. HOKKAIDO UNIVERSITY

Title Abnormal geodesics in generalized subriemannian geometry
Author (s) 7%, B
Degree Grantor biEEKE
Degree Name Bt (EF)
Dissertation Number 117995
Issue Date 2015-03-25
DOI https://doi.org/10.14943/doctoral. k11799
Doc URL https://hdL. handle.net/2115/58768
Type doctoral thesis

File Information

Wataru Yukuno, pdf

kaid,
P U"/Le

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




Abnormal geodesics
in generalized subriemannian geometry
(000000000000000000000000)

Wataru Yukuno

Department of Mathematics, Hokkaido University, Japan



Contents

1 Introduction 4
2 Control systems 10
3 Driftless control-affine systems and singular controls 12
3.1 Singular controls of driftless control-affine systems . . . . . .. .. .. .. 12
3.2 Equivalent condition of singular controls . . . . .. ... ... ... ... 12
4 Properties of singular controls, trajectories, and bi-extremals 14
4.1 Singular bi-extremals of minimal order . . . . . . . ... ... 14
4.2 Singular controls of corank one . . . .. ... 16
4.3 Singular non-trivial and independent trajectories . . . . . . . . . .. . .. 16

5 Singular bi-extremals with non-trivial independent trajectory of a generic

driftless control-affine system 18
5.1 Construction of bad set with respect to minimal order. . . . . . . .. .. 19
5.2 The property of singular bi-extremals avoiding bad set with respect to
minimal order. . . . . . ... L. 21
5.3 Codimension of bad set with respect to minimal order. . . . . . . . . .. 25
5.4 Proof of main theorem 1 . . . . . . . . .. ... ... ... .. ... ... 27

6 Singular controls with non-trivial independent trajectory of generic

driftless control-affine system 28
6.1 Construction of bad set with respect to corank one. . . . . . . .. .. .. 28
6.2 Property of singular controls avoiding the bad set with respect to corank

ONE. . o vt e e e e e 30
6.3 Codimension of bad set with respect to corank one. . . . . . .. . .. .. 32
6.4 Proof of main theorem 2 . . . . . . . . ... ... ... ... 33

7 Strictly abnormal extremals with respect toan optimal control prob-

lem 35
8 Generalized subriemannian geometry and length minimizers 37
8.1 Generalized subriemanian geometry . . . . . . ... ... 37
8.2 Abnormal controls in generalized subriemannian geometry . . . . . . .. 38

9 Abnormal extremals of generic driftless control-affine system in gener-

alized subriemannian geometry 40
9.1 Construction of bad set with respect to strictly abnormal . . . . . . . .. 41
9.2 The property of singular bi-extremals avoiding bad set with respect to
strictly abnormal . . . . . . ... 42
9.3 Codimension of bad set with respect to strictly abnormal . . . . . . . .. 43
9.4 Proof of main Theorem 3. . . . . . . ... ... ... ... . ....... 44



10 Singular bi-extremals of generic polynomial driftless control-affine sys-

11

12

tems 45
10.1 Construction of bad set . . . . . . . . . .. ... L. 46
10.2 The property of singular bi-extremals avoiding bad set . . . . . . . . .. 47
10.3 Codimension of badset . . . . . . . . . . . .. .. ... 51
10.4 Proof of main theorem 4 . . . . . . . . . . . . .. ... 54
Singular controls of generic polynomial driftless control-affine systems 55
11.1 Construction of bad set . . . . . . . . . . . ... 56
11.2 Property of singular controls avoiding the bad set with respect to corank

OIIC. . v o v e e 58
11.3 Codimension of bad set with respect to corank one. . . . . . . ... . .. 59
11.4 Proof of main theorem 5 . . . . . . . . . . . .. ... ... 62

Properties of abnormal extremals on a generic polynomial system in

generalized subriemannian geometry 63
12.1 Construction of bad set . . . . . . . . .. ..o 64
12.2 The property of singular bi-extremals avoiding bad set with respect to
strictly abnormal . . . . . ... oL 64
12.3 Codimension of bad set with respect to strictly abnormal . . . . . . . .. 65
12.4 Proof of main theorem 6 . . . . . . . . . . . ... .. ... ... ... 67



1 Introduction

The control theory is formulated in terms of geometry and analysis. Given an optimal
control problem, which is practical in its nature, we need several geometric ideas and
methods to understand the problem properly and to solve it precisely. In fact, we apply
differential geometric theory of differential systems and vector fields on manifolds to
control theory, combined with singularity theory. In this paper, we treat important
problem and provide new observations from the view point of geometric control theory.

We generalized in [11] the notion of control systems (see for instance [1]). A control
system on a finite dimensional manifold is given by the pair of a locally trivial fibration
over the manifold and a fiberded mapping over the identity of the manifold. We regarded
in [11] the cone structure for distributions of Cartan types having growth (2,3,5) as
a control system by treating the locally trivial case. As important classes of control
systems, two control systems are well-known, which are called the driftless control-affine
system and the control-affine system. For the exact definition, see Example 2.5,2.6 of
our paper.

Given a control system, a trajectory of the system is defined as an absolutely con-
tinuous curve such that its velocity vectors are expressed by a family of vector fields.
In particular, if a control system is a driftless control-affine system, then a trajectory of
the system is defined as an absolutely continuous curve such that its velocity vectors are
linear combinations of the given vector fields. On the other hand, if a control system
is a control-affine system, then a trajectory of the system is defined as an absolutely
continuous curve such that its velocity vectors are the sum of one vector field called a
drift and linear combinations of the other given vector fields.

If we give a control to the system, namely, if we give time-depending coefficients for
the family of vector fields, and if we give a point of a finite dimensional manifold, then
we have the unique trajectory because we can solve the Cauchy problem of ODE by
using the classical Carethéodory theorem (see for instance [3] 2.4.1). For a fixed time
interval, a control is called admissible if the trajectory exists up to the given time. Given
an initial point, we have the endpoint of trajectory for each admissible control. Thus we
obtain the well-defined mapping from an appropriate subspace (the space of admissible
controls of the space of all controls) to the finite dimensional manifold, which is called
the endpoint mapping.

The study of singularities of the endpoint mappings is one of important subjects of
control theory. A singular point of the endpoint mapping is called a singular control,
and the corresponding trajectory is called a singular trajectory.

Bonnard and Kupka showed in [6] that for a generic control-affine system with one
drift and one control, any singular trajectory has always certain good properties, namely,
it is “of minimal order” and it is “of corank one”. After that, Chitour, Jean and Trélat
generalized the result of [6] in the paper [9]. In particular, Chitour, Jean and Trélat also
treated the driftless control-affine system case in [8],[9]. They studied, in those papers,
the properties of singular controls for generic driftless control-affine systems.

In [8], Chitour, Jean and Trélat introduced and described the notions called “of
minimal order” and “of corank one” related to singular controls. For the exact definitions,



see Definition 4.2 and Definition 4.3 of our paper. Their results imply that, for a generic
linearly-independent driftless control-affine system, any singular bi-extremal with the
non-trivial singular trajectory is of minimal order and any singular control with the
non-trivial singular trajectory is of corank one.

In the important paper [9], the results in [8] were widely generalized to general
driftless control-affine systems including possibly linearly-dependent systems of vector
fields. In particular, as a generalization of result in [8], by using a claim (Theorem 2.13
of [9]), they showed in [9] the following result: Let (X1, -+, X,,),2 < m < n be a generic
system of smooth vector fields over an n-dimensional manifold M, regarded as a driftless
control-affine system. Then any singular X-bi-extremal with the non-trivial singular
X-trajectory is of minimal order. Any singular X-control with the non-trivial singular
X-trajectory is of corank one.

However, this assertions in [9] were based on an incorrect theorem(Theorem 2.13 of
[9]). In fact, in [18], we pointed out the mistake of Theorem 2.13 in [9] and gave a
counterexample(see Introduction of [18]).

Therefore we modified the formulation of theorems in [9]. In fact we adopt the
different definition on minimal order property from that in [9] and give the new results
in [18] by using the new concept of an “independent” trajectory.

Let X = (X4, -, X,,) be a system of smooth vector fields over an n-dimensional
manifold M, and €2 be an open subset of R™. Consider the driftless control-affine systems

=1

with the control parameter (uy,--- ,u,,) € €.

To formulate Theorem 1 and Theorem 2, we introduce the new concept of an in-
dependent X-trajectory (see Definition 4.6) for a system X = (Xy,---,X,,). An X-
trajectory x : [0,7] — M is called independent if the set of t € [0,7] such that
Xi(x(t)),- -+, Xpn(x(t)) are linearly dependent over R has measure zero. An X-trajectory
x:[0,T] — M is called non-trivial if for any sub-interval J C [0, T}, the restriction of x
to J, x|y : J — M is not constant. We need also the notiton of singular X-controls (see
§ 3.1) and that of X-bi-extremals (see §3.2).

Let VE(M)™ denote the set of systems of smooth vector fields X = (X, -, X,,)
over M. We endow VF(M)™ with the Whitney smooth topology. Then, the followings
hold:

Theorem 1 ([18]) Suppose 2 < m < n. Then there exists an open dense subset
Go of VE(M)™ such that, if X € Gy, if z : [0,T] — T*M 1is an X-bi-extremal and if
the singular trajectory x = wo z : [0,T] — M is non-trivial and independent, then the
bi-extremal z is of minimal order.

Here 7 : T*M — M is the canonical projection from the cotangent bundle of M.

Theorem 2 ([18]) Suppose 2 < m < n. Then there ezists an open dense subset G of
VE(M)™ such that, if X € Gy, if u: [0,T] = Q is a singular X -control for a given initial
point xg € M and if the corresponding singular trajectory x : [0,T] — M, xz(0) = xq is
non-trivial and independent, then the control u is of corank one.



Note that the idea of the proofs of Theorem 1 and Theorem 2 are performed basically
following the ideas from [8] and Thom’s transversality theorem (for instance see [10]) is
used in the proofs of Theorem 1 and Theorem 2.

We put a remark on the case m = 1 and on the case m > n :

Let m = 1. A generic vector field on a manifold has isolated singularities. Then the
endpoint mapping has singularities everywhere of corank = n — 1. On the other hand,
by definition, no bi-extremal is of minimal order if m = 1. Therefore main theorems 1
and 2 never hold in the case.

Let m > n. Then the dependent locus turns to be the whole space, and there is no
independent trajectory. Therefore in this case main theorems become void.

In general, singular trajectories are very difficult to treat in control problems. Then
Theorem 1 and Theorem 2 of guarantee that, for a generic system, the singularities of
endpoint mappings are not so bad. Under additional conditions, any singularity is of
corank one. Moreover, in the Hamiltonian formalism, if we choose a bi-extremal for a
given singular trajectory, then the singular control can be recovered by some differenti-
ations of minimal order (see [8],[9]).

On the other hand, consider singular controls with non-trivial independent trajectory
for a generic polynomial driftless control-affine system by using some ideas of Theorem
1 and Theorem 2.

Let D = (dy,---,d,) denote an m-tuple of integers, and VFpﬁy(R") denote the
product space of m-tuple systems of polynomial vector fields over R", Q = (Q1,- -, Qm),
such that the degree of Q); satisfiies deg Q); < d; for every integer i (1 < i < m), and we
endow VFpgly(R”) with the Euclidean topology.

Let € be an open subset of R™. For Q = (Q1,--+ ,Qm) € VFpgly(R”), consider the
polynomial driftless control-affine systems

T = Zuz Qi(z)

with the control parameter (uy, -+ ,um,) € Q. Then, the followings hold:

Theorem 3 Suppose 2 < m < n and suppose that, an m-tuple of even integers
D = (dy,--- ,d,,) satisfies the inequality : min{dy,ds, - ,d,,} = 4n + 2. Then, there
exists an open dense semi-algebraic subset Hy C VFp?ly(R") such that, if @ € H,, if
z:[0,T] — T*R™ is a @-bi-extremal, and if the singular trajectory x = woz : [0, 7] — M
is non-trivial and independent, then the bi-extremal z is of minimal order.

Here 7 : T*R™ — R" is the canonical projection from the cotangent subbundle of R"™.

Theorem 4 Suppose 2 < m < n and suppose that, an m-tuple of even integers
D = (dy,--- ,d,,) satisfies the inequality : min{dy,ds, - ,d,,} = 4n + 2. Then, there
exists an open dense semi-algebraic subset H; C VFplgly(R”) such that, if QQ € Hy, if
w: [0, T] = Q is a singular Q-control for a given initial point xy € R", and if the corre-
sponding singular trajectory x : [0,T] — R", 2(0) = x¢ is non-trivial and independent,
then the control u is of corank one.



Note that the idea of the proofs of Theorem 3 and Theorem 4 are performed basically
following the ideas from [8] and Tarski-Seidenberg theorem (for instance see [7]) is used
in the proofs of Theorem 3 and Theorem 4.

Now, consider the more geometric meaning of driftless control-affine systems. A
subriemannian structure on a finite dimensional manifold is given by the pair of a sub-
bundle on the tangent bundle of its manifold and a riemannian metric on the fibers of
the subbundle. A singular trajectory for a linearly-independent driftless control-affine
system is also called an abnormal extremal in subriemannian geometry. A solution of
the geodesic equations is associated to the subriemannian metric. By using a rigorous
application of the Pontryagin maximal principle of optimal control theory, every length-
minimizer associated to a subriemannian structure is either a normal extremal or an
abnormal extremal. Note that, abnormal extremals do not depend on the metric, but
may be minimizing, and the two possibilities of normal and abnormal extremals are not
mutually exclusive. It may happen that an extremal is both normal and abnormal.

Montgomery gave in [14] an example of length minimizer and abnormal extremal,
which is not the projection of a normal extremal. Moreover, since different authors had
written false proofs of the fact that an abnormal extremal cannot be length-minimizing
geodesic associated to a subriemannian structure, Montgomery gave in [14] the list of
several false proofs by different authors. These findings gave impetus to wide-ranging
researcher (for instance Agrachev and Sarychev [2], Liu and Sussmann [13]).

After that, Belliaiche widely generalized in [4] a subriemannian structure. The metric
in a generalized subriemannian structure is defined by using the system of vector fields
on a finite dimensional manifold. Note that, the metric can be defined even if the system
of vector fields is not always linearly independent everywhere on a finite dimensional
manifold. If it is linearly independent everywhere, then the system generates a subbundle
of the tangent bundle of the manifold and the metric in a generalized subriemannian
structure is the same as the subriemannian metric in ordinary meaning.

We showed in [12] that a pseudo-product structure in the sense of Tanaka (see [17])
induces locally but naturally a double fibration and cone structures. Since we had been
able to regard cone structures as control systems by giving the generalization of control
system (see also [11]), we gave in [12] the constrained Hamiltonian systems describing
both normal and abnormal extremals for pseudo-product structures with generalized
subriemannian metrics and for associated cone structures with metrics.

Bonnard and Heutte showed in the preprint of [5], that for a generic linearly indepen-
dent driftless control-affine system, any nontrivial abnormal extremal associated to the
subriemannian metric in ordinary meaning has always certain good properties, namely,
it is “strictly abnormal”. After that, Chitour, Jean and Trélat gave a more complete
proof in the Appendix in [8].

In our paper, we define the length-minimizer on a generalized subriemannian struc-
ture as an analogy of a subriemannian geometry and generalized the result of [8] to
general driftless control-affine systems including possibly linearly-dependent systems of
vector fields. In particular, we introduce the important concept of a “strictly” abnormal
extremal in order to describe Theorem 5.



Let M be an n dimensional manifold. Let €2 be an open subset of R". Let X =
(X1, -+, Xm) be a system of smooth vector fields over M. Consider the driftless control-

affine system
i=1

Moreover, consider the optimal control problem associated to the driftless control-affine
system to minimize the energy functional

1 m
e(u) = 5 Zuf
i=1

on X-admissible controls with the fixed initial point and the end point.

To formulate Theorem 5, we introduce the important concept of a strictly abnormal
X-extremal (see Definition 7.2) for a system X = (Xi,---,X,,). An X-extremal z :
[0,T] — M is called strictly X-abnormal if it is not the projection of a normal X-bi-
extremal (see §7). We need also the concept, which appeared in Theorem 1 and Theorem
2, that an X-extremal (X-trajectory) is non-trivial and independent.

Let VE(M)™ denote the set of systems of smooth vector fields X = (X3, -, X,,)
over M. We endow VF(M)™ with the Whitney smooth topology. Then, the following
holds:

Theorem 5 Suppose 2 < m < n. Then, there exists an open dense subset Gz C
VF(M)™ such that, if X € G5 and if z : [0,7] — M is an X-abnormal extremal for the
initial point xg € M, then x is strictly X-abnormal.

Note that, Theorem 5 is the special case of Proposition 2.19 in [9] and Thom’s
transversality theorem (for instance see [10]) is used in the proofs of the result. How-
ever, since the proof of Proposition 2.19 in [9] is hard to read and in particular, as an
important part, the concrete construction of G5 is not written and the codimension of
its complement as a semi-algebraic set is not computed. Therefore, we give the proof
of Theorem 5 in this paper, independently from Proposition 2.19 in [9]. Note that the
idea of the proofs of Theorem 5 are performed basically following the ideas from [8] and
Thom’s transversality theorem (for instance see [10]) is used in the proofs of Theorem 5.

Note that a singular trajectory is of corank one if and only if it admits a unique (up
to scalar normalization) abnormal extremal lift. It is strictly abnormal and of corank
one if and only if it admits a unique extremal lift which is abnormal.

On the other hand, we use some ideas of Theorem 5 and cosider singular controls
with non-trivial independent trajectory for a generic polynomial driftless control-affine
system.

Let D = (dy,--- ,d,,) denote an m-tuple of integers, and VFPIO)IY(R”) denotes the
product space of m-tuple systems of polynomial vector fields over R”, QQ = (Q1, -+ , Qm),
such that the degree of Q); satisfiies deg Q; < d; for every integer i (1 < i < m), and we
endow VF B (R") with the Euclidean topology.

poly

Let Q be an open subset of R™. For Q = (Q1,---, Q) € VF 2 (R"), consider the

poly



polynomial driftless control-affine systems

T = Zuz Qi(z)

with the control parameter (uy,--- ,u,;) € §2. Moreover, consider the optimal control
problem associated to the driftless control-affine systems to minimize the energy func-

tional
1o o
e(u) = 5 ;_1 u;.

on a (Q-admissible control with the fixed initial point and end point. Then, the following
holds:

Theorem 6 Suppose 2 < m < n and suppose that, an m-tuple of integers D =
(dy,- -+ ,d,,) satisfies the inequality : min{dy,ds, - ,d,,} = 3n + 2. Then, there exists
an open dense semi-algebraic subset H3 C VFPIZIY(R”) such that, if Q € Hs, ifx : [0,T] —
T*M is a Q-abnormal for the initial point zy € M, then x is strictly abnormal.

Note that the ideas of the proof of Theorem 5 are performed basically following the
ideas from [8] and Tarski-Seidenberg theorem (for instance see [7]) is used in the proof
of Theorem 6.

In §2, we consider the generalized notion of control systems. In §3, we consider
driftless control-affine systems and singular controls. In §4, as properties of singular
controls, bi-extremals, and trajectories, we define the notion “of corank one”, “of minimal
order”, and “independent”. In §5 and §6, we show respectively the main theorem 1 and
the main theorem 2.

In §7, we introduce the notion of the optimal controls and define “strictly” abnormal
trajectories. In §8, we introduce the notion of generalized subriemannian geometry by
Belliaiche and consider the abnormal extremal in generalized subriemannian geometry.
In §9, we show the main theorem 5.

In §10,11,12, we show respectively the main theorem 3, the main theorem 4, and the
main theorem 6.



2 Control systems

In this section, we generalized in [11] the notion of control systems. We regarded the cone
structure for distributions of Cartan types having growth (2,3,5) as a control system
by treating the locally trivial fiber case. As important classes of control systems, two
control systems are well-known, we define the driftless control-affine system and the
control-affine system (see Example 2.5,2.6).

Recall the definition of the “generalized” control systems.

Definition 2.1 Let M be an n-dimensional smooth manifold. A control system on M is
given by the pair (my, F') of a locally trivial fibration m : W — M over M and a smooth
mapping F': U — T'M to the tangent bundle 7'M such that the diagram

U L. ™

™ \1 )/ TTM
M

commute where mpy : TM — M is the projection of tangent bundle. Then the control
system is simply written as

u L rar 22 g

F:U— TM is called a fibred mapping over the identity of M. In this paper we mainly
treat a local case where my is trivial.

Example 2.2 Let D C T'M be a vector subbundle of the tangent bundle T'M. A vector
subbundle D is also called a distribution or a differential system on M. Then, D C T'M

is regarded as the control system (7p, F') of the fibration 7p = 7y |p : D — M and the
inclusion F': D < TM

D < a2 g

Example 2.3 Let (X;---,X,,) be a system of smooth vector fields over M. Let L C
TM be the union of the sets L, = (Xi(z), -+, X;n(x))r with z € M. Then, the fibration
7, = mrmlp 0 L — M and L C TM is regarded as the control system (7, F') of the
fibration 7, = mrar|r : L — M and the inclusion F': L — T'M :

L 22 g

If (X;---,X,,) is linearly independent everywhere on M, then L C T'M is a distribution.
Therefore, this control system L — T'M — M is a natural generalization of Example
2.2 in the case where D is trivial.

Example 2.4 Let 2 C R” be an open subset. Let 7 : M x 2 — M be the canonical
projection. We assume that a smooth mapping F': M x Q — T'M is given. Then, (m, F')
is a control system. The control-affine system (7, F') is simply written as

M x Q-2 mar 22 g

10



Note that, a control system (7, F) with the canonical projection m : M x Q — M is
given by a family of vector fields { X, },eq over M :

Xy(z) = F(x,u), for u € Q,z € M.

In control theory, a control system (my, ') with the control parameter u € 2 is denoted
by

T = X,(x).
As a typical example of 2.4, a driftless control-affine system and a control-affine system
are well-known.

Example 2.5 (Driftless control-affine system) Let (X;---,X,,) be a system of
smooth vector fields over M. Let {2 C R™ be an open subset. Then, the driftless control-
affine system is given by the pair (m, F)p) of the canonical projection 7 : M x Q@ — M
and the following map Fp : M x Q — TM :

m

Fp(x,u) = Z%‘Xi(!ﬁ), for (z,u) € M x .

i=1

The driftless control-affine system (7, F') is simply written as

M x Q22 rar 22 6

In control theory, the driftless control-affine system (7, Fp) with control parameter u € )
is written as

m

i=1

Example 2.6 (Control-affine system) Let (Xo, X;---,X,,) be a system of smooth
vector fields over M. Let  C R™*! be an open subset. Then, the control-affine system

is given by the pair (7, Fl4) of the canonical projection m : M x Q — M and the following
map Fy: M xQ —TM:

Fy(z,u) = Xo(z) + ZuiXi(x), for (z,u) € M x Q.

i=1
The control-affine system (m, Fly) is simply written as
M x Q5 7 2 g

In control theory, the control-affine system (7, F4) with control parameter u € € is
written as



3 Driftless control-affine systems and singular con-
trols

3.1 Singular controls of driftless control-affine systems

We recall the basic definitions in a driftless control-affine system needed in this paper:
Let M be an n-dimensional C'* manifold and X = (Xy,---,X,,) be a system of smooth
vector fields on M. We consider the control system

i=1
defined by X with the control parameters uy, - - - , u,,, which is called a driftless control-

affine system.

Let © C R™ be an open set. Let zp € M and T" > 0. For an L* (i.e. essentially
bounded) curve u : [0,7] — €, we consider the Cauchy problem (*).,., namely we
consider the differential equation with the initial condition:

" (t) = fjl wi(t) Xi(2(t)) for ae. ¢ € 0,7,
x(0) = g

By using the classical Carathéodory theory ([3] 2.4.1), we have that there exists a locally
unique Lipschitz solution. A curve u : [0,7] — € is called an X-control and the solution
of (%) 4.4 is called an X-trajectory.

In particular, an X-control u : [0,T] — Q is called admissible if the global solution
x = x, of (%), exists. We call 2(T") the endpoint of the trajectory z. We use Uy, 7 to
denote the set of admissible X-controls. Then U,,r C L*([0,T],Q?) is a Banach open
manifold ([3]).

The endpoint mapping Endf0 : Upy,r — M is defined by taking endpoint, namely,
End] (u) = ,(T) for the trajectory z, for u € Uy, .

An X-control u : [0,7] — 2 is called a singular or an abnormal if u is a singular
point of Endf07 namely if the differential (Endfo)* : T Usyr — Ty ()M is not surjective.
When u is a singular X-control, the corresponding trajectory z, is called a singular
X-trajectory or an abnormal X-extremal.

Unless otherwise stated, after this we consider only a driftless control-affine case.

3.2 Equivalent condition of singular controls

We explain the equivalent condition of singular X-controls. In general case, it is difficult
to study the properties of singular points of a functional from a Banach manifold to a
finite dimensional manifold. However, in case of the endpoint mapping, as a part of Pon-
tryagin maximal principle, an admissible X-control of the endpoint mapping is singular
if and only if there exists an X-bi-extremal that satisfies the constrained Hamiltonian
equations (Proposition 3.1).

12



Let M be an n-dimensional manifold and X = (Xy,---, X,,) be a system of smooth
vector fields on M. Let €2 C R™ be an open set. Then the local description of the
equivalent condition of singular X-controls can be given:

Proposition 3.1 Let xy € M. Let u : [0,T] — Q be an admissible X -control and
z : [0,T] = M be the X-trajectory with x(0) = xzo. Then u is a singular X -control
if and only if there exists an absolutely continuous curve z : [0,T] — T*M such that,
x = mo z, and that the following equations hold for any local coordinates (x,p;u) =

(21, o pr e puitin, ) of T*M x S0, with o canonical coordinates (x.p) of
s O (4(0), p(t);e(t) (L S i< n)  Joraet € [0,T)
(2) pi(t) = — 25 (2(t), p(0);u(t)) (1 £ § S ) forae.t € [0,7]
B ) 2 @), ptyue) =0 (1S jSm)  foracteoT]
(4) plt) #0 forevery t € [0,T]

where we define H : T*M x Q — R by H(x,p;u) = (p,> 10 u;i Xi(x)).

If a point xyp € M is fixed and a singular X-control w is given, then the curve z is
called a singular X-bi-extremal or an abnormal X-bi-extremal corresponding to u. The
equations (f) is called the constrained Hamiltonian equations. Note that for a singular
X-control u : [0,T] — €, a corresponding X-bi-extremal z, is not a unique solution of
(#) because the initial condition of (2) is not given.

13



4 Properties of singular controls, trajectories, and
bi-extremals

In this section, we define some concepts of singular controls, trajectories, and bi-extremals.
In §4.1, we define the notion of singular bi-extremals of “minimal order”. In §4.2, we
define the notion of singular controls of “corank one”. In §4.3, we define the notion that
singular trajectories are non-trivial and independent.

4.1 Singular bi-extremals of minimal order

Let X = (X4, -+, X,,) be a system of smooth vector fields over an n-dimensional man-
ifold M, and €2 be an open subset of R™. Consider the driftless control-affine systems

1=1

with the control parameter (uy,--- ,uy) € Q.
In order to define singular X-controls of minimal order, we prepare the (generalized)
Goh matrix ([9], Definition 2.15.).

We describe the (generalized) Goh matrix. For integers 7,5 (1 < 4,7 < m), we define
the Hamiltonians H; : T"M — R and H;; : T*M — R by

{ Hi(z) = (z, Xi(x))

.z €T"M.

where x = 7(z), 7 : T*M — M is the canonical projection. Note that
<Z’ [Xi’ XJ]($)> = {Hi7 HJ} (QS), z€T*M,

where {H;, H;} is the Poisson bracket of H; and H;. Then we define the Goh matriz
G :T*M — 8,,(R) associated to the system of vector fields X = (Xy,---, X,,) on M by

G(z) = (Hij(2)),<i jem» 2 € TTM,

where 8,,(R) is the set of m x m skew-symmetric matrices. Note that since G(z) is a
skew-symmetric matrix, rank G(z) is even. If m is even, then there exists a polynomial
function P : §,(R) = R™5™ 5 R of degree % in the variables (H;)1<i<j<m such
that for any G € S,,(R), detG is the square of P(G), which is called the Pfaffian.
We define the Hamiltonian P : T*M — R associated to the system of vector fields
X =(Xy, -+, X,,) on M by

P(=) = P((Hyg(2)1izicizm), = € TM,
Note that the following holds:

det (G(2)) = (P(2))%, 2 € T*M.
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Then we define the generalized Goh matriz G : T*M — Mn11,m(R) associated to the
system of vector fields X = (X, -, X,,) on M by an (m + 1) x m -matrix

R (Hi‘(z))1§i,j§m

G(z) = ({15’ H]} (2)>1§j§m .z e T"M.

Now, we show that any X-singular control is obtain as a solution of a homogeneous
linear equation by Goh matrices or generalized Goh matrices:
Let Q C M be an open subset.

Proposition 4.1 Fixz zg € M. Let u : [0,T] —  be a singular X-control and z :
[0,T] — T*M be a singular X -bi-extremal corresponding to u. Then, the followings hold:

(1) u is a solution of the equation G(z(t))u(t) =0 for almost every t € [0,T].
(2) If m is even, then u is a solution of the equation G’(z(t))u(t) = 0 for almost every
t€[0,7].

Proof: (1) Since u is a singular X-control, by Proposition 3.1, for each integer i (1 < i <
m) and for every ¢ € [0, 77,

H;(z(t)) = 0.
By differentiating both sides, for each integer i (1 < ¢ £ m) and for almost every t €
[0, 77,

m

> Hij(2(t) ui(t) = 0.

j=1
This is equivalent to the following equation: for almost every ¢ € [0, 7],
G(z(t))u(t) = 0.
(2) If m is even, then rank G(z(t)) < m—1for ¢t € [0, T]. Therefore for every ¢ € [0, T7,
P(z(t)) = 0.
By differentiating both sides, for almost every ¢ € [0, 7],
3 {15, HJ} (w(t))u;(t) = 0.
j=1
This is equivalent to the following equation: for almost every ¢ € [0, 7],
G(z(t)) u(t) = 0.
OJ

Definition 4.2 A singular X-bi-extremal z : [0,T] — T*M is called of minimal order
if it satisfies the following condition: If m is odd (resp. even), then rank G(z(t)) =
m — 1 (resp.rank G(z(t)) = m — 1) for almost every ¢ € [0, 7.
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Remark By Proposition 4.1, if a singular X-bi-extremal z : [0, 7] — T*M correspond-
ing to singular X-control w : [0,7] — € is of minimal order, then we can deduce an
expression for u(t), up to time reparameterization.

The definition of a singular bi-extremal of minimal order (Definition 4.2 of our paper)
is different from Definition 2.16 of [9]. Definition 2.16 of [9] is that, a singular X-
bi-extremal z : [0,7] — T*M is called of minimal order if it satisfies the following
conditions:

(i) #(t) = 0, for almost every t € Iep().

(i) If m is odd (resp. even), then rank G(z(t)) = m — 1 (resp. rank G(z(t)) = m — 1)

for almost every ¢ € [0, 7] \ Iep().

Here

Tiep(z) ={t € [0, 7] | Xy(x(t)),- -, Xpn(z(t)) are linearly dependent}.

Theorem 2.13 of [9] claims that any X-trajectory satisfies the above condition (i) for
generic X, which is not correct as is mentioned in §1. Therefore our Definition 4.2,
we do not suppose the above condition (i). Instead we adopt the condition (ii) as
the minimal order condition by replacing lqep(z) with [0, 77, in order to get a natural
definition (Definition 4.2).

4.2 Singular controls of corank one

Let X = (X4, -+, X,,) be a system of smooth vector fields over an n-dimensional man-
ifold M, and €2 be an open subset of R™. Consider the driftless control-affine systems

=1

with the control parameter (uy,--- ,u,,) € €.

Definition 4.3 A singular X-control u : [0,7] — Q is called of corank one if the codi-
mension of (End? ), is one, namely if dim M — dimIm ((End?).) =1 at w.

In particular, if the control system is driftless control-affine system, then it is well-
known that the following theorem:

Proposition 4.4 ([8]) A singular X -control u : [0,T] — Q is of corank one if and only
if for any corresponding two singular X -bi-extremals z1,z9 : [0,T] — T*M to u, there
exists a non-zero real number A such that z; = X zo on [0,T].

4.3 Singular non-trivial and independent trajectories

Let X = (X4, -+, X,,) be a system of smooth vector fields over an n-dimensional man-
ifold M, and €2 be an open subset of R". Consider the driftless control-affine systems

=1
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with the control parameter (uy,--- ,um,) € Q.

Definition 4.5 An singular X-trajectory x : [0,7] — M is called non-trivial if for any
sub-interval J C [0, 7], the restriction of x to J,z|; : J — M is not constant.

Definition 4.6 A singular X-trajectory = : [0,7] — M on a driftless control-affine

system & = > ", w; X; is called independent if the set
Tiep(z) ={t € [0,T]| X1(z(t)), - - , Xin(z(t)) are linearly dependent over R}

has measure zero.
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5 Singular bi-extremals with non-trivial independent
trajectory of a generic driftless control-affine sys-
tem

Recall that VEF(M) denotes the space of smooth vector fields over M and VF(M)™ the
m-tuple product set of VF(M) with the Whitney smooth topology. Then, as is stated
in Introduction, the following theorem holds:

Theorem 5.1 (Main theorem 1) Suppose 2 < m < n. Then there exists an open
dense subset Gy of VE(M)™ such that, if X € Gy, if z : [0,T] — T*M is an X-
bi-extremal and if the singular trajectory x = mwo z : [0,T] — M is non-trivial and
independent, then the bi-extremal z is of minimal order. Here w : T*M — M 1is the
canonical projection from the cotangent bundle of M.

The proof goes in parallel with the proof of Theorem 2.4 in [8]. However note that
Theorem 2.4 in [8] implies the results only for driftless control-affine systems which are
independent everywhere. Since we treat general systems of vector fields which may have
non-void locus of dependence, we need appropriate modifications of the proof given in
[3].

Outline of proof : Let d = 1 be an integer. Put N = 2d. We denote the space of
all N-jets of vector fields X € VF(M) by JY(VF(M)), and the fibre product over M of
m-tuple spaces of JY(VF(M)), by JY(VF(M))™. Then, we will show the main theorem
1 by the following procedures:

[Stepl] (See Definition 5.4) Construct the “bad set” with respect to minimal order,
Boo(d) € JN(VE(M))™.

[Step2] (See Lemma 5.9) Show that, if X € VF(M)™ satisfies the condition that any
x € M, ju X & Bno(d), if z : [0,T] — T*M is an X-bi-extremal, and if the singular
trajectory mo z : [0, 7] — M is non-trivial and independent, then z is of minimal order.
[Step3] (See Lemma 5.10) Compute the codimension of B,,,(d) in JN(VF(M))™.
[Step4] (See the subsection §5.4) For N > 4n (d > 2n), let Gy be the set of X € VF(M)™
such that the jet 7V X is not included in the closure of B,,,(d) in J¥(VF(M))™. Then,
show that, Gy is an open dense subset of VF(M)™ in the sense of Whitney smooth
topology by Thom transversality theorem (for instance see [10]).

In order to show the main theorem 1, we prepare the subsections: §5.1 to §5.4. In §5.1,
after preparing the notations, permutated Hamiltonians, Goh matrices and elementary
determinants in Definition 5.2,5.3, we define the bad set B,,(d) of J¥(VF(M))™ in
Definition 5.4. In §5.2, in Lemma 5.7, 5.8, we describe some properties of rank of Goh
matrix for any singular X-bi-extremals if X € VF(M)™ satisfies the condition that for
any x € M, j¥ X is included in complement of B,,,(d) in JY(VF(M))™. In particular,
the important Lemma 5.9 prepared for the proof of main theorem 1 can be immediately
derived from the Lemmata 5.7,5.8 : if X € VF(M)™ satisfies the condition that , 7N X ¢
Bno(d) for any x € M, then any singular X-bi-extremal with the non-trivial independent
singular X-trajectory is of minimal order. In §5.3, we compute the codimension of B,,,(d)
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in JY(VF(M))™ in Lemma 5.10. In §5.4, by using these Lemmata 5.9,5.10, we show the
main theorem 1.

5.1 Construction of bad set with respect to minimal order.

Let &,, be the set of permutations with m elements, and X = (X3, -+, X,,) € VE(M)™.
Then, we prepare some notations, permutated Hamiltonians, Goh matrices and elemen-
tary determinants, in order to define the bad set with respect to minimal order, B,,,(d)
for an integer d :

Definition 5.2 Let i (1 £ i < m),j(1 £ j < m)and r(1 < r < m — 1) be integers.
Then, we define permutated Hamiltonians H;, H; ; : &,, x T*M — R and permutated
Goh matrices G : &, x T*M — M,,,(R), G" : &,, x T*M — M,(R) by

Hi(o,2)={z, Xo)(7(2))},  Hijlo,2) ={2, [Xow), Xo(](m(2))},
G(o,2)=(H; (0, 2)h<ijsm, G'(0,2) =(Hi;(0,2))1<ij<r
where 7 : T*M — M is the canonical projection.

Definition 5.3 We inductively define the real valued functions on &,, x T*M, which
are called elementary determinants: Let 0 € G,,,,2 € T*M. Then,
(I) For an integer r (1 =7 <m — 1),

Ny(o,2) = det(G7(0,2)),  AY(0,2) = 1.
(IT) For integers r (1 = r < m —1), k(r+1 < k < m), (with the convention that the
index m + 1 stands for r + 1),

(

G"(0,2) | (Hijlo.2)nziz,
(1A58 i} (0. 2))

r.k
A0 s+1( ) = det

]:17 7T7k

G'(0,2) | (Hy(o sz, ) |

Aa’é(a, z) = det
H(kJrl)k(Ua z)

(Hkg1)5(0,2)) 150

\

(III> FOI“T(l§7’§m—1),p(1§p§m—r—1), and 81,0 7Sp§ 17
(Hij(Ua z)) 1<5i<r
jzl,"',T’er,k
) +1
(a5t o)
A(TJ;H sijlk( 72) = det (5:0’]_’...),
Ar r+l r+p7H )
<{ 0,81, ,8p—1 }(UZ) G=1, rpik
Ar,r+1,---,r+pk H. )
({ 0,51, ,8p,s iHe j=1,,r+p,k
+1,-,r+p,k +1,--- ,r+p—1,k
\ Agzl erp (07 Z) AS; spr 1}7 (Ua Z)'
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(IV) Let m be an even integer. We denote the Pfaffian polynomial of G, by p : R™5 -

R. Then, P(0, 2) = p((Hij(0, 2))1<i<j<m)-
(i) for every k € {m — 1, m},

Gm72 ’ HZ ) 1Sm—
(0 2) — det 02 | Haessns ) (o0
{05, H} (0.2 1552m s | {08, Hi}(o,2)

6k (0,2) = P(0, 2).
(ii) for every integer s; = 1,

( (Hij(Ua Z))1§i§m—2

15j<m

65 s ) = mT j N 0717”.
1, +1(0,2) ({(581 %aHJ}((L Z))lgjgm . )

({581,87 HJ}(U7 Z))1§j§m

\ 0s1,0(0,2) =67 (0, 2).

By using the elementary determinants, we define the bad set B,,,(d) for an integer d :

Definition 5.4 Let d be an integer and N = 2d. For an integer p, let N, 4 be the set
of (p+ 1)-tuples 5 = (0,s1,---,5,) in {0} x (N)? with s; +---+ s, < d+ p. We define
the “bad set” with respect to minimal order, B,,,(d) C JY(VF(M))™ by the image of
Bino(d) by the canonical projection JN(VF(M))™ xp; T*M — JN(VF(M))™

Buo(d) = {(j X, 2) |z = m(2) € M,z € T*M, (j)' X, 2) € By, (d) U B, (d)},
Then, B,,,(d) is denoted by the following:
mol(d) = {i¥X |z =n(2) e M, (j¥X,2) € B® (d) U B _(d) for somez € T*M},

where BY (d), B, (d) ¢ JN(VF(M))™ x, T*M are written in Definition 10.3,10.4
respectively:

Definition 5.5 If m = 2, then B° (d) = 0. On the other hand, if m > 3, then we define
B° (d) ¢ JN(VF(M))™ x5 T*M by the union of the sets B (d, o,r,3, z) with o € &y,
even integers 7 (0 £ v < m —3), and 5 € N,4 with 0 £ p < m. Here the definition of
B° (d,o,r,3,z) is below:
For z € T*M withw(z) =z € M, 0 € &,,,, aneven integer r(0 = r < m—3),ands € N, 4
with p (0 < p < m), let B (d,0,7,53, 2) be the set of (¥ X, 2) € JN(VF(M))™ x 5 T*M
such that:
1). Xqi(x), -, X;n(z) are linearly independent;
2). Af(o, z) # 0;
3). for every integer i (0 < i < p),
(a) ApTTLT T—H(O' z) # 0;

0,81,
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(b) for every integer k (r+i < k<m)and s(1<s=s;— 1),

ror+1,- r+i—1k .
Aozslv'“vsiflys (U’ Z> - O’

4). forevery k(r+p+1=k<m)and s(1<s<d+p—(s1+ -+ $p),

T’,T‘+1,"' ,T‘+p,k —
ASLM,SF,S (0,2) =0.

Definition 5.6 If m is an odd integer, then B! (d) = (. On the other hand, if m > 2
is an even integer, then we define B, (d) c JN(VF(M))™ x5 T*M by the union of the
sets Bl (d,0,s1,2) with o € &, and integers s; (1 < s; < d). Here the definition of
B%w(d, 0,81, 2) is below:
Let m = 2 be an even integer. For 0 € G, and an integer s1(1 < s; < d), we define
Bl (d,o,s1,z) by the set of elements (X, z) € JN(VF(M))™ x5, T*M such that:
1). Xi(x), -, X;n(x) are linearly independent;
2). Ao, z) # 0;
3). (a) if s; < d, then 67" !(0, z) # 0;

(b) for k€ {m —1,m} and s (0 < s < s, — 1),0%(0,2) = 0;
4). for s(1 £ s=d—s1),6s (0,2) =0.

5.2 The property of singular bi-extremals avoiding bad set with
respect to minimal order.

We describe some properties of rank of Goh matrix for any singular X-bi-extremals with
the non-trivial and independent singular X-trajectory if X € VF(M)™ satisfies the con-
dition that for any z € M, ¥ X is included in complement of B,,,(d) in JN(VF(M))™.
In particular, we will show the important Lemma 5.9 prepared for the proof of the main
theorem 1 by using the Lemmata 5.7,5.8.

Lemma 5.7 Suppose that, 2 < m < n. Let d be a positive integer and N = 2d. Let
X € VF(M)™ such that for any x € M, j¥X & Bpo(d). Then, if z : [0,T] — T*M s
an X -bi-extremal and if the singular X -trajectory wo z : [0,T] — M is non-trivial and
independent, then

m —2 S rank G(z(t)) =m —1, for a.e.t €[0,T].
Here m: T*M — M 1is the canonical projection from cotangent bundle of M.

Proof: By the assumption that 7 o z is non-trivial and by Proposition 4.1 (1), we have
the inequality rank G(z(t)) < m — 1 for a.e.t € [0,T]. Therefore it suffices to show the
inequality m — 2 < rank G(z(t)) for a.e.t € [0,T].

In m = 2 case, Lemma 5.7 clearly holds. We consider m = 3. In order to prove by
contradiction, assume that, z : [0,7] — T*M is an X-bi-extremal and the singular X-
trajectory moz : [0,7] — M is non-trivial and independent but there exists a measurable
subset of positive measure K C [0, 7] such that

rank G(z(t)) < m — 3 for every t € K.
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Since 7 o z is independent, the compliment of lye,(7 © 2), fingep(m™ 0 2) has positive
measure. Then, let J = I} N Lipqep(m 0 2). J has positive measure and for every t € J,
Xi((moz)(t)), -+, Xpm((moz)(t)) are linearly independent over R.

After this, in the same way as the proof of Lemma 3.8 in [8], we can prove this Lemma
5.7 :
In fact, for an integer p (1 < p < m), we denote by I, a subset of {1,---,m} with
cardinality p. Let 7 be the maximum of even integers p (1 < p < m — 3) such that there
exists a subset [, C {1, ,m} satisfying det (H; ;(2(t)))qjjerz Z 0 on J. Let J, be the
set of t € J such that there exists I, C {1,--- ,m} satisfying (H; ;(2(t)) ¢ jjerz # 0. Note
J, has positive measure. Therefore there exists ¢ € & such that

Af(o, z(t)) # 0 for every t € J,.

On the other hand, for any subset I,12 C {1,---,m}, det (H;;(2(t)) yerz,, = 0 on
J, and 1"ank(HZ-J-(z(zf))(m-)efg+2 < r on J.. Therefore for any subset I,,; C I,

det (H; ;(2(t)) jerz,,= 0 on J,. In particular, for k=7 +1,--- ,m,

i,
Ag’fé(o, z(t)) = 0 for every t € J,.
By differentiating both sides, for k =r+1,--- ,m,

Zuz(t) {Ag’fé, H;}(o,2(t)) =0 for a.e. t € J,.
i=1

Here, we denote by Go(o, 2(t)) the following m x m- matrix:

Hii (o, 2(t)) Hip(0,2(1))
Ho(o, (1)) . Hon(o, 2(8))
(AL H Mo, 2(8) - {A5 b o, #(8))
(AL Mo 2() - (A Hy Yo, 2(1)

Then Gy(o, 2(t)) # 0 on J,.. Note that, the first diagonal minors of order r of Gy(c, z(t))
is Aj(o, z(t)),which never vanishes on J,. and by definition, the diagonal minors of order
r+ 1 containing Aj(o, z(t)) are AS’E(O‘, 2(t), k=r+1--- ,m.

Claim. There exists k; € {1,---,m}, an integer s;(1 < s; < d + 1), and a subset
Jr11 C J,. of positive measure such that

AS”’E(J,z(t)) =0 on J,41, for any integers k. £ (r+1<k<m, 0= 0 < 51— 1);
AR (g, 2(t)) # Ofor every t € J,.

0,51

In fact, assume the claim is false. Then for every k(r +1 < k < m) Agﬁ(a, z(t)) =0
on J.. We consider the matrix G(o, z(t)) obtained by replacing the last m — r rows of
Go(o, z(t)) with rows

({AGG: He} (o, 2()) hizezm, for k (1S k S m).
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By construction, det G4(o, 2(t)) = 0 on J,. The contradiction assumption implies that,
for k(r4+1= k< m), Ag’é(a, z(t))) = 0 of J.. Proceeding similarly, there exists t € J,
such that jro.)X belongs to B(d,o,r,0,2(t)). This contradicts the assumption that, for
any © € M, j. X € B,,,(d). Thus the claim is proved.

Up to a permutation, assume k; = r 4+ 1. We define a non-invertible matrix by
replacing in Gj :

the (r + 1)-th line by ({Ag:’;j_ll, Ho} o, 2(t)))1<e<m;
for j (r +2 = j < m), the j-th line by ({Ag’il_l, Hy} o, 2(t)))1<e<m-

To this matrix is applied the previous reasoning on GGg. Thus, by a finite number of steps,
we obtain that there exists subset J,,,_1 C J of positive measure, and 5§ = (0,81, -+ , $)
in Np,_1 4, such that

Aa-s:'lfjr,’:m*_ll(g, 2(t))) # 0 for every t € J,,_1;
A“"'v”’””?”’”(g, 2(t)))=0on J, 1, = 0.

0,51, ,8m—1,£

As a consequence, for every t € Jn,_1, jrox1)X belongs to B(d,o,r,3,2(t)). This contra-
dicts the assumption that, for any x € M, j, X € B,.(d). O

Lemma 5.8 Suppose that, m is even and 2 < m < n. Let d be a positive integer
and N = 2d. Let X € VF(M)™ such that for any v € M, j¥X & B,,,(d). Then, if
2z [0,T) = T*M is a singular X-bi-extremal and if the singular X -trajectory mo z :
[0,T] — M is non-trivial and independent, then

rank G(z(t)) = m — 1 for a.e.t € [0,T).

Proof: By the assumption that 7oz is non-trivial and by Proposition 4.1 (2), we have the
inequality rank G(z(t)) < m —1 for a.e.t € [0,T]. Therefore we will show the inequality
rank G(z(t)) 2 m — 1 for a.e.t € [0,T].

In order to prove by contradiction, assume that, z : [0,7] — T*M is an X-bi-extremal
and the singular X-trajectory moz : [0,7] — M is non-trivial and independent but there
exists a measurable subset of positive measure K C [0, 7] such that

rank G(z(t)) < m — 2 for every t € K.

Since 7 o z is independent, [ingep(7 © 2) has positive measure, where Ligep(7 © 2) is the
compliment of Igep(mo 2) in [0,7]. When let J = I} N Lipgep(m o 2), J C [0, 7] has positive
measure and for any ¢ € J, Xy((m o 2)(t)), -, Xn((m 0 2)(t)) are linearly independent
over M. After this, in the same way as the proof of Lemma 3.8 in [8], we can prove this
Lemma 5.8:

In fact, By the previous proof, we may assume that there exists o € &,, such that

AL%(0, 2(t)) # 0 for every t € J.
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In particular, rank G(z(t)) = m — 2. Moreover, for k =m — 1 and k = m,
68(o, 2(t)) = 0 and 6% (o, 2(t)) = 0 for every t € J,.

Similarly to the argument of Lemma 3.8, we claim that there exists an integer s; (1 <
s<d), and k; € {m — 1, m}, such that

68 (0, 2(t)) # 0 for every t € J.

In fact, otherwise, for s (0 < s < d) and for k € {m — 1,m}, 6*(o,2(t)) = 0. In that
case, for every t € J, jfr\gz(t)X belongs to B(d, o,d, z(t)). This contradicts for any x € M,
J2X € Bino(d).

Up to a permutation, we may assume k; = m — 1. Let J; C J be a subset of positive
measure such that

67 (o, 2(t)) # 0 for everyt € Jy.

Similarly to the argument of Lemma 3.8, for every s = 0, we have
ds, (0, 2(t)) =0 for t € J,.

Then, for every t € Ji, jfr\gz(t)X belongs to B'(d, o, sy, 2(t)). This contradicts for any
2 € M, juX € Bo(d). [

Lemma 5.9 Suppose that, 2 < m < n. Let d be a positive integer and N = 2d. Let
X € VF(M)™ such that for any x € M, j¥X & Byo(d). Then, if z : [0,T] — T*M is a
singular X -bi-extremal and if the singular X -trajectory wo z : [0, T] — M is non-trivial
and independent, then z : [0, T] — T*M is of minimal order.

Proof: Since rank G(z(t)) is even, by Lemma 5.7 if m is odd, then m — 2 can be replace
with m — 1 in the statement of Lemma 5.7:

Ifm@2 < m < n)isodd, if 2 : [0,7] — T*M is a singular X-bi-extremal and if
moz:[0,T] = M is non-trivial and independent, then

rank G(z(t)) =m — 1 for a.e.t € [0,T].
On the other hand, by Lemma 5.8, the following immediately holds:
Ifm(2 < m £ n)is even, if z : [0,7] — T*M is a singular X-bi-extremal and if
moz:[0,T] - M is non-trivial and independent, then

rank G(z(t)) =m — 1 for a.e.t € [0, 7).

Therefore, these imply that for every integer m (2 < m < n), z is of minimal order (see
Definition 4.2). O
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5.3 Codimension of bad set with respect to minimal order.

Let d be an integer and N = 2d. Then

Lemma 5.10 codim(B,,,(d), J¥N(VF(M))™) =2 d — n.

Proof: We describe only the outline of the proof of Lemma 5.10 because this bad set
Bino(d) is the completely same bad set B,,(d) defined as 3.1.2 in [8]: Let VFpoly(R”) be
the m-tuple product space of polynomial vector fields of degree < N over R".

Step 1: Construct the typical fiber G(d) of By,,(d) : The typical fiber G(d) C
VF 5, (R") is constructed by the union of G°(d) and G*(d). Note that G°(d), G*(d) are

) )-
semi-algebraic sets for d. Therefore G(d) = G°(d) U Gl( ) and its closure G(d) are semi-
algebraic also. In particular dimensions of G°(d), G'(d), G(d), G(d) are well-defined and
we have that

dim(G(d)) = dim(G(d)) = max{dim(G°(d)), dim(G"(d))}.

Moreover we have that the dimensions of By,,(d) and B,,,(d) are well-defined and that
they are equal.

The definition of G°(d), G*(d) C VF [ (R") is below:
(1) Construction of the trivial fiber G°(d) of B (d) : If m = 2, then G°(d) = 0.
If m = 3, then G°(d) is the canonical projection of Go(d T;R™) by VFpoly(R”) X R™ —
VFpoly(R”). GY(d; T;R™) is defined by the set of (Q,p) = (Q1, -+ , Qum,p) € VFpoly(]R") X
R™ such that there exist 0 € &,,, an even integer r (r < m — 3), and 5 € N, 4 with
(0 = ¢ < m) such that (@, p) satisfies the conditions 1) to 4):
). ©Q1(0),- -+, @Qn(0) are linearly independent;
). Ay(o, z0) # 0;
) ) Arr—H T+Z<O_ ZO) 7&0
)-

for every integer ¢ (0 < i < O,
(a) for every integers i (0 < i Sq), k(r—|—2§k§ m),and s(1 < s<s;— 1),

=N =

7‘T+1 - r+i—1k .
A0 51, ,8;—1,8 (0-7 ZO) - 07

(b) for every integer k(r+p+1<k=<m)and s(1 < s<d+qg—(s1+---+sp)),

rr+1 - r4q.k .
A0 181, ,8q,S (07 ZO) - 07

where zj is the elements of TfR™ given in coordinates by (0, p).
(2) Construction of the trivial fiber G'(d) of B! (d) : In m is an odd integer,
then G'(d) = 0. If m is an even integer then G'(d) is the canonical projection of
G(d; T{R™) by VFpoly(R”) x R" — VF N (R"). G'(d;TyR") is defined by the set of
(Q,p) = (Q1, -+ ,Qm,p) € VFpoly(]R”) x R™ such that there exists a positive integer
s1(1 <81 =d) and o € G, such that (Q, p) satisfies the conditions 1) to 4):

1). Q1(0),---, @ (0) are linearly independent;

2). Ay 2(0, ) # 0;

3). if s < d, then 07" (0, 29) # 0;
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4). (a) for every integer k € {m — 1.m} and s (0 < s < s, — 1), 6%(0, 29) = 0;
(b) for every integer s(1 < s < d — s1),0s,5(0,20) =0,
where zj is the elements of TfR"™ given in coordinates by (0, p).
Step 2: Construct the two mappings ¢°(c,7,3), ¢ (0, s1) : VFpoly(R")) x R" — RY
(1) Construction of ¢°(c,r,5) : Let 0 € &,,,, (0 £ r < m — 3) be an even integer,
and 5 = (0,81, -+ ,58,) € Ny with 0 < ¢ < m. Then, we define the mapping ¢°(o,7,s) :

VFpoly( )) X R"™ — Rd by for (Q p) € VFpoly( )) X Rn’
Aggjl S’LT‘t’LS 1T+Z(Q)(O.7 ZO) Z — ]‘7 e ’q’ a:Ild g — 1’ N 7S’i — 1’

¢°(0,7,5)(Q;p) = {

NG Q) (0,20) 5 =12 d kg — (s1 o+ 5,),

where zj is the elements of T#R" given in coordinates by (0, p), and AL rH=brH ()

0,81, ,8;—1,5
1, 1 . :
AR Sqrjq THIL(Q) are the elementary determinants associated to Q.

(2) Construction of gbl(a s1): Let 0 € &, and 51 (1 = 51 = d) Then, we define the

Hlapping ¢1 (07 Sl) VFpoly( )) x R" — Rd by for (Q p) € VFpoly(Rn)) X Rn’

05(Q)(0,20), s=0,1-++ 81— 1;
551,5(Q)(U7 ZO)> s = 172 t 7d_ S1,

where 2 is the elements of TfR™ given in coordinates by (0, p), and d7*(Q), 65, (@) are
the elementary determinants associated to Q.

Step 3: Construct the two open sets Ty, T . C VFpoly( ") x R™:

(1) Construction of T2 . : Let 0 € &y, 7(0 = r < m — 3) be an even integer,
and 5 = (0,81, ,84) € Nga with 0 < ¢ < m. Then, TOM is defined by the set of
(Q,p) € VFpoly( ™)) x R™ such that (Q, p) satisfies the conditions 1) and 2):

1). @1(0), -+, @, (0) are linearly independent;
2). for every integer i (0 < i < p), Ag ZTI S (0, 20) #£ 0,
where zj is the elements of TfR™ given in coordinates by (0, p).

(2) Construction of Tls1 : Let 0 € &y and 51 (1 < sy = d). Then, T is defined by
the set of (Q,p) € VFpoly(R")) x R™ such that (@, p) satisfies the conditions 1) to 3):

1). ©1(0),---, @ (0) are linearly independent;

2). Ay (0, 29) # 0;

3). if s is s1 < d, then 67" (0, z9) # 0,
where zj is the elements of TfR" given in coordinates by (0, p).

Then, T), 5 and T are open subsets of VFE N (R")) x R™.

Step 4: The followmgs immediately hold:

(1) If m = 3, then Gy(d;TyR") is the union of the kernels of the restriction to
T2, 5 of the mapping ¢°(0,7,5) with o € &,,, even integers r (0 < 7 < m — 3), and
sENq,dWithO§q<m.

(2) If m = 2 is even, then G*(d; TfR") is the union of the kernels of the restriction
to T, of the mapping ¢'(c,s;) with 0 € &,, and s1(1 < 51 < d).

Step 5: Let {2y be the set of @ € VFpoly(R”) such that Q1(0),- -, @, (0) are linearly

independent. Then, the followings hold (see Lemma 3.5,3.6 in [8]):

ﬁb (0,51)(Q,p) = {

poly
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() Ifm 23,0 € G,,,and r (0 < r < m—3) is an even integer, then the restriction to
the intersection Tfmg NV of the mapping #°(o,r,5) is a submersion for every coordinate
neighborhood V of Qy x R".

(2) If m =2 2 is even, 0 € &,,, and an integer s; satisfies 1 < s; < d, then the

restriction to the intersection T, NV of the mapping ¢'(c, s1) is a submersion for every

coordinate neighborhood V of Qp x R™.
Step 6: codim(B,,,(d), JN(VE(M))™) = d—n:
Let k € {0,1}. By step 4,5, codim(G*(d; TJR”),VFPJCX},(R”) x R™) = d. On the other
hand, G*(d) is the canonical projection of G*(d; TyR™) by VF 5 (R")xR" — VF [ _(R™).
Therefore, codim(G*(d), VF 5, (R")) = d —n. Since G(d) = G°(d) UG*(d) is the typical
fiber of B,,,(d),
codim(Byo(d), J¥ (VF(M))™) = codim(G(d), VF 5, (R")) = d — n.

Since the dimensions of B,,,,(d) and By,,(d) are equal,

codim(B,,,(d), JN(VE(M))™) = d — n.

5.4 Proof of main theorem 1

Proof of Theorem 5.1 (Main theorem 1) :
Let d > 2n be a positive integer. Let N = 2d(> 4n). Let Gy be the set of X € VF(M)™
such that for any z € M, j¥ X is not included in the closure of B,,,(d) in JN(VF(M))™:

Go = {X e VE(M))™ | i X & Boo(d) for any z € M.} .

By Lemma 5.10,
codim(B,o(d), JN(VF(M))™) = d — n > n.

Then Gy is an open dense subset of VF(M)™ by using the transversality theorem (see
10)).

Let X = (X1, -+ ,X,) € Go. Then, for any z € M, jYX & By,o(d). Therefore, by
using Lemma 5.9, if z : [0, 7] — T*M is a singular X-bi-extremal and if the singular X-
trajectory x = mo z: [0,7] — M is non-trivial and independent, then z : [0,7] — T*M
is of minimal order. O
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6 Singular controls with non-trivial independent tra-
jectory of generic driftless control-affine system

Recall that VEF (M) denotes the space of smooth vector fields over M and VF(M)™ the
m-tuple product set of VF(M) with the Whitney smooth topology. Then, as is stated
in Introduction, the following theorem holds:

Theorem 6.1 (Main theorem 2) Suppose 2 < m < n. Then there exists an open
dense subset Gy of VE(M)™ such that, if X € Gy, if u : [0,T] — Q is a singular
X -control for a given initial point xo € M and if the corresponding singular trajectory
z:[0,T] = M,z(0) = xy is non-trivial and independent, then the control u is of corank
one.

Outline of proof : Let d = 1 be an integer. We set d =2d' — 1 and N =d+ 1 = 2d'.
[Step1] Construct the “bad set” with respect to corank one, Bo(d) € JN(VF(M))™.
[Step2] (See Lemma 6.7) Show that, if X € VF(M)™ satisfies for any = € M, j¥ X ¢
Bio(d)UBgo(d), if w: [0,T] — € is a singular X-control for a given initial point o € M
and if the corresponding X-trajectory = : [0,7] — M,z(0) = z¢ is non-trivial and
independent, then the control u is of corank one.

[Step3] (See Lemma 6.8) Compute the codimension of Be(d) in JY(VF(M))™.

[Step4] (See the subsection §6.4) Let d’ > 2n. Then N = 2d’ > 4n and d = 2d' — 1 > 3n.
Let Gy be the set of X € VF(M)™ such that, for any z € M, the jets j2 X is not included
in the closure of B,,(d')UBc(d) in J¥(VF(M))™. Then, show that (; is an open dense
subset of VF(M)™ in the sense of Whitney smooth topology by Thom transversality
theorem (for instance see [10]).

In order to show the main theorem 2, we prepare the subsections: §6.1 to §6.4. In
6.1, after preparing some notations, namely, permutated Hamiltonians, extended Lie
derivatives and elementary determinants in Definition 6.2, 6.3, 6.4, we define the bad
set Be(d) in Definition 5.4. In §6.2, we show the important Lemma 6.7 prepared for
the proof of main theorem 2: if X € VF(M)™ satisfies the condition that, for any
r € M, j¥NX & B,(d), then any singular X-control with the non-trivial independent
singular X-trajectory is of corank one. In §6.3, we compute the codimension of B¢ (d)
in JY(VF(M))™ in Lemma 6.8. In §6.4, by using these Lemmata 6.7, 6.8, we show the
main theorem 2.

6.1 Construction of bad set with respect to corank one.

Let &,, be the set of permutations with m elements, and X = (X3, -+, X,,) € VE(M)™.
Then, we prepare some notations, permutated Hamiltonians, extended Lie derivatives
and elementary determinants, in order to define the bad set Bo(d) € JN(VF(M))™ for
an integer d.

Definition 6.2 For k € {1,2}, we define the real valued functions H, (k] Agg]"“, Pl Sk

ij )
on &, x T*M x,; T*M, which are called permutated Hamiltonians:
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Let 0 € &,, and (214, 28y € T*M x,; T*M. Then,

HZ-[?](O', U022 = Hyj(o, 2M) ford, j (1 < 4,5 < m)

AW (5 200 22y = AT (g, 2F) for every integerr (0 < 7 < m — 1)
P[k](o' 2[1 2[2]) (Z[k]) and P[k}’m72(g’z[1}’z[2}) — Pm72(z[k])

58 (g, 210 22)) = §i(q, 2), for every integers = Oand i € {m — 1, m},

where P (resp. P™~?) is defined by

P(0,z) = P ((Hij(0,2))i<i<j<m) (resp. P"7*(0,2) = P ((Hij(0,2)hi<i<jsm—2)) »
for 0 € &,z € T*M by using the Pfaffian polynomial of G (resp. G™?).

Definition 6.3 Let JF, be the set of F' € C®(T*M x,; T*M) such that there exists
Fy, Fy € C=(T*M) such that F(zl1 22) = F () Fy(2B) for (21, 22) € T*M x 3, T*M.
Let F be the set of F' € C®(T*M x; T*M) such that F' is a linear combination of

a finite number of elements of F, on R. Then, for the Hamiltonian vector field ﬁ of
X € VF(M), we define an extended Lie derivative Lz : F — JF by the following: For
J

F e T, and (214, 212) € T*M x,T*M,

L (F) (M, 2P) = Ly (F) () (o) + R (M) L3 (F2) (27),

and extend it by linearly to F. Here, £ (Fy) is the Lie derivative of Fj with respect to

ﬁfork‘e{l 2} .

Definition 6.4 We inductively define the real valued functions on &,, x T*M X, T* M,
which are called elementary determinants: Let o € &,, and (I, 22) € T*M x,, T*M.
Then

(H[l](a S 2[2])>1§Z§m_17
O4y1(0, 21 212) = det 1<j=m (s=0,1,---),
<L}7;@S(O', 2, 2[2])>

1<j<m

<Hz[]1} (07 Zma Zm)) 1<iSm—1,
O¢(a, 211 212) = det L=j=m

(2] 1] .2
(Hz'j (o, 21, | ]))

| 1<j<m
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and

(B0 20, 2)) iy

1sjsm

0,(0, 21, 212) = det ({P[” Hm}(o 1] 2[2])> (s=0,1,---)
7 Vi ) Y

1SjSm
(LE}QS(U, 21 Z[Q]))

15jSm
(HZ[;] (o, 2 2[2})> S
15jSm

90(0, Z[l]7 ,z[?]) = det ({P[”, H][l]}(g7 Z[l}7 Z[2})> ,

15jsm

2]
(1P, HP (o, 210, 221))

1sjsm

Definition 6.5 Let N = d + 1. We define the “bad set” with respect to corank one,
Be(d) by the canonical projection of Be(d) by JN(VE(M))™ xp T*M xp T*M —
JN(VF(M))™. The definition of Bo(d) is written in Definition 11.6:

Definition 6.6 We define Bo(d) € JN(VF(M))™ x a3 T*M x5 T*M by the union of
the sets Be(d, o) with o € &,,. Here the definition of B(d, o) is below:
For 0 € G,,, let Bo(d, o) be the subset of JN(VF(M))™ x5 T*M x5y T*M of all triples
(1N X, 21 2P]) such that ¢ = (1) = 7(2P)):

1). Xq(z),---, X,u(x) are linearly independent;

2). 21U, 21 are linearly independent;

3) { if m is odd, then A7 (o, 2I1 #£ 0,

| if m is even, then 87" (o, 21 P 2(o, 23 £ 0;
if m is odd, then ©,(c, 21, 211) = 0,
4). fors(0=s=d-1), { if m is even, then 0,(c, 211, 221) = 0.

6.2 Property of singular controls avoiding the bad set with re-
spect to corank one.

We show the important Lemma 6.7 prepared for the proof of the main theorem 2.

Lemma 6.7 Suppose that 2 < m S n. Letd =1 be an integer. We set d = 2d' — 1 and
N=d+1=2d. Let X € VF(M)™ such that for any x € M, j¥ X & B,,,(d') U Ba(d).
Then, if u : [0,T] — Q is a singular X -control for a given initial point o € M and if
the corresponding X -trajectory x : [0, T] — M, x(0) = xq is non-trivial and independent,
then the control u is of corank one.

Proof: In order to prove by contradiction, assume that, u : [0,7] — Q is a singular
X-control for a given initial point zg € M and z : [0,7] — M, z(0) = z is non-trivial
and independent but the control u is not of corank one. Then by Proposition 4.4, there
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exists two bi-extremals 2[ 221 : [0, T] — T*M with zM o7 = 2@ o = 2 such that z1(¢)
and 22(¢) are linearly independent for every ¢ € [0, 1].

Case 1 We consider the case m is odd. For k = 1,2, we denote by G the Goh
matrix G () = (H;;(2#))1<ij<m. Since X = (Xy,-++,X,,) € VF(M)™ is for any
v € M, j¥X & Bo(d), by the proof of Lemma 5.7, there exists I, ; C {1,--- ,m}
with cardinality m — 1 such that det (H;;(2!"(2)))4 ez # 0 on [0,7]. Then, up to
a permutation, we may assume that there exist an open subinterval K C [0,7] and
o € G, such that

AL ), 22(4)) £ 0 for every t € K.

On the other hand, since x is independent, [iyqep(2) has positive measure, where liygep ()
is the compliment of Igep(z) in [0, 7). Then Let J = K N [indep(T).

Now, since for k = 1,2, H;(c,2(¢)) = 0 on [0, T], by differentiating both sides, for
J1L<iSm)

iuj(t) Hij(o,2M(t)) = 0 ae. t €[0,T].

Hence, the matrix

Hyy (o, 21 (1)) e Hyp (o, 21(1))
Hinon(0,20(8) -+ Hintym(o, 210(2))
Hi(o,22(t)) -+ Hy(o, 28(1))

is not invertible. Therefore O¢(a, zIU(t), 22 (t)) = 0 on [0,T]. By differentiating both
sides,

Zuj L—>@0 (o, 2(1), 22(t)) = 0 a.e.t € [0, 7).

This implies ©; = 0. By proceeding similarly, for k(0 < k < d — 1).

{ AN (o, 21, 21 (1)) #

) for every t € J.
Ox(o, (1), (1)) =0

This contradicts the assumption that, for any z € M, j¥ X € Bo(d).
Case 2 We consider the case m is even. By proofs of Lemma 5.7, 5.8, up to permutation,
there exists an subinterval K C [0, 7] such that

PUm=2(g 2 (1), 22 (1)) £ 0
SN (g, (1), 22(2)) £ 0
Then Let J = K N Lindep(2)-

We show that PZm=2(g, 2lU(t), 22(¢)) # 0 for every t € J. For a € [0, T], consider
2 = (1 — a)z + a2zl Since P™2(z14(t)) depends continuously on a, for o small

for every t € K.
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enough, P™~2(zl°l(t)) = 0 for every ¢ € J. Moreover, the set of singular X-bi-extremals
of singular X-trajectory z is a vector space, 21! is singular X-bi-extremals of z, and for
a > 0, 21°(t) and 2MU(¢) are linearly independent for every ¢ € .J. Then, it suffices to
replace 2 by 2%, for some a > 0 small enough.

Similar to the case m odd, for k(0 < k< d— 1),

{ﬂ”’m‘wa, (1), 2P(2)) PRm=2(a, (1), 2P(2)) # 0

for every t € J.
Or(0, 21(1), 2P(1)) = 0

This contradicts the assumption that, for any z € M, ;¥ X € Ba(d).

6.3 Codimension of bad set with respect to corank one.

Let d be a positive integer and N = d + 1.

Lemma 6.8 codim(Bg(d), JY(VF(M))™) = d — 2n.

Proof: We describe only the outline of the proof of Lemma 6.8 because this bad set
Be(d) is the completely same bad set Bo(d) defined as 3.1.2 in [8]: Let VFpoly(R”) be
the m-tuple product space of polynomial vector fields of degree < d; over R™.

Step 1: Construct the typical fiber G¢(d) of Be(d) -

Typical fiber Go(d) of Bc(d) is the canonical projection of G (d; TfR"XT{R™) by
VFpoly(]R”) x R x R" — VFpoly(]R”). Go(d; TR XT{R™) is defined by the set of
(Q,pM, p) € VFpoly(]R") x R™ x R" such that there exists ¢ € & such that (Q, p!, pi?))
satisfies the conditions 1) to 4):

1). Q1(0),--, @, (0) are linearly independent;

2). pltl, p are linearly independent

3). (a) if m is odd, then AJ!(o, Zo ) # 0,

(b (1] 2]
(a

) if m is even, then 87" (o, z5 )P 2(0, 25 );
) if m is odd, then O,(o, z([)l}, z([) }) for every integer s (0 < s < d — 1),
b)

4).

if m is even, then 6;(o, Z([) I A2 2 ) for every integer s (0 = s < d — 1),

where zé } 2P are the elements of T, oR™ given in coordinates by (0, p1), (0, ps).

Step 2: Construct the mapping ¢, : VFpﬁy(R") x R" x R" — R®:
Let 0 € &. Then construct the mapping ¢,y by dividing two cases of m being odd
and even:

Casel If m be an odd integer, then we define ¢, : V
(@, p",p?) € VF N (R") x R™ x R™,

(R") x R® x R® — R? by for

poly

o (Q, p", pP) = <@s(Q)<U Z([)]’Z([’]>)o§s§d_1’

where z([)l], z([)zl are the elements of T*R" given in coordinates by (0, pl!), pil) and ©,(Q)

is the elementary determinants associated to Q).
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Case2 If m be an even integer, then we define ¢, : VF R") x R® x R* — R? by for

(@, p",p?) € VF N (R") x R™ x R™,

poly(

DENCI 1,02 )
¢0,V(Q7p P ) (9 <O 20 %0 ) 0§s§d—1’

where z([)u, z([)Q} are the elements of 7*R™ given in coordinates by (0, p!!, p?l) and 6,(Q) is

the elementary determinants associated to Q.

Step 3: Construct the open subset V,, C VFpoly(R”) x R" x R™:

Let 0 € &. Then, construct V,, by dividing two cases of m being odd and even:
Casel If m is an odd integer, then V is defined by the set of (Q, p!l, p?l) € VF N (R") x
R™ x R” such that (Q, p!'), p?!) satisfies the conditions 1) to 2):

1). pli, pl2 are linearly independent;
2). A7 (o, Zo )#O
Case2 If m is an even integer, then V, is defined by the set of (Q,pl", p?) € VFpoly(R”) X
R™ x R™ such that
1). pl! pP are linearly independent;
2). 670,20 )P (0, %7) # 0,
where zé ], z([)} are the elements of T*R™ given in coordinates by (0, pltl, pl2h.

Then, V, is an open subset of VFpoly( ") x R™ x R™.

Step 4: G (d; TyR"XT;R™) is the union of kernels of restriction to V,, of the mapping
¢, with o € &,,

Step 5: Let QQ be the set of Q) € VFpoly(R”) such that @1(0), -+, @Q,,(0) are linearly
independent. It is well-known that the local coordinate systems on )y can be constructed
(see Coordinate systems in [6],[8]).Then, if 0 € &,,, then the restriction to the intersec-
tion V, NV of the mapping ¢, is a submersion for every coordinate neighborhood V of
Qo X R™ x R™. (The proof is Lemma 4.2. in [§8].)

Step 6: codim(B¢(d), JN(VE(M))™) = d — 2n :

By Step 4,5, codim(Ge(d; TyR™ x THR™), VFpoly(R”) xR"™ x R") = d. On the other
hand, G¢(d) is the canonical projection of Gc(d TER"XTER™) by VFpoly(R") XR"xR" —
VFpoly( ™). Therefore, codim(G¢(d), VE N (R") = d — 2n. Since G¢(d) is the typical
fiber of Be(d),

poly

poly

codim(Bc(d), JN(VF(M)) = codim(Ge(d), VE N (R™)) =2 d — 2n.
Since the dimensions of B¢ (d) and Be(d) are equal,

codim(B¢(d), J¥(VF(M)) = d — 2n.

6.4 Proof of main theorem 2

Proof of Theorem 6.1 (Main theorem 2):

33



Let d’ > 2n be an integer. Let d =2d’ — 1 and N =d + 1 = 2d'(> 4n).
Then, let G be the set of X € VF(M)™ such that for any x € M, j¥X is not
included in the closure of B,,,(d') U Ba(d) in JY(VF(M))™:

Gy = {X e VE(M)™ | j¥X ¢ Boo(d') U Bo(d) for any o € M.} .

By Lemmata 5.10,6.8 and n = 2,

codim(B,,,(d') U Be(d), J¥(VF(M))™) = min{d' — n,d — 2n} > n.

Then G, is an open dense subset of VF(M)™ by using transversality theorem (see [10]).

Let X = (X1, -+, X,n) € Gi. Then, for any z € M, j¥X & B,,(d) U Bec(d).
Therefore, by using Lemma 6.7, if u : [0,7] —  is a singular X-control for a given
initial point o € M and if the corresponding X-trajectory x : [0, 7] — M, z(0) = x( is
non-trivial and independent, then the control u is of corank one. O
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7 Strictly abnormal extremals with respect to an op-
timal control problem

In this section, we describe the optimal control problem with respect to the driftless
control system. In §8.2, as a typical example, we consider the geodesic on a generalized
subriemannian manifold.

Let M be an n dimensional manifold. Let xg € M and T > 0. Let €2 be an open
subset of R™. Let X = (Xi,---,X,,) be a system of smooth vector fields over M.
Consider the driftless control systems

m
T = g w; X;(x
i=1

We denote by U,, ,, r the set of admissible X-controls from [0,7] to © such that the
corresponding trajectory to u has a fixed initial point xy and a fixed point x;. Given a
smooth function e :  — R, consider an (X, e)-optimal control problem to minimize a
cost functional C,. Here, a cost functional C, : Uy, ., 7 — R is defined by

Ce(u) = /[()T}e(u(t))dt

for u € Uy, r. An admissible control u, € Uy, is called an (X, e)-optimal control, an
(X, e)-minimal control or an (X, e)-minimizer if C'(u,) < C(u) for any u € Uy, 7. Then,
e: Q) — Ris called a cost fuction of the (X, e)-optimal control problem.

The Hamiltonian function H = Hx ¢ : (T*M x €) x R — R of the optimal control
problem (X, e) is defined by for (z,p,u; pg) € (T*M x Q) x R,

Hxe)(x,p,u; po) = Hx(z,p, u) + poe(u),
where (z,p,u) = (T1, -+ ,Tp, D1, ,Pn, U1, - ,Up) is the local coordinate of T*M x
2 with a canonical coordinate of (z,p) of T*M and we define Hx : T*M — R by
Hx(l’,p, u) = <p7 Z:ll ule(‘Q:»
By the Pontryagin maximum principle (see [16],[3]), the following property holds:

Proposition 7.1 Letxy € M. Ifu:[0,T] — Q is an X -optimal control and x : [0,T] —
Q be the corresponding X -trajectory with x(0) = xo, then there exists a pair (z,po) of
an absolute continuous curve z : [0,T] — T*M and a real number py < 0 such that,
x = mo z, and that the following equations hold: for any local canonical coordinates
(x,pu) = (T1, -, Tpy D1,y 3 Py Uiy s Up) of T*M x Q with a canonical coordinate

of (x,p) of T*M
(1) @
2

( (t),p(t),ut); po) (1 =i<n) foraetel0,T]
n) fora.e.t €[0,T]
(1), () u(t);p) =0 (1<j<m)  foraete[0,T]

it )
i(1)

> B
||
/\
3
=
=
I
=
=
S
S~—
—
||/\
||/\

Ou;

4

(2)
W ) 2 ¢
( ) (p(t),po) # forevery t € [0,T]
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A curve z : [0,T] — T*M is called a normal X-bi-extremal (resp.an abnormal X-bi-
extremal) if py < O(resp.pp = 0). A curve z : [0,7] — T*M is called a normal
X-extremal (resp. an abnormal X-extremal) if it possesses an X-normal bi-extremal
lift (resp. an X-abnormal bi-extremal lift). Note that, if z : [0,7] — T*M is an abnor-
mal X-extremal, then x is a singular X-trajectory, namely the corresponding singular
X-trajectory to the singular X-control, which is the singular point of the end-point map-
ping. Moreover, note that, if z : [0,7] — T*M is an abnormal X-bi-extremal, then z is
a singular X-bi-extremal.

Definition 7.2 An X-extremal z : [0,T] — M is called strictly X -abnormal if it is not
the projection of a normal X -bi-extremal.

Note that it may happen that an extremal z : [0, 7] — M is both normal and abnormal.
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8 Generalized subriemannian geometry and length
minimizers

8.1 Generalized subriemanian geometry

We recall the “generalized” subriemannian geometry by Belliche (see [4]):

Let X = (X4, -, X,,) be a system of vector fields over an n-dimensional smooth
manifold M. Given a point x € M, let L, C T, M be the vector space over R generated
by Xi(z), -+, Xm(x), namely L, = (X;(z), -, X;n(x))r. Let L C TM be the union of
the sets L, with x € M. In particular, if the system of vector fields X = (X, -, X,,)
is linearly independent, then L C T'M is a subbundle of TM, and L C T'M is called a
distribution of T M.

Definition 8.1 Let X = (X3, -, X,,) be a system of vector fields over an n-dimensional
smooth manifold M. Let L C T'M be the union of the sets L, = (Xi(x), -+, X;n(2))r
with x € M. Then g : L — R is called a generalized subriemannian metric or a gener-
alized sub-Riemannain metric if for w = (z,v) € L,

g(w) = g(I, U) - inf{<u1)2 +oeee (um)2 | Ule(Z[‘) +oe uer(l‘) = U}a
where w = (x,v) is canonical coordinates of L C T'M, namely, x € M,v € L,.

Note that, if X = (Xi,---,X,,) is linearly independent everywhere on M, then the
system generates a distribution and the metric g in a generalized subriemannian structure
is the same as the subriemannian metric in ordinary meaning.

Let = : [0,T7] — M be an absolutely continuous curve. Then, z : [0,7] — M is
called X -admissible (or L-admissible) if for a.e. t € [0,T],

(1) € Loy = (Xa(z(), - Xin(2(1))) -

Then, generalized Carnot-Carathéodry distance doc : M x M — RU{oo} is defined by
the following:
for p,q € M,

dee(p, q) = inf vV g( ))dt
0,7

Definition 8.2 An X-admissible curve z : [0,7] — M is called a length-minimizer if
the length of = is equal to dee(x(0), 2(T)) :

dee(x( / Vo), @(t))dt.

=p, z(T) =¢q

0 [0,7] — M : X-admissible }

We denote by (M, X, g) the triplet of an n dimensional manifold M, a system of smooth
vector fields over M, X = (X, -+, X,,), and the subriemannian metric g on L, which is
the union of the sets L, = (X1 (z), -, X,u(z))r with x € M.
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8.2 Abnormal controls in generalized subriemannian geometry

In previous section §7, we considered the optimal control problem with respect to the
driftless control system. In this section, as a typical example of this optimal control
problem, consider the geodesic on generalized subriemannian manifold.

Let X be an n dimensional manifold. Let zg € M and 7" > 0. Let X = (X3, -, X,,)
be a system of smooth vector fields over M. Consider the driftless control systems

m
T = E w; X;(x
i=1

with the control parameter v € R™. We denote by U,, ., 7 the set of admissible X-
controls from [0, 7] to R™ such that the corresponding trajectory to u has a fixed initial
point xg and fixed end point x;.

We define an energy function e : R™ — R by

1 m
e(u) = 5 Zuf, for u € R™.

Consider the optimal control problem to minimize the energy functional C, : Uy, o, 7 — R

Ce(u :/ ))dt = / u(t)2dt, for u € U,
(u) 0,7 [0,7] 2 Z ot

It is known that the problem is equivalent to minimizing the length :

o

If Xi,---,X,, are linearly independent everywhere, then the optimal problem (X, e) is
exactly to minimize the Carnot-Carathéodory distances in subriemannian geometry (see
[15]).

The Hamiltonian function H = Hx, : ("M xR™) x R = R of the optimal control
problem (X e) is given by

Zuz(tﬁdt, for u € UIO,T.

=1

H(x,p,u; po) = ;@, u; Xi(z)) + 5?0(; u;)-
where (x,p,u) = (x1, -+ ,Tp, P1,° ", Pny UL, -+ + , Upy,) 1S the local coordinate of T* M x R™

with a canonical coordinate of (z,p) of T*M. Then the constraint %—Z = 0 is equivalent
to the following

pou; = —(p, Xj(x)), (L = j = m).
For an X-normal extremal, we have py < 0. Then we have

0 = —pio<p,Xj<w>>,<1 <

A
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Then .

1

H=——
2P0 i

(p, Xi(x))%.
From the linearity of Hamiltonian function on (p, pg), we can normalize pg, so that

H =23 X))

i=1

Thus our formulation coincides with the ordinary normal Hamiltonian formalism in sub-
riemannian geometry.
Therefore, for an X-abnormal extremal u : [0,7] — R™, the equation reduces to

(1) &:(t) = 2L (a(t), p(t), u(t) 1S i<n)  forac.te[0,T]

2) pilt) = =2 (x(t), pt);u®)) 1 < i <n)  forae.t e [0,7]

O0x; ,

(3) (p(t), X;(x(t))) =0 (1 = j =m), p(t) #0 forevery t € [0,T]

with H(xapv u) = Hx(l',p, u) = <p> Z:il % Xz(m»
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9 Abnormal extremals of generic driftless control-
affine system in generalized subriemannian geom-
etry

In this section, we prove Theorem 3 (Theorem 9.2). In order to formulate the Theorem
3, we recall the strictly abnormal extremal: Let X be an n dimensional manifold M. Let
Q2 be an open subset of R". Let X = (Xj,--+,X,,) be a system of smooth vector fields
over M. Consider the driftless control-affine systems

m

b= uXi(x).

i=1

Moreover, consider the optimal control problem associated to the driftless control-affine
systems to minimize the energy functional

on an X-admissible control with the initial point zy € M. The Hamiltonian function
H = Hxe : (T*M x R™) x R — R of the optimal control problem (X, e) is given by

m m

H(z,p,u; py) = Z(p, u; Xi(w)) + %PO(Z uy).

i=1 =1

where (z,p,u) = (21, ,ZTp, D1, ,Pn, UL, ** , Upy,) iS the local coordinate of T* M x R™
with a canonical coordinate of (x,p) of T*M.

Definition 9.1 An X-abnormal extremal x : [0, 7] — M is called strictly if it is not the
projection of a normal X-bi-extremal.

Let VF(M)™ denote the set of systems of smooth vector fields X = (X,---, X,,,) over M.
We endow VF(M)™ with the Whitney smooth topology. Then, the following Theorem
9.2 holds:

Theorem 9.2 Suppose 2 < m < n. Then, there exists an open dense subset Gz C
VE(M)™ such that, if X € G and if x : [0,T] — M is an X-abnormal extremal for the
wniatial point xg € M, then x is strictly X -abnormal.

This Theorem 9.2 is the special case of Proposition 2.19 of [9]. However the proof of
Proposition 2.19 is hard to read , because the construction of Gz is not written. We will
improve the proof of Proposition 2.19 clearly.

Outline of proof Let d = 1 be an integer. Put N = d + 1. We denote the space of
all N-jets of vector fields X € VF(M) by JN(VF(M)), and the fibre product over M of
m-tuple spaces of J¥(VF(M)), by JY(VF(M))™. Then, we will show the main theorem
3 by the following procedures:
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[Step1] Construct the “bad set” with respect to minimal order, By,(d) C JN(VF(M))™.
[Step2] Show that, if X € VF(M)™ satisfies the condition that any z € M, j, X & Bs.(d)
and if z : [0,7] — M is an abnormal X-bi-extremal, then z is of strictly abnormal.
[Step3] Compute the codimension of By,(d) in JN(VF(M))™.

[Step4] For N > 3n + 1(d > 3n), let G5 be the set of X € VF(M)™ such that the jet
JNX is not included in the closure of By, (d) in J¥(VF(M))™. Then, show that, G3 is
an open dense subset of VF(M)™ in the sense of Whitney smooth topology by Thom
transversality theorem (for instance see [10]).

9.1 Construction of bad set with respect to strictly abnormal

Let (2", 21y € T*M xp; T*M and z = 7(2") = 7(219). For every multi index I of
{1,---,m}, set

H}n](z["], 219y = H; (2" and H}a](z[”], 2y = H (2.
and define inductively the following functions in F, depending on (2, z[)
Bio = Hi[a]
Bisr1 =2 HWpBis, (s=1,2,--),
i=1 !

where F and £ 7 are defined in before section.
J

Definition 9.3 Let d be a positive integer. Let N = d + 1. For every integer i(l=
i < m) and (2", 219y € T*M x,; T*M, we define B(d, 4, 2", 2l7) by the set of j¥N X €
JN(VF(M))™ such that the following conditions hold:

1)X;(x) # 0 ;
2)H" (2", 21) # 0,
3)Bis (21", 219y = 0 for every integer s (0 < s <d—1).
B((d, 2", zlaly ¢ JN(VF(M))™ is the union of B(d, 4, 21", 29} with i (1 < i < m).

Definition 9.4 Let d be a positive integer. Let N = d + 1. we define By, (d) C

Bua(d) = {(2' X, 21", 25X € B((d, 2", )}

Definition 9.5 Let d be a positive integer. Let N = d+1. we define the bad set with re-
spect to strictly abnormal By,(d) by the canonical projection of B, (d) on JN (VF(M))™.
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9.2 The property of singular bi-extremals avoiding bad set with
respect to strictly abnormal

Lemma 9.6 Suppose that, 2 < m < n. Let d be a positive integer and N = d + 1. Let
X € VE(M)™ such that for any x € M, j¥X & By(d). Then, if x : [0,T] — M is an
abnormal X -bi-extremal, then x is of strictly abnormal.

Proof: By contradiction, assume that there exists a nontrivial singular X-trajectory
x:[0,T] — M with a singular X-control u : [0, 7] — R™ such that z = mo 2" = 7ozl
where 2" is a normal X-bi-extremal lift of z, and 219 is an abnormal X-bi-extremal lift
of x.

For every multi-index I C {0,---,m} and t € [0, T, set

Hy(21M(8)) = (21(8), X ( (1)), Hi (2 () = (1), Xy (2(t))).
After time differentiation, we have on [0, T,
wi(t) Hri (21" (2)),

ui () Hps (219(1)).

s

s
Il
R

4 Hy (21 (1)) =

GHI(Z(t) =

=

s
Il
—

By Pontryagin maximum principle,

{ wi(t) = Hy(2I () = H(2I(t), 219 (),

for every integer i (1 < i < m),t € [0,T]
HI (1), 249(0) = Hi(2 (1) = 0+ ()

— R is nontrivial, there exists an open subset J C [0,7] and an
integer ig (1 < ig = m) such that u;, (t)X;,(x(t)) # 0 on J. Therefore, u; (t) # 0 and
J. Since g, (t) = H;, (217(2)),

Hi, (21"(1)) # 0.
on the other hand, by differentiating (x) with respect to ¢ € [0, 7],

(L), 2 (2))

m

= S wOH, ), )

i=1

= > HP (), 2 () HE (), 2 (1)

Jj=1

0 =

= Bioa(2"(t), 21(t))
For every t € [0, 7], by induction,

Bio.s (2 (1), 219(2)) = 0.

for every s(0 < s <d—1) and t € J. Hence, ;N X € B(d, i, 2", 219 for t € J, which
contradicts the hypothesis. O
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9.3 Codimension of bad set with respect to strictly abnormal
Lemma 9.7 codim(Bg,(d); JN(VF(M))™) = d — 2n.

Proof: We describe only the outline of the proof of Lemma 12.6. Let VFpoly(R") be the
m-tuple product space of polynomial vector fields of degree < N over R".

Stepl: Construct the typical fiber G, (d) of By, (d).

Typical fiber Gg,(d) of Bgy(d) is the canonical projection of Gy (d; T¢R™ x TyR™)
by VFpoly(R") X R" x R" — VFpoly(R”). Gsa(d; Ty M x oy Ty M) is defined by the set
of (@, p”] p[“) € VFpoly(R") x R™ x R™ such that there exists i (1 < i < m) such that
(Q, pi™, plol) satisfies the following conditions 1) to 4):

1)Q:(0) are linearly independet;
2>H£”]<zé”% %) #0;

B)ﬁls(zo : [a]) = 0 for every integer s (0 < s < d—1).

where z([)”], z([)a} are the elements of T*R" given in coordinates by (0, p1), (0,p2).

Step2: Construct the mapping ¢; : VF N (R") x R* x R* — R? :

poly
Let i(1 < ¢ £ m) be a positive mteger Then we define the mapping ¢, : VF

R" x R™ — R? by for (Q,p1,p2) € VF o (R?) x R" x R",

R™) x

poly(
poly(

(bz(Qa D1, p?) = ﬁi,s(z([)n}a Z([)a])v
where 2", 2l are the elements of T*R™ given in coordinates by (0, p1), (0, p2).
Step3: Construct the open subset V; C VFpoly(R”) x R™ x R"
Let i(1 £ i £ m) be a positive integer. Then V; is the defined by the set of (@, p1,p2) €

VE XN (R") x R" x R" such that (Q, p1, p2) satisfies the following condition:

poly

H[ ](Zo 720 )7&0
where z([) ], z([)] are the elements of T*R" given in coordinates by (0, p1), (0, p2). Then, V;
is an open subset of VFPO1 (R™) x R™ x R™.

Step4: Gy (d; TfR™ x TyR™) is the union of the kernel of restriction to V; of the
mapping ¢; with ¢ (1 < i < m).

Step5: Let Q) be the set of Q € VFpoly(R") such that @; # 0. It is well-known
that the local coordinate systems on €2 can be constructed (see Coordinate systems in
[6],[8]) Then, for every integer i (1 < i § m), the restriction to the intersection V; NV of
the mapping ¢; is a submersion for every coordinate neighborhood V of €y x R™.

Step6: codim(B,(d); JN(VF(M))™) = d — 2n.

By step 4,5, codlm(Gsa(d, TER™ x TgR™); VFpoly(R”) x R" x R") = d. On the
other hand, Gy,(d) of By, (d) is the canonical projection of Gg,(d; TyR™ x TyR™) by

VFpoly(R") x R" x R" — VFpoly(Rn). Therefore, codim(Gy,(d); VFpoly(R”)) =d—2n.
Since Gg,(d) is the tyupical fiber of By,(d),
codim(By,(d); JV (VF(M))™) = codim(Gyq(d); VF 5, (R")) = d — 2n.
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Since the dimensions of By, (d) and Bs,(d) are equal,

codim(B,,(d); JN(VE(M))™) =2 d — 2n

9.4 Proof of main Theorem 3

Let d > 2n be a positive integer. Let N = 2d(> 4n). Let G5 be the set of X € VF(M)™
such that for any x € M, j¥ X is not included in the closure of By,(d) in JN(VF(M))™:

Gy = {X e VE(M))™ | j¥X ¢ Bou(d) for any = € M.} .

By Lemma 9.7,
codim(B,,,(d), J¥(VF(M))™) =2 d —n > n.

Then G35 is an open dense subset of VF(M)™ by using the transversality theorem (see
[10]).

Let X = (Xy,---,X,,) € G3. Then, for any z € M, j¥X & B,,(d). Therefore,
by using Lemma 9.6, if = : [0,7] — M is abnormal, then z : [0,7] — T*M is strictly
abnormal. 0

44



10 Singular bi-extremals of generic polynomial drift-
less control-affine systems

Let D = (dy,- - ,d,,) denote an m-tuple of integers, and VFpgly(R”) denote the product
space of m-tuple systems of polynomial vector fields over R", Q = (Q1, -+, @m), such
that the degree of Q); satisfiies deg ; < d; for every integer i (1 < i < m), and we endow
VFpoly(R") with the Euclidean topology.

Let © be an open subset of R™. For Q = (Q1,--+ ,Qm) € VF D
polynomial driftless control-affine systems

T = Z u; Qi(x)
=1

with the control parameter (uq, -+ ,u;) € Q. Then, the following holds:

paly (R™), consider the

Theorem 10.1 Suppose 2 < m < n and suppose that, an m-tuple of even integers
D = (dy,--- ,d,) satisfies the inequality : min{dl,dg, o dn} 2 4n + 2. Then, there
exists an open dense semi-algebraic subset Hy C VFpoly(R”) such that, if Q@ € Hy, if

z2:[0,T] = T*R™ is a Q-bi-extremal, and if the singular trajectory x = moz : [0,T] — R™
is non-trivial and independent, then the bi-extremal z is of minimal order.

Here 7 : T*R™ — R"™ is the canonical projection from the cotangent subbundle of R™.

Theorem 10.1 is the polynomial version of Theorem 5.1. However, the method of
proofs of these theorems is different. In the proofs of Theorem 5.1, Thom’s transversality
theorem (for instance [10]) is used. On the other hand, Tarski-Seidenberg theorem (for
instance [7]) is used.

Outline of proof : Let D = (dy,--- ,d,,) be an m-tuple of even integers. Then, we
will show the main theorem 4 by the following procedures:

[Stepl] (See Definition 10.2) Construct the “bad set” with respect to minimal order,
Bno(D) C VFpoly(R”) x R"™. Note that B,,,(D) is semi-algebraic and in particular,
dimension of B,,,(D) is well-defined and in pariticular, its closure the dimension of
T(Bmo(D) is well-defined, where 7 VFpoly( ") x R" — VF B (R") is the canonical
projection.

[Step2] (See Lemma 10.7) Show that, if Q € VFpoly(]R") satisfies the condition that any
r € R" (Q,z) € Bno(D), if z : [0, T] — T*R" is an @Q-bi-extremal, and if the singular
trajectory mo z : [0,7] — R™ is non-trivial and independent, then z is of minimal order.
[Step3] (See Lemma 10.8) By using Tarski-Seidenberg theorem (for instance see [10]),
Compute the codimension of 7(B,,,(D)) in VF_ (R") by the canonical projection 7 :
VF, 2, (R") x R® — VF 2 (R")

[Step4] (See the subsection §10.4) For min{d;, ds, - - - ,d,, } > 4n, namely min{d;, ds, - - -
4n+2, let Hy be the set of () € VF

poly

poly(

poly(R”) such that @ is not included in the closure of the
projection of B,,,(D) in VFpoly(R”) by the canonical projection 7 : VFpoly(R") x R" —

VFpoly(]R”) Then, show that, Hy is an open dense subset of VF P (R") in the sense of
Euclidean topology.

poly
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In order to show the main theorem 3, we prepare the subsections: §10.1 to §10.4.
In §10.1, we define the bad set B,,,(D) of VFpgly(]R") in Definition 10.2. In §10.2, in
Lemma 10.5,10.6, we describe some properties of rank of Goh matrix for any singular
(Q)-bi-extremals if @) € Vpr)’ly(R") satisfies the condition that for any z € R™, (Q,z) is
included in complement of B,,,(D) in VFpﬂy(R”). In particular, the important Lemma
10.7 prepared for the proof of main theorem 1 can be immediately derived from the
Lemmata 10.5,10.6 : if Q € VFpﬁy(R”) satisfies the condition that , (Q, z) & By,.(D) for
any z € R", then any singular X-bi-extremal with the non-trivial independent singular
X-trajectory is of minimal order. In §10.3, we compute the codimension of B,,,(D) in
VFpﬁy(R”) in Lemma 10.8. In §10.4, by using these Lemmata 10.7,10.8, we show the
main theorem 1.

10.1 Construction of bad set

In this section, we construct the semi-algebraic set B,,,(D), which is called the bad set
with respect to minimal order for an m-tuple of even integers (dy,--- ,dy,) :

By using the elementary determinants, we define the bad set B,,,(D) for an m-tuple of
even integers (dy, -+ ,d,,) :

Definition 10.2 Let D = (dy,--- ,d,,) be an m-tuple of even integers For an integer
p, let N, p be the set of (p + 1)-tuples 5 = (0,51, ,s,) in {0} x (N)? such that there
exists an integer ¢ (1 < ¢ < m) such that s; +--- + s, < d; + p. We define the “bad set”
with respect to minimal order, B,,,(D) C VFpﬁ’ly(R”) x R™ by the image of By,,(D) by

the canonical projection VFplO)ly(R") x T*R™ — VFpgly(R”) x R™ :

Buo(D) = {((Q,2),2) |z = 7(z) €R", 2 € T'R", ((Q,x),2) € By, (D) U B},,(D)},
Then, B,,,(D) is defined by the following:
Buo(D) = {(Q,2) |z = 7(2) € R", (Q,2),2) € BY,,(D)U B, (D) for some z € T*R"},

where BY (D), Bl (D) C Vprly(R") x T*R™ are written in Definition 10.3, 10.4 respec-
tively:

Definition 10.3 Let D = (dy,--- ,d;,) be an m-tuple of even integers. If m = 2, then
B (D) = ). On the other hand, if m > 3, then we define B (D) C VF B (R") x T*R"

poly
by the union of the sets BY, (i, 0, 7,3, 2) with integers i(1 £ i < m), 0 € &,,, even integers
r(0<r<m-3),and 5 € N, 4 with 0 < p < m. Here the definition of BY, (i,0,7,3, 2)
is below:

For z € T*R™ with 7(2) = z € R", 0 € &,,,, an integer i(1 < i < m), an even integer
r0=r=<m-—3),and 5 € N,g4 and p(0 < p < m), let B?no(i,a, 7,3, 2) be the set of
((Q,x),2) € VF D (R") x T*R" such that:

1). Qi(z), -+ ,Qm(z) are linearly independent;

2). Af(o,z) # 0;

3). for every integer j (0 < j < p),

A
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(a) MG 02) £ 0

0,51, 15,

(b) for every integer k (r+j <k <m)and s(1<s=<s; —1),

rr+1,- r+j—1k .
AO,S1,~--,SJ-_1,S (07 Z) - Oa

4). forevery k(r+p+1=<k<m)and s(1=<s=d;+p—(s1+---+$p),

rr+1, r+p,k _
A51,~~~,sp,s (0,2) =0.

Definition 10.4 Let D = (dy,--- ,d,,) be an m-tuple of even integers. If m is an
odd integer, then B}RO(D) = (). On the other hand, if m = 2 is an even integer, then
we define BL (D) C VFpgly(R”) x T*R™ by the union of the sets Bl (i,0,s1,2) with
integers i (1 < i < m), 0 € &, and integers s; (1 < s; < d). Here the definition of
Bl (i,0,s1,2) is below:
Let m 2 2 be an even integer. For an integeri (1 < i < m), o € &, and an integer s;(1 <
s < d), we define B! (i, 0, s1,2) by the set of elements ((Q,z),z) € VFpﬁy(R”) x T*R™
such that:

1). Qi(z), - ,Qm(z) are linearly independent;

2). A0, 2) # 0;

3). (a) if s; < d;, then 07" (0, 2) # 0;

(b) for k€ {m —1,m} and s (0 < s < s; — 1),0%(0,2) = 0;
4). for s(1 = s=d; — s1),0s,5(0,2) =0.

10.2 The property of singular bi-extremals avoiding bad set

We describe some properties of rank of Goh matrix for any singular ()-bi-extremals
with the non-trivial and independent singular Q-trajectory if @) € VFplO)ly(R”) satisfies
the condition that for any x € R", (Q,z) is included in complement of B,,,(D) in
Vszy(R") x R™. In particular, we will show the important Lemma 10.7 preparel0-d for
the proof of the main theorem 1 by using the Lemmata 5.7, 10.6.

Lemma 10.5 Suppose that, 2 < m < n. Let D = (dy,--- ,d,,) be an m-tuple of even
integers. Let @ € VF(M)™ such that for any v € R", (Q,x) € Bno(D). Then, if
2 :[0,T] = T*R™ is an Q-bi-extremal and if the singular Q-trajectory woz : [0,T] — R™
18 non-trivial and independent, then

m — 2 < rank G(z(t)) £m —1, for a.e.t €[0,T].
Here m : T*R™ — R"™ is the canonical projection from cotangent bundle of R™.

Proof: Since (dy,--- ,d,,) is an m-tuple of even integers, there exists an integer i (1 <
i = m) such that 2d; = min{dy,--- ,dn}.

By the assumption that 7 o z is non-trivial and by Proposition 4.1 (1), we have the
inequality rank G(z(t)) < m — 1 for a.e.t € [0,7]. Therefore it suffices to show the
inequality m — 2 < rank G(z(t)) for a.e.t € [0,T].
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In m = 2 case, Lemma 10.5 clearly holds. We consider m = 3. In order to prove by
contradiction, assume that, z : [0,7] — T*R" is an @-bi-extremal and the singular Q-
trajectory moz : [0,7] — R™ is non-trivial and independent but there exists a measurable
subset of positive measure K C [0, 7] such that

rank G(z(t)) < m — 3 for every t € K.

Since 7 o z is independent, the compliment of Igep(m © 2), Lindgep(m © 2) has positive
measure. Then, let J = I1 N Lipqep(m 0 2). J has positive measure and for every ¢t € J,
Q1((mo2)(t)), - ,Qm((mo2)(t)) are linearly independent over R.

After this, in the same way as the proof of Lemma 3.8 in [8], we can prove this Lemma
10.5 :
In fact, for an integer p (1 < p < m), we denote by I, a subset of {1,---,m} with
cardinality p. Let r be the maximum of even integers p (1 < p < m — 3) such that there
exists a subset [, C {1,---,m} satisfying det (H; ;(2(t)))¢jjerz Z 0 on J. Let J, be the
set of ¢ € J such that there exists I, C {1,--- ,m} satistying (H; ;(2(t))q j)erz # 0. Note
J, has positive measure. Therefore there exists o € & such that

Af(o, z(t)) # 0 for every t € J,.

On the other hand, for any subset I, C {1,---,m}, det (Hi,j(z(t))(i,j)ezf+2 =0 on
J, and rank(Hi,j(z(t))(i7j)elg+2 < r on J.. Therefore for any subset I,,; C I,4o,
det (H,L'J (Z(t))(

if)Er, = 0 on J,. In particular, for k =r+1,--- ,m,
AS’G(U, z(t)) = 0 for every t € J,.

By differentiating both sides, for k =r+1,--- ,m,

m

> i) {AGs, Hi}(o,2(t) = 0 for ae. t € J,.

=1

Here, we denote by Gy(o, 2(t)) the following m x m- matrix:

Hyi (o, 2(t)) S Him(0, 2(t))
Ho(o,2(8) - Hon(0, 2(8)
(AL, HiM o, 2(t) -+ AR Hy o, 2(2))
(AT H o, 2() - (AT Hu} (o, 2(1))

Then Gy(o, 2(t)) # 0 on J,. Note that, the first diagonal minors of order r of Gy(o, 2(t))
is Af (o, z(t)),which never vanishes on J,. and by definition, the diagonal minors of order
r + 1 containing Af(o, z(t)) are Agﬁ(a, 2(t), k=r+1,--- ,m.
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Claim. There exists k; € {1,--- ,m}, an integer s1(1 < s; < d+ 1), and a subset
Jr11 C J,. of positive measure such that

Ag’fz(a,z(t)) =0 on J,41, for any integers k., £ (r+1 <k <m, 00 < 51— 1);
AS”’;(O', z(t)) # Ofor every t € J,41.

In fact, assume the claim is false. Then for every k(r+1 < k < m) Ag’ﬁ(a, z(t)) =0
on J.. We consider the matrix G(o, 2(t)) obtained by replacing the last m — r rows of
Go(o, z(t)) with rows

({AGG: Hed (o, 2()) hizezm, for k (1S k < m).

By construction, det G (0o, 2(t)) = 0 on J,. The contradiction assumption implies that,
for k(r+1= k< m), AS’E(U, z(t))) = 0 of J.. Proceeding similarly, there exists t € J,
such that (Q, (7 o 2)(t) belongs to B(i,o,r,0,2(t)) for every integer i (1 < i < m). This
contradicts the assumption that, for any z € R™, (Q,z) € By,,(D). Thus the claim is
proved.

Up to a permutation, assume k; = r + 1. We define a non-invertible matrix by
replacing in Gy :

the (r + 1)-th line by ({AS’;T_II, Hi} (o, 2(t)))1<e<m:
for j (r +2 =< j < m), the j-th line by ({Ag’érl, Hi} (o, 2(t)))1<0<m.-

To this matrix is applied the previous reasoning on GGg. Thus, by a finite number of steps,
we obtain that there exists subset .J,,_1 C J of positive measure, and 5 = (0, $1,- -+ , $)
in Np,—14,, such that

Agvv';l:fizlm—_ll(g, z(t))) # 0 for every t € Jp,_1;
APTTEmLIE (2 (#))) = 0 on oy, £ 2 0.

0,51, ,Sm—1,¢

As a consequence, for every t € J, 1, (Q, (m o z)(t) belongs to B(i,o,r,s,2(t)). This
contradicts the assumption that, for any = € R", (Q,x) € B,,,(D). O

Lemma 10.6 Suppose that, m is even and 2 < m < n. Let D = (dy,--- ,d,,) be a
pair of even integers. Let () € VF(R™)™ such that for any x € R", (Q,x) & Bno(D).
Then, if z : [0,T] — T*R"™ is a singular X -bi-extremal and if the singular X -trajectory
moz:[0,T] = R"™ is non-trivial and independent, then

rank G(z(t)) = m — 1 for a.e.t € [0,T).

Proof: Since (dy,--- ,d,,) is an m-tuple of even integers, there exists an integer i (1 <
i < m) such that 2d; = min{dy,--- ,d}.
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By the assumption that 7 o z is non-trivial and by Proposition 4.1 (2), we have the
inequality rank G(z(t)) < m —1 for a.e.t € [0, T]. Therefore we will show the inequality
rank G(z(t)) =2 m — 1 for a.e.t € [0,T].

In order to prove by contradiction, assume that, z : [0, 7] — T*R" is an ()-bi-extremal
and the singular Q-trajectory moz : [0, 7] — R™ is non-trivial and independent but there
exists a measurable subset of positive measure K C [0, T] such that

rank G(z(t)) < m — 2 for every t € K.

Since 7 o z is independent, [ingep (7 © 2) has positive measure, where [iygep(7 © 2) is the
compliment of Igep(mo 2) in [0,7]. When let J = I N fipgep(m 0 2), J C [0, 7] has positive
measure and for any t € J, Q1((w o 2)(t)), -+, Qm((m 0 2)(t)) are linearly independent
over R™. After this, in the same way as the proof of Lemma 3.8 in [8], we can prove this
Lemma 10.6:

In fact, By the previous proof, we may assume that there exists 0 € G,,, such that

AL%(0, 2(t)) # 0 for every t € J.
In particular, rank G(z(t)) = m — 2. Moreover, for k =m — 1 and k = m,
68(0, 2(t)) = 0 and 6¥(o, 2(t)) = 0 for every t € J,.

Similarly to the argument of Lemma 3.8, we claim that there exists an integer s; (1 <
s1 < d;), and ky € {m — 1, m}, such that

68 (0, 2(t)) # 0 for every t € J.

In fact, otherwise, for s (0 < s < d;) and for k € {m — 1,m}, 6%(c,2(t)) = 0. In that
case, for every t € J,(Q, o z(t)) belongs to B'(i,o,d, 2(t)). This contradicts for any
r € R", (Q,x) € Bno(D).

Up to a permutation, we may assume k; = m — 1. Let J; C J be a subset of positive
measure such that

57 o, 2(t)) # 0 for everyt € Jy.

Similarly to the argument of Lemma 3.8, for every s = 0, we have

ds, (0, 2(t)) =0 for t € J,.

Then, for every t € Ji, jfr\gz(t)X belongs to B(i,0,s1,2(t)). This contradicts for any

z € R™, (Q,x) € Bpo(D). O

Lemma 10.7 Suppose that, 2 < m < n. Let D = (dy, - ,dy) be a pair of even
integers. Let @ € VE(R™)™ such that for any x € R", (Q,z) € Buno(D). Then, if
z 1 [0,T] = T*R™ is a singular Q-bi-extremal and if the singular Q-trajectory mo z :
[0,T] — R™ is non-trivial and independent, then z : [0,T] — T*R" is of minimal order.
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Proof: Since rank G(z(t)) is even, by Lemma 10.5 if m is odd, then m — 2 can be replace
with m — 1 in the statement of Lemma 10.5:

Ifm(2 < m =< n)is odd, if z : [0,7] — T*R"™ is a singular @)-bi-extremal and if
moz:[0,T] — R" is non-trivial and independent, then

rank G(z(t)) =m — 1 for a.e.t € [0,T].

On the other hand, by Lemma 10.6, the following immediately holds:
Ifm(@2 < m £ n)is even, if z : [0,7] — T*R" is a singular Q-bi-extremal and if
moz:[0,T] — R" is non-trivial and independent, then

rank G(z(t)) = m —1 for a.e.t € [0,T).

Therefore, these imply that for every integer m (2 < m < n), z is of minimal order (see
Definition 4.2). O

10.3 Codimension of bad set

Lemma 10.8 Let D = (dy,--- ,d,,) be a pair of even integers. Let d be an integer such
that 2d = min{dy,--- ,dy,}. Then,

codim(m(By,o(D)), VF o, (R")) =2 d — n.

poly(

where, T : VFpoly(R”) x R" - VF

Stepl: Construct the typical fiber G(D) of 7(Bn.(D)) : The typical fiber G(D) C
VF 5, (R") is constructed by the union of G°(D) and G*(D). Note that G°(D), G*(D)
are semi-algebraic sets for D. Therefore G(D) = G°(D) U G (D) and its closure G(D
are semi-algebraic also. In particular dimensions of G°(D),GY(D),G(D),G(D) are
well-defined and we have that

poly(Rn) is the canonical projection.

~—

dim(G (D)) = dim(G(D)) = max{dim(G°(D)), dim(G*(D))}.

Moreover we have that the dimension of m(B,,,(D)) is well-defined and that they are
equal.
The definition of G°(D), G (D) C VFPIO)IY(R") is below:
(1) Construction of the trivial fiber G°(D) of n(B? (D)) : If m = 2, then G°(D) =
0. If m = 3, then G°(D ) is the union of 7(G°(d;; Ty R™)) with integers i (1 < i < m) by
VFpoly(R”) x R" — VFpoly(R”).
G°(d;; T;R™) is defined by the set of (Q,p) = (Q1,- ,Qm,Dp) € VFplojly(R”) x R™
such that there exist o € &,,, an even integer (0 < r < m — 3), and 5 € N, 4 with
q0=g< m) such that (Q,p) satisfies the conditions 1) to 4):
1). Q1(0),---,@Qmn(0) are linearly independent;
2). Ajo, ) # 0, |
3). for every integer j (0 < j < q), Ag’;jlsf” (0,20) # 0.
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4). (a) for every integers j(0 < j < q), k(r+j7<k=m),and s(1 < s<s; —1),

rr+1 - r+i—1k _n.
A0 51, sjfl s (07 ZO) - 07

(b) for every integer k(r+p+1<k<m)ands(1<s<di+q—(s1+---+5)),

Aggjl qu:q k(av ZO) = Oa
where zj is the elements of TfR™ given in coordinates by (0, p).
(2) Construction of the trivial fiber G!(D) of n(B! (D)) : In m is an odd integer,
then G*(D) = . If m is an even integer, then G'(D ) is the union of (G (d;; T¢R™))
with integers i (1 =i < m) by VFpoly(R”) x R" — VFpoly(R”).

G1(d;; T R™) is defined by the set of (Q,p) = (Q1,-+ ,Qm,Dp) € VFplojly(R”) x R™
such that there exist a positive integer s; (1 < s; < d;) and 0 € &,, such that (Q,p)
satisfies the conditions 1) to 4):

1). Q1(0),---, @ (0) are linearly independent;

2). AP(0,20) # 0
3). if 1 < d;, then 6771 (0, z9) # 0;

4). (a) for every integer k € {m — 1,m} and s (0 < s < 51 — 1), 6%(0, 20) = 0;
(b) for every integer s(1 < s < d; — s1),0s,.5(0,20) =0,
where zj is the elements of TfR™ given in coordinates by (0, p).

Step 2: Construct the two mappings ¢?(o,7,3) and ¢} (0, s1)
(1) Construction of ¢?(c,7,3) : Let i (1 < i < m) be a positive integer, o € &,,,, 7 (0 <
r < m—3) be an even integer, and § =(0,51,-++,84) € Ngg, with 0 = ¢ < m. Then, we
define the mapping ¢) (o, r,5) : VF B (R")) x R* — R? by for (Q,p) € VF B (R")) x R”,

poly poly

ATT+1 r+j— 1T+j(Q)(O’,ZQ) ]

0,51, ,85—-1,5

AG TN Q) (0, 20) 5

l,---,qands=1,---s; — 1,
1

¢?(07 T, §) (Qap) = {

727"' 7di+q_(81+"'+8q)7

where 2 is the elements of Ty R™ given in coordinates by (0, p), and AL"HL 7m0t

0,51, ,8;—1,S
1, 1 : .
AGTITETTIRH(Q) are the elementary determinants associated to Q.

(2) Construction of o1 (0,s1) : Let i (1 £ i < m) be a positive integer, o € &,, and
s1(1 £ 51 £ d;). Then, we define the mapping ¢} (o, s1) : VF . (R")) x R" — R¢ by for
(Q p) S VFpoly(Rn)) X Rn’

poly(

5?(@)(0—720)a S:O,l"' ,31—1;

1 _
?; (U, S1>(Qap) = { 551,5(62)(0’ 30)7 s=1,2---,d; — s1,

where 2 is the elements of TfR™ given in coordinates by (0, p), and d7*(Q), ds, (@) are
the elementary determinants associated to Q.

Step 3: Construct the two open sets T3y 5 Tigs, © VE o (R™)) x R™ :
1) Construction of T° . Let (1 < i < m) be a positive integer, o € &,,,
( 1,0,T, S g
r(0 < r < m—3) be an even mteger and 5 = (0,s1,---,8,) € Nya, with 0 < ¢ < m.
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O'TS

the conditions 1) and 2):

1). @1(0),---,Qm(0) are linearly independent;

2). for every integer i (0 < i < p), Ay ZIH (0, 20) # 0,

where 2 is the elements of Ty R" given in coordinates by (0, p).

Then, T?, - is defined by the set of (Q,p) € VFpoly(R”)) x R™ such that (Q,p) satisfies

(2) Construction of T}, : Let i(1 < i < m) be a positive integer, 0 € &,, and
51 (1 = sy = d;). Then, T, is defined by the set of (Q,p) € VFpoly(R”)) x R™ such that
(Q, p) satisfies the conditions 1) to 3):

1). @1(0),--, @, (0) are linearly independent;

2). Ay (0, 29) # 0;

3). if 51 is 51 < d;, then 07" (0, z9) # 0,
where 2 is the elements of T;R" given in coordinates by (0, p).

Then, TP, , 5 and T}, . are open subsets of VF o (R")) x R".

Step 4: The followings immediately hold:

(1) If m =2 3 and i (1 £ i < m) is an integer, then G°(d;; TyR™) concides with the
union of the kernels of the restriction to 77, 5 of the mapping ¢{(o,r,5) with o € &,,,
even integers 7 (0 = r <m —3),and 5 € N, 4 with 0 < ¢ < m.

(2) If m = 2 is an even integer and i (1 < ¢ < m) is an integer, then G*(d;; Ty R"™)
concides with the union of the kernels of the restriction to TZIU 5, of the mapping o'(o,s1)
with 0 € &,,, and s1(1 < 57 £ d).

Step 5: Let € be the set of @ € VF,5 (R™) such that Q1(0),- -+, Q,(0) are lincarly
independent. Let i (1 < ¢ < m) be an integer such that 2d; = min{dy,--- ,d,,}. Then,
the followings hold (see Lemma 3.5, 3.6 in [8]):

() Ifm 23,0 € &y, and 7 (0 = 7 = m—3) is an even integer, then the restriction to

the intersection 17, . N V of the mapping ¢?(,7,5) is a submersion for every coordinate

nelghborhood V of Qo x R™.
(2) If m = 2 is even, 0 € &,,, and an integer s; satisfies 1 < s; < d, then the
restriction to the intersection T, . NV of the mapping ¢; (o, s;) is a submersion for

1,0,81

poly(

every coordinate neighborhood V of Qg x R™.
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Step 6: Let d be an integer 2d = min{dy, - - ,d,, }.Then,
codim(m(Byo(D)), Vchﬂy(Rn)) = d—n.

where, 7 : VFpol (R") x R" — VFP01 (R™) is the canonical projection.
Let k € {0,1}. By step 4,5, if j (1 < j < m) is a positive integer, then

codim(G*(d; TyR™), VF o (R") x R") =d.
By Tarski-Seidenberg theorem for r : VFpoly(]R") x R" — VFpoly(R"),
codim(G*(D), VF 2 (R")) = codim(m(G*(d; TyR"), VF ;5 (R™)) = d — n.

Since G(D) = G°(D) U G*(D),

codim(G(D), VF 5 (R")) = min{codim(G"(D), VF 5 (R") x R")[k = 0,1}

poly(

Therefore,since codim(G(D), VFpoly(R”)) = d—n,

codim(7(Bmo(D), VF 0 (R") = codim(By,(D), VFpoly(R”) x R") —
= codim(G(D), VFpoly(R”)) -
= d—2n.
Therefore, codim(7(B,,,(D), VFpoly(R”)) = d—2n.

10.4 Proof of main theorem 4

It is well-known that if B C R¥ is a semi-algebraic, then the complement of B in R¥ is
dense if and only if dim(R¥, B) > 0. In particular, the complement of the clousure of B

in RE, R¥\ B is open dense subset of R¥.

Let d > 2n be an integer such that 2d = min{D;, Dy, -+, D,,}(> 4n). Let Hy be

the set of ) € VF
Bo(D) in VF D

namely,

poly(
(R") by the canonical projection 7 : VF B (R") x R* — VFpoly

poly poly

HO VFpoly(Rn> \ 7T(‘Bmo('D»

Since m(Bpo(D)) € VF 2 _(R") is semi-algebraic and

poly

codim(m(Bmo(D)), VF o, (R")) =2 d — 2n > 0,

poly(

Therefore, Hy is an open dense subset of VFpoly(
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R™) such that @ is not included in the closure of the projection of

R™) in the sense of Euclidean topology.



11 Singular controls of generic polynomial driftless
control-affine systems

Let D = (dy,- - ,d,,) denote an m-tuple of integers, and VFpgly(R”) denote the product
space of m-tuple systems of polynomial vector fields over R", Q = (Q1, -+, @m), such
that the degree of Q); satisfiies deg ; < d; for every integer i (1 < i < m), and we endow
VFp’g’ly(R") with the Euclidean topology.

Let © be an open subset of R™. For Q = (Q1,--+ ,Qm) € VFpgy(R”), consider the
polynomial driftless control-affine systems

T = Zuz Qi(z)

with the control parameter (uq, -+ ,uy) € Q. Then, the following holds:

Theorem 11.1 Suppose 2 < m < n and suppose that, an m-tuple of even integers D =
(dy,- -+ ,dpy) satisfies the inequality : min{dy, ds,- -+ ,d,} = 4n+2. Then, there exists an
open dense semi-algebraic subset Hy C VFp?ly(R") such that, if Q € Ha, ifu:[0,T] —
15 a singular Q-control for a given initial point xq € R™, and if the corresponding singular
tragectory x : [0, T] — R™, x(0) = xq is non-trivial and independent, then the control u is

of corank one.

Theorem 11.1 is the polynomial version of Theorem 6.1. However, the method of
proofs of these theorems is different. In the proofs of Theorem 5.1, Thom’s transversality
theorem (for instance [10]) is used. On the other hand, Tarski-Seidenberg theorem (for
instance [7]) is used.

Outline of proof : Let k¥’ < 1 be an integer. We set such that &' = 2k — 1. Let
D = (dy,--- ,d,) be an m-tuple of even integers 2k = k' + 1. Then, we will show the
main theorem 4 by the following procedures:

[Stepl] (See Definition 11.5) Construct the “bad set” with respect to corank one, B¢ (D) C
VF P (R") x R". Note that Be(D) is semi-algebraic and in particular, by Tarski-

poly
Seidenberg theorem, (B (D)) is semi-algebraic by 7 : VF B (R") x R® — VF 2_(R™).

2 Y poly poly
Dimensions of m(Bx (D)) and its closure m(Bg(D)) are well-defined.
[Step2] (See Lemma 11.7) Show that, if X € VF D (R™) satisfies the condition that any

poly

r € R" (Q,z) & Be(D), if w: [0,T] — Q is a singular Q-control for a given initial
point zy € R”, and if the corresponding singular trajectory z : [0,7] — R", 2(0) = ¢ is
non-trivial and independent, then the control u is of corank one.

[Step3] (See Lemma 11.8) By using Tarski-Seidenberg theorem (for instance see [10]),
Compute the codimension of B (D) in VF 2_(R™).

ol
[Step4] (See the subsection §11.4) For min{df7 (%]2, <o dp} > 4n, namely min{dy, dy, - -+ ,d,,} 2
4dn+2, let Hy be the set of Q) € Vprly(]R") such that (@, x) is not included in the closure
of Bo(D) in VFplgly(]R”). Then, show that, H is an open dense subset of VFpﬁy(R”) in
the sense of Euclidean topology.
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In order to show the main theorem 3, we prepare the subsections: §11.1 to §11.4. In
§11.1, after preparing the notations, permutated Hamiltonians, Goh matrices and ele-
mentary determinants in Definition 5.2, 5.3, we define the bad set Be(d) of JY (VF(M))™
in Definition 5.4. In §11.2, in Lemma 5.7, 5.8, we describe some properties of rank of Goh
matrix for any singular X-bi-extremals if X € VF(M)™ satisfies the condition that for
any r € M, ;N X is included in complement of Be(d) in JY(VF(M))™. In particular,
the important Lemma 5.9 prepared for the proof of main theorem 1 can be immedi-
ately derived from the Lemmata 5.7,5.8 : if X € VF(M)™ satisfies the condition that
, iINX & Bc(d) for any x € M, then any singular X-bi-extremal with the non-trivial
independent singular X-trajectory is of minimal order. In §11.3, we compute the codi-
mension of Be(d) in JN(VF(M))™ in Lemma 5.10. In §11.4, by using these Lemmata
5.9,5.10, we show the main theorem 1.

11.1 Construction of bad set

Let &,, be the set of permutations with m elements, and X = (X3, -+, X,,) € VE(M)™.
Then, we prepare some notations, permutated Hamiltonians, extended Lie derivatives
and elementary determinants, in order to define the bad set Be(d) € JN(VF(M))™ for
an integer d.

Definition 11.2 For k € {1,2}, we define the real valued functions H; ,A[k] Pl S

on &, x T*M x5 T* M, which are called permutated Hamiltonians:
Let 0 € &,, and (2!, 22)) € T*M x,; T*M. Then,
H (0,21, 22) = Hyj(0, 2M) fori, j (1 < 4,5 < m)
A[k] (0,21 2B = Ar (o, 2IF]) for every integerr (0 < r < m — 1)
P[k](o' Z[l 2[2]) (Z[k]) and P[k}vm_2(07z[1}’z[2}) — Pm_Q(z[k])
58 (g, 210 221 = §i(q, 2), for every integers = Oand i € {m — 1,m},
where P (resp. P™72) is defined by

P(0,z) = P ((Hij(0,2))1<i<j<m) (resp. P"7*(0,2) = P ((Hij(0, 2) hizicjsm-2)) ,
for 0 € &,z € T*M by using the Pfaffian polynomial of G (resp. G™™?).
Definition 11.3 Let F, be the set of ' € C°(T*M x; T*M) such that there exists
Fy, Fy € C®(T*M) such that F(zIU, 212) = Fy (211 Fy(21) for (21U, 212) € T*M x ,, T* M.
Let F be the set of F' € C®°(T*M x»; T*M) such that F' is a linear combination of

a finite number of elements of F, on R. Then, for the Hamiltonian vector field ﬁ of
X € VF(M), we define an extended Lie derivative Lz : F — JF by the following: For

F €3, and (214, 212) € T*M x,T*M,

Ly (F) (M, 22) = Ly (F) (M) Ba(27) + P () L3 (F) (7)),
and extend it by linearly to F. Here, £+ (Fy) is the Lie derivative of Fj with respect to

ﬁforkre{l 2} .
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Definition 11.4 We inductively define the real valued functions on &,, x T* M x 5, T* M,
which are called elementary determinants: Let o € &,, and (21, 2B € T*M x,, T*M.
Then

(

(HE](J, 20 zD])) R
O4y1(0, 21, 212) = det 15jsm (s=0,1,---),
<L}7]%@3(0', 21 2[2])>

1<j<m
<Hz[]1} (07 'Zma Zm)) 1<iSm—1,
Oo(a, 21, 221y = det 1sj=m

2] 1] .2
(Hij (o, M, 2l ])>

15jEm
and

(Hz[]H (U, 2[1]7 ZP])) 1<iSm—1,

1<j<m

0,(c, 21, 22) = det <{P“],H}”}(a,z[”,zm» (s=0,1,--+)

1SjSm

(L@Hs(a,z[l],zm))

1sjsm

(1] 1] L2
(Hij (o, 2, 2 U)

1<i<m—1,
15jSm

00(0,3[1]7;;[2]) = det <{P[1] H[l]}(o_ S zm)) ,
) ] ) )

1Sjsm

({P12, B} (o, 210, 22))

1SjSm

Now, we construct the semi-algebraic set Bo(D) C VFpoly(R”) x R™ which is called
the bad set with respect to minimal order for an m-tuple of integers D = (dy, - ,d,,) :

Definition 11.5 Let D = (dy,--- ,d,,) be an m-tuple of integers such that d; = 2
for every integer i (1 < i < m). We define the “bad set” with respect to corank one,
Be(D) by the canonical projection of Be (D) by VFpoly(R”) X R" x T*R"™ xgn T*R™ —
VE D (R") x R". The definition of Bo(D) is written in Definition 11.6:

poly(

Definition 11.6 Let D = (dy,--- ,d,,) be an m-tuple of integers such that d; = 2
for every integer i (1 < i < m). Let d = min{dy,--- ,dn} — 1. We define Bo(D) C
VF 2, (R") x R™ X T*R" x g T*R™ by the union of the sets Bo(d, o) with o € &,,. Here
the definition of B¢ (d, o) is below:
For o € G,,, let Bc(d o) be the subset of VFpﬁ’ly(R”) X R™ X py T*R"™ x5y T*R™ of all
triples ((Q, ), 2!, 212} such that ¢ = 7(2[M) = 7 (z12):

1). Xq(z),-- ,Xm(m) are linearly independent;
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2). 21 2P are linearly independent;
3) { if m is odd, then Ay (o, 2I1 #£ 0,
| if m is even, then 67! (o, 2 P2 (0, 212 £ 0;
if m is odd, then ©,(c, 21!, 212) = 0,
if m is even, then 6,(c, 21!, 2121) = 0.

4). fors(0§s§d—1),{

11.2 Property of singular controls avoiding the bad set with
respect to corank one.

We show the important Lemma 11.7 prepared for the proof of the main theorem 4.

Lemma 11.7 Suppose that 2 < m < n. Let D = (dy,--- ,d,,) be an m-tuple of even
integers such that d; = 2 for every integer i (1 < i < m). Let Q € VFpZy(R") such
that for any x € R™, (Q,x) € Bmo(D) U Bo(D). Then, if u : [0,T] — Q is a singular
Q-control for a given initial point xo € R™ and if the corresponding Q-trajectory x :
[0,7] — R™ x(0) = o is non-trivial and independent, then the control u is of corank

one.

Proof: Since (dy,--- ,d,,) is an m-tuple of even integers, there exists an integer i (1 <
i < m) such that 2d; = min{dy,--- ,d,,}. Let d' = 2d; — 1.

In order to prove by contradiction, assume that, u : [0,7] — Q is a singular X-

control for a given initial point g € R” and x : [0,7] — R”,2(0) = z, is non-trivial
and independent but the control u is not of corank one. Then by Proposition 4.4, there
exists two bi-extremals 2[4, 2% : [0, 7] — T*R" with 21 o 7 = 2% o 7 = z such that
21(t) and 2[%(t) are linearly independent for every t € [0, 1].
Case 1 We consider the case m is odd. For k = 1,2, we denote by G the Goh
matrix G(2) = (Hj(z™))1<ijem. Since @ = (Q1,+++ ,@m) € VF o (R") is for any
r € Q, j¥NX & B,.(d'), by the proof of Lemma 5.7, there exists I,,_; C {1,---,m}
with cardinality m — 1 such that det (H;(21(t))) ¢ ez, # 0 on [0,T]. Then, up to
a permutation, we may assume that there exist an open subinterval K C [0,7] and
o € G,, such that

AG o, 2 (8), 2P(1)) # 0 for every ¢ € K.

On the other hand, since x is independent, [i,qep (%) has positive measure, where fiygep ()
is the compliment of gep(z) in [0, 7). Then Let J = K N Lindep(T).

Now, since for k = 1,2, H;(c, 2 (t)) = 0 on [0, T], by differentiating both sides, for
i1<i<m),

iuj(t> HIJ(O',Z[k](t)) =0aete [07T]
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Hence, the matrix

Hyy (o, 21(2)) e Hyp (o, 21(1))
Hion (0, 219(0) -+ Higyeyn(o, 20(0)
Hi(o,22(t)) -+ Hy(o, 28(1))

is not invertible. Therefore Og(a, zIU(t), 22 (t)) = 0 on [0,T]. By differentiating both
sides,

D ui(t) £700(0, 2N (1), 2P (1)) = 0 ae.t € [0, 7).
j=1

This implies ©; = 0. By proceeding similarly, for k(0 < k < d — 1).

{ AP o, 2M(1), 22 (1) # 0
0

for every t € J.
O (o, 2 (1), 212 (1) =

This contradicts the assumption that, for any = € R", (Q,z) € Bea(d).
Case 2 We consider the case m is even. By proofs of Lemma 5.7, 5.8, up to permutation,
there exists an subinterval K C [0, 7] such that

Pm=2(5 0(1), 22(t)) £ 0

{ slhm-1 ) 2 for every t € K.
1 (o, 20(t), 25() # 0

Then Let J = K N Lindep ().

We show that PZm=2(g, 2lU(¢), 2B(t)) # 0 for every t € J. For a € [0, T], consider
2% = (1 — a)z + a2zl Since P™2(z14(t)) depends continuously on a, for o small
enough, P™~2(z1°(t)) = 0 for every t € J. Moreover, the set of singular X-bi-extremals
of singular X-trajectory z is a vector space, 21! is singular X-bi-extremals of z, and for
a > 0, 21°(t) and 2[U(t) are linearly independent for every t € .J. Then, it suffices to
replace z? by 2%, for some a > 0 small enough.

Similar to the case m odd, for k(0 S k < d— 1),

7 (g, (1), 21 (1)) PEm=2(cr, 200(), 2P0 # 0
for every t € J.

Or (o, 21 (1), 2P (t)) = 0

This contradicts the assumption that, for any z € R", (Q,z) € Be(D).

11.3 Codimension of bad set with respect to corank one.

Let D = (dy,- - ,d,,) be a pair of positive integers d; = 2 for every integer i (1 < i < m).
Let d = min{dy,--- ,d,,} — 1. Then,
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Lemma 11.8 codim(w (B¢ (D)), JY(VE(M))™) = d — 2n.

Proof: We describe only the outline of the proof of Lemma 6.8 because this bad set
Be(D) is the completely same bad set B (D) defined as 3.1.2 in [8]: Let VF N (R") be
the m-tuple product space of polynomial vector fields of degree < d; over R".

Step 1: Construct the typical fiber Go(D) of m(Bo(D)) :

Typical fiber G¢ (D) of W(Bc(D)) is the canonical projection of G (d; TER™XTFR™)
by VFpoly( ") x R" x R* — VFpoly(R”). Go(d; TER™XTyR™) is defined by the set of
(Q,p, pl) € VFpoly(R”) x R™ x R™ such that there exists ¢ € & such that (Q, p!!J, p?))
satisfies the conditions 1) to 4):

1). @1(0),---,Qm(0) are linearly independent;
2). p 1 pP are linearly independent;
3). (a) if m is odd, then A7 (o, z([)l]) # 0,
(b) if m is even, then (5’”’1(0 zo )Pm 2(0, 270
4). (a) if m is odd, then O,(o, zO ,zo ) for every integer s (0 £ s < d—1),
b)

if m is even, then 6,(o, z([) ], z([) ]) for every integer s (0 £ s < d—1),

where z([)u, z?] are the elements of T;R" glven in coordinates by (0, p;), (0, p2).

Step 2: Construct the mapping ¢, : VF o (R") x R" x R* — R :

Let 0 € &. Then construct the mapping ¢,y by dividing two cases of m being odd
and even:

Casel If m be an odd integer, then we define ¢, : V
(Q p[l] p[2]) € VFpoly( ) X R™ x Rn’

poly

(R") x R" x R" — R? by for

poly

(ba,V(Qap[l]vpm) = <@S(Q)(U Z([) ]’ Z([) ]>)0§s§d71 ’

where z([)l], z([?] are the elements of T*R" given in coordinates by (0, pl!), pil) and 6,(Q)

is the elementary determinants associated to Q).
Case2 If m be an even integer, then we define ¢, : VF

(@, p",p?) € VF O (R") x R™ x R™,

R") x R* x R® — R? by for

poly(

2
o (Q, M, pP) = (9 (o, Z([)]’Z([)]))ofsfd—17

where z([)u, z([)Q} are the elements of 7*R™ given in coordinates by (0, p!, p?l) and 6,(Q) is

the elementary determinants associated to Q).

Step 3: Construct the open subset V, C VFpoly(R”) x R" x R™:

Let 0 € &. Then, construct V,, by dividing two cases of m being odd and even:
Casel If m is an odd integer, then V, is defined by the set of (Q, pl*, p/?) € VF B (R") x
R™ x R™ such that (Q, p!!, p?!) satisfies the conditions 1) to 2):

1). pli, pl2 are linearly independent;

2). Ay (o, Zo )#O
Case2 If m is an even integer, then V, is defined by the set of (Q,pl", p?) € VFpoly(R”) X
R™ x R™ such that

poly(
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1). pl, pl? are linearly independent;

2). 07" (0,5 ) P (0, %”) # 0,

where z([)”, z([)Z] are the elements of T*R" given in coordinates by (0, pl!l, p/?).
Then, V, is an open subset of VF 2 (R") x R" x R™.

poly
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Step 4: G (d; TfR"xTFR™) is the union of kernels of restriction to V, of the mapping
¢, with o € &,,

Step 5: Let QO be the set of Q) € VFpoly(R”) such that Q1(0),--- ,@,,(0) are linearly
independent. It is well-known that the local coordinate systems on )y can be constructed
(see Coordinate systems in [6],[8]).Then, if o € &,,, then the restriction to the intersec-
tion V, NV of the mapping ¢, is a submersion for every coordinate neighborhood V of
Qy x R" x R™. (The proof is Lemma 4.2. in [8].)

Step 6: codim(w(Bc(D)), VFpoly( ") 2d—3n:

By Step 4,5, codim(Ge(d; TyR™ x TER™), VFpoly(R”) xR™ x R™) = d. On the other
hand, G¢(d) is the canonical projection of G (d; TyR"<T§R™) by VF o (R") xR" xR™ —
VF B (R"). Therefore, by Tarski-Seidenberg theorem,

poly(

poly

codim(G¢(d), VF o (R") 2 d — 2n

poly(
. Therefore,by Tarski-Seidenberg theorem,

poly(Rn) X Rn) -
(R") —

codim(m(Be(D)), VFpoly(R")) = codim(mw(Ba(D), VF

= codim(G¢(d), VF B
= d—3n.

poly

11.4 Proof of main theorem 5

It is well-known that if B C R¥ is a semi-algebraic, then the complement of B in R¥ is
dense if and only if dim(R¥X, B) > 0. In particular, the complement of the clousure of B
in RE, R¥\ B is open dense subset of R¥.

Since (dy,- -+ ,d,,) is an m-tuple of even integers, there exists an integer d’ such that
d = min{dy,--- ,dy,}. Let d > 2n be an integer. Let d = 2d’—1 and min{dy,--- ,d,,} =
d+1=2d(> 4n). Then, min{dy,- - m}

Then, let Hy be the set of X € VFpoly(
included in the closure of 7(B,,,(D)) Un(Ba(D)) in VF 2

R™) such that for any z € M, j¥X is not
(R™):

poly

Hy = {X € VFQ)" |Q ¢ 7(Bu(D)) U(Be(D)). |

By Lemmata 11.7,11.8 and n = 2,

codim(7(Bo(D)) Un(Be(D)), VF 0, (R™)) 2 min{d — 2n,d — 3n} > 0.

poly(
Then H, is an open dense subset of VFpoly(R") by using Tarski-Seidenberg theorem.

Let @ € G1. Then, by using Lemma 6.7, if w : [0,7] — €2 is a singular )-control for a
given initial point xy € R™ and if the corresponding Q-trajectory z : [0,7] — @, z(0) =
xo is non-trivial and independent, then the control u is of corank one.
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12 Properties of abnormal extremals on a generic
polynomial system in generalized subriemannian
geometry

Recall that, D = (dy,--- ,d,,) denotes an m-tuple of integers, and VFpoly(R") denotes
the product space of m-tuples of polynomial vector fields over R™ : (Q1,--- ,Q,,), such
that the degree of Q); satisfiies deg Q; < d; for every integer i (1 < i < m), and we endow
VFpoly(R”) with the Euclidean topology.

Let Q be an open subset of R™. For Q = (Q1, -+ ,Qm) € VF
polynomial driftless control-affine systems

poly( ™), consider the

m

=1

with the control parameter (uy,--- ,u,) € 2. Moreover, consider the optimal control
problem associated to the driftless control-affine systems to minimize the energy func-

tional
1 m
o
=1

on (Q-admissible controls with the fixed initial point zq € M and the fixed end point x;
Then, the following holds:

Theorem 12.1 Suppose 2 £ m = n and suppose that, D = (dy,--- ,d,) satisfies the
inequality : min{dl, dy, -+ ,dn} 2 3n+2. Then, there ezists an open dense semi-algebraic
subset Hz C VFpoly(R") such that, if Q € Hs, if x : [0,T] = T*M is a Q-abnormal bi-
extremal, then x is strictly abnormal.

Outline of proof Let D = (dy,- - ,d,,) be an m-tuple Let d = min{d,, - - ,d,,}. Then,
we will show the main theorem 3 by the following procedures:
[Stepl] Construct the “bad set” with respect to minimal order, By, (D) C VFpoly(R”).

[Step2] Show that, if @ € VFpoly(]R") satisfies the condition that any x € Q, (Q,z) &
By (D) and if  : [0,7] — R™ is an abnormal @-bi-extremal, then z is of strictly
abnormal.

[Step3] Compute the codimension of w(Bs,(d)) in VF
VFpoly(Rn)

[Step4] For d > 3n — 1, let Hj be the set of Q € VF
included in the closure of 7(B,(D)) in VF
dense subset of VF

poly(R") by 7 : VFpoly(R”) x R —

poly(R”) such that (@, z) is not
R™). Then, show that, H3 is an open
R™) in the sense of Whitney smooth topology.

poly(

poly(
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12.1 Construction of bad set

Let (2", 219) € T*M x5 T*M and x = 7(2") = 7(2l*). For every multi index I of
{1,--+ ,m}, set

HY (7, 217) = Hy (1) and B (2, 2) = Hy().
and define inductively the following functions in F, depending on (2", zl9])

Bio = H,"
st—i—l ZHH]’CHBLS: ( _1727"')7

where F and £ 7 are defined in before section.
J

Definition 12.2 Let D = (d;,--- ,d,,) be a pair of positive integers such that d; = 2
for every integer i (1 < i < m). Let d = min{dy,--- ,d,,} — 1. For every integer
i1 ) and (2" z[“]) € T*M xy; T*M, we define B(D, i, 2", z[®) by the set of
(Q,z) € VFpoly(R”) x R™ such that the following conditions hold:

DXi(x) #0;
2)H[n](z["] zlaly £ 0;
3)Bis (21", 2191y = 0 for every integer s (0 < s < d—1).
B((D, 2"zl ¢ VF P (R™) x R" is the union of B(D, i, 21", z19) with i (1 < i < m).

poly(

Definition 12.3 Let D = (dy, - ,d,,) be a pair of positive integers such that d;geqq2
for every integer ¢ (1 < i < m). Let d = min{dy, - ,d,,} — 1. we define B, (D) C
VE DR (R") x R™ x5y T*M x5y T*M by

poly

~

Byo(D) = {((Q.2), 2", 2)|(Q,2) € B(D, 2", 21")}.

Definition 12.4 Let D = (dy,--- ,d,,) be a pair of positive integers such that d; = 2
for every integer i (1 = ¢ = m). we define the bad set with respect to strictly abnormal
Bso(D) by the canonical projection of Bg,(d) on VF ") x R™.

poly(

12.2 The property of singular bi-extremals avoiding bad set
with respect to strictly abnormal

Lemma 12.5 Suppose that, 2 < m < n. Let D = (dy,--- ,d,,) be a pair of positive

integers such that d;geqq2 for every integer i (1 < i < m). Let X € VF(M)™ such that

foranyx € M, (Q,x) & Bso(D). Then, if x : [0,T] — R"™ is an abnormal Q-bi-extremal,
then x is of strictly abnormal.
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Proof: By contradiction, assume that there exists a nontrivial singular X-trajectory
x:[0,T] — M with a singular X-control u : [0, 7] — R™ such that z = mo 2" = 7ozl
where 2" is a normal X-bi-extremal lift of z, and 21 is an abnormal X-bi-extremal lift
of x.

For every multi-index I C {0,---,m} and t € [0, T, set

Hi (1) = (1), X1 (x(1))), Hi (21 (1)) = (=1)(t), Xp(a(?))).

After time differentiation, we have on [0, T,

wi(t) Hr (21 (1)),

=

s
Il
—

L HI (1) =

L H (1)) = - wi(0) His(2 (1)),

s

@
I
—

By Pontryagin maximum principle,

{ wi(t) = Hy(=I () = H (21 (2), 219 (),

for every integer i (1 <4 < m),t € [0,T]
HI((8), 20(8)) = Hi(= (1) = 0+ ()

Since x : [0,7] —> R™ is nontrivial, there exists an open subset J C [0,7] and an
integer i (1 < ip = m) such that u;, (t)X;,(x(t)) # 0 on J. Therefore, u;,(t) # 0 and
X, (z(t)) # 0 on J. Since uy, (t) = Hy, (2"(1)),
Hi, ("(1)) # 0.
on the other hand, by differentiating (x) with respect to t € [0, 7],
0 = ZHa (), 20)

m

= Yt H, (1), 219(2)

Jj=1

= 3 HIEI), ) B (), 29 ()

= 51'071 (ZM (t)> Z[a] (t))

For every t € [0, 7], by induction,

Bio,s (21" (1), 2(t)) = 0.
for every s (0 < s <d—1) and t € J. Hence, jNX € B(d, iy, 2", 219 for ¢t € J, which
contradicts the hypothesm 0

12.3 Codimension of bad set with respect to strictly abnormal

Lemma 12.6 codim(7(B,,(D)); VF2 (R")) = d — 3n.

poly
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Proof: We describe only the outline of the proof of Lemma 12.6. Let VFpoly(
m-tuple product space of polynomial vector fields of degree < N over R".

Stepl: Construct the typical fiber G, (d) of By, (d).

Typical fiber Gg,(d) of Bs,(d) is the canonical projection of Gy, (d; TfR™ x TyR™)
by VFpoly(R”) x R" x R" — VFpoly(R”). Gsa(d; Ty M x oy Ty M) is defined by the set
of (Q,pl", pldl) e VFpoly( ") x R™ x R™ such that there exists i (1 < i < m) such that
(Q, p™, plel) satisfies the following conditions 1) to 4):

1)Q;(0) are linearly independet;

DH (A, 2) # 0
3) 8.5 (2", 2l) = 0 for every integer s (0 < s < d —1).

n]

where z([) ,Z([)} are the elements of T*R" given in coordinates by (0, p1), (0, p2).

Step2: Construct the mapping ¢; : VF N (R") x R" x R* — R :
Let i(1 < ¢ £ m) be a positive integer. Then we define the mapping ¢; : VF
R" x R" — R by for (Q,p1,ps) € VF ") x R® x R",

R™) be the

R™) x

poly(
poly(

Qbi(Q’pl;pQ) Bz s(zo ) [(l])?

where z([)”], z([)a} are the elements of T*R™ given in coordinates by (0,p1), (0, p2).

Step3: Construct the open subset V; C VFpoly(R”) x R™ x R”
Let i(1 £ i < m) be a positive integer. Then V; is the defined by the set of (Q, p1, p2) €

VFE O (R™) X R” x R” such that (Q, p1, p2) satisfies the following condition:

poly(
H (=" ") # 0,

where z([) I z[[)] are the elements of T*R" given in coordinates by (0,p1), (0,p2). Then, V;

is an open subset of VFpO1 (R™) x R™ x R™.

Step4: Gy (d; TGR™ x TyR™) is the union of the kernel of restriction to V; of the
mapping ¢; with 4 (1 <i<m).

Step5: Let Q) be the set of Q € VFPOly(R”) such that @; # 0. It is well-known
that the local coordinate systems on €} can be constructed (see Cooordinate systems in
[6],[8]) Then, for every integer i (1 < ¢ § m), the restriction to the intersection V; NV of
the mapping ¢; is a submersion for every coordinate neighborhood V of Qg x R™.

Step6: codim (B, (d); JN(VF(M))™) = d — 2n.

By step 4,5, codim (G (d; TER™ x TER™); VFpoly( ") x R" x R") = d. On the
other hand, Gg,(d) of By, (d) is the canonical projection of Gy, (d; TgR™ x TyR™) by
VF N, (R") x R" x R" — VF N (R"). Therefore, codim(Gy,(d); VFpoly(R”)) > d— 2n.
Since G4, (d) is the tyupical fiber of By, (d),

codim(B(d); JN (VF(M))™) = codim(Ga(d); VF ")) > d — 2n.

poly(
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Since the dimensions of By, (d) and Bs,(d) are equal,

codim(7(B,(d)); VF B (R™)) codim(m(Bs,(d)); VF B (R"))

poly = poly
> codim(Bsa(d));VFpay(R”) x R") —n
= codim(Gs.(d)); Vprly(R”)) —n
> d—3n

12.4 Proof of main theorem 6

It is well-known that if B C R¥ is a semi-algebraic, then the complement of B in R¥ is
dense if and only if dim(R¥, B) > 0. In particular, the complement of the clousure of B
in RX, R¥\ B is open dense subset of R¥.

Let d > 3n be an integer such that min{D;, Dy, -+, D,,} =d+1(>3n+1). Let Hs
be the set of @ € VFP_(R") such that for any (Q, ) is not included in the closure of

poly
7(Bs(D)) by 7 : VFp’;y(Rn) x R™ — VFpﬁy(R”):

poly

Hy = {Q e VL (R") | (Q,7) & T(Baa(D)) for any € M.} .

By Lemma 12.6,
codim(B,(d), VE B (R")) = d — 3n > 0.

poly

Then Gj is an open dense subset of VFpgy(R”).
Let Q = (Q1, -+ ,Qm) € Hs. Then, for any z € M, (Q,x) € Bs.(D). Therefore,
by using Lemma 12.5, if z : [0,7] — R™ is abnormal then z : [0,7] — T*R" is strictly

abnormal. N
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