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Abstract

The work in this thesis addresses an important problem in mobile robot navigation
called as the Simultaneous Localization and Mapping (SLAM) problem. Just like we
humans perceive the world using our senses and make judgment as how to navigate
in the real environment, robots need high level of intelligence and computation to
make such judgment using onboard sensors. They also need to consistently update
their belief about its position and uncertainty. SLAM is such a fascinating field that it
gives any mobile robot intelligence to interact with the environment its operating in
and make intelligent decisions on how to navigate inside such environments. To do
so, they require an accurate map of the environment (2D or 3D), and autonomously
navigate in structured environments. The applications of such kind of robots are many,
mainly autonomous navigation, obstacle avoidance, as service robots, search and rescue
operation, teleoperation and many more. This thesis aims to find solutions to construct
accurate 2D and 3D maps of indoor environments for successful autonomous behavior
of a wheeled mobile robot.

The thesis addresses three major solutions to the SLAM problem:

1. Localization using state of the art filters: Localization using existing solu-
tions for estimation like the Extended Kalman Filter (EKF), particle filters, and
graph theory are presented. The work briefly describes techniques for building
maps using Laser Range Finders (LRF) for 2D mapping and localization. 2D
features such as corner points and 2D lines are used as features for building
robust maps. These are then incrementally built using the probabilistic methods.
Since the robot is assumed to be starting with no map, the map is built as the
robot moves around inside the environment.

2. Clustering approach to build maps: This work proposes many solutions to
make accurate maps by utilizing clustering algorithms for effective noise removal,
data segmentation, data extraction and building memory efficient maps for long
time mapping of large environments. A novel line extraction methods using
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clustering of LRF data is briefly presented which is computationally faster and
robust to noise produced from cluttered areas.

3. 3D mapping using low cost RGBD sensors: Finally, 3D mapping solution
is presented that uses low cost depth or RGB-D sensors. Vision algorithms are
used for fast feature extraction from depth images for constructing accurate maps
providing rich information for safe navigation in cluttered areas. The image
feature extraction method is combined with 2D localization method to make
accurate 3D maps of large areas.

All the above algorithms are presented with results in real environment. The methods
can easily be integrated to all kinds of wheeled robots for accurate navigation in indoor
environments.

Thesis Outline
The thesis is divided into the following Chapters:

1. Chapter 2: This chapter gives a brief introduction to different probabilistic
filter techniques that are used to address the SLAM problem. The main filtering
algorithms like the Extended Kalman Filter, particle filter and Rao-Blackwellized
particle filter along with graph based method are discussed in detail that forms
the base for the rest of the chapters.

2. Chapter 3: This chapter introduces different feature extraction methods to
extract and segment important features from the LRF data. The chapter gives
a comprehensive details of extracting corners and line segments from the laser
scans. The chapter also discusses how to generate the covariances of the end
points and the corner points that are to be used for the EKF SLAM.

3. Chapter 4: This chapter forms a major work on a novel clustering techniques for
feature extractions and line segment mapping from the LRF data. The major work
is on extracting features from the LRF data from noisy environments. The noise
from the cluttered environment needs to be removed prior to extracting important
features. The contributions of the chapter are: (1) it shows the applicability of
density-based clustering methods and mathematical morphological techniques
generally used in image processing for noise removal from laser range sensor
data; (2) it presents a new algorithm to generate straight-line maps by applying
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clustering in the spatial domain; (3) it presents a new algorithm for robot mapping
using clustering in a Hough domain; and (4) it presents a new framework to
load, delete, install or update appropriate kernels in the robot remotely from the
server. The framework provides a means to select the most appropriate kernel
and fine-tune its parameters remotely from the server based on online feedback,
which proves to be very efficient in dynamic environments with noisy conditions.
The accuracy and performance of the techniques presented in this paper are
discussed with conventional line segment-based EKF-SLAM and the results are
compared.

4. Chapter 5: This chapter forms the formulation of SLAM algorithm using all
the methods described in Chapter 2. The chapter presents the line segment
based EKF algorithm for constructing line segment based maps with corner
features. Next, the occupancy grid mapping approach using particle filter and
Rao-Blackwellized particle filter is discussed with results to real environment.
Results using standard scan matching and iterative closest point (ICP) technique
are also discussed with results. The chapter also presents the solution to an
important problem in SLAM called as the "Loop Closure" problem in which if
the robot revisits a known area again in the environment after some time its hard
to match it with its previous known belief and if not solved produces inconsistent
maps. Graph based theory is used to solve the loop closure and results of long
time large scale maps are presented.

5. Chapter 6: This chapter introduces 3D mapping solution to the SLAM problem
using low cost RGBD sensors. Although, 2D maps can help robot navigate
autonomously in large areas but in real environment 3D features makes more
sense as the robot operates in a 3D world and not 2D. This chapter introduces
some of the very popular vision algorithms like the Scale Invariant Feature
Transpose (SIFT) and Speeded Up Robust Features (SURF) methods to extract
3D features from the depth sensors. A 3D ICP method is then used along with
optimized graph theory to construct robust 3D maps of the environment.

6. Chapter 7: Chapter 7 concludes the thesis work with possible discussion on
future works.
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Chapter 1

Introduction

Robots have come a long way since the beginning of the industrial age. Tradi-
tionally, robots were meant to be bulky, with huge arms and fixed to a certain place
away from human interaction. Early industrial robots brought a revolution into the
manufacturing and production industries with rapid product development and round
the clock use of robots in industries. At present, multiple robots are being employed in
military, manufacturing, hospitals, disaster mitigation and for entertainment. The most
significant change has been brought up by the advancement of artificial intelligence
and machine learning techniques in robotics. This has made possible for robots to
become completely autonomous in unstructured environments by utilizing sensors.
Today there are robots operating in hazardous areas in applications such as search
and rescue, mapping of collapsed mines, disaster site surveying, disposing dangerous
chemicals and bombs and numerous other examples. Autonomous robots have become
crucial for our quest to outerspace explorations. An example is the “Opportunity"
rover by NASA, which is an autonomous robot exploring the unknown terrain at
Mars[70]. Such is the impact of these autonomous bots that in 2005 a team led by
Sebastian Thrun won the DARPA Grand Challenge, a prize competition for American
autonomous vehicles, funded by the Defense Advanced Research Projects Agency, the
most prominent research organization of the United States Department of Defense
[103]. We already have driverless cars running on our streets that will take over manual
drivers by year 2030. All these intelligent robots run on high complex algorithms
and need accurate sensor data for navigation. A critical requirement of higher level
navigation applications is that the robot has some reasonable knowledge of its current
position with respect to a fixed reference frame. For example, in navigation applications
that entail motion to a target position, the robot needs an accurate estimate of its
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current position to plan a path to the goal and to confirm success. This thesis aims at
such kinds of autonomous robots in indoor environments.

1.1 Motivation
There are three main problems in mobile robotics. The first problem can be

described as a "Localization" problem or by a simple question of "Where am I?" in the
world. This problem refers to the correct pose of the robot in the global coordinate
frame of reference and is commonly termed as a "Localization problem". The process of
position estimation with respect to a fixed reference frame is defined as the localization
of the robot. The second problem for the mobile robot to autonomously operate in
any structured or unstructured environment will be described by the question "How
do I go from point A to point B?" and is commonly referred to as a "path planning
problem". This will require the robot to accurately know its position or "localization"
and to have some information of the environment to go from start to goal position.
The third problem can be described in a simple question as to "How does the world
look like?". This is referred to as the "Mapping problem" or in simple terms the correct
information of the environment the robot is moving in by means of data collected by
sensors. Clearly, all the three problems are critical and are very much co-related to
each other because, when an accurate description (map) of the environment exists then
the robot can "localize" itself by matching its observations using the sensors to the
world reference model; also, if the robot knows its pose with high accuracy, then it can
seamlessly navigate from point A to point B using the observed features, its pose and
map. This process of trying to solve the above problems is termed as "Simultaneous
Localization and Mapping (SLAM)" or "Concurrent Localization and Mapping (CLM)".

A mobile robot can localize itself using two different sets of sensors on board,
proprioceptive sensors and exteroceptive sensors. Proprioceptive sensors, such as
encoders or inertial measurement units (IMUs), measure the motion of the robot,
acquiring data that can be integrated to estimate relative robot displacement. This
method of localization is called odometry, or dead reckoning, and when used alone,
the integrated error in global position grows without bound over time. Exteroceptive
sensors, such as laser range scanners or cameras, take measurements from the external
environment. This data can be correlated at subsequent robot positions to compute
relative pose or displacement estimates, which can improve and sometimes replace
odometry. Externally sensed data may also be correlated with data from a global map,
giving a global position measurement and bounding the overall position error. If a
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(a) The “Opportunity” rover on Mars by NASA.[70]

(b) Stanley autonomous car by the Stanford University that won the
DARPA Grand Challenge.[103]

Fig. 1.1 Autonomous robots in field
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global map is not initially available, it is possible for the robot to build a global map
with the externally sensed data, while using this map to localize. This is the general
concept of SLAM.

Most of the work in this thesis focuses on the localization and mapping using the
exteroceptive sensors especially the Laser Range Finders (LRFs), which are planer
horizontally fixed sensor giving range measurements of the obstacles. There have been
many solutions to the SLAM problem proposed in the past decade. An earliest attempt
to solve the SLAM problem was proposed in work given in [92], in which uncertainty
models were introduced to solve the localization and mapping simultaneously. The
trajectories and positions of landmarks in the environment are estimated without any
need for prior knowledge of the location of the landmark. To get a complete perception
of the region, the scan data from the sensors must be matched and fused in order to
get a desirable map of the region [25]. The book by Thrun et.al [99] gives a good
summary of different SLAM algorithms in context to probability theory. The work
by Thrun using probabilistic approach gave a new forefront to solving the otherwise
complex SLAM problem [69, 99].

There are two common techniques used in mobile robotics for mapping: (1) point-
based matching, and (2) feature-based matching. In the first technique, measured data
points are directly used for mapping, such as in [16] where they utilize range data to
localize in a polygonal environment. Using an iterative least squares minimization
technique, they proposed a matching algorithm between point images and target models
in an a priori map. A study by [62] proposed a similar self-localization approach,
but not necessarily in a polygonal environment. Their algorithm iteratively improves
the alignment between two scans by minimizing the distance between them. A major
drawback of using point-based matching is that it requires a large amount of memory
to handle and the storage grows disproportionately for large environments, which in
turn reduces performance. The other technique for working with scan data involves
utilizing the raw measurement points into geometric features by transforming the raw
scans into meaningful features. These features can then be used for matching and
scan corrections. In comparison to point-based matching, feature-based matching
techniques require less memory, are more efficient and provide more information about
the environment. In addition, the extracted features, such as corners and line segments,
can be subsequently used as building blocks for localization or mapping. Large data
can be scaled down to simple geometric features, even for large environments. Because
of these reasons, feature-based matching has been extensively researched and employed
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into SLAM. Feature extraction, feature tracking and efficient mapping algorithms work
with much less data and are more stable, specially when dealing with noise. In most
scenarios in which mobile robots work (both indoors and outdoors), planar surfaces
are common and they are typically modelled by line segments. Line segments are the
simplest geometric primitives used to describe structural environments. The work in
[71] presents an extensive survey and summary of line feature extraction algorithms
from range sensors for indoor mapping, including split and merge [13], incremental [1],
a Hough transform [19, 23, 34], line regression [4], RANSAC [32] and an expectation-
maximization algorithm [74, 87]. Probabilistic occupancy grid mapping with particle
filter is another method to store maps for robot navigation [72, 99].

1.2 Thesis Outline
The rest of the thesis is divided into the following Chapters:

1. Chapter 2: Chapter 2 gives a brief introduction to different probabilistic filter
techniques that are used to address the SLAM problem. The main filtering
algorithms like the Extended Kalman Filter [21], particle filter [69, 99] and
Rao-Blackwellized particle filter [99] along with graph based method [39] are
discussed in detail that forms the base for the rest of the chapters.

2. Chapter 3: Chapter 3 introduces different feature extraction methods to ex-
tract and segment important features from the LRF data. The chapter gives
a comprehensive details of extracting corners and line segments from the laser
scans. The chapter also discusses how to generate the covariances of the end
points and the corner points that are to be used for the EKF SLAM.

3. Chapter 4: Chapter 4 forms a major work on a novel clustering techniques for
feature extractions and line segment mapping from the LRF data. The major work
is on extracting features from the LRF data from noisy environments. The noise
from the cluttered environment needs to be removed prior to extracting important
features. The contributions of the chapter are: (1) it shows the applicability of
density-based clustering methods and mathematical morphological techniques
generally used in image processing for noise removal from laser range sensor
data; (2) it presents a new algorithm to generate straight-line maps by applying
clustering in the spatial domain; (3) it presents a new algorithm for robot mapping
using clustering in a Hough domain; and (4) it presents a new framework to
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load, delete, install or update appropriate kernels in the robot remotely from the
server. The framework provides a means to select the most appropriate kernel
and fine-tune its parameters remotely from the server based on online feedback,
which proves to be very efficient in dynamic environments with noisy conditions.
The accuracy and performance of the techniques presented in this paper are
discussed with conventional line segment-based EKF-SLAM and the results are
compared.

4. Chapter 5: Chapter 5 forms the formulation of SLAM algorithm using all
the methods described in Chapter 2. The chapter presents the line segment
based EKF algorithm for constructing line segment based maps with corner
features. Next, the occupancy grid mapping approach using particle filter and
Rao-Blackwellized particle filter is discussed with results to real environment.
Results using standard scan matching and iterative closest point (ICP) technique
are also discussed with results. The chapter also presents the solution to an
important problem in SLAM called as the "Loop Closure" problem in which if
the robot revisits a known area again in the environment after some time its hard
to match it with its previous known belief and if not solved produces inconsistent
maps. Graph based theory is used to solve the loop closure and results of long
time large scale maps are presented.

5. Chapter 6: Chapter 6 introduces 3D mapping solution to the SLAM problem
using low cost RGBD sensors. Although, 2D maps can help robot navigate
autonomously in large areas but in real environment 3D features makes more
sense as the robot operates in a 3D world and not 2D. This chapter introduces
some of the very popular vision algorithms like the Scale Invariant Feature
Transpose(SIFT) and Speeded Up Robust Features (SURF) methods to extract
3D features from the depth sensors. A 3D ICP method is then used along with
optimized graph theory to construct robust 3D maps of the environment.

6. Chapter 7: Chapter 7 concludes the thesis work and gives discussion on possible
future works.



Chapter 2

Theory and Background

2.1 Estimation
"Estimation is the process by which we infer the value of a quantity of interest x,

by processing data that is in some way dependent on x."
Uncertainty revolves around the estimation problem in robotics, else most of

the robotics problems we encounter would have been solved simply using algebraic
experssions. But when dealing with uncertainties in our measurements the problem
becomes much harder and sophisticated. This part of the thesis will give a brief
introduction of some of the probability techniques and theory to solve such problems.

2.2 Environment Representation
There can be many ways to represent an environment and have been stated in

Chapter 1. Since this work is mainly focused in indoor environment, the following four
types of maps are described below [50]:

1. Topological map The world is represented as a connected graph. The nodes
in the graph corresponds to places of importance and edges are the connections
such as corridors.

2. Feature Maps Geometric features from the environment are used to represent
the world. Examples are corners of walls, doors, lines, and points features.

3. Grid Maps Instead of representing the maps to certain features, here the world
is divided into a grid. Each cell of the grid presents small area/volume of the
world and is given a certain value expressing the chance of that part of the
environment being occupied or not.
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4. Appearance based methods Instead of having an intermediate representation
of sensor data in the form of grids or features, sensor data is directly used to
form a function from sensor data to pose space.

2.3 Pose Estimation
In the Bayesian framework aims to find the estimate at a time given that we have

the sensor measurements at all times.

p(xk|z0, z1, · · · , zk) (2.1)

where xk is some time-varying signal and zi are the measurements [50, 94]. This
problem is called as the Bayesian filtering problem or stochastic filtering problem.
When p(xk|z0, z1, · · · , zk) is well represented by a Gaussian, the mean and covariance
give a full description of the state. Most localization methods represents a way of
approximating the distribution p(xk|z0, z1, · · · , zk). Thus, estimating the pose is
very much about representing uncertain pose information. Consider a simple one
dimensional example in which a robot observers an obstacle at distance x1. If there
is only one obstacle in the environment where the robot is operating after some time
the probability distribution function (PDF) will look something similar to Figure 2.1
which shows an example of the pose distribution in case of 1D. Figure 2.1b shows the
PDF distribution around the robot when it detects the obstacle at distance x1.

However, in real world the pose estimation is not one-dimensional but rather three-
dimensional. Most of the sensors that are used for measurements are not perfect
and have noise in the data. Also, there are many structures that are to be detected.
Some of these structures are very hard to distinguish. The real challenge in robot
localization lies in performing correct data association between the sensory data and the
environment model. If the matching can be done, the localization problem is reduced
to a standard estimation problem, where the sources of the all the measurements
are known. The robot motion estimate can be easily be determined by using the
information from the wheel encoders. If the size of the wheel and distance between
them is known, the robot motion estimate can be found. The information given so by
the encoders is called the odometric information. If the robot in the previous example
continues to move forward its PDF will spread out towards right. From this example
it is clear that the better the odometric information we have, the closer the prediction
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(a)

(b)

Fig. 2.1 Example of pose distribution in one dimension. (a) Robot detects obstacle at
distance. (b) PDF distribution around the robot.

step is from the PDF. Hence, a good understanding of the odometry is necessary to
make an accurate prediction and estimation.

The pose estimation problem can thus be divided into two steps, the prediction
step and measurement update step which is given in Figure 2.2. In real world scenario,
both the pose at any given time with correct measurement information is necessary.
To understand the prediction and measurement update cycle problem lets consider a
simple example of a robot in one dimension scenario as shown in Figure 2.3 for the
case of localization. The measurement and update cycles can simply be termed as
“see" and “act" for this example respectively. Consider a robot that has the map of the
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Fig. 2.2 Predict and measurement update cycle.

environment but has no clue where it is located in the environment. The environment
consists of 3 similar looking pillars. In the beginning when the robot just wakes up, it
has no prior information as it has taken no measurement so far, and so, the PDF is
equally distributed over all of the environment as can be seen from Figure 2.3a. This
means that it has the same knowledge of all possible positions in the environment.

Now, at the first point the robot takes the first measurement (from a laser sensor
or camera) or “sees" the first object (a pillar) as shown in Figure 2.3b. After seeing the
first pillar it can actually perceive a part of its environment. Now as the robot knows
from the map there are 3 pillars, the robot can make the judgment to be in front of
any of the three pillars. Hence, the probability distribution will change. As can be
seen the robots perceive to be in front of any of the pillar with a Gaussian distribution
that is equal for all the pillars as given in Figure 2.3c. In the next stage the robot
moves around by action which moves the motors and moves the robot to the right as
shown in Figure 2.3d. By moving around the robot actually collects the information
about its wheel movement. Since this measurement is also uncertain because of the
presence of slippage between the wheel and the ground or unequal wheel diameters.
The probability distribution will change in this situation and if the robot continues to
move forward without taking any new measurement its probability distribution will
get worse and worse and it will have no clue as to where it is in the environment. This
is shown by the blue distribution of the probability in Figure 2.3e.

In the next stage, the robot will again make the second measurement or see the
next pillar in its way, as shown in Figure 2.3f. Again, this is the same situation as
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

Fig. 2.3 Different stages of the prediction and measurement update cycle in a one
dimension case.
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the previous one as the robot sees only one pillar due to the limitation of its sensor’s
range. But, the robot now has a prior information from the previous movement which
is shown in blue. Now, by fusing the new information coming from the perception
with the previous estimate of the position, which is the blue distribution, the robot
can infer a new situation, which is shown by the green distribution. The peak is the
belief of the robot in its environment coming by fusing of two distributions that came
from previous believes. And so, the robot if it can continue to do the cycle, will always
know its position in the environment.

This is further explained in Figure 2.4. A robot is at position x0 as it starts and
moves forward to positions x1,x2 and x3, will have errors as it moves forward because
of the reason discussed before (eg. wheel slippage) and its probability distribution
will continue to grow and gets more uncertain shown in Figure 2.4a. The PDF spread
out as it moves from x0 to x3. In Figure 2.4b, in the next stage, the robot takes an
image of the environment and tries to perceive the environment. It then compares it
with the map, and in doing this, the robot has a new estimate of the probability to
make in a certain position and a certain observation. In this case, seeing this pillar
shown in Figure 2.4c. Now, we have, in principle, two competing belief estimations.
One is coming from the previous information. And another is coming from the “see"
step. And now, if you fuse these two information’s, which are both valid if you have
the appropriate models, we can get a situation where we have much more precise
knowledge about the robot’s belief. We have a new position, which is the fusion of the
two positions coming from two types of sensors (odometry and distance sensors). It’s
in this case, for example, a little bit closer to the perception x′

3, because this has a
lower uncertainty than the belief from before. And finally, the robot has a pretty good
knowledge, and can use this knowledge to do, for example, further planning.

2.3.1 Data Association
An important problem in mobile robot localization and all sensor based estimation

is that of the data association. The data association refers to the process of determining
the origin of the measurements. In real world, when sensors take many measurements it
is important to reject certain outliers as certain unmodeled objects in the environment
cannot be used for localization. Either the map is augmented with the new structure
or the measurement coming from it must be neglected.
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(a)

(b)

(c)

Fig. 2.4 Belief update over different measurements.
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If z is the measurement and let M be the environment representation (or map).
Data association can then be defined as for each z finding a correspondence in M.
With a feature based map the data association problem consists of classifying z as -

• a measurement of a map feature fi ∈M, or

• a measurement of something not represented in the map.

Some of the methods for estimating the robot poses are discussed in the following
section-

2.3.2 Dead Reckoning
If the robot is moved only for short distances, and the robot has good initial pose

estimate, only the odometric information can be used to keep the track of robot poses.
For long distances however, external sensors are needed to keep the pose uncertainties
bounded.

2.3.3 Gaussian PDF
The Gaussian distribution is the most commonly used way to represent the un-

certainty of a mobile robot. The reasons for using the Gaussian PDF are many.
Firstly, because there are many different independent sources of uncertainty. Secondly,
the knowledge about the uncertainty is seldom larger than knowing the first and
second moment. A good thing about using Gaussian assumption filtering is that
p(xk|z0, z1, · · · , zk) can be evaluated exactly. In one dimension the Gaussian function
is completely specified by the mean x̄ and the variance σ2

x by

1
(σx

√
2π)

e
1
2 ( x−x̄

σx
)2
. (2.2)

When using higher dimensions, the value to estimate a vector x = (x1, x2, · · · , xN )T

and the scalar variance becomes a covariance matrix P = E(x − x̄)(x − x̄)T . The
Gaussian PDF now becomes

1
(|P |
√

2π)
e

1
2 (x−x̄)P −1(x−x̄)T

. (2.3)

2.4 Belief presentation
The fundamental issue that differentiate various map-based localization systems is

the issue of representation. There are two specific concepts that the robot must represent
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and each one of it has its own specific solution. The robot must have representation of
the environment or the map. What are the aspects of the environment that are present
in the map?

The robot must also have representation of its belief regarding its position on the
map. How does the robot identify unique position as its current position or possible
positions? If there are multiple possible positions and they are expressed in a single
belief, how to rank the multiple positions?

There are mainly two main belief representations that exist - single hypothesis and
multiple hypothesis belief systems. In single hypothesis belief, the robot postulates
to its unique position, whereas in the multiple hypothesis belief representation it is
possible to describe the degree to which it is uncertain about its position.

2.4.1 Single-hypothesis belief
Single-hypothesis belief representation is the direct manipulation of the position of

the robot in the map. Given a map, the robot’s belief about the position is expressed as
a single point in the map. Figure 2.5 (a) shows an example of single-hypothesis belief
representation (Kalman fiter). The advantage of the single-hypothesis representation
of position is that given the unique belief, there is no position ambiguity. This means
that the robot can simply assume that its belief is correct and can then select its
future actions based on the unique position. Just as decision-making is facilitated by
a single-position hypothesis, so updating the robot’s belief regarding position is also
facilitated, since the single position must be updated by definition to a new, single
position. The challenge with this position update approach, which ultimately is the
principal disadvantage of single-hypothesis representation, is that robot motion often
induces uncertainty due to effector and sensor noise. Therefore, forcing the position
update process to always generate a single hypothesis of position is challenging and,
often, impossible.

2.4.2 Multiple-hypothesis belief
In the case of multiple-hypothesis beliefs regarding position, the robot tracks not

just a single possible position but a possibly infinite set of positions. For example, the
robot position’s can be described as convex polygons positioned in a 2D map of the
environment. This corresponds to the possible robot positions geometrically, with no
preference ordering over the position. Each point in the map is in the robot’s belief
set and the one’s outside the map are excluded. Such polygon representation of the
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Fig. 2.5 (a) Continuous maps with single hypothesis belief(b) Continuous map with
multiple-hypothesis belief (c) Discretized grid map with probability values for all
possible robot positions (Markov approach) (d) Discretized topological map with
probability value for all possible nodes (Markov approach).
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multiple-hypothesis belief can apply to a continuos, geometric map of the environment
[3, 57, 91]. The key advantage of the multiple-hypothesis representation is that the
robot can explicitly maintain uncertainty regarding its position. If the robot only
acquires partial information regarding position from its sensors and effectors, that
information can conceptually be incorporated in an updated belief. In Figure 2.5 (b),
shows an example of the multiple-hypothesis belief which are Gaussian in nature and
represents different positions in the map. Figure 2.5(c) on the other hand, shows the
grid representation or the Markov localization model where the position of the robot
in the map is represented by grid with a vayring probability distribution of the belief.
Figure 2.5 (d), presents a similar Markov model but with nodes (A to G) with each
node having a belief distribution of the position of the robot in the map.

2.5 Kalman Filter
The Kalman filter is a key component in many of the implementations for metric

map representations (feature based), providing pose prediction, sensor fusion and
data association. The first description Kalman filter was described in 1960’s and has
been extensively used for many applications [52] and is described in many books, e.g.
[2, 37, 68]. The use of Kalman filter for mobile robot localization is given in [17]. A
good introduction to Kalman filter can be found in [51, 102] .

Kalman filter is simply an optimal recursive data processing algorithm [68]. The
key is that it is a recursive algorithm, and that the measurements can be incorporated
into the estimate as they arrive and no batch processing is required. Since all the
measurement data needs to be processed at each time step, the process soon becomes
time consuming. Three assumption are necessary for the Kalman filter to provide the
optimal estimate of the quantity x given some measurement z. The system must be
linear and the noise associated with the process model and measurement must be white
and Gaussian. White noise does not exist in reality since it is not corelated in time
and has the same frequency.

The Kalman filter algorithm can be divided into two parts, a prediction or time
update step and a correction or measurement update step. Let xk denote the true
pose at the time step k. Let uk be the input signal to the system, which could be
control signal to the motors or odometric data. Here xk is referred to as the state of
the system and captures everything there is to know about the robot pose. This is the
key to the recursive algorithm, everything that previous measurements have provided
about the pose is encoded in xk. Assuming that the system is linear it can be written
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as

xk = Fxk−1 +Guk−1 + wk−1 (2.4)
zk = Hxk + vk (2.5)

where F is referred to as the system matrix. The matrix G specifies how the input
affects the state (pose), H is the measurement matrix, wk ∼ N(0, Qk) is the process
noise and vk ∼ (0, Rk) is the measurement noise. The process wk amd vk are assumed
to be independent. The matrix H encodes the map, i.e. the relation between robot
pose and measurements.

2.5.1 Extended Kalman Filter
In a perfect world where F and G are known without error and with no process

noise, can be used together with the input signal uk to keep track of the robot pose if
the initial pose is known. This is basically the assumption made when the odometry is
used without any external measurements, in dead reckoning. In the presence of the
noise and with an imperfect model there are errors. Let x̂k|k−1 denote the a priori
estimate of the robot pose at time step k using all measurements until the time k − 1.
Let also x̂k|k denote the a posteriori estimate of the pose when all measurements
until time k are used. To keep track of the quality of the measurements, Pk|k−1 the a
posteriori estimation error covariance and Pk|k the a posteriori ditto. The prediction
or time update step of the Kalman filter is given by

x̂k|k−1 = F x̂k−1|k−1 +Guk−1 (2.6)
Pk|k−1 = FPk−1|k−1F

T +Qk−1. (2.7)

The measurements zk taken from the system are used to correct the estimate. The
innovation νk = zk − Hx̂k|k−1 provides information that Kalman filter is unable to
predict and is small when the prediction is good.

Sk = HPk|k−1H
T +Rk (2.8)

Kk = Pk|k−1H
TS−1

k (2.9)
νk = zkHx̂k|k−1 (2.10)

x̂k|k = x̂k|k−1 +Kkνk (2.11)
Pk|k = (I −KkH)Pk|k−1 (2.12)
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where Kk is the Kalman gain and Sk is the covariance of the innovation process. In
the real world, many of the process are non-linear. The extension to the non-linear
case is the extended Kalman filter (EKF), and is nothing but a linearization of the
system around the current state estimate. The success of EKF depends on how well
the system is approximated by the linearization. The non linear systems considered
can be written as

xk = f((xk,uk),wk−1) (2.13)
zk = h(xk,vk). (2.14)

To get a priori estimate error covariance, the Jacobian of the function f has to be
calculated with respect to x and w. Defining

Fk = ∂f
∂xk

∣∣∣∣
x̂k−1|k,uk−1,0

(2.15)

Wk = ∂f
∂wk

∣∣∣∣
x̂k−1|k,uk−1,0

, (2.16)

the time update equation of the EKF are given by

x̂k|k−1 = f(x̂k−1|k−1,uk−1, 0) (2.17)
Pk|k−1 = FkPk−1|k−1F

T
k +WkQk−1W

T
k

For the measurement update the Jacobians of the function h with respect to x and w
are needed,

Hk = ∂h
∂xk

∣∣∣∣
x̂k|k−1,0

(2.18)

Vk = ∂f
∂vk

∣∣∣∣
x̂k|k−1,0

. (2.19)
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The measurement update equations are given by

Sk = HkPk|k−1H
T
k + VkRkV

T
k (2.20)

Kk = Pk|k−1H
T
k S

−1
k

νk = zkhx̂k|k−1,0

x̂k|k = x̂k|k−1 +Kkνk

Pk|k = (I −KkHk)Pk|k−1

The complete derivation of the Kalman filter equations can be studied in detail
from [99].

2.5.2 Data Association
For the standard estimation techniques, like that of the Kalman fiter, it is assumed

that the correspondence between the measurement and the map is known. It is only
by knowing this that the measurement equation can be defined properly. One common
way of handling data association is to use the Mahalanobis distance, which is the
Euclidean distance normalized with the covariance. The Mahalanobis distance ρ is
defined by

ρk = νkS
−1
k νT

k . (2.21)

The Mahalanobis distance defines a χ2 distribution [6]. To accept a match between
a measurement and its believed origin in the environment the Mahalanobis distance
has to fulfill

ρk ≤ γ (2.22)

where γ determines the size of the validation gate. The value of γ depends on the
dimension of the measurement and with that probability a true match should be
classified as such. The size of the validation gate increases with Pk|k−1 and Rk as
defined earlier in EKF equations.

2.6 Particle Filter
The particle filter approximates the optimal Bayesian filter by representing the

robot position through arbitrary multimodal probability distribution using a set of
particles [38, 86, 99].

Xk =
{
x

[1]
k , x

[2]
k , · · · , x

[M ]
k

}
, (2.23)
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Algorithm 1: Particle Filter algorithm
1 Xk = filter(Xk−1, uk, zk);
2 for m = 1 to M do
3 sample x[m]

k ∼ P (xk|uk, xk−1);
4 w

[m]
k = P (zk|x[m]

k );
5 X̂k = X̂k+ < x

[m]
k , w

[m]
k >

6 end
7 for m = 1 to M do
8 draw i with probability ∝ w

[m]
k from X̂k ;

9 add x
[i]
k to Xk

10 end
11 return Xk

Where M is the number of particles. For a single state or pose of the robot (one
particle), x[i]

k is associated with importance factor or weight :

< x
[i]
k , w

[i]
k >= P (x[i]

k |z1:k, u1:k), (2.24)

Here, the weights are the probability of the particle and is continuously updated after
new observations are made:

P (xk|z1:k, u1:k) = η · P (zk|xk) · P (xk|z1:k−1, u1:k). (2.25)

From Equation (2.25), the a priori estimate P (xk|z1:k−1, u1:k) is computed by

P (xk|z1:k−1, u1:k) =
∫
P (xk|xk−1, z1:k−1, u1:k) · P (xk−1|z1:k−1, u1:k)dxk−1 (2.26)

=
∫
P (xk|xk−1, uk) · P (xk−1|z1:k−1, u1:k)dxk−1, (2.27)

The idea behind particle filter is that Equation (2.25) can be approximated using set
of particles given by Equation (2.23), where a single state is

x
[m]
k ≈ P (xk|z1:k, u1:k). (2.28)

Algorithm 1 describes the pseudo code for the particle filter algorithm [86]. The
temporary variable X̂k contains the list of particles and their likelihood which are
denoted by x[m]

k based on the previous particle x[m]
k−1 and for the control input uk. The

probability of the sampled hypothesis is proportional to the observation probability
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P (zk|x[m]
k ). The observation probability is based on the difference between the current

observation and the predicted observation according to the stored map of the sampled
particle x[m]

k . The resampling step is given by lines five to seven. In resampling step, a
set of new particle set Xk are created out of the current X̂k to reduce the variance of
the underlying distribution. Particles with a higher weight will appear more often in
the new list than ones with lower likelihoods. This means that the good hypothesis
of the robot poses will remain in the non-parametric representation of the state and
others will vanish. Different resampling strategies have been proposed in the book by
Thrun et.al [22, 99].

Recently, particle filters have been extensively used for different filtering, navigation
and tracking applications for mobile robots [7, 14, 104]. However, the performance
of particle filter is lower when compared with the traditional Kalman filter approach.
This is due to high computational cost for the resampling step, as this step creates
copies of the particles for re-use. Methods such like Gmapping[40] and DP-SLAM[27]
resample only when the particle weight variance is above threshold. The particle weight
variance is given by:

Neff = 1∑M
m=1[(w

[m]
k )2]

(2.29)

Here, Neff is maximal for equal weights and resampling will not reduce the variance
of the represented probability distribution. An important mighty problem occurs when
the resampling step replaces the good samples and the final particles loses track of the
correct state when the M is too small.

2.7 Rao-Blackwellized Particle Filter
The Rao-Blackwellized particle filter can be seen as a combination of Particle Filter

and Extended Kalman Filter.
Usually, the map consists of features (corners, line segments) of the environment.

The particle filter models the robot pose, and each map feature is represented by
an Extended Kalman Filter. This gives an efficient solution to the SLAM problem
which often referred to as FastSLAM [99]. The Kalman filter updates the full system
Jacobians (Equation (2.14)), while an update here only affects one feature. That is why
the particle filter scales exponentially while, the Kalman filter scales between linearly
and quadratically with the number of dimensions of the estimation problem. Each
particle represents one hypothesis of the robot pose and contains its own set of map
features of the map. The map feature are denoted by µ and certainty is denoted by Σ.
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Algorithm 2: Rao-Blackwellized Particle Filter algorithm
1 Xk = filter(Xk−1, uk, zk, ck);
2 X̂k = Xk = 0;
3 for m = 1 to M do
4 sample x[m]

k ∼ P (xk|uk, xk−1) j = ck;
5 if feature j never seen before then
6 µ

[m]
j,k = h−1(zk, x

[m]
k );

7 H = h−1′(x[m]
k , µ

[m]
j,k );

8 Σ[m]
j,k = HQkH

T

9 else
10 z̃ = h(µ[m]

j,k−1, x
[m]
k );

11 H = h
′(x[m]

k , µ
[m]
j,k );

12 Q = HΣ[m]
j,k−1H

T +Qk;
13 K = Σ[m]

j,k−1H
TQ−1;

14 µ
[m]
j,k = µ

[m]
j,k−1 +K(zk − z̃);

15 Σ[m]
j,k = (I −KH)Σ[m]

j,k−1;
16 w[m] = 1√

|2πQ|
exp

{
−1

2(zk − z̃)TQ−1(zk − z̃)
}

17 end
18 X̄k = X̄k+ < x

[m]
k , w

[m]
k >

19 end
20 for m = 1 to M do
21 draw i with probability ∝ w

[m]
k from X̄k ;

22 add x
[i]
k to Xk

23 end
24 return Xk
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The mean is labelled with µn,k

x
[m]
k =< [(x, y, θ)T ][i], (µ[i]

1,k,Σ
[i]
1,k), (µ[i]

2,k,Σ
[i]
2,k), · · · , (µ[i]

N,k,Σ
[i]
N,k) >, (2.30)

where, (x, y, θ)T is one robot hypothesis, i is the particle index and k denotes the point in
time. The list of µ and Σ denotes the map. Algorithm 2 denotes the Rao-Blackwellized
Particle filter which is very similar to particle filter algorithm (Algorithm 1).

The correspondence variable is denoted by ck and is computed by the data asso-
ciation method which correlate observations with the stored map. Details about the
data association technique can be found in the book by Thrun et. al [99]. The fourth
line shows the generation of hypothetical state x[m]

m based on the previous state x[m]
k−1

and control input uk. Lines ten to sixteen is nothing but the Extended Kalman Filter
update step for each feature as described before.

For the new features, only parameters µ[m]
j,l and Σ[m]

j,k , representing the map feature
are initialized (lines six to eight). Function h−1 denotes the transformation from local
to global coordinate system and H is the Jacobian of h−1 with respect to the observed
feature zk. Vector z̃ denotes the measurement prediction and is used to update the
mean µ

[m]
j,k (line fourteen) and to calculate the importance factor w[m] (line sixteen).

Transformation from local to global coordinate system is done by h and H is the
corresponding Jacobian with respect to global map feature µ[m]

j,k .
Resampling is given in line twenty to twenty-four, which is similar to the particle

filter algorithm. The complete derivation of the Rao-Blackwellized particle filter
algorithm can be found in the book by Thrun et. al [99].

2.8 Conclusion
This chapter briefly presented some of probabilistic filters for estimation. Most of

the filters are build upon Bayes theory and uses Gaussian filters. One of the primary
advantages of Gaussian filters is computational. The update requires time polynomial
in the dimensionality of the state space. The cases for unimodal or multi-model
estimation are described briefly. The advantages and disadvantages of which filter to
use depends on the resources, sensor and type of environment. The EKF approach is
more robust but computationally expensive when the size of the environment is large.
On the other hand, particle filters seems to be more robust to size and is more popular.
In the subsequent chapters, a SLAM system is built using the presented filters.



Chapter 3

Feature Extraction and Detection

3.1 Introduction
In the previous chapters different probabilistic filtering techniques for localization

and mapping were introduced. For a mobile robot different sensors can be used to
to get the information of the environment. Common sensors that are utilized in
mobile robotics are the ultrasonic sensors, vision sensors and laser sensors. Once the
data has been obtained, it is important to extract landmarks or features from the
data for localization and for the purpose of building map of environment using those
features. Common features that are utilized in the mobile robotics studies in indoor
environment are corner features, line segments, color blobs, doors, windows etc. This
chapter introduces some of the techniques that were used for the thesis work to extract
meaningful features in form of corners and line segment that are later fused into the
EKF framework for mapping. As localization is performed in a controlled scenario,
without dynamic objects or people moving in the navigation area horizontal laser scan
points are utilized in the data detection and extraction mode, so as to obtain linear
segments and invariant points which are used for the localization.

3.2 System Specification
Figure 3.2 shows the robot with the sensors that was used during all the experiments.

The base robot is the Pioneer P3DX from the Adept Mobilerobots®. Pioneer 3-DX
is a small lightweight two-wheel two-motor differential drive robot ideal for indoor
laboratory or classroom use. The robot comes complete with front SONAR, one
battery, wheel encoders, a microcontroller with ARCOS firmware, and the Pioneer
SDK advanced mobile robotics software development package. Pioneer research robots
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(a) (b)

Fig. 3.1 Pioneer P3DX. (a) Differential drive base. (b) Dimensions of the robot.

are the world’s most popular intelligent mobile robots for education and research.
Their versatility, reliability and durability have made them the preferred platform for
advanced intelligent robotics. Pioneers are pre-assembled, customizable, upgradeable,
and rugged enough for extended period of use. Figure 3.1 shows the differential base
with dimensions of the robot. Important specifications of the Pioneer P3DX is given
in Table 3.1.

Table 3.1 Pioneer P3DX Specifications

Model Pioneer P3DX
Traversable Terrain Indoor
Robot Weight 9 kg
Operating Payload 17 kg
Turn radius 0 cm
Swing radius 26.7 cm
Rotation speed 300◦/s
Max. Forward/backward speed 1.2 m/s
Max. Traversable Step 2.5 cm
Max. Traversable Grade 25%
Run time 8-10 hrs with 3 batteries
Voltage 12 V
Available Power Supply 5 V, 1.5 A and 12 V, 2.5 A

3.2.1 Laser Range Finder Specifications
UHG-08LX Scanning Laser Ranger finder shown in Figure 3.3 is used throughout

the experiment and it is a range finder typed laser scanner. It is light weighted and fast
scanning laser. The specialty of this range sensor is that it senses the 2 dimensional
environments around it. The output is the distance to each object from the centre of
the sensor. The features of the sensors are:
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Fig. 3.2 Robot Specifications: Pioneer P3DX (differential drive base), UHG08LX (LRF),
Asus Xtion pro live (Depth sensor) and PC

(a) (b)

Fig. 3.3 Laser Range Finder specifications. (a) Hokuyo UHG08LX. (b) Range of
measurement.
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Table 3.2 Hokuyo UHG-08LX Laser Sensor Specifications

Type UHG-08LX
Range Principle Phase difference system due to the duration

of flight of light
Illuminant Semiconductor laser ± = 785 nm, FDA laser

safe class 1.
Laser Power Below 0.8 mW
Power supply voltage DC 12 V ± 10%
Electric Power Consumption 500 mA
Detection distance and detection body 20∼ 8000 mm and white paper 250 mm
Range Precision Under standard environment 100∼1000 mm:±30 mm

and 1000∼8000 mm distance 3%
Range Resolution 1 mm unit
Scan Angular Range 270 degree
Angular Resolution Approx. 0.36 degree, 1024 steps
Scanning time 67 ms/scan
Interface RS-232C (19.2k, 57.6k, 115.2k,

500k and 750kbps) USB Ver2.0 FS mode
(12 Mbps) OUTPUT 1 point (Synchronous o/p)

Mass Approx. 500 g
External Size (W)50 mm ×(D)50 mm ×(H)70 mm
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• High accuracy, high resolution and wide angle, which provide the best solution
for autonomous robots moving in the unknown environment.

• Compact size allows more designing freedom. Lightweight and low power con-
sumption contributes to the long time operations.

• No influence by how bright the environment will be. Excellent performance in
darkness.

• Recognizing human body’s size and position without hurting their privacy.

however this sensor cannot be used outside, it is designed for indoor used only. An
infrared laser with wavelength of 785 nm is used as a light source for the URG-04LX
laser scanner. Scanning area is 270 degrees with 0.36 degrees/pitch (360/1024) as
shown in Figure 3.3 and it can detect the distance and the direction to the objects.
The detectable range varies from 0.02 to 8 m. UHG-08LX is suitable for identifying the
environment around the sensor because it executes the distance data per each step as
detected result. The measuring principle applied here is, phase difference system with
time of flight. Therefore it is not influenced so much against the colour of objects or
the surface gloss and make the stable measurements. Figure 3.3 (b) shows the scanning
range of this sensor with detectable and non-detectable areas. The specifications of
the UHG-08LX are given in Table 3.2.

3.2.2 ROS: An open source operating system for robots
For computation a dedicated PC was used on the robot for carrying out all the

heavy computations for map building and navigation. The robot PC has a memory
of 12 GB with an intel i5 processor. It has a storage capacity of 320 GB. The PC
does not have a dedicated GPU (Graphical Processing Unit). For the programming,
Python, C++, and Java was used. All computations were performed on the Linux
system with Robot Operating System (ROS).

Robot Operating System (ROS) is a collection of software frameworks for robot
software development, providing operating system-like functionality on a heterogeneous
computer cluster. ROS provides standard operating system services such as hardware
abstraction, low-level device control, implementation of commonly used functionality,
message-passing between processes, and package management. Running sets of ROS-
based processes are represented in a graph architecture where processing takes place in
nodes that may receive, post and multiplex sensor, control, state, planning, actuator
and other messages [77].



3.3 Data Detection 30

Software in the ROS Ecosystem can be separated into three groups:

1. Language- and platform-independent tools used for building and distributing
ROS-based software;

2. ROS client library implementations such as roscpp, rospy, and roslisp;

3. Packages containing application-related code which uses one or more ROS client
libraries.

Both the language-independent tools and the main client libraries (C++, Python, and
LISP) are released under the terms of the BSD license, and as such are open source
software and free for both commercial and research use. The majority of other packages
are licensed under a variety of open source licenses. These other packages implement
commonly used functionality and applications such as hardware drivers, robot models,
datatypes, planning, perception, simulation tools, and other algorithms.

3.3 Data Detection
In the following section some sets of important definitions will be defined for data

detection.

Fig. 3.4 Clustering criteria and measure of d⊥ and α

1. Definition 1 A list of points P2D is represented by the vector
[P1, · · · , Pj, · · · , Pn].
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2. Definition 2 From Figure 3.4, Clk is the list of connected points which are
called the "clusters" with initial and final point as P k

i and P k
f .

3. Definition 3 Link is a set of connected points or the "line segments", with
extreme points given by P k

i and P k
f .

4. Definition 4 The value of d⊥ is the perpendicular distance between P k
j ∈ Clk

and the line segment connecting P k
i to P k

f .

5. Definition 5 The value of α is the orientation between Clk(P k
i , P

k
j ) and

Clk(P k
i , P

k
f ) as given in Figure 3.4, where Clk(P k

i , P
k
j ) is the line segment that

connects P k
i and P k

j , and the Clk(P k
i , P

k
f ) is the line segment that connects P k

i

and P k
f .

6. Definition 6 The cluster Clk can be considered a candidate for line segment
or set of linear segments. In Figure 3.5, an example of cluster representing
candidates for linear segments is Cl3.

3.3.1 Split and Merge

Fig. 3.5 Merge criteria and cluster ClPi,f
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Fig. 3.6 Split algorithm for finding linear segments.

The method to detect the line segments from the set of LRF (Laser Range Finder)
data is the Split and Merge algorithm [71]. The split and merge algorithm can effectively
extract line segments from walls, doors and furniture in a static indoor environment
and can also detect invariant points(corners, circular segments), at the same time. The
flow of the algorithm is given below [75]-

1. Merge: The entire set of data points P2D is iterated if points Pj and Pj+1 have
an Euclidean distance lower than εmerge. When this happens, Pj and Pj+1 are
merged in the same cluster. The merge result generates a list of clusters Clk,
shown in Figure 3.5. Next, to each cluster given by Clk, line segment candidates,
split phase is applied. The line segment candidates are shown in Figure 3.5 with
Cl1, Cl2 and Cl3.

2. Split: Each cluster Clk which is classified as candidates for the line segment,
the point P k

j ∈ Clk is searched, whose distance d⊥ is the greatest. Then, Clk
is iteratively split into clusters Clk(P k

i , P
k
j ) and Clk(P k

j , P
k
f ) which is given in

Figure 3.4 with the following conditions

(a) d⊥ is greater than εsplit.

(b) α is lower than µsplit.
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When the iteration stops and the cluster Clk cease to divide, it is considered a linear
segment Linj. Figure 3.6 shows the split phase.

3.3.2 Invariant Point Classification
After applying the merge and split algorithm, linear segments Linj are obtained

with end points P j
i and P j

f . For the line segments Linj, the extreme points are tested
to find whether they are invariant or not. For the line segment Linj and Linj+1 with
extreme points P j

i and P j+1
f , P j+1

i and P j+1
f respectively, the points P j

f and P j+1
i have

distance equal to Ri
f and Rj+1

i , respectively. The angle distance between them is given
by θj,j+1

f,i shown in Figure 3.7.
The test of invariancy for points P i

f and P j+1
i are proved by the following conditions

[75]-

1. Points P i
f and P j+1

i are invariant points if, their Euclidean distance is lower than
εmax. Hence the resultant invariant point is the weighted average of P i

f and P j+1
i .

2. If condition 1 is false, P i
f is the invariant point and P j+1

i is not with the following
conditions-

Fig. 3.7 Invariant point description. Invariant point (red and brown squares). The one
with condition 1 are in red and condition 2 are in brown respectively.
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Fig. 3.8 Invariant point cllassification. The one with condition 1 are in red and condition
2 are in brown respectively. For points P i

f and P j+1
i the conditions is not satisfied.

(a) Ri
f and Rj+1

i are lower than 8 metres (Range of LRF).

(b) Rj+1
i > Ri

f .

(c) Angle θj,j+1
f,i is below θmax.

Figure 3.7 and Figure 3.8, the detected line segments are shown in blue and green.
The invariant points are represented in square shape. The one with condition 1 are
in red and condition 2 are in brown respectively. The resultant linear segments and
invariant points are stored and their covariance and parameters are extracted in the
data extraction mode.

The parameters for the split and merge criteria are described in Table 3.3 and
Table 3.4. Same parameters as in the work by [75] are used here.

Table 3.3 Split and Merge parameters

Parameter Value
εmerge 0.070
εsplit 0.070
µmerge 170
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Table 3.4 Invariant point classification parameters

Parameter Value
εmax(metres) 0.070
θmax(deg) 3.5

3.4 Data Extraction
In the previous section, linear segments and invariant points from the LRF data

were extracted. To use this information into the EKF, their parameters and covariance
matrices are required. To find the line segment parameters and covariances, the
standard Least Square technique is used. In the next chapter a new technique for
extracting line segments by clustering the Hough space parameters will be explained
which can extract lines even in noisy environments.

3.4.1 Line Segment Extraction
Consider a linear segment LinPi,f

∈ [Pi, · · · , Pj, · · · , Pf ] from the LRF with Pj =
[xj, yj], in the mobile frame of reference. Then we can define the matrices

YLin = [yi · · · yf ]T (3.1)

XLin =
xj · · · xf

1 · · · 1

 (3.2)

The cartesian presentation of the line is given by

yj = mxj + c (3.3)

with slope m and intercpet c with the y axis. It can be written as

gm,c =
m
c

 (3.4)

The line parameters can be rewritten as

YLin = XLingm,c (3.5)
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The above linear equation can be solved using the Least Square Quadratic Error (LSQ)
and the above parameters can be written as

XT
LinYLin = XT

LinXLingm,c (3.6)

gm,c =
[
XT

LinXLin

]−1
XT

LinYLin (3.7)

The LSQ for the best fitting parameters minimizes the following function

fLin =
f∑

j=1
(yj − ŷj)2 (3.8)

where ŷj = mxj + c. The estimated matrix ŶLin can be defined as

ŶLin =
[
ŷi · · · ŷf

]T
(3.9)

ŶLin =
[
mxi + c · · · mxf + c

]T
(3.10)

The variance of vector YLin is given by

ΣYLin
= fLin

f − 1 (3.11)

in which f and i are the final and initial line segment indexes respectively. To calculate
the matrix gm,c, it can be described as the function YLin using the Taylor expansion
around the estimated vector ŶLin by the following equation

gm,c(YLin) = gm,c(ŶLin) +∇gm,c(YLin − ŶLin) + higher order terms (3.12)

Neglecting the higher order terms, gm,c as a function of YLin is given approximately by

gm,c(YLin) ≈ gm,c(ŶLin) +∇gm,c(YLin − ŶLin) (3.13)
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The variance of gm,c defined by Σm,c can be calculated as

Σm,c ≈ E[(gm,c(YLin)− gm,c(ŶLin))(gm,c(YLin)− gm,c(ŶLin))T ] (3.14)
Σm,c ≈ E[(∇gm,c(YLin − ŶLin)(∇gm,c(YLin − ŶLin)T ]
Σm,c ≈ E[(∇gm,c(YLin − ŶLin)(YLin − ŶLin)T∇gT

m,c]
Σm,c ≈ ∇gm,cE[(∇gm,c(YLin − ŶLin)(YLin − ŶLin)T ]∇gT

m,c

Σm,c = ∇gm,cΣYLin
∇gT

m,c

Here, E[.] is the expected value of [.]. The gradient of gm,c in order of the the YLin is
given by ∇gm,c and is given by

∇gm,c = ∂gm,c

∂YLin

(3.15)

From Equation (3.7),
∇gm,c =

[
XT

LinXLin

]−1
XT

Lin (3.16)

Therefore, the variance matrix Σm,c can be written as

Σm,c =
[
XT

LinXLin

]−1
ΣYLin

(3.17)

In order to avoid infinite slope m condition during the localization, the line segments
are represented in the polar form instead of the cartesian form and are expressed by
[75]

gρ,λ =
ρ
λ

 (3.18)

ρ = xj cosλ+ yj sin λ (3.19)

where, ρ is the perpendicular distance relative to the origin of the mobile robot frame
and λ is the angle between the perpendicular line segment to the line and the xr axis,
as shown in Figure 3.9 . The point (xj, yj) is also presented. The parameter ρ is given
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Fig. 3.9 Line presentation in polar form

by
ρ = min(

√
x2

j + y2
j )

ρ = min(
√
x2

j + (m.xj + c)2

ρ = min(
√
x2

j(m+ 1) + 2m.c.xj + c2

(3.20)

Equation (3.20) is obtained when df
dxj

= 0, in which f is

f = x2
j(m+ 1) + 2m.c.xj + c2 (3.21)

The solution of df
dxj

= 0 appears when xj and yj are equal to

xj = − m.c

m2 + 1 , yj = c

m2 + 1 (3.22)

Therefore, using Equation (3.21) and (3.22), the perpendicular distance ρ can be
obtained using

ρ =
√( −m.c

m2 + 1

)2
+
(

c

m2 + 1

)2
= ρ = c√

k2 + 1
(3.23)
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Angle λ is obtained by

λ = tan−1
( c

m2+1
− m.c

m2+1

)
= tan−1

(
− 1
m

)
(3.24)

Since the parameter ρ > 0, the line segment parameters in polar form can be represented
as

gρ,λ =
 |c|√

m2+1
tan−1

(
− sign(c)

m

) (3.25)

in which sign(c) represents the signal of c. The variance of gρ,λ, defined as Σρ,λ (from
Equation (3.7))can now be rewritten as a function of gρ,λ .

Σρ,λ ≈ ∇gρ,λΣm,c∇gT
ρ,λ (3.26)

From Equation (3.17), it can be simplified as

Σρ,λ ≈ ∇gρ,λ[XT
LinXLin]−1∇gT

ρ,λΣYLin
(3.27)

where, ∇gρ,λ is the gradient of gρ,λ given by

∇gρ,λ =
 ∂ρ

∂m
∂ρ
∂c

∂λ
∂m

∂λ
∂c

 (3.28)

∇gρ,λ =

− k.c

(m2+1)
3
2

1
m2+1

1
m2+1 0

 (3.29)

To sum up, the line segment parameters in the polar form with respect to robot frame
are computed through Equation (3.25), while the covariance matrix can be obtained
by Equation (3.27).

Σρ,λ =
 σ2

ρ σρλ

σλρ σ2
λ

 (3.30)

Σρ,λ ≈

− m.c

(m2+1)
3
2

1
m2+1

1
m2+1 0

 [XT
LinXLin]−1

− m.c

(m2+1)
3
2

1
m2+1

1
m2+1 0

ΣYLin
(3.31)
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3.4.2 Corner Extraction
A corner formed by two intersecting lines Pj, is represented as an invariant point.

The corner point is computed through the laser range Rj and the angle between the
corner feature and robot frame θi as given in Figure and given by following equations:

Pj = (Rj + εRj
)
cos(θj + εθ)

sin(θj + εθ)

 (3.32)

where point Pj is affected by noise in distance and angle given by εRj
and εθj

. The
error of the distance measurement εRj

is modeled by linear equation

εRj
= εmRj + εc (3.33)

where εm and εc are modeled as Gaussian noise with zero mean and standard deviation
equal to σm and σc respectively. The error εθ is modeled as Gaussian noise with zero
mean and standard deviation equal to σθ. The noise measured point Pj can then be
written as

Pj = (Rj + εmRj + εc)
cos(θj + εθ)

sin(θj + εθ)


Pj = (Rj + εmRj + εc)

cos θj cos εθ − sin θj sin εθ

cos θj sin εθ + sin θj cos εθ

 (3.34)

Assuming cos εθ ≈ 1 and sinεθ ≈ εθ, the observed noisy point becomes

Pj = (Rj + εmRj + εc)
cos θj − εtheta sin θj

εtheta cos θj + sin θj

 (3.35)

The estimated observed point P̂j can be found by

P̂j = Rj

cos θj

sin θj

 (3.36)

From Equation (3.35) and (3.36), the observed error Pj − P̂j can be estimated by

Pj − P̂j = Rjεθ

− sin θj

cos θj

+ (εmRk + εc)
cos θj

sin θj

 (3.37)
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The variance of Pj can be computed as

ΣPj
= E[(Pj − P̂j)(Pj − P̂j)T ]

ΣPj
= E[R2

jε
2
θR1] + E[(εmRj + εc)2R2]− E[2Rjεθ(εmRj + εc)]R1

ΣPj
= R2

jE[ε2
θ]R1 + E[(εmRj + εc)2]R2 − 2RjE[εθ(εmRj + εc)]R1

(3.38)

where matrices R1, R2 and R3 are given by

R1 =
− sin θj

cos θj

− sin θi

cos θj

T

, R2 =
cos θj

sin θj

cos θj

sin θj

T

, R3 =
− sin θj

cos θj

cos θj

sin θi

T

(3.39)
The expectation values are given by E[εm] = 0, E[εc] = 0, E[εθ] and E[ε2

θ] = σ2
θ , E[ε2

k] =
σ2

m and E[ε2
c ] = σ2

c . εθ, εm and εc are Gaussian error with zero mean and covariance
equal to σ2

θ , σ
2
m and σ2

c , respectively. As the errors εθ, εm and εc are unrelated, expec-
tation values of E[εmεc], E[εθεc] and E[εθεm] are equal to zero. These can therefore be
written as

E[(εmRj + εc)2] = R2
jE[ε2

m] + 2RjE[εmεc] + E[ε2
c ] (3.40)

E[(εmRj + εc)2] = R2
jσ

2
m + σ2

c (3.41)

E[εθ(εmRj + εc)] = 0 (3.42)

The observed feature Pj variance is equal to

ΣPj
=
 σ2

x σxy

σxy σ2
y

 (3.43)

ΣPj
= R2

jσ
2
θR1 + (R2

jσ
2
m + σ2

c )R2 (3.44)

3.5 Conclusion
This chapter described different data extraction and detection methods for line

segment extaction and invariant points from the LRF data. A standard split and merge
algorithm is used which clusters the LRF scans into segments with scan points and
merges the clusters into one when the threshold is met. The line extraction module
uses least square method for extracting lines from the scans. The line segment points



3.5 Conclusion 42

and the invariant points are utilized in the EKF algorithm in the next chapter for map
building and localization.



Chapter 4

Clustering Approaches to Mapping

4.1 Introduction
In the last chapters, probabilistic frame work for the robot SLAM problem and

data extraction techniques from the LRF data were discussed in detail. This chapter
concretely discusses the applications of clustering techniques for robot map building in
indoor scenarios. In this chapter, noise removing techniques, data clustering techniques
and application of these techniques to line extraction from LRF data will be discussed.

Clustering or cluster analysis groups data objects based only on information found
in the data that describes the objects and their relationships. The goal of data analysis
is that the objects within a group be similar (or related) to one another and different
from (or unrelated to) the objects in other groups. The greater the similarity within a
group and the greater the difference between groups, the better or more distinct the
clustering.

Figure 4.1 shows an example of clustering result applied on a set of data points.
Depending on the user input and application different number of clusters can be
taken from the sample data set. The clustered data set can then be used for different
applications[30, 42, 43].

4.2 LRF data clustering in spatial domain
This section describes LRF data clustering in the spatial domain for robot mapping.

A spatial domain represents LRF data in space (i.e., x, y coordinates for the 2D case)
with the direct manipulation of the LRF data during its processing. Clustering (ex.
k-means clustering) is sensitive to noise [56], which may result in inaccurate cluster
formation. Therefore, it is necessary to first remove noise from the LRF data and then
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Fig. 4.1 Different ways of clustering the same set of data points [97]

apply clustering. The robot odometry model is described in Appendix 1 and from the
odometry model we obtain the ∆x,∆y and ∆θ.

A robot with a LRF mounted on it moves in small steps, which are the robot’s
displacement in step-time ∆stn = tn − tn−1 within the two time intervals tn−1 and tn.
From Equation (A.11) (Appendix 1), for the robot’s movement perpendicular to the
x-axis, θ = 90 degrees and displacement ∆x = 0, while displacement ∆y is given by:

∆y = (Dr(tn)−Dr(tn−1)) + (Dl(tn)−Dl(tn−1))
2 , (4.1)

Once the data is read from the LRF, it is grouped into segments Si, i > 0, as shown
in Figure 4.2, using the data segmentation techniques described in Section 4.2.2. In
each step-interval ∆st, the raw LRF data obtained is segmented. Later, techniques for
noise removal or clustering are applied to each segment.

4.2.1 Modes of LRF clustering
We define the following three modes for map generation after the noise reduction

and clustering of the raw LRF data to generate maps:

1. Online Mode: In Online Mode, the robot continuously applies noise reduction
and clustering on the data as soon as they are available with each scan after the
step-interval ∆st. Figure 4.3a shows the working of the robot in Online Mode.
The raw LRF data measured at each step-interval ∆stn = tn − tn−1 is shown
in Figure 4.3a-(i) . In each step-interval ∆st, two operations are performed.
First, noise is removed by the methods discussed in Section 4.3.1 and/or Section
4.3.3. The noise removed at each ∆st is shown in Figure 4.3a-(ii). Later, in
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Fig. 4.2 LRF data segmentation.

the same step-interval, clustering is performed, as described in Section 4.5, to
obtain single or multiple clusters. This is shown in Figure 4.3a-(iii) with the red
dots representing the centroids of individual clusters. Generally, any given single
cluster (and hence a single centroid) obtained in each step-interval as raw LRF
data in ∆st is small. However, multiple clusters (and hence multiple centroids)
can also be obtained if the raw LRF in ∆st is large enough. The data which has
been processed once in a step-interval ∆stn is marked as ‘processed’ and is not
processed again in the next step-interval ∆stn+1 . Thus, in ∆stn+1 , noise removal
and clustering is applied on newly obtained data and the process is repeated.

2. Offline Mode: In this mode, raw LRF data is accumulated until a predefined
Nsmax time-steps (∆st), and noise reduction and clustering is applied on the
accumulated (offline) LRF data after Nsmax ×∆st steps for a given θ. This is
shown in Figure 4.3b. Offline Mode is useful when step-time ∆st produces very
little data, which is inefficient for clustering. The raw LRF data is shown in
Figure 4.3b-(i) obtained at each step-interval ∆stn = tn − tn−1. Here, Nsmax is
set to ’9’. Unlike Online Mode, two operations of noise removal and clustering are
applied to the accumulated LRF data after 9×∆st step-intervals. Figure 4.3b-(i)
shows the accumulated LRF data with Nsmax = 9. Figure 4.3b-(ii) shows the
results of the noise removal. Figure 4.3b-(iii) shows nine centroids obtained after
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(a) Online mode

(b) Offline mode.

(c) Mixed mode

Fig. 4.3 Modes of clustering. (a) Online Mode, (b) Offline Mode, and (c) Mixed Mode.
The red dots represent the centroid obtained after clustering.
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the clustering of the offline data. Notice that the number of clusters of offline
data may vary. For example, Figure 4.3b-(iv) shows five centroids obtained after
the clustering of noise-free data shown in Figure 4.3b-(ii). However, if the robot
changes it’s direction (i.e., for a change in θ), noise removal and clustering are
applied after n ×∆st, even if n < Nsmax , to eliminate data processing for the
special case when θ changes during accumulation.

3. Mixed Mode: In Mixed Mode, some of the LRF data processing takes place in
Online Mode, whereas others take place in Offline Mode. For example, noise
reduction and clustering can take place in Online Mode and Offline Mode,
respectively. This is shown in Figure 4.3c. The LRF data is scanned at each
step-interval as shown in Figure 4.3c-(i). Noise is removed after each step-interval,
as shown in Figure 4.3c-(ii). However, clustering is performed on accumulated
(offline) data after 3×∆st step-intervals (Nsmax = 3). Three clusters are made
offline, as shown in Figure 4.3c-(iii), whereas two clusters are shown in Figure
4.3c-(iv).

4.2.2 LRF Data Segmentation
Prior to extracting lines, the LRF data is pre-processed into distinct segments. The

LRF scans the environment and acquires n scan points, represented as:

Pi = [xi, yi] = [ri cosϕi, ri sinϕi], i = 1, 2, · · · , n (4.2)

where ri is the distance between the ith scanned point with respect to the origin of the
LRF, and ϕi is the angle of the ith scan point with respect to the XL axis of the LRF
frame given by O −XLYL in Figure 4.4.

Initially, the standard split and merge technique [71] is used for segmenting the
data without line extraction for its robustness and speed which is discussed in Chapter
3. In the split process, the adaptive breakpoint detector (ABD) method to detect
any discontinuity in the data [13, 76] is used. This can make inferences about the
possible presence of discontinuities in a sequence of valid range data. In the real
world, such discontinuity accounts for open doors, windows, open passages and other
areas which it is important to recognize. A point distance-based segmentation (PDBS)
method detects these breakpoints by finding the Euclidean distance between the two
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Fig. 4.4 Geometry of a scanned point and a corresponding line.

Fig. 4.5 The principle behind the IEPF algorithm.

consecutive points Pi and Pi+1:

∥Pi+1 − Pi∥ < Dth (4.3)

ABD uses the distance threshold Dth via the following:

Dth = ri
sin(∆φa)

sin(λ−∆φa) + 3σr (4.4)

where ∆φa is the angular resolution of the LRF and σr is the residual variance to
encompass the stochastic behaviour of the sequence of the scanned points pi and the
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related noise associated with ri. The deviation is provided by the LRF manufacturer
and λ is an auxiliary parameter. The value of λ has been found to perform well when
setting the value as λ = 10◦.

After getting the breakpoints, the clusters are split using the iterative end point
fitting (IEPF) algorithm [24] and segments Si are obtained. IEPF is a recursive
algorithm for line extraction and for finding clusters. The principle of the IEPF
algorithm is shown in Figure 4.5. For a cluster of points given by Ni, it uses a virtual
line Li

v between two end points of the cluster. It then calculates the distance of every
point dj to the line Li

v and finds the maximum distance di
m. If di

m > DT , the IEPF
algorithm splits the cluster of points N i into two subsets N i1 and N i2, where DT

is a predefined splitting threshold. The process is iterated to each subset until no
new subset can be found. The value of DT is generally chosen to be small, but for
long-range sensors the data gets noisy as the range increases and it affects the splitting.
A modified iterative end point fitting (MIEPF) algorithm is utilized to set the value of
DT [63, 64]. The value is set as:

DT = 3σr0 + ϵa(ρh − r0) (4.5)

where ϵa is an artificial setting ratio that accounts for the performance of the LRF and
the user’s experience. σr0 is the variance of the measurement at range r0. The value of
DTmax is set to restrict the loosing threshold based on the real performance of the LRF.
Figure 4.2 shows the segmentation of the raw LRF data using the process described
above to obtain segments (S1, S2, · · · , S5).

4.3 Noise Removing Techniques
Although LRF data is mostly accurate in structured environment with orthogonal

features (straight walls, doors, corridors), in reality, most of the indoor structures
are not empty and are cluttered with objects (furniture, boxes, tables, chairs, dust
bins and other objects). These objects and the nature of the level of clutters causes
the LRF data to produce what is called high sensor noise. These noise is important
to be removed prior to mapping and localization for accurate feature extraction. In
the subsequent sections, application of clustering for removing the sensor noise are
discussed.
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Fig. 4.6 Core, border points and noise points in center-based density.

4.3.1 DBSCAN
The density in the center-based approach is estimated for a particular point in the

data set by counting the number of points within a specified radius Eps, of that point.
It classifies a point as [28, 48, 97]:

1. in the interior of the dense (core) region.

2. on the edge of a dense region (border point).

3. in a sparsely occupied region (noise).

Core Points: A point is a core point if the number of points within a given neigh-
bourhood around the point as determined by the distance function and user-specified
distance parameter, Eps, exceeds a certain threshold, MinPts, which is also a user-
specified parameter. Figure 4.6, point A is a core point for MinPts ≤ 7
Border Points: A border point is not a core point, but falls within the neighbourhood
of a core point. A border point can fall within the neighbourhood of many core points.
In Figure 4.6, point B is a border point.
Noise Points: A noise point is any point that is neither a core point nor a border
point. In Figure 4.6, point C is a noise point. Density-Based Spatial Clustering of
Applications with Noise (DBSCAN) is based on density reachability [28]. A point
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q is directly density-reachable from a point p if it is not further away than a given
distance ε (i.e., is part of its ε-neighborhood), and if p is surrounded by sufficiently
many points such that p and q can be part of a cluster. The point q may be on
the edge of the cluster leading to the term “density-connected”: two points p and q

are density-connected if there is a point o such that o and p as well as o and q are
density-reachable. Hence, all points within a cluster are mutually density-connected,
and if a point is density-connected to any other point of the cluster, it is part of
the cluster as well. The process to establish clustering starts at an arbitrary point
(marked ‘visited’) and if there are sufficient to many points in the neighborhood (< ε),
this initiates the clustering process, otherwise the point is marked as ‘noise’ and the
procedure is repeated from/at another point until all the points have been visited. To
understand more clearly the algorithm is formalized in notion of clusters and noise in a
database D of points of some k-dimensional space S. The shape of the neighbourhood
is determined by the choice of a distance function for two points p and q, denoted by
dist(p, q). To define the algorithm all examples are visualized in 2D Euclidean distance
space [28].

Definition 1 (Eps neighbourhood of a point) A Eps neighbourhood of a point p, de-
noted by NEps(p), is defined by,

NEps(p) = {q ∈ D | dist(p, q) ≤ Eps}

There are two kinds of points in a cluster, points inside of the cluster (core points) and
points on the border of the cluster (border points). In general the Eps-neighbourhood
of a border point contains significantly less points than an Eps-neighborhood of a
core point. In order to include all points belonging to the same cluster, the minimum
number of points is set to a relatively low value. This value, however, will not be
characteristics for the respective cluster particularly in the presence of noise. Therefore,
we require that for every point p in a cluster C there is a point q in C so that p is
inside of the Eps-neighbourhood of q and NEps(q) contains at least MinPts points.

Definition 2 (directly density-reachable) A point p is directly density-reachable from
a point q with respect to Eps, MinPts if

1. p ∈ NEps(q) and

2. |NEps(q)| ≤MinPts
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Fig. 4.7 p is border point, q is core point

Fig. 4.8 Asymmetrical case: p directly
density-reachable from q; q not directly
density-reachable from p.

Directly density-reachable is symmetric for pairs of core points. However it is not
symmetric if one core point and one border point are involved. Figure 4.7 and Figure 4.8
show the core and border point with asymmetrical case. Figure 4.8 show that point ‘p’ is
directly density-reachable to point ‘q’ whereas; point ‘q’ is not directly density-reachable
to point ‘p’.

Definition 3 (density-reachable) A point p is density-reachable from a point q with
respect to Eps and MinPts if there is a chain of points p1, · · · , pn, p1 = q, pn = p

such that pi+1 is directly density-reachable from pi.

Density-reachability is a canonical extension of direct density-reachability and, the
relation is transitive but, not symmetric. Two border points of the same cluster C are
possibly not density reachable from each other because the core point condition might
not hold for both of them. However, there must be a core point in C from which both
border points of C are density-reachable. To cover the relation of border points, a
notion of density-connectivity is defined next.

Definition 4 (density-connected) A point p is density-connected to a point q with
respect to Eps and MinPts if there is a point ‘o’ such that both, ‘p’ and ‘q’ are
density-reachable from ‘o’ with respect to Eps and MinPts .

Density-connectivity is a symmetric relation. For density-reachable points, the relation
of density-connectivity is also reflexive. Figure 4.9 shows how point ‘p’ and ‘q’ are
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Fig. 4.9 Density-reachability. p is density-
reachable from q; q is not density-reachable
from p.

Fig. 4.10 Density connected points. p and
q are density connected to each other by o

density-reachable with respect to each other. Figure 4.10 shows points ‘p’ and ‘q’ are
density-connected to each other via point ‘o’.

Definition 5 (cluster) Let D be a database of points. A cluster C wrt. Eps and
MinPts is a non-empty subset of D satisfying the following conditions:

1. ∀p, q: if p ∈ C and q is density-reachable from p wrt. Eps and MinPts, then
q ∈ C. (Maximality)

2. ∀p, q ∈ C: p is density-connected to q wrt. Eps and MinPts. (Connectivity)

Definition 6 (noise) Let C1, · · · , Ck be the clusters of the database D wrt. Eps and
MinPtsi, i = 1, · · · , k. Then we can define noise as the set of points in the database
D not belonging to any cluster Ci, i.e.

noise = {p ∈ D | ∀ i : p /∈ Ci

The DBSCAN algorithm is formally presented in Algorithm 2 [97]. Any two core points
that are close enough within a distance Eps of one another are put in the same cluster.
Any border point that is close enough to a core point is put in the same cluster as the
core point. Noise points are discarded. Figure 4.12 shows an example of the laser scan
data of the environment. The blue dots represent obstacle points that are detected
by the LRF. While the robot was moving the scan shows areas that are actually not
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present in the environment, which are circled by red shown in Figure 4.12a. Since the
same entities or features in the environment were mapped again and again, the scan
shows overlapped result of the same features. Figure 4.12b shows the result obtained
after applying the DBSCAN algorithm on the raw data set. It effectively removes the
noise areas. One drawback can be removal of actual data from the scans, but since
the values of ϵ and MinPts can be set freely, the user can come up with a good set of
values for the algorithm to perform well.

Algorithm 1 DBSCAN Algorithm
1: Label all points as core, border, or, noise points.
2: Eliminate noise points.
3: Put an edge between all core points that are within Eps of each other.
4: Make each group of connected core points into a separate cluster.
5: Assign each border point to one of the clusters of its associated core points.

Fig. 4.11 Simple siimulation environment.

4.3.2 Results- DBSCAN
The robot with the LRF was moved in an artificial test environment as shown in

Figure 4.11. The values of ϵ and NMinP ts are set by training the robot and looking
into the noise characteristics. The robot is trained in an actual environment based on
user feedback. For a fixed value of NMinP ts, a maximum value is assigned to ϵ, i.e.,
ϵ = ϵmax. The value of ϵ is consequently decreased - step by step - until a minimum
ϵmin is achieved, which gives an optimum noise reduction. Figure 4.11 shows the test
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(a) Laser scan showing the raw LRF data with noise areas circled in red.

(b) DBSCAN result.

Fig. 4.12 DBSCAN result on sample LRF data.
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(a) Raw laser scan with noise. (Random noise was added
to test the DBSCAN algorithm)

(b) Noise removed using DBSCAN.

Fig. 4.13 DBSCAN result on the test environment.
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environment where the robot was moved to collect the data points. Figure 4.13 shows
the result of DBSCAN on the test environment where, Figure 4.13a shows the raw
LRF data of the environment without removing noise. Figure 4.13b shows the result
of DBSCAN applied on the raw data.

4.3.3 Noise removal using Mathematical Morphology

(a) Dense 3 (b) Plus 4 (c) Plus 8 (d) Star

Fig. 4.14 Structuring element kernel type. (a) DENSE×3, (b) PLUS×4, (c) PLUS×8,
(d) STAR×8. The central data point indicated in green is the point to be processed.

Fig. 4.15 Result of erode-dilate on LRF data.(a) Raw laser data of a wall with noise,
(b) the erode operation, and (c) the dilate operation on (b).

Morphology is a branch of mathematics which deals with a wide range of operators
and which is particularly useful for the analysis of binary images. This section shows
the applicability of these techniques on LRF data. The basic idea is to treat each point
Px,y obtained from the LRF as a pixel. Initially, the entire grid of size height× width
of the setup environment is supposed to be null (i.e., zero). The points in the grid
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where the LRF data have a value greater than zero are treated as one. Next, we
apply an erosion algorithm over the untreated scanned data. Details of the erosion
technique can be found in various sources [85, 89]. Erosion basically takes the logical
AND operator of neighbouring data (which can be 0 or 1) to output the resultant data.
In order to effectively apply an erosion technique over raw sensor data, this section
describes different kinds of kernels, which can be selected by the user according to the
characteristics of noise. Each kernel is characterized by three parameters given by a
logical vector:

V =
[
±ψH ±ψV ±ψC

]T
(4.6)

Here, H,V and C represent the horizontal, vertical and crosswise (or diagonal) direc-
tions, respectively. Figure 4.14 shows the kernels DENSE×3, PLUS×4, PLUS×8 and
STAR×8.

The raw LRF data (denoted by A) is viewed as a subset of the integer grid E = Zdim

where dim = 2. The raw data is probed with a predefined shape (structuring element,
denoted by B) shown in Figure 4.14b, which is a binary datum itself whose shape
is defined by vector ψi where i ∈ H,V,C. For example, the structuring element
B=PLUS×8 (Figure 4.14c) is defined by:

ψi = ±2, i ∈ (H, V ), ψC = 0 (4.7)

E = Z2; B ={(−2, 0), (−1, 0), (0, 0), (1, 0), (2, 0), (4.8)
(0,−1), (0,−2), (0, 1), (0, 2)}

Erosion is defined by [93]:

A⊖B = {z ∈ E|Bz ⊆ A} or A⊖B =
⋂

b∈B

A−b (4.9)

where Bz is the translation of vector B by vector z:

Bz = {b+ z|b ∈ B} ,∀z ∈ E (4.10)

Erosion may also remove the actual data along with the noise. Although this may
seem to be a drawback, in the case of LRF data it actually helps in data reduction for
the faster computation of clustering [81]. Some of the actual data lost by erosion can
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Table 4.1 Definition of various kernels with parameters.

Fig.No. Kernel Type ψH ψV ψC

Figure 4.14a DENSE×3 ±1 ±1 ±1
Figure 4.14b PLUS×4 ±1 ±1 0
Figure 4.14c PLUS×8 ±2 ±2 0
Figure 4.14d STAR×8 ±2 ±2 ±2

be obtained by performing a dilate operation, which is defined by:

A⊕B =
{
z ∈ E|(BS)z ∩ A ̸= ‰

}
or A⊕B =

⋃
b∈B

Ab (4.11)

where BS denotes the symmetric of B, i.e.:

BS = {x ∈ E| − x ∈ B} (4.12)

The kernels shown in Figure 4.14 are defined by the three parameters (ψH , ψV , ψC)
summarized in Table 4.1. It is obvious that the kernel DENSE×3 will remove more
noise than the kernel PLUS×4. Similarly, the kernel STAR×8 will remove more noise
than the kernel PLUS×8. Since some actual LRF data also gets removed during the
noise removal process, it is beneficial to actually try out and train the robot using
different kernels in the actual environment. This can easily be done using the proposed
framework, which is discussed in detail in Section 4.7. Figure 4.15(b) shows the results
of noise reduction by Erosion using the PLUS×4 kernel on noisy LRF data shown in
Figure 4.15(a). Notice that some of the actual LRF data also gets removed, which can
be recovered by applying dilation (the result of which is shown in Figure 4.15(c)).

4.4 Embarrassingly Parallel Noise Removal Tech-
nique from LRF data

This section proposes an algorithm which is very fast and embarrassingly parallel [80].
In parallel computing, an embarrassingly parallel workload, or embarrassingly parallel
problem, is one for which little or no effort is required to separate the problem into a
number of parallel tasks. This is often the case where there exists no dependency (or
communication) between those parallel tasks [35]. While algorithms like DBSCAN scan
each pixel or data element’s neighbor to check the density, the proposed algorithm scans
the entire input data using a window which can perform multiple hops to accelerate
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processing. By performing multiple hops, acceleration is obtained by actually not
processing some of the parts of the input data which are less significant in features. A
‘reverse-hop’ mechanism ensures that significant data is not omitted during multiple
hops.

4.4.1 Hopping Noise Removal Algorithm
The algorithm is based on density of Lidar sensor data. Initially, the entire Lidar

sensor data of the environment is treated as a binary image of size (W ×H) where W
and H represents the width and height of the environment, respectively. Each data
point D(x, y) where Lidar sensor has a value is treated as a HIGH pixel P (x, y) of the
image. Points where there is no Lidar sensor data is treated as a LOW pixel of the
image. Here, HIGH and LOW represents pixel values 1 and 0, respectively (as the
image is binary).

P (xi, yj) =

1, if D(xi, yj) exists

0, otherwise
∀i ∈ (0 · · ·W ),∀j ∈ (0 · · ·H) (4.13)

A hopping window Ψw,h
r,c is a rectangular window within the image space of height

h and width w, where, (0 < h < H) and (0 < w < W ), with (r, c) representing the
topmost coordinates of hopping window. Ψw,h

r,c scans the entire image from P (0, 0) to
P (H,W ) and checks for the pixel density represented by δ as shown in Figure 4.16.
Pixel density δ is the total number of HIGH pixels per square unit of total number of
pixels in Ψw,h

r,c and is given by the following equation,

δ =

r+h∑
i=r

c+w∑
j=c

P(xi,yi)

w × h
(4.14)

where, P(xi,yi)) is given by Equation (4.13). If the pixel density in a hopping window
Ψw,h

r,c is less than a threshold density τδ, pixels in that window are considered to be
noise and removed. Otherwise, the pixels in that window are treated as ‘data’.

P (xi, yj) =

NOISE, if δ < τδ

DATA, if δ ≥ τδ

(4.15)
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Fig. 4.16 Hopping window concept. (a) and (b) δ < τδ treated as noise, (c) δ ≥ τδ

treated as data, (d) δ = 0, trigger for multiple hopping condition

In Figure 4.16, window Ψ shown by (a) and (b) satisfies δ < τδ and all the pixels inside
the window are treated as noise and removed. For Ψ in (c), δ ≥ τδ is satisfied and
data is not removed. For Ψ shown in (d), δ = 0 satisfies and it triggers multiple hop
condition explained next.

A window Ψ may perform multiple hops in order to improve the speed of the
algorithm. There may be continuous regions of the Lidar space with no data at all. All
such areas will be filled with 0 in the binary image space according to Equation (4.13).
And, the pixel density (δ) for such areas will be 0 according to Equation (4.14). For
successive hops of Ψ, if pixel density δ too successively turns out to be zero, then
a probability of δ turning out to be zero (pδ→0) for the next hop is assumed. This
probability is a function of a variable ‘confidence’ denoted by ζ, where 0 ≤ ζ ≤ Tζ and
Tζ represents the threshold confidence. The value of ‘confidence’ increases or decreases
according to the value of δ calculated with each hop of Ψ as,

pδ→0 ∝ ζ (4.16)
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Fig. 4.17 The reverse-hopping trigger condition.

For continuous regions of δ = 0, the window Ψ may perform multiple hops (i.e.
skip the next hop and move on to the next to next region), as continuous scanning will
result in unnecessary calculation of δ, which will be a waste of computational time.

Initially the value of ‘confidence’ ζ is set to 0. For the first time when window
Ψ calculates δ = 0, ζ is still set to 0. If, δ is calculated as zero for the consecutive
hop, ζ is increased by 1. This process is repeated and the value of ζ is increased by 1
provided ζ < Tζ . Once, the value of ζ becomes equal to the confidence threshold Tbeta,
ζ is saturated at the value Tζ . Formally, the value of ζ is given by Equation (4.17).

ζ =



0, if δ = 0, 1st scan

ζold + 1, if δconsecutive = 0 and ζold < Tζ

Tζ , if δconsecutive = 0 and ζold ≥ Tζ

0, if δ ̸= 0

(4.17)

Multiple hops of Ψ is performed for ζ ≤ Tζ . However, after performing multiple
hops, if a condition of δ ≠ 0 is reached, it indicates that data might be in the proximity
of the window Ψ and the skipped windows may contain actual data. Hence, ‘reverse-
hop’ is performed and window Ψ goes back to the skipped locations. Specifically, Ψ
reverse-hops by ζold times and the new ζ is again set to 0. Pixel density δ is calculated
and forward hops is resumed. For (ζold − 1)th forward hop, the value of ζ is set to 1,
because pixel-density at the next window has already been calculated (since it is the
window where reverse hop was performed), and the operation is resumed.
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This is explained graphically in Figure 4.17. The value of ζ is set to 0 and confidence
threshold Tζ is set to 2, at the beginning of the algorithm. The window encounters
δ = 0 at window location (a) shown in Figure 4.17. For the first case, ζ is set to 0
according to Equation (4.17) and window hops to (b). Again, δ = 0 is calculated and
ζ is set to 1 according to Equation (4.17) (ζ ← ζold + 1, ζold = 0). Value of ζ = 1
indicates to hop over 1 window space and processing of window (c) is emitted. This
hop is represented by arrow ii. For window (d) too, δ is found to be 0 and hopping
confidence ζ is set to 2 and processing at two windows (e) and (f) are omitted. At
window location (g), δ is zero but no increment of ζ is performed as threshold (Tζ = 2)
has been reached and (h) and (i) are skipped. In similar fashion, hop is performed
from (j) to (m). At window location (m), δ ̸= 0, and this triggers condition for reverse
hopping. Value of ζ is set to 0 and window ‘reverse-hops’ to location (k) from (m). In
other words, ζold times reverse hop is performed (ζold = 2).

Listing 4.1 Hopping Window Noise Removing Algorithm
1: // Parameters :

2: //

3: // FWIN_HEIGHT -> height of window

4: // FWIN_WIDTH -> width of window

5: // THRESHOLD -> pixel density threshold

6: // P[W][H] -> binary matrix of Lidar data

7: //

8: .

9: .

10: .

11: .

12: void FWNoiseRemove ()

13: {

14: int w;//top -left ’x’ coordinate of window

15: int h;//top -left ’y’ coordinate of window

16:
17: for(h=0; h < H; h+= FWIN_HEIGHT )

18: {

19: for(w=0; w < W; w+= FWIN_WIDTH )

20: {

21: FWcore (w,h); // call core for window

22: }
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23: }

24: }

25:
26:
27: // Core

28: void FWcore (int w, int h)

29: {

30: int c, r; // col , row

31: int sum = 0; // sum of all HIGH points

32: int WIN_AREA = FWIN_HEIGHT * FWIN_WIDTH ;

33: boolean flag = false ;

34:
35: // scan window

36: for(r=h;r<h+ FWIN_HEIGHT &&! flag;r++)

37: {

38: for(c=w;c<w+ FWIN_WIDTH &&! flag;c++)

39: {

40: if(P[r][c]== HIGH)

41: {

42: sum ++;

43: if(sum/ WIN_AREA > THRESHOLD )

44: {

45: // break loop

46: flag = true;

47: }

48: }

49: }

50: }

51:
52: // if pixel density < THRESHOLD

53: if(! flag)

54: {

55: // make all LOW in that window

56: for(r=h;r<h+ FWIN_HEIGHT ;r++)

57: {

58: for(c=w;c<w+ FWIN_WIDTH ;c++)

59: {
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60: R[r][c]= LOW;

61: }

62: }

63: }

64: }

Notice that, for window location (l), ζ is set to 1, as location (l) is the ζold
th hop

from previous location (j) (ζold = 2). Thus, location (m) is skipped and window hops
from location (l) to (n) and reprocessing of window (m) is prevented (location ‘m’ was
already processed and was the location where ‘reverse-hop’ took place, so there is no
need to process it again). The operation resumes henceforth from location (n) with
ζ = 0.

Multiple hop mechanism provides a way to speed up processing, while at the same
time ‘reverse-hop’ mechanism prevents the omission of actual data processing which
may occur by multiple hops. It is obvious that certain special data shapes may still
cause omission of data processing by multiple hop mechanism especially if the hopping
confidence (Tζ) is set to a large value. Hence, a smaller value of Tζ is good for the
proposed algorithm.

Listing 4.1 shows the implementation of hopping window noise removal algorithm
in Java language. Notice that, the algorithm showcases the core part of the algorithm
and does not show the multiple hopping mechanism to preserve space. However, it can
easily be incorporated in the algorithm.

4.4.2 Parallel implementation of the algorithm
The proposed algorithm is embarrassingly parallel. The binary image P (i, j) where

0 ≤ i < H and 0 ≤ j < W , can be divided into different subspace and each subspace
can be processed ‘independently’ of the other thread/process for removing noise.
Figure 4.18 shows binary image of Lidar data divided into four quadrants of size W

2 ×
H
2

denoted by Q1 to Q4. Each of the quadrants can independently be processed for noise
removal. As shown in Figure 4.18, quadrant Q2 has no data while the other quadrants
have Lidar data. Thus, the thread/process will perform multiple hops in quadrant Q2.
Each thread/process will have its own ζ, however, all the threads/processes will use the
same values for threshold confidence (Tζ), frame window width (w) and height (h). The
values of hopping window width (w) and height (h) are selected such that they perfectly
divide the binary image P (i, j)’s width (W ) and height (H), respectively. Similarly,
while dividing the binary pixel image P (i, j) into sub-spaces, hopping widow width
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Fig. 4.18 Parallel implementation of hopping window noise removing algorithm imple-
mented with 4 threads/processes. Each thread/process works on one of the quarters of
the images from Q1 to Q4.

and height must be such that they perfectly divide the width (W/2) and height (H/2)
of the subspace, respectively. Notice also that the proposed algorithm is thus very
suitable for parallel implementation on GPU and other special multicore architectures
[82].

4.4.3 Result
Fig.4.19a shows the binary image constructed from Lidar data. This image serves as

an input of the proposed algorithm. Noise was randomly added to test our algorithm.
The binary image was a square buffer of size N ×N pixels, where N=3600 (W=H=N).
The height (h) and width (w) of the hopping window was both set to 10. The pixel-
density threshold (Tζ) was set to 0.6. Figure 4.19b show the result after removing
noise. The time required was calculated for noise removal by averaging the time of
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(a) Binary image constructed from Lidar data. Noise was randomly added around Lidar data.

(b) Result of noise removal using hopping window algorithm.

Fig. 4.19 Results of noise reduction using Hopping window
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100 iterations for Figure 4.19b. The average time required for noise removal of the
test data shown in Figure 4.19a using serial execution was 34 milli seconds. A parallel
implementation of the algorithm by using four threads and dividing the binary image
into four quadrants as shown in Figure 4.18 and the processing was completed in 19
milliseconds. The algorithm is trained to determine the values of Tζ , h and w before
starting the algorithm for Hokuyo URG-04LX Lidar sensor. This initial training may
be one of the limitations of the proposed algorithm. But, the algorithm is very fast
and its implementation too is straightforward.

4.5 Clustering Algorithms
There are a number of clustering algorithms proposed for different applications

[48, 105] and to discuss all of them in this thesis would not be feasible, however, in
context with the thesis work two major clustering algorithms will be discussed in the
following sections.

1. k-means Clustering

2. Fuzzy c-means clustering

4.5.1 k-means
k-means is a prototype-based, partial clustering technique that attempts to find

a user-specified number of clusters (K), which are represented by their centroids.
k-means defines a prototype in terms of a centroid, which is usually the mean of a
group of points, and is typically applied to objects in a continuous n-dimensional space.
k-means is one of the oldest and most widely used clustering algorithms [48, 97].

Basic k-means Algorithm

The k-means clustering technique is simple, and we begin with a description of
the basic algorithm. We first choose K initial centroids, where K is a user-specified
parameter, namely, the number of clusters desired. Each point is then assigned to the
closest centroid, and each collection of points assigned to a centroid is a cluster. We
repeat the assignment and update steps until no point changes clusters, or equivalently,
until the centroids remain the same. The k-means algorithm is described by Algorithm 2
[97].

Figure 4.20 describes the operation of k-means, which shows how from three centroid
points the final clusters are formed in subsequent iterations. Each subfigure shows (1)
the centroids at the start of the iteration (2) assignment of points to those centroids.
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Algorithm 2 Basic K-Means Algorithm
1: Select K points as initial centroids.
2: repeat
3: Form K clusters
4: Recompute the centroid of each cluster.
5: until Centroids do not change.

The centroids are shown by “o"symbol. Also each cluster has the same marker shape.
Figure 4.20(a) represents the input data for the k-means. In Figure 4.20(b) points are
assigned to the initial centroids. After the points are assigned to the centroid, the
centroid is then updated. In the second step the points are assigned to the updated
centroids, and the centroids are updated again. Figure 4.20(c), (d) and (e) shows the
centroids moving to the bottom of the groups. Figure 4.20(e) shows the termination of
the k-means algorithm since no more convergence occur, the centroids are assigned
to the respective clusters. Figure 4.20(e), k-means reaches a state in which no points
are shifting from one cluster to another, in other words, k-means always converge to a
solution. Hence the centroids don’t change [97]. The following paragraphs describe
each step of the k-means algorithm in detail.

Assigning Points to the Closest Centroid

A proximity measure is essential to assign point to the nearest centroid. Euclidean
distances (L2) are often used for such data points. Since k-means algorithm repeatedly
calculates similarity of each point to each centroid, the similarity measures used for
k-means are relatively simple.

Data in Euclidean Space

The goal of the clustering is typically expressed by an objective function that
depends on the proximities of the points to one another or to the cluster centroids;

Table 4.2 Table of Notations for k-means algorithm

Symbol Description
x An object

Ci The ith cluster.
ci The centroid of cluster Ci

mi The number of objects in the ithcluster.
m The number of objects in the data set.
K The number of clusters.



4.5 Clustering Algorithms 70

Fig. 4.20 Illustration of k-means algorithm. (a) 2D input data with three clusters; (b)
three seed points selected as cluster centers and initial assignment of the data points to
clusters; (c) and (d) intermediate iterations updating cluster labels and their centers;
(e) final clustering obtained by k-means algorithm at convergence [48].

e.g., minimize the squared distance of each point to its closest centroid. Consider data
whose proximity measure is Euclidean distance. For the objective function, which
measures the quality of a clustering, we use the sum of squared error (SSE). In other
words, we calculate the error of each data point, i.e. its Euclidean distance to the
closest centroid, and then compute the total sum of the squared errors. Given two
different sets of clusters that are produced by two different runs of k-means, we prefer
the one with the smallest squared error since this means that the centroids of this
clustering are a better representation of the points in their cluster. The SSE [48, 97] is
defined as

SSE =
K∑

i=1

∑
xϵCi

dist(ci, x)2 (4.18)

where ’dist’ is the standard Euclidean distance (L2) between two objects in Euclidean
space. Given these assumptions, it can be shown that the centroid that minimizes the
SSE of the cluster is the mean. Using the notation in Table 4.2, the centroid (mean) of
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the ith cluster is defined by Equation (4.19),

ci = 1
mi

∑
xϵCi

x (4.19)

Steps 3 and 4 of the k-means algorithm directly attempt to minimize the SSE
or the objective function. Step 3 forms clusters by assigning points to their nearest
centroid, which minimizes the SSE for the given set of centroids. Step 4 recomputes
the centroids so as to further minimize the SSE.

Derivation of k-means as an Algorithm to Minimize the SSE

In this section the mathematical derivation [97] of the k-mean algorithm when the
proximity function as a Euclidean distance and the objective is to minimize the SSE.
The derivation explains how to best update a cluster centroid to minimize the cluster
SSE. Rewriting Equation (4.18) specialized in one dimensional data.

SSE =
K∑

i=1

∑
xϵCi

dist(ci − x)2 (4.20)

Using notations from Table 4.2, we can solve for the kth centroid ck, which minimizes
Eq. (2.3) by differentiating the SSE, setting it equal to 0, and solving below.

∂

∂ck

SSE = ∂

∂ck

K∑
i=1

∑
xϵCi

(ci − x)2

=
K∑

i=1

∑
xϵCi

∂

∂ck

(ci − x)2

=
∑
xϵCk

2× (ck − xk) = 0

∑
xϵCk

2× (ck − xk) = 0⇒ mkck =
∑
xϵCk

xk = ck = 1
mk

∑
xϵCk

xk

(4.21)

Thus, the best centroid for minimizing the SSE of a cluster is the mean of the points
in the cluster.

Time and Space Complexity of k-means algorithm

Since only the data points and centroids are stored k-means has a moderate storage
requirement. The storage required [48, 97] is O((m+K)n), where m is the number of
points and n is the number of attributes. The time requirements [97] for k-means are
linear in the number of data points. The time required is O(I ×K ×m× n), where I
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is the number of iterations required for convergence. Thus, k-means is linear in the
number of points m, and is efficient and simple provided that number of clusters K, is
significantly less than m.

4.5.2 Fuzzy c-means Clustering
The Fuzzy c-Means Clustering or FCM [10] is an extension of the k-Means clustering.

FCM in many ways is similar to the k-Means clustering except that every data object
in the data set is given membership by weight (generally 0 to 1), and each data object
belong to every cluster with a weightage (0 for doesn’t belong at all and 1 for absolutely
belong). Thus every point in the data set belongs to each and every cluster with a
probability (0 to 1). The objective function that FCM optimizes is

Jm =
N∑

i=1

C∑
j=1

um
ij ∥xi − cj∥2 , 1 ≤ m ≤ ∞ (4.22)

where m ∈ R and m ≥ 1 , ui,j is the degree membership of xi in the cluster j, xi is the
ith of the d-dimensional measured data, cj is the d-dimensional center of the cluster,
and ∥∗∥ is any norm expressing the similarity between any measured data and the
center.

Fuzzy partitioning is carried out by iterative optimization of the objective function
Jm, with update membership uij and cluster centers cj by

uij = 1∑C
k=1

(
∥xi−cj∥
∥xi−ck∥

) 2
m−1

, cj =
∑N

i=1 u
m
ijxi∑N

i=1 u
m
ij

(4.23)

the iteration stops when maxij

{∣∣∣uk+1
ij − uk

ij

∣∣∣} < ε where ε is a termination criterion
between 0 and 1, whereas, k are the iteration steps. The process always converges to a
local minimum or Jm.

4.5.3 FCM Algorithm
• Step 1: Initialize U = [uij] matrix, U (0).

• Step 2: At k-step: calculate the centers vectors C(k) = [cij] with U (k)

cj =
∑N

i=1 u
m
ijxi∑N

i=1 u
m
ij
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• Step 3: Update U (k), U (k+1)

uij = 1∑C
k=1

(
∥xi−cj∥
∥xi−ck∥

) 2
m−1

• Step 4: if maxij

{∣∣∣uk+1
ij − uk

ij

∣∣∣} < ε then STOP; otherwise return to Step 2.

4.5.4 Results - k-means and Fuzzy c-means
After removing the noise, clustering is applied on the noise-free LRF data. Clustering

can be performed on real-time LRF data after each step in Online Mode or after a
predefined Nsmax steps in Offline Mode. The choice of the mode of operation of the
robot will also determine the number of clusters performed at each step. For Online
Mode, the number of clusters (and hence the centroid) formed at each step is one,
while for Offline Mode it can be greater than one (≤4 in our test environment). Either
k-means or fuzzy c-means clustering is applied.

Figure 4.21a and Figure 4.21b shows the result of applying k-means clustering and
c-means clustering on noise-free LRF data with 52 clusters, respectively. The different
colours applied to the LRF data clearly show the different clusters and have no other
significance. The centroids obtained are also shown as circles in the case of k-means
clustering and rectangles in the case of c-means clustering in Figure 4.21a and Figure
4.21b, respectively. Later, these centroids are joined to form the map.

4.5.5 Generating Straight-line Maps
If the centroids shown in Figure 4.21a and 4.21b are joined, exact straight-line maps

may not be obtained as the centroids do not lie on the same slope [79]. In some cases,
it may be desirable to obtain straight-line maps. This can be solved by applying SVD
to the centroids or by taking a Hough transform of the centroids. A brief description
of both approaches is given in the following sections.

Applying SVD to the Centroids of the Clusters

A straight line can be obtained by applying SVD [66, 78, 83] on the matrix A which
is composed of the centroids (c1, c2 · · · cn) obtained after the clustering of the LRF data
for a given θ:

A =


c1

c1

·
cn

 (4.24)
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(a) k-means result with 52 clusters.

(b) Fuzzy c-means result with 52 clusters.

Fig. 4.21 Results of k-means and fuzzy c-means clustering on noise free data.
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Fig. 4.22 Straight-line generation from centroids using SVD and Hough transform. The
blue points represent the centroids, the red line represents the SVD line, while the
green line represents the line obtained from the Hough transform.

The SVD of a matrix A is expressed as:

A = USV T (4.25)

where U and V T are orthonormal matrices consisting of the left and right singular
vectors, and S is the diagonal matrix which is formed by the singular values arranged
in decreasing order of the on-diagonal elements as follows:

U = [u1 · · ·un] (4.26)

S =
diag(σ1σ2 · · ·σn)

0

 (σ1 ≥ σ2 · · · ≥ σn) (4.27)

V = [v1 · · · vn] (4.28)

The matrices U and V satisfy UTU = I and V TV = I, where the matrix I

represents the identity matrix.
The SVD calculations consist of evaluating eigenvalues and eigenvectors of AAT

and ATA. The eigenvectors of ATA make up the columns of V and the eigenvectors of
AAT make up the columns of U . Moreover, the singular values in S are square roots
of the eigenvalues from AAT or ATA.

After computing the SVD of the centroids, the minimum (near-zero) singular values
(σ) of the matrix S are ignored and set to zero. This is similar to the technique used
in principal component analysis. The Snew with the smaller singular values ignored is
then used to recalculate the matrix Anew consisting of points on the regression line as:

Anew = USnewV
T (4.29)
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Fig. 4.23 Line representation in ρ and θ parameter.

Applying a Hough Transform to the Centroids of the Clusters

A Hough transform is a technique for line extraction from binary images and its
details are available in [5, 23]. The motivating idea behind the the Hough transform
technique for line detection is that each input measurement (centroids in this case)
indicates its contribution to a globally consistent solution. In the spatial domain, the
straight line can be expressed as:

y = mx+ c, (4.30)

The equation of the line in the Hough space (ρ, θ) can be expressed as (Figure 4.23):

ρ = x cos θ + y sin θ. (4.31)

The Hough transform algorithm is applied on the centroids obtained from k-means or
fuzzy c-means clustering. After calculating the highest votes in the (ρ, θ) space, an
inverse Hough transform is applied which gives the line passing through the maximum
number of centroids. The Hough transform and inverse Hough transform algorithm
applied on the centroids is described in Algorithm 3.

Figure 4.22 shows the results of straight-line generation using SVD and the Hough
transform on the centroids. The blue points represent the centroids of clusters obtained
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Algorithm 3 Straight-line generation from centroids using a Hough transform.
1: Pi ← {p1, p2, p3, · · · , pn}/ ∗ centroids ∗ /
2: V (ρ, θ)← 0; / ∗ clear vote− accumulator ∗ /
3: Max_θ; / ∗ max θ ∗ /
4: W ; / ∗ max x size ∗ /
5: / ∗ Convert points P (xi, yi) to V (ρi, θi) ∗ /
6: for ∀xi ∈ Pi do
7: for ∀yi ∈ Pi do
8: if P (xi, yi) == Bright then
9: / ∗ Eval : P (xi, yi)→ V (ρi, θi) ∗ /;

10: for 0 ≤ θ ≤Max_θ do
11: ρ← xi × cos(θ) + yi × sin(θ)
12: / ∗ increment vote− accumulator ∗ /
13: V (ρi, θi)→ V (ρi, θi) + 1;
14: end for
15: end if
16: end for
17: end for
18: / ∗ Find Max V (ρi, θi) ∗ /
19: Tρ,θ ← 0
20: for ∀ρi ∈ Vi do
21: for ∀θi ∈ Vi do
22: if Tρ,θ < Vρi,θi

then
23: Tρ,θ ← Vρi,θi

;
24: end if
25: end for
26: end for
27: / ∗ Extract line from Tρ,θ ∗ /
28: for ∀xi ≤ W do
29: ρ← Tρ

30: θ ← Tθ

31: yi ← (ρ−xi×cos(θ))
sin(θ)

32: Linexi,yi
← Bright

33: end for
34: Draw Linexi,yi
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after the noise reduction and k-means clustering of a wide band of LRF data. The red
line represents the line obtained after applying SVD. The green line represents the
line obtained by using the Hough transform. It is clear from Figure 4.22 that SVD
generates the regression line, whereas the Hough transform generates a line which
passes through the maximum number of centroids. Since the number of clusters nc is
significantly less than the actual number of data points N (i.e., nc << N), the Hough
transform and the SVD are relatively inexpensive in terms of computation and memory
in obtaining a straight line from the centroids.

Thus, the process of map generation in the spatial domain involves the following
steps:

1. Gather LRF data in Online, Offline or Mixed Mode and segment data.

2. Remove noise by DBSCAN or mathematical morphological kernels.

3. Apply k-means or fuzzy c-means clustering.

4. Join centroids obtained after clustering.

5. Obtain straight-line maps by applying SVD or Hough transform to centroids.

The accuracy of the line maps obtained by joining the centroids around corners is
affected by the number of clusters. One way to solve this problem is to increase the
number of clusters. Furthermore, to overcome the extraction of the corners, other
techniques like the split and merge [13, 71, 73] and IEPF [24] algorithms discussed
earlier can be used.

4.6 Clustering in the Hough Domain (Accumulator
Space)

The previous section discussed clustering in the spatial (i.e., xy) domain, in which
clustering (k-means or fuzzy c-means) was directly applied to the LRF data after
removing noise. It is necessary to first remove noise and then apply clustering because
clustering is greatly affected by noise [56]. However, we can overcome this limitation
by clustering in the Hough (ρ, θ) domain.

The Hough transform generates a straight line by looking into each LRF data
point and, if there is enough evidence of an edge on that point, the Hough transform
calculates the parameters for that line and increments the corresponding accumulator
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(a) Line extraction by clustering in the Hough domain. The green line and the
blue line correspond to vote values of ’6’ and ’5’, respectively. The red line is
drawn against the centroid point. (δ = 1)

(b) The Hough accumulator space showing a vote value of ’6’ in green and
a vote value of ’5’. Their centroid is indicated in red.

Fig. 4.24 Map generated using clustering in the spatial domain.
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(a) Sample laser sensor scan data,

(b) corresponding Hough space.

(c) single straight line (red)

Fig. 4.25 Line generated after clustering the Hough Space parameters. The red line is
the optimum line obtained by clustering in the Hough domain.
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vote value [5, 23]. By finding the highest number of votes, or by looking for the local
maxima in the accumulator space, the most-likely lines are extracted. However, with
this method, votes which are even slightly lower than the threshold or the local maxima
are ignored or else not taken into consideration while extracting the line. This is
not good, especially when the data contains a lot of noise. Moreover, for long-range
measurements, the noise increases for long-range sensors.

A Hough transform applied on a set of collinear points will converge at a single
peak representing the highest number of votes in the accumulator space. Applying an
inverse Hough transform on the peak point will generate a single straight line. However,
in the real world, when the robot is moving, the LRF data is not collinear. An example
of actual LRF data is shown in Figure 4.25a. Applying a Hough transform on this
LRF data will generate a Hough space, as shown in Figure 4.25b, in which the (ρ, θ)
curves do not intersect at a single point but rather at many intersecting points. Each
intersecting point in the Hough space will correspond to a straight line which passes
through one or more of the LRF data points. For the highest number of votes in the
accumulator space, 13 green lines were produced, as shown in Figure 4.25c.

Researchers have proposed many solutions [31, 41, 49, 101] for obtaining the most
optimum parameter value by which a single straight line can be produced. Most of
them are proposed for finding straight lines in real images for boundary or feature
extraction. For the purpose of obtaining a single line for the LRF data, this thesis
proposes a new algorithm using the clustering of Hough space parameters.

To obtain a single straight line from the LRF data, we extend the voting procedure
in the accumulator space to clustering[84]. After getting the maximum vote value from
the Hough space parameters (ρ, θ), clustering is applied to the accumulator votes which
lie within a threshold in order to evaluate and compute a centroid. Generally, the
highest vote value from the (ρ, θ) accumulator space is selected and a corresponding
single line is obtained from that value. However, there are two problems with this
approach. Firstly, there can be multiple points in the (ρ, θ) accumulator space with
same highest-vote value. Each highest-vote value of (ρ, θ) will generate its own line,
which will result in multiple line extractions. To get a single line for the purpose
of building meaningful maps, the highest voted points are clustered and a centroid
is obtained. The single line corresponding to the centroid point (ρ, θ) will receive
contributions from all the highest voted points. Secondly, in a noise-free environment,
the centroid of only the highest voted rho-theta (V maxrt) point can be calculated
and a single line can be extracted to this point. However, for (ρ, θ) points whose vote
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Algorithm 4 Mapping using clustering in the Hough domain.
Pi ← {p1, p2, p3, · · · , pn}/∗ datapoints ∗
/

2: V (ρ, θ) ← 0; / ∗ clear vote −
accumulator ∗ /
Max_θ; / ∗ max θ ∗ /

4: W ; /∗max x size ∗/, C; /∗ cluster ∗/

k; / ∗ points to be clustered ∗
/, δ; / ∗ min difference range ∗ /

6: for each Sn do
/∗ Convert points P (xi, yi) to V (ρi, θi) ∗
/

8: for ∀xi ∈ Pi do
for ∀yi ∈ Pi do

10: if P (xi, yi) == Bright then
/∗ Eval : P (xi, yi)→ V (ρi, θi) ∗
/;

12: for 0 ≤ θ ≤Max_θ do
ρ← xi×cos(θ)+yi×sin(θ)

14: / ∗ increment vote −
accumulator ∗ /
V (ρi, θi)→ V (ρi, θi) + 1;

16: end for
end if

18: end for
end for

20: / ∗ Find Max V (ρi, θi) ∗ /
Tρ,θ ← 0

22: for ∀ρi ∈ Vi do
for ∀θi ∈ Vi do

24: if Tρ,θ < Vρi,θi
then

Tρ,θ ← Vρi,θi
;

26: end if
end for

28: end for
/∗Generate clusters of votes V (ρi, θi)

30: in range δ ∗ /
k ← 0

32: Tρ,θ ← 0
for ∀ρi ∈ Vi do

34: for ∀θi ∈ Vi do
if Tρ,θ − δ ≤ Vρi,θi

then
36: C.join(Vρi,θi

);
k ← k + 1

38: end if
end for

40: end for
/∗ Apply clustering on k points ∗/

42: /∗ Randomply select a centroid ∗/

K ← {C1, C2, C3, · · · , Ck} : K ∈ C;

44: flag_converge← FALSE;
while !flag_converge do

46: recompute_centroid(Pk);
if Centroids PK == converged
then

48: flag_converge← TRUE;
end if

50: end while
Cρ ← Cρ,θ

52: Cθ ← Cρ,θ

/ ∗ Extract line from Cρ,θ ∗ /
54: for ∀xi ≤ width do

ρ← Cρ

56: θ ← Cθ

yi ← (ρ−xi×cos(θ))
sin(θ)

58: Linexi,yi
← Bright

end for
60: Draw Linexi,yi

end for
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value is slightly less than the highest vote (ex. V maxrt − 1), these do not contribute
to the final line and they are ignored when the environment is noisy. These slightly
low voted points can also be taken into account while calculating the centroid, and the
generated line will have contributions not only from the highest voted points but also
from the slightly less voted points. This is shown in Figure 4.24. Figure 4.24a shows
a sample lidar data scan with noise. Figure 4.24b shows the corresponding Hough
voting space. The green line in Figure 4.24a is the line passing through the maximum
number of points(corresponding to the highest vote value ’6’, shown as a green dot
in Figure 4.24b), and in a noise free environment this will be the desired line. The
blue line is the line passing through slightly fewer points (corresponding to a vote
value of ’5’, shown as a blue dot in Figure 4.24b). In a noisy environment, this line
should also contribute to the final result line. The red line represents the passing line
corresponding to the centroid of the highest voted (ρ, θ) point with six votes and the
slightly less voted point with five votes, shown as a red dot in Figure 4.24b.

Points with low votes generally correspond to noise and are not taken into account
while clustering, and thus the effect of noise is greatly reduced particularly in the case
of the LRF data. By taking the inverse Hough transform of the centroid, the most
optimum line is obtained, which has contributions from the highest voted points. For
the Hough space shown in Figure 4.25b, the most optimum line obtained after the
inverse Hough transform is shown in Figure 4.25c as a red line. Clustering can be done
using k-means or fuzzy c-means clustering.

The algorithm is described in Algorithm 4 and explains the clustering of the Hough
parameters using k-means clustering. For each segment of data Sn obtained after
applying segmentation described in 4.2.2, the algorithm begins by taking the Hough
transform of the LRF data. Next, the highest vote value (denoted by Tρ,θ) in the (ρ, θ)
domain is found. In the next step, all the values of (ρ, θ) denoted by Vρ,θ whose values
are within the range δ (i.e., Tρ,θ − δ ≤ Vρ,θ) are extracted. Later, clustering is applied
on the set of all such points and a centroid is obtained. Finally, the inverse Hough
transform of the centroid point is taken to generate a line. The value of δ is generally
set to ’0’, ’1’ or ’2’. The higher values of δ will enable the clustering of (ρ, θ) points
with lesser votes, which is not desirable. In the case of multiple lines, the LRF points
corresponding to each line will be segmented into respective segments Sn described
in Section 4.2.2, where n is the number of lines. The Hough transform, clustering
and inverse Hough transform are applied separately in each segment and lines are
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Fig. 4.26 Framework for robot map building showing the robot side and the server side.
The message is exchanged in xml format between robot and server.

extracted. If pn
i denotes the set of i vote points corresponding to the nth segment S,

then clustering is separately performed on the points in each segment, given by:

pn
i = {Vρ,θ} (for each Sn separately),

∀ρ, θ where Tρ,θ − δ ≤ Vρ,θ

(4.32)

For k-means clustering in the Hough domain, Equation (4.18) is used. In the case of
Figure 4.24, Equation (4.32) represents two (ρ, θ) points with vote values of ’6’ and ’5’,
shown as green and blue dots in Figure 4.24b, respectively (δ = 1). Notice that the
centroid obtained after clustering may or may not belong to the set of points denoted
by Equation (4.32). For example, in the case of Figure 4.24, the centroid does not
belong to the set of points given by Equation (4.32).

4.7 Framework
This section describes the framework for robot map building. The robot has a

database, denoted by ’Robot DB’ in Figure 4.26. This saves the kernels (Erode/Dilate,
DBSCAN, k-means, fuzzy c-means, etc.). It also saves the temporary maps generated
by the robot. The kernels can be updated by the server and the updated kernels
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are also saved in the database. The robot reads data from the LRF sensor which
is then normalized. An appropriate kernel is selected from the database to remove
noise. This can either be DBSCAN or Erode/Dilate or both, depending upon the
instruction from the server. Before actually applying the kernel to the normalized data,
a check is performed to see if the kernel is the most updated kernel. The necessary
operation is performed (ex. Erosion and Dilation) and the resultant data is the input
to the clustering algorithm, the Hough transform algorithm or other data-processing
modules. The temporary map which is generated is saved in the robot database. The
network module of the robot continuously polls to check if the temporary map has been
updated and stored, and then transfers this map to the server for real-time display.
This real-time display of the map at the server enables the tuning of the parameters of
various kernels (e.g., select appropriate kernels or change the number of clusters). The
server also has a database to store updated kernels.

The same network module is used to update the parameters or kernels of the robot
which are stored in the robot’s database. Since the robot continuously checks the
database for updated parameters, they can be tuned from the server.

The message to update/tune the parameters kernel is carried out via an xml file
which is parsed using an xml-parser by the robot to select an appropriate kernel and
corresponding parameter values (ex. ϵ, minimum points in the case of DBSCAN,
number of clusters). Listing 4.2 shows an example of such a message passed from the
server to the robot. The xml message contains the instruction to select the DBSCAN
noise removal kernel with 15 minimum points and an ϵ value of ’5’. It also instructs the
robot to remove noise using the PLUS×4 kernel. The instructed mode is OnlineMode.
The method of clustering is the k-means algorithm with two clusters. The straight line
is to be generated by taking the Hough transform of the centroids.

Listing 4.2 Message from server to robot
1: <?xml version ="1.0"?>

2: <xml >

3: <message >

4: <mode >

5: online

6: </mode >

7: <noise -removal >

8: <dbscan >

9: <minpts >
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10: 15

11: </minpts >

12: <epsilon >

13: 5

14: </epsilon >

15: </dbscan >

16: <erosion >

17: <kernel -name >

18: PLUSx4

19: </kernel -name >

20: </erosion >

21: </noise -removal >

22: <clustering >

23: <kmeans >

24: <cluster -no >

25: 2

26: </cluster -no >

27: </kmeans >

28: </clustering >

29: <straight -line -method >

30: Hough

31: </straight -line -method >

32: </message >

33: </xml >

4.8 Experimental Results

Table 4.3 Percentage error of the map area for clustering in the spatial domain for an
artificial environment as shown in Figure 4.11.

No. of Cluster 50 clusters 60 clusters 70 clusters
Method CJ HT SVD CJ HT SVD CJ HT SVD
k-means 2.917 2.850 2.813 2.571 2.453 2.438 2.176 2.163 2.138

FCM 2.621 2.510 2.450 2.240 2.215 2.188 2.002 2.343 2.05
CJ = Centroid joining,
HT = Hough transform (on centroids),
SVD = Singular value decomposition
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4.8.1 Test Environment

Fig. 4.27 Error plot showing the percentage in error with the number of clusters using
k-means and fuzzy c-means clustering.

To test the accuracy and applicability of the proposed algorithms, experiments
were performed in both an artificial test environment and a real cluttered environment.
The artificial environment is shown in Figure 4.11. The artificial environment is made
of straight polygonal walls. The robot was moved in a predefined path and laser data
was collected. Random noise was added to test the algorithms. The real environment
where the test was conducted consists of long straight corridors with narrow open
spaces and cluttered with real objects. Figure 4.31 shows the panoramic view of the
real environment. It is cluttered with objects with small narrow spaces for the robot
to manoeuvre along. The experiments were performed on an Intel 1.8 GHz Core-i5
system with 4 GB RAM. The C++ language was used for framework implementation
and the Java programming language was used for building the GUI.
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4.8.2 Mapping Results

Artificial Test Environment

Figure 4.29 shows the final map generated after applying clustering (k-means and
c-means) in the spatial domain on noise-free data as shown in Figure 4.13b with a
varying number of clusters (30 to 70). Figure 4.27 shows the plot of the percentage
error in an area of the map generated using k-means and c-means clustering with an
increasing number of centroids. The percentage error is less than five percent with both
types of clustering method. It can be seen that c-means clustering gives a slightly better
performance compared to k-means clustering. However, the performance advantage
diminishes as the number of clusters become larger. Figure 4.30 shows the final map
generated from noisy LRF data as shown in Figure 4.13a using clustering in the Hough
domain. The calculated percentage error of the map area generated by clustering in
the spatial domain by centroid joining, applying a Hough transform on centroids and

Fig. 4.28 The plots of the scan position error and odometry position error with respect
to time.
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(a) Map generated using k-means clustering in the spatial
domain.

(b) Map generated using c-means clustering in the spatial
domain.

Fig. 4.29 Map generated using clustering in the spatial domain.
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Fig. 4.30 Map generated using clustering in the Hough domain.

by applying SVD on the centroids for 50, 60 and 70 clusters respectively. The results
are summarized in Table 3. The fuzzy c-means clustering gives better results than the
k-means clustering. Between the Hough transform and SVD on centroids, SVD gives
slightly better performance. The plots of the scan position error and the odometry
position error with respect to time are shown in Figure 4.28.

Real Environment

To test the robustness of the algorithms, experiments were performed in a real
cluttered environment. The standard ICP technique [88] is utilized for fast scan-
matching between consecutive scans obtained at different robot poses. In general,
ICP is an iterative algorithm that iteratively finds the correspondence between two
given scans and calculates a relative transformation that minimizes the distance
between the corresponding points until the condition for termination is satisfied. A
faster 2D version of the ICP method described in [65] is utilized in this study. For
each iteration, it calculates the Euclidean squared distance between each and every
possible combination of the registered points in two consecutive scans and finds the
correspondence index based on the closest-point rule. The detected outliers are rejected
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Fig. 4.31 Actual view of the corridor test environment. The robot was manually
tele-operated through narrow passages.

as valid correspondences if their closest distance is above the given threshold. ICP-based
localization was utilized in the experiments. The raw laser data for the environment
is shown in Figure 4.32. The data has many outliers or noise. Figure 4.33 shows the
result of applying DBSCAN on the ICP-corrected laser data. The noise from the raw
data is removed after applying DBSCAN. Figure 4.34 shows the result of applying
k-means clustering. 160 clusters with their centroids are obtained. The clusters are
shown in different colours. Figure 4.35 shows the simple polygon map which is obtained
by joining the centroids from the k-means clustering. Figure 4.36 shows a line map
generated by applying a Hough transform on the centroids obtained from the k-means
clustering algorithm. The result shows straight line maps which are not affected by the
cluttered environment. As the Hough transform is applied only on the centroid points,
the process is relatively fast. Figure 4.37 gives the result after applying clustering in
the Hough domain.
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Fig. 4.32 Raw laser scan of the real environment shown in Figure 4.31.
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Fig. 4.33 Result of the DBSCAN algorithm on (a).
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Fig. 4.34 Result of k-means clustering on (b) with clusters and centroids.
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Fig. 4.35 Line maps by joining the centroids of (c).
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Fig. 4.36 Result of the Hough transform on the centroid points of (c).
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Fig. 4.37 Line map obtained from clustering in the Hough domain. (δ = 0)
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Fig. 4.38 Time cost between EKF-SLAM and the proposed technique.

4.8.3 Comparison with Line Segment-based EKF-SLAM
The proposed algorithms are compared with standard line segment-based EKF-

SLAM to check the applicability, improvements in processing time and accuracy of
maps generated in an actual cluttered environment. Figure 4.39 shows the line map
formed by EKF-SLAM. Due to the nature of the environment where the experiments
are performed, noise present in the data affects the line extraction. It can be seen that
multiple lines are generated due to poor feature association. Open areas are also not
detected correctly and are wrongly associated with line features. EKF-SLAM generally
suffers from poor data association because of an increase in uncertainty with increased
numbers of features, especially in crowded and cluttered areas. In comparison, the
proposed techniques are not affected by any of the above factors and they produce
single lines and accurate maps as shown in Figure 4.35, Figure 4.36 and Figure 4.37,
which represent the results of a map formed by joining the centroids, performing a
Hough transform on centroids and clustering in the Hough domain, respectively.
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Fig. 4.39 Map generated by line segment-based EKF-SLAM. The EKF robot trajectory
is shown in green circles. The inset shows an enlarged part of the figure.

Time Complexity

The time complexity of the proposed technique is compared with EKF-SLAM and
the results are shown in Figure 4.38. EKF-SLAM is initially fast when the number of
features is lower, but as the features increase, its complexity increases exponentially
with time [47]. This is expected as the feature number grows with time, and new
features need to be associated by the EKF algorithm. For the complex environment, the
uncertainty of the features also grows in the EKF algorithm. On the other hand, with
the proposed technique, the map building process involves ICP matching, noise removal,
clustering, line extraction and map correction. None of these steps requires complex
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feature association and, at each step, only the data that is available is processed.
Compared to EKF, the proposed technique is slow, initially, but is more stable and
in the long run as well as being more stable than the EKF. This makes the proposed
method relatively stable for the entire 400 steps and it is much faster when compared
to the EKF.

The time required by the robot to generate two clusters (in one step) for k-means
& c-means were 26 ms and 38 ms, respectively. For noise removal, Erosion (15 ms)
was faster than DBSCAN (28 ms), for one step of LRF data. ICP takes about (7 ms),
as the robot does not make sudden rotations. Notice that the kernels employed for
clustering and the mathematical morphological kernels were not optimized, and their
implementation was straightforward. The framework was tested by changing the values
of the number of clusters and the type of kernel. The robot stopped for approximately
two to three seconds while the new parameters were being loaded.

4.9 Conclusion
This chapter presented algorithms and a framework for generating maps in a noisy

environment. Different noise removing techniques are discussed that can effectively
remove noise from the LRF data. The maps were generated using clustering techniques
in the spatial and Hough domains. In the spatial domain, the algorithm first removes
noise from the LRF data, for which it is proposed to use density-based clustering and
a mathematical morphological kernel of erosion. A hopping window noise removing
technique is proposed that is faster and embarrassingly parallel. Afterwards, clustering
was performed and the noise-free data and the centroids obtained were joined to form
the map. The results show that straight-line maps with good accuracy can be generated
by taking SVD or a Hough transform of the centroids. An algorithm for map building
by clustering in the Hough domain was also proposed. Experimental results in both an
artificial test environment and a real cluttered environment were performed and the
results show that the proposed algorithms are very efficient for robot mapping in a noisy
environment. The results of the proposed technique were compared with EKF-SLAM
and shows that the proposed techniques can generate accurate single-line maps faster
than EKF-SLAM for large datasets. Finally, a framework to load the kernels or change
the kernel parameters of the robot is proposed. The proposed framework makes it easy
to change the kernels or fine-tune the parameters of the algorithms remotely based on
live feedback.



Chapter 5

SLAM- Simultaneous Localization
and Mapping

5.1 Introduction
For the mobile robot to map the environment, it is important for it to localize itself

in the environment. To do so, there can be two solutions, firstly, there is already a map
of the environment and the robot can use the information from the map to estimate
its position in that map. Secondly, the robot builds the map of the environment by
utilizing the external sensors, and by extracting features from the environment from
the LRF data. It can then utilize the map that it has built to localize itself accurately
in the environment.

The previous chapter details the feature extraction technique and in this chapter
the line features from the LRF data will be used to built upon line segment maps of
the environment. It is intended to obtain high degree of accuracy in building the map
for accurate localization. And EKF-SLAM solution is utilized for building robust 2D
linear feature maps. Without any knowledge of the surrounding the SLAM algorithm
allows the robot to estimate the correct position of the robot in the map and the
world frame. The EKF-SLAM procedure builds the 2D map of the environment in the
first stage. This map is a feature map with line segments and invariant point. In the
next stage, EKF with the robot state using the map obtained during the EKF-SLAM
stage it is possible to localize the robot. It is assumed that the environment where the
robot is operating is static and no dynamic obstacles exist in the map. The robot with
the LRF is moved inside the indoor environment and set of LRF data are collected.
Next, using the techniques discussed in the previous chapter features are detected and
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extracted from the LRF data. Thirdly, EKF-SLAM algorithm is applied using the
robot state information and the features extracted.

5.2 Robot Odometry Model
The robot that was used for the experiments is a differential drive robot. The

details of the robot can be found in the Appendix section. In general, the pose or the
position of the robot is described by the vector

p =


x

y

θ

 (5.1)

For the differential drive robot the position can be found starting from a known
position by integrating the movement. For a discrete system with a fixed sampling
interval ∆t, the incremental travel distances (∆x,∆y,∆θ) are

∆x = ∆s cos(θ + ∆θ
2 ) (5.2)

∆y = ∆s sin(θ + ∆θ
2 ) (5.3)

∆θ = ∆sr −∆sl

b
(5.4)

∆s = ∆sr + ∆sl

2 (5.5)

where
(∆x,∆y,∆θ) = path traveled by in the last sampling interval;
∆sr,∆sl = traveled distances for the right and left wheel respectively;
b = distance between the two wheels. Thus the updated position p‘ is given by

p′ =


x′

y′

θ′

 = p+


∆s cos(θ + ∆θ

2 )

∆s sin(θ + ∆θ
2 )

∆θ

 =


x

y

θ

+


∆s cos(θ + ∆θ

2 )

∆s sin(θ + ∆θ
2 )

∆θ

 (5.6)
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Using Equation 5.4 and 5.5, we can get

p′ = f(x, y, θ,∆sr,∆sl) =


x

y

θ

+



∆sr+∆sl

2 cos(θ + ∆sr−∆sl

2b
)

∆sr+∆sl

2 sin(θ + ∆sr−∆sl

2b
)

∆sr−∆sl

2b

 (5.7)

The odometric position updates can give only a very rough estimate of the actual posi-
tion. Owing to integration errors of the uncertainties of p and the motion errors during
the incremental motion (∆sr,∆sl)the position error based on odometry integration
grows with time.

Next, the error model of the integrated position p′, to obtain the covariance matrix
Σ′

p of the odometric position estimate is estabilished. Assuming that the stating point
of the initial covariance matrix Σp′ is known. For the motion increment we get the
covariance matrix Σ∆

Σ∆ =
 kr|∆sr| 0

0 kl|∆sl|

 (5.8)

where, kr and kl are the error constants representing the non deterministic parameters of
the motor drive and the wheel floor interaction. From Equation (5.8) two assumptions
are defined -

• The two errors of the individually driven wheels are independent.

• The variance of the errors (left and right wheels) are proportional to the absolute
value of the traveled distances (∆sr,∆sl).

These assumptions, while not perfect, are suitable and will thus be used for the
further development of the error model. The motion errors are due to imprecise
movement because of deformation of wheel, slippage, unequal floor, errors in encoders,
and so on. The values for the error constants kr and kl depend on the robot and the
environment and should be experimentally established by performing and analyzing
representative movements. If we assume p and ∆rl = (∆sr,∆sl) are uncorrelated
and the derivation of f(x, y, θ,∆sr,∆sl) is reasonably approximated by the first-order
Taylor expansion (linearization), we conclude, using the error propagation law

Σp′ = ∇pfΣp∇pf
t +∇∆r,l

fΣ∆∇∆r,l
fT (5.9)
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The covariance matrix Σp is, of course, always given by the Σp′ of the previous step,
and can thus be calculated after specifying an initial value. Using Equation (5.7), we
can get Jacobians, Fp = ∇pf and F∆rl

= ∇∆rl
f

∇pf =
[
∂f

∂x

∂f

∂y

∂f

∂θ

]
=


1 0 −∆s sin(θ + ∆θ/2)
0 1 ∆s cos(θ + ∆θ/2)
0 0 1

 (5.10)

F∆rl
=



1
2 cos(θ + ∆θ

2 )− ∆s
2b

sin(θ + ∆θ
2 ) 1

2 cos(θ + ∆θ
2 ) + ∆s

2b
sin(θ + ∆θ

2 )

1
2 sin(θ + ∆θ

2 ) + ∆s
2b

cos(θ + ∆θ
2 ) 1

2 sin(θ + ∆θ
2 )− ∆s

2b
cos(θ + ∆θ

2 )

1
b

−1
b


(5.11)

Since,

F∆rl
= ∇∆rl

f

=
 ∂f

∂∆sr

∂f
∂∆sl



=



∂∆s
∂∆sr

cos(θ + ∆θ
2 ) + ∆s

2 − sin(θ + ∆θ
2 ) ∂∆θ

∂∆sr

∂∆s
∂∆sl

cos(θ + ∆θ
2 ) + ∆s

2 − sin(θ + ∆θ
2 ) ∂∆θ

∂∆sl

∂∆s
∂∆sr

sin(θ + ∆θ
2 ) + ∆s

2 cos(θ + ∆θ
2 ) ∂∆θ

∂∆sr

∂∆s
∂∆sl

sin(θ + ∆θ
2 ) + ∆s

2 cos(θ + ∆θ
2 ) ∂∆θ

∂∆sl

∂∆θ
∂∆sr

∂∆θ
∂∆sl


(5.12)

with,
∆s = ∆sr + ∆sl

2 ; ∆θ = ∆sr −∆sl

b
(5.13)

and,

∂∆s
∂∆sr

= 1
2 ; ∂∆s

∂∆sl

= 1
2 ; ∂∆θ

∂∆sr

= 1
b

; ∂∆θ
∂∆sr

= −1
b

(5.14)
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Once the error model has been established, the error parameters must be specified.
One can compensate for deterministic errors properly calibrating the robot. However
the error parameters specifying the nondeterministic errors can only be quantified by
statistical (repetitive) measurements. A detailed discussion of odometric errors and a
method for calibration and quantification of deterministic and nondeterministic errors
can be found in [12].
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Fig. 5.1 Schematic flow of the Kalman filter localization [58]

5.3 Kalman Filter localization - line feature extrac-
tion

The last chapter briefly described the line extraction and detection techniques from
the LRF data. Now, an Extended Kalman Filter based Line SLAM will be implemented
utilizing those linear features along with the robot state updates. The process for the
EKF localization takes place in five steps[91]:

1. Robot Position Prediction. At time k, robot is at position p(k) =[
x(k) y(k) θ(k)

]T
and its best position estimates is p̂(k|k). The control input

u(k) drives the robot to the position p(k + 1). The robot position prediction
p̂(k+1) and the time increment k+1 can be computer from the previous estimate
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p̂(k|k) and the odometric integration of the movement. For the differential drive
robot the robot odometry model has been discussed in Section 5.2.

p̂(k + 1|k) = p̂(k|k) + u(k)

= p̂(k|k) +



∆sr+∆sl

2 cos
(
θ + ∆sr−∆sl

2b

)
∆sr+∆sl

2 sin
(
θ + ∆sr−∆sl

2b

)
∆sr−∆sl

b


(5.15)

with updated covariance matrix

Σp(k + 1|k) = ∇pf · Σp(k|k) · ∇pf
T +∇uf · Σu(k) · ∇uf

T (5.16)

where

Σu = cov(∆sr,∆sl) =
 kr|∆sr| 0

0 kl|∆sl|

 (5.17)

where

Σu = cov()∆sr,∆sl) =
 kr|∆sr| 0

0 kl|∆sl|

 (5.18)

2. Observation. For line based localization, each single observation (line feature)
is extracted from the raw LRF data and consists of two line parameters β0,j, β1,j

or αj, rj respectively. For the rotating LRF, the polar cartesian format is used
and given by

zj(k + 1) =
αj

rj


R

(5.19)

After getting the raw data at time k+1, lines and their uncertainties are extracted.
This leads to n0 observed lines with 2n0 line parameters and a covariance matrix
for each line that can be calculated from the uncertainties of all the measurement
points contributing to each line as developed for line extraction in the chapter 3.

ΣR,j =
σαα σαr

σrα σrr


j

(5.20)
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Fig. 5.2 Prediction of the robot position(red) based on former position. Ellipses
represents the uncertainty in x, y direction.

3. Measurement prediction. Based on the stored map and the predicted robot
position p̂(k|k), the measurement predictions of expected features zt,i are gen-
erated. To reduce the required calculation power, there is often an additional
step that first selects the possible features (line segments), from the whole set
of features in the map. These lines are stored in the map and specified in the
world coordinate system (W ). Therefore they need to be transformed to the
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(a) A raw laser scan of the actual environment

(b) Line extracted from the laser data.

Fig. 5.3 Observation: From the raw LRF data
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Fig. 5.4 Target position representation in world and robot frame

robot frame (R).
W zt,i =

αt,i

rt,i


W

→ Rzt,i =
αt,i

rt,i


R

(5.21)

The transformation is given by ,

ẑt(k + 1) =


αt,i

rt,t


R

= ht(zt,t, p̂(k + 1|k))

=


Wαt,i − W θ̂(k + 1|k)

W rt,i − (W x̂(k + 1|k) cos(Wαt,i) + W ŷ(k + 1|k) sin(Wαt,i))



(5.22)
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Fig. 5.5 Kalman filter matching. Observations (red) and measurement prediction
(black) are matched and the innovation and its uncertainties are calculated

and the Jacobian ∇hi is given by,

∇hi =


∂αt,i

∂x̂

∂αt,i

∂ŷ

∂αt,i

∂θ̂

∂rt,i

∂x̂

∂rt,i

∂ŷ

∂rt,i

∂θ̂



=


0 0 −1

− cos Wαt,i − sin Wαt,i 0



(5.23)

The measurement prediction results in predicted lines represented in the robot
coordinate frame. These measurements are uncertain since the robot position is
also uncertain.
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Fig. 5.6 Kalman filter estimation of the position. Fusing the prediction of robot position
(black) with the innovation gained by the measurements (red) we get the updated
estimate of the robot position (green)

4. Matching. In the matching step, the correspondences between the predicted
and observed features are found out. To do that, Mahalanobis distance are used

νT
ij(k + 1) · Σ−1

IN,ij(k + 1) · νij(k + 1) ≤ g2 (5.24)

with

νij(k + 1) = [zj(k + 1)− hi(zt, p̂(k + 1|k))]

=
αj

rj

−
 Wαt,i − W θ̂(k + 1|k)

W rt,i − (W x̂(k + 1|k) cos(Wαt,i) + W ŷ(k + 1|k) sin(Wαt,i))


(5.25)

ΣIN,ij(k + 1) = ∇hi · Σp(k + 1|k) · ∇hT
t + ΣR,t(k + 1) (5.26)
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to enable finding the best matches while eliminating all other remaining observed
and predicted unmatched features.

5. Estimation. Applying the Kalman filter results in a final pose estimate corre-
sponding to the weighted sum of

• the pose estimates of each matched pairing of observed and predicted
features.

• the robot position estimation based on odometry and observation positions.

These corrected features are continuously added to new feature matrix and the
unmatched features are removed. The reason for the SLAM problem to be difficult
is because of the interaction between the robot’s position updates as it is localizing
and mapping. If the robot localizes its position based on any imperfect feature the
resultant position estimate will become correlated with the feature location estimate.
Similarly, the map becomes correlated with the position estimate if an observation
taken from an imprecise position is used to update or add a feature to the map. For
localization the robot needs to know where the features are, and for map building
the robot needs to know where it is on the map. In order to do that, the robot has
to incrementally build the map and localize itself in the map. Figure 5.7 shows the
process flow for the localization and map building process for SLAM. The additional
flow of information when there are imperfect match between the observations and
measurement predictions are shown in the flowchart .

Unexpected observations will effect the creation of new features in the map, whereas
unobserved measurement predictions will effect the removal of features from the map.
As discussed earlier, each specific prediction or observation has an unknown exact value
and so it is represented by a distribution. The uncertainties of all of these quantities
must be considered throughout this process.

The new map is represented by M with a set of n of probabilistic feature locations
ẑt, each with covariance matrix Σt and an associated credibility factor ct between 0
and 1 which quantifies the belief in the existence of the feature in the environment.

M = ẑt,Σt, ct|(1 ≤ t ≤ n)| (5.27)

Here the map M is not assumed to be precise as it is being build by an uncertain
robot over time. Hence, the features ẑt are described with associated covariance
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Fig. 5.7 Schematic flow of the SLAM process [58, 91]



5.3 Kalman Filter localization - line feature extraction 114

matrices Σt. The credibility factor is given by [58].

ct(k) = 1− e−(ns
a

− nu
b ) (5.28)

where a and b define the learning and forgetting rate and ns and nu dare the number
of matched and unobserved predictions upto time k, respectively. The update of the
covariance matrix Σt can be done similarly to the position update seen previously. In
map building the feature position and robot positions are strongly correated, it is thus,
important to update the map with all cross-correlations in a map given by

X =
[
xr(k) x1(k) · · · xn(k)

]
(5.29)

and the system covariance matrix is given by

Σ =



Crr Cr1 Cr2 · · · Crn

C1r C11 C12 · · · C1n

C2r · · · · · · · · · C2n

... · · · · · · · · · ...
Cnr Cn1 Cn2 · · · Cnn


(5.30)

where r stands for the robot and i = 1 to n for the features in the map. This
matrix will continue to grow as more and more features are extracted and updated to
build the map and thus shows why the SLAM problem is difficult to handle when the
feature number increases.

So far, the mapping features that were considered in this thesis only consisted on
simple feature parameters (corners, line segment). This works well in a structured,
non cluttered environment with orthogonal features and depending on the precision of
odometry data that the SLAM algorithm receives quality maps can be generated from
these features. This however is not the case in actual implementation. Most of the
indoor environments are cluttered with objects. The robot model and the sensor model
are not accurate and generates drift in the data over time. Many of the recent mapping
techniques in the SLAM community therefore uses what is called as the Occupancy
Grid Maps (OGM). The next section will describe the theory and implementation of
the OGM on the LRF sensor data with extensions to grid based mapping using particle
filters and Rao-Blackwellized particle filters for more efficient maps.
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5.4 Occupancy Grid Mapping (OGM)
Occupancy grid maps addresses the problem of generating consistent maps from

noisy and uncertain measurement data, under the assumption that the robot pose
is known. The basic idea of the occupancy grid is to represent the map as a field
of random variables, arranged in an evenly spaced grid. Each random variable is
binary and corresponds to the occupancy of the location it covers. OGM algorithm
implement approximate posterior estimation for those random variables. Since the
complete map can be described over a grid with occupied cells (0 being unoccupied
and 1 being occupied), the memory to store the map is significantly low compared to
other techniques of storing maps (for eg. point maps or line maps).

Occupancy Grid Mapping Algorithm
The OGM algorithm calculates the posterior over maps given the data

p(m|z1:k, x1:k) (5.31)

here m is the map, z1:k are the set of measurements over time k and x1:k are the
poses of the robot.

Let mi denote the grid cell with index i. An OGM partitions the space into finely
many grids

m =
∑

i

mi (5.32)

Each mi has attached to it a binary occupancy value, which specifies whether a cell
is occupied or free(0 or 1). The probability that the cell is occupied is given by p(mi).

The standard occupancy grid approach breaks down the problem of estimating the
map into a collection of separate problems namely estimating

p(mi|z1:k, x1:k)∀mi (5.33)

This enables us to represent dependencies among neighboring cells, instead the posterior
over maps is approximated as the product of its marginals

p(m|z1:k, x1:k) = p(mi|z1:k, x1:k) (5.34)

For this factorization, the estimation of the occupancy probability for each grid cell
is now a binary estimation problem with static state. The OGM algorithm uses the
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log-odds representation of occupancy given by

lk,i = log p(mi|z1:k, x1:k)
1− p(mi|z1:k, x1:k) (5.35)

The probabilities are easily recovered from the log-odds ratio

p(mi|z1:k, x1:k) = 1− 1
1 + exp {lk,i}

(5.36)

Algorithm 3: Occupancy Grid Mapping algorithm
Data: Occupancy Grid Mapping algorithm({lk−1,i, xk, zk})

1 for all cells mi do
2 if mi in perceptual field of zk then
3 lk,i = lk−1,i + InverseSensorModel(mi, xk, zk)− l0
4 else
5 lk,i = lk−1,i

6 end
7 end
8 return {lk,i}

The OGM algorithm is given in Algorithm 3. It loops through all the grid cells i,
and updates those that fall into the sensor cone of the measurement zk. The occupied
cells are updated by the virtue of inverse sensor model [99]. The constant l0 is the
prior of occupancy represented as

l0 = log p(mi = 1)
p(mi = 0) = log p(mi)

1− p(mi)
(5.37)

The inverse sensor model implements the inverse measurement model p(mi|zk, xk)
in log-odd form

InverseSensorModel(mi, xk, zk) = p(mi|zk, xk) (5.38)

Figure 5.8 shows an example of the OGM constructed from the LRF data. Also
shown is the raw odometry scan of the environment. Because of the limitations of the
EKF SLAM due to restrictions to landmark based maps which might not be suitable for
long term mapping or when mapping areas that contain several thousand’s of features.
The OGM on the other hand, is much simpler to maintain and is a favorite choice
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Fig. 5.8 Raw odometry data and Occupancy Grid map[99]

among SLAM researchers for its memory efficiency and its ability to handle large data
that can be parsed into simple occupied cells. Another advantage of using OGM over
feature maps is that it can be modeled for different types of sensors including low cost
ultrasound sensors and infrared range sensors [26, 98]. Recently, 3D range sensors are
also being modeled using the OGM in various applications ranging from mobile robot
navigation and aerial robots[67, 72].
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5.5 Graph SLAM

m2 m3
m1

z1

x1x1 x2x2 x3x3

x5x6
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z4

z5
z6

x4

Fig. 5.9 Schematic representation of a graph and the resulting constraints. Solid arrows
occur between successive poses and indicate a weak link. Equally shaped measurements
zk are refered to an observation of the same landmark. Those common observation
indicate a strong link between the corresponding poses.

A popular technique for the solution of the full SLAM problem is refered to a
Maximum-Likelihood approach, in which the robot’s trajectory is optimized iteratively.
It is based on a graph, in which each node is labeled with a robot pose and the
corresponding observation[39, 99], hence the name graph-based SLAM. An exemplaric
situation is illustrated in Figure 5.9 in which equally shaped figures, labeled with zk,
represent observations of the very same feature. The criterion to measure the quality of
a pose configuration can be derived by a number of spatial constraints between poses,
which are represented as edges inside the graph. One usually subdivides those links
between poses into weak and strong links [61].

• Weak Links occur between successive poses and represent information, that
was extracted from odometry readings or control variables. In Figure 5.9 a weak
link is available, wherever a solid arrow connects two poses.

• Strong Links arise, where parts of the environment have been observed from at
least two different poses. In this particular example, poses from whom the same
landmark was observed, are linked in this way.
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Fig. 5.10 Strong and weak links, as they occur in the example above. Green marks refer
to a strong link, red ones to a weak link. Weak links occur only between succeding
poses, strong links, whenever a common part of the environment has been observed
from two different poses. Each pose is linked to itself via a strong and a weak link.

The existance of weak and strong constraints in the particular example from
Figure 5.9 is shown in Figure 5.10.

In general, graph-based SLAM is refered to a recursive two-step procedure. Defining
and integrating the constraints is subject to the so-called front-end [39, 54] and leads
to an objective function of the following form:

F (x1, x2, · · · , xk) =
∑
(i,j)

eT
i,jΩi,jei,j (5.39)

where, Ωi,j is a known information matrix and ei,j some difference between estimated
and observed relative pose values. Optimization of Equation 5.39 is addressed by the
back-end step [39, 54]. A number of algorithms exists for both steps [39, 54, 61, 99].

Due to the fact, that graph-based SLAM re-estimates the map in each step, it
overcomes the restriction of updating individual parts of the map independently, what
is particularly beneficial in the context of loop-closure[61, 99]. A major disadvantages
lies in its high memory allocation, that occurs because observations have to be stored
and can not be rejected, as it is the case e.g. in EKF-SLAM [99]. Furthermore, a
bad initial trajectory estimate may cause the algorithm to converge slow and to stuck
in local minima [90]. For purposes of easier visualization and explanation, the map
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representation has been chosen to be landmark-based here. Basically, graphSLAM
is able to deal with different kinds of maps as well. Examples on how to use it on
grid-based maps can be found, among others in [54] and [61].

5.6 Experiment Results
Experiments were conducted in real environment narrow corridors and cluttered

with objects in the graduate school of Engineering. Two scenarios were chosen to test
the mapping algorithms.

1. Scenario 1 : The first experiment area consists of long straight walls in a long
corridor with objects that add to the generation of noise from LRF data. The
robot is equipped with a horizontal laser sensor and was manually tele-operated
to collect the LRF scans and odometry data.

The total length of distance traveled by the robot is about 260 m. In the first
step, the robot is slowly maneuvered across the corridor and the LRF scans are
stored. The noise generated from the data was removed from the LRF data using
clustering techniques as described in Chapter 4. For this experiment DBSCAN
was chosen as the noise removing algorithm due to its speed and ability to cluster
noise areas based on density. For extracting the lines, the chosen method was
clustering of Hough domain space parameters. For filtering the standard EKF
method was used. Figure 5.11 shows the result of the EKF based line segment
map of the environment. Total 203 line features were extracted from the EKF
mapping with 278 invariant points. A map with this dimension introduces a
lot of features in the Extended Kalman Filter, which makes the EKF-SLAM
impracticable to operate online.The red dotted line is the raw odometry generated
by the robot and the green line is the EKF corrected trajectory. The difference
between the trajectories happens due the continuous map’s correction, in the
EKF-SLAM cycle, which happens in the map vector, when there are a closure
loop. When applied the EKF-Localization, the map remains static, therefore it
produces a different trajectory. The pre-localization is performed only once and
offline, as preparation stage to obtain the distance and gradients matrices used
during the localization. Although, the absence of restrictions in terms of spent
time during the pre-localization and mapping procedures, when the entire map is
divided, into smaller maps, the number of mapped features decreases, reducing
the computational time spent. Besides that, when the EKF-SLAM procedure is
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Fig. 5.11 Line map obtained by using clustering of hough parameters and EKF.
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Fig. 5.12 ICP only generated point map. Over the long run the accuracy of the ICP
map decreases over time.
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Fig. 5.13 Estimated path from the robot with most likely path.

applied in smaller maps, the vehicle travelled distance decreases, allowing an easier
loop closure, increasing the accuracy of the final feature map.This continuous
corrections makes necessary to apply the EKF-Localization after obtained the
feature map of the EKF-SLAM, aiming a more accuracy in the estimation of
the vehicle pose. The map is divided into small maps and after applying the
EKF-SLAM to each zone, allowing to obtain the respective feature maps. The
mapping procedure can be applied individually to each smaller map.The map
was corrected by ICP matching method. Figure 5.12 shows the map generated by
only using the ICP method. The map clearly shows that the error accumulates
over time to distort the map.

Figure 5.13 shows the estimated and predicted paths of the robot which are
corrected using the ICP method. The time taken for the ICP algorithm over the
time is shown in Figure 5.14 whereas the robot’s orientation with time is given
in Figure 5.15. Figure 5.16 shows the odometry change over time for the x and y
for the robot.

The particle filter grid mapping result is shown in Figure 5.17, and shows the
grid map of the environment, where the obstacles are denoted by black grids on
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Fig. 5.14 Time taken by the ICP step.
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Fig. 5.15 Orientation of the robot over time.

the map and the empty areas are denoted by the white space. The number of
particles were chosen as 200 for sampling. A comparison of the the RBPF-SLAM
with the increasing number of landmark is given in Figure 5.19. It shows the
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(a)

(b)

Fig. 5.16 Odometry over time for x and y for the experiment
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error in position decreases with the increase in the number of particles. However
it does come with the cost of increase in the memory cost.

Figure 5.20 from the GraphSLAM algorithm shows a much better map compared
to other methods. The graph nodes are optimized using the Gauss Newton
method and by utilizing the ICP in the front-end for local loop corrections and
data association. The unoptimized graph of the trajectory is shown in Figure 5.21.
The local loop closure constraints are indicated by the links in red color. These
are the nodes where graph optimizes for the loop correction. The optimized
graph of the trajectory are shown in Figure 5.22. The result shows the how the
local loop closures are corrected with the trajectory. The resultant map is as
shown in Figure 5.20. The unoptimized grid map of the same environment is
shown in Figure 5.23. This map corresponds to the unoptimized graph from the
Figure 5.21.

2. Scenario 2: The next environment that was chosen for the experiment consists of
long straight corridors that run in loops. Two environments were chosen here, one
with a large single loop. The total length of the environment is approximately
180 m. Another experiment was done by doing a double loop with a total length
of 340 m. The mapping of such corridors is a challenging task, due to similar
looking features that affect the data association process in the filtering. Also it
is very easy for the robot to forget its position and to get lost in the map. When
the robot is mapping such large areas and revisits any previously mapped region,
due to the bounded errors from the odometry and scans, it becomes difficult to
do correction. Such loop failures are a major problem in the SLAM. To solve
this, only the graph SLAM algorithm was used. The robot was teleoperated
first in a single loop and the odometry data and the LRF scans were stored.
Figure 5.24 shows the result obtained from the RBP which could not correct the
loop closure as can be seen. Figure 5.25 shows the result of the loop correction by
the Graph SLAM algorithm. Because of its robustness the optimization process
can correct small to large loop closure errors. For the double loop Figure 5.26 and
Figure 5.27 shows the result of mapping by RBPF and graph SLAM respectively.
The results shows the dexterity of the algorithm and is able to map large cyclic
environments.
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Fig. 5.17 Result from the particle filter. The map is consistent for most of the part
except in the top where it bends a little.



5.6 Experiment Results 128

2500 50 100 150 200

2.5

0

0.5

1

1.5

2

Number of Particles

Po
si

tio
n 

Er
ro

r 
(S

ta
nd

ar
d 

D
ev

ia
tio

n)

ROBOT POSITION ERROR

LANDMARK POSITION ERROR

Fig. 5.18 Comparison of the FastSLAM algorithm with the increase in number of
particles.
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Fig. 5.19 Memory usage in case of 200 particles for the RBPF-SLAM.
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Fig. 5.20 The pose graph grid map is very accurate to the real environment
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Fig. 5.21 Unoptimized pose constraints with links for the graph poses.
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Fig. 5.22 The corrected and optimized poses with correct loop closure constraints.
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Fig. 5.23 Map from pure odometry
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Fig. 5.24 Loop closure failure scenario for mapping a large loop. The scan matching
fails when the robot revisits the same corridor. This attribute is due to similar looking
corridors.
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Fig. 5.25 Optimized loop closure constraint. The corrected loop is accurate to the real
environment.
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Fig. 5.26 Loop closure failure for long double loop map.
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5.7 Conclusion
This chapter gave a brief overview to the implementation of the probabilistic filters

that were discussed earlier. A detailed description of 2D line segment based SLAM
using the EKF is presented. It is observed that the EKF tends to perform very
slow when the number of features increases as more and more features are added to
the algorithm. With a good odometry the EKF SLAM performs well and generally
produces good maps when used with methods such as ICP for scan correction. Particle
filter based SLAM on the other hand is just an extension of the EKF where each
particle carries its own map and the particles are sampled and weighted to get the best
particle. Although, RBPF particle filter is more robust and is fairly fast when mapping
small to medium sized areas, it tends to get computationally heavy for a long and
large mapping sessions. The reasons can be attributed to the sampling time that takes
most of computation. To overcome this, another method, the Graph SLAM technique
is presented which is much accurate and faster as it only depends on the poses and
associated scans for the robot. The process uses optimization techniques that can be
used in real time or offline for the sake of saving memory. The optimization process
gets computationally expensive with the size of the map but can solve loop closure
constraints pretty accurately. With ICP the graph SLAM produces accurate maps
which are comparable to the particle filter based maps. Overall, both the particle
filter and the Graph SLAM produced identical results but for large scale mapping the
graph based SLAM is the better choice. EKF on the other hand is still a more popular
algorithm as it does not depends on the size of the environment in comparison to the
particle filter based approaches.



Chapter 6

From 2D to 3D - Constructing
Robust 3D Maps

6.1 Introduction
Most of the discussion so far in this thesis was towards constructing 2D maps in a

structured environment using features (point features and line features). Although, the
2D maps provide enough information for the mobile robot to autonomously navigate
and localize itself in the environment, the world in which the robots operate are not
2D but 3D. With one more dimensional information the robots can do very complex
tasks of navigating in the 3D world, for eg. recognizing objects, perceiving dynamic
obstacles in real time, avoid collisions with objects that cannot be avoided using a
simple horizontal LRF (table legs, chairs, overhanging surfaces, slopes). As most
robots operate in a more or less cluttered environment sensing the world in 3D makes
sense. However, this comes at a cost of increased computation and complex algorithms
for estimation. But nonetheless, its a very interesting problem and creates a new
dimension for autonomous mobile robot applications. An earliest work in the visual
SLAM was done by Davison et. al [20]. A number of new researches in this area
has emerged in the last few years which deals with the visual navigation of robots
[11, 15, 18, 46, 53]. A brief survey on visual navigation techniques is done in [29, 36].
This chapter briefly introduces techniques of constructing robust 3D maps that are
built upon vision algorithms and knowledge from the previous chapters especially the
Graph SLAM algorithm.
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6.2 Microsoft Kinect
Most of the 3D mapping in this thesis is done using the Kinect sensor developed

by PrimeSense. Initially the sensor was released for the Xbox 360 gaming console
from Microsoft Corporation in 2010 but quickly became popular among the research
community because of its low cost and enormous application to different fields of
technology specially robotics. The Kinect sensor is composed by an RGB camera, 3D
depth sensor, a multi-array microphone and a motorized tilt. In this work only the
RGB and depth sensors are used to provide the input data.

(a) Kinect sensor.

(b) Internals of the Kinect sensor.

Fig. 6.1 The Kinect sensor from Microsoft Corporation.

The main characteristics of the Kinect sensor are [45]

• The RGB sensor is a regular camera that streams video with 8 bits for every
color channel, giving a 24-bit color depth. Its color filter array is a Bayer filter
mosaic. The color resolution is 640x480 pixels with a maximal frame rate of 30
Hz.
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• The depth sensing system is composed by an IR emitter projecting structured
light, which is captured by the CMOS image sensor, and decoded to produce the
depth image of the scene. Its range is specified to be between 0.7 and 6 meters,
although the best results are obtained from 1.2 to 3.5 meters. Its data output
has 12-bit depth. The depth sensor resolution is 320x240 pixels with a rate of 30
Hz.

• The field of view is 57 deg horizontal, 43 deg vertical, with a tilt range of ±27 deg.

The drivers used are those developed by the OpenNI (Open Natural Interface).The
OpenNI framework offers high level functions which are mainly oriented for the gaming
experience, such as gesture recognition and motion tracking. It aims to provide an
abstraction layer with a generic interface to the hardware devices. In the case of the
Kinect, one advantage is that the calibration of the RGB sensor with respect to the
IR sensor is ensured, so the resulting RGB and depth data are correctly mapped with
respect to a unique viewpoint.

Another depth sensor that is popular is the one developed by ASUS called the Xtion
pro live sensor. The ASUS xtion pro live sensor is very similar to the Kinect sensor
with few advantages of it being USB powered and having a better camera resolution.
Both the sensors are used in this work.

6.3 Feature Extraction
There are many techniques for detection of keypoints or point of interest regions

on objects or surfaces in computer vision. In this section, some techniques of feature
extraction from the images are discussed. It is important that during the extraction
and tracking of features from the images, such features need to be invariant to scale
and rotation during the camera motion and robot motion. There are many methods
in computer vision that solve this problem [19]. The main aspects for the feature
are Detection of keypoint or the region of interest and Descriptor, which gives the
characteristics of the region. which identifies an area of interest, and its descriptor,
which characterizes its region. Typically, the detector identifies a region containing a
strong variation of intensity such as an edge or a corner, and its center is designed as a
keypoint. The descriptor is generally computed by measuring the main orientations of
the surrounding points, leading to a multidimensional feature vector which identifies
the given keypoint. Given a set of features, a matching can then be performed in order
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to associate some pairs of keypoints between a couple of frames. Two of the most
widely used feature is used in this work.

6.3.1 SIFT feature
SIFT or Scale Invariant Feature Transform by David Lowe [60] is the most widely

used technique of feature detection in robotics and computer vision. The SIFT is an
algorithm to detect distinctive, invariant image feature points which can be easily
matched between two images for the purpose of image detection and recognition or to
compute the geometrical transformation between the images. The main idea of the
SIFT method is to define a cascade of operations following an increasing complexity, so
that the most expensive operations are only performed to the most probable candidates.
The steps are

• Finding the pyramid of Difference of Gaussian (DoG) in order to be invariant to
scale and orientation.

• From this, stable keypoints are determined with a more accurate model.

• The image gradient directions is then used to assign one or more orientations to
the keypoints.

• The local image gradients are then transformed to be stable against distortion
and changes in illumination.

Detector When the robot is moving with the camera, the detected keypoints
will get large and small, and it is important that such keypoints are invariant to such
motions of rotation and scale. The SIFT algorithm can handle this effectively. The
scale space is defined as the convolution of an image I with Gaussian G and variance σ

L(x, y, σ) = G(x, y, σ)I(x, y) (6.1)

where
G(x, y, σ) = 1

2πσ2 e
− (x2 + y2)

2σ2 (6.2)

The DoG is the difference between two layers in scale space along σ axis.

D(x, y, σ) = (G(x, y, kσ))−G(x, y, σ)I(x, y)
= L(x, y, kσ)− L(x, y, σ)

(6.3)
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(a)

(b)

Fig. 6.2 Difference of Gaussians at different scales and SIFT descriptor

This gives a close approximation to the scale normalized Laplacian of Gaussian
σ2∇2G as shown in [45, 59]

σ2∇2G = ∂G

∂σ
≈ G(x, y, kσ)−G(x, y, σ)

kσ − σ
(6.4)

G(x, y, kσ)−G(x, y, σ) ≈ (k − 1)σ2∇2G (6.5)

The factor σ2 allows the scale invariance. Then, the localization of the keypoints is
done by finding the extrema in the DoG, which approximates the Laplacian σ2∇2G.

Descriptor In order to provide a good basis for the matching, the descriptor
has to be highly distinctive and invariant to remaining variations such as change in
illumination or 3D viewpoint. The SIFT descriptor is based on a histogram of local
oriented gradients (HoG) around the keypoint. It is stored as a 128 dimensional feature
vector (4x4 descriptor with 8 orientation bins). The descriptor has to be distinctive
and invariant to variations for illumination and 3D view. The Figure 6.2 illustrates
this concept with a 2x2 descriptor.
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Matching Once the keypoints are found and the descriptors computed, the next
step is to perform fast searches on the features in order to identify candidate matching,
to associate some pairs of features between the two sources[60].

6.3.2 SURF feature
The Speeded Up Robust Feature (SURF) is inspired by the SIFT descriptor, both

using local histograms [8]. The main difference is the performance, lowering the
computational time through efficient use of integral images for the image convolutions,
Hessian matrix based detector (optimized through approximations of the second order
Gaussian partial derivatives) and sums of approximated 2D Haar wavelet responses
for the descriptor. It provides robust detector and descriptor to be used in computer
vision for the tasks like object recognition and reconstruction [9]. The standard version
of the SURF is several times faster than SIFT and is more robust against different
image transformation.

The SURF process is significantly faster than SIFT and gives significantly better
results. Nevertheless, tests were conducted using both the features depending on the
environment where the experiments are performed.

Fig. 6.3 SURF detector and approximation of Gaussian second derivative

6.3.3 Initial Matching
Once the features are computed, a matching between couple of frames is computed.

A nearest neighbor search, or the Euclidean distance is used to compute on the
descriptors of these features. The SIFT Library proposes an implementation of the
Best-Bin-Search described by Lowe [60], based on kd-tree. For each feature in the target
frame, the two nearest neighbors are searched in the source frame. If these neighbors
are close enough (with respect to a fixed threshold), then the result is considered to
be valid. This initial search is done on the 2D features. For robustness, matches are
rejected for those keypoints where the ratio of the nearest neighbor distance to the
second nearest neighbor distance is greater than a given threshold (eg. 0.5). After this,
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Fig. 6.4 SURF scale space built..

Fig. 6.5 SURF descriptor

the depth information is used to keep the features that are close enough to the camera,
the depth information is not considered reliable enough above a given range (around
5-6 meters). Figure 6.6 shows correct matching between two images of the same scene
from the robot camera by the SURF features. Figure 6.7 shows the discarded features
because of not enough inliers available for the matching.

6.3.4 RANSAC
The RANdom SAmple Consensus (RANSAC) is an iterative algorithm, widely used

in computer vision to estimate the parameters of transformation give a dataset [33].
By using the least square technique the parameters that satisfy the data set can be
found, but this does not give an optimal solution when there are noise in the data.
Hence, the idea is to find the parameters which are valid for most of the points, by
discarding the noisy points. For each iteration, small number of samples are randomly
selected to define a model, representing one hypothesis. Then, this model is gradually
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Fig. 6.6 An example showing the matching of SURF features for a corridor environment

evaluated for the entire dataset along with an error function. This process is iterated by
selecting new samples for each new iteration and the keeping the best transformation
that is found. After several steps, the algorithm converges to a better transformation
with a lower error. However, this does not necessarily gives the best estimate as all
the possibilities are not tested. The general algorithm is presented in Algorithm 4.
Figure 6.8 describe the RANSAC process on a set of 2D points. First the process
randomly selects points (here k = 2). From these points a model is defined. A line
is then drawn between the two chosen points with an area of validity defined by a
given threshold. The model is then evaluated by measuring the error for each point by
computing the distance to the line. This separates the dataset into two subsets. The
ratio of the inliers relatively to the total number of items can be given a numerical
evaluation of the model. The initial model is generally recomputed taken all the inliers
into account.

The number of iterations are chosen by defining the ideal value from the desired
probability. Considering a sample of k points, randomly chosen, if p denotes the
probability that at least one of the sample set does not include an outlier, u is the
probability of observing an inlier, then

1− p = (1− uk)N (6.6)

Also, v = 1− u is the probability of observing an outlier. The number of iterations are
therefor given as [45]

N = log(1− p)
log(1− (1− v)k) (6.7)
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Fig. 6.7 Wrong feature matching: Wrong feature detected during the matching and are
ignored.

The value of threshold generally depend on the problem and applications and there
are many ways to solve this problem [100].
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Fig. 6.8 Illustration of RANSAC process. The green points are Inliers and orange
points are the Outliers

The RANSAC is used along with the ICP algorithm to get an intial guess for the
ICP procedure.

6.4 Feature Transform
The next task is to track the features during the motion of the camera. This is

mainly done by associating them between different frames. Selected keypoints are
matched for a couple of frames and the process is repeated for the whole sequence of
frames. As the same features are not detected for every frame due to the motion of
the camera and noises present, the association is not so accurate. The best matching
consists of finding the correct association with a good belief. The matches are then fit
to the model. The matches that are fit are called the inliers, while the mismatched
and discarded matches are called the outliers.

6.4.1 3D Transformation Estimation
In the next step, a rigid transformation between the two sets of points is calculated.

In this operation each feature point in the source frame is projected to the set of points
in the target frame. This transformation is a perspective projection for 6 degrees of
freedom, composed by a rotation matrix and a translation vector in 3 dimensions. This
transformation can be written by using a 4×4 matrix and homogeneous coordinates. We
can then project a pointP where P = (x, y, z, 1)T simply by applying this transformation
matrix to the point:

P ′ = TtransformP (6.8)

The points that are defined by the initial matching pairs then needs to be converted in
3 dimensions. To make the next steps easier and avoid further conversions, the same
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Algorithm 4: RANSAC Algorithm
Data: Dataset of points, (bestModel, bestInliers← φ)

1 Define number of iterations N ;
2 for iteration = 1 to N do
3 samples← pickup k points randomly;
4 compute currentModel from samples;
5 inliers← φ;
6 for all points do
7 Evaluate currentModel for the point and compute its error;
8 if error < threshold then
9 inliers← inliers+ point;

10 end
11 end
12 Count number of inliers and compute mean error;
13 if currentModel is valid then
14

15 end
16 Recompute currentModel from inliers;
17 if currentModel better than bestModel then ;
18 bestModel ← currentModel;
19 bestInliers← inliers;
20 end
21 return bestModel, bestInliers

coordinate system is used for all the work, defined as follows:


x : depth, positive forward

y : height, positive upwards

z : width, positive to the right

(6.9)

From the depth value and the screen coordinates (with RGB color and a resolution
of 640×480 pixels), it is possible to compute the points coordinates in 3D. Let (u, v)
be the point coordinates in pixels, we have then:

P (x, y, z)


x = depth

y = y = −(v − 480
2 )× depth

focal length

z = (u− 640
2 )× depth

focal length

(6.10)
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Considering the initial matches, the next step is then to find a transformation
matrix, that gives a satisfying projection for most of these points. Ideally, we could
simply compute a transformation by a least square method for all these points, each
matching pair defining an equation. The minimum number of pairs required for this
would be three, and the more points, the better defined the system would be. However,
because of the uncertainty due to the sensory noise and the feature matching by itself,
a single point which location is incorrectly estimated could lead to a significant error
in the final transformation. Therefore, a better transformation can be found iteratively
with the RANSAC method as described earlier for the 3D case. The value of n was
chosen as N = 20. Generally, if the quantity of features is high, the probability of
having an outlier is lower at this step, as most of the mismatches have already been
excluded by the initial matching.

To compute a transformation (an hypothesis), only the k samples from the initial
matches are used each time. The 3D points are converted to homogeneous coordinates
and the transformation is given by solving the corresponding equation from the known
constraints which are defined by the chosen points. This is can be done through
a Singular Value Decomposition (SVD) of the covariance data. To do this, we use
the minimal number of points to solve this equation, k = 3 [45]. To evaluate a
transformation, each sample taken from the initial matches (source) is then projected
according to this transformation. A 3D vector is computed from the difference between
the projected point and the real point taken from the matching point (destination).
The error is the norm of this vector.

6.5 Pose Graph
To solve the 3D SLAM problem, it can be defined as looking for the best estimation

of the robot/camera poses, by reducing the uncertainty due to the noise affecting the
measurements. From the previous discussion, the belief state can be extended to 3D,
with xk denoting the state of the robot at time k, zk is the measurement(camera images
or laser scans) and uk is the control data. Different filtering techniques like the EKF
or the particle filter can be then applied to calculate the best estimate of the robot
poses or camera over the period of time. However, these filtering approaches grow
exponentially with number of features and increases the computation cost.

Therefore, the graph based approach is utilized in this study which can work very
efficiently offline by triggering an optimization process in the backend to handle large
features [95]. Here the graph is called the pose graph, where the nodes (or vertices)
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represent the state variable describing the poses of cameras, and the edges represent
the related constraints between the observations connecting a pair of nodes. In the
later stages, the optimizer is run to find the most likely configuration of the nodes.

As discussed in earlier chapters, the graph SLAM approach only maintains the
poses of the robot or camera state over the period of time with sensor measurements
(images and laser scans). In case of 2D, these were then utilized for the building an
accurate map. The same principle can be extended to the 3D case while maintaining
all the point cloud data for all poses in the graph. Where the nodes are connected
using edges and links.

6.5.1 Loop Closure
Loop closure problem can be solved using the pose graph approach. Without

making an assumption on the path followed by the robot, and simply by keeping the
history of the past frames, it is possible to check if the current frame matches with
some of the previous ones. If the current observation contains enough similarities with
another observation seen in the past, a transformation can be computed between these
frames and a new constraint can be inserted from it. This can be repeated several
times. With these new constraints, the cumulated error of the graph can then be
considerably reduced. Theoretically, all the poses could be linked together this way, if
such a relation exists. The optimization of the graph consists in finding the optimal
configuration of vertices to respect all the given constraints. Figure 6.9 shows the loop
closure detection method in pose graph. A landmark already seen in the past can
trigger a link between the two poses that were previously separated in the sequence.
The detection of the loop closure leads to new constraints that can be inserted into
the graph as new edges, linking the related poses. The optimization process is shown
in Figure 6.10. First the initial poses are constructed in the graph. In the next stage,
loop closure links are found with edges and links with the initial loop closures. The
graph is then optimized which compensates all the poses to the new poses after the
optimization process.

6.5.2 Pose Estimation
From the known initial pose, the first step is to determine the estimation of any

pose after the succession of transformation. Consider a finite sequence of frames from 0
to N , with Pk be the pose. For 6DOF, composed by 3 axis of rotation and translation,
it can be represented by a 4×4 matrix with homogeneous coordinates, where R is a
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Fig. 6.9 Loop closure detection
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3×3 rotation matrix and t, a translation vector [45]:

Pk =


tx

R ty

tz

0 0 0 1

 (6.11)

For i > 0, the transformation T i
i−1 binds the position Pi−1 to the position Pi.

Each transformation T can also be represented by a similar 4×4 matrix. If P0

determines the initial position, we can then compute the position Pi by combining all
the transformations like:

Pk =
1∏

i=k

T 1
i−1P0 (6.12)

For example, for pose P4 it is given by

P4 = T 4
3 T

3
2 T

2
1 T

1
0P0 (6.13)

The initial position is defined by the initial orientation of the camera for each axis and
stored in the initial rotation matrix R0, and the initial vector t0 = (x0, y0, z0)T by

P0 =


x0

R0 y0

z0

0 0 0 1

 (6.14)

We can also define the initial position to be at the origin of the coordinate system,
which is generally followed for any SLAM system for initialization

P0 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (6.15)

Equation (6.12) gives an estimation of the pose for the graph. The new poses
are inserted only after a significant change from a given pose called as keyposes. A
simple solution is to define a keypose only after having achieved a move, with a given
amplitude defined by a threshold. By cumulating the unitary moves between each
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couple of frames in the sequence, the creation of a new key pose is triggered once a
given distance in translation or a given angle in rotation has been reached, with respect
to the last key pose. The thresholds are set by parameters, here 0.1m for the distance
and 15◦ for the rotation (both values consider the variations on the 3 axis cumulated
together). Another solution would be to compare the points of interests between the
frames and trigger the creation of a new keypose when the number of points in common
falls below a given threshold, but it is not given that the absolute number of points
is representative enough to describe the amplitude of the move. For each keypose, a
node is inserted in the graph with an edge linking the new keypose with the previous
one. A standard edge represents the rigid transformation between the two keyposes.
Between each keypose, they may be a more than a couple of frames. To compute the
corresponding transformation, the resulting matrix is found by multiplying all the
intermediate matrices for each couple of frames.

For loop closure the goal is to select the past frames that are more likely to match
with the current frame, giving a higher priority to the oldest frames. This could be
done defining a probability density function with a higher probability for the oldest
frames. This probability could also be defined considering the knowledge of the context,
in terms of features, or in terms of estimated position, preselecting the candidates
with the highest likelihood. To improve the quality of the loop closure detection,
once a candidate frame is found, the check is extended to its neighbors, looking for
a better transformation. The ratio of inliers is used to measure the quality of the
transformations and to compare them.

6.5.3 Optimization
Once the graph has been initialized with the poses and the constraints from the

loop closures, it can be optimized. The method used here is Levenberg-Marquardt with
a linear Cholmod solver, the details of which is beyond the scope of this thesis and
can be found in [55, 96] . The optimization is done with a predefined number of steps.
Once the graph has been optimized, the vertices are corrected and the new estimations
of the camera poses can be extracted. Similarly to the insertion, the inverse operation
is done to convert the information from the graph vertices to 4×4 matrices.

6.6 Map construction
Finally, once the camera poses are determined with a good belief, the reconstruction

of the scene can be performed [95]. For each frame, a 3D point cloud can be generated
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from the RGB and depth data, providing the colour information for each point. However,
in order to reconstruct the whole scene, they have to be combined together from a
unique point of view. This process is called the point cloud registration. Once the
camera positions are known, each point cloud is transformed by projecting all its points
according to the corresponding camera position, given by the Equation 6.12. This is
done relatively to the first pose, which is predefined. The transformed point clouds are
then concatenated together to build the scene [44].

6.7 Experiment Results
Experiments were conducted in indoor environments of varying nature. The

environments are assumed to be static and no dynamic obstacles are present in the
environment. For the purpose of comparison, the same two scenarios were chosen from
the last chapter. The first environment is an indoor corridor like environment (A-3
wing of the Graduate school of Engineering). The robot was teleoperated using joystick
inside the corridor passages, while the odometry messages, the LRF scans and images
with point cloud data were collected. First, the graph SLAM agorithm was applied
and a 2D map with the correct poses were obtained. As stated earlier the point clouds
were then reconstructed with the corrected poses and assembled using the standard
ICP method. The point clouds were assembled offline.

Figure 6.11 shows the final assembled 3D map from the corrected poses that were
obtained after optimizing the poses. The map is overlaid over the laser scans and can
be seen with the 3D map.

The statistical analysis is given in Figure 6.12. It shows the plots of scan-matching
time taken during the algorithm across all the location indexes that are stored for the
graph SLAM (Figure 6.12a), the odometry variance correction (Figure 6.12b), keypoint
detection time for all the images that are used for searching the loop closure (SIFT)
(Figure 6.12c) and the total time taken by the process (Figure 6.12d). The drop in the
time is due to the stopping of robot during the experiment to avoid people that were
walking in the corridor.

Figure 6.15 shows the result of mapping the long corridors (ground floor of the
Graduate School of Engineering) in a loop. Figure 6.16 shows the point clouds with
the RGB values. The unoptimized graph trajectory is shown in Figure 6.13 and the
corrected poses are shown in Figure 6.14. Figure 6.17 shows the same 3D map overlaid
on top of the actual building to compare the accuracy of the map.
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6.8 Conclusion
This chapter presents a novel 3D mapping solution to SLAM using a multi-sensor

fusion approach. Utilizing low cost depth sensors and LRF the proposed method uses
visual features from the environment that are extracted using the SIFT features. LRF
is used for local scan matching using standard ICP method for correcting local loop
closures. The method uses the optimized graph nodes of all the poses that are corrected
in the back end to get the corrected robot trajectory. This is generally useful in cases
when only using the LRF is not feasible for correctly mapping the environment, for eg.
when the robot cannot see obstacles that are not in the scanning area of the LRF or
are too short to scan. Utilizing low cost depth sensors such obstacles can be effectively
mapped from the area for efficient obstacle avoidance in a 3D world. The experiments
performed in very cluttered and narrow environments produces high noise in the data,
but using the multi-sensor fusion approach very accurate and efficient 3D maps can
be built using the proposed methods. The application to mapping large scale cyclic
maps can also be corrected and produces high quality maps for the robot navigation
application. The 3D maps can be used for object manipulation and semantic mapping
and it is the area for future research.
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Fig. 6.11 3D map of assembled point cloud for Experiment 1.
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(a) (b)

(c) (d)

Fig. 6.12 Statistical analysis of Experiment 1. (a) Scan matching time for the LRF
data over the location indexes. (b) The odometry correction variance over location
indexes. (c) The time required for the keypoint detection from the images. (d) Total
time taken for the algorithm.
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Fig. 6.13 Trajectory before optimization, the failed loop closure and link constraint are
shown in red.

Fig. 6.14 Optimized loop. The corrected trajectory and link constraint can be seen.
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Fig. 6.15 3D map of assembled point cloud for a large loop.
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Fig. 6.16 Top view of the 3D map with colored point map.
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Fig. 6.17 Overlayed 3D map on actual building map, shows the accuracy of the map.



Chapter 7

Conclusion and Future Works

The wok in this thesis discusses an important problem in mobile robotics called as
the Simultaneous Localization and Mapping problem or the SLAM problem. SLAM is
an interesting and large research field and this thesis work just scratches the surface of
the amazing world of autonomous mobile robots. Although discreet, the work mainly
covers the mapping problem in detail for a mobile robot working in a structured indoor
environment. Probabilistic techniques and algorithms using the Extended Kalman
Filter (EKF), Particle Filter, and graph theory are utilized to construct robust 2D
maps of the indoor environments. The major work in this regard is the use of clustering
techniques for noise removal from the laser scan data and for producing efficient line
maps by clustering in the Hough domain. A standard line segment EKF based SLAM is
used to construct the line segments using extracted features (corners and line segments)
from the LRF data. In the end, a multi-sensor fusion technique is presented that uses a
low cost depth vision sensor to construct 3D maps of the environment. The algorithm
uses common vision techniques with scan matching from the LRF to achieve loop
closure in case of large environment mapping. The algorithm works efficiently in a well
lit indoor environments and is able to produce robust 3D maps that can be utilized for
structural mapping of the indoor areas.

7.1 Future Works
• The present work does not include path-planning algorithms for the mobile robot.

On top of the presented work, algorithms such as A∗ or the D∗ can be used for
truly autonomous navigation. This can have great applications in service areas
for delivering objects, exploration, search and security surveillance.
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• The present work can only work in indoor environment due to the limitation of
the robot to operate in a rugged areas and range of the laser sensor. Also, the
depth sensors cannot operate in direct sunlight and its one of the bottlenecks
of using depth sensor outside. The work can be extended to use a stereo vision
system for truly outdoor experience.

• Presently there has been a great surge in vision based odometry SLAM solutions
in the research community and this could be one of the potential future work.

• Object manipulation in the 3D environment is a challenging research and is
extensively been studied by other researchers. Using the 3D world information
from the map and by using manipulators on the robot, real objects can be
manipulated for applications such as object detection, pick and place, recognizing
doors and handles and operating simple tasks.

• The present system can be implemented to build a smart wheelchair for the
service of the disabled. Using the autonomous navigation, people with severe
motor disability can be benefited by such smart wheelchairs to work in an indoor
environment.
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Appendix A

Robot Odometry Model

A.1 Robot Odometry
The robot coordinate frame system is defined as shown in Figure A.1. The global

and local coordinate system for the robot are represented by O − xy and O′ − x′y′,
respectively. The diameter of the wheels is d and the tread is given by w. The midpoint
of w is fixed at point O′, which is the origin of the local coordinate system O′ − x′y′

fixed on the robot. The robot moves in the direction y′ perpendicular to the direction
x′. The angle θ is the angle between the y′ axis and the x axis in a counter-clockwise
direction. The rotational angle of the left wheel (φL) and the right wheel (φR) is
defined in the forward direction of motion. The angular rotation of the robot is given
by ω. The velocities of the wheels of the robot vL and vR are expressed as:

vR = φ̇Rd, vL = φ̇Ld (A.1)

(a) Robot Model
(b) Robot global coordinate
frame system.

Fig. A.1 Robot coordinate frame system.
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Here, φ̇ represents the differential operator with respect to time t. From Figure A.1a,
considering the circular motion and the curvature radius ρ, we can define the velocity
v as:

v = ρω. (A.2)

On the other hand, using the tread w, vL and vR can be written as:

vR = (ρ+ w

2 )ω, vL = (ρ− w

2 )ω. (A.3)

Using Equations (A.1), (A.2) and (A.3), the following relationships are obtained:

ω = (vR − vL)
w

, (A.4)

v = (vR + vL)
2 , (A.5)

and:
ρ = w(vR + vL)

2(vR − vL) . (A.6)

Here, assuming v and ω as constant values during time [t0, t1), integrating Equations
(A.5) and (A.6) in the interval [t0, t1] yields the following equations:

(t1 − t0)ω = (Dr(t1)−Dr(t0))− (Dl(t1)−Dl(t0))
w

, (A.7)

(t1 − t0)v = (Dr(t1)−Dr(t0)) + (Dl(t1)−Dl(t0))
2 , (A.8)

where the displacement of the left and right wheels at time t is Dl(t) and Dr(t).
From Equations (A.7) and (A.8), the robot’s displacement and orientation with respect
to O − xy are given by:

∆θ = (Dr(t1)−Dr(t0))− (Dl(t1)−Dl(t0))
w

, (A.9)

∆x = (Dr(t1)−Dr(t0)) + (Dl(t1)−Dl(t0))
2 cos θ(t0), (A.10)

∆y = (Dr(t1)−Dr(t0)) + (Dl(t1)−Dl(t0))
2 sin θ(t0). (A.11)
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Assuming that ∆θ is sufficiently small, from Equations (A.9), (A.10) and (A.11), we
get the displacement from time [t0, t1]. The sensor data at time t0 is represented at
O − xy and the sensor data at time t1 is represented by O′ − x′y′. In the next section,
these parameters (∆x, ∆y, ∆θ) will be used to define algorithms for map generation.
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