 0 or 1, we define N,; ;, as the matrices given by replacing az(a’z’j )
N 001
with aga’l’]) in 7+ Nyoj, - 720D where 7= [1 0 0].
010
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Then for a € {0,1,(3, 2,00}, we define the image of ¥{** as the
semistable pair given by

Naijr - (C(a)7L(a)) = (V (F(a) (Na_wr' )) ’V<S(a) (Na_ur' )))’

where (Cla), L(a)) is defined by (5.17) or (5.36). Specifically, we can write

D% as follows.

Definition 5.4.1. For each affine open subsets V" (¢ = 0, a3 = 1 or
a=00,0<4,57<2 1<r<4), weput ! = (a,i,7,7). Then we define
pi@d) L prlesd) P, 3 as follows. When i =2and a=0or a®=1,

5072 7 (w07 w17 wQ)

1(( 0’ - )yf’=3Cij§y2—3(w{)l/3yoy1yz
() g ()98 = 367 ()" i

- +3¢] (w])™”? y%) : o
( L:yo+ (w{)us wiyy + 2 = 0,
(2 (uh, w )
¢ ((w(l))g - 1) = <3 yoy2 — 3wj (wz) e Yolr1Y2
) () @) e (o) ()3 5.38)
=3¢ (w])” (wh) " g + 3¢ (wh) " 7).
L :yo+ (wh) Y+ ye = 0,
(2 (uh, w )
(C: (( 5’ - 1) vi = 3G e — 3 (w]) " whyoyivs
D R R A (CH I 5

_3C3 w1 (w§>2 Nny2 + 3@9%) )
L: (w1) V2 Yo+ y1+y2 =0,

(029 (wd, wf )

(C: ((wé)g - 1) yi = 3G kye - 3 (wh) " yoyrye
=) () whe ()"0 - 3G wdye + 3¢E) . (540)
( L w1<w2)/yo+yl+y2—0
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When 7 =2 and a = o0
P (wh wl, w))
C: ((wo> - 1) ?Jl = 3( yoyz + 3w0 (w1) Ve YoY1Y2 — 34’3w1yoy2

= tY2 ((w{) Y5 — 3C3 wo ( ) e Y1Y2 +3C3 (wo) (w1)2/3 y%) 7(5'41)
L:yo+ (w]) 3 wiyr +y2 =0,

vy (wg, wi, wy)
([ ((wh)” = 1)y = 3¢ yBys + Budwd (wh)" yoyuys
) B () whvond + () () (wh) 03 512
=87 (wf)” (wh) v + 3] () (w]) 07
 L:yo+ (wh) 3 1 +y2 =0,
g (wg, wi, wj)
([ ()’ 1)y = 3¢ yBys + 3w (w]) " whyoyry
) G D @b e+ () e (D) ()
=3¢k (w])? (wd)? iy + 3¢ (wd) win?) .
([ L:(w]) V2 Yo+y1+y2=0,
O (wg, wi, w3)
(C: ((wd)" = 1) 8 = 36y + Bud (wd) " whyoyrye
_ =363 (wh) " vouf + whue ((w5)” 3 -
3¢ whwdyys + 3¢ (wd)*43)
( L: wl (w2) 2 Yo +y1 +y2 = 0.
When i = 0 or 1, we define the images of wr ) as semistable pairs given by

replacing (yk,w,(C ”) with (kaH,w,(c r)) (5.37), ..., (5.44).

The above definitions are independent of a choice of double or cubic roots
of wl, wl. In fact, for (5.37), (5.38), (5.41), (5.42) (resp. (5.39), (5.40), (5.43),
(5.44)), we have same semistable pairs in P; 3 under the transformation y;
Byr, 7 =1 (resp. yy — —i).

We can show that (5.37), ..., (5.44) are samistable pairs. Here we only
consider in the cases of (5.39), (5.41). The other cases can be checked by the
same arguments. For (5.39), that is, I = (a,2,7,3), if wiwl = 0, then we
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have ; ‘
C: ((wé) - 1) vl = 3G yoye.

By definition, we have (wé)g # 1, hence C'is a cuspidal curve with the cusp
point P, = (0 : 0 : 1). Then L does not pass through P, and L is not 3-
tangent to C. Hence (C, L) is a semistable pair. Suppose wlw! # 0. Then
by the transformation

1/2 , , ,
Yo = (w{) / wiTy, Y1 = 1 + ngﬂﬁoa Yo = ($2 + 532]961 + C§$0) / (w{(wé)Q) )
we obtain C': 2} + a3 + (wé)g T3 = 3xor1x9 and
L: (w](wh)? (wiwh + G7) + ) wo + (wf(wh)? + ) o1 + 22 = 0.

If wl = 0, then C is a nodal curve with the nodal point P,. However L
does not pass through the point. If wl # 0, then C is a smooth cubic
curve, since (wé)3 # 1. Recall that L is 3-tangent to C' if and only if
(wh, w!,wh) € CY (where i, j' are defined by (5.29)). By construction, we
have 173(“’2’]) N CAZ.(,]/) = (), hence L is not 3-tangent to C. Thus (C,L) is a
semistable pair.

For (5.41), that is, I = (00,2, ,1), if w! = 0, then we have L : yo+1y, = 0
and

, |
C: ((Wé) - 1) vl = 3G Yoy

Since (wé)S # 1, C is a cuspidal curve with the cusp point P, = (0:0: 1).
Then L does not pass through P, and L is not 3-tangent to C'. Hence (C, L)
is a semistable pair. Suppose w! # 0. Then by the transformation

I _ (., 1\2/3 _ j 25,1
Yo = WiTo, Y1 = (w1) T1, Yo = Tg + (30 + (37 Wy,

we obtain
{ C:axd+ a3 + T3 = Swégqxlxg,
L:(w] 4+ ) o+ (wi¢s” + wiw]) z1 + 25 = 0.
Then similarly to above, C' is a smooth cubic curve, and L is not 3-tangent
to C. Hence (C, L) is a semistable pair.

Theorem 5.4.2. We can glue the maps 1 on |J Vz(a’i) and ' on V)
and we obtain a map

w X = U w(a,z,]) U U ‘/E(a,l) N P173.
ae{0717C37C32,7OO}7 ae{0717C37<?2,}7
0<i,j<2, 1<r<4 0<i<2, 2<I<T

This map is an extension of (5.28) and Y~ (Weysp) is the exceptional sets of
the composition p :==piopsopg: X — X.
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Proof. The second assertion is clear by the construction (see Remark 5.4.4).

We show the first assertion. We denote by 1/1§a’i) the restriction of ¢ to Vg(a’z)

By the definition, we have @/J;i = goéai on Vg(a’i) C U(a’i) We have to prove

that the gluing of maps 1", gpgb *) s well-defined. Recall that the images

of 7). gpéb k) are given by

Naijr - (Cays Lwy) = (Najijir - 0(@)) - (Cl0), L))
My - (Cwys Liyy) = (Moo - 0@)) - (Croys L)) »

respectively, where o,y (a =0 or a® = 1) is defined in the proof of Theorem
5.3.2 and 0o :=id. In the proof of Lemma 5.3.2, for J = (b, k, (), we write
formally

-1 (bk
(Mb,k,e : U(b)) '?/fgg ) (vbj,vij,vg) = (C(J)vQ(J)) )
Coy ! (@f + 28 + 23) = 3zemiza, L1gy 1 BT + b1 + by 19 = 0.

Then u/; b are given by (5.25), (5.26), respectively. Similarly, for I =
(a,i,7,7), we can write formally

(Nasiir - 0@) - 1) (wi, wi, wh) = (€, L))
where £;) is given by béxo + bl +blzy = 0 and & is given by

w! (23 + 23 + 23) = 3zpr172 (@ =0o0r a® = 1),
w3+ 23+ 23 = 3ulzgrizy (0= 00),

and u’, bl are functions on vl Wthh give ul® by, respectively. Then by
constructlons we have

; {w{) (@ =0 ora=00),

S
I
()
o
=
S
I
g

bI — bI (
k (bI 4 Cgkbl 4 Cécbl) k(k+2) (aS — 1)7

where b} are defined by

1 (k=1i,a=0o0ra®=1),
b, = wé(a{—i—ﬁ?ué—i—ﬁg) (k=i+1,a=0o0ra®=1),
wh (ab + &) (k=i+2,a=0o0ra®=1),
1 (k=1,a = 00),
bl = a1+C3 (kzi—l—l,a:oo),



and al are defined by

w! (r=1), wiwl (r=1),
3
o - (w{)Qwé \ (r=2), o (w{)Qwé (r =2),
o) @) (we) (=3 ) wf () (r=3),
wi (wz)”  (r=4), w; (r=4).
Note that al are functions on A , which give alad)

By the same arguments in the proof of Lemma 5.3.2, we obtain that

(A

web k) — (b/ k;/) ‘/Z(b,k) N wgb”k/). Slmllarly, we Obtain that 7\pT('CL,i,j) _ 1/}1(;1 i3
(resp o az] _ ¢éb,k‘)) oL f/r(aﬂ,j) N ‘771(;1 43" (resp. f/r(a,m) N V}(b,k))‘ 0

Example 5.4.3. We here consider the case where [ = (1
(00,0, 1,3). For simplicity, we put (wg, w1, ws) = (wl, wl,
(wi’, wll, wl’). Then we have

2,0,1) and I
)

)
w3), (wp, w, wh)

1"‘211)07
bl = wo(wy + wiwy + 1) + GPwo(wywy + 1) + & (0 <k <2),
I /
u = wo,

T AR LA L W 12 13 ;12
(bo.bl .b2> = <1 W) Wy .w1w2>.

By solving equations u/ = 1/u’" and (bé bl bg) = (bg bl bg), we get
rational functions Fj(w(, w, wh) and Gg(wg, w1, ws) (0 < k < 2) such that
wy = Fi(Go, G1, G2) and wj, = Gi(Fy, F1, Fy). In fact, we can write

1 — w!
Fy = y:
0 1+ 2w)’
o (1 4 2wp ) (wywy ( — () — wiPwh (1 +263))
1 — 12 13

(1 — wp) (wywy (1 + () — witwy” = (3) 7
Wi (wp(l+26) 2+ Go) + whuh (wh(G — 1) = 2~ G) — Buis
(1 + 2wp) (wiwh? (1 — ¢5) — wi*wh® (1 + 2¢3))

Y

1-— Wo
G —
O 1 2wy’
o = (2wowywy 4+ wows + 2wo + 1) (wowywels — wowy + woels — (3)°
L= _ 2 o 2 2\3 )
(—wowrwa (3 + wowr — wel3 + C3)
Q. — (—wowrwe(3 + wowy — wels + (3)
g =

(2wowws + wows + 2w + 1) (—wow wals + wowy — woels + (3)
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Then two rational maps G : V 1.20) _, ‘/30001 , (wo, wy, we) — (Go, Gy, Ga)
and F : Vgooo1 — V20, (wh, Wi, wy) — (Fo, F1, Fy) induce an isomor-
phism

G VPN (We UG (W) = VN (We U FH(We)),  (5.45)

where W¢ (resp. W) is the union of the zero sets of the denominators of
Gy (resp. F}), and we get G~ (Wr) = V(wow;) and F_I(Wg) = V(wjw))
by simple computations. We regard (5.45) as V (1.20) V 0D Then Ni201
and Ny 01,3 have nonzero determinants wl/ Jwo and 1/w} 12 5 on V (1.20) N
1/})(0001), respectively. Thus for any (wp,w,ws) = (Go, Gy, Gg) € Vl(1 20

V0D we have
D20 (o wy we) = (Ni201 - 01)) 20 (g, w0y, w)
= (¢ 2(1) = (%/) )
= ( 00,0,1,3 Uoo)) 1?30001 (G07G17G2)
= (G, G, G)
in Fl’g.

Remark 5.4.4. By the map v : X - Py 3, we have a rough structure of
P13 in the following sense. Let V(@) = J*_ V@) where a = 0, a® = 1
or a =00, and 0 < i, j < 2. Recall that V(@9 is given by the blowing-up of
V(@i3) three times:

V0@id) PLyraig) P2 ymaig) 3y (a)
Let Eéa’i’j) be the exceptional sets of the blowing-up py, and let Eéa’i’j) C

V(@i3) be the strict transform of Eé“’i’j ) under the above blowing-ups. Then
we have

E%a,i,j) — v <w§a,i,j,1)> UV <w§a,i,j,2)) ’
Eéa,i,j) — v <w§a,i,j,3)> UV <w§a,i,j,4)) 7
Eéavivj) — V < (a 17]7 ) U V ( (a 7/7]73)> ,

where w(()a’i’j’r), w§a’i’j’r), wéa’i’j’r) are coordinates of V,{"*/ defined in (5.32),

, (5.35). Let

Bp= ) EB*cX 1<0<3
ae{O,LCs,C;?:OO}v
0<4,57<2
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For any w € X, we put ¢(w) = (C, L) € Py5. Then we have
A 3 A
C is a cuspidal curve <= w € F := U E,.
=1

Hence ¢~ (Weysp) is the exceptional set E of the composition of blowing-ups
p=piopsops: X — X. Since)&'\E:X\ (Uflfj)) and ¢ = @onX\E,
we have same results on w € X \ E as Remark 5.3.4.

In summary, we have the following proposition:

Proposition 5.4.5. We have a commutative diagram

X L) ?1’3

where f is the birational map defined in Section 4.1, m and p are compositions
of blowing-ups (5.8) and (5.81), respectively, and ¢ and 1p are defined by
Definition 5.3.1 and Definition 5.4.1, respectively. '

Then o= (W) (resp. = (Weusp)) is the center | AY) (resp. the excep-
tional set E) of the composition of blowing-ups p = p1 © py o p3 : X = X.

Proof. Clear from Theorem 5.3.2 and Theorem 5.4.2. ]
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