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We construct a new framework for the study of multiplane gravitational lensing
from the view point of symplectic geometry. Symplectic relations are used to com-
pose the systems and weaker Lagrangian equivalence is applied for classifying the
caustics of multiplane gravitational lensing. D03 American Institute of Physics.
[DOI: 10.1063/1.156304]2

[. INTRODUCTION

Recently there appeared several articles considering gravitational lensing systems as applica-
tions of the theory of singularities for smooth mappings. The gravitational lensing is the deflection
of light from a distant sourcée.g., quasarby an intervening matter distributidie.g., a galaxy or
a cluster of galaxigs The first gravitational lensed quasar was detected only in 1979. By now
gravitational lensing is quite an active field in astrophy$ics.

On the other hand, singularity theory of Lagrangian variéfiés the best natural setting for
discussing optical systems. In fact, Petters and his collabofatpainted out that a single gravi-
tational lensing can be described in the framework of symplectic geometry. Especially the caustics
in a single gravitational lensing system coincide with caustics in the theory of Lagrangian singu-
larities. Moreover, they also investigate multiplane gravitational lensing as an application of sin-
gularity theory’! The standard treatment of gravitational lensing uses a notion of equivalence that
yields either folds or cusps as the locally stable caustics kepkne lensing mafe.g., in Ref. 1
On the other hand, Levine and Petfespeculated that under a weaker notion of equivalence, some
caustics other than folds and cusps would appear stable for lens systems exposed to a more
restricted family of perturbations. However, in their framework for multiplane gravitation lensing
generic caustics are the same as those for the single gravitational lensing. Current observed lensed
systems fit with the standard notion of equivalence used in the lensing liteftatueee only folds
or cusps appear However, as instruments discover more and more lens systems, it may be
possible to find a system that is exposed to more limited family of perturbations and for which
caustics like handkerchief, etc., appear stable possibly for a “short” time period. Note that on
cosmic time scale§.e., of the order billions of yeaysvents that last months or a few years are
quite short, though such time periods are long enough on human time scales for us to carry out
observations.

In this paper we propose the symplectic framework for multiplane gravitational lensing based
on the notion of symplectic relation, which is a natural generalization of the notion of symplectic
transformation(cf. Ref. 9. The original motivation for the paper was an attempt to describe
expected nonstandard caustics in gravitational lensing using the weaker versions of Lagrangian
equivalence acting on composite symplectic relations. These composites correspond to images of
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systems of gravitational rays by the subsequent gravitational lens, and their generic forms, de-
scribed in the paper, reflect the complexity of composition.

In Sec. Il we introduce the gravitational lensing problem and in Sec. Ill the problem is
formulated in the language of Lagrangian stability and versality adapted to the product symplectic
space of incoming and outgoing rays. The precise meaning of the composition of systems and their
actions on the subsequent wave fronts represented by generating functions was introduced in Sec.
IV. In Sec. V the local stability of double lensing systems was investigated and it is continued in
Sec. VI by classification of the normal forms of generating pairs with respect to the natural groups
of equivalences.

All manifolds and maps considered here are of claSsunless stated otherwise.

II. GRAVITATIONAL LENSING

In this section we give a quick review of the basic concepts from the theory of gravitational
lensing discussed already in Refs. 8, 7, 6, 10, 1, and 3.

(1) Single lensindcf., Refs. 6, 1, and)3Consider the typical single lens plane gravitational
lensing as follows: We assume that the deflector is thin and apply the small angle approximation
(cf., Ref. . The extra time with respect to the unperturbed ray is giimg time-delay map
Ts:R?DU—R defined by

2

doidos| s

T(r)=(1+2z) “2d.s

—\If(r)}.

dos dot

Here, z is the redshift of the lens plandg, ,dps,d; s are angular diameter distancesis the
position on the lens plane where the ray hitss the position of the source, ani(r) is the
two-dimensional potential of the deflector on the lens pldme deflector potentiaf¥ occurring
in the time-delay map are given by
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\If(r)=4JBncr(r’)ln

dOL

They are solutions of two-dimensional Poisson equatiobi(r)=8wo(r), whereo(r) is the
surface mass densitgf., Fig. 1).
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FIG. 1. A single lensing diagram. Angles are exaggerated. The distances are significantly larger than the diameter of the
lens.

Downloaded 08 Mar 2006 to 133.87.26.100. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



J. Math. Phys., Vol. 44, No. 5, May 2003 A symplectic framework for multiplane lensing 2079
By suitable coordinate transformations, we can express the time-delay map in the convenient
form:

_vl2
Ty<x>=4”X s

(x,yeR?).

Herey corresponds to the point on the souscglane andk corresponds to the point on the lens
planer.

Fermat's principle yields the critical points of the time delay mBgx) with respect to
variations inx determining those rays that are real light régfs, Ref. 6. For this reason, a critical
point of T,(x) relative tox is calledan imageof the point source a. The magnificatiorof an
imagex of a source ay is defined by

1
[detT(x;y)[|”

where T(x;y) =T,(x) and T,,(x;y) is the Hessian matrix with respect 0 A caustic pointin
gravitational lensing is a positiope R? for which a source ay will have at least one image of
infinite magnification. In other words, caustics are source positjaa&? for which the time-
delay mapT,(x) has at least one degenerate critical pdirg., defT,,(x;y)=0). So, we may
consider that the time-delay maptfe generating familpf a certain Lagrangian submanifold in
T*R? (cf., Sec. ).

(2) Multiplane gravitational lensing (cf., Refs. 8, 10, 1, and Although we can consider a
generalk-planes gravitational lensing, we now only consider the case Wheb (i.e, a double
plane gravitational lensingfor convenience.

The typical double lens plane gravitational lensing situation is given as follows: There are two
lens planes with “thin” deflectors in each plane. The deflectors are assumed to be independent,
that is, the lens planes are sufficiently spaced so that they do not interact. Furthermore, the small
angle approximation is assumed. We also parametrize all rays originating from the point source at
s, deflected by two gravitational lens, using the four-dimensional vecters,). Relative to these
approximations the extra timg; to reach the indicated observer fr@its given by thetime-delay
map It is the functionT,:U,;xXU,CR*—R with each domainJ;CR? being an open subset,
defined by

Ay( X)=

2
ligr 1

d; d

didiy
2di,iJrl

2
Tdrir) =2, (1+2) —\Iﬁ(ri)}.
Here,z; is the redshift of theth lens planed;; is the angular diameter distance separating the
andjth lens planeg; is the angular diameter distance from the observer totthkens plane with
dy1=dg the distance to the source plamgjs the position on théth plane where the ray hits,
re1=s, and¥;(r;) is the two-dimensional potential of the deflector on ttte lens plangcf.,

Fig. 2.
source plane second lense plane first lense plane
S L 2 L 1
observer
9]
dis Y2 d
d

|

FIG. 2. A ray diagram for double plane gravitational lensing.
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By suitable coordinate transformations, the double plane time-delay map can be expressed con-
veniently as follows:

= ylI?

12— x4]|?
= T‘Bz,slﬂz(xz) , (X1,%Xp,yeR?).

Ty(X1,X) =04 — B1ah1(X1)

+0,

In Ref. 10, Fermat's principle has been adapted exactly in the same way as it was used already
for the single lens plane case, so thatithageof a gravitational lensed point like light source at

positiony are identified to the critical points dfy, e.g., the set of images is given as follows:

{(xq ’X2)|9raC!<i Ty(X1,X) =0, i= 1,2,

If we adapt this principle, then the classification of caustics for single and multiple lens planes
is the same, namely, folds and cusps. It is, however, pointed out in Ref. 8 that double folds or
handkerchiefs might appear as the stable caustics for double plane lensing under a more restricted
family of perturbations. These singularities do not appear as generic caustics under the above-
mentioned construction. Therefore, our opinion is that we need to have another interpretation of
Fermat’s principle.

lll. A SYMPLECTIC FRAMEWORK FOR SINGLE GRAVITATIONAL LENSING

In Ref. 6 Petters pointed out that single gravitational lensing can be described in the frame-
work of symplectic geometryi.e, Lagrangian singularity theoryIn the first place we briefly
review the Lagrangian singularity thedtyet 7: T* R"—R" be the cotangent bundle ovE&f. We
may consider that T*R"=R?" and #(dy,...0n;P1s--..Pn)=(d1,...0,), Where
(91, ---.,0n;P1, - - - .Pn) are the canonical coordinates @A R". There exitsthe Liouville one-
form a==_; p;dg, on T*R". We call the two-formw=da=3=!"_; dp,0dq; the canonical sym-
plectic structureon T*R". A Lagrangian submanifold:LCT*R" is a submanifold withL=n
and* w=0. We call a mapre.:L—R" a Lagrangian map

There is the notion of generating families for Lagrangian immersion germs as follows: Define
an n-parameter family of function gernts: (RKxR",0)— (R,0) to be aMorse familyif the map
germ

oF k n k
ﬁ:(R X R",0)— (R¥,0)

is nonsingular, whereF/dN(\,q)=(dF/dN1(N\,Q), ... ,dF/dN(N\,q)). It follows that 3 (F)
=(dF/9\) ~1(0) is a smooth submanifold germ i< R",0). For a Morse familyF, we define
a map germ

JF
O 3(F)—=T*R", Fp(k,q)=(q,£(k,q))-

Then it is easy to see thabg is a Lagrangian immersion germ. We also have the following
well-known result!

Proposition 3.1: All Lagrangian immersion germs are constructed by the above-presented
method

We callF a generating family ofthe Lagrangian submanifold gerdn:(2 (F)). By Proposi-
tion 3.1, we can interpret the local property of Lagrangian immersions by using the notion of
generating family, so that the singularity theory of function germs has been applied.

There is a natural equivalence among Lagrangian map germs. 7eef:(L;,z)
—(R",7(z)) (i=1,2) be Lagrangian map germs. We say that,:(L,,z;)— (R",7(z,)) and
o1, (Ly,2,)— (R",7m(2z,)) are Lagrangian equivalentf there exists a symplectic diffeomor-
phism germ®:(T*R",z;)— (T*R",z,) with the form ®(q,p)=(¢$»(q),¢1(q,p)) and a diffeo-
morphism germp:(L1,2;)—(L5,2,) such that®or=1,0¢.

We also have natural corresponding equivalences among the Morse familieB; (&
X R",0)—(R,0) (i=1,2) be two Morse families. We say th&t; and F, are R*-equivalent
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(respectively,R-equivalent if there exists a diffeomorphism gerfr: (R“xR",0)— (RKxR",0)
with the form W (\,q) = (#1(N,q),4,(q)) and a function gerna: (R",0)— R such thatF,(\,q)
=FW(\,q)+a(q) (respectivelyF,(N,q)=F,V(\,q), i.e., @ is constantly equal t0)0We
also need the following generalized equivalence relation: For two Morse fanfljegRi
X R",0)—(R,0) (i=1,2), we say thaF, andF, arestably R"-equivalentif there exist nonde-
generate quadratic form@;(A),Q,(N), (A eR*s,X e R*4) with k;+ks=k,+k, such thatF,
+Q, andF,+ Q, areR"-equivalent.

The following theorem is the principal result of the Lagrangian singularity th&dry:

Theorem 3.2: Let F; :(RXR",0)—(R,0) (i=1,2) be two Morse families

(1) If F; and F, induce the same Lagrangian submanifold germ, thep d&nd F, are
R-equivalent

(2) Lagrangian manifold germé¢ (2(F,)) and ®¢ (% (F;)) are Lagrangian equivalent if and
only if F; and F, are stably R -equivalent

We define the notion of stability of Lagrangian map germs as follows: A Lagrangian map
germ is said to béagrangian stablef for every map representing the given map-germ there is a
neighborhoodV in the space of Lagrangian mafie the C*-topology and a neighborhootf of
the source point of the germ, such that for each Lagrangian map belongihtipéoe is a point in
U at which the germ of Lagrangian map-germ is Lagrangian equivalent to the original germ. The
corresponding infinitesimal notion for generating family is given as follows: F:¢R*x R",0)
—(R,0) be a Morse family. We say thé&t is infinitesimally R -versalif

&= of of +‘9FRK><0 ﬁFka01
AT a)\ly---;a)\k 6)\ aql‘ {}!'--1(9qn|‘ {}! H;

where f(q)=F(q,0) and&, is the local ring of function germsR¢,0)—R. Then we have the
following theorem(cf. Ref. 4.

Theorem 3.3:Let F:(R¥XR",0)— (R,0) be a Morse family. Then the Lagrangian map germ
mo® is Lagrangian stable if and only if F is infinitesimally*Rversal

Now let us recall the time-delay map,(x). If we consider the family of function§: R?
X R?>—R given by

N, N2)— (91,921
[(N1,N2) 2(Q1 )|l —UONN) “T,(0),

F(N1,M2,01,02)=0

we can easily verify thaF is a Morse family, sabr :3(F)—T*R? is a Lagrangian immersion.
Here, we have

3(F)={(x,y)|grad T=0},

so that the Lagrangian immersion is corresponding to those rays that are actual light rays. The set
of critical values of the Lagrangian map® is the caustic.

On the other hand, we present another symplectic framework for single gravitational lensing,
which is essentially the same as the above-mentioned framework. Our framework will be, how-
ever, very useful when we try to generalize this framework to the case of multiple planes gravi-
tational lensing(cf., Sec. I\.

We consider thgroduct symplectic space

M(x|y): (T* MXXT* My ,wMy@wa),

Wherea),\,,y and wy, are the corresponding canonical symplectic forms, Q@gy):wMyewa
=7T’,f,,way—7T7\‘,|wax, where Tm, Ty, are the canonical projections of the product
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T*M,XT*M,. The corresponding phase spac&s M, oy ) and (T*M, ,wMy) are called the

observer spacand thesource spacerespectively. In our two-dimensional cadé,=R? and
Myz]RZ. The concrete realized single lensing system is represdfd#idwing Ref. 6 by the
Lagrangian submanifold

L,={((x,grad T),(y,grag T)) [(x,y) e My XMy }.

This means that the generating functionlgf is the time-delay map

Ix=yI?

T(Xy)=0_ 5 —(x)

(x,ye R?).

By the previous arguments, light rays are given{by,y)|grad, T=0} and the set of point sources
for light rays is the Lagrangian submanifold

Ls={(y.,grad T) e T*M|(x,y) e My X M ,grad, T=0}
of T*My. Then we have
77'My(l—;yﬁ(('lex{o})x-r*My)))zl—s-

Let us recall the basic notions of the theory of symplectic relatigtes. 1. Let X;,X, be
smooth manifolds with the same dimension. We consider the product symplectic manifold

(T* X1>< T* X2 y wxze wxl),

where wxzewxfw; wxz—rr’l‘ wy,. We define a symplectic relation frofi*X; to T*X; as a
Lagrangian submanifol® of (T* XX T* XZ"”Xz@“’Xl)' If the restriction of the projection

7Tx1>< 7TX2:T* X]_XT* X2—>X1>< X2

to R is always nonsingular, we caf the elementary symplectic relatiohet R be a symplectic
relation in (T* X X T* xz,wxzewxl) andS be a subset of * X, , then the symplectic image &

by R is defined as
R(S)={p2e T*X;:3p, cs(P1,P2) €R}.

If Sis Lagrangian submanifold inl(" X; ,wx ), thenR(S) is a Lagrangian subset iT{ X;, wy,).

Since bothS andR are Lagrangian submanifolds, we have their generating families at least
locally. We only consider the local situation here, so that we assumeXtratX,=R". Let
F,:(R*Xx X;,00—R be a generating family of a Lagrangian submanifold g&amT* X, and
F,:(Rk2x (X;X X,),00—R be a generating family of a symplectic relati®C T* X; X T*X,.

Then we have a function germ

F:((Rk1x X; X Rk2) X X,,0)— R
defined by

F((N1,d1,12),d2) =F1(N1,d1) +F2(X2,d1,02).

Hence we have the following lemma:

Lemma 3.4: If F is a Morse family, then F is a generating family of the Lagrangian submani-
fold R(S)CT* X,.

Proof: By definition, we have
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o Z2ona 2]

RZ[(Ql!QZa ( 2,Q1) ( 2:Q2))

JF
—2 o).

Therefore we have

dFy _dFy _ dF; an]

JF,
R(S):[(qu ()\2 %ﬂz)) =, V%, a0l

Since 07F/<9)\1=<9F1/o7)\1, ﬂF/(?)\ZZ(?lel?)\z, &F/8q1=6’F1/<9q1+o7F2/&q2 and 07F/<9q2
=0dF,/9q,, we have

JF  oF ]
=07,

IE JF
R(S)=|<Q2- ((N1,01,A )ﬂz))‘a 0)\2 a0,

so thatF is a generating family oR(S). Q.E.D.
In the case of single gravitational lensing S denotes the observer Lagrangian submanifold
of system of gravitational rays then the source Lagrangian submanifold of rays is an image

L/(So)CT*M

In the standard settingcf. Ref. 6 and the previous arguments, is the zero section of the
cotangent bundl@* M, . Therefore we have

L,(So) ={(y,graq T)|grad, T=0},

so that the generating family far,(S,) is given by

AAo)— (91,92
F(A As.01.0y)=© [(N1,\2) 2(Q1 )|l — o) |,

which is the same generating family as that of the source Lagrangian submanifold in the previous
framework in Ref. 6. We call the pairS(R) a (single lensing systenif S is a Lagrangian
submanifold of T*X; and R is a symplectic relation fronT*X; to T*X,. If the projection
m1|r:R—T* X, is nonsingularR is the graph of a symplectomorphigth T* M, — T* M, . In this

case we say that§(R) is regular. Moreover, ifS is the zero section of * X;, we call (§,R) a
special lensing systenTherefore, the single gravitational lensing is a regular special lensing
system.

IV. A SYMPLECTIC FRAMEWORK FOR MULTIPLANE GRAVITATIONAL LENSING

In this section we will construct the intrinsic framework for the study of gravitational lensing.

We can summarize the main problem in this paper as follows:

Problem: How can we construct the intrinsic framework for the study of double planes
gravitational lensing?

In order to tackle this problem, we now interpret the Fermat’s principle from another view
point. We define

ly—xal|?
Tp(X21Y) = 0g == Baa(Xa) |,
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T )= 6 I%2—x4lI?
B (X1;,X2) =0 T_BlZ(Xl) :

Then T2(x1,x2,y)=Tﬁ12(x1,x2)+Tﬁ23(x2,y). We may consider thatTst(xl,xz) and
Ts (Xq;y) are, respectively, single time-delay maps. It is clear that
B1o

grad, Ta(Xq,X2,y)=grad, Tg (X1;X2),

grad, To(Xq,X2,y)=grad, Tg (X1;X2) +grad, T (X2:Y).
These formulas suggest to us that the Fermat's principle can be interpreted as

grad(l Tﬁzg(xl !XZ) = O!
grad, To(Xq,%2,y) =0.

It follows that we consider the following families of functionE:l(xl,xz):Tﬂlz(xl,xz),
Fz(xz,y)=Tﬁ23(x2,y) and F(xq1,X2,Y) =F1(X1,X2) + F2(X,,y). By Fermat’s principle, we have
two submanifolds:

3(Fp)={(x1,%2) e R* [grad, F1(x;,%;)=0},

S(F)={(x1,%2,y) € R6|grad(1 F1(X1;%2) =grad, F(x1,%2,y) =0}
Dimensions of both submanifolds are two. Moreover, we define the following mappings:

e 3(F)—T*R?

by D (X1,%2) = (X2,9rad, F1(x1,X;)) and
®p 3 (F)—-T*R?

by ®e(Xq,X2,Y) = (Y,grad F(x;,X2,Y)). By the previous arguments, images of both mappings are
Lagrangian submanifolds. The later Lagrangian submanifold corresponds to the light source. The
first Lagrangian submanifold corresponds to the light ray image on the second lens, since the
distance between the first lens and the second lens is so long that there might be no interactions
between these lenses. So we have to consider the stability of light ray under the independent
perturbations of each lens planes.

On the other hand, we might consider tigi{(x,,y) is a generating function of the graph of
a certain symplectomorphisid: T* R2—T*R? (cf., Ref. 11. In this case, the Lagrangian sub-
manifold ®¢(X(F)) can be considered as the imagédr (X (F1))).

Since the single lensing system can be described under the framework of symplectic relations,
we might construct the framework for the double gravitation lensing by using the composition of
two symplectic relations.

The composition RyeR;C(T* X XT* X3, 0x,Owy ) of two symplectic relations
Ry C(T* Xy XT* Xz, 0y, O wx,), RoC(T* XoX T* X3,0x O wy,) is defined as follows:

RpoR1={(P1,P3) € T* X1 X T*X3;3p, c 1 x,(P1,P2) € Riand (p2,p3) € Ry}
If Sis Lagrangian submanifold ifi* X, then we have two symplectic images

Rl(S) and RZORl( S) .
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By the previous arguments, a double gravitational lensing is represented by the pair of sym-
plectic relations K'Blz’LIBZB)'

L'BlZC (T* Mxlx T* sz,erz@wal),
Lﬁzsc(T* MXZX T* My ,wMyewMXZ).

Now the source Lagrangian subspace of the system is the image by the compds/'gtzison;
oLﬁlz(SO), where S, is the zero section oT*MXl. SinceTﬂlz(xl,xz) and Tﬁzs(xz,y) are the

corresponding generating functions for the symplectic relatigihe graphs of symplectomor-
phism Ls, and Lg,y then the configurational positions of rays emitted from the source at a point

y are the points ;,X5),(X2,Y)) € Lg,¥Lg,, given by the solutionsx; ,x,) of the system of
equations

grad, Ta(Xy,%2,y)=0, 1)
grad, To(X1,%2,y)=0. )
If we now consider a family of function§:R*x R?x M,— R defined by
Fla.Nw)=To(qN, ) =T (Q,N)+Tg, (N, u),
thenF is a generating family for the image Lagrangian subspace
L, oL p,(S)CTHM,.

According to the above-given arguments, we say tBaR(,R,) is adouble lensing systeih
S is a Lagrangian submanifold a* X; andR; is a symplectic relation fronT*X; to T*X;, 4,
wherei=1,2. We also say that the double lensing syst&mR(,R,) is regular if both of R; (i
=1,2) are graphs of symplectomorphisms. Moreover, we say that a double lensing system
(S,R1,Ry) is specialif Sis the zero section of* X, . Therefore, a double gravitation lensing is
a regular special double lensing system.

We now define a natural equivalence relation among double lensing system germs. Let
(SR1,R,),(S',R1,R;) be double lensing system germs. We say ti&R(,R,), (S',R{,R;) are
Lagrangian equivalenif there exist a symplectic diffeomorphism germ and

D :(T*Xy,20)—(T*Xy,29),

Lagrangian equivalence gernisymplectic diffeomorphisms preserving the cotangent bundle fi-
bration

D, (T*X5,25) = (T*X5,25), P3:(T*X3,23)—(T*X3,23)

such thatd,(S)=5', (P XP,)(R)=R; and @,XP3)(Ry)=R;.

Since there always exists a symplectic diffeomorphism gdrm(T* X;,z;) —(T*Xy,2;)
such that®,(S)=S’', we may assume th&=S' are equal to the zero section ©f X;. There-
fore, without the loss of generality, we stick to special double lensing. In this case we say that
(SR1,Ry), (S,R1,R;) arestrictly Lagrangian equivalenif there exist Lagrangian equivalence
germs

Dy (T*X,,22)—=(T*X3,25),  P3:(T*X3,23)—(T* X3,23)

such that (ighx X< ®,)(Ry)=R; and @,X®3)(R,)=R;. This equivalence relation might be,
however, too strong to give a classification of double lensing system germs. Therefore, we need an
appropriate equivalence relation among special double lensing system germs.
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Now we give a candidate of such a natural equivalence. We say that the special double lensing
system germs$,R;,R,), (S,R;,R;) areweakly Lagrangian equivalerit there exist Lagrangian
equivalence germs

Dg:(T*X3,25) = (T X3,25),  Dr((T* XX T*X3,(22,25)) = (T*XpX T* X3,(25,25))

such thatmy o® = ®zemy, and P (Ry(S) XR°Ry(S)) = R1(S) X R5eR1(9).

We have the following proposition.

Proposition 4.1: Suppose thé8,R;,R,), (S,R;,R5) are weakly Lagrangian equivalent, then
both of the Lagrangian submanifolds, (&), R;(S) and ReR(S), R;°R;(S) are Lagrangian
equivalent

Proof: By definition we have a diffeomorphism gert: (X, X X3, (75(2,),73(23))) — (X,

X X3,(m(25),7m3(23))) of the form® (x,,X3) = (P2(X2,X3), P3(X3)) and a symplectic diffeomor-
phism&):((T* XoXT*X3,(22,23)) = (T* XX T* X3,(25,23)) of the form

D((X2,P2),(X5,P3)) = ((Ba(X2,X3), 2 X2, X3, P2, Pa)) h3(Xa), 3(X3,P3))

such that @ (R;(S) X RpoR3(S)) =RL(S) X RyeR,(S). Therefore we haved(Ry(S)x{zs})
=(R1(S)X{z3}). We identify symplectic manifoldsT* X,=T* X,X{z3}=T* X,x{z3}. Under
this identification, the above-mentioned equality means B\@S) and R;(S) are Lagrangian

equivalent.
By definition, we have®;(R,cR;(S))=R°R;(S). This fact means thaR,°R,(S), R,
°R5(S) are Lagrangian equivalent. Q.E.D.

By the above-given proposition, the weak Lagrangian equivalence among double lensing
system germs preserve both caustics of the first and the second deflectors. It is the caustic equiva-
lence already introduced in the classification of coisotropic varieties in Ref. 12.

V. GENERATING PAIRS FOR DOUBLE LENSING SYSTEMS

In this section we consider the problem how to construct a kind of the notion of generating
families for double lensing systems. We already have a solution because a double plane gravita-
tional lensing is described by the pair of time-delay maps. We only consider local properties, so
that we assume tha¢; = X,=X5=R".

For any double lensing system gern,R;,R,), we have generating familieB,: (R0
X X1,0)—=R of S, Fy:(R*1X (X1 X X,),00—R of R; andF,:(Rk2X (X,X X3),0)—R of R,.

On the other hand, there always exists a symplectomorphism gks(T*X;,z;)
—(T*X,,0) such thatb,(S) is a zero section germ df* X,, so that we might assume th@tis
a zero section germ of* X; under the Lagrangian equivalence among double lensing system
germs. In other words, it is enough to investigate special double lensing system germs. In this case
Fo can be chosen as a constant function. We ¢&l,E,) a generating pairof the special lensing
system germ$,R;,R,) if F; is a generating family oR; (i=1,2). ThenF, can be regarded as a
generating family ofR,(S)CT*X, andF=F;+F, is a generating family oR,°R;(S)CT* X3
(cf., Ref. 12.

Since a double gravitation lensing is a regular double lensing system, we now pay attention to
regular special double lensing systems here. In this €gs€X;XX,,00—R is a generating
function of R; andF,:(X,X X3,0)—R is a generating function dR,. By the arguments in the
previous paragraplk, is a generating family of the Lagrangian submanifold g&S)C T* X,
and a map gernir:((X; X X5) X X3,0)—R defined by

F((X1,X2),X3) =F1(X1,X2) + F2(X3,X3)
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is a generating family of the Lagrangian submanifold g&mR;(S)C T*X5. In other words,
(F1,F5) is a generating pairof a regular special double lensing system gei®&R(,R,) if
(dF1(X1XX2),(21,22)) = (R1,(21,27)) and @F2(X2XX3),(22,23)) = (R2,(22,23)).

Since any elementary symplectic relation has a generating function at least locally, we have
the following fundamental proposition:

Proposition 5.1: All regular special double lensing system germs are constructed by the
above-mentioned method

We can translate equivalence relations among double lensing systems into those of corre-
sponding generating pairs. We consider the ambiguity of the choice for generating pairs of a
double lensing system.

Proposition 5.2: Le{(F,,F,) and(G;,G,) be generating pairs of a common regular special
double lensing system germ. Thep=G, + constantand F,=G,+ constant.

For our purpose, we introduce equivalence relations among generating pairs for double lens-
ing system germs. Lét,,G1, (XX X,,0)—R andF,,G,,(X,X X3,0)—R be function germs. We
say that £,,F,) and G;,G,) are R,L)*-equivalentif there exist diffeomorphism germs
D (XX X5,0)—= (XX X,,0) of the form ®,(Xq,X5)=(h1(X1,X5),P2(X2)), and P,:(X,
X X3,0)— (X5X X3,0) of the form®,(X,,X3) = (d2(X5), P3(X3)) and function germsy:(X,,0)
—R, B:(X3,0)—R such that

F1(X1,X2) =G10®;(X1,Xz) + a(Xy),
Fa(X2,X3) = G2o®y(X5,X3) + B(X3).

Proposition 5.3: Le{(F,,F,) and(G,,G,) be, respectively, generating pairs of special regu-
lar double lensing system germ&Sy,R;,R,) and (Sy,R;,R;)). Then (S$,R;,R,) and
(S0,R1,R3)) are strictly Lagrangian equivalent if and only ifF,,F,) and (G;,G,) are
(R,L) "-equivalent

We also say thatK,,F,) and G;,G,) are RxL"-equivalentif there exists a diffeomor-
phism germ

CD(X]_X X2XX3,0)—>(X1X X2>< X3,0)

of the form ® (X4 ,X5,X3) = (1(X1,X2,X3), P2(X2,X3),b(X3)) and a function gerna:(X3,0)— R
such that

F1(X1,%2) +F2(X2,X3) = G1(h1(X1,X2,X3), Pa(X2,X3)) + Go d2(X2,X3), (X3)) + a(X3).

Suppose thatR,,F,) and G;,G,) are RXL"-equivalent If we substitutex;=0 into the
both sides of the above-given equality, then we have

F1(X1,X2) +F2(X2,0) = G1(1(X1,X2,0), $2(X2,0)) + G2 $2(X2,0),0) + «(0).
Therefore,F, andG; areR"-equivalent.
By the general theory for Lagrangian singularities., Ref. 4, we can show the following
proposition:
Proposition 5.4: Le(F,,F,) and(G,,G,) be, respectively, generating pairs of special regu-
lar double lensing system germ&Sy,R;,R,) and (Sy,R;,R3)). Then (S,R;,R,) and
(So.R1,R3)) are weakly Lagrangian equivalent if and only (F,F,) and (G;,G,) are R

X L*-equivalent
We say that E,,F,) is infinitesimally R< L " -stableif
JF
+<—2,1> .
g(x Xq) (?Xg ‘Sx
273 3

+<(9(F1+ F2)>

JF,
5(x1,x2) + 5(x2,x3)c r7_Xl e

Exy %5 3)

In this case, foi-; we have
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P <af1> +<<9F1 1>
X1\ 9w _ ) )

9%, 6 Mz, g )
wheref(X;) =F1(X4,0).

Now we have the following proposition:
Proposition 5.5: Le{F,F,) be a generating pair of a special regular double lensing system
germ(Sy,R;,R,). Then the following are equivalent:
11> 1
=0 | g

(1) (F4,F,) is infinitesimally R< L *-stable
(2) (Fq,F,) satisfies the following condition:

& = ﬁ_Fl + M + (;_FZ
(x1%2) &Xl (9X2 B 8X3
X2

where £(X5) =F5(x5,0).
(3) (Fq,F,) satisfies the following condition:

+<(7(F1+ F2)>

X,

S(Xl X5)

dF,
g(xl \X5) + g(xz ~X3) = (9_)(1

g(xl Xp 1 X3)

(4) F, is infinitesimally R -versal and
JF A(F{+f JF
£.Cl=— RGeS i T
27\ 9% Xy |, X3 |, _,
X2 3 R

Proof: We assume that the conditigd) holds. SinceF, is infinitesimally R -versal defor-
mation off;, we can show that

E(X]_ \Xp)

P <aF1 . JF, 1>
(Xq %) — B - .
1%2) 7\ oxy x|

(Xq,%) Xy
We remark that

OFy  3(Fi+fy)  of,
Xy Xy Xy’

so that we have

JF A(F{+f JF
IO it B (G ek S i
172 O’IX]_ 0"X2 € 3X3
Xo 3
It follows from the assumption that

(Xq,%p)
JF I(Fq +f JF
Eoony=| 2 Y RS YA Y e P
172 &Xl (9X2 B 0')X3 -0
Xo X3= R

This means that the conditid) holds. The converse assertion is trivial by definition.

By the Malgrange preparation theoréaf., Ref. 13, we can easily show that the conditi(8)
is equivalent to the conditio®?). SinceE(X1,X2)+SXZZE,’(lexz), condition (1) implies condition
(2). It follows from the inClusiornty, x,)+ Ex, x;) C Ex, x, x5 that condition(3) implies condition
(1). This completes the prodf.

E(Xl \Xp)
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VI. CLASSIFICATION OF LENSING SYSTEMS AND CAUSTICS

We recall that the family of functions
F(X1,X2,%3) =F1(X1,X2) + Fa(X2,X3)

is a generating family for the Lagrangian submanifold-g&»R,(S) C T* X5 with (x4,X,) being

the Morse parameters auxiliary in the reduction prog¢essRef. 15. A causticof the time-delay
map in the case of the double lensing system is defined to be the set of source positions
e R?, which are critical values of the projection

T* X33 RzoRl(S)—>X3,

or the function &4,X,)—F(X4,X5,X3) has at least one degenerate critical point.

Using theRX L " equivalency group and infinitesimal stability conditions obtained in Propo-
sitions 5.4 and 5.5 we can construct normal and prenormal forms of infinitesimally stable gener-
ating pairs £1,F5,), or equivalently the function§ (xq,X5,X3)=F1(X1,X5) +F5(X5,X3), which
belong to the space of additively composed functions Ao#{(X;,X5,X5,X3) € X1 X XX X5
X X3:Xo=X%5}, i.e.,

F(X1,X2,X3) = mF 1(X1,X2) + T3aF 2(X2,X3) | o
where,,m,3 are the canonical projections
i) Xy X XX XX Xg—= XX Xj, (1) =(12),(23).
If (F,,F5) is an infinitesimallyRX L " -stable generating pair, then by Proposition GL5F ;

is infinitesimally versal. Now we define the subgroupRof L *-equivalency group prescribed to
F, and acting onF,. We say thatF, and G, are RX LJ“),:1 equivalent if there exists

D(Xq1,%X2,%X3) = (Pp1(X1,X2,X3),P2(X2,X3), d(X3)) and a function-gerna: (X3,0)— R such that~
is preservedF°(¢,,¢,)=F; and F,,F,) and F,,G,) areRXL " -equivalent byd. Now we
can formulate the following result.

Proposition 6.1: Any infinitesimally RL"-stable pair is R<L"-equivalent to the pair
(F1,F5), where F; is a versal unfolding of F{x;,0) and F, belongs to an open orbit ofR
XL")g, -action

In the two-dimensional case we simplify the notation and write

F(x,u,v)=F(x,u)+Fo(u,v), X,u,vel?

Proposition 6.2: Let us assume that 5 an infinitesimally R -versal Morse family. Then the
generic generating pair-germgF,,F,) are RxL*-equivalent to one of the following normal
forms:

(AlAD):  (F106U),Fp(un)=(2Xi=x5, = ui=uj),
(A1AL): (F1(x,u),Fp(u,n))=(=x5%x5,ud+us+v,uy),
(ArA3):  (F1(x,U),Fo(u,0)) = (=X X3, = ui= ud+viui+oouy),
(A2B2):  (F1(xU),Fp(u,0))= (G =X5+xUg, = ui=uj+v,uy),

(A;B3):  (F1(x,u),Fa(u,0))= (3= x5+ XUy, US+ U5+ 01Uy +v,u2),

(A2Cy):  (Fy(x,u),Fa(u,0))= (G =X3+X1Uy, Uiy = U3+ 04Us),
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fold cusp

FIG. 3. The standard plane gravitational lensing.

(AyC3):  (F1(x,u),Fo(u,0))=(x3+ X5+ XUy, UyUp+ U3+ Us+0,U3),
(AgX): (F1(x,u),Fp(u,0))= (X3 x5+ x5u;+XqUp, £(U,0)),

where¢ is a smooth function-germ

The first three case@) give the standard plane causti¢g., nonsingular, folds and cugps

The four casesAB), (AC) are the composed, B, andC boundary type caustics. However,
only the case A,C3) has the caustics at the origin as a composition. In this case we can calculate
that (Fig. 3

RoeRy(8)={(—2xy,y.x.x%) | (x,y)e(R%0) }CT*X,.

Therefore the projection ontoX; is locally represented byf:(R?,0)— (R?,0); f(x,y)=
(—2xy,y) This map-germ is called thginch map(cf., Fig. 4. This is a famous example which
does not admit a Thom stratificatigRef. 16, p. 24

The last case gives other possibilities of compositions Witkcaustic. There might appear
several complicated singularities.

An equivalenceR X L " -group acting orX; X X, X X5 is a subgroup of ther(s)-equivalences
introduced in Ref. 17, whene=dim X, ands=dim X;. We recall that £,s)-infinitesimal stability

condition
JF J(F JF
() (%] +<a_
£ Ew) v

(xu)
whereF o= (F,u), Fo(x,u)=F(x,u,0), (\,x) e RXR?, is weaker than th&x L *-infinitesimal
stability condition.

,1> +E35()\:M) ,
v=0 R

X Vi

FIG. 4. The vertical lines are mapped onto the lines through the origin by the pinch map.
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If h(x,u,v) is an (,s)-infinitesimally stable unfolding ofy(x) =F(x,0,0) then the prenormal
form for infinitesimally Rx L * -stable unfolding off, is given in the form

2
F(X,U,U):h(X,U,U)+Zl uigi(u,v),

whereg; € £, -
By (r,s)-stability theory(cf. Ref. 17, if ge £, is an (,s)-stable unfolding ofz(x)
=9(x,0,0), theng is (r,s)-equivalent to the function-germ

F(X,Ty(u,v)),
whereF is an ( +s)-stable unfolding ofy and T ,(u,v)=TeW,, is a composition of the polyno-

mial mappingT: (R?x R2,0)— (R?X R2,0) and permutation of the variabl#¥,. Here we have

T(u,v)= u,v+p(u)+21 vi&(u) |,

wherep(u) is a polynomial mappin@"— R® with zero constant term and degree at nwostl and
&(u) are polynomial mapping®&"— R® with zero constant terms and degree at nwstl. The
permutationW, acting onu,v-variables\W,(Wa,...,W; 1) =(W(1),... Wy + ) IS defined as one
of the following permutations; Taking<min{r,s} and integers £i;<---<i,<r, 1<j;<--
<jk=s we define ¢ as the product of the following transpositions:=(i,r+j;)(i,,r
+i2) (i + ).

In our (2,2)-case all stable unfoldings are related to the corresponding strata of the family of
mappings:

2 2
T(U,U): Ug,Up, v+ 2 a.ijUi]_Uj2+ 2 bijUin, vyt 2 Cijuilujz'f' 2 dijUin .
1<i+j=<3 ij=1 1<i+j<3 ihj=1
These unfoldings were classified in Refs. 18 and 19 and we may use them in our classification of
gravitational caustics.
Remark 6.3: By the straightforward application of the classification theorem from Ref. 18 we

find that the generic perturbations of the composed function-gerrfs,ukv)=F(X,u)
+F,(u,v), are (2,2-equivalent to the following normal forms:

F(X,u,0)=X3+Xx3+ XUy,
F(X,U,0) =X+ X5+ X1 (v + U+ +Uu3),
F(X,U,0) =X+ x5+ X1 (v~ U2—U3),
F(X,U,0) =X+ X5+ X1 (v + U+ H U5+ Uqp,p),
F(X,U,0)=*X]+ X5+ X5U; + UpXy,
F(X,U,0)= =X X5+X2( = U2+ Up) + X (Uptv1),
F(X,U,0)= %X X5+ X2(U3+Ugva+ Uy) + X1 (Up+0q),
F(X,U,0)=*=X] X5+ X2( U2+ Upvp+v1) + XqUsp,

F(X,U,0)=*X] = X5+ X5U; + X1 (U2 + U5+ Ujvg+0s),
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FIG. 5. The picture of the perturbed caustics of the original double lensing system. Twofold curves have order 3 contact
at the origin.

F(X,U,0) =X+ X5+ X3Uq + X3(Upv o+ CUy+ Uy +01) + XUy, (C# — ),
F(X,U,0)= X34 X3+ X1 XoU7 + XqUp+ Xp(Upv 2+ Uy + CUy+v4),(C#0),
F(X,U,0) =X3—X1X5+ X3(U1v+ CUp + Uy +v7) + XqUp+ XUy, (Ce R),
F(X,U,0) =X3— X1X5+ X5(Upv 2+ Uy +01) + X Up+ XUy .
By definition, (2,2)-equivalence destroys the exact structure of the composition of caustics.
However the structure of generic perturbation of the caustics still remained. By the above list, we

can calculate the discriminant set

JF oJF oJF OF
Xy Xy Jup dup

DF:{(01-UZ)EX3

Such sets are the perturbed caustics of the original double lensing systems. For the function germ
F(X,U,0)=*X] x5+ XU+ X (U3+us+uw+v,)  we  have De={(t,0)lU{(6s°+ 2s,

+20s%)} which is depicted in Fig. 5. We can observe that two regular cufves foldg have

order 3 contact at the origin. These two regular curves are the locus of fold points. Therefore, this
is a double fold at the origin.
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