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Abstract

In this paper, we investigate a special timelike surfaces in Anti de Sitter 3-space. We
call such a timelike surface an Anti de Sitter horospherical flat surface which belongs to
a class of surfaces given by one parameter families of Anti de Sitter horocycle. We give a
generic classification of singularities and study the geometric properties of such surfaces
from the viewpoint of Legendrian singularity theory.
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1 Introduction

This paper is written as one of the research projects on differential geometry of submanifolds in
Anti de Sitter 3-space from the viewpoint of singularity theory [2, 3, 4, 5]. It is well known that
Minkowski space is a flat Lorentzian space form and de Sitter space is the Lorentzian space form
with positive curvature. There are several articles for the study of submanifolds in these two
Lorentzian space forms [7, 11, 12, 13, 14, 15, 16, 17, 18]. The Lorentzian space form with the
negative curvature is called Anti de Sitter space which is a very important subject in Physics
(the theory of general relativity, the string theory and the brane world scenario etc [23, 27, 28]).
Mathematically, Anti de Sitter space is a Lorentzian analogue of the hyperbolic space. Since
hyperbolic space has a lot of interesting properties, we expect that Anti de Sitter space has much
more interesting properties. In [4] we have studied the general timelike surfaces in Anti de Sitter
3-space as an application of Legendrian singularity theory. For the study of the general timelike
surfaces, the AdS-nullcone Gauss image G and the AdS-torus Gauss map G play important
roles [4]. We introduced the notions of the AdS-null Gauss-Kronecker curvature K7, and the

AdS-torus Gauss-Kronecker curvature K det. These two Gauss-Kronecker curvature functions
have the same zero sets. We remark that AdS-torus Gauss-Kronecker curvature is not a Lorentz
invariant but it is an SO(2) x SO(2)-invariant. It describes the contact of timelike surfaces
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with AdS-horospheres as a local property. However, we can show that the condition KAidSt =0
is invariant under Lorentz motions (cf., Proposition 2.1).

In this paper we investigate a special kind of timelike surfaces in Anti de Sitter 3-space here.
We call a timelike surface an Anti de Sitter horospherical flat sruface (briefly, AdS-horo-flat

surfee) if Ki,q, = 0 (cf., §3). So that the AdS-horo-flatness is invariant under the Lorentz
motion. Moreover, the second author et al. investigated the horospherical flat surfaces in
hyperbolic 3-space [19]. We study here the AdS-horo-flat surfaces by the similar method to the
case of horospherical flat surfaces. However, the situation is quit different from the hyperbolic
case. If we consider the AdS-horo-flat surfces without umbilical points, there exist two lines
of curvature at each point and one of which corresponds to the vanishing AdS-torus principle
curvature. We can assume, at least locally, that one of the lines of curvature is spacelike curve
and another one is timelike curve. Therefore we should investigate the geometric properties of
spacelike curves and timelike curves in Anti de Sitter 3-space as the first step of this research
plan [5]. For the timelike curves, for example, we can construct some new invariants which
can be used to describe the contact of timelike curves with AdS-horospheres. We also use
these invariants to characterize a geometric object which is called an Anti de Sitter horocycle
(briefly, AdS-horocycle) (cf., §2) and then we use the AdS-horocycle to obtain a surface named
an Anti de Sitter horocyclic surface (briefly, AdS-horocyclic surface) which is givben as a one
parameter family of AdS-horocycles. We can show that a AdS-horo-flat surfce is (at least
locally) parametrized as an AdS-horocyclic surfaces (cf., Theorem 3.6). So that the main
subject in this paper is the AdS-horo-flat AdS-horocyclic surface. In Euclidean space, surfaces
with the vanishing Gauss curvature are developable surfaces which belong to a special class
of ruled surfaces [8, 9]. Therefore, AdS-horocyclic surfaces are one of the analogous notions
with ruled surfaces. In this paper, we investigate geometric properties and singularities of
AdS-horo-flat AdS-horocyclic surfaces.

We give a brief review of differential geometry of non-degenerate curves and timelike surfaces
in Anti de Sitter 3-space in §2. A timelike surface with vanishing AdS-torus Gauss-Kronecker
curvature has been defined and studied in §3. We construct a function by using the AdS-nullcone
Gauss image. By using this function, we define a one-parameter family of AdS-horocycles. We
show that a umbilically free AdS-horo-flat surfce is an AdS-horocyclic surface. Moreover, we
prove that each AdS-horocycle is the line of curvature with the vanishing AdS-torus principle
curvature, that is, the non-degenrate curve in Anti de Sitter 3-space. In §4,5, we give a
classification of singularities of the AdS-horo-flat AdS-horocyclic surfaces and investigate the
geometric meanings of these singularities. Moreover, we have shown a nice duality relation
between H? and A® in [3]. By using this duality relation, we study two special classes of surfaces
in A3 in §6,. We call these kinds of surfaces AdS-flat tangent nullcone circular surfaces and
AdS-flat tangent nullcone hyperboloid respectively. We also give classifications of singularities
of these two classes of surfaces. Finally, in §7, we give two examples of flat AdS-horocyclic
surfaces to explain that our situation is very different from the ruled surfaces in Euclidean
space.

We shall assume throughout the whole paper that all the maps and manifolds are C'*™° unless
the contrary is explicitly stated.

2 Differential geometry in Anti de Sitter 3-space

In this section we review the basic results of the local differential geometry of non-degenerate
curves and timelike surfaces in Anti de Sitter 3-space which are introduced in the previous



papers[2, 3, 4, 5]. For details of Lorentzian geometry, see [25].

We adopt the Lorentzian model of the Anti de Sitter 3-space. Let R* = {(zy,--- ,24)|z; €
R (i = 1,---,4) } be a 4-dimensional vector space. For any vectors @ = (z1,---,x4) and
y = (y1, -+ ,ys) in RY the pseudo scalar product of x and y is defined to be (x,y) =
—T1Y1 — ToYa + T3y3 + ways. We call (R, (,)) a semi-Fuclidean 4-space with index 2 and write
R3 instead of (R%,(,)). We say that a non-zero vector  in R} is spacelike, null or timelike if
(x,z) > 0,{(x,z) =0 or (x,z) < 0 respectively. The norm of the vector € Rj is defined by
llz]| = /|{x, z)|. We denote the signature of a vector & by

1 x 1s spacelike
sign(x) =< 0 x is null
—1 x 15 timelike.

For a vector n € R} and a real number ¢, we define the hyperplane with pseudo-normal n by
HP(n,c) = {x € Rj|(x,n) = c}. We call HP(n,c) a Lorentz hyperplane, a semi-Euclidean
hyperplane with index 2 or a null hyperplane if n is timelike, spacelike or null respectively.

We now define Anti de Sitter 3-space (briefly, AdS 3-space) by H} = {x € R} | (x,x) =
—1}, a unit pseudo 3-sphere with index 2 by S; = {x € R} | (x,x) = 1}, and a closed nullcone
with vertex a by A, = {z € R}|(x — a,z — a) = 0}. In particular we call Ay the nullcone at
the origin. We also define the Lorentz torus by

T = {x = (21, 79,73, 74) € No|2? + 23 = 22 + 23 = 1}.

If a non-zero vector @ = (1, x2, 23, 14) € Ag, we have

~ 1
T = :t—Q(:L‘th)x?nxll) — j:

x e T?.
1?2 + 23

x% + a:%
For any x1, s, x3 € R%, we define a vector @, A @y A @3 by

—€; —€9 €3 €4

AT R
T N2 N3 =| 7 2 3 4>
Ty Iy Ty Ty

1
T3 T3 T3 T3

where {e}, es, €3, e,} is the canonical basis of R} and x; = (z}, 2%, 23, x}). We can easily check
that (@, 1 A @y A x3) = det(x, ®1, 2, 3), o that & A xs A @3 is pseudo-orthogonal to any a;
(for1=1,2,3).

We now consider a surface given by the intersection of H; with the hyperplane HP(n,c). We
call it a Anti de Sitter pseudohyperboloid with index 1 (briefly, AdS-pseudohyperboloid), a Anti
de Sitter pseudosphere with index 1 (briefly, AdS-pseudosphere) or a Anti de Sitter horosphere
(briefly, AdS-horosphere ) if n is spacelike, timelike and ||n|| < |¢| or null respectively. Espe-
cially, we denote a AdS-horosphere by AH(n,c) = H} N HP(n,c). If we consider a null vector
ny = —n/c, we have AH(n,c) = AH(ng, —1). We call ng the polar vector of AH(ng, —1).

We now review the extrinsic differential geometry on non-degenerate curves in H} (cf., [5]).
Let v : I — H?} be a regular curve (i.e., an immersion). The regular curve ~ is said to be
spacelike or timelike if 4 is a spacelike or timelike vector at any ¢ € I, where 4 = dvy/dt. We
call such the a non-degenerate curve. Since -~y is a non-degenerate curve, it admits an arc length
parametrization s = s(t). Therefore, we can assume that «(s) is a unit speed curve. Now we
have the unit tangent vector t(s) = v/(s). Since (7y(s),v(s)) = —1, we have (v(s),t(s)) = 0.
From a direct calculation we have (v(s),t'(s)) = —e, where ¢ = sign(¢(s)). We now denote
N(s) = t/(s) — evy(s) and E(s) = ~(s) A t(s) A N(s). It is easy to check that N and E are
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pseudo-normal vectors along non-degenerate curve v in Hy. We also define the curvature by
ky(s) = ||t'(s) —ev(s)||. In the case when k,(s) # 0, we can define unit vectors n(s) and e(s)

by
t'(s)—ev(s)  N(s) I -
0) —ev) NG (s) =v(s) At(s) An(s).

Then we have a pseudo orthonormal frame {~(s),t(s),n(s), e(s)} of R} along . We assume
sign(t(s))sign(n(s)) = —1 and give the following Frenet-Serret type formula by the standard
arguments:

n(s) =

where 7,(5) = s det(4(5), 7 (5) 7'(5) ()

We remark that if k4(s) = 0 and N(s) # 0, we have N(s) is a null vector. Since (N(s) £
E(s),N(s)) = 0, it follows that N(s) £ E(s) is a null vector which is parallel to the vector
N(s). Moreover we call v an Anti de Sitter horocycle (briefly, AdS-horocycle) if ky(s) =1 and
7,(x) = 0. Especially, we call v a timelike Anti de Sitter horocycle (briefly, TAdS-horocycle) or
spacelike Anti de Sitter horocycle (briefly, SAdS-horocycle) if - is a timelike curve or spacelike
curve respectively.

On the other hand, we outline the extrinsic differential geometry of timelike surfaces in Anti
de Sitter 3-space which was developed in previous paper [4]. Let X : U — H; be a regular
surface (i.e., an embedding), where U C R? is an open subset. We denote M = X (U) and
identify M with U through the embedding X . The embedding X is said to be timelike if the
induced metric I of M is Lorentzian. Throughout the remainder in this paper we assume that
M is a timelike surface in H;. We define a vector IN (u) by

X () A Xy (u) A X, (u)
12X () A Xy () A Xy (u)|

N(u) =

By definition, we have (N (u), X (u)) = (N (u), X,,(uv)) = 0 and (X (u), X, (u)) =0 (for i =
1,2). This means that X (u), N(u) € N,M, where u = (uy,us) € U and p = X (u) € M. Since
the embedding is timelike and X (u) € H , N is spacelike. Therefore N (u) € S3. It follows

that X (u) £ N(u) € Ag N N,M and X (u ) i N(u) € T N N,M. Thus we can define a map
GE:U — Ag

by GX(u) = X(u) & N(u). This map is analogous to the hyperbolic Gauss indicatrix of
hypersurfaces in HY(—1) which was defined in [10]. Here, we call it the Anti de Sitter nullcone
Gauss image (briefly, AdS-nullcone Gauss image) of X (or M). We also define a map

G::U — T?
by GNjf(u) = X(u)/:EYV(u) = @Gi( u), where £(u) = £/ (x1(u) £ nq(u))? + (22(u) £ na(u))?,
X(u) = (z1(u), z2(u), z3(u), z4(uw)) and N(u) = (’I’LI(U)77L2( ),n3( ),nq(w)). We call it the Anti
de Sitter torus Gauss map (or, AdS-torus Gauss map) of X.

We remark that the map GE(u) was used by S. Lee [22] to study the timelike sufaces of
constant mean curvature 1 in Anti de Sitter 3-space. He called G (u) the hyperbolic Gauss

map. By a direct calculation we know that G is constant if and only if G is constant. We
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have shown that the timelike surface X = M is a part of AdS-horosphere if and only if G is
constant.

It is easy to show that IN,,, (i = 1,2) are tangent vectors of M. Therefore we have a linear
transformation

Sy = —dG; (u) = —(dX (u) £ dN(u)) : T,M — T,M

which is called the Anti de Sitter null shape operator (briefly, AdS-null shape operator) of M =
X (U) at p= X (u). Under the identification of U and M, the derivation d X (u) can be identified
with the identity mapping idg,as, this means that S = —dG(u) = —(idg,n £ dN(u)). We
have another linear mapping d([%(u) : T,M — T,R; = T,M @& N,M. If we consider the
orthogonal projection 77 : T,M & N,M — T,M, then we have

SF = —(dGE(u))" = 7" 0 dGE (u) : T,M — T,M
and call it the Anti de Sitter torus shape operator (briefly, AdS-torus shape operator) of M =

—~

X (U) at p = X(u). We remark that S5 (resp., SF) does not always have real eigenvalues.

If the eigenvalues are real numbers, we denote it by k¥ (resp., k) (for i = 1,2) and call it
AdS-null principle curvature (resp., AdS-torus principle curvature).

We define Ky, (u) = detSE = ki - ky and K, (u) = deztg’;jE = /;\1; : I%E We respectively
call K&,¢ (u) the Anti de Sitter null Gauss-Kronecker curvature (briefly, AdS-null G-K curva-

~—

ture) and K7, (u) the Anti de Sitter torus Gauss-Kronecker curvature (briefly, AdS-torus G-K
curvature) of M = X (U) at p = X (u). By a straightforward calculation we have the relation
SF = f(u)évi so that we have ki (p) = £(u)ki"(p) and K3, (u) = €3 (u) K3, (u). Then we
have the following relations:

P

KE(p) = 0 = kF(u) = 0

K ygsn(u) = 0 = Ky (u) = 0.

We say that a point p = X (u) is a (positive or negative) Anti de Sitter horospherical parabolic

point (briefly, AdSh*-parabolic point) of M = X (U) if K%, (u) = 0(or K%, (u) = 0). We
remark that the AdS-torus G-K curvature is not a Lorentz invariant but it is an SO(2) x SO(2)-
invariant. Moreover, we have the following:

Proposition 2.1 For a point p = X (u), k(p) is invariant under Lorentz motions if and
only if kF(p) = 0.

Proof. We have the relation l;:}(p) = ﬁsz(p) at any point p € M. Since k*(p) is a Lorentz

invariant, it is zero if and only if k;°(p) is a Lorentz invariant. O

We say that a point v € U or p = X (u) is an umbilic point if S5 = k*(p)idr,r. We also
say that M = X (U) is totally umbilic if all points on M are umbilic. We have the following
classification theorem of totally umbilical timelike surfaces (cf. [4]):

Proposition 2.2  Suppose that M = X (U) is totally umbilic. Then k*(p) is constant k*.
Under this condition, we have the following classification.

(1) Suppose k* # 0.
(a) If 0 < |k* 4+ 1] < 1, then M is a part of an AdS-pseudohyperboloid;
(b) If |k* + 1| > 1, then M is a part of an AdS-pseudosphere;
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(c) If k* = —1, then M is a part of an AdS-small pseudohyperboloid.
(2) Suppose k* =0 then M is a part of an AdS-horosphere.

We also call a point p € M the Anti de Sitter horospherical point (briefly, AdS-horospherical
point) if kX (p) = 0 (i = 1,2). By this proposition we have shown that a AdS-horosphere is a
totally umbilical timelike surface with k¥ = 0.

Corollary 2.3 If M is totally umbilical and /;Z;(p) = (1/&(u))kF(p) is a Lorentz invariant,
then M is a part of a AdS-horosphere.

We now introduce the Lorentz metric ds* = Zijzlgijduiduj on M = X(U), where
gij(u) = (Xy,(u), Xy, (u)) for any u € U. We also define the Anti de Sitter null second
fundamental invariant by hf;(u) = (—(G})u, (u), X, (u)), the Anti de Sitter torus second fun-

damental invariant by hf:j (u) = (=(G}),, (u), Xy, (u)) = Flu)hi (u) for any u € U. We can also

show the following Weingarten formulas in [4].

Proposition 2.4  With the above notations the following hold
(1) AdS-null Weingarten formula

Grryy = = 21 (W)} X, where ((h*)]) = (hi;)(9") and (97) = (g1;) 7"
(2) AdS-torus Weingarten formula

(GE, )i = — X2, ()X, where ((7hF)]) = (h%)(g"7) and (") = (g;) " O

As a corollary of the above proposition, we have the following expression of the AdS-null
G-K curvature and AdS-torus G-K curvature .

Corollary 2.5 With the same notations as in the above Proposition, we have:

—

+
,det(h;;)
det(gi;)

det(h;;)
det(gi;)

+ — _ 27t
KAdSn - - é KAdSt' O

=&

3 The AdS-horo-flat surfces

In this section we consider timelike surfaces with vanishing AdS-torus (AdS-null) G-K curva-
ture. At each point of the timelike surface, we have two different directed AdS-nullcone Gauss
images G. Without loss of the generality, we only consider G = X + N = G,,. The other
corresponding notations are also written in the similar way. We say that a timelike surface
M = X(U) is an andti de Sitter horospherical flat surface (briefly, AdS-horo-flat surfce) if

K36, (p) = K36, (p) = 0 at any point p € M. By this definition, the AdS-horosphere is one of
the typical totally umbilical AdS-horo-flat surfce. Now we consider an umbilically free timelike
surface X : U — H?, where U C R? is a neighborhood around the origin. In this case, we have
two kinds of lines of curvature, one of them is timelike curve, another one is spacelike curve.
We assume that the u-curves correspond to the vanishing AdS-null principle curvature for the
coordinate system (u,v) € U. Firstly, we consider the case when the u-curves are timelike. By
the AdS-null Weingarten formula, we have

Gru(u,v) =0,Gyy(u,v) = —k(u,v) X ,(u,v),



where k(u,v) # 0. It follows that G, (0,v) = G, (u,v). We now define a function
F:H}x(—e¢) —R

by F(x,v) = (G,(0,v),x) + 1 for sufficiently small ¢ > 0. For any v € (—¢,¢), we have
a AdS-horosphere AH (G, (0,v0),—1), so that F' = 0 define a one-parameter family of AdS-
horospheres. By almost the same arguments as those of [19], we have the following proposition.

Proposition 3.1 The timelike surface M = X (U) is the envelope of the family of AdS-
horospheres defined by F = 0.

Moreover, we consider a timelike surface X : I x J — H} defined by

_ B Nt s X.(0,0) s ;
X (s,v) = X(0,v) + 1X.(0,0)]] 2Gn(07 ),

where I, J C R are open intervals. We have the following proposition.

Proposition 3.2 The timelike surface M = X (I x J) is the envelope of the family of AdS-
horospheres defined by F' = 0.

The proof is almost the same as that of Proposition 4.2 in [19], so that we omit it. By the
above two propositions, we have shown that a AdS-horo-flat surfce can be reparametrized (at

least locally) by
— X.,(0,v) s
X(s,v) =X(0,0) + s — —
| X.(0,0) 2

We now give the expression of the above parametrization. For any fixed v = vy, we assume
that

G, (0,v).

Xu(ovvl]) 3 3
a; =X (0,v),as = ————— € H{,a3 = N(0,19) € S5.
$T X0 2 e 0 T TN O €5
Then we can define a curve by
2
Y¥(s) = aj + sas — E(al + a3).

Since v'(s) = as—s(a;+as), we have (v/(s),v'(s)) = —1. This means that the curve ~ is a unit

speed timelike curve. Therefore t(s) = a2 — s(a; + a3). Moreover, t'(s) = —(a; + a3), so that
(t'(s),t'(s)) = 0 # —1. By astraight forward calculation, we have (t'(s)+v(s),t'(s)+~(s)) =1
which is equivalent to the condition that k,(s) = 1. Moreover, since 4" = 0, we have 7,(s) = 0.

Therefore, 7 is a TAdS-horocycle. Since v(0) = a1, 7'(0) = aq, v"(0) = —(a; + a3), we have
the unique solution of the natural equation k,(s) = 1,7,(s) = 0 under the above initial data.
Therefore we have the following proposition.

Proposition 3.3 For any a1,as € H} and a3 € Si such that (a;,a;) = 0, the unique TAdS-

horocycle with the initial conditions v(0) = a1, ¥'(0) = aq, ¥"(0) = —(a1 + a3) is given by
2

s
~(s) = a1 + say — 5<a1 +as).

On the other hand, we consider the case when the u-curves are spacelike. We define a
timelike surface X*: I x J — H? by

2

X,(0,v s
+ sm—0——""—+ —G,(0,v),
1 X.(0,0)] 2

~—

X¥(s,v) = X(0,v)



where I, J C R are open intervals. By the similar arguments as those in the proof of Proposition
3.2, we have the following proposition.

Proposition 3.4 The timelike surface M* = Xﬁ(I x J) is the envelope of the family of
AdS-horospheres defined by F = 0.

We have shown that a AdS-horo-flat surfce can be reparametrized (at least locally) by

X.(0,v) s

X¥(s,0) = X(0,0) + sttt
[ Xu(0,0)] 2

G, (0,v).
We now consider the meaning of the above parametrization. For any fixed v = vy, we assume

that
Xu(07 UO)

= X(0 HY, a3 = N(0 T IX(0, 0]
a1 =X (0,v0) € Hy, a5 = N(0,v0), au = oo 5,

€ S5

Then we can define a curve by
2
v(s) = a1 + say + §(a1 + as).

Since 4'(s) = a4 + s(a; + a3), we have (¥'(s),7v'(s)) = 1. This means that the curve v is a
unit speed spacelike curve. Therefore t(s) = a4 + s(a; + a3). Moreover, t'(s) = a; + as, so
that (t'(s),t'(s)) = 0 # —1. By directly calculation, we have (t'(s) — y(s),t'(s) — v(s)) = 1
which is equivalent to the condition that k,(s) = 1. Moreover, sincey” = 0, we have 7,(s) = 0.
Therefore, v is a SAdS-horocycle. Since ¥(0) = ay, ¥'(0) = a4, v"(0) = a1 + a3, we have
the unique solution of the natural equation ky(s) = 1,7,(s) = 0 under the above initial data.
Therefore we have the following proposition similar as Proposition 3.3.

Proposition 3.5 For any ay € H} and as,ay € S§ such that {(a;,a;) = 0, the unique

SAdS-horocycle with the initial conditions v(0) = ay, ¥'(0) = a4, v"(0) = a1 + a3 is given by
2

s
V() = a1+ sas + (a1 + as).

By the above proposition and Proposition 3.3, we have shown that the AdS-horo-flat surfce
is given by the one-parameter family of AdS-horocycle. We call a timelike surface an AdS-
horocyclic surface if it is locally parametrized by one-parameter family of AdS-horocycle at
any point. Especially, we call an AdS-horocyclic surface a TAdS-horocyclic surface or a SAdS-
horocyclic surface if it is locally parametrized by one-parameter family of TAdS-horocycle or
SAdS-horocycle respectively. Eventually we have shown the following theorem.

Theorem 3.6 If M C H} is an umbilically free AdS-horo-flat surfce, it is an AdS-horocyclic
surface. Moreover, each AdS-horocycle is the line of curvature with the vanishing AdS-null
principle curvature.

Proof. We take the flat TAdS-horo-surface as an example. So that the first part of the
theorem is a corollary of Proposition 3.3. For the second part, we assume that M = X (U),
both the u-curve and v—curve are the lines of curvature which satisty G, (u,v) = 0, G, (u,v) =
—k(u,v) X ,(u,v) and u—curve is a timelike curve. We now consider the parametrization

— X.,(0,v) s

X(S,U) = X(O,’U) + Sm - EGn(O,U)

of M = X (U). By a straightforward calculation, we have

— X . (0,v)

X(s,v) = m — 5G,(0,v),

8



— «(0,v) 52
X, (s,v) = X,(0,v) + (H X.,(0 ,v)||) 2GM(O,U).
Since (G, (0,v), X,(0,v)) = 0, we have (G,,(0,v), X,(0,v)) + (G,(0,v), X ,,(0,v)) = 0. It
follows that (G, (0,v), X4, (0,v)) = 0. Slnce G, (0,v) is the null normal vector of M = X (U)
at X (0,v), we have (G,(0,v), X(s,v)) = (G,(0,v), X,(s,v)) = 0. This means that G,,(0,v)
is the null normal of M = X (U) at X (s,v). So that we have the null normal G,, which is
constant along the s—curve. Since the s—curve is a TAdS-horocycle, it is the line of curvature
with vanishing AdS-null principal curvature. O

4 AdS-horocyclic surfaces

In this section we study general properties of AdS-horocyclic surfaces. Let a; : I — H?
(i=0,1) and a3 : I — S3 be smooth mappings from an open interval I with (a;(t), as(t)) =0
and (ay(t), az(t)) = 0. We define a unit spacelike vector ay(t) = a1(t) Aas(t) Aas(t). Therefore,
we have a pseudo-orthonormal frame {ay, as, a3, as} of Rj. By using this frame, we can define
the following basic invariants:

a(t) = =(ay(t), ax(t)) = {ai(t), a5(1)),  c(t) = (ay(t), as(t)) = —{as(t), a3
o(t) = (a(1), as5(t)) = —(ai(t), a3(t)),  ¢s(t) = (a5(1), au(t)) = —{ax(t), @i(1))
cs(t) = (a1 (t), as(t)) = —(as(t), @)(t)),  cs(t) = (as(t), as(t)) = —(as(t), a)

Then we have the following fundamental differential equations:

ai(t) =ci(t)as(t) + co(t)as(t) + cs(t)aq(t)
ay(t) = —ci(t)ai(t) + ca(t)as(t) + cs(t)as(t) (%)
as(t) = ca(t)aq(t) + 04( Jas(t) 06( Jau(t)
ay(t) = cs(t)ai(t) + cs(t)aqx(t) — cs(t)as(?)

We can rewrite this equations as follows:

where
a (t) 0 Cl(t Cg(t) Cg(t)
A= ag(t) Cl t 0 C4(t) C5(t)
as(t) |’ calt ) 04( 0 c(t)
ay(t) c3(t) —cs(t) 0
We remark that A(t) € SO,(2,2) and C(t) € s0(2,2), where s0(2,2) is the Lie algebra of the

Lorentzian group SO,(2,2).
We define a mapping Flug ay.01.05) : R X I — H} by

1—¢ 14¢ s2
5 a2<t>+ 9 a4(t) +€5g(t),

F(al,ag,a3,a4)(37 t) = (t) +s

where e = £1, g(t) = a1(t) + as(t). In the case when € = —1, we denote Fl4, a;,a5,a0)(5, 1) Dy

2
s
Fg;haz,as)(s,t) = ay(t) + sas(t) — Eg(t).



When ¢ = 1, we denote F4, a5,a5,0a0)(S, t) by

F? (s,t) = a1(t) + saq(t) + S;g(t).

(a1,a3,a4)
By Proposition 3.3 and Proposition 3.5, we have a TAdS-horocycle F; (2 1a2.03) (s,t0) and a SAAS-
horocycle F; (i 1 as.ap) (85 to) Tespectively for any fixed ¢ = to. We call Fl4, 45,a4,04) (0T it’s image) an
AdS-horocyclic surface. Each TAdS-horocycle F, (7(;  az.az) (8 to) or SAdS-horocycle F| (i +as.ap (8 10)
is called a generating AdS-horocycle.

If {ai(t),as(t),as(t),as(t)} is a pseudo-orthonormal frame field as the above, the 4 x
4—matrix determined by the frame defines a smooth curve A : I — SO,(2,2). So that we have
shown that A’(t) = C(t)A(t). For the converse, if A : I — S0O,(2, 2) is a smooth curve, then we
can show that A’(t)A(t)™! € s0(2,2). Moreover, for any smooth curve C' : I — s0(2,2), we ap-
ply the existence theorem on the linear systems of ODEs (%), so that there exists a unique curve
A: 1T — S50,(2,2) such that C(t) = A'(t)A(t)~* with an initial data A(ty) € SO,(2,2). There-
fore, a smooth curve C': I — s0(2,2) might be identified with an AdS-horocyclic surface in H3.
Moreover, if C': I — 50(2,2) is a smooth curve with C(t) = A'(t)A(t)~! and B € SO,(2,2)
then we have C(t) = (A(t)B)'(A(t)B)~!. This means that the curve C' : I — s0(2,2)
is a Lorentz invariant of the pseudo-orthonormal frame {a;(t), as(t), as(t), as(t)}, so that it
is a Lorentz invariant of the corresponding AdS-horocyclic surface. We write F4 instead of
F(ao,a1,a27a3)'

Let C*(I,s0(2,2)) be the space of smooth curves into s0(2,2)) equipped with Whit-
ney C*—topology. By the above arguments, we may regard C*°(1,s0(2,2)) as the space
of AdS-horocyclic surfaces, where I is an open interval or the unit circle. We assume that
C¥(1,50(2,2)) is the space of TAdS-horocyclic surfaces and C(1,50(2,2)) is the space of
SAdS-horocyclic surfaces, then we have that C*°(1,s0(2,2)) = C3°(1,s0(2,2))UC¥(1,50(2,2)).

4.1 Singularities of TAdS-horocyclic surfaces

We firstly consider the geometric properties of TAdS-horocyclic surfaces. Let FE "R x

(a1,a2,a3)
I — H} be a TAdS-horocyclic surface defined by

2
S
F(jz;l,ag,ag)<87 t) =a (t> + Sa’2<t> - 59@)

We consider a parameter transformation
S=s(t)—s, T=t

for any smooth function s(t). We define A(t) = (@ (t), as(t), as(t), as(t)) by

g, @) = —aslt) +s(0g(0),

as(t) = g(t) —ai(t), ay(t) =ai(t) Nax(t) Nas(t) = —au(t),

where (A)" denote the transposed matrix. It is obviously that

61 (t) = ai (t) + 8(t>a2<t) —

A(t) € SO,(2,2),  Flo apay(s,1) = F; (S,T).

(@1,a2,a3)

It follows that @;(t) is the curve on the TAdS-horocyclic surface Fél,@’as)(s, T) defined by

the equation S = 0. We call the above parameter transformation an T-adapted parameter

10



transformation. By straightforward calculations, we have

(C1(t) = —ci(t) — s(t)ea(t) — s2(t)cwa(t)/2 — 8'(t)
Co (t) = Co (t) + S(t)614(t)
G3(t) = —cs(t) — s(t)es(t) + s2(t)ese(t) /2
G(t) = —ca(t) + s(t)ea(t) + s*(t)cra(t) /2 4 $'(t)
E5(t) = C5(t) - S(t)Cg(;(t)
[ G(t) = —colt) + s(t)es(t) — s*(t)ese(t) /2,
where we denote ¢ (t) + c4(t) = c14(t) and c3(t) + cg(t) = c36(t) for simply.

It follows that we have
El (t) + E4(t) = —614(t), Eg(t) + Eﬁ(t) = —036(t), El + E4(t) = Eg(t) = 0 p=— 014(t) = Cg(t) = 0
Proposition 4.1 Let FX

(a1,a2,03) be a parameterization of a TAdS-horocyclic surface of the form

Fl ) (5:8) = ar(t) + sax(t) — g(t)

(a1,a2,a3

such that c14(t) never vanishes. Then the image of F(T has a reparametrization of the

a1,a2,a3)
form
T _ _ S?
F(t_l1,t_12,673)(s’ T) =a (t) + Sa?(t) - ?g(T%

where ¢3(t) = 0 and s(t) = —ca(t)/c14(t).

Proof. We define @y, a», as as the above notations. By a straightforward calculation, we have
Co(t) = (@(t),as(t)) = (@,(t),g(t)). We define s(t) by s(t) = —ca(t)/c14(t), then we have

Co(t) = 0.
We define F(ghmg)(s, T) = Félﬁwg)(s(t) — s,t). Then we have
T T
F(alﬁz,@?,)(S’ T) = F(al,ag,ag)(87 t)
Therefore, F(, . ..y and F(, ) have the same image. O
a1,a2,a3 a1,a2,a3
We call the curve @, the striction curve of F(J;hawg) if (@ (t),as(t)) = 0. By the above

proposition, we have the unique striction curve under the condition that ci4(t) # 0, then it
is given by the equation S = 0 after the above T-adapted parameter transformation. In the
case when c14(t) = 0, there exist striction curve iff ¢5(t) = 0. Therefore, when c14(t) # 0 or
c14(t) = c2(t) = 0, we may assume that a,(t) is the striction curve of F(Ehawg)(s,t) which is
given by s = 0 by an T-adapted parameter transformation.

We now consider the singularities of TAdS-horocyclic surfaces. By a straightforward calcu-
lation, we have

% = ay(t) —sg(t) = —sai(t) + ax(t) — sas(t)
% = - (Scl () + §C2(t)) ay(t) + (Cl(t) - %2014@)) as(t)
+ {(1 - %) es(t) + 504(15)} as(t) + <03(t) _ %2036(15) + 505(15)) au(t).

It follows that (s,) is a singular point of Fj, , . if and only if ¢(t) = 0 and ¢3(¢) = 0 for the
T-adapted parameter transformation S = s(t) — s,7 = t. The above condition is equivalent to

the condition that S = 0 is a singular point. Then we have the following proposition.
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Proposition 4.2 Let th;l,az,ag) be a TAdS-horocyclic surface with the striction curve a; and

c14(t) £ 0. If zg = F@l’%%)(so, to) is a singular value of the TAdS-horocyclic surface F(Elmm),
then so = 0, i.e., xq is located on the image of ay such that as(ty) is tangent to ay at ty under

the condition a’(ty) # 0.

Proof. 1f @/ (ty) = 0, then Fal a2,03)(0s t0) is only singular value on F(El a2.05)(S: T0). Therefore
we assume that a; is a unit speed timelike curve. Since ¢y = 0 and ¢4 # 0, it follows that if
(s0,t0) is a singular point of F@lmm), then sy = 0 and hence xq is located on the image of a;.

Since singular set is given by the set {(0,t0) | ca(to) = c3(to) = 0}, @’ (to) is pseudo-orthogonal
to a1 (to), as(to), as(ty). Therefore it is tangent to as(tg). O

We call the kernel direction of dF(ig s
denote it by nT. Then it holds that

S(F, ) = {(s.)]ea(t) + scra(t) = 0, —es(t) — ses(t) + s2es6(t) /2 = 0},

(a1,a2,a3)

9 the null direction or the null vector field and

S

(5.) = kerdfT . (s.) = (enft) = Sent)) 2 -2
ns, = KT al(, 4,45 50) = | G 2014 s It

where, S(F%

(a1.,2.03) Then we have the following:

) is the singular set of F{,

a1,a2,a3)"

Figure 1: cross cap

Theorem 4.3 A point (sg, ) € S(F(€17a27a3)) is a cross cap if and only if ca(to)+soc14(to) = 0,

—c3(to) — socs(to) + siese(to)/2 = 0 and CRT (sg,ty) # 0, where
CRY (s,t) = (—sc36(t) + c5(t))(ch(t) + s¢i4 (1)) + c1a(t)(—2¢5(t) — 25ck(t) + s2che(t)).
If c14co # 0 at ty, then these conditions are equivalent to
so = (—ca/cia)(to), K (to) =0, (k") (to) #0, (k'(t) = (—2c}4c5 + hese + 2c1a025)(1)).

Here, a map germ [ : (R? a) — (R?,b) is called a cross cap if it is A-equivalent to the germ
(u?, ug, uruy) (cf., Figure 1)

Proof. For simply, we denote F| (7;1’@2@3) by F' in this proof. Since the null vector (the kernel of

dF) is given by n = (¢; — s%c14/2)(9/0s) — 8/0t, by Whitney’s theorem [29, Theorem 1], if
det(F, Fy, nFs,mmF) # 0
then F' at the point is a cross cap. By a very long calculation, we have

det(F, Fs,nFs,mF) = (c5 — scs6)(—2c3 — 2sc5 + 82636)(266 — 25c5 + s%c3g) + C'R(so,to)
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The first term of the right-hand side of the above equation is zero since (s, ) is a singular
point. Thus we have the first part of the theorem . If ci4co # 0 at ty, then the conditions
02(t0>+80614(t0) =0and —Cg(to)—8005(t0)+83636(t0)/2 = 0 are equivalent to Sop = (—02/014)(t0>

and kT (ty) = 0. Substituting s = —cy/c14 and c36 = 2(c} c3 — cracacs)/c3 to CRT £ 0, we have
(k7)Y # 0. O
We remark that if we consider a; as striction curve, then ¢ = 0, so that s(ty) = 0.

Moreover, we have c3(tg) = 0. Since ci4(to) # 0, the condition for cross cap on the striction
curve is c3(tg) = 0, ¢4 (to) # 0. This condition is a generic condition in C'2°(7,s(2,2)). Therefore,
we have the following theorem.

Theorem 4.4 There exists an open dense subset OC C9°(1,50(2,2)) such that for any C €O,
the germ of the TAdS-horocyclic surface F(EWMS) at a singular point is diffeomorphic to the
CToss cap.

4.2 Singularities of SAdS-horocyclic surfaces

In this section, we investigate the generic singularities of SAdS-horocyclic surfaces by a similar
way as those of TAdS-horocyclic surfaces. Let F> : R x I — H} be a STAdS-horocyclic

(a1,a3,a4)
surfaces defined by
2

FS . (s,t) = ay(t) + sau(t) + —g(t).

(a1,a3,a4) 9
We consider another parameter transformation S = s — s(t),T = ¢ for any smooth function
s(t). We define A(t) = (a1(t), az(t), as(t), as(t))" by

s*(t)

a (t) = a; (t) + s(t)a4(t) +

g(t)7 a2 t) = G’Z(t)’

It is obviously that

A(t) € 80,(2,2) and  F . .0 (5.1) = Fl (S, 7).

(a1,a3,04)

It follows that @;(¢) is the curve on the SAdS-horocyclic surface F(gl,&m)(s, T) defined by the
equation S = 0. We also call the above parameter transformation an S-adapted parameter

transformation. By straightforward calculations, we have

((C1(t) = cit)+ s(t)es(t) + s (t)ea(t) /2
/C\Q (t) = C2 (t) — S(t)CgG(t)
c(t) = c3(t) + s(t)ea(t) — s (t)ess(t) /2 + 8'(2)
E4(t) = C4(t> - 8(t>C5 (t) - 82 (t)614(t)/2
/0\5 (t) = Cj (t) + S(t)CM(t)
L G(t) = co(t) — s(t)ealt) + s*()ess(t) /2 — §'(2)

It follows that we have
ci(t) +ca(t) = cralt), ©c3(t) +c6(t) = c36(t), Ca(t) =3+ c6(t) =0 < cot) = c36(t) =0
By almost the same way as Proposition 4.1, we have the following:

Proposition 4.5 Let F(S be a parameterization of a SAdS-horocyclic surface of the form

a1,a3,a4)
2

FS  (s,t) = ay(t) + saq(t) + = g(t)

(a1,a3,a4) 2
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such that cs(t) never vanishes. Then the image of FY ) has a reparametrization of the

(a1,a3,a4
form
. . S?
F(%l,a&@) = ay(t) + Sau(t) + TQ(T);

-~ ca(t)
where c3(t) = 0 and s(t) = .

(1) ) =20

We call the curve a; the striction curve of F(Zhas’m if (@)(t),a»(t)) = 0. By the above

proposition, we have the unique striction curve under the condition that css(t) # 0, then it
is given by the equation S = 0 after the above S-adapted parameter transformation. In the
case when c36(t) = 0, there exist striction curve iff ¢5(t) = 0. Therefore, when c36(t) # 0 or
co(t) = e36(t) = 0, we may assume that a,(t) is the striction curve of F(i1,ag,a4)($7t) which is

given by s = 0 by an S-adapted parameter transformation. By a straightforward calculation,
we have

aF(Sal as,a4)
T = ay(t) + sg(t) = sa;(t) + sas(t) + aq(t);
aF(ilyas,M) / ! s? '
— 5 = a;(t) + 8a42(t) +59 (t) 2
= (ses(t) + Tea(t))ar(t) + [ea(t) + ses(t) + Tera(]az(?)
2 2

(1 + 5 )ealt) — seu(®)]as(t) + es(t) + Seso(D]as(t)

It follows that (s,t) is a singular point of F(?z1,a3,a4) if and only if ¢ (¢) = 0 and ¢ (t) = 0 for the
S-adapted parameter transformation S = s — s(t),7 = t. The above condition is equivalent to
the condition that S = 0 is a singular point. Then we have the following proposition which is

similar as the Proposition 4.2.

Proposition 4.6 Let F(f’;l,as’a@ be a SAdS-horocyclic surface with the striction curve a, and

c36(t) #0. If xg = F(*ZWSM)(SO, to) is a singular value of the SAdS-horocyclic surface F(il,asm),
then so = 0, i.e., xq is located on the image of a; such that a(ty) is tangent to a; at ty under

the condition a'(ty) # 0.

We call the kernel direction of dF(iLagm) the null direction or the null vector field and
denote it by ¢. Then it holds that

S<F(%1,a3,a4)> = {(s,t)[c1(t) = 0,e(t) = 0},

2
o S . o S 3 (9
C(s,t) =ker dF, . .. (sit) = (cs(t) + 5036(75))% ~ 3
where, S(F, (i1,a3,a4)) is the singular set of F, (im&%). Then we have the following theorems:

Theorem 4.7 A point (so, ) € S(F(*ZL%M)) is a cross cap if and only if ¢1(to) = ca(to) =0
and CRS(sg,t9) # 0, where

CR(s,t) = (sc1a(t) + c5(1)) (c5(t) — s¢5(t)) — c36(1)(2¢) (1) + 25¢5(t) + 52¢4(8)).
If c36c0 # 0 at to, then these conditions are equivalent to

so = (ca/ese)(to),  K°(to) =0, (k%)(to) #0, (K%(t) = (2c35c1 + c3cra + 2e360205)(1)).
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Theorem 4.8 There exists an open dense subset OC CF(1,50(2,2)) such that for any C €O,
the germ of the SAdS-horocyclic surface F(fl17a37(14) at a singular point is diffeomorphic to the
CToSS cap.

According to the Theorems 4.4 and 4.8, we have the following:

Theorem 4.9 There exists an open dense subset OC C*°(1,50(2,2)) such that for any C €0,
the germ of the AdS-horocyclic surface Fiq, ay,a5,00) 0t @ singular point is diffeomorphic to the
CToSs cap.

In the end of this section we consider the geometric meaning of the invariant ¢;(t) and ¢(¢).
By Theorem 3.6, a AdS-horo-flat surfce is an AdS-horocyclic surface F4, 45,05,0,) With the null
normal vector g(t) around a non-umbilical point. In this case, each AdS-horocycle is a line
of curvature. However, at an umbilical point, any direction is a principle direction, so that
the tangent direction of the AdS-horocycle is also a principle direction. Suppose that g(t) is
a null normal vector field on F4, ay,a5,0,)- This means that @;(s,t) = g(t). It follows that

@:Ls(s,t) = g,(t) = 0. Therefore, the tangent component I, o G, 4(s,t) of @:Ls(s,t) is always
zero. By Proposition 3.4(2), the AdS-horocyclic surface Fl4, a5,a5,00) 15 @ AdS-horo-flat surfce if
g(t) is a null normal of the timelike surface. We have shown the following proposition.

Proposition 4.10  An umbilically free AdS-horo-flat surfee is (at least locally) an AdS-horocyclic
surface with the null normal vector g(t). Conversely, if Fla, a3.a5,a4) 5 @ AdS-horocyclic surface
and g(t) is a null normal vector field at any (s,t), then it is a AdS-horo-flat surfce. In this
case each AdS-horocycle Flq, ay,a5,a0)(5:t0) @5 a line of curvature.

Since (g(t),g(t)) = (g(t),g'(t)) = (g(t),ax(t)) = 0, g(t) is a null normal vector at any
(s,t) if and only if E5(t) = 0 or ¢3(¢t) = 0. This condition is equivalent to the condition that
co(t) = c14(t) = 0 or co(t) = c36(t) = 0 respectively. By the above proposition, this means
that Fla, as.04,04) 18 @ AdS-horo-flat surfce if and only if cy(t) = c14(t) = 0 or ¢o(t) = c36(t) = 0.
Thus, we say that Fl,, 4,.04,00) I8 & flat AdS-horocyclic surface if C,(t) = 0 or ¢(t) = 0 for
any t. Especially, we call F(q, a;,a5,a0) & flat TAdS-horocyclic surface if ¢(t) = 0 or a flat
SAdS-horocyclic surface if ¢3(t) = 0.

5 Flat AdS-horocyclic surfaces

In this section we study general singularities of flat AdS-horocyclic surfaces. We denote

0( ) Clét) ngtg CgEt;

—cq(t cy(t cs(t

=1 i) a0 @) | €032
c3(t)  cs(t) —c(t) O

and consider three linear subspaces of s0(2,2) defined by
fah(2,2) = {C € 50(2,2) | & =0 or & = 0}.

By the definition of flat AdS-horocyclic surfaces, the space of flat AdS-horocyclic surfaces is
defined to be the space C*°(1,fah(2,2)) equipped with Whitney C'*°—topology. We also de-
fine the space of flat TAdS-horocyclic surfaces or the space of flat SAdS-horocyclic surfaces
by C*®(I,fah”(2,2)) or C=(I,fah*(2,2)) equipped with Whitney C'®°—topology respectively,
where

fah?(2,2) = {C € 50(2,2) | 2@ = 0}, fah®(2,2) = {C € 50(2,2) | & = 0}.
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It is obviously that fah(2,2) = fah”(2,2) U fah®(2,2).
5.1 Singularities of flat TAdS-horocyclic surfaces

By straightforward calculation, the singular points (s,t) of F r satisfy that

(a1,a2,a3)
0T (s,t) = c36(t)s* — 2c5(t)s — 2¢3(t) = 0.
So that the flat TAdS-horocyclic surfaces F

(a1,a2,a3
©7(s,t) = 0 has real roots. Under the condition that csg # 0, this condition is equivalent to

the following condition

) has singular points (s,t) if and only if

AT (t) = cE(t) + 2c3(t)ess(t) > 0.
Therefore, (so, to) is a singular point of F, .
(1) e3(to) = 0,07 (s0,t9) =0
(2) es5(ty) £ 0 and (i) s (to) = 0, cs(ty) 2 0, 50 = —zzgzi
(ii) e36(to) # 0, AT (o) > 0,07 (s0,t0) = 0.
If we consider the T-adapted parameter transforation S = s(t) —s,7 =t, then S = 0,T = tg

is the singular point and ¢3(¢y) = 0. So that we may only consider the case (1). We have the
following rough classification of singular point under the condition c3(ty) = 0:

if the following conditions holds:

(1) if ¢5(to) = c6(to) = 0, then we call (so,tg) a TAdS-horocyclic singular point;

(2) if ¢5(to) # 0, c6(to) = 0, then we call (so = 0,%9) a single singular point;

(3) if ¢5(to) = 0, c6(to) # 0, then we call (so = 0,%y) a double singular point;
)

2cs(t

(4) if ¢5(tg) # 0,¢6(to) # 0, then we call (sg = 0,%p) and (so = CS((t ())),to) separated singular
Ce\lo

poInts.

We call FT a flat TAdS-horocyclic surface with isolated singular point if c3(ty) = c5(to) =

(a1,a2,a3)

0,50 = 0,¢c36(t) # 0,AT(t) < 0,Vt € I\{to}. We now consider a flat TAdS-horocyclic surface
with non-isolated singular points and the set of singularities is a union of curves in the parameter
space I x R. In this case, there exist two branches of singularities at most except at the
TAdS-horocyclic singular points. However such branches can pass through the TAdS-horocyclic
singular points. We assume that one of the branches of the singularities is defined by

s2(t)

5 9().
where s = s(t) is one of the solutions of the equation ©7(s,t) = 0 for any ¢. In this case we
can reparametrize the TAdS-horocyclic surface by as(t), @s(t). By the T-adapted parameter
transformation, one of the branches of the singularities is located on the curve S = 0. So that,
we may suppose that one of the branches of the singularities is located on a;(¢). In this case,
such singularities satisfy the condition c3(¢) = 0. Therefore, we assume that c3(t) = 0 for any
t € I. Therefore, a/(t) is parallel to as(t) if a)(t) # 0. Moreover, another branches of the
singularities is given by the condition c¢4(t)s — 2¢5(t) = 0. If ¢g(t) # 0, we define

El (t) = aj (t) + S(t)CLQ(t) —

2
t
ai(t) = (1) + s()as(t) - L g(t).
where s(t) = 205(5?. If c(t) = 0, then ¢;(t) = 0, it follows that g(t) =Const= g. In this
Ce

case a, is a curve located on a AdS-horosphere and the image of F is a subset of the

AdS-horosphere.

(a1,a2,a3)
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We say that FZ

(a1,a2,a3)
constant or a; is not constant and cg(t) = 0. In the last case, F(F‘ZL%QS
AdS-horosphere (a one parameter family of TAdS-horocycles which are tangent to a; on a
AdS-horosphere). This condition are equivalent to the conditions that cy(t) = ¢3(t) = ¢14 = 0,
c1 # 0 and the set of singular points is equal to s = 0 except the TAdS-horocyclic singular

points.

is a flat tangent AdS-horocyclic surface if both a; and a* are not
) is a subset of the

We now define a linear subspaces of s0(2,2) by
fahy (2,2) = {C € 50(2,2) | ca(t) = c3(t) = c1a = 0}.

We call space C*(1,fab! (2,2)) equipped with Whitney C*°—topology the space of flat tangent
TAdS-horocyclic surfaces. In this space, one of the branches of the singularities of the flat
TAdS-horocyclic surface is always located on the image of a;.

We consider the singular flat TAdS-horocyclic surfaces. By the Thom’s jet-transversality
theorem [1, 24], there exists an open dense set OC C>(I, fah”(2,2)) such that for any C' €O,
it satisfies the condition that (AT(t), AT'(t)) # (0,0). If F¥ is flat TAdS-horocyclic

(a1,a2,a3)
surface with an isolated singular point, there exists ¢y € I such that AT (ty) = AT'(¢,) = 0, so
that C' ¢O. This means that the set of flat TAdS-horocyclic surface with an isolated singular
point is not generic in the space of flat TAdS-horocyclic surface. So that the flat tangent
TAdS-horocyclic surface is more interesting in the space of the flat TAdS-horocyclic surface.
We now give the classification of singularities of the flat TAdS-horocyclic surface. In this
case, we see that the normal vector of F(EWMS) is well-defined and it is g = a; + a3. This

means that F1

is a frontal. Moreover we see that
(a1,a2,a3)

r T T 82636(t)
S(Farasay) = (s, 0)A(s,) =0}, A (s,t) = c3(t) + scs(t) — 2 )
0 0
?7T(S,t) = ker dF(J;lyaz,as)@’t) = Cl(t)g - _at-

We call AT the T-signed area density function. For F' = F(:’;hamg),
of fronts and frontals [6, 21], we have the following.

Theorem 5.1 Let F be a flat TAdS-horocyclic surface and (s,t) € S(F'). Then the following
assertions hold.

(1) F at (s,t) is a front if and only if c3¢ # 0.

(2) F at (s,t) is a cuspidal edge if and only if css # 0, c1(c5 — scae) — (¢ + sy — s2chs/2) # 0.
(3) F at (s,t) is a swallowtail if and only if css # 0, ¢5 — sc3g # 0, ¢1(cs — scze) — (¢ + sk —
§2chs/2) = 0 and —c3czs — 1 (ck — schg) — (¢ (c5 — sC36) + C1(ck — ) — (¢ + sl — s2cls /2)) # 0.
(4) F at (s,t) is a cuspidal lips if and only if c3s # 0, c5 — sc36 = ¢y + s — s2che/2 = 0 and
detHessAT > 0.

(5) F at (s,t) is a cuspidal beaks if and only if cs36 # 0, c5 — sc3g = 4 + sc5 — s2chs/2 = 0,
det HessA\T < 0 and —clcgs — c1(ch — schg) — c1(ch — schg) + (4 + scl — s%clys/2) # 0.

(6) F at (s,t) is a cuspidal cross cap if and only if css = 0, ¢ # 0 and ¢1(c5 — scsg) — (¢ +
sck — s%chg/2) # 0.

Here, a map germ f : (R?, a) — (R3,b) is called a cuspidal edge (respectively, swallowtail)
if it is A-equivalent to the germ (uy,u3,u3) (respectively, (3ui + u3ug, 4u? + 2ujuy)) (cf., Figure
2). Moreover, a map germ f : (R? a) — (R3,b) is called a cuspidal beaks (respectively,
cuspidal cross cap) if it is A-equivalent to the germ (ug, —2u? + uduy, 3uj — uiu3) (respectively,
(uy, ugus, u2)) (cf., Figure 3).

by the criteria for singularities
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cuspital edge
Figure 2

cuspidal cross cap

cuspital beaks

Figure 3

Proof. We see AT = c3(t) + scs(t) — s?cs6(t)/2 and nt = ¢,(9/0s) — 9/0t. The normal vector
is g = a; + a3. By definition, F is front if and only if n7g # 0. Hence nTg = —g' = c3sa4.
Thus we have (1).

The criterion for cuspidal edge is the following: F at (s,t) is a cuspidal edge if and only if
Fis a front and n” AT #£ 0. Hence n? AT = ¢;(c5 — sez6) — (¢ + sck — s2chg/2), we have (2).

The criterion for swallowtail is the following: F' at p is a swallowtail if and only if I is a
front, dA\T # 0, n" AT = 0 and n"n" AT # 0. Applying this crieria, we have (3).

The criteria for cuspidal lips/beaks are the following: F' at p is a cuspidal lips/beaks if and
only if F'is a front, dA\T = 0 and det HessAT > 0 (lips). (for the beaks, dA\T = 0, det HessAT < 0
and nnT\ # 0). Applying this crieria, we have (4) and (5).

If ¢5 # 0, we can parametrize S(F') by (t) = (s(t),t). Put

o(t) = det(F(y), F(7)', 9(7), 9(v))(t).

Then ¢(t) = (c1(t) + s(t)")es6(t). The criteria for cuspidal cross cap is the following: F' at (s, )
is a cuspidal cross cap if and only if F is not a front, n” AT # 0, ¢ = 0 and ¢’ # 0. Applying
this criteria, we have (6). O

We also give the classification of singularities of the flat tangent TAdS-horocyclic surfaces.
In this case, we have cy(t) = c3(t) = ¢34 = 0 and all TAdS-horocycles are tangent to a;. We
have the following corollary:

Corolary 5.2 Let F' be a flat tangent TAdS-horocyclic surface. Suppose (s,t) € S(F'), where
s =0 ors=2cs5(t)/cs(t). Then the following assertions hold.
(1) F at (s,t) is a front if and only if cg # 0.
(2) (a) F at (s = 2cs5/cq,t) is a cuspidal edge if and only if cscg(c1 + s") # 0.
(b) F at (0,t) is a cuspidal edge if and only if cicscq # 0.
(3) (a) F at (s = 2¢c5/cq,t) is a swallowtail if and only if cscg # 0, ¢1 + 8 = 0 and ¢1(cs’ +
scy) + cs5(c) + §") — 2¢165 # 0.
(b) F at (0,t) is a swallowtail if and only if cscg # 0, ¢; =0 and ¢} # 0.
(4) F at (0,t) never be a cuspidal lips.
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5) F at (0,t) is a cuspidal beaks if and only if c¢ # 0, c5 =0, ¢ # 0 and ¢1(c1c6 + 2¢5) # 0.
6) F at (0,t) is a cuspidal cross cap if and only if c¢ =0, ¢ # 0 and cyc5 # 0.

—~

Proof. Substituting c3 = 0 and s = 0 in the formulas in Theorem 5.1. a

We now consider the generic singularities of flat TAdS-horocyclic surfaces. As a result, we
have the following theorem.

Theorem 5.3 (1) There exists a residual subset OT C C=(I,fah”(2,2)) such that for any
C € OF, singularities of F&mm) are only cuspidal edge, swallowtail, cuspidal lips, cuspidal
beaks or cuspidal cross cap.

(2) There ezists a residual subset OF C C=(I,fah](2,2)) such that for any C € OF,

singularities of F(El asaz) OT€ only cuspidal edge, swallowtail, cuspidal beaks or cuspidal cross

cap.

Proof. (1) We consider the 2-jet space
JA(I,5ap7(2,2)) 2 T x R* x R* x R* = {(t,c,d,e)|t € I,c,d,e € R},
where ¢ = (¢, ¢3,¢5,¢6), d = (dy,ds,ds, dg), e = (€1, e3, es5, ). Define

S1={cs =0}, Sy ={c36 =0}, S3={c1 +5 =0}, Sy ={dss =0},

2
S
55 = {05 — SC36 — O}, 86 = {d3 + Sd5 — Ed36 = 0}
2

S
S7 = {61(05 — SC36) — (dg + 8d5 — 5d36) = 0}

Sg = {_0%66 — Cl<d5 — Sd36) — (d1(65 — 8036) + Cl<d5 — Sd36> — (865 — 82636/2)) = 0}

Here, dsg = d3 + dg and e3s = e3 + eg. We see that S is codimension one submanifolds and
S;(i =2,3,4,5,6,7) is algebraic subset of codimension one. By the Thom’s jet transversality
theorem,

OF = {C € C=(I,fah"(2,2))|j'C is transverse to
Sa,S9 N S5 M Se, So N (S1US3US7), S5 M SeN (S2USg), S5 M Se N Sy, S7N (Se U S5 USs)}

is an open and dense in C*(I,fah’(2,2)). On the other hand, one can easily see that Theorem
5.1 implies that OT satisfies the required condition.

(2) We now consider the 2-jet space
JA(I,§ap](2,2)) 2 T x R* x R® x R® = {(t,c,d,e)|t € I,c,d,e € R®},
where ¢ = (¢1,¢5,¢6), d = (dy,ds, dg), € = (e1,€5,e5). We also define

Sl = {05 = 0}, SQ = {06 = 0}, Sg = {Cl = 0},

2

S4 = {65 — SCg = 0}, 55 = {01(05 - 566) - (Sd5 - %dﬁ) = 0}7

SG = {—0%06 — Cl<d5 — Sd@) — (d1(05 — SCG) + Cl(d5 — SdG) — (865 — 8266/2>>},
S7 = {d@ = O}, Sg == {dl = 0}, Sg = {d5 = 0}, SlO = {61(6106 + 2d5)}
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We have the following open dense subset of C*(I, fab] (2,2)):
OF = {C € C>=(I,fabl (2,2))[7'C is transverse to

S9, S5 N (S US3US7), 81N (S2USgUSp), S3M (S1 U Sy U Ss), S5 N (Se U S, USe)}
By Corollary 5.2, OF satisfies the required condition. a

5.2  Singularities of flat SAdS-horocyclic surfaces

In this section, we will give the classifications of singularities of flat SAdS-horocyclic surfaces
by the same arguments as those of the flat TAdS-horocyclic surfaces. We only state the funda-
mental data here and omit the detailed arguments. By straightforward calculation, the singular
points (s,t) of F(i170«37(14) satisfy that

O%(s,t) = c1a(t)s® + 2¢5(t)s + 2¢1(t) = 0.

So that the flat SAdS-horocyclic surfaces F?°

(a1,a3,a4)
©%(s,t) = 0 has real roots. Under the condition that c;4 # 0, this condition is equivalent to

the following condition

has singular points (s,t) if and only if

A%(t) = cE(t) — 2¢1(t)ca(t) > 0.

We say that F(il 0s.a0) 18 @ flat tangent AdS-horocyclic surface if ¢y (t) = co(t) = c36 = 0. We

also define a linear subspaces of s0(2,2) by
Fab? (2,2) = {C € 50(2,2) [ e1(t) = cat) = e = 0}

We call space C*(I, fab; (2,2)) equipped with Whitney C™—topology the space of flat tangent
SAdS-horocyclic surfaces. In this space, one of the branches of the singularities of the flat
SAdS-horocyclic surface is always located on the image of a;.

We now give the classification of singularities of the flat SAdS-horocyclic surface. In this
case, we see that the normal vector of F? ) is well-defined and it is g = a1 + a3. This

(a1,a3,a4
means that F (*Zl a3,04) is a frontal. Moreover we see that

S(FGy asan) = {(s:D)[E1(1) = 0},

o 0
S — S ) —
n°(s:t) =ker dFQ, o0 (sit) = es(t) 50— o
82C14(t)

N (s,t) = c1(t) + ses(t) + 5

For F = F? by almost the same proofs as those of Theorem 5.1 and Corollary 5.2, we

(a1,a3,a4)?
have the following.

Theorem 5.4 Let F be a flat SAdS-horocyclic surface and (s,t) € S(F). Then the following
assertions hold.

(1) F at (s,t) is a front if and only if c14 # 0.

(2) F at (s,t) is a cuspidal edge if and only if ¢y # 0, c3(cs + sc1a) — (¢) + sc + s2ch,/2) # 0.
(3) F at (s,t) is a swallowtail if and only if c14 # 0, ¢5 + sc1a # 0, c3(cs + scia) — (¢) + sk +
§2c14/2) = 0 and ciern — c3(cs + schy) — (dy(es + scia) — ea(ch + schy) — (¢ + sci + s, /2)) # 0.
(4) F at (s,t) is a cuspidal lips if and only if c14 # 0, c5 + sciy = ¢y + scy + s2c},/2 = 0 and
detHess\® > 0.
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(5) F at (s,t) is a cuspidal beaks if and only if c14 # 0, ¢5 + sc1q4 = ¢} + 505 + s2c),/2 = 0,
det HessA\® < 0 and cieiq —c3(ch+scyy) — (cy(cs+scra) — es(ch +schy) — () + scl + s, /2)) # 0
(6) F at (s,t) is a cuspidal cross cap if and only if c14 = 0, iy # 0 and c3(cs + scig) — () +
sck + 5%y, /2) # 0. O

Corolary 5.5 Let F be a flat tangent SAdS-horocyclic surface. Suppose (s,t) € S(F'), where
s =0 or s = —2c5(t)/c4(t). Then the following assertions hold.

(1) F at (s,t) is a front if and only if cy # 0.
(2) (a) F at (s = —2c5/cy,t) is a cuspidal edge if and only if cics(c3 + s') # 0.
(b) F at (0,t) is a cuspidal edge if and only if cscycs # 0.
(3) (a) F at (s = —2c5/cq,t) is a swallowtail if and only if cacs # 0, c3+ 8" = 0 and c3(sc), —
css') + es(cy +5") #0.
(b) F at (0,t) is a swallowtail if and only if cyc5 # 0, c3 =0 and ¢ # 0.

(4) F at (0 t) never be a cuspidal lips.
(5) F at (0,t) is a cuspidal beaks if and only if c4 # 0, ¢5 =0, ¢& # 0 and c3(czey — 2¢5) # 0.
(6) F at (0,t) is a cuspidal cross cap if and only if c4 =0, ¢, # 0 and czcs # 0. O

We can also study the generic singularities of flat SAdS-horocyclic surfaces by the same
arguments as those of Theorem 5.3. We only give the result.

Theorem 5.6 (1) There exists a residual subset OF C C(I,fab®(2,2)) such that for any
C € OF, singularities of Fil ag,as) OT€ only cuspidal edge, swallowtail, cuspidal lips, cuspidal
beaks or cuspidal cross cap.

(2) There exists a residual subset O5 C C=(I,fab?(2,2)) such that for any C € OF, sin-

gularities of F(‘zh% ag) OT€ only cuspidal edge, swallowtail, cuspidal beaks or cuspidal cross cap.
O

6 Duality between H; and A?

In this section we consider the duality of the singularities between curves and surfaces in H}
and A3 by using the Legendrian dualities developed in [3]. We first review the Ay-duality.

(a) HY x A% D Ay = {(v,w) | (v,w) = -1},
(b) o1 - Ag — Hf, o9 : AQ — AS,
(C) (921 = <d'v,'w>\A2, ‘922 = <'U,d’l.U>|A2.

Where, 791(v,w) = v, mp(v,w) = w, (dv,w) = —widv; — wedvs + wsdvs + wydvy and
(v, dw) = —vidw; — vodwy + v3dws + vydw, are one-forms on R x R3. We remark that 65,*(0)
and 65, (0) define the same tangent hyperplane field over A, which is denoted by K,. We have
shown in [3] that (Aq, K>) is a contact manifold such that both of the fibrations m; and may are
Legendrian fibration. In [3] we defined four Legendrian fibrations (A;, K;) (i = 1,2,3,4) such
that these are contact equivalent to each other. Here, we only use (Ay, K3). For definitions and
basic results of Legendrian fibrations, see [1, 3]. We say that smooth mappings f : U — H}
and g : U — A? are Ay-dual if there exist a mapping L) : U — Ay such that my0L 1) = f,
ma2 0 Lf4) = g and Ez‘f’ 9)921 =0. If X : U — H} is a timelike immersion, the AdS-nullcone
Gauss image G of X and X are Ay-dual.

We now define two surfaces by using the pseudo-orthonormal frame {a1, as, as, a,} defined
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in §4 as follow:

GT:10,2m) x I — A3, GT(0,t) = ay(t) + cosfas(t) + sin fa,(t)
and

G5 :RxI— A G%0,t) = a(t) + sinh fay(t) + cosh fas(t).

We call them a nullcone circular surface and a nullcone hyperboloid respectively. For any
fixed ty € I, we have a circle GT(0,t5) = a;(to) + cosfas(ty) + sinfay(ty) and a hyperbola
G%(0,t9) = a,(to) +sinh fay(ty) + cosh fas(ty) respectively. We remark that both of the above
curves pass through the point g(tg) = a1(to) + as(to) and we call them a generating circle and
a generating hyperbola respectively.

6.1 Singularities of AdS-flat tangent nullcone circular surface

In this subsection, we give a classification of singularities of a special kind of nullcone circular
surfaces. By a straightforward calculation, we have

T
a&?& = —sinfagz(t) + cosbay(t),

T
ag’; = a/(t) + cos faj(t) + sin fay(t).

Thus, a;(t) is an Anti de Sitter normal (briefly, AdS-normal) at any regular point (6,¢) if and
only if

ot
for any 0 € [0, 2x]. This condition is equivalent to the following

co(t) = c3(t) = 0.

<8G (0,1), a1(t)> = —cosfcy(t) —sinfes(t) =0

In this case, we have
oGT

ot
It follows that

= (c1(t) + ca(t) cos O + c5sinf)as(t) — cg(t) sinbas(t) + co(t) cos Bay(t).

S(GT) = {(0,t)|e1(t) + ca(t) cos @ + c5sin @ = 0}.

So that (0,t) is always singular if and only if ¢14(t) = 0. In this case, g'(t) = cs(t)a4(t) and the
generating circle is tangent to g(t). We call GT an AdS-flat tangent nullcone circular surface
if co(t) = c3(t) = c14(t) = 0. This condition is equivalent to the condition that F(El,%%) is a
flat tangent TAdS-horocyclic surface such that one of the branches of singularities is located
on the set (0,¢). In this case, we see that the normal vector of GT is well-defined and it is a;.
This means that GT is a frontal. Moreover we see that

(T (s,t) =kerdGT(s,t) = c4(t) 0_9

0 ot

ET(s,t) = —c1(t) — cosfcy(t) — sinfcs(t).
We call ¢7 the T-signed null area density function. By using the same method as the proof of
Theorem 5.1, we can show the following theorem.

Theorem 6.1 Let GT be an AdS-flat tangent nullcone circular surface. Suppose (0,t) €
S(GT), where 0 = 0 or 0 satisfies the equation ci(t)(1 —cosf)+cssin@ = 0. Then the following
assertions hold.
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(1) G at (0,t) is a front if and only if ¢; # 0.
(2) (a) GT at (0,t) is a cuspidal edge if and only if ¢; # 0, cp = (cj — csc6) cos O + (i +
cace) sinf + ¢ # 0.

(b) GT at (0,t) is a cuspidal edge if and only if ¢icsce # 0.
(3) (a) GT at (0,t) is a swallowtail if and only if ¢; # 0, cysinf — cscosf # 0, er = 0 and
col(ch + cace) cos O — (¢ — csc6) sin] — . # 0 .

(b) G at (0,t) is a swallowtail if and only if cic5 # 0, cg = 0 and cj # 0.
(4) G at (0,t) never be a cuspidal lips.
(5) G at (0,t) is a cuspidal beaks if and only if c; # 0, cs =0, ¢k # 0 and cg(cace + 2¢%) # 0.
(6) GT at (0,t) is a cuspidal cross cap if and only if cscg # 0, c1 =0 and ¢} #0 .

For the proof of above theorem, we can use almost the same way as those of Theorem 5.1.
We will omit the detailed arguments and only state the fundamental data here.

déT = —(c} + cjcosf + csin@)dt + (cqsin — c5 cos )do,
CTeT = () — c5c6) cos O + (s + cyce) sin @ + ¢ =: er,
CTCTET = c6(ch + cacg) cos O — () — csc6) sin 0] —
det Hess €T = —(cycos6 + c5sin @) (¢! + ¢ cos@ + ¢ sinf) — (¢, sinf — ¢ cos 0)2.
1T C 5 4 5

Moreover, if c5 # 0, we can parametrize S(GT) by v(t) = (6(t),t). Put

o(t) = det(G"(7),GT(7), a1(7), a1(7)")(2).

Then ¢(t) = c1(t)(c(t) + 0'(t)). We remark that we can also use the admissible lift which was
developed in [6] to instead of ¢(t). Since the key of the criterion for cuspidal cross cap is to find
some non-degenerate normal. As it turns out, a; is just one of the candidate what we wanted,
so that we use ¢(t) here.

On the other hand, we can show that (F( , .-
fore, we have two well defined mappings

(5,t),9(t)) = (ay(t), GT(0,t)) = —1. There-

L mr I x I — A
(P}a1va2103)’g) B

L(al,GT) : [0,27’(’) x I — As.

Since g(t) (respectively, ai(t)) is the normal of F{, . 1(s,t) (respectively, G*(0,1)), it follows

that £ P 9) (respectively, L, 7)) is an integrable mapping with respect to K. So that
ay,ag,a3)’ ’

F) anas)(8:1) and g(t) (vespectively, a;(t) and G*(0,t)) are the Ao-duality.

Comparing Theorem 6.1 with Corollary 5.2 when singular point is (0, ¢), we observe a certain
duality between the swallowtail and cuspidal cross cap as pointed out by many researchers, for
example, [6, 19, 20, 26]. We can also observe a self-duality of cuspidal edge. Furthermore, we
can show the following result as a consequence of Theorem 6.1.

Corollary 6.2 Let F(El’amg) be a flat tangent TAdS-horocyclic surface. Then in the case when
the germ of the surface at (0,t) is the cuspidal cross cap, the germ of g : I — T? at t is the
ordinary cusp.

Proof. Since F&:WMS) is a flat tangent TAdS-horocyclic surface, it follows that G7 is also an
AdS-flat tangent nullcone circular surface. By the duality between the swallowtail and cuspidal
cross cap, in the case when the germ of F(j(;l,awg) at (0,t) is the cuspidal cross cap, the germ of

g at (0,t) is the swallowtail.
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On the other hand, since my, : Ay — A3 is a Legendrian fibration and the germ of GT
has a Legendrian lift into Ay, GT is a ~wavefront in A3. According to the general Legendrian
and Lagrangian singularity theory [1], GT can be viewed as a Lagrangian map. By the relation
between wavefront and caustics, the germ of GT is the swallowtail if and only if the caustics of
GT is the ordinary cusp. Moreover, the caustics of GT is the image of g. So we complete the
proof. O

6.2 Singularities of AdS-flat tangent nullcone hyperboloid

In this section, we study the classification of singularities of a special kind of nullcone hy-
perboloid by using the similar way as those of nullcone circular surfaces. By straightforward
calculation, we have

S
% = cosh fa,(t) + sinh fas(t),
aGS / : / !/
ke a;(t) + sinh fa)(t) + cosh fa;(t).

Thus, a;(t) is an Anti de Sitter normal (briefly, AdS-normal) at any regular point (6,t) if and
only if

0G* _

<7(9’t)’ a,(t)) = —sinh ¢ (t) — coshfcy(t) =0

for any # € R. This condition is equivalent to the following
Cl(t) = Cz(t) = 0.

In this case, we have

oGS : .

ek cosh fay(t) + sinh fas + (c3(t) + c5sinh 6 + ¢4(t) cosh §)ay(t).
It follows that

S(G%) = {(0,t)|c3(t) + cssinh @ + c4(t) cosh § = 0}.

So that (0,t) is always singular if and only if c36(t) = 0. In this case, g'(t) = c4(t)as(t) and the

generating hyperbola is tangent to g(t). We call G® an AdS-flat tangent nullcone hyperboloid
if ¢)(t) = ca(t) = c36(t) = 0. This condition is equivalent to the condition that F; is a

(a1,a3,a4)
flat tangent SAdS-horocyclic surface such that one of the branches of singularities is located

on the set (0,¢). In this case, we see that the normal vector of G® is well-defined and it is a.
This means that G° is a frontal. Moreover we see that
0 0

5(s,t) =kerdG*(s,t) = cs(t) = — —
C <S7 ) Cr (S’ ) 04( )69 atv

€5(s,t) = c3(t) + sinh fcs(t) + cosh Ocg(t).

We call €9 the S-signed null area density function. By using the same method with Theorem
6.1, we can show the following theorem.

Theorem 6.3 Let G° be an AdS-flat tangent nullcone hyperboloid. Suppose (0,t) € S(G®),
where 6 = 0 or 6 satisfies the equation c3(t)(1 — cosh0) + sinh fc;(t)) = 0. Then the following
assertions hold.
(1) G at (0,t) is a front if and only if c3 # 0.
(2) (a) G* at (0,t) is a cuspidal edge if and only if c3 # 0, cs := (cacs — c§) cosh § + (cycs —
ct)sinh 6 — ¢ # 0.

(b) G* at (0,t) is a cuspidal edge if and only if czcycs # 0.
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(3) (a) G¥ at (0,t) is a swallowtail if and only if c3 # 0, cscoshf + cgsinf # 0, cs = 0 and
ca(cacs — ¢) sinh @ + (cqce — ) cosh 0] —cs’ #0 .
(b) G* at (0,t) is a swallowtail if and only if cscs # 0, ¢y = 0 and ¢, # 0.
(4) G at (0,t) never be a cuspidal lips.
(5) G° at (0,t) is a cuspidal beaks if and only if c3 # 0, cs = 0, ¢k # 0 and c4(cace — 2¢5) # 0.
(6) G° at (0,t) is a cuspidal cross cap if and only if cscs # 0, c3 =0 and ¢y # 0 . a
Corollary 6.4 Let F{ . .
when the germ of the surface at (0,t) is the cuspidal cross cap, the germ of g : I — T} at t is
the ordinary cusp. O

be a flat tangent SAdS-horocyclic surface. Then in the case

We now summarize the dual relations between singularity, when singular point is (0, ?), in
the following table. We see that the self duality of cuspidal beaks does not hold where it holds
on the flat great circular surfaces [20, Section 7].

Dualities conditions for singularity

Surfaces | duality | S={(0, t)} CE SW CCR CBK

Cy = 0 C3 = 0 C1C5Cq 7é 0 C5Cq 7& 0 C1C5 7& 0 C1Cq 7é 0,
(El,az,as) iy =0 c1=0,4#0 | c=0,c57#0| ¢5=0,c¢5 #0
c166+2¢5 #0

=0 1] cu=0 |cieses#0 cics # 0 csce # 0 cice # 0,
GT c3=0 c6=0,c5#0|ci=0,¢, 40| c5=0,c5 #0
cace + 2¢5 # 0

Cy = 0 C1 = 0 C3CyCs 7& 0 C4Cs 7é 0 C3Cs 7é 0 C3Cq 7é 0,
F(Sal,as,azL) €36 = 0 C3 = 07 Cé’; 7é 0 Cqy = 07 Cil 7& 0 Cs = Oa C/5 7é 0
c3cy — 2¢5 #0

¢ =0 cs6 =0 | czcacs #0 czcs # 0 cacs # 0 czcy # 0,
G? co=10 ca=0,c,#0 | c3=0,c5#0 | ¢5=0,¢5 #0
CyCg — 2Cg # 0

7 AdS-horocyclic surfaces associated Frenet frame

In this section, we will give a example of AdS-horocyclic surfaces to explain that our situation
is very different from the ruled surfaces in Euclidean space.

We firstly consider timelike curve as the vanishing AdS-null principle curvature. Let ~ :
I — H3} be unit speed timelike curve with k,(t) # 0, where ¢ is the arc length parametriza-
tion. We consider the Frenet frame {~(t),t(t),n(t), e(t)}. We define TAdS-horocyclic surfaces
associated to the Frenet frame as follows:

Example 7.1 Let 6 : I — [0,27) be a smooth function. We consider two vector fields
ny(t) = cosO(t)n(t) + sinf(t)e(t) and eg(t) = —sinB(t)n(t) + cosO(t)e(t). It follows that
n(t) = cosO(t)ny(t) — sinb(t)ey(t) and e(t) = sin(t)ny(t) + cosd(t)eq(t). Therefore, we have
i (£) = cos B(t)rey (£)E(6)+ (8'(t) — 7, (1) e (1) and. € () = — sin B(E)rey () (6 (£)—7, (1) o t).
We consider the pseudo-orthonormal frame Ag = (y(t),t(t), ny(t), eq(t))t € SO,(2,2) and de-
fine an TAdS-horocyclic surface as follows.

FE i (5:8) = (0) + 5t(2) = 5 (3(6) + mo(t).
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By the Frenet-Serret type formula, we have

0 1 0 0
A | 0 kg(t)cosO(t)  —kg(t)sinb(t)
A= 0 ky(t)coshlt) 0 o) —r) |
0 —ky(t)sind(t) —(0'(t) —74(t)) 0

Then ¢1(t) = 1,c2(t) = c3(t) = 0,cq(t) = Kycos0(t), c5(t) = —ry(t)siné(t) and cs(t) = '(t) —

7,(t). Thus, F(vt is a flat TAdS-horocyclic surface if and only if c4(t) = —c1(t). We assume

that k,(t) # 0, so that the last condition is equivalent to cosé(t) = —1/k,4(t). By Corolary 5.2,
FT ) is a front if and only if #'(¢) # 7,(¢). This condition is equivalent to

(’Y?tvn9
Ty 7# Ehy/ (/ig, /K2 — 1) .
,) is a cuspidal edge at (0, 1) if and only if
kg # 1,7 # £k, / (:‘ig K2 — 1) .

,) is a cuspidal edge at (s = 2c¢5/cq,¢) if and only if

kg # 1,7 # £k, / (/ﬁg,//if] - 1) ,

Ko(ko—1) (10 =21y F27)\ [ 62 — 1) £ 26k, [ 62 — L(k2—Ty—2)+ 3k, (26, — 1) =2k (K — 1) # 0.
(1)
rg (1) /(1) =1

FT

(v,t,mp

) is a swallowtail at (s = 2¢5/cg, ) if and only if (for simply; we take " =

kg # 1,7y # —ky/ (fig, /K2 — 1) ,
Ko(ko—1) (1) =21y F 2700 [ K2 — 1) £ 2Kk, [ K2 — 1(n§—¢g—2)+3n’;(2n3—1)—2%5’9’(/@3—1) =0,

2k gtk (5K 2/@3—7/@3+2/<g+2)+/< To(ky = D)[(1g = 1)y /K2 = T4+1]+ (1 = 24/K2 = 1)Kgry +
2(2 6///1 +4k3 +5/£ —2/<g—2) K+ (8K +2k, 7'92« //// B 1+2§g 2/19—4/129\// i — 1—ky) Ky Ty /K2 —21+
2k2K07 (—tih —2/@ + 252 —1—259—1)—2% V(K — 2624 1) — 4R2K] 7] (K2 —1)—4% Ty, (/fg—
1)3/2 + 2/427‘;”(/ig )5/2 # 0.

F(:;tn ) is a cuspidal cross cap at (0, 1) if and only if
kg # 1,7y = £k, / (/ﬁg, /K2 — 1> ,
T, %i(mg "o — 1) — K, (2/@ —1))/( 3(&3—1),/&3—1).
F (T%W) never be a swallowtail and cuspidal beaks along ~.

We now consider spacelike curve as the vanishing AdS-null principle curvature. Let v : [ —
H3 be unit speed spacelike curve with k,(¢) # 0, where ¢ is the arc length parametrization. We
consider the Frenet frame {v(t),t(t),n(t),e(t)}. Without loss of generality, we assume that
n(t) is a unit timelike vector.
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Example 7.2 Let § : I — R be a smooth function. We consider two vector fields ny(t) =
sinh @(t)n(t) + coshO(t)e(t) and ey(t) = coshO(t)n(t) + sinh O(t)e(t). It follows that n(t) =
sinh 0(t)ng(t) — cosh O(t)ey(t) and e(t) = — cosh O(t)ny(t) + sinh 6(t)eq(t). Therefore, we have
ny(t) = k,y(t)sinh 0(¢)E(t)+(0'(t)—7,4(t))eq(t) and ey(t) = ry(t) cosh O(t)t(t)+(0'(t)—7,(t))ne(t).
We consider the pseudo-orthonormal frame Ay = (y(t), n9(t), €q(t), t(t))" € SO,(2,2) and de-
fine an SAdS-horocyclic surface as follows.

FE (1) = 7(0) + (0 + 55 (4(8) + o).

By the Frenet-Serret type formula, we have

0 0 0 1
;o 0 (1) —,(t)  r,(t)sinh6()
=10 o0 -0 0 k(1) cosh (1) |
1 ky(t)sinh6(t) —rky(t)coshb(t) 0

Then ¢;(t) = co(t) = 0,¢c3(t) = Lica(t) = 0(t) — 14(t), c5(t) = ky(t)sinhO(t) and cs(t) =
kg cosh6(t). Thus, F(S ) is a flat SAdS-horocyclic surface if and only if c6(t) = —c3(t). We

V,e0,t
assume that ry(t) # 0, so that the last condition is equivalent to cosh0(t) = —1/k,(t). By
is a front if and only if ¢'(t) # 7,(¢). This condition is equivalent to

Corolary 5.5, F?
Ty 7 Fy/ </£g1 /K2 + 1) .

(7»89’15)

F? is a cuspidal edge at (0,?) if and only if

(’Y,Be’t)
7 #0) (r o5 1)
F¥ oo 18 a cuspidal edge at (s = —2c;/cy,t) if and only if

Ty 7 Fy/ <H91//€£27+ 1) ,

2627, (Ko + 1)%2 — gk (ko + 1) = 260K0Tg /K2 + 14267 (365 4+ 1) — (KTyy /K2 + 1 — K,)? # 0.
FS

(ep) 18 @ swallowtail at (s = —2¢5/cq,t) if and only if

Ty 7 Fy/ (fig,/fig—l— 1) ,

26270 (K2 4+ 1)%2 = 2kgk0 (K2 + 1) — 263K, 7 /62 + 1+ 267 (K2 4+ 1) — (KgTgy /K2 + 1 — K})? =0,

(ky = KgTgy/RE+1)% = 2(Kl), — KgTy\ /K2 + 1) 2rgkl Ry (KD + 1) — w72 (ke + 1) — K2RD] + (257 +
D)BrAP(R24+1) 24 1260 (K2 +1) + 3R2612 + gkl (262 — 1) 4262 — (T2 — 1) kgkl Kl — k27! (K2 +
1)2/2] # 0.

FS

(co.t) 18 @ cuspidal cross cap at (0,¢) if and only if

Ty = n’g/ (/191 /K2 + 1) ,

T, # (KJIQQ + (k2 + 1) (kgry — 2/<c’g2)> / (nz(faz + 1)y /K2 + 1) .

FS never be a swallowtail and cuspidal beaks along ~.

(7»69715)
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