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Transient Analysis of a Stripline Having a 
Corner in Three-:-Dimensional Space 

NORINOBU YOSHIDA AND ICHIRO FUKAI 

Ahstract -The transient analysis of electromagnetic fields has shown its 
~ utility not only in clarifying the variation of the fields in time but also in 
1. gaining infonnation on mechanis~s by which the distributions of an 

electromagnetic field at the stationary state are brought about. We have 
recenUyproposed a new numerical method for the trapsient analysis in 
three-dimensional space by fonnulating the equivalent circuit based on 
Maxwell's equation by Bergeron's method. The resultant nodal equation is 
uniquely fonnulated in" the equivalent circuit for both the electric field and 
the magnetic rield. In this paper, we deal with the striplinc which should be 

" analyzed essentially in three-dimensional space because of its structure. 
The time variation of the electric and magnetic field of the stripline having 
a comer is analyzed and the remarkable chll;nging of distribution of the 
field is presented as li parameter of time and of conditions imposed by the 
comer structure. 

1. INTRODUCTION 

• 

0 

B 

• A 

B 

'"' C. 

0 

0 

B 
C A; 

B 

B 

491 

T HE TRANSIENT ANALYSIS of electromagnetic 
fields not only clarifies the variation of the fields in 

tirrie but also provides information on mechanisms by 

Fig. 1. Three-dimensional lattice network model of Maxwell's equa­
tions. 

which the distributions of electromagnetic fields at the and current variable, presents the direct handling of the 
stationary state arc brought about. We have recently pro- electromagnetic field variables and the characteristics of 
posed a new numerical method for the transient analysis in the medium instead of the division of each. variable into the 
three-dimensional space [IJ, [2J. The method was based on incident and reflective components and the composition of 
the equations obtained by Bergeron PJ· The equations . those in TLM method [6J. 
show the character of the propagation .of electromagnetic In this paper, we deal with the stripline which should be 
waves in the equivalent circuit based on Maxwell'sequa- analyzed essentially in three-dimensional space because of 
tion [4J. This method has two important advantages for the its . structure; The stripline is widely used as the transmis­
analysis. One is the formulation of the electromagnetic sion medium in MIC design, and its small size compared to 
fields in terms of the variables in the equivalent circuits. the wavelength is the .main reason for the good .perfor­
This treatment enables us to see that the nodal equation is mance of microwave components and usually permits the 
uniquely formulated in the eqnivalent circuit for both the treatment of circuits as a system composed of lumped 
electric field and the magnetic field because of the duality elements in the analysis. But in high-frequency application, 
of both field components. The other advantage is the such as millimeter-wave devices, especially when using the 
formulation by Bergeron's method with its many merits; pulse-wave technique that has progressed remarkably with 
such as the representation of the medium by the lumped the digital technique, the exact treatment of the higher 
elements at each node and its reactive characteristics which components in the spectrum of the waves are indispens­
are represented by the trapezoidal rule of the differential able, so the distributed formulation of the devices in tbree­
equation in the time domain. This treatment is based on an dimensional space is essential. 
iterative computation in time using only the values ob- In the following sections, the fundamental formulations 
tained after the previous step. Consequently, the savings in for the stripline by our method are briefly described, and 

. memory storage space and computer time is remarkable. derived parameters, such as the characteristic impedance 
The formulation of this method is fundamentally equiva- and wavelength, are examined .and compared w~th those 
lent to that of .the Transmission-Line Matrix (TLM), be- obtained analyticallY. Lastly, the time variation of the field 
cause both methods are based on the property of the distribution in the stripline with a comer is shown for 
traveliug wave, that is formulated as the general solution of several conditions of the structure. 
one-dimensional )\lave equation by d'A1embert. But the U. 'fHREE-DIMENSIONAL NODAL FORMULATION OF 

. Bergeron's formulation [5J, in terms of the voltage variable MAXWELL'S EQUATION. 

Manuscript received July 20, 1983; revised November 28, 1983. 
The authors are with the Department of Electrical Engineering, Faculty 

~. of Engineering, HokkaiQ-o University, Sapporo, 060 Japan. 

A. Three-Dimensional Equivalent Circuit 

We now consider the formulation of nodal equations for 
three-dimensional analysis of the electromagnetic field in 

l. OOI8-9480j84j0500-0491$01.00 ©I984 IEEE 
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TABLE! 
CORRESPONDENCES BETWEEN THE FIELD VARIABLES IN 

MAXWELL'S EQUATION AND THE EQmVALENT CIRCUIT AT EACH 

KIND OF NODE IN THE EQUIVALENT CIRCUIT 

Icctric: node Ma'gnetic node 
~1I'sEQIJ Variables Max'weUs EQu Variitxes 

~-~.,.* v," E, <g-~"I~ 
cZ ~lt t ~"'Hr 

An - ¥,<-~ 
h--H, Fn _<lJ..~ ,;. E. 

I.' H. 
» t I!-E, 

~"-jI.o)t 4'.f.~ . ; . 

)jj, ~ o?;i' n- 2 ai''?1 v.,. E. f,-~",,~ 1/:. H, 

On :If.._jI.,~ 1,- H, Bn ~{. Vf: ,;-e. 
; 2 ("I 

-""-1'~ 
lya-H2 -~i.* 

J:. &-

lY , t 

~-~'-'.l,¥ ,lI. , 'J . ""'--E. ft- f,'--pl!t V:"-H. 

En 'r. I~ I,·-H. Cn ~-,.* ,:- E, 
~"-hl 
'E.~ ." H, 

Jtj, ,.~ 
I;.-Ia 

• ..&B __ II. 
- ';'1 - t ..... , 1X . - , 

di~ledr!c tOl'"6t. c." l.ll dieol~trk const. r.- £,(,2 

peo;rMabHl:y L.= pJ2 ~biUly c; .. JA..IZ 

paralization IJ(p l.'1..) 2 .Jd magntolizatiO"l ~:f'.'_12.t.d 

cond<xl ivi ly G' trl'1'Jd ~,jc 
~un~nt [os:. 

G=~I2'¥J 

the time domain. Ih Fig. 1, the three-dimensional network 

model is shown. It is welllqlown that this network gives a 

fundamental connection between the field variables in 

Maxwell's equation. This model is, used in other methods, 

such as the "TLM" by P. B. Johns. In this network, each 

set of two-dimensional equations for the propagation of 

waves in each plane is related to a node and the connected 

lines. We interpret this network as the equivalent circuit, in 

which the line between nodes is a one-dimensional trans­

mission line and the node is the point where the continuity 

of currents occurs. In Table I, the correspondence between 

the equivalent circuit variables and · field quantities are 

shown a.t every kind of node of the network. The nodes are 

classified into two types. One is the electric node at which 

an electric field component is treated as a voltage variable 

and the other is a magnetic node at which a magnetic field 

component is treated as a voltage variable. The electric 

node corresponds to the shunt node and tlie magnetic node 

correspond to the s~ries node in the "TLM". However, in 

our method the introduction of the magnetic current in the 

magnetic nodes results in the existence of the shunt node 

only in a sense of "TLM", where the continuity of current 

is postulated. In this paper, all variables at the magnetic 

nodes are characterized by the symbol" ." because of the 

duality of their physical meaning, as compared with their 

interpretation at the eleCtric node. In Fig. 2, the fUl)damen­

tal connection between the nodes in the network is ex­

pressed. The correspondence of the variables is also il­

lustrated in each node and each transmission line. The · 

direction of the Poynting vector, which is decided by the 

set of an electric and a magnetic field component supposed 

in each one-dimensional transmission line, is also shown. 

Each of the supposed directions of the Poynting vector 

coincides with that of the currents in both nodes of the 

transmission line. so the currents are defined as the usual 

conduction currents in the electrical circuit. The gyrator is. 

y 

k:z 

[~H~ ~l[~l [VI.[O -'l lv') 
I I \""1 0 \1' 

(JJ (2) 

(b) 

Fig. 2. (a) Fundamental connection of the node in the network 

detailed expression of the. variables in the equivalent circuit 

direction of the Poynting vector is shown by the symbol " -10" at 

transmission line. (b) Definition or gyrator in (a), (1) positive 

and (2) negative gyrator. 

inserted in series ~th each maknetic node to show 

duality of the physical meaning of the circuit variableS . 

both nOdes of each tninsiuission line. At Dn nodes, neg:ati11i.l 

gyrators are inserted, since the corresponding circuit 

abies and electromagnetic variables have a polarity ODl'{)O''l! 

site to that at the nodes Bn' We interpret this neg:ath,.,i! 

gyrator as a circuit representation of the self-consisterice 

the Maxwell's equations, and the node to be inserted 

determined by the corresponderice of circuit variables 

electromagnetic variables. 

B. Bergeron's Method 

Next, we formulate the propagation characteristics 

one-dimensional transmission line by Bergeron's mf:th,od,] 

In Fig. 3(b), showing a section of lossless line, the pn)paga- \1 
tion characteristics of waves in the time domain are 

by the one-dimensional wave-equation 

v(k, t)+z'i(k, t) = v(k -1, t - 8't)+ z·i(k -1, t - at) 

v(k -1 , t)- z·;(k -1, /) = v(k, t - at)- z·;(k, t- at) 

where the parameter k denotes the node numbers and ' Z 

the characteristic impedance of the line, i is time and at . 

the transit time between two adjacent nodes, which 

becomes the fundamental time step in tlie numerical 

putation. Each . lumped element to be connected with 

line at nodes is characterized as follows: the conductance 

is expressed in terms of its branch voltage Vg and current 
by . 

vg< k, t) = G (k ); g (k, t). 
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Fig. 3. TyPical equivalent circuit (a) of the one-dimensional transmis­
sion line and its description (b) by me~ of Bergeron's method. 

y{m) 

t ~x(l) 
l.L.....z{nJ 

i r Fjg. 4. Equivalent circuit at each All node in the dielectric medium. 
i' Dielectric loss is expressed by the parallel conductance. 

L 
In this equati.on, the c.onductance G is a functi.on .of the 
parameter k at each n.ode. The capacitance C( k) is defined 
thr.ough the trapezoidal rule and is given by 

v,( k, 1)- R,i,(k, I) = v,(k, I - til) + R,i, (k, t - ill) 

(3a) 

where 

ill 
.R , = 2C(k)' (3b) 

I· In this equati.on, (vc> i , ) is a pair .of branch v.oltages and 
I currents.of the capacitance. A cDmparis.on .of b.oth sides in 

. (la), (lb), and (3a) sh.ows that all values calculated at time 
I are .only a functi.on .of .ones at the previ.ous time I - ill. 
The n.odal equati.on f.or each n.ode at time I is independent 

. ·of the vall!es of the adjacent n.ode at time I. The time 
resp.onses ar~ thus iteratively computed at each time, I 

from values .of the circuit values at every node .obtained at 
the previDus steps. 

C. Three-Dimensional Nodal Equations 

F'or the three-dimensi.onal netw.ork, the characteristics .of 
the transmissi.on line are f.ormulated by Bergeron's methDd. 
In Fig. 4, the ·example .of the equivalent circuit is shDwn at 
the node An where the electric fieId Ey is supp.osed t.o be a 
v.oltage variable and the magnetic fields .,. Hx and H, are 
supp.osed t.o be the current c.ompDnents in the directiDns Z 

and x, respectively. Applicati.on .of (la) and (lb) tD each 
line c.onnected t.o the n.ode yields the f.oll.owing equati.on: 

Y"U, m, n, 1)+ zoI" (/, m, n, I) 

"" I,~U, m, n -1, I - <l/)+ zoV:(i, m, n -1, I - ill) 

(4a) 
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Y"U, m, 11, 1)- zoI'2U, m, 11, I) 

= I,TU, m; n +1, 1- il/)- zoV: (i , m, n +1, I - ill) 

(4b) 

Y"U, m, n, 1)+ zoIx1(i, m, n, I)· 

= Ix*z(i -1, m, n, I - <l/)+ zov,*(i -1, m, n, I - <l/) 
(4c) 

v,,(i, m, n, 1)- zpIx2U, In, n, I) 

= Ix~(i + 1, m, n, I - <l/)- zov,*U + 1, m, n, I - <l/) . 
(4d) 

The parameters I, m, and n den.ote the described pDsitiDn 
numbers .of x, y, and z directi.ons, respectiveiy. Then (2) is 
written with the n.otati.on .of this case as f.oll.ows: 

Y,,(I, In, n, I) = 4(;.(1, In, n )1d(l, m, n, I). . (5) 

Equati.ons (3a) and (3b) are again written as f.oll.ows: 

Y"U,m, 11, 1)- RJ,(i, m, n, I) 

= v,,(t, m, n, I - ill)+ RJ,(i, m, n, I - ill) (6a) 

where 

R = <l/ 
, SilC(i, m,n) . (6b) 

The c.onductance G and capacitance ilC are listed in Table 
I and are sh.own t.o c.orresp.ond t.o the c.onductive l.oss ·and 
the electrical displacement .of the dielectric medium, re­
spectively. The conductance G ·alsD correspDnds t.o the 
equivalent dielectric l.oss in the medium. These quantities 
are c.onsidered t.o be a functi.on .of the p.ositi.on variables I, 
m, and n. The c.ontinuity .of the current at nDde ,1(1, m, n) 
is gIven by . 

~-~+~-~-~-~=O. M 
Substituting (4a)-(4d), (5), and (6a) int.o (7), the unified 
n.odal equati.on.in a dielectric medium with c.onductive Dr 
equivalent dielectric l.oss is given by 

. V (1· ) _ R, ('¥t + '¥i + '¥3* + '¥:) + zo'¥, 
y , m , n , 1 - ( ( » . zo+R, 4+zo·4G I, m,n 

(8) 

where '¥t, '¥{, '¥,*, and '¥: c.orresp.ond t.o the right-hand 
sides·.of (4a)- (4d), respectively, and '¥, is equal t.o the right 
side .of (6a). Equati.on (8) is iteratively evaluated at every 
A" n.ode, and the time resp.onse .of the field in the .overall 

. regi.on is analyzed by the same procedure at .other kinds.of 
n.odes. Each cDmp.onent .of the currents at the time I is 
evaluated by substituting y"(I) in (~) by y"(I) in the left 
sid<:;s .of (4a)- (4d), (5), and (6a). The .other variables at 
.other ·n.odes also are .obtained in the same manner. F.or 
example, the vDltage variable v,,*(I) in the magnetic n.odes 
F" is given as f.oll.ows: 

V*U' , ,. )- RH'¥'+'¥2+'¥3+'¥4)+Z,J''¥: 
)' ,m "ll ,t - Z6+R~.(4+zt:4G*{!',m',n'») 

(9a) 
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":!. ' . -
HrrHI Jl.,z p.10". .0111 oJff'I,.,tt,e .subs'rar,. 

ob,,.,t'rd Cl"QS5 HCriM ((~j>.61 

Fig. 5. Geometry of a stripline with a 90° bend. 

y 

,.J/ 

Fig. 6. Equivalent circuit of the surface of the stripline with infinite 
conductivities. 

where 

R* ~ fll 
c 86.C*(/', m', il') 

(9b) 

In such magnetic nodes, the conductance G* and the 
capacitance fle* have duality with those ill electric nodes. 
These then correspond to losses of the magnetic current 
and the magnetization. But (8) and (9) have the same form 
~nd calculations are the same as for the electric nodes. 
These characteristics occur as a consequence of the appli­
cation of the duality between the electric field and the 
magnetic field ill MaxweU's equations. Thus, the. introduc­
tion of magnetic currents is an important concept ill this 
method and constitutes the difference. between this method 
and the "TLM" [7]. Both methods are fundameritally 
based on the d'Alembert's general solution for· one-dimen­
sional wave equation, but the use of both voltage and 
current variables ill this method en~bles us to express the 
characteristic equation of the medium by lumped circuit 
element instead of the artificial stub in "TLM", This 
formulation is extended . to more complex characteristics . 
such as dispersive, resonance, and anisotropic media [8). 

HI. NUMERICAL REsULTS AND DISCUSSION 

The transient analysis for the strip line with a comer has 
been performed by .the method· described ill the preceding 
section. In Fig. 5, the model of the stripline with the comer 
is shown. In this figure, fld is the interval between adjacent 
nodes ill the equivalent circuit. In order to describe this 
model by the "Nodal ·Equation", three different conditions 
are illtroduced, !lamely, the bou!ldary condition at the strip 
conductor, t\le boundary condition at the free boundary, 
whi·ch is supposed to be the surface of the analyzed .·region 
in air and dielectric medium, and the condition of the 

( a) 

E 

(b) 

Fig. 1 .. Equivalent·ciccuit of the ftee boundary. (a) The xz-pJane of the 
top of the analyzed region. (b) The yz-plane of the side of the region, 
where R 1 is the characteristic impedance of the (ree space. , 

. I Sfrip C4ndudor , 
t.( __ _ ____ 0 

, 
,j,' 

Fig. 8. Equivalent circuit of the input condition, where Rs is -the char· 
acteristic impedance of the stripline, and E$ is the voltage source, in this 
analy~is, of the ~inusoida1 wave expression as Er = Eosin(2w/T)rz6.t, 
(Eo: Amplitude, T: Period of the sinusoidal wave, n: Number of 
iteration). ' 

200 

. /5/1 

:i], 
"'/0 

50 

€s=2.6 

.1.t)., 
I' 

z 

O+--r-r~~~r-r-.-.-~ 
9 o J 5 7 

W/H 

/.0 

.8 

~ 
o:/t 

OA 

o.} 

0 

Fig. 9. Characteristic impedance and wavelength as a (unction W/ H 
a straight stripline. 0 --- result computed by our method, 
analytical Ie.$ults by E. Yamashita and R. Mittra. . 

dielectric. Firstly, the boundary conditi.on of the corldu'~tOr 
is described. The conductor is supposed to have. IJllUU·'~, 
conductivity, so the tangential component o{ electric 
on the sUrface of the conductor should be zero. 

.. 

,,:1. 

j?-
. ) 

. \~ 
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(a) 

t •• O,5T<I<to·T 

%llId 

(b) (e) 

to'O,62ST <I <t.·lJ25T 

(e) (f) 

1,·O.1ST<I<!o·'.2ST 

(d) (g) 

Fig. 10. Time variation of the distribution of the electrical field Ey on the observed xt·plane shown in Fig. 5 and in the case of 
the corner pattern CD . where to is the initial time at which the input wave is applied to the input plane. T is the period of 
the applied sinusoidal wave. 

1,·2T<I<Io·2.5T 

Fig. 11. Time variation of the distribution of the electrical field Ey in 
the case of the corner pattern (bl in Fig. 5. 

condition is realized by short-circuiting the appropriate 
electric node, in which the tangential eleciric field at the 
surface is the voltage variable, and by open-circuiting the 
appropriate magnetic node, in which the tangential compo­
nent of the electric field is the current variable, that is, it is 
considered as a magnetic current. These situations are 
shown in Fig. 6. In the equivalent circuit, the plane in 
which the strip conductor is positioned is arbitrarily de~ 
fined . In this analysis, the plane is situated at the plane 
Containing Dn, F", and En nodes. Thus, the Dn and En 
nodes are short-circuited, because the electric fields Ex and 
E, are to be zero at both surfaces of the conductor, and F" 
nodes" are neglected because all the field components Ex, 

Ez , and Hy are equal to zero on the surface. Next, the free 
boundary condition is .expressed as a nonreflective 
termination, at which the load resistance, equal to the 
characteristic impedance of the free space, approximates 
the matching condition. The equivalent circuit of this con­
dition is shown in Fig. 7, in which (a) shows the upper 
plane of the analyzed region and (b) shows "the side plane. 
Finally, the characteristics of the dielectric are expressed in 
terms of the equivalent parallel circuit composed of the 
capacitance and the conductance at the electric node in the 
dielectric medium, as shown in Fig. 4. The physical mean­
ing of the lumped element is shown in Table I and the 
formulation of this elements is expressed in (5) and (6). At 
the node situated on the dielectric- air interface, the value 
of the capacitance is assigned to he one half of that in the 
inner node. In this analysis, losses in the dielectric medium 
have been neglected. 

Using this model of the stripline, the transient analysis 
of the stripline with a comer has been performed. The 
input condition is assumed as follows in the equivalent 
circuit: A sinusoidal voltage wave is applied through the 
source resistance at the An nodes under the stripline on the 
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(a) 

. Zitod 

(b) 
(e) 

(c) 
(I) 

(d) (g) 

Fig. 12. Time variation of the distribution of the magnetic field Hx on the observed xz-plane in Fig. 5 for the same case as Fig. 10. 

input plane. The source impedance is equal to the char- . This figure shows that the numerical results are in close 
acteristic impedance of the dominant mode in the dielectric agreement with the analytical ones. In the following fig­
medium. This input condition approximates the excitation ures, the spatial distribution of the field at each time is 
of the TEM-wave. The other An nodes and Dn nodes in the ' obtained by taking the maximum values in the half period 
input plane are terminated by a matching imped.ance. The of the applied wave because of computations on the time 
configuration of the input plane is shown in Fig. 8. The axis. The xz-plane on which we observe the field is that of 
shape of the input wave is expressed as a pulse train with a ad beneath the upper strip conductor as shown in Fig. 5 as 
spacing at in the time domain. In this numerical evalua- "observed plane". The initial point of the time axis is 
tion, the interval ad between adjacent nodes in the equiva- assumed to be the point at which the incident wave 
lent is circuit is chosen, for example, to be 0:005 cm. Then, applied at the input plane. 
the time interval at becomes 8.333 x 10-5 us. The period of Fig. 10 shows the time vru;iations of the electrical field 
the applied sinusoidal wave is 213M in this analysis, so its in the case of the comer cut pattern <D given in Fig. 5. 
frequency is about 56 GHz. These values of ad and at are is observed that the propagating wave curves · the 
sufficiently small so that the resolution of tJie spatial and smoothly and the VSWR at the incident side is small. 
time function is satisfactory. In the numerical computation, result clearly shows that the cutting pattern of the 
all parameters in space and time are normalized to ad and suitable. However, Fig. 11 shows a comparatively 
at, respectively. VSWR for the other cutting pattern al shown in Fig. 

In Fig. 9, the numerical results for the characteristic These results show that the cutting pattern of the 
impedance 'and wavelength are' plotted as a function of influences the propagation characteristics 
WjH, and compared with analytically obtained curves. Figs. 12 and 13 present the time variations of the ma.gnl~tl 

-~ 
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(al 

%IIId 
(e) 

(b) 

(e) 
(f) 

ZIIId 

(d) (g) 

Fig. 13. Tune variation of the distribution of the magnetic field Hz in the same case as Fig. 10, 

lz(-Hx) 
10 - t 0.251 

..... _. t 0.625T 
---- t 1.25T 
- t 2.751 

05-

0·+-~~-,.,.-~---.....b=r~r'---'-~4·0 o 10 20 30 
x/Ad 

Fig. ' 14. Time variation of the magnetic field Hx at the cross section ® 
in Fig. 5. This magnetic component corresponds to the current in the 
z-direction. 

field Hx and H" respectively, for the case of Fig. 10. Each 
f'gure .c1early shows that the conversion of the magnetic 
component Hx to the component H, occurs at the corner. 
These magnetic components are the dominant terms of the 
Poynting vector in each longitudinal section of the strip­
line. Both figures show that near the input port, both 
magnetiC components Hx and H, are generated by diffrac­
tion of the input wave. because of the plane-wave ap-

proximation of the input conditions. Fig. 14 shows the time 
variation of the magnetic field Hx at the cross section ® 
shown in Fig. 5, where the steady-state distribution is 
established and the edge effect is evien!. 

The size of the program used is about 4.5 MB, and the 
computed time for the transient analysis from t = 0 to 
I = 2.5T is about 80 s. 

IV. CONCLUSION 

The present study verifies that our method is appropriate 
for the time-domain analysis of the stripline in three­
dimensional space. The obtained results demonstrate the 
propagation of the wave through ·a 90° bend and show how 
the direction of the magnetic field is changed by the comer 
contour. We are now studying in more detail the time 
variations of fields in striplines as a function of many other 
parameters and examine the relation between the propaga­
tion characteristics for transient distributions and sta­
tionary continuous waves and the pulsed wave. These 
results will be reported in later papers. 
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The present method can also be applied to other three­
dimensional problems by using all merits' of the method 
[9]-[11]. 
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