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Abstract— Material gain of GeSn/SiGeSn quantum wells, which 

can be grown on Si substrate by using a buffer layer, is analyzed 
based on microscopic many-body theory (MBT) for mid-infrared 
light sources based on Si photonics. MBT can take into account a 
gain spectrum broadening associated with scattering phenomena, 
such as Coulomb scattering, based on quantum field theory, and 
does not need any artificial fitting parameters, such as a relaxation 
time, used in conventional analysis. Not only Γ- but also carrier 
distributions in L-points are considered for the gain analysis. By 
using MBT, the quantum well structures maximizing the material 
gain and the differential gain at the threshold are investigated in 
terms of the well thickness, the strain, and the energy difference of 
quantum states between Γ- and L-points. 
 

Index Terms — Mid-infrared photonics, Si photonics, GeSn 
quantum wells, and many-body theory. 
 

I. INTRODUCTION 
ID-infrared (Mid-IR) photonics using 2 to 5 µm 

wavelength region is an emerging research area and have 
attracted great attention for an environmental gas sensing and 
new wavelength optical communication system using photonic 
bandgap fiber [1]. Optical devices for mid-IR region have also 
been developed by using conventional III-V material system [2] 
and Si [3]. Especially, devices using Si-photonics technology 
have been intensively studied since Si waveguides do not suffer 
from two-photon absorption in this wavelength range and they 
can be fabricated in a CMOS environment, leading to lower cost 
of the devices. In [3], some passive components using Si 
waveguides such as arrayed waveguide grating and concave 
grating, GeSn photo-diodes, and hybridly integrated GaSb light 
sources fabricated on Si substrate were demonstrated. 

Among them, light sources are crucial components for both 
sensing and communication applications. Although the hybrid 
integration of other material light sources on Si is very 
promising, a monolithic integration of light sources is also an 
attractive candidate due to its integrability with other 
components. As a one candidate for monolithically integrated 
light sources on Si, recently, tensile-strained and n-doped Ge 
laser grown on Ge-buffer on Si substrate was reported [4]. Ge, 
inherently indirect bandgap material, is transformed to 

quasi-direct bandgap material by following ways. The band 
edge energy difference between Γ and L points are decreased by 
introducing tensile strain into Ge active layer. Also, the Ge is 
heavily n-doped (4×1019 cm-3) to fill the bandedge of L band 
with carriers. As a consequence, Ge becomes quasi-direct 
bandgap material and the lasing was realized around 1.7 µm.  

By introducing small amount of Sn into Ge, it is known that 
the bandgap (of GeSn) is drastically reduced and reaches 
mid-IR region [5]. Also, GeSn with Sn fraction exceeds about 
10%, the Γ−bandgap becomes smaller than that of L-bandgap, 
and GeSn becomes direct bandgap material without any strain 
and doping. Direct transition photoluminescence and p-doping 
were experimentally observed and realized on GeSn buffer 
layer grown on Si substrate [6]. Therefore, GeSn is a promising 
material for Si-based mid-IR light sources. 

To extract the ultimate performance of this material system 
as light sources, the optimum design of quantum wells (QWs) to 
maximize the optical gain is necessary. Also, the optimization 
of differential gain is important for high-speed applications 
since the modulation speed of the laser is directly influenced by 
the differential gain [7]. Although the preliminary studies 
investigating material gain of GeSn QWs have been reported 
[8,9], the optimization of quantum structures to maximize the 
material gain and differential gain has not been done.  

Furthermore, in these studies, so-called free-carrier theory 
(FCT) based on Fermi’s golden rule was used to obtain material 
gain of QWs. Although FCT is easy to use for obtaining optical 
properties of QWs, it needs an experimental fitting parameter 
(relaxation time) associated with optical spectrum broadening 
originating from scattering phenomena in semiconductors. 
Results obtained by FCT are greatly affected by the fitting 
parameter (shown later), and it was demonstrated that spectral 
positions and the spectral shapes obtained by FCT are not 
consistent with the experiment [10-14]. Therefore, it is difficult 
to grasp the inherent optical properties of GeSn QWs if FCT is 
used for the analysis. 

In this paper, the material gain of GeSn/SiGeSn QWs is 
investigated for mid-IR Si-photonics light sources by using 
microscopic many-body theory (MBT) [10-15]. MBT does not 
need any fitting parameters used in FCT to obtain optical 
properties of QWs and only needs basic bulk band parameters. 
It has been shown that MBT can explain experimental results 
very well both qualitatively and quantitatively without fitting 
parameters for QWs made with conventional III-V material 
system [10,11]. Here, to treat group IV material, the carrier 
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distribution in L-band is taken into account in the MBT. By 
using MBT, the QW structures maximizing the material gain 
and the differential gain are investigated in terms of well 
thickness, the strain, and the energy difference of quantum states 
between Γ− and L-bands. 

II. ANALYSIS METHODS 

A. Band structure calculation 
Figure 1 shows the layer structure considered in this paper. 
GeSn buffer layer is placed on Si substrate and GeSn/SiGeSn 
QWs are grown on the buffer layer. The barrier and separate 
confinement heterostructure (SCH) layers are assumed to be 
lattice matched to the buffer layer. The bandgap wavelength of 
the barrier and SCH layers are 2.3 and 2.2 µm. The 
compositions of barrier and SCH are Si0.1Ge0.76Sn0.14 and 
Si0.14Ge0.7Sn0.16. The basic band parameters of Ge, Si, and Sn 
are taken from [9] and [16]. Figure 2 (a) shows the bulk bandgap 
energy of GeSn as a function of Ge mole fraction for Γ and L 
points. Both bandgaps are reduced for smaller Ge mole fraction. 
At the Ge composition of 0.88, the bandgap energy of Γ and L 
points becomes the same and bulk GeSn becomes direct gap 
material for the Ge composition smaller than 0.88. Therefore, 
for the buffer layer, Ge0.88Sn0.12 is chosen in this paper. Figure 2 
(b) shows the bandgap energy of bulk GeSn on Ge0.88Sn0.12 
buffer as a function of Ge composition. The energy change due 
to strain is taken into account. For Ge composition smaller than 
0.88 (compressive strain), Γ bandgap is smaller than that of L, 
therefore, GeSn is still direct gap material even if the strain 
effect is considered.  
 The band structure of Γ-band is calculated by k•p theory 
[9,13,16] with the axial approximation. For Ge-based QWs, since the 
bandedge energy of L-band is very close to that of Γ-band, the 
carrier distribution in L-band has to be taken into account 
[8,9].We solve following effective mass equation to obtain the 
conduction band structure of L-band: 
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where φL and EL are the wavefunction and the subband energy of 
L-band, kz is the wavenumber for growth direction, k1 and k2 are 
transverse wavenumber, mlL and mtL are longitudinal and 
transverse effective masses at L-bandedge, and VL is the 
bandedge potential distribution including strain effects. We 
used the model solid theory [17] to obtain bandlineups of Γ- and 
L-bands. 
 Electron density, Ne, in the conduction band is given by  
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where kt is the transverse wavenumber for Γ-band, Lw is the well 
thickness, fe(E) is the Fermi distribution for electrons, n and m 
are the QW subband number of Γ- and L-bands. First term and 
second term of right hand side of (2) correspond to the carrier 
density in Γ- and L-bands. The hole density, Nh, in the valence 

band is assumed to be equal to the electron density and is given 
by 

( ) t
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            (3) 

where l is the QW subband number of valence band and fh(E) is 
the Fermi distribution for holes. 

B.   Material gain 
In FCT, the material gain of QWs are calculated by Fermi’s 
golden rule as  
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where e is the electron charge, ћ is Plank’s constant divided by 
2π, ε0 is the permittivity in vacuum, nB is the background 
refractive index, m0 is the electron mass in vacuum, ω is the 

 
Fig. 1.  Layer structure. 

 

 
(a) 

 
(b) 

Fig. 2.  Bulk bandgap energy of (a) GeSn and (b) GeSn on 
Ge0.88Sn0.12 buffer as a function of Ge composition. 
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angular frequency, ρ is the density of states, |M| is the 
momentum matrix element. The function L in (4) is called 
broadening function and used to “broaden” the optical spectrum 
to match the experimental spectrum. For example, Lorentz 
broadening function is given by 
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where τ is the relaxation time. The type of the function (Lorentz, 
sech, etc) and the value of the relaxation time are chosen to fit 
the experimental spectrum. Although FCT is very easy to use for 
obtaining the material gain, the calculated spectrum shape and 
the magnitude of the material gain strongly depend on the 
function type and the value of relaxation time. Furthermore, it 
has been demonstrated that even if reasonable fitting parameters 
are used, the spectral position and shape are not consistent with 
the experiment [11,13]. 

Her, we use MBT to obtain the material gain of QWs to 
exclude artificial fitting parameters to grasp inherent optical 
properties of QW both qualitatively and quantitatively. In MBT, 
by formulating the problem on the basis of second quantization, 
the so-called semiconductor Bloch equation (SBE) can be 
derived as 
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where pkt is the microscopic polarization, ħωkt is the 
renormalized transition energy, and Ωkt contains the interaction 
term between the light and the carrier. The final term in (6) is the 
scattering contribution. Brief descriptions and numerical 
treatment of SBE are summarized in Appendix. By solving (6), 
the microscopic polarization is calculated and a macroscopic 
polarization, P, is obtained by summing the microscopic polarization 
over all the states. The macroscopic polarization is related to material 
gain through Maxwell’s equations as 
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where V is the volume, µkt is the dipole matrix element, and E0 is 
the electric field of light. The theory enables us to account for 
various important physical phenomena, such as the absorption peak 
due to excitons, bandgap renormalization, and the collapse of the 
absorption peak due to Coulomb screening effects, which cannot be 
considered in FCT. 
 Since only compressive strain is treated in this paper, only TE 
mode gain is considered. Room temperature (298K) is assumed 
for all the results. 

III. OPTICAL PROPERTIES OF GESN/SIGESN QUANTUM WELLS 

A. Band structure and material gain 
Figure 3 shows the bandgap wavelength between first Γ 
conduction subband and first valence subband (C1V1 
wavelength, λC1V1) of GeSn QW as a function of the well 
thickness and the strain. The minus sign for the strain means 
compressive strain. Each curved line corresponds to the 
structure with a constant C1V1 wavelength. λC1V1 of GeSn QWs 
on Ge0.88Sn0.12 buffer is around 2500 to 3400 nm, and therefore, 

GeSn QW is suitable for mid-IR light sources. Solid lines in Fig. 
4(a) show the conduction band potential profile of GeSn QW 
with Lw = 10 nm and λC1V1 = 2900 nm of Γ- and L-bands. 
Horizontal dashed and dash-dot lines are first conduction 
subband energy levels of Γ- and L-bands. Although the well 
material is direct gap for bulk (L-bandedge is energetically 
larger than that of Γ-bandedge), for QW, the L –subband energy 
is lower than that of Γ-subband, and hence, the QW is 
“quasi-direct” transition. We define the first subband energy 
difference as 

11 LEEE −=∆ Γ                  (8) 
to discriminate “direct” and “quasi-direct” QWs. EΓ1 and EL1 are 
the first conduction subband energies of Γ- and L-bands. If ∆E 

 
Fig. 3.  C1V1 wavelength of GeSn QW as a function of the well 

thickness and the strain. 

 
(a) 

 
(b) 

Fig. 4.  (a) Conduction and (b) valence band potential profiles of GeSn QW 
with Lw = 10 nm and λC1V1 = 2900 nm. 
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is negative, the QW is truly direct gap. Figure 4 (b) shows the 
valence band (heaby- and light-hole : HH and LH) profile of the 
same QW. The horizontal dased lines are quantum state of the 
well. Figure 5 shows ∆E as a function of the well thickness and 
the strain. The line for ∆E = 0 is plotted. Right hand side of the 
line is direct transition (∆E < 0) and the left hand side is 
quasi-direct transition (∆E > 0). Figure 6 shows the conduction 
Γ- and L-band structures of GeSn QW shown in Fig. 4. Two 
band structures are plotted in the same graph for comparison. 
The effective mass of L-bandedge for [110] direction is very 
large, leading to the large density of states. Since the injected 
carriers are filled from lower energy side, carrier leakage to 
L-band is large for large ∆E. Therefore, the small value of ∆E is 
preferable to increase the material gain. Figure 7 shows the 
carrier distribution in Γ- and L-bands as a function of total 
carrier density. As expected, the most of carriers are distributed 
in L-band. 
 Figure 8(a) shows the material gain spectra of GeSn QW 
shown in Fig. 4 for Ne = 6×1018 cm-3. Dashed lines are obtained 
by using FCT. Lorentz type broadening function is used and the 
spectra are calculated for three values of the relaxation times 
(τ = 0.05, 0.1, and 0.2 ps). As shown in the figure, the 
magnitude of material gain strongly depends on the value of the 

relaxation time. The shape and the value are further changed if 
the different broadening function is used. Solid line in Fig. 8 (a) 
shows the material gain spectrum obtained by MBT. Without 
fitting parameters, smooth and unique gain spectrum is obtained. 
The spectral position is red shifted compared with those 
obtained by FCT. This is due to the bandgap wavelength 
correction originating from Coulomb scattering (bandgap 
renormalization) [13].  
 Since the band parameters of GeSn material (especially, bulk 
Sn) are not fully understood, the effective mass dependence of 
the material gain spectra are investigated due to its direct effect 
on band structures, and hence, the value of material gain. Figure 
8 (b) shows the material gain spectra of GeSn QW shown in Fig. 
4 for Ne = 6×1018 cm-3. For FCT, the relaxation time of 0.2 ps is 
used because it gives the similar material gain value compared 
with MBT (see Fig. 8(a)). The effective mass of electron (both Γ 
and L bands) and so-called Luttinger parameters [10] are 
changed by ±10% and the change is denoted as ∆m in the 
Figure. Note that, for Luttinger parameters, if ∆m = +10%, they 
are reduced 10% because the inverse of Luttinger parameters 
correspond to the effective mass of holes. From the Figure, if the 
effective mass is increased, the material gain spectra is red 
shifted and the value is reduced due to the increased density of 
states. For reduced effective mass, the inverse behavior can be 
seen. Even if the effective masses are changed ±10%, the 
difference between MBT and FCT can be seen in terms of 
spectral position. The change in the value of material gain is 
similar for both FCT and MBT. However, for FCT, the problem 
of how to choose the value of the relaxation time still remains. 

Figure 8 (c) shows the material gain spectra for various carrier 
densities obtained by MBT. For lower carrier densities (3 and 5
×1017

 cm-3), there are exciton absorption peaks in the spectra, 
which is usually not taken into account in FCT. To include 
exciton absorption, for example, some non-variational 
approaches formulated in a momentum-space have been 
proposed [18,19]. However, they still need the relaxation time 
to broaden the exciton absorption peaks and cannot be used for 
large carrier density regime (gain regime). In MBT, as shown in 

 
Fig. 5.  ∆E as a function of the well thickness and the strain. 

 

 
Fig. 6.  Conduction band structure of GeSn QW with Lw = 10 nm and 

λC1V1 = 2900 nm. 
 
 

 
Fig. 7.  Carrier density in Γ- and L-bands as a function of total carrier 

density for GeSn QW with Lw = 10 nm and λC1V1 = 2900 nm. 
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Fig. 8, by increasing the carrier densities, the exciton peaks are 
collapsed due to Coulomb screening effects and the absorption 
turns into the gain for large carrier density. One of the 
advantages of MBT is that we can treat these phenomena 
simultaneously [10].  

B.   Structural dependence of material gain 
Figure 9 shows the peak material gain of GeSn QWs as a 
function of the carrier density for various values of Lw. λC1V1 is 
2900 nm for all the structure (the strain is changed) and the 
results in this section are obtained by MBT. For large Lw, the 
transparent carrier density (at which the peak gain is zero) is 
small, however, the peak gain is small for large carrier density. 
This is due to the smaller density of states for large Lw.  
 For light source applications, the threshold carrier density, 
Nth, and the differential gain at threshold, dg/dN|th, are important 
parameters since Nth corresponds to the threshold current and 
the square root of the differential gain is proportional to the 
modulation speed. Nth is determined by 

miththc Ng αα +=Γ )(                (9) 

where αi and αm are internal and mirror losses, gth is the 
threshold gain, and Γc is the optical confinement factor of the 
waveguide. In [9], gth was estimated to be 1100 cm-1 considering 
the mirror loss of the Fabry-Perot cavity and the absorption loss 
in doped layers for Γc = 7% waveguide. Since the loss in GeSn 
material system is not known well, Nth and dg/dN|th, are 
investigated for gth between 1000 to 2000 cm-1.  
 Figure 10 (a) shows Nth as a function of Lw for gth = 1000, 
1500, and 2000 cm-1. Carrier distributions in L-band are 
neglected. Nth has its minimum around Lw = 10 nm. For large Lw, 
since the saturated peak gain and the strain for the same λC1V1 
are small (see Figs. 9 and 3), the material gain is small, leading 
to large Nth. Figure 10 (b) shows Nth as a function of Lw for gth = 
1000, 1500, and 2000 cm-1 with taking into account carrier 
distributions in L-band. Compared with Fig. 10 (a), for large Lw, 
the increase in Nth is suppressed and shows saturable behavior. 
This is because that for large Lw, ∆E is small and the QW 
becomes direct transition structure (see Fig. 5). Finally, Figure 
10 (c) shows dg/dN|th, as a function of Lw. dg/dN|th, has its 
maximum around Lw = 8 to 10 nm. Since the slope of peak gain 
curve in Fig. 9 is smaller for large Lw, the differential gain is also 

 
(a) 

 
(b) 

 
(b) 

Fig. 8.  (a) Gain spectra of GeSn QW with Lw = 10 nm and λC1V1 = 
2900 nm at the carrier density of 6×1018 cm-3. (b) Effective mass 

dependence of gain spectra of the same QW. (c) Gain spectra of the 
same QW for various carrier densities obtained by MBT. For larger 

carrier densities, gain spectra for 4 to 9×1018
 cm-3 are plotted with 1

×1018
 cm-3 interval. 

 

 
Fig. 9.  Peak material gain as a function of carrier density for various 

values of Lw. For each structure, λC1V1 is fixed to 2900 m. 
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small. From Fig. 10, the well thickness of GeSn QWs should be 
about 10 nm to reduce Nth and increase dg/dN|th simultaneously.  
 It should be noted that although only one buffer layer 
(Ge0.88Sn0.12) is considered in this paper, the same analysis can 
be done for other compositions. For larger values of Sn 
composition for buffer layer, the available wavelength is 
changed and the material gain may increase due to the direct gap 
nature of the material. 

IV. CONCLUSION 
We have investigated the material gain of group IV 
GeSn/SiGeSn QWs for Si-photonics mid-IR light sources. MBT 
was used to obtain the material gain to exclude unknown fitting 
parameters included in conventional FCT. To treat Ge-based 
material, the carrier distribution in L-band is taken into account 
in MBT. The well thickness and the well strain dependence of 
the material gain was analyzed and the QW structure for 
obtaining large material gain is specified, namely, QW with 
large strain, and small ∆E. It was shown that for the same C1V1 
wavelength, the threshold carrier density is larger for small well 
thickness and shows saturable behavior for large well thickness 
due to the effect of ∆E, which is not seen in conventional III-V 
QWs. From the calculated results, to obtain large material gain 
and differential gain simultaneously, the well thickness should 
be around 10 nm. 
 

APPENDIX. BRIEF DESCRIPTION OF MBT AND NUMERICAL 
TREATMENT OF SBE 

Here, we briefly describe MBT and the numerical treatment 
of SBE. We start with Heisenberg’s equation of motion 

[ ]OH
dt
dOi ,=                  (A1) 

where O is the operator of physical quantity of interest and H is 
the total Hamiltonian of the system. For treating many-body 
system, it is convenient to use second quantized Hamiltonian 
given by 
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where HFCT, HC and HLO. are the Hamiltonian for free-carrier kinetics 
and interaction between free-carrier and light, Coulomb interaction, 
and longitudinal-optical (LO) phonon interaction (Frohlich 
Hamiltonian). ak, bk and ak

†, bk
† are annihilation and creation operators 

for electrons and holes. εg,0, εe,k, and εh,k are the bandgap of the 
material at Γ-point, electron energy, and hole energy, respectively. q = 
k’-k. Vs,q is the screened Coulomb potential for QWs including 
form-factor contribution given by 

)(2 0

2

, qqA
fe

V
B

q
qs εεε

=               (A6) 

where εB is the background dielectric constant, A is the area, ε(q) 
is the dielectric function given by Lindhard formula, and fq is the 
form factor calculated by wavefunctions of QW. cq and cq

† are the 

 
(a) 

 
(b) 

 
(c) 

Fig. 10.  Nth as a function of Lw (a) without and (b) with the L-band 
contribution. (c) dg/dN|th as a function of Lw. 
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annihilation and creation operators of LO phonon. gq is the interaction 
matrix element given by 
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where ћωLO is the energy of LO phonon, ε∞ and εs are the 
high-frequency and static dielectric constants. Since we are 
interested in the material gain of QWs, O is replaced with the 
operator for microscopic polarization, b-kak. By evaluating the 
commutation of H and O, we finally obtain SBE as (6). The full 
derivation of (6) is too lengthy to show here and the details can 
be found in, for example, [10] and [20]. Each term of (6) is 
given by 
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where g(∆ε) is the generalized Heitler-zeta function [20-22], 
and Nq is the Bose function describing the distribution of LO 
phonons. ћωkt

’ = εg,0+εe,kt+εh,kt. The correlation term (A11) can be 
divided into diagonal and nondiagonal components for given kt 
as (A12,13,15,16). 
 Once we obtain (6), the microscopic polarization is obtained 
by solving (6). Since we are interested in steady-state gain, the 
left-hand-side of (6) is zero. The summations included in (A9) 
to (A16) are replaced with the integral with respect to the 
wavenumber as, 

∫∫∑
∞

→
π
ddk'

A
2

00

24 φπ
k'

 

By discretizing in k-space, each term can be evaluated 
numerically for given kt by using, for example, a trapezoidal 
rule for the integration. Again, more details of numerical 
treatment of these terms can be found in [10]. These procedure 
leads to a simultaneous equation for discretized pkt and by 
solving the equation, we obtain the microscopic polarization. 
Finally, the material gain is obtained by (7). 
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