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We consider a Dirac operatst acting in the Hilbert spack?(R3; %) €2, which
describes a Hamiltonian of the chiral quark soliton model in nuclear physics. The
mass term oH is a matrix-valued function formed out of a functiGn R°— R,

called a profile function, and a vector field on R3, which fixes pointwise a
direction in the isospin space of the pion. We first show that, under suitable con-
ditions, H may be regarded as a generator of a supersymmetry. In this case, the
spectra ofH are symmetric with respect to the origin 8f We then identify the
essential spectrum ¢f under some condition fdf. For a class of profile functions

F, we derive an upper bound for the number of discrete eigenvalukls bihder
suitable conditions, we show the existence of a positive energy ground state or a
negative energy ground state for a family of scaled deformatiohk 8fsymmetry
reduction ofH is also discussed. Finally a unitary transformationHofs given,

which may have a physical interpretation. @005 American Institute of
Physics.[DOI: 10.1063/1.1896388

I. INTRODUCTION

Let 0(j=1,2,3 be the Pauli matrices,

01 0 —i 1 0
o= 1 0 s = | O y g3i= O _1 (11)

[ i Oz) - _(Oz 12)
aJ'_(OZ _a_j (1_112131 18'_ 12 02 1 (12)

where @ and 1, are the 2X 2 zero matrix and the 2 2 identity matrix, respectively. The matrix

and

Ysi= —laiapas (1.3

is Hermitian with ;/2:14 (the 4x 4 identity matriy satisfying the following relations:

[aj175]:o(j:1!2!31 {ﬁ175}=01 (14)
where[A,B]:=AB-BA and{A,B}:=AB+BA. We set

0:=(01,05,03), a@=(ay,a,0a3). (1.9
For objectsA=(A;,A;,A;) and B=(B,,B,,B3) such that the products;B; (j=1,2,3 and
their sum are defined, we write-B:=3> A/B;.
We consider a Dirac operator acting in the Hilbert space
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H:=L2(R3;CY ® 2, (1.6

where L2(R3; (% is the Hilbert space oft*-valued square integrable functions at¥. Let
V:=(D,,D,,D3) with D; the generalized partial differential operator in the variaklethe jth
component ofk=(x;,X,,%3) € R3. Then the free Dirac operator with mass zero is defined by

H0==—ia- \Y% ®12 (17)

acting in4. To introduce a perturbation td,, let F: R>— R be Borel measurable and finite almost
everywherg(a.e) in R® and set

Ug:=cosF +iys ® 7-nsinF, (1.9

wherer:=(ry, 7, 73) With 7:=0(j=1,2,3, n:=(ny,n,,Ng) with n; a real-valued measurable func-
tion on R3 such that

In(x)|?=1, aex€R3 (1.9

Let M>0 be a constant. Then, by the second relatioflid), M(8® 1,)Ur is a bounded self-
adjoint operator or{. Hence, by the Kato—Rellich theorem, the operator

H:=Hy+ M(8 ® 1,)Ur (1.10

is self-adjoint with domaim(H)=D(H,). This is the Dirac operator we consider in this paper. The
operatorH appears as the Hamiltonian of the so-called the chiral quark soliton model in nuclear
physics(e.g., Ref. 1 and references thepeim this contextM and

®p:=cosF +isinF® 7-n (1.1

(Ug with 5 replaced by 1) denote the mass of a quark and the pion field, respectivelyFanad
called a profile function. The Dirac operatdris not only physically important, but also may have
interests from purely mathematical points of view. As far as we know, no mathematically rigorous
analysis has been made on the Dirac opendtéa study of a Dirac operator with a variable mass
is given in Ref. 2, but, in that paper, the mass is a scalar function and the point there is to establish
self-adjointness of such a Dirac opeartor in cases where the Kato—Rellich theorem is no longer
applicable to it; in this sense Ref. 2 does not bear upon the topics of the present paper

The present paper is organized as follows. In Sec. I, we show that the Dirac opéredor
be regarded as a generator of a supersymmetry, and describe its implications on the spéctra of
In Sec. Il we identify the essential spectrumtdfWe also derive an upper bound for the number
of discrete eigenvalues &i. In particular, for a class of andn, the absence of discrete eigen-
values ofH is proven. Sections IV and V are concerned with existence of discrete eigenvalues of
H. In Sec. IV we introduce a concept of a positive energy ground state and that of a negative
energy ground state ¢l and show, under some condition fér that a scaled deformation &f
has a positive energy ground state or a negative ground state. In Sec. V we discuss a symmetry
reduction ofH to smaller mutually orthogonal closed subspaces which are indexed by triples
(€,s,t) €7 x{x1} X {£1}, where{ denote an eigenvalue of the third component of the angular
momentum operatois/2 the spin of the quark and2 the isospin of the pion. We prove that,
under suitable conditions, each reduced partHobr its scaled version has a discrete positive
ground state or a discrete negative ground state. In the last section we present a unitary transfor-
mation which bringsH to a Dirac operator with a magnetic moment.

Il. SUPERSYMMETRIC ASPECTS

In this section we assume the following.
Hypothesis (I):Eachn;(j=1,2,3 is continuously differentiable oR® and

(ny(x),ny(x)) # (0,0), x €& R3. (2.1
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Let

o (T1np(X) = 7oN4(X))
092+ 002

(%) X € R3. (2.2

Then &(x)?=1, x € RS. For all x € R3, we can define a matrix tensor

[(X)=a 038 ® &(X) (2.3

acting onC*® (2. It is easy to see thdt(x) is self-adjoint withI'(x)2=1 (I denotes identity By
the natural identificatioftt =L?(R3; C*® (?), we denote the multiplication operator by the matrix-
tensor valued functioi'(-) by the same symbdl. ThenT is self-adjoint and unitary oft.

Proposition 2.1:Suppose that Hypothesis (1) holds af(e) is a constant matrix. Then, for all
y€D(H), 'yeD(H) and

{I'H}y=0, &€ D(H). (2.9

Proof: By direct computations, we have

{anpasBe}=0 (j=1,2,3, {&(x),7-n(x)}=0. (2.9

Using these relations and the constancy(ef, we see that, for alye D(H)=D(H), I'y€ D(H,)
and Hol'¢=-T'Hgy. Similarly, using (2.5 and [ajaya38,8v5]=0, we see that{M(B
® 1,)Ug, I'hp=0. Thus(2.4) follows. [ |
Proposition 2.1 shows that the Dirac operatbmay be regarded as a generator of a super-
symmetry, i.e., a supercharge with respect'tte.g., p. 140 in Ref. B
For a self-adjoint operatof, we denote bys(T) [respectively,oy(T)] the spectrum off
(respectively, the point spectrum ©f. The discrete spectrum df (the set of isolated eigenvalues
of T with finite multiplicity) is denotedoy(T).
Theorem 2.2: Suppose that Hypothesis (I) holds a#c) is a constant matrixThen

(i) o(H) is symmetric with respect to the origin 8f i.e., if \ € o(H), then—-\ € o(H).
(i)  ow(H)#=p,d is symmetric with respect to the origin & The multiplicity A € o(H)
coincides with that of-\ € o(H).

Proof: By Proposition 2.1 we havEHI'"*=-H (the unitary equivalence df and -H). This
implies the desired results. |

Remark 2.1:The properties stated in Theorem 2.2 may differ from spectral properties of the
usual Dirac operatoH,+MpB+V, whereV is a scalar potential.

Ill. THE ESSENTIAL SPECTRUM AND FINITENESS OF THE DISCRETE SPECTRUM
OF H

A. Structure of the spectrum of H

For a self-adjoint operatdf, we denote byr.{T) the essential spectrum ot
Theorem 3.1: Suppose that

bIJTm F(x)=0. (3.1

Then
OesdH) = (=0,~M] U [M,), (3.2
og(H) C (=M,M). (3.3

Proof: We write H=Hg+M(B8®1,)+V with V:=M(B8&1,)(Uc-1). We have|V(x)|<M(|1
—cosF(x)|+|sin F(x)|) — 0(]x| — «). Hence we can apply Theorem 4.7, Remark 2 on p. 117 in Ref.
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3 to H to obtain(3.2). This implies(3.3). [ |

B. Bound for the number of discrete eigenvalues of H

Assume(3.1). Then, by Theorem 3.1, we can define the number of discrete eigenvalties of
counting multiplicities,

Ny:=dim RanEy((—- M,M)), (3.9

whereE, is the spectral measure bfand RarEy((—-M,M)) means the range &, ((-M,M)). To
estimate an upper bound fdl,, we introduce a hypothesis fér andn.
Hypothesis (11):

() The functionsF andn; (j=1,2,3 are continuously differentiable oR3.
(i)  The functionsD;F andD;n, (j,k=1,2,3 are bounded o3,

Under this assumption, we can define

3
Ve(X):= \/| VEX)|?+ 2 | VnX)[?siP F(x), x € RS (3.5
k=1

Theorem 3.2: Assume (3.1) and Hypothesis (I). Suppose that
VE(X)V,

C ==f de dy < 0. (3.6)
g x-yl

Then N, is finite with

M2C¢
o2 (3.7

To prove this theorem we present a general lemma.kLéie a complex Hilbert space and
B(K) be the Banach space of bounded linear operator& ohet V:R9—B(K) (dEN) be a
measurable function. The functidhdefines a unique multiplication operator acting in the Hilbert
spacel?(RY; K) of K-valued square integrable functions BA We denote it by the same symbol
V. We assume the followin@A is the d-dimensional generalized Laplacjan

(V.1) D((-A)*?) CcD(V|*? N D(]V'|*? and the form sum

s (M )
0= + 0 —V*

Ny <

acting in @2L%(R%;KC) with form domain D((-A)Y?) defines a unique self-adjoint operator
bounded from below. Moreoves;,..{L) C[0,).
(V.2) The operator

I:__A+
V 0

acting in®2L2(RY; K) is self-adjoint onD(A), bounded from below, and.s{L) C[0,).

For a self-adjoint operato, we denote byN_(A) the number of negative eigenvalues/of
counting multiplicities.

Lemma 3.3:Assume (V.1) and (V.2). Then(N)<N_(L).

Proof: Let
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Q_(o v*)
=\v o/
ThenQ is self-adjoint and
. (|v|2 0 )
C=lo i)
which implies that
o= <|v| 0 )
A=\o v/
It is obvious thatQ= -|Q|. HenceL =L, This inequality and the min-max principle.g., Theo-
rem XIllII.1, Problem 1 in Ref. #imply the inequalityN_(L) <N_(L). |
Proof of Theorem 3.2:We note thatH has the operator matrix representation
0 &
H=Hy+M , (3.9
P O

where®¢ is defined by(1.11). Hence

HZ=L(F) + M? (3.9
with

e o)
L(F):=—A+M , (3.10

W 0

whereWg:=io - (V®). Note that, by Hypothesigl) (ii), the second term on the right-hand side of
(3.10 is a bounded self-adjoint operator and heh¢E) is self-adjoint withD(L(F))=D(A). By
direct computations, we have

3
WE() We(X) = We(OWE)" = | VF)[2 + 2 |V ()2 sir? F(x),
j=1
where we have usedl.9). Hence |We|=|WL|=Vg. Let Lo(F):=—A-MVg. By Theorem 3.1,
0esdL(F))=[0,0). Condition(3.6) implies thatVg is a potential in the Rollnik clag. 170 in Ref.
5). Hence it follows from Example 7, p. 118 in Ref. 4 and Weyl's essential spectrum theorem
(Theorem XII1.14, p. 112 in Ref. Mthat ges{Lo(F)) =0es{—A)=[0,). Therefore the assumption
of Lemma 3.3 withL=L(F) and Ly=Ly(F) is satisfied. Hence®_(L(F)) <N_(Ly(F)). It is well
known thatN_(Ly(F)) <8M?Cg/(4m)? (Theorem XIII.10 in Ref. 4 where the factor 8=dirti*
® (2. On the other hand, by the spectral theoré&n=N_(Lg). Thus(3.7) follows. [ |
Theorem 3.2 implies the absence of discrete eigenvalués fof F's such that the Rollnik
norm of MV¢ is sufficiently small.
Corollary 3.4: Assume (3.1) and Hypothesis (Il). Lef®k <272 Thenoy(H)=0.

IV. EXISTENCE OF DISCRETE GROUND STATES

For a self-adjoint operatok bounded from below, we set

Eo(A):=inf o(A).

If Eo(A) € 0p(A), then we say thaf has a ground state and we call a nonzero vector iAker
—-Ey(A)) a ground state of. If Ey(A) € o4(A), then we say thaf has a discrete ground state.
Definition 4.1: Let
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Ep(H):=inf(a(H) N [0,)), Eg(H):=sugo(H) N (=,0]). (4.7

If Eg(H) [respectivelyEy(H)] is an eigenvalue of, then we say thatl has a positiverespec-
tively, negative energy ground state and we call a nonzero vector ifHeEg(H)) [respectively,
ker(H-E,(H))] a positive (respectively, negatiyeenergy ground state dfi. If Ej(H) [respec-
tively, E;(H)] is a discrete eigenvalue &f, then we say that has a discrete positiveespec-
tively, negative energy ground state.

Remark 4.1:If the spectrum oH is symmetric with respect to the origin &f as in Theorem
2.2, thenEj(H)=-E,(H), andH has a positive energy ground state if and only if it has a negative
energy ground state.

We assume Hypothesi#l ). Then the operators

S.(F):= - A+ M(D3cosF) =-A F M(D5F)sinF (4.2

are self-adjoint withD(S,(F))=D(A) and bounded from below.
Theorem 4.2:Assume Hypothesis (II) and (3.1). Suppose thgSEF)) <0 or Ey(S.(F))
<0. Then H has a discrete positive energy ground state or a discrete negative ground state.
Proof: For eachf €D(A) andue (2 with |ju]|=1, we define

Yi=(f®u,0,if ®u,00 EH, ¢:=(0,f®u,0,if ®u) EH.

Then we have

(W5 L(F) i) = 2, Su(F)f).

In the case wherd(S,(F)) <0, there exists a unit vectdre D(A) such that(f,S,(F)f)<O0.
Hence(y;,L(F)y;)<0. By Theorem 3.1 and the spectral theorem, we have

TesdL(F)) =[0,%). (4.3

Thus, by the min—-max principlé,(F) has a discrete ground state. Similarly, in the case where
Eyo(S.(F)) <0 too, L(F) has a discrete ground state. This implies tHahas a discrete positive
energy ground state or a discrete negative ground state. |

To construct examples &f satisfying the conditions as stated in Theorem 4.2, we consider a
scaling. For a constant>0 and a functiorf on RY, we define a functiorf, on RY by

f.(x):=f(ex), x&RY.

Lemma 4.3:Let V:RY—R be in L2 (RY and, for a constant >0,

Si:=—-A+V,.
Suppose that the following conditions are satisfied:

(i) For all >0, S, is self-adjoint and bounded from below ang{S,) C[0,).
(i)  There exists a nonempty open et {x€ RY|V(x) <O0}.

Then there exists a constasy>0 such that, for alle €(0,¢p), S, has a discrete ground state.

Proof: By condition (i), we can take a nonzero vectb& C;(Q) (the set of infinitely differ-
entiable functions ork® with compact support ir2). Then it is easy to see thdf,,S.f,)
=g %are?—|by|), whereap=|Vf||?, by=(f,Vf)<0. Hence, taking:q:=|by|/a; (note thata; # 0),
we have(f.,S,f,)<0 for all e€(0,gq). Hence, by the min—max principle and conditiéin,
Eo(S) E0d(S,). L

Lemma 4.4: Let V:R9—R be continuous onR? with limy ... V(x)=0. Suppose that
Q_={xERY|V(x) <0} # 0. Then the following hold:

@) -A+V acting in I2(RY) is self-adjoint and bounded from below.
(i) Tesd—A+V)=[0,).
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(i) S, has a discrete ground state for alle (0,gy) with somegy>0.

Proof: Part(i) follows from the Kato—Rellich theorem. Pdit) is proven by a simple appli-
cation of Theorem XIII.15b) in Ref. 4.

SinceV is continuous, the sé€b_ is open. Hence Lemma 4.3 implies the existence of a ground
state ofS, for all e €(0,&q) with somegy> 0. |

We consider a one-parameter family of Dirac operators,

1
Hyi=Ho+ ~M(8 ® 1)Ug , (4.4)
8 &

which is a scaled deformation &f.

Theorem 4.5:Assume Hypothesis (Il) and (3.Buppose that PcosF is not identically zero.
Then there exists a constagy> 0 such that, for alle €(0,¢,), H, has a discrete positive energy
ground state or a discrete negative ground state.

Proof: We write S,(F,M):=S,(F) to make explicit the dependence®fF) on M. At least one
of the sets{x € R3|(D5 cosF)(x) >0} and {x € R3}(D5 cosF)(x) <0} is not empty. The function
D3 cosF=—(DsF)sinF is bounded and continuous satisfying |im..(D3F)(x)=0. Hence we can
apply Lemma 4.4 to conclude th&t(F,,s™*M) or S.(F,,s *M) has a discrete ground state for all
£€(0,eq) with somegy>0. This fact and Theorem 4.2 yield the desired result. |

V. SYMMETRY REDUCTION OF H

In this section, we show that, if is invariant under the rotations around theaxis, then there
exist infinitely many mutually orthogonal closed subspaces/ahat reduceH, for all e>0 and
each reduced part dfi, may have a positive energy ground state or a negative energy ground
state. We use the cylindrical coordinates for poxws(x;,X,,X3) € RS,

Xy =rCcosf, X,=rsinf, xz3=z,

where &[0, 2m), r >0. We assume the following.

Hypothesis (ll): There exists a continuously differentiable functiGn(0,%) X R —R such
that (i) F(x)=G(r,2), x€R®\{0}; (i) limjy_..G(r,2=0; (i) Sup-oex(dG(r,2)/or|
+|9G(r,2)/ 92]) <c».

We take the vector field to be of the form

n(x):=(sin ®(r,z)cogmé),sin O(r,z)sin(mé),cosO(r,z)), (5.1

where®:(0,0) X R— R is continuous andn is a real constant.
Let Lg:=—ix4D,+ix,D4, the third component of the angular momentum. It is well known that
Ls is essentially self-adjoint o&85(R3). We denote its closure by the same symbglWe set

E3==0'3 @D g3
acting onC* and define
1 m
K3==L3® 12+§23® 12+E| ® T3, (52)

which is a self-adjoint operator acting .
We denote byT, (¢>0) the unitary dilation orL?(R%) with powere,

(T.H(x):=e%?f(ex), feE LR, a.ex. (5.3

Lemma 5.1:For all >0, T,L3T,*=Ls. Hence(T, ® 1,)K4(T, ® 1,) 1=K for all £>0.
Proof: It is straightforward to see that, for alle Cj(R?®), T,Lsf=L4T,f. SinceC5(R3) is a
core ofLg, this equality extends to afle D(L;) showing thatL3CT;1L3T£. The both sides are
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self-adjoint. Hence they coincide. |
Lemma 5.2:Assume that

O(er,ez2) =0(r,z2), (r,z2 €(0,2) xR, &>0. (5.9

Then, for all =R and &> 0, the operator equality

gsH e ™Ma=H, (5.5

holds.
Proof: We first prove(5.5) with e=1. We have for altER,

gitks = ditlaglt3y/2 g gitmrg/2.
For all f € C5(RR®), we have

(esf)(x) = f(x, cost — X, Sint,x; sint + x, cost,z), x € RS,

Hence €':3 leavesCg(R®) invariant. It follows that, for allf € Cj(R3; (4 ® (2, e™sfeD(H,)
=D(H) and

Hoe'3f = &'3{(~ ia; cost +ia, Sint)D,f + (—iay sint —ia, cost)D,f —iazDsf}. (5.6

Using the matrix representation ef, one can check that

q eit23/2 - e—i'[23/2a,j (J — 1, 2), [a3,e“23] =0.

It follows from these relations an.6),

Hoe'™sf = &aH f . (5.7)

We have

7_jeltma-3/2 - e|tm7-3/27_je|tmr3 (J =1, 2), 7_3e|tmT3/2 — eltmr3/27_3

and

e tan(x)etts = (sin@(r,z)cosm(# - t),sinO(r,z)sinm(# - t),cosO(r, z)).

It follows from these relations that

B ® LUe™sf = d®3(B @ 1,)ULf. (5.9

Combining(5.7) together with(5.8), we obtainHe'™¥sf = sHf. SinceCj;(R3; (%) ® (? is a core of
H, this equality extends to al € D(H)=D(Hy) showing HC e ™sHe™®s, The both sides are
self-adjoint. Thug5.5) follows.

We next consider the case wheres 1. We writeU=U(F,n). By Lemma 5.1(5.8) and the
fact that T, is a bijection from C5(R%) onto itself, we haveB® LU(F,,n,)e™sf=¢ K3
®1,)U(F,,n,)f. By condition (5.4), n,=n. Hence 8® 1,U(F,,n,)e®sf=es(Ba 1,)U(F,,n)f.
Therefore(5.8) holds withF replaced byF,. Thus, in the same way as in the preceding paragraph,
one can prové5.5). [ |

We say that two self-adjoint operators on a Hilbert space strongly commute if their spectral
measures commute.

Lemma 5.3:Assume (5.4). Then, for adl>0, H, and K; strongly commute

Proof: It follows from Lemma 5.2 and the functional calculus for self-adjoint operators that
gKsgsHe = gsHeglKs for all s, tE R and alle > 0. This implies the strong commutativity &f, and
K3 (see Theorem VIII.13 in Ref. 6 for general criteria of the strong commutativity of self-adjoint
operators [ |

Let
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E:=(0,%) X [0,2m) X R={(r,6,2)|r > 0,0 €[0,2m),z€ R}

and du:=r dr®dd®dz, a measure orE. Then one can define a unitary operatorL?(R3)
—L%(E,du) by

(YH(r,0,2):=f(r cosé,r sinb,z), feL3R3.
For eachf €7, we defineg,:[0,27) —C by

Su(0)=——=d", 9 [0,2m). 5.9
N2

It is well known that{¢.},c; is a complete orthonormal system &f([0,27)). For each
fELXE,du), we definef:(0,%) X Z X R by

27

fr,0,2:=|  01(r,6,2d6.
0

We define an operatdd, on L%E,du) as follows:

D(Da>=={fEL2(E,dm| S f Carr f dz|f(r,e,z)|2<oo},
0 R

{=—

(D), €,0) =i €i(r, €,0), feDD,.

Then 4D, is self-adjoint with

o(=iDg) = op(=iDy) = {l}ez=Z, (5.10

ken—iD,— €)= {g¢(|g:(0,oo) X R — LJW dr rj dZg(r,2)|? < oo}. (5.11)
0 R

It is not so hard to see that

YiYl=-iD,. (5.12
Hence
o(Lg) = op(Lg) = Z. (5.13
Let
M=ker(Ls— €)=Y tker(-iD,- ¢). (5.19

Then we have the orthogonal decomposition

L2(R3) = @M, LAE,du) = &7 .Y M,. (5.15
By (5.13, we have

s mt
a(Kg):ap(K3):{€ + §+?|€ €lZ,s=+1t= 11}. (5.16

The eigenspace df; with eigenvaluef +(s/2) +(mt/2) is given by
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Mysp=M@Cs® Ty (5.17
under the natural identificaiofit=L2%(R%) ® C*® (2, where Cg=kenZ;-s) and Ty=kern(m3—t).
ThenH has the orthogonal decomposition

H= @(EZ,s,tE{il}M{’,s,t' (5.19

Lemma 5.3 implies the following fact.
Lemma 5.4:Assume (5.4). Then, for al> 0, H, is reduced by eactM, ;.
We denote byH,(€,s,t) by the reduced part dfl, to M, ¢, and set

H(¢,s,t):=H(€,s,1), (5.19

the reduced part ofl to M ;.
Fors=+1 and{ €Z, we define

P 1a €2 F Mc?cosG

Gl)=———-——"—+—=+—+
S ) ror a2 a2 SV 5

pe: (5.20

acting inL?((0,%) X R,r dr dz) with domainD(S(G, €)):=C5((0,%¢) X R) and set

Eo(S(G, €)= inf (f,.(G, €)f).

fECH(0.2)XR),[IfllL2((00) xRy r dzy=1

Theorem 5.5: Assume Hypothesis (Ill). Fix afi€Z arbitrarily and s=+1. Suppose that
Eo(S(G, €))<0. Then, for eacht +1, H(¢,s,t) has a discrete positive energy ground state or a
discrete negative ground state.

Proof: Let

27

1 . 1 27 )
co=——| dge’’cogmo), d{zz/tf doe ¢’ sin(mo),
V2mJo V2mJo

n; ¢(r,2):=(sinO(r,z)c,,sinO(r,z)d;, cosO(r,2)),

D +=C0SG+i2, N SING ® 7 +itng, sinG,
=1

D. e, d¢ 9 g2 Cd
o v 900 T2 o roae

and

2
WGS,&S,I::iE 0D} (Pg, ¢t +iSDPg ¢, &>0.
=1

Then we have

_+_+8—1M

P 1o 2 P 0 Woes
Y® L)H(,s)A(Y@ L) == —5->—+ T+ M2
(Y® I)H (£, s (Y © 1p) eI (

WGS,f,s,t
::Lg(e,s,t) + M2

on C;((0,%) X R).
For eachfe Cj((0,) X R) and u, e (? satisfying||f|=1,
define

ull=1, and U =tu(t=+1), we
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#Y:=(f © u,0,if ® u,0) € M(€,11),

(D:=(0,f ® u, 0,if @ u) € M(€,- 1).

Then we have

W, Y Ly(€, 5,0 Y 1) = 2(F, S(F, €)f).

By the present assumption, there exists a unit veE®C]((0,) X R) such that(f,S(F, ¢)f)

< 0. Note thatoee{L4(€,s,t)) C[0,). Hence, by the min—max principle;(€,s,t) has a discrete

ground state. This implies th&t(¢,s,t) has a discrete positive energy ground state or a discrete

negative ground state. [ |
Theorem 5.6: Assume Hypothesis (Ill) and (5.4). Suppose thebsG/dz is not identically

zero. Then, for eacl €7, there exists a constanié,>0 such that, for alle €(0,g,), each

H.(¢,s,t) has a discrete positive energy ground state or a discrete negative ground state.
Proof: We write Sy (F, €):=S(F, £) to make explicit the dependence &F, ¢) on M. In

the same way as in the proof of Theorem 4.5, one can take a Vig€kd®,((0,%) X R) such that

(fo, S -m(Fo(£))f,) <0 for all sufficiently smalle>0, where the smallness depends {nlt

follows from the proof of the preceding theorem that(,s,t) has a discrete ground state.ll
Corollary 5.7: Assume Hypothesis (lll) and (5.4). Suppose thebsG/dz is not identically

zero. Lete, be as in Theorem 5.6 and, for eact&W and k>n (K,nEZ), vy n:=MiNp.1<¢<k €¢-

Then, for eacke € (0,1 ), H, has at leastk—n) discrete eigenvalues counting multiplicities
Proof: We haveoy(H,)=U ey si=+105(H,(€,s,1)). By the preceding theorem, for ea¢kn

+1,...,k, H,(¢,s,t) has a discrete eigenvalue. Thus the desired result follows. |
Remark 5.1:This result is consistent with Theorem 3.2, because it reads in the present case

1 M2C¢
NH $ iy
e g4 272

and the right-hand side diverges as»0.

VI. A UNITARY TRANSFORMATION

In this section we show that, under Hypothedig, the HamiltonianH with n constant is
unitarily equivalent to an operator which resembles a Dirac operator with a magnetic moment.
It is easy to see that the operator

eiF®1--n/2 0
Xpi= 0 griFoTN2 (6.1

is unitary. Under Hypothesidl), we can define the following functions:

Bj(x)=3Dj(F(x) ® 7-n(x)), x€R3 j=1,2,3. (6.2
We set
B:=(B;,B,,B3) (6.3
and introduce
H(B):=Hy+MpB- 0o -B (6.4)

acting inH. Note that, under Hypothesi#l ), the operator & B is a bounded self-adjoint opera-
tor. Hence, by a simple application of the Kato—Rellich theorétB) is self-adjoint with
D(H(B))=D(Ho).

Proposition 6.1:Assume Hypothesis (II) and thatis constant. Then
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XeHXZt=H(B). (6.5)

Proof: Noting the fact that-n)?=1,, we have

q)F - eiF®r-n.
It follows from this fact and(3.8) that XeHXz*¢=H(B)y for all y€[a*C;(R%)]® 2. Since
[#C5(R®)]® (2 is a core ofH(B), the operator equality6.5) follows. [

ACKNOWLEDGMENT

The authors thank Dr. T. Miyao for discussions.

IN. Sawado, Phys. Lett. 5524, 289 (2002.

2H. Kalf and O. Yamada, J. Math. Phyd2, 2667(2009).

3B. Thaller, The Dirac Equation(Springer, Berlin, Heidelberg, 1992

“M. Reed and B. Simon\ethods of Modern Mathematical Physics IV: Analysis of Operatéisademic, New York,
1978.

5M. Reed and B. SimonMethods of Modern Mathematical Physics II: Fourier Analysis, Self-Adjointfésademic,
New York, 1975.

5M. Reed and B. Simorlethods of Modern Mathematical Physics I: Functional Analysisademic, New York, 1972

Downloaded 19 Mar 2006 to 133.87.26.100. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



