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Abstract

We study the optimal control problem for R%valued absolutely
continuous stochastic processes with given marginal distributions at
every time. When d = 1, we show the existence and the uniqueness of
a minimizer which is a function of a time and an initial point. When
d > 1, we show that a minimizer exists and that minimizers satisfy
the same ordinary differential equation.

1 Introduction

Monge-Kantorovich problem (MKP for short) plays a crucial role in many
fields and has been studied by many authors (see [2, 3, 7, 10, 12, 20] and the
references therein).



Let h : R? — [0,00) be convex, and @y and @Q; be Borel probability
measures on R?, and put

(@0, Q) = inf B[ 0“5, )

where the infimum is taken over all absolutely continuous stochastic processes
{o(t) }o<i<1 for which Pé(t)~! = Qi(t = 0,1). (In this paper we use the same
notation P for different probability measures, for the sake of simplicity, when
it is not confusing.)

As a special case of MKPs, we introduce the following problem (see e.g.
2, 3] and also [18]).

Does there exist a minimizer {¢°(t)}o<i<1, of (1.1), which is a function of ¢
and ¢°(0)7

Suppose that there exist p € L'([0,1] x R? : R,dtdr) and b(t,z) €
LY([0,1] x R? : R%, p(t, z)dtdz) such that the following holds: for any f €
C>*(R%) and any t € [0, 1],

/Rd f(x)(p(t,z) — p(0,z))dx = /Ot ds /Rd < Vf(zx),b(s,z) > p(s,x)dz,
p(t,z) >0 dzx—ae., /Rd p(t,z)dr = 1. (2)

Here < -, - > denotes the inner product in R? and V f(x) := (0f(x)/0x;)L,.
Put, for n > 1,

e, i— inf{E| /0 1 h(d);—it))dt] Y (D)} osrer € An), (3)

where A, is the set of all absolutely continuous stochastic processes {Y (¢) }o<t<1
for which P(Y (t) € dx) = p(t,x)dx for all t =0,1/n,---, 1.
Then the minimizer of e, can be constructed by those of

[ h(n-) (p(ix)dm,p(ﬂ,x)dx) (k=0,---,n—1)
n n n

(see (1.1) for notation). As n — oo, e, formally converges to

e = inf{E| /0 1 h(d};—f))dt] Y ()} osrer € A, (4)
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where A is the set of all absolutely continuous stochastic processes {Y (¢) }o<t<1
for which P(Y (t) € dx) = p(t,x)dz for all ¢ € [0, 1].

In this sense, the minimizer of e can be considered as the continuum limit
of those of e,, as n — 0.

In this paper, instead of h(u), we would like to consider more general
function L(t, z;u) : [0,1] x R4 x R% +— [0, 00) which is convex in u, and study
the minimizers of

1

el = mf{E[/O L(t, Y(t)7 Cﬂ;]@)dt] : {Y(t)}ogtgl S A} (5)
Remark 1 [t is easy to see that the set A,, is not empty, but it is not trivial
to show that the set A is not empty if b in (1.2) is not smooth. As a similar
problem, that of the construction of a Markov diffusion process {X (t)}o<t<1
such that PX ()~ satisfies a given Fokker-Planck equation with nonsmooth
coefficients is known and has been studied by many authors (see [4], [5], [15],
[19] and the references therein).

We would also like to point out that (1.1) and (1.5) can be formally con-
sidered as the zero-noise limits of h-path processes and variational processes,
respectively, when h = L = |u|* (see [8] and [15], respectively).

More generally, we have the following.

Let (2, B, P) be a probability space, and {B;}:>¢ be a right continuous,
increasing family of sub o-fields of B, and X, be a R%valued, By-adapted
random variable such that PX ! (dz) = p(0,z)dz, and {W(¢)};>0 denote a
d-dimensional (B;)-Wiener process (see e.g. [11] or [13]).

For ¢ > 0 and a R%valued (B;)-progressively measurable {u(t)}o<t<1,
put

Xeu(t) = X, + /Otu(s)ds LW () (te0,1]). (6)
Put also

& = B[ L X0 u(0)dl): ful)}ozisr € A (> 0), (7

where A® := {{u(t)}o<t<1 : P(X®"(t) € dx) = p(t,z)dz(0 <t < 1)}; and



& = inf{/ol [ Dty Byt y)dedy: B X} (£20),  (3)

where A® is the set of all B(t,z) : [0,1] x R? — R for which the following
holds: for any f € C°(R%) and any ¢ € [0, 1],

/Rd f(x)(p(t,z) — p(0,x))dx
_ /Ot ds /Rd(%+ <V (@), Bls,2) > (s, )

Then we expect that the following holds:

0

ef=6& —e’=8" (ase—0). 9)

In this paper we show that the set A is not empty and (1.9) holds, and
that a minimizer of e° exists when the cost function L(t,z;u) grows at least
of order of |u|* as u — oo (see Theorem 1 in section 2).

We also show that the minimizers satisfy the same ordinary differential
equation (ODE for short) when L is strictly convex in u (see Theorem 2 in
section 2). (In this paper we say that a function {1 (t) }o<:<1 satisfies an ODE
if and only if it is absolutely continuous and di(t)/dt is a function of ¢ and
P(t), dt-a.e..)

When d = 1, we show the uniqueness of the minimizer of €” (see Corollary
1 in section 2).

Since a stochastic process which satisfies an ODE is not always nonran-
dom, we would also like to know if the minimizer is a function of a time and
an initial point. In fact, the following is known as Salisbury’s problem (SP
for short).

Is a continuous strong Markov process which is of bounded variation in time
a function of an initial point and a time?

If 2(t)q;<q is @ R-valued strong Markov process, and if there exists a
Borel measurable function f, on R, such that x(t) = x(0) + [ f(x(s))ds
(0 <t < 1), then SP has been solved positively by Cinlar and Jacod (see
[6]). When d > 1, a counter example is known (see [21]).



When d = 1, we give a positive answer to SP for time-inhomogeneous
stochastic processes (see Proposition 2 in section 4). This is a slight gen-
eralization of [6] where they made use of the result on time changes of
Markov processes, in that the stochastic processes under consideration are
time-inhomogeneous and need not be Markovian. In particular, we show,
when d = 1, that {Y(t)}o<i<1, € A, which satisfies an ODE is unique and
nonrandom. It will be used to show that the unique minimizer of €° is a
function of an initial point and of a time when d = 1 (see Corollary 1 and
Theorem 3 in section 2).

Remark 2 When d > 1, {Y(t)}o<i<1, € A, which satisfies an ODE is not
unique (see Proposition 1 in section 2).

When L(t,z;u) = |u* and p(t,x) satisfies the Fokker-Planck equation
with sufficiently smooth coefficients, the optimization problem (1.5) was con-
sidered in [16] where the minimizer exists uniquely and is a function of a time
and an initial point, and where we used a different approach which depends
on the form of L(t,z;u) = |ul?.

Our main tool in the proof is the weak convergence method, the result
on the construction of a Markov diffusion process from a family of marginal
distributions, and the theory of Copulas.

In section 2 we state our main result. We first consider the case where a
cost function L(t,z;u) grows at least of order of |u|* as u — oo and d > 1.
Next we restrict our attention to the case where L is a function of u and
d = 1. The proof is given in section 3. We discuss SP in section 4.

2 Main result

In this section we give our main result.
We state assumptions before we state the result when d > 1.
(H.0). €° is finite (see (1.8) for notation).
(H.1). L(t,z;u) : [0,1] x R x R% + [0, 00) is convex in u, and as h,§ | 0,

L(t, x5 u) — L(s,y; u)
1+ L(s,y;u)

R(h,5)::sup{ :]t—s|<h,\x—y\<5,u€Rd}l0.
(H.2). There exists ¢ > 2 such that the following holds:
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. o d
0 < liminf MHLG 23w) : (8, 2) € [0,1] x R

o0 [uf

: (10)

su {Supz€6 W L(txu) | |
(1 Jul)et

where 0, L(t, z;u) := {z € RY: L(t,z;v)—L(t,v;u) >< z,v—u > for all v €
R4} (t € 10,1], z, u € RY).
(H.3). p(t,-) is absolutely continuous dt-a.e., and for ¢ in (H.2),

[ e

Remark 3 If (H.0) does not hold, then €° in (1.5) is infinite. (H.1) implies
the continuity of L(-,-;u) for each u € RY. (H.2) holds if L(t,z;u) = |ul?.
We need (H.3) to make use of the result on the construction of a Markov
diffusion process of which the marginal distribution at time t is p(t,z)dz
(0 <t<1). (2.8) holds if b(t,x) in (1.2) is twice continuously differentiable
with bounded derivatives up to the second order, and if p(0,x) is absolutely
continuous, and if the following holds:

e

The following theorem implies the existence of a minimizer of e (see
(1.5)-(1.8) for notations).

S (t,x,u) €0,1] x R x Rd} =Cyp < oo, (11)

xptx
tx

’ p(t, 2)dtdz < oo, (12)

V.p(0,x)|?
p(0,z)

p(0, z)dx < . (13)

Theorem 1 Suppose that (H.0)-(H.3) hold. Then the sets A® (¢ > 0) and
A are not empty, and the following holds:

&=e —e’=8&" (ase—0). (14)
In particular, for any {u®(t) }o<i<1, € A%(e > 0), for which
1
lim 15 / L(t, X5 (£); (1) )dt] = €, (15)
e 0

{{X= () Yoci<1 Jeso 48 tight in C([0,1] : R?), and any weak limit point of
{ X5 (#) }oct<1 as € — 0 is a minimizer of €.

6



The following theorem implies the uniqueness of the minimizer of € and
that of the ODE which is satisfied by the minimizers of .

Theorem 2 Suppose that (H.0)-(H.3) hold. Then for any minimizer { X (t) }o<i<1

of €2, bX(t,x) := E[dX(t)/dt|(t, X (t) = x)] is a minimizer of €. Suppose
in addition that L is strictly convex in uw. Then €° has the unique minimizer
v(t,x) and the following holds: for any minimizer { X (t)}o<i<1 of €°,

X(t)=X(0)+ /Ot b°(s, X(s))ds forallt €[0,1], a.s.. (16)

Remark 4 By Theorems 1 and 2, if (H.0) with L = |u|* and (H.3) with
q = 2 hold, then there exists a stochastic process {X (t)}o<i<1, € A, which
satisfies an ODE.

Since b € A° is not always the gradient, in z, of a function, the following
implies that the set A° does not always consist of only one point.

Proposition 1 Suppose that L = |u|?, and that (H.0) and (H.3) with q = 2
hold, and that for any M > 0,

ess.anf{p(t,z) : t €[0,1],|z| < M} > 0. (17)
Then the unique minimizer of €° can be written as V.V (t,x), where V(t,-) €
HL (R*:R) dt-a.ec..

We next consider the one-dimensional case. Put
F(r)= [ plty)dy (€010 eR)

F'u):=sup{y € R: Fy(y) <u} (t€][0,1],0 <u<1).

(H.3). d =1, and Fi(z) is differentiable and has the locally bounded first
partial derivatives on [0,1] x R.
By Proposition 2 in section 4, we obtain the following.

Corollary 1 Suppose that (H.0)-(H.3) and (H.3) hold, and that L is strictly
convex in u. Then the minimizer {X (t)}o<i<1 of €° is unique. Moreover,
limgeqnpo1],s—t Fy H(Fo(X(0))) exists and is equal to X (t) for all t € [0,1]
a.s..



The theory of copulas allows us to treat a different set of assumptions by
a different method (see (1.3)-(1.4) for notations).
(H.0)’. {e,}n>1 is bounded.
(H.1)". h: R+ [0,00) is even and convex.
(H.2)’. There exists > 1 such that the following holds:

h
0 < liminf () (18)

|u|—o0 |U|

(H.3)”. d =1, and p(t, ) is positive on [0, 1] x R.

Theorem 3 Suppose that (H.0)-(H.2)" and (H.3)” hold. Then {F, (Fy(x))}o<i<1
n (R,B(R),p(0,z)dx) belongs to the set A and is a minimizer of e. Sup-

pose in addition that (H.3)” holds. Then {F,'(Fy(x))}o<i<1 is the unique

manimizer, of e, that satisfies an ODE.

Remark 5 If {e,},>1 is unbounded, then so is e. By (H.1)’, {X(t) :=
F7HN(Fo(x))Yo<i<1 satisfies the following (see e.g. [20, Chap. 8.1]): for any t
and s € [0, 1],

pn(p(s, x)dx, p(t, v)dr) = Eo[h(X(t) — X(s))] (19)

(see (1.1) for notation), where we put Py(dx) := p(0,z)dz. Indeed,
X(t) = F,H (F(X(9))) (20)
since for a distribution F' on R,
F(F'u)=u (0<u<l) (21)
(see e. g. [17]).

3 Proof of the result

In this section we prove the result given in section 2.
Before we give the proof of Theorem 1, we state and prove three technical
lemmas.

Lemma 1 Suppose that (H.2) holds. Then for any e > 0, € = e°.



(Proof). For any B° € A® for which [ fga L(t, x; B*(t, z))p(t, z)dtdz is finite,
there exists a Markov process {Z°(t) }o<t<1 such that the following holds:

¢
Z5() = X, + / B (s, Z°(s))ds + eW (1), (22)
0
P(Ze(t) e dx) = p(t,x)de (0<t<1), (23)
since [ [ga |BE(t, z)|?p(t, z)dtdx is finite by (H.2) (see [4] and [5]). This
implies that {B®(t, Z°(t)) }o<t<1 € A%, and that the following holds:

1

/ / (t, 3 BE(t, 2))p(t, «)dtdz = / EIL(t, Z5(t); BE(t, Z5(1)))]dt, (24)

0

from which e® < é°.
We next show that e® > e°. )
For any {u®(t) }o<i<1 € A%, b5 (t,2) := E[uf(t)|(t, X5 (t) = x)] € A°.
Indeed, for any f € C“(Rd) and any t € [0, 1], by the It6 formula,

/ f(@)(p — p(0,z))dz = E[f (X" (t)) — f(X5(0))]  (25)
- [ 7[5
_ /t { AFX ()4 < V(X (), 5 (5, X5 (5)) >}ds
= /ds/ ( z)+ < Vf(x), b5 (s, 7) >>p(s,x)da:.

The following completes the proof: by Jensen’s inequality,

AFXE (5)) 4+ < VX (5)),u(s) > ds

/o1 E[L(t, X7 (t);w(t))]dt (26)
> /1E[L(t X ()b (1, X2 (1))t

— // (t, ;05" (¢, 2))p(t, x)dtda.

Q. E. D.
The following lemma can be shown by the standard argument and the
proof is omitted (see [13, p. 17, Theorem 4.2 and p. 33, Theorem 6.10]).
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Lemma 2 For any {u®(t)}o<i<1 € A% (¢ > 0) for which {E[fy |uf(t)[2dt] }eso
is bounded, {{ X" (t)}o<i<1}eso is tight in C(]0,1] : RY).

Lemma 3 For any {u®(t)}o<t<1 € A" (n > 1) (¢, — 0 as n — o0) such
that {E[fy [u(t)[?dt]}n>1 is bounded and that {X,(t) = X" (t)}oci<1
weakly converges as n — oo, the weak limit { X (t)}o<i<1 in C([0,1] : RY) is
absolutely continuous.

(Proof). We only have to show the following: for any > 0 and any m > 2,
n > 1 and any S’i,j7ti,j € Q for which 0 < Sij < ti,j < Sij+1 < ti,j+1 < 1
(1<i<n,1<j<m—1)and for which 37", [t;; — s;5| <6 (1 <i<n),

1<i<n 4=

Elmax (52 1X(0) = X(s0))* < Slimint B[ Pt (27)

Indeed, by the monotone convergence theorem and by the continuity of
{X(t) }o<t<1, (3.6) implies that, for all m > 2,

Elsup{ (D> |X(t;) = X(s)))? - D_|t; — 551 <6 (28)
= =1
,0<5; <t; <sj11 <tj <11 <j<m—1)}]
1
< (5li]£ninfE[/ s (£)|2dt].
— 00 0

The left hand side of (3.7) converges, as m — oo, to

E[sup{é X(t) — X(s))? Yol — s <om>2  (29)

J j=1
70§5j§tj§3j+1Stjﬂﬁl(lﬁjﬁm—l)}]

since the integrand on the left hand side of (3.7) is nondecreasing in m.
Hence by Fatou’s lemma,

tim(sup{ (3 1X(6) = X))+ S lty = 5] < 0,m 22 (30)

j=1
,OSS]'StjSSjJrlStj+1§1(1§j§m—1>})20 a.s.,

10



since the integrand in (3.8) is nondecreasing in 6 > 0 and henceforth is
convergent as § — 0.

To complete the proof, we prove (3.6). By Jensen’s inequality, for i =
1,--+,n for which 370, [t;; — s; 5| > 0,

(31X (1)) — X(s0,)]) (31)

j=1
m X(ti;) — X(si)?

< (D Ity —sigl) > ‘ ( lt’]) (5i) (tij — si4)-
j=1 1<j<m,s; ;<ti ij = Sij

Put Ay = {tij, 8151 <i<n,1 <j<m}and {t <<t (Ann) = Amn
so that ty < tgyq for k = 1,--+ #(Ann) — 1, where #(A,,,) denotes the
cardinal number of the set A,,,. Then, by Jensen’s inequality,

X(tij) — X(sig) |?
> | (g = sig) (32)
1<i<m,s;,;<t;; 2, 2y}
X(ty) — X (¢t 2
< Z ( k) ( k—l—l) (tk+1 i tk)-
tey1 — Tk

1<k<#(Amn)-1

The following completes the proof: for any k =1,-- -, #(Am,) — 1,

Xo(te) — Xe(tri)

2
33

ler1 — Uk } (33)

ti

k

2
} < li}ninfEH

X0 = Xl
tev1 — tk

IN

lim inf £ / e ()2,

lpr1 — t o0 t

Q. E. D.
We prove Theorem 1 by Lemmas 1-3.
(Proof of Theorem 1). The proof of (2.5) is divided into the following:

lim Sélp & < & (34)
liminfe® > e, (35)
e—0

11



since e = &° by Lemma 1, and since € > €° in the same way as in the proof
of the inequality e® > & (see (3.4)-(3.5)).

We first prove (3.13). For B € A° for which [} fga L(t, z; B(t, z))p(t, z)dtdz
is finite and £ > 0, B(t,z) + £2Vp(t,z)/(2p(t, x)) € A°.

Indeed, for any f € C®°(R?) and any t € [0, 1],

/ f(z —p(0,z))dx
— / ds/ < Vf r), B(s,z) > p(s,z)dx
= [as [ (G850 + (916 B0+ 5D s )

For any t € [0,1], z, u, v € R4, and 2 € 9, L(t, z;u + v), by (2.2),

L(t,z;u+v) < L(t,z;u)— < z,v > (36)
< L(t,x;u) + Cyp(1 4 |u+ )7 o).

Putting u = B(t,z) and v = e2Vp(t,z)/(2p(t,z)) in (3.15), we have

& / / <t x; B(t, @) + %)p(t,x)dwx (37)
/0 / Cvr (1 - ‘B(t,:c) 4 iZZ(,tj) )q—l iZZ(fj) ’p(t,x)dtdx

+/ / (t,x; B(t,x))p(t, x)dtdx

— / / (t,z; B(t,x))p(t, z)dtdx (as e — 0)

by (2.1) and (H.3), where we used the following in the last line of (3.16):
g—1 1

q q

Next we prove (3.14). By Lemmas 2-3, we only have to show the follow-
ing: for any {u®(t)}o<t<1 € A (n > 1) (¢, — 0 as n — oo) for which

= 1.

12



{X,(t) := X% (#) o<t<1 weakly converges, as n — 00, to a stochastic pro-
cess { X (t)}o<i<1, and for which {E[fy L(t, X,,(t);us"(t))dt]}n>1 is bounded,

i inf 7 | CL(E X () uE (1) de] > B / 1 (e X0 d);ft))dt]. (38)
We prove (3.17). For a € (0,1) and § > 0,
B[ Lt X0 0 (1)) (39)

1 11—« 1 st .
> HT@,(S)E[/O dsL(s,Xn(s); 5/8 u (t)dt)
; sup | X, (1) — Xn(s)| < 6] — R(e, 6).

0<t,s<1,|t—s|<c

Indeed, if supg<; s<i 1—sj<a [ Xn(t) — Xn(s)| < d, then for s € [0,1 — a], by
Jensen’s inequality and (H.1),

L(S,Xn(s); é /:Jra uE"(t)dt> <

1 st+a
< R(a,0) 4 LEE@9) / L(t, X (t); us (¢))dt.
o s
Hence putting u = [T u(t)dt/a and v = (X,(s + a) — X,(s) —
[FFusn (t)dt) /o in (3.15), we have, from (3.18),

s

B /O UL X (8): ()] (41)
1 1-a Xu(s+a) = X,(s)
> HTME[/O L(S,Xn(s), - )ds

posup [ X(t) = Xa(s)] < 4]
0<t,s<1,|t—s|<a

11—«

—E| ; (JVL<1 + ’

Xn(s+a) — X,(s)

«

ds] — R(a, 9).

"

X

(W (s +a) = W(s))

13



Letting n — oo and then @ — 0 and 6 — 0 in (3.20), we obtain (3.17).

Indeed, by Skorohod’s theorem (see e.g. [13]), taking a new probability
space, we can assume that {X,,(t) }o<t<1 converges, as n — 00, to { X (¢) bo<t<1
in sup norm, a.s., and that the following holds: for any g € (0,4/3), by (H.1),

(1+R(O,ﬂ))E[/01_aL<s,Xn(s);X ““2 Xn(s )>d5
; sup | X (t) — Xn(s)] < 9]

0<t,s<1,|t—s|<a
l-a X,(s+a)— X,(s
> Bl L(s X ) Al )>ds;os<1il<)l X(8) = X, (t)] < 8

, osup o [X() = X(s)] < f] = R(0, B).

0<t,s<1,|t—s|<a

The liminf of the right-hand side of this inequality as n — oo, and o — 0
and then 8 — 0 is dominated by E[fy L(s, X(s);dX (s)/ds)ds] from below
by Fatou’s lemma. The second mean value on the right hand side of (3.20)
can be shown to converge to zero as n — oo in the same way as in (3.16) by
(2.1).

(H.0) and (2.5) implies that the set A and A° (¢ > 0) are not empty.

(2.5) and (3.17) completes the proof.

Q. E. D.

(Proof of Theorem 2). b* (¢, z) is a minimizer of €° by (2.5) in the same way
as in (3.4)-(3.5).

We prove the uniqueness of the minimizer of €. Suppose that v°(¢, x) is
also a minimizer of €°. Then for any A € (0,1), Ab¥X + (1 — A\)b° € A°, and

& < / L Bty ¥ () + (1= V(L y)plty)dtdy  (42)
A// (t,y; b (t,9))p(t, y)dtdy

+(1 - / / (t,y; 0°(t,y))p(t, y)dtdy = &°.

IN

By the strict convexity of L in wu,
b (t,x) = b°(t,x), p(t,z)dtde —a.e.. (43)
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We prove (2.7). Since L is strictly convex in u, the following holds:

d);ft) =b*(t,X(t)) dtdP — a.e. (44)
by (2.5) (see (3.5)). By (3.22),
Bl sup [X() = X(0) — [ 1°(5, X(s))ds] (45)

< [ B (5, X ()~ 15, X ()]s = 0.

Q. E. D.
(Proof of Proposition 1). From [15], € = € for € > 0, and the minimizer of
€ can be written as V,®°(¢, z), where ®(¢,-) € H. (R?: R) dt-a.e.. Since
{V,®°}o<c<1 is strongly bounded in L2([0, 1] x R% : R4, p(t, x)dtdx) by (2.5),
it is weakly compact in L%([0,1] x R? : R% p(t,x)dtdz) (see [9, p. 639)).
We denote a weak limit point by . Then ¥ is the unique minimizer of .
Indeed, U € A° and by (2.5) and Fatou’s lemma,

1
& —lim [ [ V.05 (t,y)*p(t, )y (46)
0

e—0

1
> // U (t,y)°p(t, y)dtdy > &°.
0 R4

In particular, {V,®}o..c1 converges, as € — 0, to ¥, strongly in L*([0, 1] x
R? : R% p(t, x)dtdz), which completes the proof in the same way as in [15,
Proposition 3.1].

Q. E. D.

Remark 6 If V(t,z) and p(t,z) in Proposition 1 are sufficiently smooth,
then

e2V,.p(t, x)

i =
VL () = VLV (t,2) + 5 T

(see [16, section 1]).
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(Proof of Theorem 3). Put for t € [0,1], x € R and n > 1,

Y(t,l’) - E_1<FO(I))7 (47>
Y(t,z) — Y(@x) (48)

o= (P20) v (2.)

where [nt] denotes the integer part of nt.
Then by (H.3)”, Y(-,z) € C([0,1] : R), Py(dx) := p(0, z)dz — a.s., and

lim Y, (t,z) =Y (t,z) (0<t<1), Py —a.s., (49)

n—oo

and

6, — EO[/O1 h(%)dt] (n>1) (50)

(see Remark 5 in section 2 and [11, p. 35, Exam. 8.1]).
Hence in the same way as in the proof of Lemma 3, we can show that the
following holds: for any § > 0

m

sup{z (tj,xz) = Y(s;,x Z|t] sjl <d,m>2 (51)
,og s; <t <sj+1<tj+1<1(1gjgm—1)}]
dY,(t,
< 5T_lliminfE0/‘ ?)

n—oo

which implies that Y'(-, z) is absolutely continuous Py — a.s., by (H.0)” and
(H.2)’. In particular, {Y (¢, z)}o<t<1 on (R, B(R), Fy) belongs to the set A.
For n > 1 and a € (0,1), by Jensen’s inequality and (H.1)’,

1-a 1 st rdY,(t,
00 >supe, > e, > Eo[/ ds(—/ h(%)dt)} (52)
0 s
Y,

o g (e Nt

(07
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Let n — oo and then o — 0 in (3.31). Then the proof of the first part is
over by Fatou’s lemma since sup,,~; €, < e.

The following together with Proposition 2 in section 4 completes the
proof: by (2.12),

Fy(Y (s, 2)))
0s

t —1
Y(t,z) =Y (0,2) +/0 OF. ds (0<t<1) PBy—a.s.

Q. E. D.

4 Appendix

In this section we solve SP positively for R-valued, time-inhomogeneous
stochastic processes.

Proposition 2 Suppose that (H.3)” holds, and that there exists {Y (t) }o<t<1,
€ A, which satisfies

t
Y(t) = Y/(0) +/ Y (s,Y(s))ds (0<t<1) as. (53)
0
for some bY (t,z) € L'([0,1] x R : R, p(t, z)dtdx). Then the following holds:

Y(t) = F7HF(Y(0) (t€Qnio,1]) a.s.. (54)

In particular, limseqnyo),s—t F5 (Fo(Y(0))) exists and is equal to Y (t) for
allt € [0,1] a.s..

Remark 7 If Fy is not continuous, then SP does not always have a positive
answer. For example, put Y (t) = tY(w) for a R-valued random variable
Y (w) on a probability space. Then dY (t)/dt = Y (t)/t for t > 0. But, of
course, Y (t) is not a function of t and Y (0) = 0.

(Proof of Proposition 2). It is easy to see that the following holds:
F,(Y(t) = Fo(Y(0)) (te€][0,1]) as.. (55)

Indeed,

17



aFatiz(';x) - _by(t7x>p<t7x); dtdl‘ — a.e.

since bY (t,z) = b(t, ), p(t, z)dtdz — a.e., and henceforth by (H.3)’

E[ sup [F(Y'(t)) — Fo(Y/(0))]]

- /01 B 8Fsg;(8))

Since {Y(t)}o<t<1 is continuous, the proof is over by (4.3) and by the
following:

+p(s, Y (8))b" (5,Y(s))|]ds = 0.

P(FH (R (1) =Y(®)(t€[0,1]nQ)) = 1. (56)
We prove (4.4). For (t,x) € [0,1] x R for which Fi(z) € (0,1),

FyH(Fy(2)) <,

and for t € [0,1], the set {z € R : F, ' (F)(z)) < x, Fy(x) € (0,1)} can be
written as a union of at most countably many disjoint intervals of the form
(a,b] for which P(a <Y (t) <b) = 0, provided that it is not empty.

Indeed, if F, ! (Fy(x)) < = and if Fy(z) € (0,1), then

{y e R: F ' (F(y) <y, Fi(y) = Fi(z)}
= (F7'(Fy(x)),sup{y € R: F,(y) = Fy(x)}].

Q. E. D.
(Acknowledgement) We would like to thank Prof. M. Takeda for a useful
discussion on Salisbury’s problem.
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