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Convergence of Multigrid Method for Edge-Based
Finite-Element Method

K. Watanabe, H. Igarashi, and T. Honpidember, IEEE

Abstract—This paper discusses robustness of the multigrid  Finite-element discretization of (4) results in the system of
(MG) method against distortion of finite elements. The conver- |inear equations
gence of MG method becomes considerably worse as the finite
elements become flat. It is shown that the smoother used in (K]{z} = {b} (5)
the MG method cannot effectively eliminate the high-frequency

component of the residue for flat elements, and this gives rise to h . itivel idefini ix which is the di
deterioration in the convergence. Moreover, the multigrid method Where[K] is a positively semidefinite matrix which is the dis-

with conjugate gradient (CG) smoother is shown to be more robust Creteé counterpart of the operator in the left-hand side of (4),
against mesh distortion than that with Gauss—Seidel smoother.  {z} and{b} denote column vectors correspondingd@andT’,

Index Terms—Convergence, eigenvalue, multigrid (MG). respectively.

B. Multigrid

It is known that the linear solvers such as Gauss—Seidel and

HE MULTIGRID (MG) method has been applied toconjugate gradient (CG) methods tend to eliminate the high-fre-
electromagnetic field problems so far [1] to show thajuency components of the residue in (5) more rapidly than the

it can significantly reduce computational time in compatew-frequency components. The MG method is based on this
ison with conventional linear solvers such as the incomplepgoperty, that is, the high-frequency residual components are
Cholesky conjugate gradient (ICCG) solver. However, it hadiminated on a fine mesh by small numbers of iterations of the
been pointed out [2] that the convergence of the MG methdgear solver (smoother). The remaining residual components
becomes considerably worse as finite elements become fla@fi¢ then projected onto a more coarse mesh, in which they now
is important to develop the robust MG method for practical us@ave high frequency that can again be eliminated by small num-
In this paper, we pay attention to the property of the smoothgrs of iterations. The MG method solves (5) successively per-
that plays a crucial role in the MG method. We investigat®rming these processes. This procedure is usually called the
the robustness of the MG method with different smootherg0arse grid correction. Although there are many variations in
Moreover, the residue of a linear system is decomposed inks MG.method, all these variations are pased on the coarse grid

the Fourier components, and each convergence is numericl rrection. The procedure of the two-grid V-cycle method that

investigated for different flatness of elements to clarify thE She sirinpéest Mﬁ_ me__tl_rlllOd is deslsribed Iater_. . lied
reason for such an effect. tep 1 (Smoothing)The smoothing operation is applied to

the system equation

|I. INTRODUCTION

Il. FORMULATION [K){z} = {b} (6)
A. Magnetostatic Problem

Let us consider magnetostatic field governed by for the fine mesh to obtain approximate solutigh}, where

[Kf] denotes the system matrix defined on the fine mesh. In

V x vV x A=J, 1) this st_ep_, the high-frequency components in the solution error
are eliminated.
V.-Jy=0 ) Step 2: The residual vectofr;} corresponding to the ap-

_ _ S _ proximate solutio{z} is calculated
wherev is the magnetic reluctivityd is the vector potential, and

Jy is the current density. The current vector potential {r¢} = {b} — [Ks){7}. )

VXT=4J ) Step 3 (Restriction):The residual vector is projected onto a

. . . . coarser mesh using the restriction mafti¥
is introduced for satisfaction of (2). Equation (1) now leads to

r.} = [R|{r 8
VxvVxA=VxT. (4) {rey = [H{rs} ®
where the component of the matiik] is obtained by the fol-
Manuscript received June 18, 2002. lowing integration:
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z
1.0
0.25 Fig. 2. Division to make the fine mesh.
TABLE |
7 : X ASPECTRATIO OF ELEMENTS
7 0. 25X max Xmax
Aspect ratio
Fig. 1. Simple analysis model (1/8). Hmax Mesh P (max./mean)a
1 2
L . coarse 1.63/1.63 2.82/2.82
andEJf denotgg’th edge in flng mesh, and,f_ denotes the inter- 1 fine 191/1.71 4.06/3.20
polation function corresponding ith edge in the coarse mesh. coarse 10.0/3.38 20.1/1538
Step 4: The residual equation in coarse mesh_ is solved to 10 fine 15.0/8.27 33.6/17.5
obtain the error vectdfe. } corresponding to the residual vector 20 coarse 20.0/16.7 40.1/31.4
{r.} fine 30.0/16.3 67.1/34.8
50 coarse 50.0/41.6 100/78.4
[K){ec} = {r} (10) fine 75.0/40.3 168/87.0

where[K_] is the system matrix defined in the coarse mesh. It
takes a short amount of time to solve (10) because there are a TABLE I

small number of unknowns in (10). Equation (10) cannot be COMPARISON OFCALCULATION TIME
solved by the direct solver such as Gauss-elimination method,

. - . Xmax Method Time [s]
because K| is singular. For this reason, the CG or ICCG 1CCG 03
method is used in this paper. 1 MG with GS smoother 03
Step 5 (Prolongation):The error vector is projected onto the MG with CG smoother 33
fine mesh using the prolongation matfik] ICCG 22.0
10 MG with GS smoother 6.8
{ef} = [Pl{e.} (11) MG with CG smoother 27.4
ICCG 172
where[P] is usually chosen as the transposéRyf 20 MG with GS smoother 59.4
Step 6: The solution{z} obtained in Step 1 is corrected MG with CG smoother 49.5
using error vectof e} ICCG >300
50 MG with GS smoother 182
{:Enew} = {:ﬁ} + {ef}. (12) MG with CG smoother 102

Step 7 (Post-Smoothing)The smoothing operation is ap-
plied to the system equation again. This procedure is calleertex and that diagonal face in an element [4]. Table | shows
post-smoothing. After post-smoothing, the convergence of tttee aspect ratio of these meshes. Finite elements become flatter
solution is tested. If the convergence condition is not satisfie@$ T max Jrows.

we go back to Step 2. Table Il shows the calculation time of the MG method with
two different smoothers (Gauss—Seidel and CG smoother) as
I1l. COMPARISON OF THEDIFEERENT SMOOTHERS well as of the conventional ICCG method. The calculations are

. . _ é) rformed on a personal computer with Pentium 111-1.26 GHz.
Toinvestigate the robustness of the MG method against mesly i sh o that the convergence of the MG method is strongly

distortion, we analyze a simple magnetostatic problem Showr\H?luenced by the mesh quality. Moreover, the MG method with

Fig. 1. Only 1/8 of the model is considered due to the Symmetgys smqother is shown to be more robust against mesh distortion
The whole region(( < & < Zmax, 0 < y, z < 1) Is dvided ya that with Gauss—Seidel smoother.
into 768 tetrahedral elements for the coarse mesh. The fine mes

is automatically created from the coarse mesh as follows. First,
the coarsest mesh is prepared by a mesh generator. The finer
meshes are then obtained by dividing each coarse element intblere, we consider the property of the eigenvalues in a system
eight finer elements as shown in Fig. 2 [3]. matrix. Finite elements become flatter ag,., grows. It is

To evaluate the flatness of the elements, two types of dgown that convergence of the CG method becomes better
pect ratio are definedt; = lax/lmin @daz = lnax/dmin,  (Worse) when the condition number
wherel,,.« is the length of the largest eddg,, is the length of
the smallest edge, anty,;,, is the smaller distance between the k = Amax/Amin (13)

IV. DECOMPOSITION OFRESIDUAL VECTOR
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TABLE Il
CONDITION NUMBER AND EIGENVALUES IN SYSTEM MATRIX

where{v,i, } and{v.,.x } are the eigenvectors corresponding to
Amin @ndA .y, and{r} is the residual vector after smoothing

Condition Eigenvalue process.
“max number y A First, we consider the results of the Gauss—Seidel smoother.
1 1.85 x10° 100.7 5.438%10° When the whole region is nearly a cubg (.« = 1), theryighest
10 1.41 x10° 365.8 2.140 x107 rapidly reduces within small numbers of iterations as expected.
20 6.68 x10° 723.4 1.083 x10° When the element becomes flat,(,x = 50), Thighest rapidly
50 415x10° 1803 4.345 x10™ reduces within small numbers of iterations again. However,

there remains the relatively large residue and it hardly decreases
any longer. This means that the smoother cannot effectively
eliminate the residue for flat elements so that the MG method
with Gauss—Seidel smoother requires a number of iterations.
Next, we consider the CG smoother. Although the conver-
gence Ofrpighest IS affected by the flatness of elemen;gnest
decreases almost linearly with the iteration. This means that the
CG smoother with enough iteration can eliminate the residue

1.0OE+12

1.OE+10

1.OE+08

Components of residue

1.0E+06 A . *
oS II A S A s even for flat elements. They are consistent with the results
LoEs0s shown in Table II.
0 5 10 15 20 25 30 35 40 45 50 The residuerywest iN both Gauss—Seidel and CG smoother
Number of Smoothing seemingly unchange because they reduce very slowly. There-
@ fore, riowest Should be reduced by the coarse grid correction.
1.0E+12 M : m,‘wixﬂm 5(1);
Loprio 2w g =t V- ConCLUSION

This paper discusses dependence of the MG method on the
shape of finite elements. The convergence of the MG method
becomes considerably worse as the finite elements become flat.
It is shown that the smoother used in the MG method cannot

1.0E+08

Components of residue

ersrrmmesesssssii gt iin e

1.0E+06 \‘\ x : ! . i !

e “’“‘\“ ] effectively eliminate the high-frequency component of the

1.0E+04 : : — residue for flat elements, and this gives rise to deterioration in
0 5 10 15 20 25 30 35 40 45 50

the convergence. Moreover, the MG method with CG smoother
is shown to be more robust against mesh distortion than that
Seidel smoother. (b)yygh Gauss—Seidel smoother.

Number of Smoollung
(b)

Fig. 3. Reduction of residual components. (a) Gauss—
smoother.
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