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1 Introduction

In this thesis, we study the theory of C∞-rings and derivations on them. Based
on these algebraic theory, we explain C∞-ringed spaces and C∞-schemes as
generalized concepts of C∞-manifolds. Moreover we study vector fields and
differential forms on C∞-ringed spaces and C∞-schemes.

The one motivation of this article is to develop the theory of C∞-manifolds,
tangent vectors of C∞-manifolds, vector fields of C∞-manifolds and C∞-functions
on C∞-manifolds in more general way. In the case of C∞-manifolds, tangent
vector spaces are finitely generated as R-vector spaces, and tangent vector
fields are locally expressed by finite C∞-functions. Another motivation is to
compare tangent vectors and tangent vector fields of C∞-manifolds.

In §2, we explain and use the idea of C∞-rings in [6] and [9]. C∞-rings are
R-algebras which have operations by smooth functions Rn → R. Let M be
a C∞-manifold and p a point of M . The set C∞(M) of C∞-functions on M ,
The set C∞

p (M) of C∞-function-germs at p onM , the set R[[x1, . . . , xn]] of real
formal power series on Rn, and the set R of real numbers are C∞-rings. Each
of these C∞-rings is expressed as a quotient C∞-ring C∞(Rn)/I by an ideal
I of C∞(Rn) as the R-algebra. These are called finitely generated C∞-rings
which are main objects of our paper.

For a C∞-ring C and a homomorphism p : C→ R, there exists a local C∞-
ring Cp and its maximal idealmp of Cp. Then we define a k-jet jkp (c) := c+mk+1

p

of p and a homomorphism jkp : C → Cp/m
k+1
p . C is called a k-jet determined

C∞-ring if it can be embedded into a power
∏

p:C→R Cp/m
k+1
p of Cp/m

k+1
p .

From [4], we have R-derivations and R-cotangent modules of C∞-rings.
We have C∞-derivations and C∞-cotangent modules of C∞-rings by using the
C∞-ring structure in a nontrivial way in [6]. For example, tangent vectors and
exterior derivatives of differential forms on C∞-manifolds can be regarded as
R-derivations. For a finitely generated C∞-ring C∞(Rn)/I and a zero point
p ∈ Rn of I, we consider R-derivations C∞(Rn)/I → R and a composition
ep ◦V : C∞(Rn)/I → R of an R-derivation V : C∞(Rn)/I → C∞(Rn)/I and a
homomorphism ep : C

∞(Rn)/I → R(ep(f + I) := f(p)). These R-derivations
are C∞-derivations.

In §3, we explain the idea of C∞-ringed spaces and C∞-schemes to gen-
eralize C∞-manifolds. A C∞-ringed space X is a topological space X with
a sheaf OX of C∞-rings on X. For a C∞-manifold M , we have a C∞-
ringed space which has the topological space M and a sheaf OM defined by
OM(U) = C∞(U) for any open set U ⊂M . We define a functor from the cate-
gory of C∞-rings to the category of C∞-ringed spaces. We define a C∞-scheme
as a local C∞-ringed space covered by affine C∞-schemes.
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Dominic Joyce uses C∞-rings and C∞-schemes to define d-manifolds and
d-orbifolds, versions of manifolds and orbifolds related to Spivak’s derived
manifolds in [6].

In §4, we explain the main theorems of this thesis.
First, we consider a C∞-ring C or on a C-module M which satisfies that

any R-derivation d : C → M is a C∞-derivation. In the paper [14], we have
proved for a C∞-ring C and a k-jet determined C∞-ring D. Tangent vectors
and tangent vector fields on C∞-manifolds satisfy the above.

Second, we define tangent vectors and tangent vector fields on a C∞-ringed
space as R-derivations of OX . This idea comes from tangent vectors are re-
garded as R-derivations C∞

p (M) → R and tangent vector fields are regarded
as R-derivations C∞

p (M)→ C∞
p (M).

Third, we consider algebraic computability of differentials of C∞-rings.
We study about Nash functions and Leibniz complexities based on [5]. A
Nash function is a function f = f(x1, . . . , xn) : Rn ⊃ U → R which has a
non-zero real polynomial p(x, y) : Rn × R → R(x = (x1, . . . , xn)) such that
p(x, f(x)) = 0 on U . Then, we can algebraically calculate the total differential
df by the linearity and Leibniz rules of d.

The Leibniz complexity LC(f) of f is defined as the minimal number of
usages of Leibniz rules to compute df algebraically. Nash functions are char-
acterized by the finiteness of Leibniz complexity (§4.5.2, Theorem 4.15). For
a Nash function f(x) : Rn ⊃ U → R which has a non-zero real polynomial
p(x, y) : Rn × R → R such that p(x, f(x)) = 0 on U , the Leibniz complexity
LC(f) of f is not exceeding the Leibniz complexity LC(p) of p.

By Nash functions on Rn and a C∞-ring, we defineN∞
C,R(Rn) and LN∞

C,R(Rn).
From the definition of Leibniz complexities in §4.5.2, we define two complexi-
ties LCompC(f) and CompC(f).

2 C∞-rings

In this section, we recall the notions of C∞-rings and derivations of C∞-rings.

2.1 C∞-rings

Definition 2.1 ([3, 6]) (1) A C∞-ring is a set C which is endowed with
the following data;
for any l ∈ {0} ∪ N and any C∞-map f : Rl → R (if l = 0, f is a
constant value c ∈ R), there are given an operation Φf : Cl → C (if
l = 0, an operation Φf is a constant on C) such that
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• for any k, l ∈ {0} ∪ N, C∞-maps g : Rk → R and fi : Rl → R(i =
1, . . . , k), and c1, · · · , cl ∈ C,

Φg(Φf1(c1, . . . , cl), . . . ,Φfk(c1, . . . , cl)) = Φg◦(f1,...,fk)(c1, . . . , cl) and

• for any l ∈ {0}∪N, projections πi : Rl → R defined as πi(x1, . . . , xl) =
xi(i = 1, · · · , l) and c1, . . . , cl ∈ C,

Φπi(c1, . . . , cl) = ci.

(2) Let C and D be C∞-rings with operations Φf : C
l → C and Ψf : D

l → D
respectively for any C∞-function f : Rl → R. A homomorphism between
C∞-rings is a map ϕ : C→ D which satisfies

ϕ
(
Φf (c1, . . . , cn)

)
= Ψf

(
ϕ(c1), . . . , ϕ(cn)

)
for any c1, · · · , cl ∈ C, f : Rl → R.

(3) We will write C∞Rings for the category of C∞-rings.

We give examples of C∞-rings and morphisms of C∞-rings as followings.

Example 2.2 The set R of real numbers has a structure of a C∞-ring by the
operation Φf : Rl → R for f ∈ C∞(Rl) as Φf (r1, . . . , rl) := f(r1, . . . , rl) for
any r1, . . . , rl ∈ R.

Example 2.3 C∞(M) is a set of C∞-functions on a C∞-manifoldM . C∞(M)
and the following operations Φg form a C∞-ring.

Φg(f1, . . . , fk)(x) := g(f1(x), . . . , fk(x))

Example 2.4 There exists following examples of morphisms between C∞-
rings.

Suppose f : X → Y is a smooth map between manifolds. We can define a
morphism f ∗ : C∞(Y )→ C∞(X) of C∞-rings as f ∗(c) := c ◦ f ∈ C∞(X) for
c ∈ C∞(Y ). From the definition, we deduce the following properties.

(1) For a smooth manifolds without boundary X, Y ,the map f 7→ f ∗ from
smooth maps f : X → Y to morphisms of C∞-rings ϕ : C∞(Y ) →
C∞(X) is a 1-1 correspondence.

(2) Let f ∗ be a surjection. Assume that there exists two points x, x′ ∈ X such
that x ̸= x′ and f(x) = f(x′). There exists a C∞-function η ∈ C∞(X)
such that η(x) = 0 and η(x′) = 1. For the surjection f ∗, there exists
ι ∈ C∞(Y ) such that η = f ∗(ι) = ι ◦ f . However η(x) = ι(f(x)) =
ι(f(x′)) = η(x′) contradicts η(x) = 0 and η(x′) = 1. Therefore, we have
f is an injection.
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(3) Let f be a surjection. Assume that there exists c ∈ C∞(Y ) such that
f ∗(c) = c ◦ f = 0 on X. For any y ∈ Y , there exists x ∈ X such that
y = f(x). Then c(y) = c(f(x)) = 0. We have c = 0 on X. Therefore,
we have f is an injection.

Remark that any C∞-ring has the natural R-algebra structure. Define the
addition on C as c+ c′ := Φ(x,y)7→x+y(c, c

′), the multiplication on C as c · c′ :=
Φ(x,y)7→xy(c, c

′), and the scalar multiplication by λ ∈ R as λc := Φx7→λx(c). We
see that elements 0 and 1 in C are given by 0C := Φ∅7→0(∅) and 1C := Φ∅7→1(∅).

Let C be a C∞-ring with operations Φf : Cl → C for any C∞-function
f : Rl → R. Let I ⊂ C be an ideal of the R-algebra. We define a C∞-
ring structure on the quotient R-algebra C/I as follows. For any natural
number l ∈ N and a C∞-function f ∈ C∞(Rl), there exists C∞-functions
g1, . . . , gl ∈ C∞(R2l) which satisfy

f(x1 + y1, . . . , xl + yl)− f(x1, . . . , xl) =
l∑

k=1

ykgk(x1, . . . , xl, y1, . . . , yl)

for any (x1, . . . , xl), (y1, . . . , yl) ∈ Rl by Hadamard’s lemma (see [11] for the
proof). Then we have

Φf (c1 + i1, . . . , cl + il)− Φf (c1, . . . , cl) =
l∑

k=1

ik · Φgk(c1, . . . , cl, i1, . . . , il)

for any c1, . . . , cl ∈ C and i1, . . . , il ∈ I. Therefore the quotient R-algebra C/I
has a C∞-ring structure with a following operation ΦI

f : (C/I)
l → C/I for any

f ∈ C∞(Rl) defined as

ΦI
f (c1 + I, . . . , cl + I) := Φf (c1, . . . , cl) + I for any c1, . . . , cl ∈ C.

Example 2.5 The set C∞
p (M) of C∞-function-germs on M at a point p is a

C∞-ring, which has the unique maximal ideal mp consisting of germs with zero
values at p. We write [f, U ]p as a C∞-function-germ at p on M by a smooth
function f ∈ C∞(U) on an open set U ⊂M .

The set C∞
p (M)/mp

k+1 of k-jets of C∞-functions on M at a point p has a
C∞-ring structure.

2.2 The types of C∞-rings

We proved that the set C∞(Rn) of smooth functions on n-dimensional real
space Rn forms a C∞-ring in Example 2.3.
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Then we consider C∞-rings which is expressed in terms of C∞(Rn) and its
ideal I. Then we will classify C∞-rings as to their ideals.

Definition 2.6 ([6]) Let C be a C∞-ring.

(1) A C∞-rings C is called finitely generated if there exists c1, . . . , cn ∈ C
such that for all c ∈ C there exists f ∈ C∞(Rn) with c = Φf (c1, . . . , cn).

Thus there exists n ∈ N and an ideal I ⊂ C∞(Rn) which satisfy that C
is isomorphic to C∞(Rn)/I as a C∞-ring.

Write C∞Ringsfg for the full subcategory of finitely generated C∞-rings
in C∞Rings.

(2) Let C be a finitely generated C∞-ring and I ⊂ C∞(Rn) an ideal of
C∞(Rn) with C ∼= C∞(Rn)/I. We call C finitely presented if I is a
finitely generated C∞(Rn)-module, i.e., there exists i1, . . . , ik ∈ C∞(Rn)
such that I =

⟨
i1, . . . , ik

⟩
C∞(Rn)

.

Write C∞Ringsfp for the full subcategory of finitely presented C∞-rings
in C∞Rings.

(3) An ideal I ⊂ C∞(Rn) is called fair if I is an ideal of elements f ∈
C∞(Rn) which satisfies πp(f) ∈ πp(I) for any p ∈ Rn. A C∞-ring C is
called fair if it is isomorphic to C∞(Rn)/I, where I is a fair ideal.

Write C∞Ringsfa for the full subcategory of fair C∞-rings in C∞Rings.

(4) For a closed subset X of Rn, define an ideal m∞
X := {c ∈ C∞(Rn)|∂αc =

0 on X for all k ≥ 0 and |α| ≤ k}.
We call an ideal I ⊂ C∞(Rn) good if there exists finite smooth func-
tions f1, . . . , fk ∈ C∞(Rn) and a closed subset X of Rn such that I =⟨
f1, . . . , fk,m

∞
X

⟩
C∞(Rn)

.

A C∞-ring C is called good if it is isomorphic to C∞(Rn)/I, where I is
a good ideal.

Write C∞Ringsgo for the full subcategory of good C∞-rings in C∞Rings.

(5) Subcategories of C∞Rings satisfy

C∞Ringsfp ⊂ C∞Ringsgo ⊂ C∞Ringsfa ⊂ C∞Ringsfg ⊂ C∞Rings.

Definition 2.7 ([6]) Let C be a C∞-ring.
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(1) Let C be a C∞-ring and S ⊂ C a subset of C. We call a C∞-ring C′ with
following properties a localization of C at S and write C[S−1] := C′.

• There exists a unique morphism π : C → C′ such that π(s) is in-
vertible in C′ for all s ∈ S.
• If there exists a morphism ϕ : C→ D such that ϕ(s) is invertible in
D for all s ∈ S, there exists a unique morphism ψ : C′ → D such
that ψ ◦ π = ϕ, i.e., a following diagram is commutative.

C
π //

ϕ

��<
<<

<<
<<

< C′

ψ
��
D

(2) A C∞-ring C is called a C∞-local ring if C has a unique maximal ideal
mC which satisfies C/mC

∼= R.

Frankly speaking, finitely generated C∞-rings are C∞-rings which expressed
in terms of smooth functions of Rn, fair C∞-rings are C∞-rings which expressed
in terms of germs of smooth functions at each Rn.

Example 2.8 ([6]) We have following examples of the above C∞-rings.

(1) For a finitely generated C∞-ring C∞(Rn), an open subset U ⊂ Rn and
a smooth function f ∈ C∞(Rn)(U = f−1(R\{0})), we have following
isomorphisms.

C∞(U) ∼= C∞(Rn)[f−1] ∼= C∞(Rn+1)/⟨yf(x1, . . . , xn)− 1⟩C∞(Rn+1).

(2) For an R-point x : C→ R and a subset S := {c ∈ C|x(c) ̸= 0}, we have
a localization Cx := C[S−1] with its projection πx : C→ Cx.

(3) Let η ∈ C∞(R) be a smooth function with η > 0 on (0, 1) and η = 0 on
R\(0, 1).Then the following ideal is not fair.

I :=
{∑
a∈A

ga(x)η(x− a)
∣∣∣A ⊂ Z is a finite set, and
ga ∈ C∞(R) for all a ∈ A

}
.

The subset of smooth functions f ∈ C∞(R) which satisfies [f,R]x ∈ πx(I)
for any x ∈ R is equals to

I :=
{∑
a∈Z

ga(x)η(x− a)
∣∣∣ga ∈ C∞(R) for all a ∈ Z

}
⊃ I.

I is not equal to I. Therefore, I is not a fair ideal.
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From the following theorem, isomorphisms of C∞-rings hold the property
of fair, good and finitely presented of C∞-rings.

Theorem 2.9 ([6]) Suppose we have a following isomorphism of C∞-rings

C∞(Rm)/I ∼= C∞(Rn)/J.

Then C∞(Rm)/I is fair(resp. good, finitely presented) if and only if C∞(Rn)/J
is fair(resp. good, finitely presented).

2.3 Localizations and k-jets

Definition 2.10 ([6]) Let C be a C∞-ring.

(1) An R-point of C is defined as a surjective homomorphism p : C→ R of
C∞-rings (see Definition 2.1 (2), Example 2.2).

(2) Take any R-point p : C → R. We call a C∞-ring Cp the localization
of C at p if Cp is a localization of C at p−1(R\{0}) with the projection
homomorphism πp : C→ Cp in Definition 2.6. The localization Cp always
exists for any R-point p : C → R. Cp has the unique maximal ideal
mp ⊂ Cp such that Cp/mp is isomorphic to R ([6]).

(3) Let k ∈ {0} ∪ N ∪ {∞}. For any R-point p : C → R, define a natural
homomorphism jkp : C → Cp/mp

k+1 by jkp (c) := πp(c) +mk+1
p for c ∈ C

(If k = ∞, we mean mp
k+1 by mp

∞ := ∩k∈Nmp
k). We call jkp (c) the

k-jet of c at p. Define a homomorphism jk : C →
∏

p:C→R Cp/m
k+1
p as

jk := (jkp )p:C→R.

(4) For any R-point p : C→ R, define a homomorphism jg : C→
∏

p:C→R Cp
as jg := (πp)p:C→R.

Example 2.11 Let M be a C∞-manifold and p ∈ M . Define an R-point
ep : C

∞(M)→ R by ep(f) := f(p) for f ∈ C∞(M).
For the R-point ep, the localization

(
C∞(M)

)
ep

is isomorphic to the C∞-

ring C∞
p (M) of C∞-function-germs at p. Its unique maximal ideal is given by

mep = {[f, U ]p ∈ C∞
p (M)|f(p) = 0}.

Remark 2.12 In I. Moerdijk and G.E. Reyes ([9] Definition 4.1), the point
determined C∞-rings, near-point determined C∞-rings and germ determined
C∞-rings are introduced.

Generalizing them, we define k-jet determined C∞-rings by R-points and
their localizations in the next subsection §2.4.
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2.4 k-jet determined C∞-rings

We will define k-jet determined C∞-rings. They will be used to prove our
Theorem 4.1 and Lemma 4.2.

2.4.1 Point determined C∞-rings

Let Λ be an index set and Cλ a C∞-ring with an operation Φλ
f : C

n
λ → Cλ(f ∈

C∞(Rn)) for λ ∈ Λ. Its product C :=
∏

λ∈Λ Cλ is a C∞-ring with operations
Φf : C

n → C for f ∈ C∞(Rn) as

Φf ({c1λ}λ∈Λ, . . . , {cnλ}λ∈Λ) := {Φλ
f (c

1
λ, . . . , c

n
λ)}λ∈Λ.

Definition 2.13 Let C be a C∞-ring. C is point determined if it can be
embedded into a power Πi∈IR of R.

For an ideal I ⊂ C∞(Rn), we define a zero point set Z(I) as a set of p ∈ Rn

which satisfies f(p) = 0 for any f ∈ I.

Proposition 2.14 Let C be a C∞-ring of the form C∞(M)/I, where M is a
manifold. Then C is point determined if and only if for all f ∈ C∞(M) f ∈ I
if and only if f |Z(I) = 0.

We have a following lemma derived from Proposition 3.6 in [9].

Lemma 2.15 Let C be a C∞-ring of the form C∞(M)/I, where M is a man-
ifold. Let ϕ : C→ R be an R-point map.

Then ϕ is of the form evx(the evaluation at x, evx(f) = f(x)) for a unique
point x in the zero set Z(I).

Proof) Suppose that there exists a C∞-homomorphism ϕ : C∞(M) → R
such that ϕ ̸= evx for any x ∈M .

There exists a property function ρ ∈ C∞(M) ofM . Define a property C∞-
function p := ρ− ϕ(ρ). p is a kernel of ϕ and its zero set p−1(0) is a compact
set. For any x ∈ p−1(0) and ϕ ̸= evx, there exists a smooth function gx ∈ kerϕ
and an open neighborhood Ux ⊂ M of x ∈ M with gx(y) ̸= 0 for any y ∈ Ux.
For the compactness of p−1(0), p−1(0) is covered by finite Ux1 , . . . , Uxk . Then

g := p2 +
∑k

i=1(gxi)
2 satisfies that g > 0 on M and ϕ(g) = 0. g is invertible in

C∞(M). Then 1 = ϕ(g · 1/g) = ϕ(g)ϕ(1/g) = 0.
Suppose that there exists two points x, x′ ∈M such that evx(f) = f(x) and

ev′x(f) = f(x′) Assume that x ̸= x′. Then there exists ι ∈ C∞(M) such that

11



ι(x) = 1, ι(x′) = 0. However, it contradicts ι(x) = evx(ι) = evx′(ι) = ι(x′).
We have x = x′.

Therefore, there exists a unique point x ∈M which satisfies ϕ = evx. ■

Proof of Proposition 2.14) Suppose that C is point determined. Take
f ∈ C∞(M) with f /∈ I. Then f ̸= 0. Therefore there is an R-point map
ϕ : C → R such that ϕ(f) ̸= 0. However for some x ∈ Z(I), ϕ ≡ evx by
Lemma 2.15, so f(x) ̸= 0.

Suppose that a latter condition. Define a morphism ϕ : C→
∏

x∈Z(I)R as

ϕ(f) := {f(x)}x∈Z(I). Then ϕ(f) = 0 if and only if f ∈ I for the assumption
of I. Therefore ϕ is an embedding to Πx∈Z(I)R. ■

Example 2.16 Let X ⊂ M be a subset of a manifold M . Define an ideal
m0
X := {f ∈ C∞(M)|f |X ≡ 0}. For any f ∈ m0

X , we have f−1(0) ⊃ X.
Therefore we have X ⊂ ∩f∈m0

X
f−1(0) = Z(m0

X) = X.

Fix a smooth function f ∈ C∞(M) with f(x) = 0 for all x ∈ Z(m0
X). For

any point y ∈ X ⊂ Z(m0
X), f(y) = 0. Therefore f ∈ m0

X .

Proposition 2.17 For any ideal I of C∞(M), if I is point determined, then
I is also fair.

For finite smooth functions g1, . . . , gn ∈ C∞(M), define an ideal ⟨g1, . . . , gn⟩C∞(M)

as a set of smooth functions generated by g1, . . . , gn. From Lemma 2.18,
C∞(M)/⟨g1, . . . , gn⟩C∞(M) is a point determined C∞-rings for g1, . . . , gn ∈
C∞(M) which are independent.

Lemma 2.18 LetM be a manifold. Suppose the smooth functions g1, . . . , gn ∈
C∞(M) are independent, i.e. for each smooth zero point x ∈ Z(g1, . . . , gn),
the linear map (d(g1)x, . . . , d(gn)x) : TxM → Rn is a surjection.
Then ⟨g1, . . . , gn⟩C∞(M) = m0

Z(g1,...,gn)
.

Proof) For g1, . . . , gn, gi(y) = 0 for any i = 1, . . . , n and y ∈ Z(g1, . . . , gn).
Therefore, we have the inclusion ⟨g1, . . . , gn⟩ ⊂ m0

Z(g1,...,gn)
.

Let us first note that for an arbitrary function h ∈ C∞(M), h ∈ ⟨g1, . . . , gn⟩C∞(M)

if and only if for each x ∈M there is an open neighborhood U of x such that
h|U ∈ ⟨g1|U , . . . , gn|U⟩C∞(U).

Take h ∈ C∞(M) with h|Z(g1,...,gn) = 0, and choose x ∈M .

• If x /∈ Z(g1, . . . , gn), gi(x) ̸= 0 for some i. Then trivially there exists
an open neighborhood U at x of M such that gi(y) ̸= 0 for any y ∈ U .
Then we have h|U = ( h|U

gi|U
)gi|U ∈ ⟨g1|U , . . . , gn|U⟩C∞(U).

12



• If x ∈ Z(g1, . . . , gn), then by hypothesis g = (g1, . . . , gn) : M → Rn is
a submersion at x. By the local submersion theorem, there exist open
neighborhoods U, V of origins and local coordinates ϕ : Rm ⊃ U → M ,
ψ : Rn ⊃ V → Rn(ϕ(0) = x, ψ(0) = 0) such that g ◦ ϕ = ψ ◦ p

U
p //

ϕ

��

V

ψ
��

M
g // Rn

for a canonical projection p(x1, . . . , xm) = (x1, . . . , xn).

We claim that h|ϕ(U) ∈ ⟨g1|ϕ(U), . . . , gn|ϕ(U)⟩C∞(ϕ(U)). Indeed, replacing h
by h ◦ ϕ = k, it suffices to note that if k : U → R and k|0×Rm−n , then
k ∈ ⟨π1, . . . , πn⟩. But this is just Hadamard’s lemma again: we can write

k(x1, . . . , xm) = k(0, . . . , 0, xn+1, . . . , xm) +
n∑
i=1

xivi(x1, . . . , xm).

Therefore, we have that there is an open neighborhood U of x such that
h|U ∈ ⟨g1|U , . . . , gn|U⟩C∞(U) for any x ∈M and h ∈ ⟨g1, . . . , gn⟩C∞(M). ■

2.4.2 Weil algebras

Definition 2.19 ([9]) A Weil algebra is a local R-algebra W (a local ring
with an R-algebra structure) which is a finite dimensional R-vector space and
is written as W = R ⊕m (the first component is the R-algebra structure and
the second is the maximal ideal in W ).

For a k-jet determined finitely generated C∞-ring C∞(Rn)/I, its localiza-
tion C∞

x (Rn)/Ix at x ∈ Z(I) is a finitely generated R-algebra.

Example 2.20 ([9]) Let k ∈ {0}∪N, n ∈ N andm ⊂ C∞
0 (Rn) be the maximal

ideal of C∞
0 (Rn).

The ring
Jkn := C∞

0 (Rn)/mk+1

is called the ring of jets of order k (in n-variables), or the ring of
k-jets. This Jkn is a Weil algebra for any k.

Lemma 2.21 ([9]) Let W be a Weil algebra with a maximal ideal m ⊂ W
which satisfies W = R⊕m. Then mk = 0 for some k ∈ N.
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The converse of Lemma 2.21 does not hold in general, i.e. there exists
a local R-algebra which is an infinite dimensional R-vector space and has a

maximal ideal m with mk = 0 for some k ∈ N.

Example 2.22 Let W be a formal algebra R[xi|i ∈ N] = limi→∞ R[x1, . . . , xi],
and an ideal I := ⟨xki |i ∈ N⟩R = limi→∞⟨xk1, xk2 . . . , xki ⟩R of W for k ∈ N.

The quotient R-algebra

B := W/I = lim
i→∞

R[x1, . . . , xi]/⟨xk1, xk2 . . . , xki ⟩R

is a local R-algebra with a unique maximal ideal

m = lim
i→∞
⟨x1, . . . , xi⟩R/⟨xk1, xk2, . . . , xki ⟩R

which satisfies mk = 0.
However B is the infinite dimensional R-vector space.

From several results in [9], we have following results for an R-algebra
C∞

0 (Rn)/I.

Lemma 2.23 ([9]) Let W be a Weil algebra. Then W is isomorphic to a ring
C∞

0 (Rn)/I for some ideal I ⊂ C∞
0 (Rn) and W is finite dimensional as a real

vector space.

Proof) A Weil algebra W turns out to be isomorphic to a ring C∞
0 (Rn)/I

for some ideal I ⊂ C∞
0 (Rn) from Theorem 3.17 of [9].

MoreoverW is finite dimensional as a real vector space from Corollary 3.18
of [9]. ■

Moreover, homomorphisms of Weil algebras are homomorphisms of C∞-
rings.

Lemma 2.24 ([9]) Let W be a Weil algebra and C a C∞-ring.
Suppose that ϕ : W → C (resp. ψ : C → W ) is a homomorphism of

R-algebras. Then ϕ (resp. ψ) is a homomorphism of C∞-rings.

Proof) The homomorphism ϕ : W → C of R-algebras turns out to be a
homomorphism of C∞-rings from Corollary 3.19 of [9].

The homomorphism ψ : C→W of R-algebras turns out to be a homomor-
phism of C∞-rings from Proposition 3.20 of [9]. ■

From Lemma 2.23 and 2.24, we can regard Weil algebras as C∞-rings.
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2.4.3 Weakly nilpotent local R-algebras

Definition 2.25 An R-algebra W is called a weakly nilpotent local R-
algebra if W has a unique maximal ideal m ⊂ W and any y ∈ m is a
nilpotent element of W , i.e. yk = 0 for some k ∈ N.

Example 2.26 Let W be a formal algebra R[xi|i ∈ N] = limi→∞ R[x1, . . . , xi].
Let I be an ideal defined by ⟨xii|i ∈ N⟩R = limi→∞⟨x1, x22 . . . , xii⟩R of W .

The quotient R-algebra

B :=W/I = lim
i→∞

R[x1, . . . , xi]/⟨x1, x22 . . . , xii⟩R

is a weakly nilpotent local R-algebra with a unique maximal ideal

m = lim
i→∞
⟨x1, . . . , xi⟩R/⟨x1, x22, . . . , xii⟩R.

For any k ∈ N, mk ̸= 0.

Proposition 2.27 A Weil algebra is a weakly nilpotent local R-algebra.

Proposition 2.28 Let W is a local R-algebra with a maximal ideal m ⊂ W .
Suppose that the maximal idealm is generated by finite elements a1, . . . , an ∈ m
as the R-algebra.

If W is the weakly nilpotent local algebra, W is also the Weil algebra.

Proof) Clearly W is an R-finite dimension vector space generated by
a1, . . . , an, 1. There exists ik ∈ N such that ak

ik = 0 for each k = 1, . . . , n.
Suppose p =

∑n
i=1 ciai ∈ m(c1, . . . , cn ∈ R). For any j = 0, 1, . . . , i1 + i2,

we have j ≥ i1 or i1 + i2 − j ≥ i2. Therefore, aj1 = 0 or ai1+i2−j2 = 0. For
c1a1 + c2a2 ∈ W (c1, c2 ∈ R), we have

(c1a1 + c2a2)
i1+i2 =

i1+i2∑
j=0

(
i1 + i2
j

)
c1
jc2

i1+i2−ja1
ja2

i1+i2−j = 0.

For p ∈ m, we have p
∑

k=1 ik = 0. Therefore,

m
∑

k=1 ik = 0.

We have that W is the Weil algebra. ■

For weakly nilpotent local R-algebras, we regard them as C∞-rings.
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Corollary 2.29 LetW be a weakly nilpotent local R-algebra. W is a C∞-ring.

Proof) Suppose that W is finitely generated. Then W is a Weil algebra, and
is also a finitely presented C∞-ring from Lemma 2.23

Suppose thatW is arbitrary weakly nilpotent local R-algebra. There exists
an index set {Wλ}λ∈Λ of finitely generated R-subalgebras Wλ of W with an
ordered set Λ of λ < λ′. Wλ is a Weil algebra for each λ ∈ Λ, i.e. a local
C∞-ring. Then W = limλ∈ΛWλ is also a C∞-ring since the limit of C∞-rings
exists([9]). ■

2.4.4 k-jet determined C∞-rings

Definition 2.30 ([6]) Let C be a C∞-ring.
For any R-point p : C→ R, the localization Cp by {s ∈ C|p(s) ̸= 0} always

exists with the unique maximal ideal mp ⊂ Cp such that Cp/mp is isomorphic
to R.

Definition 2.31 Let C be a C∞-ring and k ∈ {0} ∪ N ∪ {∞}. C is a k-
jet determined C∞-ring if the homomorphism jk : C →

∏
p:C→R Cp/m

k+1
p

defined in Definition 2.10 (3) is injective. Especially, a 0-jet determined C∞-
ring is a point determined C∞-ring introduced in [9].

C is near-point determined if the homomorphism jg : C →
∏

p:C→R Cp
defined in Definition 2.10 (3) is injective (At [9], it is called near-point de-
termined).

Example 2.32 Suppose that M is a C∞-manifold.

(1) C∞(M) is a point determined C∞-ring.

For any R-point ep : C∞(M) → R, j0p : C∞(M) → C∞
p (M)/mp is

identified with ep by the isomorphism C∞
p (M)/mp

∼= R. Then, the ho-
momorphism j0 is identified with e : C∞(M) →

∏
p∈M R defined by

e(f) := {f(p)}p∈M , which is clearly injective.

(2) Let l, k ∈ N and 0 ≤ l < k ≤ ∞. Then C∞
p (M)/mp

k+1 is not an l-jet
determined C∞-ring, but a k-jet determined C∞-ring.

First, C∞
p (M)/mp

k+1 has a unique R-point ep : C∞
p (M)/mp

k+1 → R
with ep(f + mp

k+1) := f(p) for any f + mp
k+1 ∈ C∞

p (M)/mp
k+1. For

any l′ ≤ k, we have a homomorphism

jk,l
′
: C∞

p (M)/mp
k+1 → C∞

p (M)/mp
l′+1
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by jk,l
′
(f +mp

k+1) := f +mp
l′+1. Then the homomorphism

jl
′
: C∞

p (M)/mp
k+1 →

(
C∞
p (M)/mp

k+1
)
/
(
mp/mp

k+1
)l′+1

is identified with jk,l
′
by the isomorphism(

C∞
p (M)/mp

k+1
)
/
(
mp/mp

k+1
)l′+1 ∼= C∞

p (M)/mp
l′+1.

For l < k, jk,l is not injective and C∞
p (M)/mp

k+1 is not l-jet determined.

jk,k is an identity of C∞
p (M)/mp

k+1, so C∞
p (M)/mp

k+1 is k-jet deter-
mined.

(3) The C∞-ring C∞
p (M) of C∞-function-germs on (M, p) is not k-jet de-

termined for any k ∈ {0} ∪ N ∪ {∞}.
Since there exists a nonzero C∞-function-germ f ∈ C∞

p (M) such that
f ∈ mk+1

p , the homomorphism jk : C∞
p (M) → C∞

p (M)/mk+1
p is not

injective.

From the previous example, we have a following property of k-jet deter-
mined C∞-rings.

Proposition 2.33 Let C be a C∞-ring and k, l ∈ {0} ∪ N ∪ {∞}(k ≤ l).
If C is a k-jet determined C∞-ring, then C is also an l-jet determined

C∞-ring.
We write C∞Ringsk−jet, C∞Ringspt for the full subcategory of k-jet de-

termined C∞-rings and point determined C∞-rings in C∞Rings. Then, we
have a following property.

C∞Rings ⊃ C∞Rings∞−jet ⊃ · · ·
⊃ C∞Rings(k+1)−jet ⊃ C∞Ringsk−jet ⊃ C∞Rings(k−1)−jet

⊃ · · ·
⊃ C∞Rings2−jet ⊃ C∞Rings1−jet ⊃ C∞Rings0−jet = C∞Ringspt

Proof)We have the homomorphism jk,l :
∏

p:C→R Cp/mp
l+1 →

∏
p:C→R Cp/mp

k+1

such that jk = jk,l ◦ jl.

C
jl //

jk

%%KKKKKKKKKKK
∏

p Cp/mp
l+1

jk,l

��∏
p Cp/mp

k+1
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If jk is injective, then jl is also injective. Therefore, we have Proposition 2.33.
■

For the definition of k-jet determined C∞-rings, point determined C∞-rings
are 0-jet determined C∞-rings.

2.5 R-derivations and C∞-derivations, R-cotangent mod-
ules and C∞-cotangent modules

Regarding operations by smooth functions on Euclidean spaces, which contain
the addition, the multiplication and scalar multiplications by real values, we
define two kinds of derivations on a C∞-ring as follows.

Definition 2.34 ([6]) (1) Suppose C is a C∞-ring, and M a C-module.

An R-derivation is an R-linear map d : C→M such that

d
(
c1c2

)
= c2d(c1) + c1d(c2) for any c1, c2 ∈ C. (1)

A C∞-derivation is an R-linear map d : C→M such that

d
(
Φf (c1, . . . , cn)

)
=

n∑
i=1

Φ ∂f
∂xi

(c1, . . . , cn) · d(ci)

for all n ∈ N, f ∈ C∞(Rn), c1, . . . , cn ∈ C.

(2)

(2) Let K be R or C∞. Let C be a C∞-ring, M a C-module and d : C→M
a K-derivation. We call a pair (M, d) a K-cotangent module for C
if for any K-derivation d′ : C→M′ there exists a unique morphism ϕ :
M→M′ of C-modules such that ϕ ◦ d = d′. Then we write (ΩC,K , dC,K)
for the K-cotangent module for C.

(3) Let K be R or C∞. Let ϕ : C→ D be a homomorphism of C∞-rings. For
the uniqueness of K-cotangent modules, there exists a unique morphism
Ωϕ,K : ΩC,K → ΩD,K of C-modules with

dD,K ◦ ϕ = Ωϕ,K ◦ dC,K : C −→ ΩD,K . (3)

We construct an R-cotangent module and a C∞-cotangent module for C
respectively. Let FC be a free C-module generated by d(c)(c ∈ C). Define
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elements of FC as

SumC(c, c
′) :=d(c+ c′)− d(c)− d(c′),

P rodC(c, c
′) :=d(c · c′)− cd(c′)− c′d(c),

FuncC(f, c1, . . . , cm) :=d(Φf (c1, . . . , cm))−
m∑
i=1

Φ ∂f
∂xi

(c1, . . . , cm)d(ci)

for any m ∈ {0} ∪ N,c, c′, c1, . . . , cm ∈ C, f ∈ C∞(Rm)

(4)

and C-submodules of FC as

MC,R :=
⟨
SumC(c, c

′), P rodC(c, c
′), d(r1C)

∣∣c, c′ ∈ C, r ∈ R
⟩
C
and

MC,C∞ :=

⟨ SumC(c, c
′),

FuncC(f, c1, . . . , cm),
d(r1C)

∣∣∣∣∣m ∈ {0} ∪ N, c, c′, c1, . . . , cm ∈ C,
f ∈ C∞(Rm), r ∈ R

⟩
C

.
(5)

Let K = R, C∞. Define a C-module ΩC,K by FC/MC,K and a K-derivation
dC,K : C→ ΩC,K of C as dC,K(c) := d(c) +MC,K .

For any K-derivation V : C → M, we can define a homomorphism ϕ :
ΩC,K →M of C-modules as ϕ(d(c)+MC,K) := V (c). ϕ satisfies that ϕ◦dC,K =
V . Suppose that there exists another homomorphism ϕ′ : ΩC,K → M of
C-modules which satisfies ϕ′ ◦ dC,K = V . Since ϕ(d(c) + MC,K) = V (c) =
ϕ′(d(c) + MC,K) for any c ∈ C, we have ϕ = ϕ′. Therefore, ϕ is a unique
homomorphism which satisfies ϕ ◦ dC,K = V .

Espencially for another K-cotangent module (M′, d′) of C, there exists a
unique homomorphism ϕ : ΩC,K →M′ of C which satisfies that ϕ ◦ dC,K = d′.
For the property of theK-cotangent module (M′, d′) of C, there exists a unique
homomorphism ψ : M′ → ΩC,K of C which satisfies that ψ ◦ d′ = dC,K . Then,
ϕ ◦ ψ ◦ d′ = d′ and ψ ◦ ϕ ◦ dC,K = dC,K . ϕ ◦ ψ = idM′ and ψ ◦ ϕ = idΩC,K

from
the properties of M′ and ΩC,K . Then M′ is isomorphic to ΩC,K as C-modules.

Therefore for any C∞-ring C, there exists aK-cotangent module (ΩC,K , dC,K)
of C which is unique up to isomorphisms of C-modules.

Proposition 2.35 Let C be a C∞-ring and FC a free C-module generated by
d(c)(c ∈ C). For C-submodules MC,R and MC,C∞, we have following properties.

(1) MC,R ⊂MC,C∞.

(2) If MC,R = MC,C∞, an R-cotangent module is a C∞-cotangent module,
i.e. ΩC,R := FC/MC,R is isomorphic to ΩC,C∞ := FC/MC,C∞ and dC,R is
commutative to dC,C∞.
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(3) MC,R = MC,C∞ if and only if any R-derivation d : C → M become a
C∞-derivation.

Proof)

(1) Take the C∞-map f(x1, x2) = x1 · x2.Then ProdC(c1, c2) = d(c1c2) −
c2d(c1)−c1d(c2) = d

(
Φf (c1, c2)

)
−
∑2

i=1Φ ∂f
∂xi

(c1, c2)d(ci) = FuncC(f, c1, c2).

Therefore, MC,R ⊂MC,C∞ .

(2) Trivially.

(3) Take any C-module M and R-derivation V : C → M. There exists a
unique homomorphism ϕM : ΩC,R →M such that V = ϕM ◦ dR.
For the assumption of MC,C∞ = MC,R, dR is a C∞-derivation.
Therefore, V = ϕM ◦ dC,R is a C∞-derivation.

■

By Definition 2.34, we have that any C∞-derivation is an R-derivation.

Example 2.36 Let M be a C∞-manifold and Γ(T ∗M) the set of C∞-sections
to the cotangent bundle T ∗M on M .

(1) For any f ∈ C∞(M), define a C∞-section df : M → T ∗M by df(v) :=
v(f) for any x ∈M and v ∈ TxM .

Define an R-linear mapping d : C∞(M) → Γ(T ∗M) by d(f) := df for
any f ∈ C∞(M). This R-mapping d is the C∞-derivation.

(2) Let V : M → TM be a C∞-vector field of M as Vx is a tangent vector
at a point x on M .

Define V (f) ∈ C∞(M) by
(
V (f)

)
(x) := Vx(f) regarding the tangent

vector Vx as a differential C∞(M)→ R at x. We regard V : C∞(M)→
C∞(M) as an R-derivation. Then V turns out to be a C∞-derivation.

Remark 2.37 From the definition of C∞-rings and derivations in Definition
2.1 and Definition 2.34, we can define analytic rings and Nash rings, and
analytic derivations and Nash derivations by using analytic functions and Nash
functions.

(1) An analytic ring (resp. a Nash ring) is a set A which is endowed with
the following data;
for any l ∈ {0} ∪ N and any analytic-function (resp. Nash function)
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f : Rl → R (if l = 0, f is a constant value c ∈ R), there are given an
operation Ψf : Al → A (if l = 0, an operation Ψf is a constant on A)
such that

• for any k ∈ {0} ∪ N, analytic-maps (resp. Nash-maps) g : Rk → R
and fi : Rl → R(i = 1, . . . , k), and c1, · · · , cl ∈ A,

Ψg(Ψf1(c1, . . . , cl), . . . ,Ψfk(c1, . . . , cl)) = Ψg◦(f1,...,fk)(c1, . . . , cl) and

• for all projections πi : Rl → R defined as πi(x1, . . . , xl) = xi(i =
1, · · · , l) and c1, . . . , cl ∈ A,

Ψπi(c1, . . . , cl) = ci.

(2) An analytic-derivation (resp. a Nash-derivation) is an R-linear map
d : A→M such that

d
(
Ψf (c1, . . . , cn)

)
=

n∑
i=1

Ψ ∂f
∂xi

(c1, . . . , cn) · d(ci)

for any c1, . . . , cn ∈ A and an analytic function (resp. a Nash function)
f : Rn → R.

2.6 Derivations to R of a finitely generated C∞-ring

For an open neighborhood of p ∈ M , a tangent space at p of U is equal to
those of M . We can define tangent spaces of manifolds locally.

We will prove that tangent bundles of C∞-rings

2.6.1 Local Property

Suppose U is an open subset of Rn and I an ideal of C∞(Rn). Define χ(U) as
a set of R-derivations C∞(U)→ C∞(U).

Define an ideal IU of C∞(U) and a zero point set Z(IU) of IU as

IU :=
⟨
{f ∈ C∞(U)|There exists g ∈ I such that f ≡ g|U .}

⟩
. (6)

Its zero point set Z(IU) is equal to Z(I) ∩ U .
For p ∈ IU , define its Zariski tangent space and logarithmic tangent space

as

TpZ(IU) := {v ∈ TpRn|v : C∞(U)/IU → R is an R-derivation at p},

T lpZ(IU) :=
{
v ∈ TpRn

∣∣∣ There exists X ∈ χ(U)
such that X(IU) ⊂ IU and X(p) = v.

}
.

(7)
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Remark 2.38 {f ∈ C∞(U)|There exists g ∈ I such that f ≡ g|U .} need not
to be an ideal.

Suppose U = R\{0} and I := ⟨x⟩. Define f ∈ C∞(U) such that

f(x) :=

{
−1 (x < 0)

1 (x > 0)
.

xf is not a restriction of a smooth function C∞(R).
So restrictions of ideals of C∞(Rn) needs not to be ideals.

Like TpZ(I), TpZ(IU) is a finitely generated R-module.

Theorem 2.39 For any v ∈ TpZ(IU), v =
∑n

i=1 v(xi + IU)(
∂
∂xi

)p.

2.6.2 The case of Zariski type

Lemma 2.40 Let I ⊂ C∞(Rn) be an ideal and p a point of Z(I). Take an
open neighborhood U ⊂ Rn at p.

(1) For any v ∈ TpZ(I), there exists a unique ϕ(v) ∈ TpZ(IU) such that

v(f + I) = ϕ(v)(f |U + IU) for any f ∈ C∞(Rn). (8)

(2) For any w ∈ TpZ(IU), there exists a unique ψ(w) ∈ TpZ(I) such that

w(f |U + IU) = ψ(w)(f + I) for any f ∈ C∞(Rn). (9)

Proof)

(1) If vi := v(xi + I) ∈ R for i = 1, . . . , n, then v =
∑n

i=1 vi(
∂
∂xi

)p. As

v ∈ TpZ(I),
∑n

i=1 vi
∂g|U
∂xi

(p) = 0 for any g ∈ I. Then define ϕ(v) :

C∞(U)/IU → R as ϕ(v)(f + IU) :=
∑n

i=1 vi
∂f
∂xi

(p) with well-definedness.

Suppose that ϕ(v), ϕ′(v) ∈ TpZ(IU) satisfies (8). For each projection
xi ∈ C∞(Rn), ϕ(v)(xi|U + IU) = v(xi + I) = ϕ(v)(xi|U + IU). Therefore,

ϕ(v) =
n∑
i=1

ϕ(v)(xi|U + IU)
( ∂

∂xi

)
p

=
n∑
i=1

ϕ′(v)(xi|U + IU)
( ∂

∂xi

)
p
= ϕ′(v).

22



(2) From Theorem 2.39, we can write w =
∑n

i=1w(xi|U + IU)(
∂
∂xi

)p for w ∈
TpZ(IU). Then define w′ :=

∑n
i=1w(xi|U + IU)(

∂
∂xi

)p. For all g ∈ I, we
have w(g|U + IU) = 0.

Then define ψ(w) : C∞(Rn)/I → R as ψ(w)(f + I) := w(f |U + IU) with
well-definedness. For the definition of w and ψ(w),

ψ(w)(f + I) =
n∑
i=1

w(xi|U + IU)
∂f

∂xi
(p)

=
n∑
i=1

w(xi|U + IU)
∂(f |U)
∂xi

(p) = w(f |U + IU)

for any f ∈ C∞(Rn). Therefore ψ(w) ∈ TpZ(I) satisfies (9). We have
ψ(w) for w.

Suppose that ψ(w), ψ′(w) ∈ TpZ(I) satisfies (9). For all f ∈ C∞(Rn),

ψ(w)(f + I) =
n∑
i=1

(
ψ(w)

)
(xi + I)

∂f

∂xi
(p) =

n∑
i=1

w(xi|U + IU)
∂f

∂xi
(p)

=
n∑
i=1

(
ψ′(w)

)
(xi + I)

∂f

∂xi
(p) = ψ′(w)(f + I).

therefore, we obtain ψ(w) = ψ′(w). ■

We have a morphism ϕ : TpZ(I)→ TpZ(IU). ψ : TpZ(IU)→ TpZ(I) is an
inverse of ϕ. Therefore we have a following theorem.

Theorem 2.41 We have an isomorphism ϕ : TpZ(I)→ TpZ(IU).

2.6.3 The case of logarithmic type

Lemma 2.42 Let I ⊂ C∞(Rn) be an ideal and p a point of Z(I). Take an
open neighborhood U ⊂ Rn of p.

(1) For any vector field X ∈ χ(Rn) with X(I) ⊂ I, there exists a vector field
Y ∈ χ(U) such that

Y (f |U) ≡ X(f)|U for any f ∈ C∞(Rn),

Y (IU) ⊂ IU .
(10)

23



(2) For any vector field Y ∈ χ(U) with Y (IU) ⊂ IU , there exists a vector
field X ∈ χ(Rn) and an open neighborhood V ⊂ U of p such that

X(f)|V ≡ Y (f |U)|V for any f ∈ C∞(Rn),

X(I) ⊂ I.
(11)

Proof)

(1) Define Y ∈ χ(U) as Y := X|U .

• Take f ∈ C∞(Rn). For any x ∈ U , Y (f |U)(x) = X(f)(x).
Then we have Y (h|U) ≡ X(f)|U .
• Take g ∈ I. Y (g|U)(x) = X(g)(x) for any x ∈ U . We have Y (g|U) ∈
IU for any g ∈ I. Then we have Y (IU) ⊂ IU .

Therefore Y = X|U satisfies (10).

(2) For open sets V ⊂ U ⊂ Rn, there exists an open neighborhood W of
p and a smooth function η ∈ C∞(Rn) such that V ⊂ W ⊂ W ⊂ U ,
0 ≤ η(x) ≤ 1 for any x ∈ Rn and

η(x) =

{
1 (x ∈ V )

0 (x ∈ Rn\U)
. (12)

Define X as

X(x) :=

{
η(x)Y (x) (x ∈ U)
0 (x ∈ Rn\U)

. (13)

From the definition of η, X is a smooth vector section on Rn.

• Take f ∈ C∞(Rn). For any x ∈ V ,

Y (f |U)(x) = η(x)Y (f |U)(x) = X(f)(x). (14)

Then Y (f |U)|V ≡ X(f)|V .
• For any h ∈ I, we have

X(h)(x) =

{
η(x)Y (h|U)(x) (x ∈ U)
0 (x ∈ Rn\U)

. (15)

About Y (h|U) ∈ C∞(U), there exists g1, . . . , gk ∈ I such that
Y (h|U) ≡

∑k
i=1 cigi|U .
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For ci ∈ C∞(U), define

ĉi(x) :=

{
η(x)ci(x) (x ∈ U)
0 (x ∈ Rn\U)

. (16)

Then we have X(h) ≡
∑k

i=1 ĉigi.

■

Theorem 2.43 We have an isomorphism ϕl : T lpZ(I)→ T lpZ(IU).

Proof) For v = Xp ∈ T lpZ(I)(X : C∞(Rn) → C∞(Rn), X(I) ⊂ I), define
ϕ(v) ∈ T lpZ(IU) as ϕ(v) = Yp by Y : C∞(U)→ C∞(U) which satisfies Lemma
2.42 (1). The definition of ϕ : T lpZ(I) → T lpZ(IU) is well-defined and ϕ is a
homomorphism of R-vector spaces.

For w = Yp ∈ T lpZ(IU)(Y : C∞(U)→ C∞(U), Y (IU) ⊂ IU), define ψ(w) ∈
T lpZ(I) as ψ(w) = Xp by X : C∞(Rn)→ C∞(Rn) which satisfies Lemma 2.42
(2) for an open subset V ⊂ U . The definition of ψ : T lpZ(IU) → T lpZ(I) is
well-defined and ψ is a homomorphism of R-vector spaces.

For v = Xp ∈ T lpZ(I), ψ(ϕ(v)) = X ′
p by X ′ : C∞(Rn) → C∞(Rn) which

satisfies X ′(g)|V = Y (g|U)|V = X(g)|V for any g ∈ C∞(Rn) and X ′(I) ⊂ I.
Then Xp = X ′

p and ψ ◦ ϕ = idT l
pZ(I)

.

For w = Yp ∈ T lpZ(IU), ϕ(ψ(w)) = Y ′
p by Y ′ : C∞(U) → C∞(U) which

satisfies Y ′(f |U)|V = X(f)|V = Y (f |U)|V for any f ∈ C∞(Rn) and Y ′(IU) ⊂
IU . Then Yp = Y ′

p and ϕ ◦ ψ = idT l
pZ(IU ).

Therefore, we have an isomorphism ψl : T lpZ(I)→ T lpZ(IU). ■

2.7 Localizations of derivations

First, we want to check the well-definedness of localizations of derivations.

Lemma 2.44 Let C be a C∞-ring and S ⊂ C a subset of C with a lozalization
π : C→ C[S−1]. Let K be R or C∞.

(1) (Ωπ,K)∗ : ΩC,K ⊗C C[S−1] → ΩC[S−1],K is an isomorphism of C[S−1]-
modules.

(2) For any K-derivation V : C → M, there exists a unique K-derivation
V ′ : C[S−1]→M⊗C C[S

−1] such that V ′(π(c)) = V (c)⊗ 1C[S−1].
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(3) (Ωπ,K)
−1
∗ ◦ dC[S−1],K : C[S−1] → ΩC[S−1],K ⊗C C[S−1] is a K-cotangent

module.

Proof)

(1) For the case of K = R, (Ωπ,R)∗ is the isomorphism for Proposition 8.2A.
in [4].

For the case of K = C∞, we prove that (Ωπ,C∞)∗ is the isomorphism.
For a singleton S = {s}, (Ωπ,C∞)∗ is the isomorphism from Proposition
5.14. in [6]. For a finite set S = {s1, . . . , sn}, we have C[S−1] ∼= C[{s1 ·
. . . · sn}−1].

For a general subset S ⊂ C, we have a directed set Λ of λ which satisfies
C[S−1

λ ] is a localization of a finite set of Sλ ⊂ S with a homomorphism
πλ : C→ C[S−1

λ ]. (Ωπ,K)∗ : ΩC,K⊗CC[S
−1
λ ]→ ΩC[S−1

λ ],K is an isomorphism

for any λ.

Taking directed limits, we have ΩC,K ⊗C C[S
−1] = limλΩC,K ⊗C C[S

−1
λ ] ∼=

limλΩC[S−1
λ ],K = ΩC[S−1],K .

(2) Suppose that V = dC,K . Define d′C,K := (Ωπ,K)
−1
∗ ◦ dC[S−1],K . Then

d′C,K(π(c)) = dC,K(c)⊗ 1C[S−1].

Suppose that V : C→M is aK-derivation. There exists a C-homomorphism
ϕ : ΩC,K →M such that V = ϕ ◦ dC,K . Define V ′ := (ϕ⊗C 1C[S−1]) ◦ d′C,K .
V ′ is a C[S−1]-homomorphism and V ′(π(c)) = (ϕ ⊗C 1C[S−1])(dC,K(c) ⊗C

1C[S−1]) = V (c)⊗C 1C[S−1].

(3) From (1) and (2), we have proved that (Ωπ,K)
−1
∗ ◦ dC[S−1],K : C[S−1] →

ΩC[S−1],K ⊗C C[S
−1] is a K-cotangent module of C[S−1].

■

For a K-derivation V : C → M, define a localization V [S−1] : C[S−1] →
M[S−1] of S, which satisfies V [S−1] ◦ πS = V ⊗ 1C[S−1].

2.8 k-differential forms of a C∞-ring

We define exterior derivations of C∞-rings in this section.
As same as §2.5, define free C-modules and its elements.

Definition 2.45 Let C be a C∞-ring with its cotangent bundles (ΩC,R, dC,R)
and (ΩC,C∞ , dC,C∞).
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For k ∈ N, define FkC := ⟨(c1, . . . , ck)|ci ∈ C(i = 1, . . . , k)⟩C and write its
element (c1 . . . , ck) and (c0, . . . , cj−1, cj+1, . . . , ck) as (ci)

k
i=1 and (ci)

k
i=0,i̸=j for

j = 0, 1, . . . , k. Define its elements as

Alt(σ; (ci)
k
i=1) := (ci)

k
i=1 − sgnσ(cσ(i))ki=1 (17)

SumC(c0; (ci)
k
i=1) := (c0 + c1, c2, . . . , ck)− (ci)

k
i=0,i ̸=1 − (ci)

k
i=1, (18)

ScaC(λ; (ci)
k
i=1) := (λc1, c2, . . . , ck)− λ1C(ci)ki=1 (19)

ProdC(c0; (ci)
k
i=1) := (c0c1, c2, . . . , ck)− c0(ci)ki=1 − c1(ci)ki=0,i ̸=1, (20)

FuncC(f, (c
′
i)
m
i=1, (cj)

k−1
j=1) := (Φf ((c

′
i)
m
i=1), c1, . . . , ck−1) (21)

−
m∑
i=1

Φ ∂f
∂xi

((c′i)
m
i=1) · (c′i, c1, . . . , ck−1).

(c1, . . . , ck, c
′
1, . . . , c

′
m ∈ C, λ ∈ R, σ is a permutation of the set {1, 2, . . . , k}.)

Define Mk
C,R as a C-submodule of FkC generated by (17), (18), (19), (20).

Define Mk
C,C∞ as a C-submodule of FkC generated by (17), (18), (19), (21).

From this property, we define exterior derivations by following mappings.

Proposition 2.46 Define a mapping dk : FkC → Fk+1
C as dk

(
c · (c1, . . . , ck)

)
:=

(c, c1, . . . , ck). Then d
k(Mk

C,K) ⊂Mk+1
C,K for K = R, C∞.

Proof) For c0 · Alt(σ; (ci)ki=1) ∈Mk
C,K ,

dk
(
c0·Alt(σ; (ci)ki=1)

)
= (ci−1)

k+1
i=1 − sgnσ(cτ(i)−1)

k+1
i=1

= (ci−1)
k+1
i=1 − sgnτ(cτ(i)−1)

k+1
i=1

= Alt(τ ; (ci)
k
i=1).

(τ(1) := 1, τ(i) := σ(i− 1) + 1(∀i = 2, . . . , k + 1).)

For c · SumC(c0; (ci)
k
i=1) ∈Mk

C,K ,

dk
(
c·SumC(c0; (ci)

k
i=1)
)
+Mk+1

C,K

= (c, c0 + c1, c2, . . . , ck)− (c, c0, c2, . . . , ck)− (c, c1, c2, . . . , ck) +Mk+1
C,K

= −(c0 + c1, c, c2, . . . , ck) + (c0, c, c2, . . . , ck) + (c1, c, c2, . . . , ck) +Mk+1
C,K

= −SumC(c0; (c1, c, c2, . . . , ck)) +Mk+1
C,K .

(σ(0) := 1, σ(1) = 0, σ(i) = i(∀i = 2, . . . , k).)
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For c · ScaC(λ; (ci)ki=1) ∈Mk
C,K ,

dk
(
c·ScaC(λ; (ci)ki=1)

)
+Mk+1

C,K

= (c, λc1, c2, . . . , ck)− (λc, c1, c2, . . . , ck) +Mk+1
C,K

= (λc1, c, c2, . . . , ck)− λ1C(c, c1, c2, . . . , ck) +Mk+1
C,K

= ScaC(λ; (ci)
k
i=1) +Mk+1

C,K .

(σ(0) := 1,σ(1) = 0, σ(i) = i(∀i = 2, . . . , k).)

For c · FuncC(f, (c′i)mi=1, (cj)
k−1
j=1) ∈Mk

C,C∞ ,

dk
(
c · FuncC(f, (c′i)mi=1, (cj)

k−1
j=1)

)
+Mk+1

C,C∞ = (c,Φf ((c
′
i)
m
i=1), c1, . . . , ck−1)

−
m∑
i=1

(c · Φ ∂f
∂xi

(
(c′i)

m
i=1

)
, c′i, c1, . . . , ck−1) +Mk+1

C,C∞

=− (Φf ((c
′
i)i=1,...,m), c, c1, . . . , ck−1)−

m∑
i=1

{
c
(
Φ ∂f

∂xi

((c′i)
m
i=1), c

′
i, c1, . . . , ck−1

)
+ Φ ∂f

∂xi

((c′i)
m
i=1)(c, c

′
i, c1, . . . , ck−1)

}
+Mk+1

C,C∞

=− (Φf ((c
′
i)
m
i=1), c, c1, . . . , ck−1)−

m∑
i=1

{
c
(
Φ ∂f

∂xi

((c′i)
m
i=1), c

′
i, c1, . . . , ck−1

)
− Φ ∂f

∂xi

((c′i)
m
i=1)(c

′
i, c, c1, . . . , ck−1)

}
+Mk+1

C,C∞

=− FuncC
(
f, (c′i)

m
i=1, (c, c1, . . . , ck−1)

)
− c ·

m∑
i=1

(
Φ ∂f

∂xi

((c′i)
m
i=1), c

′
i, c1, . . . , ck−1

)
+Mk+1

C,C∞ .

(22)
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For
∑m

i=1

(
Φ ∂f

∂xi

((c′i)
m
i=1), c

′
i, c1, . . . , ck−1

)
+Mk+1

C,C∞ ,

m∑
i=1

(
Φ ∂f

∂xi

(
(c′l)

m
l=1

)
, c′i, c1, . . . , ck−1

)
+Mk+1

C,C∞

=
m∑
i=1

m∑
j=1

Φ ∂2f
∂xi∂xj

(
(c′l)

m
l=1

)
(c′j, c

′
i, c1, . . . , ck−1) +Mk+1

C,C∞

=
∑

1≤i<j≤m

{Φ ∂2f
∂xi∂xj

(
(c′l)

m
l=1

)
− Φ ∂2f

∂xi∂xj

(
(c′l)

m
l=1

)
}
(
c′j, c

′
i, c1, . . . , ck−1

)
+Mk+1

C,C∞

=0 +Mk+1
C,C∞ .

(23)

Then we have dk
(
c · FuncC(f, (c′i)mi=1, (cj)

k−1
j=1)

)
= 0. We can prove dk

(
c ·

ProdC(c
′, c1, c2, . . . , ck)

)
∈ Mk+1

C,R by f(x1, x2) := x1 · x2 in equation (22) and
(23).

Therefore, we have dk(Mk
C,K) ⊂ Mk+1

C,K for k = 0, 1, 2, . . . and K = R, C∞.
■

From Proposition 2.46, we can define differential forms of C∞-rings as
follows.

Definition 2.47 For k = 0, 1, 2, . . . and K = R, C∞, define a C-module
∧kΩC,K as

∧kΩC,K :=


C (k = 0)

ΩC,K (k = 1)

FkC/M
k
C,K (k > 1)

(24)

and its element cdc1 ∧ · · · ∧ dck := c(c1, . . . , ck) +Mk
C,K. We can define dkC,K :

∧kΩC,K → ∧k+1ΩC,K as dkC,K(cdc1 ∧ · · · ∧ dck) := 1Cdc ∧ dc1 ∧ · · · ∧ dck for

k = 1, 2, . . . and dkC,K(c) := 1Cdc for k = 0.

Proposition 2.48 (1) The wedge product is skew-symmetric, i.e., for any
c1, . . . , ck ∈ C and any permutation σ of {1, . . . , k},

dc1 ∧ . . . ∧ dck = sgnσdcσ(1) ∧ . . . ∧ dcσ(k). (25)

(2) The wedge products is multi-R-linear, i.e., for any i = 1, . . . , k, c′i, c1, . . . , ck ∈
C and λ, λ′ ∈ R,

dc1 ∧ . . . ∧ d(λci + λ′c′i) ∧ . . . ∧ dck
= λdc1 ∧ . . . ∧ dci ∧ . . . ∧ dck + λ′dc1 ∧ . . . ∧ dc′i ∧ . . . ∧ dck.

(26)
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Moreover for any c1, . . . , ck ∈ C and f1, . . . , fk ∈ C∞(Rk), we have

∧ki=1d
(
Φfi(cj)

k
j=1

)
= det

[
Φ ∂fi

∂xj

(cl)
k
l=1

]k
i,j=1

dc1 ∧ . . . ∧ dck. (27)

(3)

dkC,C∞

(
Φf (ci)

l
i=1dc

′
1∧ . . .∧dc′k

)
=

l∑
i=1

Φ ∂f
∂xi

(ci)
l
i=1dci∧dc′1∧ . . .∧dc′k. (28)

(4) {dkC,K}∞k=1 is coboundary operator, i.e.,

dk+1
C,K ◦ d

k
C,K = 0. (29)

2.9 Limits and colimits of C∞-rings

In [9], we have following properties about limits and colimits of C∞-rings.

(1) Inverse limits of C∞-rings are computed as inverse limits of their under-
lying sets.

(2) Directed colimits of C∞-rings are computed as colimits of their underly-
ing sets.

In this section, we compute finite colimits, inverse limits and directed colimits
of C∞-rings.

2.9.1 Finite colimits of C∞-rings

For the following theorem, finitely presented C∞-rings can be formed as pushouts.

Theorem 2.49 ([6]) A C∞-ring C is finitely presented if and only if C is a

pushout of the following diagram with n, k ∈ N and morphisms C∞(Rk)
ψ→

C∞(Rn)
ϕ→ C.

C∞(Rk)
xi 7→0 //

ψ
��

R
1 7→1C

��
C∞(Rk)

ϕ // C

From the following example, the categoryC∞Rings is closed under pushouts.
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Example 2.50 ([6]) For C∞-rings C and D, there exists morphisms pC :
R→ C, pD : R→ D with an initial object R.

Then there exists a unique C∞-ring C⊗̂D and unique morphisms iC : C→
C⊗̂D, iD : D→ C⊗̂D such that;

(1) iC ◦ pC = iD ◦ pD, and

(2) if there exists morphisms ϕC : C→ E, ϕD : D→ E with ϕC◦pC = ϕD◦pD,
there exists a unique morphism ϕC⊗̂ϕD : C⊗̂D → E which satisfies a
following equation.

ϕC = ϕC⊗̂ϕD ◦ iC, ϕD = ϕC⊗̂ϕD ◦ iD.

We call C⊗̂D a coproduct of C and D.
We don’t have to suppose that there exists morphism pC, pD as R is an

initial object of C∞Rings.
As for the supposion of C∞-rings C,D, there exists a C∞-ring C⊗̂D and

morphisms iC : C → C⊗̂D, iD : D → C⊗̂D such that they are unique up to
isomorphisms.

Then we will write a pushout of C∞-rings under finitely gerenated.

Example 2.51 ([6]) By finitely generated C∞-rings C,D,E and morphisms
α : C → D, β : C → E of C∞-rings, define a pushout F := D

⨿
α,C,β E such

that a following diagram is commutative.

C
β //

α

��

E

δ
��

D
γ // F

(30)

For finitely generated C∞-rings C,D,E, there exists natural numbers l,m, n ∈
N and ideals I ⊂ C∞(Rl), J ⊂ C∞(Rm), K ⊂ C∞(Rn) such that three following
sequences are exact.

0→ I ↪→ C∞(Rl)
ϕ→ C→ 0,

0→ J ↪→ C∞(Rm)
ψ→ D→ 0,

0→ K ↪→ C∞(Rn)
χ→ E→ 0.

Suppose that C∞(Rl)(resp. C∞(Rm), C∞(Rn)) is generated by {x1, . . . , xl}(resp.
{y1, . . . , ym}, {z1, . . . , zn}). We can make generators ϕ(x1), . . . , ϕ(xl) of C

31



by generators x1, . . . , xn.For α
(
ϕ(xi)

)
∈ D and β

(
ϕ(xi)

)
∈ E(i = 1, . . . , l),

there exists fi ∈ C∞(Rm) and gi ∈ C∞(Rn) such that α
(
ϕ(xi)

)
= ψ(fi) and

β
(
ϕ(xi)

)
= χ(gi).

Suppose that C∞(Rm+n) is generated by {w1, . . . , wm, wm+1, . . . , wm+n}.
Define an ideal L, a C∞-ring F′, and a morphism ξ′ as

L :=

⟨ d(w1, . . . , wm),
e(wm+1, . . . , wm+n),

fi(w1, . . . , wm)− gi(wm+1, . . . , wm+n)

∣∣∣∣∣
d ∈ J ⊂ C∞(Rm)
e ∈ K ⊂ C∞(Rn)

i = 1, . . . , l

⟩
C∞(Rm+n)

,

F′ := C∞(Rm+n)/L, ξ′ : C∞(Rm+n) ↪→ F′.

We can define following morphisms γ′ : D→ F′ and δ′ : E→ F′ as

γ′
(
ϕ
(
f(y1, . . . , ym)

))
:= f(w1, . . . , wm) + L,

δ′
(
χ
(
g(z1, . . . , zn)

))
:= g(wm+1, . . . , wm+n) + L

with well-defined by am ideal L and kernels of ϕ, ψ.
And for each generator xi ∈ C∞(Rl), it satisfies

δ′ ◦ β
(
ϕ(xi)

)
= δ′ ◦ χ

(
gi(z1, . . . , zn)

)
= gi(wm+1, . . . , wm+n) + L

= fi(w1, . . . , wm) + L = γ′ ◦ ψ
(
fi(y1, . . . , ym)

)
= γ′ ◦ α

(
ϕ(xi)

)
.

Then the diagram (30) is commutative, i.e. δ′ ◦ β = γ′ ◦ α.
So there exists a unique morphism i′ : F → F′ with δ′ = i′ ◦ δ, γ′ = i′ ◦ γ.

The morphism i′ satisfies

i′
(
γ ◦ ψ(yi)

)
= wi + L, i′

(
δ ◦ χ(zj)

)
= wm+j + L.

Therefore we have proved that F is isomorphic to a finitely generated C∞-ring
C∞(Rm+n)/L with a following ideal L.

L =

⟨ d(w1, . . . , wm),
e(wm+1, . . . , wm+n),

fi(w1, . . . , wm)− gi(wm+1, . . . , wm+n)

∣∣∣∣∣
d ∈ J ⊂ C∞(Rm)
e ∈ K ⊂ C∞(Rn)

i = 1, . . . , l

⟩
.

Therefore we can write pushouts of fintiely generated C∞-rings concretely,
and we have a following property of pushouts of fintiely generated C∞-rings.

Proposition 2.52 ([6]) The full subcategories C∞Ringsfg, C∞Ringsfp, C∞Ringsgo

are closed under pushouts and all finite colimits in C∞Rings.

The above property is not held for fair C∞-rings. Its counterexample exists
in Example 2.29 in [6].
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2.9.2 Inverse limits of C∞-rings

Theorem 2.53 ([9]) Let I be an ordered set and {Ci}i∈I a set of C∞-rings
with C∞-homomorphisms uij : Ci → Cj for any i < j. For i < j < k,
uik = ujk ◦ uij on Ci.

There exists an inverse limit C of {Ci} and a homomorphism pi : C→ Ci
of C∞-rings such that;

(1) uij ◦ pi = pj for any i < j, and

(2) if there exists a C∞-ring C′ and a homomorphism qi : C′ → Ci of
C∞-rings with uij ◦ qi = qj for any i < j, there exists a unique C∞-
homomorphism q : C′ → C which satisfies qi = pi ◦ q for any i.

C′

pi
��

pj

��@
@@

@@
@@

C′

pi

��?
??

??
??

?
∃1q // C

qi
��

Ci
uij // Cj Ci

(31)

Proof) [The existence of an inverse limit] Define a C∞-ring C as

C :=
{
(ci)i∈I ∈

∏
i∈I

Ci

∣∣∣uij(ci) = cj for any i < j
}
. (32)

This C is an inverse limit of Ci. Define C∞-homomorphisms pi : C → Ci as
pi
(
(ci)i

)
= ci. Then uij ◦ pi = pj for any i < j.

[The uniqueness of an inverse limit] Suppose that there exists a C∞-
ring D and C∞-homomorphisms qi : D → Ci such that uij ◦ qi = qj for any
i < j. Define a C∞-homomorphism q : D → C as q(d) =

(
qi(d)

)
i
. q is

well-defined by uij ◦ qi = qj. Then qi = pi ◦ q.
If there exists another C∞-homomorphism q′ = (q′i)i : D→ C which satis-

fies qi = pi ◦ q′ for any i, then q′i(d) = pi
(
q′(d)

)
= qi(d) = pi

(
q(d)

)
= qi(d) for

any d ∈ D and i. We have q′ = (q′i)i = (qi)i = q.
C is an inverse limit of Ci. ■

2.9.3 Directed colimits of C∞-rings

Theorem 2.54 ([9]) Let {Ci}i∈I be a family of C∞-rings indexed by a directed
set I (i.e. I is an ordered set which satisfies that there exists k ≥ i, j for any
i, j ∈ I) with C∞-homomorphisms uij : Ci → Cj for any i ≤ j.

There exists a directed colimit D of {Ci} and a homomorphism ιi : Ci →
D of C∞-rings such that;
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(1) ιj ◦ uij = ιi for any i ≤ j, and

(2) if there exists a C∞-ring D′ and a homomorphism ρi : Ci → D′ of
C∞-rings with ρj ◦ uij = ρi for any i ≤ j, there exists a unique C∞-
homomorphism ρ : D→ D′ which satisfies ρi = ρ ◦ ιi for any i.

Ci

ιi

��

uij // Cj

ιj
����

��
��

��
Ci

ιi

��

ρi

��?
??

??
??

?

D D
∃1ρ // Ci

(33)

Lemma 2.55 Let {Ci}i∈I be a family of C∞-rings indexed by a directed set I
with C∞-homomorphisms uij : Ci → Cj for any i ≤ j.

Define a relation ∼ as ai ∼ aj if and only if uik(ai) = ujk(aj) for some
k ≥ i, j. This is equivalence relation of {Ci}i∈I .

Proof) [Reflexive] Let a ∈ Ci be any element of {Ci}i∈I . Then uii(a) =
uii(a) and a ∼ a.

[Symmetric] The symmetric law is trivial. Suppose that ai1 ∈ Ci1 , ai2 ∈
Ci2 such that ai1 ∼ ai2 . There exists j ≥ i1, i2 such that ui1j(ai1) = ui2j(ai2).
Then we have ui2j(ai2) = ui1j(ai1) and ai2 ∼ ai1 .

[Transivity] Suppose that ai1 ∈ Ci1 , ai2 ∈ Ci2 , ai3 ∈ Ci3 such that ai1 ∼ ai2
and ai2 ∼ ai3 . There exists j ≥ i1, i2 and k ≥ i2, i3 such that ui1j(ai1) =
ui2j(ai2) and ui2k(ai2) = ui3k(ai3).

There exists m ≥ j, k. Then we have ui1m(ai1) = ujm ◦ ui1j(ai1) = ujm ◦
ui2j(ai2) = ui2m(ai2) = ukm ◦ ui2k(ai2) = ukm ◦ ui3k(ai3) = ui3m(ai3). We have
that ai1 ∼ ai3 . ■

Proof of Theorem 2.54) Define S as a set of all elements of all Ci,
i.e. S :=

⨿
i Ci = {c|c ∈ Ci for some i}. Define an equivalence relation ∼ of

S in Lemma 2.55.
Define a C∞-ring D as a quotient set of S by ∼, that is, D := S/ ∼. Write

its element [ai] as ai/ ∼ for ai ∈ Ci. This D is a C∞-ring, that is, for any
f ∈ C∞(Rn), we define an operation Φf : D

n → D as ΦD
f ([ai1,1], . . . , [ain,n]) :=

[ΦCk
f

(
ui1k(ai1,1), . . . , uink(ain,n)

)
] for aij ,j ∈ Cij and k ≥ i1, . . . , in. For any i,

define a homomorphism ιi : Ci → D as ιi(ai) = [ai] for any ai ∈ Ci. It satisfies
ιi = ιj ◦ uij for any i ≤ j from the definition of D.

Suppose that there exists a C∞-ring D′ and C∞-homomorphisms ρi : Ci →
D′ such that ρi = ρj ◦ uij. Define a C∞-homomorphism ρ : D → D′ as
ρ([a]) = ρi(a) for a ∈ Ci. It satisfies ρ ◦ ιi = ρi for any i ∈ I.
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If there exists ρ′ : D → D′ such that ρ′ ◦ ιi = ρi, for a ∈ Ci, then ρ([a]) =
ρ ◦ ιi(a) = ρi(a) = ρ′ ◦ ιi(a) = ρ′([a]). We have proved that the existence and
uniqueness of ρ.

We have that D and ι : Ci → D satisfy the condition(33). Therefore, D is
the directed colimit of Ci. ■

2.9.4 Limits of localizations

We check the existence of limits of localizations of C∞-rings from [9].

Theorem 2.56 ([9]) Let C be a C∞-ring and c an element of C.
Then there exists a set Λ = {Ci} of finitely generated C∞-subrings of C

containing c such that C[c−1] is isomorphic to limi Ci[c
−1].

Lemma 2.57 Let C be a C∞-ring and c an element of C. There exists a set
Λ = {Ci} of finitely generated C∞-subrings of C containing c.

Define a set Pc of finite subsets of C which can generate c as

Pc :=

{
S = {c1, . . . , cn}

∣∣∣∣∣ ∃n ∈ {0} ∪ N,∃c1, . . . , cn ∈ C
∃f ∈ C∞(Rn) such that c = Φf (c1, . . . , cn)

}
.

Lemma 2.58 For S = {c1, . . . , cn}, S ′ = {c′1, . . . , c′n′} ∈ Pc, define a relation
S ∼ S ′ if there exists f1, . . . , fn ∈ C∞(Rn′

) and g1, . . . , gn′ ∈ C∞(Rn) such that
ci = Φfi(c

′
1, . . . , c

′
n′) and c′j = Φgj(c1, . . . , cn) for i = 1, . . . , n and j = 1, . . . , n′.

This is the equivalence relation on Pc.

Proof) [Reflexive] Suppose that S = {c1, . . . , cn} is any element of Pc.
Define projections πi : Rn → R as πi(x1, . . . , xn) = xi for i = 1, . . . , n. Then
ci = Φπi(c1, . . . , cn). We have S ∼ S.

[Symmetric] The symmetric law is trivial.
[Transivity] Suppose that S = {c1, . . . , cn}, S ′ = {c′1, . . . , c′n′}, S ′′ =

{c′′1, . . . , c′′n′′} such that S ∼ S ′ and S ′ ∼ S ′′. There exists f1, . . . , fn ∈ C∞(Rn′
),

g1, . . . , gn′ ∈ C∞(Rn), f ′
1, . . . , f

′
n′ ∈ C∞(Rn′′

) and g′1, . . . , g
′
n′′ ∈ C∞(Rn′

) such
that ci = Φfi(c

′
1, . . . , c

′
n′), c′j = Φgj(c1, . . . , cn), c

′
i′ = Φf ′

i′
(c′′1, . . . , c

′′
n′′) and c′′j′ =

Φg′
j′
(c′1, . . . , c

′
n′) for i = 1, . . . , n, j = 1, . . . , n′, i′ = 1, . . . , n′ and j′ = 1, . . . , n′′.

By smooth functions Fi := fi ◦ (f ′
1, . . . , f

′
n′), Gj′ := g′j′′ ◦ (g1, . . . , gn′), ci =

ΦFi
(c′′1, . . . , c

′′
n′′) and c′′j′ = ΦGj′ (c1, . . . , cn) We have that S ∼ S ′′. ■

Define g(S) as the equivalence class of S ∈ Pc and Gc as the quotient set
of Pc by ∼. Next, define a C∞-subring C(g) ⊂ C for g ∈ Gc as a set which is
generated by c1, . . . , cn with g = g({c1, . . . , cn}).
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Lemma 2.59 (1) This C∞-subring C(g) is well-defined.

(2) C(g) is finitely generated.

(3) For any fiinitely generated C∞-subring C′ containing c, there exists g ∈
Gc such that C′ = C(g).

Proof)

(1) Suppose that S = {c1, . . . , cn} ∼ S ′ = {c′1, . . . , c′n′}, i.e. there exists
C∞-functions f1, . . . , fn ∈ C∞(Rn′

) and g1, . . . , gn′ ∈ C∞(Rn) such that
ci = Φfi(c

′
1, . . . , c

′
n′) and c′j = Φgj(c1, . . . , cn) for i = 1, . . . , n and j =

1, . . . , n′.

For any b = Φf (c1, . . . , cn), b = Φf◦(f1,...,fn)(c
′
1, . . . , c

′
n′). Then, a C∞-

subring generated by c1, . . . , cn equals to a C∞-subring generated by
c′1, . . . , c

′
n′ .

Therefore, C(g) is well-defined.

(2) Suppose that g = g(S) by S = {c1, . . . , cn}. Define a C∞-homomorphism
ϕ : C∞(Rn)→ C(g) as ϕ(f(x1, . . . , xn)) := Φf (c1, . . . , cn). For the previ-
ous property, ϕ is surjective. Then, C(g) is isomorphic to C∞(Rn)/Kerϕ
and C(g) is finitely generated.

(3) For the definition of C′, there exists a C∞-homomorphism ϕ : C∞(Rn)→
C′ such that ϕ is surjective. Define g ∈ Gc as g := g(S) by S :=
{ϕ(x1), . . . , ϕ(xn)}. Then C(g) = ϕ(C∞(Rn)) = C′.

■

Proof of Lemma 2.57) Define a set Λ of C(g) for any g ∈ Gc. From
Lemma 2.59, Λ is a set of finitely generated C∞-subrings of C which containing
c.

■

Define a set Λ of C(g) for any g ∈ Gc. Λ is a set of finitely generated
C∞-subrings of C which containing c.

Lemma 2.60 A set Λ of finitely generated C∞-subrings of C containing c is
a directed set.
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Proof) We have to prove that Λ is a directed set by ⊂.
Take any Ci,Cj ∈ Λ with Ci ⊂ Cj. There exists Si = {ci1, . . . , cini

}, Sj =

{cj1, . . . , cjnj
} such that Ci = g(Si),Cj = g(Sj). Define Sk := {ci1, . . . , cini

, cj1, . . . , c
j
nj
},

gk := g(Sk) and Ck := C(gk). Then there exists inclusions Ci ⊂ Ck and Cj ⊂ Ck.
Therefore, Λ is a directed set by ⊂. ■

The proof of Theorem 2.56) From Lemma 2.60, there exists a directed
set Λc is generated by finitely generated C∞-subrings Ci ⊂ C which contains
c ∈ C and inclusions ui : Ci ↪→ C and uij : Ci ↪→ Cj which satisfies ui = uj ◦uij
for any i ≤ j.

By a localization of Ci by c, we have finitely generated C∞-rings Ci[c
−1] and

homomorphisms uij[c
−1] : Ci[c

−1] → Cj[c
−1] and homomorphisms πi : Ci →

Ci[c
−1] such that

(1) uij[c
−1] ◦ πi = πj ◦ uij on Ci for any i ≤ j and

(2) πi(c) is invertible in Ci[c
−1] for any i.

The set of Ci[c
−1] is a directed set by uij[c

−1] : Ci[c
−1] → Cj[c

−1]. Then there
exists a directed colimit C′ = limi Ci[c

−1] and homomorphisms vi : Ci[c
−1]→ C′

with vj ◦ uij[c−1] = vi for any i ≤ j.
Take any element b = ui(bi) = uj(bj) for bi ∈ Ci, bj ∈ Cj. For the definitions

of Ci,Cj ⊂ C and inclusions, we have bi = bj and (πk ◦ uik)(bi) = (πk ◦ ujk)(bj)
for k ≥ i, j.

vi
(
πi(bi)

)
=
(
(vk ◦ uik[c−1]) ◦ πi

)
(bi)

=
(
vk ◦ (πk ◦ uik)

)
(bi)

=
(
vk ◦ (πk ◦ ujk)

)
(bj) = vj

(
πj(bj)

)
.

Therefore, we can define π : C → C′ as π(b) := vi
(
πi(bi)

)
for any b = ui(bi) ∈

C(bi ∈ Ci). For π(c) = vi
(
πi(c)

)
, we have that vi

(
πi(c)

−1
)
is an invertible

element.
Suppose that π′ : C → D is another homomorphism which satisfies that

π′(c) is invertible in D. For any C′, π′ ◦ ui : Ci ↪→ C → D is a homomor-
phism which satisfies that π′(ui(c)) is invertible in D. Then we have a unique
homomorphism ϕπ′◦ui : Ci[c

−1]→ D such that π′ ◦ ui = ϕπ′◦ui ◦ πi.
Define a homomorphism ϕD : C′ → D as ϕD(d) := ϕπ′◦ui(di) for d =

vi(di)(di ∈ Ci[c
−1]). Then(

ϕD◦π
)
(ui(bi)) =

(
ϕD◦(vi◦πi)

)
(bi) =

(
ϕπ′◦ui◦πi

)
(bi) =

(
π′◦ui

)
(bi) = π′(ui(bi)).

We have ϕD ◦ π = π′.
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Suppose that there exists another homomorphism ϕ′
D : C′ → D which

satisfies that ϕ′
D ◦ π = π′. For d = vi(πi(di))(di ∈ Ci),

ϕ′
D

(
vi(πi[c

−1](di))
)
= ϕ′

D(π(di)) = π(di) = ϕD(π(di)) = ϕD

(
vi(πi[c

−1](di))
)
.

For d = vi
(
(πi[c

−1](c))−1
)
,

ϕ′
D

(
vi
(
πi(c)

−1
))

= ϕ′
D

(
vi
(
πi(c)

))−1

= ϕD

(
vi
(
πi(c)

))−1

= ϕD

(
vi
(
πi(c)

−1
))
.

We have ϕ′
D = ϕD. Therefore, ϕD is a unique homomorhism which satisfies

ϕD ◦ π = π′.
C′ = limi Ci[c

−1] is a localization of C at {c}. ■
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3 C∞-ringed spaces

3.1 C∞-ringed spaces

A C∞-ringed space is a pair of a topological space and a sheaf of C∞-rings
over it. We consider sheaves with the construction of C∞-rings.

Definition 3.1 ([6]) (1) A C∞-ringed space X := (X,OX) is a topolog-
ical space X with a sheaf OX of C∞-rings on X.

(2) Let X = (X,OX), Y = (Y,OY ) be C∞-ringed spaces. A morphism
f = (f, f#) : X → Y of C∞-ringed spaces is a continuous map

f : X → Y with a morphism f# : f−1(OY ) → OX of sheaves of C∞-
rings on X.

(3) Write C∞RS for the category of C∞-ringed spaces.

(4) A local C∞-ringed space X = (X,OX) is a C∞-ringed space for which
a directed colimit OX,x := limU∋xOX(U) is a local ring for all x ∈ X.

(5) Write LC∞RS for the full subcategory of C∞RS of local C∞-ringed
spaces.

We will explain compositions of morphisms between C∞-ringed spaces
later.

Example 3.2 (1) For a C∞-manifold X, we define the C∞-ringed space
(X,OX) as the topological space X with the sheaf OX of C∞-rings on X
defined as OX(U) := C∞(U) for each open set U ⊂ X.

(2) Let f : X → Y be a smooth map between manifolds.

We can define a morphism f# : f−1(OY )→ OX of sheaves of C∞-rings
on X with a morphism f#(U) : f−1(OY )(U) → OX(U) of C∞-rings
defined as f#(U)

(
[c]V⊃f(U)

)
:= (c ◦ f)|U for each open set U ⊂ X.

Then we defined a morphism f := (f, f#) : X → Y .

Thus the following functor FC∞RS
Man : Man→ C∞RS is defined as

FC∞RS
Man (X) := (X,OX),

FC∞RS
Man (f : X → Y ) := (f, f#) : FC∞RS

Man (X)→ FC∞RS
Man (Y ).
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3.1.1 Pushouts and pullbacks

Let X and Y be topological spaces. Take f : X → Y as a continuous mapping
of topological spaces.

We can define f# as a morphism f# : f−1(OY )→ OX of sheaves on X or
a morphism f# : OY → f ∗(OX) of sheaves on Y . However either will do from
[7].

First, we define pushforwards of sheaves on X by f in Definition A.14. of
[7] and pullbacks of sheaves on X by f in Definition A.15. of [7].

Definition 3.3 ([7]) Let X, Y be topological spaces and f : X → Y a con-
tinuous mapping.

(1) Let OX be a sheaf of C∞-rings on X with a restriction ρUU ′ : OX(U)→
OX(U ′) for any open subsets U ′ ⊂ U ⊂ X.

For an open subset V ⊂ Y , define a C∞-ring f ∗(OX)(V ) := OX(f−1(V ))
with an operation Ψg(c1, . . . , cn) := Φg(c1, . . . , cn) for any g ∈ C∞(Rn).

For open subsets V ′ ⊂ V ⊂ Y , define a homomorphism ρ′V V ′ : f ∗(OX)(V )→
f ∗(OX)(V ′) of C∞-rings as ρ′V V ′(c) := ρf−1(V )f−1(V ′)(c).

Define a sheaf f ∗(OX) with a restriction ρ′V V ′.

(2) Let ϕ : OX → O′
X be a morphism of sheaves of C∞-rings on X.

For an open subset V ⊂ Y , define f ∗(ϕ)(V ) : f ∗(OX)(V )→ f ∗(O′
X)(V )

as f ∗(ϕ)(V )(c) := ϕ(f−1(V ))(c).

Define f ∗(ϕ) : f ∗(OX) → f ∗(O′
X) is a homomorphism of sheaves of

C∞-rings on Y .

Definition 3.4 ([7]) Let X, Y be topological spaces and f : X → Y a con-
tinuous mapping.

(1) Let OY be a sheaf of C∞-rings on Y .

For an open subset U ⊂ X, define a C∞-ring f−1(OY )(U) := limV⊃f(U)OY (V )
with an operation Ψg([c1]V1⊃f(U), . . . , [cn]Vn⊃f(U)) := [Φg(c1, . . . , cn)]V1∩···∩Vn⊃f(U)

for any g ∈ C∞(Rn).

For open subsets U ′ ⊂ U ⊂ X, define a morphism ρ′′UU ′ : f−1(OY )(U)→
f−1(OY )(U ′) of C∞-rings as ρ′′UU ′

(
[c]V⊃f(U)

)
:= [c]V⊃f(U ′).

Define a sheaf f−1(OY ) with a restriction ρ′′UU ′.
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(2) Let ψ : OY → O′
Y be a morphism of sheaves of C∞-rings on Y .

For an open subset U ⊂ X, define f−1(ψ)(U) : f−1(OY )(U)→ f−1(O′
Y )(U)

as f−1(ψ)(U)([c]V⊃f(U)) := [ψ(V )(c)]V⊃f(U).

Define f−1(ψ) : f−1(OY ) → f−1(O′
Y ) is a morphism of sheaves of C∞-

rings on X.

Proposition 3.5 Let X and Y be C∞-ringed spaces and f : X → Y a con-
tinuous mapping.

For any open set V ⊂ Y , define a morphism Ψ′(V ) : OY (V )→ f ∗(f−1(OY )
)
(V )

of C∞-rings as
(
Ψ′(V )

)
(c) := [c]V⊃f(f−1(V )). Define a morphism Ψ′ : OY →

f ∗(f−1(OY )
)
of sheaves on Y .

For any open set U ⊂ X, define a morphism Φ′(U) : f−1
(
f ∗(OX)

)
(U) →

OX(U) of C∞-rings as Φ′(U)
(
[cV ]V⊃f(U)

)
:= ρf−1(V )U(cV ). Define a morphism

Φ′ : f−1
(
f ∗(OX)

)
→ OX of sheaves on X.

For the above morphisms, we have a following bijection Hom
(
f−1(OY ),OX

) ∼=
Hom

(
OY , f ∗(OX)

)
.

Therefore if we have a morphism f# : f−1
(
OY
)
→ OX , we can have a

morphism f# : OY → f ∗(OX). The converse is also true.
Next, we will explain natural isomorphisms about pullback sheaves from

Remark A.16. in [7].

Proposition 3.6 ([7]) We consider continuous mappings f : X → Y , g :
Y → Z of topological spaces.

(1) For a sheaf OZ of C∞-rings on Z, f−1
(
g−1(OZ)

)
and (g◦f)−1(OZ) have

a following isomorphism

If,g(OZ) : (g ◦ f)−1(OZ)−̃→f−1
(
g−1(OZ)

)
.

(2) For a sheaf OX of C∞-rings on X, idX
−1(OX) and OX have a following

isomorphism
δX(OX) : idX−1(OX)−̃→OX .

Then, we define compositions of morphisms between C∞-ringed spaces
from Remark A.16. in [7].

Definition 3.7 ([7]) For morphisms f : X → Y , g : Y → Z (f = (f, f#), g =

(g, g#)) of C∞-ringed spaces, define a composition g ◦ f :=
(
g◦f, f#◦f−1(g#)◦

If,g(OZ)
)
.
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3.2 Spectra

Definition 3.8 ([6]) Let C be a C∞-ring and M a C-module. By a functor
Spec : C∞Ringsop → LC∞RS, a C∞-ringed space X := SpecC is

(1) Define a topological space XC as followings by C∞-ring C.

• Define a set XC := {x : C→ R|x is an R-point of C.}.
• For each c ∈ C, define a mapping c∗ : XC → R as c∗(x) := x(c). Set
a topology TC of XC as a smallest topology such that c∗ is continuous
for all c ∈ C.

(2) For an open subset U ⊂ XC, define OXC
(U) as a set of functions s : U →⨿

x∈U Cx with following properties.

• For each x ∈ U , s(x) ∈ Cx is satisfied.

• U is covered by open sets V for which there exists c, d ∈ C with
x(d) ̸= 0 and πx(c)πx(d)

−1 = s(x) for all x ∈ V .

(3) Therefore define the following C∞-ringed space

SpecC := (XC,OXC
). (34)

The definition of Spec : C∞Rings → LC∞RS is complex. However we
have following examples.

Example 3.9 ([6]) (1) Let X, Y be C∞-manifolds and ϕ : C∞(Y ) →
C∞(X) a morphism of C∞-rings.

(a) From a proof about real spaces in [9] and the existence of property
functions on manifolds, the map f 7→ f ∗ from points x of X to
R-points x : C∞(X) → R of C∞-rings C∞(X) is a 1-1 correspon-
dence. Then XC∞(X) is homeomorphic to the topological space X.

Therefore Spec(C∞(X)) = (X,OX)(OX(U) := C∞(U)).

(b) Morphisms ϕ : C∞(Y )→ C∞(X) of C∞-rings correspond to smooth
maps f : X → Y of manifolds with ϕ(c) = c◦f for any c ∈ C∞(Y ).

Then Specϕ = (f, f#).

(2) For R as a C∞-ring, we have SpecR = ∗.

42



Example 3.10 Let ϕ : C → D be a morphism of finitely generated C∞-rings
with C = C∞(Rn)/I and D = C∞(Rm)/J .

Take a smooth mapping f = (f1, . . . , fn) : Rm → Rn which satisfy ϕ(c +
I) = c ◦ f + J for all c ∈ C∞(Rn). Define fϕ = (fϕ, f

#
ϕ ) = Specϕ : SpecD→

SpecC.
For all x ∈ Z(J) ⊂ Rm, define fϕ(x) = x◦ϕ. And for yi+I ∈ C∞(Rn)(i =

1, . . . , n), x ◦ ϕ(yi + I) = x(fi + J) = fi(x). Therefore fϕ ≡ f |Z(J).
For each x ∈ Z(J), we have local C∞-rings Cf(x) = C∞

f(x)(Rn)/I ·C∞
f(x)(Rn),

Dx(= C∞
x (Rm)/J · C∞

x (Rm) and a homomorphism

ϕx : Cf(x) → Dx

is ϕx
(
[g,Rn]f(x) + I · C∞

f(x)(Rn)
)
= [g ◦ f,Rm]x + J · C∞

x (Rm)).

The morphism f#(U) : OXC
(U)→ OXD

(f−1(U)) is(
f#(U)s

)
(v) = ϕx(s(f(v)))

= ϕx([gu,Rn]f(v) + I · C∞
f(v)(Rn))

= [gf(v) ◦ f,Rm]v + I · C∞
v (Rm).

(35)

for any s ∈ OXC
(U)(s(u) = [gu(x),Rn]u + I ·C∞

u (Rn) ∈ C∞
u (Rn)/I ·C∞

u (Rn)),

3.3 Finite limits of C∞-ringed spaces

As for the existence of finite colimits of C∞-rings and finite limits of topological
spaces, we have a following property.

Proposition 3.11 ([6]) All finite limits exist in the category C∞RS.

Proof)We can form finite limits by forming fibre products. Then we have
only to prove that we can form fibre products of C∞RS

Suppose that X,Y , Z are C∞-ringed spaces and f : X → Z, g : Y → Z
morphisms of C∞-ringed spaces.

[Topological spaces] For continuous mappings f : X → Z, g : Y → Z

of topological spaces, we can give a fibre product of topological spaces X
πX←

W
πY→ Y with f ◦ πX = g ◦ πY as follows.

W := {(x, y) ∈ X × Y |f(x) = g(y)},
πX(x, y) := x, πY (x, y) := y.

[Sheaves of C∞-rings] For morphisms f# : f−1(OZ) → OX , g# :
g−1(OZ) → OY of sheaves of C∞-rings, we can give morphisms of sheaves
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on W as

π−1
X (f#) ◦ IπX ,f (OZ) : (f ◦ πX)−1(OZ)→ π−1

X (OX),
π−1
Y (g#) ◦ IπY ,g(OZ) : (g ◦ πY )−1(OZ)→ π−1

Y (OY ).

Then as for colimits of C∞-rings, we can define a colimit of π−1
X (OX)

π#
X→ OW

π#
X←

π−1
X (OY ) as

OW := π−1
X (OX)

⨿
π−1
Y (OY ),

π#
X : π−1

X (OX)→ OW , π#
Y : π−1

Y (OY )→ OW
(36)

with π#
X ◦

(
π−1
X (f#) ◦ IπX ,f (OZ)

)
= π#

Y ◦
(
π−1
Y (g#) ◦ IπY ,g(OZ)

)
.

From the above construction, we have f ◦ πX = g ◦ πY .
Suppose that there exists a C∞-ringed space W ′ and morphisms of π′

X :
W ′ → X, π′

Y : W ′ → Y C∞-ringed spaces with f ◦ π′
X = g ◦ π′

Y .

• For continuous mappings h = (π′
X , π

′
Y ) : W

′ → W of topological spaces,
πX ◦ h = π′

X , πY ◦ h = π′
Y is satisfied.

• For morphisms (π′
X)

# : π′
X(OX)→ OW ′ , (π′

Y )
# : π′

Y (OY )→ OW ′

and h−1(OW ) = h−1
(
π−1
X (OX)

)⨿
h−1
(
π−1
Y (OY )

)
, we can define h# :

h−1(OW )→ OW ′ as

h# :=
(
(π′

X)
# ◦ Ih,πX (OX)

)⨿(
(π′

Y )
# ◦ Ih,πY (OY )

)
. (37)

Thus we had defined W which satisfies the universality. ■

Then we have the following property about finite limits of C∞-ringed
spaces.

Proposition 3.12 ([6]) The full subcategory LC∞RS of local C∞-ringed spaces
in C∞RS is closed under finite limits in C∞RS.

3.4 Definition of C∞-schemes

We define a C∞-scheme (resp. an affine C∞-scheme) which is locally(resp.
globally )represented by an image of Spec from C∞-rings. And classify C∞-
schemes as to C∞-rings.

Definition 3.13 ([6]) Let X = (X,OX) be a C∞-ringed space.
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(1) A C∞-ringed space X is called affine C∞-scheme if it is isomorphic to
SpecC for some C∞-ring C. And the C∞-ringed space X is called finitely
presented(resp. good, fair) if the C∞-ring C is finitely generated(resp.
good, fair).

Write C∞Sch, C∞Schfp, C∞Schgo, C∞Schfa for the full subcategory
of all, finitely presented, good, fair, C∞-schemes, respectively.

(2) If there exists an open cover {Uλ}λ∈Λ such that Uλ is an affine C∞-
scheme for each λ, we call X C∞-scheme. Furthermore, if there ex-
ists an open cover {Uλ}λ∈Λ such that Uλ is an affine finitely pre-
sented(resp. good, fair) C∞-scheme for each λ, we call X locally
finitely presented (locally good, locally fair) C∞-scheme.

Write C∞Sch, C∞Schfp, C∞Schgo, C∞Schfa for the full subcategory
of all, locally finitely presented, locally good, locally fair, C∞-schemes,
respectively.

(3) We call a C∞-ringed space X separated(resp. second countable,
compact, paracompact) if the underlying topological space X is Haus-
dorff(resp. second countable, compact, paracompact).

(4) Define a functor Γ : LC∞RS→ C∞Ringsop as:

Γ
(
(X,OX)

)
:= OX(X)

for any local C∞-ringed space (X,OX),
Γ
(
(f, f#)

)
:= f#(Y ) : OY (Y )→ f ∗(OX)(Y ) = OX(X)

for any homomorphism (f, f#) : (X,OX)→ (Y,OY ).

(5) For all C∞-ring C and local C∞-ringed space X, there are a functorial
isomorphism HomC∞Rings(C,Γ(X)) ∼= HomLC∞RS(X, SpecC).

From Theorem 4.12 and Theorem 4.26 of [6], the following theorems are
proved.

Theorem 3.14 ([6]) The full subcategoriesAC∞Schfp, AC∞Schgo, AC∞Schfa

and AC∞Sch are closed under all finite limits and fibre product in LC∞RS.

Theorem 3.15 ([6]) The full subcategories C∞Schfp, C∞Schgo, C∞Schfa

and C∞Sch are closed under all finite limits and fibre product in LC∞RS.
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3.5 MSpectra

Suppose that C is a C∞-ring and (X,OX) := SpecC is an affine C∞-scheme.
For any c ∈ C, define ΦC(c) : X →

⨿
x∈X Cx as

(
ΦC(c)

)
(y) := cy = πy(c) ∈ Cy

for any y ∈ X. ΦC(c) is an element of OX(X). Define ΦC : C → Γ(SpecC) =
OX(X).

Definition 3.16 ([6]) Suppose that C is a C∞-ring and (X,OX) := SpecC
is an affine C∞-scheme.

(1) Let M be a C-module.

• We have a C-module OX(U) by a homomorphism ρXU ◦ ΦC : C →
OX(U) for each U ⊂ X, thus we have a tensor M⊗C OX(U).
• For each open sets V ⊂ U ⊂ X, define a restriction as

idM ⊗ ρUV : M⊗C OX(U)→M⊗C OX(V ).

• We can give a presheaf M⊗C OX by M⊗C OX(U), idM ⊗ ρUV .

Then define MSpecM as a sheafification of the presheaf M⊗C OX .

(2) For a morphism α : M→M′ of C-module, define a morphism MSpec α :
MSpec M→ MSpec M′ of sheaves as a following pullback

α⊗C idOX
: M⊗C OX →M′ ⊗C OX .

(3) From the above, define a following functor of categories

MSpec : C-mod→ OX-mod.

3.6 Locally finite sums on C∞-ringed spaces

For a C∞-ring C, we define locally finite sums and a topology of C by a topo-
logical space of Spec C. Its idea is a generalization of an idea about topology
of function space.

Definition 3.17 ([6]) Let C be a C∞-ring and (X,OX) := SpecC an affine
C∞-scheme.

(1) Consider a formal expression
∑

a∈A ca(∀a ∈ A, ca ∈ C). We say that∑
a∈A ca is a locally finite sum if X can be covered by open sets U ⊂ X

such that
#{a ∈ A|πx(ca) ̸= 0Cx} <∞ for any x ∈ U.
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(2) For a locally finite sum
∑

a∈A ca, we say that c ∈ C is a limit of
∑

a∈A ca
written c =

∑
a∈A ca if c satisfies

πx(c) =
∑
a∈A

πx(ca) for any x ∈ X.

(3) Suppose the topological space X is locally compact. (This is automatic if
C is finitely generated.)

For each element c ∈ C and compact set S ⊂ X, define an open neigh-
borhood Uc,S of c ∈ C as

Uc,S :=
{
c′ ∈ C

∣∣πx(c′) = πx(c) for all x ∈ S
}
.

Then we have the topology of C with basis Uc,S for all c and S.

As for locally finite sums and limits of C∞-rings, we can say fair C∞-rings
in a following property.

Proposition 3.18 ([6]) An ideal I ⊂ C∞(Rn) is fair if and only if I is closed
under locally finite sums.

Proof) Suppose that I is fair. Take a locally finite sum
∑

a∈A ca(∀a ∈ A, ca ∈
I) of I. For each point x ∈ Rn, there exists an open neighborhood Ux ⊂ Rn

and c ∈ C∞(Rn) such that for all but finitely many a ∈ A we have πy(ca) = 0
for all y ∈ Us, and it satisfies c =

∑
a∈A ca.

For each x ∈ Rn, πx(I) is an ideal and
∑

a∈A πx(ca) is a finite sum. Then
πx(c) ∈ πx(I). Since I is fair, c is in I.

Suppose I is closed under locally finite sums. Take c ∈ C∞(Rn) and
suppose that there exists an element cx ∈ I with πx(c) = πx(cx) for each point
x ∈ Rn. We have an open neighborhood Ux of x with c|Ux = cx|Ux by the
definition of mapping germs. As {Ux}x∈Rn is an open cover of Rn, there exists
an open cover {Ub}b∈B of Rn such that

• the open cover {Ub}b∈B is locally finite,

• there exists a partition of unity {ηb}b∈B ⊂ C∞(Rn) subordinate to
{Ub}b∈B, and

• there exists xb ∈ Rn with Ub ⊂ Uxb for each element b ∈ B.

As for the supposition of locally finite sums, we have
∑

b∈B ηbcxb = c ∈ I. ■

As well as manifolds, we can define supports and partitions of unity of
C∞-schemes.
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Definition 3.19 ([6]) Suppose X = (X,OX) is a C∞-scheme.

(1) We call a formal expression
∑

a∈A ca(A : an index set, ca ∈ OX(X)) a
locally finite sum if there exists an open cover {Uλ}λ∈Λ of X such that

#{a ∈ A|ρXUλ
(ca) ̸= 0} <∞ for all λ ∈ Λ.

Then
∑

a∈A πx(ca) is a finite sum for each x ∈ X and it become mean-
ingful.

Furthermore for a locally finite sum
∑

a∈A ca, if there exists c ∈ OX(X)
such that πx(c) :=

∑
a∈A πx(ca) for each x ∈ X, we call c a limit of∑

a∈A ca.

(2) Take c ∈ OX(X). As OX is a sheaf, if there exists open sets Vi ⊂ X(i ∈
I) such that ρXVi(c) = 0OX(Vi), ρXV (c) = 0OX(V ) for V = ∪Vi.
Define the support suppc of c as

suppc := X\ sup
{
V ⊂ X

∣∣V is open, ρXV (c) = 0
}
. (38)

(3) For an open cover {Ua}a∈A of X and each a ∈ A, suppose that we have
ηa ∈ OX(X) with suppηa ⊂ Ua.

{ηa}a∈A is a partition of unity subordinate to {Ua}a∈A if the fol-
lowing conditions are satisfied.

(a)
∑

a∈A ηa is a locally finite sum on X,

(b) and
∑

a∈A ηa = 1.

As well as the existence of partition of unity for any open covers of mani-
folds, there exists partitions of unity for any open covers of C∞-schemes.

Proposition 3.20 ([6]) Suppose that a C∞-scheme X is separated, paracom-
pact and locally fair.

For an open cover {Ua}a∈A of X, there exists a partition of unity {ηa}a∈A(
∀a ∈ A, ηa ∈ OX(X)

)
subordinate to the open cover {Ua}a∈A.

3.7 Derivations on OX-modules

Definition 3.21 Let C be a C∞-ring, M a C-module. Let X = (X,OX) :=
SpecC and EX := MSpecM. Take an R-derivation(resp. a C∞-derivation)
d : C→M.
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From Lemma 2.44, we can localize d : C → M as dx := d[S−1
x ] : Cx →

M ⊗C Cx for any x : C → R and a subset Sx := x−1(R\{0}). For an open
subset U ⊂ X, define an R-derivation(resp. a C∞-derivation)

d(U) : OX(U)→MSpecM(U) (39)

as d(U)(c) : U →
⨿

x∈U M⊗C OX,x with
(
d(U)(c)

)
(x) := dx(c(x)) ∈M⊗C Cx

for any c ∈ OX(U).
Define MSpecd : OX → EX as MSpecd(U) := d(U) : OX(U)→ EX(U) for

any open set U ⊂ X.
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4 Derivations, differentials, tangent vectors,

and tangent vector fields

4.1 Derivation of a k-jet determined C∞-ring

Suppose that C, D are C∞-rings and ϕ : C → D a homomorphism of C∞-
rings. The aim is to show that any R-derivation V : C→ D along ϕ becomes
a C∞-derivation under certain conditions of C, D and ϕ.

Theorem 4.1 ([15]) Let C,D be C∞-rings, ϕ : C → D a homomorphism of
C∞-rings and k ∈ {0} ∪ N ∪ {∞}. Suppose that D is k-jet determined.

Then any R-derivation V : C→ D over ϕ is a C∞-derivation.

We have to prove that

V (Φf (c1, . . . , cn)) =
n∑
i=1

ϕ(Φ ∂f
∂xi

(c1, . . . , cn))V (ci)

for any f ∈ C∞(Rn) and c1, . . . , cn ∈ C.

(40)

For a smooth function f ∈ C∞(Rn), we write f(x), f(r) and Φf (c) as
f(x1, . . . , xn), f(r1, . . . , rn) and Φf (c1, . . . , cn) for the coordinate (x1, . . . , xn)
of Rn, r := (r1, . . . , rn) ∈ Rn and c := (c1, . . . , cn) by c1, . . . , cn ∈ C.

For α = (α1, . . . , αn) ∈ ({0} ∪ N)n, we define ei := (0, . . . , 0,
i

1, 0, . . . , 0),
|α| :=

∑n
i=1 αi ∈ {0} ∪N, α! :=

∏n
i=1 αi!, c

α :=
∏n

i=1 c
αi
i for c1, . . . , cn ∈ C and

∂αf
∂xα

:= ∂|α|f
∂x1α1 ···∂xnαn .

For the proof of Theorem 4.1, we will prepare Lemma 4.2.

Lemma 4.2 ([15]) Let C,D be C∞-rings, ϕ : C → D a homomorphism of
C∞-rings. Suppose that D is a local C∞-ring which is a weakly nilpotent local
R-algebra with a unique maximal ideal m ⊂ D.

Then any R-derivation V : C→ D along ϕ is a C∞-derivation.

Proof) Suppose c1, . . . , cn ∈ C and f ∈ C∞(Rn). From the locality of D,
take a real number pi ∈ R and a natural number ki ∈ N such that ϕ(ci)− pi =
ϕ(ci − pi) ∈ m and (ϕ(ci)− pi)ki = 0 for each i = 1, . . . , n. Let k ∈ N be the
sum of ki. Then

ϕ
(
(c− p)α

)
= 0 for any |α| ≥ k + 1. (41)
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Using Hadamard’s lemma by induction, there exists smooth functions
Gα,p, G

i
β,p ∈ C∞(Rn)(|α| = k + 2, |β| = k + 1, i = 1, . . . , n) such that

f(x) = f(p) +
∑

1≤|α|≤k+1

(x− p)α

α!

∂αf

∂xα
(p) +

∑
|α|=k+2

(x− p)αGα,p(x), (42)

∂f

∂xi
(x) =

∑
0≤|β|≤k

(x− p)β

β!

∂β+eif

∂xβ+ei
(p) +

∑
|β|=k+1

(x− p)βGi
β,p(x). (43)

For each i = 1, . . . , n, we can describe ϕ
(
Φ ∂f

∂xi

(c)
)
as followings by the

equations (41) and (43).

ϕ
(
Φ ∂f

∂xi

(c)
)
=ϕ
( ∑
0≤|β|≤k

(c− p)β

β!

∂β+eif

∂xβ+ei
(p) +

∑
|β|=k+1

(c− p)βΦGi
β,p
(c)
)

=ϕ
( ∑
0≤|β|≤k

(β + ei)i
(c− p)β

(β + ei)!

∂β+eif

∂xβ+ei
(p)
)

=ϕ
( ∑
1≤|α|≤k+1

αi
(c− p)α−ei

α!

∂αf

∂xα
(p)
)

(44)

({β ∈ ({0} ∪ N)n|0 ≤ |β| ≤ k} and {α ∈ ({0} ∪ N)n|1 ≤ |α| ≤ k + 1, αi ≥
1} are one-to-one relation with α↔ α+ ei).
Then we can describe V (Φf (c)) as followings by the equations (41) and (44).

V (Φf (c)) =
∑

1≤|α|≤k+1

n∑
i=1

∂αf

∂xα
(p)ϕ

(αi(c− p)α−ei
α!

)
V (ci)

+
∑

|α|=k+2

{
V ((c− p)α)ϕ(ΦGα,p(c)) + ϕ ((c− p)α)V (ΦGα,p(c))

}
=

n∑
i=1

ϕ
( ∑
1≤|α|≤k+1

αi
(c− p)α−ei

α!

∂αf

∂xα
(p)
)
V (ci) =

n∑
i=1

ϕ
(
Φ ∂f

∂xi

(c)
)
V (ci).

Therefore, we have the equation (40). ■

We can prove Theorem 4.1 in the same way as the proof of Lemma 4.2.

Proof of Theorem 4.1) Suppose c1, . . . , cn ∈ C and f ∈ C∞(Rn).
Take any R-point q : D → R and l ∈ {0} ∪ N. Dq/mq

l+1 is a local
C∞-ring with a unique maximal ideal mq/mq

l+1. Dq/mq
l+1 satisfies that
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(Dq/mq
l+1)/(mq/mq

l+1) is isomorphic to Dq/mq, or to R and (mq/mq
l+1)l+1 =

0. Therefore, Dq/mq
l+1 is a weakly nilpotent local R-algebra. For jlq : D →

Dq/mq
l+1, jlq ◦ V : C → Dq/mq

l+1 is an R-derivation along jlq ◦ ϕ : C →
Dq/mq

l+1. From Lemma 4.2, jlq ◦ V is the C∞-derivation. Therefore, we have

jlq

( n∑
i=1

ϕ
(
Φ ∂f

∂xi

(c1, . . . , cn)
)
V (ci)

)
= jlq

(
V
(
Φf (c1, . . . , cn)

))
. (45)

Suppose that D is k-jet determined for k ∈ {0} ∪ N. For any R-point
q : D → R, we have the equation (45) for l = k. From the assumption
of k-jet determined, we have the equation (40). Then, we have that V is a
C∞-derivation.

Suppose that D is ∞-jet determined. For any R-point q : D→ R and l ∈
{0}∪N, we have the equation (45). From the assumption of∞-jet determined,
we have the equation (40). Therefore, we have that V is C∞-derivation. ■

4.1.1 Examples of k-jet determined C∞-rings

We have following properties of Theorem 4.1.

Proposition 4.3 Let C be a point determined C∞-ring of the form C∞(Rn)/I.
For any R-derivation V : C→ C, there exists smooth functions v1, . . . , vn ∈

C∞(Rn) such that

V (f + I) =
( n∑
i=1

vi
∂f

∂xi

)
+ I for any f ∈ C∞(Rn).

Remark 4.4 Let N,M be C∞-manifolds, and f : N →M a C∞-mapping.
Vector fields V : N → f ∗(TM) can be regarded as C∞-derivations d :

C∞(M)→ C∞(N) as followings.

For g ∈ C∞(M), define a function d(g) : N → R as
(
d(g)

)
(p) := Vpg for

p ∈ N and Vp ∈ Tf(p)M . d(g) is an element of C∞(N).
Take coordinates (Up, ϕ = (x1, . . . , xn)), (Uf(p), ψ = (y1, . . . , ym)) (ϕ : N ⊃

Up→̃Vp ⊂ Rn, ψ : M ⊃ Uf(p)→̃Vf(p) ⊂ Rm). Then we can write V (q) =∑m
i=1 vi,p(q)(

∂
∂yi

)f(q) by v1,p, . . . , vm,p ∈ C∞(Up) for any q ∈ Up. Then we have

(
d(g)

)
(q) =

m∑
i=1

vi,p(q)
∂g

∂yi
(f(q)) for any q ∈ Up.

52



Therefore, d(g) ∈ C∞(N).
Take smooth functions g1, . . . , gl ∈ C∞(M) and h = C∞(Rl). For any

q ∈ Up,

d
(
Φh(g1, . . . , gl)

)
(q) = d

(
h ◦ (g1, . . . , gl)

)
(q)

=
m∑
i=1

vi,p(q)
∂
(
h ◦ (g1, . . . , gl)

)
∂yi

(f(q))

=
m∑
i=1

l∑
j=1

vi,p(q)
∂h

∂zj

(
g1
(
f(q)

)
, . . . , gl

(
f(q)

))∂gj
∂yi

(f(q))

=
l∑

j=1

∂h

∂zj

(
g1
(
f(q)

)
, . . . , gl

(
f(q)

)){ m∑
i=1

vi,p(q)
(∂gj
∂yi

(f(q))
)}

=
{ l∑
j=1

(
Φ ∂h

∂zj

(g1, . . . , gl) ◦ f
)
d(gj)

}
(q).

We have d
(
Φh(g1, . . . , gl)

)
=
∑l

j=1 f
∗(Φ ∂h

∂zj

(g1, . . . , gl)
)
d(gj). Therefore, d :

C∞(M)→ C∞(N) is the C∞-derivation over f ∗ : C∞(M)→ C∞(N).
From D. Joyce [6] Remark 5.12., we have the following example showing

that the assumption in our Theorems is essential.

Example 4.5 ([6]) Let C be a C∞-ring C∞(R) of C∞-functions on R. For
the R-cotangent module (ΩC,R, dC,R), dC,R : C → ΩC,R is an R-derivation but
not a C∞-derivation.

In fact, for the exponential ex ∈ C∞(R), exdC,R(x)− dC,R(ex) ̸= 0 in ΩC,R.
Note that the assumptions of Theorem 4.1 are not satisfied in this example.

4.2 Tangent spaces of C∞-ringed spaces

We have defined Zariski and logarithmic tangent spaces of C∞-rings. In this
section, we define Zariski or logarithmic tangent spaces of C∞-rings by its
derivations at each point.

4.2.1 Tangent vectors and tangent vector fields of C∞-ringed spaces

Definition 4.6 Let X := (X,OX) be a local C∞-ringed space. Take a point
p of X. Then, we define an R-point ep : OX,p → R.
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(1) We call v : OX(X) → R a tangent vector of X at p if v is an
R-derivation, i.e.

v(fg) = v(f)ep([g,X]p) + ep([f,X]p)v(g)

for all f, g ∈ OX(X).
(46)

And define TpX for the set of tangent vectors of X at p.

(2) A tangent vector field ξ on X assigns an R-derivation ξ(U) : OX(U)→
OX(U), such that ξ(V ) ◦ (·|V ) = (·|V ) ◦ ξ(U) for each inclusion of open
sets V ⊂ U ⊂ X.

For a tangent vector field ξ on X, define ξp : OX,p → OX,p as

ξp
(
[f, U ]p

)
:= [ξ(U)(f), U ]p for any [f, U ]p ∈ OX,p. (47)

And we can define a tangent vector v : OX,p → R of X at p as

v
(
[f, U ]p

)
:= ep

(
ξp([f, U ]p)

)
for any [f, U ]p ∈ OX,p. (48)

We call v a logarithmic tangent vector of X at p.

We have define Zariski and logarithmic tangent spaces of C∞-rings. In
this section, we define Zariski or logarithmic tangent spaces of C∞-rings by its
derivations at each point.

4.2.2 C∞-ringed spaces in the case of finitely generated C∞-rings

For C∞-schemes, tangent vectors and tangent vector fields are locally rep-
resented as derivations of C∞-rings. Then, we show an example of finitely
generated C∞-schemes.

Example 4.7 Take a C∞-ring C := C∞(Rn)/I. Define a fair ideal

I := {f ∈ C∞(Rn)|[f,Rn]u ∈ I · C∞
u (Rn) for all u ∈ Rn}. (49)

I is a smallest fair ideal of C∞(Rn) which contains I.
Define a C∞-scheme (X,OX) = SpecC as the topological space X := {x :

C → R|x is an R-point of C.}, and (C∞(Rn)/I)u = C∞
u (Rn)/I · C∞

u (Rn) =
C∞
u (Rn)/I · C∞

u (Rn) for each u ∈ Z(I).
Proof) Define a projective πu : C∞(Rn)/I → C∞

u (Rn)/I · C∞
u (Rn) as

πu(f + I) := [f,Rn]u + I.
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[Localization] For each s+ I ∈ C∞(Rn)/I which satisfies s(u) ̸= 0, take
a smooth function t ∈ C∞(Rn) such that s · t ≡ 1 on an open neighborhood of
u ∈ Rn. Then

[s,Rn]u · [t,Rn]u + I · C∞
u (Rn) = [s · t,Rn]u + I · C∞

u (Rn)

= [1,Rn]u + I · C∞
u (Rn)

= 1C∞
u (Rn)/I·C∞

u (Rn).

[Universality] Take a projective π′
u : C

∞(Rn)/I → D such that π′
u(s+ I)

is invertible for all s ∈ C∞(Rn)(s(u) ̸= 0).
For all f ∈ C∞(Rn) which satisfies [f,Rn] ∈ I ·C∞

u (Rn), there exists ι ∈ I
and η ∈ C∞(Rn)(η ≡ 1 on an open neighborhood of u) such that ηf = ηι.

π′
u(f + I) =

(
π′
u(η + I)

)−1
π′
u(ηf + I)

=
(
π′
u(η + I)

)−1
π′
u(ηι+ I) = 0.

Then we can define ϕ : C∞
u (Rn)/I · C∞

u (Rn)→ D such that π′
u = ϕ ◦ πu. ■

For each open set U ⊂ Z(I), define OX(U) as the set of functions s : U →⨿
u∈U C

∞
u (Rn)/I · C∞

u (Rn) which satisfies

• s(u) ∈ C∞
u (Rn)/I · C∞

u (Rn) and

• for each u ∈ U , there exists an open neighborhood Vu ⊂ U of u and a
smooth function fu ∈ C∞(Rn) which satisfy s(v) = [fu,Rn]v+I ·C∞

u (Rn)
for all v ∈ Vu.

4.2.3 Differentials on local C∞-ringed spaces

Take a morphism f = (f, f#) : X → Y of local C∞-rings. For each x ∈ X, we
will define df

x
= (f ∗)x : TxX → Tf(x)Y .

f# : f−1(OY ) → OX is a morphism of sheaves of C∞-rings on X such
that f#(U) : f−1(OY )(U) → OX(U) is a homomorphism of C∞-rings for
each open set U ⊂ X. And for each x ∈ X, we have a homomorphism
f#
x : OY,f(x) → OX,x of local C∞-rings.

Lemma 4.8 Let X and Y be local C∞-ringed spaces.
Let v : OX,x → R be a tangent vector of X at x. Define w := v ◦ f#

x :
OY,f(x) → R. Then w is a tangent vector of Y at f(x).
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Proof) [w is R-linear] For all c, c′ ∈ OY,f(x) and r, r′ ∈ R,(
v ◦ f#

x

)
(rc+ r′c′) = v

(
r · f#

x (c) + r′ · f#
x (c

′)
)

= r ·
(
v ◦ f#

x

)
(c) + r′ ·

(
v ◦ f#

x

)
(c′).

We proved that w is an R-linear mapping.
[w is the derivation] For all c, c′ ∈ OY,f(x),(

v ◦ f#
x

)
(c · c′) = v

(
f#
x (c) · f#

x (c
′)
)

= v
(
f#
x (c)

)
ep
(
[f#
x (c

′)]p
)
+ ep

(
[f#
x (c)]p

)
v
(
f#
x (c

′)
)
.

As X,Y are local C∞-ringed spaces, we have ep(f
#
x ([cp])) = ef(p)([c]f(p)).(

v ◦ f#
x

)
(c · c′) = v

(
f#
x (c)

)
ef(p)

(
[c′]f(p)

)
+ ef(p)

(
[c]f(p)

)
v
(
f#
x (c

′)
)
.

Then, w = v ◦ f#
y is the R-derivation. ■

Therefore, we can define an R-linear df
x
(= (f ∗)x) : TxX → Tf(x)Y as

df
x
(v) := v ◦ f#

x : OY,f(x) → R for any v : OX,x → R.

4.3 Differential forms on C∞-schemes

4.3.1 Differential forms of C∞-schemes

Definition 4.9 ([6]) (1) For a C∞-scheme X, we define a presheaf PT ∗X
on X as followings.

PT ∗X(U) := ΩOX(U) for any U ⊂ X,

ΩρUU′ : ΩOX(U) → ΩOX(V ) for any U ′ ⊂ U ⊂ X.
(50)

Then define T ∗X as the sheafication of OX-modules.

(2) For a morphism between C∞-schemes f : X → Y , we define a presheaf
f ∗(PT ∗Y ) on X as followings

f ∗(PT ∗Y )(U) = lim
V⊃f(U)

ΩOY (V ) ⊗OY (V ) OX(U)

for any U ⊂ X,

lim
V⊃f(U)

idΩOY (V )
⊗OY (V ) ρUU ′ : f ∗(PT ∗Y )(U)→ f ∗(PT ∗Y )(U ′)

for any U ′ ⊂ U ⊂ X.

(51)

Then define f ∗(T ∗Y ) as the sheafication of OX-modules.
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(3) For a morphism f : X → Y of C∞-schemes, define a morphism PΩf :
f ∗(PT ∗Y )→ PT ∗X of presheaves on X(

PΩf

)
(U) := lim

V⊃f(U)

(
Ωρf−1(V )U◦f#(V )

)
∗ for any U ⊂ X. (52)

Then define Ωf : f
∗(T ∗Y )→ T ∗X as the sheafication of OX-modules.

4.3.2 Dual spaces of tangent spaces

We want to define a bilinear mapping T ∗X × TxX → R.

Proposition 4.10 Let X = (X,OX) be a locally C∞-ringed space. Take x ∈
X, an open set U ⊂ X and v ∈ TxX.

Tangent vectors at x ∈ X are C∞-derivations, i.e. for any tangent vector
v : OX,x → R, we have

v
(
Φf (c1, . . . , cn)

)
=

n∑
i=1

ex
(
[Φ ∂f

∂xi

(c1, . . . , cn), U ]x
)
v(ci) (53)

for any n ∈ N, c1, . . . , cn ∈ OX(U) and smooth function f : Rn → R.

Proof) This proposition satisfies the condition of Lemma 4.2.
Then we have Proposition 4.10. ■

4.3.3 Dual spaces of tangent vector spaces

Next, we want to define a bilinear mapping T ∗X × χX → OX .
Suppose that X is a separated, paracompact and locally fair C∞-scheme

and V : OX → OX is a derivation on X. Take a point x ∈ X.Then there
exists a fair C∞-ring Cx = C∞(Rnx)/Ix and an open neighborhood Ux ⊂ X of
x with an isomorphism ϕx : Ux→̃SpecC∞(Rnx)/Ix =: Vx.

Consider
Vx : OVx → OUx

V→ OUx → OVx . (54)

For each y′ ∈ Vx ⊂ Rnx(y′ = ϕx(x
′)), OVx,y′ = C∞

y′ (Rnx)/IxC
∞
y′ (Rnx).
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4.3.4 The partition of unity in a separated, paracompact and lo-
cally fair C∞-scheme

Proposition 4.11 Let X := (X,OX) be a separated, paracompact and locally
fair C∞-scheme.

Suppose that {Ua}a∈A is an open cover of X. Then there exists a partition
of unity {ηa ∈ OX(X)}a∈A on X subordinated to {Ua}a∈A, such that

• For any a ∈ A, suppηa = {x ∈ X|[ηa, X]x ̸= 0} ⊂ Ua,

•
∑

a∈A ηa is a locally finite sum,

•
∑

a∈A ηa ≡ 1.

Lemma 4.12 Let X := (X,OX) be a separated, paracompact and locally fair
C∞-scheme.

Take x ∈ X and its open neighborhood U . Then there exists η ∈ OX(X)
such that suppη ⊂ U and [η,X]x = 1.

4.3.5 Tangent vectors of a local C∞-ringed space

Proposition 4.13 Let X := (X,OX) be a separated, paracompact and locally
fair C∞-scheme.

Suppose D : OX(X)→ OX(X) be an R-derivation of OX(X). Then there
is a unique vector field ξ : OX → OX such that ξ(X) = D.

Proof) First, we prove that: for any f ∈ OX(X) and an open set U ⊂ X
such that f |U ≡ 0, we have (Df)|U ≡ 0.

Take any point x ∈ U . There exists open sets Ux,Wx and ηx ∈ OX(X)
such that x ∈ Ux ⊂ Wx ⊂ Wx ⊂ U ⊂ X, ηx|Ux ≡ 1 and ηx|X\Wx

≡ 0.

For any y ∈ U , [(1 − ηx)f,X]y = 0OX,y
= [f,X]y and for any y ∈ X\Wx,

we have [(1− ηx)f,X]y = [f,X]y). Therefore we got (1− ηx)f ≡ f .
For x ∈ Ux ⊂ Wx ⊂ U , we have [f,X]x = 0, [ηx, X]x = 0. Therefore,

[Df,X]x = [D(1− ηx), X]x[f,X]x + [1− ηx, X]x[Df,X]x = 0

Then we have (Df)|U ≡ 0.
Suppose that x is any point of X and V is an any open neighborhood at x

in X.
Take h ∈ OX(V ). There exists h′ ∈ OX(X) and an open neighborhood U at

X ofX such that h|U ≡ h′|U . If there exists h′′ ∈ OX(X) such that h|U ≡ h′′|U ,
we have (Dh′)|U ≡ (Dh′′)|U . Then we can define ξx([h, V ]x) := [Dh′, X]x with
well-definedness.
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We define ξx : OX,x → OX,x for any x ∈ X. For an R-derivation D, ξx is
an R-derivation and Df ≡ ξ(X)(f) for any f ∈ OX(X). ■

4.4 Differential forms on C∞-ringed spaces

Let X := (X,OX) be a C∞-ringed space. Like cotangent sheaves of C∞-
schemes, we want to define sheaves of differential forms on C∞-schemes.

• ω : χX × . . .× χX → OX is multi-linear and skew-symmetric.

• Ω0
X = OX , Ω1

X = T ∗X.

• For ω ∈ Ωp
X ,η ∈ Ωq

X , we have a wedge product

(ω ∧ η)(X1, . . . , Xp+q)

=
1

(p+ q)!

∑
σ∈Sp+q

(sgnσ)ω(Xσ(1), . . . , Xσ(p))η(Xσ(p+1), . . . , Xσp+q).

• For a nonnegative integer k, we have derivations dk : Ω
k
X → Ωk+1

X .

In §4.3.1, we defined PT ∗X to associate to each open set U ⊂ X the
cotangent module ΩOX(U) , and cotangent sheaf T ∗X of X to be the sheaf of
OX-modules associated to PT ∗X.

4.4.1 Differential forms on C∞-ringed spaces

For any integer n ≥ 0, define PΩn
X to associate to each open set U ⊂ X the

n-th exterior algebra
PΩn

X(U) := ∧nΩOX(U)

by Definition 2.47.
For each inclusion of open sets V ⊂ U ⊂ X, the morphism PΩn

ρUV
:

PΩn
X(U)→ PΩn

X(V ) of OX(U)-module as

PΩn
ρUV

( k∑
i=1

cidci,1 ∧ . . . ∧ dci,n
)
:=

k∑
i=1

ρUV (ci)dρ(ci,1) ∧ . . . ∧ dρ(ci,n).

59



Then we have ∧nΩρUV
◦ µOX(U) = µOX(U) ◦ (ρUV × ∧nΩρUV

) such that

PΩn
X(U)

(·)|V
��

PΩn
ρUV// PΩn

X(U),

(·)|V
��

PΩn
X(V )

PΩn
ρUV // PΩn

X(V )

(55)

and PΩn
X is a presheaf of OX-modules on X.

Define the n-th differential complex Ωn
X ofX to be the sheaf of OX-modules

associated to PΩn
X .

4.4.2 Wedge products on C∞-ringed spaces

Next we define wedge product
∧

: Ωp
X × Ωq

X → Ωp+q
X as a morphism of X for

p, q ≥ 0.
The wedge product P

∧
of two differential forms of presheafs PΩn

X is de-
fined as follows: for each open U ⊂ X, if τ =

∑
cidci1 ∧ . . . ∧ dcip ∈ PΩp

X(U)
and ω =

∑
c′jdc

′
j1 ∧ . . . ∧ dc′jq ∈ PΩ

q
X(U), then

P
∧

(τ, ω) :=
∑
i,j

cic
′
jdci1 ∧ . . . ∧ dcip ∧ dc′j1 ∧ . . . ∧ dc′jqPΩ

p+q
X (U). (56)

We have a following commutative diagram

PΩp
X(U)×PΩ

q
X(U)

(·)|V ×(·)|V
��

P
∧

// PΩp+q
X (U),

(·)|V
��

PΩp
X(V )×PΩq

X(V )
P

∧
// PΩp+q

X (V )

(57)

Therefore, we have defined P∧ : PΩp
X × PΩ

q
X → PΩ

p+q
X .

Define the wedge product ∧ : Ωp
X×Ωq

X → Ωp+q
X of X to be the sheaf of OX-

modules associated to P∧ : PΩp
X×PΩ

q
X → PΩ

p+q
X . We write τ ∧ω := ∧(τ, ω).

4.4.3 Derivations on C∞-ringed spaces

We will define a derivation dnX : Ωn
X → Ωn+1

X for any integer n ≥ 0.

For any integer n ≥ 0, define PdnX(U) : PΩn
X(U)→ PΩn+1

X (U) to associate

to each open set U ⊂ X as PdnX(U)(
∑k

i=1 cidci,1 ∧ . . . ∧ dci,n) :=
∑k

i=1 dci ∧
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dci,1 ∧ . . . ∧ dci,n by Definition 2.47. For n ≥ 0, we have

PΩn
X(U)

(·)|V
��

PdnX(U)
// PΩn+1

X (U),

(·)|V
��

PΩn
X(V )

PdnX(V )
// PΩn+1

X (V )

(58)

Therefore, we have defined PdnX : PΩn
X → PΩn+1

X .

Define the derivations dnX : Ωn
X → Ωn+1

X to be the sheaf of OX-modules

associated to PdnX : PΩn
X → PΩn+1

X for any integer n ≥ 0.

4.5 Leibniz complexity of Nash functions

In this section, we give several results in [5] and show additional remarks.
Let f = f(x1, . . . , xn) be a C∞ function on an open subset U ⊂ Rn. Then

f is called a Nash function on U if f is analytic-algebraic on U , i.e. if f
is analytic on U and there exists a non-zero polynomial P (x, y) ∈ R[x, y],
x = (x1, . . . , xn), such that P (x, f(x)) = 0 for any x ∈ U ([10][13][1]). If U
is semi-algebraic, then, f is a Nash function if and only if f is analytic and
the graph of f in U × R ⊂ Rn+1 is a semi-algebraic set ([1]). For a further
significant progress on global study of Nash functions, see [2].

4.5.1 Leibniz complexities of Nash functions

Suppose that a smooth function f(x1, . . . , xn) ∈ C∞(Rn) has a nonzero real
polynomial p(x, y) :=

∑
|a|,b<∞ ca,bx

ayb ∈ R[x1, . . . , xn, y] such that
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p(x, f(x)) ≡ 0. On ΩC∞(Rn),R = FC∞(Rn)/MC∞(Rn),R,

d(p(x, f(x))) =
∑

|a|,b<∞

ca,b

{ n∑
i=1

aix
a−eif(x)bd(xi) + bxaf(x)b−1d(f)

}
=
∑

|a|,b<∞

ca,b

[ n∑
i=1

{
aix

a−eif(x)bd(xi) + bxaf(x)b−1 ∂f

∂xi
(x)d(xi)

}
+ bxaf(x)b−1

{
d(f)−

n∑
i=1

∂f

∂xi
(x)d(xi)

}]
=

n∑
i=1

∂

∂xi

( ∑
|a|,b<∞

ca,bx
af(x)b

)
d(xi)

+
∑

|a|,b<∞

{
ca,bbx

af(x)b−1
(
d(f)−

n∑
i=1

∂f

∂xi
(x)d(xi)

)}

=
n∑
i=1

∂

∂xi

(
p(x, f(x))

)
d(xi) +

∂p

∂y
(x, f(x))

(
d(f)−

n∑
i=1

∂f

∂xi
(x)d(xi)

)
.

For p(x, f(x)) ≡ 0, we have ∂
∂xi

(
p(x, f(x))

)
= 0 for i = 1, . . . , n and d

(
p(x, f(x))

)
=

0.
Therefore, if a smooth function f(x) is the Nash function with a non-zero

real polynomial p(x, y) ∈ R[x, y] such that p(x, f(x)) = 0, we have

∂p

∂y
(x, f(x))

(
d(f)−

n∑
i=1

∂f

∂xi
(x)d(xi)

)
= 0

on ΩC∞(Rn),R. If
∂p
∂y
(x, f(x)) ̸= 0 for any x ∈ Rk, we have d(f)−

∑n
i=1

∂f
∂xi

(x)d(xi) =
0.

We can write Theorem 4.15 as a following.

Theorem 4.14 For f(x) ∈ C∞(Rm), LCompC∞(Rm)(f(x)) <∞, i.e. g(x)d(f(x))−∑m
i=1 g(x)

∂f
∂xi

(x)d(xi) is generated by ProdC∞(Rm)(·, ·), SumC∞(Rm)(·, ·), ScaC∞(Rm)(·, ·)
for a non-zero smooth function g(x) ∈ C∞(Rm) if and only if f is a Nash func-
tion, i.e. there exists a non zero polynomial p(x, y) ∈ R[x1, . . . , xm, y] such that
p(x, f(x)) ≡ 0.

4.5.2 Algebraic computability of differentials

Let C∞(U) (resp. Cω(U), N∞(U)) denote the set of all C∞ functions (resp.
analytic functions, Nash functions) on an open subset U ⊂ Rn. We take the
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space ΩC∞(U),R and the universal R-derivation dC∞(U),R : C∞(U) → ΩC∞(U),R
from §2.5.

If M is any C∞(U)-module and V : C → M is any derivation, then there
exists a unique C∞(U)-homomorphism ϕ : ΩC∞(U),R → M such that V =
ϕ ◦ dC∞(U),R from §2.5.

Suppose U is connected. Consider the set S ⊂ N∞(U) of non-zero Nash
functions i.e. Nash functions which are not identically zero on U . Then S is
closed under the multiplication. Let C̃∞(U) = C∞(U)[S−1] denote the local-
ization of C∞(U) by S. We consider the space ΩC̃∞(U),R of Kähler differentials

of the R-algebra C̃∞(U).

Then we have:

Theorem 4.15 ([5]) Let U be a semi-algebraic connected open subset of Rn.
Then the following conditions on an analytic function f ∈ Cω(U) are equiva-
lent to each other:
(1) f is a Nash function on U .
(2) There exists a non-zero Nash function g ∈ N∞(U) such that

g

(
dC∞(U),R(f) −

n∑
i=1

∂f

∂xi
dC∞(U),R(xi)

)
= 0,

in the space ΩC∞(U),R of Kähler differentials of C∞(U).
(3)

dC̃∞(U),R(f) =
n∑
i=1

∂f

∂xi
dC̃∞(U),R(xi),

in the space ΩC̃∞(U),R of Kähler differentials of C̃∞(U).

(4) There exist f1, . . . , fn ∈ C̃∞(U) such that

dC̃∞(U),R(f) =
n∑
i=1

fidC̃∞(U),R(xi),

in the space ΩC̃∞(U),R of Kähler differentials of C̃∞(U).

Proof) [(1) ⇒ (2)] Let f ∈ C∞(U) be a Nash function and P (x, y) be a
non-zero polynomial satisfying P (x, f) = 0 and ∂P

∂y
(x, f) ̸= 0. Then, by taking
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R-derivation dC∞(U),R on both sides of P (x, f) = 0, we have in ΩC∞(U),R,

0 = dC∞(U),R(P (x, f)) =
n∑
i=1

∂P

∂xi
(x, f)dC∞(U),R(xi) +

∂P

∂y
(x, f)dC∞(U),R(f)

=
n∑
i=1

(
−∂P
∂y

(x, f)
∂f

∂xi

)
dC∞(U),R(xi) +

∂P

∂y
(x, f)dC∞(U),R(f)

=
∂P

∂y
(x, f)

(
dC∞(U),R(f)−

n∑
i=1

∂f

∂xi
dC∞(U),R(xi)

)
,

and that ∂P
∂y
(x, f) is a non-zero Nash function on U .

The implications (2) ⇒ (3) ⇒ (4) are clear.
[(4) ⇒ (1)] Suppose f is not a Nash function on U and
dC̃∞(U),R(f) −

∑n
i=1 fidC̃∞(U),R(xi) = 0 in ΩC̃∞(U),R. Since f is not a Nash

function, there exists a point a ∈ U such that f ∈ FRn,a ⊂ Q(FRn,a) is
not algebraic. Here FRn,a = C∞

a (Rn)/m∞
a is the R-algebra of formal series,

M = Q(FRn,a) is its quotient field and the Taylor series of f at a is written
also by the same symbol f . Moreover, we have d(f)−

∑n
i=1 fid(xi) = 0 in the

R-cotangent module ΩM,R of M, via the homomorphism C̃∞(U)→M defined
by taking the Taylor series. Then, in the free M-module FM generated by
elements {d(h) | h ∈ M}, d(f) −

∑n
i=1 fid(xi) is a finite sum of elements of

type

aSumM(h, k) = a(d(h+ k)− d(h)− d(k)),
bScaM(λ, ℓ) = b(d(λℓ)− λd(ℓ)),
cProdM(p, q) = c(d(pq)− p(.q)− qd(p)).

Here a, h, k, b, ℓ, c, p, q ∈M, λ ∈ R. Now we take the subfield L ⊂M generated
over the rational function field K = R(x) by f, fi(1 ≤ i ≤ n) and those
a, h, k, b, ℓ, c, p, q which appear in the above expression of d(f)−

∑n
i=1 fid(xi):

L = K(f, h1, . . . , hm), which is a finitely generated field over K by f and for
some h1, . . . , hm ∈M. Then we have d(f)−

∑n
i=1 fid(xi) = 0 also in ΩL,R.

Take any non-zero element u ∈ L and fix it. Since f is transcendental over
K in the usual sense, we can define an R-derivation D0 : K(f) → L on the
extension field K(f) over K by f , by D0(xj) = 0, 1 ≤ j ≤ n,D0(f) = u.
Then we define a derivation D1 : K(f, h1)→ L, D1|K(f) = D0 as follows: If h1
is transcendental over K(f), then we set D1(h1) = 0. If h1 is algebraic over
K(f), then we set D1(h1) as the element in K(f, h1) which is determined by the
algebraic relation of h1 over K(f) and D0. In fact, if

∑m
k=0 akh

m−k
1 = 0, ak ∈
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K(f), is a minimal algebraic relation of h1 over K(f), then we would have

m∑
k=0

D0(ak)h
m−k
1 +

(
m−1∑
k=0

(m− k)akhm−k−1
1

)
D1(h1) = 0.

Since
∑m−1

k=0 (m − k)akh
m−k−1
1 ̸= 0 by the minimality assumption, D1(h1) is

uniquely determined by

D1(h1) = −

(
m∑
k=0

D0(ak)h
m−k
1

)/(m−1∑
k=0

(m− k)akhm−k−1
1

)
.

Here it is essential that we discuss R-derivations over a field. Thus we extend
D1 into an R-derivation D = Dm : L→ L by a finitely number of steps. Note
that we need not to use Zorn’s lemma to show the existence of extension of
derivation. Then by the universality of the R-derivations, there exists an L-
linear map ρ : ΩL,R → L such that ρ◦dL,R = D : L→ L. Here dL,R : L→ ΩL,R
is the universal R-derivation of L. Then we have

0 = ρ

(
dL,R(f)−

n∑
i=1

fidL,R(xi)

)
= D(f) = u.

This leads to contradiction with the assumption u ̸= 0. Thus we have that f
is a Nash function.

■
Remark 4.16 If U is not connected, then Theorem 4.15 does not hold.
In fact, let U = R \ {0} and set f(x) = ex if x > 0 and f(x) = 1 if x < 0.
Then f ∈ Cω(U) and f ̸∈ N∞(U). However the condition (2) is satisfied if we
take as g the non-zero Nash function on U defined by g(x) = 0(x > 0), g(x) =
1(x < 0).

4.5.3 Estimates on Leibniz complexity

Let U ⊂ Rn be a connected open subset. For a Nash function f ∈ N∞(U),
we define the Leibniz complexity of f by the minimal number of terms corre-
sponding to Leibniz rule for g(d(f)−

∑n
i=1

∂f
∂xi
d(xi)) in the free C∞(U)-module

FC∞(U) among all expressions for all non-zero g ∈ N∞(U). The definition is
based on the statement (2) of Theorem 4.15. We do not care about the number
of terms corresponding to linearity of the differential. Moreover we will do not
count the term generated by the relation d(1 · 1) − 1d(1) − 1d(1). Therefore
we use the relation d(c) = 0 for c ∈ R freely.

Let LC(f) denote the Leibniz complexity of f .
First we show general basic inequalities:
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Lemma 4.17 For f(x), g(x) ∈ N∞(U), we have
(1) LC(f + g) ≤ LC(f) + LC(g),
(2) LC(fg) ≤ LC(f) + LC(g) + 1.

Proof)Let h(x)d(f(x)) ∈ MC∞(U),R (resp. k(x)d(g(x)) ∈ MC∞(U),R) be
expressed using the terms of Leibniz rule minimally i.e. LC(f)-times (resp.
LC(g)-times), for a non-zero h(x) ∈ N∞(U) (resp. a non-zero k(x) ∈ N∞(U)),
except for the term d(1 · 1) − 1d(1) − 1d(1). Then h(x)k(x)d

(
(f + g)(x)

)
=

k(x)
{
h(x)d(f(x)))+h(x)(k(x)d(g(x))

}
∈MC∞(U),R is expressed using Leibniz

rule at most LC(f)+LC(g) times. Therefore we have (1). Moreover, by using
Leibniz rule once, we have

h(x)k(x)d
(
(fg)(x)

)
= hk(gd(f) + fd(g)) = kg(hd(f)) + hf(kd(g))

in ΩE(U). Then, using Leibniz rule LC(f)+LC(g) times, we compute d(f) and
d(g), and thus d(fg). Therefore we have (2). ■

4.5.4 Leibniz complexity of C∞-rings

In §4.5.3, we have defined Leibniz complexities of Nash functions. In this
section, we define Leibniz complexities in C∞-rings by using the definition of
Leibniz complexity of Nash functions.

Let C be a general C∞-ring and FC a free C-module generated by d(c) for
c ∈ C. For h1, h2 ∈ C and c ∈ R. Define elements of FC as

ProdC(c1, c2) := d(c1c2)− c1d(c2)− c2d(c1),
SumC(c1, c2) := d(c1 + c2)− d(c1)− d(c2),
ScaC(λ, c1) := d(λc1)− λd(c1),

FuncC(f, c1, . . . , cm) := d(Φf (c1, . . . , cm))−
m∑
i=1

Φ ∂f
∂xi

(c1, . . . , cm)d(ci).

Define a subset N∞
C,R(Rn) of a function f ∈ C∞(Rn) which satisfies that

FuncC(f, c1, . . . , cm) is generated by a finite sum of ProdC(h1, h2), SumC(h1, h2),
ScaC(c, h1) for any c1, . . . , cm ∈ C.

Define a subset LN∞
C,R(Rn) of a function f ∈ C∞(Rn) which satisfies that

there exists a non-zero smooth function g ∈ C∞(Rm) such that
Φg(c)FuncC(f, c1, . . . , cm) is generated by a finite sum of ProdC(h1, h2),
SumC(h1, h2), ScaC(c, h1) for any c1, . . . , cm ∈ C.

For f ∈ C∞(Rn), define two type complexities of C.
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Definition 4.18 Let C is a C∞-ring and f ∈ C∞(Rm) for m ∈ {0} ∪ N.

(1) If FuncC(f, c1, . . . , cm) is generated by ProdC(·, ·),SumC(·, ·) and ScaC(·, ·),
i.e.,

FuncC(f, c1, . . . , cm) =

p∑
i=1

ci · ProdC(c1,i, c2,i)

+

q∑
j=1

c′j · SumC(c
′
1,j, c

′
2,j) +

r∑
k=1

c′′k · ScaC(λk, c′′1,k)
(59)

for any c1, . . . , cm ∈ C, define CompC(f) as a minimal number p of (59).

(2) If Φg(c1, . . . , cm)
{
FuncC(f, c1, . . . , cm)

}
is generated by ProdC(·, ·),SumC(·, ·)

and ScaC(·, ·), i.e.,

Φg(c1, . . . , cm)
{
FuncC(f, c1, . . . , cm)

}
=

p∑
i=1

ci · ProdC(c1,i, c2,i)

+

q∑
j=1

c′j · SumC(c
′
1,j, c

′
2,j) +

r∑
k=1

c′′k · ScaC(λk, c′′1,k)
(60)

for any c1, . . . , cm ∈ C and some non-zero action Φg for g ∈ C∞(Rm),
define LCompC(f) as a minimal number p of (60).

We have CompC(f) ≥ LCompC(f). From the definition of Leibniz com-
plexity of Nash functions in §4.5.3, LC(f) = LCompC∞(U)(f) for an open set
U ⊂ Rn and f ∈ C∞(U).

For any C∞-ring C, we have CompC(f) ≤ CompC∞(Rn)(f) for any f ∈
C∞(Rn).

As same as Lemma 4.17, we have following properties of complexities.

Proposition 4.19 Suppose that f, g ∈ C∞(Rn).

(1) For a real value λ ∈ R, CompC(λf) =

{
CompC(f) (λ ̸= 0)

0 (λ = 0)
.

(2) CompC(f + g) ≤ CompC(f) + CompC(g).

(3) CompC(fg) ≤ CompC(f) + CompC(g) + 1.

(4) For a projection xi : Rn → R, CompC(x
m
i ) ≤

{
m− 1 (m ≥ 1)

k (m = 2k, k ≥ 0)
.
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These properties hold also for LCompC(f).

Proof)

(1) Suppose that λ ̸= 0. For FuncC(λf, c1, . . . , cm) = d(Φλf (c1, . . . , cm)) −∑m
i=1Φ ∂(λf)

∂xi

(c1, . . . , cm)d(ci),

d(Φλf (c))−
m∑
i=1

Φ ∂(λf)
∂xi

(c)d(ci)

= {d(Φλf (c))− λd(Φf (c))}+ λd(Φf (c))− λ
m∑
i=1

Φ ∂f
∂xi

(c)d(ci)

= ScaC(λ,Φf (c)) + λ · FuncC(f, c1, . . . , cm)

Then we have CompC(λf) ≤ CompC(f). Replacing f and λ by λf and
1
λ
, we have CompC(λf) ≥ CompC(f).

Therefore, we have CompC(λf) = CompC(f).

(2) For FuncC(f + g, c1, . . . , cn) = d(Φf+g(c))−
∑n

i=1Φ ∂(f+g)
∂xi

(c)d(ci),

d(Φf+g(c))−
n∑
i=1

Φ ∂(f+g)
∂xi

(c)d(ci)

=
(
d(Φf (c) + Φg(c))− d(Φf (c))− d(Φg(c))

)
+
(
d(Φf (c)) + d(Φg(c))

)
−

n∑
i=1

Φ ∂f
∂xi

(c)d(ci)−
n∑
i=1

Φ ∂g
∂xi

(c)d(ci)

=SumC(Φf (c),Φg(c))

+ {d(Φf (c))−
n∑
i=1

Φ ∂f
∂xi

(c)d(ci)}+ {(d(Φg(c))−
n∑
i=1

Φ ∂g
∂xi

(c)d(ci))}

=SumC(Φf (c),Φg(c)) + FuncC(f, c1, . . . , cn) + FuncC(g, c1, . . . , cn)

We have that CompC(f + g) ≤ CompC(f) + CompC(g).
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(3) For FuncC(fg, c1, . . . , cn) = d(Φfg(c))−
∑n

i=1Φ ∂(fg)
∂xi

(c)d(ci),

d(Φfg(c))−
n∑
i=1

Φ ∂f
∂xi

g+f ∂g
∂xi

(c)d(ci)

=
{
d(Φf (c)Φg(c))− Φf (c)d(Φg(c))− Φg(c)d(Φf (c))

}
+ {Φf (c)d(Φg(c)) + Φg(c)d(Φf (c))}

−
n∑
i=1

{Φ ∂f
∂xi

(c)Φg(c)d(ci) + Φf (c)Φ ∂g
∂xi

(c)d(ci)}

=ProdC(Φf (c),Φg(c)) + Φf (c)
(
d(Φg(c))−

n∑
i=1

Φ ∂g
∂xi

(c)d(ci)
)

+ Φg(c)
(
d(Φf (c))−

n∑
i=1

Φ ∂f
∂xi

(c)d(ci)
)

=ProdC(Φf (c),Φg(c)) + Φf (c) · FuncC(g, c1, . . . , cn)
+ Φg(c) · FuncC(f, c1, . . . , cn)

We have that CompC(fg) ≤ CompC(f) + CompC(g) + 1.

(4) Suppose that m = 1. For FuncC(xi, c1, . . . , cn) = d
(
Φxi(c1, . . . , cn)

)
−

1Cd(ci),

d
(
Φxi(c1, . . . , cn)

)
− 1Cd(ci) = d(ci)− 1d(ci) = (1− 1)d(ci) = 0.

We have that CompC(xi) ≤ 0, i.e. CompC(xi) = 0

Suppose thatm is an arbitrary natural number. For FuncC(xi
m, c1, . . . , cn) =

d
(
Φxim(c1, . . . , cn)

)
− Φmxim−1(c1, . . . , cn)d(ci) = d(cmi )−mcm−1

i d(ci),

d(cmi )− (mcm−1
i )d(ci)

={d(cmi )− cid(cm−1
i )− cm−1

i d(ci)}
+ {cid(cm−1

i ) + cm−1
i d(ci)} − (ncm−1

i )d(ci)

=ProdC(ci, c
n−1
i ) + ci{d(cm−1

i ) + (n− 1)cm−1
i d(ci)}

=ProdC(ci, c
m−1
i ) + ci{FuncC(xm−1

i , c1, . . . , cn)}.

Then we have CompC(x
n
i ) ≤ 1 + CompC(x

n−1
i ).
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Suppose that m = 2k. For k is arbitrary natural number,

d(c2
k

i )− 2kc2
k−1
i d(ci)

= {d(c2ki )− 2c2
(k−1)

i d(c2
(k−1)

i )}+ {2c2(k−1)

i d(c2
(k−1)

i )− (2kc2
k−1
i )d(ci)}

= ProdC(c
2(k−1)

i , c2
(k−1)

i ) + 2c2
(k−1)

i {d(c2(k−1)

i )− (2(k−1)c2
(k−1)−1
i )d(ci)}

= ProdC(c
2(k−1)

i , c2
(k−1)

i ) + 2c2
(k−1)

i {FuncC(x2
(k−1)

i , c1, . . . , cn)}.

We have CompC(x
2k

i ) ≤ 1 + CompC(x
2k−1

i ). CompC(x
2k

i ) ≤ (k − 1) +
CompC(x

20

i ) = k − 1.

Therefore, we have CompC(x
2k

i ) ≤ k− 1 for arbitrary natural number k.

■

4.5.5 Leibniz complexities for real polynomials

By the definition of Leibniz complexity, we have the affine invariance:

Lemma 4.20 ([5]) Let f ∈ N∞(U) and φ : Rn → Rn be an affine isomor-
phism. Then f ◦ φ ∈ N∞(φ−1(U)) satisfies LC(f ◦ φ) = LC(f).

Lemma 4.21 Let f ∈ N∞
C,R(Rn) and ϕ : Rm → Rn be an affine morphism.

f ◦ ϕ ∈ NC,R(Rm) and CompC(f ◦ ϕ) ≤ CompC(f).

Proof) In ΩC,R, d(Φf◦ϕ(c)) is equals to
∑n

i=1Φ ∂f
∂xi

(Φϕ(c))d(ϕi(c)) by using

Leibniz rule CompC(f) times.
For the affine morphism ϕ,

∑n
i=1Φ ∂f

∂xi

(Φϕ(c))d(ϕi(c)) is equals to

n∑
i=1

m∑
j=1

Φ ∂f
∂xi

◦ϕ(c)Φ ∂ϕi
∂yj

(c)d(cj) =
m∑
j=1

Φ ∂(f◦ϕ)
∂yj

(c)d(cj).

Therefore, we have CompC(f ◦ ϕ) ≤ CompC(f). ■

Lemma 4.22 Let f ∈ LN∞
C,R(Rn) and ϕ : Rn → Rn be an affine isomorphism.

f ◦ ϕ ∈ LNC,R(Rn) and LCompC(f ◦ ϕ) = LCompC(f).
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Proof) Suppose that there exists a smooth function g ∈ C∞(Rn) which
is a non-zero as an action Φg : Cn → C and Φg(c)d(Φf (c)) is equals to
Φg(c)

∑n
i=1Φ ∂f

∂xi

(c)d(ci) by using Leibniz rules LCompC(f) times.

In ΩC,R, Φg◦ϕ(c)d(Φf◦ϕ(c)) is equals to Φg◦ϕ(c)
∑n

i=1Φ ∂f
∂xi

(Φϕ(c))d(ϕi(c)) by

using Leibniz rule LCompC(f) times.
For the affine isomorphism ϕ = (ϕ1, . . . , ϕn), Φg◦ϕ : Cn → C is a non-zero

action. Φg◦ϕ(c)
∑n

i=1 Φ ∂f
∂xi

(Φϕ(c))d(ϕi(c)) is equals to

Φg◦ϕ(c)
n∑
i=1

n∑
j=1

Φ ∂f
∂xi

◦ϕ(c)Φ ∂ϕi
∂yj

(c)d(cj) = Φg◦ϕ(c)
n∑
j=1

Φ ∂(f◦ϕ)
∂yj

(c)d(cj).

We have LCompC(f ◦ ϕ) ≤ LCompC(f).
From the inverse mapping ϕ−1, we have LCompC(f ◦ ϕ) = LCompC(f). ■

In general it is a difficult problem to determine the exact value of the
Leibniz complexity even for an polynomial function.

Example 4.23 ([5]) Let n = 1. LC(x + c) = 0. LC(x2 + bx + c) = 1.
LC(
√
x2 + 1) = 2. Let n = 2. For λ ∈ R, we have

LC(x21 + x22 + λx1x2) =

{
1 if |λ| ≥ 2
2 if |λ| < 2.

In fact, x21+x
2
2+λx1x2 = (x1+

λ
2
x2)

2+(1− λ2

4
)x22. Moreover x21+x

2
2+λx1x2 =

(x1 + αx2)(x1 + βx2) for some α, β ∈ R if and only if |λ| ≥ 2.

Let n = 1 and write x = x1. Then we have LC(x0) = LC(1) = 0,LC(x) =
0,LC(x2) = 1,LC(x3) = 2,LC(x4) = 2. For example we calculate d(x4) =
2x2d(x2) = 4x3d(x) by using Leibniz rule twice, and we can check that it is
impossible to calculate d(x4) by using Leibniz rule just once.

To observe the essence of the problem to estimate the Leibniz complexity,
let us digress to consider “the problem of strips”. Let k be a positive integer.
Suppose we have a sheet of paper having width k and, using a pair of scissors,
we make k-strips of width 1. We may cut several sheets of the same width
at once by piling them. Then the problem is to minimize the total number of
cuts. Clearly it is at most k − 1. Now we show one strategy for the problem.
Consider the binary expansion of k:

k = 2µr + 2µr−1 + · · ·+ 2µ1 ,
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for some integers µr > µr−1 > · · · > µ1 ≥ 0. We set µ = µr. Then the
number of digits (‘1’ or ‘0’) is given by µ + 1, while r is the number of units,
‘1’, appearing in the binary expansion. Then first we cut the sheet into r
sheets of width 2µ, 2µr−1 , . . . , 2µ1 by (r − 1)-cuts. Second divide the sheet of
width 2µ into sheets of width 2µr−1 by µ − µr−1-cuts. Third divide the piled
sheets of width 2µr−1 into sheets of width 2µr−2 by µr−1 − µr−2-cuts, and so
on. Iterating the process, we have sheets of width 2µ1 , which we divide into
strips of width 1 by µ1-cuts finally. The total number of cuts by this method
is given by µ+ r − 1.

Lemma 4.24 ([5]) For a positive integer k, we have

LC(xk) ≤ µ+ r − 1.

Proof)In general, the process of cutting of a pile of sheets of width ℓ into
those of width ℓ′ and ℓ′′ = ℓ− ℓ′ respectively is translated into, for a constant
λ,

d(λxℓ) = λd(xℓ) = λxℓ
′′
d(xℓ

′
) + λxℓ

′
d(xℓ

′′
).

Here we use Leibniz rule just once and the linearity of the derivation. A piling
is realized by just the distributive law of the module structure. Therefore the
method described above in the strip problem implies the estimate of Leibniz
complexity. ■

Lemma 4.25 Take µ as a number of digits of k and r as a number of units
of k (For k =

∑r
j=1 2

pi (0 ≤ pi ≤ . . . ≤ pr, µ = r)).

LCompC∞(R)(x
k) ≤ µ+ r − 1 (61)

Proof) We have d(x2
µ
) = 2µx2

µ−1d(x), in ΩC∞(R),R for using µ Leibniz

rules ProdC∞(R)(x
2µ

′−1
, x2

µ′−1
) = d(x2

µ′
)− 2x2

µ′−1
d(x2

µ′−1
)(µ′ = 1, . . . , µ).

We have

d(x
∑r

j=1 2
pj
) =

r∑
j=1

x
∑r

j=1,j ̸=i 2
pj
d(x2

pj
)

in ΩC∞(R),R for using r−1 Leibniz rules ProdC∞(R)(x
2ps , x

∑s−1
j=1 2pj ) = d(x

∑s
j=1 2

pj
)−

x
∑s−1

j=1 2pj d(x2
ps
)− x2psd(x

∑s−1
j=1 2pj )(s = 2, . . . , r).

Therefore, we have LCompC∞(R)(x
k) ≤ µ+ r − 1. ■
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Lemma 4.26 ([5]) For f ∈ N∞(U) and a natural number k ≥ 1, we have
LC(fk) ≤ LC(f) + LC(xk).

Proof)If f is a constant function, then LC(fk) = 0, so the inequality
holds trivially. We suppose f is not a constant function. By definition, for
some non-zero g ∈ N∞(R), gd(xk) is deformed into g kxk−1d(x) in ΩC∞(R),R
using Leibniz rules LC(xk)-times. Using the same procedure, (g◦f)d(fk(x)) is
deformed into (g◦f)kfk−1d(f(x)) in ΩC∞(U) using Leibniz rules LC(xk)-times.
Note that g ◦ f is non-zero in N∞(U). Moreover, using Leibniz rules LC(f)
times, h(g ◦ f)kfk−1d(f(x)) is deformed into h(g ◦ f)

∑n
i=1 kf

k−1( ∂f
∂xi

)d(xi) for
some non-zero h ∈ N∞(U). Since g ◦ f is non-zero, h(g ◦ f) is non-zero. ■
Lemma 4.27 For f ∈ N∞

C,R(Rn) and k ∈ N, we have CompC(f
k) ≤ CompC(f)+

CompC(x
k).

Proof) d
(
Φfk(c)

)
= d

(
(Φf (c))

k
)
is equals to kΦf (c)

kd
(
Φf (c)

)
by using

Leibniz rules CompC(x
k) times. It equals to kΦf (c)

k
∑n

i=1Φ ∂f
∂xi

(c)d(ci) by using

Leibniz rules CompC(f) times.
Therefore, we have CompC(f

k) ≤ CompC(f) + CompC(x
k). ■

Lemma 4.28 For f ∈ LN∞
C,R(Rn) and k ∈ N,

we have LCompC(f
k) ≤ LCompC(f) + LCompC(x

k).

Proof) There exists non-zero actions Φg : C
n → C, Φh : C → C such that

Φg(c1, . . . , cn)d
(
Φf (c1, . . . , cn)

)
, Φh(c

′)d(c′k) are equal to
Φg(c1, . . . , cn)

∑n
i=1Φ ∂f

∂xi

(c1, . . . , cn)d
(
ci
)
, Φh(c

′)kc′k−1d(c′) by using Leibniz rules

LCompC(f), LCompC(x
k) times for any c1, . . . , cn, c

′ ∈ C.
Φ(h◦f)g(c) = Φh(Φf (c))Φg(c) : C

n → C is a non-zero action.
Then Φh(Φf (c))Φg(c)d

(
Φfk(c)

)
is equals to kΦh(Φf (c))Φg(c)Φf (c)

k−1d
(
Φf (c)

)
by using Leibniz rules LCompC(f). It equals to
kΦh(Φf (c))Φg(c)Φf (c)

k−1
∑n

i=1Φ ∂f
∂xi

(c)d(ci) by using Leibniz rules LCompC(x
k).

Therefore, we have LCompC(f
k) ≤ LCompC(f) + LCompC(x

k). ■

Remark 4.29 ([5]) The estimate in Lemma 4.24 is, by no means, best possi-
ble. For example, let k = 31. Then 31 = 24+23+22+21+20. Therefore r = 5
and µ = 4. So the estimate gives us that LC(x31) ≤ 8. However LC(x31) ≤ 6.
In fact, since 32 = 25, we have by Lemma 4.24,

xd(x31) = d(x32)− x31d(x) = 32x31d(x)− x31d(x) = 31x31d(x),

by using Leibniz rule 6 times. Then algebraically we have d(x31) = 31x30d(x).
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As above, we consider “the problem of strips” starting from several number
of sheets, say, s, having width ks, ks−1, and k1 respectively. Then we have

Lemma 4.30 p(x) :=
∑s

i=1 aix
ki(ai ∈ R\{0}, 0 ≤ k1 < . . . < ks).

Take µi as a number of digits of ki and ri as a number of units of kj (For
ki =

∑ri
j=1 2

pi,j(0 ≤ pi,1 ≤ . . . ≤ pi,ri = µi)). Then we have

LCompC∞(R)(p(x)) ≤ µ+
s∑
i=1

(ri − 1). (62)

Proof)We have

d(x
∑ri

j=1 2
pi,j

) =

ri∑
j=1

x
∑ri

j=1,j ̸=i 2
pi,j
d(x2

pi,j
)

in ΩC∞(R),R for using ri − 1 Leibniz rules d(x
∑s

j=1 2
pi,j

) = x
∑s−1

j=1 2pi,j d(x2
pi,s

) +

x2
pi,s
d(x

∑s−1
j=1 2pi,j )(s = 2, . . . , ri). We have the sum of d(x2

p
)(p = 1, . . . , µ).

We have d(x2
µ
) = 2µx2

µ−1d(x) in ΩC∞(R),R for using µ Leibniz rules d(x2
µ′
) =

2x2
µ′−1

d(x2
µ′−1

)(µ′ = 1, . . . , µ).
Therefore, we have LCompC∞(R)(p(x)) ≤ µ+

∑s
i=1(ri − 1). ■

We estimate the Leibniz complexity for a polynomial of n-variables. Let
p(x) = p(x1, . . . , xn) ∈ R[x1, . . . , xn]. We set p(x) =

∑
bαx

α, bα ∈ R, by using
multi-index α = (α1, . . . , αn) of non-negative integers. It is trivial that LC(p)
is at most the total number of multiplications of variables:∑

bα ̸=0

max{|α| − 1, 0}.

Instead we consider the number

σ(p) :=
∑
bα ̸=0

max{#{i | 1 ≤ i ≤ n, αi > 0} − 1, 0},

which is needed just to separate the variables on differentiation, and we try to
save the additional usage of Leibniz rule.

Suppose that, by arranging terms with respect to xi for each i, 1 ≤ i ≤ n,

p(x) = ai,s(i)x
ki,s(i)
i + ai,s(i)−1x

ki,s(i)−1

i + · · ·+ ai,1x
ki,1
i ,
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where ai,j is a non-zero polynomial of x1, . . . , xn without xi, (1 ≤ j ≤ s(i)), and
ki,s(i) > ki,s(i)−1 > · · · > ki,1 ≥ 0. The maximal exponent ki,s(i) is written as
degxi p, the degree of p in the variable xi. For the binary expansion of degxi p,
let µi denote (the number of digits of degxi p)−1. Moreover let rij, 1 ≤ j ≤ s(i)
denote the number of units of the exponent kij for the binary expansion. Then
we have

Lemma 4.31 ([5]) By using the linearly, d(c) = 0, c ∈ R, and Leibniz rule

σ(p) +
∑n

i=1

(
µi +

∑s(i)
j=1(rij − 1)

)
-times, we have d(p) =

∑n
i=1(

∂p
∂xi

(x))d(xi)

in ΩE(U). In particular we have the estimate

LC(p) ≤ σ(p) +
n∑
i=1

µi + s(i)∑
j=1

(rij − 1)

 .

Lemma 4.32 p(x) :=
∑

α ̸=0 bαx
α(bα ∈ R\{0}, α = (α1, . . . , αn) ∈ ({0} ∪

N)n).
We can write p(x) =

∑s(i)
j=1 ai,jx

ki,j
i for i = 1, . . . , n (ai,j is a non-zero real

polynomial of x1, . . . , x̂i, . . . , xn for 1 ≤ j ≤ s(i), ki,s(i) > ki,s(i)−1 > . . . >
ki,1 ≥ 0).

Let µi,j be a number of digits of ki,j and ri,j as a number of units of ki,j
(For ki,j =

∑ri,j
k=1 2

pi,j,k(0 ≤ pi,j,1 ≤ . . . ≤ pi,j,ri,j = µi,j)). Define

σ(p(x)) :=
∑
bα ̸=0

max
{
#{i|1 ≤ i ≤ n, αi > 0} − 1, 0

}
. (63)

Then we have

LCompC∞(Rn)(p(x)) ≤ σ(p(x)) +
n∑
i=1

(µi,s(i) +

s(i)∑
j=1

(ri,j − 1)). (64)

Proof) For any α ̸= 0(bα ̸= 0), we have d(xα) =
∑n

i=1 x
α−αieid(xαi

i ) in
ΩC∞(Rn),R for using #{i|1 ≤ i ≤ n, αi > 0} − 1 Leibniz rules. Then, we can

calculate from d(p(x)) to a sum of d(x
ki,j
i ) for using σ(p(x)) Leibniz rules.

For d(x
ki,j
i ), we have

d(x
∑ri

j=1 2
pi,j

) =

ri∑
j=1

x
∑ri

j=1,j ̸=i 2
pi,j
d(x2

pi,j
)
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in ΩC∞(R),R for using ri,j − 1 Leibniz rules d(x
∑s

j=1 2
pi,j

) = x
∑s−1

j=1 2pi,j d(x2
pi,s

) +

x2
pi,s
d(x

∑s−1
j=1 2pi,j )(s = 2, . . . , ri,j). Then, we can calculate from the sum of

d(x
ki,j
i ) to a sum of d(x2

pi,j,k

i ) for using
∑n

i=1

∑s(i)
j=1(ri,j − 1) Leibniz rules.

We have the sum of d(x2
p
)(p = 1, . . . , µ).

We have d(x2
µ
) = 2µx2

µ−1d(x) in ΩC∞(R),R for using µ Leibniz rules d(x2
µ′
) =

2x2
µ′−1

d(x2
µ′−1

)(µ′ = 1, . . . , µ).

Therefore, we have LCompC∞(Rn)(p(x)) ≤ σ(p(x))+
∑n

i=1(µi,s(i)+
∑s(i)

j=1(ri,j−
1)). ■

Proposition 4.33 ([5]) Under the above notations, we have the estimate

LC(f) ≤ σ(P ) +
n∑
i=0

µi + s(i)∑
j=1

(rij − 1)

 .

In particular we have

LC(f) ≤ σ(P ) +
n∑
i=0

{(degxi P + 2)(log2(degxi P )− 1)}+ n+ 1.

4.5.6 Leibniz complexities for Nash functions

Lemma 4.34 f(x) : U → R is a Nash function on U .
There exists a non zero real polynomial p(x) :=

∑
α ̸=0 bαx

α(bα ∈ R\{0}, α =
(α1, . . . , αn) ∈ ({0} ∪ N)n). We have

LCompC∞(U)(f(x)) ≤ LCompC∞(Rn)(p(x)). (65)

We can write p(x) =
∑s(i)

j=1 ai,jx
ki,j
i for i = 1, . . . , n (ai,j is a non-zero real

polynomial of x1, . . . , x̂i, . . . , xn for 1 ≤ j ≤ s(i), ki,s(i) > ki,s(i)−1 > . . . >
ki,1 ≥ 0).

Let µi,j be a number of digits of ki,j and ri,j as a number of units of ki,j
(For ki,j =

∑ri,j
k=1 2

pi,j,k(0 ≤ pi,j,1 ≤ . . . ≤ pi,j,ri,j = µi,j)). Define

σ(p(x)) :=
∑
bα ̸=0

max
{
#{i|1 ≤ i ≤ n, αi > 0} − 1, 0

}
.

Then we have

LCompC∞(Rn)(p(x)) ≤ σ(p(x)) +
n∑
i=1

(
µi,s(i) +

s(i)∑
j=1

(ri,j − 1)
)
. (66)
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Example 4.35 ([5]) Let n = 1, f = 1√
x2+1

and P (x, y) = y2 − x2 − 1. Then

σ(P ) = 0, µ0 = µ1 = 1 and rij = 1. Therefore the first inequality gives us that
LC(f) ≤ 2 as is seen in Introduction.

Proof of Proposition 4.33.
We write the right hand side by ψ of the first inequality. By Lemma 4.31, we
have, by using Leibniz rule ψ-times,

d(P (x, y)) =
n∑
i=1

∂P

∂xi
(x, y)dxi +

∂P

∂y
(x, y)dy,

modulo several linearity relations and dc, c ∈ R in ΩE(U×R). Then, substituting
y by f , we have that

0 = d(P (x, f)) =
n∑
i=1

∂P

∂xi
(x, f)dxi +

∂P

∂y
(x, f)df,

in ΩE(U), therefore that

∂P

∂y
(x, f)

(
df −

n∑
i=1

∂f

∂xi
dxi

)
= 0,

in ΩE(U), by using Leibniz rule at most ψ-times. Thus we have the first in-
equality. The second equality is obtained from the first equality combined
with the inequalities derived by the definitions:

2µi ≤ degxi P < 2µi+1, s(i) ≤ degxi P + 1, and rij ≤ µi,

(1 ≤ j ≤ s(i), 0 ≤ i ≤ n). ■

In [12], the complexity C(f) of a Nash function f is defined as the minimum
the total degree degP of non-zero polynomials P (x, y) with P (x, f) = 0.
Moreover we define

S(f) := min
{
σ(P ◦ ψ)

∣∣∣ P (x, f) = 0, degP = C(f),
ψ is an affine isomorphism on Rn+1

}
,

i.e. the minimum of the number σ for any defining polynomial P of f with
minimal total degree under any choice of affine coordinates. We can regard
S(f) a complexity for the separation of variables in differentiation of f . Then
we have the following result:
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Corollary 4.36 ([5]) Let f ∈ N (U) be a Nash function on a connected open
set U ⊂ Rn. Then we have an estimate on the Leibniz complexity LC(f) by
the Ramanakoraisina’s complexity C(f) and another complexity S(f),

LC(f) ≤ S(f) + (n+ 1)(C(f) + 2)(log2C(f)− 1) + n+ 1.

Proof)Since degxi P ≤ C(f) (0 ≤ i ≤ n) we have the above estimate by
Proposition 4.33 and Lemma 4.20. ■

Naturally we would like to pose a problem to obtain any lower estimate of
Leibniz complexity.

4.5.7 Leibniz complexities

Let C := C∞(Rn) and FC be a free C-module generated by d(c) for c ∈ C.
Define an R-cotangent module ΩC,R := FC/MC,R and its R-derivationas

dC : C→ ΩC,R as dC(c) := d(c) +MC,R.
They satisfy N∞

C,R(Rn) ⊂ LN∞
C,R(Rn).

Proposition 4.37 (1) f(x) := 1
p(x)

(p(x) ∈ N∞
C,R(Rn) such that p(x) ̸= 0

for any x ∈ Rn). We have f(x) ∈ N∞
C,R(Rn).

(2) For p(x), q(x) ∈ N∞
C,R(Rn), we have f(x) := p(x)q(x) ∈ N∞

C,R(Rn).

(3) For p(y1, . . . , ym) ∈ N∞
C,R(Rm) and q1(x), . . . , qm(x) ∈ N∞

C,R(Rn),
f(x) = p(q1(x), . . . , qm(x)) ∈ N∞

C,R(Rn).

Proof)

(1) We have f(x)p(x) ≡ 1. On ΩC∞(Rn),R,

0 = d(f(x)p(x)) = f(x)d(p(x)) + p(x)d(f(x))

=
n∑
i=1

f(x)
∂p

∂xi
d(xi) + p(x)d(f(x)),

p(x)d(f(x)) = −
n∑
i=1

f(x)
∂p

∂xi
d(xi),

d(f(x)) = −
n∑
i=1

(
f(x)

p(x)

∂p

∂xi

)
d(xi)

=
n∑
i=1

(
− 1

p(x)2
∂p

∂xi

)
d(xi) =

n∑
i=1

∂f

∂xi
d(xi).
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Therefore, FuncC(
1
p
(x), c1, . . . , cn) is generated by ProdC(·, ·), SumC(·, ·),

ScaC(·, ·) and 1
p
(x) is in N∞

C,R(Rn).

(2) We have d(p(x)) =
∑n

i=1
∂p
∂xi

(x)d(xi) and d(q(x)) =
∑n

i=1
∂q
∂xi

(x)d(xi) in
ΩC∞(Rn),R. Then we have

d
(
p(x)q(x)

)
= p(x)d

(
q(x)

)
+ q(x)d

(
p(x)

)
= p(x)

n∑
i=1

∂q

∂xi
(x)d(xi) + q(x)

n∑
i=1

∂p

∂xi
(x)d(xi)

=
n∑
i=1

{
p(x)

∂q

∂xi
(x) + q(x)

∂p

∂xi
(x)
}
d(xi).

(3) For p(y1, . . . , ym) ∈ N∞
C,R(Rm), q1(x), . . . , qm(x) ∈ N∞

C,R(Rn), we have

d(p(y)) =
∑m

i=1
∂p
∂yi

(y)d(yi) in ΩC∞(Rm),R. and d(qk(x)) =
∑n

j=1
∂qk
∂xj

(x)d(xj)

in ΩC∞(Rn),R.

d(p(q1(x), . . . , qm(x))) =
m∑
i=1

∂p

∂yi
((q1(x), . . . , qm(x))d(qi)

=
m∑
i=1

∂p

∂yi
((q1(x), . . . , qm(x))

n∑
j=1

∂qi
∂xj

(x)d(xj)

=
n∑
j=1

{ m∑
i=1

∂p

∂yi
((q1(x), . . . , qm(x))

∂qi
∂xj

(x)
}
d(xj)

=
n∑
j=1

{∂p(q1, . . . , qm)
∂xj

(x)
}
d(xj).

■

Proposition 4.38 (1) For a Nash function f(x) ∈ C∞(Rn), we have f(x) ∈
LN∞

C,R(Rn).

(2) f(x) := 1
p(x)

(p(x) ∈ LN∞
C,R(Rn) such that p(x) ̸= 0 for some x ∈ Rn).

We have f(x) ∈ LN∞
C,R(Rn).

(3) For p(x), q(x) ∈ LN∞
C,R(Rn), we have f(x) := p(x)q(x) ∈ LN∞

C,R(Rn).

Proof)
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(1) From Theorem 4.15, we have a non-zero real polynomial p(x, y) ∈ R[x, y]
such that p(x, f(x)) = 0 and ∂p

∂y
(x, , f(x)) ̸= 0. And we have

∂p

∂y
(x, f(x))

(
d(f)−

n∑
i=1

∂f

∂xi
(x)d(xi)

)
= 0

on ΩC∞(Rn),R. Therefore, we have f ∈ LN∞
C,R(Rn)

(2) Suppose that g ∈ C∞(Rn) is a smooth function which satisfies that
Φg(c)FuncC(p(x), c1, . . . , cn) is generated by ProdC(·, ·), SumC(·, ·), ScaC(·, ·).
We have f(x)p(x) ≡ 1. On ΩC∞(Rn),R,

0 = d(f(x)p(x)) = f(x)d(p(x)) + p(x)d(f(x))

p(x)d(f(x)) = − 1

p(x)
d(p(x))

p(x)2d(f(x)) = −d(p(x)).

Therefore, Φg(x)p(x)2(c)FuncC(
1
p
(x), c1, . . . , cn) is generated by ProdC(·, ·),

SumC(·, ·), ScaC(·, ·) and 1
p
(x) is in LN∞

C,R(Rn).

(3) For any c1, . . . , cn ∈ C, there exists non-zero functions g, h ∈ C∞(Rn)
such that Φg(c)d(Φp(c)) =

∑n
i=1Φg· ∂p

∂xi

(c)d(ci)

and Φh(c)d(Φq(c)) =
∑n

i=1Φh· ∂q
∂xi

(c)d(ci) in ΩC,R. Then we have

Φgh(c)d
(
Φpq(c)

)
= Φhp(c)Φg(c)d

(
Φq(c)

)
+ Φgq(c)Φh(c)d

(
Φp(c)

)
= Φhp(c)Φg(c)

n∑
i=1

Φ ∂q
∂xi

(c)d(ci) + Φgq(c)Φh(c)
n∑
i=1

Φ ∂p
∂xi

(c)d(ci)

= Φgh(c)
n∑
i=1

{
Φp ∂q

∂xi
+q ∂p

∂xi

(c)
}
d(ci).

in ΩC,R. Therefore, we have that pq ∈ LN∞
C,R(Rn).

■
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