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Improved Finite-Element Formulation in 
Terms of the Magnetic Field Vector 

for Dielectric Waveguides 
MASANORI KOSHIBA, SENIOR MEMBER, IEEE, KAZUY A HA YATA, 

AND MI CHIO SUZUKI , SENlOR MEMBER, IEEE 

,{bstNld - An improl·td finite-element method for the analysis of dielec­
ric w:neguides is fo rmulated in terms of all three components of the 
IIIgfll!ti( f ield 11. In this approach, the spurious, nonphysical solutions do 
... apPear anywhere abo~e the " air-line," and theNfore the present 
Iormulation is very useful for the analysis of the surface·waye modes of 
difltctric Wllveguldes. The application of this improved finite-element 
IIt1hod to the die lectric wa"eguides with perfect electric and magnetic 
.:onductors is also discussed, In particular, the discussIon is how to use the 
((IIIditions on a boundary surface of a perfect electric or magnetic condlK:­
lOr lI'hose normal direction is not coincident with the direction of a 
NOni inale axis. Application of these boundary ronditioltS for perfect 
Q1Qducton to the dielectric wa~eguides with planes of symmetry reduces 
. lIUItriX size. The ~lrength of this approach to boundary conditions is not 
)1\1 the economical use of computer memory bUI the elimination of 
'fIII'ioos solut ions through rigorous enfOf'Ct'ment of boundary conditions as .... 

I. INTRODUCTION 

SEVERAL METHODS for the analysis of dielectric 
waveguides in Fig. 1 have been proposed, and the 

vectorial finite-element formulation in terms of the longitu­
dinal electric (E,) aDd magnetic ( H, ) fi eld components, 
which enables one to compute accurately the mode spec.. 
!TUm of a waveguide with arbitrary cross section, is widely 
used [1J- (14J. The most serious diffi culty in using the 
finite-element analysis, for inhomogeneous dielectric wave­
guides, is the appearance of the so-called spurious, 
nonphysical solutions (IJ- [14]. The longitudinal E, - H, 
formulat ion contains mathematical singularities 12J, [3]. 
Recently, Mabaya, Lagasse, and Vandenbulcke 1l2] found 
thaI by explicitly enforcing the continuity of the tangential 
components of the transversal fields, a t the interface, by 
~ns of Lagrange multipliers, most of the spurious solu­
lions disappear. The disadvantage of this method lies in the 
gTtatly increased complexity of Ihe program and o f the 
numerical operators that have to be used to enforce those 
Continuity conditions [12]. Konrad [1 5] proposed the vec­
torial finite-element formulation in terms of all three com­
!lOnents (11 x ' Hy ' and H.) of the magnetic fi eld H . The 
three-component formulation does not contain mathemati­
~l Singularities as is the case with the E, - H, formula­
lion, btu the spurious solutions do appea r (15)-[17J. As 
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no ted by Davies, Fernandez, and Philippou 116J, the spuri­
ous solutio ns in the three-component formulation do nOl 
satisfy the divergence relation for II , V· 11 = O . 

In this paper, an improved finite-element method for the 
analysis of d ielectric waveguides is formulated in terms of 
all three compor.ents of H . For an abrupt discontinuity in 
the permittivity in an inhomogeneous medium, there is an 
abrupt change in the electric field £. In such cases, it is 
advantageous to solve for the values of II at the nodal 
points. In this approach, the spurious solutions do not 
appear anywhere above Ihe "air-line" corresponding to 
/l / ko - 1 in a fJ/ ko versus k o diagram (a plol of /ll k o on 
the vertical axis against k o on the horizontal axis), where 
k o is the wavenumber of free space and f3 is the phase 
constant in the z-direction. Therefore, the present formula­
tion is very useful for the analysis of the surface-wave 
modes of dielectric waveguides which correspond to the 
solutions above the "air-line." 

The application of this improved finite-element method 
to the dielectric waveguides with perfect electric and mag­
netic conductors is also discussed . In particular, the discus­
sion is how to use the conditions on a bou ndary surface of 
a perfect electric or magnetic conductor whose normal 
direction is not coincident with the direction of a coordi­
nate axis. In the analysis of dielectric waveguides with 
planes of symmetry, these boundary conditions for perfect 
conductors are used on each plane of symmetry, Applica ­
tion of these conditions reduces the matrix size. The 
strength of this approach to boundary conditions is not 
j us l the economical use of computer memory but the 
elintination of spurious solutions through rigorous en­
forcement o f boundary conditions as well . 

II. F UNCTIONAL F ORMULATION 

We consider a dielectric waveguide with arbitrary cross­
section n in the xy-plane as shown in Fig. 1. With a time 
dependence of the form exp(jwt) being implied, Maxwell's 
equatIons are 

'V x E =- - jWIJ.o H 

'V x H -jw(o!K ]E 

(1 ) 

(2) 

where w is the angular frequency, ( 0 and IJ.o are the 
permittivity and permeability of free space., respectively, 
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Fi&. 1. Geometry of tile problem. 

[K] is the relative permittivity tensor, and [.J denotes a 
matrix. 

By substituting (2) into (1), the following wave equation 
is derived: 

where 

k ~ - ",2(oPO' (4) 

The fu nctional [1 5] for (3) is known to be 

F - f1[('V XH )· .([K] - ' 'V XH )-kiH·.H] dO 
o 

(5) 

where the asterisk denotes a complex conj ugate. The lor­
mulation of (5) does not contain mathematical singularities 
as is the case with the Ez - Hz formulation, but the spuri· 
ous solutions do appear [15]- (1 7J. These spurious solutions 
fall into two fairly clear categories [161. The first one (Sl) 
can be characterized as follows: 

VXH - O, ,, ·H .. O for kJ- O. (6) 

The second group (S1) can be characterized as follows: 

VX H¢ O, V ·H ¢ O for kJ > O. (7) 

These spurious solutions do not satisfy the relation V" H """ ° 
116], 117]. 

Now, we consider the following functional [18]- (20): 

i - F+ f!.( "' H )' ("'. H ) dO. (8) 

Fo r the functional (8), the first variation 13ft" is given by 

u - ff 5H' 
o 

. [ 'V x ([ K r' ", x H)- 'V ( 'V·H )- ki H ] dO 

- fcm· . [n X([Kr ''V XH )- n('V. H )] df 

(9) 

where r represents the contour of the region 0 , n is the 
outward unit normal vector to r , and the term n X 
([KJ- IV X H ) corresponds to the tangential components 
of the electric fi eld E on r . The stationarity requirement 
13F == 0 shows that 

"X([K r' ", XH) - ",(", .H) -k5H - O (lOa) 

as the Euler equation and 

n x ([K] - ' " x H)~ O on perfect electric conductor 

(lOb) 

on perfect magnetic conductor 
(10c) 

as natural boundary conditions, since 13H- in (9) is "0' .• 1 
trary. 

Multiplying ( l Oa) by H- and integrating over the regiOQ 
0 , the following equation is obtained using Green's for_ 
mula and the boundary conditions on r : 

f!.[('V X H )·.([Kr'", x H) + (",.H )·( ", .H ) 

- ki H· .H )] dO-O. (11) 

In (11), if IK ]- l is a positive definite matrix, then 'V X 
- 0 and 'V ·H = 0 are satisfied for kJ = O. Therefore, the 
spurious solutions SI are eliminated. 

Taking divergence of (lOa), we obtain 

(,,'+k5)(,,· H )- O. (12) 

If the curl o f H is not zero for k J > 0, the eigenvalues 
of (10) cannot satisfy (12). Therefore, the eigenvectors 
(10) should obey v · H - 0 and the spurious solutions ~ 
are eliminated . ' 

When V X H - 0 for kJ > 0, (8) may have the solutioru 
other than those of (3) (1 9]. This new group (S3) char· 
acterized by 

V x H ., 0, forkJ> O (Il) , 

obeys the following equations: 

H-". 
(V 1 +k5) cfI - O 

8<1>/ 8n - 0 

. ~ O 

. 
(14a) 

in region ° (14b) 

on perfect electric conductor (14c) 

on perfect magnetic conductor (l4d) 

where cfI is the scalar field . The magnetic field H of 
satisfies the stationarity requirement 13F - 0, but the diver· 
gence o f H is not zero. Therefore, in the finite-element 
analysis using (8), the spurious solution S3 which are nol 
included in (5) do appear. Fortunately, the solutions S) are ,. 
equivalent to the TE modes of "hollow" waveguides (re· ·~ 
place <p in (14b)-(14d) with Hz) and the appearance is 
limited to the region Pl ko < L They do not appear any- ,' 
where above the " air-line." Therefore, if one is interested , 
only in the solutions in the region Plko;;i!; 1 which corre· . 
spond to the surface-wave modes of dielectric waveguides 
14J- 17], (lOJ- 11 3J, 117], 121], 122J, the appearance of ,he ' 
solutions S3 is not a serious problem. The value of (14) is . 
that it enables us (0 evaluate the behavior of the spurious-. 
solutions S3 of the finite-element method based on (8). on { 
the other hand, the spurious solutions SI and S2 of t ~e .! 
finite-element method based on (5) are unpredictable. 

III . FINITE-ELEMENT DlSCRl:"IZATION , 
Dividing the cross-section n of the waveguide with a -I 

diagonal permittivity tensor into a number of second-order~ 
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triangular elements in Fig. 1, the magnetic fields within 
each element are defined in terms of the magnetic fields at 

corner and midside nodal points: 

H ~ [Nr(H) .exp( - jP,) (15) 

( H,) • 

{fl} .- { H,}, 
( H, ) , 

(N) (0 ) 
[N] - (0) (N) 

(0 ) (0) 

(0) 
(0) 

j( N) 

(16) 

(17) 

(N) ~ [N, N, N, N, N, N.]'. (IS) 

{ Hy} ~, and {Hz} ~ are magnetic field vectors 
to the nodal points within each element, {O } 

a null vector, T, {.}, and {.}T denote a transpose, a 
vector, and a row vector, respectively, and the 

functions NI to N6 are given by 

N1 = L \ (2L t -l) 

N, - L, (2L, - 1) 

N, - L,(2L,-1) 

N." 4L\L2 

N5 - 4L2Ll 

N6 ""' 4LJLJ 

(19a) 

(19b) 

(1ge) 

(19d) 

(1ge) 

(191) 

the area coordinates L 1• L 2, and LJ [4J, PO]. The 
.Iat ion equation between the area coordinates and Carte­

coordinates is given by 

x Xl X l. xJ L\ 
Y .. Y1 Y2 Y3 L2 (20) 
l111L3 

' - [(H, )' ( H,) , ( H, ) T 

where 

[ S] . ~ fDB]'[K] ,-' [Br dxdy 
• 

[T],~ fjlN]'[NJ' dxdy 
• 

[U].~ fj (C}(C)T dxdy 
• 

(0) 
[B]~ jP(N) 

j a( N )/ay 

a(N]/ax 
(C)~ a(N )/ay 

P(N) 

- jfi ( N ) 
(0) 

- N(N) /ax 
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(22) 

(23) 

(24) 

- a(N)/ay 
a(N) / ax 

(0) 

(25) 

(26) 

The functional for the whole region U is given by 

, ~ ( H )T([S] + [U] - kilTJ){H) (27) 

where {H } is the nodal magnetic field vector and, for 
loss-free media, IS ], IT] , and (U] are real, symmetric 
matrices. Variation of (27) with respect to the nodal vari­
ables leads to the following eigenvalue problem: 

( [S]+[U]) ( H )-q[TJ(H) ~ (0) . (2S) 

Using the functional (5), we obtain the following eigen­
value problem: 

[S](H) - kilT](H) - (0) (29) 

IV. BOUNDARY CONDITIONS 

In (27), the nodal magnetic field vector {H} should be 
forced to satisfy the boundary conditions on r in Fig. I , 
where the unit vector n normal to r lies at an angle 8 from 
the x-axis in the xy-plane. The functional (27) can be 
rewritten as 

( H, .) T ( H,.) T ( H,) TI 

[A ,, ) [A" ] [A" ] [A". ] [A" .] [A". ] ( H,) 

[ A,, ] [ A,,] [A,,] [ A,,] [A".] [ A,, ] ( H, ) 

[A u ] [ A,, ] [A ,, ) [ Au· ] [ A,,] [A ". ) ( H, ) 
(30) 

[A,.,] ! A, , ] [A ,., ] [A ,.,.] [A ,, ] [A ,.,. ) ( H,.) 

,. [ A,,] [ A,., ] [A,., ] [ A,., ] [A" ,.] [A ,, ] ( H,. ) 
I [ A, . .j [A ,,] [A ,., ] [A" .] [A, , ] [A ,.,.] ( H,. ) 
" , T 
, 
: Where (x~, y~) are the Cartesian coordinates of the vertex 
{·k (k .", 1,2,3) o f the triangle. 

where the components of the {HI} vector are the values of 
the magnetic field H j at aU nodal points in n except r, the 
components of the { Hi'} vector are the values of HI at all 
nodal points on r, and [A .... :I, [A .. 11,··· , and (A~ ,, · I are the 
submatrices of (Ai - (Si+(U J- ko[TJ . 

'. Substituting (15) into the functional (8), for each element 
. We obtain , 

t,~ (l1} ;[S ].( H ). + (H );[U] .( H ). 

- kJ( H);[T] .( H }, (21 ) 

Using the boundary cqndition for the perfect electric 
conductor n ' H - 0, namely 

( H,.) - - tanO( H, .} (31) 
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on r and minimizing (30), we obtain 

[Au) [A .,J [A .. ) [ A., J [A ... ) 

[A ,.J [A" J [ A "J [A "J [A" .J 
[Au) [ A" J [Au ) [A".J [Au') 

[A" .J [A",J [A", J [A" J [ A" J 
[A , .• ) [ A" J [A, ., ) [A .",J [A " ,,) 

{ H.} 
( H, ) 
{H,} ~ (OJ (32) 

( H,.) 
{H,. } 

where 

[ A,.,.J ~ [A , ',' J -tanO( [ A •. ,.J + [A , '.' J) + 1.n'O [Ab') 
(l3.) 

[A jy,J - [Ay J- IanO[ Aj •. J, 

[Ay.jJ - [Ad - IanO[Ad , 

. , 
J ""' x, y . z, z 
. , 

) - x ,Y, z,z. 

(33b) 

(33c) 

Using the boundary condition for the perfect magnetic 
conductor II X H - 0, namely 

( H.,} -COIO( H,, ) (34.) 

{ H,,} - (OJ (34b) 

on r and minimizing (30), we obtain 

[Au) [A., J [A .. ) [A.y, J { H,} 

[ A"J [A" J [ A "J [A".J ( H,) 
~ (OJ 

[Au ) [ A,yJ [Au) [ A" ,J {H,} 

[ Ay,. J [Ay.y J [A y, I [A, .y.J (Hy' ) 
(35) 

where 

[A,.y' J - [ A,'y' J +COI 0([ A •. " J + [ A , .•. J) +COI' O[ A •.•. ) 
(36.) 

[A jy.J - [A j" J+COIO [Aj,.J. 

[A"j J ~ [A y.j J +COIO [ Ad , 

j-x,y, z 

} -=X, Y, z. 

(36b) 

(36c) 

When tanO-oo in (33) and cot8 -00 in (36), { Hy '}' 

(Ay'Y' )' [A }),, ), and lA y'} ) should be replaced by { H.,,}. 
[A ... .>: ,], (Aj ..,, ] . and [A .. ,}), respectively. It should be noted 
that (32) and (35) can be used to obtain the dispersion 
characteristics of dielectric waveguides with planes of sym­
metry. 

V. NUMERICAL RESULTS 

First, let us consider a half-filled dielectric waveguide as 
• 

shown in Fig. 2, where n is the refractive index. We 
subdivide one half of the cross section into second-order 
triangular elements. The solid and dashed lines in Fig. 2 

Fig. 2. 

• • • , • • • • • • 
• • • • • 

• • • • • • • • • • , , 
• • 

• • • , , • , • ,., • • • , 

, , , , 
, • • • 

• • • 

• 
• 
• 
• 
• , , . 

• 
• 

• 

, , 
• 

• , 
• 

• 
• 
• • 

t, ;t!:W/l 

n,: JT.S 
nl:l·0 

:"7- solutions 01 (28 ) 

, solutions 01 ( 29 ) 

• 
., ,'. •• •• / lSM\\ 

m .-;-'.- ._;_ . .,.---- .-. -'-~"' --'-l/ lSE " 
•• ..... / , LSM'l 

1-0 ,_. _ ._._ . _._ - ·_· ..... ,..S,(TE 
. i, _line - - ---'SITE __ - l II 

,'-; LSM'l 

/,/. ~lSEl1 
.I LSM l 1 , . . 

, . , .. , ~ Sl(TEl1) 

r : " .{ .. LSE)I 

'oL-"----w-J~s~,--J-L.J-~~I'~'~"-~ 
koW 

Solution$ of (28) and (29) for a re, langu\ar waveguide h,lf·'" 
with dielectrk of re{ra'tive index.;r:5. 

Fig. 3. Finite-element division of an embedded rectangular wo'''''';' 
and an embossed rectangular waveguide. 

represent the solutions of the improved finite-element 
gram' in (28), while the solu tions of the earlier fin,il, -el< 
ment program in (29) are indicated by the dots, where 
plane of symmetry is assumed to be the perfect mag,,,ti 
conductor. Computed results (solid lines) for the 
and LSEpq modes [23] agree well with the exact les,u] 
[23]_ Spurious solutions S3 (dashed lines) corresponding 
the solutions of (1 4) appear only in the region 
The solutions S) with cutoff frequencies k oW= 1T, 

and ,f5 ft are equivalent to the TE10' TEll' and 
modes of a .. hollow" waveguide of square cross; ;~~~j 
respectively. It is found that when (29) is used the s 
solutions are scattered all over the propagation diagram. 

Next, let us consider an embedded rectangular 
guide 14], [5), 110), {I2] and an embossed rectangular 
guide (4], [10], 112]. We subdivide one half of the 
section into second·order triangular elements as shown 
Fig. 3, where W and t are the width and the thickness of 
rectangular core, respectively, and boundaries BC, 
and DA are assumed to be perfect electric conductors. . 
4 shows the dispersion characteristics for the E{l mode --' " 
of these waveguides, where u - kotln; - n~ 1 ft and b 
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"',----- -------- - ---. 
0 0 Y,"" , Ha . 00f>Q , Brown 

" 
n.l n, IJ 

'-w-l 
, w---, 

n, I ", 11 
" . 
• 

W 021 

n, o\. SO 

". 0' 45 

",.\ .0 

Fig. 4. Dispersion charaCleristics of an embedded rectangular wave­
guide and an embossed rectali&ular waveguide. 

1·) 129',------------------ -, 

• s 
~ 

Preu"' analY5'5 

E It mo~. 

'.' 

".0", 0", 0 ' ·0 
w 

n • • 2· H2 
", on" 2·1129 

n • • 2.20 
n, .n,.2.29 

: 
---1 

W. §I 

Fig. 5. Dispersion charac teri stics of an anisotropie embedded rt'ctangu' 
lar waveguide. 

[(P/kO)l- n ~I/(n ? - ni). For the Eft mode, the boundary 
AB in Fig. 3 (plane of symmetry) becomes the perfect 
magnetic conductor. Our results agree well with the finite­
element solutions [10] in the E. - H, formulation. Fig. 5 
shows the dispersion characteristics for the £{, mode of an 
anisotropic embedded rectangular waveguide. Our results 
agree well with the finite-element solutions [5J in the E, -
H~ formulation. Note that the spurious solutions are in­
cluded in the solutions of the finite-element method in the 
E, - H, formulation and they cannot be eliminated 
mathematically (l]- {l4j. The E, - H, formulation contains 
mathematical singularities, and the actual solutions are 
plotted as a continuous interpolated curve between points 
sufficiently removed from the singularity to be unaffected 
by it 12], 131. [8], [9], (11). In order to avoid confusion, such 
spurious solutions in the E, - H, formulation are not 
shown in ·Figs. 4 and 5. 

Lastly, let us consider a dielectric square waveguide [4], 
(21 ], (22) with four planes of symmetry. We subdivide one 
quarter or one eighth of the cross section into second-order 
triangu lar elements as shown in Fig. 6, where boundaries 
CD and DA are assumed to be perfect electric conductors 
and the conditions on boundaries AB, BC, and DB (planes 
of symmetry) are given in Table L Fig. 7 shows the 
dispersion characteristics for the E;:/ modes (21] of this 

131 

Fi&. 6. Finite-element division of a dielectric square waveguide . 

TABLE I 
DoUI'iOARY CoNOITlONS FOR A DIELECTRlC SQUARE W AVEGUIDE 

Boundar ! e . " " " 
• lBO ' 270 ' 13 5 ' 

" pe r f ect 
elec t ric , ., , ., , ., 
conductor • , • , 

BOunduy 

conditions 

" perf ect , ., " ., II _ _ II 

.. a<Jneti c 
, • . , 

conductor , ., 
• " ., • 

, ., 
• 

• J::ced,O<!d , , -.' ~ven,,"v,"n 
" eve n , even , , -

" odd, o dd 
Hodes 

" a ven,cdd 
, , , 

" ocld,,",,en 
, , , 

" odd . .. " .. n 
, , • 

" even,odd 
, , , 

waveguide. Our results agree well with the results of the 
collocation method [221. For the £tl )' and Et'i )' modes 
whose fields satisfy the boundary condition for the perfect 
electric or magnetic conductor on the boundary DB, the 
results of Fig. 6(b) are identical to those of Fig. 6(a). This 
fact proves the validity of (32) and (35). The strength of 
this approach to boundary conditions is not just the eco­
nornical use of computer memory but the elimination of 
spurious solutions through rigorous enforcemen t of 
boundary conditions as well. The dots in Fig. 8 represent 
the solutions of the earlier finite-element program in (29), 
while the results of the improved finite-element program in 
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" 
• Go#U , W-, 

Pr#. #n, lOu/V· is O,GJJ D 

.. , ,. 
n,.' .S,n,_I .O 

" 
• 

Fig. 7. Dispersion charac lcris tics or a dielectric square waveguide. 

• 
Fig. 8. Solutions of (29) for the waveguide configuration in Fig. 7. 

Boundary conditions are H,," 0 and H~ " If, - 0 on A B and Be in 
Fig. 6(a), respective ly. 

-(28) are indica ted by a solid line (the Et, mode in Fig. 7), 
where the conditions on boundaries AB and BC in Fig. 
6(a) are H", - 0 and Hx - H, - 0, respectively. It is found 
that when (29) is used, numerous spurious solutions ap­
pear. 

In Figs. 4, 5, and 7, the spurious solutions do not appear 
because the spurious solutions (S3) appear only below the 
"air-line," and the surface-wave modes (the E;/ modes) 
of dielectric waveguides of Figs. 4, 5, and 7 correspond to 
the solutions above the " air-line." 

V I. CONCLUSION 

An improved fin ite-element method fo r the analysis of 
dielectric waveguides with a diagonal penni llivilY tensor 
was formulated in terms of all three components of the 
magnetic fi eld H . In this approach, the spurious, nonphysi­
cal solutions do not appear anywhere above the "air-line," 
and therefore the present fo rmu lation is very useful for the 
analysis of the su rface-wave modes of dielectric wave­
guides. The application of this improved finite-element 
method to the dielectric waveguides with perfect electric 
and magnetic conductors was also discussed. 

This approach can be applied easily to the anisotropic 
waveguides having a permittivity tensor with nonzero off­
diagonal elemen ts. 
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