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Abstract

Axiomatic abstract formulations are presented to derive upper bounds on the
degeneracy of the ground state in quantum field models including massless ones. In
particular, given is a sufficient condition under which the degeneracy of the ground
state of the perturbed Hamiltonian is less than or equal to the degeneracy of the
ground state of the unperturbed one. Applications of the abstract theory to models
in quantum field theory are outlined.
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1 Introduction

This thesis is based on joint work [2].

Let 2 be a complex Hilbert space with inner product (-,-) (complex linear in the
right variable) and norm || - ||. For a linear operator A on J#, we denote its domain by
D(A) and its spectrum by o(A).

Let H be a self-adjoint operator on . and bounded below. Then, by abstract use of

word, we call the infimum of o(H)
Eo(H) :=info(H) (1.1)

the lowest or minimal energy of H.' If Eq(H) is an eigenvalue of H, then H is said to have
ground state and a non-zero vector in the eigenspace ker(H — Ey(H)) is called a ground

state of H. In that case, the dimension
m(H) :=dimker(H — Eq(H)) (1.2)

of the eigenspace ker(H — Ey(H)) is called the degeneracy or the multiplicity of the ground
state of H. If m(H) = 1, then the ground state is said to be unique. If m(H) > 2, then
the ground state is said to be degenerate.

As is well known, it has been an important issue to determine the degeneracy of the
ground state of a given Hamiltonian in quantum physics. For Schrédinger type Hamil-
tonians in quantum mechanics with finite degrees of freedom and massive Bose field
Hamiltonians in quantum field theory, general theorems on the uniqueness of the ground
state and upper bounds on the degeneracy of the ground state have been established (see,
e.g., [15, §XII1.12] and references in Notes for §XIII.12). For fermion systems, Faris [7]
discussed conditions which ensure the uniqueness of the ground state. Faris’s ideas and
methods have been extended by Miyao [11, 12] to obtain general criteria on the uniqueness
of the ground state in bosonic quantum field models as well as fermionic ones.

As for models in which a massless quantum field appears, estimation of the degeneracy
of the ground state is highly nontrivial, because, in that case, one has to treat an embedded
eigenvalue problem so that the regular perturbation theory or the min-max principle
cannot be used (for a review of this aspect, see, e.g., [10]). A first breakthrough result
on this problem was given by Bach, Frohlich and Sigal [6]. They considered a model

in nonrelativistic quantum electrodynamics and proved that, under suitable hypotheses,

!This name originally comes from the context in quantum physics where H denotes the Hamiltonian
of a quantum system.



the degeneracy of the ground sate of the total Hamiltonian of the model is less than or
equal to the degeneracy of the ground state of the unperturbed Hamiltonian [6, Theorem
[.1(f)]. The methods used in [6] to estimate the degeneracy of the ground state have
been generalized by Hiroshima [9] to be applied to a class of quantum field models whose

Hamiltonian is of the following form:
H(g)=A®I+1®dl'(S)+ gHiu (1.3)
acting in the tensor product Hilbert space
F =he F (W) (1.4)

of a complex Hilbert space h and the boson Fock space %,(W) over a complex Hilbert
space W (see (5.1) for the definition). Here A is a self-adjoint operator on b which is
bounded below, I denotes identity, S is a nonnegative self-adjoint operator on W, dI'(S)
is the second quantization operator of S on .7,(W) (see, e.g., [13, p.302] and [14, §X.7]),
g € R is a coupling constant and Hj, is a symmetric operator on % which describes
an interaction between a Bose field and a quantum system whose Hilbert space of state
vectors is h. In [9], it is assumed that Hiy is relatively bounded with respect to the
unperturbed operator H(0) .= A® I+ 1®dI'(S). It is proved in [9] that, under a suitable
condition, m(H(g)) < ¢(g)m(H(0)) with ¢(g) > 0 being a constant depending on g and,
in particular, m(H(g)) < m(H(0)) for all sufficiently small |g| in an abstract framework
and in the case where W = P L?(R?), the D-direct sum of L*(R?) (D, d € N). Moreover,
these results were applied to the generalized spin-boson model [3], the Pauli-Fierz model
and a model in relativistic quantum electrodynamics with cutoffs [9].

One of the motivations of the present work comes from extending results in [9] to the
case where Hj, is not necessarily relatively bounded with respect to H(0). But we find
that, before going on analyzing such models, it is better to construct an abstract theory
on the degeneracy of ground state with the requirement that it formulates general aspects
independent of concrete models. From this point of view, we construct in this paper such
an abstract theory in axiomatic manners. Careful investigations and structural analyses
on results on the existence and the degeneracy of ground state which have been established
so far (e.g., [3, 4, b, 6, 9]) make it possible. Applications of the abstract theory to concrete
models will be discussed in a separate paper [8]. We hope that the abstract theory given in
the present paper not only clarifies general structures behind the theory on the degeneracy

of ground state in [9] but also makes wider the range of applications, because the abstract



results established in the present paper show what are general independently of models
and what should be proved in each concrete model.

The present paper is organized as follows. In Section 2, we consider a bounded below
self-adjoint operator Hy and a symmetric operator H; on a Hilbert space 7. The sum
H := Hy+ H, is supposed to be self-adjoint and bounded below. We formulate a sufficient
condition which yields inequality m(H) < ¢m(H,) with a constant ¢ > 0 being computed
from the given data. In particular, an additional condition for ¢ = 1 is given so that
m(H) < m(Hp). In Section 3, we derive an integral equation for any ground state of H
in terms of a linear operator A on .#” which has some characteristic properties (Theorem
3.5). In Section 4 we state and prove the main theorem in the present paper (Theorem
4.1). In the last section, we outline applications of the main theorem to concrete models

in quantum field theory.

2 Comparison Theorem on Degeneracy of Ground
States

For nonnegative self-adjoint operators Ay, Ay,..., A, on 5 (n =1,2,...), we write “Ay <
> At (Al/g) C D(A1/2) and

(a0, a%0) <37 (470, 4%0) v e, D(A}?).
j=1
Let Hy be a bounded below self-adjoint operator on .7 and H; be a symmetric oper-

ator on .7 such that
HI: H0+H1 (2]_)

is self-adjoint and bounded below (D(H) := D(Hy) N D(H;)). We assume the following:

Hypothesis 1. (i) The operators Hy and H have ground state with m(Hy) < oc.

(ii) There exists a nonnegative self-adjoint operator L on ¢ such that
I <X L+ Py,

where, for a bounded below self-adjoint operator T on #, we denote by Pr
the orthogonal projection onto ker(T" — Ey(T')): Prs# = ker(T — Ey(T)).

A vector ¢ € F is said to overlap with a subset D C 7 if there exists a vector n € D
such that (¢, ) # 0.



The following theorem, which is a comparison theorem on m(H) and m(H,), and

Corollary 2.2 below are more abstract versions of Lemma 3.3 and Corollaries 3.4-3.5 in

9]:

Theorem 2.1 Assume Hypothesis 1 and suppose that there exists a constant 6 with 0 <
0 < 1 such that

sup | LY2¢|1% < 6. (2.2)
dED(LY/2)NPy || ¢||=1

Then:
(i) Any ¢ € Pyt overlaps with Py, 7€ .

(i) Let
my(H) = dim [D(LY?) N Pys#] . (2.3)
Then
mp(H) < ——m(H,). (2.4)

m(H) < ——m(Hy). (2.5)

Proof. (i) Let ¢ € D(LY?) N Pys# with ||¢| = 1. Then, by Hypothesis 1-(ii), we
have
1< [[LY?0)1? + (§, Pry®) < 8+ (6, Pry®) -
Hence
1< (1-0)"" (¢, Puyo) - (2.6)

In particular, (¢, Pg,¢) # 0. Therefore ¢ overlaps with Py, .72

(ii) We first show that D(L/?)N Py is finite dimensional. So suppose that D(L'/?)N
Py were infinite-dimensional. Then there is an orthonormal system {¢,}5°, with
¢n € D(LY?) N Pys#’, n > 1. Taking ¢, as ¢ in (2.6) and summing over n, we obtain
> o {én, Pry¢n) = co. But the left hand side is less than or equal to TrPy, = m(H,) <
oo, where Tr means trace. Hence one is led to a contradiction. Therefore D(LY2) N

Py A is finite dimensional, i.e., my(H) < co. Let {¢, ZLZLI(H) be an orthonormal basis of

D(L'?) N Py##. Then, by (2.6), we have
H

—

)

mr

L
1—-9

n

1 1
<¢7“ PHo¢n> < —TI"PHO = 1—_5

mi(H) < 1-56



Thus (2.4) follows.
(iii) This follows from (2.4). ]

Corollary 2.2 Assume Hypothesis 1 and suppose that there exists a constant § such that

1
0<d< m(Hy) £ 1 (2.7)
and (2.2) holds. Then
mp(H) < m(Hy). (2.8)

In particular, if Pyt C D(LY?) in addition, then
m(H) < m(Ho). (2.9)

Proof. Condition (2.7) implies that 0 < § < 1. Hence the conclusion of Theorem 2.1
holds. Therefore

mu(H) < ﬁm(ﬂo) < m(Hy) + 1,

where, in the second inequality, we have used (2.7). Since my(H) and m(H,) are natural

numbers, (2.8) follows. |

Corollary 2.3 (uniqueness) Assume Hypothesis 1 with m(Hy) = 1 and suppose that
the following (1) and (ii) hold:

(i) Pys# C D(L'?).
(ii) There ezists a constant 0 with 0 < 6 < 1/2 such that (2.2) holds.
Then m(H) = 1.

Proof. In the present case, (2.7) holds with m(Hy) = 1. Hence m(H) < 1. Since
m(H) is a natural number, it follows that m(H) = 1. ]

In applications to quantum field models, it may be convenient to consider H in the

form
Hg = H() + ng

with a constant parameter g > 0, as in the case of H(g) given by (1.3).



Remark 2.4 The condition g > 0 is taken so that H, is bounded below in the case
where H; is not Hy-bounded, but bounded below. In the case where H; is Hy-bounded,
g needs not to be positive, being allowed to be a negative number as well, and, by the
Kato-Rellich theorem, H, is self-adjoint and bounded below for all sufficiently small |g|
(9 € R) [9].

Corollary 2.5 Assume Hypothesis 1 with H = H,, 0 < g < a (a >0 is a constant) and
suppose that there exists a continuous function 0 := 6(g) on [0,a) such that §(0) =0 and

sup ILY29|1> < 6(g), g € [0,a). (2.10)
o€ D(LY/2)" Py, 6]l =1

Then there exists a constant go € (0,a) such that, for all g € (0,g0), any ¢ € Py,

overlaps with Py, 7 and
mr(H,) < m(Hp). (2.11)

In particular, if Py, C D(LY?) for all g € (0, go) in addition, then
m(H,) < m(Ho) (2.12)
for all g € (0,go).

Proof. By the continuity of d(g) in g € [0,a) with 6(0) = 0, there exists a constant
go € (0, a) such that, for all g € [0, go),

1

Hence, for each g € (0, go), one can apply Theorem 2.1 and Corollary 2.2 to obtain the

desired results. ]

Remark 2.6 Condition (2.10) with ¢ = 0 implies that D(L'Y?) N Py, # C ker L'/? =
ker L. In some models in quantum field theory, L can be taken in such a way that this

property is satisfied (see Section 5).

3 An Abstract Integral Equation for Ground States

In applications of Theorem 2.1, we need to prove (2.2). In concrete models in quantum
field theory, this has been done by using operators which have some characteristic relations

to L and Hy. In this section we introduce an abstract version of such operators.
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Let A be a densely defined closed linear operator on 5 and

Ag(t) := e~ "o AgitHo, (3.1)
At) = e Ag(t)e ™ teR. (3.2)

We assume the following:

(A.1) (i) For some a € (0,1], A is Hi-bounded, i.e., D(H§) C D(A) and there exist
constants a, b > 0 such that

[AY[| < el Hgol +bl[¢ll, ¢ € D(Hg). (3:3)
(ii) There exists a core Z of H§ such that

lim Ae'tHoyy =0, € 2. (3.4)
—00

Remark 3.1 Under condition (A.1)-(i), the functional calculus of the self-adjoint oper-
ator Hy gives that, for all » € D(Hg) and t € R, eoyp € D(HS) and HeHoop =
eHo [oap. Hence D(HS) C D(Ay(t)) for all t € R. In particular, D(Hy) C D(Ay(t)) for
all t € R. Since D(H) C D(Hy) and e D(H) = D(H) for all t € R, it follows that
D(H) C D(A(t)) for all t € R. In what follows, we use these facts without mentioning.

Lemma 3.2 Assume (A.1). Then, for all ¢ € Py, limy_,o A(t)¢ = 0.

Proof. Since e H¢ = e~ "o we have ||A(t)¢|| = ||Ae*fog|. By (A.1)-(ii), for
any € > 0, there exists a vector 1. € & such that

e — @l <&, ||Hgv — Hyo|l <e.
Hence

[Ae™ gl < [[Ae™™ (¢ — o)l + [ Ae™ oo |

CLHHSY((ﬁ - %)H + bH¢ - ¢e|| + ||A€itH0¢€H
< (a+Db)e+[|Ae" oy |.

IA

Taking the limit ¢ — oo, we have

0 < limsup ||Ae™¢| < (a + b)e.

t—o00

Then the limit ¢ — 0 yields that lim; , [|Ae® @] = 0. Thus limy o [[A(t)9]| =0. &

9



To state additional assumptions, we recall the concept of weak commutator [1]. Let T’
and S be densely defined linear operators on 7 and & be a dense subspace in ¢ such that
& C D(T)ND(S)ND(T*) N D(S*), where, for a densely defined linear operator A on JZ,
A* denotes the adjoint of A. Then the pair (7, .5) is said to have weak commutator on & if
there exists a linear operator C' on . such that & C D(C) and (T*y, S¢) — (S*, T¢p) =
(1, Cp), 1, ¢ € &. In this case, the operator C restricted to & is written [T, S]¢ so that

(T, S6) — (S, Td) = (4, [T.5)56), v,6 € 6.

We call [T, S)¢ the weak commutator of (T,S) on &.

We also need the following assumption:

(A.2) (i) Foreacht € Rand j =0,1, (H;, Ao(t)) has weak commutator [H;, Ao(t)]g(H)
on D(H). Moreover, for all v € D(H), [H, Ao(t)]g(H)w is strongly continuous
n ¢.
(ii) Forally € D(H), Ao(t)y is strongly differentiable in ¢ and its strong derivative
dAo(t)/dt is of the form

dAo(t)y

i = —i[H(), Ao(t)]g(H)w, t € R.

(iii) There exist a o-finite measure space (M,X, 1), a nonnegative Y-measurable
function w on M with 0 < u(k) < oo for p-a.e.k € M and a linear operator
S(k) on A (k € M) with D(S(k)) D D(H) such that the following (a)—(c)
hold:

(a) For all ¢, x € D(H), fM | {(x,S(k)¥)|du(k) < oo and

(x, [y, Ao(D)1200) = / e (v S(K)Y) du(k).  (3.5)

M

(b) For all ¢ € Pyit’, [, S(k)¢ll du(k) < oo and [y, 1S(k)¢l| /u(k) du(k) <

Q.

(c) Forall Yy € 2 and ¢ € Py,

7| o eis iyg) au

ds < o0.

Remark 3.3 Condition (a) in (A.2)-(iii) may be regarded as an abstract form of “sum
rules” in quantum mechanics [1]. In fact, under stronger additional conditions, one can

prove (3.5) (cf. [1]), where p is determined by the spectral measure of H.

10



Under condition (A.2), (H — Eo(H) + u(k))™! is bounded for p-a.e.k € M with

I(H — Eo(H) +u(k) 7| < ok pra.c.k € M.

Hence, for all ¢ € Py,
[ vt = £ty ) sl auen) < [ O quir) < o

It is easy to see that, for all ¢ € D(H), e=H-BoH[H Ay(s)]5" )y is strongly
is(H— Eo(H)

continuous in s. Hence, for each ¢ € R, the strong Riemann integral fot e
[Hy, AO(S)]Q(H)Q/J ds exists.

Lemma 3.4 Assume (A.1) and (A.2). Then, for all ¢ € Py and t € R,

At)p = Ap+1i /0 t eSH=Eo I Ay(s))| P g ds. (3.6)

Moreover, for all ) € D(H),

(6, A(t)d) = (i, Ag) + i / s / duk) (6, =B s)  (3.7)
0 M
Proof. Let y € D(H) and

Ft) = (x, A(t)¢) = (e "H=FHD N Ag(t)g) .

Then it is easy to see that f(¢) is differentiable in ¢ with

%(f) =i ((H — Eo(H))e""x, Ag(t)e™p) + (e7""'x, —i[Ho, Ao(t)] 7" e " 6)

Using the identity (Ag(¢)*e™# x, (H — Eo(H))e " $) = 0, we obtain

DU — i ettt AR 6) = i (x, e B, A4(1]2).

Hence ;
0= (A0 + [ i GBI, 4g(5))20) ds.
0

By a property of strong Riemann integral, we have

t t

/ i (x, B Ay (5)]0 M) ds = <><,z' / e =t [y Ag(s)]0 e ds> :

0 0

Thus (3.6) follows. Formula (3.7) follows from (3.6) and (A.2)-(iii). ]

11



For all ¢ € Py,
[t = Eata) + uli) 5w / I5k)] ¢” u(k) <

Hence the Bochner integral [, (H—FEo(H)+u(k))™'S(k)¢ du(k) exists. The main theorem

in this section is as follows:
Theorem 3.5 Assume (A.1) and (A.2). Then, for all ¢ € Py,
Ao = [ (H = Bult) + (1) ' S®)0 du(k) 33)
M

Proof. Let ¢ € 2. Then, taking the limit ¢t — oo in (3.7) and using Lemma 3.2, we

obtain .
(Y, Ap) = —i / ds / dpu(k) (3, e H—EoUTul) g (1)) .
0 M

For all € > 0, we have

e—as/ dpu(k) <¢7eiS(H—Eo(H)+u(k))S(k)¢>‘ < ‘/ dp(k) (1, == Bo+ulk) () 8|
M M

By (¢) in (A.2)-(iii), the right hand side is integrable in s € [0, 00). Hence, by the Lebesgue

dominated convergence theorem, we have
(¥, Ap) = —ilim [ dse™** / p(k) (1, e H= P G () )
e—0 0 M
Note that

- —&s is(H—Eo(H)+u(k)) OO —&s
| asee [ e sey < [ dses [ ol IStsldnth) < o

Hence, by Fubini’s theorem, we have

s [t G (1)
_ /M k) (0, i(H — Eo(H) +u(k) +i2) "' S(k)o) .
Therefore
(0 Ad) =tiny [ dull) (= Bol ) + u(b) +i2) " S(8)0).
It is easy to see that, for u-a.c.k,
lim (46, (H — Bo(H) + (k) + i) S (k)6) = (b, (H — Eo(H) + (k)" S(k)0)

12



and

| <¢: (H— Eo(H) + u(k) + i€)715(k)¢> < vl ||‘5;fé€]3)¢||

Hence we can apply the Lebesgue dominated convergence theorem to obtain

(. 40) = (o ([ (01 = Buler) + i) Stk dut) ) ).

Thus (3.8) holds. |

4 Main Theorem

We now state and prove the main theorem in the present paper. For this purpose, we first
rewrite the theory in the preceding section in a form suitable for applications to models
in quantum field theory.

We assume Hypothesis 1. Let (K,%,u) be a o-finite measure space and w be a
nonnegative ¥-measurable function on K such that 0 < w(k) < oo, p-a.e.k € K. We set

X = L*(K,du)

and, for each s € R, introduce a subspace

Xo= {7 e x| [ @l WPau) <o}, s

Suppose that there exists a family {A(f)|f € X} of densely defined closed linear
operators on J# such that, for all f € X, D(LY?) C D(A(f)) and, for all ¢» € D(L/?),

A(zf +wg)y = 2" A(f i + w*A(g)y, fe X, z,w e C, (4.1)
where 2* is the complex conjugate of z € C. We introduce an operator:
Ao(f,t) = e MoA(fleo teR, fe X. (4.2)

For the operator A(f), we assume conditions similar to (A.1) and (A.2) for A in the

preceding section:

Hypothesis 2. (i) For some o € (0,1] and a 8 > 0, D(H) C D(A(f)), f € X_3 and,
for each f € X_g, there exist constants af, by > 0 such that

AN < asl[Hg9l +bsll9ll, ¢ € D(HR). (4.3)

13



(ii) There exists a core Z of H§ such that

lim A(f)e" 0y =

t—o00

0, Yve, feX_y. (4.4)

(iii) There exists a dense subspace Y C X_z such that, for all ¢ € R and f €
Y, (Ho, Ao(f,t)) has weak commutator on D(H) and, for all v» € D(H),
[Ho, Ao(f, t)]5"4p is strongly continuous in ¢.

(iv) For all ¢y € D(H) and f € Y, Ay(f, 1)y is strongly differentiable in ¢ and

dAO(fa t>¢ _

G = il A(£ 017y, teR.

(v) Forallt e R, f €Y, (Hl,AO(f, t)) has weak commutator on D(H) and, for
all v € D(H), [Hy, Ao(f, t)] M is strongly continuous in ¢. Moreover, for

p-a.e.k € K, there exists a densely defined linear operator T'(k) on ¢ with
D(T(k)*)ND(T(k)) D D(H) such that the following hold:

(a) For all ), x € D(H) and f €Y, [ |f(k)(x,T(k)¢)|du(k) < co and, for
all £ € R,

(. [Hy, Ao(f, )20 = /< v Tk du(k).  (45)

(b) For all ¢ € Pgs# and f €Y,

L@zl du < oo, [ 11 R ) <

(c¢) There exists a dense subspace Yy C Y such that, for all v € 2, f € Y
and ¢ € Py,

r

We need an assumption on a relation between A(f) and L:

k)* <w,els(H*Eo(H)+w(k))T(k>¢> dILL(k) ds < oo,

Hypothesis 3. There exist a complete orthonormal system (CONS) {e, }>°, of X with
e, €Y, n €N and a constant g € [0, 1) such that

sup (HLI%H2 - !|A(6n)¢|!2> < o
n=1

PED(LY/2)NPy I || 4||=1
The main theorem in the present paper is as follows:

14



Theorem 4.1 Assume Hypotheses 1-3. Suppose that there exist nonnegative functions

f1 and fy on (K,X) such that fi + w™'fy € X with
vi=fi+wT AP <1<

and

(4.6)

IT(k) |l < fL(R)I[(H — Eo(H) + w(k)¥[| + fa(B) |1, & € D(H), p-a.e.k € K. (4.7)

Then:
(i) Any ¢ € Py overlaps with Py, ¢ .

(i)
1
< -—
mi(H) < l—7v—¢o
where mp(H) is defned by (2.3). Moreover, if

m(H0)7

+eo < ——m—
e (Hy) + 1

i addition, then
mp(H) < m(Hy).

(iil) Suppose that Py C D(LY?) in addition. Then

m(H) < L

—m(Hyp).
_1—7—50m( 0)

In particular, if (4.9) holds, then

m(H) < m(Hy).

(iv) If Pys# C D(LY?), m(Hp) =1 and v+ &g < 1/2, then m(H) = 1.

To prove Theorem 4.1, we need some lemmas.

Lemma 4.2 Assume Hypothesis 2. Then, for all p € Py and f €Y,
AU = [ 0T = B+ () T(0)0 du(h)

Proof. One can apply Theorem 3.5 with A = A(f). Then (4.13) follows.

15
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Lemma 4.3 Assume Hypothesis 2. Let ¢ € Py and
[ = Bold) + ) TR0 () < o

Then, for any CONS {e,}>2, of X with e, €Y (n € N),
EE:Hfﬂen)¢H2==./;\KfT-—liﬁff)+-w(kﬁ171k)¢H2du(k) (4.14)
n=1

Proof. Define a mapping T : X — 5 by

Tﬂ:[gmxﬂ—%uﬂ+mmrvwwwmm fex.

Then, in quite the same way as in the proof of [5, Lemma 2.6], one can show that T is
Hilbert-Schmidt and

\WMzLMH—Eﬂﬂ+MMWTWM%MM

where [|T'||2 is the Hilbert-Schmidt norm of 7. In general, for any CONS {f,}°°, of
X, NT)5 = 0 T fall*. The set {e;}22, also is a CONS of X. By (4.13), we have

n=1

Te! = A(en)¢. Thus (4.14) holds. ]

n

We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1

Let k € K be such that 0 < w(k) < co. Then (4.7) implies that T'(k)*(H—Eo(H)+w(k)) ™!

is bounded with operator norm

fa(k)
w(k)

Hence (H — Eo(H) + w(k))~'T (k) is bounded with domain D(7T'(k)) and

17 (k)"(H — Eo(H) +w (k)| < fa(k) +

I(H — Eo(H) +w(k)) " T(k)|| < fa(k) +

Hence, for all v € D(H),

(
KWH—EMHHWM%*T%WWWMOSﬂWW

Therefore, by Lemma 4.3 and Hypothesis 3, we have

IL26|* <7+ 20, @€ DL O Pt 6]l = 1.
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Thus, by Theorem 2.1, we obtain (4.8). The other parts of Theorem 4.1 easily follow from
Theorem 2.1 and Corollaries 2.2-2.3. 1

From the purely operator theoretical point of view, Theorem 4.1 can be regarded as

a comparison theorem on the degeneracy of ground states in the framework given by the
quintuple (%7 H07 H17 L7 {A<f)‘f € X}>

5 Applications to Quantum Field Models

As for applications of Theorem 4.1 to quantum field models, we describe only basic aspects,
because full descriptions of applications need many pages and it may be suitable to present
them in a separate paper.

The Hilbert space ¢ in the abstract theory may have different concrete realizations
depending on quantum field models. Here we present a unified treatment of various
models in quantum field theory, taking as ¢ a general Hilbert space. This will make less
work in applications.

Let W}, and W; be complex Hilbert spaces. Then the boson Fock space %, (W},) over
W, is defined by

Fp(Wh) Doy 5 Wy

B {‘I] = {UO2 [ € @IWi,n > 0, [[F* =) " [u)? < oo} ,(5.1)
n=0

where ®@IW), denotes the n-fold symmetric tensor product Hilbert space of W}, with con-
vention ®°;, := C. On the other hand, the fermion Fock space .Z(W;) over W} is defined
by

F(Wr) = Bl @ Wi,

where ®7, W5 is the n-fold antisymmetric tensor product Hilbert space of Wy with conven-
tion ®2.W; := C. The boson-fermion Fock space Fgr(Wy, Wr) over (Wy, Wr) is defined
by
Fpr(Wy, Wr) = F, (W) @ Fp(Wr).

This Hilbert space is a Hilbert space for a quantum system in which a Bose field interacts
with a Fermi field.

A general Hilbert space unifying Hilbert spaces for various quantum field models is
given by

H = b Fprp(Wy, Wr), (5.2)
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where b is a complex Hilbert space. Indeed, . includes, as special cases, three types of

Hilbert spaces which appear typically in quantum field theory:

(i) In the case where W = {0}, then .%;(W;) = C. Hence, in this case, 5 is identified
with h ® %, (Wy,), which is a Hilbert space for a general quantum system interacting
with a Bose field. In particular, if h = C, then 7 is identified with .Z,(W,).

(ii) In the case where W}, = {0}, J# is identified with h ® .%¢(W%), which is a Hilbert
space for a general quantum system interacting with a Fermi field. In particular, if
h = C, then 7 is identified with % (W%).

(iii) In the case where h = C, JZ is identified with .Zgp (W}, Wy).

In this sense, at least for applications to quantum field theory, the above choice of the
Hilbert space 7 is general enough.

Let A be a nonnegative self-adjoint operator on h having ground state with Ey(A) =0
and m(A) < oo. In what follows # denotes either b or f. Let S be a nonnegative
injective self-adjoint operator on W, and denote by dI'x(Sx) the second quantization of
Sy on Fu(Wy). Let Hy be a symmetric operator on 5. Then the following operator H

serves as a unification of Hamiltonians of various quantum field models:
H - H() —|— H17

where
Hy=ARIRI+1®dl'y(Sy) ® [ +1® I ® dl¢(Sk).

and H; is not necessarily Hy-bounded.
Since S is nonnegative and injective, it follows that dI'x(S,.) has a unique ground

state with zero ground state energy and
ker dly(Sp)) = Z0 = {cQplc € C},  kerdl¢(Sp)) = F7 = {cflc € C},

where Q4 :={1,0,0,...} is the Fock vacuum in .#4(W,). We denote by P the orthog-
onal projection onto ﬁg) from .Z4(Wy).
The operator Hy has ground state with Ey(Hy) = 0 and

Py, =ker A2 FO @ F.

We have
Py, =Py P, @ ;.
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Hence
m(Hy) = m(A).

We denote by N the number operator on %, (Wy): Nu := dl',(I). The operator
Qa=1—Py

is the orthogonal projection onto (ker A)* (the orthogonal complement of ker A). For

each € > (0, we define an operator L. by
1

Lemma 5.1 For any e > 0,
I =< L.+ Py,. (5.4)

Proof. It is easy to see that
I<N*+PR, 1=<N"+P.

Hence
I=1® (N +1B)e (N + P).

By this inequality and the fact that Py < I and Q4 + P4 = I, we obtain
I<ION N +I@N@I+IQIR N> +Qa® P, ® P + Py,
By the functional calculus,

1
I®NQ/2®N§/2jgl@Nb®I+£l®I®Nf.

Since o(N4) = {0} UN, it follows that N;/Q < Ng. Hence (5.4) is obtained. ]
In the present framework, the operator L. will be the operator L in Hypothesis 1.

Remark 5.2 The parameter € > 0 in L. is introduced to maintain the best possibility
of (5.4) when the Hilbert space ¢ is reduced to h ® %, (W),) (the case where Wy = {0}
so that Ny = 0 and P; = I) or Z;(W;) (the case where W}, = {0} so that N, = 0 and
B =1
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We next describe a candidate for the operator A(f) in Section 4. For this purpose, we
use an isomorphism between a separable Hilbert space and an L? space. Hence we assume
that W is separable. Then, by the multiplication operator form of the spectral theorem
on a self-adjoint operator [13, Theorem VIIL.4] that there exist a finite measure space
(Ky,X4, uy), a unitary operator Uy : Wy — L*(Ky,duy) and a nonnegative function
wy on Ky satisfying 0 < wy (k) < 0o, pg-a.e.k € Ky so that

US#Uil = Wy,

where the right hand side denotes the multiplication operator by the function wy on

L*(K4,duy). The isomorphism Uy induces the isomorphism
D(Uy) : Fp(Wy) = Fyp(L*(Ky, dpy))

defined by
F(U#) = @20:0 ®n U#

with ®°Uy = 1.
In what follows we freely use the identification of Wy and .Fu(Wy) with L*(Ky, duy)
and Fy (L*(Ky4,dpy)) respectively.
Let
K = KyU K

with K}, N Ky := ) and g be the measure on K such that the restriction of p to Ky is
equal to p4. For each element (f1, fo) € L*(Ky, duy,) ® L*(Ky, duug), we define a function

f on K by

(A ke,
1 (k) '—{ hk) ifke kK

Then it is easy to see that the correspondence:(fi, f2) — f gives an isomorphism between
L*(Ky, dpy,) @ L*(Ky, dug) and L?(K,dy). In this sense we write f = (f1, f2). Below we

see that, in the present case, the Hilbert space X in Section 4 is given by
X = L*(K,dy).

We freely use the identification of L*(Ky, duy,) @ L* (K, dpg) with X,

In the present case, we take w in Section 4 as follows:

L wb(k:) if k e Ky,
UJ(/C) T { C,Uf(k‘) if k € K¢
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We are now ready to describe a candidate for A(f) in Section 4. Let u € Wy, and a(u)
be the boson annihilation operator on .%,(W},), which is the densely defined closed linear

operator on ., (W) such that its adjoint a(u)* is of the form:
(a(u) ®)? =0, (a(w)O)" = /nS,(u© ¥"V), ¥ e Dla(u)),

where S, is the symmetrization operator on the n-fold tensor product ®"Wy, of Wy,. The

following facts are well known:

(a.1) (canonical commutation relations) For all u, v’ € W,
[a(w), a(u)] = (u, @), [a(u), a(u’)] = 0
on the subspace
Foo(Wh) == {U € .F,(W,,)|3ng € N, Vn > ng, ™ =0},
where [A, B] :== AB — BA.
(a.2) For all u € Wi, D(N/*) € D(a(u)) and ||a(u)¥|| < |ju]| [|N./*¥|, ¥ € D(N?).

(a.3) For all CONS {u,}2, of W},

2 1/2
INS2WI2 = 37 [laua) )2, @ € D(NY?).

(a.4) For all u € D(S, /%), D(dl',(Sy)/?) € D(a(u)) and
la(u)¥ || <[5~ 2ull |dTy(S)* W], W € D(dTy(Sp)"?).

(a.5) For all t € R and u € W, ee()g(y)e= b (50) = q(et%qy).

On the other hand, the fermion annihilation operator b(v) (v € W) on % (W) is the

everywhere defined bounded linear operator on .%;(W5) such that
(b)) W) =0, (b(v)" V)™ = /nA,(v@ VD) e Z (W),

where A, is the antisymmetrization operator on ®"W;. The following facts are well

known:

(b.1) (canonical anticommutation relations) For all v, v" € W,

{b(v)7 b(vl)*} = <Uw 7/> ) {b(v)v b<v/)} =0,

where {A, B} := AB + BA.
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(b.2) [o(w)ll = llb(v)[l = llvll, v € Wr.

(b.3) For all CONS {v,,}>2; of W,

1/2 1/2
IV ]2 = [Ib(va) W2, @ € D(N,'?).
n=1

(b.4) For all t € R and v € Wy, 150 (y)e=#dl(50) = p(itSty).

In the present case, we see that a candidate for A(f) in Section 4 may be the closure

of the following operator:

Aa(f) = \/1+€]®a(f1)®]+Ml+4—1€]®]®b(f2), f:(fl,fQ)EX

where ¢ > 0 is arbitrary. We denote the closure of A.(f) by the same symbol. The
parameter ¢ in A, is introduced in correspondence to L. defined by (5.3). It is easy to
see that

DL =D(I o N I)nD(I oI N?).

Hence D(LY?) € D(A.(f)) for all f € X and (4.1) holds.
It follows from (a.4) that, for all f = (f1, f2) € D(S; %) & W, D(HY?) € D(A(f))

and
1
[A-(H)¥] < VI+e|®@al(fr) @)V + 1+4—€||f2|| |
_ 1
< VI+elS, PhlII®dly(S)? @ 1P| + L+ IRl

—1/2 1/2 1
< Ve |S, AN Y + 41+ Il -

Hence Hypothesis 2-(i) holds with =1 and o = 1/2.

In the present case, we have

A()(f, t) = As(efit“bfl, eiitwffg), f = (fl; f2) S X, te R, (55)

where, for notational simplicity, the dependence of Ag(f,t) on € is not explicitly written.

To ensure that Hypothesis 2-(ii) holds, we consider an additional condition:

(S) The self-adjoint operators Sy, and S are purely absolutely continuous.

22



For a subspace Dy of Wy, we define Fy 4,(D) C Fu(Wx) by
F o fin(Dye) = span{€y, c(91)" - - c4(90)" Qyln €N, g5 € Dy, j =1,...,n},

where, for a subset V' of a vector space, span V' denotes the subspace algebraically spanned
by all the vectors in V' and ¢(-) = a(-), ¢e(-) = b(+). For a subspace ¥y of Fu(Wy), we
denote by h®%,©% the algebraic tensor product of b, %, and %.
Lemma 5.3 Assume (S). Then, for all ¥ € hR.Fy, an(Wh)@.F an (W),
s itHg _
tgimoo A (f)e v = 0. (5.6)

Proof. It is sufficient to prove the assertion for vectors W of the form

U = Yvalup)" - aluy,) QL @b(vy)* - b(vy,)* Q,
pebhu eWy,vpeWsj=1,...,n,=1,...,m, n,meN.

Let f = (f1, f2) € X. Then, using (5.5), (a.1) and (b.1), we have
e MHOA (e HOw =" (e frug) W+ > (7 fy, ) Wiy,
=1 =1

where

Upp =Y ®@alu)" - alug—1) a(trsr)” - aluy) Qp @ b(v1)™ -+ - b(vy,)* Q.
Uppi= (=1 @a(ur) - alun) Qb @ b(v1)" -+ b(vp-1) b(ver1)" - - b(vm) .

By assumption (S), lim; 4 <e‘“5bf1,uk> = 0 and lim; 1 <e_“5ff2,'vg> = 0. Hence

limy 100 e HOA_(f)e™ ol = (. Since e~ o is unitary, (5.6) follows. ]

Since D(A)®Fp (D (Sh))&Fran(D(S)) is a core of Hy'*, Lemma 5.3 implies that
Hypothesis 2-(ii) holds in the present case.

It is well known that, for all u € D(Sy,) N D(S;l/z), (dl'y(Sp), a(u)) has weak commu-
tator on D(dI',(Sy)) and

[dTy(Sy), a(uw)]PEre(e) — _g(Syu)  on D(dTL(Sh)).
Also, for all v € D(Sy), (dl'¢(St),b(v)) has weak commmutator on D(dI'¢(St)) and
[dT¢(Se), b(v)] 55 = —p(Spo).
Hence, by (5.5), (Hp, Ao(f,t)) has weak commutator on D(H,) and

[Ho, Ao(f, t)]g(HO) = —Ag(e_itSbSbfl, B_itSfofg) on D(Ho) (57)
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Lemma 5.4 Let f = (f1, f2) € X with f, € D(S,) N D(S;""?) and f € D(S;). Then,
for all W € D(H,), [Ho, Ao(f, )]5 W is strongly continuous in t € R.

Proof. For notational simplicity, we omit identity [ in tensor products of operators
(e.g, ] ®@a(u)®1 (u € Wy) is simply written a(u)). For all ¢,# € R and ¥ € D(HI/Q) we
have by (a.4)

la(e S, 1)@ —a(e ™S, 1)U < [le7" S, fr—e "SR | || Hy 2| = 0 (¢ = 1),

Similarly one can show that limy_,, b(e™™%S; fo)¥ = b(e™ "5 S fo)U. Hence A.(e S, f1,
e~ % Se )W is strongly continuous in t. By this fact and (5.7), we obtain the desired

result. |

Lemma 5.5 For all V € D(Hy) and f € X_1 N Xo, Ao(f, 1)V is strongly differentiable

mt and

dAo(f, t)¥
WLIY _ itp, a(f 2000w, ¢ e R
Proof. This follows from (5.5) and (5.7). |

As for the weak commutator of (Hy, Ao(f,t)), the following form gives a unification of

some models:
(Hy, Aol f, 0200 —Q/emwf%VUMWdMM,
U € D(H), f € [D(wy) N D(wy, )] & D(wr),

where T'(k) is a densely defined linear operator on J# defined for p-a.e.k € K, satisfying
D(T(k))nD(T(k)*) D D(H) and

[Nz ewlde < oo [ Leirawiam <

Note that one can write

%AMMszélMW(>%WMW wawwmwwmm

where Ty (k) :=T(k), k € Ky, and Ty(k) := T(k), k € K;.
To give an example of H; which has the above mentioned properties and is not rela-
tively bounded with respect to Hy, we recall a basic object in .%,(W},):
1
u) = —(a(u) +alw)*), ue W,
¢(u) \/5( (u) 4+ a(u)") b

which is called the Segal field operator with test vector u [14, §X.7].
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Example 5.6 Consider the case where Wy, = L?(R%) (d € N) and W; = {0} so that
H = b @ F,(L*(RY). In this case, Hy becomes

H0:A®I+I®dfb(wb)
and A.(f) takes the form
A(f) =I®a(f), [feL*RY,

where we set ¢ = 0. Let F' be a nonnegative bounded continuous function on R and
A € L2(RY)\ {0} such that \/,/wp € L2(RY). Let n > 1 and

Hy := F(A) ® (0™

Then H; is a symmetric operator. It is proved that H is self-adjoint (this is non-trivial
and will be discussed elsewhere) and bounded below (this is trivial). If n > 2, then H; is
not Hy-bounded.

One can show that (Hy, Ao(f,t)) has weak commutator on D(H) with

[Hy, Ao(f, )] = —V2n (7™ £,3) F(A) @ 6(A)™" !
on D(H). Hence, in the present example, we have
T(k) = —V2n\(k)F(A) @ p(N)* 1.

Under additional conditions, one can show that Hypothesis 2-(v) and (4.7) hold (these

facts also will be discussed elsewhere).

Example 5.7 Consider the case where h = C and W, = W; = L*(R?) (d € N) so that
H = C9%([12([&6!)) (9 ﬁf([P(Rd)) We set Kb = Rd, Kf = Rd and K = Kb U Kf. We
denote by p the measure on K such that the restriction of y to K4 is the d-dimensional

Lebesgue measure. In this case, Hy becomes
Hy=dlI'y(wy,) @ T+ 1 @ dl'e(ws)
and
A(f)=V1+ealfr) @I +4/1+ i]@b(fg), f=(fi,f) € L*(RY) ® L*(R?).
Let A € L?(R?) be as in Example 5.6 and v,w € L*(R?) be fixed and
B :=b(v)* + b(w).
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Then, for n > 2, we define
H) = ¢(\) @ B* B+ ¢(\)*" @ I.

The operator H; is not Hyp-bounded. It is easy to see that H is bounded below (the self-
adjointness of H will be shown elsewhere). One can show that (Hy, Ao(f,t)) has weak

commutator on D(H) and
1
(H, Aolf D10 = [ (A T e BB — /Al F &) (i, ) 60" @ 1

+\/1+—(<f2, v) 9(A) ® B* — (fa,w) ¢(\) @ B).

Hence, in the present example, we have

HENK)I @ B*B — \/2(1 + &) nA(k)p(N\)" ' @1 if k € Ky,

T(k) =
®) 1+ £ (w(k)o(\) @ B* —w(k)p(N) @ B) if k € K;.

Let {u,}5°, (resp. {v,}5,) be a CONS of W), (resp. W;) and define e, € Wy, & W
as follows:

eon_1:= (Un,0), e9,:=(0,v,), n €N,

Then {e, }2°, is a CONS of Wy, & Wt. By (a.3) and (b.3), we have
> laden ¥l = (1ol @ NP nu + (14 1) 0 1o NP
n=1
for all W € D(I ® N* @ I D(I ® I ® N}'*). Hence, by (5.3), we obtain
sup <||L;/2¢||2 - i ||As(€n)¢||2> = sup 1Q4® P,® Prg|)?
n=1

¢eD(LY*) NPy A ||¢l|=1 ¢eD(LY*) NPy A ||¢]|=1

Therefore we need only to show that there exists a constant gy € [0, 1) such that

sup Q4 ® P, ® Peo|* < eo. (5.8)
¢€D(LY*)NPy )| ¢l|=1

Then Hypothesis 3 is satisfied. Estimate (5.8) can be obtained by extending the methods
in [3, 6, 9] to the present case.

In this way, for quantum field models within the class under consideration, one can
obtain results (i)—(iii) in Theorem 4.1 (under additional conditions). The more details

will be given in a separate paper [8].
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