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Isotope scattering of phonons in superlattices

Shin-ichiro Tamura
Department of Applied Physics, Hokkaido University, Sapporo 060, Japan
(Received 23 May 1997; revised manuscript received 4 August)1997

The elastic scattering rate of acoustic phonons in periodic superlattices due to isotopic atoms is calculated in
the isotropic, continuum approximation. Unlike the case in bulk solids, the scattering rate depends on both the
propagation direction and mode of phonons. Numerical examples are given for AlAs/GaAs and Al/W super-
lattices for propagation along the normal to the layer interfaces. We find that the scattering of longitudinal
phonons is much weaker than that of transverse phonons for wide ranges of frequencies.
[S0163-182697)03244-X

The propagation and scattering of acoustic phonons iffluctuation aroundpy. In a superlattice consisting of two
superlattices are of both fundamental and practical interesheighboring layer#\ (thicknessd,) andB (thicknessdg), P
An increasing number of semiconductor devices incorporatéakes the form
superlattice structures and the heat generated at an active
region of a device is dissipated eventually in the form of : fiw\po(2) |V 1 iy
acoustic phonons. So far, the basic propagation characteris- P(X)= - E 2NDS (ex=co)Wi(2)e™™,
tics of phonons in superlattices have been extensively stud- 2)
ied both theoretically and experimentalijdowever, studies
of the scattering of acoustic phonons in this type of multi- .
layered structure are very limited. W, (2)=2, €9"°{®(z—nD)®(nD+d,—2)A,(z—nD)

Recently, the thermal conductivity of AlAs/GaAs super- 3
lattices has been measured over a wide range of +0(z—nD—d,)O[(n+1)D—2]By(z—nD)}
temperature$. Surprisingly, in the growth direction of the
superlattice, the thermal conductivity is reduced by about _ iq,nD _
ong order of magnitude relative to that of bulk GaAs. No _En: e uy(z=nD) )
guantitative theory accounting for this result exists, though
the reduction of thermal conductivity is expected by qualita- A
tive argument. This is because the folding of phonon disper- po(2)=2 {p6O(z—ND)O(ND+da—2)
sion relations associated with the artificial periodicity of a A
superlattice structure is expected to reduce the group velocity +pg@(z_ nD—d,)0®[(n+1)D—2z]}, (4
of phonons. In addition, umklapp anharmonic scatterings be-
come possible at energies much smaller than those in a bulk 3
crystal® AA(z)—E [tR € expiiky 2)+ 17 &) lexp(— ik}, 2)],

In the present work we calculate the isotope scattering
rate of acoustic phonons in periodic AlAs/GaAs and also (5)
Al/W superlatticed. It should be noted that the elements Al 3
and As are isotopically pure and thus elastic scattering in the _ B B . B
former occurs from the mass difference betwédGa and Bi(2 _Z (B8 exdiky (z=da)]

"iGa atoms in the GaAs layers and in the latter from the five 5
isotopic atoms'8w, 18y, 183y 184y and 18, +ry e} exd —iky (z—da) 1}, (6)
The interaction Hamiltoniaid, that describes the elastic . .
hereA=(q,q,,j,m) is a set of quantum numbers com-

scattering of phonons due to mass fluctuation in a Iayerin%/_ . X )
structure is given rising the wave vecta@=(q,q,), mode index, and band

index m. It should be noted that in general each mode con-
sists %f three pairgindexed byl) of counterpropagating
[ 3 2 2 waves. However, in the isotropic approximation the two
H'_f d*x Ap()[P(X) /2L po(2)]%, (1) sagittal modesj(=1,2) consist of two pairs of counterpropa-
gating longitudinal (=1) and transverse £€2) waves and

whereP(x) is the momentum operator canonically conjugatet’ horizontally polarized shear mo(H mode =3) con-
sists of a single pair of counterpropagating transvelrse3|)

to the displacement field of the phonopg,either represents
the discontinuous mass density distribution with a periodidVaves. Also in the above equatioNs's the periodicity num-
ber andS is the interface area;, andc] are the phonon

parapet profile along the growth directian(the interfaces
are parallel to the plane or takes the averaged mass den-annihilation and creation operators satisfying, ,CM]
sity in each constituent layer, antlp is the mass density =)/, D=d,+dg is the length of the unit perlocho(po)
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is the averaged mass density of thé€B) layer,® is the unit TABLE I. Employed numerical values of the averaged mass
step functiont, ; andr, | are the transmission and reflection densitypo, bulk longitudinal and transverse sound velocitiegnd
coefficients,e, , and &, , are the unit polarization vectors, Ut»2ndg: measuring the mass-density fluctuation for each material.
andk! , (1=A,B) is the wave number in a layer along the FOr GaAs the value 086a(Mca)/(McatMag® is given in the
growth direction. It should be remarked here that the wav&®U™" ofg:-

vector Q and angular frequency, define the superlattice

-3
phonon dispersion, whereas the wave vesthr=(q k) |) ! po (em®) v (AFcmis) vy (1Ccmis) g
and w, for I =A andB define the bulk phonon dispersion Al 2.73 6.25 3.21 0
relations of the constituent materials. Equati@ satisfies W 19.32 5.21 2.88 7.0210°°
Bloch'’s theorem required for a periodic system. The magni-GaAs 5.32 5.03 3.03 4.5810°°
tudes of t,, and r,, are normalized according to AlAs 3.76 5.98 3.60 0
J2luy(2)|?dz=D or, more generally,
b * _ measures the mass fluctuation due to the isotope distribu-
fo [Ugy 0y.17.m (D] Ug) g, .m(2)d2=D 5y O, tions, wheren, is the number of isotopes, ; and Mpl,i are

() the fraction and mass dfmaterial due tath isotope, andv,

With these equations the interaction Hamiltonian becomes is the average mass, i.84, = pyVy. With the above averag-
ing procedure we have

- T
H|—I§, ((;)}\w)\,)1/2C)\C>\,(I))\Y,}\/’,q‘ﬁ,qru+H.C., (8) N dA
’ N e A L) f A\(2)-AY,(2)|%d
where L=ND is the length of the superlattice, [Pa -, qH“‘H' S[ o9, [A\(2)- AL/ (2)]*dz
—A=(—0q;,dz,j,m), .
Apy (2 +V3gs [ 18,28 (2.
— I ) A
q))\,)\',kH_JAdZ P(Z) W)\(Z) W)\’(Z)! (9) (15)

andApkH is defined by L
whereg,=[AM,]%/(M,)>2.
For a numerical calculation we consider the AlAs/GaAs

_ ik|-
AP(X)_; Apy(2)ei™ (100 and AW superlattices, whose phonon band structures have
: been studied extensivefySpecifically, the Al/W superlattice
or exhibits large-frequency gaps in its phonon dispersion rela-
1 tions due to large acoustic mismatch betweeﬂhe constituent
_ 2 —ik- I i =
Apk”(z)_§J d2xjAp(x)e kI, (11)  Mmaterials(see Table )l Although aluminum M, =26.98

amy and arsenic M 5s=74.92 am are isotopically pure,
. . . 7
Applying the golden rule for the transition rates, we ob-"atural gallium consists of two isotopéGa and™Ga (the
tain the following equation for the deviatiatn, of the pho- ~ relative abundanc?f are 0.602 and 0.38g,=69.72 amu,
non occupation number from the thermal equilibrium value:@ndgga=1.97xX10"%). Hence the mass-difference scattering
in the GaAs superlattice occurs only in the GaAs layers with
An, 1 Jcars=Uca(Mga)(Mgat+Ma)?=4.58<107°. A similar
_Anx =T situation holds for the AlI/W superlattice, where tungsten
consists of five isotopesMy=183.8 amu andy,,=7.01
_om 22 ) X 107 %). Thus the following formula is applied to calculate
= E‘“A < 5(“’>\_“’x’)|‘bxr>\’ﬁqu+q‘i| : (12 numerically the isotope scattering rate in these superlattices
with A the GaAs or tungsten:
Now we take the configuration average over mass density

fluctuations /
. NV'OA‘gAw)Z\ f dqu
7-)\ =— —_—

da
fo |AN(2)- A (2)|%dz,

(Ap(x),z+nD)Ap(x| ,z' +n'D)) 16m2L NETNEN .
- 16
——[AM']Za S(x—x')) d(z—2' 13
YR Oq=x'paz=2"), (A3 vy=|dw, /dq,|, or, more explicitly,
wherel =A if 0<z<d,, | =B if dy<z<D, andV5 andV5 A
are the unit-cell volumes oh andB materials. In Eq(13) -1_ Voda | 1
Y _47TD59AUO Alwy), 17

n

[AM 2= f,(M;;—M )2, 1=AB, (14
i=1 ' where
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FIG. 1. Band structures of phonons in the AlAs/GaAs superlat-
tice withdg,as=0dajas- (@) Frequency bands of sagittal modes. The
simultaneous bands of the longitudindl)( and transverse T()

modes are filled in blackb) Frequency bands of the SH mode. The QD
numerical values of the sound velocities used are 8D%® and ) ) )
5.98% 10° cm s~ * (L modes and 3.0% 10° and 3.60< 10° cm s ! FIG. 2. Band structure of phonons in the Al/W superlattice with

(T modes for GaAs and AlAs, respectively, and the mass densitiesda=dw - Frequency bands due to the SG and SH modes are rep-
are 5.32 g cm?® for GaAs and 3.76 g cm® for AlAs. v, is the resented by the large and small dots, respectively. The simultaneous

transverse sound velocit3.03< 1° cm s 1) in GaAs. frequency bands of SG and .SH' modes are filled in black. Insidg the
band surrounded by the solid lines and the boundary of the simul-
taneous band the waves are evanes@aniocalized in the growth
direction in both the Al and W layer§ST band. The numerical
values of the sound velocities used are &2%8° and 5.2 10°
cm s ! (L mode$ and 3.2x10° and 2.8%10° cm s ! (T
 , 1 modes for aluminum and tungsten, respectively and the mass den-

D d=(qy D)‘d(wwD/vo)‘ A sities are 2.73 g cm® for aluminum and 19.3 g ci® for tung-
X _ om , AN sten.v, is the transverse sound velocit§.21x 10> cm s %) in

oy =y d(q.D) .
aluminum.

Q)AD)Z
Vo

IA(w)\)=(

J/
(18
and Figure 2 also shows the band structure of the Al/W super-
lattice with dy;=dy,. For the Al/W superlattice the fre-
6 quency gaps are much wider than those of the AlAs/GaAs
A * Ak x A superlattice, so we have plotted the frequency bands of the
‘]M’_i%n aNiax',JaNmaK"”(eQi'eA’,J)(eQm'eh’,n) SG and SH modes simultaneously. An interesting feature of
the band structure of the Al/W superlattice is the fact that
expi(kd . — kffj —k 4k, ydal—1 there exists an allowed frequency band below the lowest SH
T Ny w— w— . (199 band, though no such frequency band is present for the
LKy =Ky = Kim Ky o) da AlAs/GaAs superlattice. This extra band in the Al/W super-
_ _ ) ) _ lattice (surrounded by the solid lines in Fig) 8tems from
In the above equation(w)) is a dimensionless quantity, he phonons localized at the interfaces between the tungsten
2 anday . 3(l=1-3 stand for the transmission and re- yn4 ajuminum, i.ek?, andk®, are complex numbers. Ow-
flection coefficients}| andry,, respectively&|. ;=€\, ing to the mutual overlapping of the localized lattice dis-
k{ 13=—Kk} |, andu, is a velocity used for the normaliza- placements along the growth direction due to the finite thick-
tion. If the materialsA andB are the same, Eq17) reduces nesses of the constituent layers, these phonons are extended
to 1/2 of the isotope scattering rate of phonons in the Bulk over the superlattice and forms a frequency band. In the fol-
material, i.e., 7p5=Vogaw*/4m(v,®),* wherev, is the lowing we call this frequency band the Stonel&T) band.
sound velocity and) means the average over three bulk This is also the origin of the enhanced phonon density of
phonon modes. states(DOY) in the Al/W system at low frequencies, which
Figures 1a) and ib) depict the band structures of both can be seen below. Note that the phonons localized at the
the sagittal(SG and pure transverse SH phonons in thelayer interfaces are reduced to the Stoneley interface
AlAs/GaAs superlattice witltl, 4= dgaas. DUe to the small  phonons when the layer thicknesses become infinite, which
acoustic mismatch between AlAs and GaAs, the frequencys characteristic of the special combinations of the elastic
gaps are rather small. It should be noted that the lowest bangbnstants and mass densities of the constituent mat@dads.
edges of both the SG and SH modes, i.e., the edges of transuch localized mode exists at the interfaces between bulk
verse phonons, coincide with each other. GaAs and AlAs.
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FIG. 3. Density of stateDOS) of phonons in the AlAs/GaAs FIG. 4. Density of state€DOS) of phonons in the Al/W super-
superlattice corresponding to the band structure of Fig. 1. The bolthttice corresponding to Fig. 2. The bold line is the sum of the SG
line is the sum of the SG and SH phonons, represented by the thiand SH phonons represented by the thin solid line and dotted line,
solid line and dotted line, respectively. The DOS’s of the phononsespectively. Circles and squares are the DOS’s of the phonons
in the bulk GaAs and AlAs, which are proportional é& (valid in (proportional tow?) in bulk tungsten and aluminum.
the continuum approximatignare also shown by the circles and
squares, respectively.

ized (low-dimensiongl nature of the phonons in the super-
lattice, which is shown as narrow lines in the band structures

The DOS of superlattice phonons of Fig. 2. Quite unlike the DOS in the Al/W superlattice, the

DOS in the AlAs/GaAs superlattice exhibits almast be-

havior below wD/v,<3.5 except for the tiny structures

_ aroundwD/v,=3.5 and 10.
G(“’)_; A=), (20 In Fig. 5 we have plotted the isotope scattering ratels of

andT phonons propagating along the growth direction of the
which reflects the band structures together with those of bullAlAs/GaAs superlattice together with the corresponding
materials, are plotted in Figs. 3 and 4 for the AlAs/GaAs andphonon dispersion relation§The scattering does not exist in
Al/W superlattices, respectively. At low frequencies thethe frequency gaps where phonon propagation is prohibited.
DOS grows in proportion t? as in the bulk materials and Due to the structural anisotropy of the superlattice, the scat-
for the AlAs/GaAs system the magnitude takes almost thdering rate depends on both the phonon mode and propaga-
averaged value of the DOS'’s of bulk AlAsquares and tion direction. For comparison, the isotope scattering rate
GaAs(circles. This means that the magnitude of DOS in the (proportional tow*) in bulk GaAs, which is independent of
low-frequency region of the AlAs/GaAs superlattice is con-the phonon polarization and propagation direction, is repre-
sistent with the one estimated from the formula for the bulksented by the dotted line. As expected, the scattering rates
phonons with the mass and elastic constants averaged ovefe smaller than that in the bulk GaAs because the scattering
GaAs and AlAs. However, for the Al/W superlattice the does not occur in the AlAs layers. We also see that the scat-
magnitude of DOS at low frequencies is much larger tharfering rate of theL phonons is smaller than that of tte
those of the bulk aluminurtsquaresand tungstericircles.  phonons. This can be understood as follows. For phonons in
This enhanced DOS of the Al/W superlattice is due to thea frequency band the propagation angles in each layer mea-
existence of the extra ST band below the lowest band of theured from the growth direction are allowed from 0° to 90°
transverse phonons as stated above. for theL mode but 0° to some angle smaller than 90° for the

At high frequencies the situation is somewhat different. InT mode. Hence the inner products of the polarization vectors
particular, we see in Fig. 4 for the Al/W superlattice that thebetween the initia(propagating at 0°) and a scattered sagit-
DOS increases linearly witl in certain frequency ranges tal phonons[see Eq.(16)] extends from 1 to O for thé
and also exhibits various structureflhe frequencies at mode but from 1 to soménite valuefor the T mode, leading
which singularities are found in the DOS correspond well toto the enhanced scattering for the transverse phonons.
the local maxima and minima of the frequency bands shown The similarly enhanced scattering rateTophonon can be
in Fig. 2) This linear behavior of the DOS reflects the local- seen in Fig. 6 for the Al/W superlattice at the low-frequency
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FIG. 5. (a) Isotope scattering rates for longitudinal)(phonons FIG. 6. (a) Isotope scattering rates of the longitudinal)(
(bold line) and transverseT) phonongthin line) propagating along  phonons(bold line) and transverseT) phonons(thin line) propa-
the growth direction of the AlAs/GaAs superlattice with gating along the growth direction of A/W superlattice with
daias=dgaasandD =1 nm.[If D= 10 nmis chosen, the magnitude d,,=d,, andD=1 nm.[If D=10 nm is chosen, the magnitude of
of the Scattering rate should be reduced by a factor dfv&'ﬂhout the Scattering rate should be reduced by a factor d‘f w@hout
changing the scale of the abscissa as indicated by @@5-(19)].  changing the scale of the abscissa as indicated by Ed@s-(19)].
The scattering rate of the phonons in bulk GaAs, proportionalto  The scattering rate of the phonons in bulk tungsten, proportional to
is also shown by the dashed line. For comparison the phonon digy*, is also shown by the dashed line. For comparison the phonon
persion relations for normal propagation are plottedbinv, is the  dispersion relations for normal propagation are plottetbinv,, is
transverse sound velocit.03< 10> cm s~ ') in GaAs. the transverse sound velocit§.21x 10° cm s~ 1) in aluminum.

region below the lowest-frequency gap. However, the reason : . .
for the suppressed phonon scattering rate is somewhat dif- much Iarg_er phon_on attenuation due to the scattering with
ferent from that for the AlAs/GaAs superlattice. Thepho- electrons n the glgahertz_ frequency_range. The reason that
non in this superlattice is scattered predominantly into the /€ Nave given the numerical calculation for the Al/W super-
phonons, but thd phonon is scattered into both the SG andlatt|ce is, as remarked repeatedly, to emphasize the existence

SH phonons, which have larger DOS than that of gTof the ST band and its effect on the isotope scattering of
phonons. This is also the reason that we cannot see discerlonons. Such a ST band and the associated enhancement of
ible structures in the scattering rate bfphonon at about the isotope scattering should be also found in nonmetallic
wD/vy=2.4. At higher frequencies very complicated band(Possibly strainedsuperlattices with a large acoustic mis-
structures of phonons in the AI/W superlattice makes it hard@mch. _ _ _
to tell which scattering rate is larger. Also we note that the 10 Summarize, we have derived a formula for the isotope
scattering rate of low-frequency phonons is close to the Scattering of phonons in superlattices and also given numeri-
scattering rate of phonons in bulk tungsten. This enhances@l results for the AlAs/GaAs and Al/W superlattices. For
ment is again due to the existence of the ST band below thBhonons propagating normal to the layer interfaces, the scat-
SH band. tering of the longitudinal phonons in the AlAs/GaAs super-
Here we should note that the AI/W superlattice is metalliclattice (also at the low-frequency region of the Al/W super-
and hence the electron-phonon scattering should dominaf@ttice is smaller than that of the transverse phonons by a
the isotope scattering of phonons. The relaxation times ofactor of 2 or more. Thus, as far as the lattice thermal con-
phonons in the bulk tungsten and aluminum due to electrofUctivity in the elastic scattering dominated regime is con-
scattering have been reported at frequencies higher than ocgrned, we expect that the longitudinal phonons play a more
GHz where the attenuation depends linearly on thdmportant role in superlattices than in bulk materials.
frequency’ In this regime the longitudinal phonon relaxation The author would like to thank H. J. Maris for useful discus-
rate in the [001] direction is T;ﬁpm:aﬂ/, where  sions and A. G. Every for helpful comments on the manu-
aw=3.3x1072 for tungsted®!! and a,=2.7x10"2 for  script. This work was supported in part by a Grant-in-Aid for
aluminum®? An enhanced attenuation in a metallic superlat-Scientific Research from the Ministry of Education, Science
tice has also been report&tiThese results indeed indicate and Culture of JapafGrant No. 09640385
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