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A Note on the Use of Symmetr ic and Antisymmetr ic 
Conditions in the Fi nite-Element Analysis of 

Acoust ic Waveguides 

MASANORI KOSH IBA AND MICHIO SUZUKI, SENIOR MEMBE R, IEEE 

Abstract - Th e applica t ion of the rin ite..element method to the proJ>. 
• lem of waye propaga tion in acoustic waveguides with planes of symmelry 

ill discussed. In particular the discussion is how 10 use the sym metr ic 
and ant isymetric eondilionson a plane of symmelry whose nonnal dirt<:· 
tion is not eoincident with the direetion of a coordinale I."(is. 

I . INTRODUCTION 

I· N TH E finite·element analysis. of acollsl.ic wavegu.ides wi~h 
planes of symmetry, symmetnc and anllsymmetnc condl' 

tions are often used on each plane of symmetry r 1]- [6 ] . When 

Manuscrip t received J une 21, 1983. 
The authors are with the Department of Elccllonic Engineering. Hok· 

kaido University, Sapporo, 060, J apan. 

the symmetric condition is used on a plane with normal unit 
vector n (see Fig. 1), the particle displacement component par· 
allel to n and the two stress components normal to n are zero 
on the plane. When the antisymmetric condition is used on a 
plane with normal unit vector n , the two particle displacemenl 
components normal to n and the stress component parallel to 
n are zero on the plane. Application of t hese conditions re­
duces the number of elements, and therefore it is possible to 
use computer memory more economically. In earlier fmite· 
element analyses r 1] - [6] , however. only the plane of sym­
metry whose normal direction is coincident with the direction 
of a coordinate axis is considered. In this report. we indicate 
how to use the symmetric and antisymmetric conditions on a 
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Fig. 1. Acoustic waveguide with a plane of symmetry. 

plane of symmetry whose normal direction is not coincident 
with the direction of a coordinate axis. 

II. D EVELO PM ENT OF E QUATlONS 

The coordinate system employed is shown in Fig. 1, where Z 

is taken in the direction of propagation and the unit vector n 
normal to the plane of symmetry r lies at an angle 8 from the 
x axis in the xy plane. Using the finite-element method for 
only the region n, we obtain 

[A n] IA,y ] {Ax: l [Axx' l [Axy ' ] [Axz' ] 

[Ayx l IAyy ] (A Y' I [A yx'] IAyy' I [Ayz ' ] 

[Au ] (A ,y l [Au l [Au ' ] IA,y' I IA,,' ] 

(Ax 'x] (Ax'y ] IA,', ] [Ax'x' ] [Ax 'y' ] [A x'z' ] 

IAy'x] IAy'Y ] lAy" ] lAy', ' ] [A y,y. ] lAy'" I 
[Az 'x] IA, 'y ] [A, ',1 {A: 'x' ! IA,.y ·] IA:', ' ] 

{u, j . {oj 

{uy } {OJ 

{u,} {OJ 
= 

{u,' } {[,.} 

{u, } {[y.} 

{u,.} {[,.} 

IA] = IK(P)} - w' 1M] 

{r,.}= L f. {N} T,. lr dr, 
., , , , 

(1) I =-x ,Y . Z, , , 
where the components of the {U/} vector are the values of the 
particle displacement u l at all nodal points in n except f', the 
components of the {lit} vector are the values of Ui at all nodal 
points on r. w is the angular frequency, fHs the phase constant 
in the Z direction, IK(P) ] and [M] are the stiffness and mass 
matrices (I I - [6 J. respectively . (An] • [Axy ], ... , and 
(A:':' ] are the submatrices of (A I , Ttnlr is the stress on r , 
{N} is the shape funct ion [1] -(6] , {OJ is the null vector, and 
:Et" extends over the elements related to r . 

Using the symmetric condition 

on r , from (I ) we obtain 

(Au ] (Axy l (A x;: ] [A x)" ] (Axz ' ] 

(Ayx ] [A)'}' ] lAy, ] IAyy ' ] IA", ' ] 

[Atx ] [A ,y1 [Az, ] IA,y' ] [A z: ' ) 

[Ay'x ] IAy'y ] [Ay',] IAy'y' ] lAy''' ] 

[A, 'xl [A , 'y ] [A: ', ] [Az'y'1 [Az':' ] 

{ux} 

{uy } 

{u,} = {oj 

{uy' } 

{u,. } 

IA y'y' ] =- [Ay'y' ] -tan {;I ( [Ax'),' ] t [Ay'x' ]) 

ttan2 
(;I [A x'x' ) 

[A j),'1 =- [Ajy ' ] - tan (;I [A /x' ) 

[Ay',] =- [Ay'j ] -tan (;I [Ax',) , 

Using the antisymmetric condition 

. , 
J=-x,Y,z,z. (3) 

{u,'}=CO' 8 {uy'}, {u, 'j= {oj, (f,'}=-"n8 {[y.} (4 ) 

on r, from (1) we obtain 

[An] IAxy] (Ax:] [Ax),' ] {ux} 

(A yx] IA yy] [A)" ] IA yy' ] {uy } 

[Aul IA,y] [Au ) (Azy ' ) {u, } 

IAy'x ] IAy'Y ] lAy',] [Ay'y' l {uy·} 

IA y'y' ] =- IAy'y' ) + cot {;I ( [A x'y' ] + lA y':.:, )) 

t coe 0 [A x'x' ] 

[A iy ' ] =- [A iy ' ] t cot 0 [Ajx ' ) 

= (OJ 

[A y'j] =- IAy'j ] tcotO [Ax',], j=x,Y,z. (5) 

When tan 0 .... 00 in (3) and cot 0 .... 00 in (5), {uy'}' [Ay'y') ' 
[Ajy ' ] and [Ay'j ] should be replaced by {ux'l. [Ax'x' ]' [Aj..:,] 
and [Ax'j ] , respectively. 

111. R ESUl.TS 

Firsl, let us consider an isotropic square rod with four planes 
of symmetry x = O,Y = 0, andx =- iy, as in Fig. 2. We subdivide 
one quarler or one eighth or the cross section into second--order 
triangular elements as shown in Fig. 3. Table I gives the nu· 
merical results for the normalized phase velocities 1)/(C44/Pyfl 
for the fundamental branches of the longitudinal (L), fi rst screw 
(S(I»), torsional (1), and second screw (S(2» modes in a square 
rod with Poisson's ratio u =- 0.3, where I) = w/(3, C44 is the stiff· 
ness constant and p is the mass density. The fi elds of [he L 
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Fig. 2. Square rod. 
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Fig. 3. Finit~element divisions of a square rod. 

TABLE I 
NOII ...... UZED PH ... s~ VE~OCIT1ES"'S ... Ful'lCTlOI'I OF (ja FOt "'1'1 1soT~ OI'IC SQu ... tE Roo (0 = 0 3) 

VariltlO11al CoIl ocat 1 011 .... .. -.e:thGd[7) III!thod(S] 

I 1. 5511 1.5512 

J 1.069 1.0688 

I, 5 0.962 0.962 

10 0 .936 0.934 

14 0.939 0.931 

I 2.165 2.1646 

J 0.9161 0 .9J59 
5P) 5 0."'" 0.908 

10 0.9121 0.903 

14 0.9234 

I 0.9118 0.9182 

J 0 . 9134 

T, 5 0.9054 

10 0.9018 0.905 

14 0.9185 0.905 

I 1.969 1.9690 

J 1.068 1.0677 

51" 5 0.990 

10 0.953 0.952 

14 0.952 0.942 

and S(I) modes satisfy the symmetric conditions on x:: 0 and 
y:: O. The fields of the T and S(2) modes satisfy the antisym­
metric conditions on x :: 0 and y = O. The fie lds of the L and 
S<l) modes satisfy the symmetric conditions on x = ±y. The 
fields of the T and S<l) modes satisfy the anti symmetric con­
ditions on x = ±y. In Table I the results of the variational 
method (7), the collocation method [8 J ,and the mode· 
matching method [9) are also presented. The results of Figs . 
3(b) and (d) are identical to those of Figs. 3(a) and (c), respec­
tively. This fact proves the validity of (3) and (5). 

.... - Fini te-element me thod 
aUCllln& 

III!thod[9 Flg.3(.)&(b) Fig.l(d&(d) 

1.5512 1.5512 1.5512 

1.0688 1 .0690 l.M91 

0.9618 0.9632 0.9624 

0.9342 0.9445 0.9384 

0.9313 0.9519 0.9404 

2.1646 2. 16SO 2.1655 

0.9759 0.9764 0 .9163 

0.9081 0 . 9108 0.9089 

0.9035 0.9208 0.9074 

0."" 0.9368 0.9128 

0.9190 0.9185 0 .9184 

0.9153 0.9166 0 .9159 

0 .9112 0.9151 0.9123 

0.9053 0.9245 0.9095 
0.9045 0.9386 0.9133 

1.9685 1.9692 1.9700 

1.0678 1.0686 1.0684 

0.9922 0.9911 
0.9522 0.9626 0. 9561 

0.9424 0.96U 0.9SO) 

Next, let us consider anisotropic square rods with fou r planes 
of symmetry x = O,y = 0, and x = ±y. We subdivide one eighth 
of the cross section into second-order triangular clements as 
in Fig. 3( d). 

The normalized phase velocities for the fundamental branches 
of the L . S(l), T, and S(l) modes are presented in Tables II , 
III , and IV for tetragonal (NiS04 ) , hexagonal (zinc), and cubic 
(copper) materials [iO), respectively. For NiS04 and copper 
the Ll and Sl (I) branches intersect . The results that Nigro 
[10) has identified with the first two branches of the L mode 
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TABLE 11 
NoRMAI,.IZED PHASE VEWCITIES AS A FUI<CTIOS Of PO FOR A TETRAOONAL SQUARE Roo (NiSO.) 

finite-element Me thod Varl.tloul MthOd(IO] VIrIHlon.l .. thod(13] .. 
l, SpJ T, SFl Br.n~h I Br.nch l T, SIll , 

0.1 1.5B19 1l.8S40 0.9181 22.1852 1.585 n.s.. 0.919 

0.' 1.5818 l.1161 0.9119 4.3169 1.585 J 2.11 0.918 4.318 

1.0 1.5875 1..290 0.9153 2.2410 1. 421 1.58 0.916 2.251 

2.0 1.5100 0.9022 0.9045 1.3368 0.901 1.25 0.'" 1.339 

3.0 1.1818 0.832' 0.8816 1.11 48 0.831 1.07 0.887 1.118 

'.0 1.0697 0.8295 0.8108 1.0340 0.828 1.00 0.871 1.031 

'.0 1.0178 0.8362 0.8596 0.9983 0.84 0.97 0.859 1. 000 

'.0 0.9916 0.8424 0.8540 0.9804 0.84 0.95 0.854 0.981 

1.0 0.9769 0.8466 0.8511 0 .9706 0.85 0.94 0.852 0.912 

'.0 0.9617 0.s..9' 0.8513 0.9648 0.86 0.94 0.852 0.965 

'.0 0.961l 0.851 ' 0.8519 0 . 9613 0." 0.9' 

10.0 0.9558 0.8531 0 .8530 0. 9590 

TABLE III 
NoRMALIZ~D PH ASE VELOCITIES AS A F UNCTION OF fJo FOR A IiEXAOONAI,. SQuARE RoD (Zi NC ) 

finite -element methOd Virl.tlo",1 III!thod(10} Varfltlon,l II!thOd[13] .. 
l, sjl ) T, ,I" Branth 1 Bnnth 2 T, S (2) , 

0.1 0.9536 27.862' 0.9187 22.1878 0.9S4 27.84 0.919 

0.' 0.9503 .. - 0.9182 4.3262 0.9SI 5.39 0.919 4.325 

1.0 0.9389 2.5218 0.9166 2.llll 0.939 2.53 0.916 2.124 

2.0 0.8790 1.1911 0.9095 1.1560 0.819 1.19 0.909 1.151 

3.0 0.1893 0.8679 0.8958 0.9418 0.190 0.87 0.895 0.946 

'.0 0.7500 0.7800 0.8136 0.8837 0.813 0.885 

'.0 0.1484 0.1632 0.8451 0.8655 0.149 0.16 0.844 0.867 

'.0 0.1591 0.161. 0.8190 0.8313 0.16 0.77 0.817 0.837 

1.0 0.7708 0.1761 0.8011 0.8098 0.17 0.18 0.800 0 .813 

'.0 0.1190 0.7832 0.1927 0.7959 0.18 0.79 0.793 0.198 

'.0 0.1824 0.1866 0.1893 0.7905 0 .18 0.79 

10 .0 0.7829 0.7871 0.7890 0.1893 

TA BLE IV 
NoRMAli ZED PHASE VELOCITI U AS A FUNCT10N OF fJa FOR A CuBIC So llA R! Roo (CoPPU) • 

Finite -element method Vlriatlonal IIIt t hod(IO] Varla tl on.1 II!thod[IJ] .. 
l, SP) T, ,I" Br.nCh 1 Br.nch 2 T, SFl 

0.-1 1.0016 13.2441 0.9187 19.4126 1.001 13.23 0.918 

0.' 0.9814 2.6441 0.9168 3.1881 0.981 2." 0.911 3.787 

1. 0 0.9392 1.30)9 0.9105 1.8649 0.939 1." 0.910 1.86' 

2.0 0.1661 0.1121 0.8181 1.0560 O. 711 0.17 0.877 1.056 

3.0 0.6954 0.6536 0.8102 0.8996 0.653 0.10 0.808 0.899 

'.0 0.7Ul 0.6845 0.149Z 0.8146 0." 0. 71 0.747 0.831 

'.0 0.1442 0.7126 0.1243 0.1824 0.71 0.74 0.123 0 . 782 

'.0 0.1413 0.7143 0.7210 0.1648 0.71 O. " 0.121 0 .165 

1.0 0.1298 0.7090 0.1241 0.1636 0.71 0.12 0.124 0.765 

'.0 0.1306 0 .1115 0.1258 0.7638 0.11 0.73 0.724 0.765 

9.0 0 .7313 0.7175 0.7255 0.7599 0.12 0.14 

10.0 0.7431 0.7225 0 .7254 0.7560 
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are a150 shown in Tables II- IV (branch 1 and branch 2), and 
we see that for NiS04 and copper the branches 1 and 2 must 
be reidentified as in Tables II and IV [II) . Nigro's reidenti· 
fied results are in good agreement with the present results for 
the L I and S I (I) branches. Our results for the TI and S I (l) 

branches agree well with those of Nigro and O'Malley (12) . 
(1 3) . 

A CKNOWLEDGMENT 

The authors wish to thank M. Okada fo r his assistance in 
numerical computations. They are greatly indebted to the 
reviewers for their helpful suggestions. 

REFERENCES 

[1 J R. Burridge and F. J. Sabina, "Theoretical computations on ridge 
acoustic surface waves using the finitc-element method," Electron. 
Lett., vol. 7, pp. 720-722, 1971. 

[2] G. O. Stone, ''Coupling matrices for hlgh-order fmitc-e1ement 
analysis of acoustic-wave propagation," Electron. Lett., vol. 8, 
pp.466-468,1972. 

[31 P. E. Lagasse, "Hlgher-order finit~lement analysis of topographic 
guides supporting clastic surface waves," J. A couu. Soc. Amer., 
vol. 53, pp. 1116-11 22, 1973. 

[4] B. AaJami, "Waves in prismatic guides of ubitrary cross section," 
J. AppL Mech., vol. 40-E, pp. 1067-1 072, 1973. 

[5 1 M. KosJu"ba, T. Tanifuji, and M. Suzuki, "Acoustic wave propa­
gation in rods of rectangular cross section," 'han" /nst. Electron. 
Commull. Eng. Japan, vol. 57-B, pp. 734-741, 1974. 

(6 ) A. J. JeMings and G. K. CambreU, "Relined fmitc-element analy­
sis of a clad libel: acoustic waveguide," IEEE 'han" SoniCI UitrQ. 
ron. , voL SU-29, pp. 239-248, 1982. 

[7] N. J. Nigro, "Steady-state wave propagation in infmite ban of 
noncirculax cross section," J. Acoust. Soc. Amer., vol. 40, pp. 
1501-1508, 1966. 

[81 w. B. Fraser, "Stress wave propagation in rectangular bars," Int. 
J. SolidI Structurer, vol. 5, pp. 379-397, 1969. 

19] T. Miyamoto and K. Yasuun, "Numerical analysis on isotropic 
elastic waveguides by mooe-matching method- II. Puticle ve­
locities and dispersion characterist ics in rods of rectangular cross 
section," IEEE TranI. Sollfcl UitraIOn., vol. SU-24, pp. 369-375, 
1977. 

(10) N. J. Nigro, "Wave propagation in anisotropic bars of rectangular 
cross section. Part. I. Longitudinal wave propagation," J. Aooult. 
Soc. Amer. , vol. 43 , pp. 958-965, 1968. 

[1 1) N. 1. Nigro and P. Huang, "Method for determining the elastic 
constants of solids," I. Aooult. Soc. Amer., vol. 54, pp. 1004-
1007,1973. 

[1 2] N. 1. Nigro and P. A. O'Malley, "Wave propagation in anisotropic 
bilis of rectangular cross section. Ill ," I. Acourt. Soc. Amer. , vol. 
55 , pp. 718- 723, 1974. 

fll] P. A. O'Malley, "The application of the Ritz. method to steady 
state, torsional vibration of anisotropic bars of rectangular cross 
section," M. S. thesis, Marquette University, Milwaukee, WI, 
1969. 

0018-9537/83/ 11 00-0374$01.00 © 1983 IEEE 


	p370.pdf
	p371.pdf
	p372.pdf
	p373.pdf
	p374.pdf

