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Abstract

Time-ordered exponential is a fundamental tool in theoretical physics and mathematical
physics, and often used in quantum theory to give the perturbative expansion of significant
objects, such as the time evolution, the m-point correlation functions, and the scattering
amplitudes. The time-ordered exponential generated by a bounded operator-valued function
has already been well researched, but the one generated by an unbounded operator-valued
function has not fully investigated so far; the mathematical theory which is applicable to
the analysis of concrete models of quantum field theory has been inadequately studied. The
first main purpose of this work is to provide a general mathematical theory on time-ordered
exponential.

The second main purpose is to construct concrete quantum field models and to analyze
them rigorously. In this paper, we study the following: (I) construction of dynamics for non-
symmetric Hamiltonians, (II) Gupta-Bleuler formalism, (III) Gell-Mann-Low formula, (IV)
criteria for essential self-adjointness.

(I) In general, to quantize canonically a gauge theory in a Lorentz-covariant gauge such as
the Lorenz gauge, it is necessary to adopt a vector space with an indefinite metric as a vector
space of quantum mechanical state vectors, in order to realize the canonical commutation
relations. The most important examples that cause this situation contain the mathematical
model of quantum electrodynamics (QED) quantized in the Lorenz gauge. In this paper, we
adopt a method called n-formalism that defines an indefinite metric through a Hilbert space
with an inner product. Then the Hamiltonian is self-adjoint with respect to the indefinite
metric but not symmetric and not even normal with respect to the inner product. By using
the time-ordered exponential, we prove under certain assumptions that there exists a solution
of the Schrodinger or the Heisenberg equation of motion generated by a linear operator acting
in a Hilbert space, which may be unbounded, not symmetric, or not normal.

(IT) As mentioned above, to quantize QED in the Lorenz gauge, the metric is indefinite.
Then the Gupta-Bleuler formalism is used to restrict the total state space to the vector
space of physical states which is a non-negative inner product space. Using the results
obtained in (I), we apply the Gupta-Bleuler formalism to the Dirac-Maxwell model quantized
in the Lorenz gauge, which describes a quantum system of Dirac particles and a gauge field
minimally interacting each other.

(ITT) The Gell-Mann-Low formula plays an essential role in quantum field theory by
generating the Feynman diagram expansion of the n-point correlation function with respect
to the coupling constant. In this thesis, we give a mathematical formulation of Gell-Mann—
Low formula and the proof of it by using the complex time evolution under certain abstract
conditions. Furthermore, we apply the abstract results to QED with cutoffs.

(IV) In a Hilbert space, there is a one-to-one correspondence between self-adjoint operators
and strongly continuous one-parameter unitary groups. In other words, the self-adjointness
of the Hamiltonian is equivalent to the existence of the dynamics in the Schrodinger picture.
Furthermore, if the dynamics in the interaction picture exists, then we can translate it into the
Schrodinger picture (or the Heisenberg picture). Therefore it is expected that, if the time-
ordered exponential representation of the time evolution in the interaction picture exists,
then the self-adjointness of the total Hamiltonian follows. Based on this consideration, we
present a new theorem concerning a sufficient condition for the essential self-adjointness of a
symmetric operator acting in a Hilbert space. By applying the theorem, we prove the essential
self-adjointness of the Hamiltonian of the Dirac-Maxwell model in the Coulomb gauge, which
is not semi-bounded.
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1 Introduction

In Subsection 1.1, we give a brief and general introduction of time-ordered exponential. Sub-
sections 1.2, 1.3, 1.4 and 1.5 are intended to give the relevant background knowledge to
Sections 3, 4, 5 and 6, respectively. These subsections require more technical knowledge of
mathematics and physics.

1.1 Introduction to time-ordered exponential

In this subsection, we give a formal introduction of time-ordered exponential. The rigorous
definition and the properties of time-ordered exponential will be discussed in Section 2.
Time-ordered exponential is an infinite series defined as follows:

7{ exp[/t/thA(T)]} ;:;;/;.../tltdﬁ...dTnT{A(ﬁ)...A(Tn)}, 1t eR  (L1)

Here A is a function from R into an algebra. The symbol 7T is the time-ordering, that is,
T denotes the procedure that orders the product A(r)--- A(7,) according to the value of
parameter:

T{A(Tl) e A(Tn)} = Z XP, (Ta(l)a Sx) To(n))A(Ta(l)) o A(Ta(n))a (12)
0'6671
where
P, ={(r,...7) eR" |11 >--- > 7, }. (1.3)

Here &,, denotes the symmetric group of order n, and x; is the characteristic function of the
set J. For example,

T{A(1)A(3)A(2)} = A(3)A(2)A(1). (1.4)

Note that the time-ordering T should not be regarded as the operation which acts on the
operator A(ry)---A(r,) itself. In fact, if we define 7 as the operation which acts on the
operator, then when A(m)A(m) = A(7])A(7}) for some 71,79, 7,75 with 71 > 70, 7 < 75,
the results of the operation of T differ:

T{A(n)A(m2)} = A(n1) A(72),
T{A(11)A(m3)} = A(r) A1),

even though 7 acts on the same operator.
The time-ordered exponential (1.1) can be rewritten without the time-ordering 7 as fol-

lows:
T{ exp [/t/t dTA(’T):| }
14 /ﬂt drA(m) + [ dr /t,ﬁ drs A(T)A(s) + - - - | (1.7)

This series is known as the Dyson series.



If A(7)’s commute each other with respect to the product, then (1.1) can be easily rewrit-
ten as

T{ exp [ thA(T):| }
t/
=1+ thlA(Tl)—l-;/thl thQA(Tl)A(7'2)+-.,
t/ . t/ t/
oo 1 t
_ n;”'< /t drA(r))

= exp (/t/t dTA(T)), (1.8)

and reduces to the ordinary exponential series. Thus the time-ordered exponential has an
importance when A(7) (7 € R) are non-commutative. In this paper, we particularly deal
with the case where A(7)’s are linear operators acting in a Hilbert space. In applications
to quantum theory, one of the most important cases is when the function A is given by
A(1) = —iHy (1), Hy(7) = eHof e~ for linear operators Hg, H; on a Hilbert space
H. The operator Hy and H; physically mean the free and the interaction Hamiltonian,
respectively. Then we see that the time-ordered exponential T {exp[—i ftt, drHy(7)]} is a
formal solution of the following differential equations:

gtU(t,t’) =—iH (U, t), U(tt) =1, (1.9)
and
%U(t,t') =4iU(t, Y H (t'), U(t,t)=1. (1.10)

In fact, the time-ordered exponential (1.7) can be obtained by the iteration of the following
integral equations:

Ut,t)=1— z'//t dr Hy (1)U (7, 1), (1.11)

which is formally equivalent to (1.9), and

Ult,t')=1—1 th U(t,7)Hy (7). (1.12)

t/
which is formally equivalent to (1.10). Now we set
H := Hy+ H;. (113>

Then it is easy to see that the operator-valued function (¢,t') — etHoe=i(t—t\H o=it'"Ho jg a]g0

a formal solution of (1.9) and (1.10). Hence at least formally, it follows that
t
T{ exp [ - z/ drH,; (7')} } = ¢/tHo=i(t=t)H =it Ho, (1.14)
t/

(See Theorems 3.2 and 5.2 for rigorous results on this equation). Since Equation (1.7) holds,
the time-ordered exponential is quite useful. Euation (1.7) is considered to give an asymptotic
expansion of the left-hand side with respect to the interaction Hj.



The series expansion of the left-hand side of (1.14) has already been rigorously analyzed
in the case where H; is a bounded operator (See, e.g., Refs. [9], [19], [20], [33], [34], [53,
Section X.12]). However, in the case where H; is not bounded, we have to handle (1.7) with
A(7) = Hi(r) very cautiously, because we need to care about the domain of the relevant
unbounded operators, and examine the convergence conditions of (1.7) carefully; it seems
that there have been few mathematically rigorous studies of the series expansion (1.14) in an
abstract or a general form in the unbounded case (e.g., [17], [26]). The aim of Section 2 is to
prove in a mathematically rigorous manner with certain assumptions that there exists a time
evolution operator U(t,t') satisfying (1.9) and (1.10), and the equality (1.14) on a certain
dense subspace, including the case where H; is unbounded.

In addition, we study an extension of (1.14) to the complex plane:

T{ exp {— z/lz dCHl(C)]} = ¢ieto—i(z=2)H g—iz'Ho ./ c C (1.15)

in anticipation of the application to the Gell-Mann-Low formula in Section 5.

1.2 Construction of dynamics for non-symmetric Hamiltoni-
ans

Let H be a complex Hilbert space and H be a linear operator on . In Section 3, we consider
the initial value problem for the Schrédinger equation

9¢(t)

or for the Heisenberg equation
PO _in, B, B)=B. (1.17)

where B is a possibly unbounded linear operator on H, and [X,Y] := XY — Y X. In the
context of quantum mechanics, the parameter ¢ € R represents time, H is regarded as the
Hamiltonian of the quantum system under consideration and B denotes an observable. There-
fore £(t) and the operator B(t) describe the state and the observable at time ¢, respectively.
Then the mathematical study of the initial value problems (1.16) or (1.17) in a general frame-
work is of great interest since it will bring us on the knowledge of a general class of quantum
systems.

In the ordinary formulation of quantum mechanics, a Hamiltonian H is assumed to be a
self-adjoint operator. In this case, the solutions of these equations are given by

&(t) = e, (1.18)
B(t) = e Be~itH (1.19)

with some suitable conditions for operator domains in the Heisenberg case (see [6], for details).
However, in some models, the Hamiltonian H may not be self-adjoint or not even normal.
When H is unbounded and not normal, the above time evolution operator e~ does not
immediately make sense since for unbounded H it is usually defined through operational
calculus. In such cases, it is not obvious at all that there exist solutions of these equations.
The most important realistic examples that can cause this difficulty include a mathemat-
ical model of Quantum Electrodymamics (QED) when it is quantized in a Lorentz covariant
gauge such as Lorenz gauge [32, 35, 36, 60]. In the Lorenz-gauge QED, we have to adopt a



vector space with an indefinite metric as a vector space of quantum mechanical state vectors,
in order to realize the canonical commutation relations. The indefinite metric formulation
makes the Hamiltonian not-symmetric and even non-normal. Thus it is far from trivial that
dynamics of the Lorenz-gauge QED really exists. To show the existence of dynamics for such
models, one may apply the general theory of evolution equations or Cauchy problems by esti-
mating the resolvent operators [16, 21|, but we will take another way to avoid hard resolvent
estimates. The first motivation of the present study is to establish a general theory as to the
existence of dynamics with Hamiltonians which is not symmetric and not even normal.

In quantum mechanics, one can adopt several “pictures” of time evolution, depending on
which variable, a state vector or an observable, should evolve in time. All pictures certainly
produce physically equivalent predictions. In the Schrédinger picture, for instance, the state
vector is considered to evolve in time. In the Heisenberg picture, an observable (which
is represented by a self-adjoint operator) is considered to depend on time. Our existence
theorem will be proved via another picture — so called interaction picture —, in which both
a state vector and an observable evolve in time. Now we consider a system with a Hamiltonian
of the type

H = Hy + Hj, (1.20)

where Hj is a self-adjoint operator denoting a Hamiltonian and H; is an interaction Hamil-
tonian. The evolution operator in the interaction picture from time ¢’ to time ¢ — which is
usually denoted by U(t,t") — is a solution of the differential equations (1.9) and (1.10). As
mentioned in Subsection 1.1, the time-ordered exponential 7 {exp[—i ftt, drHy(7)]} forms a
solution of the differential equations (1.9) and (1.10), and is formally equivalent to
eitHog—i(t—t) H o=it'Ho - Hence if T {exp[—i ftﬁ dTH(7)]} converges, then the operator

W(t) := e—itHOT{ exp [— i/ot dTHl(T)}} (1.21)

is expected to correspond to e " . Using this operator W (t), we construct solutions of (1.16)
and (1.17).

1.3 Gupta-Bleuler formalism for the Dirac-Maxwell model

The purpose of this study is to treat the Dirac-Maxwell model in the Lorenz gauge and to
apply the Gupta-Bleuler formalism to this model. Mathematically rigorous study of concrete
models of QED in the Lorenz gauge was given only for solvable models so far; the Dirac-
Maxwell model is not solvable, that is, an explicit representation of the time evolution of the
gauge field is not easily found.

As mentioned in Subsection 1.2, to quantize gauge theories such as QED in the Lorenz
covariant gauge, we inevitably adopt an indefinite metric space as a state space. In such
cases, we have to restrict the total state space to a suitable positive definite subspace which
is called physical subspace. The Gupta-Bleuler formalism [14, 28] is one of such schemes.
The most general scheme to identify the physical subspace of quantized non-abelian gauge
theories was given by Kugo and Ojima [39, 40]. Their formulation reduces to Nakanishi and
Lautrup’s B-field formalism [41, 45, 46, 47| in the case where the gauge field is abelinan; after
some procedures, it reduces to the Gupta-Bleuler formalism.

The Gupta-Bleuler formalism is performed by imposing the following condition:

(8, AM) D (t, )T =0 (1.22)



called Gupta’s subsidiary condition on the state vectors, where (BMA”)(JF) denotes the positive
frequency part of the field 9, A* satisfying the Klein-Gordon equation: [10,, A* = 0. However,
to perform this procedure rigorously, we have to solve some problems. Firstly, how to define
the fields at time ¢t € R in an indefinite metric space? Secondly, is it possible to identify the
positive frequency part even in an indefinite metric space? We solve the first problem by
using the methods we developed in Section 3. As to the second one, a general definition of
positive frequency part of a quantum field satisfying Klein-Gordon equation is given in [32].

The Dirac-Maxwell model is expected to describe a quantum system consisting of a Dirac
particle and a quantized electromagnetic field with the minimal interaction. Informal pertur-
bation methods show that this model derives the Klein-Nishina formula for the cross section
of the Compton scattering of an electron and a photon, which agrees with the experimental
results very well [50]. Hence it is strongly suggested that the Dirac-Maxwell model describes
a class of natural phenomena where the quantized electromagnetic field plays an essential
role. The mathematically rigorous study of this model was initiated by Arai in Ref. [3], and
several mathematical aspects of the model was analyzed so far (see, e.g., [4], [5], [7], [55], and
[59]). All of these studies are discussed in the Coulomb gauge. We emphasize that

For the reader’s convenience, we give a formal outline of the Gupta-Bleuler formalism for
the Dirac-Maxwell model without mathematical rigor. Let us consider a quantum system
consisting of N Dirac particles and the quantized electromagnetic field minimally interacting
with each other, and construct the quantized electromagnetic field A* (u = 0,1,2,3) as an
operator-valued distribution satisfying the following equation:

OAX(t,x) = j*(t,z), (t,z) € R xR, (1.23)
where the current density j* is conserved:
Ouj'(t,z) = 0. (1.24)

By this, together with (1.23) and (1.24), we find that 0,A" is a free field, that is, 0,A*
satisfies the Klein-Gordon equation:

00, A" (t, ) = 0. (1.25)

Hence we can write 0, A" as
A (1, ) = / dk(a(k)e=™ 1 ol (k)e™), (1.26)

where kz := k,a* with k* = |k| (k € R?), and a(-) and af(-) are operator-valued distributions.
The term which has the factor e ™ (resp. €™?) is called the positive frequency part (resp.
negative frequency part) of 9, A*(t,x) and written as (9, A") ) (t,z) (resp. (9,A*))(t, x)).
Now, for the state vectors ¥, the following condition is postulated:

(8, AM) (1, 2)T = 0. (1.27)

The state vectors satisfying (1.27) are called the physical states, and (1.27) is called the Gupta
subsidiary condition. The set of physical states is denoted by Vs and is called the physical
subspace. Then the Lorenz condition 0, A*(t, ) = 0 is not valid in the sense of the operator
equality, but it holds in the sense of the expectation value on the physical subspace:

(U0, A (L, 2)T) =0, T € Vypys. (1.28)

In Section 4, we perform these procedures in a mathematically rigorous manner.
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1.4 Gell-Mann—Low formula
In Section 5, we consider a formula in quantum field theories of the type
<Q’ T{¢M(21) - ™ (xn)}g>
(90 T ) o exp [~ [ drHa(n)] }h)
e (0, T{exp[ i [, drHy(1)] } )

: (1.29)

called the Gell-Mann — Low formula [24]. The meaning of each symbol in the formula (1.29)
is as follows: the symbol (-, -) denotes the inner product of a Hilbert space of quantum state

vectors, ¢ () and qﬁ%k) (g) (k =1,...,n, z; € R*) denote field operators in the Heisenberg
and the interaction picture, respectively. For instance, in quantum electrodynamics (QED),
each ¢*) denotes the Dirac field 1y, its conjugate w;r, or the gauge field A,. The symbol T
denotes the time-ordering and €) and €y the vacuum states of the interacting and the free
theory, respectively. The operator

Tiow[ i [ tt dr (7))}

is the time-ordered exponential for Hy(7) := ™o He~"Ho (7 € R), where Hy and H; are
the free and the interaction Hamiltonians.

This formula is used in physics literatures as a very useful tool to generate a perturbative
expansion of the n-point correlation function

(0, T{6V (1) 6 () }2) (1.30)

with respect to the coupling constant, which plays a quite important role in quantum field
theory. However, derivation of (1.29) given in physics literatures is very heuristic and informal,
and the mathematical proof of (1.29) is far from trivial. In fact, even the Hamiltonian is not
easily given a mathematical meaning.

Even when the n-point correlation function (1.30) does not mathematically make sense,
we can formally compute (after a renormalization procedure) this quantity via formal pertur-
bation series given by (1.29). In other words, we can define the n-point correlation function
not as an C-valued function but a formal power series-valued function via Feynman diagrams.
To give such formal perturbation series, we no longer need the Hamiltonian and the field op-
erators. When the coupling is small enough (for QED, this seems valid), the first few terms
of the formal perturbation series is expected to be a good approximation of the correlation
function which gives quantitative predictions for observable variables such as scattering cross
section. In QED, these predictions agree with experimental results to eight significant figures,
the most accurate predictions in all of natural sciences. Such formal computations can not be
regarded as an approximation of the n-point function unless it has a well-defined mathemat-
ical meaning. Hence what we should do is to investigate what quantity is approximated by
the perturbation series and to study the relation between the ordinary Hilbert-space formu-
lation of quantum theory and the perturbation series. In other words, we have to clarify in
what sense a perturbative formulation of quantum field theory is indeed a “quantum” theory.
Thus it is very important in mathematical and physical point of view to study under what
conditions the Gell-Mann — Low formula (1.29) is indeed true as a mathematical theorem
within a Hilbert space formulation of quantum theory. The purpose of the present paper is
to construct a mathematically rigorous setup in which the Gell-Mann — Low formula (1.29)
is adequately formulated and proved.

11



In the 1960s, Wightman and Garding [67] formulated a set of axioms in the framework
of quantum mechanics which requires minimum properties that relativistic quantum field
theory should satisfy. However, it is extremely difficult to construct a non-trivial model in
the four-dimensional space-time which is physically acceptable and fulfills the axioms, and
no such model has been found so far. We do not intend to construct such ideal models but
abandon some of the axioms by introducing several regularizations so that each object is
easily given mathematical meaning (of course, regularizations are employed in such a way
that all the objects heuristically tends to the ideal ones in the limit where the regularizations
are removed). In this way, field operators and a Hamiltonian are rigorously defined as linear
operators acting in some Hilbert space. Furthermore, the vacuum states €2 and 0y are real-
ized as the eigenvectors corresponding to the infimum of the spectrum of the total and free
Hamiltonians, if these exist. The existence of the ground state €2, on which the validity of the
Gell-Mann — Low formula crucially depends, is far from trivial, because it needs to analyze
the perturbation of eigenvalues embedded in the continuous spectrum, to which regular per-
turbation theory [38] can not be applied. From the late 1990s to the 2000s, several important
methods to prove the existence of ground states were developed in the study of a quantum
system consisting of quantum particles and a Bose field (for example, see [8, 11, 25, 27, 58]).
These methods have been improved by many authors to be also applicable to systems of
interacting quantum fields [1, 12, 13, 18, 42, 61, 62, 66]. Once field operators and the ground
state are given, we can define the n-point correlation function

<Q’ T{¢(1) (z1) -+ " (zp) }Q>

non-perturbatively. The proof of the Gell-Mann — Low formula is the first step to reveal
the relation between the series expansion (which may be divergent asymptotic series) of the
non-perturbatively defined objects in this way and the formal perturbation series given in
physics literatures.

In the heuristic proof of (1.29), Murray Gell-Mann and Francis Low [24] introduced adia-
batic switching of the interaction through the time-dependent Hamiltonian of the form Hg +
e ¢l A, where & > 0 is the small parameter which eventually vanishes. Mathematical studies
of this scheme can be found in the literature [10, 15, 29, 30, 31, 37, 43, 44, 48, 49, 51, 57, 64]
and references therein. We take an alternative way by sending the time ¢ to oo in the imag-
inary direction: ¢ — oo(1 — ie). The same method can be found in physics literatures (see,
for example, [22, 52, 68]).

1.5 Self-adjointness of Hamiltonian

One of the most important mathematical studies of quantum systems is to prove the self-
adjointness of the Hamiltonians. A self-adjoint Hamiltonian generates a unique time evolution
operator, while symmetric but not self-adjoint Hamiltonians may generate no natural time
evolution or may generate a lot of different dynamics, because they have, in general, no
self-adjoint extensions or infinitely many ones. Moreover, the “probability interpretation”
in quantum theory crucially depends upon the existence of a spectral measure supported on
the real line, which belongs only to self-adjoint operators. In these viewpoints, proving the
self-adjointness of a Hamiltonian is not just a problem on a mathematical technicality but
also of physical importance, and therefore developing general mathematical theorems for the
self-adjointness would contribute both to mathematics and to physics.

Many criterion for self-adjointness are known and well-researched (e.g., the Kato-Rellich
theorem, Nelson’s commutator theorem, Nelson’s analytic vector theorem, etc...), but there
are a lot of symmetric operators that we are not sure whether it is self-adjoint or not by
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using existing methods. The Dirac-Maxwell Hamiltonian with the Coulomb potential in the
Coulomb gauge is one of such symmetric operators. This operator has a certain singularity
coming from the fact that the free Hamiltonian is not bounded below, which is quite special
among Hamiltonians of realistic quantum systems. The essential self-adjointness of the Dirac-
Maxwell Hamiltonian has been analyzed in Refs. [3] and [59], but, to our best knowledge,
the proof of the essential self-adjointness in the case where the Dirac particle lies in the
Coulomb type potential, is still missing, although this is one of the most important situations
in physics. The main goal of Section 6 is to give a proof of it.

1.6 A note on notation

Throughout this paper, we employ the following notations. For a complex Hilbert space H,
the inner product and the norm of H are denoted by (-,-),, (anti-linear in the first variable)
and || - || respectively. When there can be no danger of confusion, then the subscript H in
(-,-)4 and || - || is omitted. For a linear operator T"in H, we denote its domain (resp. range)
by D(T) (resp. R(T")). We also denote the adjoint of 7" by 7™ and the closure by T if these
exist. For a self-adjoint operator T', E7(-) denotes the spectral measure of 7. The symbol
T'|p denotes the restriction of a linear operator T to the subspace D. For a linear operators
S and T on a Hilbert space, D(S+T) := D(S)ND(T), D(ST) :={¥ € D(T)|TV € D(S)}
unless otherwise stated.

We use the unit system in which the speed of light and A, the Planck constant divided by
27, are set to be unity

2 Abstract construction of time-ordered exponen-
tial

In Section 2.1 and 2.2, we develop an abstract theory of convergent time-ordered exponential
on the real axis and the complex plane, respectively. In Section 2.3, we discuss time-ordered
exponential as an asymptotic expansion.

2.1 Time-ordered exponential on the real axis

We begin by introducing a class of operators which plays a crucial role in the following
analyses.

Definition 2.1 (Cy(A)-class). Let H be a complex Hilbert space, and A be a non-negative
self-adjoint operator on H. We say that a linear operator T is in Cy(A)-class if T satisfies the
following (I)-(III):

(I) T and T* are densely defined and closed.
(II) T and T* are AY2-bounded, where A'/? defined through the functional calculus.
(ITI) There exists a constant b > 0 such that, for all L > 0, T" and 7™ map R(E ([0, L])) into
R(EA([0, L +b])).

Remark 2.1. The above condition (IIT) comes from the following physical consideration. In
quantum mechanics, a self-adjoint operator represents a physical observable quantity, and the
spectrum of the self-adjoint operator is considered to be the set of all possible values obtained
when the corresponding observable quantity is measured. The above self-adjoint operator
A is expected to be an observable quantity of the quantum system under consideration,
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typically a number operator or a free Hamiltonian in application to quantum field theories
(see application in Section 3.). Roughly speaking, the condition (III) says that the value of
the observable A increase at most b by one action of 7.

Remark 2.2. In the above condition (II), we chose 1/2 as the exponent of A for simplicity,
but we can extend it to a real number a satisfying 0 < a < 1. All the theorems stated in this
thesis by using Cy(A)-class hold even if we replace 1/2 by a in the condition (II).

Hereafter, we use the following notations:

VL(A) := R(E4(]0,L])), L>0 (2.1)
Dsw(A) := [ Vi(4), (2.2)
L>0

and denote the set consisting of all the Cy(A)-class operators also by Cp(A). Note that the
subspace Dgy,(A) is dense in H since A is self-adjoint. For T € Cy(A), we denote

T(7) := eHope=imHo - 7 c R (2.3)

Note that T'(7) is closed and its adjoint is given by T%(7).

Let Hy be a self-adjoint operator on ‘H and H; be a densely defined closed operator on H.
Let SA4(Hy) denote the set of non-negative self-adjoint operators which strongly commute
with Ho.

The goal of the present subsection is to prove following Theorems 2.1-2.4.

Theorem 2.1. Let A € SA{(Hp) and t,t' € R (t > t'). Suppose that Hy is in Co(A)-class.
Then for each £ € Dgn(A), the series:

t t T1
UA(Hl;t,t,)f :f—F(—Z)/tl dTlHl(Tl)§+(_i)2/t, dTl/t/ dTQHl(Tl)Hl(TQ)f—F"' (24)

converges absolutely, where each of the integrals is taken in the sense of strong integral.
Furthermore, the following (i) and (ii) hold.

(i) For each fized t' € R and £ € Dg,(A), the vector-valued function R 3 t — Ua(Hy;t,t')E
is strongly continuously differentiable, and U z(Hy;t,t')¢ € D(Hy(t)). Moreover, Ua(Hy;t,t')§
satisfies

%UA(Hl;t,t’)g = —iH{(t)Uas(Hy;t,t)E. (2.5)

(ii) For each fized t € R and & € Dgn(A), the vector valued function R > ¢ +— U (Hy;t,t')E
1s strongly continuously differentiable, and satisfies

aat,UA(Hl; t, )€ = iUA(Hy; ¢, t')Hy ()€ (2.6)

(11i) The operator Ua(Hy;t,t") with the domain D(Ua(Hy;t,t')) := Dgn(A) is closable, and
satisfies the following inclusion relation:

Ua(Hy;t, t)* D Ua(HT; U, t). (2.7)
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By the definition of Co(A)-class, it is clear that Hi(t)(A 4 1)~'/2 is bounded and there
exists a constant C' > 0 independent of ¢ € R such that

|Hi(t)(A+ 1)V <, teR. (2.8)
It follows that H(t)(A + 1)/ is strongly continuous in ¢t € R. Define
Le:=inf{L >0|{ €V}, &€ Dgu(A). (2.9)
Then the definition of Cy(A)-class ensures that the vector
Hi(m1)...Hi(1p)¢ (2.10)

is well-defined for all 7,...,7, € R (n € N), £ € Dgy(A), and belongs to the closed subspace
VL§+nb(A)'

Lemma 2.1. Let A € SA{(Hy) and Hy € Co(A). Then for alln € N and § € Dg,(A), the
mapping

(Tla'--aTn)'_>H1(7_1)---H1(7—n)§ (211)
is strongly continuous in (11,...,7,) € R™ and the estimate
| (r) - i (r)€l] < O (Le + (0= Db+ 1) (Le+1) e (212)

holds.

Proof. Since Hi(7y) ... H1(7,)€ belongs to Vi i (npr1p(4) (K = 1,2,...,n) as is just re-
marked above, we can insert the identity operator into the right side of the factor Hj(7g) in
the form

(A+1)7V2(A+ 1)Y2E4([0, Le + (n — k)D]). (2.13)
Since the operators Hj(7y)(A + 1)7%/2 and (A + 1)Y/2E4([0, L¢ + (n — k)b]) are bounded
for k = 1,2,...,n, it suffices to prove that, for bounded operator-valued functions Ag()
(k=1,2,...,n) which are strongly continuous, the vector-valued function
(Tl,...,Tn)i—)Al(Tl)...An(Tn)w, v eH (214)
is strongly continuous in (71, ...,7,) under the condition that
sup || Ak(T)|| < o0, k=1,2,...,n. (2.15)
TER

But this is an easy exercise.
The estimate (2.12) follows from (2.8) and the inequalities

H(A+1)1/2EA([O,L§+(n—k)b+1])HS(L§+(n—k)b+1)1/2, k=1,2....n (2.16)

O
For t,t' € R, we define a sequence of operators {Ua n(Hy;t,t')}22 by
D(Uan(Hist,t')) := Dgin(A), (2.17)
Uao(Hist,t')€ =€, (2.18)
(—i)n ft’STnS'”SHSt dri...dm, Hl(Tl) e Hl(Tn)f (t/ < t),
Uan(Hust,t)€ = (2.19)

" Jocri<ocm, <o AT1 AT Hi(1) . Hi(72)€ (t<t).
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Note that Lemma 2.1 ensures that Ua,(Hi;t,t) is indeed a well defined strong integral
in H. By definition of Uy ,,(H;1;t,t'), one obtains

t 1 Tn—1
Usn(Hist, )€ = (—i)" / i / drs. .. / dr Hy(r1) . Hi (7)€ (2.20)
# t #
t Tn To
= z"/ dTn/ drp—1... / dri Hi(11) ... Hi(m)€. (2.21)
¢ t t

We remark that these representations (2.20) and (2.21) are valid independent of the sign of
t —t" and show that Ua ,,(Hi;t,t")¢ (n > 0) is strongly continuously differentiable in ¢ and ¢'.

Lemma 2.2. Let A € SA,(Hy) and Hy € Co(A). Then the operators Ua ,,(Hi;t,t") satisfy
the recursion formulae

t
UA,n—i—l(Hl; t, t/)§ = _Z/ drHy (T)UAJL(HU T, t/)ga (222)

tl
t

Unpns1(Hy; 6, 1) = —i/ drUnn(Hyst, 7)Hi (7)€ (2.23)

tl
for alln >0 and £ € Dg,(A).

Proof. Since H; is closed and (2.20) is valid independent of the sign of ¢t — ¢/, we obtain for
alln>1and £ € D,

t T1 Tn—1
UA’n(Hl;t,t/)fz (—Z)n/ ClTl/ dTQ.../ dTnHl(Tl)...Hl(Tn>f
t! 4 t/
t 1 T1 Tn—1
- —i/ dr Hy(m1) (—i)" / dTg.../ dr Hy(rs) ... Hy ()€
t t/ t!

t
= —i/ dri Hi(11) Uapn—1(Hy; 7, 1)E. (2.24)
t/
This proves (2.22). The equation (2.23) is proved similarly from (2.21). O

Lemma 2.3. Let A € SA(Hy) and Hy € Co(A). Let t,t' € R and £ € Dg,(A). Then we
can estimate

U A (Hys t,)E]| < "“L_n,ﬂnc"(fz§ +(n—1b+ 1) (Le+ 1) e, (2.25)
for alln > 0.
Proof. This follows from Lemma 2.1 and the fact that the Lebesgue measure of the set
{(r,...,m) R |t <7, <+ <1y < #} (2.26)
is given by [t — ¢'|"/nl. O

Lemma 2.4. Let A € SA,(Hy) and Hy € Co(A). Then for all t,t' € R and £ € D, the
followings hold.

D NUan(Hy;t, )€ < oo, (2.27)
n=0
S IH(OUan(Hist, #)E]| < oo, (2.28)
n=0
> NUan(Hy;t, ) Hy(#)é]| < o0, (2:29)
n=0

Furthermore, these convergences are uniform in (t,t') on any compact subset in R?.
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Proof. From Lemma 2.3, we know
- t—t'" 1/2 1/2
S st tel < 3 onme o )2 (L1 1) el (230)
n=0 n=0 ’

Let ay(t,t") be the n-th term of the summation in the right-hand side of (2.30). One can see
that .
an+1 (ta t )

y
oo | "an(t, )

n—o0

=0,

uniformly in (¢,¢') on any compact subset in the plane. By using d’Alembert’s ratio test, the
right hand side converges uniformly in (¢,¢') on any compact subset, and obtain (2.27).

The convergence of the other two series’ (2.28) and (2.29) are also proved in a similar way,
and we omit the proof. O

By the definition of Cy(A)-class, we have in addition to (2.8)
|Hi(t)*(A+1)"Y2| <, teR, (2.31)

for some constant C’ > 0 independent of ¢ € R. We can derive the following lemmas in the
same manner as before.

Lemma 2.5. Let A € SAL(Hy) and Hy € Co(A). Then for alln > 0 and € € Dg,(A), the

mapping
(7’1, .. ,Tn) — Hl(Tl)* .. .Hl(Tn)*f

is strongly continuous in (71,...,7,) € R™ and the estimate
[ (n)" - Hi(m) €] < O™ (Le + (n = Db +1)" - (Le +1) ] (2:32)
holds.
Lemma 2.5 ensures the existence of the strong Bochner integral
/Ad7'1 coodry Hi(m)" ... Hi(10)*E, € € Dgn(A), (2.33)

for any bounded Borel set A C R™.

Lemma 2.6. Let A € SA(Hy) and Hy € Co(A). Then Dgn(A) C D(Uan(Hist,t')*) and
for all £ € Dgy(A),

t T1 Tn—1
UA,n(Hl;tyt/)*g—in/ dﬁ/ dT2"'/ drp, Hi(1p)* -+« Hi(m2)*H1 (1)
% % %

t Tn T2
= (—z) /t dTn/t dTn_1---/t dry Hl(Tn) Hl(Tn—l) o Hy(m)*€
(2.34)
= Unn(Hi3 0 0)E. (2.35)

In particular, Ua ,,(Hy;t,t')*¢ is strongly continuously differentiable with respect to t and t'.
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Proof. The second equality is obvious. Choose arbitrary £, € D. Then
t Tn—1
<UA7n(H1;t,t/)77,§> = zn/ dry .. / dry, (Hi(11) ... Hi (1)1, &)
# t/

t Tn—1
:in/ dﬁ.__/ dry, (n, Hi(1p)* ... Hi(11)"§)
t/

t Tn—1
= <n,2n/ T1.../ dTnHl(Tn)*...Hl(Tl)*§>
t t
t t t
= <17,i”/ d’]’n/ dTp_1. / dmy Hl(Tn)*...Hl(Tl)*§>
t/ Tn
t/
<77, / dTn/ dTp_1 . / dTlHl(Tn)*...Hl(Tl)*§> (2.36)

= (Uan(Hi;t',t)n,€) - (2.37)

U

This implies £ € D(Uan(Hi;t,t')*) and (2.34). O

Proof of Theorem 2.1. We prove (i) and (ii). Let £ € Dgy(A) and define

n
San(Hist, t)E:=> Unj(Hist,t)E, n>0, tt €R,
§=0

By Lemma 2.2, the recursion formulae for Sa,(Hi;t,t') are

t
Sans1(Hit, 8 =€ — Z/ dr Hi(1)San(Hy; 7, t)E, (2.38)

t/
t
SA,HH(Hl;t,t/)f =&— z/ dr San(Hy;t, m)Hi(T)E. (2.39)

¢

It is clear from Lemma 2.4 (2.27) that {Sa,(H1;t,t)¢}y is Cauchy in H. Thus we can define

D(UA(Hly t, t/)) = Dﬁn(A)7 UA(Hla t7t/)£ = 11_}111 SA,n(Hl; t, t/)ga 5 € Dﬁn(A)7 tvt/ €R.
(2.40)

This convergence is locally uniform with respect to ¢, € R. From Lemma 2.4 (2.28) and
(2.29), we find that the sequences {Hi(t)San(Hi;t,t)}n and {San(Hist, t') Hi(t')E}, are
Cauchy locally uniformly in ¢,# € R and thus converge locally uniformly in ¢,# € R. Since
Hj is closed, Ua(Hy;t,t')¢ € D(Hi(t)) and

H1(t)San(Hi;t,t")e — Hi(t)Ua(Hst, t)E, (2.41)
San(Hi;t, ) Hy ()¢ — Ua(Hy;t, t')Hy (8)E (2.42)

locally uniformly in ¢, ¢ € R, as n tends to infinity. This implies that the limits Hy(t)Ua(Hz;t,t')¢
and Uy (Hy;t,t")H(t')€ are strongly continuous in both ¢ and ¢'. Hence by taking the limit
n — oo in both sides of (2.38), (2.39), we obtain

t
UA(Hl;t,t/) =¢ —i/ dr Hy(T)Ua(Hy; T, t’)f7 (2.43)
t/

UA(Hl;t,t/) =¢ —i/t dr Ua(Hy;t, 7)Hy (7)€, (2.44)
t/
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which verify the assertions of the Theorem 2.1.
We prove (iii). From Lemmas 2.6 and 2.4, one finds

N
Z UA,n(Hl; t, t/)*§7 5 € Dﬁn(A) (245>
n=0

absolutely converges uniformly in (¢,¢') on any compact set. For all £, € Dg,(A), we obtain
oo
(n,Ua(Hu;t, t)€ Z 1, Unn(Hi;t, 1))

Z UAn Hlat t)n £>

= <Z UA(Hf;t',t)n,§>, (2.46)

n=0

since n € D(Ua,(Hf;t',t)) for all n. Thus we obtain Dgy(A) C D(Ua(Hy;t,t')*) and (2.7).
O

The following theorem ensures that Ua(Hi;t,t") does not depend on the choice of A €
S AL (Hp) under suitable conditions.

Theorem 2.2. Let A, B € SAy(Hy) and Hy € Co(A)NCo(B). If A and B strongly commute,
then for all t,t' € R, the operator equality

Ua(Hyst,t") = Up(Hyst, ) (2.47)
holds.

Proof. Let L > 0 and ¥ € Vi (A) be fixed arbitrarily. Since A and B strongly commute,
there exist a sequence {U;}?° | C VL(A) N Dgy(B) such that ¥y, — ¥ (k — 00). Let us note
that

Ua(Hy;t, )8y, = Up(Hyst, )Wy, k=1,2,... (2.48)

from the definition of Us(H;;t,t') and Ug(Hq;t,t"). Then we see that {Ua(Hy;t,t") Wy},
converges since U4 (Hz;t,t") | VL,(A) is a bounded operator from Lemma 2.3. Hence (2.48) and
the closability of Ug(Hq;t,t') yield ¥ € D(Up(H;t,t')) and Ua(Hy;t, t') VU = Up(Hy;t,t')W.
Since L > 0 and ¥ € V1,(A) are arbitrary, we have Us(Hy;t,t') C Ug(Hy;t,t'), and thus

UA(Hl;t,t/) C UB(Hl;t,t,). (2.49)

Repeating the same argument replacing A with B, we have

UA(Hl;t,t/) DUB(Hl;t,t/). (2.50)
Therefore we obtain the desired result. O

In what follows, we fix an operator A € SA,(Hp) arbitrarily, and shortly denote
Ut,t') :=Ua(Hy;t,t'), Un(t,t') :=Uapn(H1;t, '), Sp(t,t) :=San(Hy;t,t'). (2.51)

The time evolution operator U (Hj;t,t") has the following properties.
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Theorem 2.3. Let A € SA(Hy) and Hy € Co(A). Then the following (i) and (i) hold.
(i) For all £ € Dgn(A), t,t',t" € R, Us(Hy;t,t)€ = & and the operator equality

Ua(Hy; £, ) Us(Hy; ', #") = Ua(Hy t, ). (2.52)

holds.
(i1) For any s,t,t' € R, the operator equality

e (Hyst, t)e HO = Uy (Hyt + 5,1 + 5) (2.53)
holds.

Proposition 2.1. Let A € SA{(Hy) and Hy € Cy(A). If & € Dgn(A), then for each
t,t',s,s €R, U(s,s")§ € DU(t,t')) and

Ut tU(s,s)E = Z Upn(t, 1) s')e, (2.54)

m,n=0

where the right hand side converges absolutely, and does not depend upon the summation
order.

Proof. For all ¢ € D and all (¢,t), (s,s") € R?, it is clear that S,(s,s’)¢ € D(U(t,t')). Since
Sn(s,8")E converges to Ul(s, s')¢ as n tends to 1nﬁn1ty, it suffices to prove that U(t,t")S,(s, s')¢
converges as n — 00. We have already know that

U(t,t)Sn(s,8)6 = D> Unlt, t)Uj(s, 8,
m=0 j=0
therefore it is sufficient to derive
ZZHU (t,t)Uj(s, s < oo.
m=0 j=0

By using (2.25),

m=0 j=0
N A4 i CAtd ; 1/2 1/2
<22 O (L (m = Db+ 1) (Le + 1))
o mlj!
co N
t—t|"s —s' IV _y 1/2 1/2
= CN(Le+ (N = D)b+ 1)Y2. - (Le + )Y
YD gy e (Y = Db ) (L 1) e
< 1 N
=3 S (O =+ s = D)V (Le+ (N = 0o+ )2 (Le+)Wel] (259)
N=0
From the d’Alembert’s ratio test, this is finite, which proves (2.54). O
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Proof of Theorem 2.3. We first prove (i). Take arbitrary &,n € Dgn(A). U(t, 1) = & is

obvious. By Theorems 2.1, the function ¢’ — <77, U(t,t’)U(t',t”)§> = (U (t,t")* n,U(t', ")) is
differentiable and

o TE U )
= (=i HL (") Ut )n, U ")) + (U )y, —iH (YU, t")E)
=0. (2.56)

Thus <77, Ut U, t")¢ > is independent of ¢, which implies

(n.UEOUE ) = (n. TGV E)
= (n,U(t,t")¢) . (2.57)

Since n € Dgy(A) is arbitrary, it follows that

U, tU# "¢ = U(t, t")E. (2.58)

hence we obtain (2.52) because £ € Dgy(A) is arbitrary and Dg,(A) = D(U(¢, ¢ )U(t',t")).
Next, we prove (ii). Observe e®H0 [ (t)e~%Ho = [ (t + s) by definition. Suppose t > t'.
Then for each n € N, £ € D, we obtain

eisHo Un(t, t/)efisHoé

:/ & Hy (10 + ). Hy (7 + 5)€
t>11 >0 > >t

dnTHl(Tl) . Hl(Tn)§

/t+8>71>~-~>7n>t’+s
=U,(t+ s, + s)¢&. (2.59)

The relation (2.59) remains valid in the case where ¢t < t/. Thus we have for all (,#') € R?,

00
eisHO U(t, t/)e—isH()g _ Z eisHo Un (t, t')e_iSHoﬁ

n=0

— ZUn(t+57t/+5)€

n=0

=U(t+s,t +s)E.

Since Dy (A) is common core of U(t,t') and U(t + s,t’ + s), we obtain the desired result. [
If we assume in addition that H; is symmetric, then stronger results follow:

Theorem 2.4. Let A € SAL(Hy) and let Hy € Co(A) be a closed symmetric operator. Then

U(t,t') is unitary and the following properties hold.
(i) The operator U(t,t') satisfies the following operator equalities:

Ut,t)y=1, Utt) U, ") = Ut 1), (2.60)

where I denotes the identity operator.
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(i) Ua(Hy;t,t") is unique in the following sense. If there ewist a dense subspace D in
H and an operator valued function V(t,t') (t,t' € R) such that D c D(V(t,t)) for
all t,t' € R and for £ € l~?, V(t,t")¢ is strongly differentiable with respect to t, and
V(t,t')¢ € D(H(t)), which satisfies

0

avmﬂKZAMﬁmvmﬂm ceD, tteR, (2.61)

V(tv t)f = fa

then V(t,t') | D is closable and V (t,t') | D = U(t,#'). In particular, if D(V(t,t')) = H
and V (t,t') is bounded for all t,t' € R, then V(t,t') = U(t, ).

Proof of Theorem 2.4. We prove the unitarity. Since Hj is symmetric, one obtains for all
£ e Dﬁn(A)

*I!U(t e = (—iHL (U (8, 8)E, U, ¢)E) + (U (L, )€, =i Hi (U (t,1)€)
=0. (2.62)

therefore U(t,t') is isometry, in particular, bounded. By using Theorem 2.3, one finds the
operator equality

Ult,tYU,t)y=1, tt eR, (2.63)

which implies that U(¢,t’) is surjective. Hence it is unitary.
The statement (i) is directly follows from Theorem 2.3.
We prove (ii). For each £ € Dsn(A), n € D and t € R, we have

gt (V" U(t,t)€) = (—iHi(t)V (¢, )n, U(t, 1)) + (V(t, ¢ )n, —iHi(H)U (¢, 1))
=0. (2.64)
thus we obtain
(V(ttm, Ut 4)E) = (n,€), &€D,neD. (2.65)

Since D is dense in H and since U(t,t') is unitary and satisfies U(t,') U(t',t) = I, (2.65)
yields for all n € D,

V(t,t\n=U(t ')y, neD. (2.66)

Suppose that a sequence {1}, C D satisfies that 1, — 0 as n tends to infinity. Then (2.66)
shows that V'(t,2')n, converges to 0, which means that V'(¢,#') is closable. Take arbitrary
Y € H. Then there is a sequence {7, }, which converges to 1) as n — oo, since D is dense in

. Then (2.66) implies 1 € D(V (¢, ) | D) and V(t,t') | D = U(t,t')¢ for all » € H. O

2.2 Time-ordered exponential on the complex plane

By the usual total order on the real line R, we can naturally define the time-ordering on R.
However, on the complex plane, we have to pay attention to how we define time-ordering.

It is desirable that the complex time-ordered exponential T{ exp [ fj dr Hy (¢ )]} is

Dgn(A)
analytic and depends only on z, 2’ € C. Hence we introduce a time-ordering on the complex
plane as follows.
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Let 2,2’ € C and T" be a piecewisely continuously differentiable simple curve in C from 2z’
to z. That is, I' is a map from a closed interval I = [«, 5] in R into C, which is piecewisely
continuously differentiable and injective, satisfying

I(a)=2, T(B) ==z (2.67)

We define a linear order > on I'(1) = {I'(¢) | t € I} C C as follows. For (1,2 € I'({), there
exist t1,ty € I with I'(¢1) = ¢ and I'(t2) = (2. then (3 > (o if and only if ¢; > to.

In what follows, we denote I'(I) simply by I". Let &, be the symmetric group of or-

der n € N and L(#H) be (not necessarily bounded) linear operators in H. For mappings
Fi,Fy,...,F (k€N) from T into L(H), we define a map T[F} ... F}] from T'* into L(H) by

T[Fl ce Fk](Cl’ B Ck Z XP, C17 SER) Ck) o(1) (Ca(l ) o(k) (Ca’(k))v (268)
oES

whenever the right-hand side makes sense, where y; denotes the characteristic function of
the set J, and

Pr={(Ct,- - &) €T7 [y = = Gy}, 0 € B (2.69)
In what follows, we sometimes adopt a little bit confusing notation
T (Fi(C) - Fi(C) :=T[F1 ... Fi](Crs -5 G, (2.70)

and call it a time-ordered product of F1((1), ..., Fi((x), even though the operation T" does not
act on the product of operators F;((1), ..., Fx({x) but on the product of mappings Fi, ..., Fj.

Next, we define time-ordered exponential of an operator-valued function. Let F : ' —
L(H) and let C'(F') C H be a linear subspace spanned by all the vectors ¥ € #H such that the

mapping
(Cla---v(n) HF(CI)F(CW,)\II (2'71>

is strongly continuous on some region containing I'”. We define a time-ordered exponential
operator by

D <Texp </F dCF(C))) (2.72)

{qfec Zi' / dCl...anT(F((l)...F(Cn))\I/H<oo}, (2.73)

T exp </F dCF(C)) U= n; ~ /Fn dly ... dCa T (F(Cr) ... F(Cn)) 0, (2.74)

where the integration is understood in the strong sense.

We also define a more general time-ordered exponential operator. Let Fy, Fo, ..., Fi, ..., Fiin
be the mappings from I' into (not necessarily bounded) liner operators in H. We define a
map from I' into L(#), which is labeled by ({1, ..., () € Tk,

T[Fl (Cl)FQ(CQ) . Fk(Ck)Fk—I—l . Fk+n] 3 L L(H) (2.75)
by the relation

TF1(C)F2(C) -+ Fr(Ce) Frrt - - Froqn](Cegts -+ 5 Con)
= > xpr, Certs o Chtn) Fr()(Con) - Fogern) Cothrn))s (2.76)

066k+n
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whenever the operator products in the right-hand side makes sense. Here we denote

Py = {(Chr1s -+ Chan) €T [ o) = = = Cohtm) } (2.77)

for 0 € G1p. In this case, we also employ a confusing notation (really confusing in the case)

T (Fl(gl) s Fk-l—n(Ck—I—n))
= T[F1(GQ)F2(C) -+ Fio(Ce) Frt1 - - - Fotn] (Cht1s - - -5 Chin) (2.78)

and call it a time-ordered product of F1((1), ..., Fxin(Ckin), following physics literatures. We
never use this notation unless it can be clearly understood from a context which variables of

(C1y .-+, Crrn) are fixed and which variables are function argument.

Using this notation, we can define more general time-ordered exponential operator. Let
Fi, ..., Fy, F be operator-valued functions from T into L(H) and Fy1q = -+ = Fpipy = F.
Let C(F1,. .., Fy, F) be a linear subspace spanned by all the vectors ¥ for which the mappings

(G155 Chan) = Fo1)(Co)) - - Fo(hrn) Cohsn)) ¥ (2.79)
are continuous for all fixed ((i,...,{;) and all 0 € &,, . Then on the domain

D (TFl(Q) o Fr(C) exp (/F d¢ F(C)))

- {\IlEC(Fl,...,Fk,F)’
>

We define

/Fn AChist .- dlran T (F1(C1) . .Fk(gk)F(ng)...F(gk+n))\pH < oo}, (2.80)

TF(C). .. Fr(Ge) exp ( / d<F<c>> ¥
r
= Z % /1“ deJrl .. de+n T (Fl(Cl) .. Fk(ck)F(CkJrl) .. F(Ck+n)) . (2.81)
n:0 . mn
We remark that for all o € &,
TF(Q) ... Fr(Ge) exp ( [ F(C)>
T

— TEy (G - Fogy (Coey) oD ( [ ¢ F<<>) . (2.82)

Let Hg be a non-negative self-adjoint operator on H. Hereafter, we use the following
abbreviated notations:

Ve = R(En, ([0, £1)), (2.83)
Dgn = | V. (2.84)
E>0
For T € Cy(Hy), we denote
T(z) := et#tore==Ho 5 ¢ C. (2.85)
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Note that T'(z) is closable since its adjoint includes the operator e?*” HoT*e=%"Ho which is
densely defined. We denote the closure of T'(z) by the same symbol. In this notation, one
obtains

T(z)* DT*(z"). (2.86)
The goal of the present section is to prove following Theorems 2.5-2.9.

Theorem 2.5. Let A be in Co(Hy) class and z,z' € C.

(i) Take a piecewisely continuously differentiable simple curve I', ,» which starts at 2’ and
ends at z with Im 2z’ <Imz. then

DgyC D (T exp (—z/r dCA(C))) (2.87)
T exp (—Z/F

does nmot depend upon the simple curve from z' to z and depends only on z and 2/,
justifying the notation

and the restriction

dM(C)) (2.88)

/ Dﬁn
2,z

U(A;2,2") :=Texp (—z/ d(A(()) (2.89)
Fz,z/ fin
(i) U(A;z,2") is closable, and satisfies the following inclusion relation:
U(A;2,2')* DU(A*; 2%, 2%). (2.90)

Lemma 2.7. Let Aq,..., A, be in Co(Hy)-class. Then for all V € Dg, and all n € N, the
mapping

C" > (21, 2n) = A1(21) ... Ap(2n)V € H (2.91)
is strongly analytic in C™.

Proof. Each vector in Dg, is an entire analytic vector of Hy, and each A; € Co(Hop) (j =

1,2,...,n) preserves the subspace of all the entire analytic vectors of Hy. therefore A;(z1) ... Ap(2n)¥
permits an absolutely converging power series expansion in 21, ..., 2, and thus is strongly an-
alytic. O

From Lemma 2.7, we can define a liner operator V,,(4; z, ') with the domain D(V,,(4; z,2")) =
Dy, for A € Co(Hyp), 2,2/ € C,n € N, and ¥ € Dgy,

(=)"

o IV
V(452,20 = oy

/F d¢y .. dGn T (A(Gr) ... A(G)) P, (2.92)

n
z,2/

where I denotes a piecewisely continuously differentiable simple curve from 2z’ to z. We regard

Vo(A;z,2") = 1.

Lemma 2.8. (i) If V € Vg, then V,(A;2,2")¥ € Viipnp, where b > 0 is a constant stated
in Definition 2.1 (III) for A € Co(Hp).
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(i) The operator V,(A; z,2") has the following representation

z G Cn—1
Vi(As 2, 2') = (—i)" / " / g / TG AAG) . AG) (299
i / ", /< o /< W ACAG) - AG),  (2.99)

where the above integrations denote the indefinite integral of an analytic function which
depends only on the start and the end point.

(i11) Vi(A;z,2") is analytic in z € C and 2’ € C, and independent of the choice of a simple
curve I', v from 2’ to z.

(iv) Vio(A;z,2") satisfies the formulae forn =0,1,...,

Veri(422) = (=0) [ dC AQVa(A¢.2) (2.95)

z

— (i) [ V(4,040 (2.96)
Proof. The assertion (i) follows from the fact that

T (A(Cl) - A(Cn)) S VE+nb (2.97)

and Vg is closed. Since (iii) and (iv) are simple corollaries of (ii), it suffices to prove (ii).
We prove only the case where I : [a, 8] — C is continuously differentiable. A general case is
straightforward. By definition of the time-ordering operation 7' (2.68), one finds on Dgy,

n!

B (_nll) 2

c€G,

Wiz ) = S8 [ e TG AG)

/ dty...dt, T (t1) ... T (tn)
{B2te(1)>>to(n)>a}

X A(F(tg(l))) . A(F(tg(n))). (298)

The above integration does not depend on ¢ € &,, and is equal to

/{B>t - }dtl codt, T () T () AT () - .- AT (t0))

B t1 tn—1

:/ dtlr’(tl)/ dtQP/(tg).../ dt, I (tn) A(D(t1)) ... A(T(tn)) (2.99)
046 a/B (6% IB

= / dt, I (tn) / dtp 1T (tn-1) ... / dt T (t1) A(D()) ... AT (t))- (2.100)

tn to

The expression (2.99) and (2.100) can be rewritten

z Cl Cn—l
/ d(l/ ng.../ dln A(C1) .- A(Cn) (2.101)
and
[ den [ deu [ da @) a) (2.102)
2 Cn G2
respectively. Since the summation over o gives n!, the assertion (ii) follows. O]
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In the following, we employ the notation

(—2)"
Ay ... dCn ACony) + - ACot)- 2.103
sy /{<<} 1 o) Al (2.103)

n
c€6n
to denote the integration such as (2.98).

Lemma 2.9. For alln >0, A € Co(Hy), E > 0 and ¥ € Vg, the following estimate holds
for all z,2" € C with Imz < Im 2.
HVn(A; 2, z’)\I’H < O eltm#'[(2E+nb) |z — 'Z/|n
B n!

/2 1/2‘

o,
(2.104)

(E+(n—-1b+1)""--- (E+1)

where b > 0 is a constant stated in Definition 2.1 (III) and C = HA(HO + 1)_1/2H. In the
case where n = 0, we regard the right-hand side as ||¥||.

Proof. First, we prove for Imz; <Imzo < --- <Imz,,
|A(21) . .. A(z,) 0| < P&l CEFn) (B o (p — Db+ DY2 . (E4+DY2 0. (2.105)
In fact, the identity

A(z1) ... A(z,) ¥ (2.106)
— eileOAefi(zlfzz)Ho o efi(znflfzn)HOAneianO\I,

= Moy (10, E 4 nb))A(Ho + 1)~ Y2(Hy 4+ 1)Y2Ew, ([0, E + (n — 1)b])e " z1722)Ho 5
x ¢~ Gna =) A(Hy + 1)72(Ho + 1)V By ([0, E])e* ow (2.107)

implies (2.105), because e~ ~%+1)Ho (j = 1,2 ... n—1) are bounded with operator norms
less than 1. From Lemma 2.8 (iii), to estimate ||V,,(A4;z, 2")|| we can choose the path C' from
Z' to z as

Ct)y=2"+(z-2)t, te€]0,1]. (2.108)
then we have C'(t) := (d/dt)C(t) = z — 2’ and by (2.105)
HVn(A;z,z’)\I/H

1
< —CMz - z'|”/ dty ... dt, eM™#ICEY) (B4 — 1)+ 1)V2 . (E+1)V2 g

_n
< C%Imz/l@EMb)'Z?j'(E + -1+ 1) (B+1) . (2.109)

This completes the proof. ]

For ¢, € C and T € Cy(Hy), we denote
T(C, ) i= e Hoeic’Ho, (2.110)
Note that

T(¢) =T(¢, —¢)- (2.111)
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Lemma 2.10. Let Ty, Ax (k = 1,...,m, m > 1) be Co(Hy)-class operators. Then for all
U € Dgy, 21, 2;, € C(k=1,...,m) with Im 2z, <Imz; and (i, ¢, € C, it follows that

o0

> 1T (G G Vi (A Zms 20) -+ T1(C1, ) Vg (Av; 21, 20) ¥ | < o0 (2.112)

nl?"'7n77L:0
Furthermore, the convergence is locally uniform in C1, 1y 21, 21, - - s Cmiy Gy Zms Zim -

Proof. Let ¥ € Vg and put for k =1,2,...,m,
Ui = Ti(Ch» C) Vi (Aks 28, 23,) -+ - T1(C1, €1 Vay (Ass 21, 21) 0. (2.113)

Let ag,br, > 0 (k = 1,2,...,m) be constants stated in Definition 2.1 (III) regarding Tk, A,
respectively. We denote

a= m}gx{ak}, b= ml?x{bk.}. (2.114)
then we see from Lemma 2.8 (i) that

Wy € VE+(n1+-~~+nk)b+ka' (2'115)
Put
K = mase{|Im G Tm G} [1m 4}

N:n1+"'+nm7
€ = mac {720 + )72 | 4w+ 1712 }.

then from Lemma 2.9, we have
[T (Gons o) Vi (A 2, 23) -+ T1(C1, G1) Vi (At 21, 21) 9|

= HTm(Cma C:n)vnm(Ama Zmy Z;n)\llmflu
§€2K(E+Nb+ma)(E + Nb+ (m - 1)a + 1)1/2 HTm(HD + 1)*1/2H HVnm(Am;zm,Z;n)\I’m—lu

I |n
<62K(E+Nb+ma)cnm+le|lm 2L |2E+2(ni++nm—1)b+2(m—1)a+nmb) |Zm — Zm| "
- |

T,

(B4 (N =nm)b+ (m—1a+1)"% ¥, 4]

X

X (E+Nb+(m—1)a+1)l/2-

) nm
< AR Nbma) g1 2 — | ZT”’ (E+Nb+(m—1)a+1)7 x...

Ty,
1/2

X (E+ (N =nm)b+ (m—1)a+1)""||¥y_q]. (2.116)

Repeating this estimate, we arrive at

HTm(Cmy Cr:n)vnm(Amy Zm Z;n) T (¢, Ci)vm (Ar; 21, le)\I’H

_ S |n _ S
<e4mK(E+Nb+ma)CN+m |Zm Zm| " ’Zl zl’
- Np! ... !

x (E+Nb+(m—1)a+1)"*-. (E+(m—1)a+1)

Y2 1p (2.117)
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therefore we obtain

> T Gms Ca) Vi (Arms 2 20) -+ Te(G1, 61 Vi (A 21, 20) 9|

= Z Z HTm(Cm,C;n)Vnm(Am;Zm,Z;l)"‘Tl(ChCi)Vm(Al;Zlvzi)‘I’H

N=0ni+-+nm=N

00 N
(Iz1 =21+ + [om = 20l)” sk (B+Nb+ma) ~N+m
<> iy ¢ ¢
N=0

1/2

x (E4+ Nb+(m—1a+1)""- (B4 (m—1)a+1)"?|¥. (2.118)

By d’Alembert’s ratio test, the final expression in (2.118) converges locally uniformly in
Clvgivzlvziv"')C??’La(én7zmaz;n' ]

Proof of Theorem 2.5. Let Imz < Im2’. Lemma 2.10 (2.112) shows that for all U € Dgy,,

U(A;2,2)0 = Z Vio(4; 2,20
n=0

=T exp —z'/
r

exists and is independent of I', ,,. This proves (i).
We prove (ii). Inductively, we see for all integer n > 0,

dgA(g)) v (2.119)

z,2/

V(A 2,20 =V, (A% 2% 2")0, U € Dg,. (2.120)

The case n = 0 is trivial. Assume that (2.120) holds for some n. Let I' : [0,1] — C be a
continuously differentiable simple curve from 2z’ to z. Then we have for all ¥, ® € Dg,,,

(W, Vs (A2 2)0) = =i [ e (0, AQVA (456, 2)2)
= —i/l dtI'(t) (W, A(D(t)) Vo (A;T(2), 2') @)
0

_ <i/01r’(t)*vn(A*;z’*,r(t)*)A*(r(t)*)q:,<1>>

!

= <2/Z dCVn(A*;z'*,C)A*(C)\Il,(I)>
= <Vn+1(A*; 2 20, <I)> ,

where we have used Lemma 2.8 (iii) in the first and the last equality, and the induction
hypothesis in the third equality. Thus (2.120) holds for n + 1, so the induction step is
complete. then by (2.120), we have for all ¥, ® € Dg),

(U, U(A;2,2")®) = Z (U, Vo (4;2,2)®)

n=0

— Z <Vn(A*;z/*,z*)\Ii,q)>
n=0

= <U(A*;z’*,z*)\11,<I>>.
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This yields the inclusion relation
U(A;z,2") D U(A"; 2™, 2%), (2.121)

implying that U(A;z,2’) is closable. Therefore we can take the closure of the both sides of
(2.121), and the desired result follows. O

Theorem 2.6. Let Ty, Ax (k = 1,....,m, m > 1) be Cyo(Hy)-class operators. Then for all
2,2, € C(k=1,...,m) with Im 2z, <Imz; and (i, ¢, € C, it follows that

D € D(Ton(Goms G U (s 2ms 23) -+ 1 (1, 1)U (A 21, 20). (2.122)
Moreover, for all V € Dgy,

Tm(Cmv C;n)U(Ama Zm, Z;n) A (Cla Ci)U(Ah 21, zi)\ll

= Z Tm(Cmv C;n)vnm (Ama Zm Z;n) <1 (Clv Ci)an (Al; 21, Zi)\l’, (2123)

N7,y =0

where the right-hand side converges absolutely, and does not depend upon the summation
order. Furthermore, this convergence is locally uniform in the complex variables

Zl? lea Clv C{a seey Zma 21/717 Cm; Cy/n
By Theorem 2.6, it is natural to introduce the algebra 2l generated by

{T, U(A; 2, 2), €50 |T, A € Co(Ho), 2,7,¢ € C, Tm 2 < Imz’} . (2.124)

It is clear that all a € 2 is closable since they have densely defined adjoints and the subspace
Dsgyp, is a common domain of 2. We define a dense subspace D by

D := ADg,. (2.125)

Theorem 2.6 shows that D is also a common domain of 2. Moreover, for all ¥ € D, there
exists a sequence {¥y}y C Dg, such that

Uy =V, a¥ly—a¥ (acA) (2.126)

as N tends to infinity. This implies that if an equality a = b (a,b € ) holds on Dsg,, then
a = b on D and the convergence is locally uniform in all the complex variables included in a
and b. From this observation, we immediately have

Corollary 2.1. Let A be in Co(Hp) class and z,z" € C with Imz < Im2’. then

pcD ( ( [ ,dm)) (2127
Tesp ( [

is independent of the simple curve I, . and depends only on z,z" if ¥ € D.

and for ¥ € D,

16A© ) v = TT= . 125)
In particular,

dM(C)) v (2.129)

2,2/
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Proof of Theorem 2.6. We prove the claim by induction on m > 1. Let m = 1, and let
U € Dg,. By Lemma 2.10,

D T () Va(Ar; 21, 2) ¥ < oo (2.130)
n=0

then since T7(¢1) is closed, we get U(A1;21,21)¥ € D(T1(¢1)) and (2.123) for m = 1.
Suppose that the claim is true for some m > 1. Let ¥ € Dg,. By Lemma 2.10, one sees

[e.o]

Z HVnm+1(Am+1; Zm+1, Z;nJrl) T Tl(Cl)an (Al; 21, Zi)‘IIH < 00, (2‘131)

n1,..., N, =0

[e.e]

Z ||Tm+1(Cm+1)Vnm+1 (Aerl; Zm+1, Z;n—&-l) Ty (Cl)an (Al; 215 Zi)\I’H < 0. (2'132)

Nn1,y.eey N =0

hence we have using induction hypothesis

T (Cn)U (A 2, 21) -+ - T1(C1)U (A1; 21, 21) W € D(Tong1 (G 1)U (At 15 Zmr 1 2 i1))
(2.133)

and (2.123) for m + 1 since T4 is closed and U(Ay,41; Zm+1, 2, 41) are closable. thus the
assertion holds also for m + 1. The local uniformity of the convergence follows the fact that
the series in Lemma 2.10 (2.112) converges locally uniformly. O

Theorem 2.7. Let A be in Co(Hy) class and z,z' € C.
(i) For all ¥ € D, the vector valued function

{(2,2)|[Im2z <Im2z'} 3 (2,2)) = U(4;2,2)¥ € H

is analytic on the region {Imz < Im2z'} and continuous on {Imz < Im2z'}. Moreover,
it is a solution of differential equations

%U(A; 2,20 = —iA(2) U(A; z,2")¥, (2.134)
%U(A; 2,2 )0 =iU(4;2,2")A(Z)0, (2.135)

on {Imz < Im2z'}.

(ii) For all U € D, the vector valued function R? > (t,t') — U(A;t,#')¥ is continuously
differentiable on the region R2, satisfying the differential equations

%U@mwwz—memwmm, (2.136)
%U(A;t,t’)\ll = iU (A;t, t')A(t')D. (2.137)

Proof. We prove (i). Since the convergence in (2.119) is locally uniform in z, 2z’ and each
Vo(4; 2, 2') are analytic on all z, 2’ € C, we conclude that U(A; z, 2’) is analytic on the region
{Imz < Im 2’} and continuous on {Im z < Imz'}. Due to the fact that the convergences are
uniform in (2.112), one finds

i A2V (A; 2,20 = A(2)U(A; 2, 2') T, (2.138)
n=0
i Vo(A; 2,2 A = U(A4; 2,2 )A(Z)0, (2.139)
n=0
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absolutely and locally uniformly in z, 2z’ when n tends to infinity. By taking n — oo in (2.95)
and (2.96), we obtain

UA;2,2)=1- Z/Z d¢ A(Q)U(A; ¢, 2, (2.140)

z

—1- z/ ¢ U(A; 2, O)A(C), (2.141)

on Dg,. By the remark just below the statement of Theorem 2.6, integral equations (2.140)
and (2.141) can be extended to D in the form

U(A;2,2/)=1— 1/13 dC A(QU(A; ¢, 2), (2.142)

=1- z/ dCU(4; 2, O)A(C). (2.143)

Differentiating these expression with respect to z or 2/, one finds (2.134) and (2.135).
Considering the case where z, 2’ are real, we obtain (ii) in the same manner.

]
Theorem 2.8. Let A € Co(Hy) and z,2',2" € C. Then the following properties hold.
(i) If Imz <Imz <Im?z", the equalities
U(A;2,2) =1, U(A;2,2)U(A;2,2") =U(A;z,2") (2.144)

hold on the subspace D, where I is the identity operator.

(11) Let Tmz < Imz'. Then U(A;z,2") is translationally invariant in the sense that the
equality

eI (A; 2, 2)e # oy = U(A; 2 + 2, 2" + 2) (2.145)

holds on the subspace D.
(11i) Forallt,t' € R, U(A;t,t") is unitary. Moreover, for allt,t',t" € R, the operator equality

U(A;t,t") U(A; ¢, t") = U(A;t,t") (2.146)
holds.

Proof. (i) Fix z,2” so that Im z < Im 2”. then by Theorem 2.5, for all U, ® € D and 2’ € C
with Im 2’ € (Im 2z, Im 2”),

d . / . ! 1"
7 <<I>,U(A,z,z) U(A; 2,z )\I!>
— d X ol % * Vs "
—dZ/<U(A,z , 29D U(A; 2, 2 )\I/>

- <—2‘A*(z’*) U(A* 2%, 20, U(A; 2/, z”)\I/> n <U(A; 7 2, —iA(Z)U(A; 2, z”)\If>
=0.

This yields that

2 — <<I>, U(A;2,2") U(A; 2, z”)\Il> (2.147)

32



is constant on the region {z’|Imz’ € (Imz,Im 2”)}. But this function is continuous on
its closure, implying that it must be constant on the closed region Im z < Im 2’ < Im 2”.
Taking 2/ = z we have

<<I), U(A;z,2") U(A; z’,z”)‘ll> = <<I>,W\I/> (2.148)

for all Imz < Im 2’ < Imz” with Imz < Im2”. Fix 2,2’ € C so that Im z = Im 2’ and
regard both sides of (2.148) as a function of z”. Since these functions are continuous
on {z”|Imz < Imz"} and coincide on {z”|Imz < Imz"}, they must coincide on
{z" |Im z < TIm 2”}. This completes the proof.

(ii) We first show by induction on n > 0 that
OV (A; 2! e #HOW = V(A2 4 2,2 + 2)¥, W € Dg,. (2.149)

The case n = 0 is trivial. Assume that (2.149) holds for some n. Then we have for all
LS Dﬁnv

Z/

eizHOVn+1(A; Z/, Z//)efizHO\IJ — —Z/ dCGIZHOA(C)Vn(A, C’ Z//)efizHo,lj

= /z dCA(C + 2)Vi(A; ¢+ 2, 2" + 2)0

1"

24z
_ / dC A(Q)Vn(A; ¢, 2" + 2)W
24z

= Vps1(A;2' + 2,2" + 2)0,

where we have used the basic property e?*#0 A(¢)e™#H0d = A(C+2)® (® € Dgy) in the
second equality and the induction hypothesis in the third. This completes the induction.
Summing up the both sides of (2.149) over all n > 0, and using the closedness of ¢?*H0
we obtain

eI (A; 2 2 e #HO = U(A; 2/ + 2,2 + 2) (2.150)

on Dgy,. But both sides belong to 2, this equality holds on D in the form

P (A; 2 2 e o = U(A; 2/ + 2, 2" + 2). (2.151)

(iii) Similar to the proof of [23, Theorem 2.4].
O

Theorem 2.9. Let Ai,... A, B € Co(Hp), and z,2" € C with Imz < Imz'. LetT, . be a
simple curve from 2’ to z and (1,...,(, € I be different from each other. Then we have

DcD (TAl(Cl) - Aw(Ge) exp <—Z/F ng(g))) (2.152)

and

/

TAl(Cl) c. Ak(Ck) exp (—Z/

=U(B; 2, Gj) A5, (G)U(B; Giys Go) - - - U (B3 Go—1, Cr) Ajy (G U (B3 Gy, 2) W
(2.153)

dCB(C)> v

2,z

for all ¥ € D, where (j1,...,ji) is the permutation of (1,2,...,k) with (j, > --- > (j,.
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Proof. Put
Agy1 == Ag1n = B. (2.154)
We can assume that
G- Ck (2.155)

without loss of generality. Take ¥ € D. For all n € N and all ¢ € &4, it is clear that the
mapping

(G155 Chtn) = Aoty (Coi)) - - - Ao (rrn) (Cokin)) Y (2.156)

is analytic and thus the strong integral

(=9)"

n!

/Fn dCt1 - dCrin TAL(C1) - - - Ak(Ck) B(Crt1) - - - B(Chan) ¥

z,2/

:(—nz!) 2. / Gt G A1) (Con) - Aot Cohn) T (2:157)

UEGkJrn P"yo'

exists. The integral in the right-hand side vanishes unless o is of the following form: There
are ly,...,lpy1 satisfying

ll,...,lk+120, h+-+lr1=n (2.158)
and

J(l1+1):1, U(l1+l2—|—2):2, ceey O'(l1—|——|—lk—|-]€):k‘ (2159)
If we denote such permutation o by oy, ,.,, the summation over o can be performed by
summing up all o’s of the form o = oy, y, ., for some ly,...,l;41 (there are n! such o’s for

each fixed l1,...,lg+1) , and then summing over all l1,...,lp11 satisfying (2.158):
I SR S 2100

UEGk+n ll,...,lk+120 0=01q,..., It
it +Hgp1=n

The integration in (2.157) depends only upon [y, ..., lx11, but not upon the concrete form of
0 = 0y, lj1» and thus the summation over o = oy, 4, ., just gives the factor n!. Then we
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have

=) > /, dCh+1 - - dChn Ax(1)(Co1)) - - - A (krn) (Coksn)) ¥

n!
U€6k+n Pn,o'

=D YD S

I1yeeislg412>0 0=01q,..., lpt1
i+l yp1=n

/ dTl(l) .. .dT(l) .. .dTl(kH) . dT(k—H)
Z>—7'1(1>>'"'>—7'l(11>>'C1>"">_Ck>_7—1(k+1)>_.”>_Tl(::11>>_zl h o
1 1 k+1 k+1
B(r{")... B(r{"A1(G1) ... Ap(¢)B(r"" ))---B(Tz(k; e
_\h
- ¥ <(1Z? /ll dri .V TB(r{"). -~B(Tz(11))> A1(Gr)- -
Il 120 I
i+ +lgp1=n

—N\kr1
o AR(Gr) ) /Flk+1 d71(k+1) L drEY TB(Tl(k‘H)) o B(T(k—l-l))

lpsr! lot1 U1
Cpr®
= Z ‘/ll(B;Z7 Cl)Al(Cl) .- Ak(Ck)‘/lk+1(37Ck7Z,)\I] (2161)
1yl 1>0
i+ Hlgp1=n
The final expression in (2.161) is absolutely summable with respect to n =0,1,2,... to give
U(B: % )AL G) - - A(G)T (B Gy )0 (2.162)

by Theorem 2.6, which means that ¥ belongs to the subspace

D <TA1(C1) - Ap(Cr) exp <—Z/F dg B(C))) ; (2.163)

and

TA(G) .- Ap(Cr) exp <—2/F dCB(C)> U =U(B;z0)A1(G) - - Ae(CG)U (B; G, 2') V.

(2.164)

z,2!

This completes the proof. O

Under the condition that A is in Cy(Hp)-class, we have to restrict the arguments z, 2’ € C
to {Imz’ < Imz} in order to prove the convergence of the time-ordered exponential as shown
in Theorem 2.5. If a stronger condition holds, Then the time-ordered exponential converge
for all z, 2’ € C:

Theorem 2.10. Let A be in Co(Hy). Suppose that there exists a locally bounded function
F:C — [0,00) such that, for all ¥ € Dgy,

|A(2)¥|| < F(2)||(Ho + 1)Y?W|, zeC. (2.165)

then for all z, 2" € C, the followings hold.
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(i) Take a piecewisely continuously differentiable simple curve I, ,» which starts at 2’ and
ends at z. Then for all ¥ € Dg,, the series

U(A; 2, 20 ::Z% / G dGT(AG) - AG) (2.166)
n=0 z,2!

converges absolutely.

(i) For all ¥ € Dg,, the vector-valued function C? > (z,2') — U(A; z,2')¥ is analytic, and
satisfies the following differential equations:

@U(A; 2,2V = —iA(2)U(A; 2,20, (2.167)
%U(A; 2,20 = iU (A; 2,2 )A(Z)0. (2.168)

Proof. (i) Without loss of generality, we can assume that ¥ € Vg for some £ > 0. In a
similar way as in the proof of Lemma 2.9, we obtain

N EY G TG Alca)e |

(s FQO)E+@-1b+ D2 (B4 1))
n=0 : CeL(z,2")

< o0, (2.169)

by using the condition (2.165). Here L(z,2’) C C is the line segment from 2’ to z.
(ii) Similar to the proof of Theorem 2.7 (i).

2.3 Time-ordered exponential as an asymptotic expansion

Let Hy be a non-negative self-adjoint operator, and H; a symmetric operator on a Hilbert
space H. Set

H(/\) = Hog+ \H; ()\ S R). (2.170)
Assumptions we employ here is:

Assumption 2.1. (I) There exists a sufficiently small interval J C R (0 € J) such that
each H(X) (X € J) is essentially self-adjoint and bounded from below with inf ¢ ; (inf o(H(N))) >

—0Q.

(II) There exists a constant b > 0 such that for all E > 0, Hy maps R(Em,([0, E])) into
R(EHo([Oa E+ b]))

(III) H; is H{-bounded for a r > 0, and there exists a constant C > 0 such that

|H\ W) < C(Hy +1)"¥, U e D(H). (2.171)

We denote the closure of H()) (A € J) by the same symbol. Set Hy(¢) := o Hye~iHo (¢ ¢
C).
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Theorem 2.11. Suppose that Assumption 2.1 holds. Then, for all z,z' € C with Imz < Im2z’
and ¥, ® € Dgy = Upso R(En, ([0, E])), the following asymptotic expansion:

<e_iz*HOq)’ e—i(z—z’)H()\)e—iz’Ho\I/>

~ (D) 4+ Y (=i ng ch... ngn O, T (Hi(C)HL(C) - Hi(Cn)) W
3 [t [ o [ a6 @ TG HG)Y)

A—=0) (2.172)
holds, that is, for each N =0,1,2, ...,

<€—iz*H0(I) e—z‘(z—z’)H(/\)e—z‘z'Hoq,>

N 4 z z
— @, W)+ S =iV [ dey | déon. | de, (B, T (Hy(C)HL(C) - - Hi(C)) W
(@, V) nzl( )/Z, 1/Z/ 2 /Z (®, T (H1(¢1)Hi(C2) 1(¢n)) W)

+ oAy (A= 0), (2.173)
where the symbol T denotes the time-ordering defined in (2.70).

Remark 2.3. Theorem 2.5 says that the right-hand side of (2.172) becomes convergent series
if the constant r stated in Assumption 2.1 (III) satisfies 0 < r < 1.

Lemma 2.11. Suppose that Assumption 2.1 holds. Let w € C with Imw > 0. Then for all
Ve Dgy, and N =0,1,2, ...,

ein()\) efino N,

N 0 G Cn1
- Z(—@A)”/ d§1/ d@.../ e Hy(C) -+ HL () + 00 )5, (A= 0),
n=1 w

w w

(2.174)

where o(AN)3 (A — 0) denotes a vector-valued function X — f(X\) € H satisfying limy_q || fF(N) /AN ]| =
0.

Proof. Note that (M) (X € J) is a bounded operator, and Dg, C D(eHMNe=iwHo) Tt
U € R(Fw, ([0, E])), and set H := {w € C|Imw > 0}. Using Assumption 2.1 (III), we see

that the vector-valued function H 3 w — e®HWNe=wHoy js strongly differentiable and
diein()\)e—in()‘Ij — ein(/\) (i)\Hl)G_inO\I/, (2175)
w

hence we have

GwHO) —iwHog — g 4 i) /w dcy eSHHO) =i Ho gy
0

. +z’)\/ d¢y e HN gmiCHo fr (¢)) W, (2.176)
0

Here we used Assumption 2.1 (II) in the second equality. Note that the point 0 € C does not
belong to H but the integrals in (2.176) are independent of the choice of the path from 0 to
w. Since H1((1)¥ € Dagy, it follows from (2.176) that

ein()\) e—inU o

N w G Cn—1
:‘I’+;(M)"/O dC1/0 d<2~--/0 dCo Hy(Go) -+ H1(G)H1(C)W + Ryg1(w) (2.177)
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with

Ry y1(w)
w ¢1 (N . .
A NH/ d@/ d@"'/ A1 €N AN e=iveto pry (¢ q) - Hy (G) Ha(Gr)
0

,Cn+1 in the line segment from 0 to w satisfying

We show Ryi1(w) = o(AV)g. For (1, o, ..
Im¢; > Im(y > ... > Im(ny1, we have

||eiCN+1H(>\)e—iCN+1H0H1 (Cnat) -
< eﬂ/Imch—&—l(E + Nb+ 1)r .
—infyeso(H(N)), and b > 0 and C' > 0 are the constants stated in Assumption

- Hy(G) Hi(G)Y|
(E+b+1) B+ 1)), (2178)

where v :=
(IT) and (III), respectively. Thus we have
|w‘N+1CN+1
MY (E 4 Nb+1)" - (E+b+ 1) (E+ 1) P |y

I <
W =TT
-0 (A=0) (2.179)
which implies Ry 1(w) = o(AY)z. On the other hand, by a direct calculation,
N Cn—1
Y / ¢ / dGs.. / Ao H1(Ca) -+ Hy (o) H (G1)
(2.180)

N G n—1
=D (=" [ dC dGa... dCn Hy(C1)Hi(C2) - - - Hi(Gn) W
321 /w 1/w 2 /w 1(C1) Hi (¢ 1

Therefore we obtain (2.174) for Imw > 0
In the same manner as above, we obtain (2.174) for Imw =0

Proof of Theorem 2.11. Using Lemma 2.11 in the case w = —z + 2/, we have

efi(zfz’)H()\)efiz’Ho U
i(z—2")H(\) ei(zfz’)HoefizHo U

:eil
N 0 G Cn—1

= ¢ #Hoy —iA\)" d dés... d¢, Hy (G H - H
e > (=id) /—z+z’ Cl/_z+z/ ©) /_Z+Z, Cn Hi(C1)H1(C2)

n=1

oA ) (A= 0),

1 (Cn)e—izH()\I]

hence
<€—iz*H0(I>’ e—i(z—z’)H()\)e—iz’Ho \If>
o z G Cn—1
~ (@, W) + > (—iN)" [ d¢ dGa... dGn (@, H1(C1)H1(G2) -+ - H1(Gn) W)
r; /Z, 1/2/ 2 /Z/ 1(C1) Hi (G2 1
(A= 0). (2.181)

In the same manner as in the proof of 2.8 (ii), we see that the right-hand side of (2.181)
O

equal to that of (2.173).
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3 Construction of dynamics for non-symmetric Hamil-
tonians

We construct a time-evolution for a non-normal Hamiltonian via the time ordered exponential.

3.1 Schrodinger and Heisenberg equations of motion

In this subsection, we use the notations which have already been introduced in Subsection
2.1.

Let Hy be a self-adjoint operator, and H; a densely defined closed operator on a Hilbert
space H. Set

H := Hy+ H;. (3.1)

We emphasize that H; is not necessary to be symmetric or normal, and hence so is H.

By Theorem 2.1, when there exists a self-adjoint operator A € SA;(Hy) such that H;
is in Cy(A)-class, we can construct the time-evolution operator in the interaction picture
Ua(Hy;t,t"). We shortly denote Ua(Hy;t,t") by U(t,t'). Now we set

W(t) := e 0oU(¢,0), t € R. (3.2)
Our goal in this subsection is to prove following Theorems 3.1-3.3.

Theorem 3.1. Let A € SA(Hy) and Hy € Cy(A). Then for each & € D(Hp) N D, the
vector valued function t — &(t) := W () is a solution of the initial value problem for the
Schrodinger equation:

d ‘
SE(t) = —iHEW),  €0) =€ (33)
If H is symmetric, then we obtain a stronger result:

Theorem 3.2. Let A € SA(Ho) and Hy € Co(A). If Hy is a symmetric operator, then
there exists a unique self-adjoint operator H such that

W(t) = et teR. (3.4)
Moreover
U, 1) = eitHoemilt=tWH—it' Ho ¢ ¢/ ¢ R (3.5)
and
H | DND(Hy) C H, (3.6)

In particular, if H is essentially self-adjoint on D N D(Hy), then we have

H=H. (3.7)

Theorem 3.3. Let A € SA,(Hp) and Hy € Co(A). Then for all B € Cy(A), it follows that
Dgn(A) € D(W(—=t)BW (t)), and the operator valued function B(t) defined as

D(B(t)) := Dgn(A), B(t)§ := W(=t)BW(t)§, &€ Din(4), teR, (3.8)

1s a solution of weak Heisenberg equation:

d

7 (1 B)E) = (H)™n, B(t)€) — (B(t)™n, iHE), & € D(Ho) N Den(A). (3.9)
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In what follows, we denote the closure of U(t,t') by the same symbol. Put
D' = Dﬁn(A) N D(Ho)

We remark that D’ is dense in H under the assumption that the self-adjoint operators Hy
and A strongly commute. This can be seen as follows. Let ¢ € D(Hy) and, for n € N,

n = Ea([0,n])¢.

Then 1, € Dg,(A). Since Hy and A strongly commute, 1, € D(Hp). Hence ¢, € D’. Tt is
clear that 1, — 1 as n tends to infinity. Thus D’ is dense in D(Hj) and then also in H.

Proof of Theorem 3.1. For all n € D(H),

S W (0)) = 5 ("o, U (1, 0)8)
= (iHon, W()E) + 1, ~i LW ()6). (3.10)

By Theorem 2.3 (ii), W(t) can be rewritten as U(0, —t)e~ 0. Since, for all £ € D', the
functions e~ #Ho¢ and U(0, —t)¢ are strongly differentiable and since HoD' C Dgy,(A), it
follows that the function W (¢)¢ is also strongly differentiable and the derivative becomes

iW(t)f =U(0, —t)( —iHy(—t) — iHo)e_itHof

dt
= W(t)(—iH)E. (3.11)
hence by (3.10) and (3.11), we have
(iHom, W (t)§) + (n, —iH\W (t)€) = (n, W (t)(—iH)E), n € D(Hy), (3.12)
which implies that W (¢)¢ € D(H,)
—iW (t)HE = —iHW (£)¢ (3.13)
therefore we obtain (3.3). 0

Proof of Theorem 3.2. By Theorems 2.1 and 2.4, for all ¢t € R, W (¢) is unitary with W (0) = I
and strongly continuous in ¢ € R. By Theorem 2.3 (ii), we have

W)W (s) =W(t+s), s,teR.

Thus {W(t)}ier is a strongly continuous one-parameter unitary group. hence by Stone’s
theorem, the first statement of the theorem holds.
By (3.4), we have for all t € R

U(t,0) = pitHo ,—itH

By this equation and Theorem 2.3 (2.53), and Theorem 2.4 (i), we obtain (3.5).

It follows from Theorem 3.1 that D’ = Dg,(A) N D(Hy) C D(H) and HE = HE, € D',
Hence (3.6) follows.

If H is essentially self-adjoint on the subspace D’, then one finds

HCH.
But since both H and H are self-adjoint, we have the equality. O
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Next, we prepare a lemma to prove Theorem 3.3.
Lemma 3.1. Let A € SA(Hy), H1,B € Co(A). Then the followings hold.

(i) For all £ € D', the function W (t)*¢ is strongly differentiable and satisfies
q
dt

(i1) Din(4) © D(W (—t)BW(2)).

(1) Dgn(A) C D(W(t)*B*W (—t)*) and

W (t)*€ = iH*W ()€ = iW ()" H*€. (3.14)

B(t)"¢ =W(@)"B*"W(-t)"¢, & € Dan(A), (3.15)
hold.
(iv) For all £ € D', the function BW (t)€ is strongly differentiable and satisfies
d
ZBW (1) = —iBW () HE. (3.16)

Proof. (i) Note that W(¢)* can be rewritten as
W(t)* = U(t,0)*eHo = ¢itHorr(o, —)* (3.17)
since e?H0 is unitary. By using Theorem 2.1, for all n € D(H) and £ € D', we have
d

o (W @)'€) = (—iln, W(t)"¢). (3.18)
On the other hand, we can see that W (¢)*¢ is strongly differentiable and the derivative
becomes
d .
W)€ =U(t0)"(iH (1) + iHp)etog = W (t)* H*€, (3.19)

in the same way as (3.11). Hence by (3.18) and (3.19), we have
(n, iW ()" H*E) = (—iHn, W(t)"¢) , (3.20)

which implies that W (¢)*¢ € D(H*) and iW (¢t)*H*¢ = iH*W (t)*{. Therefore we obtain
(3.14).

(ii) First, we show that W (¢)§ € D(B) for each £ € Dgn(A). By using Lemma 2.3, one finds

1Be™ "0 5,,(t, 0)¢]|

<> ||Bem oy, (¢, 0)¢|
j=0

= . ty )
<> ColLe+ o+ DV EECHLe+ (G = 1+ DY (L + )2
=0 '
< o0, (3.21)

where the convergence is uniform in ¢ on any compact interval. Hence it follows that

W (t)¢ € D(B) and that

BW ()¢ =Y Be "oU,(t,0)¢ = Jim Be~tHog, (t,0)¢ (3.22)

n=0
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from the closedness of B. Next, we show that BW (t)¢ € D(W(—t)). Since W(—t) is
closed, it is sufficient to prove that the sequence

W(—t)Be g, (t,0)¢
converges. But, this follows because
IW (—t)Be™ 0.5, (¢, 0)¢]|
= [le" U (~t,0)Be~ "0, (¢, 0)¢ |
< Y [et0U, (—t,0)Be Uy (¢, 0)¢|

m,j=0

oo tm
> |m|'Cm(L5+(m+j—1)b+bo+1)1/2”'(L5+jb+bo+1)1/2
m,j=0 )

IN

, te .
x Co(Lg +jb+ 1)1/2|].|,C”(L§ + (- Db+ 1) (Le + 1)Y2I¢|

= (2lthN
<> (2[t]) CN(Lg + (N = 1)b+ by + 1)Y2 - (L + bo + 1)V2Co(Le + Nb + 1)Y2|I¢]|

N!
N=0
< 0. (3.23)
hence it follows that BW (¢)§ € D(W (—t)) and
W(—t)BW(t)¢ = Y €"oU,,(—t,0)Be”"HoU;(t, 0)¢, (3.24)
m,j=0

where the right hand side converges absolutely. This means that D C D(W (—t)BW (t)).
(iii) By using (3.17) and Theorem 2.1 (2.7), we get the desired conclusion in the same manner
as in the proof of (ii), since B(t)* D W(—t)*B*W (¢)* in general.
(iv) Using (2.39), we have

%BSH(O, —t)e tHog = _iBS, 1(0,—t)e o H¢, (3.25)

From the estimation (3.21), one finds that {(d/dt)BS,(0, —t)e~®*o¢}, is locally uni-

formly Cauchy for all ¢ € D’. Hence the locally uniform limit lim,, .« (d/dt) BS, (0, —t)e~Ho¢ =
—ilimy, 00 BSy_1(0, —t)e 0 H¢ exists. Due to the fact that B is closed, this implies
W(t)H¢ € D(B) and

%Bsn(o, —t)e g » iBW(t)HE, (n — o0), (3.26)

uniformly in ¢ € R. On the other hand, we have the convergence (3.22). Thus the
assertion follows.

O

Proof of Theorem 3.3. By Lemma 3.1, for each £, € D', we know that the functions W (—t)*n
and BW (t)¢ are strongly differentiable. Hence we have

& 1. BUE = & (W(~1)n, BW(1)e)
= (—iW(=t)"H"n, BW(t)§) + (W(—t)"n, —iBW (1) HE)
= (@H)*n, W(=t) BW (t)§) — (W (t)"B*W (—t)"n, iHE) . (3.27)
therefore by (3.15), we obtain (3.9). O
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3.2 N-derivatives and Taylor expansion

In this subsection, we develop a general theory for N-times strong differentiability of the
operator B(t) := W(—t)BW (t) on a subspace.

Lemma 3.2. Let B € Cy. Then the mapping
B(t)¢ = W (—t)BW (t)¢ (3.28)
is strongly continuous in t € R for all £ € Dgp(A).

Proof. By Lemma 2.3 and the assumption that B is in Cy-class, it is straightforward to check
the mapping

t > Uy (0,1)eto Be=Hoy (1,0)¢, € € Dgu(A) (3.29)

is strongly continuous. Since W (—t)BW (t) can be expanded in a series converging absolutely
and locally uniformly in ¢ € R:

W(-t)BW (), = > Un(0,t)e™ 0 Be 017, (¢, 0)¢, (3.30)
n,m=0
the limit
ts W(—t)BW ()¢, € € Dgn(A) (3.31)
is also strongly continuous. O

Definition 3.1. Let A and B be densely defined linear operators on a Hilbert space H, and
D be a subspace of H. Suppose that D C D(A) N D(B) N D(A*) N D(B*), and there exists a
linear operator C' such that D(C) =D and

(A", Bg) — (B™, Ag) = (¢, Cd), (3.32)

for all Y, ¢ € D. Then we say that the operators A and B have a weak commutator C on D
and write

C =A,B)P. (3.33)

For two densely defined linear operators .S, T on a Hilbert space H, and a subspace D C H,

we inductively define w-ad$(T") (n =0,1,2,...) by
w-adl(T) := T, (3.34)
w-ad%(T) == [S,w-adZ " (D)L n>1, (3.35)

W

if these exist.

Definition 3.2. We say an operator B is in C1(A)-class if it satisfies
(1) B is in Co(A)-class.

(II) iH and B have a weak commutator on D' = Dg, N D(Hy), and the weak commutator
w-adiy (B) is in Co(A)-class.

The strong Heisenberg equation is satisfied if B is in C;(A)-class:
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Theorem 3.4. For B € C1(A) and { € D', the mapping
R>¢t— B(t)=W(—t)BW({t)§ € H (3.36)

is strongly continuously differentiable int € R and satisfies the Heisenberg equation of motion:

d

5 B(E = W(-t)ad(B)W (t)¢. (3.37)
Proof. Since B € Cy(A), we can use Theorem 3.3, and obtain

d

S, BOE) = ((H)n, B()E) — (B()"n, iHE)
(

)
iH) W (=)™, BW@)@ (B*W (=t)"n, iHW (t)§)
= (W(—t)*n, w-ad; (B)W (£)€) . (3.38)
Since w-ad} (B) is in Co(A), w-ad} (B)W (t)¢€ € D(W(—t)) and one gets
d

- (1, B(1)g) = (n, W (=t)w-adjy (B)W (+)€) - (3.39)
hence we have
(n, Bt)¢) = (n, w-adiy (B)E) + /0 t ds (n, W (—s)w-ad}y (B)W (s)¢)
= (n,w-ad}y (B)¢) + <n, ds W(— )w-ad}H(B)W(s)g> , (3.40)
and thus
B(t)€ = w-ad}y / W (—s)w-adly (B)W (s)€. (3.41)

This equation shows that B(t)¢ is continuously strongly differentiable and

d
T BE =W(—t)w-adiy(B)W(t)g, €D, (3.42)
This completes the proof. O

One of the merit of the present formulation of the strong Heisenberg equation is that it
is easy to extend for n-times differentiability.

Definition 3.3. Forn =0,1,2, ..., we inductively define C,(A)-class as follows. We say that
an operator B is in Cp(A)-class if B is in Cy_1(A)-class and w-ad}y (B) is in Cn_1(A)-class.
It is clear that Cp(A) C Cp_1(A) forn =1,2, ..., and that if B € Cy(A), then w-ad}y(B) €
Cn-1(A), w-ad?y(B) € Cn—2(A),..., w-adly (B) € Co(A).
An operator B is said to be in Coo(A)-class if B is in C,(A) for all n € N. Namely,

A) = ﬁ Co(A). (3.43)
n=0

The following theorem is important and useful but the proof is almost trivial by induction.
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Theorem 3.5. Let B be in C,(A)-class. Then for all & € D', B(t)§ is n-times strongly
continuously differentiable in t € R and

dk
dtk
for all k =0,1,2,...,n. In particular, if B € Co(A), then (3.44) holds for all k > 0.

B(t)¢ = W (~t)w-adly (B)W ()¢, (3.44)

From Theorem 3.5, we immediately have

Theorem 3.6. Let B € C,,(A) and £ € D'. Then there is a § € (0,1) such that

n—1
(t)E = Z ljwad §+ W( 0t)w-adly (B)W (0t)E. (3.45)

To obtain a Taylor series expansion for B(t)¢ for £ € D', we need one more concept.
Definition 3.4. We say that an operator B is in C,(A)-class if
(i) B € Cx(A).
(i) There exist constants Ry, Ry > 0 such that for alln =0,1,2, ...,
|w-adly (B)(A +1)'/2|| < RoRY. (3.46)
(i1i) There exists a constant b > 0 such that for alln >0 and L > 0, w-ady;(B) maps Vi,
mnto Vpyyp.
We finally arrive at the following result.

Theorem 3.7. Suppose that B € C,(A). Then for each & € D', B(t)¢ has the norm-
converging power series expansion formula

B(t)¢=>_ %w—ad?H(B)g, teR. (3.47)

Proof. By Theorem 3.5, all we have to show is that the norm of the reminder term in (3.45)
vanishes.

Since B is in C,-class, there is a constant & > 0, which is independent of n, such that
¢ € Vi, implies w-ad}y (B)§ € Vpyy. Choose b > 0 such that £ € Vg, implies H1£ € V4 and
Hikf S VB+b. Put

= || Hi(A+1)7Y2. (3.48)
Let £ € Vi, for some. Then using and Lemma 2.3, for all L > 0 and £ € Vi, we have

t’rL
n!

"W (—0t)w-ad?y, (B) (m)g”

< L' > Uk(0, 0t)e™ How-adry (B) e ot (0, 0)¢||

’ k=0
t n k41 n 9t k+1
gu CT Rofty|6t] (L+(k+1-1)b+b +1)/%x
n! k!
k,l=0
X (L+0=10)b+b +DY2 L+ (1 -1Db+1D)Y2 . (L+DY2)¢
— 0.
therefore we obtain the desired result. O

45



3.3 Application to QED in the Lorenz gauge

In this subsection, we apply the general theory obtained in the preceding sections to a math-
ematical model of QED, quantized in the Lorenz gauge. As we emphasized in Introduction,
our construction of U(¢,t") does not require that H be self-adjoint, and Theorems 3.1, and 3.3
are independent of the self-adjointness of H. This method is particularly valid for analyzing
Lorenz-gauge QED, whose Hamiltonian is not self-adjoint and not even normal.

QED describes a system in which the quantum electromagnetic field and the quantum
Dirac field are minimally interacting. It is well known that, in the Coulomb gauge, one
can employ a state space constructed by usual Fock spaces, which equip a positive definite
metric, at the cost of the Lorentz covariance. In this formulation, the Hamiltonian H is self-
adjoint [61] under some regularizations, hence there clearly exists the time evolution operator
e~ guch that &(t) = e”"H¢ and B(t) = e Be™"H are the unique solutions of the initial
value problems (1.16) and (1.17), respectively. In contrast to the case of Coulomb gauge, in
the Lorenz gauge, the Hamiltonian is neither self-adjoint nor normal in consequence of the
inevitability of introducing an indefinite metric [60], and hence the time evolution operator
e~"H does not necessarily exist. As a result, even the existence of solutions of (1.16) and
(1.17) becomes a highly nontrivial problem. It does not seem to be easy to apply the general
theory of evolution operators through hard analyses of the resolvent of the Hamiltonian of
Lorenz-gauge QED. But our general theory works well to construct an appropriate time
evolution as we will see in the present section.

3.3.1 Gauge fields

We introduce the photon field quantized in the Lorenz gauge.
We adopt as the one-photon Hilbert space

L
1) = L2(R}; CY). (3.49)

The above R} := {k = (k!, k%, k3) |k’ € R, j = 1,2,3} physically represents the momentum

space of photons. If there is no danger of confusion, we omit the subscript k in Ri. H}()Ifl)

can be identified as ®*L?(R3). We freely use this identification. The Hilbert space for the
quantized photon field in the Lorenz gauge is given by

F = RHD), (3.50)

the Boson Fock space over Hgfl). For the definition of the Boson Fock space, see, Appendix
A.

The main obstacle for the mathematical treatment of the Lorentz covariant gauge is that
in order to realize the canonical commutation relations in a Lorentz covariant manner, we
have to employ an indefinite metric vector space as a space of state vectors. In the above

Hilbert space Hg;l) for photon fields, the ordinary positive definite inner product

3
(fhy =" [ (k) h* (k) da (3.51)
pu=0"R?
for f(k) = (f°(K),..., f3(k)) and h(k) = (h%(k),...,h*(k)) in A}, plays no physical role

and just define the Hilbert space topology on the vector space H}()Ifl). The “physical” inner

product is given by the mapping

(b= = [ " 01 0) d (352)
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with the metric tensor

1 0 0 O
0 -1 0 O
0 0 0 -1

where the summation over p,v = 0,1,2,3 is understood (In what follows, we omit the sum-
mation symbol whenever the summation is taken with respect to one upper and one lower
Lorentz indicies). Note that (f|f) may become negative and the mapping naturally defines

indefinite metric on ]-}()i , which is denoted by the same symbol (-|-). Again we emphasize
that the former ordinary positive definite inner product has nothing to do with the physical
(L)
h

result. For instance, the probability amplitude that a state ¥ € F'’ is observed in a state

P
NS Hgﬁ) is not given by (¥, ®) but by (¥|®). Therefore the self-adjointness with respect
to the indefinite metric (-|-) should be required for the Hamiltonian, in stead of the ordinary
self-adjointness.

First of all, we have to make precise the statement that a linear operator is self-adjoint
with respect to the indefinite metric (-|-). The 4 x 4 matrix g naturally defines the unitary
operator acting on HI()I;I)7
quantization of —g, i.e.,

and we denote it by the same symbol g. We define n by the second

n:=Ip(—g) = & ®(—g) :féi) — ]-'I()i). (3.54)

n=0

Then 7 is unitary and satisfies n* =, n? = I. By using 1 we introduce an indefinite metric

on ]:S:) by

v, 3eFY (3.55)

(V]®) := (T, ) b

L
]:;<)h) ’

In order to define the adjoint with respect to indefinite metric (3.55), we introduce the 7-

adjoint. For a densely defined linear operator T' on F, (Ig)

oh the adjoint operator T with respect
to the metric (-|-) is defined by

Tt .= nT*n. (3.56)
then clearly it follows that
(U|T®) = <TT\11|<1>>, U e D(T), @e D). (3.57)

We introduce notions of n-symmetry, n-self-adjointness and n-unitarity [32, 60] below.

Definition 3.5. (i) A densely defined linear operator T is n-symmetric if T C T,

(ii) A densely defined linear operator T is n-self-adjoint if T' = T.

(iii) A densely defined linear operator T is essentially n-self-adjoint if T is n-self-adjoint.
(iv) A densely defined linear operator T is n-unitary if T is injective and TT = T—1.
Lemma 3.3. (i) T is n-symmetric if and only if nT is symmetric.

(i) T is n-self-adjoint if and only if nT is self-adjoint.

(iii) T is essentially n-self-adjoint if and only if nT is essentially self-adjoint.

(i) If T is n-symmetric then T is closable.
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(v) Let T be n-self-adjoint and 0T is essentially self-adjoint on a subspace D, Then D is a
core of T.

Proof. See [32]. O
)

One-photon Hamiltonian in Hgfl is the multiplication operator by the function w(k) :=
k| (k € R?). We also denote by w the matrix valued function

wk) 0 0 0
k 8 ”g") w?k) 8 (3.58)
0 0 0 wk)

and the multiplication operator by it. Then the free Hamiltonian of the quantum electro-
magnetic field is given by

H = dly(w), (3.59)

the second quantization of w. For the definition of the second quantization operator, see,
Appendix A.
Note that the free Hamiltonian Hg“l) is self-adjoint and n-self-adjoint.

We denote by c¢(F') (F' € Hpn) the annihilation operator on ]:I()Iﬂ). For each f € L*(R}),
we introduce the components of ¢(-) with upper indices by

Af) == ¢(£,0,0,0),  (f) := (0, £,0,0), (3.60)
A(f) == (0,0, £,0), (f) :=¢(0,0,0, f). (3.61)
then the operator equalities
(/) = —co(f)", 3.62)
(N =) 7=1,23, (3.63)

hold.

Let us introduce photon polarization vectors {e)}r=0,1,2,3. Photon polarization vectors
are Ri—valued measurable functions defined on R*, e)(-) (A = 0,1,2,3), such that, for all
k€ My :=R3\{(0,0,k%) | k® € R} ,

6)\(’{3) : 6)\(]6) = gx\, 6)\(’%) k= 0, A= 1,2, (3.64)
where the above - means the Minkowski inner product defined by
ex(k) - ex (k) = guet\(k)e” s, ex(k) k= gue\(K)K’, k= (k|,k) e R,

with e y being the p-th component of ey with respect to the standard basis in R%. Note that
such vector valued functions can be chosen so that they are continuous on My, for instance,
we may choose

co(k) = (1,0), ei(k) = (0,e1(k)), ea(k) = (0,ex(k)), es(k)=(0,k/|k])  (3.65)
by using {e,(k)},=1,2 satisfying the relations

e-(k)-e(k)=0p, e(k)-k=0, r'=1,2.



In this paper, we assume the photon polarization vectors are chosen in this way.
For each f € LQ(Ri) and p =0,1,2,3, we define

a'(f) = c(fe"y, fe'y, fe''y, fe's)
— (et f), (3.66)
and
an(f) = gua(f). (3.67)

We often use the notation aL(f) = a,(f)T.

The operators a,(f) and aL( f) are closed, and satisfy the Lorentz covariant canonical
commutation relations:

on Fb,O (th). N
For all f € L?(R3) satisfying f//w € L*(R3), we set

A0, ) = au(\f;) + aL(\/";w), (3.68)

where fdenotes the Fourier transform of f, and f* denotes the complex conjugate of f. The
functional #(R2) > f +— A,(0, f) gives an operator-valued distribution (Cf. [2] Definition

7-1) acting on (féi),fb,o(ﬂéi))) and it is called the quantized photon field at time ¢ = 0.
Now, fix xpn € L*(R2) such that it is real and satisfies Xpn/v/w € L2(R}). We set

Ap(0, ) = Au(0, xph), (3.69)
Xpn(¥) == xpu(y — ), y R’ (3.70)

A,(0,x) is called the point-like quantized photon field with momentum cutoff Xp, at time
t = 0. As will be seen later, for real-valued f, the closures of A,(0, f), p = 0,1,2,3, are
n-self-adjoint but not even normal.

We assume the following condition.

Hypothesis 3.1. Xpn/w € L?(R3).

Let Ny := dly( H(L)) be the photon number operator.
Lemma 3.4. (i) For all f € L*(R}) and ¥ € D(Nl/Q)
2
oVl 500 < 4 sz |00 (3.71)

1/2
lat(n®]| oy < 40 laegy [ M020]| oy + 40 oy 1910500 (3.72)
]:ph ]:ph ph

(ii) For all f € D(w™"/?) and ¥ € D(H{"),
||U“M( )\IIH]—' ph S 4 Hf/fH[ﬂ(]}@) HH(L 1/2\1’“}_@) ) (373)
ph

ek, < 41Velliamy |02y + 407y 120500 (370)
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Proof. These estimates (i) and (ii) are easily proved by applying Lemma A.4, and we omit

the proof. 0
Lemma 3.5. (i) For all p = 0,1,2,3, f € L2(R3) satisfying f/w € LA(R3), and ¥ €
1/2
D(Nb )’
~ 1~
14,00, 1)1 < (VEIFIVSlagy + s Fliaeg )10 + D200 (375

(ii) For all u=0,1,2,3, f € L*>(R3) satisfying f/w € L*(R3}), and ¥ € D(Hﬁ)l/?),

~ 1~ L
140, NP < (VI F/ellaqey) + ﬁuf/mumi)) |(Hy) + 1) (3.76)
Proof. This immediately follows from Lemma 3.4. O

Remark 3.1. If the momentum cutoff function m is taken to be the characteristic function
of the set {k € R3 } |k| < Ao} with Ag > 0, then this satisfies Hypothesis 3.1.

Lemma 3.6. Let f € L2(R3). Ifsupp f C {|k| < A} for some A >0, then for allpn = 0,1,2,3
and E >0, Au(0, f) maps R(Emq,, ([0, E])) into R(Emw,, ([0, E + Ag])).

Proof. Tt is easy to see that (feuo/\/o?, feul/\/tj, feug/\/z;, feug/\/zj) € R(E,([0,A])) (C

/Hgfl)). Hence using Lemma A.8, the assertion follows. ]

3.3.2 Dirac fields
Next, we define the quantized Dirac field. We adopt as the one-electron Hilbert space
Her = L*(R3; CY), (3.77)

where R;’) ={p = (p',p?,p®)|p/ €R, j = 1,2,3} physically represents the momentum space
of electrons. The Hilbert space for the quantized Dirac field is given by

Fer = Fi(Hel), (3.78)

the Fermion Fock space over H,j. For the definition of the Fermion Fock space, see, Appendix
A.

We denote the mass of the Dirac particle by M > 0. One-electron Hamiltonian in Hg is
the multiplication operator by the function Ex;(p) := v/p? + M2 (p € R3). The Hamiltonian
of the free quantum Dirac field is given by

Hg = dl'¢(En), (3.79)

the second quantization of Ej;. The operator Hg is self-adjoint and non-negative.
Let v* (1 = 0,1,2,3) be 4 x 4 gamma matrices, i.e., 70 is hermitian and 7/ (j = 1,2, 3)
are anti-hermitian, satisfying

4" =2¢9", wv=0,1,2,3, (3.80)

where {X, Y} := XY +Y X. Let ot := YO0y, B =170, and let 51 := 1293, s 1= S5, 53 1=
1y19%. Let us(p) = (ul(p))i; € C* describe the positive energy part with spin s = £1/2
and vs(p) = (vi(p))L; € C* the negative energy part with spin s, that is,

(c-p+ BM)us(p) = Ex(p)us(p), (s-p)us(p) = slplus(p), (3.81)

(a-p+ BM)vs(p) = —Enm(p)vs(p), (s p)vs(p) = s|plvs(p), peR’. (3.82)
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These form an orthogonal base of C*,

us(p)*ug (p) = vs(p) vy (P) = bssrs  us(P) vs (P) =0, (3.83)

and satisfy the completeness,

> (u(p)ul (p)* + vl(p)! (p)*) = -

S

We denote by B(F) (F € H) the annihilation operator on Fe. For each g € L*(R3), we
use the notation

bl/?(g) = B(9707070)7 b71/2(9) = B(0797070)7
dl/?(g) = B(0707970)7 d—l/?(g) = B(0,0,0,g),

and bi(g) = bs(9)*, di(g) := ds(9)*, (s = £1/2). Then we have the canonical anti-
commutation relations:

{bs<g>> b:’ (g/)} = {ds(g)a d:’ (g/)} = Oy <97 g/>L2(R§;) ) (3'84>
{05(9), 05 (9')} = {ds(9),ds(9')} = {bs(9), ds (¢')} = {bs(9),d3(g')} = 0. (3.85)
For all g € L?(R3), we set

i(0,9) == > <b3<gA* >+d*<A-~l)), (3.86)
s==£1/2

where %(p) := vL(—p). The functional .7 (R2) > g — (0, g) is called the quantized Dirac
field at time t = 0. Now, fix xo € L*(R3). We set

1/}1(07 .’B) = ¢1(07 Xeml)7 (3'87>
X&) =xaly —z), yeR. (3.88)

() is called the point-like quantized Dirac field with momentum cutoff Y at time ¢ = 0.
For each € R? and p = 0,1,2,3, we define the current operator j#(0,x) by

Z bi(@)* ol vy (). (3.89)
Li'=1

Then j#(x) is bounded and self-adjoint.

Lemma 3.7. For all pt=0,1,2,3 and © € R3,

M, = sup || :7#(0,): || < oo, (3.90)
xzeR3, 1=0,1,2,3

where the symbol : O: consisting of two colons with an operator O is the normal ordering (see,
Definition A.1).

Proof. A simple application of (A.43). O

Lemma 3.8. Let g € L3(R3). Ifsuppg C {|k| < A} for some A >0, then for alll = 1,2,3,4
and E >0, ¢;(0,g) maps R(En, ([0, E)) into R(Ep,, ([0, E + Ag))).

Proof. Similar to to the proof of Lemma 3.6 O
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3.3.3 Total Hamiltonian

The Hilbert space of state vectors for QED in Lorenz gauge is taken to be
Frot = Fel ®félﬁ). (3.91)
The free Hamiltonian is
Hy = Ha®@I+10H), (3.92)

where the subscript fr in Hy means free.
We introduce an indefinite metric on Fiot by

(VD) == (U, T@n®) ., U, P Fiy. (3.93)

then n-adjointness, n-symmetricity, n-self-adjointness and n-unitarity are defined on Fiot, in
the same way as in subsection 3.3.1, by replacing n with I ® 7.

We introduce the minimal interaction between the quantized Dirac field and the quantized
electromagnetic field. We denote the charge of the Dirac particle by e € R. Let xp € LY(R3)
be a real-valued function on R? playing the role of a spacial cut-off.

Our interaction Hamiltonian H;,; is defined as

1
Hi U = e/ dx xsp(x) : jH(x): @ Ay(x)V, Ve D(Hint), (3.95)
R3
where the integral in the right hand side is taken in the sense of strong Bochner integral, and
we used the standard Einstein notation in which the summation over repeated indices with

one upper and the other lower is understood. As will be seen in later, the operator Hjyg is
well-defined since

/RB 4 [yep(@)| | : 5 (2): ©A,(@)¥|| < 00, T € D(I®NZ), (3.96)

Moreover, Hiyt is essentially n-self-adjoint.
The quantum system under consideration is described by the Hamiltonian

HQED = Hfr + Hint in f"cot- (397)
The time evolution of the quantum fields A,,,1); is generated by the Heisenberg equations:

d

LA, f) = liHagp, A"(t, ), (3.98)
it 9) = [iHarn, vi(t,0)]. (399

It is easy to find formal solutions of these equations:

AW (t, f) = e'Harp g1, f)e~HarD (3.100)
dilt, g) = €m0, g)e " Harr, (3.101)

However, this does not immediately make sense because our QED Hamiltonian in Lorenz
gauge is neither self-adjoint nor normal, and therefore we cannot define the time evolution
operational e *HQED through the operational calculus.
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3.3.4 n-self-adjointness

In this subsection, we prove the 7-self-adjointness of A,(0, f), Hint, and Hqep under some
suitable conditions.

First, note that the spectrum of the photon number operator NV}, is a purely discrete set
{0,1,2,...}, and that for all integer N > 0,

R(Ex, ([0, N])) = & U c Fy. (3.102)

n=0 s

For each ¥ = {\If<”)}3°:0 € Fb,0 (3’-[1(311'1))7 we denote by Ny the maximum photon number of ¥,
that is,

Ny := max{n > 0| ¥™ £ 0} < oc. (3.103)

Lemma 3.9. Let f be a real-valued function satisfying f € L?*(R3) and f/\/a € L3(R3).
Then the quantized electromagnetic field A, (0, f) is essentially n-self-adjoint, i.e., A, (0, f) =

(A.0.7)"

Proof. By Lemma 3.3 (iii), it is sufficient to prove that nA4,(0, f) is essentially self-adjoint.
Put f_ := f/v2w. Since n* =7, we have

(nAu(O, )= A#(O, )
S (au(f-)" +al,(f-))n
= mn(au(f-)" + (naj,(f-)n)")n
= U(aL(f ) + au(f ))
=nAu(0, f), (3.104)
which means that A, (0, f) is n-symmetric.
We prove the n-self-adjointness by Nelson’s analytic vector theorem ([53], Theorem X.39
and its corollaries). Clearly, A,(0, f) and 7 leave Fy, o(Hph) invariant. By the fact that 7 and

Ny, are strongly commuting, and by Lemma 3.5 (i), one finds for each U € F, o(Hpn) and
n=12,...,

(AL (0, )" W] < MP(Ng +n)"/2 ... (N + 1)V2| 0] (3.105)

where My := V2|If /@l + %Hﬂ} Thus one obtains for all ¢ > 0,

ZtnumA (0, /)" <Z CMP(Ny )2 (N + 1)V
n=0

< 00, (3.106)

by using d’Alembert’s ratio test. Therefore Fy, o(Hpn) is a n4,(0, f)-invariant analytic vector
space, and we have the essentially self-adjointness of 74,(0, f) by Nelson’s analytic vector
theorem. By Lemma 3.3 (v), the assertion follows. O

We denote the closure of A,(0, f) by the same symbol.

Lemma 3.10. Let U € D((I ® Ny)Y/?). Then the followings hold.
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()
1250, 2): ©4,(0,2)¥|| < MeaMpn|(I ® Ny + 1), (3.107)
where My is a constant defined in (3.90), and My, = ﬂ||m/\@||L2(Ri)+%H)?;EHLQ(R@.

(it) The vector-valued function x — j#(0,2) ® A,(0, )W is strongly continuous.

(iii) Let xsp be a real-valued function satisfying xsp € L'(R3). then

/RB dx [xsp(@)| || :5"(0, ) : ®AL(0, @)W < [[xspl £1 ey M Mpn | (T @ Ny, + 1)/ < 0.
(3.108)

Proof. First of all, notice that the operator identity (I ® Ny)¥/? = I ® N];/ % follows from
operational calculus.

(i) By using Lemma 3.5 (i), one finds for all ¥ € ]:el<§>D(Né/2),

1500, 2) ® A, (0,2)¥|| = || (j*(0,2) @ 1) (I ® Au(0,)) V|
< MaMp||(I © Ny, + 1)/ 0]]. (3.109)

Since ]-'el<§>D(Ng/2) is a core of (I ® Ny,)'/2, we obtain (3.107).

(ii) Let P := (P, P2, P3), PI := dl¢(p/) ® [ + I ® d[',(k7), where p/ and k/ are the
multiplication operators in He and Hpy, respectively. Then Pi j = 1,2,3 are self-
adjoint. Note that the operator j*(0,z) ® A,(0,z) can be rewritten as e *F"%;(0,0) ®
A,(0,0)e™P®. Since P/ and I ® Ny, are strongly commuting, we have for all ¥ €
D((I @ Np)'/?),

50, 2) © A (0,2) = P2 jH(0,0) @ A, (0,0)(I @ Ny) /%P2 (1 & N,/ 0,
(3.110)

and the right hand side is strongly continuous since j#(0,0) ® A,,(0,0)(I ® Ny,) /2 is a
bounded operator by (3.107).

(iii) The inequality (3.108) immediately follows from (3.107).

O
The total space Hiot can naturally be identified as
Hiot = @ (Far (e H). (3.111)
Hereafter, we freely use this identification. Set
Foo:= @ (Fa®(® 1)) (3.112)

where é\BfLO:O denotes the algebraic direct sum. Let Ny denote the maximum number of
photons of ¥ € Fy, o, namely, for ¥ = {TMN}%_ € @2 (Fu @ (@7 Hgfl))), Ny is the largest
natural number N satisfying ¥(V) £ 0. Define

N n
Fn= & (fel®(§>%$))), N=012,.... (3.113)

n=
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then for all integer N > 0, one finds
R(EI®Nb([07N]) =FN. (3114)

Since the photon field A, (x) creates at most one photon, it follows that if ¥ € F, o belongs
to Fn, then A, (x)¥ € Fn4q for all x € R3. Thus since Fx 1 is a closed subspace, we find
that HinFn is contained in Fn4q.

Lemma 3.11. The interaction Hamiltonian Hin is essentially n-self-adjoint.
Proof. Firstly, we show the n-symmetricity of Hi,. By a direct calculation, one finds for each
U, & € Fu®D(N?),

(U, nHin,®) = (nHing ¥, @) . (3.115)
Since .7:91®D(Ng/2) is a core of (I ® Ny)Y/2, and since Hiy is (I ® Ny)'/2- bounded, (3.115)
holds for all ¥, ® € D((I ® Ny,)'/?), thus Hiy is n-symmetric.

Next, we show the n-self-adjointness by Nelson’s analytic vector theorem, similarly to the
proof of Lemma 3.9. Note that H;,; and I ® n leaves Fy, o invariant. Put

Mint = \e\ HXSpHLl(Rg)MelMph- (3116)

By Lemma 3.10 (iii), and by the fact that I ® n and I ® Ny, are strongly commuting, one
finds for each ¥ € F,g and n =1,2,...,

1(nHiwe)"¥[| < (N +n)"? . (N + 1) M || 9]]. (3.117)
thus one obtains for all ¢t > 0,
— 1" — 1" 1/2 1/2
S LB < S0 T (N )2 (Vo + 1) M ]
n=0 " n=0

< 00, (3.118)

by using d’Alembert’s ratio test. Therefore F, is an nHiy-invariant analytic vector space,
and the essentially self-adjointness of 1 Hjy follows. O

We denote the closure of Hiy, by the same symbol.
Proposition 3.1. Under Hypothesis 5.1, Hqrp s n-self-adjoint.

Proof. By the Kato-Rellich theorem and Lemma 3.3, it is sufficient to show that the sym-
metric operator nHiy is nHp- bounded with a relative bound less than 1.

By Lemma 3.5, we have for all ¥ € .7-'61®D(H$)1/2), one finds
1:5%(0,2): ®A,(0, 2)¥[ = [|(*(0,2) ® I)(I ® Au(0,x))¥|
1

— L
sm@@mMW®%meﬂ

H@Mww)
(3.119)

By (3.119), we find that for all ¥ € Fa&(D(H'?) N D(NY*)) (€ D(Hiw)),
[ Hine ]| < le] Ixspllrra) Mar (| V20xpn/wll 1T © H ("W + ﬁ”Xph/\/‘;H el ). (3.120)

Since ]:el<§>(D(H$)1/2)ﬂD(Ng/2)) is a core of I®Hgﬂ)1/2, we conclude that Hiy is I®HS;1)1/2—

bounded. As is easily proved, one finds I ® ngi)l/ 2 is infinitesimally small with respect to
Hy,.. therefore it follows that nHiy is infinitesimally small with respect to nHy., hence we get
the desired result. O
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3.3.5 Existence of dynamics

In order to prove that there exists dynamics of these quantum fields, we have only to see
that Theorem 3.3 can be applied to our case by checking that Hiy is in Co(A)-class for an
operator A. We see in what follows that this is indeed the case where (i) Hy = Hg, Hi = Hin,
A=1® Ny, (ii) Hy = Hy,, H = Hing, A= Nt @I + 1 ® Ny, and (iii) Hy = Hg, H1 = Hint,
A = Hy.. Here Nt is the electron number operator:

Nf = de(IHel) : -Fel — -Fel- (3.121)

Hereafter, we omit trivial tensor product like ® I or I ® when no confusion may occur and
just write, for instance, Hg instead of Hy ® I and so forth.

Lemma 3.12. (I) Ny is self-adjoint and non-negative.

(II) Hiy, and its adjoint H:, are N];/Z-bounded.

(III) For all L > 0, Hiny and H;, map R(En, ([0, L])) into R(En, ([0, L+ 1])).
(IV) Hiy is in Co(Nyp)-class.

Proof. (I) is well known fact.

We prove (IT). As in the proof of Lemma 3.10, it can be seen that Hijy is Ng/z— bounded.
We prove that H;, is also Hé/Q— bounded. Take arbitrary ¥ € F,¢. By Lemma 3.11, we

obtain
| Hipne V|| = | Hingn V||
1
< Mgt [|(Ny + 1) 20 ||
1
< Ming]| (N, +1)29||. (3.122)

Since Fy, ¢ is a core of NI;/2, we have the assertion (II).
We prove (III). Notice that the spectrum of the photon number operator Ny, is a purely
discrete set {0, 1,2, ...}, and that for all L > 0 and [L], the largest integer satisfying [L] < L,

R(En, ([0, L])) = R(En, ([0, [L]])) = Fz)- (3.123)

Suppose ¥ belongs to R(En, ([0, L])). Then it is clear that ¥ belongs to Fzj4+1 = R(En, ([0, L+
1])), since the interaction Hamiltonian creates at most one photon. By Lemma 3.11, and the
fact that n and IV}, are strongly commuting and thus n preserves photon number, it immedi-
ately follows that Hy W € Fir)1 = R(En, ([0, L +1])).

nt

(IV) follows from (I)-(III). O

Lemma 3.13. (I) Nt + Ny, is self-adjoint and non-negative.

(II) Hin and its adjoint H;i, are (Nf + Np)Y2-bounded.

(III) For all L > 0, Hin, and H, map R(En,+n,([0,L])) into R(En,+n, ([0, L+ 3])).
(IV) Hin is in Co(Nt + Ny )-class.

Proof. (I) follows from a general theory of tensor products of self-adjoint operators.

(II) follows from Lemma 3.12 (II) since Ném is (Nt + Ny,)'/2-bounded,
We prove (III). Note that for all L > 0,

RENm(0.2)) = U ((RHa) @ (51)))) € F (3.124)
pﬂg[oﬂ
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then we see that Hiy, maps R(En,+n, ([0, L])) into R(En,+n, ([0, L+3])) since the interaction
Hamiltonian creates at most one photon and two electrons (positrons). Since n and Nf + Ny,

are strongly commutes, we obtain (III) in a same manner as in the proof of Lemma 3.12 (III).
(IV) follows from (I)-(III). O

We prove under a stronger assumption that Hiy is in Co(Hg )-class.

Hypothesis 3.2 (Ultraviolet cutoff). There exist constants Ae1, Apn > 0 such that supp Xe C
{Ip| < Aa}, supp Xpn C {|k] < Apn}

Lemma 3.14. Assume Hypothesis 3.2. Then the following (i) and (ii) hold.
(i) For all L >0, x €R> and p=0,1,2,3, A,(0,x) maps R(E ([O,L])) into
([0, L+ Aph])).

ay
R(E

(B
(i) For all L >0, x € R® and | =1,2,3,4, (0, 2) and (0, x)* map R(E, ([0, L])) into

R(Em, ([0,L+ /A% + M?])).

Proof. (i) This follows from Lemma 3.6.

(ii) This follows from Lemma 3.8.

Lemma 3.15. Assume Hypotheses 5.1 and 5.2. Then the following (i)-(iii) hold:
(i) Hine and H;j, are Hflr/z—bounded.

(i) For all L > 0, Hiny and H}, map R(Epn, ([0, L])) into R(Ep, ([0,L + 24/A% + M? +
Apn]))-
(i4i) Hint is in Co(Hy)-class.

Proof. (i) As seen in the proof of Proposition 3.1, under Hypothesis 3.1, Hjy is Hflr/ 2

bounded. Similarly as in the proof of Lemma 3.12 (III), we see that H;, is also Hflr/Z—
bounded, hence (I) follows.

(ii) One can see that, forall L > 0, 2 € R3 and = 0,1,2,3, : j#(0, ) : maps R(EHQI([O, L]))
into R(En,, ([0, L + 2y/A% + M?])) in the same manner as Lemma 3.14 (ii). Now, fix
L > 0 arbitrarily, and let ¥ € R(Ep, ([0,L])). Applying Lemmas B.1 and 3.14, we
see that : j#(0,z) : ®A,(0,2)¥ € R(En, ([0,L + 2y/A% + M? + Apy))) for all z € R?
and p = 0,1,2,3. Hence we have Hiny ¥ € R(Ep,, ([0, L +24/A% + M2+ Ap))) because

R(En, ([0,L +24/A% + M? + Apy))) is closed subspace. Furthermore, by Lemma 3.11,
and the fact that n and Hy, are strongly commuting, we have H;\ .V € R(Eq,, ([0,L +

int
24/A% + M? + Apy])). Thus the assertion follows.
(iii) This follows from (i), (ii).

Lemma 3.16. Ny, Nt + Ny, and Hy are strongly commuting.

From Lemmas 3.12, 3.13, 3.15 and 3.16, we can apply the general theory constructed in
the earlier sections to obtain:
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Theorem 3.8. For all ¥ € Dg,(Ny) U Dy (Nt + Ny), the series

\If—i-( )/ dm Hmt 7'1 \I/—i- / dTl/ dTQHlnt 1 Hmt(TQ)\I/—i- . (3.125)
t/ t/ t/

converges absolutely, where each of integrals is strong integral. Let Un, (Hi;t,t") and Un, 4N, (Hu;t,t')
be operators which are defined by the convergent series (3.125) with the domain D(Un, (Hi;t,t')) =
Dy (Ny) and D(Ung+n, (Hi;t,t")) Dan (Ne+Ny, ), respectively. Then these operators have prop-

erties stated in Theorems 2.1 and 2.3, and the operator equality

UNb(Hl;t,t/) = UNf+Nb(H1;t,t/) (3.126)

holds. Moreover, if Hypotheses 5.1 and 5.2 are valid, then for all U € Dg,(Hg), the series
(3.125) converges absolutely; for the operator Ug, (Hy;t,t") defined by the convergent series
(3.125) with the domain D(Ug,, (H1;t,t"))Dan(Hy), it follows that

UNb(Hl;t,t/) = UNf+Nb(H1;t,t/) = UHfr(Hl;t,t/). (3.127)

Theorem 3.8 ensures that the closure of the time-evolution operator in the interaction
picture U(t,t') which is given by the convergent series (3.125) is independent of the choice
of the strongly commuting self-adjoint operators A = Ny, N¢ + Ny, Hy.. Hence we consider
only the case A = Ny, in what follows.

Hereafter, we shortly denote

U(t,t') := Un, (Hi;t,t). (3.128)

As we have already seen in the general theory, once U(t,t') is constructed, we immediately
obtain a time evolution which is generated by W (t) := e~ tHaTy (t,0). In the present applica-
tion to physics, it should be made sure that this time evolution is physically acceptable, that
is, the probability amplitude is conserved

(T]@) = (W(t)¥|W(t)2),
for suitable vectors ¥, ®. The following theorem is concerned with this aspect:

Theorem 3.9. The time evolution operator

W(t) :== e My (t,0) (3.129)
satisfies
W) >w()t (3.130)
In particular,
(W () W|W (1) D) = (T|D) (3.131)

for all ¥, ® € D(W(t)).
To prove Theorem 3.9, we prepare some facts.

Lemma 3.17. For each ¥ € Fy, 9,
nU(t,t)n¥ = U, )"V (3.132)

holds.
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Proof. From Lemma 3.11, the operator identities nH;;,n = Hiy; and nHgn = Hpg hold, which
imply

NHint (1) n = Hing(t). (3.133)
We claim that (3.133) implies the identity
U (t, 8 \n¥ = U, (t', )" (3.134)

foralln=0,1,2,... and ¥ € Fy, . In fact, by Lemma 2.6, one finds

t Tn—1
U (t, )Y = (—i)" / dr .. / ATy, Hint(11)" . . . Hint (15,)* W
t/ tl

= (—=i)" /t dry . .. //TQ 7 Hing (10)" . .. Hing (11)* 0
= Uy(¥, t)t*\li. t (3.135)
Hence (3.134) is true for all n, and by summing up over n =0, 1,2,..., we obtain (3.132). [
Proposition 3.2. For all t,t' € R, U(t,t') is invertible and the operator equality
Ut,t)y=u, )™ (3.136)
holds.

Proof. Fix t,t'. Firstly, we prove that U(t,t’) is injective. Note that if for all ¥ € Fy,
(¥|®) = 0, then it follows that & = 0. From Lemma 3.17, we have the operator relation

nU(t,t'") C U, t)"n, (3.137)

since Fy, ¢ is a core of U(t,t'), and since U(t,t')* is closed. Now, suppose that ® satisfies
U(t,t")® = 0. Let U € Fy, o be arbitrary. It follows that

0= (U(t,t)e|U(t,t)P)
= (U(t,t')¥,nU(t, "))
= (U, )T, U, t)n®)
= (U, )U(¢t,t")¥|®)
= (®|), (3.138)

where we have used (3.137) in the third equality, and Theorem 2.3 (2.52) in the last equality.
Since ¥ € Fy, is arbitrarily taken, we find ® = 0. This proves that U(t,t') is injective.
Secondly, we prove

Ut,t) cU, t)~ L. (3.139)
Take arbitrary ¥ € Fy, 9. Then we have from Theorem 2.3, (2.52)
U, UtV =0,
which implies ¥ € D(U(¢,t)~1) and
U, O =U{',t)" ", We Fp.

But since Fp, is a core of U(t,t'), the relation (3.139) follows.
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Finally, we prove
Ut,t)>U(, t)~ L. (3.140)

Let U € D(U(t',t)™!) = R(U(t,t)). Then there is some ® € D(U(t,t)) with ¥ = U(t,#')®.
Since Fy, ¢ is a core of U(t',t), we can choose a sequence {®,}, C Fy, o satisfying

o, =@, U, ), U, t)® =10, (3.141)
as n tends to infinity. Therefore we have

Ui, YUt t)®, =&, =&, n— oco.
Since U(t,t') is closed, we conclude that ¥ = U(t',t)® € D(U(t,t')) and

Ut, YO =U(t, YUY, t)® =0 =U(t,t)" 1.
This proves (3.140). O
Proposition 3.3. For allt € R, the operator W (t) is injective and
W)™t =W(—t) (3.142)

holds as an operator equality.

Proof. Since e~"H& is unitary and U(t,0) is injective by Lemma 3.2, one finds W (t) is injec-
tive.

We prove (3.142). Fix t € R. For all ¥ € D(W (t)) = D(U(t,0)), we have by Theorem 2.3
(2.52)

W)W (=t)¥ = e~y (¢, 0)e U (—t, 0) T
= U(0, —t)U(—t,0)¥
= . (3.143)
This means ¥ € D(W (t)~!) and
W(=t)¥ =W (t)" 1.

Since JFy, ¢ is a core of W (t), we conclude W (—t) C W (t)~L. The proof of the inverse inclusion
is very similar to the proof of (3.140), and we omit it. O

Proof of Theorem 3.9. Let ¥ € F,o. Then we have
nW(t)* n¥ = W(—t)W. (3.144)
thus by taking closure, it follows that
W (t)*n > W(—t). (3.145)
But, we know W (—t) = W(t)~! from Proposition 3.3. This proves (3.130).
Moreover, since W (t)® € D(W (t)~') € D(nW (t)*n), we obtain
(W (&)W (£)D) = (W (6)0, gV (1))
(&) W (t)®)
W)

W
W (t) t)®)

= (U
= <q;|
= (U|D) (3.146)

This completes the proof. ]
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We next consider the Heisenberg equations of motion for quantum fields A, and ;.

Lemma 3.18. (1) A,(0, f) and A,(0, f)* are Ng/Q— bounded and closed.

(11) (0, g) and ¥(0,g)* are Ng/Q— bounded and closed.

(III) For all L > 0; AM(Oaf)7 AM(O, f)*) ¢l(0ag); and Tzz)l(())g)* map R(ENb([OvL])) into
R(En, ([0, L +1])).
(IV) Au(0, f) and (0, g) are in Co(Ny)-class.
Proof. The assertion (I) follows from Lemma 3.4. The closedness is obvious.
The assertion (II) is an immediate consequence of the fact that Dirac fields are bounded
operators.
The claim (III) immediately follows from the fact that photon field operators A, (0, f) and

A, (0, f)* create at most one photon and Dirac fields v;(0, g) and v;(0, g) create no photon.
(IV) follows from (I)-(III). O

Finally, we have arrived at the existence of strong solutions for the Heisenberg equations
of motion for quantum fields, by combining all the results obtained so far. We can define
from Lemma 3.12, Lemma 3.18 and Theorem 3.3 the following filed operators:

D(Au(t, f)) = Foo,  Au(t, YU = W(=t) A, (0, )W (BT, T € Frg, fe .S (R,
(3.147)

D(¢(t, 9)) :== Fuo, it 9)¥ := W(=t)yy(0,)W(H)¥, Ve Fip, ge.7(R%. (3.148)

Theorem 3.10. For all f,g € S(R?), p = 0,1,2,3 and | = 1,2,3,4, the operator valued
functions R >t — A, (t, f) and R 3t — y(t,g) are strong solutions of the weak Heisenberg
equation:

d . .
d ) .
5 (2t 9)¥) = <(1HQED)T¢ | ¢l(tvg)\ll> - <wz(t,g)T‘I’ | ZHQED‘I’>,
U P e D(Hfr) N J_"b,O- (3.149)
We remark that from Theorem 3.9 the above quantum fields are also written as

At ) = WAL, HW )T, T e Fyy, (3.150)
Dilt, 9)® = W () (0, )W (D)W, ¥ € Fip. (3.151)

4 Gupta-Bleuler formalism for the Dirac-Maxwell
model

4.1 The Dirac-Maxwell Hamiltonian in the Lorenz gauge

We introduce the Dirac-Maxwell Hamiltonian quantized in the Lorenz gauge. Dirac-Maxwell
model describes a quantum system consisting of a Dirac particle and a gauge field minimally
interacting with each other.
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4.1.1 Dirac particle sector

First, we consider the Dirac particle sector. Let us denote the mass and the charge of the
Dirac particle by M > 0 and ¢ € R, respectively. The Hilbert space of state vectors for the
Dirac particle is taken to be

Hp = L*(R3;CY), (4.1)

the square integrable functions on R = {z = (2!,2%,23) |2/ € R, j = 1,2,3} with values
in C*. The vector space R2 here represents the position space of the Dirac particle. We
sometimes omit the subscript  and just write R? instead of R3 when no confusion may
occur. The target space C* realizes a representation of the four dimensional Clifford algebra
accompanied by the four dimensional Minkowski vector space. The generators {y*},—0.1,2,3
satisfy the anti-commutation relations

(VA =AY A =29", v =0,1,2,3, (4.2)

where the Minkowski metric tensor g = (g,.) is given by

1 0 0 0
0 -1 0 0

9=1o 0o -1 o0 (4.3)
00 0 -1

We set g1 = (¢g"), the inverse matrix of g. We have g = > v = 0,1,2,3. We take
7 to be Hermitian and 77’s (j = 1,2,3) be anti-Hermitian. We use the notations following
Dirac:

B =" (4.4)
at =~ 1=0,1,2,3.

then ofs and 3 satisfy the anti-commutation relations

{a',a?} =269, i,j=1,2,3, (4.6)
{od,8}=0, p*=1, j=12.3,

where ¢;; is the Kronecker delta. The momentum operator of the Dirac particle is given by
p = (p1,p2,p3) 1= (—iD1, —iDs, —iD3) (4.8)

with D; being the generalized partial differential operator on L?(R3; C*) with respect to the
variable 2/, the j-th component of x = (z!, 22, 23) € R3. We write in short

3
a-p:i= Zajpj.
j=1

The Hamiltonian of the Dirac particle is then given by the Dirac operator
Hp:=a-p+Mp (4.9)
acting in Hp, with the domain D(Hp) := H'(R3;C*), where H'(R3;C*) denotes the C*-

valued Sobolev space of order one.
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Suppose that there are N Dirac particles. In this case, the Hilbert space should be
N
Hp.n = AVHp = ® L2(R3;C*) = LA ((R? x {1,2,3,4))"), (4.10)

where ®[Y denotes the N-fold anti-symmetric tensor product. The a-th component in
X = (z1,l1;.. 52N, Iv) € (R® x {1,2,3,41)N

represents the position and the spinor of the a-th Dirac particle. For notational simplicity,
we denote the position-spinor space of one electron by X = R? x {1,2,3,4} in what follows.
We regard X as a topological space with the product topology of the ordinary one on R3 and
the discrete one on {1,2,3,4}.

The N particle Hamiltonian is then given by

N a-th
Hpy=>» (1@ @Hp® - ®1), (4.11)
a=1
which is written as
N
Hp N = Z (0t - Py + BaM), (4.12)
a=1

with p, denoting the generalized differential operator with respect to the a-th coordinate

pa:(_iDa17_iDa27_iDa3), a:1,2,...,N’

a = (ol a2, a3), o and B, denoting the operators acting in @~ C*
a-th
1@ ®--®1 (4.13)
and
a-th
19-® f ®---®1 (4.14)
respectively.

4.1.2 Interaction between the Dirac particles and the gauge field, and the
total Hamiltonian

Next, we introduce the interaction Hamiltonian and the total Hamiltonian in the Hilbert
space of state vectors for the coupled system. For the photon field quantized int the Lorenz
gauge, we use the same notations as in Subsection 3.3.1.

The total state space is taken to be

Foum,n = (AN Hp) ®}"I()Ifl). (4.15)

We remark that this Hilbert space can be naturally identified as

5]
Fomy = LE(XN; F)) = Ay /X _dx s (4.16)

the Hilbert space of fl()i)—valued functions on XV = X x --- X which are square integrable
with respect to the Borel measure dX (the product measure of Lebesgue measure on R and
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the counting measure on {1,2,3,4}) and which are anti-symmetric in the arguments, that is,
the exchange of the i-th electron and j-th electron

(.’.Bl, ll; ey g, li...,xj, lj..., TN, ZN) — (wl, Zl; c &y, lj...,a:i, li...,acN,lN) (417)

gives a minus sign. We freely use this identification.
The mapping: X +— ng/\/a (a=1,..,N) from XV to Hgfl) is strongly continuous, and

thus we can define a decomposable self-adjoint operator A% by

®
Ag::/ dX A*0,z,), p=0,1,2,3, a=1,2,...,N, (4.18)
XN

acting in | f v dX .7-"}51};).
We have now arrived at the position to define the minimal interaction Hamiltonian Hy

between the Dirac particles and the quantized gauge field with the UV cutoff y. It is given
by

N
H, = ana”Aau, o =(1,a) = (1,0}, 02, 03). (4.19)
a=1

The total Hamiltonian of the coupled system is then given by

H := Ho + Hy, (4.20)

Ho:=Hpny®1+1®H}). (4.21)

This is the N-particle Dirac-Mazwell Hamiltonian in the Lorenz gauge. We remark that
there seems to be no term for the Coulomb interaction between the Dirac particles in the
Hamiltonian at a first glance. In the Lorenz gauge, this contribution is included in the photon

kinetic term H (E). In fact, as will be seen later, the Coulomb interaction of Dirac particles
emerges from the photon kinetic term via a transformation.

4.2 Time evolution of field operator and field equations

We omit trivial tensor products such that ®I or I® when no confusion may occur and just
write, for instance, Hp instead of Hp ® I and so forth.

Let Ny, :=dI'y(1) be the photon number operator on .7-"1()?.
Lemma 4.1. (I) Hy and Ny are strongly commuting.

(II) Hy is densely defined and closed.

(III) Hy and its adjoint HY are Ngﬂ—bounded.

(IV) For all L >0, Hy and Hy map R(En,([0,L))) into R(En, ([0, L+ 1])).
(V) Hy is in Co(Np)-class.

Proof. (I) follows from a general theory of the tensor products.
(II) is obvious.
We prove (III). Let ¥ € D(N;/Q). Then using Lemma 3.5, we have

1H ]| < Miy|ql[ (N + 1)1/, (4.22)
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with My, = \/EH)?I;/\/@HLQ(R@ + %H@HLQ(Ri). Hence H is Né/z—bounded. Since H{ U =

nHin¥ and n commutes with Ny, HY is also Ng/Q—bounded.

We prove (IV). It is clear by definition that H; and Hj create at most one photon. Hence
the assertion follows.

(V) follows from (II)-(IV). O

The total space Fpm, v can naturally be identified as
oco N n (L)
Fomn = & (AHp ® (@H,))). (4.23)

We freely use this identification, and set

8

Foo = (/\ Hp ® (® 1)) (4.24)
then it follows that
Foo = | R(Ew, ([0, L])). (4.25)
L>0

Set
= Fu0 N D(Hp). (4.26)
From Lemma 4.1, we can apply Theorem 2.1 and obtain:

Theorem 4.1. For each ¥V € F,, the series

¢
U(t,t’)‘l’ :\I"l—(—Z)/ d’TlHl 7'1 \I’—l- / dTl/ dT2H1 ’7'1 Hl(TQ)\I’ N (427)
t t/ t
converges absolutely, where each of integrals is strong integral, and Hy (1) = e'™Ho Hye=Ho (1 ¢
R). Furthermore, U(t,t") has properties stated in Theorems 2.1, 2.3.

By Theorem 4.1, we can construct the time evolution operator {W(t)};cr as follows:
W (t) := e 0y (t,0), teR. (4.28)

In the same manner as Lemma 3.18, one can see that A,(0, f) is in Co(Np)-class. Then
using Theorem 3.3, we can set

D(Au(t. f)) = Fro, (4.29)
At YU =WH)TAL 0, HWH)T, e Fy, feS(R, (4.30)
and obtain:
Theorem 4.2. For all ¥, ® € D',

d

Z(W|Av (2, £)0) = ((GH)'O| A, ) — (A (2, )W|(iH)®). (4.31)
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Lemma 4.2. For each p=0,1,2,3 and f € S (R3), A,(0, f) is in C1(Ny)-class, and thus
the strong derivative A, (t, f) = QA“(t, f) on D' exists and it follows that

4,00, ) = 5 (aiv&F) +al iy ) (4.32)

on D'. Moreover, for all u,v =0,1,2,3 and f,g € .7 (R®), the commutation relations
[Au(t, 1), Au(t, 9)] = [Au(t, ), Au(t, 9)) = 0, (4.33)
[Au(t, f), A,,(t, 9)] = iguw ([, 9) (4.34)

holds on D'.

Proof. By a direct calculation, we have
. D’ 1 . Ty s N
[iH, A, (0, f)ly = \ﬁ(au(l\@f ) + au(z\/c?f)>. (4.35)

It is easy to check that the operator of the right-hand side is in Cy(Ny,)-class. Hence we have
AL0, f) € C1(Ny,) and (4.32). (4.33) follows from a direct calculation. O

Theorem 4.3. A, (0, f) is in Co(Ny)-class, and thus for each f € S (R3?) and ¥ € D', the
map R >t — A,(t, f)V is twice strongly differentiable. Moreover, it follows that

DA, = —qzaw/ dX (f * xpn)(®a) (4.36)
on D'. Here f * xpn is the ordinary convolution of f and Xpn:

(Foxm@ = [ dy =) (437

Proof. We have already seen that A,(0, f) is in Cy(Np)-class. To prove, A,(0, f) € Ca2(Ny),
we compute the weak commutator:

] , _W2F —w
iH. 4,0 1 = = (0~ +al i) )—qzaw / A (f % xpn) (@a). (438)

The operator on the right-hand side is in Co(Np)-class. We note that, it follows that

_wz/i _W2F
A4 0.1) = 4,0.87) = = (o) + al (=), (1.3

in the operator-valued distribution sense. Combining this with (4.38), we obtain (4.36). [

4.3 Current conservation

In this subsection, we consider the electro-magnetic current density operator j#(0, f) and its
time evolution.

Definition 4.1. The electro-magnetic current density operator at time t = 0 is an operator-
valued distribution defined by

N @
") =0 ol | dXfG). fe SR (4.40)
a=1
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Remark 4.1. ol physically denotes the u-component of the velocity of the a-th electron.
Thus the informal definition of the current density operator should be

N

70, @) =q ) akid(@ — x4). (4.41)
a=1

By smearing j*(0,x) with the smooth f, we arrive at Definition 4.1.

Theorem 4.4. The current density at time t = 0: j#(0, f) is in Co(Ny)-class, and thus the
Heisenberg operator j*(t, f) = W(—t)j*(0, /YW (t) has a dense domain Fyo. The zero-th
component j°(0, f) is in C1(Ny)-class, and thus t — j°(t, f) satisfies the strong Heisenberg
equation of motion. Moreover, the current conservation:

) 0 . o .
Ot (t. f) == =3°(t, ) + E —j"(t, f) =0 (4.42)
ot ox
k=1,2,3
holds on D'.

Proof. Since j#(0, f) is bounded and leave Vy, invariant, we have j#(0, f) € Co(Np).
We prove that 5°(0, f) is in Co(Np)-class. By a direct calculation, we have

[iH,°(0, /)12 —qzz / dX (Okf)(xy4) (4.43)
a=1 k=1
3
= j*(0, k). (4.44)
k=1

Since 22:1 3%(0,0f) € Co(Ny,) by the above observation, it follows that 5°(0, f) € C1(NVy).
Therefore applying Theorem 3.4, we conclude that the map ¢ — j°(¢, f) is strongly differen-
tiable on D’ and satisfies (4.42). O

4.4 Gupta-Bleular condition
By Lemma 4.2, for all f € .7(R?), we can define

Q(t, f) == 0, A (¢, f) (4.45)
0 oS0
—A ; 554 k0, f). (4.46)
then Q(¢, f) is a free field, and we can write it explicitly:
Theorem 4.5. For allt € R and f € .7 (R3),
OQt, f)=0 (4.47)

on D'. In particular,

Qt, f) = a, (Zkt;:?) +al, (Zkf;%f)

N ) S eitw?; )?-z\ﬁ ;ﬁ eitw.]/c\
+;zq/XNdX(<m,m (s ) (4.48)

on D'.
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Lemma 4.3. (i) For all f € (R3) and n=0,1,2, ...,

~

w-adlly o (Q(0, ) = aM(W;) + aﬂ(lkzu(zw) )

V2w V2w
N ® . n/: /w\a /w\a . n N
. (iw)" f Xph Xph (iw)" f
+a§zq/XNdX<< V2w 7\/2w>_<\/2w7 V2w >>
(4.49)

(i) For all f € .#(R3), Qt, f) is in Coo(Np)-class.
(iii) For all f € .#(R3) such that f € Ce(R3), Q(t, f) is in Cy,(Ny)-class.

Proof. (i) This follows from a direct calculation.

(ii) In the same manner as in the proof of Lemma 3.12, we see that w-adjyy p (€20, f)) €
Co(Ny,). Hence Q(t, f) € Coo(Ny).

(iii) We show that (0, f) satisfies the condition stated in Definition 3.4. From (ii), it follows
that (0, f) € Coo(Np).
By the assumption f € C(‘)’O(Rg) there exists a constant Ry > 0 such that suppf C
{k € R?| |[k| < R1}. Using Lemma 3.4, for all ¥ € D(N1/2) we have

IV, 2w, (4.50)

ik (tw)™ f*
Hau(&% I

(k)" .
lak (s )\If||<R|r r

The operator of the third term in the right-hand side of (4.49) is a bounded operator,
and its operator norm is estimated as

)" f* X i (iw)"f n Xph
HZMI/ dX < N \pﬁ> <\/I;Tu o >>H<2N\q!R HFHH}H
(4.52)

)ol <R”ur

1/2

| +R”|

(4.51)

hence we have
[w-ady (20, £)) ¥ < RoRY (N, + 1)"/2] (4.53)

with a constant Ry > 0 which is independent of n.
It is obvious from (4.49) that for all n and L > 0, w-ad}y 5/ (€2(0, f)) maps VL into Vg 11.
therefore Q(t, f) is in C,,(IVy,)-class.

O

Proof of Theorem 4.5. Let By Lemma 4.3, the map ¢t — (¢, f) is strongly differentiable on
D’ and the n-th strong derivative on D’ is then given by

S0 1) = W t)w-adfy (0, Fu)) W (1) (1.54)

This and (4.49) imply (4.47).
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Let f € .7(R3). Then there exists a sequence f,, € .7 (R?) such that Fm € C&°(R3) and
fm — f in the distribution sense. By Lemma 4.3, we can apply Theorem 3.7, and obtain

o0 n

Qt, fr)¥ =3 %w_adyH,D,(Q(o, Fo)) 0. (4.55)

n=0

Combining this with Lemma 4.49, the equation (4.48) holds for f,,,. Furthermore, we can take
the limit m — oo for the right-hand side of (4.48) by using Lemma A.7, for the left-hand side
by using the fact that Q(¢, f) is operator-valued distribution. Therefore the desired result
follows. 0

Let us consider the Gupta subsidiary condition. Theorem 4.5 (4.48) means that Q(¢, f) is
formally written as

~

—1 eiitw(k)/: * ikHeitw(k)
Q. f) = / ik (o) TR T )
)

V2w (k) a 2w(k)

ztw(k f*( )* ;If\ﬁ(k) Xﬁﬁ(k eitw(k)f(k)
1 dX dk — , 4.56
+Z q/N / V2w(k)  V2w(k)  2w(k) 2w(k) ) (4.56)

where a,(k) and aL(k) are the formal distribution kernel of the operator-valued distribution

a,(f) and aL( f) (f € LA(R})), respectively. Since positive frequency part is defined as the
term including the factor =) we define the positive frequency part Q) (¢, f) of Q(t, f)

as follows:
it Fr N @ it ;@
(¢ =a we _J + 7 / dx (L b\ 4.57
( 7f) ll( \/ﬂ ) ; q N m 9 m ( )

then the physical subspace Vs is defined by

Vphys := {0 € Foum | Q) (¢, /)T =0 for all t € R and f € .7 (R?)}. (4.58)
Proposition 4.1. Vs is a closed subspace.

Proof. By the definition of Vppys,

Vs = [ ker QU f). (4.59)
teR, fe.7(R3)

hence the assertion follows from the closedness of the operators Q) (¢, f). O
Theorem 4.6. Vs is non-negative, that is, for all ¥ € Vppnys, (V|¥) > 0.

To prove Theorem 4.6, we need some preliminaries. Let W := I'y([W]) : Fpon — Fpn the
second quantization operator of the unitary operator

1/vV2 0 0 —1/v2
0 10 0 4 4
Wi=1 o o1 o : © LA(R?) — & L*(R?). (4.60)
1/v2 0 0 1/V2
W is then unitary and self-adjoint, and satisfies W?2 = 1 and
Jot+ J3 fot /3
Wc(f(]vflvf?af3)w_ ( \[ 7f17f27 \@ ) (461)
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for f, € L*(R3) (u=10,1,2,3).
Following the original method of Bleuler [14], we define a linear operator G on Fpy(N)
by

. dX Xph T Z;liE 4.62
__qz NG w3/2>+c3<w3/2))' (4.62)
then G is essentially self-adjoint on F, 9. We denote the closure of G by the same symbol.

Lemma 4.4. For allt € R and f € .7 (R3),

s itw Tw s itw TR
—iG+) iGg _ (,0(we f _ g(iwe f
e "TQV(t, £t (c (7\/ﬂ > c (7\/% )>\IJ (4.63)
In particular,
s itw TR
WemiCOM (1, feiSwy = Voo (e g, 4.64
M, f)e (=) (464)

Proof. Using the definitions (4.57) and (4.62), we have

(e 9]

e~ GO (t, £)eCT = Z

m,n=0

(ZG)”Q(+ (&, [)(=iG)™ ¥

adl () (8, )W (4.65)

for all ¥ € F, . By a direct computation, we have

adle (Xt ) qu I < G i L, égi>w (4.66)
w
adif, (APt )T =0, N>2. (4.67)

Combining (4.66), (4.67) with (4.65), we obtain (4.63).
(4.64) follows from (4.63), (4.61) and the fact that W leave Fy, o invariant. O

To identify the physical subspace Vppys, we introduce some notations. Hereafter, we freely
use the following identification:

fb(é L*(R3)) = F(L*(R?)) @ Fp (L*(R?)) ® Fyp (LA (R?)) @ Fi(LA(R?)). (4.68)
Let £{Qr} be the Fock vacuum of F,(L?(R?)). Then we set
FI = £407} ® Ry (LA(R?)) ® Fi(LA(R?)) ® Fi (LA(RY)). (4.69)
Lemma 4.5. The following holds:

Vohys = CW Y. (4.70)
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Proof. By the definition (4.58) and Lemma 4.4, we have

) o itw
Vohys = €W ﬂ ker ¢” (M) (4.71)
teR, fe.7(R3) V2w
Let us note that the subspace
™
{%f fe#®), teR} (4.72)
is dense in L?(R?). This fact and Lemma A.6 imply that
o itw TR
N kerc‘](W\/QJc) — 7O (4.73)
teR, fe.7(R3) w
hence we obtain (4.70). O

Proof of Theorem 4.6. We provide only a sketch of the proof since it is similar to that of [60,
Theorem 2.17].
Let

FrL o= L{QF} @ F(LA(R?)) @ F,(L*(R?)) @ L{QF}. (4.74)
then we observe that
FY = Fro @ (Fiy 0 FL). (4.75)

Here we denote by the M the orthogonal component of a set M. By Lemma 4.5, for all
U € Vphys, there exists a vector ® € fé(i) which is decomposed as

P =P, +Pg, Prr, € Frr, Do € frf?L N ./_"r}a(}j, (4.76)
and satisfies UV = ® with U := We™*C. Then it follows that

(U|¥) = (U (L + P0), nU* (P11, + P0)) (4.77)
= <(I), Q)> + <q)0, (I)TL> + <q)TL7 ‘I)0> + <U*CI)TL,’I7U*(I)TL> . (478)

The first term in the right-hand side is non-negative, and the other terms vanish. Hence the
assertion follows. O

Let us consider the Hamiltonian restricted over V5. We denote by Ppyhys by the orthog-
onal projection onto Vphys, and define

Hy

phys

= Pphys H Pphys- (4.79)
In what follows, we use the natural identification

Fo) = Fu, (4.80)

where .FI()E) is the state space of the photon field introduced in Subsection 5.2. The point-like

photon field quantized in the Coulomb gauge A;C)(O, f) (G =123, f e .ZR3) is then
identified with

10 A0, /) ®1 (4.81)

acting in Frp, = £{0r) ® Fy(L2(RY) © Fy(LA(R?)) © L{05).
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Theorem 4.7.

N 3
eiGHeiG:Ho—qZZa/ dXA( )(O,wa)

a=1 k=1
+q22/ / i 7 [Xpn () [Petamee) +Nq Ixon/wl®
a<b
3 [ ax () () i (E) (D)

on D i= (8, Cg°(R%CH) & Foin (CE(R% C).
Lemma 4.6. (i) D forms an entire analytic vector space for G.

(ii) D C D(e’“He™'%) and

G He G = Z H)‘IJ (4.83)
n=0 n!
for every ¥ € D.
(111) It follows that
klxrx)ﬁ klxph
adloH q;; /X ax () + < (58)

N & 1 _;ﬁﬂ\a _;a:\a

— (=22 i (b
+qaZ::1/XNdX ﬂ(c <w1/2>+c3<w1/2 >>’ (4.84)
ad H 2N||XPhH2 + 2 22/ dX/ dk |Xph( )|2 ik( ma—mb)' (485)

on D

Proof. (i) It is easy to see that for all t > 0 and ¥ € Fy, 0,

oo

G
> | ' I < oo, (4.86)
o n.

hence the assertion follows.

(ii) Since €' is unitary, it is sufficient to prove e "*“¥ € D(H). By (i), we have
iG n
U= —G"VU. 4.87
e HZ:% - (4.87)
It is easy to see that

1

> I G| < oo, (4.88)
n=0
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by using Lemma 4.1 (IV) and ||G(N,+1) /2| < co. Hence it follows from the closedness
of Hy that e *“¥ € D(H;). Moreover, one can see that

o) 1 0o 1 n - o .
> S lHG Y| < ZE(ZHG’ U[Ho, GIG" 0| +|G" Ho|) (4.89)
’ n=0 " j=1

n=0 =
< 00, (4.90)

by using calculating the commutator [Hp, G| which is Ng/ % bounded. Thus e~iCV €
D(Hy) follows from the closedness of Hy, and the desired result holds.

(iii) This follows from a direct calculation.
O

Proof of Theorem 4.7. Note that the interaction Hamiltonian H; is decomposed as

— —

N 3 Zq . Ta .1
i, :qzza;/jdx T;ﬁ(cr(xp;gf) Fed ()

a=1 i=1

+q§:§:a2/)i dX 2(0%%}?3 +c£<x\%‘i§i>>

a=1 i=1

N 3 D /m\ak. /m\ak.
1 Xph Fi Xoph i
dX —(O(2p (P
#3230 [ax () ()
on Fy, 0. Combining this with Lemma 4.6 (i) and (ii), we obtain (4.82).

Corollary 4.1.
N 3

. 2
H phys —e ¢ (HD(V7N) + Hpn | -F'%O[)J - qz ZOJ]; //;/N dX A](CC)<O, Zq)
a=1 k=1

N e 2
> db | gibGeaan | N oY
2 R 2 ik(xa—xp) NG 2\ ic
+q <b/XN dX/w(k)2|Xph(k)| e +— |1 Xph/wl| )e (4.91)

on D.
Remark 4.2. We remark that the operator
Noe dk .
' /X X / W|@(k)|2e““<%*wb> (4.92)

a<b

on the right-hand side of (4.91) is identified as a multiplication operator acting on A" Hp

defined by the function
Y1 dk :
(IBl,...,ZBN) = qZZ/a)(k)Q@(k)Qelk(wa_wb), (493)
a<b
which converges to the familiar Coulomb potential
LA
g AT |xo — x|
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in the distribution sense as the photon ultraviolet cutoff X, is removed.
The constant term

Ng,
L il (4.94)

on the right-hand side of (4.91) is the self-energy of electrons which diverges as the photon
ultraviolet cutoff Xpp is removed.

Remark 4.3. The methods which we presented in this section can be applied also to several
solvable model. However, our methods cannot be applied to QED with naive cutoffs defined in
Section 3.3. In fact, both the ultraviolet and the spatial cutoffs brake the current conservation:
Oug* # 0, and hence 9, A" is not free: [0, A" # 0.

5 Gell-Mann — Low formula

5.1 Complex time evolution and Gell-Man — Low formula

In this subsection, we use the notations which have already been introduced in Subsection
2.2.

Let Hy be a non-negative self-adjoint operator on a Hilbert space H. In this subsection,
we consider the operator

H:H0—|—H1 (51)

with Hy € Cy(Hp), and we state and derive the Gell-Mann — Low formula. In what follows,
we shortly denote

Vi(2,2") = Vo (Hy; 2,2"), U(z,2') :=U(Hy;2,2), (5.2)

where V,,(Hy; z,2') and U(Hy; 2z, 2") are the operators defined by (2.92) and (2.89), respec-
tively.
We define complex time evolution operator

W(z) := e #Hoy(2,0) (5.3)

for z € C with Im z < 0. The operator W (z) generates the “complex time evolution” in the
following sense.
Let D be the dense subspace defined by (2.125). Then

Theorem 5.1. For all ¥ € D, the mapping z — W (2)V is analytic on the lower half plain
and satisfies the “complex Schréodinger equation”

d
z
Proof. We first remark that D C D(Hp). This can be seen by noting that D ¢ D(efl0) ¢

D(Hp). By Theorem 2.5, one can easily estimate

H W(z+ h)U — W(2)¥

- - (—z’H)W(z)\IIH (5.5)

to know that this vanishes in the limit h — 0.
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Theorem 5.2. Suppose that Hy is Co(Hp)-class symmetric operator. Then H is self-adjoint
and bounded below. Moreover, it follows that

W(2)¥ = e @1, (5.6)
for all z € C with Im z < 0. In particular, it follows that
Uz, 7') = e#Hogie=2H g=iz'Ho " 1y 5 < Tm 2/, (5.7)

Proof. From Assumption 5.1, H; is infinitesimal with respect to Hy and thus H is self-adjoint
with D(H) = D(Hp), and bounded below by the Kato-Rellich Theorem.

By Theorem 5.1, we can differentiate for all ¥ € D, ® € Dy(H) := UrerR(En([—L, L])),
and z € C with Imz < 0,

jz <e*iZ*Hq>,W(z)\11> - <—iHe’iZ*HCI>, W(z)\Il> + <e*"Z*H<I>, —z’W(z)\Il>
~ 0. (5.8)
thus one finds
(D, T) = <e—iZ*H<I>, W(z)\I/> : (5.9)

for all U € D and ® € Do(H). Since Do(H) is a core of e~ we obtain from (5.9)
W (2)¥ € D(e*") and

FAW (2)U = 0. (5.10)
hence we arrive at
W(2)¥ = e =y, (5.11)

for all z € C with Imz < 0. But since both sides of (5.11) are continuous on the region
Imz <0, (5.11) must hold on Im z < 0. Since the both sides are bounded, one has

W(z)=e 1 Imz<o. (5.12)
For z, 2’ satisfying Im z < Im 2/, we have from (2.145)

W(z— 20 = e G =2 0)w

= ¢ #oy(z, ) ¥ oy, U e D. (5.13)

This implies
Uz, 2 )0 = ei#Hog=ilz=2)H iz Hoy (5.14)
If 2, 2’ are real, the right-hand-side is unitary, and thus the last assertion follows. ]

We introduce the assumptions needed to derive the Gell-Mann — Low formula. For a
linear operator T', we denote the spectrum of T by o(T'). If T is self-adjoint and bounded
from below, then we define

Eo(T) :=info(T). (5.15)

We say that T  has a ground state if Fy(7T') is an eigenvalue of T'. In that case, Ey(T) is called
the ground energy of T, and each non-zero vector in ker(T — Ey(T')) is called a ground state
of T. If dimker(T — Ey(T)) = 1, we say that T has a unique ground state. The following
assumption are used to prove the Gell-Mann — Low formula.
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Assumption 5.1. (1) Hy has a unique ground state Qo with ||Qo]| = 1, and the ground
energy is zero: FEo(Hp) = 0.

(II) H has a unique ground state Q with ||Q = 1.
(III) (2,Q0) # 0.
Under Assumption 5.1, we define m-point Green’s function Gy, (z1, ..., zn) by
Con(21s -y 2) = G172 B (Q AW (21 — 29)Ag .. A AW (2t — 2)Q), (5.16)

for Imz; < --- < Im z, whenever the right-hand-side is well-defined. The Gell-Mann and —
Low formula is given by:

Theorem 5.3. Suppose that Assumption 5.1 holds and Hy is symmetric. Let Ay (k =
1,...,m, m > 1) be linear operators having the following properties:
(I) Each Ay is in Co(Ho)-class.
(II) For each k, there exist integer 1, > 0 such that, for alln € N, Ay, maps D(H" ") into
D(H™).

Fizw € C with Imw < 0, and z1, ..., zm € C withIm z; < --- <Imz,,. Choose a simple curve
Ly from —=Tw to Tw (T > 0) on which z; > -+ > zy,. Then m-point Green’s function

Gm(z1,-- -, 2m) is well-defined and satisfies the formula
<Q0,TA1(21)...A ( exp< ZfI‘ dCHl )Qo>
Gm(z1,...,2m) = lim (5.17)
T=o0 <Qo, T exp ( Zfr d¢ Hy(¢ ) QO>

To prove the Gell-Mann — Low formula (5.17), we prepare some lemmas. We denote
Ey(H) simply by Ey.

Lemma 5.1. For w € C with Imw < 0 and a Borel measurable function f : R — C, it follows
that

lim f(H)eTYEow (Tw)¥ = f(Eo) PV, U e D(f(H)), (5.18)

T—o0

where Py is the Projection onto the closed subspace ker(H — Ey).

Proof. By the functional calculus and Lebesgue’s convergence Theorem, we have
| (H)e T EW (Tw)® — f(Eo) Py’
= || peEye T EY () B (B

2
= [ Al )Ty — ) (1)
[Eo,00)
2
— [ dEa P [sooeT e Ey|
(Eo,00)
— 0, (5.19)
as T tends to infinity. O
Lemma 5.2. Under the same assumptions of Theorem 5.3, the operators
Ap = (H — () i 1TJAk(H C) k=1,...,m, (5.20)

are bounded.
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Proof. From the assumptions,
Ap(H — Q)" S0 % € D(HE=1 "),

for all ¥ € H. Thus -
D(Ag) =H.

(5.21)

On the other hand, it is easy to check that ;{-];’S are closed. hence by the closed graph

theorem, each ;lvk’s are bounded.

Lemma 5.3. Under the same assumptions of Theorem 5.3, it follows that

lim AW (z1 — 22)Ag. .. A AW (21 — 2m) A f (H)e T W (Tw) ¥

T—o00

= A1W(21 — ZQ)AQ e Am—IW(Zm—l — Zm)Amf(Eo)PO\I/,
Ve () DH"f(H)).

neN

for all w € C with Imw < 0 and a Borel measurable function f : R — C.

O]

(5.22)

Proof. Under the present assumptions, we see that each Ay, leaves the subspace ()2 D(H™)

invariant, and thus
U e D (AW (21 — 20)As ... Ay AW (2im—1 — 2m) A f(H) T W (Tw)) .
Now let ¢ € C\R. Then we can rewrite
AW (z1 — 22)Ag ... A i W (2m—1 — 2m) Am
= AW (21 — 22) - AW (2m1 — 2on) (H — Q)27

with

k—

ITk = (H — C)Zj:ll "I Ap(H — C)*Z§=1r1, k=1,..,m.

(5.23)

(5.24)

(5.25)

Note that each of :47{78 and W (zx_1 —2x)’s is a bounded operator by Theorem 5.2 and Lemma

5.2. then by Lemma 5.1, one sees that for all n > 1,

lim (H — ¢)"eTW(Tw)¥ = (Ey — {)"Py¥ = (H — ()" Py ¥,

T—o00

which implies the desired result.
Proof of Theorem 5.3. Put

O(z1y. oy 2m) i= AW (21 — 22)Ag ... Ay AW (2im—1 — 2m) Am.-
From Assumption 5.1, one finds

P
[ PoQ0l|’

to obtain

o P, O(21, . . ., 2m) PoQo)
Gm Z1y++3%m) = ez(zl zm)Eo < 040, 5 s ‘
. ) (PoS20, Pof20)

7

(5.26)

O]

(5.27)

(5.28)

(5.29)



By Lemmas 5.1 and 5.3, we have
(Po0,0(z1, ..., 2m) PoS0)
(PoQ0, Pof20)
<e‘izf(H—E0)W(—Tw*)Qo, O(z,... ,zm)e_izm(H_EO)W(Tw)Qo>

Thos (W (—Tw*)Q9, W (Tw)Q) (5.30)

Using Theorem 5.2, we find
=B () = o5 IO, T (531
e izmH=BO) [/ (T = ¢izmBog=izm Ho T 5 )~ TwHo (5.32)

on D. therefore by Theorem 2.9 the numerator on the right-hand-side of (5.30) can be
rewritten as

ez mzm)Fo <90, U(Tw, 21)A1(21)U (21, 22) - . . U (21, Zm)Am(Zm)mQO>
_ ¢—i(z1—2m)Eo <QO’TA1(21) oo A (2m) exp (—Z/F g Hl(C)) Q0> (5.33)

and the denominater as

<Qo, U(Tw, —Tw)Qo> = <QO, Texp (—Z/F dC H1 (C)) QQ> . (534)

Finally, inserting (5.30), (5.33), and (5.34) into (5.29), we arrive at the Gell-Mann — Low
formula (5.17). O

5.2 Application to QED

In this section we apply the abstract results obtained in the preceding subsection to QED
with several regularizations in the Coulomb gauge. Our main goal here is Theorem 5.6, which
shows that QED with regularizations satisfies Gell-Mann — Low formula. To prove this, it
is sufficient to see that the conditions of Theorem 5.3 hold. Under suitable hypotheses, it is
not difficult to prove that the interaction Hamiltonian and each field operator are in Cy-class
(Lemmas 3.14 and 3.12). However, the existence of the ground state (Assumption 5.1) and
the condition (II) of Theorem 5.3 are not obvious at all. The existence of the ground state is
discussed in [61]. To check the condition (II), we need some preliminaries (Lemmas 5.10-5.14).

5.2.1 Electromagnetic fields

We introduce the photon field quantized in the Coulomb gauge. We adopt as the one-photon
Hilbert space

C
H) = LR CY). (5.35)

We freely use the identification L?(R3; C?) = @2 L?(R3). The Hilbert space for the quantized
electromagnetic field in the Coulomb gauge is given by

Fi = R ), (5.36)

(©)

the boson Fock space over th .
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The function w(k) := |k| (k € R3) naturally defines uniquely a multiplication operator

on HI()? which is injective, non-negative and self-adjoint. We denote it by the same symbol
w also. The free Hamiltonian of the quantum electromagnetic field in the Coulomb gauge is
given by the second quantization of w:

HY = dTy(w) : Fo(H)) = Fo(H). (5.37)

We denote by a(-) (- € ’HI()?) the annihilation operator on Fég). For each f € L*(R3), we
use the notation:

ar(f) = a(f,0), aa(f) = a(0, f). (5.38)
For all f € L2(R3) satisfying f/\/w € L%(R}), we set

A0, )= (a(j%) +a(5;w)) (5.39)

r=1,2

(5.40)

The functions e, (k) = (el(k))3_; € R, r = 1,2, are the polarization vectors satisfying

e (k) e (k) =0, k-e.(k)=0, aeckcR} rr =12 (5.41)

The functional .7 (R3) > f ~ A;(0, f) gives an operator-valued distribution (Cf. [2]
Definition 7-1) acting on (fég),fb,O(H}()E))) and it is called the quantized electromagnetic
field at time ¢ = 0. As is well-known, A;(0,z) (j = 1,2,3) are essentially self-adjoint. We
denote the closure of A;(0,x) by the same symbol.

Now, fix xpn € L%(R2) such that it is real and satisfies Ypn/v/w € L2(R3). We set

Ai(0,2) == A;(0, Xpp), (5.42)
Xpn(¥) == xpu(y —x), y R’ (5.43)

A;(0, ) is called the point-like quantized electromagnetic field with momentum cutoff x,p, at
time ¢ = 0.
We assume the following condition.

Hypothesis 5.1. Xpn/w € L*(R3}).
. . 1/2
Lemma 5.4. Under Hypothesis 5.1, for all i =1,2,3, £ € R? and ¥ € D(th ),
14i (0, 2)W[| < My [|(Hpp + 1) /0], (5.44)

where Myn 2= 2/2|[Xpn/w | () + V21X / V| 2 g -
Proof. This is a simple application of Lemma A.4. O

Remark 5.1. If the momentum cutoff function m is taken to be the characteristic function
of the set {k € R?||k| < Ao} with Ag > 0, then this satisfies Hypothesis 5.1.
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5.2.2 Dirac fields
For the quantized Dirac field, we use the same notations as in Subsubsection 3.3.2.

Lemma 5.5. For all n=0,1,2,3 and « € R3,

My = sup | :7#(0,x): || < oo, (5.45)
@€R3, u=0,1,2,3
Mazi= s [ :j"(0,2)"(0,): || < oc. (5.46)

@,y€eR3, 1,y=0,1,2,3

Proof. A simple application of (A.43). O

5.2.3 The total Hamiltonian with cutoffs in the Coulomb gauge
The state space for QED in the Coulomb gauge is taken to be

C
Frot = Fa @ Fy). (5.47)
The free Hamiltonian is

C
Hyp:=Ha@I+I0H),

(5.48)

where the subscript fr in Hy, means free.
We denote the charge of the Dirac particle by e € R. Let xp € L'(R?) be a real-valued
function on R? playing the role of spacial cut-off. The first interaction term Hj is defined as

D(H1) = D((I @ Hp)'/?),

3
Hb — 62/3 d xep(@) (0, 2): @ Ai(0, @)W, W € D(H)), (5.49)
i=1 /R

where the integral in the right hand side is a strong Bochner integral. We adopt the Coulomb
term Hyp which is given by

D(HH) = Fiots

62 . .
Hi= 5 [ dwdyx(@nem)Vel - ) °0.2)°0.9): 1 (5.50)
R3xR3
with
1 dk ,
Volw—9) = = [ % ket 51
ol —y) = = [ O, (5.51)

where the integral in the right-hand side of (5.50) is a Bochner integral with respect to the
operator norm. The well-definedness of Hy and Hyp is proven in later (see Lemma 5.6).
Then Hi is symmetric, and Hyy is bounded and self-adjoint. We remark that the interaction
potential Vo (x — y) converges to the familiar Coulomb potential

11
4t |z — y|

in the distribution sense as the photon ultraviolet cutoff xpp is removed. Finally, the inter-
action Hamiltonian Hj, and the total Hamiltonian Hiy is defined by

Hiy = Hy + H, (5.52)
Hiot := Hgy + Hint. (5.53)
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5.2.4 Self-adjointness

Lemma 5.6. Assume Hypothesis 5.1. Then the following (i)-(%ii) hold:
(i) For all ¥ € D((I ® Hyp)Y?),

3
> [ b @):50.2): 04,0, 2)%]
=1
< 3HXSPHL1(R3)Mcu,1Mth(I ® th + 1>1/2‘PH < 0.

(ii) It follows that
[, dwtyba@an() Ve — )] | @5 0): 11 < el o Mo Moz <
X

where Mc := (1/47r>Hm/wH%2(Ri)'

(i4i) Hing is Hflr/2—b0unded, closed and symmetric.

(iv) Hiot is self-adjoint on D(Hy), and bounded from below.

Proof. (i) and (ii) follow from Lemma 5.4 and 5.5.
We prove (iii). It is easy to see that Hy and Hyp are symmetric. By (i), Hi is Hf1r/2—bounded.
By (ii), Hiy is bounded. Thus Hijy is H, flr/ 2—bounded, closed and symmetric.

By (iii), Hiyt is infinitesimally Hg-bounded. Thus (iv) follows from the Kato-Rellich
theorem. ]

5.2.5 Time-ordered exponential on the complex plane

A basic hypothesis to apply our abstract theory is:

Hypothesis 5.2 (Ultraviolet cutoff). There exist constants A, Apn > 0 such that supp Xe C
{Ip| < Aa}, suppXpn C {|k| < Apn}.

In what follows, we use the following notations:

FE = R(Eq,([0,E])), E >0, (5.54)
fﬁn = U .FE (555>
E>0

In order to construct the time-ordered exponential, it is sufficient to see that Theorem 2.5
can be applied to our case by checking that Hiy is in Co(Hjy)-class. The correspondence of
the symbols is as follows: Hy = Hg, Hi = Hint, VE = FE, Dfin = Fhin.

Lemma 5.7. Assume Hypothesis 5.2. Then the following (i) and (i) hold.
(i) ForallE >0,z € R3 andj = 1,2,3, A;(0,x) maps R(Eth([O,E])) nto R(Eth([O,E+
Aph]))-
(i) For all E >0, z € R3 and | = 1,2,3,4, ¢;(0,x) and ¢;(0,x)* map R(En, ([0, E])) into

R(En, ([0, E + /A + M?])).

(1it) I ® A;(0,x) is in Co(Hy)-class.
(iv) P(0,2) ® I is in Co(Hy)-class.
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Proof. (i) Similar to the proof of Lemma 3.6.
(ii) Similar to the proof of Lemma 3.8.

(ili) By Lemma (5.4), T ® A;(0,a) is Hy'>-bounded. Combining (i) and Lemma B.1, we
see that, for all E > 0, I ® A;(0,z) maps R(En,([0,E])) into R(Ew, ([0, E + Apy))).
Therefore the assertion follows.

(iv) Similar to the proof of (iii).

Lemma 5.8. Assume Hypotheses 5.1 and 5.2. Then the following (i) and (ii) hold:
(i) For oll E >0, H; maps Fg into F B2y /AR FI 4 A
(i) For all E > 0, Hyp maps Fg into Fy B4\ /AZ 00"
(11i) Hing is in Co(Hyg)-class.
Proof. (i) One can easily see that, for all E > 0, x € R? and p = 0,1,2,3, : j4(0, ) :

maps R(Eg, ([0, E])) into R(Eg, ([0, E + 2y/A% + M?2])). Now, fix E > 0 arbitrarily,
and let ¥ € Fp. Applying Lemmas B.1 and 5.7, we see that : j°(0,x): ®4;(0,x)¥ €

3 L
E+2\/W+Aph forallx € R® and ¢ =1, 2,3. Hence we have H{¥V € F B2 /AL T4 A
because F, 2 /AT A4 A is closed subspace. Thus the assertion follows.

(ii) Similar to the proof of (i).

(iii) This follows from (i), (ii) and Lemma 5.6.
O

From Lemma 5.8, we can apply the abstract theory constructed in the previous sections
to obtain:

Theorem 5.4. Assume Hypotheses 5.1 and 5.2. Take a piecewisely continuously differen-
tiable simple curve I, ,» which starts at 2’ and ends at z with Im 2’ <Imz. then

Fean C D (Texp <—Z/F dCHint(C)>> , (5.56)

Hint(2) := e Hyye M 2 € C. (5.57)

where

Furthermore, T exp ( — Zfr dCHmt(C)) has properties stated in Theorems 2.5-2.9, with Hg
replaced by Hy., Hy by Hmt cmd Dsy by Fhn-

Lemma 5.9. For all z € C and ¥ € Dg,, it follows that

[ Hin (2)¥]] < Mg (2)[|(Hee + 1)/20, 2z €C, (5.58)
where
Mint(2) := 3le] [[Xspl| Mecu(2) Mpn(2) + e;llxspll2McMcu(2)27 (5.59)
Mo(2) = 64(elMmalVAGHM? y o=llmelMy2) 712 (5.60)
My (2) = 2(el™her 4 1) H Xoh (5.61)
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Proof. Let ¥ € Fgy,. Then using Lemma 5.8 (i), (ii), we have

Hing(2)U = e Ery, ([OyE])Hinte*iZHfrEHfr (0,E)y (5.62)

for sufficiently large ¥ > 0. Note that ¢ #HeBrg (0] ig o bounded operator. Using Lemmas
A.9 and A.12, we have

3
Hu(2)T =€) / LA Xsp(@) i (2, ) 0 @ A a2, 2) O
i=1 /R

2
e . .
+— dady Xsp(2)Xsp(Y) Ve (@ — Y) i (2:2)jie (2,9): IV, (5.63)
2 Jr3xgrs
where
ezz wX he eizw;a:\hefn
At i(z, ) == (ar <7p) +ay (7}))), 5.64
t, ( ) T;Q m m ( )
4
jlnt 2, .CL' Z wlntl O‘Z/@Z)int,l’(m)v (565)
Lr=1
Pna(z,w) = 30 (b G )+ (FPE ). (5.66)
s=+1/2
Using (A.43),
|t (2 )2 | < Meu(2), || =i (2, )00 (2, 9) ¢ || < Meu(2)*. (5.67)
Using Lemma A .4,
[ Aint,i (2, 2) @ < My (2)||(Hy + 1)Y2@, @ € D(H?). (5.68)
Combining these estimates, we obtain (5.58) . O

Theorem 5.5. Tuke a piecewisely continuously differentiable simple curve T, ;v (z,2" € C)
which starts at 2’ and ends at z. Then for all ¥ € Dg,, the series

U(Hing; 2,2 )0 = Z 71'/ dCy...dCy T (Hint(C1) - - - Hint (¢n)) ¥ (5.69)
n=0 :,z/

converges absolutely. The operator U(Hiy; z,2") satisfies the differential equations (2.167)
and 2.168.

5.2.6 Gell-Mann — Low formula for QED

To apply our abstract theory, we need some preliminaries. For two linear operators A and B
on a Hilbert space #, we define ad¥(B), (k=0,1,2,...) by

ad%(B) := B, (5.70)
ad%(B) := [A,ad" 1 (B)], k> 1. (5.71)

It is easy to see that, for all integer n > 0,

A"BY = nCradi(B)A" ", W e (] D(AFBA™ ). (5.72)
k=0 k=0
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Lemma 5.10. Let ng > 0 be an integer and r > 0 a real number. Let Ty be a self-adjoint
operator and T a densely defined closed operator on a Hilbert space H. Suppose that there
exists a subspace D C H having the following properties (1)-(I1I1I):

(1) Ty and Ty leave D invariant.
(II) D is a core of Tyt

(III) For alln =0, ...,ng, ady, (T1) s T3t -bounded on D, i.e., there exist constants Cy, Cy >
0 such that for all ¥ € D,

lad, (T1)®|| < Cy|| Ty 0| + Co| ¥ (5.73)
then for alln =0, ...,ng, Ty maps D(TJ"") into D(TE).
Proof. Let n =0,...,ng be fixed arbitrarily. By the condition (I), for all ¥ € D,
n
TP =Y o Cradf (1)) 0. (5.74)
k=0

By the condition (III), each of ad’%0 (T)T3 " (k= 0,...,n) is Ty"""-bounded on D, and thus
so is T3'T1. Hence there exist constants Cy,Cy > 0 such that

ITe T < CLTg 2| + Col| 2|, ¥ e D. (5.75)

Let us note that 77 is T7jj-bounded on D from the condition (III). Using the condition (II)
and the closedness of T, we see that the above ¥ can be extended onto D(T§""). Thus the
assertion follows. O

Lemma 5.11. Let ng > 0 be an integer. Let Ty be a self-adjoint operator and Ty a closed
symmetric operator on a Hilbert space H. Suppose that there exists a subspace D C H having
the following properties (I)-(III).

(1) Ty and Ty leave D invariant.
(II) D is a core of Tyt

III) For alln=0,...,ng, ad® (T1) is infinitesimally T -bounded on D, i.e., for all € > 0,
To 0
there exists a constant Ce > 0 such that for all ¥ € D,

ladi, (T1) ¥ < €| Tg 0] + Ce | . (5.76)

then T := Ty + T is self-adjoint. Furthermore, for alln =1,...,n9 + 1, T™ =T is infinites-
imally T -bounded, and it follows that

D(T™) = D(T}). (5.77)

Proof. From the conditions (II) and (III) for n = 0, 77 is infinitesimally Tp-bounded. Hence
it follows from the Kato-Rellich theorem that T' is self-adjoint and

D(T) = D(Tp). (5.78)
By Lemma 5.10, for all n = 1, ..., ng, 71 maps D(T(’)"”H) into D(T§). Hence we have

D(T™) > D(TY), n=1,..,no+ 1. (5.79)
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We prove the remaining claim by induction. The case n = 1 has already been proved.
Suppose that the claim is true for some n < ng + 1. By the condition (I), we have

Y — TN = TR + (T — T))TY, e D. (5.80)
From the induction hypothesis, for all € > 0,
I(T" =TT < e| TgTO|| + C||T¥||, ¥ e D(Ty*), (5.81)

where C. > 0 is a constant depending on ¢ and n. In the same manner as in the proof of
Lemma 5.10, one can see that 7777 is infinitesimally Tgf“-bounded on D. Combining this
with (5.79), (5.80), (5.81) and the condition (II), we see that T+ — T is infinitesimally
Tg ! -bounded. Hence it follows from the Kato-Rellich theorem that Tyt + (77! — Tt is
self-adjoint on D(TO”'H). On the other hand, by the definition of the sum operator, we have
the inclusion relation 77! > Tyt 4 (T+! — T7F1). Since both sides are self-adjoint, we
obtain the operator equality

T =Tt (T - T, (5.82)

which implies (5.77) for n+ 1. Thus the induction step is complete, and the assertion follows.
O

Lemma 5.12. Assume Hypotheses 5.1 and 5.2. Then the following (i)-(iii) hold:
(i) Hg and Hiy leave Fgy invariant.
(i) For each n € N, Fqy is a core of H{.

(iii) For all n € N, ad’}lﬁ(Hmt) s infinitesimally Hey-bounded on Fgy, i.e., for all € > 0,
there exists a constant C. > 0 such that for all ¥ € Fgy,

lady, (Hin) || < el He U] + Cel| ). (5.83)

Proof. (i) It is obvious that Hy leaves Fg, invariant from the definition of Fg, (5.55). The
remaining claim follows from Lemma 5.8 (i) and (ii).

(ii) This follows from the general theory of the functional calculus.

(iii) For each integer n > 0, we define linear operators Hl(n) and HI(In ) by

D(H{") := D((I ® Hy,)"?),

HMW = e/ de H" (2)¥, ¥ e D(H™), (5.84)
R3
D(Hl(ln)) = ft0t7
n e? n
HY = 2/ dedy H (@, y), (5.85)
R3 xR3
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(n) z ni) . (n2)
H" (@) = xep( Z > m,m (0,@): @A (0, ), (5.86)
i=1 ni1+n2=n,
ni,n2>0
H (@,9) = xop(@)xspm)Vel@—y) > 7000, 2)5°02(0,y) : @I,
ni-+na=n, nl'n2‘
ni,n2>0
(5.87)
nl o~ o) )
#M0,2) = — > " (0,2)" ok (0, ), (5.88)
ni1+na2=n, 1 2'l,l/:l
ni,n2>0
o 0.@) = D (b (B XE (h)) + i ((Enr)"\E ) ). (5.89)
s=+1/2
(i) Xy €l (i) X, €t
A(n) 07 = r 41) + r* Lo ) 590
0.0 = 5 (on (B0 o (L 00) 60

where the integral in (5.84) is taken in the sense of the strong Bochner integral, and
the integral in (5.85) is the Bochner integral with respect to the operator norm. Then

Hi = HI(O), Hyp = HI(IO). In the same way as in Lemma 5.6, one can show that each Hl(n)
is infinitesimally Hgp-bounded, and each Hl(f ) is bounded.

To prove the claim, it is sufficient to show that
adly (Hi)V = (H™ + H{)W, U € Fyn. (5.91)

The left-hand side can be rewritten as ad?Hf Eu. (10,E]) (Hint) ¥ for sufficiently large E > 0;
r fr b
HuEp, ([0, E]) is bounded. Hence we have

adlly, (Hin) U

62
e / da adfy, (" (@) + / dwdyadly (HO(@.y)V.  (5.92)
R3 R3 xR3

Using Lemmas A.5 and A.10, we have

adly, (H” (2))¥ = H" (2)¥, (5.93)
adiy, (Hyy (,y)) ¥ = Hyp' (@, y)¥. (5.94
therefore we obtain (5.91), and the assertion follows.
O
Lemma 5.13. Under Hypotheses 5.1 and 5.2, it follows that
D(H{},) = D(Hg). (5.95)

for alln € N.

Proof. By Lemma 5.12, we can apply Lemma 5.10 to the case Ty = Hg, 11 = Hiy and
D = Fgn, and thus the assertion follows. ]

Lemma 5.14. Under Hypotheses 5.1, the following (i) and (ii) hold.
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(i) For each integer n >0, I ® A;(0,x) maps D(H{EY) into D(HE,).
(ii) For each integer n > 0, ¥y(0,x) ® I and (0, x)* @ I leave D(H{,) invariant.
Proof. (i) Applying Lemma 5.10 to the case Ty = Hy, Th = I ® A;(0,z) and D = Fgy,, we

see that 1 ® A;(0,x) maps D(Hg“m) into D(H{!). Combining this with Lemma 5.13,
the assertion follows.

(ii) Similar to the proof of (i).

Now we are ready to prove the Gell-Mann — Low formula. We assume the following:

Hypothesis 5.3. (1) Hyo has a unique ground state Qo (||Qtot] = 1).

(II) (Qot, Qo) # 0, where Qp := QL @ Qp, Q¢ = {1,0,0,...} € Fr(He), and Qyp :=
{1, 0,0, } c fb<th)-

For conditions for Hypothesis 5.3 to hold, see [61]. Because of some technical problems,
the coupling constant e is currently restricted to a sufficiently small region in order to prove
the existence of the ground state.

Let (%) (0,2) (k=1,....,m, m > 1, z € R?) denote the point-like field operators, that is,
for each k, ¢¥)(0,x) denotes I ® A;(0,z), ¥ (0,2) ® I, or ¥;(0,x2)* ® I. For each z € C, we
set

(;S(k)(z,m) = eiszrqb(k) (O,m)e_iZHfr. (5.96)

int

Theorem 5.6. Assume Hypotheses 5.1-5.8. Let z1,...,zm € C withIm z; < --- <Imz,,, and
T1, ..., Tm € R3. Choose a simple curve I's. from —T(1 —ig) to T(1 —ig) (T, > 0) on which
zZ1 > -+ = zZm. Then the m-point Green’s function

Gm(21y- -y 2m)

— i(z1=2m) Bo(Heor) <Qtota (0, 1) e~ i1 =22) Hier
D0, @ )e T I G (0, )t ), (5.97)
1s well-defined and satisfies the formula

Gl 2) = im <Qo, To (21, 21) ... 6™ (2 @) exp (—i Jrs. ¢ Him(g)) QO>.
TS0 <QO,Texp (—i ngT d¢ Hint(f)) QO>

(5.98)

Proof. We have only to see that the conditions of Theorem 5.3 hold when Hy = Hy,, H| =
Hin, H = Hyoy and Ay, = ¢¥)(0, x1,).

As is well known, Hy, has a unique ground state g, and the corresponding eigenvalue is
zero. Thus Assumption 5.1 (I) holds. Assumption 5.1 (II) and (III) follow from Hypothesis
5.3.

From Lemma 5.7 (iii) and (iv), each ¢(*) (0, xy) is in Co-class. The remaining assumptions
follow from Lemma 5.14. Therefore the desired result follows. [

Remark 5.2. The above formula (5.98) is more general than the Gell-Mann — Low formula
discussed in physics literatures. To obtain the original Gell-Mann — Low formula, we regard
the arguments z; € C (k = 1,...,m) as the time parameters which are usually real numbers,
2z, € R. Then these are naturally time-ordered in R whenever these are different from each
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other. Therefore to derive the original formula, choose a simple curve I'%, from —7'(1 — ie) to
T(1 — ie) in such a way that this natural time-ordering coincides our time-ordering defined
above. For instance, take a polyline that passes —T'(1 — i€), tmin, tmax, and T'(1 —ig) in this
order, where

tin = min{t1, ..., tm},  tmax = max{ty,...,tm}.

6 A criteria for essential self-adjointness

6.1 Abstract result

In this subsection, we develop a general strategy for proving essential self-adjointness of
symmetric operators, by using the results obtained in Section 3.

Let Hg be a self-adjoint operator in H, and H; be a symmetric one in H. Suppose that
D(Hp) N D(H;) is dense in ‘H. The main object we consider in the present section is the
symmetric operator

H := Hy+ Hi, (6.1)
defined of the dense subspace D(H) = D(Hp) N D(H;). Assumptions we employ here is:

Assumption 6.1. There exists an operator A in H satisfying the following conditions:
(1) A is self-adjoint and non-negative.

(II) A and Hy are strongly commuting.

(I11) Hy is in Co(A)-class.

For the notational simplicity, we put

D := | J R(Ea([0,L))), (6.2)
L>0

and D' := D(Hy) N D. Note that D, D" are dense subspaces.
Our goal of the present section is to prove the following theorem :

Theorem 6.1. Suppose that Assumption 6.1 holds.
(i) Ezactly one of the following (a) and (b) holds.

(a) H has no self-adjoint extension.
(b) H is essentially self-adjoint.
(i1) If D' is a core of H, then H is essentially self-adjoint on D'.

To prove Theorem 6.1, we need the following lemmas.
The following fact is well known (see, e.g., Ref. [56]):

Lemma 6.1. Let T be a symmetric operator in H. If T' has a unique self-adjoint extension,
then T is essentially self-adjoint.

Lemma 6.2. Let T be a symmetric operator in H. If there exists a dense subspace V' such
that for any &€ € V' the initial value problem

d .
-6 = —iTE(t), €0)=¢, (6.3)

has a strong solution R 3 t — &(t) € D(T), then exactly one of the following (a) or (b) holds.

38



(a) T has no self-adjoint extension.

(b) T is essentially self-adjoint.

Proof. 1t is sufficient to prove that, if there exists a self-adjoint extension, then T is essentially
self-adjoint. Suppose that T has a self-adjoint extension T. Then for each n e D(T) and
& €V, we have

% <n, eitfg(t)> - <—z'fe*itf n,g(t)> + <<f“f m, —z'Tg(t)> . (6.4)

Since £(t) belongs to D(T), the first term in the right hand side is equal to < _’tTn, TE(t )>
Hence

= (me @) =0 (6.5)
for all ¢t € R. thus we have

(ne"Te(t)) = €)= (n,€), teR (6.6)

Since n € D(A) is arbitrary, £(t) = e “Tg (t € R) for all £ € V. This 1mphes that, if T

has another self-adjoint extension 7", then e —itT — =it (t € R). Hence T = T’ by Stone’s
theorem. This means that the self-adjoint extension of T' is unique. Thus T is essentially
self-adjoint by Lemma 6.1. O

The next lemma is related to Stone’s theorem and the proof can be found in e.g., Ref.
[54, p. 267].

Lemma 6.3. Let T' be a symmetric operator in the Hilbert space H. If for any & € D(T) the
initial value problem

d e
e = —iTE(D), €0)=¢, (6.7)

has a strong solution R > t — &(t) € D(T), then T is self-adjoint.

Proof of Therem 6.1. We first prove (i). From Theorem 3.1, we find that for all £ € D', there
is a solution £(t) = e~y (¢,0)¢ € D(H) of the initial value problem generated by H,

d .
Selt) = —HE(®), €0) =€ (635)

Since D' is dense, the assertion follows from Lemma 6.2.

Next, we prove (ii). Let H' be a restriction of H to D’. Then H' is a symmetric operator,
and H' = H, because D’ is a core of H. From Theorem 3.1, we conclude that for all
ceD = D(H’) there is a solution £(t) = e~ (¢,0)¢ € D(H) of the initial value problem
generated by H

S6(0) = ~Te() = (D), €0)=¢ (69

From Lemma 6.3, it follows that H’ is self-adjoint, but this immediately implies that H is
essentially self-adjoint, because H = H. O
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6.2 Application to the Dirac-Maxwell Hamiltonian in the Coulomb
gauge

In this section, we introduce the Dirac-Maxwell Hamiltonian in the Coulomb gauge and prove
its essential self-adjointness under a suitable condition.

As already mentioned, the Dirac-Maxwell model describes the interacting system con-
stituted by Dirac particles and a electromagnetic field. We use the same notations as in
Subsubsections 4.1.1 and 5.2.1 for describing the Dirac particles and the electromagnetic field
quantized in the Coulomb gauge, respectively.

We consider the case where one Dirac particle under a potential V and the quantized elec-
tromagnetic field interact with each other. The potential is represented by a 4 x 4 Hermitian
matrix-valued function V on R2 with each matrix components being Borel measurable. Note
that the function V naturally defines a multiplication operator acting in Hp and we denote
it by the same symbol V. The Hamiltonian of the Dirac particle under the influence of this
external potential V' is then given by the Dirac operator

Hp(V):=o-p+MB+V (6.10)

acting in Hp, with the domain D(Hp(V)) := H'(R?;C*) N D(V).
Let C be the conjugation operator in Hp defined by
(Cf)(x) = f(x)*, feHp, zeR’

where x means the usual complex conjugation. By Pauli’s lemma [65], there is a 4 x 4 matrix
U satistying

U’l=1, UC=_CU, (6.11)

U tdU =0, j=1,2,3, U U = -5, (6.12)

where for a matrix A, A denotes its complex-conjugated matrix and 1 the identity matrix.
We assume that the potential V' satisfies the following conditions :

Assumption 6.2. (1) Each matriz component of V' belongs to

Borel measurable and /

|z|<R

L (R?) := {f 'R® = C

|f(x)|> < 0o for all R > O.} )

(II) V is Charge-Parity (CP) invariant in the following sense:
U W (x)U =V(-x)*, aeczcR. (6.13)
(I11) Hp (V) is essentially self-adjoint.

Hereafter, we denote the closure of Hp(V'), which is self-adjoint by Assumption 6.2, by the
same symbol. The important remark is that the Coulomb type potential

V(z) = —— (6.14)

satisfies Assumption 6.2 provided that Zg¢? < 1/2, or more concretely, Z < 68 if we put ¢ = e,
the elementary charge [65].
The Hilbert space of state vectors for the coupled system is then taken to be

Fou = Hp @ Fy). (6.15)
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We remark that this Hilbert space can be identified as

2
C C
h))z/ ax F)

Fou = LA(X; FL ph
X

_ _ ™3
‘ X =(z,1) € X =R> x {1,2,3,4}. (6.16)

We freely use this identification. Fix xpn € L*(R3) such that it is real and satisfies Ypn/v/w €
L%*(R3). Then the mapping = — Xph /y/w from R3 tq Hpn is strongly continuous, and thus
we can define a decomposable self-adjoint operator A7 by

. @ .
Al ::/ AX AV(0,3), j=1,2.3, (6.17)
X

acting in [ f dX ]:}ES). The minimal interaction Hamiltonian H; between the Dirac particle
and the quantized electromagnetic field with the UV cutoff x,, is given by

3
Hy = —qa-A:—anjAj. (6.18)
j=1

The total Hamiltonian of the coupled system is then given by
Hpm (V) := Ho + Hj, (6.19)
C
Hy:= Hp(V) + H). (6.20)

This is called the Dirac-Mazwell Hamiltonian in the Coulomb gauge. The essential self-
adjointness of Hpy (V') is discussed in [3]. However, when the potential V is of the Coulomb
type (6.14), the essential self-adjointness of Hpy (V') remains to be proved.

The rest of the present paper is devoted to prove

Theorem 6.2. Suppose that the potential V satisfies Assumption 6.2, and that the Fourier
transformation of the UV cut-off, which we denote by Xpn, is real-valued. Then Hpn (V) is
essentially self-adjoint.

We emphasize here again that Theorem 6.2 certainly covers the Coulomb potential case (6.14),
if Z¢*> <1/2.
To proce Theorem 6.2, we recall the important result obtained in Ref. [3].

Lemma 6.4. Suppose that Assumption 6.2 is valid and X is real-valued. then Hpy(V') has
a self-adjoint extension.

Proof. See Ref. [3], Theorem 1.2. O

Let Ny be the photon number operator which is defined by
Ny =1® de(l), (6.21)

acting in Hp ® FI()S). Note that the operator IV}, can be identified with the following decom-
posable operator in the sense of (6.16):

2
Nb:/X dX dry(1). (6.22)

Lemma 6.5. The Dirac Mazwell Hamiltonian Hpn (V) fulfills Assumption 6.1, where A =
Ny. Namely,
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(i) Ny is self-adjoint and non-negative.
(ii) Ny and Hy are strongly commuting.
(i1i) Hy is in Co(Ny)-class.

Proof. Similar to the proof of Lemma 4.1 O

Proof of Theorem 6.2. From Lemma 6.5 and Theorem 6.1 (i), we find that if there exists at
least one self-adjoint extension of Hpy(V'), then Hpm(V) is essentially self-adjoint. But from
Lemma 6.4, Hpy (V') indeed has a self-adjoint extension. This completes the proof. O

Finally, we remark that our proof presented here is also applicable to similar particle-
field Hamiltonians. For instance, we can prove that the Dirac-Klein-Gordon Hamiltonian
Hpkc (V) acting in the Hilbert space L?(R?; C*) ® F,(L?(R?)), given by

©®
Hoxa(V) = Hp(V) ® 1 +1 @ dTy(w) + )\/ dX Bo(x), AeER, (6.23)
X

with

of@) = = (a(22) +a* (X)), (6.24)
X*(y) = x(y—=z), xelL*Ry), (6.25)

a(-) and a*(-) (- € F,(L*(R3))) be the annihilation and creation operator on J,(L?(R?)),
respectively, is essentially self-adjoint as long as the above assumptions are satisfied. This
Hamiltonian describes a quantum system of a Dirac particle under the potential V interacting
with a neutral scalar field.

Moreover, we can prove the essential self-adjointness of the N-body Dirac-Maxwell Hamil-
tonian in the Coulomb gauge in the same manner as our proof. The Hilbert space of state
vectors is taken to be

N ¢ © ¢)
(AHp) @ Fyy) = /X dXF). (6.26)

and the N-body Dirac-Maxwell Hamiltonian is given by

N
Hpm(V,ViN) = (Hp(V,N) + V)@ 1+10 H) — ¢ a-A, (6.27)
a=1

where V is a multiplication operator on L2(R3%; C4N) = @Y Hp which is given by a 4V x 4V
Hermitian matrix valued function on R3Y, and reduced by AN Hp.
Using the unitary matrix U given in subsection 4.1.1, we set

N
Un :=U (6.28)

the 4V x 4V unitary matrix. B
The basic hypothesis for the essential self-adjointness of Hpy(V, V; N) is:

Assumption 6.3. (I) Each matriz component of V belongs to LE (R3N).

(II) V is CP invariant in the following sense:

UNV(X)Uy = V(=X)*, ae X e RN, (6.29)
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(III) Hp(V,N)+V is essentially self-adjoint.

One of the most physically important case is where V' is the external Coulomb potential
(6.14), and V is given by the Coulomb interaction between the electrons:

N 9

7 q 3N

V(X) = — X = ey € R, 6.30
(X) a§<b @0 — ) (@1, ..., TN) (6.30)

In this case, it is easy to check that the external Coulomb potential (6.14) satisfies Assumption
6.2, and the Coulomb interaction (6.30) satisfies Assumption 6.3 (I), (II). However, Assump-
tion 6.3 (III) is not trivial at all. In [63], it is proven that for the case N = 2, Assumption
6.3 (III) is valid for sufficiently small |¢| where V and V are given by (6.14) and (6.30),
respectively. To our best knowledge, the case N > 3 is still an open problem.

The following theorem can be proven in the same manner as in the proof of Theorem 6.2.

Theorem 6.3. Suppose that Assumptions 6.2 and 6.3 hold, and the UV cut-off Xpn is real-
valued. Then Hpy(V,V; N) is essentially self-adjoint.

7 Future work

As mentioned in Introduction, the Gell-Mann — Low formula (1.29) is used to give a for-
mal asymptotic expansion of the n-point correlation function with respect to the coupling
constant, and this formal procedure is performed as follows. First, we give the asymptotic
series:

Qo, T D (z1)--- o™ zn)exp| —iX [1 drH(1)] I 0
< 0, TR () -+ 91" () tp[ Sy drH(ml} 0> ~ Y an®AT (A= 0).  (7.1)
<Qo,7'{exp[—i)\f_thHl(T)]}Qo> =0

Second, we regard the formal series
o
E:Oan)\", Qp 1= tli>rgo an(t) (7.2)
n=

as the asymptotic expansion of the n-point correlation function. From the physical point of
view, it is strongly expected that this formal series gives the true asymptotic expansion if
the n-point correlation function exists, but from the mathematical point of view, it is highly
non-trivial and provides a quite interesting problem of the perturbation theory.

A Fock spaces and second quantizations

A.1 Fock spaces

Let H be a complex separable Hilbert space, and ®@" H (n € N) the n-fold tensor product of
H. Let &,, be the symmetric group of order n and U, (0 € &,) be a unitary operator on
®"™ H such that

Us(h1 @ @Pn) = o) @ @Vp(ny, YjE€H, j=1,...,n (A1)
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then the symmetrization operator S, and the anti-symmetrization operator A,, are defined
by

1 1
Sp 1= I Z Us, A= pr Z sgn (0)Uy, (A.2)
0eG, 0eGy

where sgn () is the signature of the permutation o. The operators S,, and A,, are orthogonal
projections on ®™ H. Hence the subspaces

SH =S5, (OH), AH:=A(@H) (A.3)

are Hilbert spaces. The space ®I' H (resp. A" H) is called the n-fold symmetric (resp. anti-
symmetric) tensor product of H. We set @2 H := C, A’ H := C, and define

Fo(H) = & ®H, F(H) = & AH. (A.4)

n=0 s n=0

Fu(H) (resp. F¢(H)) is called the Boson (resp. Fermion) Fock space over H.

A.2 Second quantization operators

For a densely defined closable operator 7' on H and j = 1,...,n, we define a linear operator
T; on ®@"H by

j-th
Tj=1® @I T QI® I (A.5)

For each integer n > 0, we define a linear operator T on ®@" by

®)s

70 =0, T :=>"T; |&D(T), n>1, (A.6)
j=1

where ®" D(T') denotes the n-fold algebraic tensor product of D(T'). Then the infinite direct
sum operator

dr(71) == & 7™ (A7)

on F(H) is called the second quantization of T. If T is non-negative self-adjoint, then so is
dT(T). Tt is easy to see that T(™ is reduced by ®H and A" H respectively. We denote the

reduced part of T to ®FH and A" H by Tén) and Tf(n) respectively. We set

A0y (T) = %0 ™, dTg(T) = &E’O ™. (A.8)
The operator dI'y,(T') (resp. dI'¢(T")) is called the boson (resp. fermion) second quantization
operator.
For a densely defined closable operator 7" on ‘H, we define a linear operator I'(T") on F(H)
by

I(T):= & (&T). (A.9)

n=0

We denote the reduced part of I'(T") to F,(#H) and F¢(H) by I'y(T') and I't(T') respectively.
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Lemma A.1. Let K; (j =1,...,n, n > 1) be strongly commuting self-adjoint operators on a
Hilbert space H, and let E" := Eg, X --- X Eg, be a product measure. Set

P(J) = E”({)\ = (Ao An) ER?

En:Aj c J}), J e B (A.10)
j=1

then {P(J) | J € B} is the spectral measure of a self-adjoint operator > K
Proof. See e.g., [2, Lemma 2-33]. O

Lemma A.2. Let T be a self-adjoint operator in a separable Hilbert space H. Then the
following (i) and (ii) hold.

(i) Let B} := Eg x - x Ez be a product measure. then

Epon(J) = ER({(A1, s ) €R™ | D N €J}), JeBh (A.11)
Jj=1

(i) For all By, By € B! and n >0, it follows that

R(Er(B1)) ® R(Epm (B2)) C R(Epm+n(Bi+ Bz)) on H® (®@H), (A.12)
where B1 + By := {)\1 + X €R ‘ )\j S Bj, j= 1,2}.

Proof. (i) This follows directly from Lemma A.1.

(ii) Let us note that we can write as

T =T@1+1TM (A.13)

on H® (®” H). The self-adjoint operators T ® I and I ® T(™ are strongly commuting.
Hence using Lemma A.1, the desired result follows.
O

Lemma A.3. Let T be a non-negative self-adjoint operator on a Hilbert space H. Then for
all z € C, the following operator equalities hold:

F(eizT) _ eizdF(T)7 (A.14)
I-\b(eizT) _ eizdI‘b(T)’ (A.15>
Ff(eizT) _ eizde(T)' (Alﬁ)

Proof. Tt is well known that for all z € C such that Imz > 0, I'(¢*T) and €**'(") are bounded
operators, and the operator equality

F(eiZT) _ eizdF(T) (A17>

holds (see, e.g., [2, Theorem 3-13]).
Let z € C with Imz > 0. Set Do(T') := (5o R(E7([0, L])). Then it follows that

De ()W = v, (A.18)
LN (e YW = v, (A.19)
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for all U € eA9roLo=0 (@’n DO(T))7 where the symbol GAB;.LO:O denotes the algebraic infinite direct
sum. By (A.18) and the closedness of I'(e?*T),

e NI = 1. (A.20)

Since Do(T) is a core of e~ we see that ¥ € &, (@n Dy(T)) is a core of I'(e™**T). Hence
(A.19) yields that

(e NT(e 1) c I. (A.21)
Since e*T' is injective, so is '(e?*T). Therefore (A.20) and (A.21) imply that
(e Ty = (1)L, (A.22)
On the other hand, by the functional calculus, we have
e—i2dl(T) _ (eizdF(T))—l. (A.23)
Combining (A.17), (A.22) and (A.23),
¢~ i2d0(T) — p(p=isTy, (A.24)

which, together with (A.17), yields (A.14).
(A.15) and (A.16) follows directly from (A.14) and the reducibility of €**4(T) and T'(e~%*7).
O

A.3 Boson creation and annihilation operators

The boson annihilation operator A(f) with f € H is defined to be a densely defined closed
operator on J,(H) whose adjoint is given by

(A(f)" @)@ =0, (A.25)
(A D) = nSu(f @ U)W = {TM}2 € DA(f)*), n>1. (A.26)

We note that A(f) is anti-linear in f and A(g)* linear in g. The boson creation and annihi-
lation operators leave the finite particle subspace

Foo(H) = {{\IJ(")}ZO:O € Fo(H) | ¥ = 0for all sufficiently large n} (A.27)
invariant and satisfy the canonical commutation relations:

[A(F), A(9)"] = (fr9)5,  [A(S), Alg)] = [A(f)", Al9)"] =0, f.geH, (A.28)

on er,O (H)
The following fact is well known.

Lemma A.4. Let K be an injective, non-negative, self-adjoint operator on H. Then for all
U € D(dI,(K)'Y?) and f € D(K~1/?),

IA) @l 7,y < 12 Flla]|dDs ()Y 7, 20, (A.29)
JA) U720 < K2 Fllal AT, (KO 20| 7, 0y + | F 312 7, 0)- (A.30)



Lemma A.5. Let T be an injective, non-negative, self-adjoint operator on H. Then for all
f e D(T2)nD(T), A(f) and A(f)* map D(dT'y(T)3/?) into D(AT(T)), and satisfy the
following commutation relations:

(AT (T), A(F)]¥ = A(Tf)W, (A31)
[dlw(T), A())]¥ = —A(T'f) ¥, (A.32)

for all ¥ € D(AT',(T)3/?).
Proof. For a proof, see [2, Theorem 4-27]. O

Lemma A.6. Let ‘H be a Hilbert space, D C H a dense subspace, (), be the Fock vacuum of
Fu(H). Then it follows that

[ ker A(f) = £L{0}. (A.33)

feD

Lemma A.7. Let T be a non-negative self-adjoint operator on ‘H, and let f,, f € D(T_l/Q),
limy oo frn = f, limy_seo T2, = T-Y2f. Then for all ¥ € D(dI'y(T)'/?), it follows that

lim A(f,)¥ = AV, Tim A(f,)'% = A(H)"W. (A.34)
Lemma A.8. Let T be a non-negative self-adjoint operator on H. Then the following (1)
and (i) hold.
(i) For all By, By € B! and f € R(Er(By)), A(f)* maps R(Eqar, (1) (Bz2)) N D(A(f)*) into
R(Ede(T)(Bl + Bz)), where By + By := {)\1 + X eR | )\j € Bj, ] = 1,2}.
(i) For all A >0 and f € H, A(f) leave R(Eq4r,(1([0,A])) invariant.
Proof. (i) Let U = {@wM}e = ¢ R(Eqr,(r)(B2)) N D(A(f)*). By the general theory of
direct product operators, it follows that Eqp, (1)(B2) = &5 ET(n)(B2). Hence ¥ ¢
b
R(E(n)(B2)). By the definition of the creation operator A(f)",
b

(A D)) = Vi + 1S1 (f @ ™), n > 0. (A.35)

From Lemma A.2, we see that the right-hand side belongs to R(E. () (B1+ B2)). There-

T,

fore we have A(f)*V € R(Eqr, (1)(B1 + Bz)). 1

(i) Let f € H and ¥ € R(Eqp,(1)([0,A])) for some A > 0. Since D(A(f)) D D(dTy,(T)'/?)
from Lemma A.4, we see that ¥ € D(A(f)). To prove the claim, it is sufficient to see
that for all ® € R(Eqr, (1)([A, 00))), (®, A(f)¥) = 0.
Now let @ € R(Edpb(T)([A,oo))) be fixed arbitrarily and set ®, := Egp, (7)([A, A +
n])® (n € N). Then &, — ® (n — o0). Moreover, it follow from (i) that A(f)*®,,
R(Eqr,()([A,00))) and thus (A(f)*®,, ¥) = 0 for all n € N. hence

(@, A(f)T) = lim (A(f)*®,, T) = 0. (A.36)

n—0o0

Therefore the assertion follows.
O

Lemma A.9. Let T be a mon-negative self-adjoint operator on H. Then for all z € C,
fe UazOR(ET([O,a])) and ¥ € UAzoR(Edrb(T)([OaA]))y it follows that

eizde(T)A*(f)e—izdf‘b(T)\I/ _ A*(eiZTf)\I/, (A37)
=06 (T) ()= g = A(=T f)w, (A.38)
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Proof. From Lemmas A.8 and A.3, we see that U € D(I'y(e®*T)A(f)*T',(e=*T)). By the
definition of creation operator, we have

(Fb (eizT)A(f)*Fb(e—izT)) (n+1) _ \/mSnJrl(eiZTf ® \I;(n))
= (A(*T pyw) Y (A.39)

for all n € N. Thus we obtain (A.37).

Using (A.37), for all f € U, R(Er([0,a])) and ¥, ® € UAZOR(Ede(T)([O,A])),

<(I)’eizde(T)A(f)e—izde(T)\I,> _ 6z‘z*d1‘b(T)A(f)*e—iz*de(T)@, \I!>

A(eiz*Tf)*(I)’ \If>

I
N T . —

o, AT f)\11> . (A.40)

Since ® € [Jp>q R(Eqr, (1)([0,A])) is arbitrary, (A.38) follows. O

A.4 Fermion creation and annihilation operators

The fermion annihilation operator B(f) with f € #H is defined to be a bounded operator on
Fi(H) whose adjoint is given by

(B(f)*¥)© .= 0, (A.41)
(BN W)™ = VnA,(fou"™), & ={wW}>x e Fi(H), (A.42)

where A,, denotes the anti-symmetrization operator on @"H, i.e. A,(Q"H) = A"H. It is
well known that, the operator norm of B(f)* becomes

IBCHH = 111l (A.43)

B(f) is anti-linear in f and B(f)* linear in f. The fermion creation and annihilation operators
satisfy the canonical anti-commutation relations:

{B(f),B(9)"} = (f9)y» {B(f),B9)} ={B(f)",B(9)"} =0, figeH,  (A44)
on F;(H), where {X,Y} := XY + Y X.

Definition A.1. We define an operator-valued function ¢(-,-) by

O(f,9) = B(f) + Blg)", [f.geH. (A.45)

Let & be the set consisting of finite linear combinations of finite products of operators ¥ (f,g) (f,g €
H). For a product operator (fi,g91) - ¥(fn,9n) (fj,9; € H, j=1,....,n, n > 1), we define
the normal ordering :(f1,91) -V (fn,gn): by

(frog1) O (Fagn): = Y sgn(0)Blgi)"~ Bloi) B(fi,) -+ B(fj._), (A.46)

k

where the symbol Z; denotes the sum over i1, ...,0, J1, .-, Jn—k Satisfying iy < --- < iy,

jl <-- < jn—k7 {ila 7Zk} N {jl)"'?jn—k’} = @7 {ila 7Zk} U {jla -'-ajn—k} = {1a "'7”}) and o
is the permutation (1,...,n) > (i1, ...y ks J1,y ey Jn—k). We extend it by linearity to &.
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Lemma A.10. Let T be a self-adjoint operator in H. Then for all f € D(T), B(f) and
B(f)* leave D(dT'¢(T)) invariant, and satisfy the following commutation relations:

[dT¢(T), B(f)']¥ = B(T f)"V, (A.47)
[dI'+(T), B(f)]¥ = —=B(Tf)¥, (A.48)

for all ¥ € D(dI'¢(T)).
Proof. See [2, Theorem 5-9]. O

Lemma A.11. Let T' be a non-negative self-adjoint operator in H. Then the following (i)
and (ii) hold.

(i) Foralla, R >0 and f € R(Er([0,a])), B*(f) maps R(Eqr,(1)([0, R])) into R(Eqr,()([0, R+
al)).
(i) For all R >0 and f € H, B(f) leave R(Eqr(1)([0, R])) invariant.

Proof. Similar to the proof of Lemma A.8. O

Lemma A.12. Let T be a non-negative self-adjoint operator in H. Then for all z € C,
fe UaZOR(ET([O,a])) and U € UAZO R(Edl"f(T)([O,A])), it follows that

eiZde(T)B*(f)e_iZde(T)\I/ _ B*<6iZTf)\I/, (A.49)
=0 (1) B fe=#d0i(TDy — BT f)u. (A.50)
Proof. Similar to the proof of Lemma A.9. =

B A property of tensor product operator

Lemma B.1. Let K; (j =1,...,n, n > 1) be non-negative self-adjoint operators, and B; be
densely defined closable operators on Hilbert spaces H;. Suppose that, for each j, there exists
a constant aj > 0 such that, for all L >0, B; maps R(Ek, ([0, L])) into R(Ex;([0, L + aj])).
Then for a self-adjoint operator
n j-th
K=Y I® ®I0K; @@ QI (B.1)
j=1

on ®7_y H;, the tensor product operator B1 ®---® By, maps R(E ([0, L])) into R(Ek ([0, L+
225 44])-

Proof. For each L > 0, set

Ji = {(A, . An) € 10,00)" | DX €[0,L]} CR™. (B.2)

J
then for all ¢ > 0 and L > 0, there exist n dimensional half-closed intervals Is(k) = Is(ﬁ) X
o I e R (1) = LY M) € R, j=1,..m, k= 1,..,N., 1 < N. < c0) such that

1A 1% =g (k£ k) and

Ne
Joc | JIP c e (B.3)
k=1
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Now, we set f(j =1 - RIQK;®I®---®I. Then IN(j (j = 1,...,n) are strongly commuting
self-adjoint operators; it follows from Lemma A.1 that

R(Ex((0,L))) = R((Eg, % -+ x Bg )(J1)). (B.4)

Using (B.3), we have
R((Bg, %+ x Bz )(J1)) € éﬁl <R(EI~<1(IE_§?)) Q- ® R(Ef{n(fgf;))). (B.5)

By the present assumption, we see that B; ®- - -® B, maps R(Ef(1 (Ia(kl))) ®- - ®R(EI~<n(IE(kT?))
into R(Eg, (10,2 + a1])) @ - @ R(E ([0,L%) + a,])) for each k = 1, ..., N. Combining

e,1

this with (B.3)-(B.5), we conclude that, for alle >0, By ® - - - ® By, maps R(Ek([0, L])) into
R(Ex([0,L+e+3;a4])), that is, for all ¥ € R(Ex([0, L])),

Ex(0,L+e+> a])(Bi®-- @BV = (B ®:-®B,)¥, &>0. (B.6)

We can take the limit € | 0 in (B.6), since the projection-valued function Ex ([0, L]) (L >
is right-continuous with respect to L. Thus we obtain Ex ([0, L +3_; a;])(B1 ® - ® Bp)¥ =
(B1 ® -+ ® Byp)V, and the desired result follows. O

0)
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