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1 Introduction

In this thesis, we study the theory of C*°-rings and derivations on them. Based
on these algebraic theory, we explain C'°-ringed spaces and C'*°-schemes as
generalized concepts of C'*°*-manifolds. Moreover we study vector fields and
differential forms on C'*°-ringed spaces and C*°-schemes.

The one motivation of this article is to develop the theory of C*°-manifolds,
tangent vectors of C'*°-manifolds, vector fields of C*°-manifolds and C*°-functions
on C'*°-manifolds in more general way. In the case of C*°-manifolds, tangent
vector spaces are finitely generated as R-vector spaces, and tangent vector
fields are locally expressed by finite C'°-functions. Another motivation is to
compare tangent vectors and tangent vector fields of C'*°-manifolds.

In §2, we explain and use the idea of C*-rings in [6] and [9]. C*°-rings are
R-algebras which have operations by smooth functions R" — R. Let M be
a C°°-manifold and p a point of M. The set C°(M) of C*°-functions on M,
The set Cp°(M) of C*°-function-germs at p on M, the set R[[z1, ..., z,]] of real
formal power series on R”, and the set R of real numbers are C*°-rings. Each
of these C*°-rings is expressed as a quotient C*°-ring C*°(R™)/I by an ideal
I of C*°(R") as the R-algebra. These are called finitely generated C*-rings
which are main objects of our paper.

For a C"*°-ring € and a homomorphism p : € — R, there exists a local C'°-
ring €, and its maximal ideal m,, of €,. Then we define a k-jet j;;(c) = c+m’£+1
of p and a homomorphism j]’f ¢ = Qip/m’]j“. ¢ is called a k-jet determined
C>-ring if it can be embedded into a power [ ., 5 €,/m;™" of €, /mi*.

From [4], we have R-derivations and R-cotangent modules of C*-rings.
We have C*-deriwvations and C™-cotangent modules of C*-rings by using the
C>-ring structure in a nontrivial way in [6]. For example, tangent vectors and
exterior derivatives of differential forms on C'°°-manifolds can be regarded as
R-derivations. For a finitely generated C*°-ring C'°(R™)/I and a zero point
p € R" of I, we consider R-derivations C*°(R")/I — R and a composition
e,oV : C®(R™)/I — R of an R-derivation V : C*°(R")/I — C>*(R")/I and a
homomorphism e, : C*°(R"™)/I — R(e,(f + I) := f(p)). These R-derivations
are C*°-derivations.

In §3, we explain the idea of C*-ringed spaces and C*-schemes to gen-
eralize C*°-manifolds. A C*°-ringed space X is a topological space X with
a sheaf Ox of C*-rings on X. For a C'*°-manifold M, we have a (C°°-
ringed space which has the topological space M and a sheaf O,; defined by
Op(U) = C>(U) for any open set U C M. We define a functor from the cate-
gory of C'*°-rings to the category of C'*°-ringed spaces. We define a C"*°-scheme
as a local C*°-ringed space covered by affine C'*°-schemes.



Dominic Joyce uses C*°-rings and C'*°-schemes to define d-manifolds and
d-orbifolds, versions of manifolds and orbifolds related to Spivak’s derived
manifolds in [6].

In §4, we explain the main theorems of this thesis.

First, we consider a C*°-ring € or on a €-module 9 which satisfies that
any R-derivation d : € — 9 is a C*°-derivation. In the paper [14], we have
proved for a C*®-ring € and a k-jet determined C*°-ring ©. Tangent vectors
and tangent vector fields on C'*°-manifolds satisfy the above.

Second, we define tangent vectors and tangent vector fields on a C'*°-ringed
space as R-derivations of Ox. This idea comes from tangent vectors are re-
garded as R-derivations Cp°(M) — R and tangent vector fields are regarded
as R-derivations C;°(M) — C3°(M).

Third, we consider algebraic computability of differentials of C*°-rings.
We study about Nash functions and Leibniz complexities based on [5]. A
Nash function is a function f = f(z1,...,2,) : R* D U — R which has a
non-zero real polynomial p(z,y) : R" x R — R(x = (x1,...,2,)) such that
p(z, f(z)) = 0on U. Then, we can algebraically calculate the total differential
df by the linearity and Leibniz rules of d.

The Leibniz complexity LC(f) of f is defined as the minimal number of
usages of Leibniz rules to compute df algebraically. Nash functions are char-
acterized by the finiteness of Leibniz complexity (§4.5.2, Theorem 4.15). For
a Nash function f(x) : R* D U — R which has a non-zero real polynomial
p(z,y) : R* x R — R such that p(x, f(z)) = 0 on U, the Leibniz complexity
LC(f) of f is not exceeding the Leibniz complexity LC(p) of p.

By Nash functions on R" and a C*-ring, we define 9% (R") and £0: (R™).
From the definition of Leibniz complexities in §4.5.2, we define two complexi-
ties LCompg(f) and Compg(f).

2 (*°-rings

In this section, we recall the notions of C'"*°-rings and derivations of C'*°-rings.

2.1 (C*-rings

Definition 2.1 ([3, 6]) (1) A C*°-ring is a set € which is endowed with
the following data,
for any 1 € {0} UN and any C®-map f : Rt — R (ifl =0, f is a
constant value ¢ € R), there are given an operation ®; : € — € (if
[ =0, an operation Oy is a constant on ) such that



o for any k,1 € {0} UN, C*®-maps g : R* = R and f; : R' — R(i =
L,...,k), and ¢1,--- ,q € C,

Qy( Py (c1,...va), ..., Py ler,.. ) = Pyo(sr, gy (€1, - - r) and

o for anyl € {0}UN, projections m; : Rt — R defined as m;(zy,...,2;) =
ri(i=1,---,1) and c,...,q € €,

O, (c1,...,¢q) =c¢.

(2) Let € and ® be C*°-rings with operations ®; : € — € and ¥; : D' - D
respectively for any C®-function f : Rl — R. A homomorphism between
C>-rings is a map ¢ : € — D which satisfies

QS(q)f(Cl, B ,Cn)) = \pf(¢(cl)7 B gb(cn)) fO'f’ any ci,---,C € Q:?f : Rl — R
(8) We will write C* Rings for the category of C*°-rings.
We give examples of C'*°-rings and morphisms of C'"*°-rings as followings.

Example 2.2 The set R of real numbers has a structure of a C*°-ring by the
operation ®; : Rl — R for f € C®(R') as ®¢(ry,...,1) :== f(r1,...,m) for
any ry,...,m € R.

Example 2.3 C°(M) is a set of C*°-functions on a C*°-manifold M. C*(M)
and the following operations ®, form a C*-ring.

Oo(fr, - i) (@) = g(filx), ., fi(2))

Example 2.4 There exists following examples of morphisms between C-
Tings.

Suppose f: X — Y is a smooth map between manifolds. We can define a
morphism f*: C®(Y) — C>®(X) of C*®-rings as f*(c) :==co f € C®(X) for
c € C™(Y). From the definition, we deduce the following properties.

(1) For a smooth manifolds without boundary X,Y ,the map f — f* from
smooth maps f : X — Y to morphisms of C*®-rings ¢ : C*(Y) —
C>®(X) is a 1-1 correspondence.

(2) Let f* be a surjection. Assume that there exists two points x,z’ € X such
that x # x' and f(x) = f(a'). There exists a C*-function n € C*(X)
such that n(x) = 0 and n(z") = 1. For the surjection f*, there ezists
L € C®(Y) such that n = f*(¢) = vo f. However n(x) = (f(x)) =
L(f(2") = n(a') contradicts n(x) =0 and n(a’) = 1. Therefore, we have
f 1s an injection.



(3) Let f be a surjection. Assume that there exists ¢ € C™(Y) such that
f(c)=cof=0o0nX. For anyy € Y, there exists t € X such that
y = f(x). Then c(y) = c(f(z)) = 0. We have ¢ =0 on X. Therefore,
we have f is an injection.

Remark that any C'*°-ring has the natural R-algebra structure. Define the
addition on € as ¢+ ¢’ := @y y)yuty(c, ), the multiplication on € as ¢ ¢ :=
D442y (C; '), and the scalar multiplication by A € R as Ac := ®y 5, (c). We
see that elements 0 and 1 in € are given by O¢ := ®g,0(0) and 1¢ := Dg,.1(0).

Let € be a C*-ring with operations ®; : € — € for any C*°-function
f:R — R. Let I C € be an ideal of the R-algebra. We define a C*°-
ring structure on the quotient R-algebra €/I as follows. For any natural
number [ € N and a C*®-function f € C*°(R!), there exists C*°-functions
g1, -, g € C°(R%) which satisfy

!
[ty om+y) — flen.. ) :Zykgk(ml,---,fﬁl,yl,--->Z/l)
k=1

for any (xq,...,21), (y1,...,y) € R' by Hadamard’s lemma (see [11] for the
proof). Then we have

l

q)f(01+i1,...,cl+il)—CI)f(Ch...,Cl) :Z’ik'(I)gk<61,...,cl7i1,...,il)
k=1

for any c¢1,...,¢ € € and iy,...,4 € I. Therefore the quotient R-algebra €/I
has a C*°-ring structure with a following operation ®} : (€/I)! — &/I for any
f € C=(R!) defined as

@fc(cl—l—f,...,cl—i—[) =®s(c1,...,q)+ 1 forany ¢q,...,¢q € €

Example 2.5 The set C°(M) of C*-function-germs on M at a point p is a
C*°-ring, which has the unique mazimal ideal m, consisting of germs with zero
values at p. We write [f, U], as a C*®-function-germ at p on M by a smooth
function f € C*(U) on an open set U C M.

The set C’I‘?’O(M)/mp’“+1 of k-jets of C*-functions on M at a point p has a
C*®-ring structure.

2.2 The types of C*°-rings

We proved that the set C*°(R") of smooth functions on n-dimensional real
space R” forms a C'"*°-ring in Example 2.3.
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Then we consider C*°-rings which is expressed in terms of C*°(R") and its
ideal I. Then we will classify C'*°-rings as to their ideals.

Definition 2.6 ([6]) Let € be a C*°-ring.

(1) A C*®-rings € is called finitely generated if there exists cy,...,c, € €
such that for all ¢ € € there exists f € C®(R") with ¢ = Q¢(cy,. .., c).

Thus there exists n € N and an ideal I C C*®°(R™) which satisfy that €
is isomorphic to C*(R™)/I as a C*-ring.

Write C>® Rings’ for the full subcategory of finitely generated C*°-rings
in C* Rings.

(2) Let € be a finitely generated C*®-ring and I C C>®(R™) an ideal of
C®(R™) with € = C*(R™)/I. We call € finitely presented if I is a
finitely generated C(R™)-module, i.e., there exists iy, ..., i € C(R™)
such that I = <11, e ’Zk>coo(Rn)‘

Write C* Rings™ for the full subcategory of finitely presented C™-rings

in C* Rings.

(3) An ideal I C C°°(R™) is called fair if I is an ideal of elements f €
C>°(R™) which satisfies m,(f) € m,(I) for any p € R". A C®-ring € is
called fair if it is isomorphic to C*°(R"™)/I, where I is a fair ideal.

Write C*® Rings’ for the full subcategory of fair C*-rings in C* Rings.
(4) For a closed subset X of R", define an ideal mS = {c € C°(R")|0% =
0 on X forall k>0 and |a| < k}.

We call an ideal I C C*(R"™) good if there ezists finite smooth func-
tions f1,..., fr € C®°(R™) and a closed subset X of R™ such that I =

<f17 cey fk)mOXo>Coo(Rn)'

A C*®-ring € is called good if it is isomorphic to C*(R"™)/I, where I is
a good ideal.

Write C*™ Rings9° for the full subcategory of good C*°-rings in C*>* Rings.
(5) Subcategories of C* Rings satisfy

C*Rings’” C C*Rings’ C C*°Rings™ C C®Rings” C C*®Rings.

Definition 2.7 ([6]) Let € be a C*°-ring.



(1) Let € be a C*®-ring and S C € a subset of €. We call a C*®-ring € with
following properties a localization of € at S and write €[S™!] := ¢'.

o There exists a unique morphism m : € — € such that 7(s) is in-
vertible in & for all s € S.

o [f there exists a morphism ¢ : € — © such that ¢(s) is invertible in
D for all s € S, there exists a unique morphism ¢ : € — D such
that ¢ om = ¢, i.e., a following diagram is commutative.

¢c—=¢
N
9

(2) A C*®-ring € is called a C*-local ring if € has a unique mazximal ideal
me which satisfies €/me = R.

Frankly speaking, finitely generated C'*°-rings are C*°-rings which expressed
in terms of smooth functions of R", fair C*°-rings are C*°-rings which expressed
in terms of germs of smooth functions at each R".

Example 2.8 ([6]) We have following examples of the above C'*-rings.

(1) For a finitely generated C*°-ring C*°(R™), an open subset U C R™ and
a smooth function f € C*[R")(U = f~1(R\{0})), we have following

1somorphisms.
Co(U) = C=(R)[fT] = C®R™) /[y f (21, .., 2n) = Dem@nt).

(2) For an R-point x : € — R and a subset S := {c € €|z(c) # 0}, we have
a localization €, := €[S™] with its projection 7, : € — €,.

(8) Let n € C*°(R) be a smooth function with n > 0 on (0,1) and n =0 on
R\(0,1).Then the following ideal is not fair.

1:= {3 gulw)n(z = a)

a€A

The subset of smooth functions f € C*(R) which satisfies [f,R], € m,(I)
for any x € R 1is equals to

T={> gu@miz —a)

a€Z

A CZ is a finite set, and}
9o € C®(R) for alla € AJ”

ga € C°(R) for all a € Z} D 1.

I is not equal to I. Therefore, I is not a fair ideal.

9



From the following theorem, isomorphisms of C'*°-rings hold the property
of fair, good and finitely presented of C'*°-rings.

Theorem 2.9 ([6]) Suppose we have a following isomorphism of C*-rings
C®(R™)/I = C>®(R")/J.

Then C*(R™) /I is fair(resp. good, finitely presented) if and only if C*°(R™)/J
is fair(resp. good, finitely presented).

2.3 Localizations and k-jets

Definition 2.10 ([6]) Let € be a C*-ring.

(1) An R-point of € is defined as a surjective homomorphism p : € — R of
C>-rings (see Definition 2.1 (2), Example 2.2).

(2) Take any R-point p : € — R. We call a C*>*-ring €, the localization
of € at p if €, is a localization of € at p~'(R\{0}) with the projection
homomorphism m, : € — &, in Definition 2.6. The localization €, always
exists for any R-point p : € — R. &, has the unique maximal ideal
m, C €, such that €,/m, is isomorphic to R ([6]).

(8) Let k € {0} UNU {oc}. For any R-point p : € — R, define a natural
homomorphism j¥ : € — &,/m,*" by jF(c) == my(c) + mit! forc e €
(If k = oo, we mean my"* by mp™ = Npewm,”). We call j¥(c) the
k-jet of ¢ at p. Define a homomorphism j* : € — [ r ¢,/mkt as

jk = (jg)p:C—HR-

(4) For any R-point p : € — R, define a homomorphism j7 : € = [ ¢ ;g &
as j9 := (Tp) pe k-

Example 2.11 Let M be a C*-manifold and p € M. Define an R-point
ep: C°(M) = R by e,(f) = f(p) for f € C=(M).

For the R-point e,, the localization (COO(M))G is isomorphic to the C*-
ring C3°(M) of C*°-function-germs at p. Its unique mazimal ideal is given by

me, = {[f,Ul, € G*(M)]|f(p) = 0}.
Remark 2.12 In I. Moerdijk and G.E. Reyes ([9] Definition 4.1), the point

determined C'*°-rings, near-point determined C*°-rings and germ determined
C*>-rings are introduced.

Generalizing them, we define k-jet determined C*-rings by R-points and
their localizations in the next subsection §2.4.

10



2.4 k-jet determined C*°-rings

We will define k-jet determined C*°-rings. They will be used to prove our
Theorem 4.1 and Lemma 4.2.

2.4.1 Point determined C°°-rings

Let A be an index set and €, a C*-ring with an operation ®} : €% — &,(f €
C*(R")) for A € A. Its product € := [],., € is a C*°-ring with operations
Qp: " — Cfor f € C*(R") as

Cr({cihens - {hhen) = {@3(cx, - ) haen

Definition 2.13 Let € be a C*®-ring. € is point determined if it can be
embedded into a power I;c;R of R.

For an ideal I C C*°(R™), we define a zero point set Z(I) as a set of p € R™
which satisfies f(p) =0 for any f € I.

Proposition 2.14 Let € be a C*-ring of the form C*(M)/I, where M is a
manifold. Then € is point determined if and only if for all f € C*(M) f €l
if and only if f|zu) = 0.

We have a following lemma derived from Proposition 3.6 in [9].

Lemma 2.15 Let € be a C*°-ring of the form C*(M)/I, where M is a man-
ifold. Let ¢ : € — R be an R-point map.

Then ¢ is of the form ev, (the evaluation at x, ev,(f) = f(x)) for a unique
point x in the zero set Z(I).

Proof) Suppose that there exists a C*°-homomorphism ¢ : C*°(M) — R
such that ¢ # ev, for any z € M.

There exists a property function p € C*°(M) of M. Define a property C>°-
function p := p — ¢(p). p is a kernel of ¢ and its zero set p~1(0) is a compact
set. For any z € p~1(0) and ¢ # ev,, there exists a smooth function g, € ker ¢
and an open neighborhood U, C M of x € M with g,(y) # 0 for any y € U,.
For the compactness of p~1(0), p~1(0) is covered by finite U,,,...,U,,. Then
g:=p>+ in?:l(LCJQJZ.)2 satisfies that ¢ > 0 on M and ¢(g) = 0. g is invertible in
C*(M). Then 1= ¢(g-1/g) = ¢(g9)#(1/g) = 0.

Suppose that there exists two points z, 2’ € M such that ev,(f) = f(z) and
ev,.(f) = f(z') Assume that x # 2/. Then there exists ¢ € C°°(M) such that

T
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t(x) =1, v(2') = 0. However, it contradicts ¢(z) = ev, (1) = evy(t) = 1(2).
We have x = 2'.
Therefore, there exists a unique point « € M which satisfies ¢ = ev,. W

Proof of Proposition 2.14) Suppose that € is point determined. Take
f e C®(M) with f ¢ I. Then f # 0. Therefore there is an R-point map
¢ : € — R such that ¢(f) # 0. However for some x € Z(I), ¢ = ev, by
Lemma 2.15, so f(x) # 0.

Suppose that a latter condition. Define a morphism ¢ : € — [], . 2 R as
o(f) == {f(x)}zeza)- Then ¢(f) = 0 if and only if f € I for the assumption
of I. Therefore ¢ is an embedding to Il ez )R. [ |

Example 2.16 Let X C M be a subset of a manifold M. Define an ideal
mS = {f € C®°(M)|f|lx = 0}. For any f € m%, we have f71(0) D X.
Therefore we have X C Nypepo f71(0) = Z(m%) = X.

Fiz a smooth function f € C®(M) with f(x) =0 for all x € Z(m%). For
any pointy € X C Z(m%), f(y) = 0. Therefore f € m%.

Proposition 2.17 For any ideal I of C*(M), if I is point determined, then
I is also fair.

For finite smooth functions g1, ..., g, € C*(M), define an ideal (g1, . .., gn)co ()
as a set of smooth functions generated by g¢i,...,g9,. From Lemma 2.18,
C>®(M)/{g1,-- -, Gn)co(m) is a point determined C*-rings for gi,...,g, €
C>°(M) which are independent.

Lemma 2.18 Let M be a manifold. Suppose the smooth functions g1, ..., g, €
C*(M) are independent, i.e. for each smooth zero point x € Z(g1,...,gn),
the linear map (d(g1)z, .-, d(gn)z) : Tu M — R™ is a surjection.

Then <91, . ,gn>coo(M) = m%(gl gn)

.....

Proof) For g1,...,0n, gi(y) =0foranyi=1,...,nandy € Z(g1,...,9n)-
Therefore, we have the inclusion (gy,...,g,) C m%( Do)

~~~~~~

Let us first note that for an arbitrary function h € C*°(M), h € (g1, - - -, gn) (M)
if and only if for each € M there is an open neighborhood U of = such that

hluv € (gilu, -\ gulv) =)

Take h € C(M) with h|z,, 4. =0, and choose x € M.

.....

o Ifx & Z(g1,.-..,9n), gi(x) # 0 for some i. Then trivially there exists

an open neighborhood U at = of M such that ¢;(y) # 0 for any y € U.
Then we have hly = (M—U)gi\U € (gilv, - gulv) ).

gilu
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o If x € Z(g1,...,9n), then by hypothesis g = (g1,...,9,) : M — R" is
a submersion at x. By the local submersion theorem, there exist open
neighborhoods U,V of origins and local coordinates ¢ : R™ > U — M,
v :R" DV — R"(¢(0) = z,1(0) = 0) such that gop = op

U—"—=V

@ P

M—=Rn
for a canonical projection p(xy,...,Tn) = (T1,...,Ty).
We claim that h|sw) € (g1|ew)s - - -+ Inlsw)) o=@y Indeed, replacing h
by ho ¢ = k, it suffices to note that if £ : U — R and k|gxgm-n, then
k € (m,...,m,). But this is just Hadamard’s lemma again: we can write

kE(xy,...,zm) =k(0,...,0,Zpi1,. .., Tm) + invi(xl, ey T)-
i=1

Therefore, we have that there is an open neighborhood U of x such that
hlv € (gilu,s - - gnlu) ey for any o € M and h € (g1, ..., gn)coo(a)- [ |

2.4.2 Weil algebras

Definition 2.19 ([9]) A Weil algebra is a local R-algebra W (a local ring
with an R-algebra structure) which is a finite dimensional R-vector space and
is written as W = R @ m (the first component is the R-algebra structure and
the second is the maximal ideal in W ).

For a k-jet determined finitely generated C*°-ring C*°(R™)/I, its localiza-
tion C°(R™) /I, at x € Z(I) is a finitely generated R-algebra.

Example 2.20 ([9]) Letk € {0}UN, n € N and m C C§°(R") be the mazimal
ideal of C§°(R™).
The ring
i = O ()

is called the ring of jets of order k (in n-variables), or the ring of
k-jets. This J* is a Weil algebra for any k.

Lemma 2.21 ([9]) Let W be a Weil algebra with a mazimal ideal m C W
which satisfies W = R @ m. Then m* = 0 for some k € N.

13



The converse of Lemma 2.21 does not hold in general, i.e. there exists
a local R-algebra which is an infinite dimensional R-vector space and has a

maximal ideal m with m* = 0 for some k € N.

Example 2.22 Let W be a formal algebra Rlx;|i € N| = lim; oo R[xq, ..., 2],
and an ideal I = (x¥|i € N)g = lim; oo (a%, 25 ... 28)g of W for k € N.

The quotient R-algebra

B:=W/I = lim Rzy,...,z;)/{z}, 25 .. 2F)p
1—00
1s a local R-algebra with a unique maximal ideal
m= hm <(L’1, ce 7l’i>R/<l’lf7[L’§7 te 7x§>R
11— 00

which satisfies m* = 0.

However B is the infinite dimensional R-vector space.

From several results in [9], we have following results for an R-algebra
Ce(R™)/I.

Lemma 2.23 ([9]) Let W be a Weil algebra. Then W is isomorphic to a ring
CP(R™)/I for some ideal I C C§°(R™) and W is finite dimensional as a real
vector space.

Proof) A Weil algebra W turns out to be isomorphic to a ring C§°(R™)/1
for some ideal I C C§°(R™) from Theorem 3.17 of [9].
Moreover W is finite dimensional as a real vector space from Corollary 3.18

of [9]. |

Moreover, homomorphisms of Weil algebras are homomorphisms of C*°-
rings.

Lemma 2.24 ([9]) Let W be a Weil algebra and € a C*°-ring.
Suppose that ¢ : W — € (resp. ¢ : € — W) is a homomorphism of
R-algebras. Then ¢ (resp. ) is a homomorphism of C*-rings.

Proof) The homomorphism ¢ : W — € of R-algebras turns out to be a
homomorphism of C*°-rings from Corollary 3.19 of [9].

The homomorphism v : € — W of R-algebras turns out to be a homomor-
phism of C*°-rings from Proposition 3.20 of [9]. |

From Lemma 2.23 and 2.24, we can regard Weil algebras as C'*°-rings.
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2.4.3 Weakly nilpotent local R-algebras

Definition 2.25 An R-algebra W 1is called a weakly nilpotent local R-
algebra if W has a unique mazimal ideal m C W and any y € m is a
nilpotent element of W, i.e. y* =0 for some k € N.

Example 2.26 Let W be a formal algebra Rlz;|i € N| = lim; o R[xq, ..., 2]
Let I be an ideal defined by (xili € N)g = limy o0 (z1,23 ..., 2R of W.
The quotient R-algebra

B:=W/I = lim Rzy,...,z]/{x1,25... 2}

1—00 i
1s a weakly nilpotent local R-algebra with a unique mazximal ideal

m = lm (21,...,2)/(v1,75,...,2))5.
1— 00

For any k € N, mF #£ 0.
Proposition 2.27 A Weil algebra is a weakly nilpotent local R-algebra.

Proposition 2.28 Let W is a local R-algebra with a mazimal ideal m C W.
Suppose that the maximal ideal m is generated by finite elements ay,...,a, € m
as the R-algebra.

If W is the weakly nilpotent local algebra, W is also the Weil algebra.

Proof) Clearly W is an R-finite dimension vector space generated by
ai,...,a,,1. There exists iz, € N such that a;* =0 for each k = 1,...,n.

Suppose p = Y ¢;a; € m(cy,...,c, € R). Forany j = 0,1,...,4; + s,
we have j > iy or 41 + 19 — J > 15. Therefore, a{ =0 or a’;“ﬂ' = 0. For
cray + caag € W{(cy, co € R), we have

t1tiz . .
. . 1] + 19 . . L . . L
(01a1 + 02a2)11+12 = E . 61]6211+Z2 Jaljag“m 7 =0.
— J
7=0
For p € m, we have p2s=1% = (. Therefore,
m2r=1t = (),

We have that W is the Weil algebra. [ |

For weakly nilpotent local R-algebras, we regard them as C'*°-rings.
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Corollary 2.29 Let W be a weakly nilpotent local R-algebra. W is a C'*°-ring.

Proof) Suppose that W is finitely generated. Then W is a Weil algebra, and
is also a finitely presented C*°-ring from Lemma 2.23

Suppose that W is arbitrary weakly nilpotent local R-algebra. There exists
an index set {Wy}rea of finitely generated R-subalgebras W) of W with an
ordered set A of A < X. W, is a Weil algebra for each A € A, i.e. a local
C®°-ring. Then W = limycp W), is also a C"*°-ring since the limit of C'*°-rings
exists([9]). |

2.4.4 k-jet determined C'*°-rings

Definition 2.30 ([6]) Let € be a C*°-ring.

For any R-point p : € — R, the localization €, by {s € €|p(s) # 0} always
exists with the unique mazimal ideal m, C €, such that €,/m,, is isomorphic
to R.

Definition 2.31 Let € be a C*™-ring and k € {0} UNU {oo}. € is a k-
jet determined C*-ring if the homomorphism j* : € — [] o g Cp/mpt"
defined in Definition 2.10 (3) is injective. Especially, a 0-jet determined C'*-
ring is a point determined C*°-ring introduced in [9].

¢ is near-point determined if the homomorphism 79 : € — HYMHR <,
defined in Definition 2.10 (3) is injective (At [9], it is called near-point de-
termined ).

Example 2.32 Suppose that M is a C*°-manifold.

(1) C=(M) is a point determined C*-ring.
For any R-point e, : C*(M) — R, j) : C*(M) — C(M)/m, is
identified with e, by the isomorphism C3°(M)/m, = R. Then, the ho-
momorphism j° is identified with e : C®(M) — [[ex R defined by
e(f) = {f(p)}pem, which is clearly injective.

(2) Let I,k € N and 0 <1 < k < co. Then Cg°(M)/m,"" is not an I-jet
determined C*-ring, but a k-jet determined C*-ring.

First, C*(M)/my**" has a unique R-point e, : C°(M)/m,"*" — R
with e,(f +mp"™) = f(p) for any f+ m,"™ € C(M)/m,*. For
any I < k, we have a homomorphism

O (M) fmyt = G (M) ),
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by j5U(f +myF+Y) i= f 4+ m,l*. Then the homomorphism
N 00 00 U+1
Jl : Cp (]\/[)/77”L;IJIC—~_1 — (Cp (M)/mpk+l)/(mp/mpk+l)
is identified with 7' by the isomorphism
0o U+1 00 ’
(Cp (M)/mpkﬂ)/(mp/mpkﬂ) = Cp (M)/mpl i

Forl < k, j¥ is not injective and C3° (M) /m,* ! is not I-jet determined.

G¥F is an identity of C°(M)/myFt, so Co°(M)/mp**! is k-jet deter-
maned.

(3) The C*-ring C*(M) of C*-function-germs on (M,p) is not k-jet de-
termined for any k € {0} UNU {oo}.
Since there exists a nonzero C*-function-germ f € C°(M) such that
f e mitt, the homomorphism j* : C*(M) — C*(M)/mi*" is not
mjective.
From the previous example, we have a following property of k-jet deter-
mined C'*°-rings.

Proposition 2.33 Let € be a C*-ring and k,l € {0} UNU {oo}(k <1).

If € is a k-jet determined C*-ring, then € is also an l-jet determined
C*®-ring.

We write C°Rings®3°*, C*RingsP® for the full subcategory of k-jet de-
termined C'*°-rings and point determined C*°-rings in C*°Rings. Then, we
have a following property.

C*Rings D C*Rings™ ¥ > ...

O C*Rings"*V 7% 5 C*Rings*7** 5 C*Rings!*~ V7

D PN

S C*Rings?7°* 5 C*Rings' ¥ 5 C*Rings’¥° = C*RingsP*

Proof) We have the homomorphism j** : [ .o g €/m,"" = [].cp €/
such that j* = j%! o 4.
il
¢— 1, €, /m,

A p
J .
\ ijk,l

Hp Qp/mpk+1
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If
|

j* is injective, then j' is also injective. Therefore, we have Proposition 2.33.

For the definition of k-jet determined C'*°-rings, point determined C*°-rings

are O-jet determined C'*°-rings.

2

.5 R-derivations and C*°-derivations, R-cotangent mod-
ules and C'*°-cotangent modules

Regarding operations by smooth functions on Euclidean spaces, which contain
the addition, the multiplication and scalar multiplications by real values, we
define two kinds of derivations on a C*°-ring as follows.

Definition 2.34 ([6]) (1) Suppose € is a C*-ring, and M a €-module.

An R-derivation is an R-linear map d : € — M such that
d(01C2) = cod(c1) + c1d(ca) for any c1, ¢y € €. (1)

A C*°-derivation is an R-linear map d : € — I such that

n

d(@(cr,... o)) = _ @5%(@,...,%).61(@) @

foralln e N, f € C*(R"),¢q,...,c, € €.

(2) Let K be R or C*. Let € be a C*®-ring, M a €-module and d : € — M
a K-deriwation. We call a pair (I, d) o K-cotangent module for €
if for any K-derivation d' : € — OV there exists a unique morphism ¢ :
M — M of €-modules such that ¢ od = d'. Then we write (e, de i)
for the K -cotangent module for €.

(8) Let K beR or C*. Let ¢ : € — ® be a homomorphism of C*°-rings. For
the uniqueness of K-cotangent modules, there exists a unique morphism
Qi Qe x — Qo x of €-modules with

Cl@’KOQS:Q(z)’KOd@’K Z@—)Q@J(. (3)

We construct an R-cotangent module and a C'*°-cotangent module for €

respectively. Let §¢ be a free €-module generated by d(c)(c € €). Define
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elements of §¢ as

Sume(c, ) :=d(c+ ') —d(c) — d(
Prodg(c,c) :=d(c- ) —cd(d) —

Funce(f,c1,...,cm) =d(®s(cr, ... cm)) — i P os (c1y. .. em)d(ci) (4)
for any m € {0} UN,¢,c,c1,...,cn € €, f € C®(R™)
and ¢-submodules of §¢ as
Me g := (Sume(c,d), Prode(c, ), d(rle)|c,¢ € €, r € R), and

Sume(c, )
o me {0}UN,¢,d,cq,...,¢cp €C, (5)
Me oo 1= <Fun0¢(f,cl,...,cm), {]‘}GC“(RW)ITER > )

’ ¢

d(Tl@)

Let K = R,C*. Define a €-module Q¢ i by Fe/Me x and a K-derivation
dQK C— QQK of € as dQK(C) = d(C) + ‘JDT@,K.

For any K-derivation V : € — 91, we can define a homomorphism ¢ :
Qe g — M of C-modules as ¢(d(c) +Me k) := V(c). ¢ satisfies that pode x =
V. Suppose that there exists another homomorphism ¢’ : Q¢ x — 9 of
¢-modules which satisfies ¢' o dg x = V. Since ¢(d(c) + Mex) = V(c) =
¢ (d(c) + Me k) for any ¢ € €, we have ¢ = ¢'. Therefore, ¢ is a unique
homomorphism which satisfies ¢ o de x = V.

Espencially for another K-cotangent module (9, d’) of €, there exists a
unique homomorphism ¢ : Q¢ x — M’ of € which satisfies that ¢ o de x = d'.
For the property of the K-cotangent module (9, d’) of €, there exists a unique
homomorphism ¢ : M — Q¢ ¢ of € which satisfies that ¢ o d’ = dg¢ . Then,
poypod =d and Yogodex = der. ¢op =idy and ¥ o ¢ = idg, , from
the properties of M’ and Q¢ jr. Then M is isomorphic to Q¢ x as €-modules.

Therefore for any C*-ring €, there exists a K-cotangent module (Q¢ x, de i)
of € which is unique up to isomorphisms of €-modules.

Proposition 2.35 Let € be a C*°-ring and Fe a free €-module generated by
d(c)(c € €). For €-submodules M g and M o, we have following properties.

(1) SDTQR C mgcoo .

(2) If Mer = Me o, an R-cotangent module is a C-cotangent module,
i.e. Qer = Fe/Mer is isomorphic to Qe oo 1= Fe/Mecoe and der is
commutative to de coo.
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(3) Mer = Me o if and only if any R-derivation d : € — I become a
C*°-derivation.

Proof)

(1) Take the C*-map f(z1,22) = x1 - 2. Then Prodg(ci,c2) = d(cic) —
cod(cy)—crd(ce) = d(CIDf(cl, 02))—2521 q)%(cl, c2)d(c;) = Funce(f, c1,c2).
Therefore, E)ﬁmg C &nqjcoo. '

(2) Trivially.

(3) Take any €-module 9t and R-derivation V' : € — 9. There exists a
unique homomorphism ¢gy : Q¢ g — M such that V' = ¢op o dg.
For the assumption of Mg oo = Me R, dr is a C>-derivation.
Therefore, V' = ¢gp 0 dg g is a C°°-derivation.

By Definition 2.34, we have that any C'*°-derivation is an R-derivation.

Example 2.36 Let M be a C*°-manifold and T'(T*M) the set of C*-sections
to the cotangent bundle T*M on M.

(1) For any f € C>(M), define a C*-section df : M — T*M by df (v) :=
o(f) for anyx € M and v € T, M.
Define an R-linear mapping d : C*(M) — I'(T*M) by d(f) := df for
any f € C°(M). This R-mapping d is the C*-derivation.

(2) Let V : M — TM be a C*®-vector field of M as V, is a tangent vector
at a point x on M.

Define V(f) € C>(M) by (V(f))(z) := Vi(f) regarding the tangent
vector V,, as a differential C*°(M) — R at x. We regard V : C*(M) —
C*(M) as an R-derivation. Then V turns out to be a C*°-derivation.

Remark 2.37 From the definition of C'*°-rings and derivations in Definition
2.1 and Definition 2.34, we can define analytic rings and Nash rings, and
analytic derivations and Nash derivations by using analytic functions and Nash
functions.

(1) An analytic ring (resp. a Nash ring) is a set 2 which is endowed with
the following data,
for any | € {0} UN and any analytic-function (resp. Nash function)
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f:RC =S R (ifl =0, fis a constant value ¢ € R), there are given an
operation Wy : A — A (if | = 0, an operation U, is a constant on A)
such that
o for any k € {0} UN, analytic-maps (resp. Nash-maps) g : R¥ — R
and f; :R' = R(i=1,...,k), and c1,--+ ,¢c; € L,

‘Ifg<‘Iff1<Cl, Ce ,CZ), ce ,\Iffk(cl, e ,Cl)) = \Ijgo(fl ,,,, fk)(Cl, e ,Cl) and

e for all projections m; : RY — R defined as m;(x1,...,7;) = x;(i =
L--- 1) and cp,...,c €2,

U, (cry.. ) =q.

(2) An analytic-derivation (resp. a Nash-derivation) is an R-linear map

d: 2 — IMN such that

d(\ljf<cla s 7cn)) = Z\I}%(Cla R 7Cn) ’ d(CZ)
i=1 !

for any c1,...,¢c, € A and an analytic function (resp. a Nash function)
f:R" = R.

2.6 Derivations to R of a finitely generated C'*°-ring

For an open neighborhood of p € M, a tangent space at p of U is equal to
those of M. We can define tangent spaces of manifolds locally.
We will prove that tangent bundles of C'*°-rings

2.6.1 Local Property

Suppose U is an open subset of R™ and I an ideal of C*°(R™). Define x(U) as
a set of R-derivations C*(U) — C*>(U).
Define an ideal Iy of C*(U) and a zero point set Z(Iyy) of Iy as

Iy == ({f € C*>°(U)|There exists g € I such that f = g|y.}). (6)

Its zero point set Z(Iy) is equal to Z(1)NU.
For p € Iy, define its Zariski tangent space and logarithmic tangent space
as

T,Z(1y) :=={v € T,R"|v : C*(U)/Iy — R is an R-derivation at p},

There exists X € x(U) } (7)

l o n
TpZ(IU> = {v € TR such that X (Iyy) C Iy and X(p) =v.J"
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Remark 2.38 {f € C(U)|There exists g € I such that f = g|y.} need not
to be an ideal.
Suppose U = R\{0} and I := (x). Define f € C*(U) such that

xf is not a restriction of a smooth function C*(R).
So restrictions of ideals of C*(R™) needs not to be ideals.

Like T,,Z(I), T,Z(Iy) is a finitely generated R-module.

Theorem 2.39 For any v € T,Z(Iy), v= Y1 v(z; + I) (5> )p-

2.6.2 The case of Zariski type

Lemma 2.40 Let I C C*°(R™) be an ideal and p a point of Z(I). Take an
open neighborhood U C R™ at p.

(1) For any v € T,Z(I), there exists a unique ¢(v) € T,Z(Iyy) such that
v(f+1) = oW)(fluv + Iu) for any f € C(R"). (8)

(2) For any w € T,Z(Iy), there exists a unique (w) € T,Z(I) such that
w(flu + Iv) = Y(w)(f + 1) for any f € C=(R"). (9)

Proof)
(1) fv; :=v(x;+I) € Rfori =1,...,n, then v = Y "', vi(a%i)p. As
v e T,Z(I), Y, vi%"if (p) = 0 for any g € I. Then define ¢(v) :
C®(U) /Iy — R as ¢(v)(f + Iy) := S, vi 2L (p) with well-definedness.

dz;
Suppose that ¢(v),¢'(v) € T,Z(Iy) satisfies (8). For each projection
x; € C®(R"™), ¢(v)(zi|lv + Iy) = v(z; + I) = ¢(v)(z;|y + Iy). Therefore,

o) = 3 oo + 1) ().

(2

= Z ¢/ (v) (zilv + Iv) (ai)p =¢/(v).
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(2) From Theorem 2.39, we can write w = > | w(z;|v + Iv)(32), for w €

T,Z(Iy). Then define w' := >  w(z;|v + ]U)(%)p. For all g € I, we
have w(g|y + Iy) = 0.

Then define ¢ (w) : C°(R")/I = R as (w)(f + I) := w(f|y + Iy) with
well-definedness. For the definition of w and ¢ (w),

V) +1) = 3 wlal + o)L

= Zw(xilu + IU)agaLw (p) =w(f|lv+ Iv)

(p)

for any f € C°(R™). Therefore ¢(w) € T,Z(I) satisfies (9). We have
(w) for w.

Suppose that ¢ (w),’'(w) € T,Z(I) satisfies (9). For all f € C>*(R"),

V) + 1) = S (00 @+ D) = S wloils + 1) 5 (0)
= Y (@) @i+ D) = )+ 1)
therefore, we obtain 1 (w) = ¢'(w). |

We have a morphism ¢ : 1,Z(1) — T,Z(1y). ¢ : T,Z(Iy) — T,Z(I) is an
inverse of ¢. Therefore we have a following theorem.

Theorem 2.41 We have an isomorphism ¢ : T,Z (1) — T,Z(1y).

2.6.3 The case of logarithmic type

Lemma 2.42 Let I C C*°(R") be an ideal and p a point of Z(I). Take an
open neighborhood U C R™ of p.

(1) For any vector field X € x(R™) with X (I) C I, there exists a vector field
Y € x(U) such that

Y(flv) = X(Nlo for any f e C=(R"),

Y(Iy) C Ip. (10)
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(2) For any vector field Y € x(U) with Y (Iy) C Iy, there exists a vector
field X € x(R™) and an open neighborhood V-C U of p such that

X(Plv =Y (flo)lv for any f € C*(R"),

X(I)cl. (11)

Proof)
(1) Define Y € x(U) as Y := X|p.
e Take f € C*°(R"). For any x € U, Y(f|v)(z) = X(f)(z).
Then we have Y (h|y) = X(f)|v.

e Takeg € I. Y(g|lv)(x) = X(g)(x) for any z € U. We have Y (g|y) €
Iy for any g € I. Then we have Y (Iy) C Iy.

Therefore Y = X|i satisfies (10).

(2) For open sets V' C U C R", there exists an open _neighborhood W' of
p and a smooth function n € C*°(R") such that V¢ W Cc W C U,
0 <n(z) <1 for any x € R" and

1 (x V)
) = {0 (z € RMU) (12)
Define X as
_Jn@)Y(z) (zeU)
X(z) := {0 (x € RND) (13)

From the definition of 1, X is a smooth vector section on R".
e Take f € C*(R"). For any x € V,
Y(flo)(@) = (@)Y (flo)(x) = X(f)(@). (14)
Then Y(flv)lv = X()lv

e For any h € I, we have

[y (@) (@ ev)
X (b)) = {O A ()

About Y (h|y) € C>(U), there exists ¢gi,...,g9x € I such that
Y(hlp) = Zf:l cigilu-
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For ¢; € C*(U), define
: (16)

Then we have X (k) = S5 | ég..

Theorem 2.43 We have an isomorphism ¢' : T'Z(I) — T} Z(1y).

Proof) For v = X, € T} Z(I)(X : C*(R") = C*(R"), X(I) C I), define
¢(v) € T} Z(Iy) as ¢p(v) =Y, by Y : C®(U) — C*°(U) which satisfies Lemma
2.42 (1). The definition of ¢ : T)Z(I) — T}Z(Iy) is well-defined and ¢ is a
homomorphism of R-vector spaces.

For w =Y, € T}Z(Iy)(Y : C™(U) = C*(U), Y(Iy) C Iyy), define ¢ (w) €
TIZ(I) as (w) = X, by X : C*(R") — C*°(R") which satisfies Lemma 2.42
(2) for an open subset V' C U. The definition of ¢ : T'Z(Iy) — T}Z(I) is
well-defined and ) is a homomorphism of R-vector spaces.

For v = X, € T}Z(I), ¢(¢(v)) = X by X' : C®(R") — C*(R") which
satisfies X'(¢)lv = Y(g|lv)|v = X(g)|v for any g € C°(R™) and X'(I) C I.
Then X, = X and ¢ o ¢ = idriz(1).-

For w =Y, € T} Z(Iy), ¢(v(w)) = Y] by Y' : C>°(U) — C>*(U) which
satisfies Y'(f|v)|lv = X(f)|lv = Y(f|v)|v for any f € C*(R") and Y'(Iy) C
IU. Then Y;) = YZ and (b o '(ﬁ = idTIl?Z(IU)'

Therefore, we have an isomorphism ' : T.Z(I) — T.Z(Iy). |

2.7 Localizations of derivations

First, we want to check the well-definedness of localizations of derivations.

Lemma 2.44 Let € be a C*°-ring and S C € a subset of € with a lozalization
7:€— €[S, Let K be R or C™.

(1) (Qri)s @ Qe Qe €[ST'] = Qeis-1,x 15 an isomorphism of €[S~
modules.

(2) For any K-derivation V : € — I, there exists a unique K-derivation
V' €[S = M@ €[S such that V'(m(c)) = V(c) @ legg-1y.
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(3) Qi)' o des—11x © €S = Qeps—11,x Q¢ €[S7Y is a K-cotangent
module.

Proof)

(1) For the case of K =R, ({2; ). is the isomorphism for Proposition 8.2A.
in [4].

For the case of K = C*, we prove that ({2 ce). is the isomorphism.
For a singleton S = {s}, (€2 ¢~ ). is the isomorphism from Proposition
5.14. in [6]. For a finite set S = {s1,...,s,}, we have €[S™!] = €[{s; -
N

For a general subset S C €, we have a directed set A of A\ which satisfies
€[S ] is a localization of a finite set of Sy C S with a homomorphism
€ = €SP (Qrse)s : Qe Re €[Sy — Q¢15:1),x 18 an isomorphism
for any A.

Taking directed limits, we have Q¢ g ®¢ €[S = limy Q¢ x Q¢ C[S;l] =
lim)\ Q@[S;H,K = qu—l]’K.

(2) Suppose that V' = dex. Define dy o := (Qrx)." 0 des—1),x- Then
dg i (m(c)) = de k() @ Lgis—1y-
Suppose that V : € — 9 is a K-derivation. There exists a €&-homomorphism
¢ : Qe — M such that V = ¢pode k. Define V' := (¢ @e¢ legg-11) 0 dg -
V' is a €[S~!]-homomorphism and V'(7(c)) = (¢ ®¢ leis-1))(de,x () ¢
1@[5&1]) = V(C) Qe 1@[571].

(3) From (1) and (2), we have proved that (Q x);"' o deg-11x : €[S —
Qejs-1),x Qe €[S71] is a K-cotangent module of €[S!].

For a K-derivation V : € — 91, define a localization V[S‘l] : Q[S—l] -
O[S~ of S, which satisfies V[S™ omg =V @ leis-1.

2.8 k-differential forms of a C"*°-ring

We define exterior derivations of C'*°-rings in this section.
As same as §2.5, define free €-modules and its elements.

Definition 2.45 Let € be a C*°-ring with its cotangent bundles (¢ g, der)
cmd (QG,CC’% dQCoo).

26



For k € N, define g% = ((c1,...,c)|c; € €(i = 1,...,k))e and write its
¢

element (cy ..., cx) and (co, ..., Cjo1,Ciq1, .-, Ck) as (G)imy and (¢;)f_g .z, for
7 =0,1,...,k. Define its elements as
Alt(o; (ci)izy) = (ci)izy = sgno(Cati) )iz (17)
Sume(co; (¢i)i—y) = (co+ c1, o en) — () imgin — (ci)imy,  (18)
Scag(X; (c)5)) := (Ner, ca, .o cn) — Mele)r (19)
Prode(co; (¢i)i—y) = (coc1, €2, -, ) — co(ci)iey — e1(ci)igizr, (20)
FUTLCQ(f7 (Cg)zﬁ;l: (Cj)f;ll) = (q)f((cg);nil)? C1, .- 7Ck—1) (21)
> B (D) (ers k)
i=1 ‘
(c1y. .. e,y .o, € EXNER, o is a permutation of the set {1,2,... k}.)

Define Mg i as a C-submodule of g generated by (17), (18), (19), (20).
Define Dﬁécw as a €-submodule of F& generated by (17), (18), (19), (21).

From this property, we define exterior derivations by following mappings.

Proposition 2.46 Define a mapping d* : & — Fat! as d* (c‘ (c1, ... ,ck)) =
(¢,e1,.. . cx). Then d"(OME ) C Qﬁ]g}{l for K =R, C>.

Proof) For ¢ - Alt(o; (¢;)l-,) € Mg k.

d (co Alt(o; (c;)E 1))

= (cim1)i2 — sgno(cqy-1)i2]
D = sgnT(cry—1)i

= (ci-
= Alt(; (ci)izy)-
(r(1):=1,7(i) =0 —1)+1(Vi=2,...,k+1).)

For ¢ - Sume(co; (Ci)le) S Emlé,K’

d* (c-Sume(co; (¢i)iy)) + MR

=(c,co+ 1,¢0, ... ) — (C,Co,Coy oy k) — (CyC1,Cop vy CE) —i—i)ﬁk*l
= —(co+c1,6,¢9,...,0) + (o, c, 02,...,ck)+(01,0,02,...,ck)+§mlg;§
= —Sume(co; (c1,¢,¢2,. .., k) —i—i)ﬁkﬂ

(0(0) :==1,0(1) =0,0(i) = z'(‘v’z =2,...,k).)
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For ¢+ Scag(\; (c;)k ) € fmc K

d*(c-Scae(; (¢)y)) +£m’“+1
= (¢, Acr, 0o, a) — (A enyca, o) + MY
= (Aey, 6,09, ) — Mle(e e, 00,000y 0k) + fmlé}l
= Scae(\; (ci)izy) + M-
(0(0) :==1,0(1) =0,0() =i(Vi =2,...,k).)

For ¢ - Funce(f, ()™, (cj)k b e mk .o

de- Funce(£, ()1 ()}2D) + M = (e Rr((Ei)scrrer - enm)

_Z Z ),Cl,Cl,...,Ck,1)+mléjrcvloo
= — ((bf((c;)lzl 77777 m), C,Cpy. .. 7Ck:—1) — Z{C(@%((Ci)m )’ C“ Cly... ,Ck_1>
=1
+ (I)aaf ((c;):’il)(ca Gy C1, - 7Ck—1)} + mlé%loo
== (q)f((C;)zll)? CCly-ee 7Ck*1) - Z{C((I)%((C;)m )7 Cza C1y .- :ckfl)
i=1

m
E k+1
— C- ((I) af z ,Cl,Cl,...,Ckfl) +m¢’0w.

(22)
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For " 1((I> o ((d)my), chyeqy ... ,ck_l) —|—9ﬁ]grcloo,

m

Z<<I>% (). cher,y . ,ck_l) + Smlé‘;}w
i=1 !
_ZZQD o2 () 1)(cj,cl,cl,...,ck,1)—i—i)ﬁ'éfcloo
i—1 j—1 oz, Bz
(23)
Z {® o2 Cz)l 1)
Bz 0z
1<i<j<m %]
— (I)aazaf ((cl);il)}(cj, CiyCly - ,ck_l) + ?Jﬁ]ggoo
;0
=0 + Mgl
Then we have d*(c - Funce(f, ()™, (¢;)=1)) = 0. We can prove d*(c

Prode(cc1,¢o,...,¢1)) € imlag by f(x1,x2) := 1 - x2 in equation (22) and
(23).

Therefore, we have d*(9§ ;) C Sﬁ’é}l for k=0,1,2,... and K = R, C*.
|

From Proposition 2.46, we can define differential forms of C'*°-rings as
follows.

Definition 2.47 For k = 0,1,2,... and K = R,C*, define a €-module
/\kQQK as

¢ (k=0)
N'Qe i = § Qe (k=1) (24)
3@/932]@1( (k>1)
and its element cdey A -+ Ndeg := c(eq, ... cx) + E)ﬁng We can define d’é’K

ANeQe e — NT1Qe e as d’é}K(cdcl A -+ Ndeg) = lede Ndey N -+ Ndeyg for
k=1,2,... and dg i (c) := lede for k= 0.

Proposition 2.48 (1) The wedge product is skew-symmetric, i.e., for any
1, .- 06 € € and any permutation o of {1,...,k},

dei A ... Ndcy = sgnodcyy A ... A\ dcq. (25)
(2) The wedge products is multi-R-linear, i.e., foranyi =1,...,k, ¢, c1,..., ¢, €
¢ and \, N € R,

dey Ao Nd(De; + N NN dey,

26
=Xy AL Ade Ao Nde + Ndey AL NN LN dey,. (26)
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Moreover for any ci,...,c, € € and fi, ..., fr € C°(R¥), we have

k
N d (D5 (c)5,) = det [CD%(CZ)L] Cde A Ade.(27)

(3)

I
dg coe (Pp(ci)imydci AL NdCL) = Z @g(ci)ézldci/\dc’l A...ANdc. (28)

i=1
(4) {dg k332, is coboundary operator, i.e.,

iyt o dg i = 0. (29)

2.9 Limits and colimits of C*-rings

In [9], we have following properties about limits and colimits of C'*°-rings.

(1) Inverse limits of C*°-rings are computed as inverse limits of their under-
lying sets.

(2) Directed colimits of C'**°-rings are computed as colimits of their underly-
ing sets.

In this section, we compute finite colimits, inverse limits and directed colimits
of C'*°-rings.
2.9.1 Finite colimits of C*°-rings
For the following theorem, finitely presented C*°-rings can be formed as pushouts.
Theorem 2.49 ([6]) A C*-ring € is finitely presented if and only if € is a
pushout of the following diagram with n,k € N and morphisms C°°(R¥) L
CoR") 5 €.

Co R 2> R

wi lmu@
C( ¢

From the following example, the category C*°Rings is closed under pushouts.

RF) £
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Example 2.50 ([6]) For C*°-rings € and ©, there exists morphisms pe :
R — €, pp: R — D with an initial object R.

Then there exists a unique C®-ring €D and unique morphisms ig : € —
CRD, ip : D — CRD such that;

(1) i@OpQZiQ o Py, CLTLd

(2) if there exists morphisms ¢g : € — €, ¢p : D — € with pgope = PpoPo,
there exists a unique morphism ¢e@pp : CRD — E which satisfies a
following equation.

Pe = PeRpp 0 le, Pp = Ppe@pp 0 in.

We call €2® a coproduct of € and D.

We don’t have to suppose that there exists morphism pe,po as R is an
mitial object of C*°Rings.

As for the supposion of C®-rings €, D, there exists a C*®-ring €D and
morphisms i¢ 1 € = CRD, ip : D — CRD such that they are unique up to
1somorphisms.

Then we will write a pushout of C'*°-rings under finitely gerenated.

Example 2.51 ([6]) By finitely generated C*°-rings €, D, & and morphisms
a:C =9, 6:C— € of C®-rings, define a pushout § := @Ha7¢75€ such
that a following diagram is commutative.

—C (30)

For finitely generated C'*°-rings €, 2, €, there exists natural numbers [,m,n €
N and ideals I € C*®(RY),J C C*(R™), K C C>®(R") such that three following
sequences are ezact.

0= T C®RHSe—0,
O—>J<—>C°°(Rm)i>®—>0,
0= K< C°R") S ¢ 0.
Suppose that C=(R?!) (resp. C>°(R™), C*>°(R™)) is generated by {x1, ..., x;} (resp.
{y1, - ym}, {z1,--.,22}). We can make generators ¢(xy),...,0(x;) of €

31



by generators x1,...,x,.For a(d(z;)) € D and B(¢(z;)) € €@ = 1,...,1),
there exists f; € C*°(R™) and g; € C*°(R") such that a(¢(x;)) = ¥(f;) and
ﬁ(¢($z)) = x(9i)-

Suppose that C(R™*™) is generated by {wi, ..., Wy, Wity Winan}-
Define an ideal L, a C*-ring §', and a morphism & as

d(wy, ..., wy), de JcC C®Rm)
ec K C C’OO(R")> ,
O (mmn)

i=1,...,1

L:= < e(wm—‘rlv . 7wm+n)>
fi(wla s >wm) - gi(wm—i-la oo 7wm+n)
§ = C®°R™™) /L, & : C®R™™) — F.
We can define following morphisms ' : © — § and ' : € — § as

V(S(F o)) ) = s wm) + L
5’(X(g(21, o zn))> = g(Wmtty- -y Wingn) + L

with well-defined by am ideal L and kernels of ¢,1).
And for each generator x; € C=(R!), it satisfies

6/ o B(¢(IZ)) = 5/ o X(gi(ZI; <o 7'2“)) = gi(wm+17 oo 7wm+n) + L
= fi<w17 S 7wm) + L= ,y/ © ¢(fl<y17 <o 7ym>) = 7/ © Oz((b(.Iﬁ))
Then the diagram (30) is commutative, i.e. §' o f =" o a.

So there exists a unique morphism i’ : § — §F with & =i 0,y =1 o~.
The morphism i’ satisfies

i'('y o @/)(,%)) =w; + L, i’(é o X(Zj)) = Wpqj + L.

Therefore we have proved that § is isomorphic to a finitely generated C*°-ring
C°(R™™) /L with a following ideal L.

ec K C C*[R")

dEJCC’OO(Rm)>
i=1,...,1

d(wb '7wm)7
L= < e(wm+17 e 7wm+n)7
fi(wlv o me) - gi(wm+17 s 7wm+n)

Therefore we can write pushouts of fintiely generated C'*°-rings concretely,
and we have a following property of pushouts of fintiely generated C'*°-rings.

Proposition 2.52 ([6]) The full subcategories C* Rings™, C* Rings™, C* Rings?°
are closed under pushouts and all finite colimits in C>* Rings.

The above property is not held for fair C'"*°-rings. Its counterexample exists
in Example 2.29 in [6].
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2.9.2 Inverse limits of C*°-rings

Theorem 2.53 ([9]) Let I be an ordered set and {€;}icr a set of C®-rings
with C*°-homomorphisms u;; = & — & for any i < j. Fori < j < k,
Uik, = Uk © Ui on €.

There exists an inverse limit € of {€;} and a homomorphism p; : € — €,
of C*-rings such that;

(1) w;j o p; = p; for any i < j, and

(2) if there exists a C*®-ring € and a homomorphism ¢; : € — & of
C*-rings with u;j o ¢; = q; for any v < j, there exists a unique C*-
homomorphism q : € — € which satisfies ¢; = p; o q for any i.

dlq

¢ —c (31)

N g5

¢, —>¢;

Proof) [The existence of an inverse limit] Define a C*-ring € as

¢ = {(Ci)ieI € HQ

el

u;j(c;) = ¢; for any i < j}. (32)

This € is an inverse limit of €;. Define C*°-homomorphisms p; : € — &; as
pz((cz)z) = ¢;. Then u;; o p; = p; for any i < j.

[The uniqueness of an inverse limit| Suppose that there exists a C'*°-
ring ® and C*°-homomorphisms ¢; : ® — €; such that u;; o ¢; = ¢; for any
i < j. Define a C*°-homomorphism ¢ : ® — € as ¢(d) = (%(d))z q is
well-defined by w;; 0 ¢; = ¢;. Then ¢; = p; oq.

If there exists another C'*°-homomorphism ¢’ = (¢}); : © — € which satis-
fies ¢; = p; o ¢ for any i, then ¢/(d) = pi(¢'(d)) = ¢:(d) = pi(q(d)) = g¢;(d) for
any d € © and ¢. We have ¢ = (¢); = (¢;)i = q.

¢ is an inverse limit of &;. [ |

2.9.3 Directed colimits of ("°-rings

Theorem 2.54 ([9]) Let {€;}ics be a family of C*°-rings indezed by a directed
set I (i.e. I is an ordered set which satisfies that there exists k > i,j for any
i,j € 1) with C*-homomorphisms u;; : € — €; for any i < j.

There ezists a directed colimit © of {€;} and a homomorphism v; : €; —
D of C*°-rings such that;
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(1) vjou;; =1; for anyi < j, and
(2) if there exists a C*°-ring ®' and a homomorphism p; : € — D' of

C>°-rings with pj o u;; = p; for any i < j, there exists a unique C-
homomorphism p : ® — D" which satisfies p; = p o v; for any i.

Ujj

— ¢ ¢ (33)

i (23
Ly
J1p

D ——

¢
£Y)

Lemma 2.55 Let {€;};cr be a family of C*-rings indexed by a directed set I
with C*°-homomorphisms u;; : €; — &; for any ¢ < j.

Define a relation ~ as a; ~ a; if and only if wix(a;) = u(a;) for some
k >,7. This is equivalence relation of {€;}icr.

~

)

Proof) [Reflexive] Let a € €; be any element of {€;};c;. Then uy(a) =
u;i(a) and a ~ a.

[Symmetric] The symmetric law is trivial. Suppose that a;, € &€, a;, €
¢;, such that a;, ~ a;,. There exists j > 4,1 such that u;, ;(a;,) = wi,;(a;,).
Then we have w;,;(a;,) = u;,j(a;,) and a;, ~ a;,.

[Transivity] Suppose that a;, € €;,, a;, € €;,, a;, € €;, such that a;, ~ a;,
and a;, ~ a;,. There exists j > i1,i2 and k > iy,43 such that u;;(a;,) =
uizj(aiz) and uiQk(aiz) = ui3k(ai3)'

There exists m > j,k. Then we have (@i, ) = Wjm © wiyj(ai,) = Ujy, ©
uizj(alé) = ui2m<ai2) = Ukm © ui2k(ai2) = Ugm © uisk(ai?)) = uism(ai3)' We have
that Qi ~ Qg [ |

Proof of Theorem 2.54) Define & as a set of all elements of all &;,
ie. & :=1][;¢ = {c|c € ¢ for some i}. Define an equivalence relation ~ of
S in Lemma 2.55.

Define a C*°-ring © as a quotient set of & by ~, that is, ® := &/ ~. Write
its element [a;] as a;/ ~ for a; € €;. This ® is a C*-ring, that is, for any
f € C=(R"), we define an operation ®; : D" — D as @ ([a;, 1], .., [ai,n]) =
[CD?“ (ui1k<ai1,1>7 . ,uink(ain,n))] for a;,; € &, and k > iy,...,i,. For any i,
define a homomorphism ¢; : €; — © as 1;(a;) = [a;] for any a; € €;. It satisfies
t; = tj o u;; for any ¢ < j from the definition of ©.

Suppose that there exists a C*°-ring ®’ and C'*°-homomorphisms p; : €; —
®' such that p; = p; o u;;. Define a C*°-homomorphism p : ® — D' as
p(la]) = pi(a) for a € €;. It satisfies po1; = p; for any i € I.
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If there exists p' : ® — @’ such that p o 1; = p;, for a € €;, then p([a]) =
poi(a) = pi(a) =p ou(a) = p'(la]). We have proved that the existence and
uniqueness of p.

We have that © and ¢ : €; — D satisfy the condition(33). Therefore, ® is
the directed colimit of €;. |

2.9.4 Limits of localizations

We check the existence of limits of localizations of C'*-rings from [9].

Theorem 2.56 ([9]) Let € be a C*®°-ring and ¢ an element of €.
Then there exists a set A = {&€;} of finitely generated C*-subrings of €
containing ¢ such that €[c™] is isomorphic to lim; €;[c7!].

Lemma 2.57 Let € be a C*-ring and ¢ an element of €. There exists a set
A ={¢&;} of finitely generated C*-subrings of € containing c.

Define a set P, of finite subsets of € which can generate ¢ as

In e {0} UN,3er,... 0, € C }
Cn) [

Pe = {S ={enonl df € C*°(R") such that ¢ = Q¢(cy, ...

Lemma 2.58 For S = {cy,...,¢c,}, S ={c,...,c,} € P., define a relation
S ~ S"if there exists f1,..., fn € C®(R™) and gy, ..., gw € C®(R™) such that
ci=@g(c), .. ) and c; = @y (cr, ... cp) fori=1,....nandj=1,...,n

) “n!

This is the equivalence relation on P,.

Proof) [Reflexive| Suppose that S = {ci,...,¢,} is any element of P..
Define projections 7; : R" — R as m;(x1,...,2,) = x; for i = 1,...,n. Then
¢ =@ (c1,...,cn). We have S ~ S.

[Symmetric] The symmetric law is trivial.

[Transivity] Suppose that S = {c1,...,¢c,}, S = {c},....c,}, S” =
{c],...,cl,} suchthat S ~ S"and §" ~ S”. There exists f1,..., f, € C®°(R"),
G, s G € CXRY), f1,..., f, € C*R") and ¢}, ..., d., € C®°(R") such
that ¢; = ®y,(cy, ..., ), ¢ = Pg(c1,... cn), ¢ = Py (c],... cp) and ¢, =

s Cpr s Cprt

@Q;,(cﬁ,...,c;,) fori=1,....n,j=1,....n/,¢=1,...,nand 7 =1,...,n".
By smooth functions F; := fio (fi,...,fi), Gy == gjwo(g1,.--,9w), ci =
g (cf,... ) and ¢, = ®¢ , (c1, ..., ¢,) We have that S ~ S |

Define g(.S) as the equivalence class of S € P. and G, as the quotient set
of P. by ~. Next, define a C*°-subring €(g) C € for g € G, as a set which is
generated by ¢y, ..., ¢, with g = g({c1,...,cn}).
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Lemma 2.59 (1) This C*-subring €(g) is well-defined.

(2) €(g) is finitely generated.

or any funitely generate -subring €' containing c, there exists g €
3) F fuinitel ted C*°-subring ¢’ taing th st

G, such that € = &(g).

Proof)

(1)

Suppose that S = {c1,...,¢c,} ~ 8" = {d],...,c,}, l.e. there exists
C*>-functions fi,..., fn € C*R™) and g1, ..., gy € C®(R") such that

ci = ®p(cy, ... cy) and ¢ = @y (c1,...,¢,) fori=1,...,nand j =
1,...,n.

For any b = ®¢(ci,...,¢n), b = Ppo(py,. 5)(ch, ... ¢h). Then, a C%-
subring generated by cy,...,c, equals to a C'°°-subring generated by
AyesChy

Therefore, €(g) is well-defined.

Suppose that g = g(S) by S = {¢1, ..., ¢, }. Define a C*°-homomorphism
¢ : C®(R™) = &(g) as ¢(f(z1,...,2,)) == Pg(c1,...,¢,). For the previ-
ous property, ¢ is surjective. Then, €(g) is isomorphic to C*°(R")/Ker¢
and €(g) is finitely generated.

For the definition of @', there exists a C'*°-homomorphism ¢ : C*(R") —
@ such that ¢ is surjective. Define g € G, as g := ¢(5) by S =
{p(x1),...,¢0(x,)}. Then €(g) = p(C*(R™)) = €.

Proof of Lemma 2.57) Define a set A of €(g) for any g € G.. From
Lemma 2.59, A is a set of finitely generated C'*°-subrings of € which containing

C.

Define a set A of €(g) for any g € G.. A is a set of finitely generated
C*-subrings of € which containing c.

Lemma 2.60 A set A of finitely generated C*°-subrings of € containing c is
a directed set.
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Proof) We have to prove that A is a directed set by C.
Take any €;,¢; € A with & C €;. There exists S; = {c},...,c, },S5;
{c1,..., ¢}, }suchthat & = g(S;), €; = g(S5;). Define Sy, := {c1,...,c, ,c{, e ,cibj},

g = g(Sk) and € := &(gy,). Then there exists inclusions €; C € and €; C €.
Therefore, A is a directed set by C. [ |

The proof of Theorem 2.56) From Lemma 2.60, there exists a directed
set A, is generated by finitely generated C'*°-subrings €; C &€ which contains
¢ € € and inclusions u; : €; — € and u;; : €; — €; which satisfies u; = u; o uy;
for any ¢ < j.

By a localization of €; by ¢, we have finitely generated C*°-rings €;[c~!] and
homomorphisms u;[c™!] : €[c™!] — €;[¢7] and homomorphisms m; : € —
€;[c7!] such that

(1) wijlc™) om =m0 uy; on € for any i < j and
(2) mi(c) is invertible in €;[c!] for any 1.

The set of €;[c™!] is a directed set by u;;[¢™'] : €;[c™'] = €;[c™!]. Then there
exists a directed colimit € = lim; €;[c¢"!] and homomorphisms v; : €;[c™!] — €
with v; o uy;[¢™!] = v; for any i < j.

Take any element b = u;(b;) = u;(b;) for b; € €;, b; € €;. For the definitions
of €;,&; C € and inclusions, we have b, = b; and (74 o u,)(b;) = (7 0 w;i,) (b;)
for k >1,7.

|
—~
<
=
o
—~
N
= )
O
g
S
ol
N S N N

bj) = UJ( J(b]))
) for any b = u;(b;) €

)~!) is an invertible

= (vk o (g © wjp,

Therefore, we can define m : € — € as 7(b) := v;(m;(b;)
€(b; € ;). For m(c) = v;(mi(c)), we have that v;(m(
element.

Suppose that 7’ : € — @ is another homomorphism which satisfies that
7'(c) is invertible in ©. For any €' 7’ ow; : € — € — D is a homomor-
phism which satisfies that '(u;(c)) is invertible in ©. Then we have a unique
homomorphism ¢,rqy, : €;[c™!] = D such that 7’ o u; = @rron, 0 ;.

Define a homomorphism ¢g : € — D as ¢o(d) ‘= droy(d;) for d =
’Uz(dl)(dl S €i[0_1]). Then

(¢DO7T) (uz(bz)) = <¢©O(Ui07ﬁ))(bi) = (¢w'oui07ﬂ')(bi) = (Wloui) (bz) = (Uz(bz»

We have ¢p o = 7',
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Suppose that there exists another homomorphism ¢5 : ¢ — © which
satisfies that ¢ o m = 7'. For d = v;(m;(d;))(d; € &;),

P (Uz'(m[c_l](di)» = ¢p(n(d;)) = 7(d;) = ¢o(n(di)) = ¢o (Ui(ﬂi[c_l](di)»-
For d = v; ((m[c](c)) ™),

P (Uz‘ (7?1'(0)_1)> = ¢ <Uz‘ (Wi(c)))
-1 L
= 09 (%(%(@)) = ¢p <vi(7rl-(c)’ ))
We have ¢y = ¢o. Therefore, ¢o is a unique homomorhism which satisfies

ppom=n.
¢’ = lim; €;[c!] is a localization of € at {c}. |

-1
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3 (C*-ringed spaces

3.1 (C*-ringed spaces

A C*-ringed space is a pair of a topological space and a sheaf of C'*°-rings
over it. We consider sheaves with the construction of C'*°-rings.

Definition 3.1 ([6]) (1) A C*-ringed space X := (X,Ox) is a topolog-
tcal space X with a sheaf Ox of C*°-rings on X.

(2) Let X = (X,0x), Y = (Y,0Oy) be C®-ringed spaces. A morphism
= (f, f#) : X — Y of C*-ringed spaces is a continuous map

f: X = Y with a morphism f# : YOy) — Ox of sheaves of C°°-
rings on X.

(8) Write C*°RS for the category of C*-ringed spaces.

(4) Alocal C*-ringed space X = (X, Ox) is a C*®-ringed space for which
a directed colimit Ox , = limys, Ox(U) is a local ring for all x € X.

(5) Write LC*®RS for the full subcategory of C*RS of local C*-ringed
spaces.

We will explain compositions of morphisms between C°-ringed spaces
later.

Example 3.2 (1) For a C*-manifold X, we define the C*-ringed space
(X, Ox) as the topological space X with the sheaf Ox of C*-rings on X
defined as Ox(U) := C>(U) for each open set U C X.

(2) Let f: X — Y be a smooth map between manifolds.

We can define a morphism f# : f~1(Oy) — Ox of sheaves of C*-rings
on X with a morphism f#*(U) : f~YOy)(U) — Ox(U) of C®-rings
defined as f#(U)([c]VDf(U)) := (co f)|u for each open set U C X.

Then we defined a morphism f := (f, 7 X =Y.
Thus the following functor F$; B . Man — C* RS is defined as

Fla:nRS(X) = (X7 OX)v
Fitan > (f: X = Y) = (£, %)t Figan (X) = Figan o (Y).
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3.1.1 Pushouts and pullbacks

Let X and Y be topological spaces. Take f : X — Y as a continuous mapping
of topological spaces.

We can define f# as a morphism f# : f~1(Oy) — Ox of sheaves on X or
a morphism f# : Oy — f*(Ox) of sheaves on Y. However either will do from
[7].

First, we define pushforwards of sheaves on X by f in Definition A.14. of
[7] and pullbacks of sheaves on X by f in Definition A.15. of [7].

Definition 3.3 ([7]) Let X, Y be topological spaces and f : X — Y a con-
tinuous mapping.

(1) Let Ox be a sheaf of C*-rings on X with a restriction pyy : Ox(U) —
Ox (U") for any open subsets U' C U C X.

For an open subset V. C Y, define a C*°-ring f*(Ox)(V) := Ox(f~1(V))
with an operation Wy(cy,...,cn) = Py(cy, ..., ¢,) for any g € C(R™).

For open subsets V! C 'V C Y, define a homomorphism pi,y, : f*(Ox)(V) —
[ (Ox)(V') of C=-rings as pi(c) = py-1(v)p-10v1(c).
Define a sheaf f*(Ox) with a restriction pi,..
(2) Let ¢ : Ox — O% be a morphism of sheaves of C*-rings on X.
For an open subset V- C Y, define f*(¢)(V): f*(Ox)(V) — f*(O%)(V)
as f*(¢)(V)(c) == o(f~1(V))(0).
Define f*(¢) : f*(Ox) — f*(O%) is a homomorphism of sheaves of

C*>-rings on Y .

Definition 3.4 ([7]) Let X, Y be topological spaces and f : X — Y a con-
tinuous mapping.
(1) Let Oy be a sheaf of C*-rings on Y.

For an open subset U C X, define a C*®-ring f~1(Oy)(U) := hmvjf )y Oy (V)

with an operation Wy([er]vis @y, - - - [anlvio @) = [Rg(cr, - )]Vm AVaDf(U)
for any g € C°(R™).

For open subsets U' C U C X, define a morphism plyy : f~1(Oy)(U) —
f7HOy)(U") of C*-rings as p/[/]U’([C]VDf(U)) = [clvorwn-
Define a sheaf f~1(Oy) with a restriction ply.
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(2) Let ¢ : Oy — Of be a morphism of sheaves of C*°-rings on Y .
For an open subset U C X, define f~1(¢)(U) : f~H(Oy)(U) — f~HO4)(U)
as [TH()U)([clvoray) = (V) (©lvsrw)-
Define f~1(¢) : f7H(Oy) — f7HO4) is a morphism of sheaves of C>-
rings on X.

Proposition 3.5 Let X and Y be C*-ringed spaces and f : X — Y a con-
tinuous mapping.

For any open set V C Y, define a morphism W'(V) : Oy (V) — f*(f~1(Oy))(V)
of C*-rings as (V' (V))(c) := [clvsp-1vy). Define a morphism V' : Oy —
F*(f(Oy)) of sheaves on Y.

For any open set U C X, define a morphism ®'(U) : f~(f*(Ox))(U) —
Ox(U) of C*-rings as ®'(U)([ev]vspwy) == pr—ronw(ev). Define a morphism
' : f71(f*(Ox)) = Ox of sheaves on X.

For the above morphisms, we have a following bijection Hom(ffl((’)y), OX) =

Hom(Oy, f* (Ox)) .

Therefore if we have a morphism f# : f_l(Oy) — Oy, we can have a
morphism f# : Oy — f*(Ox). The converse is also true.

Next, we will explain natural isomorphisms about pullback sheaves from
Remark A.16. in [7].

Proposition 3.6 ([7]) We consider continuous mappings f : X — Y, g :
Y — Z of topological spaces.

(1) For a sheaf Oy of C*®-rings on Z, [~ (g7(O0%)) and (go f)~1(Oz) have
a following isomorphism

I14(Oz) : (go ) (Oz)—=f (97 (O2)).

(2) For a sheaf Ox of C*®-rings on X, idx *(Ox) and Ox have a following
1somorphism

5)((0)() : idX_l(OX)%OX.

Then, we define compositions of morphisms between C*°-ringed spaces
from Remark A.16. in [7].

Definition 3.7 ([7]) For morphisms f : X =Y, g:Y = Z (f = (f,[*), g =
(9,9%)) of C*-ringed spaces, define a composition g o f := (gof, f#of~ (g#)o
Iﬁg(OZ))'
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3.2 Spectra

Definition 3.8 ([6]) Let € be a C*°-ring and M a C-module. By a functor
Spec : C*°Rings®® — LC*RS, a C*-ringed space X := Spec€ is

(1) Define a topological space X¢ as followings by C*-ring €.

e Define a set X¢ :={z: € = Rz is an R-point of C.}.

e For each ¢ € €, define a mapping ¢, : Xe — R as c.(z) == x(c). Set
a topology Te of X¢ as a smallest topology such that c, is continuous
for all c € €.

(2) For an open subset U C X¢, define Ox,(U) as a set of functions s : U —
e €o with following properties.
e For each x € U, s(x) € €, is satisfied.
o U is covered by open sets V' for which there exists c,d € € with
z(d) # 0 and 7, (c)m(d)™! = s(z) for allz € V.

(8) Therefore define the following C*-ringed space

Spec€ := (X¢, Ox, ). (34)

The definition of Spec : C*Rings — LC*RS is complex. However we
have following examples.

Example 3.9 ([6]) (1) Let X, Y be C*®-manifolds and ¢ : C*(Y) —
C>*(X) a morphism of C*-rings.

(a) From a proof about real spaces in [9] and the existence of property
functions on manifolds, the map f — f* from points x of X to
R-points x : C*°(X) — R of C*®-rings C>°(X) is a 1-1 correspon-
dence. Then Xceo(xy 15 homeomorphic to the topological space X.
Therefore Spec(C* (X)) = (X, Ox)(Ox(U) := C>*(U)).

(b) Morphisms ¢ : C®(Y) — C*°(X) of C*-rings correspond to smooth
maps f: X — Y of manifolds with ¢(c) = co f for any c € C>(Y).
Then Specod = (f, 7).

(2) For R as a C*-ring, we have SpecR = x.
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Example 3.10 Let ¢ : € — D be a morphism of finitely generated C'*°-rings
with € = C*(R")/I and © = C>*(R™)/J.

Take a smooth mapping f = (f1,..., fa) : R™ — R™ which satisfy ¢(c +
IN=co f+J forall c € C*(R"™). Define f4 = (fd),ff) = Spece : Spec® —
Spec€.

For allz € Z(J) C R™, define fs(x) = xo¢. And fory;+1 € C®(R")(i =

L....n), zo00(y; + 1) =a(f; +J) = fi(x). Therefore fs = f|z0s).
For each x € Z(J), we have local C*°-rings €,y = CF,,(R")/1-CF,, (R™),
D,.(= CX(R™)/J - C2(R™) and a homomorphism

Qﬁx : Qf(x) — 2,

is 02 (9, R"] ) +1 - C0,y(R")) = [go f,R™]; + J - C(R™)).
The morphism f#(U) : Ox,(U) — Ox, (f~H(U)) is

(f7(U)s)(v) = ¢u(s(f(v)))
= o ([9u, R"]pw) + 1 - O (R™)) (35)
= [9s@) o [, R"]y + 1 - CF(R™).

for any s € Ox (U)(s(u) = [gu(2), R"]u + T - C2(R") € C(R")/1- C¢(R")),

3.3 Finite limits of C'"*°-ringed spaces

As for the existence of finite colimits of C'*°-rings and finite limits of topological
spaces, we have a following property.

Proposition 3.11 ([6]) All finite limits exist in the category C*RS.

Proof)We can form finite limits by forming fibre products. Then we have
only to prove that we can form fibre products of C*RS

Suppose that X,Y, Z are C*°-ringed spaces and f : X — Z, g:Y — Z
morphisms of C'*°-ringed spaces. B B

[Topological spaces] For continuous mappings f : X — Z, g: Y — Z
of topological spaces, we can give a fibre product of topological spaces X &
W Y with foryx = gomy as follows.

W= {(z,y) € X xY|f(x) = g(y)},

71-X(l’ay) =z, WY('Ivy) =Y.

[Sheaves of (C°°-rings] For morphisms f# : f~1(Oz) — Ox, g% :
g 1(Oz) — Oy of sheaves of C*-rings, we can give morphisms of sheaves
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on W as

mx (fT) o Ly 1(Oz) : (fomx)™H(Oz) = 7' (Ox),
Ty (g7) 0 Iny y(Oz) : (g o my) " (Oz) — 77! (Oy).

-
Then as for colimits of C°-rings, we can define a colimit of 7' (Ox) = Oy <

5 (Oy) as

) Ow :=mx' (Ox) [ [ 7 (Oy), (36)

7% 7 (Ox) — Ow, W# 1y (Oy) = Ow
with 7% o (13! (f#) © Ly 1 (02)) = 7F o (w3 (9%) © Lny 4 (O2)).
From the above construction, we have fony = gomy.

Suppose that there exists a C*°-ringed space W’ and morphisms of ﬁ :
W — X, ﬂ : W' — Y C*°-ringed spaces WithiOQ:gOﬂ.

e For continuous mappings h = (7, 74 ) : W/ — W of topological spaces,
wx o h =, my o h = is satisfied.

e For morphisms (7% )% : 7 (Ox) — Ow:, (74)% : 7 (Oy) — Owr

and A1 (Ow) = b7l (75" (Ox)) [Th (75" (Oy)), we can define h# :
hil(OW) — OW/ as

W = ()% © I (0x)) [T((m)# © Iy (Oy)). (37)
Thus we had defined W which satisfies the universality. |

Then we have the following property about finite limits of C'*°-ringed
spaces.

Proposition 3.12 ([6]) The full subcategory LC®RS of local C*>-ringed spaces
in C*RS is closed under finite limits in C*RS.

3.4 Definition of C*°-schemes

We define a C*-scheme (resp. an affine C*-scheme) which is locally(resp.
globally )represented by an image of Spec from C*°-rings. And classify C°°-
schemes as to C*°-rings.

Definition 3.13 ([6]) Let X = (X, Ox) be a C*-ringed space.
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(1) A C*°-ringed space X is called affine C'*°-scheme if it is isomorphic to

(2)

(3)

(4)

(5)

Spec€ for some C°-ring €. And the C*°-ringed space X is called finitely
presented (resp. good, fair) if the C*-ring € is finitely generated(resp.
good, fair).

Write C*8Sch, C®Sch?, C*Sch?°, C*Sch/® for the full subcategory
of all, finitely presented, good, fair, C*°-schemes, respectively.

If there exists an open cover {Ux}rea such that Uy is an affine C>-
scheme for each A\, we call X C*°-scheme. Furthermore, if there ex-
ists an open cover {Ux}ren such that U, is an affine finitely pre-
sented (resp. good, fair) C*°-scheme for each A\, we call X locally
finitely presented (locally good, locally fair) C'*°-scheme.

Write C*8Sch, C*Sch?, C*Sch?, C*Sch/® for the full subcategory
of all, locally finitely presented, locally good, locally fair, C*°-schemes,
respectively.

We call a C*®-ringed space X separated (resp. second countable,
compact, paracompact ) if the underlying topological space X is Haus-
dorff(resp. second countable, compact, paracompact).

Define a functor I' : LC* RS — C* Rings® as:
F((X, Ox)) = Ox(X)
for any local C*°-ringed space (X, Ox),
L((f, 7)) == fF(Y): Oy (Y) = [(Ox)(Y) = Ox(X)
for any homomorphism (f, f*) : (X, Ox) — (Y, Oy).

For all C*-ring € and local C*°-ringed space X, there are a functorial
isomorphism Hom e pings(€, (X)) & Homge~grs(X, Spec€).

From Theorem 4.12 and Theorem 4.26 of [6], the following theorems are
proved.

Theorem 3.14 ([6]) The full subcategories AC®Sch?, AC*Sch&°, AC*Schf

and AC™>Sch are closed under all finite limits and fibre product in LC*RS.

Theorem 3.15 ([6]) The full subcategories C*°SchfP, C*°Sch&°, C>*Sch
and C*Sch are closed under all finite limits and fibre product in LCRS.
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3.5 MSpectra

Suppose that € is a C*-ring and (X, Ox) := Spec€ is an affine C'*-scheme.
For any ¢ € €, define ®¢(c) : X — [[,cx € as (Pe(0))(y) == ¢, = my(c) € €,
for any y € X. ®¢(c) is an element of Ox(X). Define ®¢ : € — I'(Spec?) =
Ox(X).

Definition 3.16 ([6]) Suppose that € is a C*-ring and (X, Ox) := Spec€
1s an affine C*°-scheme.

(1) Let M be a €-module.

o We have a €-module Ox(U) by a homomorphism pxy o P : € —
Ox(U) for each U C X, thus we have a tensor M @¢ Ox (U).

e For each open sets V C U C X, define a restriction as
idym @ pry : M @e Ox(U) = M@ Ox (V).
o We can give a presheaf M Q¢ Ox by M R¢ Ox (U),idy & puv -
Then define MSpect as a sheafification of the presheaf M Q¢ Ox.

(2) For a morphism o : M — M’ of €-module, define a morphism MSpec o :
MSpec M — MSpec M’ of sheaves as a following pullback

a Qg Zd@x :fm®¢ OX — M Qe Ox.

(8) From the above, define a following functor of categories

MSpec : €-mod — Ox-mod.

3.6 Locally finite sums on C'*°-ringed spaces

For a C"*°-ring €, we define locally finite sums and a topology of € by a topo-
logical space of Spec €. Its idea is a generalization of an idea about topology
of function space.

Definition 3.17 ([6]) Let € be a C*®-ring and (X,Ox) = Spec€ an affine

C*®-scheme.

(1) Consider a formal expression ) ., ca(Va € A,c, € €). We say that
Y ac4 Ca 15 alocally finite sum if X can be covered by open sets U C X
such that

#{a € A|m,(ca) # O¢, } < 00 for any x € U.
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(2) For a locally finite sum
written ¢ =Y

e Ca> we say that ¢ € € is alimit of Y, cq
¢, if ¢ satisfies

m(c) = Zm(ca) for any z € X.

acA

acA

(8) Suppose the topological space X is locally compact. (This is automatic if
¢ is finitely generated.)

For each element ¢ € € and compact set S C X, define an open neigh-
borhood U. s of c € € as

U, := {c’ € Qf‘m(c’) = m.(c) for all x € S}.
Then we have the topology of € with basis U. g for all ¢ and S.

As for locally finite sums and limits of C'*°-rings, we can say fair C'*°-rings
in a following property.

Proposition 3.18 ([6]) An ideal I C C*(R") is fair if and only if I is closed
under locally finite sums.

Proof) Suppose that I is fair. Take a locally finite sum ) _, c,(Va € A, ¢, €
I) of I. For each point z € R™, there exists an open neighborhood U, C R"
and ¢ € C*°(R") such that for all but finitely many a € A we have m,(c,) =0
for all y € U,, and it satisfies c = ) _, c,.

For each z € R", 7,(I) is an ideal and ) _, 7,(c,) is a finite sum. Then
7z (c) € m(I). Since [ is fair, ¢ isin 1.

Suppose [ is closed under locally finite sums. Take ¢ € C*°(R™) and
suppose that there exists an element ¢, € I with 7, (c) = m,(c,) for each point
x € R". We have an open neighborhood U, of z with ¢|y, = ¢,|v, by the
definition of mapping germs. As {U, },ern is an open cover of R, there exists
an open cover {Up}pep of R™ such that

e the open cover {U, }yep is locally finite,

e there exists a partition of unity {m,}rep C C°°(R"™) subordinate to
{Us}vep, and

e there exists z;, € R" with U, C U,, for each element b € B.

As for the supposition of locally finite sums, we have ), .z mc,, =c€ 1. B

As well as manifolds, we can define supports and partitions of unity of
(C*-schemes.
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Definition 3.19 ([6]) Suppose X = (X, Ox) is a C*-scheme.

(1)

(2)

(3)

We call a formal expression ) ., ca(A : an index set,c, € Ox(X)) a
locally finite sum if there exists an open cover {Uy}xea of X such that

#{a € Alpxu,(ca) # 0} < 00 for all X € A.

Then Y, Ta(ca) is a finite sum for each x € X and it become mean-
ingful.

Furthermore for a locally finite sum ), cq, if there exists ¢ € Ox(X)
such that m.(c) = Y .4 Te(Ca) for each x € X, we call ¢ a limit of

ZaGA Ca-

Take c € Ox(X). As Ox is a sheaf, if there exists open sets V; C X(i €
I) such that pxv;(c) = 0oy vy, pxv(c) = 0oy for V =UV,.
Define the support suppc of ¢ as

suppe == X\ sup{V C X!V is open, pxv(c) = 0}. (38)

For an open cover {U,}aea of X and each a € A, suppose that we have
Na € Ox(X) with suppn, C U,.

{Na}aca is a partition of unity subordinate to {U,}.ca if the fol-
lowing conditions are satisfied.

(a) Y ,cama is a locally finite sum on X,
(b) and Y cyma = 1.

As well as the existence of partition of unity for any open covers of mani-
folds, there exists partitions of unity for any open covers of C'*°-schemes.

Proposition 3.20 ([6]) Suppose that a C*-scheme X is separated, paracom-
pact and locally fair.

For an open cover {U,}aca of X, there exists a partition of unity {na}aca
(Va € A, 1, € Ox (X)) subordinate to the open cover {Uy}aea-.

3.7

Derivations on Ox-modules

Definition 3.21 Let € be a C*®-ring, M a €-module. Let X = (X,0x) =
Spec® and Ex := MSpecM. Take an R-derivation(resp. a C*-derivation)
d: € — M.
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From Lemma 2.44, we can localize d : € — M as d, := d[S;'] : €, —
M Q¢ €, for any v : € — R and a subset S, := = *(R\{0}). For an open
subset U C X, define an R-derivation(resp. a C*-derivation)

d(U) : Ox(U) = M Specm(U) (39)
as d(U)(c) : U = [1,ep M Qe Ox o with (d(U)(c))(x) == dy(c(x)) € M R¢ €,

for any ¢ € Ox(U).

Define M Specd : Ox — Ex as M Specd(U) :=d(U) : Ox(U) — Ex(U) for
any open set U C X.
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4 Derivations, differentials, tangent vectors,
and tangent vector fields

4.1 Derivation of a k-jet determined C*°-ring

Suppose that €, © are C*-rings and ¢ : € — © a homomorphism of C>°-
rings. The aim is to show that any R-derivation V : € — © along ¢ becomes
a C*-derivation under certain conditions of €, ® and ¢.

Theorem 4.1 ([15]) Let €, be C*-rings, ¢ : € — D a homomorphism of
C*®-rings and k € {0} UNU {oo}. Suppose that ® is k-jet determined.
Then any R-derivation V : € — 2 over ¢ is a C*™-derivation.

We have to prove that

V(®@s(er,ooven) = D d(@or (cr,..ea))V ()
for any f € C°(R") and ¢4,...,¢, € €.

For a smooth function f € C*(R"), we write f(x), f(r) and ®f(c) as
f(x1, .. zn), f(r1,...,m) and ®¢(cq,. .., c,) for the coordinate (xq,...,x,)
of R", r:=(ry,...,mn) € R" and ¢ := (¢q,...,¢,) by ¢1,...,¢, € C.

For a = (ovq,...,0a) € ({0} UN)", we define e; := (O,...,O,i,O,...,O),
lof =30 ;€ {0JUN, ol =], ail, @ =[], ¢ for ¢y, ..., ¢, € € and
9f . olelf
Oz '~ Ox1%1l.--Or,on "

For the proof of Theorem 4.1, we will prepare Lemma 4.2.

Lemma 4.2 ([15]) Let €, D be C*®-rings, ¢ : € — D a homomorphism of
C*-rings. Suppose that ® is a local C*°-ring which is a weakly nilpotent local
R-algebra with a unique maximal ideal m C .

Then any R-derivation V : € — 2 along ¢ is a C*°-deriwvation.

Proof) Suppose ¢1,...,¢, € € and f € C*°(R"). From the locality of D,
take a real number p; € R and a natural number k; € N such that ¢(c¢;) —p; =
d(c; —p;) € m and (¢(c;) —p;)™ = 0 for each i = 1,...,n. Let k € N be the
sum of k;. Then

¢((c—p)*) =0 for any |a| >k + 1. (41)
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Using Hadamard’s lemma by induction, there exists smooth functions
Gap, G4, € C®R")(la| =k +2,|5| =k +1,i=1,...,n) such that

fo=sm+ Y T g S G, @2
1<|o|<k+1 || =k+2

T — p)B Hbste '
g—i<x>= > ! 5.’9) L+ Y ()Gl l0) (43)

0<|BI<k ' |8|=k+1

For each i = 1,...,n, we can describe gzﬁ((bgif(c)) as followings by the
equations (41) and (43). Z

c — p)B Hfte
6@ (@) =0 3 ﬁ,p) gng W+ Y (- p)og (@)

0<|BI<k ’ |8|=k+1
) 3,8+eif
_¢<0<%:<k B+e ﬂ + e;)! DaPre (p)) (44)
B (c_p)a—ei aaf
_¢(1<Ialz<k+1 " ol Oz* (p>)

({6 € {0y UN)"|0 < |8] < k} and {a € ({0} UN)"|L < o] <k +1,0; >
1} are one-to-one relation with o <> o + ¢;).
Then we can describe V(®¢(c)) as followings by the equations (41) and (44).

Z Z o~ f (al c ;{0)&_6’)‘/(%)

1<]a|<k+1 i=1

+ > {Vle=p)")e(®a., () + ¢ ((c = p)*) V(®a,,(c)}
Jal—F-+2
o X ‘j?a_ei T m)Vie) =Y 0@y (@)V(e).
=1 1<]o|<k+1 ’ i=1 ‘
Therefore, we have the equation (40). [

We can prove Theorem 4.1 in the same way as the proof of Lemma 4.2.
Proof of Theorem 4.1) Suppose ¢, ...,c, € € and f € C°(R").

Take any R-point ¢ : ® — R and [ € {0} UN. D,/m,*" is a local
C*-ring with a unique maximal ideal m,/m, ™. D,/m,/ ™ satisfies that
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(D,/m, 1)/ (my/myt) is isomorphic to D, /m,, or to R and (m,/m,' 1) =
0. Therefore, ®,/m,'"! is a weakly nilpotent local R-algebra. For jé D —
Dq/mg ™, jhoV 1 € = Dy/my*! is an R-derivation along jlo¢ : € —
D4/mg™!. From Lemma 4.2, ji oV is the C*°-derivation. Therefore, we have

jé (Z gzﬁ(CI)g{' (c1,. .. ,Cn))V(Ci)> = jfl (V(be(cl, . ,cn))>. (45)
i=1 '

Suppose that © is k-jet determined for & € {0} UN. For any R-point
q :® — R, we have the equation (45) for [ = k. From the assumption
of k-jet determined, we have the equation (40). Then, we have that V is a
C°-derivation.

Suppose that ® is oo-jet determined. For any R-point ¢ : ©® — R and [ €
{0}UN, we have the equation (45). From the assumption of co-jet determined,
we have the equation (40). Therefore, we have that V' is C*°-derivation. W

4.1.1 Examples of k-jet determined C*°-rings
We have following properties of Theorem 4.1.
Proposition 4.3 Let € be a point determined C*°-ring of the form C*(R™)/I.

For any R-derivation V : € — &, there exists smooth functions vy, ..., v, €

C>°(R™) such that

V(f+1) = (szzgj;> + I for any f € C(R").
Remark 4.4 Let N, M be C*-manifolds, and f: N — M a C*-mapping.
Vector fields V- : N — f*(T'M) can be regarded as C*°-derivations d :

C>®(M) — C*(N) as followings.

For g € C*°(M), define a function d(g) : N — R as (d(g))(p) := Vg for
p€ N and V, € Ty, M. d(g) is an element of C*°(N).

Take coordinates (Uy, ¢ = (x1,...,25)), (Usp), ¥ = (Y1, ym)) (¢ : N D
U=V, CR" ¥ : M D Upp—=Vip C R™). Then we can write V(q) =
S Ui,p(q)(a%)f(q) by v1p, ... Umyp € C®(U,) for any ¢ € U,. Then we have

(d(g))(Q) = Zvi,p<Q)a_yi(f<Q)> for any ¢ € U,.



Therefore, d(g) € C*(N).
Take smooth functions gy,...,9 € C*(M) and h = C®(R!). For any
q € Uy,

d(@n(g1, -, 9)) (@) = d(ho (g1, ., 9))(q)
_ Zmp(q)a(h - (95;; ) (1)

:Za—h(gl(f(fﬁ ---791

){ (o) (520) }
:{ (I)dh (91, q1) g]}

We have d(®y(g1,...,q)) = 22:1 I (Q%(gl, ..., 91))d(g;). Therefore, d :
C>®(M) — C*(N) is the C*°-derivation over f*: C>®(M) — C*(N).

From D. Joyce [6] Remark 5.12., we have the following example showing
that the assumption in our Theorems is essential.

Example 4.5 ([6]) Let € be a C*®-ring C*(R) of C*°-functions on R. For
the R-cotangent module (Qegr,der), der : € — Qer is an R-derivation but
not a C*°-derivation.

In fact, for the exponential e* € C*°(R), e*der(x) — der(e®) # 0 in Qe R.
Note that the assumptions of Theorem 4.1 are not satisfied in this example.

4.2 Tangent spaces of C"°-ringed spaces

We have defined Zariski and logarithmic tangent spaces of C"*°-rings. In this
section, we define Zariski or logarithmic tangent spaces of C'°-rings by its
derivations at each point.

4.2.1 Tangent vectors and tangent vector fields of C*°-ringed spaces

Definition 4.6 Let X := (X,Ox) be a local C*>*-ringed space. Take a point
p of X. Then, we define an R-point e, : Ox, — R.
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(1) We call v : Ox(X) — R a tangent vector of X at p if v is an
R-derivation, i.e.

v(fg) = v(f)ep([g, X]p) + ep([fa X]p)v(g)
for all f,g € Ox(X).

And define T,X for the set of tangent vectors of X at p.

(46)

(2) A tangent vector field £ on X assigns an R-derivation {(U) : Ox(U) —
Ox(U), such that (V) o (-|y) = (-]v) 0 &(U) for each inclusion of open
sets V C U C X.

For a tangent vector field & on X, define §, : Ox, — Ox, as

& ([ Uly) == [EU)(f), U], for any [f,U], € Ox,. (47)
And we can define a tangent vector v : Ox, — R of X at p as
U([ﬁ U]p) = ep(gp([ﬁ U]p)) for any [f, U], € Ox,. (48)

We call v a logarithmic tangent vector of X at p.

We have define Zariski and logarithmic tangent spaces of C'*°-rings. In
this section, we define Zariski or logarithmic tangent spaces of C'*°-rings by its
derivations at each point.

4.2.2 (*°-ringed spaces in the case of finitely generated C*°-rings

For C*°-schemes, tangent vectors and tangent vector fields are locally rep-
resented as derivations of C'*°-rings. Then, we show an example of finitely
generated C'*°-schemes.

Example 4.7 Take a C*®-ring € := C*(R")/I. Define a fair ideal
I:={f € C®R")|[f,R"], €I -CZR") for all u € R"}. (49)

1 is a smallest fair ideal of C*(R"™) which contains I.

Define a C*°-scheme (X, Ox) = Spec€ as the topological space X = {x :
¢ — Rz is an R-point of €.}, and (C*(R™)/I), = C>*(R")/I - C>*(R") =
C®(R™) /T - C=(R™) for each u € Z(I).

Proof) Define a projective m, : C*(R")/I — C>X(R™)/I - C*(R") as
m(f+1):=[f,R"], +I.
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[Localization| For each s+ I € C*°(R")/I which satisfies s(u) # 0, take
a smooth function t € C*°(R™) such that s -t =1 on an open neighborhood of
u € R™. Then

[s,R"],, - [t,R"], + [ - C2X(R") = [s - £, R"], + I - CF(R")
= LR, + 1 CF(RY)

= leg®n/roemm.

[Universality] Take a projective w, : C*°(R")/I — D such that 7l (s + I)
is invertible for all s € C*°(R™)(s(u) # 0).

For all f € C*°(R™) which satisfies [f,R"] € I - C>(R™), there exists . € I
andn € C®(R™)(n =1 on an open neighborhood of w) such that nf = ne.

m(f 1) = (wn+ 1) w (nf +1)
= (nl,(n+ 1)) "' w(ne + 1) = 0.

Then we can define ¢ : C°(R™)/1 - CX(R™) — D such that 7!, = pom,. N

For each open set U C Z(I), define Ox(U) as the set of functions s : U —
[1,c0 C2(R™) /1 - C(R™) which satisfies

uelU ~u
o s(u) € CPR")/I-C>X(R™) and

o for each u € U, there exists an open neighborhood V,, C U of u and a
smooth function f, € C*(R™) which satisfy s(v) = [fu, R"],+1-CZ(R™)
for all v € V,.

4.2.3 Differentials on local C*°-ringed spaces

Take a morphism f = (f, f#): X — Y of local C*°-rings. For each z € X, we
will define df = (f )z : ToX — TyY.

f# 1 f71(Oy) — Ox is a morphism of sheaves of C*-rings on X such
that f#(U) : f~1(Oy)(U) — Ox(U) is a homomorphism of C*-rings for
each open set U C X. And for each € X, we have a homomorphism
[#: Oy ) = Ox, of local C™®-rings.

Lemma 4.8 Let X and Y be local C*™°-ringed spaces.

Let v : Ox, — R be a tangent vector of X at x. Define w := vo f¥ :
Oy, fzy = R. Then w is a tangent vector of Y at f(x).
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Proof) [w is R-linear] For all ¢, ¢ € Oy f(,) and 7,7’ € R,

(vo f#)(re+1'd) =v(r- fH(c) +1'- f#(d))
=r-(vo fF)(e)+1" (vo f) ().

We proved that w is an R-linear mapping.
[w is the derivation] For all ¢, ¢’ € Oy, s,

(vo f#)(c-c) =v(fF(c)- f#(c))
=v(fF() e ([FF () + e (LF ()0 (fF ().

As XY are local C*-ringed spaces, we have ep(ff([cp])) = ez ([ds)-

(vo fF)(c-d) =v(fF(0)erw (I¢)rw) + e (el sw) v(FE ().
Then, w = v o fi is the R-derivation. |

Therefore, we can define an R-linear dix(: (i*)x) T, X = Ty as

df (v) ::fuofjf'E : Oy () — R for any v : Ox, — R.

L

4.3 Differential forms on (*-schemes
4.3.1 Differential forms of C'*°-schemes

Definition 4.9 ([6]) (1) For a C*®-scheme X, we define a presheaf PT*X
on X as followings.

PT*X(U) == Qoyw) for any U C X,

50
: Qo) = Qoy ) foranyU' C U C X. (50)

Q

Puu’

Then define T*X as the sheafication of Ox-modules.

(2) For a morphism between C*°-schemes f : X — Y, we define a presheaf
FH(PT*Y) on X as followings

“(PT*Y = 1 Q
[H(PTY)(U) m oy (v) ®oy(v) Ox (U)

forany U C X,

Jimidag, ) B0, w) puwr 2 [ (PTY)U) = [ (PTY)U)

(51)

forany U' Cc U C X.
Then define f*(T*Y) as the sheafication of Ox-modules.
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(3) For a morphism f: X — Y of C*-schemes, define a morphism PQy :
fH(PT*Y) — PT*X of presheaves on X

(PRs)(U) = Jlim (., porsw), Jorany U X (52)

Then define Qy = f*(T*Y) — T*X as the sheafication of Ox-modules.

4.3.2 Dual spaces of tangent spaces

We want to define a bilinear mapping 7*X x T, X — R.

Proposition 4.10 Let X = (X, Ox) be a locally C*°-ringed space. Take v €
X, an open set U C X andv e T, X.

Tangent vectors at x € X are C*™-derivations, i.e. for any tangent vector
v:Ox, — R, we have

n

o(@fler, ) = S eal®ar (en ) Ulole)  (58)

i=1
foranyn €N, ¢1,...,¢c, € Ox(U) and smooth function f:R™ — R,

Proof) This proposition satisfies the condition of Lemma 4.2.
Then we have Proposition 4.10. [

4.3.3 Dual spaces of tangent vector spaces

Next, we want to define a bilinear mapping 7" X x xx — Ox.

Suppose that X is a separated, paracompact and locally fair C'*°-scheme
and V : Ox — Ox is a derivation on X. Take a point x € X.Then there
exists a fair C'*°-ring €, = C*°(R™)/I, and an open neighborhood U, C X of
x with an isomorphism ¢, : U,=SpecC®(R™) /I, =: V.

Consider o

‘/:r: : OVI — OUZ K> OUZ — OVI- (54)

For each y' € V, CR™(y = ¢.(2')), Oy, = CF(R™)/L,CF(R"™).
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4.3.4 The partition of unity in a separated, paracompact and lo-
cally fair C"*°-scheme

Proposition 4.11 Let X := (X, Ox) be a separated, paracompact and locally
fair C*°-scheme.

Suppose that {Us}aca is an open cover of X. Then there exists a partition
of unity {n, € Ox(X)}aca on X subordinated to {U,}eca, such that

o Forany a € A, suppn. = {x € X|[1a, X] # 0} C U,

® > calla 15 a locally finite sum,

. ZaeAnaE 1.

Lemma 4.12 Let X := (X, Ox) be a separated, paracompact and locally fair
C*>-scheme.

Take x € X and its open neighborhood U. Then there exists n € Ox(X)
such that suppn C U and [n, X], = 1.

4.3.5 Tangent vectors of a local C"*°-ringed space

Proposition 4.13 Let X := (X, Ox) be a separated, paracompact and locally
fair C*°-scheme.

Suppose D : Ox(X) = Ox(X) be an R-derivation of Ox(X). Then there
is a unique vector field £ : Ox — Ox such that £(X) = D.

Proof) First, we prove that: for any f € Ox(X) and an open set U C X
such that f|y =0, we have (Df)|y = 0.

Take any point x € U. There exists open sets U,, W, and 7, € Ox(X)
such that z €e U, c W, c W, C U C X, Nelu, = 1 and nw’X\Wz =0.

For any y € U, [(1 = n,)f, X], = 0oy, = [f, X], and for any y € X\W,,
we have [(1 —n,)f, X], = [f, X],). Therefore we got (1 —n,)f = f.

For x € U, C W, C U, we have [f, X], =0, [n:, X]. = 0. Therefore,

[Df7X]r - [D(l - 7]m)7X]m[f7X]x + [1 - nan]r[Df7 X]a: =0

Then we have (Df)|y = 0.

Suppose that z is any point of X and V' is an any open neighborhood at z
in X.

Take h € Ox (V). There exists b’ € Ox(X) and an open neighborhood U at
X of X such that h|y = /|y If there exists h” € Ox(X) such that h|y = h"|y,
we have (DR')|y = (Dh")|y. Then we can define &,([h, V],) := [Dh, X], with
well-definedness.
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We define &, : Ox, — Ox, for any z € X. For an R-derivation D, &, is
an R-derivation and Df = £(X)(f) for any f € Ox(X). |

4.4 Differential forms on C*-ringed spaces

Let X := (X,0x) be a C*-ringed space. Like cotangent sheaves of C'*-
schemes, we want to define sheaves of differential forms on C'°°-schemes.

® w:xx X...Xxx — Ox is multi-linear and skew-symmetric.

o O =0y, Q) =T"X

e For w € Q% n € Q%, we have a wedge product

(wWAM(Xy, . Xpig)

1
= —(p n q)' Z (SgnU)W(XU(l), e ,Xg(p))n(XU(p+1), Ce ,XUerq).

0ESpiq

e For a nonnegative integer k, we have derivations dj, : Q% — Q’)“(“.

In §4.3.1, we defined PT*X to associate to each open set U C X the
cotangent module Qo (17) , and cotangent sheaf T* X of X to be the sheaf of
Ox-modules associated to PT*X.

4.4.1 Differential forms on C"*°-ringed spaces

For any integer n > 0, define PQ% to associate to each open set U C X the

n-th exterior algebra
PO (U) == AN"Qox )

by Definition 2.47.
For each inclusion of open sets V. C U C X, the morphism P2
PQ%(U) — P (V) of Ox(U)-module as

n .
puv

k k
Py (Z cidein Ao A dcm) = Z puv(c)dp(cin) A ... Ndp(cin).
i=1

i=1
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Then we have A", © o) = tox @) © (puv X A€, ) such that

PQn
PQ%(U) —=PQ%(U), (55)

J,(')V l(')lv
PQ

Py (V) —= PO (V)

and Py is a presheaf of Ox-modules on X.
Define the n-th differential complex Q% of X to be the sheaf of Ox-modules
associated to PQ%.

4.4.2 Wedge products on C*-ringed spaces

Next we define wedge product A : Q% x Q% — Q% as a morphism of X for
p,q = 0. - B

The wedge product P )\ of two differential forms of presheafs PQ% is de-
fined as follows: for each open U C X, if 7 = 3. ¢;deiy A ... Adey, € POA(U)
and w = ) cidcy N ... Ndc, € PQ%(U), then N

PN(rw) = adideq A Ndeg Ndcjy A NG PORTIU). (56)
12

We have a following commutative diagram

PO (U) x P (U) 20 partuw), (57)
l(-)le(-)v l(-)lv
PO(V) x PO (V) ZAL PORI(V)
Therefore, we have defined PA : PQ5 x PQ% — PQEr 1,

Define the wedge product A : Q% x Q% — ngq of X to be the sheaf of Ox-
modules associated to PA : PQY x PQ§ — PQ”gq. We write 7 Aw := A(T,w).

4.4.3 Derivations on C*-ringed spaces

We will define a derivation d% : (% — Q’gl for any integer n > 0.
For any integer n > 0, define Pdy (U) : PQ% (U) = PQY(U) to associate
to each open set U C X as 73d”&(U)(Zf:1 cideig A Ndeiy) = S8 de; A
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deiq A ... Ndci, by Definition 2.47. For n > 0, we have

Py (U
Por () “E pont (1), (58)

l(-)lv l(-)lv
Pz (

(V)
POy (V) —=PQ(V)

Therefore, we have defined Pdy : PQy — Ple.
Define the derivations d : Q"X — Q”XH to be the sheaf of Ox-modules
associated to Pd : PQyx — PQY"" for any integer n > 0.

4.5 Leibniz complexity of Nash functions

In this section, we give several results in [5] and show additional remarks.

Let f = f(z1,...,2,) be a C* function on an open subset U C R"™. Then
f is called a Nash function on U if f is analytic-algebraic on U, i.e. if f
is analytic on U and there exists a non-zero polynomial P(x,y) € Rlz,y],
x = (x1,...,12,), such that P(z, f(z)) = 0 for any x € U ([10][13][1]). If U
is semi-algebraic, then, f is a Nash function if and only if f is analytic and
the graph of f in U x R C R"™! is a semi-algebraic set ([1]). For a further
significant progress on global study of Nash functions, see [2].

4.5.1 Leibniz complexities of Nash functions

Suppose that a smooth function f(z1,...,2,) € C*(R") has a nonzero real
polynomial p(z,y) := 3,y Cap®y’ € Rlz1, ..., 2y, y] such that
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p(z, f(x)) = 0. On Qeeo@nyr = Fooo@mn)/ Mo (®mr) R

d(p(x. f@) = Y cab{zaz e f (o) () + bt f (@) f) }
la],b<oo
= Y cap [Z{aix“‘e"f(w)bd(xi)+bx“f(ﬂf)b_l%(x)d(xi)}
la],b<oo =1 !

o ) ) - ) 3{ <I>d<ﬂ%>ﬂ

—Z T cun (@) dla)

Z

la|,b<oco
+ ) {Ca vbz” f (d(f) -2 gg (@)l )>}
la],b<oco ‘ '
:zn:aa ( )d( )+gp( S ))(d(f)—zn:gi(l’)d( z))

For p(z, f(x)) = 0, we have 5 ( (z, f(z))) =0fori=1,...,nand d(p(z, f(z))) =
0.

Therefore, if a smooth function f(x) is the Nash function with a non-zero
real polynomial p(z,y) € Rz, y] such that p(z, f(z)) = 0, we have

op

8_y (@, f ( Z Ehz ) 0

on Qoo (rn R- If L(z, f(x)) # Oforany z € R*, we have d(f)—> ", g:i' (x)d(z;) =
0.

We can write Theorem 4.15 as a following.

Theorem 4.14 For f(z) € C*(R™), LCompeosgm)(f(7)) < 00, i.e. g(z)d(f(z))—

Yo g(m)%(w)d(wi) is generated by Prodceemmy(-, ), Sumesemm(-, ), Scaceemm)(:, )
for a non-zero smooth function g(x) € C>°(R™) if and only if f is a Nash func-
tion, i.e. there exists a non zero polynomial p(x,y) € Rlxy, ..., xm,y| such that

plz, [(2)) =

4.5.2 Algebraic computability of differentials

Let C>(U) (resp. C*(U), N>*(U)) denote the set of all C* functions (resp.
analytic functions, Nash functions) on an open subset U C R™. We take the
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space {dceo )k and the universal R-derivation dee@)r : C*(U) = Q@) r
from §2.5.

If M is any C*°(U)-module and V' : € — 9N is any derivation, then there
exists a unique C*°(U)-homomorphism ¢ : Qceoyr — MM such that V =
¢ o does(uyr from §2.5.

Suppose U is connected. Consider the set S C N*°(U) of non-zero Nash
functions i.e. Nash functions which are not identically zero on U. Then S is
closed under the multiplication. Let C°(U) = C*°(U)[S™!] denote the local-
ization of C**(U) by S. We consider the space Q= ;)  of Kéhler differentials

of the R-algebra 6’\0_5(U)
Then we have:

Theorem 4.15 ([5]) Let U be a semi-algebraic connected open subset of R™.
Then the following conditions on an analytic function f € C*(U) are equiva-
lent to each other:

(1) f is a Nash function on U.

(2) There exists a non-zero Nash function g € N*°(U) such that

"0
g (dcoo(U)yR(f) - Z ai‘ , ('IZ)> = 07
i=1 '

in the space Qoo r of Kdhler differentials of C*(U).
(3)

of
dé\o_'?(U),R(f) = o, dcoo(U) (331)7
i=1
= ()R g of Kdhler differentials of C’OO( ).
(4) There exist fi, ..., fo € C=(U) such that

d(jTo(U),R(f) = Z fidaBé(U) R(x )
i=1

in the space QCOO(U of Kdhler differentials of C’OO( ).

in the space =

Proof) [(1) = (2)] Let f € C*°(U) be a Nash function and P(z,y) be a
non-zero polynomial satisfying P(z, f) = 0 and %—Ig(x, f) # 0. Then, by taking
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R-derivation dgee(gyr on both sides of P(z, f) = 0, we have in Q¢ 1) g,

0 = demalP(e ) = 3 5o @ Pdemale) + 5@ Ndemal)

n oP ) op
_ Z (—a—y(% f)a—i) dee ) r (i) + a—y(%f)dC“(U)’R(f)

i=1

0
= a—j(% f) (dcw(U),R(f) - Z axidCoo(U),R(xi)> )

and that %—];(ar, f) is a non-zero Nash function on U.

The implications (2) = (3) = (4) are clear.

[(4) = (1)] Suppose f is not a Nash function on U and

de= o r(f) — 2 fidg= @y p(®:) = 0 in Qzx ) p. Since f is not a Nash
function, there exists a point a € U such that f € Frny C Q(Frra) 18
not algebraic. Here Fgn, = C°(R")/m is the R-algebra of formal series,
M = Q(Frnq) is its quotient field and the Taylor series of f at a is written
also by the same symbol f. Moreover, we have d(f) —>_" | fid(x;) = 0 in the
R-cotangent module Qqy p of 9, via the homomorphism C>(U) — 9 defined
by taking the Taylor series. Then, in the free 9t-module Fyy generated by
elements {d(h) | h € M}, d(f) — d_i-, fid(z;) is a finite sum of elements of
type

aSumgy(h, k) = a(d(h + k) — d(h) — d(k)),
bScagn(A, £) = b(d(A) — Ad(1)),
cPrody(p, q) = c(d(pq) — p(q) — qd(p)).

S

Here a, h,k,b,0,c,p,q € M, A € R. Now we take the subfield £ C 91 generated
over the rational function field 8 = R(x) by f, fi(1 < i < n) and those
a,h,k,b, ¢, c,p,q which appear in the above expression of d(f) — > | fd(z;):
£ =K(f,hi,...,hy), which is a finitely generated field over K by f and for
some hy, ..., hy, € M. Then we have d(f) — > ", fid(z;) = 0 also in QgR.
Take any non-zero element v € £ and fix it. Since f is transcendental over
£ in the usual sense, we can define an R-derivation Dy : K(f) — £ on the
extension field K(f) over R by f, by Do(z;) = 0,1 < j <n,Do(f) = u.
Then we define a derivation Dy : &(f, h1) — £, Di|as) = Do as follows: If hy
is transcendental over K(f), then we set Dy(hy) = 0. If h; is algebraic over
K(f), then we set D;(hq) as the element in K(f, hy) which is determined by the
algebraic relation of hy over £(f) and Dy. In fact, if 1" axh!" ™" =0, a;, €
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RK(f), is a minimal algebraic relation of h; over &(f), then we would have

m m—1
> Do(ar)h™* + (Z(m - k;)akh’ln_k‘l> D;(hy) = 0.
k=0 k=0

Since 37 (m — k)arphT*=1 2 0 by the minimality assumption, D;(h,) is
uniquely determined by

m m—1
Di(hy) = — (Z Do(ak)hT‘k> / (Z(m - k)akhT‘k‘1> .

k=0 k=0
Here it is essential that we discuss R-derivations over a field. Thus we extend
D into an R-derivation D = D,, : £ — £ by a finitely number of steps. Note
that we need not to use Zorn’s lemma to show the existence of extension of
derivation. Then by the universality of the R-derivations, there exists an £-
linear map p : Q¢r — £ such that poder =D : £ = £. Hereder : £ = Qer
is the universal R-derivation of £. Then we have

0=p <ds,R(f) - Z fz‘dz,R(l’i)) = D(f) = u.

This leads to contradiction with the assumption v # 0. Thus we have that f
is a Nash function.
[ |

Remark 4.16 If U s not connected, then Theorem 4.15 does not hold.

In fact, let U = R\ {0} and set f(z) =€* if x > 0 and f(z) =1 if x < 0.
Then f € C¥(U) and f ¢ N°(U). However the condition (2) is satisfied if we
take as g the non-zero Nash function on U defined by g(x) = 0(z > 0), g(z) =
1(xz <0).

4.5.3 Estimates on Leibniz complexity

Let U C R™ be a connected open subset. For a Nash function f € N*(U),
we define the Leibniz complexity of f by the minimal number of terms corre-
sponding to Leibniz rule for g(d(f)—>"", g—id(xi)) in the free C°°(U)-module
Sy among all expressions for all non-zero g € N°°(U). The definition is
based on the statement (2) of Theorem 4.15. We do not care about the number
of terms corresponding to linearity of the differential. Moreover we will do not
count the term generated by the relation d(1-1) — 1d(1) — 1d(1). Therefore
we use the relation d(c) = 0 for ¢ € R freely.
Let LC(f) denote the Leibniz complexity of f.

First we show general basic inequalities:
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Lemma 4.17 For f(z),g(z) € N*(U), we have
(1) LC(f +g) < LC(f) + LC(g),
(2) LC(fg) < LC(F) + LC(g) +1

Proof)Let h(x)d(f(z)) € Mew)r (resp. k(x)d(g(z)) € Meeew)r) be
expressed using the terms of Leibniz rule minimally i.e. LC(f)-times (resp.
LC(g)-times), for a non-zero h(x) € N*(U) (resp. a non-zero k(z) € N>*°(U)),
except for the term d(1-1) — 1d( ) — 1d(1). Then h(z)k(z)d((f + g)(z)) =

(z){h(z) ))+h(z)(k(z)d(g(z))} € Moo r is expressed using Leibniz
rule at rnost LC( f)+LC(g) tlmes Therefore we have (1). Moreover, by using
Leibniz rule once, we have

h(z)k(z)d((fg)(x)) = hk(gd(f) + fd(g)) = kg(hd(f)) + hf (kd(g))

in Qg(uy. Then, using Leibniz rule LC(f) +LC(g) times, we compute d(f) and
d(g), and thus d(fg). Therefore we have (2). |

4.5.4 Leibniz complexity of C*°-rings

In §4.5.3, we have defined Leibniz complexities of Nash functions. In this
section, we define Leibniz complexities in C*°-rings by using the definition of
Leibniz complexity of Nash functions.

Let € be a general C*-ring and §¢ a free €-module generated by d(c) for
c € €. For hy,hy € € and ¢ € R. Define elements of §¢ as

Prode(cy, o) :=d(erce) — c1d(eq) — ead(cr),
Sume(cy, c2) = d(c1 + c2) — d(c1) — d(cz),
Scag(A, 1) == d(Aep) — Ad(¢y),

(1, em)d(c).

Funce(f,c1,...,cm) = d(Ps(c1, ..., cm Z

E}zz

Define a subset g% (R") of a function f € C°°(R™) which satisfies that
Funce(f,c1,...,cn)is generated by a finite sum of Prode(hy, he), Sume(hy, ha),
Scag(c, hy) for any ¢, ..., ¢y, € €.

Define a subset £ (R") of a function f € C°°(R") which satisfies that
there exists a non-zero smooth function g € C°°(R™) such that
Q,(c)Funce(f,ci,...,cn) is generated by a finite sum of Prodg(hy, hs),
Sume(hy, he), Scag(c, hy) for any ¢y, ..., ¢, € €.

For f € C*°(R™), define two type complexities of €.
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Definition 4.18 Let € is a C*°-ring and f € C*°(R™) for m € {0} UN.

(1) If Funce(f,c1,...,cm) is generated by Prode(-,-),Sume(-, ) and Scae(-, -),
1.€.,

P
Funce(f,c1,....0m) = Z ¢ - Prode(cy i, cay)

i=1

—l—Zc Sume(c) j, ¢ ;) —|—Zc Scag(Ar, cf )

(59)

for any ci,. .., cn € €, define Compg(f) as a minimal number p of (59).

(2) If ®4(ce, . .. ,Cm){F'U/nC¢<f, Cly .- ,cm)} is generated by Prodg(-,-),Sume(-, -)
and Scag(-,-), i.e.,

p
(I)g<cl, s 7Cm){FUTLC¢(f, Cly- - ucm>} - Z Ci - PTOd@(Cl,'U CQ,i)
| (60)
+Z - Sume(c) 4, ¢ ;) —|—Zc Scag(Ar, i)

for any cq,...,cn € € and some non-zero action @, for g € C*(R™),
define LCompy(f) as a minimal number p of (60).

We have Compg(f) > LCompg(f). From the definition of Leibniz com-
plexity of Nash functions in §4.5.3, LO(f) = LCompge ) (f) for an open set
UcCR"and f e C>U,).

For any C*-ring €, we have Compg(f) < Compgeegny(f) for any f €
C*>(R™).

As same as Lemma 4.17, we have following properties of complexities.

Proposition 4.19 Suppose that f,g € C*(R").

Compe(f) (A #0)

(1) For a real value A € R, Comps(Af) = {0 A=0)

(2) Compe(f + g) < Compe(f) + Compe(g).
(3) Compg(fg) < Come(f) + Compg(g) + 1.

(4) For a projection x; : R" — R, Compg(z") < {
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These properties hold also for LComps(f).
Proof)

(1) Suppose that A # 0. For Funce(Af,c1,...,¢cm) = d(®ap(cr, ..., cm)) —
Yo CID%(Q, o em)d(c),

m

= {d(®17(c)) = Ad(®s(c))} +Ad(Ps(c) = A o1 (c)d(ci)

i=1

= Scac(\, Ps(c)) + A - Funce(f,c1,...,¢m)

Then we have Compg(Af) < Compe(f). Replacing f and A by Af and
1, we have Compg(Af) > Compy(f).

Therefore, we have Compg(Af) = Compg(f).

(2) For Funce(f +g,c1,...,¢n) = d(Ppigc)) =D 0, <I>a<g+.g) (c)d(¢;),

=Sume(®y(c), ® (C))

+{d(®4(c) Z‘Paf d(ci)} +{(d(Py(c)) — Zq’%(@d(@))}

=1

=Sume(Py(c), ® (c)) + Funce(f,c1,...,¢n) + Funce(g,c1,. .., Cn)

We have that Compe(f + g) < Compg(f) + Compe(g).
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(3) For Funce(fyg,c,..., cn) = d(Ppy(c)) — D0, @w(c)d(ci),

d(®(c) Zcpaf grr s (¢;)

={d(®; c)@ () = @(c)d(Dy(c)) — Py(c)d(®s(c)) }
+ {(I)f(c) (By(c)) + Py(c)d(Ps(c))}
- Z{@ o d(e:) + @4(e) @ g0 (c)d(ci)}

+0,(0) (A(D4(e) = 30 @ g1 (c)d(cr))

=Prode(®s(c), @,(c)) + Pf(c) - Funce(g, 1, ..., Cn)
+ @,(c) - Funce(f,cq,. .., Cn)

We have that Compg(fg) < Compg(f) + Compg(g) + 1.
(4) Suppose that m = 1. For Funce(z;,cq,.. ., ¢n) = d(Py,(cr, ..., ) —
1¢d(0i),
(g, (e, -, ¢n)) — led(c;) = d(e;) — 1d(¢;) = (1 = 1)d(c;) = 0.

We have that Compg(z;) < 0, i.e. Compg(z;) =0

Suppose that m is an arbitrary natural number. For Funce(x;™, c1,...,¢,) =
d(Ppim(c, ... ) = Prgm-i(cr, ..., cn)d(c;) = d(c) — me* " d(c;),

d(c}") = (mc}"~")d(c;)
={d(¢] )—Cz (") — " H(e)}
+ {ed(c"N) + 1d(cl)} (nc"Hd(c;)
=Prodg(ci, ™) + c{d(c* ) + (n — 1) td(e;)}
:Prodg(cl-,c;”’l) + c{Funce(z ', ey, . ., )}

Then we have Compg(z?) < 1 + Compg ().
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Suppose that m = 2*. For k is arbitrary natural number,

d(c2") — 2k 2“d< ->
= {d(®) = 22"V + 2V A(E ) = (2R Yd(e))
~ Prode(ct"” c?““‘”> 2 ) - U ()

P2

= Prodg(c; 2= 02(’“1)) 4—2012< {Fu Cce (25 28 U,cl,...,cn)}.

)

We have Compg(22") < 14 Compg(22 '), Compg(22°) < (k — 1) +
Compg(22’) = k — 1.

Therefore, we have Compg(z2") < k — 1 for arbitrary natural number k.

4.5.5 Leibniz complexities for real polynomials

By the definition of Leibniz complexity, we have the affine invariance:

Lemma 4.20 ([5]) Let f € N®(U) and ¢ : R" — R" be an affine isomor-
phism. Then fo@ € N*(p 1 (U)) satisfies LC(f o ) = LC(f).

Lemma 4.21 Let f € MZR(R") and ¢ : R™ — R™ be an affine morphism.
foopeNer(R™) and Compg(f o) < Compe(f).

Proof) In Q¢ g, d(Psoe(c)) is equals to Y, @%(qug(c))d((bi(c)) by using
Leibniz rule Compg(f) times. Z
For the affine morphism ¢, " & o (®y(c))d(gi(c)) is equals to

33 s o ) = 3
=1 j=1 j=1
Therefore, we have Compg(f o ¢) < Compg(f). [

Lemma 4.22 Let f € ENZR(R") and ¢ : R™ — R” be an affine isomorphism.
fo e LNer(RY) and LCompe(f o 8) = LCompe(f).
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Proof) Suppose that there exists a smooth function g € C*°(R™) which
is a non-zero as an action ®, : € — € and @,(c)d(Pf(c)) is equals to
Qy(e) >0, ® o/ (c)d(c;) by using Leibniz rules LCompe(f) times.

In Qe g, Pgos(c)d(Pgop(c)) is equals t0 Pgop(c) 322, P or (Py(c))d(gi(c)) b
using Leibniz rule LCompg(f) times. Z

For the affine isomorphism ¢ = (¢1,...,¢n), Pgop : € — € is a non-zero

action. ®gop(c) D i, Q%(q)(b(c))d(gbi(c)) is equals to

n

D 0p(c ZZ@af oslc %Z()d(cj):@gw(c)ZcpM(c)d(cj).

i=1 j=1 7j=1
We have LCompg(f o ¢) < LCompg(f).
From the inverse mapping ¢!, we have LComp(f o ¢) = LCompg(f). B

In general it is a difficult problem to determine the exact value of the
Leibniz complexity even for an polynomial function.

Example 4.23 ([5]) Let n = 1. LC(z +¢) = 0. LC(2? + bz +¢) = 1.
LC(v2?+41) =2. Let n = 2. For A € R, we have

1if A > 2
2 2 _ >
LC(z] + x5 + Az122) = { 2 i A <2
In fact, 23+ 23+ Az12a = (1 +322)2 4+ (1 — & )a2. Moreover a3 413+ A\r1zo =

(1 + axg)(z1 + fxa) for some «, § € R if and only if || > 2.

Let n = 1 and write # = z;. Then we have LC(2°) = LC(1) = 0,LC(z) =
0,LC(z%) = 1,LC(z*) = 2,LC(2?) = 2. For example we calculate d(z*) =
22%d(x?) = 423d(x) by using Leibniz rule twice, and we can check that it is
impossible to calculate d(z*) by using Leibniz rule just once.

To observe the essence of the problem to estimate the Leibniz complexity,
let us digress to consider “the problem of strips”. Let k be a positive integer.
Suppose we have a sheet of paper having width k£ and, using a pair of scissors,
we make k-strips of width 1. We may cut several sheets of the same width
at once by piling them. Then the problem is to minimize the total number of
cuts. Clearly it is at most £k — 1. Now we show one strategy for the problem.
Consider the binary expansion of k:

ko= 2t 4 oMt Lo
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for some integers p, > pr,—1 > -+ > py > 0. We set y = p,. Then the
number of digits (‘1’ or ‘0’) is given by u + 1, while r is the number of units,
‘1’, appearing in the binary expansion. Then first we cut the sheet into r
sheets of width 2#, 2+ =1 .. 2 by (r — 1)-cuts. Second divide the sheet of
width 2# into sheets of width 2#~' by p — p,_q1-cuts. Third divide the piled
sheets of width 2#=! into sheets of width 2#7=2 by u,_1 — u,_o-cuts, and so
on. Iterating the process, we have sheets of width 2#', which we divide into
strips of width 1 by p;-cuts finally. The total number of cuts by this method
is given by pu+r — 1.

Lemma 4.24 ([5]) For a positive integer k, we have
LC(z*) < p+r—1.

Proof)In general, the process of cutting of a pile of sheets of width ¢ into
those of width ¢ and ¢ = ¢ — ¢’ respectively is translated into, for a constant
A,

d(Az®) = M(z*) = X" d(z") + Aa¥d ().
Here we use Leibniz rule just once and the linearity of the derivation. A piling
is realized by just the distributive law of the module structure. Therefore the
method described above in the strip problem implies the estimate of Leibniz
complexity. [ |

Lemma 4.25 Take p1 as a number of digits of k and r as a number of units
of k (Fork=37"_2" 0<p;<...<p,, p=r)).

LCompCoo(R)(xk) <p+r-—1 (61)

Proof) We have d(z?") = 2¢2*'~'d(z), in Qceor)r for using p Leibniz

rules Prodge(r) (mzulfl,xw,*l) = d(mzul) — 2x2u,71d(x2“,71)(// =1,...,1).
We have

d(ng=1 2pj ) e Z x2;=l,j¢i 2])]' d(anpj )
j=1

S

in Qoo () g for using r—1 Leibniz rules Prodcee ) (z*”, 2Zis127) = (25527 -
2 X512 (2 — P A Y (s = 2,. .., 7).
Therefore, we have LCompgee(g)(2*) < pp+7 — 1. |
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Lemma 4.26 ([5]) For f € N*°(U) and a natural number k > 1, we have
LC(f*) < LC(f) + LC(z").

Proof)If f is a constant function, then LC(f¥) = 0, so the inequality
holds trivially. We suppose f is not a constant function. By definition, for
some non-zero ¢ € N*(R), gd(z*) is deformed into g kz*'d(z) in Qe r
using Leibniz rules LC(z%)-times. Using the same procedure, (go f)d(f*(z)) is
deformed into (go f)kf*td(f(z)) in Qceo(yy) using Leibniz rules LC(z*)-times.
Note that g o f is non-zero in N°°(U). Moreover, using Leibniz rules LC(f)
times, h(go f)kf*1d(f(z)) is deformed into h(go f) > 1, kf’“_l(g—;)d(xi) for
some non-zero h € N*(U). Since g o f is non-zero, h(g o f) is non-zero. M

Lemma 4.27 For f € Mg (R") and k € N, we have Compe(f*) < Compe(f)+
Compe(a").

Proof) d(®(c)) = d((Ps(c))*) is equals to kPy(c)*d(P(
Leibniz rules Compg (") times. It equals to k®;(c)* Y7 @ » o1 (c

ox

#(c ) by using
)d(c;) by using
Leibniz rules Compg(f) times.

Therefore, we have Compg(f*) < Compg(f) + Compg(z*). [

Lemma 4.28 For f € £NSR(R") and k € N,
we have LCompe(f*) < LCompy(f) + LCompy(z").

Proof) There exists non-zero actions ¢, : €" — €, &), : € — € such that
Dycr, ..., cn)d(Ps(cr,. .. ), Pr(d)d(c*) are equal to
Py(cy,..en) e @ o (c1, .- en)d(c;), @p(d)k*1d(c) by using Leibniz rules
LCompg(f), LCome( *) times for any cy,...,c,, ¢ € €.

P (hofyg(c) = Pp(Ps(c))Py(c) : € — € is a non-zero action.
Then (P (c))Py(c)d (P (c)) is equals to kP, (P (c))Py(c) P ()" d(Ps(c))
by using Leibniz rules LCompg(f). It equals to
k®p(Ds(c))®y(c)Ps(c)* 100, @gff (¢)d(c;) by using Leibniz rules LCompg ().

Therefore, we have LCompg(f*) < LCompg(f) + LCompy(z*). [ |

Remark 4.29 ([5]) The estimate in Lemma 4.24 is, by no means, best possi-
ble. For example, let k = 31. Then 31 = 24423422421 4-2° Therefore r = 5
and p = 4. So the estimate gives us that LC(z*') < 8. However LC(z3') < 6.
In fact, since 32 = 2°, we have by Lemma 4.24,

vd(z*') = d(z*?) — 2¥d(z) = 322*d(x) — 2*'d(z) = 312¥d(2),
by using Leibniz rule 6 times. Then algebraically we have d(z*') = 312%d(z).
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As above, we consider “the problem of strips” starting from several number
of sheets, say, s, having width k, ks 1, and ky respectively. Then we have

Lemma 4.30 p(z) := > 7 a;z¥i(a; e R\{0},0 < ky < ... < k).
Take p; as a number of digits of k; and r; as a number of units of k; (For
ki = Z;;l 2003 (0 < pi1 < ... <Dy, = pi)). Then we have

LCompees sy (p(x)) < pt Y (s —1). (62)
Proof)We have

d( Tz 2pz j Z T J h J?f’b ,J (IQI’% ,J )

in Qceor)r for using r; — 1 Leibniz rules d(zX5=12") = xzj;%zpi’jd(xw’s) +
2 d(x25=12") (s = 2, r;). We have the sum of d(z?)(p=1,..., ).
We have d(2z?") = 2#2?"~'d(z) in Qe (r) g for using p1 Leibniz rules d( 2

222 (@ Y (W = 1,..., p).
Therefore, we have LCompeoo g (p(2)) < g+ >0 (ri — 1). u

):

We estimate the Leibniz complexity for a polynomial of n-variables. Let
p(x) = plxy,...,2,) € Rlxy,...,z,]. Weset p(z) =) bz, by € R, by using
multi-index o = (ay, ..., a,) of non-negative integers. It is trivial that LC(p)
is at most the total number of multiplications of variables:

> max{la| - 1, 0}.
ba#0
Instead we consider the number
= Zmax{#{i |1<i<mn,a;>0}—1, 0},
ba0

which is needed just to separate the variables on differentiation, and we try to
save the additional usage of Leibniz rule.
Suppose that, by arranging terms with respect to x; for each 7,1 < i < n,

zs 7,51 ki
p(fL’) = Q4 5(i)T; @ +a A4 5(i)— O +“‘+&i71$i ’1,
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where q; ; is a non-zero polynomial of z1, . .., z,, without z;, (1 < j < s(¢)), and
Kis@y > kis@iy—1 > -+ > kii = 0. The maximal exponent k; ;) is written as
deg,. p, the degree of p in the variable z;. For the binary expansion of deg,. p,
let 41; denote (the number of digits of deg,, p) —1. Moreover let 75,1 < j < (i)
denote the number of units of the exponent k;; for the binary expansion. Then
we have

Lemma 4.31 ([5]) By using the linearly, d(c) = 0, ¢ € R, and Leibniz rule
o(p) + zz i+ S50 5 — 1))-times, we have d(p) = S, (22 (2)) ()

in Q¢(ry. In particular we have the estimate

s()

LC +Z Mz“'zru

Lemma 4.32 p(z) = > ,ba2%(bs € R\{0},a = (a1,...,0,) € ({0} U

N)™).

We can write p(x) = Zs(l)l a; ;x; i fori=1,...,n (a;; is a non-zero real
polynomial of xv,...,T;, ..., Ty for 1 <5< s(z), k;i,s(i) > Kisiy—1 > ... >
]{52'71 > 0)

Let p;; be a number of digits of k;; and r;; as a number of units of k; ;
(For k;; = >, 2Pk (0 < pij1 < ... < Dijri, = Mij)). Define

o(p(x)) ==Y max{#{i|ll <i<n,a; >0} —1,0}. (63)

ba#0

Then we have

LCompomany(p(x)) < o(p(@) + D (Hise + »_(rij — 1)) (64)

i=1 j=1
Proof) For any a # 0(b, # 0), we have d(z®) = Y, x**%d(z") in
Qeoomnyr for using #{i[1 <i < n,a; > 0} — 1 Leibniz rules. Then, we can

calculate from d(p(z)) to a sum of d(xf]) for using o(p(z)) Leibniz rules.
For d(z}""), we have

d z 21’1 7 Z T J 1 J#'L (l‘2pi’j)
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in Qceo ) r for using r; ; — 1 Leibniz rules d(xzjzlzpi’j ) = p2im1 2 d<x2piys> +
xzpi’sd(xzj;igpi’j)(s = 2,...,75;). Then, we can calculate from the sum of
d(xf”) to a sum of d(22""") for using >, Zj(:l)l(r” — 1) Leibniz rules.

We have the sum of d(z*)(p=1,..., ).

We have d(2z?") = 2#2?"~'d(z) in Qe (r) g for using p1 Leibniz rules d(a:wl) =
2x2”/71d(:c2”/71)(p’ =1,...,u). |

) Therefore, we have LComp oo gy (p(2)) < U(p(x))+z?:1(Mi’s(i)+23(zz)1 (ri—

1)). |

Proposition 4.33 ([5]) Under the above notations, we have the estimate

In particular we have

n

LC(f) < o(P) + ) {(deg,, P+ 2)(log,(deg,, P) = 1)} +n + 1.

i=0
4.5.6 Leibniz complexities for Nash functions

Lemma 4.34 f(z): U — R is a Nash function on U.
There exists a non zero real polynomial p(z) :=3_ o baz®(ba € R\{0}, a0 =
(a1,...,05) € {0} UN)™). We have

LCompee i) (f () < LCOMPeos gny(p())- (65)
We can write p(z) = ng amxfi’j fori=1,...,n (a;; is a non-zero real

polynomial of x1,..., %, ..., 2, for 1 < j < 5(4), kisa)y > Kis@y-1 > ... >
ki1 >0).

Let p; ; be a number of digits of k;; and r;; as a number of units of k; ;
(For kij = 3232 2729+ (0 < pija < ... < pij, = Hij))- Define

o(p(x)) ==Y max{#{i|ll <i<n,a; >0} —1,0}.

ba#0

Then we have

i=

n (4)
LCompeoegny(p(x)) < o(p(z)) + Z(Mi,s(i) + Z(Ti,j -1)). (66)
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Example 4.35 ([5]) Letn=1,f = \/TT and P(z,y) = y* —x* — 1. Then
o(P) =0, up = p1 =1 and r;; = 1. Therefore the first inequality gives us that
LC(f) <2 as is seen in Introduction.

Proof of Proposition 4.33.
We write the right hand side by 1 of the first inequality. By Lemma 4.31, we
have, by using Leibniz rule ¢-times,

oP

. B, P(%y)dy,

d(P(r,y) = 5

——(z,y)dz; +
modulo several linearity relations and dc, ¢ € R in Q¢@xr). Then, substituting
y by f, we have that

0 0
@ )+ o, S,
=1

0=d(P(z. f)) = 5

in Q¢y, therefore that

oP " of

in Q¢ ), by using Leibniz rule at most i-times. Thus we have the first in-
equality. The second equality is obtained from the first equality combined
with the inequalities derived by the definitions:

21 < deg, P < 2" s(i) < deg,, P+ 1, and 1y < pu,
(1<j<s(),0<i<n). u

In [12], the complexity C(f) of a Nash function f is defined as the minimum
the total degree deg P of non-zero polynomials P(x,y) with P(x, f) = 0.
Moreover we define

i z, f) = 0,deg P = C(f), }
S(f) = nun{ (Poy) ’1/1 is an afﬁne isomorphism on Rt
i.e. the minimum of the number ¢ for any defining polynomial P of f with
minimal total degree under any choice of affine coordinates. We can regard
S(f) a complexity for the separation of variables in differentiation of f. Then
we have the following result:
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Corollary 4.36 ([5]) Let f € N(U) be a Nash function on a connected open
set U C R™. Then we have an estimate on the Leibniz complezity LC(f) by
the Ramanakoraisina’s complexity C(f) and another complexity S(f),

LO(f) < S(f) + (n+ D(C(f) + 2)(logsC(f) = 1) +n + L.

Proof)Since deg, P < C(f) (0 < i < n) we have the above estimate by
Proposition 4.33 and Lemma 4.20. |

Naturally we would like to pose a problem to obtain any lower estimate of
Leibniz complexity.

4.5.7 Leibniz complexities

Let € := C*°(R") and ¢ be a free €-module generated by d(c) for ¢ € €.
Define an R-cotangent module Q¢r = Fe/Mer and its R-derivationas
d@ ¢ — QQ:R as d@( ) = d(C) + DﬁQR.
They satisfy Dg%(R") C LN (R™).

Proposition 4.37 (1) f(z) := p(x (p( ) cr(R™) such that p(x) # 0
for any x € R"). We have f(z) € NZR(R )

(2) For p(z),q(x) € NZR(R"), we have f(z) := p(z)q(r) € NgR(R").

(3) For p(y1, ..., ym) € NR(R™) and qi(z), ..., gn(x) € NgR(R),
@) =pla(z),. .. an(x) € NER(R").

Proof)
(1) We have f(z)p(xz) = 1. On Qgeo@nyr,

0 = d(f(x)p(x)) = f(x)d(p(x)) + p(x)d(f(z))




Therefore, Funce(%(x), Clye e ¢n) is generated by Prodg(-, -), Sume(-,-),
Scag(-,-) and }D(x) is in MFR(R").

(2) We have d(p(z)) =1, g—i(x)d(x,-) and d(q(z)) =1, g—i(x)d(xi) in
Qoo (rnyr. Then we have

(3) For p(y1,..-,ym) € NR(R™), qi(2),...,qm(z) € NTR(R"), we have

d(p(y)) = X1 52 W)d(y:) in Qoo (on) 2. and d(gi(x)) = 37, 52 ()d(z))
in QCOO(R"),]R'
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Proposition 4.38 (1) For a Nash function f(x) € C*(R"), we have f(z) €
LNZR(R™).

(2) f(z) = pm) (p(z) € ENZR(R™) such that p(x) # 0 for some v € R").
We have f(r) € LNSR(R™).
)

(3) For p(z),q(x

Proof)

€ LNGR(R™), we have f(z) = p(x)q(r) € LNTR(R™).
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(1) From Theorem 4.15, we have a non-zero real polynomial p(x,y) € R[z,y]
such that p(z, f(x)) = 0 and g—z($, , f(x)) # 0. And we have

o N (A - 3 5 @) =

i=1
on Qgeognyr. Therefore, we have f € £91:5%(R")
(2) Suppose that g € C*°(R") is a smooth function which satisfies that

Q,(c)Funce(p(z), c1, ..., ) is generated by Prode(-, ), Sume(-, -), Scae(-, ).
We have f(x)p(z) =1. On Qeoorn)r,

=
—~
—~
8
~—
~—
I
I

Therefore, q)g(x)p(z)z(c)Funcd%(:c), C1, ..., Cp) is generated by Prode(-,-),

Sume(-, ), Scag(+,-) and %(x) is in LR (R™).

(3) For any c¢q,...,¢, € €, there exists non-zero functions g,h € C(R")
such that @,(c)d(®,(c)) = > 1, @g,%(c)d(ci)
and @y, (c)d(P4(c)) = >0, @h,%(c)d(ci) in Q¢g. Then we have

q)gh(c)d(q)pq(c)) = q)hp(c)q)g(c)d(@q(c)) + Cqu(c)q)h(c)d((I)p(c))

n n

= Pup(c)By(€) P P au ()d(ci) + Pyg(c)Pn(c) ) P ap (c)d(ci)

ox;
i=1 ¢ i=1 ¢

= Bu(c) zn:{cppgfiﬂgi (€) }d(cs).

=1

in Q¢ . Therefore, we have that pg € £0NR(R").
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