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Cooperative Object Transportation With Multiple

Humanoid Robots∗

Meng-Hung Wu

Abstract

There are more and more robots appearing in factory or our daily life due to development

of recent technology. Among all types of robots, humanoid robots have the potential

to perform multiple tasks and walk on uneven terrain like human beings. Hence, it is

expected that humanoid robots work instead of human beings at dangerous zones such

as plant facilities. In such dangerous zones, humanoid robots must cooperate with each

other in order to carry heavy and large objects.

Although there is a large amount of ongoing research about multiple robot coopera-

tion, most of them focus on multiple manipulators or wheeled robots, and there is almost

no research about cooperative object transportation by multiple humanoid robots. A

few attempts have been made to achieve cooperation between a humanoid robot and

human. However, such cooperation will not be possible in disaster zones or dangerous

areas.

In this thesis, two frameworks of cooperative object transportation by multiple hu-

manoid robots are proposed and evaluated. Multiple robot cooperation can be classified

into two types in general: leader-follower type and symmetry type. Both types of coop-

eration control are implemented in real humanoid robots and experimentally evaluated

in this thesis.

Two humanoid robots HRP-2 were used in experiments. In Chapter 2, the details of

software and hardware system used in this research are described.

When a humanoid walks around a real environment, walking pattern must be gen-

erated online. In Chapter 3, an online walking pattern generation method used in this

research is described.

In Chapter 4, a leader-follower type cooperation control is proposed. In leader-

follower type control, the leader robot controls the position and attitude of the object,

while the follower robot follows the leader robot based on the force sensor information

measured on its hands. In this type of cooperation, the follower robots start planning af-

ter the leader robot moves, and hence this time-lag may cause excessive internal forces.

The generated excessive internal force acts as disturbance for stabilizing controller of

∗Doctoral Thesis, Division of Systems Science and Informatics, Graduate School of Informa-
tion Science and Technology, Hokkaido University, SSI-DT79115601, November 19, 2015.
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robots. Hence such excessive internal force may result in low responsiveness and unex-

pected tilting of the humanoid robots. There are two ways to suppress the internal force:

by changing the relative position of robots or by changing the position of their hands.

By combining position-based impedance control with online walking pattern generation,

it is possible to generate walking command according to the displacement of the hands.

This method is implemented in the follower robot. The proposed leader-follower type

control is verified by experiments with two humanoid robots HRP-2 along a sagittal axis.

In Chapter5, a symmetry type cooperation control for arbitrary numbers of humanoid

robots is proposed. In symmetry type cooperation control, all robots synchronously

move, which achieves high responsiveness and safety when transporting an object. A

method to define the external and internal force of an arbitrary number of humanoid

robots is proposed. Furthermore, a symmetric hybrid position/force control law is de-

rived. In order to achieve stable object transportation, external position and internal

force are controlled. Internal forces are eased by adjusting the positions of all hands.

The proposed symmetry type control is validated both in steady state (without walking)

and in object transportation (with walking). In steady state, the reference object posi-

tion is set as initial position, and reference internal forces are given online. The robots

can track the reference internal forces while keeping in initial position. In cooperative

object transportation experiments, the humanoid robots are able to generate its whole

body motion to transport an object and to control the internal force. The cooperative

object transportation among four HRP-2 humanoid robots is simulated and the coop-

eration between two HRP-2 humanoid robots is experimented. Both results show the

effectiveness of the proposed symmetry cooperation control.

This work is summarized in Chapter 6.

Keywords: humanoid robots, force control, symmetric control, cooperation moving
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Chapter 1. Introduction

1.1 Real-World Robots

Robot used to be fiction in the past age, but there are more and more robots appear

nowadays. In order to free people from tedious work and dangerous environment, and

since robot can move more efficient and precise than humans, industry robots take over

human position gradually. The first industry robot was Unimate, which is developed by

a American company ”unimation”. Unimate is able to play back a motion taught by a

operator. Unimate was imported to Japan in 1967 and Kawasaki heavy industry started

to build domestic robots. In recent years, there is a new trend of robots. Robots not

only play an active role in industry field, but also appear in service, entertainment and

welfare field. This kind of robots features high mobility and intelligent. Among all of

this robots, humanoid robots have the shape of human beings, and have the potential to

handle multiple tasks and walk on uneven terrain like human beings. Therefore, general

versatility of humanoid robots is expected.

1.2 Research of Humanoid Robots

The first humanoid robot is WABOT-1 [1] developed by Kato Lab. in Waseda Uni-

versity. WABOT-1 has the a full element set of humanoid robot, and is able to perform

static walking, object handling, recognize object by stereoscopic camera, and commu-

nicate with human through acoustic sense and artificial vocal cord. Kato Lab. then

developed WL-12, which robot use a weight dumbbell as upper body, and utilizes the

inertia of upper body to get balance while walking aggressively. The importance of up-

per body is verified from this research, and robot with upper body becomes majors after

that. Kato Lab. develops WABIAN series from 1997 [2]. WABIAN features a additional

roll joint in hip joint to avoid singular point problem. By adding this joint, WABIAN

is able to walk with knee unbending. Honda start their humanoid robot research in

1986. They develops P1, P2 and p3 during 1993∼1997 [3]. Furthermore, the advanced

model of asimo is revealed in 2001 [4](Figure 1.1(a)), with running ability in 3 [km/h].

Japan government also starts to plan Humanoid Robotics Project in 1996. In 1998,

the project starts with Japan’s Ministry of Economy, Trade and Industry (METI) and

New Energy and Industrial Technology Development Organization (NEDO) as sponsors,

Kawada Industries, National Institute of Advanced Industrial Science and Technology

(AIST) and Kawasaki Heavy Industries, Inc. as spearheads [6]. The project is divided

1
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(a) ASIMO [5] (b) HRP-2 [8]

Figure 1.1: HRP-2 and Asimo

into prior term and later term. In prior term, virtual platform and remote operating

cockpit is developed. And the application of humanoid is studied with robot hardware.

HRP-2 [7](Figure 1.1(b)) was revealed as final accomplishment of the project in 2003.

HRP-2 is recently rented to some university or laboratory for researching use. After

that, HRP-3 [9] with spec of water and dust proof, and female humanoid HRP-4c [10]

are revealed in 2007. JSK Lab. in Tokyo University develops H5, H6, H7 humanoid in

1998, 2000 and 2001, respectively [11]. JSK recently develops musculoskeletal humanoid

robots [12]. Uchiyama Lab. in Tohoku University develops Saika series [13, 14]. Addi-

tionally, SDR series developed by sony [15], HOAP series developed by Fujitsu, partner

robot developed by Toyota, there are lots of humanoid robots has been developed so

long.

1.3 Robot Capability Enhanced by Cooperation Work

As the power-to-weight ratio of a robot’s servo motor is severely lower than human

being’s muscle, a human-size robotic manipulator is unable to perform dexterously and

2
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effectively as human beings, hence it is difficult to carry a long or heavy object by one

single robotic manipulator. It is difficult for a single robotic manipulator to carry a

long or heavy object. Even human beings do not move a long or heavy object by only

one hand. assemble parts or twist a container’s cap The importance of cooperation

of multiple robot arms has been reported so far. For cooperation of multiple immo-

bile manipulators, Nakano et al. proposed a master-slave control scheme for dual-arm

manipulators [16]. Munawar and Uchiyama proposed a distributed event-based con-

trol strategy for a non-autonomous under-actuated multiple manipulator system [17].

Babazadeh and Sadati proposed a method to cooperate two robot manipulators with

optimal torques minimizing a relative cost function [18]. Williams and Khatib proposed

a concept of virtual linkage that can control internal forces among multiple robotic

arms [19]. Position/force hybrid control [20, 21, 22, 23], and impedance-based control

schemes for cooperating manipulators [24, 25, 26] have also been objects of study for a

long time.

For cooperative object transportation by multiple mobile robots, a leader-follower

type control scheme was proposed [27, 28]. Some researches focused on distributing

motion commands based on the desired movement of a holding rigid body, and their

control scheme facilitated a desired compliant interaction by impedance control [29, 30].

Although there are lots of ongoing research about cooperation of multiple robots,

most of them focus on multiple manipulators or wheeled robots, and there is almost no

research about cooperation object transportation by multiple humanoid robots. A few

attempts have been made on cooperation between a humanoid robot and a human [31,

32]. However, such cooperation will not be possible in disaster zones or in dangerous

area. Humanoid robots have similar shapes to human beings, and hence they have the

potential to perform various tasks and walk on uneven terrain as human beings do.

Therefore, they are expected to execute 3D (Dull, Dirty, or Dangerous) tasks instead of

human. Especially, as the DARPA robotics challenge [33] aims, humanoid robots are

expected to perform tasks in disaster zones such as removing the debris. Most of debris

in a disaster zone may be too large to remove for a single humanoid robot. For such

cases, cooperation of multiple humanoid robots will be effective.

Cooperation of multiple robots can be classified into two types in general.

1. Leader-follower type: there is one autonomous robot in the system, which is called

leader robot. The leader robot autonomously generates its motion, or is operated

directly by a human operator. Then the other robots, which are called follower

robots, just follow the leader robot.The controllers of the robots in this system are

independent.

2. Symmetry type: there is no apparent leader robot, and a central controller controls

all the robot simultaneously. All information of the controlled robots is required

in this type.

Both this two types of cooperation control is adapted to multiple humanoid robots and

3
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compared to each other in this paper.

1.4 Purpose of This Research

In order to implement cooperation object transport by multiple humanoid robots,

there are two main targets in this research.

1. Position control of the holding object.

2. Internal force control between the humanoid robots.

In this research, a method to control the position of holding object is developed. Oper-

ator just give the humanoid robots the reference velocity of the holding object, then the

robots will generate their whole body motion autonomously. Besides, there is a moving

error between the robots, and when there is a moving error among robots, internal force

arises. This unexpected internal force may result in falling down. The internal force

should be eased in some way. In order to control the internal force, the internal force

is defined in this thesis. Then a hybrid position/internal force control law is proposed,

and verified with both dynamic simulator and robot existed humanoid robots.

1.5 Composition of This thesis

The composition of this paper is structured as follows.

chapter 1 Introduction

The background and purpose of this research is describe.

chapter 2 System

How the joint angle is controlled is explained from the motion equation of humanoid

robot. Also the robot hardware and software architecture used in this research is

introduced.

chapter 3 Online Walking Generator

The online walking pattern generate method is described, and verified with dy-

namic simulator.

chapter 4 Leader-follower Type Cooperation Control

Leader-follower type cooperation control is adapted to two humanoid robots, and

verified with existed humanoid robot HRP-2.

chapter 5 Symmetry Type Cooperation Control

The method of symmetry type cooperation control adapting to arbitrary numbers

of humanoid robots is explained. Proposed method is validated with 4 HRP-2

robots in simulator, also validated with 2 HRP-2 robots experiment. Then make

a appraisal to purposed method by simulation and experiment data.

4
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chapter 6 Conclusion A short conclusion of this thesis, and prospects of this research

is given.
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Chapter 2. System

2.1 Introduction

First, a motion equation of a humanoid is described in this chapter. A humanoid

robots is consists of multiple rigid links, and the dynamics of a humanoid robots is rep-

resented by the motion equation. Next, the method(torque control mode) is explained.

And at last of this chapter, the overview of the dynamic simulation OpenHRP3 [34] and

the robot HRP-2, which is used in this research, are introduced.

2.2 The Motion Equation of Humanoid Robot

A humanoid robot consists of multiple links, and is not fixed to environment so it can

move freely. It is proper to treat the humanoid robots as a manipulator floating in the

air. In order to describe the state equation, further 6 degree of freedom(DOF) is added.

The 6 DOF represent the position and attitude of base link, to N DOF of joints. This

6 DOF also represents the position and attitude of robot coordinate, which is fixed on

the robot, and is called waist coordinate in this paper.

When a N-DOF humanoid robot’s position and attitude is represented as the position

and attitude of the waist coordinate, the state variables x, velocity vector v, force and

torque vector u are as follows:

xT =
[
pT
w ΨT

w θT
]

(2.1)

vT =
[
vT
w ΩT

w θ̇T
]

(2.2)

uT =
[
0 0 τT

]
(2.3)

The definition of the variables are:

pw : position of waist coordinate(3×1 vector)

Ψw : Euler angles of waist coordinate(3×1 vector)

θ : joint angles(N× 1 vector)

vw : velocity of waist coordinate(3×1 vector)

Ωw : angular velocity of waist coordinate(3×1 vector)

θ̇ : joint velocity(N×1 vector)

τ : joint torque(N×1 vector)

The motion equation of a humanoid is represented as:

7
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H(x)v̇ + C(x,v) + g(x) = u+ uE (2.4)

in this equation,

H(x) : inertia matrix((N + 6)× (N + 6) matrix)

C(x,v) : 　 centrifugal force and Coriolis force ∈ R(N+6)×(N+6)

g(x) : 　 gravity ∈ R(N+6)×1

uE : external force ∈ R(N+6)×1

Torque Control Mode

When a humanoid robot’s motion is simulated in the simulator, v is solved from

(2.4), and then by integrated v, x is obtained. H(x), C(x,v), g(x) is calculated from

x, v. uE is depend on the contact condition between the foot sole and the ground. u is

independent from x and v. (2.4) is rewritten as follows:H11 H12 H13

H11 H12 H13

H11 H12 H13

+

 v̇w

Ω̇w

θ̈

+

b1b2
b3

 =

00
τ

+

uE1

uE2

uE3

 (2.5)

b1b2
b3

 = C(x,v) + g(x) (2.6)

In order to simulate the motion of a humanoid robot, the torque vector τ in u should

be determined. In general, the joints of a humanoid are controlled by a servo system,

which involves PD control. τ is calculated as:

τ = Kp(θd − θ) +Kv(θ̇d − θ̇) (2.7)

θd : target joint angle∈ RN×1

θ̇d : target joint angular velocity∈ RN×1

Kp : proportional gain∈ RN×N diagonal matrix

kv : derivative gain∈ RN×N diagonal matrix

A simulation with this kind of joint torque calculation is called torque control mode

in dynamic simulator OpenHRP3. Because the torque control mode features a servo

characteristic more likely happens in real world, it is suitable to estimate the joint torque

with torque control mode. The simulations in this thesis are all simulated under torque

control mode. The motion of a humanoid robot indicates a time sequential data. i. e.

motion generator generates the time sequential data of joint angles and joint velocities.

2.3 Life-size Humanoid Robot HRP-2

The humanoid robot, the dynamic simulation, and the control software used in this

research are described in this section.

8
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Table 2.1: Specifications : HRP-2

Size Height: 1.54 [m], Width: 0.62 [m]

Total Weight (include Battery) 58 [kg]

Degree of Freedom Total 30 DOF(32 DOF in HRP-2 no. 20)

Head 2 DOF

Arm 6 DOF(7 DOF in HRP-2 no. 20)×2 Arms

Hand 1 DOF×2 Hands

Waist 2 DOF

Leg 6 DOF×2 Legs

Max Walking Speed 2.0 [km/h]

Holding Power by a Hand 20 [N]

Joint Axis Incremental Encoder

Vision Sensor 3-Eyes Stereo Camera

Sensor Body 3-Axes Vibratory Gyroscope,

3-Axes Acceleration Sensor

Arm 6-Axes Force Sensor

Leg 6-Axes Force Sensor

Motor Driver 48 [V]，20 [A] (Max)，2-Axes/Driver×16

Power Supply NiMH Battery DC 48 [V]，18 [Ah]

HRP-2 is a part of humanoid robot project, which is sponsored by Japan’s Ministry

of Economy, Trade and Industry (METI) and New Energy and Industrial Technology

Development Organization (NEDO), spearheaded by Kawada Industries and supported

by the National Institute of Advanced Industrial Science and Technology (AIST) and

Kawasaki Heavy Industries, Inc. HRP-2 is the final platform of this project.

HRP-2 heights 154 [cm], weights 58 [kg], and with 30 degree of freedom (DOF). The

DOF of each arm is in 6-DOF, and 1-DOF hand-gripper with maximum grip strength

in of 20 [N]. A Ni-MH battery is mounted. Which battery allows HRP-2 activates with

no cable plugs on it for a short while. Additionally, force 6-axis sensors are mounted in

two wrists and ankles, also there are a gyro and a g-sensor mounted in the body. HRP-2

is suitable to activate in a human space due to this design. The spec of HRP-2 is shown

in Table 2.1.

The HRP-2 NO. 15 and No. 20 are used in this research．The appearance and the

DOF of HRP-2 NO. 15 and No. 20 are shown in Figure 2.1∼Figure 2.2．Also the position

of their waist coordinate are shown in Figure 2.1 and Figure 2.2．Except for the wrist

joint, this two humanoid robots is in the same spec. Compare the wrist joint of HRP-2

NO.20 and HRP-2 NO.15, a roll joint is added in HRP-2 NO.20. The roll joint makes

the arm redundant, robust in avoiding singular point, and ease the consumption energy.

Furthermore, the roll joint allows the humanoid robot to move more like with human

beings, and increases friendliness.

9
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(a) Overview of HRP-2 no. 15. (b) DOF of HRP-2 no. 15.

Figure 2.1: HRP-2 NO. 15.

Software Architecture

The software for controlling HRP-2, hrpsys, is based on OpenHRP( Open architecture

Humanoid Robot Platform) and OpenRTM (Open robot technology middle ware) [35]．
OpenHRP is introduced first in this section．OpenHRP, which is developed by AIST, is a

develop environment for developing robots. OpenHRP includes dynamic simulator, and

essential library API for programing. It is released as open source resource. This research

use OpenHRP (OpenHRP version-3. 1. 0)．OpenHRP3 consists of graphic user inter-

face, dynamic engine (aist-dynamics), collision detector, model loader for loading robot

model (Model Loader), and robot controller, which represents the robot in the simulator.

The communication between each component is conducted by CORBA( Common Re-

quest Broker Architecture) [36], and by ORB( Object Request Broker) the component

can communicate to each other through TCP/IP Internet. OpenHRP can load the robot

models in format of VRML (Virtual Reality Modeling Language) or COLLADA ( COL-

LAborative Design Activity) data type. Additionally, a user can build his/her own

controller by use the OpenHRP library in the format of OpenRTM. The basic unit of
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(a) Overview of HRP-2 no. 20. (b) DOF of HRP-2 no. 20.

Figure 2.2: HRP-2 NO. 20.

OpenRTM is called RTC (rt component). The whole controlling system is divided into

several RTCs, and each RTC represents one specific function.

Next, hrpsys is introduced, which is the control software of HRP-2. hrpsys is a

software developed by General Robotics Inc.. General Robotics also participate the de-

veloping of OpenHRP, mainly in charge of the GUI part. hrpsys provides some essential

control program for controlling HRP-2, which is built in RTC format. And the command

is transfer to HRP-2 by hrpsys. Figure 2.5 shows the whole control system consists of

RTCs.

A RTC can be developed by C++, python, and JAVA. When a user want to build

a new algorithm, which is not provided by hrpsys, the user can make a new RTC to

implement his/her own algorithm. The robot controller used in this research are all built

in RTC format. The control cycle of HRP-2 is 5 [ms]. The motor command is transfer

to the robot every 5 [ms]. And the robot controls the joint angles by running a 1 [ms]

servo control loop. As a result, if all the RTCs can not finish their calculation within

11
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Figure 2.3: Control system software of HRP-2 (hrpsys) with OpenHRP3.

5 [ms], the robot will lose its real time performance.

Next, the relationship between OpenHRP3, hrpsys, and the robot hardware are in-

troduced. The relationship is organized in Figure 2.3. A user can operate RTM system

in console computer(local computer) or in the robot(remote computer) through a GUI

of jython script. The overview of OpenHRP3 is shown in Figure 2.4．Usually if the

develop environment in simulator system is different from real robot system, the con-

troller should be rebuilt in some way. But in this kind of system there is no necessary

to rebuild it. When running a simulation, a user connects the data ports of controller

RTCs to the simulation robot. And when the user want to operate the real robot, all

that the user have to do is reconnect the data ports to real robot instead of simula-

tion robot. Each RTCs is called every 5 [ms] in the simulation world, and also in real

world. Basically, if the simulator can imitate the experiment environment well, there is

no necessary to change the program of controllers. This character features high develop

efficiency because there is no needs to rebuild the controllers.

An user can use a function defined in the RTC, or give a command to the robot

through GUI of Jython script [37]. Jython is an implementation of the Python pro-

gramming language written in Java. Jython can import Java class seamlessly, and

load/unload the RTC dynamically. Also user can change the state of a RTC, or connect

the data ports between RTCs. An user also can achieve simple robot motion by the

RTC provided by hrpsys through Jython.
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Figure 2.4: Overview of OpenHRP3.

2.4 Summary

In this chapter, the dynamic simulator is introduced, and the hardware also the

software used in this research.
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Figure 2.5: Overview of RT components of HRP-2.
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Chapter 3. Online Walking Generator

3.1 Introduction

In this chapter, the online walking pattern generator method is described. Online

walking pattern generator is a element technology of this research. In order to achieve

high responsibility during cooperative move, a method to change the gait motion during

a stepping motion is also proposed.

Although online walking consists of pattern generator and walking stabilizer, only

pattern generator is discussed in this paper. Stabilizer proposed in [38] is applied in this

research.

3.2 Derivation of ZMP Equation [41]

Almost all walking pattern generator method are based on ZMP control. The ZMP

is introduced in this section. ZMP is propose by Miomir Vukobratovic in 1972 [39].

Vukobratovic design the ZMP trajectory within support polygon in advance, and then

calculate the coincided walking motion by numerical convergence calculation. By apply-

ing ZMP theorem, it is possible to design a walking pattern that takes influence of upper

body into consideration strictly. ZMP is a point in which point the moment around hor-

izontal axis equal 0, and ZMP position can be computed from the robot motion and

motion equation. The position of ZMP point is derived as follow.

When the whole momentum of a robot P and the floor reaction force f is given, the

relationship between angular momentum of a robot and floor reaction moment is as

Ṗ =Mg + f (3.1)

L̇ = c×Mg + τ , (3.2)

where
M : mass．

c =
[
x y z

]T
: position of CoM (center of mass) ,

P =
[
Px Py Pz

]T
: linear momentum ,

g =
[
0 0 −g

]T
: gravity ,

L =
[
Lx Ly Lz

]T
: angular momentum .
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It is assumed that the external forces act on the robot are the floor reaction force

and moment generate from the ZMP only. Let p be ZMP, τp be the moment acts at

ZMP, the relationship between them is

τp = p× f + τp . (3.3)

from (3.2)，(3.3)，(3.1)，τp is resolved as

τ̇p = L̇− c×Mg + (Ṗ −Mg)× p (3.4)

Then the x and y segment of τp are

τpx = L̇x +Mgy + Ṗypz − (Ṗz +Mg)py = 0 , (3.5)

τpy = L̇y +Mgx+ Ṗxpz − (Ṗz +Mg)px = 0 , (3.6)

Because the x and y segment of moment at ZMP equal 0, τpx and τpy are 0. With this

condition, px and py can be solve from (3.5) and (3.6) as follow

px =
Mgx+ pzṖx − L̇y

Mg + Ṗz

, (3.7)

py =
Mgy + pzṖy + L̇x

Mg + Ṗz

, (3.8)

where pz is the height of ground. z equals to 0 on a flat surface.

Furthermore, if the mass of the robot is replaced with a single mass model, the liner

momentum and the angular momentum about the origin are

P =M ċ , (3.9)

L = c×M ċ . (3.10)

Derivative of (3.9), (3.10) are Ṗx

Ṗy

Ṗz

 =

Mẍ

Mÿ

Mz̈

 , (3.11)

L̇x

L̇y

L̇z

 =

M(yz̈ − zÿ)

M(zẍ− xz̈)

M(xÿ − yẍ)

 . (3.12)

From (3.11)，(3.12)， (3.7)，and (3.8), ZMP is computed as

px = x− (z − pz)ẍ

z̈ + g
(3.13)

py = y − (z − pz)ÿ

z̈ + g
(3.14)
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ZMP

Figure 3.1: A cart-table model [41]

3.3 Preview Control Pattern Generator

Applying preview control theory to generate the trajectory of center of mass (CoM)

that follows desired ZMP is proposed by Kajita et al. [40]. This method can generate

a trajectory of CoM that corresponds desired zero moment point (ZMP) at the starting

point of the trajectory, so the method is suitable for highly frequent repetitive pattern

generation. Since the pattern generation cycle time is 5 [ms] in this research, it is proper

to use the method. The method will be reviewed for further explanation.

A humanoid robot is modeled by a cart whose mass is M , and a mass-less table (Fig-

ure 3.1). p and x in Figure 3.1 are x coordinates of the ZMP and CoM,respectively.

ZMP equation can be led as follows:

p = x− zc
g
ẍ , (3.15)

where g is gravity acceleration. Then (3.15) can be translated into a strictly proper

dynamical system as:

d

dt
x =

0 1 0

0 0 1

0 0 0

x+

00
1

u ,
p =

[
1 0 −zc/g

]
x, u ≡ ...

x , (3.16)

where x ≡
[
x ẋ ẍ

]T
. Let input u of (3.16) be the time derivative of ẍ, then (3.16) is

discretized with sampling time of ∆t (5 [ms]) as follows:

xk+1 = Axk + buk ,
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p = cxk , (3.17)

where

A ≡

1 ∆t ∆t2

2

0 1 ∆t

0 0 1

 , b ≡


∆t3

6
∆t2

2

∆t

 , c ≡
[
1 0 −zc

g

]
,

xk ≡
[
x(k∆t) ẋ(k∆t) ẍ(k∆t)

]T
.

In order to treat this state equation as error system, the ZMP error is defined as

ek ≡ prefk − pk, and the follow extended state equation is led[
ek+1

∆xk+1

]
=

[
1 −cA

0 A

][
ek

∆xk

]
+

[
−cb

b

]
∆uk +

[
1

0

]
∆prefk+1 , (3.18)

where ∆xk ≡ xk −xk−1, ∆uk ≡ uk −uk−1 ,∆p
ref
k ≡ prefk − prefk−1 . (3.18) is rewritten as

Xk+1 = ΦXk +G∆uk +GR∆p
ref
k+1 (3.19)

Xk ≡

[
ek

∆xk

]
,Φ ≡

[
1 −cA

0 A

]

G ≡

[
−cb

b

]
,GR ≡

[
1

0

]

In order to obtain the optimal input uk, a performance index is given as:

J =

∞∑
k=1

{
Q
(
prefk − pk

)2
+R∆u2k

}
, (3.20)

where prefk is reference ZMP, and Q and R are positive values. When Q is lager than R

gratefully, the convergence of ZMP to reference ZMP becomes faster, but it also result

in a rapidly acceleration of waist link. And when R is gratefully larger than Q, the

acceleration of waist link becomes slow but also the convergence of ZMP to reference

ZMP.

When the ZMP reference can be previewed for N steps, the optimal input ∆uk that

minimize the performance index is given by:

∆uk = −K

[
prefk − pk

∆xk

]
+

N∑
j=1

fj∆p
ref
k+j , (3.21)

where ∆xk ≡ xk − xk−1, ∆p
ref
k ≡ prefk − prefk−1, and K and fj are the gains calculated

from Q, R and zc as

K = [R+GTPG]−1GTPΦ

fj = −[R+GTPG]−1GT(ξT)j−1PGR

ξ ≡ [I−G[R+GTPG]−1GTPΦ]
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Figure 3.2: The value of preview gain fj

P is solve from Ricatti equation as

P = ΦTPϕ+GT
RQGR − ΦTPG(R+GT

RPGR)
−1GT

RPΦ .

Ricatti equation has to be solved numerically in order to decide K and fj . However, zc

is kept at constant in this paper, hence K and fj can be computed in advance, and they

are constant. Figure 3.2 shows the value of fj obtained by solving the Ricatti equation.

Here Q, R are set to 1 and 10−6 respectively, and fj is calculated till 300 steps (i.e.

1.5 [s] since the sampling time ∆t is 5 [ms]). [h]

3.4 Determination of Preview Span

The value fj along j is illustrated in Figure 3.2. From this graph, the value converge

to 0 about from N = 300. Since the sampling time of the system is 1.5 [s], it is sufficient

to calculate optimal input uk by using the future reference ZMP until 1.5 [s] later.

From above explanation, the input uk only dependent on the state xk at timing k

and the incoming reference ZMP until N steps later. The CoM position of next step

xk+1 is calculated from these inputs. The trajectory of y direction also can be computed

in the same way. The preview control theorem is organized in Figure 3.3. By Solving

these discrete equation along time line, the reference CoM trajectory is obtained.
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Figure 3.3: Summation of preview control.
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Figure 3.4: Trajectory of x direction.

The ZMP tracking effect is confirm in Figure 3.4 and Figure 3.5．In this simulation，
Q = 1，R = 10−6, respectively．There is a huge oscillation of ZMP in y direction at the

beginning. This is due to the feed forward member in (3.21), and this is a characteristic

of preview control. In order to ease this oscillation, a steady motion is added in front of

the first step as illustrated in Figure 3.6.
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Figure 3.5: Trajectory of y direction.
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Figure 3.6: Trajectory of y direction(Initial position is extended).

21



Cooperative Object Transportation With Multiple Humanoid Robots Meng-Hung Wu

3.5 Walking Planning

The procedure of walking planning is as follow.

1. Set the CoM state, ZMP position．

2. Plan the reference ZMP trajectory．

3. Compute CoM trajectory by preview control．

4. Compute joint angles．

5. Transform the reference ZMP in robot coordinate for applying stabilization control.

The CoM state is defined as a 3× 1 vector which includes position, velocity, and accel-

eration. In order to generate walking motion of one step, the follow five parameters are

required.

1. Td: The interval of double support phase.

2. Ts: The interval of single support phase.

3. zc:Height of CoM

4. Zup:Height of swing leg.

5. prmx, prmy, prmθ:Walking parameters.

Walking parameter is a walking command includes the relative distance between the

next landing place and the supporting foot, and the rotation motion of upper body. One

step is decomposed to

• Td
2 [s] of double supporting phase (first half).

• Ts[s] of single supporting phase.

• Td
2 [s] of double supporting phase (last half).

The overall walking motion is to repeat (Ts + Td) [s] motion n times. But due to

the characteristic of preview control, the double supporting phase span of first step is

extended to (Ts +
3
2Td) [s]. The data length of one step is illustrated in Figure 3.7. The

boundary of one step in programming is the middle of double supporting phase. Except

the first step, the length of one unit step is 1
4Td + Ts. In this paper, k-step indicates

this data structure. k-step start at the middle of double support phase, and end at the

middle of next double support phase. The origin of world coordinate of one step is at the

middle point of a supporting foot. After a step is done, the origin of world coordinate

is switched to the other foot. The origin is in left or right foot in turn.
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Table 3.1: Length of reference ZMP.

1st step 1.575 [s]

Step other than 1st step 0.75 [s]

1st step(extended with preview span) 3.075 [s]

Step other than 1st step(extended with preview span) 2.25 [s]

　

Table 3.2: Parameters of sample motion

Td [s] 0.1

Ts [s] 0.7

Zup [m] 0.05

( 0.10, 0.19, 0.0 )

( prmx [m], prmy [m], prmθ [◦] ) ( 0.10, 0.19, 0.0 )

( 0.10, 0.19, 0.0 )

　

3.5.1 Generation of Reference ZMP Trajectory

In order to calculate the reference ZMP, first the center of supporting foot of k-step

is calculated from the given walking parameter. The reference ZMP of k-step is set at a

certain offset doffset from the center of supporting foot (pkx, p
k
y). By setting the reference

ZMP a little bit inside form the foot center in single supporting phase, displacement of

upper body in y direction is reduced. doffset is set to = 10 [mm].

The trajectory of reference ZMP is moving from (pk−1
x , pk−1

y ) to (pkx, p
k
y) in double

supporting phase (first half), and from (pkx, p
k
y) to (pk+1

x , pk+1
y ) in double supporting (last

half), respectively. Both trajectory is calculated in fifth polynomial. The reference ZMP

trajectory is illustrated in Figure 3.8. The reference CoM is set to the initial ZMP

position (p0x, p
0
y) for Ts [s] in double supporting phase of first step, and then move to

(p1x, p
1
y) in

3
2Td [s]. The velocity and acceleration at both begin and end of one trajectory

is set to 0. This is also the boundary conditions of fifth polynomial.

For an instance, trajectory of a sample motion as described in Table 3.2 and Fig-

ure 3.9 is computed. In this sample, robot starts with right leg, so the ZMP trajectory

of first step is computed in left foot coordinate. The reference ZMP position is set to

CoM position in initial posture. In order to apply preview control, expect the reference

ZMP of first step, additional reference ZMP trajectory for 1.5 [s] is needed. The current

walking parameter is treated as next walking parameter for calculate the future reference

ZMP trajectory. The length of reference ZMP is organized in Table 3.1.

The reference ZMP and reference CoM trajectory of sample motion is shown in

Figure 3.10 and Figure 3.11, respectively.
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Figure 3.9: Overview of sample motion.
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Figure 3.10: The reference ZMP of test motion.
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(c)The COM trajectory of 2nd step(x). (d)The COM trajectory of 2nd step(y).
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(e)The COM trajectory of 3rd step(x). (f)The COM trajectory of 3rd step(y).

Figure 3.11: The center of mass trajectory of test motion.

27



Cooperative Object Transportation With Multiple Humanoid Robots Meng-Hung Wu

3.5.2 Calculation of Swing Foot Trajectory

In this subsection, the trajectory of a swing foot based on walking parameter is

discussed.

x，y，z，and the rotation angle about vertical axis θ of upper body is calculated

independently. Walking parameter prmx and prmy are treated as relative displacement

with respect to supporting foot coordinate. The trajectory of x, y direction is computed

as (3.22) and (3.23).

px,swing =

{
pox,swing + prmx1(12t5 − 30t4 + 20t3) (a)

pox,swing + (prmxk−1 + prmxk)(12t5 − 30t4 + 20t3) (b)

(t = 0～Ts − 2× TLD) (3.22)

py,swing =


poy,swing + (0.19− prmy1)(12t5 − 30t4 + 20t3) (a)

poy,swing + (−0.19 + prmy1)(12t5 − 30t4 + 20t3) (b)

poy,swing + (−prmyk−1 + prmyk)(12t5 − 30t4 + 20t3) (c)

poy,swing + (prmyk−1 − prmyk)(12t5 − 30t4 + 20t3) (d)

(t = 0～Ts − 2× TLD) (3.23)

pox,swing and poy,swing are swing foot position in world coordinate before lifting off.

TLD is a time span for vertical lift off and landing．In (3.22)，(a) and (b) are trajectory

computing of first step and k-step. Except first step, the calculation includes the previous

walking parameter.

(3.23) is calculated in the same way, but is classified into two way in case of right

foot and left foot. In case of right foot swinging, (a)(d) is adapted, and (b)(c) is adapted

in case of left. 0.19 is displacement between right and left foot in initial posture.

The trajectory in z is consisted of two curve calculated by third-polynomial. Both

velocity is 0 at start and end point. The swing foot height is set in advance, and then

the trajectory in z direction is computed as (3.24).

wpz,swing =

{
Zup(

12
T 2
s
t2 − 16

T 3
s
t3) (when 0 < t ≤ Ts

2 )

Zup(
−12
T 2
s
t2 + 16

T 3
s
t3) (when Ts

2 < t ≤ Ts)

(t = 0～Ts) (3.24)

The attitude of upper body (waist link) is always the middle of supporting foot and

swinging foot in yaw direction. That is,

ϕwaist = (ϕswing + ϕsupporting)/2 . (3.25)

With the reference motion trajectory, the reference joint angles of two legs are cal-

culated based on the following kinematic equations. ṙCoM

v̇waist

ṗswingFoot

 =

 JCoM

Jwaist

JswingFoot

 Θ̇ . (3.26)
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single support phase 

t=0 t=TLD t=T st=T s TLD

x,y,θ move

z move

takeoff landing

Figure 3.12: Schedule of single support phase.

Table 3.3: Parameters of sample motion2

Td [s] 0.7

Ts [s] 0.3

Zup [m] 0.05

( prmx [m], prmy [m], prmθ [◦] ) ( 0.10, 0.19, 5 )×5

　

The control variables includes

rCoM ∈ R3: position of center of mass,

vwaist ∈ R3: attitude of waist,

pswingFoot ∈ R6: position and attitude of swing foot,

Θ̇: joint angular velocity of two legs,

JCoM: Jacobian matrix mapping Θ̇ to ṙCoM,

Jwaist: Jacobian matrix mapping Θ̇ to v̇waist,

JswingFoot: Jacobian matrix mapping Θ̇ to ṗswingFoot,

The swinging foot trajectory is shown in Figure 3.13 (TLD = 0.04). This is a strait

walking motion, so the displacement in y direction is always 0.

The walking simulation with walking parameter Table 3.2 is shown in Figure 3.14．
Another walking simulation with parameter Table 3.3 is conducted. The simulation

is shown in Figure 3.15. The robot turn 5 [°] every step.
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Figure 3.13: x,y,z trajectory in test motion.
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(a)t=9.67 [s] (b)t=10 [s]

(c)t=10.33 [s] (d)t=10.67 [s]

(e)t=11 [s] (f)t=11.33 [s]

(g)t=11.67 [s] (h)t=12 [s]

Figure 3.14: Simulation of walking in line.
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(a)t=12 [s] (b)t=12.67 [s]

(c)t=13.33 [s] (d)t=14.00 [s]

(e)t=14.67 [s] (f)t=15.33 [s]

(g)t=16.00 [s] (h)t=16.67 [s]

Figure 3.15: Simulation of walking with turn.
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Figure 3.16: x direction data (without offset)

3.5.3 CoM Trajectory Change during Single Support Phase

In order to achieve quick response to the change of input commands, changing the

trajectory of CoM during single support phase is desirable. A method proposed by

Nishiwaki et al. [42] is adopted. CoM trajectory calculated by applying preview control

of ZMP theory depends on:

1. the present position, velocity, acceleration of CoM,

2. reference ZMP given from now to next 1.5 [s].

According to this feature, CoM trajectory can be changed by offsetting the given

reference ZMP at arbitrary timing. In order to keep imaginary ZMP [43] inside the

footprint of support leg in single support phase, landing foot placement, that is pace

should be changed with the same offset of reference ZMP.

For example, Figure 3.16 shows trajectories of reference ZMP, CoM and ZMP in x

direction. The ZMP almost follows the reference ZMP when there is no offset in reference

ZMP. Figure 3.17 shows a result of offsetting reference ZMP at 2.6 [s] with 0.05 [m]. That

is, the pace is enlarged with 0.05 [m]. Here, 2.6 [s] is the moment when the trajectory

change is commanded. But the offset begins from the next starting point of single

support phase. ZMP leaves form reference ZMP since 2.6 [s] and moves backward due
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Figure 3.17: x direction data (with offset)

to the sudden acceleration, then converge to reference ZMP again. However, excessive

displacement of ZMP is not desirable, and it would result in falling down. According to

(3.17), ZMP at discrete time k + 1 can be calculated as:

pk+1 = cAxk + cbuk . (3.27)

(3.21) is rewritten as:

uk = −K

[
prefk − pk

∆xk

]
+

N∑
j=1

fj∆p
ref
k+j + uk−1 . (3.28)

Substituting (3.28) into (3.27), following equation is obtained:

pk+1 = cAxk + cbuk−1 − cbK

[
prefk − pk

∆xk

]
+ cb

N∑
j=1

fj∆p
ref
k+j . (3.29)

The change at discrete time k + s influence pk+1 is given by:

δpk+1 = cbfsδ∆p
ref
k+s . (3.30)

According to (3.30) and Figure 3.2, the displacement of ZMP increases as trajectory

change command is delayed. Simulation with the same condition of Figure 3.17 except
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input timing is shown in Figure 3.18. Therefore, there is a possibility that ZMP moves

to the fringe of the support polygon due to a delayed input. In order to avoid a large

displacement of ZMP , a threshold is set for restraining the displacement of ZMP. When

the maximum displacement of ZMP is under the threshold, robots transit to new tra-

jectory by given command. And when the maximum displacement of ZMP goes beyond

the threshold, a new offset value that meets the threshold is computed as:

offsetnew = offsetorigin × δpThreshold

δp
. (3.31)

Also, foot placement is adjusted with the same displacement of reference ZMP as:

pacenew = paceorigin + offsetnew . (3.32)

3.6 Summary

In this chapter, the online walking method used in this research is introduced, which

includes reference zmp planning, reference CoM planning, and swing leg trajectory plan-

ning. A method to change its trajectory during stepping motion without large zmp

deviance is also proposed.
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Chapter 4. Leader Follower Type

Cooperation Control

4.1 Introduction

In this chapter, a leader-follower type cooperative object transportation method for

two humanoid robots is proposed. In leader-follower type cooperative control, the leader

is directly controlled by an operator, i. e. the walking parameter defined in chapter

3 is given by an operator online. The follower robot stretches/shrinks its hand based

on impedance control, then reference walking velocity is generated proportional to the

current hand position.

4.2 Position-based impedance control of hands

Since a leader-follower type cooperation is used in this research, the cooperative

movement of robots is based on the relative displacement of their connecting portion,

i.e. the position of hands. When there is a relative displacement, interactive force occurs

between the leader and the follower robots. Therefore, position-based impedance control

is used in order to ease the interactive force. The equation of an impedance is given as:

m∆ẍ+ d∆ẋ+ k∆x = F , (4.1)

where, m is a virtual mass of hand, d is a damping coefficient, k is a spring constant, ∆x

is the displacement from reference value, and F is the force measured from force sensor

in the wrists of each robot. Then, the system of (4.1) is discretized with sampling time

of ∆T as:

∆xi+1 =
∆T 2

m
Fi +

2m− k∆T 2 − d∆T

m
∆xi +

−m+ d∆T

m
∆xi−1 . (4.2)

When the spring constant is set to zero, it will become damping control. With input F ,

the position of hand can be calculate as a reference.

4.2.1 Walking command generation with hand position

As shown in Figure 4.1, the hand position of the leader robot is controlled in the

reference position by setting a spring constant in the impedance control of hand position.

However, the spring constant of follower robot is set to zero. Therefore, follower robot
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Follower’ Leader

Leader (controled by user)

Object

s

s leg

Follower’ body

Figure 4.1: A concept of cooperative transfer system

d

Follower Leader

1 d

Follower Leader

2

(a) Initial position (b) After the leader robot moved

Figure 4.2: The principle of the framework

recover its hand position to the reference position by walking. The walking command

generation corresponds to the spring and damper between the object and follower’s leg,

and the impedance control of hands corresponds to the damper between the object

and follower’s body in Figure 4.1 respectively. As the leader robot starts to move, the

hands of follower robot start to stretch due to the impedance control, then d1 becomes

d2 (Figure 4.2). PD control is used to generate walking command that recovers d2 back

to d1. The walking command is generated as:

pacex = P (d2 − d1) +D(ḋ2 − ḋ1) , (4.3)

where pacex is a walking command that is the relative distance between landing place-

ment and support foot, and P and D act as spring and damper in Figure 4.1. Besides,

only x direction (back and forward) is verified in this research. Reference ZMP is com-

38



Chapter 4. Leader Follower Type Cooperation Control

0.1 [m]
0.1 [m]

Ts start
Ts end0.3 [m] 0.3 [m] 0.3 [m]

Under 

Over 

Over 

0.3 [m]

0.2 [m]

0.15 [m]

δpThreshold

δp

δp

(a) (b) (c)
next Ts start

Td

rZMP offset start

Adjust 

Adjust 

Threshold

Threshold

Timing of  walking command inputted

Modified walking command

Figure 4.3: Same input in single support phase

puted with the walking command, then CoM trajectory is calculated by applying preview

control theory. However, if the trajectory change method discussed in section 3.5.3 is

applied without any extra processing, a problem as illustrated in Figure 4.3 occurs. Ts

and Td in Figure 4.3 are period of single support phase and double support phase,

respectively. The walking command pacex in the beginning of single support phase is

0.1 [m] at first. A new walking command 0.3 [m] is inputted at timing (a), and the ZMP

displacement from reference ZMP is assumed under the given threshold. Then, the

new walking command is executed and the robot transits to new trajectory. As shown

in Figure 3.17 and Figure 3.18, the ZMP displacement increases as trajectory change

command is delayed. Assuming that the ZMP displacement goes beyond the threshold

value since timing (b), then the walking command is adjusted downward in order to

meet to the threshold. Here, the adjusted walking command is assumed to be 0.2 [m].

Similarly, the walking command is adjusted downward at timing (c). Because the ZMP

displacement at timing (c) is larger than one at timing (b), the walking command 0.3 [m]

is adjusted into a value smaller than one at timing (b) due to (3.30) and (3.32). As a

result, the adjusted walking command becomes smaller and smaller. Finally, the pace

degenerates even if a same command is inputted continuously. Therefore, in order to

refer the walking command generated from (4.3) at every sampling time, it is necessary

to add extra processing that avoids degeneration.

4.3 Walking Simulation of Walking Command Generated

with Hand Position

The walking generator is simulated with the method describe above, and the system

is implemented on HRP-2. The procedure is shown as follows:

(I) Let the robot step right in the place.

(II) Applying in a virtual force at the force sensor, then release.
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(III) Applying in a virtual force in inverse direction, then release.

The hand position is limited within −0.1∼0.2 [m] from the original position in order

to avoid singular point. The walking command is restrained under 0.15 [m] in order to

keep the height of CoM constant. The simulation result is shown in Figure 4.4. The

robot generates walking command properly according to hand position. The hand po-

sition is plotted in Figure 4.5. Walking command with pace adjustment and without

are shown in Figure 4.7 and Figure 4.6 respectively. The walking command without

adjustment is proportional to hand position, and discontinuous levels are observed with

adjustment (Figure 4.7). This discontinuous levels are due to the effect of walking com-

mand adjustment. Figure 4.8 shows a zone up of the first discontinuous level. At first,

walking command with adjustment rises as robot stretches its hands. Because the ZMP

displacement goes beyond the threshold from the timing circled in Figure 4.8, the walk-

ing command with adjustment is kept constant in order to avoid degeneration of pace.

After that, the walking command is executed without change till the end of executing

step even walking command keeps changing, and this is the reason of discontinuous level.
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(a) 25 [s] (b) 29 [s]

(c) 33 [s] (d) 42 [s]

(e) 46 [s] (f) 50 [s]

Figure 4.4: Walking simulation

41



Cooperative Object Transportation With Multiple Humanoid Robots Meng-Hung Wu

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 20  25  30  35  40  45  50  55  60  65

x
  
[m

]

Time [s]

Figure 4.5: Hand position in waist coordinates

-0.15

-0.1

-0.05

 0

 0.05

 0.1

 0.15

 20  25  30  35  40  45  50  55  60  65

D
is

ta
n
ce

  
[m

]

Time [s]

Figure 4.6: Walking command without adjustment
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4.4 Experiment of Leader-Follower Type Cooperative Ob-

ject Transportation

Since the interactive force between the two robots results from relative displacement of

their connecting portion, the position of hands, it is effective to ease the force by eliminate

the relative displacement. There are two ways to eliminate the relative displacement:

change the position of robots or change the position of their hands. In order to keep

hand position from entering singular point, the hand of follower robot is restrained within

0.194∼0.396 [m], and the hand of leader robot is restrained between 0.096∼0.396 [m].

Also, the right and left hands of robots move coordinately in x direction, and keep

constant in y and z direction. The procedure of this experiment is shown as follows:

(I) Let the robots step right in the place in order of follower, leader robot.

(II) Let the leader robot walk backward, then step right in the place for a while.

(III) Let the leader robot walk forward, then step right in the place for a while.

(IV) Stop the robots in order of leader, follower robot.

The experiment is shown in Figure 4.9 Figure 4.10, and the trend of hand position are

shown in Figure 4.11 (a)(b). The hand position of follower is displaced from reference

position at first in order to grip object with leader robot. Although there is a oscillation

of hand position, both the robots move without falling down, and the follower robot

follows leader robot properly before its hand reach its limit position. The oscillation

cycle is about 3 [s] with maximum amplitude about 0.02 [m]. Additionally, the oscillation

neither diverge nor converge. Whether the oscillation is a result of easing the interactive

force, or a result of improper control, further study is necessary. Also, the hand position

of leader robot always reaches limit position even the spring parameter does not equal

zero while stepping. An insufficient k gain is considered as a reason. Finally, except

some of the peaks, the interactive force is restrained under about 7 [N].

4.5 Summary

In this chapter, a framework of cooperative object transportation bases on impedance

control is proposed, and cooperative object transportation by two humanoid robots in

x direction is achieved.

44



Chapter 4. Leader Follower Type Cooperation Control

(a)t=70 [s] (b)t=71.33 [s] (c)t=72.67 [s]

(d)t=74 [s] (e)t=75.33 [s] (f)t=76.67 [s]

(g)t=78 [s] (h)t=79.33 [s] (i)t=80.67 [s]

(g)t=82 [s] (b)t=83.33 [s] (h)t=84.67 [s]

(j)t=86 [s] (k)t=87.33 [s] (l)t=88,67 [s]

Figure 4.9: Cooperative move by two humanoid robots(70 [s]∼88.67 [s]).
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(a)t=90 [s] (b)t=91.33 [s] (c)t=92.67 [s]

(d)t=94 [s] (e)t=95.33 [s] (f)t=96.67 [s]

(g)t=98 [s] (h)t=99.33 [s] (i)t=100.67 [s]

(j)t=102 [s] (k)t=103.30 [s] (l)t=104.67 [s]

(m)t=106 [s] (n)t=107.33 [s] (o)t=108.67 [s]

Figure 4.10: Cooperative move by two humanoid robots(90 [s]∼108.67 [s]).
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Figure 4.11: Hand position of leader and follower robot.
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Figure 4.12: Measured Force at the wrist force sensor of follower robot
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Figure 4.13: Measured Force at the wrist force sensor of leader robot
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Chapter 5. Symmetry Type

Cooperation Control

5.1 Introduction

In the leader-follower type, the movements of follower robots are generated base on

the force controller, which calculates the movement of the leader robot by presumption,

and decides the moving velocity. However, the moving velocity may not be the same

as the leader robot’s velocity. Moreover, the follower robots start planning after the

leader robot moves as illustrated in Figure. 5.1 (a), and this time-lag may result in a low

responsibility and an unexpected tilting. In symmetry type, the robots synchronously

move as illustrated in Figure. 5.1 (b). This synchronous movement achieves high re-

sponsibility and safety in carrying an object. Therefore, a symmetry type cooperation

for arbitrary number of humanoid robots to transport an object is proposed.

5.2 Workspace Vectors Describing Coordinated Tasks of n

Robotic Arms System

5.2.1 External Force and Internal Force

In order to define external and internal forces and moments in a multi-robot cooper-

ation system, the concept of a virtual stick [21] is used. Let us consider n robotic arms

that hold an object, as illustrated in Figure 5.2. Here, Σhi is a coordinate frame fixed to

the hand i (i = 1, . . . , n), Σa is a coordinate frame fixed to the object, Σo is the world

coordinate frame, and Ohi, Oa, and Oo are their origins, respectively.

Origin Oa is a specific point fixed to the object. The position and orientation of the

object are defined at Oa. Although Oa can be set anywhere, it is reasonable to set it at

the center of mass of the object. The virtual sticks are defined by vectors olhi from Ohi

to Oa, with respect to Σo. The vectors olhi are determined when n robot arms grasp

the object. As illustrated in Figure 5.2(b), Σbi is a coordinate frame fixed to the tip of

virtual stick i. Initially, Σbi coincides with Σa, however, if the object deforms, they may

no longer coincide.

The force vector ofbi generated at the tip of virtual stick i is defined as

ofbi ≡
[
oFT

bi
oNT

bi

]T
, (5.1)

where oF bi and oNbi are the force and moment exerted at the tip of virtual stick i.
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Leader BFollower A

PlanningWaiting

Leader BFollower A

Moving
1st step

F

Leader BFollower A

Planning
Moving
1st step

Moving
2nd step

Tilting

velocity A ≠ velocity B velocity A ≠ velocity B

F

(a) Leader-follower type.

Robot A Robot B

Planning Planning
Motion Command

Robot A Robot B Robot A Robot B

Moving
 1st step

Moving 
1st step

Moving
 2nd step

Moving
 2nd step

velocity A = velocity B velocity A = velocity B

(b) Symmetry type.

Figure 5.1: Conceptual difference of the two types of cooperation.

Suffix o indicates that the vector is defined with respect to world coordinate frame Σo.

Vector ofbi is calculated from the force and moment applied to the object by hand i (see

Appendix A). The external forces and moments applied to the object, oF a and oNa,

respectively, are given by the summation of ofbi as

ofa ≡
[
oFT

a
oNT

a

]T
= W oqb , (5.2)

where

W ≡
[
I6 I6 I6 . . .

]
,W ∈ R6×6n , (5.3)

oqb ≡
[
ofT

b1
ofT

b2
ofT

b3 . . . ofT
bi

]T
.

Here, In is an n × n identity matrix. Because matrix W maps a 6n-dimensional

vector to a 6-dimensional vector, the rank is 6. Hence, the range of W is 6-dimensional,

and the range of its null space is (6n − 6)-dimensional. The null space of W is the

set of all column vectors v that satisfy Wv = 0. By choosing appropriate (6n − 6)

independent vectors from this set, a null space basis of W, V, can be defined. Where

V is a 6n× (6n− 6) matrix that satisfies

WV = 06×(6n−6) . (5.4)
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Figure 5.2: An object is hold by n robotic arms.

The general solution of (5.2) is given by

oqb = W− ofa +V ofm , (5.5)

where ofm is an arbitrary (6n− 6)-dimensional vector that corresponds to V, and W−

is a generalized inverse matrix of W that satisfies

WW−W = W . (5.6)

Note that V ofm belongs to the null space of W, and hence ofm does not affect the

external force. Therefore, ofm corresponds to internal forces/moments. Further, note

that V and ofm are not uniquely determined.

Equation (5.5) can be rewritten as

oqb =
[
W− V

] [ ofa
ofm

]
= U oh , (5.7)

U ≡
[
W− V

]
∈ R6n×6n, oh ≡

[
ofa
ofm

]
∈ R6n.

The force/moment vector oh is defined as a generalized force. The internal force ofm

can be represented as (n− 1) sets of 6-dimensional force vectors as

ofm ≡


of r1
of r2
...

of r,n−1

 . (5.8)

The force/moment vector oh for a given oqb is obtained by solving (5.7) as

oh = U−1 oqb . (5.9)
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Equation (5.9) can be expanded as

ofa =
ofb1 +

ofb2 + . . . + ofbn ,

of r1 = c1,1
ofb1 + c1,2

ofb2 + . . . + c1,n
ofbn ,

of r2 = c2,1
ofb1 + c2,2

ofb2 + . . . + c2,n
ofbn , (5.10)

...

of r,n−1 = cn−1,1
ofb1 + cn−1,2

ofb2 + . . . + cn−1,n
ofbn .

Furthermore, (5.9) can be rewritten as

oh =

[
ofa
ofm

]
=

[
W

C

]
oqb = U−1 oqb , (5.11)

where

C ≡

 c1,1I6 . . . c1,nI6
...
. . .

...

cn−1,1I6 . . . cn−1,nI6

 .

The 6n× (6n− 6) matrix V in (5.5) and the (6n− 6)× 6n matrix C in (5.11) have the

following relationship.

U =
[
W− V

]
=

[
W

C

]−1

. (5.12)

Because n robot arms can apply 6n-dimensional forces/moments, external force ofa and

internal forces of ri (i = 1, . . . , n− 1) can be independently controlled.

The physical meanings of the matrices in this section are summarized as follows.

Matrix W maps the force applied by multiple robot arms onto the external force that

is applied to the holding object. Matrix V is a null space basis of W. Matrix U maps

a set of external and internal forces onto the forces that the robot arms should apply

to the object. Matrix C maps the forces applied by the robot arms onto the internal

forces.

5.2.2 Determination of Internal Force of n Robotic Arms System

In [21], V was first given, and by using the pseudo inverse matrix W† for W−, C

was automatically determined by inverting
[
W† V

]
. However, when more than two

multiple robotic arms are cooperating, it is difficult to determine V, because V does

not present an intuitive meaning for internal forces/moments. As shown in (5.10), the

intuitive meaning for internal forces/moments is given by C.

Therefore, in this paper, internal forces/moments ofr1 . . . ofr,n−1 are first deter-

mined. Once ofr1 . . . ofr,n−1 are given, C is automatically determined. Matrices W−

and V are given by solving (5.12). Note that W− is not always W†, this fact depends

upon C.
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The internal force between two virtual sticks i and j, which is defined as o∆fbi,j , can

be represented as
o∆fbi,j ≡

1

2
(ofbi − ofbj) . (5.13)

Note that (5.13) is one of the representation of internal forces when n = 2 and under

the assumption of grasping a rigid body. In an n robotic arm cooperation system, nC2

(= 1
2n(n− 1)) internal forces can be considered. These internal forces can be organized

as

nC2




o∆fb1,2
o∆fb1,3

...
o∆fb,n−1,n

=
1

2
Goqb , (5.14)

where G ∈ (R6nC2×6n) is given by

G ≡

6n︷ ︸︸ ︷

I6 −I6 0


6(n− 1)
I6 −I6
... 0

. . .

I6 −I6

0 I6 −I6 0
6(n− 2)

0 I6 −I6
...

... 0
. . .

0 I6 −I6
...

0 0 . . . I6 −I6
}
6

=



I6
... −I6(n−1)I6

0 I6
...

... −I6(n−2)0 I6
...

0 . . . 0 I6 −I6



(5.15)

Because the upper right minor matrix of G is −I6(n−1) and the upper left block of

G (
[
I6 . . . I6

]T
) can be generated by a linear combination of the vectors in −I6(n−1),

the rank of G is 6(n−1), which indicates that o∆fbi,j are not linearly independent. Only

6(n−1) vectors of o∆fbi,j among nC2 are linearly independent. Hence, the internal force

of an n robotic arm cooperation system can be represented as (n−1) linear combinations

of arbitrary o∆fbi,j .

The chosen combinations are organized into an internal force vector ofm = Coqb, and

this internal force set is treated as the set of control variables. MatrixV can be computed

from (5.12).There are an infinite number of representations for the internal force vectors,

and these representations can be transformed into each other. The following two internal

force vectors are considered, for example.

of1
m = C1

oqb
of2

m = C2
oqb , (5.16)
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where of1
m and of2

m are two different internal force vectors and C1 and C2 are two

different representations of C in (5.11).

The internal vectors can be transformed into each other by

C− o
1 f1

m = oqb
of2

m = C2C
− o
1 f1

m . (5.17)

5.2.3 Determination of Internal Force of m-Humanoid Robots System

As discussed in Section 5.2.2, there are an infinite number of representations for

internal force vectors. This section presents a strategy to determine an internal force

vector for an m-humanoid robot system.

If it is assumed that a humanoid robot has two arms, there are 2m robotic arms in

an m-humanoid robot system. When two arms are chosen out of 2m arms, the number

of combinations is 2mC2(= m(2m− 1)). A 6-dimensional internal force/moment vector

can be considered between each combination, as described in (5.13). As discussed in

Section 5.2.2, (2m− 1) vectors out of 2mC2 are independent. The independent (2m− 1)

vectors are generated by a linear combination of 2mC2 vectors.

First, a force generated by two arms of a humanoid robot is defined as

of i
a ≡ of i

bR + of i
bL , i = 1, 2, . . . , m (5.18)

where of i
bR and of i

bL denote force vectors generated at the tip of virtual sticks fixed on

the right and left hands of the humanoid robot, respectively.

The internal force between the two arms of the humanoid robot is given as

of i
r ≡

1

2
(of i

bR − of i
bL) , i = 1, 2, . . . , m . (5.19)

In the strategy discussed in this section, m internal forces given by (5.19) are chosen

first. The number of independent vectors is (2m − 1). Hence, a further m − 1 vectors

must be chosen. Internal force vectors between two humanoid robots are given by

of i,j
r ≡ 1

2
(of i

a − of j
a) , i ̸= j , (5.20)

where of i
a and

of j
a are defined by (5.18). Among the m humanoid robots, the number of

combinations of two robots is mC2(=
1
2m(m−1)). The remaining (m−1) internal forces

can be chosen directly from (5.20), or chosen from a linear combination of of i,j
r , such

as (of1,2
r + of3,4

r ) or (of1,2
r + of3,4

r + of5,6
r ). Note that the chosen internal forces should

be linearly independent with respect to each other. As a case study, the 3-humanoid

robot system (m = 3) illustrated in Figure 5.3 is considered. As illustrated in this figure,

six arms hold an object. The number of independent vectors for the internal forces is

5 (= 2× 3− 1). In Figure 5.3, olibR and olibL (i = 1, 2, 3) are the virtual stick vectors of
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Figure 5.3: Case study: cooperation among three humanoid robots (m=3).

the right and left arms, respectively. The three of the five internal forces are determined

from (5.19) as

of r1 ≡ of1
r =

1

2
(of1

bR − of1
bL) ,

of r2 ≡ of2
r =

1

2
(of2

bR − of2
bL) ,

of r3 ≡ of3
r =

1

2
(of3

bR − of3
bL) . (5.21)

The remaining two internal forces are chosen from the following three internal forces.

of1,2
r = 1

2(
of1

a − of2
a) ,

of2,3
r = 1

2(
of2

a − of3
a) , (5.22)

of3,1
r = 1

2(
of3

a − of1
a) (= −of2,3

r −o f1,2
r ).

If of1,2
r and of2,3

r are chosen, these internal forces are organized into ofm as

ofm ≡



of r1
of r2
of r3
of r4
of r5

 =



1
2I6 −1

2I6 0 0 0 0

0 0 1
2I6 −1

2I6 0 0

0 0 0 0 1
2I6 −1

2I6
1
2I6

1
2I6 −1

2I6 −1
2I6 0 0

0 0 1
2I6

1
2I6 −1

2I6 −1
2I6





of1
bR

of1
bL

of2
bR

of2
bL

of3
bR

of3
bL


= Coqb . (5.23)
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5.2.4 Workspace Velocities

The translational and rotational velocities of Σbi are represented as ovbi and
oωbi,

respectively. A velocity vector owb which includes all velocities of Σbi is defined as

owb ≡
[
osb1

osb2 . . . osbi

]
, (5.24)

osbi ≡
[
ovT

bi
oωT

bi

]
. (5.25)

Denotes that the velocities corresponding to ofa and ofri are
osa and o∆sri, then gen-

eralized velocity vector ou is defined as

ou ≡
[
osTa

o∆sTr1
o∆sTr2 . . . o∆sTr,n−1

]
. (5.26)

If it is supposed that oqb and oh are balanced, then by applying the principle of virtual

work to (5.7), the follow relationship is given.

ohT ou = oqT o
b wb = (Uoh)T owb , (5.27)

ou = UT owb . (5.28)

owb is calculated from owh(see Appendix A) in practical use.

5.2.5 Workspace Coordinates

The position and orientation of the origins of Σbi and Σa with respect to Σo are

defined as

opbi ≡
[
oxT

bi
oϕT

bi

]T
, (5.29)

opa ≡
[
oxT

a
oϕT

a

]T
, (5.30)

respectively. oxbi and
oxa represent the positions; oϕbi and

oϕa are rotation angles such

as Euler angles.
osbi,

osa and o∆sri can be calculated from the derivatives of opbi,
opa and o∆pri as

follow.

osbi = Bs(
oϕbi)

oṗbi ,

osa = Bs(
oϕa)

oṗa ,

o∆sri = Bs(
oϕa)

o∆ṗri , (5.31)

Where Bs(ϕ) is given by

Bs =

[
I3 0

0 Bo(ϕ)

]
. (5.32)

Bo(ϕ) is a 3 × 3 matrix calculated from ϕ (see Appendix B). Substituting equations

(5.31) into (5.28) yields
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diag[ Bs(
oϕa), Bs(

oϕa), . . . ]
oż = UTdiag[ Bs(

oϕb1), Bs(
oϕb2), . . . ]

oẏb , (5.33)

oyb ≡
[
opT

b1
opT

b2 . . . opT
bn

]T
,

oz ≡
[
opT

a
o∆pT

r1 . . . o∆pT
r,n−1

]T
.

Assumed that tip frames Σbi are very close to the object frame Σa, the orientation angles

of these frames with respect to Σo are almost equal. Therefore,

Bs(
oϕbi) ≈ Bs(

oϕbj) ≈ Bs(
oϕa) . (5.34)

It is assume that the initial values of opa and opbi are all equal, and the initial val-us of
o∆pri are zero. Base on this assumption, the integration of (5.33) is given as

oz = UT oyb . (5.35)

The generalized force vector oh, velocity vector ou and position vector oz are defined

with respect to the world coordinate frame Σo. However for the internal forces fri, rela-

tive velocities ∆sri and relative positions along the internal force ∆pri, it is convenient

to be represented with respect to the object coordinate frame Σa. Therefore they are

redefined as

h ≡
[
ofT

a
afT

r1 . . . afT
r,n−1

]T
, (5.36)

z ≡
[
opT

a
a∆pT

r1 . . . a∆pT
r,n−1

]T
. (5.37)

In addition, generalized velocity vector u is defines as

u ≡
[
osTa

a∆sTr1 . . . a∆sTr,n−1

]T
. (5.38)

The relationship between u and ż is given by

u = Baż , (5.39)

where Ba translates the derivative of rotation angles into angular velocity (see Appendix

B). Let aAo be the 3 × 3 rotational transformation matrix from Σo to Σa.
aAo is

calculated from the orientation components oϕa of opa.
oh and ou is transferred into h

and u as follow:

h = H oh , (5.40)

u = H ou . (5.41)

Where

H ≡ diag[I6,
aAo,

aAo, . . . ] ∈ R6×6n , (5.42)
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5.2.6 Relationship between Arm Joint Velocities and Generalized Ve-

locity Vector u

The velocity vector of the hand oshi is calculated from the joint velocity vector vi as

oshi = Jivi , (5.43)

where Ji is the Jacobian matrix of the ith robotic arm. Then the velocity vector owh is

calculated by

owh = diag[J1, J2, . . . Jn][ v
T
1 ,v

T
2 , . . . v

T
n ]

T ≡ JhΘ̇ , (5.44)

where Θ̇ is the joint angular velocity. Substituting (5.44) and (A.8) into (5.41), the

generalized velocity is also given by

u = HUT(oDT
h )

−1JhΘ̇ ≡ JΘ̇ . (5.45)

where J is a Jacobian matrix involves all joint angles.

From the principle of virtual work, the relationship between all joint torque Λ and

the generalized force h is given by

żTh = σTΛ

(Jσ)Th = σTΛ

σTJTh = σTΛ

Λ = JTh , (5.46)

5.3 Position/Force Hybrid Control

In this section, a hybrid position/force controller is presented.

A block diagram of the hybrid position/force controller is presented in Figure 5.7.

Control space is divided into external space and internal space. In the external space,

position and orientation of the transported object or external force and moment to apply

to the object are controlled, while in the internal space, the internal force and moment

are controlled by force controller or position controller. A selection matrix S specifies

force controller or position controller for every axes in the control space.

The current state of the external and internal force vector hc is calculated from

equations (5.11) and (5.36) by using force signals measured by wrist force sensors of the

robots. The current state of the position of the object and relative position along the

internal forces zc is calculated from equations (5.35) and (5.37) with solving forward

kinematics. A robot operator gives the references hr and/or zinput
r as illustrated in

Figure 5.7.

Most of recent humanoid robot is controlled by joint position controller with high

reduction gear transmission. Hence force control law proposed in this paper is con-

verted into an equivalent position control law. Dynamic forces generated by moving the
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transported object and robot body affect on actuator’s torque. However the dynamic

effect decreases in proportion to the square of the reduction ratio, hence general joint

PD servo generally achieves good performance in position control. Therefore, dynamics

is not considered in the controller design presented in this section. Consideration of

dynamics is future work. It is assumed that the mass and moment of inertia of the

transported object are assumed to be small and negligible.

The following subsections present the details of the hybrid position/force controller.

5.3.1 Force Control

Since the humanoid robot HRP-2 [7] used in this research is a position controlled

robot, the force control law (5.46) cannot be directly applied. The force control command

must be converted into a corresponding position control command. It is assumed that

a compliance between deviation of generalized force δh and deviation of generalized

position δz as

khδh = Baδz (5.47)

where kh behaves as a gain of force controller. From (5.47), the reference of the gener-

alized position for force controller is given by

δzrh = B−1
a khS(hr − hc) , (5.48)

where hr and hc are the reference and current vectors of generalized force, respectively.

S (∈ R6n×6n) is a diagonal selection matrix for switching force/position control (’1’ for a

diagonal element corresponds to force control while ’0’ corresponds to position control).

5.3.2 Position Control

The reference of the generalized position for position controller is given by

zrp = (I6n − S)zinput
r , (5.49)

where I6n is a 6n×6n identity matrix, and zinput
r is the user specified generalized position

command.

5.3.3 Hybrid Control

In order to realize a hybrid controller, the reference of generalized position zr is given

as

zr = δzrh + zrp = B−1
a khS(hr − hc) + (I6n − S)zinput

r . (5.50)

The joint angle reference Θr is given by

Θr = Θc + δΘr , (5.51)

δΘr = J†kzBa(zr − zc) , (5.52)
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Figure 5.5: Positioning of the force sensors.

where Θc is the current joint angle vector, and J† is the pseudo inverse matrix of J.

In this way, both outputs of force control and position control are integrated into a

position control command.

5.4 Application to Multiple Humanoid Robots

A cooperative object transportation task of n humanoid robots is considered. A

centralized control system is implemented, and its concept is illustrated in Figure 5.8.

The centralized control system explicitly controls the positions of the transported object

or the force applied to it. The robot motions to achieve the object reference position or

force are calculated and sent simultaneously to all robots. Therefore, the time lag among

the robots is expected to be small. The centralized controller accepts object reference

position or force command from an operator and force sensor information.

In order to maintain walking stability, only the arms are used for force/position
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hybrid control in the cooperation task. All the reference hand positions and attitudes

of every robot are computed from the hybrid controller proposed in Section 5.3.

The concept of a walking plan for the cooperation task is shown in Figure 5.4. The

walking plan is individually adapted for each humanoid robot. After all the robots

grasp the object, each robot records the relative displacement from the center of their

two hands to their foot position in the x-y plane (d1, d2). When the robots start to move

the object, the reference foot position is continuously calculated using d1 and d2. When

the error between the current and reference foot position exceeds a specified threshold,

the robot starts to walk. Once the reference foot position is determined, the reference

zero moment point (ZMP) trajectory is calculated by interpolating the discrete foot

positions from the current to the reference one. The reference center of mass (CoM)

trajectory is computed using preview control theory [40]. The robots stop walking when

their foot position errors become lower than a threshold. This error includes position

error ep and attitude error in yaw direction eA, which are defined by

ep =∥ dr − dc ∥ ,

eA = |ψr − ψc| , (5.53)

where dr and dc are the reference and current foot positions, and ψr and ψc are the

reference and current yaw angles of the foot, respectively. Errors ep and eA are both

checked for both left and right feet after every step to decide if a step should be stopped

or the next step should be started. The flow chart of walking planning is shown in Figure

5.6.

Because the internal force of the system is controlled by stretching and shrinking the

arms, and the reference foot position of a robot is calculated from the center of its two

hands, the relative position error between robots is compensated. In order to integrate

the walking control, each humanoid robot is controlled based on the following kinematic

equations

δΘ = J†
wholeδpwhole (5.54)

where

δΘ = Θref −Θcur, Jwhole =


JCoM

Jwaist

JswingFoot

JHands

 , δpwhole =


rrefCoM − rcurCoM

trefwaist − tcurwaist

pref
swingFoot − pcur

swingFoot

pref
Hands − pcur

Hands

 ,

and J†
whole is the pseudo inverse matrix of Jwhole.

The control variables are:

rCoM ∈ R3: position of center of mass

twaist ∈ R3: attitude of the waist
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Figure 5.6: Flow chart of walking planning.

pswingFoot ∈ R6: position and attitude of the swing foot

pHands ∈ R12: position and attitude of both hands

Θ̇: all-joint angular velocity

JCoM: Jacobian matrix mapping Θ̇ to ṙCoM

Jwaist: Jacobian matrix mapping Θ̇ to ṫwaist

JswingFoot: Jacobian matrix mapping Θ̇ to ṗswingFoot

JHands: Jacobian matrix mapping Θ̇ to ṗHands

The upper right suffix “ref” indicates the reference value, while “cur” indicates the cur-

rent value. The reference position of hand pref
Hands is given by the hybrid position/force

controller, and rrefCoM, trefwaist, and pref
swingFoot, are given by a walking pattern generator.

Matrix JswingFoot differs for the left and right legs. Hence, the JswingFoot matrices corre-

sponding to the left and right legs are alternately used depending upon the swing phase.

When the robot is in the double support phase, the inverse kinematics are solved by

setting pref
swingFoot = pcur

swingFoot. The overall control law of the system is illustrated in

Figure 5.7. FK and InvK in Figure 5.7 indicate the forward kinematics calculation and

inverse kinematics solutions, respectively, and Θref
i is the servo motor command of robot

i. Equation (5.54) is used to calculate Θref
i . Meanwhile, the current generalized force hc

is computed by the force data measured from the force sensors mounted on each robot’s

hands. Virtual force sensors are mounted between the hand and wrist of each arm, as

illustrated in Figure 5.5, in the same place as on the real humanoid robot HRP-2. The

force sensor signal is simulated in the dynamic simulator OpenHRP-3.
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5.5 Dynamic Simulation

In order to validate the proposed symmetry cooperation framework, dynamic simu-

lations were performed. Although dynamic effects were not considered in the design of

the robot controller presented in Section 5.3, all dynamic effects were computed in the

simulations presented in this section.

5.5.1 Comparison with Leader-Follower Type Cooperation

The proposed symmetry type cooperation was compared with leader-follower type co-

operation by performing dynamic simulations using OpenHRP [34]. The leader-follower

type cooperation in the simulation was basically the same as the method proposed in

[46], but impedance control was not applied to the arms in order to perform it under

the same conditions as the symmetry type cooperation. The results of the simulations

are shown in Figures 5.9 and 5.10. The same constant reference velocity was assigned

to the holding object in the x direction.

In the leader-follower type cooperation, the leader robot lost its balance because of

the time-lag between the leader and follower robots, as shown in Figure 5.9(a). This

figure shows the ZMP trajectory of the leader robot during the simulation. Because the

leader robot moved too fast and the follower robot could not respond quickly enough,

at approximately t = 7.2 s, the ZMP in the x direction went to the front fringe of the

support polygon.
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In the symmetry type cooperation, the two robots stably transported the object, as

shown in Figure 5.9(b), which shows the ZMP trajectory of robot B during simulation.

The ZMP always stayed near the center of the support polygon. These results clearly

show the advantage of the proposed symmetry type cooperation over the leader-follower

type cooperation.

However, a limitation of moving velocity exists in both cooperation types. Figure

5.11(a) shows a simple 2D model of the follower robot in leader-follower type cooperation,

where x is the object displacement moved by the leader robot, k is the stiffness at the

hand of the follower robot, F is the force applied to the follower robot caused by the

movement of the object, Za is the height of the object, M is the mass of the robot,

and g is gravitational acceleration. Further Pmax is the maximum displacement of ZMP

calculated from the region of the foot, and PIZMP is the imaginary ZMP [43]. In order to

prevent unexpected tilting, PIZMP must be less than Pmax. Hence, force F applied to the

follower robot must satisfy FZa < MgPmax. If the applied force F can be approximated

by F = kx, the object displacement x during a step must satisfy the following condition,

x <
MgPmax

kZa
. (5.55)

Therefore, if the object displacement x during a step does not satisfy (5.55), the follower

robot will fall down. The conditions used in the dynamic simulations presented in

Figures 5.9 and 5.10 were as follows: M = 54 kg, Pmax = 0.13 m, Za = 0.96 m,

and k = 1000 N/m, and the velocity along x axis of the leader robot was ẋ = 0.1

m/s. Substituting the above simulation conditions into (5.55), the stability condition

is obtained as: 0.1 t < 0.072 , where t is the elapsed time after the leader robot starts

moving. Therefore, if the follower robot does not take its next step before t = 0.72 s,

the ZMP of the follower robot (or leader robot) will reach the anterior boundary. In the

simulation of leader-follower type cooperation presented in Figure 5.9(a), the follower

robot started walking approximately 1.3 s later than the leader robot started walking.

Therefore, the leader robot could not keep its balance, as presented in Figure 5.9(a).

This is just a simple 2D analysis, however, from this analysis, it is concluded that the

stability of the leader-follower type cooperation strongly depends upon the velocity of

the leader robot.

In the symmetry type cooperation proposed in this paper, object displacement x is

theoretically equal to zero because the robots simultaneously move. However, if the

reference object velocity va is faster than robot moving velocity vR, as illustrated in

Figure 5.11(b), the error will accumulate and the robot may fall down, although this error

can be compensated for by adjusting the hand position to a certain extent. Therefore,

the reference object velocity should be slower than the maximum moving velocity of the

robots.
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Figure 5.9: Comparison between leader-follower type and symmetry type.

5.5.2 Symmetry Cooperation Among Four Humanoid Robots

The proposed method was implemented for four humanoid robots HRP-2 (eight arms

in total) and verified with dynamic simulator OpenHRP. In this simulation, the following

internal force set are chosen.

of r1 ≡ ofA,C
r + ofB,D

r = 1
2
ofb1 +

1
2
ofb2 +

1
2
ofb3 +

1
2
ofb4 − 1

2
ofb5 − 1

2
ofb6 − 1

2
ofb7 − 1

2
ofb8

of r2 ≡ ofA,B
r = 1

2
ofb1 +

1
2
ofb2 − 1

2
ofb3 − 1

2
ofb4

of r3 ≡ ofC,D
r = 1

2
ofb5 +

1
2
ofb6 − 1

2
ofb7 − 1

2
ofb8

of r4 ≡ ofA
r = 1

2
ofb1 − 1

2
ofb2

of r5 ≡ ofB
r = 1

2
ofb3 − 1

2
ofb4

of r6 ≡ ofC
r = 1

2
ofb5 − 1

2
ofb6

of r7 ≡ ofD
r = 1

2
ofb7 − 1

2
ofb8

(5.56)
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Figure 5.10: ZMP trajectory in x direction.

Coefficient matrix C of this internal force set is

C =



1
2I6

1
2I6

1
2I6

1
2I6 −1

2I6 −1
2I6 −1

2I6 −1
2I6

1
2I6

1
2I6 −1

2I6 −1
2I6 06 06 06 06

06 06 06 06
1
2I6

1
2I6 −1

2I6 −1
2I6

1
2I6 −1

2I6 06 06 06 06 06 06

06 06
1
2I6 −1

2I6 06 06 06 06

06 06 06 06
1
2I6 −1

2I6 06 06

06 06 06 06 06 06
1
2I6 −1

2I6


. (5.57)

Matrix V is then determined from (5.12) as

V =



1
4I6

1
2I6 06 I6 06 06 06

1
4I6

1
2I6 06 −I6 06 06 06

1
4I6 −1

2I6 06 06 I6 06 06
1
4I6 −1

2I6 06 06 −I6 06 06

−1
4I6 06

1
2I6 06 06 I6 06

−1
4I6 06

1
2I6 06 06 −I6 06

−1
4I6 06 −1

2I6 06 06 06 I6

−1
4I6 06 −1

2I6 06 06 06 −I6


. (5.58)

Each internal force is shown in Figure 5.12, and their physical meanings are presented
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Figure 5.11: Limitation of moving velocity.

force physical meanings
of r1 The internal force between robot AB and CD
of r2 The internal force between robot A and B
of r3 The internal force between robot C and D
of r4 The internal force between two hands of robot A
of r5 The internal force between two hands of robot B
of r6 The internal force between two hands of robot C
of r7 The internal force between two hands of robot D

　

Table 5.1: Internal forces and their physical meanings

in Table 5.1. The workspace position vectors oz can be derived from (5.35) as follows.

opa =
1
8
opb1 +

1
8
opb2 +

1
8
opb3 +

1
8
opb4 + 1

8
opb5 +

1
8
opb6 +

1
8
opb7 +

1
8
opb8 ,

o∆pr1 =
1
4
opb1 +

1
4
opb2 +

1
4
opb3 +

1
4
opb4 − 1

4
opb5 − 1

4
opb6 − 1

4
opb7 − 1

4
opb8 ,

o∆pr2 =
1
2
opb1 +

1
2
opb2 − 1

2
opb3 − 1

2
opb4 ,

o∆pr3 =
1
2
opb5 +

1
2
opb6 − 1

2
opb7 − 1

2
opb7 ,

o∆pr4 =
opb1 − opb2 ,

o∆pr5 =
opb3 − opb4 ,

o∆pr6 =
opb5 − opb6 ,

o∆pr7 =
opb7 − opb8 . (5.59)

The selection matrix S is set as diag(06, I6, I6, I6, I6, I6, I6, I6), so that the system

controlled the object position and internal forces in the simulation.
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Figure 5.12: All force vectors.

5.5.3 Validation of Internal Force Control without Stepping

In the first simulation, the internal force control without stepping is validated. All

four robots stood facing an object and held it as illustrated in Figure 5.12. Because the

robots were not fixed to the floor, the excessive internal force reference may not have

been achieved because of the slippage between the feet and floor. In this simulation, all

the references of the internal forces were set to zero. The object position was controlled

to stay at its initial position.

The procedure of this simulation was as follows.

1. Four robots grasped the object.

2. Virtual sticks, as shown in Figure 5.2, were created.

3. The reference position of the object was set to the initial position.

4. The object position and internal force hybrid control were started at a specific

time.
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Figure 5.14: Snapshots in the hybrid control simulation.

The external position history and its reference are shown in Figure 5.13, and snapshots

of the simulation are shown in Figure 5.14. At first, the robots held the object, and the

motor command was kept constant. At this point, the internal force of each direction

might not have equaled zero. The hybrid control for object position and internal force

was started at time t = 10.5 s. After the hybrid control was started, all internal forces
afr1,

a fr2, . . .
a fr7 converged to zero (Figure 5.15).

In these graphs, the suffix “ref” indicates the reference value, and “act” is the actual

value obtained from the dynamic simulator. The reference positions in the x and y

directions and the reference Euler angles were set to zero in this simulation. Although

there was some oscillation in the attitude, its amplitude was small enough to ignore.

Both position and attitude closely follow the reference. The proposed hybrid control is

hence validated.
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5.5.4 Cooperative object transportation Simulation

The second simulation involved a walking motion and 6-dimensional transportation

of the object. The procedure of this simulation was as follows.

1. Four robots grasped the object.

2. The virtual sticks were created, as shown in Figure 5.2.

3. The reference position of the object was set at the initial position.

4. The external position and internal force hybrid control were started.

5. A reference velocity was assigned to the center of the object, and the velocity was

randomly changed during the simulation.

6. After a few steps, the reference velocity of the object was set to zero in all direc-

tions.

The first four steps are the same as the previous simulation. In this simulation, the

reference position was computed by integrating the reference velocity. As plotted in

Figure 5.16, the actual position and attitude of the object closely tracked the references.

Figure 5.17 shows a top view of the robot motion in the simulation. Figure 5.18 shows

the robot motion that moved the object in the six axes.

Figure 5.19 shows the internal force. Although some spikes can be observed at the

moments when a foot landed, the internal forces converged to zero.
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Figure 5.15: The history of internal forces.
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Figure 5.16: External position of the object.

(a) t = 4 s (b) t = 9 s (c) t = 14 s

(a) t = 19 s (b) t = 24 s (c) t = 29 s

Figure 5.17: Sequential photo graphs of simulation (top view).
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(a) t = 14 s (b) t = 15 s (c) t = 16 s

(a) t = 17 s (b) t = 18 s (c) t = 19 s

Figure 5.18: Sequential photo graphs of simulation.
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Figure 5.19: The history of internal forces.
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Figure 5.20: Overview of experiment system.

5.6 Experiment of Symmetry Type Cooperative Object

Transportation

The proposed method is verified with dynamic simulation in last section. The method

is verified with two humanoid robots HRP-2 (four robotic arms in total) in this section.

5.6.1 Framework of Experiment System

The framework of experiment system is built as illustrated in Figure 5.20. A external

computer (console PC) is used to calculated and transfer the reference joint angles of

the two robot simultaneously. This system is consisted of three computers:

1. Console PC (rt-preempt)

2. HRP-2 20 PC (art-linux)

3. HRP-2 15 PC (art-linux).

The two HRP-2 robots are running in about 5 [ms] real time process, but there is a

tiny difference between this two robots. This difference is accumulated by times, and

becomes a large time lag between the two robots. Since there is no synchronization

between this two robots, and since the console PC is faster than the two robots PC, it is

possible to use the console PC to synchronize them by adjusting its computing period.

A mc (motor command) queue (a reference joint angles sequence) is built in the robot,

motor command is stocked here before it is executed. PD servo is a PD control algorithm

of all joint angles. The queue size is set as 5, i. e. it is a 25 [ms] trajectory. Therefore
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the motor commend unreaching time is allowed within 25 [ms]. The current queue size

is sent to console PC every time after one motor command is executed. When the queue

size of both robots go over 5, the console PC sleeps 5 [ms] after one motor command

is computed and transferred to the two robots. And when the queue size is differ from

another one by 3, the motor command will not be sent to the slower one. Although all

the data is transferred by socket through a LAN cable, a approximate synchronization

system can be achieved.

5.6.2 Internal Force Control Experiment without Stepping

HRP-2 NO.20 is treated as robot A, and HRP-2 NO.15 is treated as robot B as shown

in Figure 5.21. the following internal force set is chosen in this experiment.

of r1 ≡ ofA,B
r = 1

2
ofb1 +

1
2
ofb2 − 1

2
ofb3 − 1

2
ofb4 (5.60)

of r2 ≡ ofA
r = 1

2
ofb1 − 1

2
ofb2 (5.61)

of r3 ≡ ofB
r = 1

2
ofb3 − 1

2
ofb4 (5.62)

(5.63)

Coefficients matrix C of this internal force set is

C =

1
2I6

1
2I6 −1

2I6 −1
2I6

1
2I6 −1

2I6 06 06

06 06
1
2I6 −1

2I6

 . (5.64)

Then V is determined from (5.12) as

V =


1
2I6 I6 06
1
2I6 −I6 06

−1
2I6 06 I6

−1
2I6 06 −I6

 . (5.65)

The workspace position vectors oz can be derived from (5.35) as follows.

opa =
1
4
opb1 +

1
4
opb2 +

1
4
opb3 +

1
4
opb4 ,

o∆pr1 =
1
2
opb1 +

1
2
opb2 − 1

2
opb3 − 1

2
opb4 ,

o∆pr2 =
opb1 − opb2 ,

o∆pr3 =
opb3 − opb4 , (5.66)

The selection matrix S is set as diag(06, I6, I6, I6), so that the system controls the object

position and internal forces in the experiment.

In the first experiment, the internal force control is validated without stepping. In

this experiment, a specific reference value of of r1 is given in x and roll direction in

order. The references value of other internal forces are set to 0. The object position is

controlled to stay at the initial position.

The procedure of this experiment is as follows.

76



Chapter 5. Symmetry Type Cooperation Control

arm4

arm3

arm1

arm2

robot B robot A

Figure 5.21: Definition of robot A, robot B, robotic arms assignment.

1. Two robots grasp the object.

2. Capture the hand wrist positions of two robots.

3. Create the virtual sticks as shown in Figure 5.21.

4. Offset the current internal forces to 0.

5. Set the reference position of the object at the initial position.

6. Start the object position and internal force hybrid control.

7. Set reference value of of r1 in x direction, then set in roll direction in order.

8. Set reference value of all internal forces as 0.

Optical tracking system [44] is used to capture the initial hand wrist positions in world

coordinate. The snapshots of the experiment are shown in Figure 5.23. At first, reference

value of all internal forces is set as 0. At about t = 10 s, only the reference value of
of r1 in x direction is set to 3 [N]. kh is adjusted online in order to well converge to

reference value. After the value of of r1 in x direction converges to reference value, The

reference value of all internal forces are set as 0. The internal forces history (t= 10 [s]

to 210 [s]).) is shown in Figure 5.24. From this Figure, it is observed that of r1 in x

direction converges to reference value 3 [N] at t= 140 [s] to 170 [s]. The other internal

forces is controlled to 0.

After the tracking of of r1 in x direction is validated, next of r1 in roll direction is

controlled. The internal forces history (t= 430 [s] to 630 [s]).) is shown in Figure 5.25.

In this span, only the reference value of of r1 in roll direction is set to 2.5 [Nm], other
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Figure 5.22: Optical tracking system.

(a) t=10 [s] (b t=40 [s] (b) t=70 [s]

Figure 5.23: The snapshot of internal forces experiment.

internal forces reference is set to 0. There is a huge oscillation at about t = 470 [s]

because kh gain is set improperly. After a proper kh gain is set, the oscillation stops and
of r1 in roll converges to reference value. Finally, reference value of all internal forces is

set to 0, and it is observed that they did converge to 0 from Figure 5.25.
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Figure 5.24: The history of internal forces(t= 10 [s] to 210 [s]).
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Figure 5.25: The history of internal forces(t= 430 [s] to 630 [s]).

5.6.3 Cooperative object transportation Experiment

The second experiment involves walking motion and transportation of the object.

The procedure of this experiment is as follows.

1. Two robots grasp the object.
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2. Capture the hand wrist positions of two robots.

3. Create the virtual sticks as shown in Figure 5.21.

4. Offset the current internal forces to 0.

5. Set the reference position of the object at the initial position.

6. Set reference value of all internal forces as 0. Start the external position and internal

force hybrid control.

7. Start the stabilization control.

8. A reference constant velocity is given to the center of the object.

9. After a few walk, the reference velocity of the object is set to 0 in all direction.

The first five steps are the same as the previous experiment. In this experiment,

the reference position was computed by integrating the reference velocity. During

t = 202 [s] ∼ t = 208 [s], the reference object velocity is set to 0.03 [m/s] in x di-

rection. Figure 5.26 shows the robot motion that moved the object. The internal forces

history is shown in Figure 5.27.

The transportation experiment with rotational movement is also conducted. During

t = 220 [s] ∼ t = 230 [s], the reference object velocity is set to 0.03 [m/s] in x direction,

and 5 [degree/s] in yaw direction. Figure 5.28 shows the robot motion, and the internal

forces history is showing in Figure 5.29. The robot moves the object with walking

properly. Unfortunately, the internal forces do not converge to the reference values 0.

This may due to the effect of the stabilization control of HRP-2 [38]. When there is a

disturbance or a external force acts at HRP-2, the stabilization control system adjust

its whole body posture to recover ZMP error. In this experiment, the internal force,

i. e. the external force acts at one HRP-2 is not always be zero. As a result, HRP-2

adjust its whole body joint angle, and this may influence the internal force control. And

since the out put joint angles of stabilization control is vibrational, it is improper to

update the calculation model with this joint angles. How to feedback this information

to calculation model is one of future works.

5.7 Summary

In this chapter, A framework of symmetry cooperation for arbitrary number of robots

is proposed. Dynamics simulations were performed to validate the proposed framework.

The results of the dynamics simulation clearly showed the advantage of the proposed

symmetry cooperation over the leader-follower cooperation. Furthermore, cooperation

among four humanoid robots was taken as example, and simulations were performed. In

the simulation, position and attitude of the object, and internal forces were controlled.
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(a) t=202.5 [s] (b) t=203 [s] (c) t=203.5 [s]

(d) t=204 [s] (e) t=204.5 [s] (f) t=205 [s]

(g) t=205.5 [s] (h) t=206 [s] (i) t=206.5 [s]

(j) t=207 [s] (k) t=207.5 [s] (l) t=208 [s]

Figure 5.26: Sequential photo graphs of experiment (x direction movement).

The results validated the effectiveness of the proposed hybrid controller. The proposed

hybrid control is also validated by two HRP-2 robot.
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Figure 5.27: The history of internal forces(t= 198 [s] to 214 [s]).
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(a) t=222.5 [s] (b) t=223 [s] (c) t=223.5 [s]

(d) t=224 [s] (e) t=224.5 [s] (f) t=225 [s]

(g) t=225.5 [s] (h) t=226 [s] (i) t=226.5 [s]

(j) t=227 [s] (k) t=227.5 [s] (l) t=228 [s]

Figure 5.28: Sequential photo graphs of experiment (x+ yaw direction move-met).
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Figure 5.29: The history of internal forces(t= 220 [s] to 230 [s]).
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Chapter 6. Conclusion

6.1 Conclusion of this thesis

In the thesis, a framework of cooperative object transportation by multiple humanoid

robots is proposed. The two cooperation types, leader-follow type and symmetry type,

are validated with humanoid robots, respectively. Unlike wheeled robot, the support

polygon of a walking humanoid is narrow. Therefore, the balance of one walking hu-

manoid robot may be affected by external force easily. The external force of one hu-

manoid robot, i. e. the internal force between humanoid robots should be eased in some

way. In leader-follower type, a impedance based control is used, and in symmetry type,

a hybrid position/force control is proposed. This two type is compared to each other in

this thesis. The briefings of each chapter are as follow.

chapter 1 Introduction

The weakness of joint actuator output is a bottleneck so that a robot can not

perform as powerful as human being. Cooperative working may be a effective

way to exploit the working capacity of a robot. The target of this research is

to develop a cooperative object transportation framework for humanoid robots in

order to move heavy object.

chapter 2 System

Dynamic simulator ”OpenHRP” is used and humanoid robot ”HRP-2” for vali-

dating our method. The controller of humanoid robots are made in ”OpenRTM”

format. In this format, user is able to operate the robots both in simulation world

and in real world with the same program. The joint of HRP-2 is control in torque-

control mode. Each joint torque is calculated with a simple PD control.

chapter 3 Online Walking Generator

The preview control theory is used as walking pattern generator. This method

can calculate a reference center of mass (CoM) trajectory that meets the reference

zero moment point (ZMP) trajectory. After the foot placement is determined, the

reference ZMP is computed by fifth-interpolating. Then by applying the preview

control theory, the reference CoM trajectory is computed. The DOF of two legs

are 12 and the constrain condition is also in 12 dimension, and the reference joint

angles of two legs are calculated numerically. The walking motion is generated

with online walking command.
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chapter 4 Leader-follower Type Cooperation Control

Leader-follower type cooperation control with two humanoid robots is validated.

The foot placement of leader-robot is given by operator online. And impedance

control is applied to two robots in order to ease internal force between leader

and follower robot. Robot moves their hand along the direction of external force

estimated form the force sensor mounted at its wrist. Then the foot placement of

the follower robot is determined by current hand position. Leader-follower type

control is validated in x direction only.

chapter 5 Symmetry Type Cooperation Control

The external and internal force among arbitrary robots are defined, respectively.

Since the internal force can not be determined uniquely, a method to determine the

internal forces which will become controlled variables is proposed. A hybrid posi-

tion/force control law is derived, and is able to be applied to arbitrary humanoid

robots. Also, a walking pattern generator (the same as used in leader-follower

type) is integrated into the control law. The proposed method is validated with

four HRP-2 robot in simulator. Our proposed symmetry type control is validated

both in steady state (without walking) and transportation motion (with walking),

respectively. In steady state, the reference object position is set as initial position,

and a reference internal forces are given online. The robots can track the refer-

ence internal forces while keeping in initial position. And in transportation motion

experiment, the humanoid robots are able to generate its whole body motion to

transport an object autonomously, and easing the internal force in the same time.

6.2 Future works

There are some tasks are not clear yet. Future works includes:

Improve the moving direction prediction of follower robot

In leader-follower type control, moving direction of a follower robot is based on the

force sensor information. In this thesis, only x direction is validated. However, as

the DOF of moving direction increases, the complexity also increases. Besides, this

thesis only validate leader-follower type with 2 humanoid robots. Complexity also

increases if there are more humanoid robots. Internal forces are not from leader

robot only, but also form other follower robots. The moving direction prediction

of follower robot should be improved in order to follower the leader robot properly.

A smart way to adjust impedance gain of leader-follower type

Currently, the impedance gain is adjusted by trail and error. The impedance gain

is very critical in leader-follower type, and currently there is not a smart way to

determine it. An auto adjust method is expected.

Feedback the information of stabilizer
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In this thesis, the correction information of stabilizer is not feedback into trajectory

planning part. Since the stabilizer may adjust the hand position, the hybrid posi-

tion/force control may be nonfunctional if the amount of correction is neglected.

The out put of the stabilizer is fluctuating, and if the information of stabilizer is

feed backed with out any prepossessing, the output of trajectory planning part

also becomes fluctuating. This problem may be improved by a proper filter

Estimate the relative position of humanoid robots without environment camera

In symmetry type control, environment camera is used to capture the initial rela-

tive posit on of the robots. However, environment camera may not always exist. It

is ideal if the humanoid robots can estimate their relative position by their camera

mounted in their heads.

Take weight of holding object into consider

In this thesis, a method to ease the internal forces between humanoid robots is

mainly developed. The weight of a holding object is neglected. However, robots

may falling down if the holding object is heavy. The weight of a holding object

should take into consider when generating the CoM trajectory.
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Appendix A Calculation of owb from
owh

Let oF hi and
oNhi be the force and moment vectors applied to the object by hand i as

illustrated in Figure A.1. The relationship between
[
oFT

bi
oNT

bi

]T
and

[
oFT

hi
oNT

hi

]T
is given as [

oFT
bi

oNT
bi

]
=

[
I3 03

−ol̂hi I3

][
oFT

hi
oNT

hi

]
≡ oDhi

ofhi , (A.1)

where ol̂hi is a skew symmetric 3× 3 matrix that satisfies

ol̂hi
oF hi =

olhi × oF hi . (A.2)

In a n robotic arms system, we obtain

oqb = diag[oDh1,
oDh2, . . .

oDhn]
oqh ≡ oDh

oqh . (A.3)

Applying the principle of virtual work to (A.3), we obtain

oqTh
owh = (oDh

oqh)
T owb, (A.4)

owh = oDT
h

owb , (A.5)

Where owh is velocity vector of Σbi which is defined as

owh ≡
[
osh1

osh2 . . . oshi

]
, (A.6)

oshi ≡
[
ovT

hi
oωT

hi

]
. (A.7)

ovhi and
oωhi are translational and rotational velocities of Σhi, respectively.

Finally, owb is calculated from owh by

owb = (oDT
h )

−1 owh . (A.8)
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Figure A.1: Relationship between .
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Appendix B Translation between

Derivative of Rotation

Angles and Angular

Velocity

When an attitude is represented in Z-Y-X Euler angle, the derivative of rotation angles

(α, β, γ) is translated into angular velocity (wx, wy, wz) as followswx

wy

wz

 =

00
1

 α̇+

Cα −Sα 0

Sα Cα 0

0 0 1


01
0

 β̇ +

Cα −Sα 0

Sα Cα 0

0 0 1


 Cβ 0 Sβ

0 1 0

−Sβ 0 Cβ


10
0

 γ̇
=

00
1

 α̇+

−SαCα

0

 β̇ +

CαCβ

SαCβ

−Sβ

 γ̇ =

0 −Sα CαCβ

0 Cα SαCβ

1 0 −Sβ


α̇β̇
γ̇

 = B0

α̇β̇
γ̇

 , (B.1)

where S and C are sin and cos calculation, respectively.

Assuming that o∆pr,n is very small, o∆sr,n is approximated as o∆ṗr,n. The relation-

ship between u and ż is given by

u = Baż , (B.2)

where Ba is given by

Ba ≡

6n︷ ︸︸ ︷

6n− 6





I3 0


B0

I3
aB0

I3

0
aB0

. . .

, (B.3)

aB0 ≡ aRo B0
aRT

o . (B.4)

aRo is a rotational transformation matrix from Σo to Σa.
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