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Chapter 1

Introduction

In this thesis, we are concerned with the initial value problem for nonlinear
wave equations,
{ Uy — Au = F(u) in R" x [0, 00), (1.0.1)
u(z,0) =ef(x), w(x,0) =¢eg(x), forzeR" o

where n > 1, f,g € C*(R"), F(u) = |ul? or F(u) = |u[P~'u with p > 1, and
e > 0 is a parameter.

For this initial value problem, Strauss [30] conjectured the following. Let
n > 2 and py(n) is the positive root of the quadratic equation (n — 1)p? —
(n+1)p—2 = 0. Then the solution of (1.0.1) exists globally in time for small
e if p > po(n), and the solution blows up in finite time if 1 < p < py(n). This
is first proved by F. John [13] in the case of n = 3, except for p = py(3), and
after that, many contributions for this conjecture has been done. (See the
section 1 in Chapter 2 for details.)

The first topic of this thesis is due to Takamura & Wakasa [33]. We shall
briefly introduce the result.

We consider an integral equation related to (1.0.1):

u(z,t) = u’(z,t) + L(F(u))(x,t) for (x,t) € R" x [0,00), (1.0.2)

where 1 is a solution of the homogeneous wave equations, that is the solution
of (1.0.1) with H =0, and

/0 (t — VM (F(u((-, 7))l t — 7)dr,

and

o oz +rw)dS, forn=2m+1,

M(gle,r) = 2 71 o(x + 7€)
<1 /1 = [€]7

2

d¢ for n =2m,
Wn41



for ¢ € C(R") and m € N, where r = |z| and w, is the area of the unit
sphere in R".

When n > 4 and F(u) = |ul? in (1.0.2), Agemi & Kubota & Takamura
[1] showed that the solution of (1.0.2) exists globally in time if p > po(n).
In [33], we proved that the solution of (1.0.2) blows up in finite time if
1 < p < po(n), and we have obtained some estimates for the lifespan of
solution u € C'(R™ x [0,T]) to (1.0.2) which is the maximal existence time
of solutions. The estimate of the lifespan is the same order as in the one for
(1.0.1) with F(u) = |u|? and 1 < p < pg(n), with respect to €. We note that
if we assume that u is the C? solution, and impose appropriate regularity on
f, g, and F'| then u satisfies some nonlinear wave equations. See Remark
2.3.1 below.

In the second topic of this thesis is due to Wakasa [34]. We consider the
following initial value problem for nonlinear wave equations:

ulP "
(4 22) a2 (z,t) € R x [0,00),

uw(z,0) =ef(x), ux,0) =ceg(x), z€R,

Ut — Ugy =

(1.0.3)

where a > —1, ¢ > 0 and p > 1. Suzuki [31] showed that (1.0.3) has a global
in-time solution for p > (1 + v/5) /2 and pa > 1 if f and ¢ are odd functions
and ¢ is small enough, and Kubo & Osaka & Yazici [20] have obtained the
same conclusion for any p > 1 satisfying pa > 1. On the other hand, they
showed that the solution of (1.0.3) blows up in finite time if f and g are
not odd functions. In addition, [20] obtained an upper bound of the lifespan
of solution to (1.0.3). In [34], we have improved the upper bound of the
lifespan and derive its lower bound which shows the optimality of our new
upper bound.

In Appendix, we derive a representation formula for the following homo-
geneous wave equation:

Uy — Au =10 in R" x [0, 00),
u(z,0) =0, ue(x,0) = g(z), =e€R"

The proof of the formula divided into two steps. First, we show the repre-
sentation formula by using Fourier transform in odd space dimensions. Next,
we use Hadamard’s method of descent to get the representation formula in
even space dimensions from the case of odd space dimensions. The argument
is based on Courant & Hilbert [4] and Yajima [35].



Chapter 2

Almost global solutions of
semilinear wave equations with
the critical exponent in high
dimensions

In this chapter, we introduce the result of Takamura & Wakasa [33].

2.1 Historical Background

In this section, we review known results for the following initial value problem
for fully nonlinear wave equations:

{ g — Au= H(u, Du, D,Du) in R" x [0, 00), (2.1.1)

U(LIZ', 0) = é‘f(.f), ut('ra 0) = 69(1’),
where u = u(x,t) is a scalar unknown function of space-time variables,

Du = (u:covul‘n”' auxn)a .T[):t,
DyDu = (Ug,g,, 3,5 =0,1,--- ,n, i+j>1),

f,g € CP(R™) and € > 0 is a “small” parameter.
Let

Suppose that the nonlinear term H = H (X) is a sufficiently smooth function
with R R
H(A) = O(|A["")
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in a neighborhood of = 0, where a > 1 is an integer.
Let us define the lifespan T. of classical solutions of (2.1.1) by

T. = T.(f,g) == sup{T € [0,00) : There exists a unique solution
ue C*R x[0,7)) of (2.1.1)}

with arbitrarily fixed (f,g). When T. = oo, the problem (2.1.1) admits a
global-in-time solution, while we only have a local-in-time solution on [0, 7%)
when 7, ¢ < oo. From now on, we omit “-in-time” and simply use “global”
and “local”.

We are interested in_“small” initial data, because there exist different
cases in which we have T, < oo, even if ¢ is “small enough”. We note that
when the initial data is “large”, there are blow-up results (For example, see
Glassey [7], Levine [21], or Sideris [29]). The meaning of blow-up is that

sup |u(z,t)] — oo ift —T.—0
zeR?
holds for the classical solution u of (2.1.1).
Therefore, in what follows, we assume that € is “small” enough. As is
shown in Chapter 2 of Li and Chen [22], we have long histories on the estimate
for i. Various lower bounds of i are summarized in the following table,

where a = a(e) satisfies
a*c*logla+1) =1 (2.1.2)

and c stands for a positive constant independent of ¢.



e 2
in general,
co—all+a)/(2+a)
: same as same as
I L N TR I
ce @
if 9°H(0) =0
for 1 +a <VB < 2a.
ca(e) ce®
in general , in general,
ce! ce™ 18
n=2 " / g(x)dz =0, if@fjg(O):O, 00
R2 exp(ce™?)
ce”? if 93H(0)
if 92H(0) =0 = 0lH(0) =0
ce?
n—3 in ge_rieral, ~ ~
exp(ce™!)
if 92H(0) =0
exp(ce?)
S in general, o o
00
if 92H(0) =0
n>>5 0 0 00

We would not like to present references for each results. But we note that
two parts in this table are different from the original one in Li and Chen [22].
One is the general case in (n, o) = (4,1). In this part, the lower bound of 7.
is exp(ce™!) in Li and Chen [22]. But later, it has been improved by Li and
Zhou [23]. The other is the case for 92H(0) = 0 in (n,«) = (2,2). This part
is due to Katayama [16]. But this result was missed in Li and Chen [22].
Sharpness of these lower bounds is established if one could prove that
there is no possibility to improve the lower bound of 7. in sense of order of
¢ by showing a blow-up result for some special equations and special data.
We note that the sharpness for the general case in (n,«) = (4,1) has been
open more than 20 years. The answer was obtained by our previous work,
Takamura and Wakasa [32], by studying H = u? with some special data. Tt
is interesting to notice that this equation is in the critical level concerning
the Strauss conjecture, since po(4) = 2. We mention whole histories for the
semilinear equation in the next section. We also note that Zhou and Han



[41] have obtained the sharpness in (n, ) = (2,2) by studying H = uu+u®.
(note that 92H(0) = 0 but d2H(0) # 0).

Remark 2.1.1 [t is remarkable that when (n,a) = (3,1), Klainerman [18]
showed the global existence by using a special structure on H = H(Du, D, Du).
It is so-called “null condition”. (Christodoulou [3] also showed the global
existence by using the conformal mapping method.) When (n,a) = (2,2),
the null condition has been also established independently by Godin [10] for
H = H(Du) and Katayama [15] for H = H(Du, D,Du). Later, Professor
R.Agemi conjectured global existence result under “non-positive condition” in
this case which is weaker than the null condition with (n,«) = (2,2). This
conjecture has been verified by Hoshiga [11] and Kubo [19] independently.

2.2 Semilinear Case

We consider the following semilinear wave equations:

_ — |ylp n
{utt Au=|ulP; in R"x|[0,00), (2.2.1)

u(z,0) =ef(x), uz,0) =eg(x),

assuming that p > 1 and € > 0 is “small”. Let us define the lifespan T, »of a
solution of (2.2.1) by

T. = T.(f,g) = sup{T € [0,00) : There exists a unique weak solution
u(z,t) of (2.2.1)}

with arbitrarily fixed (f, g).

Remark 2.2.1 In the definition of the lifespan, we consider weak solutions
which is a C-solution of associated integral equations to (2.2.1). Howewver,
when p > 2, we can obtain the classical solution.

When n = 1, we have 7. < oo for any power p > 1 by Kato [17]. When
n > 2, the following conjecture was proposed by Strauss [30]. Let po(n) be
the positive root of the quadratic equation,

Y(p,n) =2+ (n+1)p—(n—1)p*=0. (2.2.2)

That is,

po(n) = n+1 +2\(/nn2_4i)10n — 7' (2.2.3)




Then we have

T. = oo if p> po(n) and € is “small” (global existence),
T. <0 if 1 <p<po(n) (blow-up in finite time).

We note that po(n) is monotonously decreasing in n, and py(4) = 2. This
conjecture had been verified by many authors in different cases. All the
references on the final result in each part can be summarized in the following
table.

| [1<p<po(n) ] p=po(n) \ p > po(n)
n=2| Glassey [§] Schaeffer [27] Glassey [9]
n=3 John [13] Schaeffer [27] John [13]
o Yordanov & Zhang [36] | Georgiev & Lindblad
n24] Sideris [2§] Zhou [40], indep. & Sogge [5]

We are interested in the estimate of the lifespan T\E in the blow-up case.
From now on, ¢ and C' stand for positive constants independent of . When
n = 1, we have the following estimate of the lifespan 7. for any p > 1:

ce=P-1/2 < T < Ce=(P-1)/2 if / g(x)dx # 0,
A (2.2.4)
ceP=/(p+) < T, < CemPle=D/p+1) - if g(z)dx = 0.
R

This result has been obtained by Zhou [37]. Moreover, Lindblad [24] has
obtained a more precise result for p = 2,

3 lim /27, >0 for / g(x)dx # 0,

e (2.2.5)
3 lim £*3T, >0 for g(z)dz = 0.

e—+0 R

Similarly to this, Lindblad [24] has also obtained the following result for
(n,p) = (2,2).

3 lim a(e)_lﬁ >0 for / g(z)dx # 0,

o 2 (2.2.6)
3 lim €7, >0 for g(z)dzr =0,

e—+0 R

where a(e) is the one in (2.1.2).
When 1 <p <py(n) (n>3)or2<p<py(2) (n=2), we have

ce= 2=V < T < Ce=2r-D/1pm) (2.2.7)

where (p,n) is defined by (2.2.2), as is summarized in the following table.
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’ H lower bound of T, upper bound of T} ‘

n=2 Zhou [39] Zhou [39]

n=3 Lindblad [24] Lindblad [24]

0> 4 Lindblad & Sogge [25] Georgiev & Takamura
- : n < 8 or radially symmetric sol. | & Zhou [6]

On the other hand, when p = py(n), we have
exp (cg_p(”_l)) < ﬁ < exp (Ce_p(”_l)) , (2.2.8)

as is summarized in the following table.

’ H lower bound of T ‘ upper bound of T} ‘
n=2 Zhou [39] Zhou [39]
= Zhou [38] Zhou [38]

Lindblad & Sogge [25]

: n < 8 or radially symm. sol. Takamura & Wakasa [32]

2.3 Main theorems

In this section, we introduce the main results of [33]. From now on, we
assume that n > 2 and write n = 2m, 2m + 1 (m = 1,2,3,---). For a
function ¢ € C'(R), we define

1
o ¢(x +rw)dS, forn=2m+1,
M(glz,r)=q % |w|/=1 o e oo (2.3.1)
wnt1 Jjg<1 /1 = €2 7

where w,, is the area of the unit sphere in R". We consider the following
integral equation,

u(z,t) = eu’(z,t) + L(F(u))(z,t) for (z,t) € R" x [0, 00), (2.3.2)

where F'is a given function,

L(F(u))(x,t) = /0 (t — )M (F(u(-,7))|z,t — T)dT, (2.3.3)

and
u’(z,t) = O R(f|z,t) + R(g|z,t). (2.3.4)



Here
[T, up—— A L VRV (2.3.5)
O 2m =)\t ot T o
Note that (2.3.4) is a representation formula of the solution to the homoge-

neous wave equation. This fact is proved in Appendix below.

Remark 2.3.1 Assume that u is a C* solution of (2.3.2) with f € C™T3(R"),
g € C™T2(R") and F € C*(R), then u satisfies

uy — Au = F(u) — G(u)

_22(2: ?M(F(afﬂx,t) in R™ x [0, 00), (2.3.6)
u(z,0) = ef(x), w(z,0) =eg(z), reR”
where
G(u) = %/0 M(F' (u(-,7)us (-, 7) |, t — 7)dr. (2.3.7)

We note that G = 0 whenn = 2,3 (m = 1). Moreover, assuming M (F(f)) €
C™HR™ x [0,00)), and replacing eu’(z,t) by a classical solution v = v(x,t)

of

vy — Av = %M(F(gf)yx,t) in R™ x [0, 00), (2.38)
v(z,0) =ef(x), ve(z,0) =eg(x) reR”
in (2.3.2), we have that a C? solution u of
u(z,t) = v(x,t) + L(F(uw)(z,t) for (z,t) € R" x [0,00) (2.3.9)
satisfies
u — Au = F(u) — G(u) in R™ x [0, 00),
{ u(z,0) =ef(x), ux,0) =eg(x), € R™ (2.3.10)

We shall explain some relation between (2.3.6) and the following initial value
problem:

u(z,0) = ef(z), u(z,0) = eg(x), (2.3.11)

where f € C™3(R"), g € C™™(R") and F € C™(R). The solution of
(2.3.11) is written as

{utt—Au:F(u) in R" x [0,00),

u(z,t) = eu’(z,t) + /0 R(F(u(-,7))|z,t — T)dr, (2.3.12)

10



where u® and R are defined in (2.3.4) and (2.3.5), respectively. Making use
of the result of Proposition A.2 and (2.3.5), we see that the second term of
the right hand side of (2.3.12) is equal to

/0 R(F(u(-,7))|z,t — 7)dT
= /0 (t —17)M(F(u(-,7))|z,t —7)dT

+/0 Z_ Q1 (t — T)kﬂ% {M(F(u(-,7))|x,t —7)}dr,

where «a;,_1 are suitable constants. If we put the coefficient, (2m — 1)~}
in the first term, and remove the second term of the right hand side of
above, then (2.3.12) coincides with (2.3.2). By the argument in 254-255pp.
in Agemi, Kubota and Takamura [1], we see that if u is the C? solution of
(2.3.2), then u satisfies (2.3.6).

From now on, let F(u) = |u|? and let us define a lifespan T. by

T.=T.(f,g) :==sup{T € [0,00) : There exists a unique weak solution
u of (2.3.2)}

with arbitrarily fixed (f, ¢g). Agemi, Kubota and Takamura [1] have obtained
that T. = oo for p > po(n) if € is small enough, where po(n) is Strauss’
exponent. Their theorem is written for (2.3.9) only, but it is available also
for (2.3.2).

Our purpose is to establish the same estimates for T, as in (2.2.7) and
(2.2.8) when n > 4 and 1 < p < po(n). They are divided into two theorems
below. We note that one can expect to get a C? solution only for n = 4 and
F(u) = u?.

We shall state our main result. We assume on the data that

both f € CJ""™*(R") and g € C;***(R™) have
compact support contained in {z € R" : |z| <k} (2.3.13)
with some constant k£ > 0.

Then, we have the following existence theorem for large time interval.

Theorem 2.3.1 Let n > 4 and F(u) = |ul? with 1 < p < po(n). Sup-
pose that (2.3.13) is fulfilled. Then there exists a positive constant ey =
eo(f,g,n,p, k) such that the lifespan T. satisfies
T. > ce—2p(p=1)/7(p;n) if 1 < p < po(n),
Te > exp (ce ™YY if p = po(n)

for any € with 0 < & < gq, where ¢ is a positive constant independent of €.

(2.3.14)

11



In the proof of Theorem 2.3.1, we shall employ a similar weighted L*> iter-
ation method to Agemi, Kubota and Takamura [1]. Such an argument had
been firstly introduced by John [13] in the case of n = 3.

For the counter part, the following assumptions on the data are required.

(

Let f =0, g(x) = g(|z|) and g € C3(]0, 00)) satisfy that there
exist positive constants kg and k; with 0 < kg < k1 < k

such that the following three conditions hold.

(i) suppgC{zxeR" : |z| <k}

k
(i) g(Jz]) > 0 for ko < |z| < k and / A2 g(N)dA > 0,
(k1+k)/2
(iii) ko is sufficiently close to k so that

1 1 k
P(z) > 3 and T,,,(z) > 3 for all z > ?0,
where P, or T,, denote Legendre or Tschebyscheff
polynomials of degree m respectively.

\

(2.3.15)
Then, we have the following blow-up theorem.

Theorem 2.3.2 Let n > 4 and F(u) = |ul? with 1 < p < py(n). Assume
that (2.3.15) holds. Then there exist a positive constant &1 = €1(g,n,p, k)
such that the lifespan T satisfies

. < Cem PP e < < py(n), (2.3.16)
T. <exp (Ce™"7Y) if p=po(n) .

for any e with 0 < e < ey, where C is a positive constant independent of €.

Remark 2.3.2 The uniqueness of the solution of (2.5.6) is an open problem.
Although in Agemi, Kubota and Takamura [1] the uniqueness is claimed in
the below of (1.8) at 242p, it seems difficult to apply the uniqueness theorem
in Appendiz 1 in John [14] because (99a) in [14] fails.

The proof of Theorem 2.3.2 is done by an iteration argument concerning
point-wise estimates from below which is basically introduced by John [13]
for n = 3. But in the critical case, we have to reduce the proof to the
argument of Zhou [38] in which the solution is compared with a blowing-up
solution of a nonlinear ordinary differential equation of the second order. We
also have to employ the slicing method of the blow-up set which is introduced
by Agemi, Kurokawa and Takamura [2] due to technical difficulties in high
dimensions. See the sections 2.8, 2.9, 2.10 and 2.11 below.

12



2.4 Weighted L™ space

First, we shall state the following two lemmas for v of (2.3.8) which play key
roles in proofs of Theorem 2.3.1 and Theorem 2.3.2. The first one is Huygens’
principle in odd space dimensions.

Lemma 2.4.1 (Agemi, Kubota and Takamura [1]) Letn =5,7,9,---.
Under the same assumption as in Theorem 2.3.1, there exists a classical
solution v of (2.3.8) which satisfies

suppv C{z € R" : t—k <|z| <t+k}, (2.4.1)

where £ is the one in (2.3.13).
See 253p. in [1] for the proof of this lemma.
Next, we shall introduce the decay estimate for v. First, we write v in
the form
v =g+ V1. (2.4.2)
Here, vy = eu® is in (2.3.4) and v; is a solution to the inhomogeneous wave
equation

2(m —1) .
(V1) — Avy = mM(F(ef)lm,t) in R" x [0, 00), (2.4.3)
Ul(I, 0) = (Ul)t(l’,O) = 0, reR”

where M is defined in (2.3.1). Then we have the following lemma.

Lemma 2.4.2 (Agemi, Kubota and Takamura [1]) Under the same as-
sumption as i Theorem 2.3.1, there exists positive constants Cy ¢4 and
Chk,pp Such that vy and vy satisfies

Crk.t.95

E ve t)] < 2.4.4
| <1’ :cUO('Tv )| = (t—i— |x’+2k>(n71)/2 ( )
and C »
p&E
voc ,t < n.k.f 245
|§<jl| toi@ )] < G e (2:4.5)
form=2579---, and
anf g
Va ,t < 5,9 246
2 Vel < Gt — e (240
and
anfpép
2 : Va ,t < bt 247
| |<2‘ sle | < (t + || + 2k)(n=D72(t — [x] + 2k)(n=3)/2 247)
fOT?’L:4:,6,8,"'.

13



This lemma directly follows from Lemma 3.2 and Lemma 3.4 in [1]. We omit
the proof here.

It is obvious that v is a global classical solution of (2.3.8). Therefore our
unknown function shall be U = u — v. Then, (2.3.9) can be rewritten into

U= LFU +v)). (2.4.8)

In what follows, we shall construct a solution of (2.4.8) in a weighted L
space. For this purpose, define a sequence of functions {U; };en by

Ul = L(F(Ul_l -+ Ug)), Uo =, (249)

where L is the one in (2.3.3).
Taking into account of these Lemma 2.4.2; we shall introduce a weighted
L space as follows. We denote a weighted L*> norm of U by

U= sup  {w(lz|,))|U(z,)[} (2.4.10)

(z,t)ER™ x[0,T]

with a weighted function

( 1
()2, )1 it p>
-1
/ 1
w(r,t) = 7, (r, )"0/ (log4%) if p= ZJ_F - (2.4.11)
’ 1
7 (r, 1)1/t if 1<p< nt ,
\ n—1

where we set

t+r+2k t—r+2k
T+<T7 t) - L ) T_(T’, t) - k
and ¢ is defined by
n—1 n+1
= — . 2.4.12
¢=—5P-— ( )

In order to get a C' solution of (2.4.8), we shall show the convergence of
{Ui}ien in a function space X defined by

X={UeC'R"x[0,T]) : |U|x < oo,
supp U(z,t) C {|z] <t+k}}

which equips a norm

1llx =) IVeU.

o<1

14



In view of (2.3.9), we note that 0U/0t can be expressed in terms of V,U.
Hence we consider spatial derivatives of U only. Moreover, we see that X
is a Banach space for any fixed 7" > 0. It follows from the definition of the
norm (2.4.10) that there exists a positive constant C'r depending on T such
that

Ul > Cr|U(z,t)|, tel0,T].

Later, we shall make use of Holder’s inequality
(U=l < 1T Te a+b=1, abe(0,1]. (2.4.13)
Furthermore, for vy and vy in (2.4.2), we define
Up =v9 and Uy = v;.
We also denote 0/0x; by 0; for i =1,2,--- n, and set

oW, = g}l%{!nglL VeUial}y, Wi =max{|Ui], [Ui-1l},
aVVO = ‘Irﬁé}li{lvg(]O'}a aVVO(JL = m%}fﬂvgl]&z” (a’ = 07 ]-)

2.5 A priori estimates

In this section, we show a priori estimates which plays a key role in the
contraction mapping argument. The following lemmas are the essential esti-
mates.

Lemma 2.5.1 Let L be the linear integral operator defined by (2.3.3). As-
sume that U € CO(R™ x [0,T]) with supp U C {(z,t) € R" x [0,T] : |z| <
t+k} and ||U|| < oco. Then, there exists a positive constant C independent
of k and T such that

IL(UP)I < CR*UPD(T), (2.5.1)

where D(T') is defined by

1 if p > po(n),
2T + 3k .
D(T) = log L if p = po(n), (2.5.2)
2T 4 3k /2 N
( k ) if 1 < p < po(n)

and y(p,n) is the one in (2.2.2).
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Lemma 2.5.2 Letn =5,7,9,--- and L be the linear integral operator de-
fined by (2.3.3). Assume that U, Uy € C°(R™x[0,T]) with supp U C {(z,t) €
R"x[0,T] : |z| < t+k}, supp Uy C {(z,t) e R"x[0,T] : t—k < |z| < t+k}
and ||U]|, ||Tin_1)/2UOw*1|| < 00. Then, there ezists a positive constant C,,
depending on n, v and p such that

(n—1)/2 p=v
—v v T v
IV U < Copph® | =——U0||  IUII"EL(T), (2.5.3)
where 0 < v <p. E,(T) is defined by
( 1
1 ifp> 2
s n—1
2T + 3k\" , n+1
E,(T) = ? ifp= 1 for0<v<p, (2.5.4)
2T +3k\ 74 . n+1
k ifp< n—1

where q is the one in (2.4.12) and 6 is a small positive constant. When v = p,
(2.5.83) coincides with (2.5.1) as E,(T) = D(T') and Cy,p, = C.

Lemma 2.5.3 Let n = 4,6,8,--- and L be the linear integral operator de-
fined by (2.5.3). Assume that U, Uyy, Uyy € C°(R"x [0, T) with supp(U, Ugo, Up1)
C{(z,t) eR* x [0,T]: |z| <t +k} and [|U]], ||(747-) " D2Up, (wr®) 7| <
oo (a = 0,1). Then, there exists a positive constant C, ., depending on n,
v, and p such that

(n—1)/2 Uoa IH/ v
) — NUI"E,W(T), (25.5)

wT?

IL(UaP [T < Crrph® || (747

where 0 < v <panda=0,1. When 0 <v <p, E,,(T) is defined by

1 if p < —1,
2T + 3k
e 1
E,.T)= log k . if L for p > i, (2.5.6)
o7 + 3k\ '™ n—1
’ if p>—1
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-1
where p = (p —v) (a U 5 ) —vq and q is the one in (2.4.12), and

( 2T + 3k
log 2_3 ifo=—1, v=0,
oT +3k\ "7 1
E,.(T) = ( 3 ) if o> —1, forp= Z—i—l, (2.5.7)
T vo
( i 3k) otherwise
L k

n
where 0 = (p — v) (a — T) and § stands for any positive constant, and

( _
2T +3k\
( ZS if o < —1,
2T 2T v 1
E,.T)= < log Z% ( ng) if o =—1, forp< Z—i—l
27 +3k\ '™
( 3 ) ifo>—1
A f (2.5.8)
When v = p, (2.5.5) coincides with (2.5.1) as E, .(T) = D(T) for a = 0,1

and Cppp = C.

Lemma 2.5.4 Suppose that the same assumption as in Lemma 2.5.3 is ful-
filled. Then, there exists a positive constant C,, ,, depending on n, v, and p
such that

I L(|Uoo P~ [Uon |")

Ugo [P~ Uo || (2.5.9)
<O g \-1)/2 Y00 -2 Yo | g o
— V5P (T+T ) w (T+T ) wWT_ ( )7
where 0 < v <p. When 0 <v <p, F,(T) is defined by
1 if Kk < —1,
lo 2T + 3k if k=—1
F(T)=¢ % - (2.5.10)
2T + 3k\ ™" Fr> 1
k 7

-1
where kK = v — nTp. When v =0 orv =np, (2.5.9) coincides with (2.5.5)

as Fo(T) = Eoo(T) fora=v =0 and F,(T) = Eg1(T) fora=1, v =p.
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Four lemmas above follow from the following basic estimate.

Lemma 2.5.5 (Basic estimate) Let L be the linear integral operator de-
fined by (2.3.3) and a; > 0, as € R and a3 > 0. Then, there ezists a positive
constant Cy, p a1 as,a5 Such that

L {000 oy 4 /7)) } (1, 1)

(2T 4 3k\™ (2.5.11)
< okl (2] By (D)
for x| <t+k,t€[0,T], where Eq, 4,.4,(T) is defined by
(1 if ag < —1 and ag = 0,
2T k
+3 if ap = —1 and a3 = 0,
o T das
Eal,aQ,CLS(T) - < + 3k Zf as S _1 cmd as > 0’ (2512)
3k e
( + ) Zf ay > —1,

where 0 stands for any positive constant.

Proof. First we introduce the following fundamental identity for spherical
means.

Lemma 2.5.6 (John [12]) Let b € C([0,00)). Then, the identity
ptr
/ b(|z + pw|)dS,, = 23_"wn1(rp)2_"/ AR(A, p,m)b(N)dN  (2.5.13)
|wl=1 lp—|

holds for x € R"™, r = |z| and p > 0, where
B(Ap,7) = N2 (p— P2H0 IR (p 4 r)? - AZJD2 (25.14)

See [12] for the proof of this lemma.

In order to continue the proof of Lemma 2.5.5, we need radially symmetric
versions of L which follows from Lemma 2.5.6. From now on, a positive
constant C' depending only on n and p may change from line to line.

Lemma 2.5.7 Let L be the linear integral operator defined by (2.3.3) and
U = U(|z],t) € C([0,00)?), x € R". Then,

L(0) (2,t) = Loga (V) (1, 1), 7 = |2| (2.5.15)
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holds forn =5,7,9--- and
L (V) (x,t) = Leyena (¥) (r,1) + Lepen2 (V) (1,1), 7 = |z (2.5.16)
holds for n =4,6,8 -+, where Lygq (V) is defined by

Loga (¥) (T,f) s
=Crr / (t—7)*"dr / M E— 7o ndy (2T
0 |

t—7—r|
and each Leyen; (V) (1 =1,2) is defined by

t+r—7

¢
Leven (V) (r,t) = C’T2_”/ (t — 7)2_"d7'/ AU (A, 7)dA X
0 \

t—r—r|
y /H ph(\, p,7) (2.5.18)
por S (E—T)2=p2

(t—r)+ t—r—r1
Lovens (0) (1) = Cr2" / (t — )2 "dr / NI(A, 7)dAx
0 0
A+r
y / ph(X, p,7)
\

A=r| /(= 7)? = p?

(2.5.19)
Here the usual notation a, = max{a,0} is used.

Proof. (2.5.15) immediately follows from Lemma 2.5.6. For (2.5.16), we
make use of changing variables by y — z = (¢t — 7)§ in (2.3.3). Then, we
obtain

LW @o-c [ =7y / ¥(lyl,7)

—al<t—r /(E—T)% — |y — z[?

Introducing polar coordinates, we have

t—7

o [ g P tdp
L (W) (, 1) _O/O(t ydr | = *

x/ U(|lx 4 pw|, 7)dS,.
|w|=1

Thus Lemma 2.5.6 yields

L (W) (x,1)

t t—7
= C’r2_"/ (t— 7')2_"d7/ pdp X
0 o VE=T)=p?

ptr
X / AU(N, T)h(A, p,7)dA.
\

p—rl

(2.5.20)
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Therefore, (2.5.16) follows from inverting the order of (p, A)-integral in (2.5.20).
O
In order to estimate the kernel h(\, p, ), we need the following lemma.

Lemma 2.5.8 (Agemi, Kubota and Takamura [1]) Let h(\, p,r) be the
one in (2.5.14). Suppose that |p —r| < X < p+r and p > 0. Then, the
inequality

A=7r <p<A+r (2.5.21)
holds. Moreover, the following three estimates are available.
h(\ p,r) < Cri3Am3, (2.5.22)
h(\, p,r) < Cpt3rn=3/2\n=3)/2 (2.5.23)
h(\ p,r) < Cr"2p"3, (2.5.24)

See 257-258pp. in [1] for the proof of this lemma.
Let us continue the proof of Lemma 2.5.5. For simplicity, we set

Iodd(ﬁ t) = Loy {T+(n 1)p/2+a1 792 (log(47’+/7' )) }(T, t),
Ieven,i(ﬁ t) = Leven,i {T+ (n=Dp/2+a T2 (10g(47_+/7' )) } (7", t) (7, = 1, 2)

Estimates for I,q3q and Icpen,1. We shall estimate 44 and Iepen1 on the
following three domains.

Dy ={(r,t) | r>t—r>—kandr > 2k},
Dy ={(r,t) | r>t—r>—kand r <2k},
Dy ={(r,t) | t—r>r}.

(i) Estimate in Dy,
Making use of (2.5.23), we get

t+r—r
L)dd(r t) < Cr~ (n=1)/ / d*r/ /\(” 1)/2 _<A,T)a2><
e (2.5.25)

A7)\
X7 (\, 1)~ (e 2ta (log47__g)\ 3) d\

and

t t+r—T1
Ie'uen,l(ra t) < CT(nl)/2/ (t — 7')2nd7'/ )\(nfl)/QX
0

[t—T—7|
XT1 (A, T)_("_l)p/2+a17_ (A, 7)%2 X

as t— n—2
X (log PREsGE T>> ) / P dp.
(A7) n—r| /(= T)2 = p?
(2.5.26)

20



If one apply the simple inequality

t—T n—2

/ P dp < (t—7)"2 for0<r<t (2.5.27)
Al (E = T)? = p?

to the right-hand side of (2.5.26), the same quantity as the right-hand side

of (2.5.25) appears. Hence, we shall estimate for 1,44 only from now on.
Changing variables in (2.5.25) by

a=T+\ f=7T-), (2.5.28)
we get
t—r 2]€ a2 t+r
Lga(r,t) < Cr=(n=D/2 / (5 Z ) dj (o — B)n=D/2x
—k [t—r|
o 4 2k TR/ 2 o+ 2E\ "
log4 do.
() (i)
It follows from
ro2r+r+r < T4 (r, 1)
ko 4k - 4
that
[odd(ra t)

o t+7r+2E\" [ (B+2E\"
< (n-vyj2 (LT +2K /
< O7e(n) < K > . k 45X (5 5.29)

o2k T o+ 2E\ "
log 4 do.
() (i) e

When a3 = 0, a-integral in (2.5.29) is dominated by

Chr ifp> L

n—1

Klog = ifp— 1

T_ n—1

Ckr % ifp< Zi_ 1

and [-integral in (2.5.29) is dominated by
( ﬁ if ap < —1,
) k:log# if ag = —1,
k t—r 2K\

| Tt o) ( 3 ) if ag > —1.
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(2.5.11) is now established for az = 0.
When a3 > 0, we employ the following simple lemma.

Lemma 2.5.9 Let 6 > 0 be any given constant. Then, we have

Xé
log X < 5 for X > 1. (2.5.30)

The proof of this lemma follows from elementary computation. We shall omit
it. Then, it follows from Lemma 2.5.9 that

Loaa(r,t) < C(467 1)1y (r,t)~ (D2 -

t—r az—das tdr —1—q
2k
-k k t—r k

The a-integral above can be estimated by the same manner in the case of
az = 0. The [S-integral is dominated by

t4r+ 2k)‘“+5“3
_— X

—_k if a -1,
1 -4 2=
TR T g Mg (2.5.31)
if ay > —1
14 ag — 5@3 ( k ) a2 =

with § > 0 satisfying 1+ ay — dag > 0. Therefore 1,44 and Icyep1 are bounded
in D; by the quantity in the right-hand side of (2.5.11) as desired.
(ii) Estimate in Ds.

By making use of (2.5.24), we have

t+r—r7
Loga(r,t) < Cr~ / dT/ AT (A, T) (”_l)p/2+“1><
lt—

i (2.5.32)

T+ (A, 7)

- log 4

X7 (A, 7)* <og T_(A’T)> d\
and
t t+r—7
Leven(1,1) < Cr_l/ (t—T)_ldT/ A (N, 1)~ (= bp/2tan

0 [t—T—7|

)\ as t—1
KT (\, T (log PRES ’T)) dA/ P dp.
(A7) D—r| \/(t —T)% = p?

Similarly to the estimate in D, the simple inequality

t—T
/ P dp<t—71 for0<7<t
p—r V/(E—T)* = p?
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helps us to estimate I,4q only. Changing variables by (2.5.28), we get

ail t—r az
[odd(rat) S Cl{r_l (t_'_rk—i_ 2k) / (6_;2]{) d/BX
—k

X/t““ o+ 2k (b2 Lo 401 2k “3da
ok S5+ 2k '

Note that both 7, and 7_ are numerical constants in this domain, and
that the integrand of both a-integral and [S-integral in (2.5.33) is numerical
constant Cy, 4,4, depending on a;, a; and as. Hence we have

(2.5.33)

t—r t+r
Loaq(r,t) < (JCahaMgkr_l /k dﬁ/ da < C(Jal,awgk?. (2.5.34)
— t—r

This is the desired estimate in Ds.
(iii) Estimate in Ds.

By the same reason, we have to estimate I,4q in (2.5.33) only. In Dsj,
since 1 — (n — 1)p/2 < 0 is trivial, we get

9 1—(n—1)p/2 B 9 1—(n—1)p/2
(OH; k) < (t rk+ k) < Cw(r,t)™!

because t — r > r is equivalent to 3(t —r) > t +r. Hence, when a3 = 0, we
obtain

k —k k
When a3 > 0, due to Lemma 2.5.9, we have

Loaa(r,t) < C(4671) " kw(r, t) ™' x

ar+déaz  pt—r az—dag
o t+r+ 2k / B+ 2k dB.
2 i, k

Therefore, in view of (2.5.31), I,qq and Iy, 1 are bounded in Ds by the
quantity in the right-hand side of (2.5.11).

Estimates for I.,en,2. We shall estimate I..,2 on the following three

domains.
Dy={(r,t) |0<t—r <kandt<2k},

Ds={(r,t) | 0 <t—r <kandt>2k},
Dg =A{(r,t) | t —r > k}.

(iv) Estimate in Dy,
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Note that 7, and 7_ are numerical constants in this case. By virtue of
(2.5.21) and (2.5.22), we get

t=r t—r—r7
Levena(r; 1) < Ccm,az,asrl/ (t — T)zndT/ N'2d\
0 0

Ar
X / P dp.
A—r| \/(E—T)2 = p?
It follows from

Ar 9
/ pir rA (2.5.35)
ner| VE=T2=p2 T Vt—THA+rVE—T—A—7

that
Ieven,Q <T7 t)

t—r —1
< CChy ayas / )32 dr /
0 V=T —A— r

Noticing that

A<t—r—7<t—71 forT>0,

we obtain

t—
]even,Q (’I“, t) - CCa1,a2,a3 / l/sz/
; m
Making use of (2.5.28), we have

Ieven,Q(r7 t) S CCal,ag,a3k1/2/ dﬁ/
< CChy a5k

t—r—a

This is the desired estimate in Dy.
(v) Estimate in Ds.
In this domain, (2.5.11) follows from

Ieven,2(r; t) < CkQCal,lz,asTJr (7”, t>7(n71)/2.

To see this, we shall employ (2.5.21) and (2.5.23). Then we have

t—r

t—r—7
Levena(r,t) < Cr("l)/2/ (t—7)2nd7'/ A=1/25
0

0
X T4 (A, T)_(”_l)p/2+“17_()\, T)2 X
as A1 n—2
x <log4T+()\’T)) A\ / p dp.
(A7) per AV (E—T7)2 = p?
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Similarly to (2.5.34), it follows from (2.5.27) that
[even,Z(T, t) < CCal’a%aSr*("*l)/?kQ.

In D5, we have r > k which implies r/k > C7,(r,t). Hence, we obtain the
desired estimate.
(vi) Estimate in Dg.

By virtue of (2.5.22) and (2.5.35), we get

Ieven,Q (T )

t— —1
gc/ (t —7)3/2" ndT/
0 \/t—T— —

Then, we divide the integral of the right-hand side above as

Ie'uen,3<r7 t) + Ieven,4 (7’, t>7

where
(t=r)/2 t—r—7 A1
[even,3<7", t) = C/ (t _ 7_)3/2—nd7_ y
0 0 W?)
(N 7))\
and

t—r .
Ie’uenA(T, t) = C/ 3/2 ndT/
(t=r)/2 m

A
X7y (A7)t (\ rye (log 4—22 . 3) dA.

First, we shall estimate Ioyen 3. It follows from (2.5.28) that

]even,S (Ta t)
t4+r+ 9%k 3/2—n t—r+9% (n—1)p/2+a1

< 227 v A o o ren
< Ck ? k X

t—r a2 t—r as
B+ 2k:> / ( o+ Qk) do
X d log 4
/_k ( k P 3 o8 B+2k) Vt—r—«

because of n — 1 — (n — 1)p/2 > 0 for p < 2. When a3 = 0, we get

tr 42\

Ieven,3(r> t) S Ck ( 2

(2K “””2)/2*“1/ B+ 2k “Qdﬁ
k i, k '
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Hence the desired estimate follows from
7_(r, t),ﬁ(n,gm

T (O

< Cw(r,t)™* (2.5.36)

in this case. When a3 > 0, Lemma 2.5.9 yields that

tbr 2K\

Lvens(r,t) < Ch(4671)% ( .

t—r 42k —q+(n—2)/2+a1+daz  pt—r ﬁ 1ok as—das
— - dB.
k

Hence the desired estimate follows from (2.5.31) and (2.5.36).
Next, we shall estimate lepena. If 7 >t —1 >k, (2.5.28) yields that

CRr=1 (= 4 2" Dp/2a
[even,4(ra t) S Tn—3/2 k %

t—r a2 t—r as
B+ 2k da ( a+ 2k)
X — | d — | logd—+] .
/k ( k g g Vt—r—a & B+ 2k
In this case, we have r/k > C1,(r,t), so that (2.5.11) follows from the same

argument as for leyen 3. On the other hand, if ¢t —r > r and t —r > k, we
have

THA+2k > t_TT—i—QkZTforT>
Hence (2.5.35) yields that

" 2%k 1/2—(n—1)p/2+a1
Lopena(r,t) < CRY2 (L2 E2R x

k
t—r t—r—T as a3
x / dr (A7) (log 4M) d\.
0 0 Vi—T—=A=r (A7)

Changing variables by (2.5.28), we have

t o\ /2= (n=1)p/2+a
IevenA(r; t) S Ok1/2 % %

t—r az t—r as
B+2k) / ( a+2k) da
d log 4 .
X/k ( k B B ©8 B‘I‘Qk’ Vi—r—«a

Therefore, applying the simple inequality

7 (r, ) U2 < C(ry t) 7

26



we obtain the desired estimates by the same argument as for I.,e,3. The
proof of Lemma 2.5.5 is now completed. O

Proof of Lemma 2.5.1. Since (2.3.3) and (2.4.10) yield that
LU P)(z,t) < |U[PL(w™)(z, 1),

it is enough to show the inequality
w(r, t)L(w?)(z,t) < CK*D(T).

This is established by (2.5.11) with setting

. n+1

ay =az =0, ap = —pq if p> :
n

ay=ay=0, ag=0p if p= 1

n+1

a1 = —pq, aa =a3=0 if p< + .

n—1

O

Proof of Lemma 2.5.2. Due to Huygens’ principle in Lemma 2.4.1, one
can replace 7_ by T_x{—k<t—r<} in (2.5.11). Then, the integral with respect
to the variable of 5 = 7 — X is bounded. In order to establish (2.5.3), it is
enough to show the inequality

w(r,t)L (TJ:("_1)(p_y)/Qw_”X{,kgt,rgk}) < Cpopk*E,(T).

This is established by (2.5.11) with setting

n—+1

ay=a3=0, ag = —vq ifp> ,
n

a1 =ay; =0, a3 =v if p= ,

n—1

) n+1

a1 =—vq, as =a3 =0 ifp< T

O

Proof of Lemma 2.5.3 and Lemma 2.5.4. In order to prove (2.5.5) and
(2.5.9), it is enough to show inequalities

w(r, Zf)L (T;(nfl)(Pﬂ/)/ZTi;wfy) < Cn,u,pszu,a(T)

and
U}(T, t)L (T_:(n_l)p/QTf) S Cn,y,kaFI/<T)'
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If we set

. n+1
ar=a3 =0, as = if p > ,
n
a =0, as =0, a3 =1 if p= ,
n—1
) n—+1
a; = —vq, as =0, a3 =0 ifp<
n—1

in (2.5.11), we have (2.5.5). If we set a1 = a3 = 0, ay = £ in (2.5.11), we
have (2.5.9). O

2.6 Lower bound in odd space dimensions

In this section, we prove Theorem 2.3.1 in odd space dimensions. It is obvi-
ously enough for this to show the following proposition.

Proposition 2.6.1 Letn =5,7,9,---. Assume (3.1.5). Then, there exists
a positive constant g = €o(f, g,n,p, k) such that each of (2.3.2) and (2.3.9)
admits a unique solution uw € CY(R" x [0,T]) as far as T satisfies

n ce—2p(p=1)/7(pn) if 1 <p <po(n) (2.6.1)
| exp (Cé‘*p(pil)) ifp=po(n) -

for 0 < e < ey, where ¢ is a positive constant independent of ¢.

Our purpose is to construct a solution of the integral equation (2.4.8) as
a limit of {U;};en in X. To end this, we define a closed subspace Yy in X by

Yo—{UeX : |IV2U] < 2Mye” (o] < 1)),
where we set
My = 2pCh0.,k*Cl > 0.

Recall that C,, 0, is the one in (2.5.3). We note that there exists a positive
constant C independent of £ which satisfies that

7_(77,71)/2

+ oW,
w

< Cpe for0<e<1. (2.6.2)

It is easy to check that this fact follows from the definition of the weight
function in (2.4.11) and the decay estimate for Uy = v in (2.4.4) and (2.4.5).

Proof of Proposition 2.6.1. First of all, we assume that

0<e<l1 (2.6.3)
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to make use of (2.6.2). We shall show the convergence of {U;};en. The
boundedness of {U, }en,

U] < 2Mpe? (1 € N), (2.6.4)

can be obtained by induction with respect to [ as follows. Recall that L is a
positive and linear operator by its definition, (2.3.3). It follows from (2.4.9),
(2.5.3) with v = 0 and (2.6.2) that

1Ul = 27 L(Uo )l

- 2.6.5
< 2C, 0,k2 |7 Pw U [P E(T) < Moe, (265)

where we have used Fy(T') =1 for p > 1. Assume that |[U_1|| < 2Mpe? (I >
2). It follows from the simple estimate

Ui = L(|Ui—1 + Uo|”)

< 2LV P) + LU}, (260
(2.5.1) and (2.5.3) with v = 0 that
O] < 22K {C U1 [P D(T) + Coropll7" ™ 2w U | P Eo (1)}
Hence (2.6.2) and the assumption of the induction yield that
U]l < 2PCK*(2Moe?)P D(T) + Moe®.
This inequality shows (2.6.4) provided
P Ck2(2Mo)Pe”” D(T) < MoyeP. (2.6.7)

Next we shall estimate the differences of {U;},en under the conditions,
(2.6.3) and (2.6.7) ensuring the boundedness (2.6.4). Then there exists a
6 € (0,1) such that

[Uiir = Ul = |L{F"(Ui—1 4+ Up + 6(Ur — Up—1)) (Ui — Up—1) }

< pL{|Uis + Uy + (U — U )P0 — Upa ). (208)
Hence we have
Uiy = Ui < 227 pL{(I3WP~" + |Uo[P~ |0 — U} (2.6.9)
Hélder’s inequality (2.4.13) and a priori estimate (2.5.1) yield that
IL(3WP=H U, = Ura )
= [L{(3WA 007 |U, — Ui [} 26.10)

< CR?|[[3W| V72 |U;y — Uy |7 D(T)
< CEBWP D(T)|Ur = Upa |-

29



We note that (2.6.4) implies ||| < 2Mye? (I € N). Moreover, (2.5.3) with
v = 1 implies that

IL(|TalP~H U = Ui ]|

n— 2.6.11
< Croa k27D 2020 71U, — Uiy | B (T). (2:6:11)

Since (2.6.4) implies that ||| < 2Me? for [ > 2, the convergence of {U; }1en
follows from

1
1V = Uil < SlIU = Uil for 122

provided
1
20 pk?{C(6Moye?)P ' D(T) + Cp1p(Coe)P T EL(T)} < 3 (2.6.12)
In fact, we obtain
1
HU1+1 — UlH S FHUQ — UlH for [ Z 2 (2613)

which implies the convergence of {U; }en.

Now we shall show the convergence of {0;U, };en for i =1,2,---  n under
the conditions, (2.6.3), (2.6.7) and (2.6.12) which ensure the convergence of
{U}ien. As before, the boundedness of {0;U; }en for i = 1,2,--+ | n,

10.U)]| < 2Mpe? (1€N, i=1,2,--,n), (2.6.14)
can be obtained by induction as follows. Similarly to (2.6.5), we have

18:UL|| = 2¢p|| L(|UslP~Y|8:Uo)) | .
< 22p||L(|OWo )| < 27pCr 0, k2 |7 P OW, [P Eo (T).

Hence (2.6.2) and Ey(T) =1 for p > 1 implies ||0;U; || < MoeP. Assume that
|0;U;_1]] < 2MoeP (I > 2). We note that this means ||[0W;_1|| < 2Moe? (I >
2). It follows from (2.4.9) that

;U] = p|L(|Ui—1 + Up|P~H0:(Ui—q + Up)))|
<2 pL{(JU A [P~ + | Uo P ) (10:U1—1 | + |0:U0]) }-

Similarly to (2.6.10) and (2.6.11), we obtain that

LU [P HoUa])I| < CR U [P~ M| 0:U1 | D(T),
(U1 P~ 10:U0))| < Crpr gk Ul |7 2w 0,0 || By (T),
LT[~ HBU-1 )| < Crua k7 20w |P=Y| 0 U1 || E1(T),
IL(To P 00| < Cruo k2|7 20Wow = ||P Eo(T).
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Hence, we get
18U < 20 pk2{C|0W,_,|[?D(T)
+Ch 1 | OWi 1Hp D2 9w, || B, (T)
+Cmp|rawz DR W, P By (T)
+Ch 0T brz, w LW, |}

< PTIPR{CEMEYD(T) + Cops p(2Moe? PP Coe By (T)

+Cn’17p(2M08p)<CQ€)p_1E1 (T) + Cn707p<008)p}.
This inequality shows (2.6.14) provided
(3/2)Moe? > 20 'pk?{C(2M,)Pe?” D(T)

+Cpp1p(2Mo)P 1 Coe?” P E, | (T)
+Cp1 p2MCE 1B (T)}.

Next we shall estimate the differences of {0;U;};en for i = 1,2,--+ | n
under the conditions, (2.6.3), (2.6.7), (2.6.12) and (2.6.15) which ensure the
convergence of {U;},en and the boundedness of {OW;}en. (2.4.9) implies

that
10;,Ui41 — 0;U|

= p|L{|U; + Up [P~ (0:U; + 0:Up) — |Up—1 + Up [P~ (0, U1 + 0;Up) }|

< pL{|U, + Up|P7|0:U, — iU, -1 |}
+pL{|U; = Ui P71 0:Ur-1 + 0l |}

< 27 L{(JU[P~ + |Uo[P~)[0iU) — 9,U1 1 [}
+pL{|U; = Upa P71 (|0;U1-1 | + [0iU0|) }-

Similarly to the proof of the convergence of {U; };,en, we obtain that

LA UP=H0:U) = OUial} | < CRA|UIIP=H|0:U) = 8iUi— | D(T),

|L{|UolP~ waUz AU ||
< Cr k2|7 D2 U P11 0,U; — 8:Ui1 || EA(T),

11U = Ui 1|p HoiU [} < CR Uy = U [P~ H|0: Ui | D(T),

ILA1U = Ui [P~ 0:Uo |

< Chpo1pk2 U = Ui [P H ™Y 2w 0,06 || B (T).
Therefore, due to (2.6.13), all the assumptions imply that
10;:U1 — 0:U||
< 2 pR{C WP~ D(T) + o |74~ 2= U P~ By (T) } ¢
X H@Ul — 0iUl_1||
+pk?{C|OW,_1 | D(T) + Crppr 72w OWG || By (1)} %
x[|Up = Upq [P~

< 2p71pk2{0(2MO€p)pilD(T) + le?p(CQ&)pilEl (T)}HazUl —

+pk*{C(2Moe?) D(T) + Crp-1,Cor Epr (T) } (U2 — Un[j27 D)1

31



This inequality yields

No(e, T)

1
|10:Ue1 = QiU < 51180 = Billi-all + iy

(2.6.16)
where we set

No(e, T) = pk*||Uy — U ||P"H{C(2Moe?) D(T) + Crp-1,CoeE, 1 (T)}
provided

2~k {C(2Mo)P PPV D(T) 4 Oy o (Co)P P EL(T)} < (2.6.17)

N —

We note that (2.6.16) implies

1 No(z,T) <2 1

10,011 = B0 < g 10,02 = 0.4 + % X% o fori>2.
The convergence of {O;U;}1en (i = 1,2,3,--+ ,n) follows from this estimate.

In this way, the convergence of {U;}en in Yy C X can be established
if all the five conditions, (2.6.3), (2.6.7), (2.6.12), (2.6.15), (2.6.17), are
satisfied. In order to complete the proof of Proposition 2.6.1, we shall fix
g0 = €o(f,g,n,p,k) and ¢ in the statement of Proposition 2.6.1. First, we
propose a sufficient condition to (2.6.3), (3.4.7) as well as related factors in
(2.6.12), (2.6.15), (2.6.17) to D(T) by

223 1pCR*ME PV D(T) < 1. (2.6.18)

Next, we propose sufficient conditions to related factors in (2.6.12), (2.6.15),
(2.6.17) to E4(T) and E,_1(T) according to p by the following.

n -+ ...
In the case of 1 < p < 1 such conditions are
n—

2 pk2C,, , ,CP et (2T Z 3k> b <1 (2.6.19)
and
1> 220 k20, ME2Coe D’ (2T Z 3k )_(p_l)q. (2.6.20)
If we put

c=min {2237 'pCk?(Mp)"~1)~1, (20T pk2C,, 1 ,CH 1) 72,
(22 1Pk Cryp1 ML 2 Co) P/ PV} > 0,
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the inequality e?®~1 D(T) < ¢ implies (2.6.18), (2.6.19) and (2.6.20), because
of —pq < 7(n,p)/2. Furthermore, one can readily check that ¢g = 1 by
(2.6.3).

1
In the case of p = n_—l—r let us fix 6 with
n —_—

1
0<o<—. (2.6.21)
p

Then, similarly to the above, our conditions are

2p+1an,17pk2Cgflgp*1 <2T Z 3k>5 <1 (2.6.22)
and
1> 22 1 pk2C, oy p ME 2 Coe P~V (#)M—U : (2.6.23)
If we put

c=min {(2%3P\pCk?(Mo)P~) 7L, (20T pk?Cry ,CE 1) 7,
(22 1Pk Crrp1 ML 2 Co) P/ PV} > 0,

the inequality e?®~1 D(T) < ¢ implies (2.6.18), (2.6.22) and (2.6.23), because
of (2.6.21). Furthermore, one can readily check that g = 1 by (2.6.3).
1
Finally, in the case of p > nt T our conditions are

n
P pk2C, 1 ,CP et <1 (2.6.24)
and
227 pk2C, 1 pMET2Coe® V" < 1. (2.6.25)
If we put

c= (237" 1pCk*(My)*~ 1),

the inequality e?®~VD(T) < ¢ implies (2.6.18). Furthermore, one can find

that
go =min {1, (2p+1pk20n717p)’1/(7”*1)00_1,

(221071]?]62Mg_20n7p_17p00)71/(p71)2} > O,

by (2.6.3), (2.6.24) and (2.6.25). Therefore, the proof of proposition 2.6.1 is
completed. O
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2.7 Lower bound in even space dimensions

Similarly to the previous section, we investigate the lower bound of the lifes-
pan in the even dimensional case. Our purpose is to show the following
proposition.

Proposition 2.7.1 Let n = 4,6,8,---. Suppose that the same assumption
in Theorem 2.5.1, (3.1.5) is fulfilled. Then, there ezists a positive constant
eo = eo(f,g,n,p, k) such that each of (2.3.6) and (2.3.10) admits a unique
classical solution u € C*(R* x [0,T]) if n =4 and p = po(4) = 2, or each of
(2.3.2) and (2.3.9) admits a unique solution v € C1(R"™ x [0,T]) otherwise,
as far as T satisfies

—2p(p—1)/~(p,n) f 1
ce if 1 <p <po(n)
T < —p(p— . 2.7.1
S { exp (05 p(p 1)) if p :po(n) ( )

for 0 < e <eq and c is a positive constant independent of €.

Employing the similar argument to odd dimensions, we shall construct
a C' solution of the integral equation (2.4.8) as a limit of {U;}en in X.
We also remark that it is possible to construct a C? solution if and only if
(n,p) = (4,2) in our problem. However, its construction is almost the same
as for O solution. Therefore we shall omit it. Now, define a closed subspace
Y; in X by
Vi ={U € X : |[VaU| < Mie” (Ja] < 1)},

where M; is defined by
My = 2%pk*(C,0,,C% + Cra OV ' Co 4 Cpp 1 ,CLCY ™ + Ci0,C%) > 0.

Recall that C,0,, Cni1p and Cp, -1, are the one in (2.5.5) and (2.5.9). C}
and Cy are positive constants independent of € which satisfy that

Jn-1)/2 Woo

w

Jn=1)/2 OWor

wT—

(17— < Cie,  ||(Ty7- < CyeP. (2.7.2)

The existence of C and C is trivial by the definition of the weight function
in (2.4.11) and the decay estimate for Uyy = vy and Uy = v; in (2.4.6) and
(2.4.7).

Proof of the Proposition 2.7.1. First of all, we shall show the convergence
of {Ui};en. The boundedness of {U;};en in Y7,

U] < 2Mye? (I € N), (2.7.3)
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can be obtained by induction with respect to [ as follows. Similarly to (2.6.5),
it follows from (2.4.9) and (2.5.5) of Lemma 2.5.3 with v = 0 and a = 0,1
that

U I
1]l < MO( (rpr 0220l oy 4
- (2.7.4)
+ (T+T_)("_1)/2i Eo,1(T))-
wT_

By the definition of (2.5.6), (2.5.7) and (2.5.8) with v = a = 0, we get
Eoo(T) = 1. (2.7.5)
It follows from (2.7.2) that
|UL]| < 2%k Cir0,p”(CY + CRPP~V By (T)).
This inequality show ||Uy|| < M,eP provided
PPV g (T) < 1. (2.7.6)

Assume that ||U;_|| < 2M,eP (I > 2). Making use of (2.6.6), the assumption
of the induction and (2.5.1) yield that

p

1Tl < 2°k* {CHU,_1||PD(T) +Cnop (ryr )02l | gy
+Chop H(TJFT)("I)/Q% EOJ(T)}
< 2°Ck2(2My )P D(T) + My,
This inequality shows (2.7.3) provided
P Ck2(2M,)Pe” D(T) < M,eP. (2.7.7)

Next we shall estimate the differences under (2.7.6) and (2.7.7) ensuring
the boundedness (2.7.3). We note that (2.7.3) implies ||W;|| < 2M;e? (I € N).
Making use of the inequalities (2.6.8) and (2.6.9), we have

U1 = Uh < 227 pL{{[3WA"~" + 2271 ([Uoo"™" + [ Ut P7)HUs = Ui [}
Applying (2.5.5) of Lemma 2.5.3 with v = 1 and a = 0, 1, we get

IL(|UoalP~H U = Ui )|

(1) obr 0
wTe

Pt (2.7.8)

S kQCn,l,pEl,a(T) HUl - Ul71||
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for a = 0,1. Since (2.7.3) implies that |W;|| < 2M;e? for | > 2, the conver-
gence of {U, },en follows from

1
U1 — Ul < §HUI —Upa|| forl>2

provided
2Pk {C(6 M1 )P ' D(T) + 2P Cpy 1, (Cre)P P By o(T)

1 2.7.9
+2r71C, 1, OO B 1 (T)ePP~ Y} < 3 ( )

Thus, we obtain

1

Ui = Ul < o1

which implies the convergence of {U,; }en.

Now we shall show the convergence of {9;U; }jen for i = 1,2,--+ ,n un-
der the conditions, (2.7.6), (2.7.7), (2.7.9) which ensure the convergence of
{Ui}ien. As before, the boundedness

10;Uh]| < 2Mye? (1€N, i=1,2,--- ,n) (2.7.11)
can be obtained by induction as follows. Similarly to (2.7.4), we have

[0:UL|| = 2Ppl| L(|Uo|P~ 0 Uy
< 227 p|| L((|Uoo P~ + |£]01\p_1)(|3iUc1)0| +10:Un)) |
< 2271p|| L(OWE + UL oWy, + UL 0Woo 4+ OWE)].

Applying (2.5.9) of Lemma 2.5.3 with K = 1 and Kk = p — 1, we get
IL(Ugs ' oWar) |

Ugo ||”™ OWor
<O k2 ||(ror )b /2 20 o en2foll o
> Unlp (T-74) w (T-74) T ()
and
| L(UE Wi 1
n— UOl P n— 8WOO
Sc'mv—l,pk’2 (T—T+)( Wza (T—T+)( 1)/27 F, (7).

By virtue of (2.7.2) and (2.7.5), we obtain

[T < 202 {Cg Y + Co yCF o™ Fo(T)
— 2
+Cp-1,C3 'Cyer=) F,a(T)
+Ch o, ChePP D Eg (T)} .
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This inequality shows [|9;U,]| < M,e? provided (2.7.6),
(T <1 (2.7.12)

and ,
P E (T) <1 (2.7.13)
hold.
Assume that [|0;U;_1|| < 2M;eP (I > 2). Then we get

10,Ui] = p|L(|Ui—1 + Uo|P~10,(Us—1 + Uy)|)|
< 2 pL{(JU A [P~ + | Uo P~ ) (10:U1—1 | + |9:U0]) }
< 27 pL{(|Ui [P~ + 207 (|Uoo [P~ + U [P71))
X (|0:Ur_1] + 10:Uoo| + 10:U01]) }-

Similarly to (2.7.8), we obtain that

IL(1Ui-1["~H0:Uoa )

S Cn,p—l,pk2HUl—1||p_1 (T—T-i-)( 1)/2’LU—7'?1 EP—I,a(T)7
IL(|UalP~HO: U1 ] 1
Uoga ||
< Con R | ()02 T ()

for a = 0,1. Making use of (2.7.2) and (2.7.5), we get

10:UL|

< 2p*1pk2[0(2M1€p)pD(T) + Cn7p_17p<2M1€p)p7101€Ep_170(T)
+Chp1p(2MeP)P~1CoeP B, 11 (T)
+2r7 1 {C 1 ,(Cre)P L (2M1eP) Ey o(T) + Cp 0, CleP
+Cn,17p(01€)p_1026pF1(T> + Cn’1,p<02€p)p_1(2M1€p)E171(T>
+Cn7p_1’p(CQ&p)p7101€Fp_1(T) + Cnyo’p(oggp)pE()’l(T)}].

Under the assumptions (2.7.6), (2.7.12) and (2.7.13), this inequality shows
(2.7.11) provided

(7/4) M, e?

> 2P~ pk2[C(2M,)Pe?” D(T)
+Cyp1.p(2My)P1CL P PHE, L o(T) (2.7.14)
+Chpo1p(2M1 )P Coe? By 1 (T) + 2071 { O, 1 ,CF e
X2M, By o(T) + Cp1 ,C8 " 2Me?" Ey 1 (T)}].

Next we shall estimate the differences under the conditions, (2.7.6), (2.7.7),
(2.7.9), (2.7.12), (2.7.13), (2.7.14) which ensure the convergence of {U;}ien
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and the boundedness of {0U;};en. Similarly to odd dimensions, we have

10;Ui+1 — 0; U
< 207 L{{JU P~ 4 227 H{[Uoo [P~ + |Uoa [P} }O:Ur — QiU+ |}
+pL{|U; — U1 |P71(|0;Ur_1| + |0;Ugo| + |0;Uo1]) }-

Applying (2.5.5) of Lemma 2.5.3 with v =1, v =p—1 and a =0, 1, we get
IL{|Uba P~ 10:U1 — O, Ui 3]
U
< Oy k2 || (o) (D2 20
— 71,p (T T“l‘) w,]_g
IL{|U = Ur-1[P~0:Ugal }
S Cn,p—l,kaHUl - Ul—1||pi1 ‘

p—1

10:;U; — 0;Ui1|| B o(T),

n— aan
(rory) VR0 B o (T)

wT.

for a = 0,1. Then, all the assumptions imply that

10:U111 — 0:U1]|

< 20 kP [{C(2My )P D(T) + 20711, (Cre)P By o(T)
+C1p(Cog? )P B (T)HN0:U — OiUs |
—|—p/€2{0(2M1€p)D(T) + Cn’p_lpclng_Lo(T)
+Cnp-1pCo" By 11 (T)}([| U — Uy |27 D)p 1

This inequality yields

Nl(&f,T)

1
10011 = Q.U < 51000 = Ol + 5 (2.7.15)

I-1)(p—1)’
where we set

N1 (6, T) = pl{?Q{C(QMlgp)D(T) -+ Cn,p—l,pc’lng—l,O(T>
+Chp-1pCo"Ep11(T) }

provided
2P~k [{C(2M, )P~ ePP=) D(T)
+2p_1{C’n,1,p(Cl)p_lﬁp_lELO(T)l (2.7.16)
+C1 ,C PP VB (T))] < 5
Hence, the convergence of {9;U }ien (i = 1,2,3,---,n) follows from this
estimate.

In this way, the convergence of {U;};en in Yo C X can be established if
all the seven conditions, (2.7.6), (2.7.7), (2.7.9), (2.7.12), (2.7.13), (2.7.14),
(2.7.16) are satisfied. In order to complete the proof of Proposition 2.7.1,
we shall fix €9 = ¢o(f, g,n,p, k) and ¢ in the statement of Proposition 2.7.1.
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First, we propose a sufficient condition to (2.7.7) as well as related factors in
(2.7.9), (2.7.14), (2.7.16) to D(T) as

2% 13PpCRPMP PP Y D(T) < 1. (2.7.17)

Next we propose sufficient conditions to related factors in (2.7.6), (2.7.9),
(2.7.12), (2.7.13), (2.7.14) and (2.7.16) to

Eo1(T), Ero(T), Evi(T), Fi(T), Fpi(T), Ep10(T), Ep11(T)

up to p.

n+1

Conditions in the case of 1 < p < T
n —
(i) Conditions from Eg (7).

In (2.5.8), setting v = 0 and a = 1, we have that 0 = —(n — 3)p/2 < —1

when n > 6 and 0 = p = —p/2 > —1 when n = 4, which imply

1 it n > 6,
Eo1(T) = 2T + 3k\ 7% (2.7.18)
’ itn=4.
k
Since Ey1(T") appears in (2.7.6), the conditions are
PP~ <1 if n > 6, (2.7.19)
o7 + 3k\ ' 77/*
( 23 ) P~ <1 ifp =4 (2.7.20)

(ii) Condition from E; o(T).
In (2.5.8), setting v = 1 and a = 0, we have that 0 = —(n—1)(p—1)/2 >
—1 and p = —2¢q — 1, which imply

2T + 3k\
EI,O(T) = ( k ) .
Since Ejo(T") appears in (2.7.9), (2.7.14) and (2.7.16), the condition is
27 + 3k
22p—13pk20n,1,p0f16p—1( - 3 ) <1, (2.7.21)

(iii) Condition from E (7).
In (2.5.8), setting v = a = 1, we have that c = —(n —3)(p —1)/2 > —1
and p — 1 — (n — 2)p, which imply

OT + 3\ "~ ("2P
EI,I(T) = ( k’ > .
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Since Fy1(T") appears in (2.7.9), (2.7.14) and (2.7.16), the condition is

2T k n—(n—2)p
9W-13pk2C, 1, CE D) ( Z‘S ) <1 (2.7.22)
(iv) Conditions from Fi(T).
In (2.5.10), setting v = 1, we have that
-1 4
rizl—nTp<—1 ifn26,orn:4andp>§,
k=—1 ifn:4andp:§,
4
k> —1 ifn:4and1<p<§,
which imply
4 . 4
1 1fn26,orn:4andp>§,
2T + 3k _ 4
F(T) = log— ifn=4andp= g, (2.7.23)
O + 3k\ >/ 4
( ;: ) ifn:4and1<p<§.

Since Fy(T) appears in (2.7.12), the conditions are

4
P <1 if n>6,orn=4andp> 5,(2.7.24)

2T + 3k 4
log Z P <1 if n=4andp= 3 (2.7.25)
2T + 3k >/ 4
( Z ) M%U§1ifn:4mm1<p<§. (2.7.26)

(v) Condition from F,_1(T).
In (2.5.10), setting v = p — 1, we have k = —(n — 3)p/2 — 1 < —1, which
implies F},_1(T") = 1. Since F,_1(T) appears in (2.7.13), the condition is

el < 1, (2.7.27)

(vi) Condition from E,_qo(T).
In (2.5.8), setting v = p— 1 and a = 0, we have 0 = —(n — 1)/2 < —1,

which implies
o7 + 3k "1
Ep10(T) = ( . ) :
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Since E,_1o(T) appears in (2.7.14), the condition is

—(p—1)q
2T+3’“) <1 (27.28)

225 . 7 pk*C, 1 ,CyL MP 21’ ( -

(vii) Conditions from E, 1 1(7).
In (2.5.8), setting v = p—1 and a = 1, we have that 0 = —(n—3)/2 < —1
whenn > 6 and 0 > —1,u = —1/2 — (p — 1)q when n = 4, which imply

2T + 3k "V
( Z if n > 6,
By 11(T) = 9T 4 3%\ /2~ (P~ (2.7.29)
( ) if n=4.
k
Since E,_11(T) appear in (2.7.14), the conditions are
2%5 . T pk2C,, 1 ,Co MP 2P D)
2T + 3k ~#1 2.7.30
X ( ;: ) <1 if n > 6, ( )
25 . T pk*Cy 1, CoMP 2P~
2T + 3k /2w 2.7.31
X < Z 5 ) <1 if n=4. ( )

Now, we are in a position to summarize all the conditions in (i)-(vii)
above. Set
g0 =1 (2.7.32)

Then, (2.7.32) implies (2.7.19), (2.7.24) and (2.7.27). In order to make that
(2.7.17) includes (2.7.25), we employ Lemma 2.5.9 with § = v(p,4)/2 > 0
and X = (2T + 3k)/k > 1. Then, if we set

¢ = min {(22p—13pkaQ<Ml)p—1>—l’ 17 (22;0—1gpk;zcvmchviofl)—p7
(277 13pk?Co1 , C3 1)1 4(4/3,4) /2,
(22p5 ) 7_1pk20n,p_1,pC1Mf_2)_p/(p_l)7
(225 - Tpk2Cy 1 yCo MY ™)™} > 0,

the inequality e?®~YD(T) < ¢ implies (2.7.17), (2.7.20), (2.7.21), (2.7.22),
(2.7.25), (2.7.26), (2.7.28), (2.7.30) and (2.7.31) because of 1—p/2 < ~v(p,4)/2
in (2.7.20), —2pq < v(p,n)/2in (2.7.21), n— (n—2)p < vy(p,n)/2 in (2.7.22),
2—-3p/2 < y(p,4)/2 in (2.7.26), —pgq < v(p,n)/2 in (2.7.28), —(p — 1)q <
v(p,n)/2 in (2.7.30) and 1/2 — (p — 1)q < 7(p,4)/2 in (2.7.31).
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s . n+1
Conditions in the case of p = T
n —_—
(i) Conditions from FEy1(T).
In (2.5.7), setting v = 0 and a = 1, we have that 0 = —(n — 3)(n +
1)/2(n — 1) < —1 when n > 6 and 0 > —1 when n = 4, which imply

1 if n > 6,
Eou(T) = <2T + 3k>1_”/2 — (2.7.33)

k
Since Ey1(T") appears in (2.7.6), the conditions are

PP~ < 1if n > 6, (2.7.34)

<2T—i—3k

1-p/2
- ) =D < 1ifn = 4. (2.7.35)

(ii) Condition from E; o(T).
In (2.5.7), setting » = 1 and a = 0, we have 0 = —(n—1)(p—1)/2 = —1,
which implies

2T + 3k\°
EL()(T) == < ]{j ) .

Since Ejo(T") appears in (2.7.9), (2.7.14) and (2.7.16), the conditions is

2T + 3k\°
i ) <1 (2.7.36)

22~ 13pk>C,, 1 ,CF P! (

(iii) Condition from Ey (7).
In (2.5.7), setting v = a = 1, we have 0 = —(n — 3)/(n — 1) > —1, which
implies

T + 3k \ (Y
El,l(T) = ( k, ) .

Since Fy1(T') appears in (2.7.9) (2.7.14) and (2.7.16), the condition is

<1. (2.7.37)

oT + 3k>2/ (n—1)

22P—13pk2on,1,pcg—1gp<p—1>( 3

(iv) Condition from Fy(T).
In (2.5.10), setting v = 1, we have K < —1, which implies F}(T) = 1.
Since, F(T') appears in (2.7.12), the condition is

eP= < 1, (2.7.38)
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(v) Condition from F,_; (7).

In (2.5.10), setting v = p—1, we have k < —1, which implies F,,_(T") = 1.
Since, F),_1(T") appears in (2.7.13), the condition is (2.7.38).
(vi) Condition from E, 1 o(T).

In (2.5.7), setting v = p — 1 and @ = 0, we have 0 = —(n — 1)/2 < —1,
which implies

OT + 3k P~1°
Epfl,[)(T) - ( k ) .

Since E,_10(7T") appears in (2.7.14), the condition is

OT + 3k P~1°
i ) <1 (2739)

225 . 7 pk*C, g ,Cy MP 2P~ 1’ ( ;

(vii) Conditions from E,_11(T).

In (2.5.7), setting v = p—1 and a = 1, we have that 0 = —(n—3)/2 < —1
when n > 6 and o > —1 when n = 4, which imply

OT + 3k P~1°
( + ) if n > 6,

k

E, 11(T) = 9T + 31\ 12 (2.7.40)
( ’ ) it n = 4.
Since E,_11(7T) appears in (2.7.16), the conditions are

275 . 71pk20?,p;5p02Mf28p(p1)

27 + 3k "™ 2.7.41
X ( ;:3 ) <1 if n > 6, ( )
275 . 7—1pk2047,_1,p02Mf—2sp<p—1>

2T + 3k /? 2.7.42
X ( Z ) < 1. ifn=4. ( )

Now, we are in a position to summarize all the conditions in (i)-(vii)
above. First we note that (2.7.32) implies (2.7.34) and (2.7.38). Then, if we
assume (2.6.21) and set

¢ = min {(22p713;upcvk2(‘]\41);071)717 17 (22p713pk20n717p0f—1)7p’
(22~ 13pk?Cl1 ,C5 )7L,
(22p5 ) 7*1pk20n,p_1,pC1Mf_2)7p/(p71),
(225 - Tk Cry oy CoMP) 71} > 0,

43



the inequality e?®~VD(T) < ¢ implies (2.7.17), (2.7.35), (2.7.36), (2.7.37),
(2.7.39), (2.7.41) and (2.7.42) because of 1 — p/2 < 1 in (2.7.35), pd < 1 in
(2.7.36) and (2.7.39), 2/(n — 1) < 1in (2.7.37) and (p — 1)d < 1 in (2.7.41).

n+1

n—1

Conditions in the case of p >

(i) Conditions from Eg(T).

In (2.5.6), setting ¥ = 0 and a = 1, we have that 4 = —(n — 3)p/2 < —1

when n > 6 and u = —p/2 > —1 when n = 4, which imply

1 if n > 6,
2T + 3K\ '"7P*
Eo1(T) = ? ifn=4, p<2,
2T + 3k
log Z ifn=4, p=2.

Since Ey1(T") appear (2.7.6), the conditions are

PP <1 if > 6,

(2T+3k

1-p/2
- ) PP~ <1 if n=4, p<2,

2T + 3k
k

(ii) Condition from E; o(T).

PP <1 if n=4, p=2.

log

(2.7.43)

(2.7.44)

(2.7.45)

(2.7.46)

In (2.5.6), setting v = 1 and @ = 0, we have y = —(n—1)(p—1)/2 > —1,
which implies E)o(7T) = 1. Since Ej(T") appears in (2.7.9), (2.7.14) and

(2.7.16), the condition is
221”13])]@20”,17,,6’{’715”’1 < 1.

(iii) Conditions from Ej 1 (7).

(2.7.47)

In (2.5.6), setting v =a =1, we have y = —(n —3)(p—1)/2 —q—1—

(n — 2)p, which implies

(1 ifp>—"

n— 2
| 2T + 3k £ n

By (T) = los— ifp=—s,
OT + 3\ "~ (=2P N

L k L —)
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Since Fy1(T") appears in (2.7.9), (2.7.14) and (2.7.16), the conditions are

2= 13pk2C,, 1 ,Ch PP~V x .
(QT + 31«)”(“)” <1 ifp< ——, (2.7.49)
X n—2

k

T + 3k
220 13pk2C, ,C0 PP og T-

<1 ifp= LQ (2.7.50)
n

2213120, | ,CE PP <1 if p > LQ (2.7.51)
n J—

(iv) Condition from Fy(T") and F,_1(T).

In (2.5.10), setting v = 1 and v = p — 1, we have k < —1, which implies
F\(T) = F,_1(T) = 1. Since F|(T) or F,_1(T) appears in (2.7.12) or (2.7.13)
respectively, the condition is

ePr=l) < 1, (2.7.52)

(v) Condition from E, 1 0(T).

In (2.5.6), setting v = p—1 and a = 0, we have p = —(n—1)/2—q(p—1) <
—1, which implies E,_10(T) = 1. Since E,_10(7T) appears in (2.7.14), the
condition is

— 2
25 . Tk, 1 ,OLMP 2P~ 1" < 1, (2.7.53)

(vi) Conditions from E, 1 (7).
In (2.5.6), setting v = p — 1 and a = 1, we have that p = —(n — 3)/2 —
(p—1)g < —1 when n > 6 and g > —1 when n = 4, which imply

1 if n > 6,
9T + 3k\ V2 ~ba
By 1a(T) = i ifn=4,p<2 (2.7.54)
oT + 3k
log 2_3 iftn=4, p=2.

Since E,_11(T) appears in (2.7.16), the condition are

2%5 . T pk2C, 1 pCoMP 2P~ <1 if n > 6, (2.7.55)
25 . T pk2Cy 1 ,CoMP 2P
OT + 3K\ V> D2 L <1 if n=4, p<22.7.56)
()
275 - T pk?Cy 1, Co MY PP~ x
0T +3k § <1 if n=4, p=22.7.57)
k

x log
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Now, we are in a position to summarize all the conditions in (i)-(vi) above.
Set

go =min {1, (227’*13pk:20n717p0{’_1)*1/(p71)’
{22p713pk20n717pcg—1}fl/p(pfl)’
{225 - T 1pk2C,, 1 ,CL MY 2}~ 1/ =17,
{225 . T 1pk2C,, 1 ,CoMP 2} 1/P= DY 5 ),

(2.7.58)

Then, (2.7.58) implies (2.7.44), (2.7.47), (2.7.51), (2.7.52), (2.7.53) and (2.7.55).
In order to make that (2.7.50) includes (2.7.17) when n > 6, we employ the
lemma 2.5.9 with § = vy(p,n)/2 > 0 and X = (2T + 3k)/k > 1. Then, if we
set

c=min {(2%7137pCk* (My)P~1) 71, 1, (22 13pk?C1,CF 1),
(27 13pk?C 1, C5 ) () (n — 2),0) /2,
(275 - T pk>Clp1,, CoaMP™2) 71} > 0,

the inequality e?®~VD(T) < ¢ implies (2.7.17), (2.7.45), (2.7.46), (2.7.49),
(2.7.50) and (2.7.56) and (2.7.57), because of 1 —p/2 < ~v(p,4)/2 in (2.7.45),
n—(n—2)p <~v(p,n)/2in (2.7.49), and 1/2—(p—1)q < v(p,4)/2 in (2.7.56).
Therefore the proof of proposition 2.7.1 is now completed. O

2.8 Upper bound of the lifespan for the crit-
ical case in odd dimensions

In this section, we prove Theorem 2.3.2 for the critical case in odd space
dimensions. The proof is divided into three steps. In the first step, we
get a point-wise estimate of the linear term u® from below by means of the
representation formula due to Rammaha [26]. In the second step, we employ
the comparison argument between the solution of integral equations (2.3.9)
and the blowing-up solution of ODE, basically introduced by Zhou [38], in
order to overcome the difficulty in the critical case. In the last step, we also
employ the slicing method introduced by Agemi, Kurokawa and Takamura

[2].

Proposition 2.8.1 Suppose that the assumptions of Theorem 2.3.2 are ful-
filled. Let u be a C°-solution of (2.5.9) in R™ x [0, T]. Then, there exists a
positive constant g9 = £o(g,n, p, k) such that T cannot be taken as

T > exp (ce_p(p_l)) if p=po(n) (2.8.1)

for 0 < e < ey, where ¢ is a positive constant independent of €.
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Proof. First we note that one may assume that the solution of (2.3.9) is
radially symmetric without loss of the generality. To see this, we employ the
spherical mean which is defined by

1
v(r,t) = — v(rw,t)dS, (r > 0),
(r.t) / (rw, )dS,, (r > 0)

Wn

for v € C(R™ x [0,00)). If we take the spherical mean of (2.3.9), we get

i =eu® + L([ul).
Thanks to the fundamental identity for iterated spherical means, we have
L(lul?) = Loaa(|ul?),

where L,qq is the one in (2.5.17). See 78-81pp. of John [12] for details. Thus,

it follows from Jensen’s inequality |ulP? > |ulP (p > 1) and the positivity of
Lodd that _
u Z €u0 + Lodd(|6|p).

We estimate u from below all the time in this section, so that we may assume
that the equality holds here.
Let u = u(r,t) be a C?-solution of

u = cu’ + Loga(Jul’) in (0,00) x [0, T] (2.8.2)

which is associated by (2.3.9). Note that u® = u°(r,t) is a solution of

U =~ Uy~ Upp = 0 in (0,00) x [0,00) (2.8.3)
u’(r,0) =0, u(r,0) =g(r), r € (0,00).

[The 1st step] Estimate of u°.
We have the following representation of u°.

Lemma 2.8.1 (Rammaha [26]) Letn =5,7,9--- and u° be a solution of
(2.8.3). Then, u® is represented by

1 et A2 42 —¢2
UO(T’ t) — m Aﬂ )\( 1)/29()\)P(n73)/2 (T) d)\,
where Py is Legendre polynomial of degree k defined by

1 dk
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See (6a) on 681p. in [26] for the proof. This lemma implies the following
estimate.

Lemma 2.8.2 (Rammaha [26]) Letn =5,7,9,---. Assume (3.1.3). Then
there exists a positive constant Cy such that for t+ko <r < t+ky andt > ko,

&

0 —_—

(2.8.4)

where ko = k — k.

See Lemma 2 on 682p. in [26] for the proof.

In order to prove the blow up result, we employ the iteration argument
originally introduced by John [13]. Our frame in the argument is obtained
by the following lemma.

Lemma 2.8.3 Let u be a C°-solution of (2.8.2). Assume (3.1.3). Then u
in Yo ={(r,t): 2k <t—r <r} satisfies

CoAn=3/2(f _ p)n-1)/2

u(r,t) > GnT)/2 X

« // (= r =T+ Nt —7 = D2\ 1PN+ (2.85)
}agf(t__r)wn—swe—«n—lm/2

F(Bn-7)/2

P,
where C' is the one in (2.5.17),

CCP(ky — ko)

by = (n — 1)20-Dp/2-En-11)/2

and
R(rit)={(\,7): t=r < A7+ A<t+r2k<7—-A<t—r}.
Proof. By virtue of Huygens’ principle on u® and (2.5.17), we have
w>IL+1, inX,
where we set
L(rt) = Cr> / RO A O
R(rt
Lr,t) = Cr*™" . )(t — 73RNt — 7, ) Mu(\, T) [PdNdrT,
it

S(rit)y={(\7): t—r<AN74+AX<t+r—k <7-X< —ko}.
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Changing variable by (2.5.28) in I;, we have

Cr2—n
T

L(r,t) > 7 /;_r {(t—r—B)(t+r— BV ?apx

k
t+
T e - )
2(t—r)+8

x(t = (a+B)/2)° (e = B)[u(A, 7)[Pda
in 4. Noticing that

t+r—p5>2r, t—aT <r,
a—pF>2t—-r)anda—(t—r)>t—r
hold in the domain of the integral above, we have

02(n75)/2(t _ T)(nfl)/Q /t—'r
t+rr(3n_7) 72 .
X / (t+ 7 — )2 |u(\, 7)Pda
2(t—r)+8

in y. Hence, we have the first term of the right-hand side of (2.8.5).
Next, we shall show the second term of (2.8.5). Similarly to the above,
we have

L(r,t) > (t—r—B)" 2B

-n —ko
btz S [ 8- ) s
—k
X/+ {(a=(t—r)(t+r—a)}"92x
2(t—r)+p

x(t = (a+8)/2)° " (a = B)|u(A, 7)[Pda
in 5. Note that

t—i-T—BZT,t—aQﬁST—ﬁSQT,

a—(t—r)y>t—r+p8>t—r—kandt—r—p3>t—r

hold in the domain of the integral above. By making use of (2.8.4), we have

CCg(t — r)("_3)/2(t —r— k)("_3)/2 —ko
p
Ly(r,t) = on—1—(n—1)p/2y(3n—7)/2 € /k dfx
—R1
t+r
X / (o — 6)1_(”_1)1”/2(15 +r— a)(”_?’)/2da
2(t—r)+8

dpx

cCr(t — r)(n=2)=(n=1)p/2 —ko
p
= Sn-D)p/2—(3n—9)/2,-Bn-7)/2° /_k1

3(t—r)
X / {3(t —r) — a}"=324q
2(t—r)+8
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in ¥y. The second term of the right-hand side of (2.8.5) follows from this
inequality. Therefore, the proof of Lemma 2.8.3 is ended. O

[The 2nd Step] Comparison argument.
Let us consider a solution w of

C2(n=5)/2(¢ _ p)\(n=1)/2  pt=r -
== ?"(3(n7)/2) / (t—r—pB)"dp

t+r 2k

X/ (t+T— )(n 3/2’“)( )‘pda (286)
2(t—r)+8

Ey(t — r)Bn=5)/2=(n=1)p/2
+ eP.
2y (3n—7)/2

Then we have the following comparison lemma.

Lemma 2.8.4 Let u be a solution of (2.8.2) and w be a solution of (2.8.6).
Then, u and w satisfy
u>w N g.

Proof. Fix a point (rq,ty) € Xp. Define
A(r,t) ={(\,7) € D(r,t): 2k <7 —X<)\},
where we set
Drt)={(\7): t—r<74+A<t+r—k<7—-A<t—r}

which is the domain of the integral in (2.5.17). Let us consider u and v
in A(ro,tp). Note that u > w on 7 — A\ = 2k and at (2k,4k) which is an
edge of 3. By compactness of the closure of A(rg,ty), we have u > w in a
neighborhood of 7 — A = 2k and A\ > 2k.

Assume that there exist a point (rq,¢;) with w(ry,t;) = w(t; —r1), which
is nearest to (2k,4k) in such a neighborhood. Since v > w in R(ry,t1), we
have

C2=3)/2(¢, — p,)(n=1)/2
<(3n17>/21) / / (t1— 1y — 7+ )2
"1 R(r1,t1)

Ey(t, —r )(3n—5)/2—(n—1)p/2

X(t1+r—71— )\) n=3) /QW(}‘ T)[PdNdT + Bn=7)/ ef

CQn 3/2t nl
> ((3:7 // tl—r1—7+/\)”3
7”1t1

Ey(ty — ry)Bn=5)/2=(n=1p/2
27,1(37177)/2

cP

x(ty + 11 — 7 — N2 w(r — \)|PdAdT +

)
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In view of (2.8.5) and (2.8.6), this inequality implies that v > w at (ry,;),
which is a contradiction to the definition of (r1,t1). Therefore, we have u > w
in A(rg, o). (ro,10) stands for any point in X, so that A(rg,tg) covers all of
>0. The proof is completed. O

We note that Lemma 2.8.4 implies that the lifespan of w is greater than
the one of u, so that it is sufficient to look for the lifespan of w in ¥y. By
definition of w in (2.8.6), we have

3—n 13
we) > & / (€ - B)2|w(B) PdB

2n71 ok
* (n—3)/2 Ev gn-1)/2p
X (35 — a) dOé —+ Wf &
2648

in [y, where we set

r

$=3

, To={t—r=¢&r >4k},

Hence we obtain that

wie)> 08" /5 Byg 10/
2

= m (= 5)n_2|w(ﬁ)|pd5 + ng

k

for &€ > 2k. Then, it follows from the setting
W(€) = 0D u(¢)

that

$ (=B W (B)|Pdp

5(n—1)p/2+pq

W(f) > anq(n5)/2/

2k

+ Eqe? for € > 2k, (2.8.7)

where we set
C E;

Dn = 27=3(n — 1)’ B = o@an:

Therefore we obtain the iteration frame in this section,

n—2 P
W(¢) > D, /E (ﬂ) |W(£>| df + Exe?  for £ > 2k. (2.8.8)
o\ € B

[The 3rd step] Slicing method in the iteration.
Let us define a blow-up domain as follows. Let us set

1 1
Dy={6> Lk} i=2+5++5 (EN).
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We shall use the fact that a sequence {l;} is monotonously increasing and
bounded, 2 < [; < 3, so that I';;; CI';. Assume an estimate of the form

W(¢) > C; (log %)% in T'; (2.8.9)
J

where a; > 0 and C; > 0. Putting (2.8.9) into (2.8.8) and recalling that
pq = 1, we get an estimate in I';;; such as

13 . n—2 pajd
oz o[ () (eeip) F

I
Noting that l—]S > I;k in T'j41, we have
Jj+1

L€ lj1 L
oz o [ () ICH
- §/ZJ+1 pa
nafl- ) [ ey
l]+1 Jijh
() ()
B pa; + 1 Liv1 ]+1k

By monotonicity of {/;} and

T el N R
liv1 L1 2y T 3. 20

we finally obtain

pa;+1
W(g) > Cj+1 <10g ) in FjJr]_’ (2810)

litik
where we set
Dan
3n—2. 2(j+1)(n72) (paj n 1).
Now, we are in a position to define sequences in the iteration. In view of

(2.8.8), the first estimate is W (&) > EyeP, so that, with the help of (2.8.9)
and (2.8.10), a sequence {a;} should be defined by

Ci1 =

ap = 0, Qi1 = Paj +1 (j S N)
Also a sequence {C};} should be defined by

D,C?

— p . =
Cy = Eye?, Cjia 3n—2. 2(j+1)(n-2) (paj +1)

(J €N).
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One can easily check that

pod
;= N
which gives us
1 p—1
>
pa; +1 = pJ
Thus one can find that
P
) _J (4
CJ+1 Z E<2n72p>] (] S N)7
where F is a positive constant defined by

Hence we inductively obtain, for j > 2, that

~ 2 pFlog B — (j — 1 — k)pF log(2n~2
logC; > p/~* {10%01+Zp °8 U e Jp”108(2"7p) .
k=0

The sum part of above inequality converges as j — oo by d’Alembert’s
criterion. It follows from this fact that there exist a constant S independent
of j such that

C; > exp{p’ '(logC; + S)} for j > 2.

Combining all the estimates above and making use of the monotonicity of
I';, we have the final inequality

. ¢ P ~'=1)/(p-1)
WO 2 explp (o8 s + ) (1og 5 )

| £\ /oD
— el 1) (1oe 1)

in I's = {¢€ > 3k}, where we set

¢ 1/(p—1)
I(¢) =log <€SE2€p (1og B_k) ) :

If there exist a point & € I'xc C I'; (j > 1) such that I(&) > 0, we get
W (&) — oo as j — oo. Note that I(&) > 0 is equivalent to

o > 3kexp{(eSEy)~ P~V P=DY,
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It is trivial that there exists a positive constant g = €q(g,n, p, k) such that
exp{(e5Fy) Ve P=U1 > 1 for 0 < e < .

Since there exists (g, tg) € ¥ such that tg — 9 = & > 3k, we obtain the
desired conclusion;

T > 3k eXp{(eSE2)_(P—1)5—p(p—1)}‘

Therefore the proof of the critical case is now completed with a minor mod-
ification on &¢. O

2.9 Upper bound of the lifespan for the sub-
critical case in odd dimensions
By a similar argument to the previous section, we prove the blow-up result

for (2.3.9) in the subcritical case in odd space dimensions. Note that we do
not have to make use of the slicing method.

Proposition 2.9.1 Suppose that the assumptions of Theorem 2.3.2 are ful-
filled. Let u be a C°-solution of (2.5.9) in R™ x [0, T]. Then, there exists a
positive constant g = €o(g,n, p, k) such that T cannot be taken as

T > ce= 2P~V 451 < < py(n) (2.9.1)
for 0 < e < &gy, where ¢ is a positive constant independent of ¢.

Proof. Because of the fact that —(n — 1)p/2 — pg < 0 for n > 5, (2.8.7)
yields

3
W(€) > D& (=2 /2 (e~ BY"2W (B)Pdf + Eae?  for € > 2k. (2.9.2)

This is our iteration frame in this case.
Assume an estimate of the form

(€ — 2k)"
3
where a;,b; > 0 and C; > 0. Then, putting (2.9.3) into (2.9.2), we get

W) > ¢ in Ty, (2.9.3)

W©e) > —2G (e gyp2s— 2ppmids .
£m=2)+patpd; |,

k
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Applying the integration by parts to S-integral (n — 2) times, we obtain that

n—2 n—3 L )pait+l
222 [ (- sy -amias
(n—2)(n—23) n—4/45 pa;+2
> : /%(5—6) (6 — 2k +2dp

(pa; +2

(n—2)!

a;+n—1
~ (paj+n—1)"1t (€ — 2k)t .

Therefore we finally get

(5 _ 2k>paj+n—l
£pbj+n—2+pg

W(f) > Cj+1 in Fo, (294)

where we set

D,C%(n —2)!
(paj +mn —1)»=1
Now, we are in a position to define sequences in the iteration. In view of

(2.9.2), the first estimate is W (§) > EyeP, so that, with the help of (2.9.3)
and (2.9.4), sequences {a;} and {b;} should be defined by

Cit1 =

CL1:0, aj+1 :paj—i—n—l (]GN)

and
by :O, bj+1 :pb]—i-n—Q—I—pq (] EN)

Also a sequence {C};} should be defined by

D,C%(n —2)!

Cy = Exef, Ciq = € N).
1 26 bl ]+1 (paj _'_ n — 1)77,—1 (j )
One can readily check that
Lo i1 _pgtn—2
a; = p] —1 s Uj - - p] Z N )
= =)y = P ) (2 N)
which gives us
1 p—1

> :
paj+n—1" pi(n—1)
Hence one can find that
P

C; _
Cis1 = FW (J € N),
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where F' is a positive constant defined by

D,(n—2)/(p— 1)1

F= (n—1)n-t

Due to the induction argument again, we obtain, for j > 2, that

. =2 Klog F— (i —1 = k)n*1 n—1
log C; Zp“{logcl+zp ogF—(j = )plog(p" ) |
k=0

As before, this inequality yields that there exist a constant S independent of
J such that A
C; > exp{p’ '(logC; + S)} for j > 2.

Combining all the estimates above, we reach the the final inequality

g(qurnf?)/(p*l)

W(£) > exp{pjflf(ﬁ)} (f — 2/{:)(”_1)/(1’_1)

for £ > 2k,

where we set
I(§) =log (E2€S€p(§ _ 2k>(n—1)/(p—1)5—(1711+n—2)/(p—1)) _
Note that
n—1 pg+n—-2 1-—pq
p—1 p—1 — p—1"
If there exist a point & € {{ > 4k} C {£ > 2k} such that (&) > 0,

the desired conclusion can be established by the same argument as in the
previous section. I(&) > 0 is equivalent to

(n—1)/(1-pq) (.S —(p— P9 _—2p(p—1)/v(p,n
g > 20 0/0p0) (¢ E2)< D/(=pq) _ /7(pm)

in this case, so that the proof of the subcritical case is now completed. O

2.10 Upper bound of the lifespan for the crit-
ical case in even dimensions

In this section, we prove the blow-up theorem in the critical case in even
dimensions. The proof is based on the one in odd dimensional case. How-

ever, Huygens’ principle for u° is no longer available. Therefore the blow-up
domain to ensure the positivity of the linear part is modified.
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Proposition 2.10.1 Suppose that of the assumption of Theorem 2.5.2 are
fulfilled. Let u be a C°-solution of (2.8.9) if n > 4 and p = po(n), or u be
a classical solution of (2.3.10) if n =4 and p = py(4) in R™ x [0,T]. Then,
there exists a positive constant g = €o(g, n, p, k) such that T cannot be taken
as

T > exp (cg’p(p’l)) if p=po(n) (2.10.1)

for 0 < e < &g, where ¢ is a positive constant independent of €.

Proof. Similarly to the odd dimensional case, we may assume that the
solution of (2.3.9) is radially symmetric without loss of the generality. Let
u = u(r,t) be a C%solution of

u > eu’ + Lepena(Ju?) in  (0,00) x [0,7], (2.10.2)
where Leyen,1 is defined by (2.5.18) and u® = u°(r,t) is a solution of (2.8.3).

[The 1st step] Estimate of u°.
We shall employ the following representation of u°.

Lemma 2.10.1 (Rammaha [26]) Let n = 4,6,8--- and u® be a solution
of (2.8.3). Then, u® is represented by

2 " pdp
0 —
u(r,t) = mr(n—=2)/2 /0 /12 — p2 X
<[ A DI2G () Ty o (472 = 7)) (2rN)) dA
r—l VA2 = (r = p)?/(r +p)2 — N2

where Ty, is Tschebyscheff polynomials of degree k defined by

9

(2]{3 — 1)” dzF
See (6b) on 681p. in [26] for the proof. This lemma implies the following
estimate.

Lemma 2.10.2 (Rammaha [26]) Let n = 4,6,8,---. Assume (5.1.3).
Then there exists a positive constant C, such that, for t +ky <r <t+k;
and t > ko,

Cy

0
u (7“, t) > T(n_l)/Qa

(2.10.3)
where ko = k — k.

See Lemma 2 on 682p. in [26] for the proof.
Our frame in the iteration argument is obtained by the following lemma.
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Lemma 2.10.3 Let u be a C°-solution of (2.10.2). Assume (3.1.3). Then
win Yo = {(r,t) : 2k <t—r <r} satisfies

02<n /2(¢ — p)(n-1)/2
> X
n _ 1) (3n—5)/2

// (= r =7+ N+ 7 — 7= NI220(0\ ) Pdrdr+ (2.104)
rt

)(3n 3)/2—(n—1)p/2
r(3n—=>5)/2

e’ +eu (r, t),

where C' is the one in (2.5.18) and

Cog(kl k()) 9 3n)/2—(n—1)p/2
n(n —1)

1 =

Proof. In view of (2.5.18), we have that

C t t+r—7
Leyena(Jul?P)(r,t) > 2/(t—7)2_"d7/ AMu(A, 7)|PdAx
™= Jo [t—r—7|
t—1
y / ph(X p,7)
|

A—r| A/ (= T) = p?

in 9. Noticing that (A +7)? —p* > (A +7)* — (t — 7)? for p <t — 7, we get

C t
Lena(la)(rt) = =5 [ (6= ) mdr

y /HT T u, 7PN+ 1) — (t — 7)2}=3)/2g ) y
N (T
X /|>\ |p{p2 — (A=)} Rdp
in ¥y. Since the p-integral above is
(=) = (e
we obtain that
p C ! 2—n
Leven,l(\ul )(7"', t) > m ; (t — T) dTx
t+r—7
<[ - -y
[t—r—T7|
x{(t —7)* = (A =) 2322\ |y (X, 7)|PdA
> J+ Jo
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in Xy, where we set

r :—C — 7)™ r)? = (t —7)2 =325
0 = gy [ O =

<{(t —1)% = (A= 7)Y D2\ |u(\, 7) |PdAdr,

r :—C — ) r)? — (t —7)2 (=32
e L R CRRV 5

x{(t —71)% = (A = )2} D2\ (X, 7)|PdNdT.
Changing variables by (2.5.28) in J;, we have that

t—r
Ji(r,t) > L_/ (t—r— 6)(n72)/2(t+r _ ﬁ)(nf?’)/zdﬁx
2k

t+r
« / {a— (£ = )} D2t 4 — a)nD/2
2(t—r)+p

x{t = (a+8)/2}* (o = B)|u(A, 7)[Pda
in 5. Note that
thr—p>2n t—O‘QLﬁgr,
a—pF>220t—-r), a—(t—r)>t—r+p>t—r

hold in the domain of the integral above. Hence we get

(n—=5)/2(4 __ (n—1)/2 t—r
Ji(r,t) > ¢2 (t—7) / (t —r— )" 2/248x
2

= (n— 1)rGn=5/2 i

t+r
« / (t+ 7 — )" 22[y(A, 7)Pda
2(t—r)+B

in ¥y. Therefore, we obtain the first term of the right-hand side in (2.10.4).
Similarly to the above, Jy(r,t) is bounded from below by

—ko
o == B) I )9

4(?7/ - 1)7””72 kl
t+r
X / {a—(t— T)}(”_3)/2(t +r— a)(n—2)/2
2(t—r)+p

x{t = (a+8)/2 " (a = B)u(A, 7)|Pda
in Y. Note that
t+r—p38>r, t—#g%, a—(t—r)>t—r—=FL
andt—r—p>t—r
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hold in the domain of the integral above. Hence (2.10.3) yields that Jo(r, )
in X is estimated from below by

SPCOPQ(n—l)P/Q—n(t — 7’)(”_2)/2(15 —r— k)(n—3)/2 —ko
> T | as
(n — 1)rGn=5)/2 a
t+r
X / (a — B) VP2 (¢ 4y — @)D/ 2gq
2(t—r)+3

ePCOP¥n=(n=Up(p — p)n/2=(n=1p/2(3 _ p  |)(n=3)/2 p—ko
> g / dpsx

= (n — 1)rGn=5)/2

3(t—r)
X / {3(t = r) — a}"=2/2gq.
2(t—r)+p8

k1

The second term of the right-hand side of (2.10.4) follows from this inequality.
Therefore, the proof of Lemma 2.10.3 is ended. O

Next, we shall show the positivity of the right-hand side of (2.10.4). Under
the condition (3.1.3), (2.4.6) yields that

> —Unk,0,¢9€

T (4 2k) 02 (E — 4 2k)(-1)/2
_Cn k,0,g€

> I I,

= 7ﬂ(n—1)/2(t _ r)(n—l)/Z

eu’(r,t)

for t —r > 0. Let us define a domain

21:{(7“,15)6(0,00)2: r>t—r>—, rZKé’L},

DO 3

where we set

Y

K — (22n—(n—1)p/2—1F1—1Cn’k’()y) 1/(n—(n—1)p/2)

p—1

Taking ¢ to satisty

and setting
Fy(t — r)Bn=3)/2=(n—1)p/2

7(3n—5)/2

A(r,t) = > 0,

we obtain that, in X,

A(r,t
L)ap + eu’(r, )

F1€P<t _ T)Qn—2—(n—1)p/2r(n—l)/2 —2C, k0 967“(3n_5)/2
= 2pr2n=3 (t — 7’)(”—1)/2

> 0.
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Making use of this inequality, we obtain that

Cz(n—B)/Q (t _ T.)(n—l)/Q t—r
_r— 3)(n=2)/2
u(r, t) Z (']7, _ 1)r(3n_5)/2 Lk (t r ﬁ) d/B><
i (n—2)/2 A(r,)
X (t+7r—a) lu(A, 7)[Pda + eP
2(t—r)+8 2

in ;. Cutting the domain of the integral, we get

u(r,t) > (t —r— B)"=2/2d8x

CQ(n—S)/Q(t _ T)(n—l)/Q t—r
(n _ 1)7n(3n75)/2

t+r A t
X / (t+r — )" D2\, 7)|Pda + Mep
3(t—r) 4

Ke=L/2

in ;. Here we introduce a change of variables («a, ) to (§,n) by

£—a :a+ﬁ_§_a—ﬁz5ﬁ—a
1T T T2 T

Then, cutting the domain of the integral again, we get
02(11—1)/2 t— (n—1)/2 pt—3r/2 4 (n—2)/2
u(r,t) > (t—r) / t—r— n+¢ dnx
5(n — 1)r(n=>5)/2 KeL)2 5

t+r
x / (41— 2P\, )P + Blr, t)e?
3(t—r)

in Xy, where we set

9 T 3 Ke t
= = >t—=r>
PN {(r,t)E(O,oo) 2_t U }
and Al t
B(r,t) = —Z’ )

Therefore we obtain that, in 3,

02(371—5)/2 (t _ T)(n—l)/Z t—3r/2 3 (n—2)/2
t) > t——r— dnx
u(r, t) 5n/2(n _ 1)r(3n—5)/2 /KSL/Q < 27" 77) Ui

t+r
X / (t+ 7 — )™ D2|u(\, 7)[Pda + B(r, t)eP.

3(t—r)
(2.10.5)

[The 2nd Step] Comparison argument.
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Let us consider a solution y of

3 02(3n73)/2(t o 7a)(nfl)/Z t—3r/2 3 (n—2)/2
t—2r) = f- 30 n) dnx
y ( 27’) 51/2(n — 1)rGn—5)/2 /KE_L p ( 2" ") g
t+r
x / (t 41— )" DRy () Pda + B(r, t)e”
3(t—r)

(2.10.6)
Then we have the following comparison lemma.

Lemma 2.10.4 Let u be a solution of (2.10.2) andy be a solution of (2.10.6).
Then, u and y satisfy

u>y in .

Proof. Fix a point for any (rg,ty) € Xo. Define

Ke-L
A(T,t)Z{(/\,T)GD(r,t): 2 §T—;/\§%},

where
Drit)y={(\,7): t—r<74+A<t+r,—-k<7-A<t—r}.

Ke L

2
and at (Ke™1,2Ke™1) which is an edge point of ¥5. By compactness of the

, , 3. Ket
closure of A(rg,ty), we have u > y in a neighborhood of 7 — -\ = 5

A > Ke k.

Assume that there exist a point (ry,t;) with u(ry,t1) = y(t; — 3r1/2)
which is nearest to (Ke=%,2Ke~1) in such a neighborhood. Since u > y in
R'(r1,t1), we have

C26n=D/2(t) — py)(=1/2 3\ ("=2)/2
ty — —r -7+ X
50=2/2(py — 3"w2/7wwn<l 1 2)

x (t1+r1 — 71— A"y (A T)|pd)\dT—I—B(7‘1,t1)sp

02 (3n—7) /2<t1 (n 1)/2 // ( 3 > n—2)/2
> 1— —7’1 -7+ = X
5(n=2)/2(p, — (3n 5) /2 1)

X(t1+T1—T—>\> y<7—%)\)

where we set
Rﬁﬁﬁ=%kﬂ:3ﬁ—ﬂéf+két+n

3
Let us consider u and y in A(rg, ). Note that u > y on 7 — §>\ =

and

dA\dT + B(T’l, tl)

Ke L
5 =
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In view of (2.10.5) and (2.10.6), this inequality yield that v > y at (ry, 1),
which is a contradiction to the definition of (r1,¢1). Therefore, the proof
of Lemma 2.10.4 is now established by the same argument as the one for
Lemma 2.8.4. O

We note that Lemma 2.10.4 implies that the lifespan of y is greater than
the lifespan of u, so that it is sufficient to look for the lifespan of y in 5. By
definition y in (2.10.6), we have

03(1171)/2&2771 £
_ N m-2/2) () P
y(€) S5 (1 — 1) /K ,L/g@ n) ly(n)["dn

11¢ P g (n=1)/2
— o)n2)/2 £
X /95 (11§ — @) Aot o S s D/ Gn 92

in [';, where we set

3
5:1’ I‘lz{t—arzf,TZZKs_L} C 2.

Hence, we obtain that

(& =)D |y(n)|Pdn

Cg(nfl)/2§(4fn)/2 3

y(©) = 2Cn=T/250/2n (5 — 1) /
N P e (n=1)/2

2(3n—3)3(n—1)p/2—(3n—3)/2

Ke—L/2

for ¢ > KeL/2. Then it follows from the setting

Y () = €2y (¢)

that
3 . (n—2)/2 Y P
> €—n) 1Y (n)[Pdn »
where we set

En aFQ

- 2@n=7)/25n/2n(n, — 1) = 9(Bn-3)3(n-1)p/2-(3n-3)/2"

Therefore we obtain the iteration frame in this section,

C (TP Ket
() -

Tdn + FyeP for &€ >
n

YE©2E [

Ke=1/2

(2.10.8)

63



[The 3rd step] Slicing method with the iteration.
Let us define a blow-up domain as follows. Let us set
) 1 L.
=2 hke™) =5+ +5 (GEN).
We shall use the fact that a sequence {/,;} is monotonously increasing and

1
bounded as 5 <l; <1, so that I';;; C I';. Assume an estimate of the form

Y (&) > <log )aj inI';, (2.10.9)

le&'*L

where a; > 0 and C; > 0. Putting (2.10.9) into (2.10.8) and recalling pg = 1,
we get an estimate in I';;; such as

3 £ — (n—2)/2 L

n n n

Y > B,C? > ! 1 —.
(©) 2 £ /ZK ( ¢ ) (Og leeL) 0

I
Noting that l—jf > [;Ke " in ['j;,, we have
j+1

I (n=2)/2  pl€/li n paj dn
Y > E,CP(1- L log — —
© 2 B ( lj+1) /mg—L <Og ljk‘) U

J

= 1—— lOg 1L .
p(lj + 1 lj+1 lj+1K€_

By monotonicity of {/;} and

P e Sl ' S L
L1 lita 20415, — 271
we finally obtain
5 pa;+1
Y& > C; log ———— in['; 2.10.10
©2 (o) il (2.10.10)
where we set
E,CY
Cor =

22+ /2(pa; + 1)’

Now, we are in a position to define sequences in the iteration. In view of
(2.10.8), the first estimate is Y'(§) > FeP, so that, with the help of (2.10.9)
and (2.10.10), a sequence {a;} should be defined by

a; =0, Qjy1 :paj+1 (j S N)
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Also a sequence {C;} should be defined by

E,C"
2(n—2)(j+1)/2 (paj + 1)

Cy = e, O = (j €N).

One can easily check that

P -
;= eN
a; -1 (J )
which gives us
1 p—1
>0
paj+1 P

Thus one can find that

P
) _J (5
CJ-‘rl Z E(2(n72)/2p)‘7 (.] € N)7
where F is a positive constant defined by

b= 9(n—2)/2

Hence, we inductively obtain, for j > 2, that

. iz2 Floc B — (7 — 1 — k)pFlog(2(n—2)/2
longZp]_l{logcl—i—Zp og (j pjl)p og( ) '
k=0

This inequality yields that there exist a constant S independent of j such
that '
C; > exp{p’ t(log Cy + S)} for j > 2.

Combining all the estimates above and making use of the monotonicity of
I';, we obtain the final inequality,

¢ (P~1=1)/(p—1)
Ke-L

= exp{p () (log : )UM.

v(Ee) > exp{p“(logms»(log

Ke L

in I'y, = {¢€ > Ke™*}, where we set

¢ 1/(p—1)
I(§) =log (eSngp (log KE_L> ) .
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If there exist a point { € I'nc C I'; (j > 1) such that I(&) > 0, we get
the desired conclusion by the same argument in the end of section 7. In this
case, 1(&) > 0 is equivalent to

€0 > exp{ (e Fy) PV PP-UL =L

Therefore the proof of the critical case is now completed. O

2.11 Upper bound of the lifespan for the sub-
critical case in even dimensions

Similarly to the previous section, we prove the blow-up result of solution for
(2.3.9) in the subcritical case in even space dimensions. Note that we do not
have to make use of the slicing method.

Proposition 2.11.1 Suppose that the same assumption of Theorem 2.3.2
are fulfilled. Let u be a C°-solution of (2.3.9) R™ x [0, T]. Then there exists
a positive constant €9 = €o(g,n,p, k) such that T cannot be taken as

T > ce=2P®=D/m) 451 < 9 < py(n) (2.11.1)
for 0 < e < ey, where ¢ is a positive constant independent of e.
Proof. Because of the fact that —(n — 1)p/2 — pq < 0 for n > 4, (2.10.7)
yields

€
VO zBEO [ ety P R (011)
Ke=*%/2

for € > Ke~%/2. This is our iteration frame in this case.
Assume an estimate of the form

KgfL aj
(%)

where a;,b; > 0 and C; > 0. Then, putting (2.11.3) into (2.11.2), we get the

following estimate in I'y of the form
_ Ke B\
() (77 - ) dn.

&
@2 Bt [

Ke—L/2
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Applying the integration by parts to f-integral (n — 2)/2 times, we obtain

that

n—2 ¢ . Ke\r

u/ (& =me=972 (- dn
2(paj + 1) Ke=1L/2 2

> (n=2)(n—4) /g (& —n)n-972 (n — Kg_L)paﬁz dn

(paj + 2)22 -2 Ke=L/2 2

= (e K_>/

re3) "V
pa; 5

Therefore we finally get

KeL pa;+n/2
Cin (5 - )
Y(&) > £ T2 T in I'y, (2.11.4)

where
((n— 2)/2)!EnC§-J

n/2
i n
a/. p—
(p J 2>

Now, we are in a position to define sequences in the iteration. In view of
(2.11.2), the first estimate is Y(§) > FyeP, so that, with the help of (2.11.3)
and (2.11.4), sequences {a;} and {b;} should be defined by

Cyi1 =

n .
a; =0, aj+1:paj+§ (j €N)

and 5
n— .
bi =0, b1 =pbj +pg+ —— (G EN).
Also a sequence {C}} should be defined by

((n —2)/2)!E,C?

n/2
L
<p J 2)

_pg+(n=2)/2
p—1

C) = Fe?, Cj = (J €N).
One can readily check that

n

2(p—1)

= =1), b (-1 (eN),

CLJ':
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which gives us
paj+n/2 ~  pin

Hence one can find that
P

& ,
Cj1 2 F}m (J €N),

where F' is a positive constant defined by

Eu((n = 2)/2)42(p — D}"?

= nn/2

Due to the induction argument again, we obtain, for j > 2, that

. I72 koo F — i~ 1—k)F1 n/2
logC; > p/~! {log Ci+ Z b 08 G = )p” log(p"/*) ‘
k=0

This inequality yields that there exist a constant S independent of j such
that '
C; > exp{p’ t(log Cy + S)} for j > 2.

Combining all the estimates, we reach the final inequality

¢pa+(n=2)/2)/(p-1) Ke b

P N
(- 55)
where we set

LN w/20-1)
1(€) = log ( FyeSer (g _ Ke > 5—(pq+<n—2)/2)/(p—1>> .

Y(§) = exp{p’ ' 1(€)}

2

Note that

n__pgt(n=2)/2 1-pq
2(p—1) p—1 p—1

If there exist a point & € {{ > Ke '} C {€ > (Ke™*)/2} such that (&) >
0, we get the desired conclusion as before. I(&y) > 0 is equivalent to

£, > 9/201-pa) (est)—(l—p)/(l—pq) c—2p(p=1)/7(p,n).

Therefore the proof of the subcritical case is completed. O
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Chapter 3

The lifespan of classical
solutions to one dimensional
wave equations with weighted
nonlinear terms

In this chapter, we introduce the result of Wakasa [34].

3.1 Introduction

In this chapter, we are concerned with the estimates of the lifespan of classical
solutions to the following Cauchy problem:

z,t) € R x [0,00),

utt_u:m::H<$7u(x7t )7 ( ) (31 1)
w(,0) = ef(z), w(r,0) =eg(x), zeR, o
where u = wu(x,t) is a scalar unknown function of space-time variables,

(f,9) € C*(R) x C*(R) and € > 0 is a “small” parameter. The nonlin-
ear term, H is given by

Fu(z, )

H(I,U) = (1 +x2)(1+a)/2’

(3.1.2)

where a > —1, and F(u) = |ul? or |u[P"'u with p > 1. Let us define the
lifespan T, of C%-solution (classical solution) of (3.1.1) by

T.=T.(f,g9) :=sup{T € [0,00) : There exists a unique solution
u € C*(R x [0,T]) of (3.1.1)}

69



with arbitrarily fixed (f, g).
Let us recall known results for the case a = —1 in general spatial dimen-
sions from the section 2.2 in Chapter 2:

wy — Au = |ul’ in R"x[0,00),
u(z,0) =ef(x), u(z,0) =eg(z), forazeR",

where n > 1. When n > 2, let po(n) is a positive root of (2.2.2). Then,
T. = oo holds for “small” € with compact support if p > pg(n), and T, < oo
holds for “positive” (f,g) if 1 <p < po(n).

On the other hand, when n = 1, and (f,¢) has a compact support and
satisfies some positivity assumption, Kato [17] showed that T. < oo for any
p > 1. The difference between the cases n > 2 and n = 1 comes from
the fact that the solutions to the homogeneous wave equations has a decay
estimate, |u(z,t)| < (t +1)~(»=V/2_ Especially, the solution does not have
decay property when n = 1.

The result due to [17] motivates one to introduce a weight function (1 +
2%)~(17@)/2 in the nonlinearity for getting a global solution. Actually, Suzuki
[31] showed that 7. = co with F(u) = [u[P~'u for p > (1++/5)/2 and pa > 1
if f and g are odd functions and ¢ is small enough, and Kubo & Osaka &
Yazici [20] have obtained the same conclusion for any p > 1 satisfying pa > 1.
On the other hand, they showed that 7. < oo for F(u) = |u? with p > 1
and a > —1if (f, g) satisfies f =0, g(z) > 0 for x € R, and f;/2g(y)dy >0
with some 0 < § < 1. Also, they obtained an upper bound of the lifespan,
T. < Ce P, where C' is a positive constant independent of . However, this
estimate is not sharp at least in the case of @ = —1 by Zhou’s result (2.2.4).

Our purpose is to extend Zhou’s result to the case where a > —1. To
obtain a blow-up result, we require the following assumptions on the data:

Let f =0 and g € C'(R) does not vanish identically.

! (3.1.3)
Assume g(z) > 0 for all z € R and g(y)dy > 0.

—1
Then, we have the following blow-up theorem.

Theorem 3.1.1 Let a > —1 and F(u) = |ulP~'u or |ulP with p > 1.
Assume (3.1.3). Then, there exist positive constants €9 = €o(g,a,p) and
C =C(g,a,p) such that

Ce==D/(=a) 4 _1<a<0,

T. < ¢~ Y (Ce= V) ifa=0, (3.1.4)
Ce=(=1) if a > 0,
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holds for any e with 0 < € < gy, where ¢ = ¢(s) is a function defined by
o(s) = slog(2+s) for s > 0.

The proof of this theorem done by an iteration argument concerning point-
wise estimates. Such kind of framework was introduced by John [13] in
three space dimensions. The first step of the iteration argument comes from
the linear estimate of the solution to the homogeneous wave equation from
below. Kubo & Osaka & Yazici [20] obtained such an estimate only in a
strip domain, {0 < x —t < 6/2}, where 0 < § < 1 is a constant. On the
other hand, we are able to show a similar estimate in unbounded domain,
{t —x > 1}. This improvement enable us to establish sharp upper bound of
T.. See Lemma 3.3.2 and Remark 3.3.1 for details.

To show the optimality of the upper bounds in Theorem 3.1.1, we require
the following assumptions on (f, g)

f€C?*R) and g € C'(R) satisty || f|| e(r) < o0
(3.1.5)

and [[g||z1w) < 0.
Then, we have the following theorem.

Theorem 3.1.2 Leta > —1 and F(u) = |ulP~ u or [ulP with p > 1. Assume
(3.1.5). Then, there exists a positive constant ¢ = c(f, g,a,p) such that

ce~P=D/(=a) 4f 1 <a <0,
T.><{ ¢ Heem® V) dfa=0, (3.1.6)
ce~P=1) if a >0,

holds for e > 0, where ¢ is the function in Theorem 3.1.1.

Remark 3.1.1 One can easily generalize the assumption on F' in Theorem
3.1.2 as follows:

F € CY(R) satisfies F(0) = F'(0) = 0 and

/()| < pAlsiP for s € R, where p> 1 and A > 0. (3.1.7)

This chapter is organized as follows. In the next section, we prepare some
notations. The upper bounds of the lifespan and lower bounds of the lifespan
are obtained in Section 3.2 and Section 3.3, respectively.

3.2 Notations

In this section, we give some notations and definitions.
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We define

T+t

e t) =40+ fa -0} 45 [ oy (321)

—t

1
= - // V(y, s)dyds (3.2.2)
2 D(z,t)

for Ve C(R x [0,00)), where
D(z,t) ={(y,s) e Rx[0,00): 0<s<tx—t+s<y<az+t—s}

and

For (f,g) € C*(R) x C'(R), if u € C(R x [0,00)) is a solution of
u(z,t) = eu’(z,t) + L(H(-,uw))(z,t), (x,t) € R x[0,00), (3.2.3)

then u € C*(R x [0,00)) is the solution to the initial value problem (3.1.1).
For T' > 0, we define the following domains:

Iy ={(z,t) € [0,00) x [0, T] : t —2x > 1},
Iy ={(z,t) € [0,00) x [0, T] : x>t —2x > 1}, (3.2.4)
Y = {(a,t) €10,00) x [0, T]: t — x> I},
where
ll :3

j—1

1 2.

lj:ll+22—<'f—1>:l1+2< 2j_1) for j > 2. (3:25)
k=1

3.3 Upper bound of the lifespan

In this section, we prove Theorem 3.1.1. It is sufficient to show that the
solution to the integral equation,

)|Pdyd
w(z,t) = eud(a // |§‘+y’y hfg;, (z,1) € R x [0,00), (3.3.1)
xt

blows up in finite time. Because, if u € C'(R % [0, 00)) is a solution of (3.3.1),
then u satisfies u(z,t) > 0 for (z,t) € R x [0,00) by the assumptions in
(3.1.3). Therefore, this u must solve the equation (3.2.3) with F'(u) = |u|’"'u
by the uniqueness of solutions to (3.1.1).

Before proving Theorem 3.1.1, we prepare the following lemmas:

72



Lemma 3.3.1 Letp > 1, a > —1 and let us define a sequence
{ w —-eXp{zﬂr7 Hlog(Can By 7 B )) = 1og BP0} (12 2), (3.5

a,l = Cpk E
where
(p=1)2/(2°7°p?), if —1<a<0,
Epa=19 (p—1?%/(2p%), ifa=0, (3.3.3)
(p—1)/(2"%p). ifa>0,
2 .
_ p-, Zf —1 S a S O,
Fya = { % ifa>0, (3.3.4)
2=t 4if —1<a<0,
ke =< 271, if a =0, (3.3.5)
27+ ifa >0,
and
Jj—1 i
Sj=2_5 3.3.6
=2y (3:3.6)
Then, we have the following relation:
CP E
CaJJrl = ay]j - (j € N) (337)
p,a

Proof. First, we shall show (3.3.7) for j = 1. One can easily get

cC? E,,
log (% = plog(C’aJFpTal/p) +1log B,
p,a

= plog(Cor FyadPERLP™) — log B = log C,s.
Hence (3.3.7) holds for j = 1. Next, we shall show (3.3.7) for j > 2. Note
that (3.3.7) is equivalent to
logCy 1 = plog Cy; — jlog F, o + log B, ,.

By (3.3.2) and the expression of S; in (3.3.6), the right-hand side of this
identity is equal to

p{log(CarFpa” Byl ™)} — plogEé,/a(p*l)' —jlog Fpa +log By,

= P {log(Cur Fys " EY ™)} + p log il — jlog Fy — log Ep®™"

= P {log(Can Py Bypa” ")} — log By ™.
Hence, we obtain (3.3.7) by (3.3.2) with j replaced by j 4 1. This completes
the proof. O

Next, we derive a lower bound of the solution to (3.3.1) which is a starting
point of our iteration argument.
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Lemma 3.3.2 Suppose that the assumptions in Theorem 3.1.1 are fulfilled.
Let uw € C(R x [0,T)) be the solution of (3.8.1). Then, u satisfies

u(z,t) >eco for (x,t) €Iy, (3.3.8)

1

where ¢y = 5/ g(y)dy > 0 and I'y(= {(z,t) € [0,00) x [0,T] : t —x > 1})
1

is the one in (3.2.4).

Proof. By (3.1.3) and (3.2.1), we get

T+t
eu’(z,t) = %/ g(y)dy > ecy for (x,t) € Ty.
T—t

Making use of the positivity of the second term of right-hand side in (3.3.1),
we have (3.3.8). This completes the proof. O

Remark 3.3.1 In three space dimensions, the following estimate which is
necessary to get the first step of the iteration argument was obtained by John
[13] in a strip domain: For (x,t) € S, we have

u'(z,t) > Crt,

where v = |z|, C is a positive constant and S = {(r,t) € (0,00) x [0,00) :
d <t—r <0}, with some d',§ (6" >0 >0).

On the contrary, our estimate holds in some domain without any restric-
tion of upper bound for t — x. This is the key point to obtain sharp upper
bound of T.

Our iteration argument will be done by using the following estimates.

Proposition 3.3.1 Suppose that the assumptions in Theorem 3.1.1 are ful-
filled. Let j € N and let w € C(R x [0,T]) be the solution of (3.3.1). Then,

u satisfies

u(w,t) > Coi{(t —2) @Vt -z —1)%}% if —1<a<0, (3.3.9)
for (x,t) € Ty,
u(z,t) > Coi{(t —x— 1) log(1+2)}% ifa =0, (3.3.10)
for (x,t) € I'1, and

u(z,t) > Cui(t —x—1;)% ifa>0, (3.3.11)
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for (z,t) € ¥;, where I'y, I's and X, are defined in (3.2.4). Here C,; is the
1
one in (8.8.2) with ¢y = 5/ g(y)dy > 0 and a; is defined by
-1

Proof. We shall show (3.3.9), (3.3.10) and (3.3.11) by induction. Noticing
that u®(x,t) > 0 for (z,t) € R x [0,00) and (1 +¢?)"/2 < 1+ |y|, we get

// Ny s i R x [0, 00). (3.3.13)
xt

1+ww+

(i) Estimate in the case of —1 < a < 0.
Let (z,t) € I'y. Define

Ti(z,t) :={(y,s) € D(x,t): 1 <s—y<t—z<ys+y<t+ax}
Changing the variables in the integral of (3.3.13) by
a=s+y, f=s—1y, (3.3.14)

(Jacobian, d(s,y)/d(«, B) is 1/2.) and replacing the domain of integration
by Ti(z,t), we get

1 [ e u(y, s)|? :
Y d 33
“L”Z4A‘ Béwmw{y+m—ﬁynH“a il (3315)

Making use of (3.3.8) and T(z,t) C I'y for (z,t) € I'y, we have

Osp do n
CUES S AN s Lt =By

Note that x >t — x is equivalent to t + x > 3(t — x), we get

P d
u(z,t) > Jf; dﬁm/ﬁ R
o(t—x)+p 11+ (o — ) /2}
It follows from
— 3(t — 1
1+a26§1 ( ? <2(t - x) (3.3.16)
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fora <3(t—x), §>1and t —x > 1 that

cheP e L =z —1)?
want) > gt [ e = s =
)

Therefore, (3.3.9) holds for j = 1.
Assume that (3.3.9) holds. Noticing that T3 (x,t) C I's for (z,t) € 'y and
putting (3.3.9) into (3.3.15), we have

C’s ) t—zx — 1)2pa; t+x dov .
u(zx,t) > 473/ (6;;((1—+3md6/ e in Lo
1 prlethe 2t-a)+p {1+ (o = §)/2}

It follows from (3.3.16) that

CP . t—x (6 _ 1)2paj 3(t—=)
a’]
(ZL‘ t) - 2a+3(t _ l;)a-i-l / Bp(a-I—l)aj dﬁ /2( de.

t—x)+p

in FQ.

Noticing that § <t — x, we have

cr. e
a,j 2pa
cr. e 2
— aJ - P
 2043(¢t — g)(atD)(pay+1) /1 (B =17 5)d6

in I'y. Making use of integration by parts to the integral above, we have
1

t—x
“gm1), (-0
1
(t]— r — 1)2Pa;+1) (t —x — 1)%pa+1)

/1 _x(ﬁ —)™9(t -z — p)dp

>

- 2(2pa; +1)(pa; +1) =  2%(pa; + 1)?
Hence we get
CP ( RV 1)2(paj+1) .
u(z,t) > 27 (pa; 1+ 1) (t By CEV YRSy in I'y.
Recalling the definition of a;, we have
it
CLj+1 = pCLj + 1 S . (3317)
p—1
Making use of (3.3.7), we get
Cri(p— 1)? (t—x—1)%n (t —x — 1)2u+
u(z,t) > 2a+5p G+1) (t — z)(@etDajrr g+l (t — z)@tDai
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in I'y. Therefore, (3.3.9) holds for all j € N.

(ii) Estimate in the case of a = 0.
Let (z,t) € T';. Define

To(x,t) :={(y,s) € D(z,t): 1 <s—y<t—zxz,s+y<t+xz,y>0}

Changing the variables by (3.3.14) in the integral of (3.3.13) and replacing
the domain of integration by Ty(x,t), we get

u(z, ) —/ dﬂ/ 1J1“Ci/’_ e T (3.3.18)

By making use of (3.3.8) and Tg(a:,t) C I'y for (z,t) € I'y, we get

ch
u(z, t)>£ dﬁ/ T M0
Noticing that
b da t+x—0
—:210g(1+—) > 2log(1+ z),
/ﬁ 1+ (a—f)/2 2 ( )
for § <t — x, we obtain
coe”

t—x
u(x,t) > log(1 + x)/ df =Cp1(t —x —1)log(l+x) in I}.
1
Therefore, (3.3.10) holds for j = 1.
Assume that (3.3.10) holds. Noticing that Ty(z,t) C I'y for (z,t) € I'y
and putting (3.3.10) into (3.3.18), we have

Co; [ )P T {log (14 (o = 8)/2)}™ dov
u(m,t)ZT/l (8 — dﬁ/ T+ (@a_p)2 in I'y.

The a-integral yields

/ﬂ (Lt (o /o)™ _2_fi,, () Lha= i) } -

1+ (a—p)/2 pa; + 1 2

Then, we get

ng T pa; t+az— g\ """

ct, {log(1 + )y
> ], -
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in I'y. It follows from (3.3.17) and (3.3.7) that

Cp(p_1)2 a1
u(w,t) ZJ%EFF—{@—x—Ubg1+@}”

= Coj{(t =2z —1)log(1 + z) 2+
in I';. Therefore, (3.3.10) holds for all j € N.

(iii) Estimate in the case of a > 0.
Let (z,t) € ¥y. Define

Li(w,t) = {(3,5) € D(m,#) 1 <s—y<t—z—-20<y<1}

Changing the variables by (3.3.14) in the integral of (3.3.13) and replacing
the domain of integration by Li(z,t), we get

u(z,t) > —/ ﬂ/ {1Ju5’_)|jc/lj}l+a in 3.

By making use of (3.3.8) and Ly (z,t) C I'; for (z,t) € ¥, we have

ﬁ t—xz—2 2+ dov '
u(z,t) > 1 /1 dﬁ/ﬁ 0T (a_p)2 in ¥;.

It follows from 1 + (a — 3)/2 <2 for a < 2 + 3 that

P t—x—2
ZQH%K 48 =Cor(t—2—3) in%y

Therefore, (3.3.11) holds for j = 1.
Assume that (3.3.11) holds. Let (z,t) € ¥;11. Define

Li(x,t) = {(y,8) € D(x,t) : ; <s—y<t—x—2"0D <y <27}

for j > 1, where [; is defined in (3.2.5). Making use of (3.3.14) and replacing
the domam of integration in (3.3.13) by L;(x,t), we have

t—gp—2—0U—1) 2-G-14p P
U(Z',t) > 1/ dﬂ/ |u<y’ S)| da Tra in ZjJrl.
1y 8 {1+ (a—p)/2}

Noticing that L;(z,t) C X; for (z,t) € 3,41 and putting (3.3.11) into the
integral above, we have

Cp ' t—p—2—(—1) 2-G-14p dov
u(z,t Zﬂ/ —l-p“jdﬁf
S P e VTS
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in ;1. Note that

for o < 27071 4 3 we get

CP t—z—2-0-1
o)z oo [ (8=, d8 in Sy
l.

J

It follows from I; +27U~Y =1, (3.3.17) and (3.3.7) that

p— 1)05,3'

(
we,t) 2 S

(=2 =)V = Coyn (b — o — 1)

in ¥;;. Therefore, (3.3.11) holds for all j € N. The proof of Proposition
3.3.1 is now completed. O

End of the proof of Theorem 3.1.1. Let u € C(R x [0, T7]) be the solution
of the integral equation, (3.3.1). Setting S = lim S;, we see from (3.3.6) that
j—00

S; < S for all j € N. Therefore, (3.3.2) yields

Coy > exp{p’ {l08(Cur B, B ™)) ~ log By}

- B . ° 3.3.19
— 50 exp U log(Cur F-S B V) ). (3:3.19)

(i) The lifespan in the case of —1 < a < 0.
We take g9 = €¢(g, a,p) > 0 so small that

Bues 00070 5
where we set
B, = (ng—(a+4)+p(a—3)/(p—l)p—2SE;7/a(p—1))—(p—l)/p(l—a) > 0.
Next, for a fixed € € (0,¢0], we suppose that T satisfies
T > By~ w=D/0=a) (> 4y, (3.3.20)
Combining (3.3.19) with (3.3.9), we have

u(z,t) > B, /Y exp{p/ " {log(Car F, S Byl ~V)})
(t—ax— 1)2 (»’-1)/(p—1)
T

(t _ x)(1+a)
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in I'y. Note that t—z—1 > (t—x)/2 is equivalent to t —z > 2. Furthermore,
we have (t/2,t) € I'y for t € [4,T]. Hence we get

u(t/2,t) > (2“—3Ep,q)—1/(p—1) exp{pj—l{10g(2p(a—3)/(p—1)Caylpp—jE;/a(P*U)}}
x t(1=a)(P’=1)/(p—1)

= (za—SEpya)—l/(p—l) exp{pj‘lKl (t)}t—(l—a)/(p—l)
for t € [4,T], where we set
Ki(t) = log (gpcggf(aﬂ)+p(a73)/(p71)p725 E;/a(pq)tp(ka)/(pq))

(recall (3.3.4) and (3.3.5)).

By (3.3.20) and the definition of By, we have K;(T) > 0. Therefore we get
u(T/2,T) — oo as j — oo. Hence, (3.3.20) implies that T, < Bye~(P~D/(1-)
for 0 < e < ey.

(ii) The lifespan in the case of a = 0.
We take €1 = €1(g,p) > 0 so small that

(b*l(Bgaf(p*l)) >4,
where ¢ is the one in Theorem 3.1.1 and
By, — (082—1—312/(:0—1)p—2SE;7/0(p—1))—(p—l)/p <> 0.
Next, for a fixed ¢ € (0,¢;], we suppose that T satisfies
T > ¢~ H(Boe™®P7V) (> 4). (3.3.21)
Combining the estimates (3.3.19) and (3.3.10), we have

u(t/2,t) > (2_2Ep70)—1/§P—1) eXp{pj—l{1Og<€p682—1—QP/(P—l)p—ZSE;KO(p*U)}}
x {tlog(1 +t/2)}®~1/(p=1)

for 4 <t < T. Noticing that

log(2 +t)

t
log (1—1—5) =log(2+1t) —log2 > for t > 2,

we get
u(t/?, t) > (2_3Ep70)—1/(p—1) eXp{pj—lKQ(t)}¢(t)—1/(p—1)
for 4 <t < T, where we set

) g (2 S ).
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Analogously to the case of —1 < a < 0, we have K5(T) > 0 by (3.3.21)
and the definition of Bs. Therefore we get u(7/2,T) — oo as j — oo. Hence,
(3.3.21) implies that T, < ¢! (Boe= V) for 0 < e < ;.

(iii) The lifespan in the case of a > 0.
We take 9 = &5(g,a,p) > 0 so small that

Bye, "7V > 20,

where we set

B; = (ng—(a+2)—2p/(p—1)(Qp)—SE;/(l(p—l))—(p—l)/p > 0.
Next, for a fixed € € (0,e2], we suppose that T satisfies

T > Bse~ =1 (> 20). (3.3.22)

Combining the estimates (3.3.19) with (3.3.11), we have

u(t/2,8) > (272B, ) V0D explpi Ky () Y0
for 20 <t < T, where we set

Ks3(t) = log (5pc€2_(“+2)_2p/(p_1)(Qp)_SE;/;p_l)tp/(p_l)) )

Since K3(T') > 0, by (3.3.22) and the definition of Bz, we get w(7/2,T) —
oo as j — oo. Hence, (3.3.22) implies that 7. < Bse=®~Y for 0 < ¢ < &».
Therefore, the proof of Theorem 3.1.1 is now completed. O

3.4 Lower bound of the lifespan

In this section, we prove Theorem 3.1.2. First of all, we introduce a Banach
space
X = {u € C(R X [O,T]) : HUHLOO(RX[O,T]) < OO}, (341)

which is equipped with a norm

|ullpemupry = sup  |u(w,t)]. (3.4.2)

(x,t)€RX[0,T]
We shall construct a solution of the integral equation (3.2.3) in X under suit-
able assumption on 7" such as (3.4.7) below. Define a sequence of functions

{un}neN by
Uy = U + L(H (-, up_1)), = eu®, (3.4.3)
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where L, H and u° are given by (3.2.2), (3.1.2) and (3.2.1), respectively.
Since ||u0HL°°(R><[O,TD S Mé, where M = ||f||L°°(R) + ||gHL1(R) by (321), we
have ug € X.

The following a priori estimate plays a key role in the proof of Theorem
3.1.2.

Lemma 3.4.1 Let V € X, a > —1, and let D = D(7) is a function defined
by
1+7)7 if —1<a<0,
D(1) =<} o(7) ifa=0, (3.4.4)
1+7 if a >0,

for >0, where ¢ is the one in Theorem 3.1.1. Then, there exists a positive

constant C, such that
HL( 4 > <. D)V (3.4.5)

’ S G Lo (Rx[0,T])- 4.
(1 + ’ ’ ‘2)(1+ /2 L>(Rx[0,T7) :

Proof. Noticing that (1 + y?) > (1 + |y|)?/2, the left-hand side in (3.4.5) is

dominated by
dyds
CallV || rcior) // e
CBt)

where we set (y) = 1+ |y|. Thus, it is enough to show the inequality,
I(z,t) < C,D(T) for (z,t) € R x [0,T], (3.4.6)

dyd
xt // ysa
xt

We may assume x > 0. Because I(x t) is an even function with respect
to x. When t > x > 0, we divide the integral domain D(x,t) into two parts
Dj(z,t) (j =1,2), where

where we set

Di(z,t) ={(y,s) e Rx[0,00): 0<s<t—z,x—t+s<y<t—x—s}
Dy(z,t) = {(y,s) €[0,00)>: 0 < s <t v —t+s| <y<z+t—s}

1 .
o= [ s (=12,
i\

so that I(z,t) = I1(z,t) + Io(x,t). We shall estimate ;. Since (y) is an even
function, we obtain

1z, t) =2 / ds/ 1+y1+‘1 fort > x> 0.
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Then, the y-integral is dominated by

—a'(1+t—2)" ifa<0,
log(1+1t—x) ifa=0,
a~t it a > 0.

Hence, we get
L(z,t) <C,D({t—2)<C,D(T) for0<axz<t<T.

Next, we shall estimate I,. It follows that

t t—x—s dy t t+x—s dy
Ix,t:/ds/ —g/ds/ -
2(2 1) 0 ot4s (L+y)tte 0 0 (1+y)tre

for t > x > 0, and that the y-integral is dominated by

—a ' (1+t+2)™ ifa<0,
log(1+t+x) if a =0,
a™t if a > 0.

Noticing that
log(1+2t) <log2+log(2+1t) <2log(2+t) fort>0,

we get
L(z,t) <CoD(t+2) <C,D(T) for0<az<t<T.

When z > t, we have

I t dS :E+t—sd t dS CDT
< [ —2 <o | —F <D
(= >—/o <1+s>1+a/“+s y< / sy = Gl

Therefore, the proof of Lemma 3.4.1 is ended.

Now, we move on to the proof of Theorem 3.1.2. First of all, we take

T > 0 such that
2 C, D(T)MPeP™t < 1,

where C, is the one in Lemma 3.4.1. We shall show

|| oo R0, < 2Me  (n € N),

by induction. Assume that ||t,—1||z@mxjo,r)) < 2Me (n > 2). It follows from

(3.4.3) and Lemma 3.4.1 that

| oo o)y < [0l 2o exiory) + 1LCH (-5 1)) || o (rxfo,7))
< Me + CoD(T)|[tn—1 |7 e mxpo.17):
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The assumption of the induction yields that
|tn | oo rxo,r)) < Me + Co(2Me)PD(T).

This inequality shows (3.4.8), provided (3.4.7) holds.
Next we shall estimate the differences of {u, },en. Since

i~

n(y7s)
H(y,u) — H(yun1)| < |—L / nlPdn
(1+y2)0F0/2 |

ﬂfl(yvs)

e P )P
|Un( 78) - unfl(y7 5)’

<

[\D

(
X
for (y,s) € R x [0,00), we see from Lemma 3.4.1 that

Hun+1 UnHLoo R><[0 T]) )
< pCoD(T)([[unll; Loo ®xjo,) T ”unfluioo(Rx[o,T]))Hun - unleL‘x’(RX[O,T])-

Making use of (3.4.8), we have

1
[ tng1 = Un| Lo mxjo,1]) < §||Un — Up—1||[Lemxo,r) forneN

provided (3.4.7) holds. Hence, we obtain

||un+1 - un||Loo(R><[o,T]) < 2inHUl - UOHLOO (Rx[0,T7) for n € N.
Therefore, {u, }nen is a Cauchy sequence in X provided (3.4.7) holds. Since
X is complete, there exists u € X such that wu, converges uniformly to u in
X. Therefore, by taking limits under the integral sign, u satisfies the integral
equation (3.2.3), so that u is the C*-solution of (3.1.1). Hence, the proof of
Theorem 3.1.2 is completed. O
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Appendix

The aim of this appendix is to derive a representation formula for the solution
to the homogeneous wave equation. The proof refers to Courant and Hilbert
[4] and Yajima [35].

From now on, we assume that n > 2 and write n = 2m, 2m + 1 (m =
1,2,3,--+). Because, the representation formula in one space dimension is
written in (3.2.1). We consider the following initial value problem for the
wave equation:

{ uy —Au =0, inR"x[0,00), (A1)

u(z,0) =0, u(x,0) =g(x), xeR"™
Then, we have the following representation formula for the solutions to (A.1).

Theorem A.1 Let g € CP(R™). Then, the solution of (A.1) is represented
as

1 o2 [ .
) = g s /O (2 = )92 Q, (w r)dr,  (A2)

where .

Qn(z,7) = . /|| g(x + rw)dS,, (A.3)

n J|w|=1
and wy, 1s the area of the unit sphere in R", i.e.
2(2m)™
271'"/2 (Qm——l)” fO’f’ n=2m+ 1,
W, = — o
n 27
I'(n/2) —(m Y forn = 2m.

Moreover, if n = 2m + 1 we have

9\ (372 ,
u(z,t) = ﬁ (%§> {t"?Qu (1)}, (A.4)

and
(n—3)/2

a k
U(l‘ﬂf):m D gyt (5) Qn(z, 1), (A.5)
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where o y—3) /21 15 a suitable constant satisfying cp—gz) /2,0 = (n — 2)I.
If n =2m, we have

1 10 (n—2)/2 -
where
Hn(l', t) — 2 g(x—F—té)ci{’ (A?)
Wit Jig<1 /1 = [¢]
and 1 (n—2)/2 o\*
u(z,t) = D Y Azt (§> Hy(z,1), (A.8)
k=0

where an_9) /24 15 a suitable constant satisfying o n—2y/20 = (n — 1)!.

Remark A.1 [t is sufficient to consider the case of u(x,0) = 0 by the fol-
lowing observation. Let u be the solution of (A.1). Set v(z,t) = Owu(x,t).
Noticing that uy(z,0) = Au(z,0) =0, v satisfies

v — Av =0, in R" x[0,00),
v(z,0) = g(z), vi(z,0)=0, z€R"

Therefore, the solution of

wy —Aw =0, in R" x[0,00),
w(x,0) = f(x), w(z,0) =g(z), ze€R”

is represented by w(x,t) = v(x,t) + u(x,t), where u is the solution of (A.1)
and v(x,t) is a solution of

Uy —Av =0, inR" x[0,00),
v(z,0) = f(z), v(z,0)=0, =z€R"

Before proving the theorem, we state the following lemma:

Lemma A.1 (F. John [12]) Let ¢ € C(R). Then we have

1

Oy - w)dS, = was / (1) 2p(plydp  (A9)

|w|=1 -1

fory e R™
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See [12] for the proof of this lemma.
Proof of (A.2). We introduce the Fourier transform for ) € S(R") by

9O = | wle)e (A.10)

Applying the Fourier transform to (A.1) with respect to the variable z, we
have

a(€,0) = 0,9,a(€,0) = §(€). (A.11)

This is the initial value problem for an ordinary differential equation with
parameter £. Thus, we get

(&, t) = Ci(§) cos [§]t + Co(&) sin [£]t,

where C;(§) and Cy(§) are constants independent of ¢. By the initial condi-
tion in (A.11), we see that Cy(&) = a(&,0) = 0 and Cy(€) = d,a(€,0)/[€] =
§(€)/|&|. Hence we get

{ dFi+ [¢a =0,

R sin |&|t .
e, 1) = g
€l
By using the inverse Fourier transform, we have
1 esin &t
o) = e [ e g(e)de (A12)
(2m)" Jrn q

Since g € S(R™), we have

/n eix-gfs‘ﬂ Sin |§|tg(€)d£

5 2m)r @
First we consider the case of n = 2m + 1. For € > 0, we define
e eSin €|t
E.(z,t) = / el 2o g (A.13)
2m)" Jre €l

Note that the integrand is an integrable function. Then, we get

u(z,t) =lim [ E.(r —y,t)g(y)dy.

e—0 Rn

Hence the proof of (A.2) reduce to the following proposition:
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Proposition A.1 Letn=2m+1 (m=1,2,3,---), and let E. is the func-
tion defined in (A.13). Then we have

lim [ E.(z—y,t)g(y)dy

e—0 n

t
REDIEE / (2 = 1) 20 Qu (v,

where Q,, is defined in (A.3).

Proof. Introducing the polor coordinates £ = pw (Jw| = 1) in the integral of

(A.13), we get

1 >
E.(x,t) = el gin(tp)p"2dp | dS,,. A15
(z,1) 2n)" /|w|=1 (/0 e sin(tp)p p) S, ( )

It follows from

' o o o n—2
sin(tp) "2 = (=1)"1)2 (a) cos(tp)

that

Ee(z,t) = % (%)H { /|w|1 ( /0 " g Cos(t,o)dp> dSw} .

Noticing that
ei(xw—i-t—i—ia)p 4 ei(mw—t—i—ia)p

2 )

PR cos(tp) =

we get
E.(x,t)

(_1)(7171)/2 ( 9 )n_2 {/ (/OO i(z-wt+ie)p i(2-w—t+ie) ) }
— . etlzw )p 4 pilrw i€)p) dSw )
2(271')” ot lw|=1 0 ( ) p

Here the p-integral is equals to

1 1
i — + — |-
(x~w+t+ze :r;-w—t+2€)
Making use of the rotational invariance (w — —w) of the surface integral, we
have

E.(z,t)
B (_1>(n71)/2 B H—Q/ . 1 . 1 1S
o 2(2m)m ot |w|:1Z r-(—w)+t+ic T -w—t+ie v

_(=H"hE o M/ c ds
o (2m)m ot wjer (T w—1)2 42
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Here we apply Lemma A.1 as ¢(s) = ¢/{(s — t)> + &} for s € R and ¢ > 0.
Then we get

1

x-wdSw:wn_/ 1 — p?)(n=3)/2 c
d)( ) 1 _1( p) (’Q?‘p—t)2+

dp.
|w|=1 g2 b

Changing the variables by s = |z|p, we have
|| g2\ (3)/2
oz - w)dS, = wn_1 / (1 - W) P.(s —t)|z| 'ds
_ x

LY / (2] = s2)"=3/2P. (5 — t)ds,

|w[=1

where we set

Then (A.16) yileds

_)mD/zy, el
Eg(x,t):< ) “’ 1/ (|22 — s2)"3/2P, (s — t)ds,

(2m)"|z|—2 |
and that
E(r—y,t)g(y)dy = | E(y,t)g(x —y)dy
R” R
(_1)(n1)/2wn—1/ (a)n_Q 2— /'y 2 _ 2\(n=3)/2
= — yl<" y|* — s%)\" P.(s —t)ds
Ceral M €3 I (il R O
xg(r —y)dy.

Noticing that

<C,. forseR, n>3,

%)2 Pa(s — 1)

where C), . is a positive constant depending on n and €, we have

n—2 ly]
(5) (|y|2-" [ =) t)ds) oo =y)

for y € R"™. We note that the right hand side of this inequality is an integrable
function on R", because of g € C§°(R™). Hence, making use of differentiation
under the integral sign, we get

< Crelg(z—y)|

_q)(n-1)/2 n-2
/ nEs<x—y,t>g<y>dy=%(%) Kia.t),  (A17)
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where we set
]
K.(z,t) = wn_l/ |y|2‘”/ (ly]> = s*) 32 P.(s — t)g(x — y)dsdy.
» —|yl

Introducing the polor coordinate y = rw, with r = |y|, |w| = 1, and using
the rotational invariance of the surface integral, we have

K.(x,t)
= wn_l/ r2n (/ (r2 — sH(n=3/2p (5 — t)/ g(r + Tw)dSwds) " tdr
0 - |w|=1

Making use of the definition of @, in (A.3), we get

K. (x,t) = wy_1wp /00 r </T (r2 — ) "=32p (s — )Qn(z, r)ds) dr.
0

-r
Noticing that

n /0 e ( / (2 — )2 (g t)|Qn(x,r)|ds) dr

-Tr

< 27! Pt ( lg(z + rw)|d5w) dr =27 gl 11wy < 00,
0 |w|=1

we can invert the order of (s, r)-integral, and hence

oo

K. (z,t) = wn_lwn/

—00

P.(s—1) (/ (r? — ) =32Q, (x, r)dr) ds.
Isl<r
It follows from

n—1) (n—3)! ny  (n—2)!
F( > = 2(n—3)/2 and T (-) = Wﬁ7

2 2

that
27'('(”_1)/2271'”/2

Wnln—1 = 7 ((n—1)/2)T (n/2)
_ an=1/29n _ @

 (n=3)1(n—-2)N72  w(n—2)I
Hence (A.17) yields

E.(x —y,t)g(y)dy



Since (—1)—1/2+(n-3)/2
/ E(z —y,t)g(y)dy

— W(n_——lz)' (%)H /_Z P.(s—t) (/5@(32 — r2)(”_3)/2rQn(x,r)dr> ds.

We set

= —1, we have

-1 B

for s € R. We note that U € C5°(R) because g € C5°(R™). Then we get

[ ne—vnswa =2 (2) [ re-owe

—00

U(s) =

- /Oo P.(s—1t) dsn_zlll(s)ds.
Noticing that P. is the Possion kernel, we get
. 1 00 dn—2 dn—2
lli% = P.(s—1t) dsn_Q\I/(s)ds = S U(t). (A.19)

From the definition, we have

d" g —1 " ? > 2 2\(n—3)/2
dtn_2\11(t> = ﬁm/ (t - T ) TQn(ZE,T’)dT

tl

— n— 1t

It follows from that (¢* — 72)("=3)/2 is a polynomial of degree n — 3, we have

n—2 o)
gw / (t* = )2 Qp (2, r)dr = 0. (A.20)
0

In fact, we obtain

n—3
g)tn_g (t* — 7‘2)("_3)/27"Qn(x, r) = CprQu(z,r)

for » > 0, with a suitable constant C,,. It follows that

< w, /1T|Qn(:ﬂ r)|dr + wy /OOT\Qn(x r)|dr

// lg(x +rw |der+/ "1/ lg(x + rw)|dS,dr
|w]=1 |w]=1

< lgllzoe @) + lgllz1@mr) < 00,

o0

rQn(z,7)dr
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because g € C§°(R™). Thus we get (A.20).
Hence for t > 0, we obtain

dn—2 1 an—2
I(t)= —
gz ) = i

By (A.18) and (A.19), we finally get

¢
/ (t2 — 7‘2)(”_3)/27’Qn($, r)dr.
0

lim [ E.(x —y,t)g(y)dy
e—0 Rn

1 n—2 t
= 0 / (t2 — TZ)(”_g)/QrQn(x, r)dr.
0

(n —2)! otn—2

This completes the proof of Proposition A.1, and we get (A.2) in the case of
n=2m+1. a

Next we consider the case of n = 2m. We use Hadamard’s method of
descent to get (A.2) in the case n = 2m from the case n = 2m + 1.

Define 7 = (z,7,41) € R"™!, where z = (zy,--- ,x,) € R". Suppose
that u is a solution of (A.1). Define u(z,t) = u(z,t) and g(z) = g(x). Then
@ is a solution of (A.1) in R™™!, where n + 1 is odd. By (A.2), we have

1 anfl

UE ) = e

t
0

Noticing that

/ (7 + r&)dss
‘&7|:1,wn+1 >0

n d 2
= / gz +rw), |1+ Z (—wn+1> dw
jwl<1 dw;

=1 !
:/ g(z + rw) o,
wi<t /1 = |w]?
we get
~ 1 o
Qnii(z,r) = / 9(T + rw)dSz
Wn+1 J|z|=1

(A.22)

2 g(x + 1)
- R
Wn+1 /|£<1 Vv1=[¢P ¢

Here we introduce the polar coordinate £ = pw (Jw| = 1) in the above integral.
Then we get

_ 2 1 pnfl
Qnii(z,r) = / dp/ g(x + rpw)dsS,,.
aEn == i [ ol )
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Changing the variables by rp = s, we have

2 T Sn—l /
net(T,r) = ds x + sw)dS,
Q +1< ) wn+1rn_1/0 m wl=1 g( )
7" n—1

2w S
~ ds.
W™ /0 Vr? — g2 QOn(@,5)ds

Substituting this into (A.21), we get

n—1 t (42 _ .2\(n—2)/2
u(z,t) = = Zon 0 / t r) rdr
T(” — Dl wnia 00771 Jy et (A.23)
————Qn(x, s)ds
\/7
It follows that

a t <t2 - 7“2)(”_2)/2 T Sn—l

a/ov 1 Tdr/o ﬂ@n(w78)d8
/ \/7 Qa2(x, )ds if n =2,

t2 _ (n—4)/ ]
(n— 2)t/0 ( rn72 dr/ \/ﬁ Qn(z,s)ds ifn>4.

Since 2wy /w3 = 1, we get (A.2) in the case of n = 2 from (A.23). From now
on, we assume n > 4. Then (A.23) yields

-2 2w, an—Q 3 2 — 2 (n—4)/2
n w / ( ) dr
0

t) =
u(z,t) (n — 1)l wyyq Ot"2
T Sn—l

X/o T ol s)ds

Inverting the order of (s, r)-integral, we get

rn—2

n—2 2w, 0" ? t
= n t 10, d
u(z,?) (n — 1) wpyq Ot"2 /0 S Qi s)ds

) /t (t2 — TQ)(THL)/Zd
T.
N o

Changing the variable by




in the above r-integral and noting that

(7,2 o 52)t2 (t? _ 7"2)82 52 52
U:m,l—gzm and 25617": 1—— d07

we see that the r-integral equals to

/1 (t? — s2)(n=D/2(1 — g)(n=D/2 <£> (12 — Sz)d
) Tn—2£m\/g 2522
_ (t2 _ 82)(71—3)/23 <17 n — 2) |
2t sn—2 2" 2
where we set
B(a, p) = /1 2271 =)%Y (o, B> 0).
0
Noticing that
n—2 2w, 1 n—2
(n = 1) wpsa (5’ 2
 n—2 21"/2 /T (n/2) [(1/2)T((n —2)/2)
(n—1)! 22002/ T((n+1)/2) T((n—1)/2)
n—2 212 ((n —1)/2)(n —1)/2 Y20 ((n —2)/2) 1

(n—1)! 27020 ((n —2)/2)(n—2)/2  T((n—1)/2)  (n—2)!

we get

Lo [, (n—3)/2
U(l’,t) = MW/O (t — S ) SQn(x,S)dS.
Therefore we obtain (A.2) in the case of n = 2m. O

Proof of (A.4). Let X be a fixed non-negative integer, and let ¢ € C*(R)).
Define

22+1 t
UA(E) = m (%) /0 (£ — 12 p(r)dr, t > 0. (A.24)

Then, we have the following lemma:

Lemma A.2 Let Uy be the function in (A.24). Then we have

00 = e (1) (00 (A.25)

forA=0,1,2,---.
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Proof. Set
T p——CA R (A.26)
M @A+ DI\t dt ’ '
which is the right hand side of (A.25). When A = 0, we have
d t
Un(t) = 5 [ or)dr = o(t) = Vate).
0

Hence (A.25) holds for A = 0.
For A > 1, (A.24) yields

Un(t) = (%}H)! %)” (w /0 t(t2—r2)’\_1gb(r)dr)
_ m oAt (%)2A /0 (12 — 2P

+(2))? (%)2“ /Ot(t2 — Tz)’\_lqb(r)dr} .

By (A.24), we have

Us(t) = {22621 — DU, () + (20)*(2A — DU (1) } -

(2A+1)!
Hence we get

1
U0 =553

On the other hand, (A.26) yields

{tU5_1(¢) + 20U (8) } - (A.27)

Wi(t) = m (%%) @A I() + ()
1 2\ 1d\M" L,
T2+ 1) 2A - (2%) (76 (®)

1 1d M 22—1 1/
o (?E) ( gb(t))}'

By (A.26), we get

A—1
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Define D = ——. If one can show
tdt

DM UPDw(t) = *DMPA D (t) (A.28)
for w € C*(R), then
1
2X\ + 1

holds, and we get Uy(t) = Vi (t) by (A.27). In what follows we show (A.28)
by induction.

Obviously (A.28) holds for A = 1. Assume that (A.28) holds for A > 1.
Noticing that

Vi(t) = {2AVaoa(t) + Vi, (1)}

Dt*w(t) = 2w(t) + t*Dw(t), (A.29)
we get

DMPH2Duw(t) = DM Dt — 2)w(t)
= {D(D'*D)t? — 2D M Jw(t).

Making use of the assumption of induction, we get

DMA2Dw(t) = {DED D)2 — 2D A w(t)
= {(Dt* — 2)D* huw(t).

By using (A.29), we get
DMPT2Dw(t) = (PD)DM*P w(t) = DM w(t).

Hence (A.28) holds for all A > 1. Therefore, the proof of Lemma A.2 is
completed. O

We turn back to the proof of (A.4). Set A = (n—3)/2 and ¢(r) = rQ,(z,7)
n (A.24). Then by (A.2), we have u(x,t) = U,(t). Making use of Lemma

A2, we get
] LN
u(z,t) = eI <ga) (t"2Qn(x,1)).

Therefore, we get (A.4).

Proof of (A.5). We first prepare the following proposition.

Proposition A.2 Let | be a fized non-negative integer, and let ¢ € C'(R).
Then there exist constants oy, > 0 such that

1d (42141 f1 @
el E t A.30
(t dt) o(t) AR gk (®). ( )
Moreover, cyo = (21 4 1)!! holds.
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Proof. Let [ = 0. Then (A.30) holds as apo = 1.
Suppose that

1d -1
21 1 B tk+1 "
<tdt> o(1) ;Oéz Lk Atk (t).

holds for I > 1. Replacing ¢(t) by t?¢(t) in the above, we get

(@(t): )(12) (2H—1¢ %diz ap_ 1ktk+l t2¢(t)

It follows that

1d o krigp2 d° o
d(t) =-— it t“"—o(t 2kt t k(k—1)o(t
I B L S CURE )
-1 -1
1d [, d" 1d [, d
=D t-iky { - %Qb(t)} + > 2ka;q G { - T o(1)
=0 k=1
- d dkfl
E(k —D)ay_yp-— ¢ th t
+ s ( )O[l 1 kt dt { dtk_l ¢( )}
-1 dk l dk
= (k‘ + 3)0(1 1 k(kﬁ + 3)tk+1 dtk gb(t) + Z Oél_lyk_ltk—ﬂﬁqb(t)
k=0 k=1
dk
+22k k+1)(k+3)ag g pat"™ — P (t)
e "
v tk-l—ltk—l—l ¢
+ ; -1k qi (1)
-3 dk
(k+3)(k+2)(k+1 ot t
+kz; +3)(k+2)(k + 1)ai_1 pso dtk (t)
-2 - dk
+ ; k’ +1 k‘&l 1 k+1t dtk (t)
= {3y_1,0+ 60411 + 6cy_12} tP(2)
-3
+ > {30k + Doy w(k +3) + apps + 3(k + 2)(k + Dy g
k=0 &
H(k +3)(k +2)(k + Doy ppa} 7 —20(t)
dl—2
+{(Bl = D112+ -3+ 31l = ey 1}~ ldtz 29(t)

-1

d d
+{8log11 + oo b (1) + gt s il (t)-

dtl 1
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Therefore, (A.30) holds for all [ > 1. Moreover, if we set ¢(t) = 1 in (A.30),

then we get
1dY
(F) = vt

Hence we have a;9 = (20 + 1)!!. This completes the proof. O
We turn back to the proof of (A.5). Setting [ = (n — 3)/2 and ¢(t) =
Qn(z,t) in (A.30), we get (A.5) by (A.4). This completes the proof. O

Proof of (A.6) and (A.8). Again, we shall apply Hadamard’s method of
descent to get (A.6) and (A.8) from (A.4) and (A.5). In view of the proof of
(A.2) in the case of n = 2m, we get

(n—2)/2
u(z,t) = 1 (1 d) (" Quia (2, 1)),

(n—1DN \ tdt
where 5 ( )
glr +r
Qn 1(3:7T) = / —d§
" Wnt1 Jigl<1 /1 — [€[?
Also, we get

1 (n—2)/2 o\~
U(ﬂfﬂf):(n_—m Z a(n72)/2,ktk+1 (a) Qnt1(z, ).

k=0

Since Qni1(x,t) = Hy(x,t), we get (A.6) and (A.8). Therefore, the proof of
Theorem A.1 is completed. a
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