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Abstract

Axiomatic abstract formulations are presented to derive upper bounds on the
degeneracy of the ground state in quantum field models including massless ones. In
particular, given is a sufficient condition under which the degeneracy of the ground
state of the perturbed Hamiltonian is less than or equal to the degeneracy of the
ground state of the unperturbed one. Applications of the abstract theory to models
in quantum field theory are outlined.
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1 Introduction

This thesis is based on joint work [2].

Let H be a complex Hilbert space with inner product ⟨· , ·⟩ (complex linear in the

right variable) and norm ∥ · ∥. For a linear operator A on H , we denote its domain by

D(A) and its spectrum by σ(A).

Let H be a self-adjoint operator on H and bounded below. Then, by abstract use of

word, we call the infimum of σ(H)

E0(H) := inf σ(H) (1.1)

the lowest or minimal energy of H.1 If E0(H) is an eigenvalue of H, then H is said to have

ground state and a non-zero vector in the eigenspace ker(H − E0(H)) is called a ground

state of H. In that case, the dimension

m(H) := dimker(H − E0(H)) (1.2)

of the eigenspace ker(H−E0(H)) is called the degeneracy or the multiplicity of the ground

state of H. If m(H) = 1, then the ground state is said to be unique. If m(H) ≥ 2, then

the ground state is said to be degenerate.

As is well known, it has been an important issue to determine the degeneracy of the

ground state of a given Hamiltonian in quantum physics. For Schrödinger type Hamil-

tonians in quantum mechanics with finite degrees of freedom and massive Bose field

Hamiltonians in quantum field theory, general theorems on the uniqueness of the ground

state and upper bounds on the degeneracy of the ground state have been established (see,

e.g., [15, §XIII.12] and references in Notes for §XIII.12). For fermion systems, Faris [7]

discussed conditions which ensure the uniqueness of the ground state. Faris’s ideas and

methods have been extended by Miyao [11, 12] to obtain general criteria on the uniqueness

of the ground state in bosonic quantum field models as well as fermionic ones.

As for models in which a massless quantum field appears, estimation of the degeneracy

of the ground state is highly nontrivial, because, in that case, one has to treat an embedded

eigenvalue problem so that the regular perturbation theory or the min-max principle

cannot be used (for a review of this aspect, see, e.g., [10]). A first breakthrough result

on this problem was given by Bach, Fröhlich and Sigal [6]. They considered a model

in nonrelativistic quantum electrodynamics and proved that, under suitable hypotheses,

1This name originally comes from the context in quantum physics where H denotes the Hamiltonian
of a quantum system.
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the degeneracy of the ground sate of the total Hamiltonian of the model is less than or

equal to the degeneracy of the ground state of the unperturbed Hamiltonian [6, Theorem

I.1(f)]. The methods used in [6] to estimate the degeneracy of the ground state have

been generalized by Hiroshima [9] to be applied to a class of quantum field models whose

Hamiltonian is of the following form:

H(g) = A⊗ I + I ⊗ dΓ(S) + gHint (1.3)

acting in the tensor product Hilbert space

F := h⊗ Fb(W ) (1.4)

of a complex Hilbert space h and the boson Fock space Fb(W ) over a complex Hilbert

space W (see (5.1) for the definition). Here A is a self-adjoint operator on h which is

bounded below, I denotes identity, S is a nonnegative self-adjoint operator on W , dΓ(S)

is the second quantization operator of S on Fb(W ) (see, e.g., [13, p.302] and [14, §X.7]),
g ∈ R is a coupling constant and Hint is a symmetric operator on F which describes

an interaction between a Bose field and a quantum system whose Hilbert space of state

vectors is h. In [9], it is assumed that Hint is relatively bounded with respect to the

unperturbed operator H(0) := A⊗ I + I ⊗ dΓ(S). It is proved in [9] that, under a suitable

condition, m(H(g)) ≤ c(g)m(H(0)) with c(g) > 0 being a constant depending on g and,

in particular, m(H(g)) ≤ m(H(0)) for all sufficiently small |g| in an abstract framework

and in the case whereW = ⊕DL2(Rd), the D-direct sum of L2(Rd) (D, d ∈ N). Moreover,

these results were applied to the generalized spin-boson model [3], the Pauli-Fierz model

and a model in relativistic quantum electrodynamics with cutoffs [9].

One of the motivations of the present work comes from extending results in [9] to the

case where Hint is not necessarily relatively bounded with respect to H(0). But we find

that, before going on analyzing such models, it is better to construct an abstract theory

on the degeneracy of ground state with the requirement that it formulates general aspects

independent of concrete models. From this point of view, we construct in this paper such

an abstract theory in axiomatic manners. Careful investigations and structural analyses

on results on the existence and the degeneracy of ground state which have been established

so far (e.g., [3, 4, 5, 6, 9]) make it possible. Applications of the abstract theory to concrete

models will be discussed in a separate paper [8]. We hope that the abstract theory given in

the present paper not only clarifies general structures behind the theory on the degeneracy

of ground state in [9] but also makes wider the range of applications, because the abstract
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results established in the present paper show what are general independently of models

and what should be proved in each concrete model.

The present paper is organized as follows. In Section 2, we consider a bounded below

self-adjoint operator H0 and a symmetric operator H1 on a Hilbert space H . The sum

H := H0+H1 is supposed to be self-adjoint and bounded below. We formulate a sufficient

condition which yields inequality m(H) ≤ cm(H0) with a constant c > 0 being computed

from the given data. In particular, an additional condition for c = 1 is given so that

m(H) ≤ m(H0). In Section 3, we derive an integral equation for any ground state of H

in terms of a linear operator A on H which has some characteristic properties (Theorem

3.5). In Section 4 we state and prove the main theorem in the present paper (Theorem

4.1). In the last section, we outline applications of the main theorem to concrete models

in quantum field theory.

2 Comparison Theorem on Degeneracy of Ground

States

For nonnegative self-adjoint operators A0, A1, . . . , An on H (n = 1, 2, . . .), we write “A0 ⪯∑n
j=1Aj” if ∩n

j=1D(A
1/2
j ) ⊂ D(A

1/2
0 ) and

⟨
A

1/2
0 ψ,A

1/2
0 ψ

⟩
≤

n∑
j=1

⟨
A

1/2
j ψ,A

1/2
j ψ

⟩
, ψ ∈ ∩n

j=1D(A
1/2
j ).

Let H0 be a bounded below self-adjoint operator on H and H1 be a symmetric oper-

ator on H such that

H := H0 +H1 (2.1)

is self-adjoint and bounded below (D(H) := D(H0) ∩D(H1)). We assume the following:

Hypothesis 1. (i) The operators H0 and H have ground state with m(H0) <∞.

(ii) There exists a nonnegative self-adjoint operator L on H such that

I ⪯ L+ PH0 ,

where, for a bounded below self-adjoint operator T on H , we denote by PT

the orthogonal projection onto ker(T − E0(T )): PTH = ker(T − E0(T )).

A vector ψ ∈ H is said to overlap with a subset D ⊂ H if there exists a vector η ∈ D

such that ⟨ψ, η⟩ ≠ 0.
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The following theorem, which is a comparison theorem on m(H) and m(H0), and

Corollary 2.2 below are more abstract versions of Lemma 3.3 and Corollaries 3.4–3.5 in

[9]:

Theorem 2.1 Assume Hypothesis 1 and suppose that there exists a constant δ with 0 <

δ < 1 such that

sup
ϕ∈D(L1/2)∩PHH ,∥ϕ∥=1

∥L1/2ϕ∥2 ≤ δ. (2.2)

Then:

(i) Any ϕ ∈ PHH overlaps with PH0H .

(ii) Let

mL(H) := dim
[
D(L1/2) ∩ PHH

]
. (2.3)

Then

mL(H) ≤ 1

1− δ
m(H0). (2.4)

(iii) If PHH ⊂ D(L1/2) in addition, then

m(H) ≤ 1

1− δ
m(H0). (2.5)

Proof. (i) Let ϕ ∈ D(L1/2) ∩ PHH with ∥ϕ∥ = 1. Then, by Hypothesis 1-(ii), we

have

1 ≤ ∥L1/2ϕ∥2 + ⟨ϕ, PH0ϕ⟩ ≤ δ + ⟨ϕ, PH0ϕ⟩ .

Hence

1 ≤ (1− δ)−1 ⟨ϕ, PH0ϕ⟩ . (2.6)

In particular, ⟨ϕ, PH0ϕ⟩ ̸= 0. Therefore ϕ overlaps with PH0H .

(ii) We first show thatD(L1/2)∩PHH is finite dimensional. So suppose thatD(L1/2)∩
PHH were infinite-dimensional. Then there is an orthonormal system {ϕn}∞n=1 with

ϕn ∈ D(L1/2) ∩ PHH , n ≥ 1. Taking ϕn as ϕ in (2.6) and summing over n, we obtain∑∞
n=1 ⟨ϕn, PH0ϕn⟩ = ∞. But the left hand side is less than or equal to TrPH0 = m(H0) <

∞, where Tr means trace. Hence one is led to a contradiction. Therefore D(L1/2) ∩
PHH is finite dimensional, i.e., mL(H) <∞. Let {ϕn}mL(H)

n=1 be an orthonormal basis of

D(L1/2) ∩ PHH . Then, by (2.6), we have

mL(H) ≤ 1

1− δ

mL(H)∑
n=1

⟨ϕn, PH0ϕn⟩ ≤
1

1− δ
TrPH0 =

1

1− δ
m(H0).
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Thus (2.4) follows.

(iii) This follows from (2.4).

Corollary 2.2 Assume Hypothesis 1 and suppose that there exists a constant δ such that

0 < δ <
1

m(H0) + 1
(2.7)

and (2.2) holds. Then

mL(H) ≤ m(H0). (2.8)

In particular, if PHH ⊂ D(L1/2) in addition, then

m(H) ≤ m(H0). (2.9)

Proof. Condition (2.7) implies that 0 < δ < 1. Hence the conclusion of Theorem 2.1

holds. Therefore

mL(H) ≤ 1

1− δ
m(H0) < m(H0) + 1,

where, in the second inequality, we have used (2.7). Since mL(H) and m(H0) are natural

numbers, (2.8) follows.

Corollary 2.3 (uniqueness) Assume Hypothesis 1 with m(H0) = 1 and suppose that

the following (i) and (ii) hold:

(i) PHH ⊂ D(L1/2).

(ii) There exists a constant δ with 0 < δ < 1/2 such that (2.2) holds.

Then m(H) = 1.

Proof. In the present case, (2.7) holds with m(H0) = 1. Hence m(H) ≤ 1. Since

m(H) is a natural number, it follows that m(H) = 1.

In applications to quantum field models, it may be convenient to consider H in the

form

Hg := H0 + gH1

with a constant parameter g > 0, as in the case of H(g) given by (1.3).
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Remark 2.4 The condition g > 0 is taken so that Hg is bounded below in the case

where H1 is not H0-bounded, but bounded below. In the case where H1 is H0-bounded,

g needs not to be positive, being allowed to be a negative number as well, and, by the

Kato-Rellich theorem, Hg is self-adjoint and bounded below for all sufficiently small |g|
(g ∈ R) [9].

Corollary 2.5 Assume Hypothesis 1 with H = Hg, 0 < g < a (a > 0 is a constant) and

suppose that there exists a continuous function δ := δ(g) on [0, a) such that δ(0) = 0 and

sup
ϕ∈D(L1/2)∩PHgH ,∥ϕ∥=1

∥L1/2ϕ∥2 ≤ δ(g), g ∈ [0, a). (2.10)

Then there exists a constant g0 ∈ (0, a) such that, for all g ∈ (0, g0), any ϕ ∈ PHgH

overlaps with PH0H and

mL(Hg) ≤ m(H0). (2.11)

In particular, if PHgH ⊂ D(L1/2) for all g ∈ (0, g0) in addition, then

m(Hg) ≤ m(H0) (2.12)

for all g ∈ (0, g0).

Proof. By the continuity of δ(g) in g ∈ [0, a) with δ(0) = 0, there exists a constant

g0 ∈ (0, a) such that, for all g ∈ [0, g0),

0 ≤ δ(g) <
1

m(H0) + 1
.

Hence, for each g ∈ (0, g0), one can apply Theorem 2.1 and Corollary 2.2 to obtain the

desired results.

Remark 2.6 Condition (2.10) with g = 0 implies that D(L1/2) ∩ PH0H ⊂ kerL1/2 =

kerL. In some models in quantum field theory, L can be taken in such a way that this

property is satisfied (see Section 5).

3 An Abstract Integral Equation for Ground States

In applications of Theorem 2.1, we need to prove (2.2). In concrete models in quantum

field theory, this has been done by using operators which have some characteristic relations

to L and H0. In this section we introduce an abstract version of such operators.
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Let A be a densely defined closed linear operator on H and

A0(t) := e−itH0AeitH0 , (3.1)

A(t) := eitHA0(t)e
−itH , t ∈ R. (3.2)

We assume the following:

(A.1) (i) For some α ∈ (0, 1], A is Hα
0 -bounded, i.e., D(Hα

0 ) ⊂ D(A) and there exist

constants a, b ≥ 0 such that

∥Aψ∥ ≤ a∥Hα
0 ψ∥+ b∥ψ∥, ψ ∈ D(Hα

0 ). (3.3)

(ii) There exists a core D of Hα
0 such that

lim
t→∞

AeitH0ψ = 0, ψ ∈ D . (3.4)

Remark 3.1 Under condition (A.1)-(i), the functional calculus of the self-adjoint oper-

ator H0 gives that, for all ψ ∈ D(Hα
0 ) and t ∈ R, eitH0ψ ∈ D(Hα

0 ) and Hα
0 e

itH0ψ =

eitH0Hα
0 ψ. Hence D(Hα

0 ) ⊂ D(A0(t)) for all t ∈ R. In particular, D(H0) ⊂ D(A0(t)) for

all t ∈ R. Since D(H) ⊂ D(H0) and e−itHD(H) = D(H) for all t ∈ R, it follows that

D(H) ⊂ D(A(t)) for all t ∈ R. In what follows, we use these facts without mentioning.

Lemma 3.2 Assume (A.1). Then, for all ϕ ∈ PHH , limt→∞A(t)ϕ = 0.

Proof. Since e−itHϕ = e−itE0(H)ϕ, we have ∥A(t)ϕ∥ = ∥AeitH0ϕ∥. By (A.1)-(ii), for

any ε > 0, there exists a vector ψε ∈ D such that

∥ψε − ϕ∥ < ε, ∥Hα
0 ψε −Hα

0 ϕ∥ < ε.

Hence

∥AeitH0ϕ∥ ≤ ∥AeitH0(ϕ− ψε)∥+ ∥AeitH0ψε∥

≤ a∥Hα
0 (ϕ− ψε)∥+ b∥ϕ− ψε∥+ ∥AeitH0ψε∥

< (a+ b)ε+ ∥AeitH0ψε∥.

Taking the limit t→ ∞, we have

0 ≤ lim sup
t→∞

∥AeitH0ϕ∥ ≤ (a+ b)ε.

Then the limit ε→ 0 yields that limt→∞ ∥AeitH0ϕ∥ = 0. Thus limt→∞ ∥A(t)ϕ∥ = 0.
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To state additional assumptions, we recall the concept of weak commutator [1]. Let T

and S be densely defined linear operators on H and E be a dense subspace in H such that

E ⊂ D(T )∩D(S)∩D(T ∗)∩D(S∗), where, for a densely defined linear operator A on H ,

A∗ denotes the adjoint of A. Then the pair (T, S) is said to have weak commutator on E if

there exists a linear operator C on H such that E ⊂ D(C) and ⟨T ∗ψ, Sϕ⟩− ⟨S∗ψ, Tϕ⟩ =
⟨ψ,Cϕ⟩ , ψ, ϕ ∈ E . In this case, the operator C restricted to E is written [T, S]Ew so that

⟨T ∗ψ, Sϕ⟩ − ⟨S∗ψ, Tϕ⟩ =
⟨
ψ, [T, S]Ewϕ

⟩
, ψ, ϕ ∈ E .

We call [T, S]Ew the weak commutator of (T, S) on E .

We also need the following assumption:

(A.2) (i) For each t ∈ R and j = 0, 1, (Hj, A0(t)) has weak commutator [Hj, A0(t)]
D(H)
w

on D(H). Moreover, for all ψ ∈ D(H), [H1, A0(t)]
D(H)
w ψ is strongly continuous

in t.

(ii) For all ψ ∈ D(H), A0(t)ψ is strongly differentiable in t and its strong derivative

dA0(t)ψ/dt is of the form

dA0(t)ψ

dt
= −i[H0, A0(t)]

D(H)
w ψ, t ∈ R.

(iii) There exist a σ-finite measure space (M,Σ, µ), a nonnegative Σ-measurable

function u on M with 0 < u(k) < ∞ for µ-a.e.k ∈ M and a linear operator

S(k) on H (k ∈ M) with D(S(k)) ⊃ D(H) such that the following (a)–(c)

hold:

(a) For all ψ, χ ∈ D(H),
∫
M
| ⟨χ, S(k)ψ⟩ | dµ(k) <∞ and

⟨
χ, [H1, A0(t)]

D(H)
w ψ

⟩
=

∫
M

eitu(k) ⟨χ, S(k)ψ⟩ dµ(k). (3.5)

(b) For all ϕ ∈ PHH ,
∫
M
∥S(k)ϕ∥ dµ(k) < ∞ and

∫
M
∥S(k)ϕ∥/u(k) dµ(k) <

∞.

(c) For all ψ ∈ D and ϕ ∈ PHH ,∫ ∞

0

∣∣∣∣∫
M

⟨
ψ, eis(H−E0(H)+u(k))S(k)ϕ

⟩
dµ(k)

∣∣∣∣ ds <∞.

Remark 3.3 Condition (a) in (A.2)-(iii) may be regarded as an abstract form of “sum

rules” in quantum mechanics [1]. In fact, under stronger additional conditions, one can

prove (3.5) (cf. [1]), where µ is determined by the spectral measure of H0.
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Under condition (A.2), (H − E0(H) + u(k))−1 is bounded for µ-a.e.k ∈M with

∥(H − E0(H) + u(k))−1∥ ≤ 1

u(k)
, µ-a.e.k ∈M.

Hence, for all ϕ ∈ PHH ,∫
M

∥(H − E0(H) + u(k))−1S(k)ϕ∥ dµ(k) ≤
∫
M

∥S(k)ϕ∥
u(k)

dµ(k) <∞.

It is easy to see that, for all ψ ∈ D(H), eis(H−E0(H))[H1, A0(s)]
D(H)
w ψ is strongly

continuous in s. Hence, for each t ∈ R, the strong Riemann integral
∫ t

0
eis(H−E0(H))

·[H1, A0(s)]
D(H)
w ψ ds exists.

Lemma 3.4 Assume (A.1) and (A.2). Then, for all ϕ ∈ PHH and t ∈ R,

A(t)ϕ = Aϕ+ i

∫ t

0

eis(H−E0(H))[H1, A0(s)]
D(H)
w ϕ ds. (3.6)

Moreover, for all ψ ∈ D(H),

⟨ψ,A(t)ϕ⟩ = ⟨ψ,Aϕ⟩+ i

∫ t

0

ds

∫
M

dµ(k)
⟨
ψ, eis(H−E0(H)+u(k))S(k)ϕ

⟩
. (3.7)

Proof. Let χ ∈ D(H) and

f(t) := ⟨χ,A(t)ϕ⟩ =
⟨
e−it(H−E0(H))χ,A0(t)ϕ

⟩
.

Then it is easy to see that f(t) is differentiable in t with

df(t)

dt
= i
⟨
(H − E0(H))e−itHχ,A0(t)e

−itHϕ
⟩
+
⟨
e−itHχ,−i[H0, A0(t)]

D(H)
w e−itHϕ

⟩
.

Using the identity
⟨
A0(t)

∗e−itHχ, (H − E0(H))e−itHϕ
⟩
= 0, we obtain

df(t)

dt
= i
⟨
e−itHχ, [H1, A0(t)]

D(H)
w e−itHϕ

⟩
= i
⟨
χ, eit(H−E0(H))[H1, A0(t)]

D(H)
w ϕ

⟩
.

Hence

f(t) = ⟨χ,Aϕ⟩+
∫ t

0

i
⟨
χ, eis(H−E0(H))[H1, A0(s)]

D(H)
w ϕ

⟩
ds.

By a property of strong Riemann integral, we have∫ t

0

i
⟨
χ, eis(H−E0(H))[H1, A0(s)]

D(H)
w ϕ

⟩
ds =

⟨
χ, i

∫ t

0

eis(H−E0(H))[H1, A0(s)]
D(H)
w ϕ ds

⟩
.

Thus (3.6) follows. Formula (3.7) follows from (3.6) and (A.2)-(iii).
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For all ϕ ∈ PHH ,∫
M

∥(H − E0(H) + u(k))−1S(k)ϕ∥ dµ(k) ≤
∫
M

∥S(k)ϕ∥
u(k)

dµ(k) <∞.

Hence the Bochner integral
∫
M
(H−E0(H)+u(k))−1S(k)ϕ dµ(k) exists. The main theorem

in this section is as follows:

Theorem 3.5 Assume (A.1) and (A.2). Then, for all ϕ ∈ PHH ,

Aϕ =

∫
M

(H − E0(H) + u(k))−1S(k)ϕ dµ(k) (3.8)

Proof. Let ψ ∈ D . Then, taking the limit t → ∞ in (3.7) and using Lemma 3.2, we

obtain

⟨ψ,Aϕ⟩ = −i
∫ ∞

0

ds

∫
M

dµ(k)
⟨
ψ, eis(H−E0(H)+u(k))S(k)ϕ

⟩
.

For all ε > 0, we have∣∣∣∣e−εs

∫
M

dµ(k)
⟨
ψ, eis(H−E0(H)+u(k))S(k)ϕ

⟩∣∣∣∣ ≤ ∣∣∣∣∫
M

dµ(k)
⟨
ψ, eis(H−E0(H)+u(k))S(k)ϕ

⟩∣∣∣∣ .
By (c) in (A.2)-(iii), the right hand side is integrable in s ∈ [0,∞). Hence, by the Lebesgue

dominated convergence theorem, we have

⟨ψ,Aϕ⟩ = −i lim
ε→0

∫ ∞

0

dse−εs

∫
M

dµ(k)
⟨
ψ, eis(H−E0(H)+u(k))S(k)ϕ

⟩
.

Note that∫ ∞

0

dse−εs

∫
M

|
⟨
ψ, eis(H−E0(H)+u(k))S(k)ϕ

⟩
| ≤

∫ ∞

0

dse−εs

∫
M

∥ψ∥ ∥S(k)ϕ∥dµ(k) <∞.

Hence, by Fubini’s theorem, we have∫ ∞

0

dse−εs

∫
M

dµ(k)
⟨
ψ, eis(H−E0(H)+u(k))S(k)ϕ

⟩
=

∫
M

dµ(k)
⟨
ψ, i(H − E0(H) + u(k) + iε)−1S(k)ϕ

⟩
.

Therefore

⟨ψ,Aϕ⟩ = lim
ε→0

∫
M

dµ(k)
⟨
ψ, (H − E0(H) + u(k) + iε)−1S(k)ϕ

⟩
.

It is easy to see that, for µ-a.e.k,

lim
ε→0

⟨
ψ, (H − E0(H) + u(k) + iε)−1S(k)ϕ

⟩
=
⟨
ψ, (H − E0(H) + u(k))−1S(k)ϕ

⟩
12



and

|
⟨
ψ, (H − E0(H) + u(k) + iε)−1S(k)ϕ

⟩
| ≤ ∥ψ∥ ∥S(k)ϕ∥

u(k)
.

Hence we can apply the Lebesgue dominated convergence theorem to obtain

⟨ψ,Aϕ⟩ =
⟨
ψ,

(∫
M

(H − E0(H) + u(k))−1S(k)ϕ dµ(k)

)⟩
,

Thus (3.8) holds.

4 Main Theorem

We now state and prove the main theorem in the present paper. For this purpose, we first

rewrite the theory in the preceding section in a form suitable for applications to models

in quantum field theory.

We assume Hypothesis 1. Let (K,Σ, µ) be a σ-finite measure space and ω be a

nonnegative Σ-measurable function on K such that 0 < ω(k) <∞, µ-a.e.k ∈ K. We set

X := L2(K, dµ)

and, for each s ∈ R, introduce a subspace

Xs :=

{
f ∈ X

∣∣ ∫
K

ω(k)s|f(k)|2dµ(k) <∞
}
, s ∈ R.

Suppose that there exists a family {A(f)|f ∈ X} of densely defined closed linear

operators on H such that, for all f ∈ X, D(L1/2) ⊂ D(A(f)) and, for all ψ ∈ D(L1/2),

A(zf + wg)ψ = z∗A(f)ψ + w∗A(g)ψ, f ∈ X, z, w ∈ C, (4.1)

where z∗ is the complex conjugate of z ∈ C. We introduce an operator:

A0(f, t) := e−itH0A(f)eitH0 , t ∈ R, f ∈ X. (4.2)

For the operator A(f), we assume conditions similar to (A.1) and (A.2) for A in the

preceding section:

Hypothesis 2. (i) For some α ∈ (0, 1] and a β ≥ 0, D(Hα
0 ) ⊂ D(A(f)), f ∈ X−β and,

for each f ∈ X−β, there exist constants af , bf ≥ 0 such that

∥A(f)ψ∥ ≤ af∥Hα
0 ψ∥+ bf∥ψ∥, ψ ∈ D(Hα

0 ). (4.3)
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(ii) There exists a core D of Hα
0 such that

lim
t→∞

A(f)eitH0ψ = 0, ψ ∈ D , f ∈ X−β. (4.4)

(iii) There exists a dense subspace Y ⊂ X−β such that, for all t ∈ R and f ∈
Y , (H0, A0(f, t)) has weak commutator on D(H) and, for all ψ ∈ D(H),

[H0, A0(f, t)]
D(H)
w ψ is strongly continuous in t.

(iv) For all ψ ∈ D(H) and f ∈ Y , A0(f, t)ψ is strongly differentiable in t and

dA0(f, t)ψ

dt
= −i[H0, A0(f, t)]

D(H)
w ψ, t ∈ R.

(v) For all t ∈ R, f ∈ Y , (H1, A0(f, t)) has weak commutator on D(H) and, for

all ψ ∈ D(H), [H1, A0(f, t)]
D(H)
w ψ is strongly continuous in t. Moreover, for

µ-a.e.k ∈ K, there exists a densely defined linear operator T (k) on H with

D(T (k)∗) ∩D(T (k)) ⊃ D(H) such that the following hold:

(a) For all ψ, χ ∈ D(H) and f ∈ Y ,
∫
K
|f(k) ⟨χ, T (k)ψ⟩ | dµ(k) < ∞ and, for

all t ∈ R,⟨
χ, [H1, A0(f, t)]

D(H)
w ψ

⟩
=

∫
K

eitω(k)f(k)∗ ⟨χ, T (k)ψ⟩ dµ(k). (4.5)

(b) For all ϕ ∈ PHH and f ∈ Y ,∫
K

|f(k)| ∥T (k)ϕ∥ dµ(k) <∞,

∫
K

|f(k)| ∥T (k)ϕ∥
ω(k)

dµ(k) <∞.

(c) There exists a dense subspace Y0 ⊂ Y such that, for all ψ ∈ D , f ∈ Y0

and ϕ ∈ PHH ,∫ ∞

0

∣∣∣∣∫
K

f(k)∗
⟨
ψ, eis(H−E0(H)+ω(k))T (k)ϕ

⟩
dµ(k)

∣∣∣∣ ds <∞.

We need an assumption on a relation between A(f) and L:

Hypothesis 3. There exist a complete orthonormal system (CONS) {en}∞n=1 of X with

en ∈ Y, n ∈ N and a constant ε0 ∈ [0, 1) such that

sup
ϕ∈D(L1/2)∩PHH ,∥ϕ∥=1

(
∥L1/2ϕ∥2 −

∞∑
n=1

∥A(en)ϕ∥2
)

≤ ε0

The main theorem in the present paper is as follows:
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Theorem 4.1 Assume Hypotheses 1–3. Suppose that there exist nonnegative functions

f1 and f2 on (K,Σ) such that f1 + ω−1f2 ∈ X with

γ := ∥f1 + ω−1f2∥2 < 1− ε0 (4.6)

and

∥T (k)∗ψ∥ ≤ f1(k)∥(H − E0(H) + ω(k))ψ∥+ f2(k)∥ψ∥, ψ ∈ D(H), µ-a.e.k ∈ K. (4.7)

Then:

(i) Any ϕ ∈ PHH overlaps with PH0H .

(ii)

mL(H) ≤ 1

1− γ − ε0
m(H0), (4.8)

where mL(H) is defned by (2.3). Moreover, if

γ + ε0 <
1

m(H0) + 1
(4.9)

in addition, then

mL(H) ≤ m(H0). (4.10)

(iii) Suppose that PHH ⊂ D(L1/2) in addition. Then

m(H) ≤ 1

1− γ − ε0
m(H0). (4.11)

In particular, if (4.9) holds, then

m(H) ≤ m(H0). (4.12)

(iv) If PHH ⊂ D(L1/2), m(H0) = 1 and γ + ε0 < 1/2, then m(H) = 1.

To prove Theorem 4.1, we need some lemmas.

Lemma 4.2 Assume Hypothesis 2. Then, for all ϕ ∈ PHH and f ∈ Y ,

A(f)ϕ =

∫
K

f(k)∗(H − E0(H) + ω(k))−1T (k)ϕ dµ(k). (4.13)

Proof. One can apply Theorem 3.5 with A = A(f). Then (4.13) follows.
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Lemma 4.3 Assume Hypothesis 2. Let ϕ ∈ PHH and∫
K

∥(H − E0(H) + ω(k))−1T (k)ϕ∥2dµ(k) <∞.

Then, for any CONS {en}∞n=1 of X with en ∈ Y (n ∈ N),
∞∑
n=1

∥A(en)ϕ∥2 =
∫
K

∥(H − E0(H) + ω(k))−1T (k)ϕ∥2dµ(k). (4.14)

Proof. Define a mapping T : X → H by

Tf :=

∫
K

f(k)(H − E0(H) + ω(k))−1T (k)ϕ dµ(k), f ∈ X.

Then, in quite the same way as in the proof of [5, Lemma 2.6], one can show that T is

Hilbert-Schmidt and

∥T∥22 =
∫
K

∥(H − E0(H) + ω(k))−1T (k)ϕ∥2dµ(k),

where ∥T∥2 is the Hilbert-Schmidt norm of T . In general, for any CONS {fn}∞n=1 of

X, ∥T∥22 =
∑∞

n=1 ∥Tfn∥2. The set {e∗n}∞n=1 also is a CONS of X. By (4.13), we have

Te∗n = A(en)ϕ. Thus (4.14) holds.

We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1

Let k ∈ K be such that 0 < ω(k) <∞. Then (4.7) implies that T (k)∗(H−E0(H)+ω(k))−1

is bounded with operator norm

∥T (k)∗(H − E0(H) + ω(k))−1∥ ≤ f1(k) +
f2(k)

ω(k)
.

Hence (H − E0(H) + ω(k))−1T (k) is bounded with domain D(T (k)) and

∥(H − E0(H) + ω(k))−1T (k)∥ ≤ f1(k) +
f2(k)

ω(k)
.

Hence, for all ψ ∈ D(H),∫
K

∥(H − E0(H) + ω(k))−1T (k)ψ∥2dµ(k) ≤ γ∥ψ∥2.

Therefore, by Lemma 4.3 and Hypothesis 3, we have

∥L1/2ϕ∥2 ≤ γ + ε0, ϕ ∈ D(L1/2) ∩ PHH , ∥ϕ∥ = 1.
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Thus, by Theorem 2.1, we obtain (4.8). The other parts of Theorem 4.1 easily follow from

Theorem 2.1 and Corollaries 2.2–2.3.

From the purely operator theoretical point of view, Theorem 4.1 can be regarded as

a comparison theorem on the degeneracy of ground states in the framework given by the

quintuple (H , H0, H1, L, {A(f)|f ∈ X}).

5 Applications to Quantum Field Models

As for applications of Theorem 4.1 to quantum field models, we describe only basic aspects,

because full descriptions of applications need many pages and it may be suitable to present

them in a separate paper.

The Hilbert space H in the abstract theory may have different concrete realizations

depending on quantum field models. Here we present a unified treatment of various

models in quantum field theory, taking as H a general Hilbert space. This will make less

work in applications.

Let Wb and Wf be complex Hilbert spaces. Then the boson Fock space Fb(Wb) over

Wb is defined by

Fb(Wb) : = ⊕∞
n=0 ⊗n

s Wb

=

{
Ψ = {Ψ(n)}∞n=0|Ψ(n) ∈ ⊗n

sWb, n ≥ 0, ∥Ψ∥2 :=
∞∑
n=0

∥Ψ(n)∥2 <∞

}
, (5.1)

where ⊗n
sWb denotes the n-fold symmetric tensor product Hilbert space of Wb with con-

vention ⊗0
sWb := C. On the other hand, the fermion Fock space Ff(Wf) overWf is defined

by

Ff(Wf) := ⊕∞
n=0 ⊗n

as Wf ,

where ⊗n
asWf is the n-fold antisymmetric tensor product Hilbert space of Wf with conven-

tion ⊗0
asWf := C. The boson-fermion Fock space FBF(Wb,Wf) over (Wb,Wf) is defined

by

FBF(Wb,Wf) := Fb(Wb)⊗ Ff(Wf).

This Hilbert space is a Hilbert space for a quantum system in which a Bose field interacts

with a Fermi field.

A general Hilbert space unifying Hilbert spaces for various quantum field models is

given by

H = h⊗ FBF(Wb,Wf), (5.2)
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where h is a complex Hilbert space. Indeed, H includes, as special cases, three types of

Hilbert spaces which appear typically in quantum field theory:

(i) In the case where Wf = {0}, then Ff(Wf) = C. Hence, in this case, H is identified

with h⊗Fb(Wb), which is a Hilbert space for a general quantum system interacting

with a Bose field. In particular, if h = C, then H is identified with Fb(Wb).

(ii) In the case where Wb = {0}, H is identified with h ⊗ Ff(Wf), which is a Hilbert

space for a general quantum system interacting with a Fermi field. In particular, if

h = C, then H is identified with Ff(Wf).

(iii) In the case where h = C, H is identified with FBF(Wb,Wf).

In this sense, at least for applications to quantum field theory, the above choice of the

Hilbert space H is general enough.

Let A be a nonnegative self-adjoint operator on h having ground state with E0(A) = 0

and m(A) < ∞. In what follows # denotes either b or f. Let S# be a nonnegative

injective self-adjoint operator on W# and denote by dΓ#(S#) the second quantization of

S# on F#(W#). Let H1 be a symmetric operator on H . Then the following operator H

serves as a unification of Hamiltonians of various quantum field models:

H = H0 +H1,

where

H0 := A⊗ I ⊗ I + I ⊗ dΓb(Sb)⊗ I + I ⊗ I ⊗ dΓf(Sf).

and H1 is not necessarily H0-bounded.

Since S# is nonnegative and injective, it follows that dΓ#(S#) has a unique ground

state with zero ground state energy and

ker dΓb(Sb)) = F (0)
b := {cΩb|c ∈ C}, ker dΓf(Sf)) = F (0)

f := {cΩf |c ∈ C},

where Ω# := {1, 0, 0, . . .} is the Fock vacuum in F#(W#). We denote by P# the orthog-

onal projection onto F (0)
# from F#(W#).

The operator H0 has ground state with E0(H0) = 0 and

PH0H = kerA⊗ F (0)
b ⊗ F (0)

f .

We have

PH0 = PA ⊗ Pb ⊗ Pf .
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Hence

m(H0) = m(A).

We denote by N# the number operator on F#(W#): N# := dΓ#(I). The operator

QA := I − PA

is the orthogonal projection onto (kerA)⊥ (the orthogonal complement of kerA). For

each ε > 0, we define an operator Lε by

Lε := (1 + ε)I ⊗Nb ⊗ I +

(
1 +

1

4ε

)
I ⊗ I ⊗Nf +QA ⊗ Pb ⊗ Pf . (5.3)

Lemma 5.1 For any ε > 0,

I ⪯ Lε + PH0 . (5.4)

Proof. It is easy to see that

I ⪯ N
1/2
b + Pb, I ⪯ N

1/2
f + Pf .

Hence

I ⪯ I ⊗ (N
1/2
b + Pb)⊗ (N

1/2
f + Pf).

By this inequality and the fact that P# ≤ I and QA + PA = I, we obtain

I ⪯ I ⊗N
1/2
b ⊗N

1/2
f + I ⊗N

1/2
b ⊗ I + I ⊗ I ⊗N

1/2
f +QA ⊗ Pb ⊗ Pf + PH0 .

By the functional calculus,

I ⊗N
1/2
b ⊗N

1/2
f ⪯ εI ⊗Nb ⊗ I +

1

4ε
I ⊗ I ⊗Nf .

Since σ(N#) = {0} ∪ N, it follows that N1/2
# ⪯ N#. Hence (5.4) is obtained.

In the present framework, the operator Lε will be the operator L in Hypothesis 1.

Remark 5.2 The parameter ε > 0 in Lε is introduced to maintain the best possibility

of (5.4) when the Hilbert space H is reduced to h⊗ Fb(Wb) (the case where Wf = {0}
so that Nf = 0 and Pf = I) or Ff(Wf) (the case where Wb = {0} so that Nb = 0 and

Pb = I).
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We next describe a candidate for the operator A(f) in Section 4. For this purpose, we

use an isomorphism between a separable Hilbert space and an L2 space. Hence we assume

that W# is separable. Then, by the multiplication operator form of the spectral theorem

on a self-adjoint operator [13, Theorem VIII.4] that there exist a finite measure space

(K#,Σ#, µ#), a unitary operator U# : W# → L2(K#, dµ#) and a nonnegative function

ω# on K# satisfying 0 < ω#(k) <∞, µ#-a.e.k ∈ K# so that

US#U
−1 = ω#,

where the right hand side denotes the multiplication operator by the function ω# on

L2(K#, dµ#). The isomorphism U# induces the isomorphism

Γ(U#) : F#(W#) → F#(L
2(K#, dµ#))

defined by

Γ(U#) := ⊕∞
n=0 ⊗n U#

with ⊗0U# := 1.

In what follows we freely use the identification of W# and F#(W#) with L
2(K#, dµ#)

and F#(L
2(K#, dµ#)) respectively.

Let

K := Kb ∪Kf

with Kb ∩ Kf := ∅ and µ be the measure on K such that the restriction of µ to K# is

equal to µ#. For each element (f1, f2) ∈ L2(Kb, dµb)⊕ L2(Kf , dµf), we define a function

f on K by

f(k) :=

{
f1(k) if k ∈ Kb

f2(k) if k ∈ Kf
.

Then it is easy to see that the correspondence:(f1, f2) 7→ f gives an isomorphism between

L2(Kb, dµb) ⊕ L2(Kf , dµf) and L
2(K, dµ). In this sense we write f = (f1, f2). Below we

see that, in the present case, the Hilbert space X in Section 4 is given by

X := L2(K, dµ).

We freely use the identification of L2(Kb, dµb)⊕ L2(Kf , dµf) with X.

In the present case, we take ω in Section 4 as follows:

ω(k) :=

{
ωb(k) if k ∈ Kb

ωf(k) if k ∈ Kf
.
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We are now ready to describe a candidate for A(f) in Section 4. Let u ∈ Wb and a(u)

be the boson annihilation operator on Fb(Wb), which is the densely defined closed linear

operator on Fb(Wb) such that its adjoint a(u)∗ is of the form:

(a(u)∗Ψ)(0) = 0, (a(u)∗Ψ)(n) =
√
nSn(u⊗Ψ(n−1)), Ψ ∈ D(a(u)∗),

where Sn is the symmetrization operator on the n-fold tensor product ⊗nWb of Wb. The

following facts are well known:

(a.1) (canonical commutation relations) For all u, u′ ∈ Wb,

[a(u), a(u′)∗] = ⟨u, u′⟩ , [a(u), a(u′)] = 0

on the subspace

Fb,0(Wb) := {Ψ ∈ Fb(Wb)|∃n0 ∈ N, ∀n ≥ n0, Ψ
(n) = 0},

where [A,B] := AB −BA.

(a.2) For all u ∈ Wb, D(N
1/2
b ) ⊂ D(a(u)) and ∥a(u)Ψ∥ ≤ ∥u∥ ∥N1/2

b Ψ∥, Ψ ∈ D(N
1/2
b ).

(a.3) For all CONS {un}∞n=1 of Wb,

∥N1/2
b Ψ∥2 =

∞∑
n=1

∥a(un)Ψ∥2, Ψ ∈ D(N
1/2
b ).

(a.4) For all u ∈ D(S
−1/2
b ), D(dΓb(Sb)

1/2) ⊂ D(a(u)) and

∥a(u)Ψ∥ ≤ ∥S−1/2u∥ ∥dΓb(Sb)
1/2Ψ∥, Ψ ∈ D(dΓb(Sb)

1/2).

(a.5) For all t ∈ R and u ∈ Wb, e
itdΓb(Sb)a(u)e−itdΓb(Sb) = a(eitSbu).

On the other hand, the fermion annihilation operator b(v) (v ∈ Wf) on Ff(Wf) is the

everywhere defined bounded linear operator on Ff(Wf) such that

(b(v)∗Ψ)(0) = 0, (b(v)∗Ψ)(n) =
√
nAn(v ⊗Ψ(n−1)), Ψ ∈ Ff(Wf),

where An is the antisymmetrization operator on ⊗nWf . The following facts are well

known:

(b.1) (canonical anticommutation relations) For all v, v′ ∈ Wf ,

{b(v), b(v′)∗} = ⟨v, v′⟩ , {b(v), b(v′)} = 0,

where {A,B} := AB +BA.
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(b.2) ∥b(v)∥ = ∥b(v)∗∥ = ∥v∥, v ∈ Wf .

(b.3) For all CONS {vn}∞n=1 of Wf ,

∥N1/2
f Ψ∥2 =

∞∑
n=1

∥b(vn)Ψ∥2, Ψ ∈ D(N
1/2
f ).

(b.4) For all t ∈ R and v ∈ Wf , e
itdΓf(Sf)b(v)e−itdΓf(Sf) = b(eitSfv).

In the present case, we see that a candidate for A(f) in Section 4 may be the closure

of the following operator:

Aε(f) :=
√
1 + ε I ⊗ a(f1)⊗ I +

√
1 +

1

4ε
I ⊗ I ⊗ b(f2), f = (f1, f2) ∈ X

where ε > 0 is arbitrary. We denote the closure of Aε(f) by the same symbol. The

parameter ε in Aε is introduced in correspondence to Lε defined by (5.3). It is easy to

see that

D(L1/2
ε ) = D(I ⊗N

1/2
b ⊗ I) ∩D(I ⊗ I ⊗N

1/2
f ).

Hence D(L
1/2
ε ) ⊂ D(Aε(f)) for all f ∈ X and (4.1) holds.

It follows from (a.4) that, for all f = (f1, f2) ∈ D(S
−1/2
b )⊕Wf , D(H

1/2
0 ) ⊂ D(Aε(f))

and

∥Aε(f)Ψ∥ ≤
√
1 + ε ∥(I ⊗ a(f1)⊗ I)Ψ∥+

√
1 +

1

4ε
∥f2∥ ∥Ψ∥

≤
√
1 + ε ∥S−1/2

b f1∥ ∥I ⊗ dΓb(Sb)
1/2 ⊗ IΨ∥+

√
1 +

1

4ε
∥f2∥ ∥Ψ∥

≤
√
1 + ε ∥S−1/2

b f1∥ ∥H1/2
0 Ψ∥+

√
1 +

1

4ε
∥f2∥ ∥Ψ∥.

Hence Hypothesis 2-(i) holds with β = 1 and α = 1/2.

In the present case, we have

A0(f, t) = Aε(e
−itωbf1, e

−itωff2), f = (f1, f2) ∈ X, t ∈ R, (5.5)

where, for notational simplicity, the dependence of A0(f, t) on ε is not explicitly written.

To ensure that Hypothesis 2-(ii) holds, we consider an additional condition:

(S) The self-adjoint operators Sb and Sf are purely absolutely continuous.
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For a subspace D# of W#, we define F#,fin(D) ⊂ F#(W#) by

F#,fin(D#) := span{Ω#, c#(g1)
∗ · · · c#(gn)∗Ω#|n ∈ N, gj ∈ D#, j = 1, . . . , n},

where, for a subset V of a vector space, spanV denotes the subspace algebraically spanned

by all the vectors in V and cb(·) = a(·), cf(·) = b(·). For a subspace G# of F#(W#), we

denote by h⊗̂Gb⊗̂Gf the algebraic tensor product of h, Gb and Gf .

Lemma 5.3 Assume (S). Then, for all Ψ ∈ h⊗̂Fb,fin(Wb)⊗̂Ff,fin(Wf),

lim
t→±∞

Aε(f)e
itH0Ψ = 0. (5.6)

Proof. It is sufficient to prove the assertion for vectors Ψ of the form

Ψ = ψ ⊗ a(u1)
∗ · · · a(un)∗Ωb ⊗ b(v1)

∗ · · · b(vm)∗Ωf ,

ψ ∈ h, uj ∈ Wb, vℓ ∈ Wf , j = 1, . . . , n, ℓ = 1, . . . ,m, n,m ∈ N.

Let f = (f1, f2) ∈ X. Then, using (5.5), (a.1) and (b.1), we have

e−itH0Aε(f)e
itH0Ψ =

n∑
j=1

⟨
e−itSbf1, uk

⟩
Ψb,k +

m∑
ℓ=1

⟨
e−itSff2, vℓ

⟩
Ψf,ℓ,

where

Ψb,k := ψ ⊗ a(u1)
∗ · · · a(uk−1)

∗a(uk+1)
∗ · · · a(un)∗Ωb ⊗ b(v1)

∗ · · · b(vm)∗Ωf .

Ψf,ℓ := (−1)ℓ−1ψ ⊗ a(u1)
∗ · · · a(un)∗Ωb ⊗ b(v1)

∗ · · · b(vℓ−1)
∗b(vℓ+1)

∗ · · · b(vm)∗Ωf .

By assumption (S), limt→±∞
⟨
e−itSbf1, uk

⟩
= 0 and limt→±∞

⟨
e−itSff2, vℓ

⟩
= 0. Hence

limt→±∞ e−itH0Aε(f)e
itH0Ψ = 0. Since e−itH0 is unitary, (5.6) follows.

Since D(A)⊗̂Fb,fin(D(Sb))⊗̂Ff,fin(D(Sf)) is a core of H
1/2
0 , Lemma 5.3 implies that

Hypothesis 2-(ii) holds in the present case.

It is well known that, for all u ∈ D(Sb)∩D(S
−1/2
b ), (dΓb(Sb), a(u)) has weak commu-

tator on D(dΓb(Sb)) and

[dΓb(Sb), a(u)]
D(dΓb(Sb))
w = −a(Sbu) on D(dΓb(Sb)).

Also, for all v ∈ D(Sf), (dΓf(Sf), b(v)) has weak commmutator on D(dΓf(Sf)) and

[dΓf(Sf), b(v)]
D(dΓf(Sf))
w = −b(Sfv).

Hence, by (5.5), (H0, A0(f, t)) has weak commutator on D(H0) and

[H0, A0(f, t)]
D(H0)
w = −Aε(e

−itSbSbf1, e
−itSfSff2) on D(H0). (5.7)
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Lemma 5.4 Let f = (f1, f2) ∈ X with f1 ∈ D(Sb) ∩ D(S
−1/2
b ) and f2 ∈ D(Sf). Then,

for all Ψ ∈ D(H0), [H0, A0(f, t)]
D(H0)
w Ψ is strongly continuous in t ∈ R.

Proof. For notational simplicity, we omit identity I in tensor products of operators

(e.g.,I ⊗ a(u)⊗ I (u ∈ Wb) is simply written a(u)). For all t, t′ ∈ R and Ψ ∈ D(H
1/2
0 ), we

have by (a.4)

∥a(e−it′SbSbf1)Ψ−a(e−itSbSbf1)Ψ∥ ≤ ∥e−it′SbS
1/2
b f1−e−itSbS

1/2
b f1∥ ∥H1/2

0 Ψ∥ → 0 (t′ → t).

Similarly one can show that limt′→t b(e
−it′SfSff2)Ψ = b(e−itSfSff2)Ψ. Hence Aε(e

−itSbSbf1,

e−itSfSff2)Ψ is strongly continuous in t. By this fact and (5.7), we obtain the desired

result.

Lemma 5.5 For all Ψ ∈ D(H0) and f ∈ X−1 ∩ X2, A0(f, t)Ψ is strongly differentiable

in t and
dA0(f, t)Ψ

dt
= i[H0, A0(f, t)]

D(H0)
w Ψ, t ∈ R.

Proof. This follows from (5.5) and (5.7).

As for the weak commutator of (H1, A0(f, t)), the following form gives a unification of

some models:

[H1, A0(f, t)]
D(H)
w Ψ =

∫
K

eitω(k)f(k)∗T (k)Ψ dµ(k),

Ψ ∈ D(H), f ∈ [D(ωb) ∩D(ω
−1/2
b )]⊕D(ωf),

where T (k) is a densely defined linear operator on H defined for µ-a.e.k ∈ K, satisfying

D(T (k)) ∩D(T (k)∗) ⊃ D(H) and∫
K

|f(k)| ∥T (k)Ψ∥dµ(k) <∞,

∫
K

|f(k)|
ω(k)

∥T (k)Ψ∥dµ(k) <∞

Note that one can write

[H1, A0(f, t)]
D(H)
w Ψ =

∫
Kb

eitωb(k)f1(k)
∗T1(k)Ψ dµb(k) +

∫
Kf

eitωf(k)f2(k)
∗T2(k)Ψ dµf(k),

where T1(k) := T (k), k ∈ Kb and T2(k) := T (k), k ∈ Kf .

To give an example of H1 which has the above mentioned properties and is not rela-

tively bounded with respect to H0, we recall a basic object in Fb(Wb):

ϕ(u) :=
1√
2
(a(u) + a(u)∗), u ∈ Wb,

which is called the Segal field operator with test vector u [14, §X.7].
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Example 5.6 Consider the case where Wb = L2(Rd) (d ∈ N) and Wf = {0} so that

H = h⊗ Fb(L
2(Rd)). In this case, H0 becomes

H0 = A⊗ I + I ⊗ dΓb(ωb)

and Aε(f) takes the form

A(f) := I ⊗ a(f), f ∈ L2(Rd),

where we set ε = 0. Let F be a nonnegative bounded continuous function on R and

λ ∈ L2(Rd) \ {0} such that λ/
√
ωb ∈ L2(Rd). Let n ≥ 1 and

H1 := F (A)⊗ ϕ(λ)2n

Then H1 is a symmetric operator. It is proved that H is self-adjoint (this is non-trivial

and will be discussed elsewhere) and bounded below (this is trivial). If n ≥ 2, then H1 is

not H0-bounded.

One can show that (H1, A0(f, t)) has weak commutator on D(H) with

[H1, A0(f, t)]
D(H)
w = −

√
2n
⟨
e−itωbf, λ

⟩
F (A)⊗ ϕ(λ)2n−1

on D(H). Hence, in the present example, we have

T (k) = −
√
2nλ(k)F (A)⊗ ϕ(λ)2n−1.

Under additional conditions, one can show that Hypothesis 2-(v) and (4.7) hold (these

facts also will be discussed elsewhere).

Example 5.7 Consider the case where h = C and Wb = Wf = L2(Rd) (d ∈ N) so that

H = Fb(L
2(Rd)) ⊗ Ff(L

2(Rd)). We set Kb = Rd, Kf = Rd and K = Kb ∪ Kf . We

denote by µ the measure on K such that the restriction of µ to K# is the d-dimensional

Lebesgue measure. In this case, H0 becomes

H0 = dΓb(ωb)⊗ I + I ⊗ dΓf(ωf)

and

Aε(f) =
√
1 + ε a(f1)⊗ I +

√
1 +

1

4ε
I ⊗ b(f2), f = (f1, f2) ∈ L2(Rd)⊗ L2(Rd).

Let λ ∈ L2(Rd) be as in Example 5.6 and v, w ∈ L2(Rd) be fixed and

B := b(v)∗ + b(w).
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Then, for n ≥ 2, we define

H1 := ϕ(λ)⊗B∗B + ϕ(λ)2n ⊗ I.

The operator H1 is not H0-bounded. It is easy to see that H is bounded below (the self-

adjointness of H will be shown elsewhere). One can show that (H1, A0(f, t)) has weak

commutator on D(H) and

[H1, A0(f, t)]
D(H)
w = −

√
1 + ε

2
⟨f1, λ⟩ I ⊗B∗B −

√
2(1 + ε)n ⟨f1, λ⟩ϕ(λ)2n−1 ⊗ I

+

√
1 +

1

4ε
(⟨f2, v⟩ϕ(λ)⊗B∗ − ⟨f2, w⟩ϕ(λ)⊗B) .

Hence, in the present example, we have

T (k) =

 −
√

1+ε
2
λ(k)I ⊗B∗B −

√
2(1 + ε)nλ(k)ϕ(λ)2n−1 ⊗ I if k ∈ Kb√

1 + 1
4ε
(v(k)ϕ(λ)⊗B∗ − w(k)ϕ(λ)⊗B) if k ∈ Kf .

Let {un}∞n=1 (resp. {vn}∞n=1) be a CONS of Wb (resp. Wf) and define en ∈ Wb ⊕Wf

as follows:

e2n−1 := (un, 0), e2n := (0, vn), n ∈ N.

Then {en}∞n=1 is a CONS of Wb ⊕Wf . By (a.3) and (b.3), we have

∞∑
n=1

∥Aε(en)Ψ∥2 = (1 + ε)∥(I ⊗N
1/2
b ⊗ I)Ψ∥2 +

(
1 +

1

4ε

)
∥I ⊗ I ⊗N

1/2
f Ψ∥2

for all Ψ ∈ D(I ⊗N
1/2
b ⊗ I) ∩D(I ⊗ I ⊗N

1/2
f ). Hence, by (5.3), we obtain

sup
ϕ∈D(L

1/2
ε )∩PHH ,∥ϕ∥=1

(
∥L1/2

ε ϕ∥2 −
∞∑
n=1

∥Aε(en)ϕ∥2
)

= sup
ϕ∈D(L

1/2
ε )∩PHH ,∥ϕ∥=1

∥QA⊗Pb⊗Pfϕ∥2

Therefore we need only to show that there exists a constant ε0 ∈ [0, 1) such that

sup
ϕ∈D(L

1/2
ε )∩PHH ,∥ϕ∥=1

∥QA ⊗ Pb ⊗ Pfϕ∥2 ≤ ε0. (5.8)

Then Hypothesis 3 is satisfied. Estimate (5.8) can be obtained by extending the methods

in [3, 6, 9] to the present case.

In this way, for quantum field models within the class under consideration, one can

obtain results (i)–(iii) in Theorem 4.1 (under additional conditions). The more details

will be given in a separate paper [8].
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