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1 Introduction

The control theory is formulated in terms of geometry and analysis. Given an optimal
control problem, which is practical in its nature, we need several geometric ideas and
methods to understand the problem properly and to solve it precisely. In fact, we apply
differential geometric theory of differential systems and vector fields on manifolds to
control theory, combined with singularity theory. In this paper, we treat important
problem and provide new observations from the view point of geometric control theory.

We generalized in [11] the notion of control systems (see for instance [1]). A control
system on a finite dimensional manifold is given by the pair of a locally trivial fibration
over the manifold and a fiberded mapping over the identity of the manifold. We regarded
in [11] the cone structure for distributions of Cartan types having growth (2, 3, 5) as
a control system by treating the locally trivial case. As important classes of control
systems, two control systems are well-known, which are called the driftless control-affine
system and the control-affine system. For the exact definition, see Example 2.5, 2.6 of
our paper.

Given a control system, a trajectory of the system is defined as an absolutely con-
tinuous curve such that its velocity vectors are expressed by a family of vector fields.
In particular, if a control system is a driftless control-affine system, then a trajectory of
the system is defined as an absolutely continuous curve such that its velocity vectors are
linear combinations of the given vector fields. On the other hand, if a control system
is a control-affine system, then a trajectory of the system is defined as an absolutely
continuous curve such that its velocity vectors are the sum of one vector field called a
drift and linear combinations of the other given vector fields.

If we give a control to the system, namely, if we give time-depending coefficients for
the family of vector fields, and if we give a point of a finite dimensional manifold, then
we have the unique trajectory because we can solve the Cauchy problem of ODE by
using the classical Carethéodory theorem (see for instance [3] 2.4.1). For a fixed time
interval, a control is called admissible if the trajectory exists up to the given time. Given
an initial point, we have the endpoint of trajectory for each admissible control. Thus we
obtain the well-defined mapping from an appropriate subspace (the space of admissible
controls of the space of all controls) to the finite dimensional manifold, which is called
the endpoint mapping.

The study of singularities of the endpoint mappings is one of important subjects of
control theory. A singular point of the endpoint mapping is called a singular control,
and the corresponding trajectory is called a singular trajectory.

Bonnard and Kupka showed in [6] that for a generic control-affine system with one
drift and one control, any singular trajectory has always certain good properties, namely,
it is “of minimal order” and it is “of corank one”. After that, Chitour, Jean and Trélat
generalized the result of [6] in the paper [9]. In particular, Chitour, Jean and Trélat also
treated the driftless control-affine system case in [8],[9]. They studied, in those papers,
the properties of singular controls for generic driftless control-affine systems.

In [8], Chitour, Jean and Trélat introduced and described the notions called “of
minimal order” and “of corank one” related to singular controls. For the exact definitions,
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see Definition 4.2 and Definition 4.3 of our paper. Their results imply that, for a generic
linearly-independent driftless control-affine system, any singular bi-extremal with the
non-trivial singular trajectory is of minimal order and any singular control with the
non-trivial singular trajectory is of corank one.

In the important paper [9], the results in [8] were widely generalized to general
driftless control-affine systems including possibly linearly-dependent systems of vector
fields. In particular, as a generalization of result in [8], by using a claim (Theorem 2.13
of [9]), they showed in [9] the following result: Let (X1, · · · , Xm), 2 ≦ m ≦ n be a generic
system of smooth vector fields over an n-dimensional manifold M, regarded as a driftless
control-affine system. Then any singular X-bi-extremal with the non-trivial singular
X-trajectory is of minimal order. Any singular X-control with the non-trivial singular
X-trajectory is of corank one.

However, this assertions in [9] were based on an incorrect theorem(Theorem 2.13 of
[9]). In fact, in [18], we pointed out the mistake of Theorem 2.13 in [9] and gave a
counterexample(see Introduction of [18]).

Therefore we modified the formulation of theorems in [9]. In fact we adopt the
different definition on minimal order property from that in [9] and give the new results
in [18] by using the new concept of an “independent” trajectory.

Let X = (X1, · · · , Xm) be a system of smooth vector fields over an n-dimensional
manifoldM, and Ω be an open subset of Rm. Consider the driftless control-affine systems

ẋ =
m∑
i=1

uiXi(x)

with the control parameter (u1, · · · , um) ∈ Ω.
To formulate Theorem 1 and Theorem 2, we introduce the new concept of an in-

dependent X-trajectory (see Definition 4.6) for a system X = (X1, · · · , Xm). An X-
trajectory x : [0, T ] → M is called independent if the set of t ∈ [0, T ] such that
X1(x(t)), · · · , Xm(x(t)) are linearly dependent over R has measure zero. AnX-trajectory
x : [0, T ] → M is called non-trivial if for any sub-interval J ⊂ [0, T ], the restriction of x
to J ,x|J : J → M is not constant. We need also the notiton of singular X-controls (see
§ 3.1) and that of X-bi-extremals (see §3.2).

Let VF(M)m denote the set of systems of smooth vector fields X = (X1, · · · , Xm)
over M . We endow VF(M)m with the Whitney smooth topology. Then, the followings
hold:

Theorem 1 ([18]) Suppose 2 ≦ m ≦ n. Then there exists an open dense subset
G0 of VF(M)m such that, if X ∈ G0, if z : [0, T ] → T ∗M is an X-bi-extremal and if
the singular trajectory x = π ◦ z : [0, T ] → M is non-trivial and independent, then the
bi-extremal z is of minimal order.

Here π : T ∗M → M is the canonical projection from the cotangent bundle of M.

Theorem 2 ([18]) Suppose 2 ≦ m ≦ n. Then there exists an open dense subset G1 of
VF(M)m such that, if X ∈ G1, if u : [0, T ] → Ω is a singular X-control for a given initial
point x0 ∈ M and if the corresponding singular trajectory x : [0, T ] → M,x(0) = x0 is
non-trivial and independent, then the control u is of corank one.
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Note that the idea of the proofs of Theorem 1 and Theorem 2 are performed basically
following the ideas from [8] and Thom’s transversality theorem (for instance see [10]) is
used in the proofs of Theorem 1 and Theorem 2.

We put a remark on the case m = 1 and on the case m > n :
Let m = 1. A generic vector field on a manifold has isolated singularities. Then the
endpoint mapping has singularities everywhere of corank ≧ n − 1. On the other hand,
by definition, no bi-extremal is of minimal order if m = 1. Therefore main theorems 1
and 2 never hold in the case.
Let m > n. Then the dependent locus turns to be the whole space, and there is no
independent trajectory. Therefore in this case main theorems become void.

In general, singular trajectories are very difficult to treat in control problems. Then
Theorem 1 and Theorem 2 of guarantee that, for a generic system, the singularities of
endpoint mappings are not so bad. Under additional conditions, any singularity is of
corank one. Moreover, in the Hamiltonian formalism, if we choose a bi-extremal for a
given singular trajectory, then the singular control can be recovered by some differenti-
ations of minimal order (see [8],[9]).

On the other hand, consider singular controls with non-trivial independent trajectory
for a generic polynomial driftless control-affine system by using some ideas of Theorem
1 and Theorem 2.

Let D = (d1, · · · , dm) denote an m-tuple of integers, and VF D
poly(Rn) denote the

product space ofm-tuple systems of polynomial vector fields over Rn, Q = (Q1, · · · , Qm),
such that the degree of Qi satisfiies degQi ≦ di for every integer i (1 ≦ i ≦ m), and we
endow VF D

poly(Rn) with the Euclidean topology.

Let Ω be an open subset of Rm. For Q = (Q1, · · · , Qm) ∈ VF D
poly(Rn), consider the

polynomial driftless control-affine systems

ẋ =
m∑
i=1

uiQi(x)

with the control parameter (u1, · · · , um) ∈ Ω. Then, the followings hold:

Theorem 3 Suppose 2 ≦ m ≦ n and suppose that, an m-tuple of even integers
D = (d1, · · · , dm) satisfies the inequality : min{d1, d2, · · · , dm} ≧ 4n + 2. Then, there
exists an open dense semi-algebraic subset H0 ⊂ VF D

poly(Rn) such that, if Q ∈ H0, if
z : [0, T ] → T ∗Rn is a Q-bi-extremal, and if the singular trajectory x = π◦z : [0, T ] → M
is non-trivial and independent, then the bi-extremal z is of minimal order.

Here π : T ∗Rn → Rn is the canonical projection from the cotangent subbundle of Rn.

Theorem 4 Suppose 2 ≦ m ≦ n and suppose that, an m-tuple of even integers
D = (d1, · · · , dm) satisfies the inequality : min{d1, d2, · · · , dm} ≧ 4n + 2. Then, there
exists an open dense semi-algebraic subset H1 ⊂ VF D

poly(Rn) such that, if Q ∈ H1, if
u : [0, T ] → Ω is a singular Q-control for a given initial point x0 ∈ Rn, and if the corre-
sponding singular trajectory x : [0, T ] → Rn, x(0) = x0 is non-trivial and independent,
then the control u is of corank one.
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Note that the idea of the proofs of Theorem 3 and Theorem 4 are performed basically
following the ideas from [8] and Tarski-Seidenberg theorem (for instance see [7]) is used
in the proofs of Theorem 3 and Theorem 4.

Now, consider the more geometric meaning of driftless control-affine systems. A
subriemannian structure on a finite dimensional manifold is given by the pair of a sub-
bundle on the tangent bundle of its manifold and a riemannian metric on the fibers of
the subbundle. A singular trajectory for a linearly-independent driftless control-affine
system is also called an abnormal extremal in subriemannian geometry. A solution of
the geodesic equations is associated to the subriemannian metric. By using a rigorous
application of the Pontryagin maximal principle of optimal control theory, every length-
minimizer associated to a subriemannian structure is either a normal extremal or an
abnormal extremal. Note that, abnormal extremals do not depend on the metric, but
may be minimizing, and the two possibilities of normal and abnormal extremals are not
mutually exclusive. It may happen that an extremal is both normal and abnormal.

Montgomery gave in [14] an example of length minimizer and abnormal extremal,
which is not the projection of a normal extremal. Moreover, since different authors had
written false proofs of the fact that an abnormal extremal cannot be length-minimizing
geodesic associated to a subriemannian structure, Montgomery gave in [14] the list of
several false proofs by different authors. These findings gave impetus to wide-ranging
researcher (for instance Agrachev and Sarychev [2], Liu and Sussmann [13]).

After that, Bell̈ıaiche widely generalized in [4] a subriemannian structure. The metric
in a generalized subriemannian structure is defined by using the system of vector fields
on a finite dimensional manifold. Note that, the metric can be defined even if the system
of vector fields is not always linearly independent everywhere on a finite dimensional
manifold. If it is linearly independent everywhere, then the system generates a subbundle
of the tangent bundle of the manifold and the metric in a generalized subriemannian
structure is the same as the subriemannian metric in ordinary meaning.

We showed in [12] that a pseudo-product structure in the sense of Tanaka (see [17])
induces locally but naturally a double fibration and cone structures. Since we had been
able to regard cone structures as control systems by giving the generalization of control
system (see also [11]), we gave in [12] the constrained Hamiltonian systems describing
both normal and abnormal extremals for pseudo-product structures with generalized
subriemannian metrics and for associated cone structures with metrics.

Bonnard and Heutte showed in the preprint of [5], that for a generic linearly indepen-
dent driftless control-affine system, any nontrivial abnormal extremal associated to the
subriemannian metric in ordinary meaning has always certain good properties, namely,
it is “strictly abnormal”. After that, Chitour, Jean and Trélat gave a more complete
proof in the Appendix in [8].

In our paper, we define the length-minimizer on a generalized subriemannian struc-
ture as an analogy of a subriemannian geometry and generalized the result of [8] to
general driftless control-affine systems including possibly linearly-dependent systems of
vector fields. In particular, we introduce the important concept of a “strictly” abnormal
extremal in order to describe Theorem 5.
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Let M be an n dimensional manifold. Let Ω be an open subset of Rr. Let X =
(X1, · · · , Xm) be a system of smooth vector fields over M . Consider the driftless control-
affine system

ẋ =
m∑
i=1

uiXi(x).

Moreover, consider the optimal control problem associated to the driftless control-affine
system to minimize the energy functional

e(u) =
1

2

m∑
i=1

u2
i .

on X-admissible controls with the fixed initial point and the end point.
To formulate Theorem 5, we introduce the important concept of a strictly abnormal

X-extremal (see Definition 7.2) for a system X = (X1, · · · , Xm). An X-extremal x :
[0, T ] → M is called strictly X-abnormal if it is not the projection of a normal X-bi-
extremal (see §7). We need also the concept, which appeared in Theorem 1 and Theorem
2, that an X-extremal (X-trajectory) is non-trivial and independent.

Let VF(M)m denote the set of systems of smooth vector fields X = (X1, · · · , Xm)
over M . We endow VF(M)m with the Whitney smooth topology. Then, the following
holds:

Theorem 5 Suppose 2 ≦ m ≦ n. Then, there exists an open dense subset G3 ⊂
VF(M)m such that, if X ∈ G3 and if x : [0, T ] → M is an X-abnormal extremal for the
initial point x0 ∈ M , then x is strictly X-abnormal.

Note that, Theorem 5 is the special case of Proposition 2.19 in [9] and Thom’s
transversality theorem (for instance see [10]) is used in the proofs of the result. How-
ever, since the proof of Proposition 2.19 in [9] is hard to read and in particular, as an
important part, the concrete construction of G3 is not written and the codimension of
its complement as a semi-algebraic set is not computed. Therefore, we give the proof
of Theorem 5 in this paper, independently from Proposition 2.19 in [9]. Note that the
idea of the proofs of Theorem 5 are performed basically following the ideas from [8] and
Thom’s transversality theorem (for instance see [10]) is used in the proofs of Theorem 5.

Note that a singular trajectory is of corank one if and only if it admits a unique (up
to scalar normalization) abnormal extremal lift. It is strictly abnormal and of corank
one if and only if it admits a unique extremal lift which is abnormal.

On the other hand, we use some ideas of Theorem 5 and cosider singular controls
with non-trivial independent trajectory for a generic polynomial driftless control-affine
system.

Let D = (d1, · · · , dm) denote an m-tuple of integers, and VF D
poly(Rn) denotes the

product space of m-tuple systems of polynomial vector fields over Rn, Q = (Q1, · · · , Qm),
such that the degree of Qi satisfiies degQi ≦ di for every integer i (1 ≦ i ≦ m), and we
endow VF D

poly(Rn) with the Euclidean topology.

Let Ω be an open subset of Rm. For Q = (Q1, · · · , Qm) ∈ VF D
poly(Rn), consider the

8



polynomial driftless control-affine systems

ẋ =
m∑
i=1

uiQi(x)

with the control parameter (u1, · · · , um) ∈ Ω. Moreover, consider the optimal control
problem associated to the driftless control-affine systems to minimize the energy func-
tional

e(u) =
1

2

m∑
i=1

u2
i .

on a Q-admissible control with the fixed initial point and end point. Then, the following
holds:

Theorem 6 Suppose 2 ≦ m ≦ n and suppose that, an m-tuple of integers D =
(d1, · · · , dm) satisfies the inequality : min{d1, d2, · · · , dm} ≧ 3n + 2. Then, there exists
an open dense semi-algebraic subsetH3 ⊂ VF D

poly(Rn) such that, if Q ∈ H3, if x : [0, T ] →
T ∗M is a Q-abnormal for the initial point x0 ∈ M , then x is strictly abnormal.

Note that the ideas of the proof of Theorem 5 are performed basically following the
ideas from [8] and Tarski-Seidenberg theorem (for instance see [7]) is used in the proof
of Theorem 6.

In §2, we consider the generalized notion of control systems. In §3, we consider
driftless control-affine systems and singular controls. In §4, as properties of singular
controls, bi-extremals, and trajectories, we define the notion “of corank one”, “of minimal
order”, and “independent”. In §5 and §6, we show respectively the main theorem 1 and
the main theorem 2.

In §7, we introduce the notion of the optimal controls and define “strictly” abnormal
trajectories. In §8, we introduce the notion of generalized subriemannian geometry by
Bell̈ıaiche and consider the abnormal extremal in generalized subriemannian geometry.
In §9, we show the main theorem 5.

In §10,11,12, we show respectively the main theorem 3, the main theorem 4, and the
main theorem 6.
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2 Control systems

In this section, we generalized in [11] the notion of control systems. We regarded the cone
structure for distributions of Cartan types having growth (2, 3, 5) as a control system
by treating the locally trivial fiber case. As important classes of control systems, two
control systems are well-known, we define the driftless control-affine system and the
control-affine system (see Example 2.5, 2.6).

Recall the definition of the “generalized” control systems.

Definition 2.1 Let M be an n-dimensional smooth manifold. A control system on M is
given by the pair (πU, F ) of a locally trivial fibration πU : U → M over M and a smooth
mapping F : U → TM to the tangent bundle TM such that the diagram

U
F−−→ TM

πU ↘ ↙ πTM

M

commute where πTM : TM → M is the projection of tangent bundle. Then the control
system is simply written as

U
F−→ TM

πTM

−−→ M.

F : U → TM is called a fibred mapping over the identity of M . In this paper we mainly
treat a local case where πU is trivial.

Example 2.2 Let D ⊂ TM be a vector subbundle of the tangent bundle TM. A vector
subbundle D is also called a distribution or a differential system on M. Then, D ⊂ TM
is regarded as the control system (πD, F ) of the fibration πD = πTM |D : D → M and the
inclusion F : D ↪→ TM :

D
F

↪−→ TM
πTM

−−→ M.

Example 2.3 Let (X1 · · · , Xm) be a system of smooth vector fields over M. Let L ⊂
TM be the union of the sets Lx = ⟨X1(x), · · · , Xm(x)⟩R with x ∈ M. Then, the fibration
πL = πTM |L : L → M and L ⊂ TM is regarded as the control system (πL, F ) of the
fibration πL = πTM |L : L → M and the inclusion F : L ↪→ TM :

L
F

↪−→ TM
πTM

−−→ M.

If (X1 · · · , Xm) is linearly independent everywhere on M, then L ⊂ TM is a distribution.
Therefore, this control system L ↪→ TM → M is a natural generalization of Example
2.2 in the case where D is trivial.

Example 2.4 Let Ω ⊂ Rr be an open subset. Let π : M × Ω → M be the canonical
projection. We assume that a smooth mapping F : M ×Ω → TM is given. Then, (π, F )
is a control system. The control-affine system (π, F ) is simply written as

M × Ω
F−→ TM

πTM

−−→ M.

10



Note that, a control system (π, F ) with the canonical projection π : M × Ω → M is
given by a family of vector fields {Xu}u∈Ω over M :

Xu(x) = F (x, u), for u ∈ Ω, x ∈ M.

In control theory, a control system (πU, F ) with the control parameter u ∈ Ω is denoted
by

ẋ = Xu(x).

As a typical example of 2.4, a driftless control-affine system and a control-affine system
are well-known.

Example 2.5 (Driftless control-affine system) Let (X1 · · · , Xm) be a system of
smooth vector fields over M. Let Ω ⊂ Rm be an open subset. Then, the driftless control-
affine system is given by the pair (π, FD) of the canonical projection π : M × Ω → M
and the following map FD : M × Ω → TM :

FD(x, u) =
m∑
i=1

uiXi(x), for (x, u) ∈ M × Ω.

The driftless control-affine system (π, F ) is simply written as

M × Ω
FD−→ TM

πTM

−−→ M.

In control theory, the driftless control-affine system (π, FD) with control parameter u ∈ Ω
is written as

ẋ =
m∑
i=1

uiXi(x).

Example 2.6 (Control-affine system) Let (X0, X1 · · · , Xm) be a system of smooth
vector fields over M. Let Ω ⊂ Rm+1 be an open subset. Then, the control-affine system
is given by the pair (π, FA) of the canonical projection π : M×Ω → M and the following
map FA : M × Ω → TM :

FA(x, u) = X0(x) +
m∑
i=1

uiXi(x), for (x, u) ∈ M × Ω.

The control-affine system (π, FA) is simply written as

M × Ω
FA−→ TM

πTM

−−→ M.

In control theory, the control-affine system (π, FA) with control parameter u ∈ Ω is
written as

ẋ = X0(x) +
m∑
i=1

uiXi(x).

11



3 Driftless control-affine systems and singular con-

trols

3.1 Singular controls of driftless control-affine systems

We recall the basic definitions in a driftless control-affine system needed in this paper:
Let M be an n-dimensional C∞ manifold and X = (X1, · · · , Xm) be a system of smooth
vector fields on M . We consider the control system

ẋ =
m∑
i=1

uiXi(x)

defined by X with the control parameters u1, · · · , um, which is called a driftless control-
affine system.

Let Ω ⊂ Rm be an open set. Let x0 ∈ M and T > 0. For an L∞ (i.e. essentially
bounded) curve u : [0, T ] → Ω, we consider the Cauchy problem (∗)x0,u, namely we
consider the differential equation with the initial condition:

(∗)x0,u

 ẋ(t) =
m∑
i=1

ui(t)Xi(x(t)) for a.e. t ∈ [0, T ],

x(0) = x0

By using the classical Carathéodory theory ([3] 2.4.1), we have that there exists a locally
unique Lipschitz solution. A curve u : [0, T ] → Ω is called an X-control and the solution
of (∗)x0,u is called an X-trajectory.

In particular, an X-control u : [0, T ] → Ω is called admissible if the global solution
x = xu of (∗)x0,u exists. We call x(T ) the endpoint of the trajectory x. We use Ux0,T to
denote the set of admissible X-controls. Then Ux0,T ⊂ L∞([0, T ],Ω) is a Banach open
manifold ([3]).

The endpoint mapping EndT
x0

: Ux0,T → M is defined by taking endpoint, namely,

EndT
x0
(u) = xu(T ) for the trajectory xu for u ∈ Ux0,T .

An X-control u : [0, T ] → Ω is called a singular or an abnormal if u is a singular
point of EndT

x0
, namely if the differential (EndT

x0
)∗ : TuUx0,T → Txu(T )M is not surjective.

When u is a singular X-control, the corresponding trajectory xu is called a singular
X-trajectory or an abnormal X-extremal.

Unless otherwise stated, after this we consider only a driftless control-affine case.

3.2 Equivalent condition of singular controls

We explain the equivalent condition of singular X-controls. In general case, it is difficult
to study the properties of singular points of a functional from a Banach manifold to a
finite dimensional manifold. However, in case of the endpoint mapping, as a part of Pon-
tryagin maximal principle, an admissible X-control of the endpoint mapping is singular
if and only if there exists an X-bi-extremal that satisfies the constrained Hamiltonian
equations (Proposition 3.1).
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Let M be an n-dimensional manifold and X = (X1, · · · , Xm) be a system of smooth
vector fields on M. Let Ω ⊂ Rm be an open set. Then the local description of the
equivalent condition of singular X-controls can be given:

Proposition 3.1 Let x0 ∈ M . Let u : [0, T ] → Ω be an admissible X-control and
x : [0, T ] → M be the X-trajectory with x(0) = x0. Then u is a singular X-control
if and only if there exists an absolutely continuous curve z : [0, T ] → T ∗M such that,
x = π ◦ z, and that the following equations hold for any local coordinates (x, p;u) =
(x1, · · · , xn, p1, · · · , pn;u1, · · · , um) of T ∗M × Ω, with a canonical coordinates (x, p) of
T ∗M :

(♯):



(1) ẋi(t) =
∂H
∂pi

(x(t), p(t);u(t)) (1 ≦ i ≦ n) for a.e. t ∈ [0, T ]

(2) ṗi(t) = − ∂H
∂xi

(x(t), p(t);u(t)) (1 ≦ i ≦ n) for a.e. t ∈ [0, T ]

(3) ∂H
∂uj

(x(t), p(t);u(t)) = 0 (1 ≦ j ≦ m) for a.e. t ∈ [0, T ]

(4) p(t) ̸= 0 for every t ∈ [0, T ]

,

where we define H : T ∗M × Ω → R by H(x, p;u) = ⟨p,
∑m

i=1 uiXi(x)⟩.

If a point x0 ∈ M is fixed and a singular X-control u is given, then the curve z is
called a singular X-bi-extremal or an abnormal X-bi-extremal corresponding to u. The
equations (♯) is called the constrained Hamiltonian equations. Note that for a singular
X-control u : [0, T ] → Ω, a corresponding X-bi-extremal zu is not a unique solution of
(♯) because the initial condition of (2) is not given.

13



4 Properties of singular controls, trajectories, and

bi-extremals

In this section, we define some concepts of singular controls, trajectories, and bi-extremals.
In §4.1, we define the notion of singular bi-extremals of “minimal order”. In §4.2, we
define the notion of singular controls of “corank one”. In §4.3, we define the notion that
singular trajectories are non-trivial and independent.

4.1 Singular bi-extremals of minimal order

Let X = (X1, · · · , Xm) be a system of smooth vector fields over an n-dimensional man-
ifold M, and Ω be an open subset of Rm. Consider the driftless control-affine systems

ẋ =
m∑
i=1

uiXi(x)

with the control parameter (u1, · · · , um) ∈ Ω.
In order to define singular X-controls of minimal order, we prepare the (generalized)

Goh matrix ([9], Definition 2.15.).

We describe the (generalized) Goh matrix. For integers i, j (1 ≦ i, j ≦ m), we define
the Hamiltonians Hi : T

∗M → R and Hij : T
∗M → R by{

Hi(z) = ⟨z,Xi(x)⟩ ,
Hij(z) = ⟨z, [Xi, Xj](x)⟩ .

, z ∈ T ∗M.

where x = π(z), π : T ∗M → M is the canonical projection. Note that

⟨z, [Xi, Xj](x)⟩ = {Hi, Hj} (x), z ∈ T ∗M,

where {Hi, Hj} is the Poisson bracket of Hi and Hj. Then we define the Goh matrix
G : T ∗M → Sm(R) associated to the system of vector fields X = (X1, · · · , Xm) on M by
:

G(z) = (Hi,j(z))1≦i,j≦m , z ∈ T ∗M,

where Sm(R) is the set of m × m skew-symmetric matrices. Note that since G(z) is a
skew-symmetric matrix, rank G(z) is even. If m is even, then there exists a polynomial

function P : Sm(R) ∼= R
m(m−1)

2 → R of degree m
2

in the variables (Hij)1≦i<j≦m such
that for any G ∈ Sm(R), detG is the square of P (G), which is called the Pfaffian.
We define the Hamiltonian P̂ : T ∗M → R associated to the system of vector fields
X = (X1, · · · , Xm) on M by

P̂ (z) = P ((Hij(z))1≦i<j≦m), z ∈ T ∗M.

Note that the following holds:

det (G(z)) = (P̂ (z))2, z ∈ T ∗M.
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Then we define the generalized Goh matrix Ĝ : T ∗M → Mm+1,m(R) associated to the
system of vector fields X = (X1, · · · , Xm) on M by an (m+ 1)×m -matrix

Ĝ(z) =

 (Hij(z))1≦i,j≦m({
P̂ , Hj

}
(z)

)
1≦j≦m

 , z ∈ T ∗M.

Now, we show that any X-singular control is obtain as a solution of a homogeneous
linear equation by Goh matrices or generalized Goh matrices:
Let Ω ⊂ M be an open subset.

Proposition 4.1 Fix x0 ∈ M . Let u : [0, T ] → Ω be a singular X-control and z :
[0, T ] → T ∗M be a singular X-bi-extremal corresponding to u. Then, the followings hold:

(1) u is a solution of the equation G(z(t))u(t) = 0 for almost every t ∈ [0, T ].

(2) If m is even, then u is a solution of the equation Ĝ(z(t))u(t) = 0 for almost every
t ∈ [0, T ].

Proof : (1) Since u is a singular X-control, by Proposition 3.1, for each integer i (1 ≦ i ≦
m) and for every t ∈ [0, T ],

Hi(z(t)) = 0.

By differentiating both sides, for each integer i (1 ≦ i ≦ m) and for almost every t ∈
[0, T ],

m∑
j=1

Hij(z(t))uj(t) = 0.

This is equivalent to the following equation: for almost every t ∈ [0, T ],

G(z(t))u(t) = 0.

(2) Ifm is even, then rank G(z(t)) < m−1 for t ∈ [0, T ]. Therefore for every t ∈ [0, T ],

P̂ (z(t)) = 0.

By differentiating both sides, for almost every t ∈ [0, T ],

m∑
j=1

{
P̂ , Hj

}
(w(t))uj(t) = 0.

This is equivalent to the following equation: for almost every t ∈ [0, T ],

Ĝ(z(t))u(t) = 0.

□

Definition 4.2 A singular X-bi-extremal z : [0, T ] → T ∗M is called of minimal order
if it satisfies the following condition: If m is odd (resp. even), then rank G(z(t)) =
m− 1 (resp. rank Ĝ(z(t)) = m− 1) for almost every t ∈ [0, T ].
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Remark By Proposition 4.1, if a singular X-bi-extremal z : [0, T ] → T ∗M correspond-
ing to singular X-control u : [0, T ] → Ω is of minimal order, then we can deduce an
expression for u(t), up to time reparameterization.

The definition of a singular bi-extremal of minimal order (Definition 4.2 of our paper)
is different from Definition 2.16 of [9]. Definition 2.16 of [9] is that, a singular X-
bi-extremal z : [0, T ] → T ∗M is called of minimal order if it satisfies the following
conditions:

(i) ẋ(t) = 0, for almost every t ∈ Idep(x).

(ii) If m is odd (resp. even), then rank G(z(t)) = m− 1 (resp. rank Ĝ(z(t)) = m− 1)
for almost every t ∈ [0, T ] \ Idep(x).

Here

Idep(x) = {t ∈ [0, T ] | X1(x(t)), · · · , Xm(x(t)) are linearly dependent}.

Theorem 2.13 of [9] claims that any X-trajectory satisfies the above condition (i) for
generic X, which is not correct as is mentioned in §1. Therefore our Definition 4.2,
we do not suppose the above condition (i). Instead we adopt the condition (ii) as
the minimal order condition by replacing Idep(x) with [0, T ], in order to get a natural
definition (Definition 4.2).

4.2 Singular controls of corank one

Let X = (X1, · · · , Xm) be a system of smooth vector fields over an n-dimensional man-
ifold M, and Ω be an open subset of Rm. Consider the driftless control-affine systems

ẋ =
m∑
i=1

uiXi(x)

with the control parameter (u1, · · · , um) ∈ Ω.

Definition 4.3 A singular X-control u : [0, T ] → Ω is called of corank one if the codi-
mension of (EndTx0

)∗ is one, namely if dimM − dim Im
(
(EndTx0

)∗
)
= 1 at u.

In particular, if the control system is driftless control-affine system, then it is well-
known that the following theorem:

Proposition 4.4 ([8]) A singular X-control u : [0, T ] → Ω is of corank one if and only
if for any corresponding two singular X-bi-extremals z1, z2 : [0, T ] → T ∗M to u, there
exists a non-zero real number λ such that z1 = λ z2 on [0, T ].

4.3 Singular non-trivial and independent trajectories

Let X = (X1, · · · , Xm) be a system of smooth vector fields over an n-dimensional man-
ifold M, and Ω be an open subset of Rm. Consider the driftless control-affine systems

ẋ =
m∑
i=1

uiXi(x)
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with the control parameter (u1, · · · , um) ∈ Ω.

Definition 4.5 An singular X-trajectory x : [0, T ] → M is called non-trivial if for any
sub-interval J ⊂ [0, T ], the restriction of x to J ,x|J : J → M is not constant.

Definition 4.6 A singular X-trajectory x : [0, T ] → M on a driftless control-affine
system ẋ =

∑m
i=1 uiXi is called independent if the set

Idep(x) = {t ∈ [0, T ] |X1(x(t)), · · · , Xm(x(t)) are linearly dependent over R}

has measure zero.
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5 Singular bi-extremals with non-trivial independent

trajectory of a generic driftless control-affine sys-

tem

Recall that VF(M) denotes the space of smooth vector fields over M and VF(M)m the
m-tuple product set of VF(M) with the Whitney smooth topology. Then, as is stated
in Introduction, the following theorem holds:

Theorem 5.1 (Main theorem 1) Suppose 2 ≦ m ≦ n. Then there exists an open
dense subset G0 of VF(M)m such that, if X ∈ G0, if z : [0, T ] → T ∗M is an X-
bi-extremal and if the singular trajectory x = π ◦ z : [0, T ] → M is non-trivial and
independent, then the bi-extremal z is of minimal order. Here π : T ∗M → M is the
canonical projection from the cotangent bundle of M.

The proof goes in parallel with the proof of Theorem 2.4 in [8]. However note that
Theorem 2.4 in [8] implies the results only for driftless control-affine systems which are
independent everywhere. Since we treat general systems of vector fields which may have
non-void locus of dependence, we need appropriate modifications of the proof given in
[8].

Outline of proof : Let d ≧ 1 be an integer. Put N = 2d. We denote the space of
all N -jets of vector fields X ∈ VF(M) by JN(VF(M)), and the fibre product over M of
m-tuple spaces of JN(VF(M)), by JN(VF(M))m. Then, we will show the main theorem
1 by the following procedures:
[Step1] (See Definition 5.4) Construct the “bad set” with respect to minimal order,
Bmo(d) ⊂ JN(VF(M))m.
[Step2] (See Lemma 5.9) Show that, if X ∈ VF(M)m satisfies the condition that any
x ∈ M , jxX ̸∈ Bmo(d), if z : [0, T ] → T ∗M is an X-bi-extremal, and if the singular
trajectory π ◦ z : [0, T ] → M is non-trivial and independent, then z is of minimal order.
[Step3] (See Lemma 5.10) Compute the codimension of Bmo(d) in JN(VF(M))m.
[Step4] (See the subsection §5.4) For N > 4n (d > 2n), let G0 be the set of X ∈ VF(M)m

such that the jet jNx X is not included in the closure of Bmo(d) in JN(VF(M))m. Then,
show that, G0 is an open dense subset of VF(M)m in the sense of Whitney smooth
topology by Thom transversality theorem (for instance see [10]).

In order to show the main theorem 1, we prepare the subsections: §5.1 to §5.4. In §5.1,
after preparing the notations, permutated Hamiltonians, Goh matrices and elementary
determinants in Definition 5.2, 5.3, we define the bad set Bmo(d) of JN(VF(M))m in
Definition 5.4. In §5.2, in Lemma 5.7, 5.8, we describe some properties of rank of Goh
matrix for any singular X-bi-extremals if X ∈ VF(M)m satisfies the condition that for
any x ∈ M , jNx X is included in complement of Bmo(d) in JN(VF(M))m. In particular,
the important Lemma 5.9 prepared for the proof of main theorem 1 can be immediately
derived from the Lemmata 5.7, 5.8 : if X ∈ VF(M)m satisfies the condition that , jNx X ̸∈
Bmo(d) for any x ∈ M , then any singular X-bi-extremal with the non-trivial independent
singularX-trajectory is of minimal order. In §5.3, we compute the codimension of Bmo(d)
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in JN(VF(M))m in Lemma 5.10. In §5.4, by using these Lemmata 5.9, 5.10, we show the
main theorem 1.

5.1 Construction of bad set with respect to minimal order.

Let Sm be the set of permutations with m elements, and X = (X1, · · · , Xm) ∈ VF(M)m.
Then, we prepare some notations, permutated Hamiltonians, Goh matrices and elemen-
tary determinants, in order to define the bad set with respect to minimal order, Bmo(d)
for an integer d :

Definition 5.2 Let i (1 ≦ i ≦ m), j (1 ≦ j ≦ m) and r (1 ≦ r ≦ m − 1) be integers.
Then, we define permutated Hamiltonians Hi, Hi,j : Sm × T ∗M → R and permutated
Goh matrices G : Sm × T ∗M → Mm(R), Gr : Sm × T ∗M → Mr(R) by{

Hi(σ, z)={z,Xσ(i)(π(z))}, Hij(σ, z)={z, [Xσ(i), Xσ(j)](π(z))},
G(σ, z)=(Hi,j(σ, z))1≦i,j≦m, Gr(σ, z) =(Hi,j(σ, z))1≦i,j≦r,

where π : T ∗M → M is the canonical projection.

Definition 5.3 We inductively define the real valued functions on Sm × T ∗M , which
are called elementary determinants : Let σ ∈ Sm,z ∈ T ∗M . Then,
(I) For an integer r (1 ≦ r ≦ m− 1),

∆r
0(σ, z) = det(Gr(σ, z)), ∆0

0(σ, z) = 1.

(II) For integers r (1 ≦ r ≦ m − 1), k (r + 1 ≦ k ≦ m), (with the convention that the
index m+ 1 stands for r + 1),

∆r,k
0,s+1(σ, z) = det

 Gr(σ, z) (Hij(σ, z))1≦i≦r(
{∆r,k

0,s,Hj}(σ, z)
)
j=1,··· ,r,k

 (s = 0, 1, · · · ),

∆r,k
0,0(σ, z) = det

 Gr(σ, z) (Hij(σ, z))1≦i≦r

(H(k+1)j(σ, z))1≦j≦r H(k+1)k(σ, z)

 .

(III) For r (1 ≦ r ≦ m− 1), p (1 ≦ p ≦ m− r − 1), and s1, · · · , sp ≧ 1,

∆r,r+1,··· ,r+p,k
0,s1,··· ,sp,s+1 (σ, z) = det



(Hij(σ, z)) 1≦i≦r
j=1,··· ,r+p,k(

{∆r,r+1
0,s1−1,Hj}(σ, z)

)
j=1,··· ,r+p,k

...(
{∆r,r+1,··· ,r+p

0,s1,··· ,sp−1 ,Hj}(σ, z)
)
j=1,··· ,r+p,k(

{∆r,r+1,··· ,r+p,k
0,s1,··· ,sp,s , Hj}(σ, z)

)
j=1,··· ,r+p,k


(s = 0, 1, · · · ),

∆r,r+1,··· ,r+p,k
0,s1,··· ,sp,0 (σ, z) = ∆r,r+1,··· ,r+p−1,k

0,s1,··· ,sp−1 (σ, z).
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(IV) Letm be an even integer. We denote the Pfaffian polynomial of G, by p : R
m(m−1)

2 →
R. Then, P (σ, z) = p((Hij(σ, z))1≦i<j≦m).

(i) for every k ∈ {m− 1,m},
δks+1(σ, z) = det

 Gm−2(σ, z) (Hik(σ, z))1≦i≦m−2

({δks ,Hj}(σ, z))1≦j≦m−2 {δks ,Hk}(σ, z)

 (s = 0, 1 · · · ),

δk0 (σ, z) = P (σ, z).

(ii) for every integer s1 ≧ 1,
δs1,s+1(σ, z) =


(Hij(σ, z))1≦i≦m−2

1≦j≦m(
{δm−1

s1−1,Hj}(σ, z)
)
1≦j≦m

({δs1,s,Hj}(σ, z))1≦j≦m

 (s = 0, 1, · · · )

δs1,0(σ, z) = δms1(σ, z).

By using the elementary determinants, we define the bad set Bmo(d) for an integer d :

Definition 5.4 Let d be an integer and N = 2d. For an integer p, let Np,d be the set
of (p + 1)-tuples s = (0, s1, · · · , sp) in {0} × (N)p with s1 + · · · + sp < d + p. We define
the “bad set” with respect to minimal order, Bmo(d) ⊂ JN(VF(M))m by the image of
B̂mo(d) by the canonical projection JN(VF(M))m ×M T ∗M → JN(VF(M))m :

B̂mo(d) = {(jNx X, z) |x = π(z) ∈ M, z ∈ T ∗M, (jNx X, z) ∈ B̂0
mo(d) ∪ B̂1

mo(d)},

Then, Bmo(d) is denoted by the following:

Bmo(d) = {jNx X |x = π(z) ∈ M, (jNx X, z) ∈ B̂0
mo(d) ∪ B̂1

mo(d) for some z ∈ T ∗M},

where B̂0
mo(d), B̂

1
mo(d) ⊂ JN(VF(M))m ×M T ∗M are written in Definition 10.3, 10.4

respectively:

Definition 5.5 If m = 2, then B̂0
mo(d) = ∅. On the other hand, if m ≧ 3, then we define

B̂0
mo(d) ⊂ JN(VF(M))m×M T ∗M by the union of the sets B̂0

mo(d, σ, r, s, z) with σ ∈ Sm,
even integers r (0 ≦ r ≦ m − 3), and s ∈ Np,d with 0 ≦ p < m. Here the definition of

B̂0
mo(d, σ, r, s, z) is below:

For z ∈ T ∗M with π(z) = x ∈ M , σ ∈ Sm, an even integer r(0 ≦ r ≦ m−3), and s ∈ Np,d

with p (0 ≦ p < m), let B̂0
mo(d, σ, r, s, z) be the set of (j

N
x X, z) ∈ JN(VF(M))m×M T ∗M

such that:
1). X1(x), · · · , Xm(x) are linearly independent;
2). ∆r

0(σ, z) ̸= 0;
3). for every integer i (0 ≦ i ≦ p),
(a) ∆r,r+1,··· ,r+i

0,s1,··· ,si (σ, z) ̸= 0;
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(b) for every integer k (r + i ≦ k ≦ m) and s (1 ≦ s ≦ si − 1),

∆r,r+1,··· ,r+i−1,k
0,s1,··· ,si−1,s

(σ, z) = 0;

4). for every k (r + p+ 1 ≦ k ≦ m) and s (1 ≦ s ≦ d+ p− (s1 + · · ·+ sp),

∆r,r+1,··· ,r+p,k
s1,··· ,sp,s (σ, z) = 0.

Definition 5.6 If m is an odd integer, then B̂1
mo(d) = ∅. On the other hand, if m ≧ 2

is an even integer, then we define B̂1
mo(d) ⊂ JN(VF(M))m ×M T ∗M by the union of the

sets B̂1
mo(d, σ, s1, z) with σ ∈ Sm and integers s1 (1 ≦ s1 ≦ d). Here the definition of

B̂1
mo(d, σ, s1, z) is below:

Let m ≧ 2 be an even integer. For σ ∈ Sm and an integer s1(1 ≦ s1 ≦ d), we define
B̂1

mo(d, σ, s1, z) by the set of elements (jNx X, z) ∈ JN
x (VF(M))m ×M T ∗M such that:

1). X1(x), · · · , Xm(x) are linearly independent;
2). ∆m−2

0 (σ, z) ̸= 0;
3). (a) if s1 < d, then δm−1

s1
(σ, z) ̸= 0;

(b) for k ∈ {m− 1,m} and s (0 ≦ s ≦ s1 − 1), δks (σ, z) = 0;
4). for s (1 ≦ s ≦ d− s1), δs1,s(σ, z) = 0.

5.2 The property of singular bi-extremals avoiding bad set with
respect to minimal order.

We describe some properties of rank of Goh matrix for any singular X-bi-extremals with
the non-trivial and independent singular X-trajectory if X ∈ VF(M)m satisfies the con-
dition that for any x ∈ M , jNx X is included in complement of Bmo(d) in JN(VF(M))m.
In particular, we will show the important Lemma 5.9 prepared for the proof of the main
theorem 1 by using the Lemmata 5.7, 5.8.

Lemma 5.7 Suppose that, 2 ≦ m ≦ n. Let d be a positive integer and N = 2d. Let
X ∈ VF(M)m such that for any x ∈ M, jNx X ̸∈ Bmo(d). Then, if z : [0, T ] → T ∗M is
an X-bi-extremal and if the singular X-trajectory π ◦ z : [0, T ] → M is non-trivial and
independent, then

m− 2 ≦ rank G(z(t)) ≦ m− 1, for a.e. t ∈ [0, T ].

Here π : T ∗M → M is the canonical projection from cotangent bundle of M .

Proof : By the assumption that π ◦ z is non-trivial and by Proposition 4.1 (1), we have
the inequality rank G(z(t)) ≦ m− 1 for a.e. t ∈ [0, T ]. Therefore it suffices to show the
inequality m− 2 ≦ rank G(z(t)) for a.e. t ∈ [0, T ].

In m = 2 case, Lemma 5.7 clearly holds. We consider m ≧ 3. In order to prove by
contradiction, assume that, z : [0, T ] → T ∗M is an X-bi-extremal and the singular X-
trajectory π◦z : [0, T ] → M is non-trivial and independent but there exists a measurable
subset of positive measure K ⊂ [0, T ] such that

rankG(z(t)) ≦ m− 3 for every t ∈ K.
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Since π ◦ z is independent, the compliment of Idep(π ◦ z), Iindep(π ◦ z) has positive
measure. Then, let J = I1 ∩ Iindep(π ◦ z). J has positive measure and for every t ∈ J ,
X1((π ◦ z)(t)), · · · , Xm((π ◦ z)(t)) are linearly independent over R.

After this, in the same way as the proof of Lemma 3.8 in [8], we can prove this Lemma
5.7 :
In fact, for an integer p (1 ≦ p ≦ m), we denote by Ip a subset of {1, · · · ,m} with
cardinality p. Let r be the maximum of even integers p (1 ≦ p ≦ m− 3) such that there
exists a subset Ip ⊂ {1, · · · ,m} satisfying det (Hi,j(z(t)))(i,j)∈I2p ̸≡ 0 on J . Let Jr be the
set of t ∈ J such that there exists Ir ⊂ {1, · · · ,m} satisfying (Hi,j(z(t))(i,j)∈I2r ̸= 0. Note
Jr has positive measure. Therefore there exists σ ∈ S such that

∆r
0(σ, z(t)) ̸= 0 for every t ∈ Jr.

On the other hand, for any subset Ir+2 ⊂ {1, · · · ,m}, det (Hi,j(z(t))(i,j)∈I2r+2
≡ 0 on

Jr and rank (Hi,j(z(t))(i,j)∈I2r+2
≦ r on Jr. Therefore for any subset Ir+1 ⊂ Ir+2,

det (Hi,j(z(t))(i,j)∈I2r+1
= 0 on Jr. In particular, for k = r + 1, · · · ,m,

∆r,k
0,0(σ, z(t)) = 0 for every t ∈ Jr.

By differentiating both sides, for k = r + 1, · · · ,m,
m∑
i=1

ui(t) {∆r,k
0,0, Hi}(σ, z(t)) = 0 for a.e. t ∈ Jr.

Here, we denote by G0(σ, z(t)) the following m×m- matrix:

H11(σ, z(t)) · · · H1m(σ, z(t))
...

...
Hr1(σ, z(t)) · · · Hrm(σ, z(t))

{∆r,r+1
0,0 , H1}(σ, z(t)) · · · {∆r,r+1

0,0 , Hm}(σ, z(t))
...

...
{∆r,m

0,0 , H1}(σ, z(t)) · · · {∆r,m
0,0 , Hm}(σ, z(t))


.

Then G0(σ, z(t)) ̸≡ 0 on Jr. Note that, the first diagonal minors of order r of G0(σ, z(t))
is ∆r

0(σ, z(t)),which never vanishes on Jr. and by definition, the diagonal minors of order
r + 1 containing ∆r

0(σ, z(t)) are ∆r,k
0,1(σ, z(t)), k = r + 1, · · · ,m.

Claim. There exists k1 ∈ {1, · · · ,m}, an integer s1(1 ≦ s1 < d + 1), and a subset
Jr+1 ⊂ Jr of positive measure such that{

∆r,k
0,ℓ(σ, z(t)) ≡ 0 on Jr+1, for any integers k, ℓ (r + 1 ≦ k ≦ m, 0 ≦ ℓ ≦ s1 − 1);

∆r,k1
0,s1

(σ, z(t)) ̸= 0 for every t ∈ Jr+1.

In fact, assume the claim is false. Then for every k (r + 1 ≦ k ≦ m) ∆r,k
0,1(σ, z(t)) = 0

on Jr. We consider the matrix G1(σ, z(t)) obtained by replacing the last m− r rows of
G0(σ, z(t)) with rows

({∆r,k
0,0, Hℓ}(σ, z(t)))1≦ℓ≦m, for k (1 ≦ k ≦ m).
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By construction, detG1(σ, z(t)) ≡ 0 on Jr. The contradiction assumption implies that,
for k (r + 1 ≦ k ≦ m), ∆r,k

0,2(σ, z(t))) ≡ 0 of Jr. Proceeding similarly, there exists t ∈ Jr
such that jπ◦z(t)X belongs to B(d, σ, r, 0, z(t)). This contradicts the assumption that, for
any x ∈ M, jxX ∈ Bmo(d). Thus the claim is proved.

Up to a permutation, assume k1 = r + 1. We define a non-invertible matrix by
replacing in G0 :{

the (r + 1)-th line by ({∆r,r+1
0,s1−1, Hℓ}(σ, z(t)))1≦ℓ≦m;

for j (r + 2 ≦ j ≦ m), the j-th line by ({∆r,j
0,s1−1, Hℓ}(σ, z(t)))1≦ℓ≦m.

To this matrix is applied the previous reasoning on G0. Thus, by a finite number of steps,
we obtain that there exists subset Jm−1 ⊂ J of positive measure, and s = (0, s1, · · · , sm)
in Nm−1,d, such that{

∆r,··· ,r+m−1
0,s1,··· ,sm−1

(σ, z(t))) ̸= 0 for every t ∈ Jm−1;

∆r,··· ,r+m−1,r+m
0,s1,··· ,sm−1,ℓ

(σ, z(t))) ≡ 0 on Jm−1, ℓ ≧ 0.

As a consequence, for every t ∈ Jm−1, jπ◦z(t)X belongs to B(d, σ, r, s, z(t)). This contra-
dicts the assumption that, for any x ∈ M, jxX ∈ Bmo(d). □

Lemma 5.8 Suppose that, m is even and 2 ≦ m ≦ n. Let d be a positive integer
and N = 2d. Let X ∈ VF(M)m such that for any x ∈ M, jNx X ̸∈ Bmo(d). Then, if
z : [0, T ] → T ∗M is a singular X-bi-extremal and if the singular X-trajectory π ◦ z :
[0, T ] → M is non-trivial and independent, then

rank Ĝ(z(t)) = m− 1 for a.e. t ∈ [0, T ].

Proof : By the assumption that π◦z is non-trivial and by Proposition 4.1 (2), we have the
inequality rank G(z(t)) ≦ m− 1 for a.e. t ∈ [0, T ]. Therefore we will show the inequality
rank G(z(t)) ≧ m− 1 for a.e. t ∈ [0, T ].

In order to prove by contradiction, assume that, z : [0, T ] → T ∗M is anX-bi-extremal
and the singular X-trajectory π◦z : [0, T ] → M is non-trivial and independent but there
exists a measurable subset of positive measure K ⊂ [0, T ] such that

rank Ĝ(z(t)) ≦ m− 2 for every t ∈ K.

Since π ◦ z is independent, Iindep(π ◦ z) has positive measure, where Iindep(π ◦ z) is the
compliment of Idep(π ◦ z) in [0, T ]. When let J = I1∩ Iindep(π ◦ z), J ⊂ [0, T ] has positive
measure and for any t ∈ J, X1((π ◦ z)(t)), · · · , Xm((π ◦ z)(t)) are linearly independent
over M . After this, in the same way as the proof of Lemma 3.8 in [8], we can prove this
Lemma 5.8:
In fact, By the previous proof, we may assume that there exists σ ∈ Sm such that

∆m−2
0 (σ, z(t)) ̸= 0 for every t ∈ J.
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In particular, rank G(z(t)) = m− 2. Moreover, for k = m− 1 and k = m,

δk0(σ, z(t)) = 0 and δk1(σ, z(t)) = 0 for every t ∈ Jr.

Similarly to the argument of Lemma 3.8, we claim that there exists an integer s1 (1 ≦
s<d), and k1 ∈ {m− 1,m}, such that

δk1s1 (σ, z(t)) ̸= 0 for every t ∈ J.

In fact, otherwise, for s (0 ≦ s ≦ d) and for k ∈ {m − 1,m}, δks (σ, z(t)) = 0. In that
case, for every t ∈ J, jNπ◦z(t)X belongs to B1(d, σ, d, z(t)). This contradicts for any x ∈ M,

jxX ∈ Bmo(d).
Up to a permutation, we may assume k1 = m− 1. Let J1 ⊂ J be a subset of positive

measure such that
δm−1
s1

(σ, z(t)) ̸= 0 for every t ∈ J1.

Similarly to the argument of Lemma 3.8, for every s ≧ 0, we have

δs1,s(σ, z(t)) = 0 for t ∈ Jr.

Then, for every t ∈ J1, j
N
π◦z(t)X belongs to B1(d, σ, s1, z(t)). This contradicts for any

x ∈ M, jxX ∈ Bmo(d). □

Lemma 5.9 Suppose that, 2 ≦ m ≦ n. Let d be a positive integer and N = 2d. Let
X ∈ VF(M)m such that for any x ∈ M, jNx X ̸∈ Bmo(d). Then, if z : [0, T ] → T ∗M is a
singular X-bi-extremal and if the singular X-trajectory π ◦ z : [0, T ] → M is non-trivial
and independent, then z : [0, T ] → T ∗M is of minimal order.

Proof : Since rank G(z(t)) is even, by Lemma 5.7 if m is odd, then m− 2 can be replace
with m− 1 in the statement of Lemma 5.7:
If m (2 ≦ m ≦ n) is odd, if z : [0, T ] → T ∗M is a singular X-bi-extremal and if
π ◦ z : [0, T ] → M is non-trivial and independent, then

rank G(z(t)) = m− 1 for a.e. t ∈ [0, T ].

On the other hand, by Lemma 5.8, the following immediately holds:
If m (2 ≦ m ≦ n) is even, if z : [0, T ] → T ∗M is a singular X-bi-extremal and if
π ◦ z : [0, T ] → M is non-trivial and independent, then

rank Ĝ(z(t)) = m− 1 for a.e. t ∈ [0, T ].

Therefore, these imply that for every integer m (2 ≦ m ≦ n), z is of minimal order (see
Definition 4.2). □
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5.3 Codimension of bad set with respect to minimal order.

Let d be an integer and N = 2d. Then

Lemma 5.10 codim(Bmo(d), J
N(VF(M))m) ≧ d− n.

Proof : We describe only the outline of the proof of Lemma 5.10 because this bad set
Bmo(d) is the completely same bad set Bmo(d) defined as 3.1.2 in [8]: Let VF N

poly(Rn) be
the m-tuple product space of polynomial vector fields of degree ≦ N over Rn.

Step 1: Construct the typical fiber G(d) of Bmo(d) : The typical fiber G(d) ⊂
VF N

poly(Rn) is constructed by the union of G0(d) and G1(d). Note that G0(d), G1(d) are

semi-algebraic sets for d. Therefore G(d) = G0(d)∪G1(d) and its closure G(d) are semi-
algebraic also. In particular dimensions of G0(d), G1(d), G(d), G(d) are well-defined and
we have that

dim(G(d)) = dim(G(d)) = max{dim(G0(d)), dim(G1(d))}.

Moreover we have that the dimensions of Bmo(d) and Bmo(d) are well-defined and that
they are equal.

The definition of G0(d), G1(d) ⊂ VF N
poly(Rn) is below:

(1) Construction of the trivial fiber G0(d) of B̂0
mo(d) : If m = 2, then G0(d) = ∅.

If m ≧ 3, then G0(d) is the canonical projection of G0(d;T ∗
0Rn) by VF N

poly(Rn)× Rn →
VF N

poly(Rn). G0(d;T ∗
0Rn) is defined by the set of (Q, p) = (Q1, · · · , Qm, p) ∈ VF N

poly(Rn)×
Rm such that there exist σ ∈ Sm, an even integer r (r ≦ m − 3), and s ∈ Nq,d with
q(0 ≦ q < m) such that (Q, p) satisfies the conditions 1) to 4):
1). Q1(0), · · · , Qm(0) are linearly independent;
2). ∆r

0(σ, z0) ̸= 0;
3). for every integer i (0 ≦ i ≦ q), ∆r,r+1,··· ,r+i

0,s1,··· ,si (σ, z0) ̸= 0.
4). (a) for every integers i (0 ≦ i ≦ q), k (r + i ≦ k ≦ m), and s (1 ≦ s ≦ si − 1),

∆r,r+1,··· ,r+i−1,k
0,s1,··· ,si−1,s (σ, z0) = 0;

(b) for every integer k (r + p+ 1 ≦ k ≦ m) and s (1 ≦ s ≦ d+ q − (s1 + · · ·+ sp)),

∆r,r+1,··· ,r+q,k
0,s1,··· ,sq ,s (σ, z0) = 0,

where z0 is the elements of T ∗
0Rn given in coordinates by (0, p).

(2) Construction of the trivial fiber G1(d) of B̂1
mo(d) : In m is an odd integer,

then G1(d) = ∅. If m is an even integer, then G1(d) is the canonical projection of
G1(d;T ∗

0Rn) by VF N
poly(Rn) × Rn → VF N

poly(Rn). G1(d;T ∗
0Rn) is defined by the set of

(Q, p) = (Q1, · · · , Qm, p) ∈ VF N
poly(Rn) × Rm such that there exists a positive integer

s1 (1 ≦ s1 ≦ d) and σ ∈ Sm such that (Q, p) satisfies the conditions 1) to 4):
1). Q1(0), · · · , Qm(0) are linearly independent;
2). ∆m−2

0 (σ, z0) ̸= 0;
3). if s1 < d, then δm−1

s1
(σ, z0) ̸= 0;
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4). (a) for every integer k ∈ {m− 1.m} and s (0 ≦ s ≦ s1 − 1), δks (σ, z0) = 0;
(b) for every integer s (1 ≦ s ≦ d− s1), δs1,s(σ, z0) = 0,

where z0 is the elements of T ∗
0Rn given in coordinates by (0, p).

Step 2: Construct the two mappings ϕ0(σ, r, s), ϕ1(σ, s1) : VF
N
poly(Rn))× Rn → Rd :

(1) Construction of ϕ0(σ, r, s) : Let σ ∈ Sm, r (0 ≦ r ≦ m − 3) be an even integer,
and s = (0, s1, · · · , sq) ∈ Nq,d with 0 ≦ q < m. Then, we define the mapping ϕ0(σ, r, s) :
VF N

poly(Rn))× Rn → Rd by for (Q, p) ∈ VF N
poly(Rn))× Rn,

ϕ0(σ, r, s)(Q, p) =

{
∆r,r+1,··· ,r+i−1,r+i

0,s1,··· ,si−1,s
(Q)(σ, z0) i = 1, · · · , q, and s = 1, · · · , si − 1,

∆r,r+1,··· ,r+q,r+q+1
0,s1,··· ,sq ,s (Q)(σ, z0) s = 1, 2, · · · , d+ q − (s1 + · · ·+ sq),

where z0 is the elements of T ∗
0Rn given in coordinates by (0, p), and ∆r,r+1,··· ,r+i−1,r+i

0,s1,··· ,si−1,s
(Q),

∆r,r+1,··· ,r+q,r+q+1
0,s1,··· ,sq ,s (Q) are the elementary determinants associated to Q.

(2) Construction of ϕ1(σ, s1) : Let σ ∈ Sm and s1 (1 ≦ s1 ≦ d). Then, we define the
mapping ϕ1(σ, s1) : VF

N
poly(Rn))× Rn → Rd by for (Q, p) ∈ VF N

poly(Rn))× Rn,

ϕ1(σ, s1)(Q, p) =

{
δms (Q)(σ, z0), s = 0, 1 · · · , s1 − 1;

δs1,s(Q)(σ, z0), s = 1, 2 · · · , d− s1,

where z0 is the elements of T ∗
0Rn given in coordinates by (0, p), and δms (Q), δs1,s(Q) are

the elementary determinants associated to Q.
Step 3: Construct the two open sets T 0

σ,r,s, T
1
σ,s1

⊂ VF N
poly(Rn))× Rn :

(1) Construction of T 0
σ,r,s : Let σ ∈ Sm, r (0 ≦ r ≦ m − 3) be an even integer,

and s = (0, s1, · · · , sq) ∈ Nq,d with 0 ≦ q < m. Then, T 0
σ,r,s is defined by the set of

(Q, p) ∈ VF N
poly(Rn))× Rn such that (Q, p) satisfies the conditions 1) and 2):

1). Q1(0), · · · , Qm(0) are linearly independent;
2). for every integer i (0 ≦ i ≦ p), ∆r,r+1,··· ,r+i

0,s1,··· ,si (σ, z0) ̸= 0,
where z0 is the elements of T ∗

0Rn given in coordinates by (0, p).

(2) Construction of T 1
σ,s1

: Let σ ∈ Sm and s1 (1 ≦ s1 ≦ d). Then, T 1
σ,s1

is defined by

the set of (Q, p) ∈ VF N
poly(Rn))× Rn such that (Q, p) satisfies the conditions 1) to 3):

1). Q1(0), · · · , Qm(0) are linearly independent;
2). ∆m−2

0 (σ, z0) ̸= 0;
3). if s1 is s1 < d, then δm−1

s1
(σ, z0) ̸= 0,

where z0 is the elements of T ∗
0Rn given in coordinates by (0, p).

Then, T 0
σ,r,s and T 1

σ,s1
are open subsets of VF N

poly(Rn))× Rn.
Step 4: The followings immediately hold:
(1) If m ≧ 3, then G0(d;T

∗
0Rn) is the union of the kernels of the restriction to

T 0
σ,r,s of the mapping ϕ0(σ, r, s) with σ ∈ Sm, even integers r (0 ≦ r ≦ m − 3), and

s ∈ Nq,d with 0 ≦ q < m.
(2) If m ≧ 2 is even, then G1(d;T ∗

0Rn) is the union of the kernels of the restriction
to T 1

σ,s1
of the mapping ϕ1(σ, s1) with σ ∈ Sm and s1(1 ≦ s1 ≦ d).

Step 5: Let Ω0 be the set of Q ∈ VF N
poly(Rn) such that Q1(0), · · · , Qm(0) are linearly

independent. Then, the followings hold (see Lemma 3.5, 3.6 in [8]):
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(1) If m ≧ 3, σ ∈ Sm, and r (0 ≦ r ≦ m−3) is an even integer, then the restriction to
the intersection T 0

σ,r,s ∩ V̂ of the mapping ϕ0(σ, r, s) is a submersion for every coordinate

neighborhood V̂ of Ω0 × Rn.
(2) If m ≧ 2 is even, σ ∈ Sm, and an integer s1 satisfies 1 ≦ s1 ≦ d, then the

restriction to the intersection T 1
σ,s1

∩ V̂ of the mapping ϕ1(σ, s1) is a submersion for every

coordinate neighborhood V̂ of Ω0 × Rn.
Step 6: codim(Bmo(d), J

N(VF(M))m) ≧ d− n :
Let k ∈ {0, 1}. By step 4, 5, codim(Gk(d;T ∗

0Rn),VF N
poly(Rn) × Rm) = d. On the other

hand, Gk(d) is the canonical projection ofGk(d;T ∗
0Rn) by VF N

poly(Rn)×Rn → VF N
poly(Rn).

Therefore, codim(Gk(d),VF N
poly(Rn)) ≧ d−n. Since G(d) = G0(d)∪G1(d) is the typical

fiber of Bmo(d),

codim(Bmo(d), J
N(VF(M))m) = codim(G(d),VF N

poly(Rn)) ≧ d− n.

Since the dimensions of Bmo(d) and Bmo(d) are equal,

codim(Bmo(d), J
N(VF(M))m) ≧ d− n.

□

5.4 Proof of main theorem 1

Proof of Theorem 5.1 (Main theorem 1) :
Let d > 2n be a positive integer. Let N = 2d(> 4n). Let G0 be the set of X ∈ VF(M)m

such that for any x ∈ M , jNx X is not included in the closure of Bmo(d) in JN(VF(M))m:

G0 =
{
X ∈ VF(M))m

∣∣∣ jNx X ̸∈ Bmo(d) for any x ∈ M.
}
.

By Lemma 5.10,
codim(Bmo(d), J

N(VF(M))m) ≧ d− n > n.

Then G0 is an open dense subset of VF(M)m by using the transversality theorem (see
[10]).

Let X = (X1, · · · , Xm) ∈ G0. Then, for any x ∈ M , jNx X ̸∈ Bmo(d). Therefore, by
using Lemma 5.9, if z : [0, T ] → T ∗M is a singular X-bi-extremal and if the singular X-
trajectory x = π ◦ z : [0, T ] → M is non-trivial and independent, then z : [0, T ] → T ∗M
is of minimal order. □
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6 Singular controls with non-trivial independent tra-

jectory of generic driftless control-affine system

Recall that VF(M) denotes the space of smooth vector fields over M and VF(M)m the
m-tuple product set of VF(M) with the Whitney smooth topology. Then, as is stated
in Introduction, the following theorem holds:

Theorem 6.1 (Main theorem 2) Suppose 2 ≦ m ≦ n. Then there exists an open
dense subset G1 of VF(M)m such that, if X ∈ G1, if u : [0, T ] → Ω is a singular
X-control for a given initial point x0 ∈ M and if the corresponding singular trajectory
x : [0, T ] → M,x(0) = x0 is non-trivial and independent, then the control u is of corank
one.

Outline of proof : Let d′ ≧ 1 be an integer. We set d = 2d′ − 1 and N = d+ 1 = 2d′.
[Step1] Construct the “bad set” with respect to corank one, BC(d) ⊂ JN(VF(M))m.
[Step2] (See Lemma 6.7) Show that, if X ∈ VF(M)m satisfies for any x ∈ M, jNx X ̸∈
Bmo(d

′)∪BC(d), if u : [0, T ] → Ω is a singular X-control for a given initial point x0 ∈ M
and if the corresponding X-trajectory x : [0, T ] → M,x(0) = x0 is non-trivial and
independent, then the control u is of corank one.
[Step3] (See Lemma 6.8) Compute the codimension of BC(d) in JN(VF(M))m.
[Step4] (See the subsection §6.4) Let d′ > 2n. Then N = 2d′ > 4n and d = 2d′− 1 > 3n.
Let G1 be the set of X ∈ VF(M)m such that, for any x ∈ M , the jets jNx X is not included
in the closure of Bmo(d

′)∪BC(d) in JN(VF(M))m. Then, show that G1 is an open dense
subset of VF(M)m in the sense of Whitney smooth topology by Thom transversality
theorem (for instance see [10]).

In order to show the main theorem 2, we prepare the subsections: §6.1 to §6.4. In
§6.1, after preparing some notations, namely, permutated Hamiltonians, extended Lie
derivatives and elementary determinants in Definition 6.2, 6.3, 6.4, we define the bad
set BC(d) in Definition 5.4. In §6.2, we show the important Lemma 6.7 prepared for
the proof of main theorem 2: if X ∈ VF(M)m satisfies the condition that, for any
x ∈ M , jNx X ̸∈ Bmo(d), then any singular X-control with the non-trivial independent
singular X-trajectory is of corank one. In §6.3, we compute the codimension of BC(d)
in JN(VF(M))m in Lemma 6.8. In §6.4, by using these Lemmata 6.7, 6.8, we show the
main theorem 2.

6.1 Construction of bad set with respect to corank one.

Let Sm be the set of permutations with m elements, and X = (X1, · · · , Xm) ∈ VF(M)m.
Then, we prepare some notations, permutated Hamiltonians, extended Lie derivatives
and elementary determinants, in order to define the bad set BC(d) ⊂ JN(VF(M))m for
an integer d.

Definition 6.2 For k ∈ {1, 2}, we define the real valued functions H
[k]
ij ,∆

[k],r
0 , P [k], δ

[k],i
s

on Sm × T ∗M ×M T ∗M , which are called permutated Hamiltonians:
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Let σ ∈ Sm and (z[1], z[2]) ∈ T ∗M ×M T ∗M . Then,

H
[k]
ij (σ, z

[1], z[2]) = Hij(σ, z
[k]) for i, j (1 ≦ i, j ≦ m)

∆
[k],r
0 (σ, z[1], z[2]) = ∆r

0(σ, z
[k]) for every integer r (0 ≦ r ≦ m− 1)

P [k](σ, z[1], z[2]) = P (z[k]), and P [k],m−2(σ, z[1], z[2]) = Pm−2(z[k])

δ
[k],i
s (σ, z[1], z[2]) = δis(σ, z), for every integer s ≧ 0 and i ∈ {m− 1,m},

where P (resp.Pm−2) is defined by

P (σ, z) = P
(
(Hij(σ, z))1≦i<j≦m

) (
resp. Pm−2(σ, z) = P

(
(Hij(σ, z))1≦i<j≦m−2

))
,

for σ ∈ S, z ∈ T ∗M by using the Pfaffian polynomial of G (resp.Gm−2) .

Definition 6.3 Let F• be the set of F ∈ C∞(T ∗M×M T ∗M) such that there exists
F1, F2 ∈ C∞(T ∗M) such that F (z[1], z[2) = F1(z

[1])F2(z
[2]) for (z[1], z[2) ∈ T ∗M×MT ∗M .

Let F be the set of F ∈ C∞(T ∗M×M T ∗M) such that F is a linear combination of

a finite number of elements of F• on R. Then, for the Hamiltonian vector field
−→
H of

X ∈ VF(M), we define an extended Lie derivative L−→
Hj

: F → F by the following: For

F ∈ F• and (z[1], z[2) ∈ T ∗M×MT ∗M ,

L−→
H
(F )(z[1], z[2]) = L−→

H
(F1)(z

[1])F2(z
[2]) + F1(z

[1])L−→
H
(F2)(z

[2]),

and extend it by linearly to F. Here, L−→
H
(Fk) is the Lie derivative of Fk with respect to

−→
H for k ∈ {1, 2} .

Definition 6.4 We inductively define the real valued functions on Sm×T ∗M×M T ∗M ,
which are called elementary determinants: Let σ ∈ Sm and (z[1], z[2]) ∈ T ∗M ×M T ∗M .
Then 

Θs+1(σ, z
[1], z[2]) = det


(
H

[1]
ij (σ, z

[1], z[2])
)
1≦i≦m−1,
1≦j≦m(

L−→
Hj
Θs(σ, z

[1], z[2])
)
1≦j≦m

 (s = 0, 1, · · · ),

Θ0(σ, z
[1], z[2]) = det


(
H

[1]
ij (σ, z

[1], z[2])
)
1≦i≦m−1,
1≦j≦m(

H
[2]
ij (σ, z

[1], z[2])
)
1≦j≦m

 ,
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and 

θs(σ, z
[1], z[2]) = det



(
H

[1]
ij (σ, z

[1], z[2])
)
1≦i≦m−1,
1≦j≦m(

{P [1], H
[1]
j }(σ, z[1], z[2])

)
1≦j≦m(

L−→
Hj
θs(σ, z

[1], z[2])
)
1≦j≦m

 (s = 0, 1, · · · )

θ0(σ, z
[1], z[2]) = det



(
H

[1]
ij (σ, z

[1], z[2])
)
1≦i≦m−1,
1≦j≦m(

{P [1], H
[1]
j }(σ, z[1], z[2])

)
1≦j≦m(

{P [12], H
[2]
j }(σ, z[1], z[2])

)
1≦j≦m

 ,

Definition 6.5 Let N = d + 1. We define the “bad set” with respect to corank one,
BC(d) by the canonical projection of B̂C(d) by JN(VF(M))m ×M T ∗M ×M T ∗M →
JN(VF(M))m. The definition of B̂C(d) is written in Definition 11.6:

Definition 6.6 We define B̂C(d) ⊂ JN(VF(M))m ×M T ∗M ×M T ∗M by the union of
the sets BC(d, σ) with σ ∈ Sm. Here the definition of BC(d, σ) is below:
For σ ∈ Sm, let BC(d, σ) be the subset of J

N(VF(M))m ×M T ∗M ×M T ∗M of all triples
(jNx X, z[1], z[2]) such that q = π(z[1]) = π(z[2]):

1). X1(x), · · · , Xm(x) are linearly independent;
2). z[1], z[2] are linearly independent;

3).

{
if m is odd, then ∆m−1

0 (σ, z[1] ̸= 0,
if m is even, then δm−1

1 (σ, z[1])Pm−2(σ, z[2]) ̸= 0;

4). for s (0 ≦ s ≦ d− 1),

{
if m is odd, then Θs(σ, z

[1], z[2]) = 0,
if m is even, then θs(σ, z

[1], z[2]) = 0.

6.2 Property of singular controls avoiding the bad set with re-
spect to corank one.

We show the important Lemma 6.7 prepared for the proof of the main theorem 2.

Lemma 6.7 Suppose that 2 ≦ m ≦ n. Let d′ ≧ 1 be an integer. We set d = 2d′−1 and
N = d+ 1 = 2d′. Let X ∈ VF(M)m such that for any x ∈ M, jNx X ̸∈ Bmo(d

′) ∪ BC(d).
Then, if u : [0, T ] → Ω is a singular X-control for a given initial point x0 ∈ M and if
the corresponding X-trajectory x : [0, T ] → M,x(0) = x0 is non-trivial and independent,
then the control u is of corank one.

Proof : In order to prove by contradiction, assume that, u : [0, T ] → Ω is a singular
X-control for a given initial point x0 ∈ M and x : [0, T ] → M,x(0) = x0 is non-trivial
and independent but the control u is not of corank one. Then by Proposition 4.4, there

30



exists two bi-extremals z[1], z[2] : [0, T ] → T ∗M with z[1] ◦π = z[2] ◦π = x such that z[1](t)
and z[2](t) are linearly independent for every t ∈ [0, 1].
Case 1 We consider the case m is odd. For k = 1, 2, we denote by G[k] the Goh
matrix G(z[k]) = (Hij(z

[k]))1≦i,j≦m. Since X = (X1, · · · , Xm) ∈ VF(M)m is for any
x ∈ M, jNx X ̸∈ Bmo(d

′), by the proof of Lemma 5.7, there exists Im−1 ⊂ {1, · · · ,m}
with cardinality m − 1 such that det (Hij(z

[1](t)))(i,j)∈I2m−1
̸≡ 0 on [0, T ]. Then, up to

a permutation, we may assume that there exist an open subinterval K ⊂ [0, T ] and
σ ∈ Sm such that

∆
[1],m−1
0 (σ, z[1](t), z[2](t)) ̸= 0 for every t ∈ K.

On the other hand, since x is independent, Iindep(x) has positive measure, where Iindep(x)
is the compliment of Idep(x) in [0, T ]. Then Let J = K ∩ Iindep(x).

Now, since for k = 1, 2, Hi(σ, z
[k](t)) = 0 on [0, T ], by differentiating both sides, for

i (1 ≦ i ≦ m),
m∑
j=1

uj(t)Hij(σ, z
[k](t)) = 0 a.e. t ∈ [0, T ].

Hence, the matrix 
H11(σ, z

[1](t)) · · · H1m(σ, z
[1](t))

...
...

H(m−1)1(σ, z
[1](t)) · · · H(m−1)m(σ, z

[1](t))

H11(σ, z
[2](t)) · · · H1m(σ, z

[2](t))


is not invertible. Therefore Θ0(σ, z

[1](t), z[2](t)) ≡ 0 on [0, T ]. By differentiating both
sides,

m∑
j=1

uj(t)L−→
Hj
Θ0(σ, z

[1](t), z[2](t)) = 0 a.e. t ∈ [0, T ].

This implies Θ1 ≡ 0. By proceeding similarly, for k(0 ≦ k ≦ d− 1).{
∆

[1],m−1
0 (σ, z[1](t), z[2](t)) ̸= 0

Θk(σ, z
[1](t), z[2](t)) ≡ 0

for every t ∈ J.

This contradicts the assumption that, for any x ∈ M, jNx X ∈ BC(d).
Case 2 We consider the case m is even. By proofs of Lemma 5.7, 5.8, up to permutation,
there exists an subinterval K ⊂ [0, T ] such that{

P [1],m−2(σ, z[1](t), z[2](t)) ̸= 0

δ
[1],m−1
1 (σ, z[1](t), z[2](t)) ̸= 0

for every t ∈ K.

Then Let J = K ∩ Iindep(x).
We show that P [2],m−2(σ, z[1](t), z[2](t)) ̸= 0 for every t ∈ J . For α ∈ [0, T ], consider

zα = (1 − α)z[1] + αz[2]. Since Pm−2(z[α](t)) depends continuously on α, for α small
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enough, Pm−2(z[α](t)) = 0 for every t ∈ J. Moreover, the set of singular X-bi-extremals
of singular X-trajectory x is a vector space, z[α] is singular X-bi-extremals of x, and for
α > 0, z[α](t) and z[1](t) are linearly independent for every t ∈ J . Then, it suffices to
replace z[2] by zα, for some α > 0 small enough.

Similar to the case m odd, for k (0 ≦ k ≦ d− 1),{
δ
[1],m−1
1 (σ, z[1](t), z[2](t))P [2],m−2(σ, z[1](t), z[2](t)) ̸= 0

θk(σ, z
[1](t), z[2](t)) ≡ 0

for every t ∈ J.

This contradicts the assumption that, for any x ∈ M, jNx X ∈ BC(d).
□

6.3 Codimension of bad set with respect to corank one.

Let d be a positive integer and N = d+ 1.

Lemma 6.8 codim(BC(d), J
N(VF(M))m) ≧ d− 2n.

Proof : We describe only the outline of the proof of Lemma 6.8 because this bad set
BC(d) is the completely same bad set BC(d) defined as 3.1.2 in [8]: Let VF N

poly(Rn) be
the m-tuple product space of polynomial vector fields of degree ≦ di over Rn.

Step 1: Construct the typical fiber GC(d) of BC(d) :
Typical fiber GC(d) of BC(d) is the canonical projection of GC(d;T

∗
0Rn×T ∗

0Rn) by
VF N

poly(Rn) × Rn × Rn → VF N
poly(Rn). GC(d;T

∗
0Rn×T ∗

0Rn) is defined by the set of

(Q, p[1], p[2]) ∈ VF N
poly(Rn)×Rn×Rn such that there exists σ ∈ Sk such that (Q, p[1], p[2])

satisfies the conditions 1) to 4):
1). Q1(0), · · · , Qm(0) are linearly independent;
2). p[1], p[2] are linearly independent;

3). (a) if m is odd, then ∆m−1
0 (σ, z

[1]
0 ) ̸= 0,

(b) if m is even, then δm−1
1 (σ, z

[1]
0 )Pm−2(σ, z

[2]
0 );

4). (a) if m is odd, then Θs(σ, z
[1]
0 , z

[2]
0 ) for every integer s (0 ≦ s ≦ d− 1),

(b) if m is even, then θs(σ, z
[1]
0 , z

[2]
0 ) for every integer s (0 ≦ s ≦ d− 1),

where z
[1]
0 , z

[2]
1 are the elements of T ∗

0Rn given in coordinates by (0, p1), (0, p2).
Step 2: Construct the mapping ϕσ : VF N

poly(Rn)× Rn × Rn → Rd :
Let σ ∈ Sk. Then construct the mapping ϕσ,V by dividing two cases of m being odd

and even:
Case1 If m be an odd integer, then we define ϕσ : VF N

poly(Rn) × Rn × Rn → Rd by for

(Q, p[1], p[2]) ∈ VF N
poly(Rn)× Rn × Rn,

ϕσ,V (Q, p[1], p[2]) =
(
Θs(Q)(σ, z

[1]
0 , z

[2]
0 )

)
0≦s≦d−1

,

where z
[1]
0 , z

[2]
0 are the elements of T ∗Rn given in coordinates by (0, p[1], p[2]) and Θs(Q)

is the elementary determinants associated to Q.
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Case2 If m be an even integer, then we define ϕσ : VF N
poly(Rn)× Rn × Rn → Rd by for

(Q, p[1], p[2]) ∈ VF N
poly(Rn)× Rn × Rn,

ϕσ,V (Q, p[1], p[2]) =
(
θs(σ, z

[1]
0 , z

[2]
0 )

)
0≦s≦d−1

,

where z
[1]
0 , z

[2]
0 are the elements of T ∗Rn given in coordinates by (0, p[1], p[2]) and θs(Q) is

the elementary determinants associated to Q.
Step 3: Construct the open subset Vσ ⊂ VF N

poly(Rn)× Rn × Rn :
Let σ ∈ S. Then, construct Vσ by dividing two cases of m being odd and even:

Case1 If m is an odd integer, then Vσ is defined by the set of (Q, p[1], p[2]) ∈ VF N
poly(Rn)×

Rn × Rn such that (Q, p[1], p[2]) satisfies the conditions 1) to 2):
1). p[1], p[2] are linearly independent;

2). ∆m−1
0 (σ, z

[1]
0 ) ̸= 0.

Case2 Ifm is an even integer, then Vσ is defined by the set of (Q, p[1], p[2]) ∈ VF N
poly(Rn)×

Rn × Rn such that
1). p[1], p[2] are linearly independent;

2). δm−1
1 (σ, z

[1]
0 )Pm−2(σ, z

[2]
0 ) ̸= 0,

where z
[1]
0 , z

[2]
0 are the elements of T ∗Rn given in coordinates by (0, p[1], p[2]).

Then, Vσ is an open subset of VF N
poly(Rn)× Rn × Rn.

Step 4: GC(d;T
∗
0Rn×T ∗

0Rn) is the union of kernels of restriction to Vσ of the mapping
ϕσ with σ ∈ Sm.

Step 5: Let Ω0 be the set of Q ∈ VF N
poly(Rn) such that Q1(0), · · · , Qm(0) are linearly

independent. It is well-known that the local coordinate systems on Ω0 can be constructed
(see Coordinate systems in [6],[8]).Then, if σ ∈ Sm, then the restriction to the intersec-
tion Vσ ∩ V̂ of the mapping ϕσ is a submersion for every coordinate neighborhood V̂ of
Ω0 × Rn × Rn. (The proof is Lemma 4.2. in [8].)

Step 6: codim(BC(d), J
N(VF(M))m) ≧ d− 2n :

By Step 4,5, codim(GC(d;T
∗
0Rn×T ∗

0Rn),VF N
poly(Rn)×Rn × Rn) = d. On the other

hand, GC(d) is the canonical projection ofGC(d;T
∗
0Rn×T ∗

0Rn) by VF N
poly(Rn)×Rn×Rn →

VF N
poly(Rn). Therefore, codim(GC(d),VF

N
poly(Rn) ≧ d − 2n. Since GC(d) is the typical

fiber of BC(d),

codim(BC(d), J
N(VF(M)) = codim(GC(d),VF

N
poly(Rn)) ≧ d− 2n.

Since the dimensions of BC(d) and BC(d) are equal,

codim(BC(d), J
N(VF(M)) ≧ d− 2n.

□

6.4 Proof of main theorem 2

Proof of Theorem 6.1 (Main theorem 2):
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Let d′ > 2n be an integer. Let d = 2d′ − 1 and N = d+ 1 = 2d′(> 4n).
Then, let G1 be the set of X ∈ VF(M)m such that for any x ∈ M , jNx X is not

included in the closure of Bmo(d
′) ∪BC(d) in JN(VF(M))m:

G1 =
{
X ∈ VF(M))m

∣∣∣ jNx X ̸∈ Bmo(d′) ∪BC(d) for any x ∈ M.
}
.

By Lemmata 5.10, 6.8 and n ≧ 2,

codim(Bmo(d′) ∪BC(d), J
N(VF(M))m) ≧ min{d′ − n, d− 2n} > n.

Then G1 is an open dense subset of VF(M)m by using transversality theorem (see [10]).
Let X = (X1, · · · , Xm) ∈ G1. Then, for any x ∈ M , jNx X ̸∈ Bmo(d

′) ∪ BC(d).
Therefore, by using Lemma 6.7, if u : [0, T ] → Ω is a singular X-control for a given
initial point x0 ∈ M and if the corresponding X-trajectory x : [0, T ] → M,x(0) = x0 is
non-trivial and independent, then the control u is of corank one. □
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7 Strictly abnormal extremals with respect to an op-

timal control problem

In this section, we describe the optimal control problem with respect to the driftless
control system. In §8.2, as a typical example, we consider the geodesic on a generalized
subriemannian manifold.

Let M be an n dimensional manifold. Let x0 ∈ M and T > 0. Let Ω be an open
subset of Rm. Let X = (X1, · · · , Xm) be a system of smooth vector fields over M .
Consider the driftless control systems

ẋ =
m∑
i=1

uiXi(x).

We denote by Ux0,x1,T the set of admissible X-controls from [0, T ] to Ω such that the
corresponding trajectory to u has a fixed initial point x0 and a fixed point x1. Given a
smooth function e : Ω → R, consider an (X, e)-optimal control problem to minimize a
cost functional Ce. Here, a cost functional Ce : Ux0,x1,T → R is defined by

Ce(u) =

∫
[0,T ]

e(u(t))dt

for u ∈ Ux0,T . An admissible control u∗ ∈ Ux0,T is called an (X, e)-optimal control, an
(X, e)-minimal control or an (X, e)-minimizer if C(u∗) ≦ C(u) for any u ∈ Ux0,T . Then,
e : Ω → R is called a cost fuction of the (X, e)-optimal control problem.

The Hamiltonian function H = H(X,e) : (T
∗M × Ω)× R → R of the optimal control

problem (X, e) is defined by for (x, p, u ; p0) ∈ (T ∗M × Ω)× R,

H(X,e)(x, p, u ; p0) = HX(x, p, u) + p0 e(u),

where (x, p, u) = (x1, · · · , xn, p1, · · · , pn, u1, · · · , um) is the local coordinate of T ∗M ×
Ω with a canonical coordinate of (x, p) of T ∗M and we define HX : T ∗M → R by
HX(x, p, u) = ⟨p,

∑m
i=1 uiXi(x)⟩.

By the Pontryagin maximum principle (see [16],[3]), the following property holds:

Proposition 7.1 Let x0 ∈ M . If u : [0, T ] → Ω is an X-optimal control and x : [0, T ] →
Ω be the corresponding X-trajectory with x(0) = x0, then there exists a pair (z, p0) of
an absolute continuous curve z : [0, T ] → T ∗M and a real number p0 ≦ 0 such that,
x = π ◦ z, and that the following equations hold: for any local canonical coordinates
(x, p, u) = (x1, · · · , xn, p1, · · · , pn, u1, · · · , um) of T ∗M × Ω with a canonical coordinate
of (x, p) of T ∗M :

(⋆):



(1) ẋi(t) =
∂H
∂pi

(x(t), p(t), u(t) ; p0) (1 ≦ i ≦ n) for a.e. t ∈ [0, T ]

(2) ṗi(t) = − ∂H
∂xi

(x(t), p(t);u(t) ; p0) (1 ≦ i ≦ n) for a.e. t ∈ [0, T ]

(3) ∂H
∂uj

(x(t), p(t);u(t) ; p0) = 0 (1 ≦ j ≦ m) for a.e. t ∈ [0, T ]

(4) (p(t), p0) ̸= 0. for every t ∈ [0, T ]

,
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A curve z : [0, T ] → T ∗M is called a normal X-bi-extremal (resp. an abnormal X-bi-
extremal ) if p0 < 0 (resp. p0 = 0). A curve x : [0, T ] → T ∗M is called a normal
X-extremal (resp. an abnormal X-extremal ) if it possesses an X-normal bi-extremal
lift (resp. an X-abnormal bi-extremal lift). Note that, if x : [0, T ] → T ∗M is an abnor-
mal X-extremal, then x is a singular X-trajectory, namely the corresponding singular
X-trajectory to the singular X-control, which is the singular point of the end-point map-
ping. Moreover, note that, if z : [0, T ] → T ∗M is an abnormal X-bi-extremal, then z is
a singular X-bi-extremal.

Definition 7.2 An X-extremal x : [0, T ] → M is called strictly X-abnormal if it is not
the projection of a normal X-bi-extremal.

Note that it may happen that an extremal x : [0, T ] → M is both normal and abnormal.
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8 Generalized subriemannian geometry and length

minimizers

8.1 Generalized subriemanian geometry

We recall the “generalized” subriemannian geometry by Bell̈ıche (see [4]):
Let X = (X1, · · · , Xm) be a system of vector fields over an n-dimensional smooth

manifold M . Given a point x ∈ M, let Lx ⊂ TxM be the vector space over R generated
by X1(x), · · · , Xm(x), namely Lx = ⟨X1(x), · · · , Xm(x)⟩R. Let L ⊂ TM be the union of
the sets Lx with x ∈ M . In particular, if the system of vector fields X = (X1, · · · , Xm)
is linearly independent, then L ⊂ TM is a subbundle of TM , and L ⊂ TM is called a
distribution of TM .

Definition 8.1 LetX = (X1, · · · , Xm) be a system of vector fields over an n-dimensional
smooth manifold M . Let L ⊂ TM be the union of the sets Lx = ⟨X1(x), · · · , Xm(x)⟩R
with x ∈ M. Then g : L −→ R is called a generalized subriemannian metric or a gener-
alized sub-Riemannain metric if for w = (x, v) ∈ L,

g(w) = g(x, v) = inf{(u1)
2 + · · ·+ (um)

2 | u1X1(x) + · · ·+ urXm(x) = v},

where w = (x, v) is canonical coordinates of L ⊂ TM, namely, x ∈ M, v ∈ Lx.

Note that, if X = (X1, · · · , Xm) is linearly independent everywhere on M , then the
system generates a distribution and the metric g in a generalized subriemannian structure
is the same as the subriemannian metric in ordinary meaning.

Let x : [0, T ] → M be an absolutely continuous curve. Then, x : [0, T ] −→ M is
called X-admissible (or L-admissible) if for a.e. t ∈ [0, T ],

ẋ(t) ∈ Lx(t) = ⟨X1(x(t)), · · · , Xm(x(t))⟩R.

Then, generalized Carnot-Carathéodry distance dCC : M ×M −→ R∪{∞} is defined by
the following:
for p, q ∈ M ,

dCC(p, q) = inf

{∫
[0,T ]

√
g(x(t), ẋ(t))dt

∣∣∣∣∣ x : [0, T ] −→ M : X-admissible
x(0) = p, x(T ) = q

}
.

Definition 8.2 An X-admissible curve x : [0, T ] → M is called a length-minimizer if
the length of x is equal to dCC(x(0), x(T )) :

dCC(x(0), x(T )) =

∫ T

0

√
g(x(t), ẋ(t))dt.

We denote by (M,X, g) the triplet of an n dimensional manifold M , a system of smooth
vector fields over M,X = (X1, · · · , Xm), and the subriemannian metric g on L, which is
the union of the sets Lx = ⟨X1(x), · · · , Xm(x)⟩R with x ∈ M .
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8.2 Abnormal controls in generalized subriemannian geometry

In previous section §7, we considered the optimal control problem with respect to the
driftless control system. In this section, as a typical example of this optimal control
problem, consider the geodesic on generalized subriemannian manifold.

Let X be an n dimensional manifold. Let x0 ∈ M and T > 0. Let X = (X1, · · · , Xm)
be a system of smooth vector fields over M . Consider the driftless control systems

ẋ =
m∑
i=1

uiXi(x).

with the control parameter u ∈ Rm. We denote by Ux0,x1,T the set of admissible X-
controls from [0, T ] to Rm such that the corresponding trajectory to u has a fixed initial
point x0 and fixed end point x1.

We define an energy function e : Rm → R by

e(u) =
1

2

m∑
i=1

u2
i , for u ∈ Rm.

Consider the optimal control problem to minimize the energy functional Ce : Ux0,x1,T → R

Ce(u) =

∫
[0,T ]

e(u(t))dt =

∫
[0,T ]

1

2

m∑
i=1

ui(t)
2dt, for u ∈ Ux0,T .

It is known that the problem is equivalent to minimizing the length :

ℓ(u) =

∫
[0,T ]

√√√√ m∑
i=1

ui(t)2dt, for u ∈ Ux0,T .

If X1, · · · , Xm are linearly independent everywhere, then the optimal problem (X, e) is
exactly to minimize the Carnot-Carathéodory distances in subriemannian geometry (see
[15]).

The Hamiltonian function H = H(X,e) : (T
∗M ×Rm)×R → R of the optimal control

problem (X, e) is given by

H(x, p, u ; p0) =
m∑
i=1

⟨p, uiXi(x)⟩+
1

2
p0(

m∑
i=1

u2
i ).

where (x, p, u) = (x1, · · · , xn, p1, · · · , pn, u1, · · · , um) is the local coordinate of T
∗M×Rm

with a canonical coordinate of (x, p) of T ∗M. Then the constraint ∂H
∂u

= 0 is equivalent
to the following

p0 uj = −⟨p,Xj(x)⟩, (1 ≦ j ≦ m).

For an X-normal extremal, we have p0 < 0. Then we have

uj = − 1

p0
⟨p,Xj(x)⟩, (1 ≦ j ≦ m).
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Then

H = − 1

2p0

m∑
i=1

⟨p,Xi(x)⟩2.

From the linearity of Hamiltonian function on (p, p0), we can normalize p0, so that

H =
1

2

m∑
i=1

⟨p,Xi(x)⟩2.

Thus our formulation coincides with the ordinary normal Hamiltonian formalism in sub-
riemannian geometry.

Therefore, for an X-abnormal extremal u : [0, T ] → Rm, the equation reduces to
(1) ẋi(t) =

∂H
∂pi

(x(t), p(t), u(t)) (1 ≦ i ≦ n) for a.e. t ∈ [0, T ]

(2) ṗi(t) = − ∂H
∂xi

(x(t), p(t);u(t)) (1 ≦ i ≦ n) for a.e. t ∈ [0, T ]

(3) ⟨p(t), Xj(x(t))⟩ = 0 (1 ≦ j ≦ m), p(t) ̸= 0 for every t ∈ [0, T ]

,

with H(x, p, u) = HX(x, p, u) = ⟨p,
∑m

i=1 uiXi(x)⟩.
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9 Abnormal extremals of generic driftless control-

affine system in generalized subriemannian geom-

etry

In this section, we prove Theorem 3 (Theorem 9.2). In order to formulate the Theorem
3, we recall the strictly abnormal extremal: Let X be an n dimensional manifold M . Let
Ω be an open subset of Rr. Let X = (X1, · · · , Xm) be a system of smooth vector fields
over M . Consider the driftless control-affine systems

ẋ =
m∑
i=1

uiXi(x).

Moreover, consider the optimal control problem associated to the driftless control-affine
systems to minimize the energy functional

e(u) =
1

2

m∑
i=1

u2
i .

on an X-admissible control with the initial point x0 ∈ M . The Hamiltonian function
H = H(X,e) : (T

∗M × Rm)× R → R of the optimal control problem (X, e) is given by

H(x, p, u ; p0) =
m∑
i=1

⟨p, uiXi(x)⟩+
1

2
p0(

m∑
i=1

u2
i ).

where (x, p, u) = (x1, · · · , xn, p1, · · · , pn, u1, · · · , um) is the local coordinate of T
∗M×Rm

with a canonical coordinate of (x, p) of T ∗M.

Definition 9.1 An X-abnormal extremal x : [0, T ] → M is called strictly if it is not the
projection of a normal X-bi-extremal.

Let VF(M)m denote the set of systems of smooth vector fieldsX = (X1, · · · , Xm) overM .
We endow VF(M)m with the Whitney smooth topology. Then, the following Theorem
9.2 holds:

Theorem 9.2 Suppose 2 ≦ m ≦ n. Then, there exists an open dense subset G3 ⊂
VF(M)m such that, if X ∈ G3 and if x : [0, T ] → M is an X-abnormal extremal for the
initial point x0 ∈ M , then x is strictly X-abnormal.

This Theorem 9.2 is the special case of Proposition 2.19 of [9]. However the proof of
Proposition 2.19 is hard to read , because the construction of G3 is not written. We will
improve the proof of Proposition 2.19 clearly.

Outline of proof Let d ≧ 1 be an integer. Put N = d + 1. We denote the space of
all N -jets of vector fields X ∈ VF(M) by JN(VF(M)), and the fibre product over M of
m-tuple spaces of JN(VF(M)), by JN(VF(M))m. Then, we will show the main theorem
3 by the following procedures:
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[Step1] Construct the “bad set” with respect to minimal order, Bsa(d) ⊂ JN(VF(M))m.
[Step2] Show that, if X ∈ VF(M)m satisfies the condition that any x ∈ M , jxX ̸∈ Bsa(d)
and if x : [0, T ] → M is an abnormal X-bi-extremal, then x is of strictly abnormal.
[Step3] Compute the codimension of Bsa(d) in JN(VF(M))m.
[Step4] For N > 3n + 1 (d > 3n), let G3 be the set of X ∈ VF(M)m such that the jet
jNx X is not included in the closure of Bsa(d) in JN(VF(M))m. Then, show that, G3 is
an open dense subset of VF(M)m in the sense of Whitney smooth topology by Thom
transversality theorem (for instance see [10]).

9.1 Construction of bad set with respect to strictly abnormal

Let (z[n], z[a]) ∈ T ∗M ×M T ∗M and x = π(z[n]) = π(z[a]). For every multi index I of
{1, · · · ,m}, set

H
[n]
I (z[n], z[a]) = HI(z

[n]) andH
[a]
I (z[n], z[a]) = HI(z

[a]).

and define inductively the following functions in F, depending on (z[n], z[a]) βi,0 = H
[a]
i

βi,s+1 =
m∑
j=1

H
[n]
j L−→

Hj
βi,s, (s = 1, 2, · · · ),

where F and L−→
Hj

are defined in before section.

Definition 9.3 Let d be a positive integer. Let N = d + 1. For every integer i (1 ≦
i ≦ m) and (z[n], z[a]) ∈ T ∗M ×M T ∗M, we define B̂(d, i, z[n], z[a]) by the set of jNx X ∈
JN(VF(M))m such that the following conditions hold:

1)Xi(x) ̸= 0 ;

2)H
[n]
i (z[n], z[a]) ̸= 0;

3)βi,s(z
[n], z[a]) = 0 for every integer s (0 ≦ s ≦ d− 1).

B̂((d, z[n], z[a]) ⊂ JN(VF(M))m is the union of B̂(d, i, z[n], z[a]) with i (1 ≦ i ≦ m).

Definition 9.4 Let d be a positive integer. Let N = d + 1. we define B̂sa(d) ⊂
JN(VF(M))m ×M T ∗M ×M T ∗M by

B̂sa(d) = {(jNx X, z[n], z[a])|jNx X ∈ B̂((d, z[n], z[a])}.

Definition 9.5 Let d be a positive integer. Let N = d+1. we define the bad set with re-
spect to strictly abnormal Bsa(d) by the canonical projection of B̂sa(d) on JN(VF(M))m.
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9.2 The property of singular bi-extremals avoiding bad set with
respect to strictly abnormal

Lemma 9.6 Suppose that, 2 ≦ m ≦ n. Let d be a positive integer and N = d + 1. Let
X ∈ VF(M)m such that for any x ∈ M , jNx X ̸∈ Bsa(d). Then, if x : [0, T ] → M is an
abnormal X-bi-extremal, then x is of strictly abnormal.

Proof : By contradiction, assume that there exists a nontrivial singular X-trajectory
x : [0, T ] → M with a singular X-control u : [0, T ] → Rm such that x = π ◦ z[n] = π ◦ z[a],
where z[n] is a normal X-bi-extremal lift of x, and z[a] is an abnormal X-bi-extremal lift
of x.

For every multi-index I ⊂ {0, · · · ,m} and t ∈ [0, T ], set

HI(z
[n](t)) = ⟨z[n](t), XI(x(t))⟩, HI(z

[a](t)) = ⟨z[a](t), XI(x(t))⟩.

After time differentiation, we have on [0, T ],
d
dt
HI(z

[n](t)) =
m∑
i=1

ui(t)HIi(z
[n](t)),

d
dt
HI(z

[a](t)) =
m∑
i=1

ui(t)HIi(z
[a](t)).

By Pontryagin maximum principle,{
ui(t) = Hi(z

[n](t)) = H
[n]
i (z[n](t), z[a](t)),

H
[a]
i (z[n](t), z[a](t)) = Hi(z

[a](t)) = 0 · · · (⋆)
for every integer i (1 ≦ i ≦ m), t ∈ [0, T ]

Since x : [0, T ] → Rn is nontrivial, there exists an open subset J ⊂ [0, T ] and an
integer i0 (1 ≦ i0 ≦ m) such that ui0(t)Xi0(x(t)) ̸= 0 on J . Therefore, ui0(t) ̸= 0 and
Xi0(x(t)) ̸= 0 on J . Since ui0(t) = Hi0(z

[n](t)),

Hi0(z
[n](t)) ̸= 0.

on the other hand, by differentiating (⋆) with respect to t ∈ [0, T ],

0 = d
dt
H

[a]
i0+1(z

[n](t), z[a](t))

=
m∑
j=1

uj(t)H
[a]
(i0+1)j(z

[n](t), z[a](t))

=
m∑
j=1

H
[n]
j (z[n](t), z[a](t))H

[a]
(i0+1)j(z

[n](t), z[a](t))

= βi0,1(z
[n](t), z[a](t))

For every t ∈ [0, T ], by induction,

βi0,s(z
[n](t), z[a](t)) = 0.

for every s (0 ≦ s ≦ d − 1) and t ∈ J. Hence, jNx X ∈ B̂(d, i0, z
[n], z[a]) for t ∈ J, which

contradicts the hypothesis. □
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9.3 Codimension of bad set with respect to strictly abnormal

Lemma 9.7 codim(Bsa(d); J
N(VF(M))m) ≧ d− 2n.

Proof : We describe only the outline of the proof of Lemma 12.6. Let VF N
poly(Rn) be the

m-tuple product space of polynomial vector fields of degree ≦ N over Rn.
Step1: Construct the typical fiber Gsa(d) of Bsa(d).
Typical fiber Gsa(d) of Bsa(d) is the canonical projection of Gsa(d;T

∗
0Rm × T ∗

0Rm)
by VF N

poly(Rn) × Rn × Rn → VF N
poly(Rn). Gsa(d;T

∗
0M ×M T ∗

0M) is defined by the set

of (Q, p[n], p[a]) ∈ VF N
poly(Rn) × Rn × Rn such that there exists i (1 ≦ i ≦ m) such that

(Q, p[n], p[a]) satisfies the following conditions 1) to 4):

1)Qi(0) are linearly independet;

2)H
[n]
i (z

[n]
0 , z

[a]
0 ) ̸= 0;

3)βi,s(z
[n]
0 , z

[a]
0 ) = 0 for every integer s (0 ≦ s ≦ d− 1).

where z
[n]
0 , z

[a]
0 are the elements of T ∗Rn given in coordinates by (0, p1), (0, p2).

Step2: Construct the mapping ϕi : VF
N
poly(Rn)× Rn × Rn → Rd :

Let i(1 ≦ i ≦ m) be a positive integer. Then we define the mapping ϕi : VF
N
poly(Rn)×

Rn × Rn → Rd by for (Q, p1, p2) ∈ VF N
poly(Rn)× Rn × Rn,

ϕi(Q, p1, p2) = βi,s(z
[n]
0 , z

[a]
0 ),

where z
[n]
0 , z

[a]
0 are the elements of T ∗Rn given in coordinates by (0, p1), (0, p2).

Step3: Construct the open subset Vi ⊂ VF N
poly(Rn)× Rn × Rn

Let i(1 ≦ i ≦ m) be a positive integer. Then Vi is the defined by the set of (Q, p1, p2) ∈
VF N

poly(Rn)× Rn × Rn such that (Q, p1, p2) satisfies the following condition:

H
[n]
i (z

[n]
0 , z

[a]
0 ) ̸= 0,

where z
[n]
0 , z

[a]
0 are the elements of T ∗Rn given in coordinates by (0, p1), (0, p2). Then, Vi

is an open subset of VF N
poly(Rn)× Rn × Rn.

Step4: Gsa(d;T
∗
0Rm × T ∗

0Rm) is the union of the kernel of restriction to Vi of the
mapping ϕi with i (1 ≦ i ≦ m).

Step5: Let Ωi
0 be the set of Q ∈ VF N

poly(Rn) such that Qi ̸= 0. It is well-known
that the local coordinate systems on Ωi

0 can be constructed (see Coordinate systems in
[6],[8]) Then, for every integer i (1 ≦ i ≦ m), the restriction to the intersection Vi ∩ V̂ of
the mapping ϕi is a submersion for every coordinate neighborhood V̂ of Ω0 × Rn.

Step6: codim(Bsa(d); J
N(VF(M))m) ≧ d− 2n.

By step 4,5, codim(Gsa(d;T
∗
0Rn × T ∗

0Rn); VF N
poly(Rn) × Rn × Rn) = d. On the

other hand, Gsa(d) of Bsa(d) is the canonical projection of Gsa(d;T
∗
0Rm × T ∗

0Rm) by
VF N

poly(Rn) × Rn × Rn → VF N
poly(Rn). Therefore, codim(Gsa(d); VF

N
poly(Rn)) ≧ d − 2n.

Since Gsa(d) is the tyupical fiber of Bsa(d),

codim(Bsa(d); J
N(VF(M))m) = codim(Gsa(d); VF

N
poly(Rn)) ≧ d− 2n.
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Since the dimensions of Bsa(d) and Bsa(d) are equal,

codim(Bsa(d); J
N(VF(M))m) ≧ d− 2n

□

9.4 Proof of main Theorem 3

Let d > 2n be a positive integer. Let N = 2d(> 4n). Let G3 be the set of X ∈ VF(M)m

such that for any x ∈ M , jNx X is not included in the closure of Bsa(d) in JN(VF(M))m:

G3 =
{
X ∈ VF(M))m

∣∣∣ jNx X ̸∈ Bsa(d) for any x ∈ M.
}
.

By Lemma 9.7,
codim(Bmo(d), J

N(VF(M))m) ≧ d− n > n.

Then G3 is an open dense subset of VF(M)m by using the transversality theorem (see
[10]).

Let X = (X1, · · · , Xm) ∈ G3. Then, for any x ∈ M , jNx X ̸∈ Bsa(d). Therefore,
by using Lemma 9.6, if x : [0, T ] → M is abnormal, then x : [0, T ] → T ∗M is strictly
abnormal. □
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10 Singular bi-extremals of generic polynomial drift-

less control-affine systems

Let D = (d1, · · · , dm) denote an m-tuple of integers, and VF D
poly(Rn) denote the product

space of m-tuple systems of polynomial vector fields over Rn, Q = (Q1, · · · , Qm), such
that the degree of Qi satisfiies degQi ≦ di for every integer i (1 ≦ i ≦ m), and we endow
VF D

poly(Rn) with the Euclidean topology.

Let Ω be an open subset of Rm. For Q = (Q1, · · · , Qm) ∈ VF D
poly(Rn), consider the

polynomial driftless control-affine systems

ẋ =
m∑
i=1

uiQi(x)

with the control parameter (u1, · · · , um) ∈ Ω. Then, the following holds:

Theorem 10.1 Suppose 2 ≦ m ≦ n and suppose that, an m-tuple of even integers
D = (d1, · · · , dm) satisfies the inequality : min{d1, d2, · · · , dm} ≧ 4n + 2. Then, there
exists an open dense semi-algebraic subset H0 ⊂ VF D

poly(Rn) such that, if Q ∈ H0, if
z : [0, T ] → T ∗Rn is a Q-bi-extremal, and if the singular trajectory x = π◦z : [0, T ] → Rn

is non-trivial and independent, then the bi-extremal z is of minimal order.

Here π : T ∗Rn → Rn is the canonical projection from the cotangent subbundle of Rn.
Theorem 10.1 is the polynomial version of Theorem 5.1. However, the method of

proofs of these theorems is different. In the proofs of Theorem 5.1, Thom’s transversality
theorem (for instance [10]) is used. On the other hand, Tarski-Seidenberg theorem (for
instance [7]) is used.

Outline of proof : Let D = (d1, · · · , dm) be an m-tuple of even integers. Then, we
will show the main theorem 4 by the following procedures:
[Step1] (See Definition 10.2) Construct the “bad set” with respect to minimal order,
Bmo(D) ⊂ VF D

poly(Rn) × Rn. Note that Bmo(D) is semi-algebraic and in particular,
dimension of Bmo(D) is well-defined and in pariticular, its closure the dimension of
π(Bmo(D) is well-defined, where π : VF D

poly(Rn) × Rn → VF D
poly(Rn) is the canonical

projection.
[Step2] (See Lemma 10.7) Show that, if Q ∈ VF D

poly(Rn) satisfies the condition that any
x ∈ Rn, (Q, x) ̸∈ Bmo(D), if z : [0, T ] → T ∗Rn is an Q-bi-extremal, and if the singular
trajectory π ◦ z : [0, T ] → Rn is non-trivial and independent, then z is of minimal order.
[Step3] (See Lemma 10.8) By using Tarski-Seidenberg theorem (for instance see [10]),
Compute the codimension of π(Bmo(D)) in VF D

poly(Rn) by the canonical projection π :

VF D
poly(Rn)× Rn → VF D

poly(Rn)
[Step4] (See the subsection §10.4) For min{d1, d2, · · · , dm} > 4n, namely min{d1, d2, · · · , dm} ≧
4n+2, letH0 be the set ofQ ∈ VF D

poly(Rn) such thatQ is not included in the closure of the

projection of Bmo(D) in VF D
poly(Rn) by the canonical projection π : VF D

poly(Rn)×Rn →
VF D

poly(Rn). Then, show that, H0 is an open dense subset of VF D
poly(Rn) in the sense of

Euclidean topology.
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In order to show the main theorem 3, we prepare the subsections: §10.1 to §10.4.
In §10.1, we define the bad set Bmo(D) of VF D

poly(Rn) in Definition 10.2. In §10.2, in
Lemma 10.5, 10.6, we describe some properties of rank of Goh matrix for any singular
Q-bi-extremals if Q ∈ VF D

poly(Rn) satisfies the condition that for any x ∈ Rn, (Q, x) is

included in complement of Bmo(D) in VF D
poly(Rn). In particular, the important Lemma

10.7 prepared for the proof of main theorem 1 can be immediately derived from the
Lemmata 10.5, 10.6 : if Q ∈ VF D

poly(Rn) satisfies the condition that , (Q, x) ̸∈ Bmo(D) for
any x ∈ Rn, then any singular X-bi-extremal with the non-trivial independent singular
X-trajectory is of minimal order. In §10.3, we compute the codimension of Bmo(D) in
VF D

poly(Rn) in Lemma 10.8. In §10.4, by using these Lemmata 10.7, 10.8, we show the
main theorem 1.

10.1 Construction of bad set

In this section, we construct the semi-algebraic set Bmo(D), which is called the bad set
with respect to minimal order for an m-tuple of even integers (d1, · · · , dm) :
By using the elementary determinants, we define the bad set Bmo(D) for an m-tuple of
even integers (d1, · · · , dm) :

Definition 10.2 Let D = (d1, · · · , dm) be an m-tuple of even integers For an integer
p, let Np,D be the set of (p + 1)-tuples s = (0, s1, · · · , sp) in {0} × (N)p such that there
exists an integer i (1 ≦ i ≦ m) such that s1 + · · ·+ sp < di + p. We define the “bad set”

with respect to minimal order, Bmo(D) ⊂ VF D
poly(Rn)×Rn by the image of B̂mo(D) by

the canonical projection VF D
poly(Rn)× T ∗Rn → VF D

poly(Rn)× Rn :

B̂mo(D) = {((Q, x), z) | x = π(z) ∈ Rn, z ∈ T ∗Rn, ((Q, x), z) ∈ B̂0
mo(D) ∪ B̂1

mo(D)},

Then, Bmo(D) is defined by the following:

Bmo(D) = {(Q, x) |x = π(z) ∈ Rn, ((Q, x), z) ∈ B̂0
mo(D) ∪ B̂1

mo(D) for some z ∈ T ∗Rn},

where B̂0
mo(D), B̂1

mo(D) ⊂ VF D
poly(Rn)×T ∗Rn are written in Definition 10.3, 10.4 respec-

tively:

Definition 10.3 Let D = (d1, · · · , dm) be an m-tuple of even integers. If m = 2, then
B̂0

mo(D) = ∅. On the other hand, if m ≧ 3, then we define B̂0
mo(D) ⊂ VF D

poly(Rn)×T ∗Rn

by the union of the sets B̂0
mo(i, σ, r, s, z) with integers i(1 ≦ i ≦ m), σ ∈ Sm, even integers

r (0 ≦ r ≦ m− 3), and s ∈ Np,di with 0 ≦ p < m. Here the definition of B̂0
mo(i, σ, r, s, z)

is below:

For z ∈ T ∗Rn with π(z) = x ∈ Rn, σ ∈ Sm, an integer i(1 ≦ i ≦ m), an even integer
r(0 ≦ r ≦ m − 3), and s ∈ Np,di and p (0 ≦ p < m), let B̂0

mo(i, σ, r, s, z) be the set of
((Q, x), z) ∈ VF D

poly(Rn)× T ∗Rn such that:
1). Q1(x), · · · , Qm(x) are linearly independent;
2). ∆r

0(σ, z) ̸= 0;
3). for every integer j (0 ≦ j ≦ p),
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(a) ∆r,r+1,··· ,r+j
0,s1,··· ,sj (σ, z) ̸= 0;

(b) for every integer k (r + j ≦ k ≦ m) and s (1 ≦ s ≦ sj − 1),

∆r,r+1,··· ,r+j−1,k
0,s1,··· ,sj−1,s

(σ, z) = 0;

4). for every k (r + p+ 1 ≦ k ≦ m) and s (1 ≦ s ≦ di + p− (s1 + · · ·+ sp),

∆r,r+1,··· ,r+p,k
s1,··· ,sp,s (σ, z) = 0.

Definition 10.4 Let D = (d1, · · · , dm) be an m-tuple of even integers. If m is an
odd integer, then B̂1

mo(D) = ∅. On the other hand, if m ≧ 2 is an even integer, then
we define B̂1

mo(D) ⊂ VF D
poly(Rn) × T ∗Rn by the union of the sets B̂1

mo(i, σ, s1, z) with
integers i (1 ≦ i ≦ m), σ ∈ Sm, and integers s1 (1 ≦ s1 ≦ d). Here the definition of
B̂1

mo(i, σ, s1, z) is below:
Letm ≧ 2 be an even integer. For an integer i (1 ≦ i ≦ m), σ ∈ Sm and an integer s1(1 ≦
s1 ≦ d), we define B̂1

mo(i, σ, s1, z) by the set of elements ((Q, x), z) ∈ VF D
poly(Rn)× T ∗Rn

such that:
1). Q1(x), · · · , Qm(x) are linearly independent;
2). ∆m−2

0 (σ, z) ̸= 0;
3). (a) if s1 < di, then δm−1

s1
(σ, z) ̸= 0;

(b) for k ∈ {m− 1,m} and s (0 ≦ s ≦ s1 − 1), δks (σ, z) = 0;
4). for s (1 ≦ s ≦ di − s1), δs1,s(σ, z) = 0.

10.2 The property of singular bi-extremals avoiding bad set

We describe some properties of rank of Goh matrix for any singular Q-bi-extremals
with the non-trivial and independent singular Q-trajectory if Q ∈ VF D

poly(Rn) satisfies
the condition that for any x ∈ Rn, (Q, x) is included in complement of Bmo(D) in
VF D

poly(Rn)×Rn. In particular, we will show the important Lemma 10.7 prepare10-d for
the proof of the main theorem 1 by using the Lemmata 5.7, 10.6.

Lemma 10.5 Suppose that, 2 ≦ m ≦ n. Let D = (d1, · · · , dm) be an m-tuple of even
integers. Let Q ∈ VF(M)m such that for any x ∈ Rn, (Q, x) ̸∈ Bmo(D). Then, if
z : [0, T ] → T ∗Rn is an Q-bi-extremal and if the singular Q-trajectory π ◦ z : [0, T ] → Rn

is non-trivial and independent, then

m− 2 ≦ rank G(z(t)) ≦ m− 1, for a.e. t ∈ [0, T ].

Here π : T ∗Rn → Rn is the canonical projection from cotangent bundle of Rn.

Proof : Since (d1, · · · , dm) is an m-tuple of even integers, there exists an integer i (1 ≦
i ≦ m) such that 2di = min{d1, · · · , dm}.

By the assumption that π ◦ z is non-trivial and by Proposition 4.1 (1), we have the
inequality rank G(z(t)) ≦ m − 1 for a.e. t ∈ [0, T ]. Therefore it suffices to show the
inequality m− 2 ≦ rank G(z(t)) for a.e. t ∈ [0, T ].
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In m = 2 case, Lemma 10.5 clearly holds. We consider m ≧ 3. In order to prove by
contradiction, assume that, z : [0, T ] → T ∗Rn is an Q-bi-extremal and the singular Q-
trajectory π◦z : [0, T ] → Rn is non-trivial and independent but there exists a measurable
subset of positive measure K ⊂ [0, T ] such that

rankG(z(t)) ≦ m− 3 for every t ∈ K.

Since π ◦ z is independent, the compliment of Idep(π ◦ z), Iindep(π ◦ z) has positive
measure. Then, let J = I1 ∩ Iindep(π ◦ z). J has positive measure and for every t ∈ J ,
Q1((π ◦ z)(t)), · · · , Qm((π ◦ z)(t)) are linearly independent over R.

After this, in the same way as the proof of Lemma 3.8 in [8], we can prove this Lemma
10.5 :
In fact, for an integer p (1 ≦ p ≦ m), we denote by Ip a subset of {1, · · · ,m} with
cardinality p. Let r be the maximum of even integers p (1 ≦ p ≦ m− 3) such that there
exists a subset Ip ⊂ {1, · · · ,m} satisfying det (Hi,j(z(t)))(i,j)∈I2p ̸≡ 0 on J . Let Jr be the
set of t ∈ J such that there exists Ir ⊂ {1, · · · ,m} satisfying (Hi,j(z(t))(i,j)∈I2r ̸= 0. Note
Jr has positive measure. Therefore there exists σ ∈ S such that

∆r
0(σ, z(t)) ̸= 0 for every t ∈ Jr.

On the other hand, for any subset Ir+2 ⊂ {1, · · · ,m}, det (Hi,j(z(t))(i,j)∈I2r+2
≡ 0 on

Jr and rank (Hi,j(z(t))(i,j)∈I2r+2
≦ r on Jr. Therefore for any subset Ir+1 ⊂ Ir+2,

det (Hi,j(z(t))(i,j)∈I2r+1
= 0 on Jr. In particular, for k = r + 1, · · · ,m,

∆r,k
0,0(σ, z(t)) = 0 for every t ∈ Jr.

By differentiating both sides, for k = r + 1, · · · ,m,

m∑
i=1

ui(t) {∆r,k
0,0, Hi}(σ, z(t)) = 0 for a.e. t ∈ Jr.

Here, we denote by G0(σ, z(t)) the following m×m- matrix:

H11(σ, z(t)) · · · H1m(σ, z(t))
...

...
Hr1(σ, z(t)) · · · Hrm(σ, z(t))

{∆r,r+1
0,0 , H1}(σ, z(t)) · · · {∆r,r+1

0,0 , Hm}(σ, z(t))
...

...
{∆r,m

0,0 , H1}(σ, z(t)) · · · {∆r,m
0,0 , Hm}(σ, z(t))


.

Then G0(σ, z(t)) ̸≡ 0 on Jr. Note that, the first diagonal minors of order r of G0(σ, z(t))
is ∆r

0(σ, z(t)),which never vanishes on Jr. and by definition, the diagonal minors of order
r + 1 containing ∆r

0(σ, z(t)) are ∆r,k
0,1(σ, z(t)), k = r + 1, · · · ,m.
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Claim. There exists k1 ∈ {1, · · · ,m}, an integer s1(1 ≦ s1 < d + 1), and a subset
Jr+1 ⊂ Jr of positive measure such that{

∆r,k
0,ℓ(σ, z(t)) ≡ 0 on Jr+1, for any integers k, ℓ (r + 1 ≦ k ≦ m, 0 ≦ ℓ ≦ s1 − 1);

∆r,k1
0,s1

(σ, z(t)) ̸= 0 for every t ∈ Jr+1.

In fact, assume the claim is false. Then for every k (r + 1 ≦ k ≦ m) ∆r,k
0,1(σ, z(t)) = 0

on Jr. We consider the matrix G1(σ, z(t)) obtained by replacing the last m− r rows of
G0(σ, z(t)) with rows

({∆r,k
0,0, Hℓ}(σ, z(t)))1≦ℓ≦m, for k (1 ≦ k ≦ m).

By construction, detG1(σ, z(t)) ≡ 0 on Jr. The contradiction assumption implies that,
for k (r + 1 ≦ k ≦ m), ∆r,k

0,2(σ, z(t))) ≡ 0 of Jr. Proceeding similarly, there exists t ∈ Jr
such that (Q, (π ◦ z)(t) belongs to B(i, σ, r, 0, z(t)) for every integer i (1 ≦ i ≦ m). This
contradicts the assumption that, for any x ∈ Rn, (Q, x) ∈ Bmo(D). Thus the claim is
proved.

Up to a permutation, assume k1 = r + 1. We define a non-invertible matrix by
replacing in G0 :{

the (r + 1)-th line by ({∆r,r+1
0,s1−1, Hℓ}(σ, z(t)))1≦ℓ≦m;

for j (r + 2 ≦ j ≦ m), the j-th line by ({∆r,j
0,s1−1, Hℓ}(σ, z(t)))1≦ℓ≦m.

To this matrix is applied the previous reasoning on G0. Thus, by a finite number of steps,
we obtain that there exists subset Jm−1 ⊂ J of positive measure, and s = (0, s1, · · · , sm)
in Nm−1,di , such that{

∆r,··· ,r+m−1
0,s1,··· ,sm−1

(σ, z(t))) ̸= 0 for every t ∈ Jm−1;

∆r,··· ,r+m−1,r+m
0,s1,··· ,sm−1,ℓ

(σ, z(t))) ≡ 0 on Jm−1, ℓ ≧ 0.

As a consequence, for every t ∈ Jm−1, (Q, (π ◦ z)(t) belongs to B(i, σ, r, s, z(t)). This
contradicts the assumption that, for any x ∈ Rn, (Q, x) ∈ Bmo(D). □

Lemma 10.6 Suppose that, m is even and 2 ≦ m ≦ n. Let D = (d1, · · · , dm) be a
pair of even integers. Let Q ∈ VF(Rn)m such that for any x ∈ Rn, (Q, x) ̸∈ Bmo(D).
Then, if z : [0, T ] → T ∗Rn is a singular X-bi-extremal and if the singular X-trajectory
π ◦ z : [0, T ] → Rn is non-trivial and independent, then

rank Ĝ(z(t)) = m− 1 for a.e. t ∈ [0, T ].

Proof : Since (d1, · · · , dm) is an m-tuple of even integers, there exists an integer i (1 ≦
i ≦ m) such that 2di = min{d1, · · · , dm}.
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By the assumption that π ◦ z is non-trivial and by Proposition 4.1 (2), we have the
inequality rank G(z(t)) ≦ m− 1 for a.e. t ∈ [0, T ]. Therefore we will show the inequality
rank G(z(t)) ≧ m− 1 for a.e. t ∈ [0, T ].

In order to prove by contradiction, assume that, z : [0, T ] → T ∗Rn is an Q-bi-extremal
and the singular Q-trajectory π◦z : [0, T ] → Rn is non-trivial and independent but there
exists a measurable subset of positive measure K ⊂ [0, T ] such that

rank Ĝ(z(t)) ≦ m− 2 for every t ∈ K.

Since π ◦ z is independent, Iindep(π ◦ z) has positive measure, where Iindep(π ◦ z) is the
compliment of Idep(π ◦ z) in [0, T ]. When let J = I1∩ Iindep(π ◦ z), J ⊂ [0, T ] has positive
measure and for any t ∈ J, Q1((π ◦ z)(t)), · · · , Qm((π ◦ z)(t)) are linearly independent
over Rn. After this, in the same way as the proof of Lemma 3.8 in [8], we can prove this
Lemma 10.6:
In fact, By the previous proof, we may assume that there exists σ ∈ Sm such that

∆m−2
0 (σ, z(t)) ̸= 0 for every t ∈ J.

In particular, rank G(z(t)) = m− 2. Moreover, for k = m− 1 and k = m,

δk0(σ, z(t)) = 0 and δk1(σ, z(t)) = 0 for every t ∈ Jr.

Similarly to the argument of Lemma 3.8, we claim that there exists an integer s1 (1 ≦
s1 < di), and k1 ∈ {m− 1,m}, such that

δk1s1 (σ, z(t)) ̸= 0 for every t ∈ J.

In fact, otherwise, for s (0 ≦ s ≦ di) and for k ∈ {m − 1,m}, δks (σ, z(t)) = 0. In that
case, for every t ∈ J, (Q, π ◦ z(t)) belongs to B1(i, σ, d, z(t)). This contradicts for any
x ∈ Rn, (Q, x) ∈ Bmo(D).

Up to a permutation, we may assume k1 = m− 1. Let J1 ⊂ J be a subset of positive
measure such that

δm−1
s1

(σ, z(t)) ̸= 0 for every t ∈ J1.

Similarly to the argument of Lemma 3.8, for every s ≧ 0, we have

δs1,s(σ, z(t)) = 0 for t ∈ Jr.

Then, for every t ∈ J1, j
N
π◦z(t)X belongs to B1(i, σ, s1, z(t)). This contradicts for any

x ∈ Rn, (Q, x) ∈ Bmo(D). □

Lemma 10.7 Suppose that, 2 ≦ m ≦ n. Let D = (d1, · · · , dm) be a pair of even
integers. Let Q ∈ VF(Rn)m such that for any x ∈ Rn, (Q, x) ̸∈ Bmo(D). Then, if
z : [0, T ] → T ∗Rn is a singular Q-bi-extremal and if the singular Q-trajectory π ◦ z :
[0, T ] → Rn is non-trivial and independent, then z : [0, T ] → T ∗Rn is of minimal order.
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Proof : Since rank G(z(t)) is even, by Lemma 10.5 if m is odd, then m−2 can be replace
with m− 1 in the statement of Lemma 10.5:
If m (2 ≦ m ≦ n) is odd, if z : [0, T ] → T ∗Rn is a singular Q-bi-extremal and if
π ◦ z : [0, T ] → Rn is non-trivial and independent, then

rank G(z(t)) = m− 1 for a.e. t ∈ [0, T ].

On the other hand, by Lemma 10.6, the following immediately holds:
If m (2 ≦ m ≦ n) is even, if z : [0, T ] → T ∗Rn is a singular Q-bi-extremal and if
π ◦ z : [0, T ] → Rn is non-trivial and independent, then

rank Ĝ(z(t)) = m− 1 for a.e. t ∈ [0, T ].

Therefore, these imply that for every integer m (2 ≦ m ≦ n), z is of minimal order (see
Definition 4.2). □

10.3 Codimension of bad set

Lemma 10.8 Let D = (d1, · · · , dm) be a pair of even integers. Let d be an integer such
that 2d = min{d1, · · · , dm}. Then,

codim(π(Bmo(D)),VF D
poly(Rn)) ≧ d− n.

where, π : VF D
poly(Rn)× Rn → VF D

poly(Rn) is the canonical projection.

Step1: Construct the typical fiber G(D) of π(Bmo(D)) : The typical fiber G(D) ⊂
VF N

poly(Rn) is constructed by the union of G0(D) and G1(D). Note that G0(D), G1(D)

are semi-algebraic sets for D. Therefore G(D) = G0(D)∪G1(D) and its closure G(D)
are semi-algebraic also. In particular dimensions of G0(D), G1(D), G(D), G(D) are
well-defined and we have that

dim(G(D)) = dim(G(D)) = max{dim(G0(D)), dim(G1(D))}.

Moreover we have that the dimension of π(Bmo(D)) is well-defined and that they are
equal.

The definition of G0(D), G1(D) ⊂ VF D
poly(Rn) is below:

(1) Construction of the trivial fiber G0(D) of π(B0
mo(D)) : Ifm = 2, then G0(D) =

∅. If m ≧ 3, then G0(D) is the union of π(G0(di;T
∗
0Rn)) with integers i (1 ≦ i ≦ m) by

VF D
poly(Rn)× Rn → VF D

poly(Rn).

G0(di;T
∗
0Rn) is defined by the set of (Q, p) = (Q1, · · · , Qm, p) ∈ VF D

poly(Rn) × Rm

such that there exist σ ∈ Sm, an even integer r (0 ≦ r ≦ m − 3), and s ∈ Nq,d with
q(0 ≦ q < m) such that (Q, p) satisfies the conditions 1) to 4):
1). Q1(0), · · · , Qm(0) are linearly independent;
2). ∆r

0(σ, z0) ̸= 0;
3). for every integer j (0 ≦ j ≦ q), ∆r,r+1,··· ,r+j

0,s1,··· ,sj (σ, z0) ̸= 0.
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4). (a) for every integers j (0 ≦ j ≦ q), k (r + j ≦ k ≦ m), and s (1 ≦ s ≦ sj − 1),

∆r,r+1,··· ,r+j−1,k
0,s1,··· ,sj−1,s (σ, z0) = 0;

(b) for every integer k (r + p+ 1 ≦ k ≦ m) and s (1 ≦ s ≦ di + q − (s1 + · · ·+ sp)),

∆r,r+1,··· ,r+q,k
0,s1,··· ,sq ,s (σ, z0) = 0,

where z0 is the elements of T ∗
0Rn given in coordinates by (0, p).

(2) Construction of the trivial fiber G1(D) of π(B1
mo(D)) : In m is an odd integer,

then G1(D) = ∅. If m is an even integer, then G1(D) is the union of π(G1(di;T
∗
0Rn))

with integers i (1 ≦ i ≦ m) by VF D
poly(Rn)× Rn → VF D

poly(Rn).

G1(di;T
∗
0Rn) is defined by the set of (Q, p) = (Q1, · · · , Qm, p) ∈ VF D

poly(Rn) × Rm

such that there exist a positive integer s1 (1 ≦ s1 ≦ di) and σ ∈ Sm such that (Q, p)
satisfies the conditions 1) to 4):

1). Q1(0), · · · , Qm(0) are linearly independent;
2). ∆m−2

0 (σ, z0) ̸= 0;
3). if s1 < di, then δm−1

s1
(σ, z0) ̸= 0;

4). (a) for every integer k ∈ {m− 1,m} and s (0 ≦ s ≦ s1 − 1), δks (σ, z0) = 0;
(b) for every integer s (1 ≦ s ≦ di − s1), δs1,s(σ, z0) = 0,

where z0 is the elements of T ∗
0Rn given in coordinates by (0, p).

Step 2: Construct the two mappings ϕ0
i (σ, r, s) and ϕ1

i (σ, s1)
(1) Construction of ϕ0

i (σ, r, s) : Let i (1 ≦ i ≦ m) be a positive integer, σ ∈ Sm, r (0 ≦
r ≦ m− 3) be an even integer, and s = (0, s1, · · · , sq) ∈ Nq,di with 0 ≦ q < m. Then, we
define the mapping ϕ0

i (σ, r, s) : VF
D
poly(Rn))×Rn → Rd

i by for (Q, p) ∈ VF D
poly(Rn))×Rn,

ϕ0
i (σ, r, s)(Q, p) =

{
∆r,r+1,··· ,r+j−1,r+j

0,s1,··· ,sj−1,s
(Q)(σ, z0) j = 1, · · · , q, and s = 1, · · · , sj − 1,

∆r,r+1,··· ,r+q,r+q+1
0,s1,··· ,sq ,s (Q)(σ, z0) s = 1, 2, · · · , di + q − (s1 + · · ·+ sq),

where z0 is the elements of T ∗
0Rn given in coordinates by (0, p), and ∆r,r+1,··· ,r+i−1,r+i

0,s1,··· ,si−1,s
(Q),

∆r,r+1,··· ,r+q,r+q+1
0,s1,··· ,sq ,s (Q) are the elementary determinants associated to Q.

(2) Construction of ϕ1
i (σ, s1) : Let i (1 ≦ i ≦ m) be a positive integer, σ ∈ Sm and

s1 (1 ≦ s1 ≦ di). Then, we define the mapping ϕ1
i (σ, s1) : VF

D
poly(Rn))×Rn → Rd

i by for

(Q, p) ∈ VF D
poly(Rn))× Rn,

ϕ1
i (σ, s1)(Q, p) =

{
δms (Q)(σ, z0), s = 0, 1 · · · , s1 − 1;

δs1,s(Q)(σ, z0), s = 1, 2 · · · , di − s1,

where z0 is the elements of T ∗
0Rn given in coordinates by (0, p), and δms (Q), δs1,s(Q) are

the elementary determinants associated to Q.
Step 3: Construct the two open sets T 0

i,σ,r,s, T
1
i,σ,s1

⊂ VF D
poly(Rn))× Rn :

(1) Construction of T 0
i,σ,r,s : Let i (1 ≦ i ≦ m) be a positive integer, σ ∈ Sm,

r (0 ≦ r ≦ m − 3) be an even integer, and s = (0, s1, · · · , sq) ∈ Nq,di with 0 ≦ q < m.
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Then, T 0
σ,r,s is defined by the set of (Q, p) ∈ VF D

poly(Rn)) × Rn such that (Q, p) satisfies
the conditions 1) and 2):
1). Q1(0), · · · , Qm(0) are linearly independent;
2). for every integer i (0 ≦ i ≦ p), ∆r,r+1,··· ,r+i

0,s1,··· ,si (σ, z0) ̸= 0,
where z0 is the elements of T ∗

0Rn given in coordinates by (0, p).

(2) Construction of T 1
i,σ,s1

: Let i (1 ≦ i ≦ m) be a positive integer, σ ∈ Sm and

s1 (1 ≦ s1 ≦ di). Then, T
1
σ,s1

is defined by the set of (Q, p) ∈ VF D
poly(Rn))×Rn such that

(Q, p) satisfies the conditions 1) to 3):
1). Q1(0), · · · , Qm(0) are linearly independent;
2). ∆m−2

0 (σ, z0) ̸= 0;
3). if s1 is s1 < di, then δm−1

s1
(σ, z0) ̸= 0,

where z0 is the elements of T ∗
0Rn given in coordinates by (0, p).

Then, T 0
i,σ,r,s and T 1

i,σ,s1
are open subsets of VF D

poly(Rn))× Rn.
Step 4: The followings immediately hold:
(1) If m ≧ 3 and i (1 ≦ i ≦ m) is an integer, then G0(di;T

∗
0Rn) concides with the

union of the kernels of the restriction to T 0
i,σ,r,s of the mapping ϕ0

i (σ, r, s) with σ ∈ Sm,
even integers r (0 ≦ r ≦ m− 3), and s ∈ Nq,d with 0 ≦ q < m.

(2) If m ≧ 2 is an even integer and i (1 ≦ i ≦ m) is an integer, then G1(di;T
∗
0Rn)

concides with the union of the kernels of the restriction to T 1
i,σ,s1

of the mapping ϕ1(σ, s1)
with σ ∈ Sm and s1(1 ≦ s1 ≦ d).

Step 5: Let Ω0 be the set of Q ∈ VF D
poly(Rn) such that Q1(0), · · · , Qm(0) are linearly

independent. Let i (1 ≦ i ≦ m) be an integer such that 2di = min{d1, · · · , dm}. Then,
the followings hold (see Lemma 3.5, 3.6 in [8]):

(1) If m ≧ 3, σ ∈ Sm, and r (0 ≦ r ≦ m−3) is an even integer, then the restriction to
the intersection T 0

i,σ,r,s∩ V̂ of the mapping ϕ0
i (σ, r, s) is a submersion for every coordinate

neighborhood V̂ of Ω0 × Rn.
(2) If m ≧ 2 is even, σ ∈ Sm, and an integer s1 satisfies 1 ≦ s1 ≦ d, then the

restriction to the intersection T 1
i,σ,s1

∩ V̂ of the mapping ϕ1
i (σ, s1) is a submersion for

every coordinate neighborhood V̂ of Ω0 × Rn.
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Step 6: Let d be an integer 2d = min{d1, · · · , dm}.Then,

codim(π(Bmo(D)),VF D
poly(Rn)) ≧ d− n.

where, π : VF D
poly(Rn)× Rn → VF D

poly(Rn) is the canonical projection.
Let k ∈ {0, 1}. By step 4, 5, if j (1 ≦ j ≦ m) is a positive integer, then

codim(Gk(d;T ∗
0Rn),VF D

poly(Rn)× Rn) = d.

By Tarski-Seidenberg theorem for π : VF D
poly(Rn)× Rn → VF D

poly(Rn),

codim(Gk(D),VF D
poly(Rn)) = codim(π(Gk(d;T ∗

0Rn),VF D
poly(Rn)) ≧ d− n.

Since G(D) = G0(D) ∪G1(D),

codim(G(D),VF D
poly(Rn)) = min{codim(Gk(D),VF D

poly(Rn)× Rn)|k = 0, 1}

Therefore,since codim(G(D),VF D
poly(Rn)) ≧ d− n,

codim(π(Bmo(D),VF D
poly(Rn)) ≧ codim(Bmo(D),VF D

poly(Rn)× Rn)− n

= codim(G(D),VF D
poly(Rn))− n

≧ d− 2n.

Therefore, codim(π(Bmo(D),VF D
poly(Rn)) ≧ d− 2n. □

10.4 Proof of main theorem 4

It is well-known that if B ⊂ RK is a semi-algebraic, then the complement of B in RK is
dense if and only if dim(RK , B) > 0. In particular, the complement of the clousure of B
in RK , RK\B is open dense subset of RK .

Let d > 2n be an integer such that 2d = min{D1, D2, · · · , Dm}(> 4n). Let H0 be
the set of Q ∈ VF D

poly(Rn) such that Q is not included in the closure of the projection of

Bmo(D) in VF D
poly(Rn) by the canonical projection π : VF D

poly(Rn) × Rn → VF D
poly(Rn),

namely,
H0 = VF D

poly(Rn) \ π(Bmo(D)).

Since π(Bmo(D)) ⊂ VF D
poly(Rn) is semi-algebraic and

codim(π(Bmo(D)),VF D
poly(Rn)) ≧ d− 2n > 0,

Therefore, H0 is an open dense subset of VF D
poly(Rn) in the sense of Euclidean topology.
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11 Singular controls of generic polynomial driftless

control-affine systems

Let D = (d1, · · · , dm) denote an m-tuple of integers, and VF D
poly(Rn) denote the product

space of m-tuple systems of polynomial vector fields over Rn, Q = (Q1, · · · , Qm), such
that the degree of Qi satisfiies degQi ≦ di for every integer i (1 ≦ i ≦ m), and we endow
VF D

poly(Rn) with the Euclidean topology.

Let Ω be an open subset of Rm. For Q = (Q1, · · · , Qm) ∈ VF D
poly(Rn), consider the

polynomial driftless control-affine systems

ẋ =
m∑
i=1

uiQi(x)

with the control parameter (u1, · · · , um) ∈ Ω. Then, the following holds:

Theorem 11.1 Suppose 2 ≦ m ≦ n and suppose that, an m-tuple of even integers D =
(d1, · · · , dm) satisfies the inequality : min{d1, d2, · · · , dm} ≧ 4n+2. Then, there exists an
open dense semi-algebraic subset H2 ⊂ VF D

poly(Rn) such that, if Q ∈ H2, if u : [0, T ] → Ω
is a singular Q-control for a given initial point x0 ∈ Rn, and if the corresponding singular
trajectory x : [0, T ] → Rn, x(0) = x0 is non-trivial and independent, then the control u is
of corank one.

Theorem 11.1 is the polynomial version of Theorem 6.1. However, the method of
proofs of these theorems is different. In the proofs of Theorem 5.1, Thom’s transversality
theorem (for instance [10]) is used. On the other hand, Tarski-Seidenberg theorem (for
instance [7]) is used.

Outline of proof : Let k′ ≦ 1 be an integer. We set such that k′ = 2k − 1. Let
D = (d1, · · · , dm) be an m-tuple of even integers 2k = k′ + 1. Then, we will show the
main theorem 4 by the following procedures:
[Step1] (See Definition 11.5) Construct the “bad set” with respect to corank one, BC(D) ⊂
VF D

poly(Rn) × Rn. Note that BC(D) is semi-algebraic and in particular, by Tarski-

Seidenberg theorem, π(BC(D)) is semi-algebraic by π : VF D
poly(Rn)×Rn → VF D

poly(Rn).

Dimensions of π(BC(D)) and its closure π(BC(D)) are well-defined.
[Step2] (See Lemma 11.7) Show that, if X ∈ VF D

poly(Rn) satisfies the condition that any
x ∈ Rn, (Q, x) ̸∈ BC(D), if u : [0, T ] → Ω is a singular Q-control for a given initial
point x0 ∈ Rn, and if the corresponding singular trajectory x : [0, T ] → Rn, x(0) = x0 is
non-trivial and independent, then the control u is of corank one.
[Step3] (See Lemma 11.8) By using Tarski-Seidenberg theorem (for instance see [10]),
Compute the codimension of BC(D) in VF D

poly(Rn).
[Step4] (See the subsection §11.4) For min{d1, d2, · · · , dm} > 4n, namely min{d1, d2, · · · , dm} ≧
4n+2, let H0 be the set of Q ∈ VF D

poly(Rn) such that (Q, x) is not included in the closure

of BC(D) in VF D
poly(Rn). Then, show that, H0 is an open dense subset of VF D

poly(Rn) in
the sense of Euclidean topology.
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In order to show the main theorem 3, we prepare the subsections: §11.1 to §11.4. In
§11.1, after preparing the notations, permutated Hamiltonians, Goh matrices and ele-
mentary determinants in Definition 5.2, 5.3, we define the bad set BC(d) of J

N(VF(M))m

in Definition 5.4. In §11.2, in Lemma 5.7, 5.8, we describe some properties of rank of Goh
matrix for any singular X-bi-extremals if X ∈ VF(M)m satisfies the condition that for
any x ∈ M , jNx X is included in complement of BC(d) in JN(VF(M))m. In particular,
the important Lemma 5.9 prepared for the proof of main theorem 1 can be immedi-
ately derived from the Lemmata 5.7, 5.8 : if X ∈ VF(M)m satisfies the condition that
, jNx X ̸∈ BC(d) for any x ∈ M , then any singular X-bi-extremal with the non-trivial
independent singular X-trajectory is of minimal order. In §11.3, we compute the codi-
mension of BC(d) in JN(VF(M))m in Lemma 5.10. In §11.4, by using these Lemmata
5.9, 5.10, we show the main theorem 1.

11.1 Construction of bad set

Let Sm be the set of permutations with m elements, and X = (X1, · · · , Xm) ∈ VF(M)m.
Then, we prepare some notations, permutated Hamiltonians, extended Lie derivatives
and elementary determinants, in order to define the bad set BC(d) ⊂ JN(VF(M))m for
an integer d.

Definition 11.2 For k ∈ {1, 2}, we define the real valued functions H
[k]
ij ,∆

[k],r
0 , P [k], δ

[k],i
s

on Sm × T ∗M ×M T ∗M , which are called permutated Hamiltonians:
Let σ ∈ Sm and (z[1], z[2]) ∈ T ∗M ×M T ∗M . Then,

H
[k]
ij (σ, z

[1], z[2]) = Hij(σ, z
[k]) for i, j (1 ≦ i, j ≦ m)

∆
[k],r
0 (σ, z[1], z[2]) = ∆r

0(σ, z
[k]) for every integer r (0 ≦ r ≦ m− 1)

P [k](σ, z[1], z[2]) = P (z[k]), and P [k],m−2(σ, z[1], z[2]) = Pm−2(z[k])

δ
[k],i
s (σ, z[1], z[2]) = δis(σ, z), for every integer s ≧ 0 and i ∈ {m− 1,m},

where P (resp.Pm−2) is defined by

P (σ, z) = P
(
(Hij(σ, z))1≦i<j≦m

) (
resp. Pm−2(σ, z) = P

(
(Hij(σ, z))1≦i<j≦m−2

))
,

for σ ∈ S, z ∈ T ∗M by using the Pfaffian polynomial of G (resp.Gm−2) .

Definition 11.3 Let F• be the set of F ∈ C∞(T ∗M×M T ∗M) such that there exists
F1, F2 ∈ C∞(T ∗M) such that F (z[1], z[2) = F1(z

[1])F2(z
[2]) for (z[1], z[2) ∈ T ∗M×MT ∗M .

Let F be the set of F ∈ C∞(T ∗M×M T ∗M) such that F is a linear combination of

a finite number of elements of F• on R. Then, for the Hamiltonian vector field
−→
H of

X ∈ VF(M), we define an extended Lie derivative L−→
Hj

: F → F by the following: For

F ∈ F• and (z[1], z[2) ∈ T ∗M×MT ∗M ,

L−→
H
(F )(z[1], z[2]) = L−→

H
(F1)(z

[1])F2(z
[2]) + F1(z

[1])L−→
H
(F2)(z

[2]),

and extend it by linearly to F. Here, L−→
H
(Fk) is the Lie derivative of Fk with respect to

−→
H for k ∈ {1, 2} .
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Definition 11.4 We inductively define the real valued functions onSm×T ∗M×MT ∗M ,
which are called elementary determinants: Let σ ∈ Sm and (z[1], z[2]) ∈ T ∗M ×M T ∗M .
Then 

Θs+1(σ, z
[1], z[2]) = det


(
H

[1]
ij (σ, z

[1], z[2])
)
1≦i≦m−1,
1≦j≦m(

L−→
Hj
Θs(σ, z

[1], z[2])
)
1≦j≦m

 (s = 0, 1, · · · ),

Θ0(σ, z
[1], z[2]) = det


(
H

[1]
ij (σ, z

[1], z[2])
)
1≦i≦m−1,
1≦j≦m(

H
[2]
ij (σ, z

[1], z[2])
)
1≦j≦m

 ,

and 

θs(σ, z
[1], z[2]) = det



(
H

[1]
ij (σ, z

[1], z[2])
)
1≦i≦m−1,
1≦j≦m(

{P [1], H
[1]
j }(σ, z[1], z[2])

)
1≦j≦m(

L−→
Hj
θs(σ, z

[1], z[2])
)
1≦j≦m

 (s = 0, 1, · · · )

θ0(σ, z
[1], z[2]) = det



(
H

[1]
ij (σ, z

[1], z[2])
)
1≦i≦m−1,
1≦j≦m(

{P [1], H
[1]
j }(σ, z[1], z[2])

)
1≦j≦m(

{P [12], H
[2]
j }(σ, z[1], z[2])

)
1≦j≦m

 ,

Now, we construct the semi-algebraic set BC(D) ⊂ VF D
poly(Rn)×Rn, which is called

the bad set with respect to minimal order for an m-tuple of integers D = (d1, · · · , dm) :

Definition 11.5 Let D = (d1, · · · , dm) be an m-tuple of integers such that di ≧ 2
for every integer i (1 ≦ i ≦ m). We define the “bad set” with respect to corank one,
BC(D) by the canonical projection of B̂C(D) by VF D

poly(Rn)×Rn × T ∗Rn ×Rn T ∗Rn →
VF D

poly(Rn)× Rn. The definition of B̂C(D) is written in Definition 11.6:

Definition 11.6 Let D = (d1, · · · , dm) be an m-tuple of integers such that di ≧ 2
for every integer i (1 ≦ i ≦ m). Let d = min{d1, · · · , dm} − 1. We define B̂C(D) ⊂
VF D

poly(Rn)×Rn×T ∗Rn×Rn T ∗Rn by the union of the sets BC(d, σ) with σ ∈ Sm. Here
the definition of BC(d, σ) is below:
For σ ∈ Sm, let BC(d, σ) be the subset of VF D

poly(Rn) × Rn ×M T ∗Rn ×M T ∗Rn of all

triples ((Q, x), z[1], z[2]) such that q = π(z[1]) = π(z[2]):
1). X1(x), · · · , Xm(x) are linearly independent;
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2). z[1], z[2] are linearly independent;

3).

{
if m is odd, then ∆m−1

0 (σ, z[1] ̸= 0,
if m is even, then δm−1

1 (σ, z[1])Pm−2(σ, z[2]) ̸= 0;

4). for s (0 ≦ s ≦ d− 1),

{
if m is odd, then Θs(σ, z

[1], z[2]) = 0,
if m is even, then θs(σ, z

[1], z[2]) = 0.

11.2 Property of singular controls avoiding the bad set with
respect to corank one.

We show the important Lemma 11.7 prepared for the proof of the main theorem 4.

Lemma 11.7 Suppose that 2 ≦ m ≦ n. Let D = (d1, · · · , dm) be an m-tuple of even
integers such that di ≧ 2 for every integer i (1 ≦ i ≦ m). Let Q ∈ VF D

poly(Rn) such
that for any x ∈ Rn, (Q, x) ̸∈ Bmo(D) ∪ BC(D). Then, if u : [0, T ] → Ω is a singular
Q-control for a given initial point x0 ∈ Rn and if the corresponding Q-trajectory x :
[0, T ] → Rn, x(0) = x0 is non-trivial and independent, then the control u is of corank
one.

Proof : Since (d1, · · · , dm) is an m-tuple of even integers, there exists an integer i (1 ≦
i ≦ m) such that 2di = min{d1, · · · , dm}. Let d′ = 2di − 1.

In order to prove by contradiction, assume that, u : [0, T ] → Ω is a singular X-
control for a given initial point x0 ∈ Rn and x : [0, T ] → Rn, x(0) = x0 is non-trivial
and independent but the control u is not of corank one. Then by Proposition 4.4, there
exists two bi-extremals z[1], z[2] : [0, T ] → T ∗Rn with z[1] ◦ π = z[2] ◦ π = x such that
z[1](t) and z[2](t) are linearly independent for every t ∈ [0, 1].
Case 1 We consider the case m is odd. For k = 1, 2, we denote by G[k] the Goh
matrix G(z[k]) = (Hij(z

[k]))1≦i,j≦m. Since Q = (Q1, · · · , Qm) ∈ VF D
poly(Rn) is for any

x ∈ Q, jNx X ̸∈ Bmo(d
′), by the proof of Lemma 5.7, there exists Im−1 ⊂ {1, · · · ,m}

with cardinality m − 1 such that det (Hij(z
[1](t)))(i,j)∈I2m−1

̸≡ 0 on [0, T ]. Then, up to

a permutation, we may assume that there exist an open subinterval K ⊂ [0, T ] and
σ ∈ Sm such that

∆
[1],m−1
0 (σ, z[1](t), z[2](t)) ̸= 0 for every t ∈ K.

On the other hand, since x is independent, Iindep(x) has positive measure, where Iindep(x)
is the compliment of Idep(x) in [0, T ]. Then Let J = K ∩ Iindep(x).

Now, since for k = 1, 2, Hi(σ, z
[k](t)) = 0 on [0, T ], by differentiating both sides, for

i (1 ≦ i ≦ m),
m∑
j=1

uj(t)Hij(σ, z
[k](t)) = 0 a.e. t ∈ [0, T ].
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Hence, the matrix 
H11(σ, z

[1](t)) · · · H1m(σ, z
[1](t))

...
...

H(m−1)1(σ, z
[1](t)) · · · H(m−1)m(σ, z

[1](t))

H11(σ, z
[2](t)) · · · H1m(σ, z

[2](t))


is not invertible. Therefore Θ0(σ, z

[1](t), z[2](t)) ≡ 0 on [0, T ]. By differentiating both
sides,

m∑
j=1

uj(t)L−→
Hj
Θ0(σ, z

[1](t), z[2](t)) = 0 a.e. t ∈ [0, T ].

This implies Θ1 ≡ 0. By proceeding similarly, for k(0 ≦ k ≦ d− 1).{
∆

[1],m−1
0 (σ, z[1](t), z[2](t)) ̸= 0

Θk(σ, z
[1](t), z[2](t)) ≡ 0

for every t ∈ J.

This contradicts the assumption that, for any x ∈ Rn, (Q, x) ∈ BC(d).
Case 2 We consider the case m is even. By proofs of Lemma 5.7, 5.8, up to permutation,
there exists an subinterval K ⊂ [0, T ] such that{

P [1],m−2(σ, z[1](t), z[2](t)) ̸= 0

δ
[1],m−1
1 (σ, z[1](t), z[2](t)) ̸= 0

for every t ∈ K.

Then Let J = K ∩ Iindep(x).
We show that P [2],m−2(σ, z[1](t), z[2](t)) ̸= 0 for every t ∈ J . For α ∈ [0, T ], consider

zα = (1 − α)z[1] + αz[2]. Since Pm−2(z[α](t)) depends continuously on α, for α small
enough, Pm−2(z[α](t)) = 0 for every t ∈ J. Moreover, the set of singular X-bi-extremals
of singular X-trajectory x is a vector space, z[α] is singular X-bi-extremals of x, and for
α > 0, z[α](t) and z[1](t) are linearly independent for every t ∈ J . Then, it suffices to
replace z[2] by zα, for some α > 0 small enough.

Similar to the case m odd, for k (0 ≦ k ≦ d− 1),{
δ
[1],m−1
1 (σ, z[1](t), z[2](t))P [2],m−2(σ, z[1](t), z[2](t)) ̸= 0

θk(σ, z
[1](t), z[2](t)) ≡ 0

for every t ∈ J.

This contradicts the assumption that, for any x ∈ Rn, (Q, x) ∈ BC(D).
□

11.3 Codimension of bad set with respect to corank one.

Let D = (d1, · · · , dm) be a pair of positive integers di ≧ 2 for every integer i (1 ≦ i ≦ m).
Let d = min{d1, · · · , dm} − 1. Then,
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Lemma 11.8 codim(π(BC(D)), JN(VF(M))m) ≧ d− 2n.

Proof : We describe only the outline of the proof of Lemma 6.8 because this bad set
BC(D) is the completely same bad set BC(D) defined as 3.1.2 in [8]: Let VF N

poly(Rn) be
the m-tuple product space of polynomial vector fields of degree ≦ di over Rn.

Step 1: Construct the typical fiber GC(D) of π(BC(D)) :
Typical fiber GC(D) of π(BC(D)) is the canonical projection of GC(d;T

∗
0Rn×T ∗

0Rn)
by VF D

poly(Rn) × Rn × Rn → VF D
poly(Rn). GC(d;T

∗
0Rn×T ∗

0Rn) is defined by the set of

(Q, p[1], p[2]) ∈ VF D
poly(Rn)×Rn×Rn such that there exists σ ∈ Sk such that (Q, p[1], p[2])

satisfies the conditions 1) to 4):
1). Q1(0), · · · , Qm(0) are linearly independent;
2). p[1], p[2] are linearly independent;

3). (a) if m is odd, then ∆m−1
0 (σ, z

[1]
0 ) ̸= 0,

(b) if m is even, then δm−1
1 (σ, z

[1]
0 )Pm−2(σ, z

[2]
0 );

4). (a) if m is odd, then Θs(σ, z
[1]
0 , z

[2]
0 ) for every integer s (0 ≦ s ≦ d− 1),

(b) if m is even, then θs(σ, z
[1]
0 , z

[2]
0 ) for every integer s (0 ≦ s ≦ d− 1),

where z
[1]
0 , z

[2]
1 are the elements of T ∗

0Rn given in coordinates by (0, p1), (0, p2).
Step 2: Construct the mapping ϕσ : VF D

poly(Rn)× Rn × Rn → Rd :
Let σ ∈ Sk. Then construct the mapping ϕσ,V by dividing two cases of m being odd

and even:
Case1 If m be an odd integer, then we define ϕσ : VF D

poly(Rn) × Rn × Rn → Rd by for

(Q, p[1], p[2]) ∈ VF D
poly(Rn)× Rn × Rn,

ϕσ,V (Q, p[1], p[2]) =
(
Θs(Q)(σ, z

[1]
0 , z

[2]
0 )

)
0≦s≦d−1

,

where z
[1]
0 , z

[2]
0 are the elements of T ∗Rn given in coordinates by (0, p[1], p[2]) and Θs(Q)

is the elementary determinants associated to Q.
Case2 If m be an even integer, then we define ϕσ : VF D

poly(Rn)× Rn × Rn → Rd by for

(Q, p[1], p[2]) ∈ VF D
poly(Rn)× Rn × Rn,

ϕσ,V (Q, p[1], p[2]) =
(
θs(σ, z

[1]
0 , z

[2]
0 )

)
0≦s≦d−1

,

where z
[1]
0 , z

[2]
0 are the elements of T ∗Rn given in coordinates by (0, p[1], p[2]) and θs(Q) is

the elementary determinants associated to Q.
Step 3: Construct the open subset Vσ ⊂ VF D

poly(Rn)× Rn × Rn :
Let σ ∈ S. Then, construct Vσ by dividing two cases of m being odd and even:

Case1 If m is an odd integer, then Vσ is defined by the set of (Q, p[1], p[2]) ∈ VF D
poly(Rn)×

Rn × Rn such that (Q, p[1], p[2]) satisfies the conditions 1) to 2):
1). p[1], p[2] are linearly independent;

2). ∆m−1
0 (σ, z

[1]
0 ) ̸= 0.

Case2 Ifm is an even integer, then Vσ is defined by the set of (Q, p[1], p[2]) ∈ VF D
poly(Rn)×

Rn × Rn such that
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1). p[1], p[2] are linearly independent;

2). δm−1
1 (σ, z

[1]
0 )Pm−2(σ, z

[2]
0 ) ̸= 0,

where z
[1]
0 , z

[2]
0 are the elements of T ∗Rn given in coordinates by (0, p[1], p[2]).

Then, Vσ is an open subset of VF D
poly(Rn)× Rn × Rn.
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Step 4: GC(d;T
∗
0Rn×T ∗

0Rn) is the union of kernels of restriction to Vσ of the mapping
ϕσ with σ ∈ Sm.

Step 5: Let Ω0 be the set of Q ∈ VF D
poly(Rn) such that Q1(0), · · · , Qm(0) are linearly

independent. It is well-known that the local coordinate systems on Ω0 can be constructed
(see Coordinate systems in [6],[8]).Then, if σ ∈ Sm, then the restriction to the intersec-
tion Vσ ∩ V̂ of the mapping ϕσ is a submersion for every coordinate neighborhood V̂ of
Ω0 × Rn × Rn. (The proof is Lemma 4.2. in [8].)

Step 6: codim(π(BC(D)),VF D
poly(Rn)) ≧ d− 3n :

By Step 4,5, codim(GC(d;T
∗
0Rn×T ∗

0Rn),VF D
poly(Rn)×Rn × Rn) = d. On the other

hand, GC(d) is the canonical projection ofGC(d;T
∗
0Rn×T ∗

0Rn) by VF D
poly(Rn)×Rn×Rn →

VF D
poly(Rn). Therefore, by Tarski-Seidenberg theorem,

codim(GC(d),VF
D
poly(Rn) ≧ d− 2n

. Therefore,by Tarski-Seidenberg theorem,

codim(π(BC(D)),VF D
poly(Rn)) ≧ codim(π(BC(D),VF D

poly(Rn)× Rn)− n

= codim(GC(d),VF
D
poly(Rn)− n

= d− 3n.

□

11.4 Proof of main theorem 5

It is well-known that if B ⊂ RK is a semi-algebraic, then the complement of B in RK is
dense if and only if dim(RK , B) > 0. In particular, the complement of the clousure of B
in RK , RK\B is open dense subset of RK .

Since (d1, · · · , dm) is an m-tuple of even integers, there exists an integer d′ such that
d′ = min{d1, · · · , dm}. Let d′ > 2n be an integer. Let d = 2d′−1 and min{d1, · · · , dm} =
d+ 1 = 2d′(> 4n). Then, min{d1, · · · , dm}

Then, let H1 be the set of X ∈ VF D
poly(Rn) such that for any x ∈ M , jNx X is not

included in the closure of π(Bmo(D)) ∪ π(BC(D)) in VF D
poly(Rn):

H1 =
{
X ∈ VF(M))m

∣∣∣Q ̸∈ π(Bmo(D)) ∪ π(BC(D)).
}
.

By Lemmata 11.7, 11.8 and n ≧ 2,

codim(π(Bmo(D)) ∪ π(BC(D)),VF D
poly(Rn)) ≧ min{d′ − 2n, d− 3n} > 0.

Then H1 is an open dense subset of VF D
poly(Rn) by using Tarski-Seidenberg theorem.

Let Q ∈ G1. Then, by using Lemma 6.7, if u : [0, T ] → Ω is a singular Q-control for a
given initial point x0 ∈ Rn and if the corresponding Q-trajectory x : [0, T ] → Q, x(0) =
x0 is non-trivial and independent, then the control u is of corank one.
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12 Properties of abnormal extremals on a generic

polynomial system in generalized subriemannian

geometry

Recall that, D = (d1, · · · , dm) denotes an m-tuple of integers, and VF D
poly(Rn) denotes

the product space of m-tuples of polynomial vector fields over Rn : (Q1, · · · , Qm), such
that the degree of Qi satisfiies degQi ≦ di for every integer i (1 ≦ i ≦ m), and we endow
VF D

poly(Rn) with the Euclidean topology.

Let Ω be an open subset of Rm. For Q = (Q1, · · · , Qm) ∈ VF D
poly(Rn), consider the

polynomial driftless control-affine systems

ẋ =
m∑
i=1

uiQi(x)

with the control parameter (u1, · · · , um) ∈ Ω. Moreover, consider the optimal control
problem associated to the driftless control-affine systems to minimize the energy func-
tional

e(u) =
1

2

m∑
i=1

u2
i .

on Q-admissible controls with the fixed initial point x0 ∈ M and the fixed end point x1

Then, the following holds:

Theorem 12.1 Suppose 2 ≦ m ≦ n and suppose that, D = (d1, · · · , dm) satisfies the
inequality : min{d1, d2, · · · , dm} ≧ 3n+2. Then, there exists an open dense semi-algebraic
subset H3 ⊂ VF D

poly(Rn) such that, if Q ∈ H3, if x : [0, T ] → T ∗M is a Q-abnormal bi-
extremal, then x is strictly abnormal.

Outline of proof Let D = (d1, · · · , dm) be an m-tuple Let d = min{d1, · · · , dm}. Then,
we will show the main theorem 3 by the following procedures:
[Step1] Construct the “bad set” with respect to minimal order, Bsa(D) ⊂ VF D

poly(Rn).

[Step2] Show that, if Q ∈ VF D
poly(Rn) satisfies the condition that any x ∈ Q, (Q, x) ̸∈

Bsa(D) and if x : [0, T ] → Rn is an abnormal Q-bi-extremal, then x is of strictly
abnormal.
[Step3] Compute the codimension of π(Bsa(d)) in VF D

poly(Rn) by π : VF D
poly(Rn)×Rn →

VF D
poly(Rn).

[Step4] For d > 3n − 1, let H3 be the set of Q ∈ VF D
poly(Rn) such that (Q, x) is not

included in the closure of π(Bsa(D)) in VF D
poly(Rn). Then, show that, H3 is an open

dense subset of VF D
poly(Rn) in the sense of Whitney smooth topology.
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12.1 Construction of bad set

Let (z[n], z[a]) ∈ T ∗M ×M T ∗M and x = π(z[n]) = π(z[a]). For every multi index I of
{1, · · · ,m}, set

H
[n]
I (z[n], z[a]) = HI(z

[n]) andH
[a]
I (z[n], z[a]) = HI(z

[a]).

and define inductively the following functions in F, depending on (z[n], z[a]) βi,0 = H
[a]
i

βi,s+1 =
m∑
j=1

H
[n]
j L−→

Hj
βi,s, (s = 1, 2, · · · ),

where F and L−→
Hj

are defined in before section.

Definition 12.2 Let D = (d1, · · · , dm) be a pair of positive integers such that di ≧ 2
for every integer i (1 ≦ i ≦ m). Let d = min{d1, · · · , dm} − 1. For every integer
i (1 ≦ i ≦ m) and (z[n], z[a]) ∈ T ∗M ×M T ∗M, we define B̂(D, i, z[n], z[a]) by the set of
(Q, x) ∈ VF D

poly(Rn)× Rn such that the following conditions hold:

1)Xi(x) ̸= 0 ;

2)H
[n]
i (z[n], z[a]) ̸= 0;

3)βi,s(z
[n], z[a]) = 0 for every integer s (0 ≦ s ≦ d− 1).

B̂((D, z[n], z[a]) ⊂ VF D
poly(Rn)× Rn is the union of B̂(D, i, z[n], z[a]) with i (1 ≦ i ≦ m).

Definition 12.3 Let D = (d1, · · · , dm) be a pair of positive integers such that digeqq2
for every integer i (1 ≦ i ≦ m). Let d = min{d1, · · · , dm} − 1. we define B̂sa(D) ⊂
VF D

poly(Rn)× Rn ×M T ∗M ×M T ∗M by

B̂sa(D) = {((Q, x), z[n], z[a])|(Q, x) ∈ B̂((D, z[n], z[a])}.

Definition 12.4 Let D = (d1, · · · , dm) be a pair of positive integers such that di ≧ 2
for every integer i (1 ≦ i ≦ m). we define the bad set with respect to strictly abnormal
Bsa(D) by the canonical projection of B̂sa(d) on VF D

poly(Rn)× Rn.

12.2 The property of singular bi-extremals avoiding bad set
with respect to strictly abnormal

Lemma 12.5 Suppose that, 2 ≦ m ≦ n. Let D = (d1, · · · , dm) be a pair of positive
integers such that digeqq2 for every integer i (1 ≦ i ≦ m). Let X ∈ VF(M)m such that
for any x ∈ M , (Q, x) ̸∈ Bsa(D). Then, if x : [0, T ] → Rn is an abnormal Q-bi-extremal,
then x is of strictly abnormal.
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Proof : By contradiction, assume that there exists a nontrivial singular X-trajectory
x : [0, T ] → M with a singular X-control u : [0, T ] → Rm such that x = π ◦ z[n] = π ◦ z[a],
where z[n] is a normal X-bi-extremal lift of x, and z[a] is an abnormal X-bi-extremal lift
of x.

For every multi-index I ⊂ {0, · · · ,m} and t ∈ [0, T ], set

HI(z
[n](t)) = ⟨z[n](t), XI(x(t))⟩, HI(z

[a](t)) = ⟨z[a](t), XI(x(t))⟩.

After time differentiation, we have on [0, T ],
d
dt
HI(z

[n](t)) =
m∑
i=1

ui(t)HIi(z
[n](t)),

d
dt
HI(z

[a](t)) =
m∑
i=1

ui(t)HIi(z
[a](t)).

By Pontryagin maximum principle,{
ui(t) = Hi(z

[n](t)) = H
[n]
i (z[n](t), z[a](t)),

H
[a]
i (z[n](t), z[a](t)) = Hi(z

[a](t)) = 0 · · · (⋆)
for every integer i (1 ≦ i ≦ m), t ∈ [0, T ]

Since x : [0, T ] → Rn is nontrivial, there exists an open subset J ⊂ [0, T ] and an
integer i0 (1 ≦ i0 ≦ m) such that ui0(t)Xi0(x(t)) ̸= 0 on J . Therefore, ui0(t) ̸= 0 and
Xi0(x(t)) ̸= 0 on J . Since ui0(t) = Hi0(z

[n](t)),

Hi0(z
[n](t)) ̸= 0.

on the other hand, by differentiating (⋆) with respect to t ∈ [0, T ],

0 = d
dt
H

[a]
i0+1(z

[n](t), z[a](t))

=
m∑
j=1

uj(t)H
[a]
(i0+1)j(z

[n](t), z[a](t))

=
m∑
j=1

H
[n]
j (z[n](t), z[a](t))H

[a]
(i0+1)j(z

[n](t), z[a](t))

= βi0,1(z
[n](t), z[a](t))

For every t ∈ [0, T ], by induction,

βi0,s(z
[n](t), z[a](t)) = 0.

for every s (0 ≦ s ≦ d − 1) and t ∈ J. Hence, jNx X ∈ B̂(d, i0, z
[n], z[a]) for t ∈ J, which

contradicts the hypothesis. □

12.3 Codimension of bad set with respect to strictly abnormal

Lemma 12.6 codim(π(Bsa(D));VF D
poly(Rn)) ≧ d− 3n.
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Proof : We describe only the outline of the proof of Lemma 12.6. Let VF N
poly(Rn) be the

m-tuple product space of polynomial vector fields of degree ≦ N over Rn.
Step1: Construct the typical fiber Gsa(d) of Bsa(d).
Typical fiber Gsa(d) of Bsa(d) is the canonical projection of Gsa(d;T

∗
0Rm × T ∗

0Rm)
by VF N

poly(Rn) × Rn × Rn → VF N
poly(Rn). Gsa(d;T

∗
0M ×M T ∗

0M) is defined by the set

of (Q, p[n], p[a]) ∈ VF N
poly(Rn) × Rn × Rn such that there exists i (1 ≦ i ≦ m) such that

(Q, p[n], p[a]) satisfies the following conditions 1) to 4):

1)Qi(0) are linearly independet;

2)H
[n]
i (z

[n]
0 , z

[a]
0 ) ̸= 0;

3)βi,s(z
[n]
0 , z

[a]
0 ) = 0 for every integer s (0 ≦ s ≦ d− 1).

where z
[n]
0 , z

[a]
0 are the elements of T ∗Rn given in coordinates by (0, p1), (0, p2).

Step2: Construct the mapping ϕi : VF
N
poly(Rn)× Rn × Rn → Rd :

Let i(1 ≦ i ≦ m) be a positive integer. Then we define the mapping ϕi : VF
N
poly(Rn)×

Rn × Rn → Rd by for (Q, p1, p2) ∈ VF N
poly(Rn)× Rn × Rn,

ϕi(Q, p1, p2) = βi,s(z
[n]
0 , z

[a]
0 ),

where z
[n]
0 , z

[a]
0 are the elements of T ∗Rn given in coordinates by (0, p1), (0, p2).

Step3: Construct the open subset Vi ⊂ VF N
poly(Rn)× Rn × Rn

Let i(1 ≦ i ≦ m) be a positive integer. Then Vi is the defined by the set of (Q, p1, p2) ∈
VF N

poly(Rn)× Rn × Rn such that (Q, p1, p2) satisfies the following condition:

H
[n]
i (z

[n]
0 , z

[a]
0 ) ̸= 0,

where z
[n]
0 , z

[a]
0 are the elements of T ∗Rn given in coordinates by (0, p1), (0, p2). Then, Vi

is an open subset of VF N
poly(Rn)× Rn × Rn.

Step4: Gsa(d;T
∗
0Rm × T ∗

0Rm) is the union of the kernel of restriction to Vi of the
mapping ϕi with i (1 ≦ i ≦ m).

Step5: Let Ωi
0 be the set of Q ∈ VF N

poly(Rn) such that Qi ̸= 0. It is well-known
that the local coordinate systems on Ωi

0 can be constructed (see Cooordinate systems in
[6],[8]) Then, for every integer i (1 ≦ i ≦ m), the restriction to the intersection Vi ∩ V̂ of
the mapping ϕi is a submersion for every coordinate neighborhood V̂ of Ω0 × Rn.

Step6: codim(Bsa(d); J
N(VF(M))m) ≧ d− 2n.

By step 4,5, codim(Gsa(d;T
∗
0Rn × T ∗

0Rn); VF N
poly(Rn) × Rn × Rn) = d. On the

other hand, Gsa(d) of Bsa(d) is the canonical projection of Gsa(d;T
∗
0Rm × T ∗

0Rm) by
VF N

poly(Rn) × Rn × Rn → VF N
poly(Rn). Therefore, codim(Gsa(d); VF

N
poly(Rn)) ≧ d − 2n.

Since Gsa(d) is the tyupical fiber of Bsa(d),

codim(Bsa(d); J
N(VF(M))m) = codim(Gsa(d); VF

N
poly(Rn)) ≧ d− 2n.
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Since the dimensions of Bsa(d) and Bsa(d) are equal,

codim(π(Bsa(d)); VF
D
poly(Rn)) = codim(π(Bsa(d)); VF

D
poly(Rn))

≧ codim(Bsa(d)); VF
D
poly(Rn)× Rn)− n

= codim(Gsa(d)); VF
D
poly(Rn))− n

≧ d− 3n

□

12.4 Proof of main theorem 6

It is well-known that if B ⊂ RK is a semi-algebraic, then the complement of B in RK is
dense if and only if dim(RK , B) > 0. In particular, the complement of the clousure of B
in RK , RK\B is open dense subset of RK .

Let d > 3n be an integer such that min{D1, D2, · · · , Dm} = d+1(> 3n+1). Let H3

be the set of Q ∈ VF D
poly(Rn) such that for any (Q, x) is not included in the closure of

π(Bsa(D)) by π : VF D
poly(Rn)× Rn → VF D

poly(Rn):

H3 =
{
Q ∈ VF D

poly(Rn)
∣∣∣ (Q, x) ̸∈ π(Bsa(D)) for any x ∈ M.

}
.

By Lemma 12.6,
codim(Bmo(d),VF

D
poly(Rn)) ≧ d− 3n > 0.

Then G3 is an open dense subset of VF D
poly(Rn).

Let Q = (Q1, · · · , Qm) ∈ H3. Then, for any x ∈ M , (Q, x) ̸∈ Bsa(D). Therefore,
by using Lemma 12.5, if x : [0, T ] → Rn is abnormal then x : [0, T ] → T ∗Rn is strictly
abnormal. □
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