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A Study on Controller Design with Hysteresis Mechanism
and Sliding-Sector*

Ryo Nonaka

Abstract

The control law with high frequent switching of the input is often obtained in some
systems; e.g. the system with limited input such as on/off or brake/accelerator, and the
system under the sliding-mode control that constrains the state on given hypersurface
against for the disturbances. Under such a control law, the chattering phenomenon
occurred by the switching performance or the property of the system causes adverse
effects on the target system. This study considers the chattering reduction on the input
switching for the control law that requires the discontinuity of the input with respect to
time. KEspecially, we study the obstacle avoidance control for the four-wheeled vehicle
with steering limitation and the higher-order sliding-mode control.

Under the steering limitation, the movement direction of the four-wheeled vehicle is
restricted to whether the forward or backward of the heading direction. Though the
two-wheeled vehicle can change its heading direction without change its position, the
four-wheeled vehicle cannot. In order to solve this problem, the vehicle needs to repeat
going forward and backward with an appropriate steering angle. In this thesis, we design
the control law that realize the n-point turn (like a three-point turn) automatically.
Moreover, we introduce the hysteresis mechanism for the chattering that may occur in
the n-point turn.

The higher-order sliding-mode control that is a generalized sliding mode control for
the system with relative degree greater than one. The higher-order sliding-mode control
has the robustness for the disturbances for and parameter uncertainty of the system.
Moreover, with the negative homogeneity, the finite-time stability is guaranteed for the
higher-order sliding-mode control as with the traditional sliding-mode control. Some
classes of the higher-order sliding-mode control have been proposed; one of the classes
have no theoretically constructive design method for the stable controller. In this thesis,
we propose a novel higher-order sliding-mode control and its constructive design method
with a theoretical stability. Moreover, we define the sliding sector that integrates some
types of the higher-order sliding-mode controllers including the chattering rejection for
binary input.

This thesis is consist of six chapters as below.

*Doctoral Thesis, Division of Systems Science and Informatics, Graduate School of Informa-
tion Science and Technology, Hokkaido University, SSI-DT79135035, March 24, 2016.



Chapter 1 describes the background and the objective of this thesis, and Chapter 2
introduces some mathematical notations and definitions, and some preliminaries for
control theory.

Chapter 3 considers the obstacle avoidance control for the four-wheeled vehicle under
the steering limitation. First, we formulate the problem settings, that is, the model of
the four-wheeled vehicle and the control space with a number of obstacles, and propose a
design method of the navigation function. We design a control law for the vehicle based
on the control Lyapunov function obtained from the navigation function. The proof of
the asymptotic stability to the goal point is also provided. The proposed control law
resolves the steering limitation by the n-point turn movement. Moreover, we propose
the artificial hysteresis mechanism based on the control Lyapunov function, and apply
the mechanism to the control law to reject the chattering between going forward and
backward. End of the chapter, we shows the effectiveness of the proposed obstacle
avoidance controller from the experimental results using a small four-wheeled vehicle.

Chapter 4 discusses the higher-order sliding-mode control that has robustness and
finite-time stability. We, first, introduce the previously-proposed higher-order sliding-
mode controllers by separating into three classes. For the class that is one of the three
classes, we explain the problems on the parameter design. We propose a novel higher-
order sliding-mode control that solves the problems. We prove the existence of the
proper parameters and its constructive method for the proposed higher-order sliding-
mode control.

Chapter 5 shows that the various types of the higher-order sliding-mode control is
integrated into a sliding sector control. We also discuss the actual implementation of the
higher-order sliding-mode control. The sliding sector is defined as the extension of the
sliding hypersurface. We show that various types of the controllers, e.g. the continuous
controller except at the origin, the discontinuous controller with a signum function, and
the discontinuous controller with a hysteresis mechanism are obtained by introducing
the sliding sector. Moreover, the saturation function for the traditional sliding-mode
control with relative degree one can be extended to the proposed higher-order sliding-
mode control based on the sliding sector. We state the parameter design for first- and
second-order system, and higher-order system. The results of the numerical simulation
present the efficacy and the characteristic of the proposed control law based on the
sliding sector.

Chapter 6 concludes this thesis by summarizing the results of the above chapters.

Keywords: Input constraint, Chattering, Hysteresis mechanism, Sliding-mode control,
Finite-time stabilization, Robustness
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Chapter 1. Introduction

The control theory for the system with a polytopic input constraint is widely stud-
ied, but the disjoint input constraints is an unwelcome condition. There are, however,
many systems which have a limited input such as binary input, e.g. on/off control and
brake/accelerator switching system. This thesis considers the four-wheeled vehicle with
steering limitation and the higher-order sliding-mode control. The control input under
the steering limitation is consist of two disjoint input space, that is, the forward and
backward of the heading direction on two-dimensional space. For the sliding mode,
the control input must be discontinuously changed at the origin. The control law that
provides the discontinuous control input for the system often cause the chattering phe-
nomenon.

In this thesis, we study the countermeasures against the chattering phenomenon
caused by the discontinuous control input. The control law for the system with input
constraints may have such a discontinuity; for example, the system with discrete input,
the four-wheeled vehicle with steering limitation, and so on. For the four-wheeled ve-
hicle, we propose the CLF design method for the obstacle avoidance and the control
law based on the obtained CLF. Under the steering limitation, the four-wheeled vehicle
often requires the repetition of the going forward movement and the going backward
movement with an appropriate steering angle. We show that an artificial hysteresis
mechanism can reduce the discontinuous jump of the control input for the control law
based on the CLF. By using such a hysteresis mechanism, the chattering phenomenon
caused by switching between going forward and backward. Furthermore, in this the-
sis, we study the higher-order sliding-mode control. We provide the definition of sliding
sector that integrates the some types of the chattering relaxation methods for the higher-
order sliding-mode control. This representation includes three significant types of the
higher-order sliding-mode controller, that is, continuous controller except at the origin,
discontinuous controller with signum function and with hysteresis mechanism. The sat-
uration function for the traditional sliding-mode control is naturally generalized for the
higher-order sliding-mode control by introducing a lower limit to the positive definite
function used in the control law.

1.1 Four-wheeled vehicle

The obstacle avoidance is an important function for a mobile robot. With a priori

information of the obstacles, the mobile robot can reach the goal point free from straying.
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For simple implementation, the global asymptotic stable controller based on the global
CLF is useful. We know that there are no global continuous feedback for the obstacle
avoidance problem. The control law derived from the smooth navigation function for
obstacle avoidance has undesired equilibria, inevitably, such as a saddle point. Nakamura
et al. have been proposed nonsmooth CLF design method called minimum projection
method [1]. We use the minimum projection method to design the global navigation
function for the obstacle avoidance.

This thesis studies the control law of the four-wheeled vehicle for avoiding obstacles
on the known environment. The steering limitation of the four-wheeled vehicle is also
considered, as with the car. Both two- and four-wheeled vehicle have a nonholonomic
constraint for the state. Though the two-wheeled vehicle can move in arbitrary direc-
tion because of the capable of pivot turn, the four-wheeled vehicle under the steering
limitation can move only in the direction of forward and backward movement. Such a
constraint is difficult problem that cannot be solved by the navigation function. Because
of the limitation of the direction of the movement, in order to move the vehicle to another
point, the four-wheeled vehicle must change its heading angle. To change heading angle
under the condition that the obstacles are positioned both forward and backward, the
vehicle needs to alternate between going forward with left /right turn and going backward
with right/left turn. Therefore, the control input may be changed discontinuously with
respect to the time. We also shows that the chattering phenomenon that may occurs by
the discontinuous input can be eliminated by an appropriate hysteresis mechanism.

In this thesis, we proposed the control law and the CLF design method for the four-
wheeled vehicle. The global CLF is synthesized from a number of local CLFs by using
multilayer minimum projection method [2]. The local CLF for the four-wheeled vehicle
is obtained from the navigation function by backstepping with respect to the heading
angle of the vehicle. We design the control law under the steering limitation from the
obtained CLF. The proposed control law provide a n-point turn (like 3-point turn) move-
ment for the four-wheeled vehicle, automatically. By the n-point turn, the four-wheeled
vehicle changes its heading angle by repeating forward and backward movement with an
appropriate steering angle. We also introduce the artificial hysteresis mechanism based
on the CLF with theoretical stability. The chattering between the forward and back-
ward movement on the n-point turn is rejected by the proposed hysteresis mechanism.
We present the special controller based on the CLF around the origin that improves
the convergence rate around the origin. Finally, we show that the effectiveness of the
proposed method from the simulation results and the experimental results for a small
four-wheeled vehicle.

1.2 Sliding mode control

Higher-order sliding-mode control has outstanding properties, such as robustness
against the disturbance and uncertainty. Moreover, the finite-time stability of a sys-
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tem can be realized with a homogeneous sliding-mode controller even under the input
constraint. The traditional sliding-mode control also has these properties. Higher-order
sliding-mode for second- and third-order have studied in many researches [3, 4, 5]. How-
ever, fourth- or higher-order sliding-mode controllers are difficult to design the control
law.

Recently, arbitrary-order sliding-mode control [6, 7] has been actively studied. Kamal
and Bandyopadhyay proposed higher-order sliding-mode control that uses a controllabil-
ity function [8]. Polyakov et al. have proposed the higher-order sliding-mode controller
using the implicit Lyapunov function (ILF) method, which is based on the homogeneous
Lyapunov function with implicit form [9]. Using the controllability function or using
the ILF, we can design the controller by some constructive method. However, such a
controller needs to solve implicit function by some iterative calculation method. Most of
the other methods require computer verification of the stability of the controller, such
as quasi continuous higher-order sliding-mode control [10, 11].

In this thesis, we introduce a general strategy that includes various types of homo-
geneous sliding-mode control laws. We can check the stability of a system under the
control law with some explicit inequalities. Therefore, we can theoretically design the
controller even if the target system has input constraints, bounded disturbances, and
uncertainty. We propose a novel strategy for the higher-order sliding-mode control and
a parameter design method for a higher-order sliding-mode controller. We prove the
existence of the parameters based on inequality conditions. Moreover, we prove the ex-
istence of the parameters based on inequality conditions, and introduce the constructive
method of parameter design. The design method does not need to examine trajectories
numerically for stability check because the stability is guaranteed by the properness of
the parameters. We introduce the sliding sector that is an extension of the sliding hy-
persurface. This is a new control strategy for the higher-order sliding-mode control, that
includes various types of homogeneous sliding-mode control laws, such as continuous and
discontinuous input, which are demonstrated in the simulations.

Most sliding-mode controllers that use the signum function require infinitely high
frequency switching of the input to constrain the state of the system on the sliding
hypersurface for the higher relative degree. Such switching of the input causes the
chattering phenomenon. Furuta and Pan proposed a chattering-less control that uses a
linear sliding sector instead of a sliding surface; their approach traps the state in the
linear sliding sector [12].

The sliding sector has some range except at the origin. We also propose a binary input
controller for higher-order sliding-mode control. Under the binary input constraint, the
controller for the system can only use two input such as £1. The proposed method
unifies the continuous and discontinuous controller for higher-order sliding-mode control
into a strategy, which is applicable for a system with a binary input constraint. We
provide a binary input controller for the system based on the sliding sector. Under the
binary input, the state is attracted to a nonlinear sector called sliding sector, and then
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the state is trapped on the sliding sector by a bang-bang input with an appropriate
hysteresis. The chattering phenomenon on the sliding hypersurface is rejected except
at the origin. The reduction mechanism also provides strong effect for the chattering
reduction under three-valued input constraint +1 and zero, which is demonstrated in

the simulations.

1.3 Outline

This thesis is organized as follows. Following this chapter, Chapter 2 introduces the
mathematical preliminaries, including the fundamentals of system theory.

Chapter 3 shows the global obstacle avoidance controller for the four-wheeled vehicle
with steering limitation. For the obstacle avoidance, we propose the design method
of the navigation function, which is a CLF for a holonomic vehicle. The CLF for the
four-wheeled vehicle is obtained by extending the navigation function with respect to
the heading angle. We can obtain a global CLF from a number of local CLFs by using
multilayer minimum projection method. From the CLF, we derive a control law for the
four-wheeled vehicle and prove the asymptotic stability at the desired point of the four-
wheeled vehicle. The obtained control law, however, needs switching between forward
and backward movement with infinite frequency, and causes the chattering phenomenon.
Therefore, we introduce the hysteresis mechanism based on the CLF, and show that the
natural switching is realized by the hysteresis. Moreover, we present the special CLF
around the origin, and show the experimental results for a small four-wheeled vehicle to
verify the effectiveness of the proposed obstacle avoidance controller.

Chapter 4 discusses the higher-order sliding-mode control. We introduce r-sliding ho-
mogeneity ensuring the finite-time stability, and some classes of the higher-order sliding-
mode controller previously proposed. The higher-order sliding-mode controller using
positive definite function, called quasi-continuous sliding-mode controller, cannot design
the parameters in theoretical procedures. Because of the loss of explicit stability con-
ditions, we have to check the stability by computer simulations. We propose the novel
higher-order sliding-mode controller with the constructive method for the parameter de-
sign. We prove the stability of the controller and the existence of the stable parameters.

Chapter 5 shows the higher-order sliding-mode based on the sliding sector. We, first,
define the sliding sector, and show that the controller proposed in Chapter 4 satisfies
the properties of the sliding sector. Next, we confirm that the sliding sector is an
extension of the sliding hypersurface. We show that the controller based on sliding
sector integrates the various types of the higher-order sliding-mode controllers; e.g. the
quasi-continuous sliding-mode controller and the sliding-mode controller with the signum
function. Moreover, the discrete-valued controller with the hysteresis mechanism for the
switching of the control input can be obtained naturally. The saturation function for
the traditional sliding-mode control can be generalized for the higher-order sliding-mode

control in the context of the sliding sector. Finally, we discuss the parameter design for
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the first-order, second-order, and higher-order system. We show the effectiveness of the
proposed controllers based on the sliding sector by the numerical simulations.
Chapter 6 gives the conclusion of this thesis.






Chapter 2. Preliminaries

2.1 Notations and definitions

In this section, we introduce some general notations and definitions. Throughout this
thesis, we use the following notations:

e 7 is a set of integers.

e R is a set of real numbers.

e R™ denotes n-dimensional Euclidean space for some integer n.

e 2% denotes the set of all nonempty subsets of some space X.

e |z| denotes the absolute value of z.

e ||z| denotes the 2-norm of z € R” and the norm of z € S* defined as

||z]| = min |z + 2n7|.
nez

e % and Z denote the time derivative of z and twice time derivative of z, respectively.
e z(") denotes the i-th time derivative of z for some integer 1.

e ¢0S denotes the closure of the convex hull for given set S.

We treat |0|0 as lim,_q |;>;]0 = 1. We define the signum function sgn : R — R as
=1 (z>0)
sen(x):{ e[-1,1] (:=0)
=-1 (z <0).

Throughout this thesis, we use the following notation for a real variable z € R to any
power p € R:

(217 := |2["sgn(2).
Note that |2]% = |z|*sgn(z) = 2%sgn(z) # 22 for z < 0. For any z, |2]° = sgn(z) because
\z|0 = 1. Moreover, the derivative of the power functions are given by

d|z1? _
El,j 2" 1’
d|z|? _
liz’ MP "
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2.2 Filippov solution

Consider the following differential equation:

&= f(x)

where z € R" is a state vector and f : R” xR — R"™ is a vector field. In order to allow the
discontinuity of f(z) with respect to z, we consider the solution in Filippov sense. Let
us consider the following differential inclusion including the differential equation with
discontinuous right-hand side included

& € F(x).

If the set-valued function F(z) satisfies below, the above differential inclusion has a
continuous solution:
FP(t,z)=() () @f(tB(xz,6\N))
6>0 u(N)=0
where p is a Lebesgue measure of R™ and B(z,d) denotes the ball of radius § centered
at x on R"™.

2.3 Control Lyapunov function

The control Lyapunov function (CLF) is a Lyapunov function candidate for the
closed-loop system. The control law for the system is designed from the candidate
function to decrease the value of the function everywhere except on the origin set. The
CLF approach is a common and useful method for the stabilization of nonlinear systems.

First, we introduce the definition of the CLF. Let us consider a nonlinear system

T =f(z,u), (2.1)

where z € X is a state and u € U C R™ is a control signal. We assume that f: X xU —
T, X is continuous with respect to x and u, and f(zg,0) = 0 for every xg € P, where P
is a set of desired equilibria.

Let ¢¥(t,z;u) : T x X x F(T,U) — X be a solution of (2.1) for an initial state 2 and
input u(t), where t € T' = [0, Tjnaz(z,u)) indicates the time and F(T,U) denotes a set
of all mappings from T" to U. We use the following definition of a CLF for the set of the
desired equilibria P.

Definition 2.1 (Control Lyapunov function (CLF))
A global control Lyapunov function for the system (2.1) is a continuous function V :
X — R satisfying the following:

(A1) V is proper; that is, the set {xz | V(x) < a} is compact for every a > 0.

(A2) V is positive definite relative to P; that is, V(x) = 0 (Vo € P) and V(z) > 0
Vz € X \ P, where P is a set of the desired equilibria.
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(A3) For any x € X \ P, there ezists a time p € [0, Tynaz(z,u)) and an input u(t) such
that V(¢ (t,x,u)) < V(z),Vt € [0,p) and V(¢Y(p,z,u)) < V(x).

Let (W,n) be a local coordinate included in an atlas of X, i.e., W C X andn: W —
Z = Im(n) C RY is a homeomorphism, where dx denotes a dimension of X. We also
define a strict CLF for the set P.

Definition 2.2 (Strict control Lyapunov function (strict CLF))
A global strict control Lyapunov function for the system (2.1) is a continuous function
V : X — R satisfying conditions (A1) and (A2) of Definition 2.1 and the following

condition:

(A3°) For any xo € X \ P, there exists a neighborhood Sy, of xo, an input u € U, and
a local chart (W,n) such that DV (n(x); (f(z,u)w) < —Q(z) (z € Syz,), where
Q : X — R is a continuous positive definite function, which is independent of
the choice of xq, the suffiz w indicates a local coordinate representation, and the

directional subderivative DVyy is defined as

Vi x V) =V(x
DV (n(z);v) == lirﬁénf w )+tt ) ( )

v’ —=v

The definition of the CLF admits a point where its time derivative for the closed-loop
system is zero except the goal set, and we must use Yoshizawa-LaSalle Theorem to show
the asymptotic stability via the weak (not strict) CLF. By contrast, the time derivative
of a strict CLF for a closed-loop system is negative definite in the sense of directional
subderivative. We introduce the multilayer minimum projection method proposed in
[2] by Nakamura et al. The minimum projection method is a CLF design method on
a noncontractible manifold such as a space with obstacles. It synthesizes a global CLF
from a number of local CLFs.

Theorem 2.1 (Nakamura et al. [2])
Consider a finite layers X1,..., X, associated with étale mappings ¢; : X; — X (i €

S ={1,2,...,s}) satisfying the following conditions:

(B1) For every i € S, the continuous mapping ¢;, : T@.X} — T,z X s bijective for
all #; € X;; here ¢;, is the differential of ¢;, on the local coordinate, which is
represented by a linear mapping with the Jacobian matrizx.

(B2) There exists P; C X; such that ¢;(P;) = P, where P C X is the desired set of
equilibria.

(B3) The mapping ¢ : X — X is surjective, where X = @S X; and ¢ is a coproduct of
i€
{dities:
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Local CLF 1

High
Local CLF 2

Local CLF 3

10
More global CLF

Figure 2.1: Concept image of multilayer minimum projection method

If V; is a CLF for global asymptotic stabilization at P; of the induced system z =
b Hgi(F),u) on X;, then

V(z):= min V(%) (2.2)

is a CLF on X, where V is a coproduct of {Vi}ies:

Vi(7) (7 €X1)

Vi(®) (% € X,).

If each V; is a strict CLF on X;, V is also a strict CLF. Moreover, if each V; is locally
Lipschitz (resp. semiconcave), V is a locally Lipschitz (resp. semiconcave) function on
X.

The above method is modified from [2] in order to be applied for the set of desired
equilibria P, as with [13]. Fig. 2.1 shows the concept of global CLF design by the
multilayer minimum projection method. Note that, even for the case of ¢;(z1) = ¢;j(z2)
(i # 7), x1 and x5 are different points on X, and ¢~!(-) is a set-valued function.
Moreover, we can consider the singular points of V; by using the following multilayer

minimum projection method with singular point assignment.

Theorem 2.2 (H. Nakamura and N. Nakamura [14])
Consider a finite layers X1, ..., X, associated with étale mappings ¢; : X; — X (1 €
S ={1,2,...,s}) satisfying (B1), (B3) and the following conditions:

(B2”) There exists Pi C X1 such that ¢1(Py) = P, where P C X 1is the desired set of
equilibria.

(B47) For alli € L\ {1} and any p; € P; C X;, there exists k € {1,...,i — 1} such that
¢i(pi) € Tm(¢r)-

10



Chapter 2. Preliminaries 2.4. Relative degree

Let Vi is a CLF for global asymptotic stabilization at P; of the induced system i =
(bi**l((bi(i'),u) on X;. Consider

‘71:‘717
‘7@':‘~/i+cia

where i € L\ {1} and ¢; is a positive constant satisfying

¢ > min  sup min Vie(ZTg)-
k=Ll pieP; iredy ' (4i(pi)

Then,

V(z) = iegl—i{l(x) V() (2.3)

is a CLF on X, where V is a coproduct of {f/;}zes

2.4 Relative degree

Definition 2.3 (Relative degree)
We call v a relative degree for the single-input single-output (SISO) system

&= f(z) + g(x)u,
y =o(z),
if r is some positive integer such that

LyLy'o(r) =
L L o (x) #

0, (i=0,...,r—2)
0,

where

,C?O'(ZE) c=o(z),
Z}U(.ﬁl)) D= % (Eiflcr(x)) f(x).

In this thesis, we call a SISO system with relative degree > 1 a higher-order system
because the system with relative degree one can be stabilized by the following traditional
sliding-mode control with sufficiently large A > 0 if Lyo(x) > 0:

u= —Asgn(o(z)).

2.5 Homogeneity

We introduce some definitions on homogeneity as below.

11
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Definition 2.4 (Dilation)
We define DY : R" — R" as

DY : (x1,x2,..., mn)T = (A2, A2, . )\w”xn)T,

where, the n-dimensional vector w = (w1,...wy) s called dilation coefficient and the

homeomorphism DY is called dilation.

Definition 2.5 (Homogeneous function)
If the following identity is satisfied for any X > 0, the function V : R™ — R is called a

homogeneous function with homogeneity degree k for the dilation coefficient w:
V(DY(x)) = NV ().

Definition 2.6 (Homogeneous map)
If the following identity is satisfied for any A > 0, the set-valued map F : R® - U C R
1s called a homogeneous map with homogeneity degree k for the dilation coefficient w:

F(DY¥(z)) = \FF ().

Definition 2.7 (Homogeneous system)
If the following identity is satisfied for any X\ > 0, the system & = f(x) is called a
homogeneous system of degree k with respect to the dilation coefficient w:

F(DY (x)) = N*DY (f(x))

Definition 2.8 (Homogeneous differential inclusion)

Let F : R™ — R" be a set-valued vector field such that F(x) = (Fi(x),..., F,(z)) where
F; : R™ = R is a homogeneous map. If the following identity is satisfied for any A > 0,
the differential inclusion & € F(x) is called a homogeneous differential inclusion of degree

k with respect to the dilation coefficient w:
F(DY (x)) = A*DY(F ()

Theorem 2.3 (Nakamura et al. [15])
If the homogeneous system is strongly asymptotically stable, then

e state x of the system with negative degree of homogeneity is finite-time stable.
e state x of the system with homogeneity degree zero is exponentially stable.

e state x of the system with positive degree of homogeneity converges to an arbitrary

open set which includes the origin in a constant period from each initial point.

Note that linear systems are the homogeneity system of degree 0 with respect to the
dilation coefficient (1,...,1). The system is said to be finite-time stable if there exist
T > 0 such that z(t) = 0 for any T" > t and Vo € R"™.

12



Chapter 3. Switching control for
four-wheeled vehicle

3.1 Introduction

Controlling a mobile robot in a space with obstacles is a well-known problem in
robotics. The control objective is for the mobile robot to reach a goal point with ob-
stacle avoidance. In this chapter, we specially consider the multiple obstacle avoidance
problem for particularly a four-wheeled vehicle. Assuming that the shapes and loca-
tions of the obstacles are known, we propose a design method of a nondifferentiable
navigation function, which guides a vehicle at the desired point. The control law for
the four-wheeled vehicle is obtained from the extended function of the navigation func-
tion. As four-wheeled vehicles cannot move sideways because of their nonholonomic
constraint, the proposed control law addresses this difficulty by considering a decrease
in the control Lyapunov function, and can be applied to vehicles with steering limita-
tions. Moreover, the control law makes it possible for the vehicles to achieve an n-point
turn automatically without the need for any rule-based decision-making or heuristic
method. The four-wheeled vehicle can reach the goal point from any initial point under
the proposed control law. Our experimental results with a small four-wheeled vehicle
are presented at the end of this chapter.

Generally, many obstacles are present in the control space of a mobile robot. For
example, when operating indoors the robot has to avoid obstacles such as walls, desks,
and devices to reach the desired point. Obstacle avoidance problem is often treated as a
problem involving mobile robot localization and real-time obstacle detection. Neverthe-
less, the mobile robot can surely reach the desired point from any initial point without
straying only when the obstacle-related information such as shapes and locations are
known a priori. The analysis and design of such a global controller under the situation
when full information is available is significant for the theoretical aspect of global ob-
stacle avoidance. For achieving global reachability, it is useful to create a global strict
control Lyapunov function (CLF) because it offers the one and only guidepost for the
mobile robot to reach the desired point. In the obstacle avoidance problem, obstacles can
be regarded as holes of the state space. Such a space with holes is known as a noncon-
tractible manifold. Designing a global strict CLF is difficult because there are no global
differentiable CLF's on a noncontractible manifold. In other words, on a noncontractible
manifold, we need a discontinuous control law for global asymptotic stabilization.

Several obstacle avoidance methods have been proposed for mobile robots. When we

13
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avoid an obstacle, we drive a vehicle by using complex rules created in the brain. Such
reconstruction of rules is not easy for the mobile robots, because the rules are heuristic
or arbitrarily chosen by a human. Constructing such rules requires a trial-and-error
approach and consumes time. Two broad classes of this problem have been recognized:
global and local. To achieve global obstacle avoidance in a known environment, many
methods have been proposed [16, 17, 18, 19, 20].

On the other hand, local obstacle avoidance is implemented by different methods for
various targets and works well for unknown environments. For unknown environments,
sensor vision-based navigation has been proposed [21]; e.g., for the steering control [22]
and four-wheeled vehicles [23]. Nonholonomic distance between a four-wheeled vehicle
and an obstacle that is based on the shortest path of a four-wheeled vehicle [24, 25], plays
some role in path planning and optimality [26]. Such nonholonomic distances are also
used for achieving obstacle avoidance [27]. Another method for avoidance of obstacles is
to design a path directly [28]. Applications for a realistic car model are also developed
[29]. Optimal path planning [30] and model predictive control [31] of a realistic car are
proposed to suit limited purposes and conditions.

In the case of global obstacle avoidance, virtual potential fields that enable vehicles to
avoid obstacles are widely used since early research [16] on mobile robots and manipula-
tors.. Potential fields called a navigation functions have been introduced by Rimon and
Koditschek [17]. It has also been used for nonholonomic mobile robots in [20]. Laplace
equation has been used for generating a navigation function in [32, 33]. The navigation
function has been extended for more general obstacles in [34]. We know that there are
no smooth navigation functions without undesired saddle points on a noncontractible
manifold. Because of the saddle points, a smooth navigation function may cause a mo-
bile robot to be trapped on the saddle points. Conventional methods cope with this
local minima in diverse ways.

CLF-based obstacle avoidance is an alternative choice, and is an extension of virtual
potential methods. This work focuses on a CLF method for the purpose of achieving
global obstacle avoidance. A CLF is similar to the virtual potential fields in control
theory. We have known that Lyapunov techniques can be used for the navigation of
mobile robots, e.g., unicycle-like vehicles [35]. Here, we design a CLF for both navigation
and obstacle avoidance instead of a virtual potential field. The traditional methods have
a problem caused by the undesired local minima and saddle points. Recently, a minimum
projection method has been proposed by Nakamura et al. [1]; this is a CLF construction
method on a noncontractible manifold. The minimum projection method enables us to
create a nonsmooth CLF; that is, the CLF has no undesired saddle points.

Fukui et al. have proposed an obstacle avoidance technique for a two-wheeled vehicle
using the minimum projection method [36]. A global CLF on a noncontractible manifold
can be obtained by the minimum projection method. As the CLF is nondifferentiable,
the controlled object does not stop at unintended points, i.e., there are no saddle points.
A two-wheeled vehicle can be stabilized at the desired point and avoid an obstacle by the

14



Chapter 3. Switching control for four-wheeled vehicle 3.2. Problem statement

CLF proposed by Fukui et al. We call such a CLF for obstacle avoidance a navigation
function.

We consider a four-wheeled vehicle, which is the most widely-distributed vehicle in
the world. Because four-wheeled vehicles have the limitation of the steering angle of
them, we need to suppose the existence of the steering limitation. Both two- and four-
wheeled vehicles have the nonholonomic constraint. A two-wheeled vehicle is capable of
performing a pivot turn, and a four-wheeled vehicle without a steering limitation is also
capable of this. Nevertheless, the moving direction of a four-wheeled vehicle is restricted
under the steering limitation. Such a nonholonomic constraint of a four-wheeled vehicle
cannot be cleared by the navigation function. A four-wheeled vehicle can overcome this
constraint by alternating between going forward/reverse with steering to the left /right.

In this chapter, we consider one or more obstacles, whose boundaries are piecewise
twice differentiable, and their locations are arbitrary. Assume that the information about
the obstacles is known a priori. We propose a design method for a global CLF for a
four-wheeled vehicle with a steering limitation [37]. The CLF obtained by the proposed
method enables the vehicle to reach the desired point via a short path while avoiding
obstacles. The vehicle does not wander around because of a priori information. For
the generation of the CLF, the proposed method uses a multilayer minimum projection
method [2], which synthesizes a number of local CLFs to design a global CLF. Multiple
obstacle avoidance needs a number of local CLFs for a number of discontinuities to avoid
obstacles. These local CLFs are obtained from navigation functions by backstepping. We
also propose a control law that is based on the CLF and can overcome the nonholonomic
constraint and the steering limitation [38]. Moreover, we show that the nonholonomicity
of the four-wheeled vehicle can be weakened by choosing the appropriate control point
on the four-wheeled vehicle. Under the control law, the four-wheeled vehicle achieves
an n-point turn (for instance, a three-point turn) movement automatically. Because
of the discontinuous control, the signs of the obtained velocity and steering angle are
changed from positive (or negative) to negative (or positive) in an infinitesimal interval,
that is, the chattering phenomenon occurs. Such a chattering can be reduced by an
appropriate hysteresis for the switching the sign of the input. We also propose such
a hysteresis mechanism based on the CLF, and apply the hysteresis mechanism to the
proposed controller. The control law is simple although multiple obstacles and the
steering limitation make the problem difficult. We verify the efficacy of the proposed
method by experiments, and present the results at the end of this chapter.

3.2 Problem statement

3.2.1 Four-wheeled vehicle

We focus on the obstacle avoidance problem for a four-wheeled vehicle illustrated in
Fig. 3.1. The control point (z,y)" = (z¢ + lcos@,yo + Isin#) T of the vehicle is a point
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Figure 3.1: Four-wheeled vehicle model

on the perpendicular bisector of the rear shaft, where (xo, yO)T is the coordinate of the
center of the rear shaft, 8 denotes the heading angle of the vehicle, and [ is a constant
denoting the distance between the control point and the center of the rear shaft. The
angle @ is a point on a circle S!, i.e., # € [0,27] and the point § = 27 is identified
with # = 0. The usage of the offset [ # 0 can reduce the distance between the control
point and the circumcenter of the vehicle, and weakening the nonholonomic constraint
of the vehicle at the control point. The direction of movement of the control point is

determined by 6 + A(§), where § € S! is the steering angle, A(§) is defined by

0 (coséd =0 and [ =0)

A(0) =

arg(cosd,lsind/L) (otherwise),

and arg : R? — S! denotes the argument in the 2D plane, i.e., arg((z,y) ") = Z(x + iy)
or arg(x,y) = arctan(y/x) (z > 0). Note that arg(0,0) is undefined. A(J) is called a
mismatch angle between the heading angle and the direction of movement under the
steering angle §. We use the velocity of the vehicle as an input variable instead of
the acceleration of the vehicle. Assuming that the vehicle has no sideslip and a fast

responsiveness to the velocity command, its dynamics are written as

o — Isin 00 vo cosf — vl sin ftan 6 /L vcos (6 + A(9))

T
y| = |90+1cos0f| = |vgsind + vol cosOtand/L| = | vsin (0 + A(S)) |, (3.1)
6 votand/L votand/L vsind/L
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where L > 0 is the distance between the front shaft and the rear shaft, the front wheel
velocity v and the steering angle § € S' are the control inputs, vg = v cos § is the velocity
at (zg,70)" and ¥ = vcos §/cos(A(d)) is the velocity at (z,y)'.

In this study, we consider the steering limitation

| sin 0| < sin dpmaq, (3.2)

where 0z € (0,7/2). Without loss of generality, we assume v > 0 because (3.2) admits
the case of m/2 < |§]. General four-wheeled vehicles have steering limitations, which
prohibit the vehicles from turning on a pivot. The limitation §,,4, and L determine the
minimum turning radius of the vehicle. See Remark 3.5 for the case with the velocity
limitation.

We call the following system on planar surface a simplified subsystem of the vehicle:

o= L) 53

The virtual input for the subsystem is

. [U] _ [vcosé/cos (A(9))
7 6+ A(0)

Note that (7,0)" is different from (v,0) " in (3.1). Nevertheless, a virtual input obtained
as a map of (z,y)" will be used for the desired values of the actual velocity and the
direction of movement in Section 3.4, where the stability is guaranteed via the Lyapunov
approach.

3.2.2 Control space and obstacle avoidance problem

We consider a number n of obstacles ©O; € R?\ {(0,0)"} (: = 1,2,...,n), whose
boundaries are piecewise differentiable. The control space X of the subsystem is a plane
excluding the obstacles X = R?\ {Oi}ieqi,...ny- Mathematically, a control space of the
four-wheeled vehicle is expressed by X = X x S!. These obstacles can be regarded as
holes on the control space. The differential space with holes is called a noncontractible
manifold, which is not equivalent to a point in the sense of topology.

From the definition of the obstacles O;, we can confirm that the point =y = 0
is a point on X. The purpose of the obstacle avoidance in this chapter is to bring the
control point of the four-wheeled vehicle onto a goal set

P={(z,y,0)" € X|z=y=0} (3.4)

with no collision with obstacles. We do not consider the final heading angle of the
vehicle on the goal point on the z-y plane. We consider a “global” obstacle avoidance
problem; hence, it is supposed that the information about the obstacles, such as locations
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and shapes, are known in advance, and the obstacles can be represented by piecewise
twice differentiable boundaries. Moreover, the position and the angle of the vehicle are
assumed to be observable.

Remark 3.1
The collision with the obstacles is detected at the control point (x,y)' of the vehicle. For
the actual implementation, we should enlarge the obstacles in consideration to the size
of the vehicle.

3.3 Navigation function
In this section, we design a CLF for the simplified subsystem (3.3).

Definition 3.1 (Navigation function)
A CLF for the simplified subsystem (3.3) on the manifold X is called a navigation
function.

Navigation functions for obstacle avoidance are proposed in [18]. The traditional navi-
gation function tells the mobile robot its direction to go except at the points where the
gradient of the navigation function is zero. The navigation function may contain unde-
sired saddle points, that is, a mobile robot controlled by the gradient of the navigation
function may stop at such a stationary point. Without the undesired saddle points and
local minima, such a problem does not occur. Allowing the navigation function to have
nonsmooth points, we can remove the stationary points from navigation function.

Definition 3.2 (Strict navigation function)
A strict CLF for the simplified subsystem (3.3) on the manifold X is called a strict
navigation function.

Once a strict navigation function is designed, it removes the difficulty caused by the
noncontractiblity of the manifolds. Nevertheless, no general design method of nonsmooth
navigation function exists. Moreover, navigation functions ignore the direction of the
vehicle. To design a nonsmooth global CLF of the system (3.1), we use the multilayer
minimum projection method [2] described in Section 2.3.

By Theorem 2.1, we can design a global strict CLF on X from a number of strict
CLFs on the other manifolds X; associated with étale mappings ¢; : X; — X. We
call X an original manifold and each manifold X; a simple-structured manifold. The
whole noncontractible manifold X can be covered by the union of the all of the image
(;SZ()NCZ) C X. We prepare X; to be a contractible manifold because it is relatively easy
to design a CLF on a contractible space. We consider that the contractible manifolds
have a form X; = X; x R, where X; denotes the space of the planar position and R is
the space of the direction of the vehicle. In the simplified manifolds, the heading angle
is treated on the Euclidean space rather than the noncontractible space of circle S!.
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X 9= i

= Referential trajectory
W Obstacle

§(X) on X
¥ Goal point (g,,r;) = (0,0)

self-overlapping

_ -
=g, . — 3 _
qi = Qimin —> =7 = 7riR(Qi)

Figure 3.2: Referential trajectory and ¢;(X;) on X

We prepare a mapping from X; shown in Fig. 3.3 to local area around a referential
trajectory shown in Fig. 3.2.

Definition 3.3 (Referential trajectory)
A referential trajectory is a sufficiently smooth trajectory B(q) on X such that B(0)is
a point on the goal set P, where q is a parameter of the trajectory such that ¢ € @@ =

[Qminy Qmax] (O € Q)

We require sufficient smoothness of the referential trajectories, but do not require
the feasibility of the referential trajectories on the four-wheeled vehicle with the steering
limitation. The finally obtained control law does not drive the vehicle just on the trajec-
tory. Various methods can be used to create referential trajectories. For the simulations
and experiments in Section 3.7 and Section 3.8, we make several referential trajectories
by using Dijkstra’s method and B-spline interpolation as shown in Section 3.6.1. Let
B;(q;) (i€ S =1{1,2,...,s}) be the referential trajectories designed in some way, where
s is the number of the trajectories.

We first consider a simple-structured manifold X;, which is associated with a refer-
ential trajectory B;, as

Xi ={(gi:7)" € R | Ginin < @i < Gimaw» —Tir(6) <7 < rip (@)}, (3.5)
where 7;7,(¢;) is a twice differentiable left-hand-side width function that defines the
domain of X;. Similarly, r;z(g;) is that of the right-hand side. Note that the width
functions have two requirements described in the next paragraph. We can easily design

a strict CLF on the manifold X; because X; has a simple structure and we can choose

# and ¢ in (3.3) independently. The design method for the CLF is freely chosen by
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Domain of 3; on X,
¥ Goal point (g,,r;) = (0,0)

9= iy

9= 49,
Figure 3.3: X; associate with the referential trajectory of Fig. 3.2

a designer. Nevertheless, we require that the CLF must be strict and be of class C?
function for the following discussion.

Assumption 3.1
For each i € S, a C? strict CLF V(q;,7;) is obtained.

One of the design procedures of V; used for our experiment is described in Section 3.8.

We can consider a mapping ¢; : X; — X, which maps a point on X; to a point on the
local space around the trajectory. The mapping ¢; from (g;,7;)' to the planar position
in X is defined as

¢i(qi,ri) =Bi(q) +ri

0 —1| Bijlw)
i o]Hqui)H’ (30

where B’(q;) = dB;(q;)/dq;. Conversely, if T = ¢;(g;,r;) is given, r; can be obtained as

1 0| |[Bi(a)l

/
r = (3 - Bila))" [0 —1] Bi(4)
We can see that r; represents a signed perpendicular distance from B;(q;). Therefore,
rir(¢i) must not exceed the distance to the nearest obstacle in the left-hand direction
from B;(g;). Moreover, for the regularity condition of the Jacobian matrix of ¢;, 7;1,(¢;)
must be less than or equal to the curvature radius of B;(g;) if the center of curvature
lies on the left-hand side. Similar restrictions are applied for r;g.

Note that we do not call ¢;(X;) a simple-structured manifold because it may be a
noncontractible owing to a self-overlapping, as shown in Fig. 3.2. Instead, we regard X;
as the simple-structured manifold that is contractible. Every point on X; is mapped to a
point on the local space around the trajectory on X by the mapping ¢; : X; — X defined

by (3.6). Conversely, the inverse map of ¢; is also necessary for the implementation of
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the multilayer minimum projection method. Consider a correspondence qu_l X = X,
As it is not required that ¢; be a homeomorphism, gi_);l may be a multivalued mapping.
From the definition of ¢;, we know that ¢ and 7 corresponding to & € X; must satisfy

Bi(q:) - ( — Bi(g:)) =0,
—rir(q) < i <rig(aq). (3.8)

The condition (3.7) shows that & — B;(g;) is orthogonal to B’(¢;), and (3.8) guarantees
that &; € X;. The set of all pairs of r; and ¢; satisfying the conditions defines the
inverse map of ¢;. If no pair satisfies the conditions, (x,y)" ¢ ¢;(X;). We need to
prepare a sufficient number of the referential trajectories for any (x,y)" € X to be
included in ¢;(X;) (Fi € S). The correspondence ¢; ! is multivalued, but the uniqueness
of the mapping is not required for using multilayer minimum projection method because
¢! in (2.2) is defined as a set-valued mapping. When <Z>i_1 has a single value, a local
navigation function on X is naturally defined as V;(¢; ! (z,y)).

Using the multilayer minimum projection method [2], we can design a global nav-
igation function from the CLFs on the simple-structured manifolds. The global strict
navigation function on X is obtained as

V(z,y) = _min Vg(z),

&' edg! (zy)
where ¢g is a coproduct of {¢; };cs and Vg is a coproduct of {V;}ics. As the local CLFs
are strict, V is also a global strict navigation function.

In this study, however, we do not use this global navigation function directly in the
case of [ = 0, because we should consider the heading angle of the four-wheeled vehicle.
In the following sections, we extend the CLFs on X; with respect to the heading angle
0 for the case of | = 0, before synthesizing the global CLF. On the other hand, in the
case of [ # 0, we also show that each local navigation function is a local CLF for the
original system in the next section.

3.4 Control law

Let V; : X; — R be a CLF on X; and ¢; : X; — X be a mapping of (g, ;) —
(z,y)T € X. The actual design of V; is discussed on the next section. For the design
of the controller, there is no need to consider the actual implementation of V; because
they are independent of each other.

3.4.1 Control law for subsystem

In this subsection, we design a desired velocity vges and a desired heading angle 0.
for the subsystem (3.3) to reach the goal point. From the subgradient of V; at # € X,
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we define vges and 4.5 as
Vi
0z

> edes(q’ia Ti) = arg <kv aa‘;l)v (39)

Udes(Qia Ti) =ky

where k, > 0 is a velocity coefficient. Note that 4. is a value on a circle S*. The details
of the calculation of 4., is discussed in Appendix A.

Remark 3.2
Let W be a differentiable function on X. For fived &; = (q;,7;)" € X, the subgradient
of a W at & = ¢;(qs,r;) € X is calculated as

oW AW (94 \

oz 0x; \ox;)

which is a map of q; and r;. Likewise, we regard OV ;/0% in (3.9) as map from (qi,7;)
rather than from (x,y).

Theorem 3.1

The input (0,0)T = (Vges,Oges) | makes the vehicle of (3.8) be asymptotically stable at
the origin from any initial condition on ¢;(X;) C X.

Proof
Under the input (vges, Hdes)T, the time derivative of the local navigation function is cal-
culated as B .
- OVz T vdeSQ 8‘/1
Vi = — . - = _kv —
ox |y ky ox

Therefore, the time derivative of the CLF is negative except at the origin of X;, and the
subsystem is asymptotically stable at the origin.

We can change k, appropriately because the time derivative of k, does not affect the
negative definiteness of the time derivative of the CLF.

3.4.2 Control law for four-wheeled vehicle without steering limitation

In this subsection, we extend the CLF V; on X; with respect to the heading angle 6
to consider the nonholonomicity of the four-wheeled vehicle with no steering limitation.

We regard the virtual input 4.5 for the subsystem as an ideal direction of movement
for the four-wheeled vehicle. The mismatch angle A(J) can change the direction of
movement by the steering input 6. In the case of [ # 0, we can make the actual direction
of movement equal to the ideal direction f4., because the range of A is whole S under
no steering limitations. Otherwise, in the case of [ = 0, the direction of movement is
determined by 6 where § € (—7/2,7/2) or 0 + 7 where 0 € (7/2,37/2). Note that for
=0,

0 (cosd >0)

a4 = m (cosd <0).
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Let Z C R be a candidate set of error angles between the heading angle and the

actual direction of movement at (g;,7;,6) " :

Z(qiy7i,0) ={2 = 0 — O4es(qi, i) + A(Spep) + 20/ | b,ep € S0/ € 7}

{2 =0—baeslas,ri) +nm | n ez} (1=0) (3.10)

R (I #0),

where Z is undefined at (g;,7;)" = (0,0)" because 64.,(0,0) = arg(0,0) is not defined.
Now, we can obtain the following CLF V; extended with respect to 6 by using the
multilayer minimum projection method with infinite layers:

_ _ k.
Vi(gi, i, 2) :==Vi(qi,75) + 522,

0 (l = 07 (in T‘i) = (070))
Vi(qi, ri,0) izngélvi(%%z) = Vi(gi,ri) + mingez %22 (1=0,(g;,7) # (0,0))

where k, (> 0) is a coefficient with respect to the error angle. Note that, in the case of
I # 0, the strict local navigation function becomes a strict local CLF for the four-wheeled
vehicle. The nonzero offset dissolves the nonholonomicity problem as long as there are

no steering limitations.

Theorem 3.2 .
There exists a pair of steering angle § and the vehicle velocity v that can make V; =

_Udes2/kv .

Proof
The time derivative of V; is calculated as

W NN 4 kz(B— faes) (1= 0)
V; = Y] (3.11)
- |z
9 (1 #0),
)
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where z = argmin z2. Substituting (3.1) into (3.11), we get
z€Z(qs,ri,0)

;

o 6Vz _ 89d€5 cos 9 tan 5 —
) v oS § <8a_3 ko2 ) " + k.2 7 (l=0)
Vi =
) cos 0 o, cos(§ + A(9)) (1 £0)
cos(A(8)) % | sin(6 + A(6))
T cos O 5V,
veW —vcosd H % (l=0)
sin §
cos d o7, cos(0 + A(0)) (1 £0)

Um o sin(§ + A(9))

where Oeyr = arg (—00ges/0T), |004es/0%|| are functions of ¢; and r; as in Remark 3.2
and W 1is given by

1 —cos(0 — Oges)

v, ges
- - 90|+ e || 2| cost® — Beur)
k.
L
We transform the above equation into
B cos 9 oV,
V= - .
Y cos (A(9)) H ox

under the steering input § = d4es that is obtained by
arg ((—=1)"W)

Odes = (l = O)

argmin min (0 + A(0) — ges (i, 75) + 2n7)2 = AN (O4es(qs, i) — 0) (1 #0),

where n in the case of | = 0 is determined by (3.10) and the selection of z, and ((—1)"
cos(0 — Oges) — 1) /(0 — O4es + n) is an analytical function. Therefore, V; = ~Vges? [y
18 accomplished by the control input
coS(A(dges))

CoS Oges
For the case of [ = 0, cosdges is nonzero. Moreover, for a positive I, cos(A(d))/cosd
can be considered as an analytic function. Hence, the above control law is well defined.
Note that cos(A(dges))/cos dqges is always positive. Without the steering limitation, the
time derivative of V; can be negative except at the goal point under the input

(vaé‘)—r = (Ud6575des)Ta (3.12)

because the desired velocity vges is nonzero except at the goal point, and the velocity
coefficient k, can be chosen freely. We call 44,5 the desired steering angle. The desired
steering angle is also used in the next subsection.
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3.4.3 Control law under steering limitation

We can control the four-wheeled vehicle without steering limitation by the control
law (3.12). Nonetheless, the actual vehicles have steering limitation |sind| < sin dpaq.
If | sin dges| < sin dpmaq, we can adopt (3.12) as the control input. In this subsection, we
consider the control law for the case where | sin dges| > sin dmaq-

Under the steering limitation |sind| < sindyq., the steering range consists of two
disjoint ranges:

b€ UZO uU <0,

where Uso and U<g defined below correspond to forward and backward movement,
respectively:

Uso ={6 € S| cosd > cos dmaz},
U<co ={6 € S cos§ < — cos pmaz}-

Any controller cannot be continuous with respect to time, because the vehicle must go
both forward and backward in order to change the heading angle under the steering
limitation. In other words, the steering angle for the vehicle switches between U>( and
U<o.

Theorem 3.3
For the four-wheeled vehicle with steering limitation (3.2), there exists a steering angle
that can make V; < 0 except on the goal set under the velocity vges.

Proof
We can rewrite (3.11) as

B av; B 90ges Sk C (] =
: v Cos § (‘ oz || cos (0 — Oges) — k22 H cos (6 — GCW)> + vsm&k:zL (l=0)
Z 050 10V | cos (9 + A(3) — 6 140
U eosiagy | 3] cos 0+ 26) ~ b (i #0)
( 5
opT cos (L= 0)
sin §
a 0085 cos(A(6))
cosa @ |92 P 1#0
COS sin(A(6))
1
—vcosdp (1=0)
tan o
1
! (L #0),
tan(A(6))
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where p is define as

[ cos (6 — Bues) — k= || %= | cos (6 — brr)
] (1=0)
p=3yL _kzz
coS(A(dges))
‘ (1#0).
— sin(A(6des))

Note that V can be expressed by an inner product of a vector p and (cosd,sind)! (I =0)
or (cos(A(8)),sin(A(8)))" (I # 0). The vector p is nonzero for nonzero v except on
the goal set (Fig. 3.4). As shown in Fig. 3.4, the inner product can be both positive and
negative depending on the steering input §. The following control law o; makes Vi(q, T, 2)
be negative except at the goal point:

v 9 (Udesa 5des)T (5des € U) 313
0 - (ql’ " ) a (Udesv argmin ‘71 )T (Otherwise), ( . )
seU V=Uges /| cos d|

where U = Uso UU<g = {0 € S | | sin§| < sindpaz}-

Note that we should use 405 wherever |sin dges| < sin 9y Moreover, the above control
law has some robustness for the configuration error of L; the negative definiteness of the
time derivative of V is reserved as long as the actual distance between the rear shaft
and the front shaft is smaller than given L.

Remark 3.3

Under the proposed controller, the four-wheeled vehicle faces forward for 1 > 0 and faces
backward for 1 < 0. Moreover, if | = 0 then the vehicle faces both forward and backward.
Therefore, | > 0 is natural for the car. The backward of the forklift is correspond to the
forward of the four-wheeled vehicle (3.1). By setting the baggage as the control point,
1 < 0 is natural because for the forklift.

Remark 3.4
When | sin dges| > $in dpmqz, the input 6 € U that minimizes VZ| cosd|/v is always one of

6maxz —Omazs T — Omaz OT —T + Omaz-

Remark 3.5

Because the time-dependent velocity coefficient k, > 0 s allowed, we can replace the
velocity input v = Vges by v = Min{vges, Vmaz } to satisfy the velocity limitation |v| < vUpmag
by choosing some appropriate k,(t), for some vpqz > 0.
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sin ¢ (I=0)
sin (A(9)) (/> 0)
\

0y (1=0) P Opax (1=0)
T+ A(Oa) (1> 0) Apar) (1> 0)

cos d (I=0)
cos (A(0)) (/> 0)

Going
Backward

Going
Forward

T=0pe  (1=0) “Opar (1=0)
T=A(Oa) (1> 0) ~A(Oax) (1> 0)

Figure 3.4: Inner product in the calculation of f/z

3.5 Global controller

3.5.1 CLF synthesis

In Section 3.3, we design the strict CLFs for the simplified subsystem (3.3) on the
other spaces X; (i € S) with the referential trajectories. We also design the CLF V;
extended for the four-wheeled vehicle (3.1) and its control law in Section 3.4. A global
CLF synthesized from a number of CLFs can globally asymptotically stabilize the four-
wheeled vehicle. To synthesize the CLFs, we employ the multilayer minimum projection
method described in Section 2.3.

We can obtain a set of strict CLFs {V;}ics generated from referential trajectories
and the corresponding mappings ¢; : X; — X, which define a coproduct ¢ of mappings
{bi : (¢5,74,0)" — (x,y,0)"}, where X; = X; x S! and each ¢; is given by

(,9,0)" = ¢igi,r:,0) = (Pilqii) . 0) "

We get a global strict CLF V on X from the CLFs V; on X; by using the multilayer

minimum projection method [2].

Proposition 3.1
The function V(x,y,0) is a CLF for the four-wheeled vehicle:

V(x,y,0) := min Vg, ri,0), 3.14
( ) I (gj,75,0) (3.14)

where ¢ is a coproduct of {¢;}ics and V is a coproduct of {Vi}ics.
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The control law based on the global CLF V is one for the minimum CLF, i.e.,

)
a1 ( argmin V) ((qj,rj,Q)T eXi &)= 1)
(Qj7Tj79)T€¢>_l(l“’y:9)

[;] = Oé(l‘,y, 9) =

g ( argmin ‘7) ((qj,rj,H)T eX, &)= 5) ,
. (gj75,0) T €p~1(2,y,0)

where each o (i = 1,...,s) is given by (3.13). V in the sense of directional subderivative
is negative except on the goal set P because the control law is selected to suit the
minimum CLF XN/Z at the moment and VZ < 0 except on P under the control law. The
CLF V always decreases under the control law, and the vehicle reaches the goal point.

The selection of the control law «; is arbitrary where ¢~!(x,y,6) has multiple values
[39].

3.5.2 Hysteresis mechanism

Note that the longitudinal velocity of the vehicle, that is vsgn(cosd), becomes both
positive and negative, and causes the chattering phenomenon under the control law «;.
To reduce the switching of the actual sign of the velocity, we introduce an appropriate
hysteresis mechanism using the following proposition.

Proposition 3.2
Consider

&= f(z,u)

where x € R™ is a state and v € U C R™ 4s a control input.
uwelU=U,UUU---UUg

where each U; (i = 1,...,k) are disjoint subsets of U. Let V(x) be a CLF for the system,
a: R™ = 2V be a set of the control input that makes V < 0. Then, the system under
the following control law is asymptotically stable:

argmin V. u; € Uy and a(z) N Uy # 0
u€a(z)NUL

“= argmin V€ Uy and a(z) N Uy # 0
u€a(z)NUy
argmin V otherwise,
u€a(z)

where uy € Uy s the last input.

It is obvious that the above control law satisfies V < 0 along the trajectory.
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The local control law with the hysteresis can be expressed as

(

(Ud687 5des)T (’ sin (Sdes‘ < sin 5max)
T
VUges, argmin V; (minser., V; <0and & € Uso)
v 5€Us V=Vges/| cos | = =
51 =@ (qi,7:,0) ‘ T ‘
Vdes, argmin V; (minsey., Vi < 0 and §; € U<o)
6€U<p V=Vges/| cos | =
) T
(vdes, argmin V; > (otherwise),
\ 6eU U:Udes/‘ cos 5'

(3.15)
where J; is the last steering angle of the vehicle.

Remark 3.6
A special CLF around the goal point may be useful for the actual implementation of
the control law, because the high rate of change in 0405 around the goal point reduces a
convergence performance. Using the offset technique for CLF synthesis summarized in
Theorem 2.2, we can synthesize such a special CLF Vi with the proposed global CLF V
easily:

. V(z,y,0)+c (V(z,y,0) + c < Vo(x,y,0))

Viz,y,0) =
Vo(z,y,0) (otherwise),

where ¢ > 0 s an offset. The control law for V' can be obtained in the same manner as
for V.

We give an example of Vj in the next section.

3.6 CLF design

3.6.1 Local CLF design

In this subsection, we introduce an implementation of the referential trajectory cre-
ation, and a design of the CLF V; on the manifold X;.

We employs Dijkstra’s method and B-spline interpolation for the design of the refer-
ential trajectories. First, we placed a number of nodes on the target space, ensuring that
one of the nodes is on the goal point, and connected each node the others by an edge
with a positive cost. When the edge contacts an obstacle, its cost becomes infinity; oth-
erwise, the cost of an edge is basically determined by its length. By Dijkstra’s method,
the shortest path and the lowest cost to the goal node is calculated for each node on the
graph. Moreover, by taking a weighted cost of an edge around the obstacles, the shortest
path is at a sufficient distance from obstacles. Similarly, we can consider the roughness
of the ground and slopes by imposing penalties for bad conditions. Connecting two
shortest paths smoothly at the goal point, we obtained a path composed of a sequence

29



Controller Design with Hysteresis Mechanism and Sliding-Sector Ryo Nonaka

of nodes, which passed through the goal point. We obtained a reference trajectory B;(q)
by B-spline interpolation, where B;(0) is the goal point. We also interpolated the costs
for the nodes along the path, and called it a cost function C;(q), where we changed the
sign of the cost of the node to be negative when ¢ < 0. Therefore, C;(q) monotonically
increases, and C;(0) = 0. A number of referential trajectories and cost functions are
prepared to cover X with ¢;(X;) (i € S).

We design strict CLF V; on the manifold X; as

Vilg,r) =kqVg(q) + k- Vi (g, 7),

m C;

(gm)

4 Y T
Vi(g,7) :ﬁrm(q)2 tan? ( ) + Ko (\/m _ b> ’

2 Tm(‘])

where V,(q) is a cost function for the distance from the goal point, V;.(¢q,r) is a penalty
cost function with respect to the distance from the referential trajectory, k; and k, are
weight coefficients, and kg and k.2 are nonnegative coefficients, a > 0 and b > 0 are
design parameters, and C;(q) is the cost function associated with B;(q). Note that V;(q)
and V,.(q,r) are positive definite with respect to ¢ and r, respectively. Moreover, these
functions are differentiable functions satisfying 0V,/0q # 0 (¢ # 0) and 0V, /0r # 0
(r # 0), and reach infinity on the edge of the domain of X;. The above CLF is used in
the simulations and the experiments in Section 3.7 and Section 3.8.

3.6.2 Special CLF around the origin

From nature of the proposed controller, the high change rate of 84,5 results in adverse
effect. Especially, 0405 becomes a big value around the origin because 0V /0x = 0 iff
2 = 0. In this subsection, we proposed a helper CLF on the following space:

Xo={(,9,0)" | V% + 2 < rmo}, (3.16)

where 71,,¢ represents the radius of the domain of X, centered at x = y = 0. We assume
that 7,0 is smaller than the distance to any obstacles from x = y = 0. Therefore, there
are no obstacles on the space Xj.

First, we define the desired heading angle on X as

Oges(x,y) = atan2(—y, —x).
We also define the signed distance from the goal point as
r(z,y) = Va +y*.

Note that it can be written as (z,9)" = (=7 cos O4es, —7 5N Oges) | .
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We consider two cases: the case of the vehicle can reach the goal point with going
forward or backward only, and the case of the switching of the sign of velocity needed
for change the heading angle. For classifying the two cases, we define the lower limit
steering angle 0y,in(r, 2) as

L
Omi = —at
min (T 2) atan (Rmaz>
_1( 2Lsinz
= —tan ' [ ———— ),
r+2lcosz

where atan : S — [—7/2,7/2] is the inverse tangent function, z is an error angle,

Rynaz (1, 2) is a turning radius under 6, (7, 2), and z and Ry,q, are determined as

2(x,y,0) = 0 — Oges(x,y) + 2w argmin |0 — Oges(x, y) + 2n7|,
nez

!
= +lcosz
Ropaz(r, 2) = RAE

sin z
As shown in Fig. 3.5, lower limit steering angle d,,,;, (7, 2) is the steering angle such that
the vehicle reaches the goal point from a given point under tand = tan (7, 2) , that
is, 0 = Omin(r,2) Oor & = Omin(r,2) £ m. The vehicle can reach the goal point without
k-turn if |0min (7, 2)| < dmag-

We recall that the vehicle can reach the goal point with no change of sign of the
velocity if |0min (7, 2)| < dmaz. Consider the CLF 1} as

2rm0>2tan2 <7T7”(33ay)> + kz(] tan2 <W6min(r(x)y)az(l‘ay76))>

T 2 Tmo 2 2 Omaz

kr
%(xayae) = 70 <

(3.17)

where k.q > 0 is a coefficient of the cost function with respect to the distance from the
goal point and k,g > 0 is a coefficient of the penalty for the steering angle limitation.

The domain of Vj is given by

DOHI(VE)) - {(mvyve)—r € Xo ’ ‘5mm(7"($7y),z(x,y,9>)’ < 6ma1} C Xo.

Lemma 3.1

The time derivative of Vi becomes negative definite under the following control input:

(v,8)" = ao(z,y,6) = ay(r(z,y), 2(z,y,6))

(kvoTs —Omazsgn((1 + 708 2)dmin(r, 2))) (cosz > 0)

(kwoT, T 4 Omazsgn((l + 7 ¢cos 2)0min(1,2))) T, (cosz < 0)
(3.18)

ay(r,z) =

where kyo > 0 is a velocity coefficient.

Note that the steering angle in the case of cosz < 0 belongs to U<p.
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(0,0)
5min A
4 s Z
A
¢ [63))
/2+1
r/2+lcos(z) I
z /
5min v

(X0:0)

Rmax

Figure 3.5: Concept image of lower limit steering angle ,in (7, 2)

Proof

The time derivative of dmin s obtained as

41L sin® z 2L cosz

5 (2l cos z+71)2 * 3cos z+r 5 2L sin z ;
min — - - .
4L2sin? z 1 2 412 sin? z
(21 cos z+1)2 + (2l COs z + 7”) m +1

Substituting 7 = vo(tan dlsinz/L —cos z), 2 = vo(sin z+cos z tandl/L+rtand/L)/r and
v = kyor cosd

2Lsinz + (2l cos z + r) tan §
(2Lsinz)? + (2l cos z + r)?

Omin = —2kyo (rcos z 4 1) cos d.

Substituting tan § = tan d,,4, into the above equation, we have

From a simple calculation, we can check that both tan? (g L ) and tan? <g6,,gn7(r,z)>

Tmo max

are decreased under the control law.

For the case of changing the heading angle, we define the horizontal distance R as

R(z,y,0) = r(z,y)sin z(z,y,0).
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Figure 3.6: Concept image of horizontal distance R

R is a distance between the vehicle and the goal point in the transverse direction of the
vehicle as shown in Fig. 3.6. From the definition of R, the error angle z(x,y,6) = 0 iff
R(z,y,0) = 0. We design CLF Vg as

Val.3.0) ke R(x,y,0)? Ir(z,y)] < 7o
R\T, Y, - Tmo—T 2 7 |r|(x,y)—r
B R(a,y, 0)° + b (Hmemred ) gan? (gleslom ) ()] >
(3.19)

where kg is a coefficient of the cost function with respect to the horizontal distance and
ro is a nonnegative design parameter satisfying ro < rmg-

Assumption 3.2
If 1 =0, k. and Kgr satisfy
kroL

— < 7Iy.
4kp tan dpmaz 0

Lemma 3.2
Under Assumption 3.2, the time derivative of Vi becomes megative except on the area

such that Vr(z,y,0) = 0 under the following control input:

(vvd)—r = OCR(%% 9) (320)
= u_l’_ VR (v7§)T:u7 Z 0
_ : (3.21)
- VE| 7y 2

€ {ug,u_}, (otherwise)
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where kyg > 0 is a velocity coefficient, uy and u_ are inputs value given by

U — ]{JUD?"
o ~Omazsgn((l +rcosz)sinz) |’

U_ =

kvOT
T+ Smazsgn((l +rcos z)sinz) |

Proof
From 7 = wvp(tandlsinz/L — cosz), 2 = vo(sinz + cosztandl/L + rtand/L)/r and

vo = kyor cosé, both time derivatives of R? under uy and u_ become

d oy oo
= (R?) =2RR

= 2R(7sinz + r cos z2)
= 2k, or2sin zsin 6(I + rcos z) /L

= —2kyo72| sin 2 8in 8,0z (1 + 7 cos 2)| /L.

Therefore, the control law decreases the horizontal distance R. Moreover, if | # 0 then r
is decreased by uy or u— or both, otherwise Assumption 3.2 guarantees that Vg can be

negative definite uy or u— or both.

The velocity v should be selected by taking into consideration of the previous velocity
as with the hysteresis mechanism on (3.15). Then, the sign of the velocity is just flipped
when Vg = 0.

Note that the set Pr such that Vp = 0 is given by

PR(I')y’H) = {($,y, G)T | \7"($,y)| =V x? +y2 < T079 = edes(xay)} C XO-

Therefore, the control law (3.21) does not guarantee that the vehicle reaches on the
goal set P. We can eliminate the singular area of Vi by combining with Vj because
Pr C Dom(Vp), that is, decreasing |R(z,y, )| means that the error angle |z(z,y, #)| and
|0min (7, 2)| becomes smaller.

Proposition 3.3
Define the CLF's with offset as

VO(:U:yae) = %($7y70)7
VR(xaya 0) = VR($7y7 9) + CR,

A

VS(I’, Y, 9) = V($’ Y, 0) +cs,
where cg > 0 is an offset that makes Vy < Vg + cr on the set of singular points Pr\ P,

cs is an offset and V(x,y,0) is given in Proposition 3.1. Using multilayer minimum
projection method in Theorem 2.2, we obtain new global CLF 1% for four-wheeled vehicle:

A

V= min V (3.22)
i€{0,R,S}
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The following control law makes V be negative except at the origin of Vy:

. ao(x,y, 9) (V(Q:?y7 9) = %(x7y76))
[5] = Oé(l‘,y,e) = aR(:E’ya 9) (V(x’yv 9) = VR(x,y,H))
Oé(l',y,g) (V($7y> 9) = VS(xay79))'

If Vo < Vg or Vg < Vi around the goal point, then we can obtain the smooth control
law. Therefore, we should make cg be large enough to satisfy Vo < VS or VR < VS
around the goal point.

Remark 3.7

Generally, the mobile robot may have the special purpose is required around the goal
point. For example, the case of the goal set P is x =y =0 =0. We can use a CLF for
such a purpose instead of Vo and Vg.

Under the proposed control law, the vehicle reaches the goal point without straying
and stopping at unintended points, because the global strict CLF does not contain any
local minima and saddle points. As the value of the global CLF is strictly decreasing
with respect to time except on P, the reachability of the vehicle to the goal point
is completely proven mathematically. With the proposed method, the vehicle attains
perfect ability to avoid all obstacles even with the steering limitation. While rule-based
approaches often need extensive tuning of parameters and are based on a non-versatile
approach, for the proposed method we need only have to construct a global strict CLF.
The concept of obstacle avoidance by the proposed method is not specific to the four-
wheeled vehicle, and is applicable to the other vehicles as well as to the cases in three-
dimensional spaces by a natural extension. The obstacle avoidance problem includes
decision making to choose turning left or right and going backward or forward. Our
method gives a mathematical realization of the decision making mechanism, which is

versatile.

3.7 Simulation results

This section presents the simulation results of the proposed controller. The simulation
results show the effectiveness of the proposed hysteresis mechanism for the chattering
rejection.

The steering limitations of the vehicle is set to 30 [degree]. The distance L between
the front and rear shafts is set to 10 [cm]. We set the offset [ at L/2. The coefficients
of the CLF used in this experiment are k;, = 1.0, k, = 5.0, kg2 = 0.5, ko = 1.0, a = 3.0,
b =30, k, =05, rg = 4.5, rpg = 5.0, kg = 0.5, ko = 0.5, kg = 0.5, ¢g = 800,
cr = 200. The obstacles in the simulation space can be seen in the simulation result.

The simulation results are shown in Fig. 3.7 and Fig. 3.8; Fig. 3.7(a) and Fig. 3.8(a)
show the trajectories of the four-wheeled vehicle on the z-y plane, and Fig. 3.7(b) and
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Fig. 3.8(b) indicate the time responses of the control input for the four-wheeled vehicle.
Note that, for easy to see and understand, we show vy = v cosd and dg instead of v and
&, where vg is the velocity on the center of the rear shaft and §y defined as

S+m (6 <—m/2)
do=K6—7 (6>m/2) (3.23)

) (otherwise).

Both simulations has the same initial condition and the same parameters as described
above. In Fig. 3.7, the vehicle is controlled under the control law (3.13). On the other
hand, the vehicle is controlled under the control law (3.15) in Fig. 3.8. The control law
(3.15) for Fig. 3.8 has hysteresis mechanism. As compared to Fig. 3.7(b), the switching
of the velocity and the steering angle is significantly reduced in Fig. 3.8(b). We can see
that the hysteresis mechanism proposed in Section 3.5.2 is effective for the chattering
rejection on the four-wheeled vehicle with the steering limitation.

3.8 Experiment results

In this section, we present an implementation of the method and experimental results.
The experimental results validate the reliability of the proposed method, not only in a
mathematical way.

We performed experiments for the proposed method with a miniature four-wheeled
vehicle, RoboCar (ZMP Inc.), shown in Fig. 3.9(a). The steering and velocity limitations
of the car are 30 [degree] and £2800 [mm/s|, respectively. The distance L between
the front and rear shafts is 256 [mm]. The vehicle is 429.0 [mm] long, 195.0 [mm] wide,
and 212.2 [mm]| tall. A positioning sensor, StarGazer (Fig. 3.9(b)), manufactured by
HAGISONIC Co. Ltd., calculates its two-dimensional position and angle from markers
on the ceiling, and the nominal measurement accuracy of the position and angle is
+20 [mm] and +1 [degree], respectively. The nominal measurement sampling rate is
20 [times/s|. For the controller, we used a state observer to remove the measurement
noises and to interpolate during the sampling intervals. We set the offset [ at L/2. An
experiment terminates when the vehicle reaches within a range of 10 [mm] from the goal
point.

The coefficients of the CLF used in this experiment are k;, = 10.0, k. = 0.1, kg2 = 1.0,
ko = 1.0, a = 10.0, b = 10.0 and k. = 1.0, rg = 40.0, 7o = 5.0, krg = 0.5, k.o = 0.5,
kr = 0.5, cg = 52000, cr = 12000.

The global CLF obtained from the referential trajectories is shown in Fig. 3.10. Note
that the global CLF shown in Fig. 3.10 is the case of # = 4.5, and it indicates a strict
navigation function. We also use the special CLF ‘70, which improves the convergence
of the vehicle around the goal point (Remark 3.6).

Figures 3.11, 3.12, and 3.13 show the experimental results from various initial states.
Figures 3.11(b), 3.12(b) and 3.13(b) show the time responses of the input for the vehicle.
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Note that, for easy to see and understand, we show vy = v cos § and &y defined by (3.23).
In the right side figures, the solid lines and the dotted lines indicate the command values
and the sensor values on the vehicle, respectively. By the frequent repetition of k-turn
like movement, the vehicle changes its heading angle automatically; see the sign of the
velocity and the steering in 2-4 [s] and 6-9 [s] of Fig. 3.11(b), 1-6 [s] of Fig. 3.12(b),
or 1-4 [s] of Fig. 3.13(b). For example, in Fig. 3.12(b), the vehicle repeats going back-
ward with right steering and going forward with left steering. Figures 3.11(a), 3.12(a)
and 3.13(a) show the trajectory of the four-wheeled vehicle. Although the seven obsta-
cles are arranged densely, the four-wheeled vehicle reaches the goal point. As shown
in the figures, the vehicle goes forward as long as the navigation function decreases.
Otherwise, the vehicle changes the heading angle by k-turn like movement as mentioned
above.

Fig. 3.14 presents eight results other than that shown above. The vehicle reaches the
10 [mm]-circle centered at the goal point for all cases. The experiments were successful

as long as the location information was correct.

3.9 Summary

In this chapter, we present the control law that leads the four-wheeled vehicle to the
goal point avoiding all obstacles on the control space under the steering limitation. We
first propose a method for designing navigation functions for a mobile robot without
nonholonomicity via a referential trajectory. Next, we formulated a control law that
enabled a four-wheeled vehicle to reach a goal point using a CLF synthesized from
the local navigation functions. Because the control law may contain the sliding-mode
between going forward and going backward, we also propose the hysteresis mechanism
that reduces the chattering phenomenon based on the CLF. The four-wheeled vehicle
achieves an n-point turn automatically by the mathematical approach and does not
involve any (meta-)heuristic methods or rule-based controls. The proposed control law
is based on the global strict CLF for the four-wheeled vehicle obtained by synthesizing
a number of local strict CLFs; each local strict CLF is an extension of a local strict
navigation function. In order to obtain a local strict CLF for a four-wheeled vehicle,
we extend the strict navigation function because the nonholonomicity and the steering
limitation are not considered in the navigation function. By the proposed control law,
the vehicle reached the goal point from various initial points, as can be seen in the

experimental results.
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(a) RoboCar

(b) StarGazer

Figure 3.9: Experimental environment
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Figure 3.10: CLF used for experiments (in case of 0 = 0.5)
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Chapter 4. Higher-order sliding-mode
controller

4.1 Introduction

Sliding-mode control is robust against disturbances and uncertainty of a target sys-
tem. The traditional sliding-mode control has the form of v = —ksgn(o(x)) for the
output function o(x) with a relative degree 1 [40]. The control law consists of two
modes: one where the state is approaching a boundary called a sliding hypersurface and
a sliding mode where the state is forced to glide along the sliding hypersurface. The state
reaches the sliding hypersurface in finite time, and then it is restricted on the sliding
hypersurface by infinitely high-frequency switching of the input.

Higher-order sliding-mode control achieves finite-time stabilization having a robust-
ness for disturbances and uncertainties. The higher-order sliding-mode for second- and
third-order have studied in many researches [41, 42, 4, 43, 5]. Especially, because the
second-order systems occur widely throughout mechanical systems, many researches have
been done [44, 3, 45, 46, 47, 48, 49, 49, 50]. However, for fourth- or higher-order, it is dif-
ficult to construct the higher-order sliding-mode controller. Recently, for its finite-time
stability and robustness for disturbances and an uncertainties, arbitrary-order sliding-
mode control has been studied and developed [51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62,
63]. Bhat et al. have proposed the finite time stabilization for the higher-order chained
integrator based on Hurwitz polynomial [64, 64, 7]. Hong et al. have studied the finite
time stabilization for the chained integrator by backstepping based on its homogeneity
[65, 66, 67, 68, 69, 70]. These results, however, cannot be applicable to the matched
disturbance [71, 72]. Levant et al. proposed a quasi-continuous sliding-mode control
law that is continuous except at the origin [10, 73, 11]. Quasi-continuous sliding-mode
control makes the output zero in finite time under the bounded matched disturbances.
Unfortunately, the stability of quasi-continuous sliding-mode control has been only guar-
anteed in simulations; it is difficult to design the controller parameters for high-order
cases. Polyakov et al. have proposed the higher-order sliding-mode controller using
the Implicit Lyapunov Function (ILF) method, which is based on the homogeneous
Lyapunov function with implicit form [74, 75, 9]. Moreover, the higher-order super-
twisting algorithm that is effective for unmatched disturbance also have been studied
[71, 72, 76, 77, 78]. Though most of the higher-order sliding-mode controllers are a
homogeneous controller [79, 80], some non-homogeneous higher-order sliding-mode con-
trollers have been proposed to be close to a desired behavior [81, 82]. In the context of
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the homogeneity in the bi-limit, global fixed time stable controllers have been proposed
(83, 84, 85].

In this chapter, we propose a novel sliding-mode control framework that can explicitly
check the stability based on some inequalities, and that needs no extra computational
resource for the calculation of the implicit function for the controller implementation.

4.2 Problem statement

Consider the following nonlinear single-input single-output system:

é: f(fvt) +g(§7t)u

4.1
U:y(f,t), ( )

where & € R" is the state of the system, n is an unknown positive integer, f and g are
unknown vector fields, y : R™ x R — R is the output function of the system, and u € R
is the input for the system.

Assumption 4.1
We assume that the relative degree r of the system is known a priori and that o, 0,0,
o® . ... oY are observable and continuous functions with respect to the state, where

oD denotes the i-th time derivative of the output o.

From these assumptions, the control input appears explicitly in the r-th derivative
of 0. Therefore, we can obtain the following control system with respect to the output

function:
o) = a(&,t) + b(&, t)u, (4.2)

where a and b are both unknown functions. The solution of the system (4.1) is under-
stood in the Filippov sense [86].
The state equation of the output system (4.2) is the form of

&= Az + B(x,t)u + d(x,t), (4.3)

where x = [o,. .. ,a(r_l)]T € R" is the state, u € R is the input, d : R x R" — R" is the
disturbance term, and

010 --- 0 0 0

0 0 0 0
A= : , B(z,t) = , d(z,t) =

0 0O 1 0 0

0 0 0 0] b(x,t) a(z,t)
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Assumption 4.2
For the functions a and b in (4.2), there exist some positive constants C and K,,, and
some constant Ky € [Ky,,00) such that, for any t > 0 and z € R™, the following

inequalities hold:
la(z,t)| < C, Kp <b(x,t) < K.

We suppose that (4.1) is forward complete and that its zero dynamics are asymptotically
stable.

Under Assumption 4.2, the system (4.2) can be transformed into the following differ-

ential inclusion form:
o) €[-C,C) + [Km, Klu. (4.4)

Note that the solution of the differential inclusion (4.4) includes the solution of the
output system (4.2). In this chapter, we consider the stabilization problem of (4.4)
instead of (4.2).

It is known that most higher-order sliding-mode controller has the following particular

homogeneity:

Definition 4.1 (r-sliding homogeneity [79])

The system (4.4) becomes a homogeneous system under the control law « that satisfying
the following identity:

alo,0,... ,o(r_l)) = a()o, AT

0, .,)\%O'(T_l)),

r—1 2 1
r 2ttty

tem is —=. Both the system (4.4) and the control law « are called r-sliding homogeneous.

where the dilation coefficient is (1, ) and the homogeneity degree of the sys-

Remark 4.1
For any —% < p <0, the system (4.4) becomes a homogeneous system under the control
law « that satisfying the following identity:

o(0,..., 0" 70) = MHa(Ag, AP, A Deg (D),

where the dilation coefficient is (1,1+p,..., 14+ (r —1)p) and the homogeneity degree of
the system is p. This is a nature of the integrator.

Obviously, the case of p = —% is r-sliding homogeneity. Note that if p < —% then the
control input becomes infinity on the origin.

If the system is r-sliding homogeneous then the control input on the origin is discon-
tinuous, as with the traditional sliding-mode controller u = —sgn(o). This discontinuity
guarantees the robustness for the disturbances. The remainder this section introduces
three classes of the higher-order sliding-mode controllers:

e using power function,
e using implicit Lyapunov function, and

e using positive definite function.
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Using power function

In this subsection, we consider the chained integrator system with no disturbances

1 = w2,
T9 = w3,
(4.5)
Tr—1 = Tp,
Tr = U.

Bhat and Bernstein et al. proposed the finite-time controller as below in Proposi-
tion 8.1 in [7]:

Proposition 4.1 (Bhat and Bernstein [7])
Let k1, ...,k be a such that the polynomial s™ + kys" '+ - + kos+ ki is Hurwitz, and
consider the chained integrator system (4.5). There exist such that € € (0,1), for every

a € (1 —¢,1), the origin is globally finite-time-stable equilibrium for the system under
the feedback

u=—ky 0] — ko] =+ — k1 |0 — k[0
where aq, .. ., satisfy
o = q,
G041
Q1= 5.
20641 — @

with apy1 = 1.

The existence of € is guaranteed by the continuous transformation from the linear feed-
back with a = 1, that is, from the stability of the feedback law u = —kjz1 — koxo — - - - —
ky_1xy—1 — kyzr. Therefore, it is difficult to obtain the stability for the small « € (0, 1).
Moreover, we choose a; = -+ = a, = 0 then the above feedback becomes r-sliding
homogeneous, though the stability for & = 0 is out of the application range of the above
feedback.

Hong and Jiang proposed the finite-time controller based on the backstepping as
below:

Proposition 4.2 (Hong and Jiang [70])

Let us consider the chained integrator system (4.5), and the Lyapunov functions defined
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by

Vo:=0
(Bj_1+1)r;

. T (Bj—2+D)rj—1
V= w4+ v, ,

Wj:= /IJ (217 = luj—1]%)ds

B 1
Bj-1

The following controller with sufficiently large l; > 0 decreases the Lyapunov function
Vi:

(Jag| 54 4 By ) — ]

Uug = 0,
riy1tk

u; = =l Uxﬂ&*l - Lui_ﬂﬁ“l-‘ Ti15i

where k € (—%, 0), r; and B; are determined by

rL = 17
ri =ri-1+k,
/80 =T2,

(,Bl + 1)Ti+1 > (/Bi—l + 1)7‘2' > 0.
Then, V.. be a Lyapunov function of system under the control law
U= Up.

The stability is given by the time derivative of the Lyapunov function:

(Bj—1+D)r;

(Bj—1+ 1)1y v B2 -1

Vi q.
(Bj—2 + 1)rj—q I71 =1

Vj T = Wj +
Let Vj,l be a negative definite under cU—1) = uj—1. From the homogeneous continuity of
Vj_l, there exist some area that Vj_l < 0 around ¢U~Y = uj—1. Therefore, sufficiently
large [; make Wj be small enough such that cancels out Vj_l > 0, and VJ becomes
negative definite. Both of the above controllers do not include the r-sliding homogeneous
controller. However, we can obtain the following r-sliding homogeneous controller similar
to Hong’s controller with k = —1/r for some /; > 0:

u=—ly U:Lﬂﬂr’l - Lupﬂﬁplrﬁk

= —Lsgn(|2, 171 = lup177),

where r, =1+ (r — 1)k = —k.
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Using implicit Lyapunov function

Here, we briefly introduce the Implicit Lyapunov Function (ILF) method proposed
by Polyakov et al. [9].

Theorem 4.1 (Polyakov et al. [9])
Let us consider the following single input system with the relative degree n:

I o1 --- 0 I 0 d1 (l‘, t)
d X9 o o0 --- 0 T2 0 dQ(ZL‘, t)
al 17 oo et :
Tpr—1 O 0 --- 1 Tr—1 0 dr_l(:li, t)
|z | 0 0 -+ 0] | z | 1] | dy(z,t) |
=Az + Bu+ d(z,t). (4.6)

For given p € (0,1] and 8 > 0, let the following matriz inequalities be feasible for some
X=XTeR™ Y ecR™ anda € R:

AX+XAT+BY +Y' BT +aX +8I<0,
XU +pR)+ (I +pR)X >0,

X >0,
a— >0,
where ) )
r—1 0 0 0
0 r—2 0 0
R= z
0 0 10
. 0 0 - 0 0]

We define a Lyapunov function as

V(@) = /2 D, (V(£)~#) PD, (V(2) ),

where P = X~ and

A=t 0 ... 0 0]
0 M2 0 0
Dr()‘) =
0 0 A0
L 0 0 0 1]

If the disturbance d(x,t) satisfies the inequality

Bvl_ll > sup HDT(V_M)d(xvt)Hv
t>0,2€R”
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then the following control law stabilize the system (4.6) in finite time:

u=V"FKD,(V ")z,
K=yXx 1.

Note that ¢ = 0 means that the linear control law.

The proofs of the existence and uniqueness of the ILF V' and its negative definiteness
of V are given by [9]. For brief confirmation, let us consider the time derivative of V in
the case of d(z,t) = 0. Denoting z = D, (V™) z, the time derivative of V' is calculated
as

d(,T T Tps
v dyorp o wle P 2 Pata P2
dt 2V 2T Pz 2V

=D, (V") (A+ V™ *BK)x — ,ugRDr (V") z,
_ v
=V “(A+BK)2+MVRZ
. T :
. o Vv T _ V
2VV =2V #(A—}—BK)—F,LLVRZ Pz+z PV “(A+BK)+MVRZ z,

T((A+ BK)TP+ P(A+ BK))z

V=yiwZ
2T((I + uR)P + P(I + uR))2

From Theorem 4.1, the time derivative of V' is negative definite because (A+ BK)T P +
P(A+ BK) is negative definite and (I + puR)P + P(I + pR) is positive definite from the
given LMIs in Theorem 4.1.

Note that the ILF V must be calculated numerically each time because V' is implicit
function. Moreover, the existence of the solution for the given LMI is not guaranteed.

The controller of Theorem 4.1 is r-sliding homogeneous if we use p = 1.

Using positive definite function

We introduced the higher-order sliding-mode controllers using power function and
implicit Lyapunov function. The higher-order sliding-mode controller using power func-
tion cannot be applicable to r-sliding controller. The implicit Lyapunov function need
to be solved numerically in each cycle of the controller. The alternative method is to
use the explicit positive definite function.

Levant and Pavlov proposed the r-sliding homogeneous control law summarized below
[73].

Levant’s r-sliding homogeneous control law: Consider r-sliding homogeneous
positive definite functions with the homogeneity degree (r — i)/r defined by

My =lof, M;=|o"| +5z‘Mi—1ﬁ(i =1,...,7—1).
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Using the positive definite function M;, we can design the following recursive function:

o =0,
Yi—1
Qi = — 51 - 1
M’i—l r—i+1
Yi :U(l) - Pi,

where each [5; is of a sufficiently large number compared to B;_1; 8, is a coefficient for
the input magnitude. The following r-sliding control law with well-chosen (3; establishes
the global finite-time stability of the system (4.4):

u=p,(0,5,...,00 ), (4.7

The above control law moves the state o("1) close to pr—1 and confines the state to

some neighborhood of ("1 = ¢,_;. Note that ¢("1

= @,—1 cannot be a sliding
hypersurface because the time derivative of p,._1 is not bounded along the trajectory.
When the control law keeps "1 close to pr_1, the state o("=2) approaches and stays
around @,_2. Then, o(r=3) approaches and stays around ¢,_3, and each o(® (i =
r—4,...,1) behaves under the same mechanism. After the state of the system is trapped
in the area close to @1, the system finally establishes ¢ = 0 in finite time.

The stability condition of the control law (4.7) is not written in explicit form. In
order to analyze the stability of the above control law, we have to find some invariant
set around o"™1) = ¢, _;. Unfortunately, the time derivative of the function ¢,_; is not
bounded at o = 0; that is, M; (¢=1,...,r — 1) are unbounded because

d r—1 r—1 ¢

B
dt’° r ’Uﬁ

is unbounded where o = 0, and ¢,_1 has nondifferentiable points, as shown in Fig. 4.1.
Moreover, we have to find such an invariant manifold for each ¢; (i =1,...,7 —1). For
these reasons, finding or estimating the invariant set is difficult. Therefore, we cannot
design the parameters of the control law explicitly, and we should check whether or not
the parameters are stable through a heuristic approach, such as numerical simulations.

In the next section, we propose a novel strategy for higher-order sliding-mode control
that allows us to check the stability using some simple inequality conditions, and its de-
sign procedure is also given explicitly. The r-sliding homogeneous controllers introduced

in this section are based on the form like

il i)

W) ) T

Ly

- k'f’ VT(,Z')’

u = —]ﬁ
where each V;(x) is some positive homogeneous function that makes u be a homogeneous

function. The higher-order sliding-mode controller proposed in this chapter also has the

above form.
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nondifferentiable

P | |
10 5 0 5 10

o

Figure 4.1: Function ¢; for Levant’s controller

4.3 Control law

In this section, we show a novel high-order sliding-mode controller using homogeneous
positive definite function. The stability of the high-order sliding-mode controller is
guaranteed by the theoretically with no simulations.

4.3.1 Main result

We design some r-sliding homogeneous functions. First, we obtain the following
homogeneous positive definite functions whose time derivative is locally bounded.

Proposition 4.3
Let p > r and consider

No(o) = o|7,
Ni(o,6,...0D) = 675 £ b;N;_1(0,5,...00 D),
where b; (i = 1,...,7 — 1) are positive constants. Then, the functions N;(o,.. .,a(i))
(i=0,...,7—1) are homogeneous positive definite functions with the homogeneity degree

p with dilation coefficient (r,r —1,...,7 —1i) for (o,...,a)T.

The homogeneity of Nj is directly confirmed by substituting (\"o, \"~1g, ..., A7 ~ig()T
into Nj(o,...0®). For simplicity, N;(o,...c®) is denoted by N;. The positive definite-
ness of IV; is obvious from its definition. The time derivative of INV; is locally bounded as
long as p > r because all of the exponents are equal to or greater than 1.

. N\ bpz=rdi .
Ni :rZiZ'LU(Z)W o) b Ny

: . p—rtj .
:E bi...bji1 p LU(J)] =i gU+1)
r
J=0

—J
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The sliding hypersurface ("1 = Or—1(0,. .. ,O'(T_l)) is designed recursively as fol-

lows:

$o =0,
¢i(0-7 L ,O,(’i)) _ _aizi—l(gy e ,O'(i—ll))7
Ni(U, .. .,U(i))g

zi(o,...,00) = — ;(0,...,0),

where a; (i = 1,...,r — 1) are positive constants that determine the slope of the curve
o) = ¢i(o,...,0W). For simplicity, ¢i(o,...,0®) and z(o,...,0) is denoted by ¢;
and z;, respectively. Note that each ¢; is homogeneous function with the homogeneity
degree r — i for (o,...,0®)T with dilation coefficient (r,r — 1,...,7 —4). The middle
curve in Fig. 4.2 indicates the curve o = ¢;.

In this thesis, we consider the following nonlinear sliding sector instead of the sliding

hypersurface o™ = ¢,_;:
Qr_1(0,0,... ,o(rfl)) = {U(Tfl) ER| \U(Tfl) — ¢r_1| < CT—INT—li}v

where ¢,_1 < 1 is a positive constant. We design the 2,1 to guarantee the stability of
the system as long as the system satisfies 0"~1) € Q,_;. It means that the nonlinear
sliding sector is the extension of the sliding hypersurface. The details on the property
of the sliding sector and the actual controller implementation are discussed in the next
chapter.

Note that ("= € Q; is described by implicit form, however, there are no need to
solve this equation for the implementation of the controller. Moreover, () = ¢; is
well-defined for fixed o, ..., oD,

Lemma 4.1
There exist a unique solution to o = ¢,.

Proof
1 .
Multiplying N;# on both sides of o9 = ¢;, we obtain

ONT = —qiz
oW Nj» = —a;zi_1.

The right-hand side of the above equation is a constant that is independent of o(?).
Because the left-hand side of the equation is monotonically increasing function, there

exists a unique solution.

Lemma 4.2

T

For any c; € [0,1), there exist a unique solution to ¢ = ¢; + ¢;N; o

Proof
1 . r—1i
Multiplying N;» on both sides of o) — ¢;N; © = ¢;, we obtain
. 1 r—i4+1
J(Z)Nig — CiNi P+ = —QijZ;—1-
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Figure 4.2: The curve 6 = ¢; and the area oV € Q;

The right-hand side of the above equation is a constant that is independent of o(¥).

0 N r—itl 11 @ 9N r—i+1 1 ON;
" (DN — N — N, - U _ i
e e I == 0
1 1 ¢® r—i+1 1 o Bt
=Niv + | ——= — G p—rti—1 b vLU(l)—‘ Tﬂ
PN,% p N, > r—1
D p—r+i
1 1 0'(7’) r—i 1 O—(l) r—1
= NZ'P + % — ¢ (]- + ) L p]r+i—1
rT—1 NiT T—1 iT

1
Z (1 - CZ')NiE.
Because the left-hand side of the equation is monotonically increasing function, there

exists a unique solution.

Corollary 4.1

For any ¢; € [0,1), there exist a unique solution to o) = ¢; — c,;Ni%.
We also define the following set Q; (i = 1,...,r — 2), which is similar definition of
Q,«_li
Q= {0 eR[[o® — ¢i| < eiN; 7 },

where ¢; < 11is a positive constant. The area €, is the area between o(*) = m; (0,0,..., a(i))
and o) = ﬂj(a, g,... ,a(i)) as shown in Fig. 4.2, where 7TZ-+ and m; are defined as

T (0,6,... Lo =g, +ciNi%,

r—1i

7 (0,6,...,00) = ¢ —eiN; 7 .
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Definition 4.2

Fori=1,...,r—1, consider the following subsystem.:

%U(Z) € Qi+1.

where the parameters a;,b; € [0,00) and ¢; € [0,1) of Qi1 are given. If the set Q; is
an invariant set of the above subsystem, that is, 0¥ converges to Q; under the above
differential inclusion, the parameter (a;+1,bi+1,civ1) of Qit1 is said to be proper for ;.
Note that we define Qg := {0}.

The following theorem is the improved version of Theorem 7 in [87] with respect to
the existence of the parameters for the controller.

Theorem 4.2
Consider the control law u = a(o, ... ,U(’"_l)) satisfying the following inequality:
o™ = a(z,t) + bz, t)a(o,6,...,07Y)
<—pr (oTV>my)
>pr (oD <) (4.8)
eR (otherwise).
Then, there exist some proper parameters (ai,bi,c1),...,(ar—1,br—1,¢,—1) and p, for

the control law such that the system (4.2) establishes o = 0 in finite time under the
control law u = a(o,6,...,0 ).

The positive constant j, guarantees that the state of the system converges on o("~1) €
Q,_1, and that there exists a sufficiently large magnitude A of the input u for the
system (4.4) satisfying A > (pu, + C)/K,, along the trajectory: where C' and K,, are
both positive constants given by Assumption 4.2. For example, the following simple
controllers satisfy (4.8):

o u=—Asgn(c" — ¢, 1),
o u=—A("D — ¢, )/(cr1Nry 7).

More details on the controller design is discussed in the next chapter.

4.3.2 Proof of Theorem 4.2

Lemma 4.3

The subsystem %O’ € Oy establishes o = 0 in finite time for any positive parameters a,
b1 and 1 < 1.

Lemma 4.4
If the system (4.1) start from the area where ol > ﬂj, then the system reaches on the

with

r—i—1

area oW < 0 or oD € Q; in finite time under the condition ot1) < —A;i 1 N;
some positive constant A;i1.
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The time derivative of the distance between o(? and the upper boundary 7ri+ of the
set €; is calculated as

% <O'(i) - 7rl+) = filo,. .., 0D) + gi(o, ..., D)D) (4.9)
; ol — ¢ — 1 bilNi— @ — i
fi(o, ... 70(2)) - [%2 r7i+¢i : + : lci P*r+1i aia f 1’ (4.10)
p N’L P p NZ P sz
, =1 |o(1)] Rt
a; O 71—
gi(o,... ,O'(Z)) = (1 — (7“ — r—i-f? Lt Ci) P—Tfi . (4.11)
N; » ;P

. r—i—1
Lemma 4.4 guarantees that the subsystem %U(’) < —A;N; »  can reach on the

following area from any initial point:

O} :={(o,... Lo T eR | o = ﬂf(a,...,a(i))}
U{(o,...,cNT e R| 7 (o,... .oy < <o},

The gray area in Fig. 4.2 indicates the area 71'i+ <o <.
In order to prove that o € Q; is an invariant set of the subsystem %U(i) € Qa1
we have to check the max,+ fi/g:.

Lemma 4.5
There exists some positive constant «; such that the following inequality is satisfied for

given parameters (ay,by,c1), ..., (a;,bi,c):

. r—i—1
max fi(av"'vg(l)) < OéiNi P
(0yeeso )T O

Note that, in the case of i = r — 1, the right hand side of the inequality becomes a
constant, that is, ap_1Np_1" = ap_1.

Lemma 4.6
For any given parameters (ay,bi,c1),...,(a;,bi,ci), the following inequality is always
satisfied:

min gilo,...,0)>1—¢.
0y T O]

Lemma 4.7
For given A;11 > 0, there exists a;11, biy1 > 0 and 0 < ¢;41 < 1 that satisfying the
following equality if the system remains on the area c® > 7TZ-+ :

r—i—1

max O'(H_l) :_AiJr]_NfL' P (412)
U(i+1)€Qi+1
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Note that the proof of all of Lemmas 4.3—4.7 are summarized in Appendix B. Using
the above lemmas, the proof of the Theorem 4.2 is given as below.

Proof of Theorem 4.2: From Lemma 4.3, the subsystem %U € Q; establishes 0 =0
in finite time for any a; > 0, b; > 0 and 0 < ¢; < 1. From Lemma 4.4, the state of the
system reaches on ¢ < 0 or ¢ = Wf as long as 6 < —AgNl% for any As > 0. From
Lemma 4.5 and Lemma, 4.6, there exists some As such that & < Wf becomes an invariant
set as long as 6 < —As Ny TP;Q Similarly, replacing ;" with ] in the lemmas, we confirm
that ¢ > 7, can be also an invariant set as long as ¢ > AQNQ%. Therefore, from such
Ay and Lemma 4.7, for a given (aj,bi,c1), there exists proper parameter (ag,ba,c2),
that is, ¢ € 01 becomes an invariant set of the subsystem %d € 9. Similarly, for each
i =2,...,r —2, there exists some set of parameters (a;41,b;+1,¢i+1) such that ol e Q;
becomes a invariant set of the subsystem %a(i) € Q;+1. Moreover, there exists some
positive constant u,. such that o("=1) € Q,_; becomes an invariant set of the system (4.1)
under the control law « satisfying (4.8). Therefore, any control law « with the proper
parameters determined in the above procedures establishes 0”1 € Q,_; in finite time
and keeps ¢(""Y € Q,_; permanently. If the system remains on ¢~Y € Q,_;, the
system reaches on o("=2) € Q,_5 in finite time. For each i (from r — 3 to 1), ¢ € Q; is
fulfilled in finite time in the same manner as ¢ = r — 2. As long as ¢ € 2y, the system
converge to o = 0. If the system establishes ¢ = 0 and ¢ € Q; for every i = 1,...,r—1,
then, Q) = Qo = -+ = Q,_; = {0} is guaranteed by their definitions. Consequently,
0=¢=---=0"1 =0 can be established in finite time by the control law with some
parameters. The existence of the proper parameters for the control law is proven. M

The parameter design procedures for the proposed controller are given in the next
chapter.

Remark 4.2
We can design the r-sliding controller by using some r-sliding homogeneous positive
definite function N (o, ..., O'(T_l)) instead of Ni(o,..., O'(i)). Foranyi=1,...,7r—1,

. r—-j
as long as the state of the system satisfies o) € {s | |s — ol < ¢V " } for each
j=1i+1,...,r — 1, if the following inequality is satisfied along the trajectory of the
system then the system is finite-time stable:

d r—i
£(¢i+civ p )< 0.

Note that, in this case, we have no constructive method for designing stable parameters
of the controller with N of explicit form.

4.4 Summary

In this chapter, we propose a general strategy for designing of higher-order sliding-
mode control laws. The stability under the proposed controller is guaranteed by simple
conditions: the control input for the system must have an absolute value larger than
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some positive constant and have the same sign as —z,_1 as long as the state of the sys-
tem stays outside the area |z,_1| > Cr_lNr_li. From the stability condition, there are
no requirements for the input as long as the state of the system stays in the area. More-
over, we prove the existence of such a stable parameters for the proposed higher-order
sliding-mode controller. Compared to Levant’s controller summarized in Section 4.2, the
stability condition can be easily obtained because the inequality conditions are given ex-
plicitly and the constructive method for the parameters design is proposed. For future
works, the robustness for the disturbance into ¢ (i # ), and extension of the stability
condition with non-backstepping approach are exists.
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Chapter 5. Controller design and
sliding sector

In order to reduce the chattering phenomenon, we can use integral sliding mode that
treats the actual input as an artificial state and the derivative of the input as a new input
[51, 88]. There are, however, many systems which have a limited input such as on/off
control or brake/accelerator switching system. In such cases, the chattering cannot be
relaxed by using continuous input [89]. The higher-order sliding-mode for binary input
system have been proposed [6], but the parameter design method of the stable controller
is not provided explicitly. The higher-order sliding-mode controller for binary input
based on the controllability function has been proposed [8]. The controllability function
is constructive but has few design parameters [90, 91, 92]. Moreover, the proof in [8] is
incomplete in the boundedness of the time derivative of a switching function.

The main objective of this chapter is to design a chattering-less control law for the
system with a discrete-valued input because the switching of the control input is not
necessary for the achievement of finite-time stability and robustness for the disturbance
and uncertainty except at the origin ¢ = --- = ("™ = 0. The other objective is
to define the nonlinear sliding sector. We can design a control law to make a input
hold the previous input in a nonlinear area like a linear sliding sector, which is an ex-
tension of the traditional sliding mode control aimed at chattering free [93, 12]. By
defining the arbitrary-order sliding sector, we can integrate the various types of the
higher-order sliding-mode control into one strategy based on the sliding sector. The
proposed controller design strategy based on the sliding sector includes, (i) the tra-
ditional controller using a signum function, (ii) a continuous controller similar to the
quasi-continuous sliding-mode controller, and (iii) a chattering-less controller with a
hysteresis mechanism. In this chapter, we also discuss the parameter design for the pro-
posed sliding-mode controllers. The quasi-continuous sliding-mode control proposed by
Levant et al. cannot design the sliding sector because the stability condition is not given
by explicitly but depends on the target system and disturbances. Similarly, though the
homogeneous controller using power function is constructive, we cannot check the area
that the time derivative of the Lyapunov function becomes negative can be an invariant
set. We introduce the parameter design procedure for the proposed controller. We know
that the homogeneous finite time controller can be redesigned by using its homogeneity
[11, 94, 95]. The similar redesign method adjusting to given input constraint is also
introduced in this chapter. Furthermore, we can treat the input saturation without
complex mechanism as in [96] because the globally boundedness of the control signal of
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the r-sliding controller is naturally obtained. The general representation of the satura-
tion function for the higher-order sliding-mode control is also derived from the context
of the sliding sector. The simulation results using the proposed controllers are presented
to verify the effectiveness of the control laws based on the sliding sector.

5.1 Sliding sector
In this chapter, we consider the following system
o) € [-C,C] + [Km, Kyu, (5.1)

where o is an output function, u € R is an input and C, K,, and K are given positive
constant. The above system is same with the system (4.4) in the previous chapter under
the same assumptions. Theorem 4.2 shows that there exist many degrees of freedom
for the controller design for the above system. By making use of the flexibility of the
controller, in this chapter, we design controllers for various target systems.

Definition 5.1 (Sliding sector)
Let the following subsystem be finite-time stable:

oV eQo,...,oc" ).

If there exists some positive constant p such that the area or=1) ¢ Q(O‘,...,O'(T_Z))
becomes an invariant set for the system (5.1) under

< —p, (0 > max{Q})
>p, (0D < min{Q})

e

then we say that the area  is a sliding sector for the system (5.1).

Proposition 5.1
The system (5.1) is finite time stable under the following control law:

<—-A (01 > max{Q})
ug > A (e < min{Q}) (5.2)
e[-A,4 (e D eq),

where Q is a sliding sector and A > 0 is sufficient large constant such that the sliding
sector becomes an invariant. The following A makes 2 be an invariant under the control
input for system (5.1):
uw+C
A> .
- K

m

Theorem 5.1
The following area Q obtained from Theorem 4.2 is a sliding sector:

Qo, .. "O—(r—2)) — {U(r—l) ER | o1 ¢ Q1 (o, .. ‘7O.(T—1))}.
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Proof

Theorem 4.2 says that there exist some positive constant p, that makes the set ™1 e
Qr_l(a,...,a(rfl)) be an invariant set for the system (5.1), and that the subsystem
or=1) ¢ Qr_1(0o,... ,O'(T_l)) s finite-time stable. Moreover, ) defined in the statement

is well-defined because each boundary of Qy_1, that is, o1 = wj_l and o=V = 1

r—1-
has a unique solution for fized (o, ... ,U(T*2)). Therefore, Q) is a sliding sector for the
system (5.1).

The input can be freely chosen by the controller designer as long as the system
remains on the area 0”1 € Q, because there is no requirement for input in the case of
o1 € Q from definition of the sliding sector Q. In this chapter, we propose the some
controller based on the nonlinear sliding sector €2,_1:

1 1
Q1 = {U(T_l) ‘ ¢r—1 — o1 Np_gr < U(T_l) < ¢r_1+ CT—IN'I‘—I;}'
The above nonlinear sliding sector € is a sliding hypersurface if ¢,_; = 0:
J(T_l) = ¢r_1.

If ¢.—1 > 0, the sliding sector has width 2cr_1NT_1% > 0 except at the origin of the
system (5.1). Therefore, the control law (5.2) with ¢,_1 > 0 can reduce the chattering
phenomenon except at N,_; = 0, that is, the origin. How to choose a u € [— A, A] where
o1 € Q depends on the target system. Note that the discontinuity of the controller
cannot avoid because the origin of the system (5.1) is not stable under u = 0 due to the
disturbance.

5.2 Controller design
5.2.1 Binary input controller

In this subsection, we consider the system (5.1) with binary input u € {—A, A} for
some A > 0.

Corollary 5.1
The system (5.1) is finite time stable under the following control law:

=-A (c=D >, WYoeQ)
u =A (c=D <w, YveQ) (5.3)
€A, 4] (e eq),

where € is a sliding sector and A > 0 is sufficient large constant such that the sliding
sector becomes an invariant. By defining the output

y = x, — argmin |z, — v/,
veQ(z’)

65



Controller Design with Hysteresis Mechanism and Sliding-Sector Ryo Nonaka

we can rewrite the above control law as

w = sgn(y).

Note that sgn(0) € [—1,1]. How to choose a u € {—A, A} where z, € Q depends on the
target system.

The sliding sector Q,_; = {6V | ¢~ = ¢, 1} obtained from Theorem 4.2
with ¢,_; = 0 becomes a sliding hypersurface o"~1) = ¢,._;. The sliding hypersurface
or=1) = ¢, is an invariant of the system.

Corollary 5.2
The following controller with proper parameters establishes o = 0 in finite time:

u=afo,...,0" V) = — Asignz,_1, (5.4)

where signz is defined as
1 (220)

signz 1=
-1 (2<0).

The above controller is the simplest one and is the same as the traditional sliding-
mode controller with the output function z,_;. In this study, we regard the control law
(5.4) as the special case of Corollary 5.1, because the control law (5.3) is equivalent to
(5.4) given by Corollary 5.2 if we choose ¢,_1 = 0. Then, o™= = $,_; becomes a proper
sliding hypersurface, and the system (5.1) reaches and slides on the hypersurface. Note
that Corollary 5.2 requires infinite frequency switching that causes chattering problem on
the switching surface z, = ¢,_1 as with the traditional sliding-mode control. Although
the sliding hypersurface ¢~ = ¢,_; is not expressed in an explicit form, there are
no obstacles to the implementation of the control law because z,_1 = olr=1) — Or_1 18
well-defined for given (o,...,0 ).

5.2.2 Binary and ternary input controller with hysteresis

Corollary 5.3
The following controller with proper parameters establishes o = 0 in finite time:

u=ao O_(r—l)) _ —Asgn(zr—1)  (|zr—1] > Cr—lNr_ﬁ)
o Uy (otherwise),

where uy is the previous input at the time lims_, ot — 6.

If the actuator of the control system can provide only £ A, then the above controller is
helpful for reducing the chattering problem. The controller in Corollary 5.3 is an exten-
sion of Corollary 5.2 with respect to the hysteresis for the input switching. Theorem 4.2
requires no condition for the input as long as the system remains on the sliding sector
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Q. Therefore, there is no need to switch the input on the hypersurface, and the Theo-
rem 4.2 admits the time dependency of the controller such as a hysteresis mechanism in
Corollary 5.3. Such a hysteresis can eliminate the chattering phenomenon except at the
origin.

If we can use three-valued control input u € {—A,0, A}, the next corollary is useful.
Corollary 5.4

The following controller with proper parameters establishes o = 0 in finite time:

~Asgn(z—1)  (|zr-1] 2 erm1Neq7)
u=aoo,..., O'(T_l)) =<0 (zp—1=0)

uy (otherwise),
where uy is the previous input at the time lims_, ot — d.

The above says that the following sequence is effective to reduce the switching of the
control input:

1. employ current control input as long as the system does not satisfy the below
conditions,

2. employ u = 0 if the system reaches on ¢,_1,

3. employ u = —Asgn(z, — ¢,—1) if the system reaches on the boundaries of €.

As long as the system remains on the sliding sector, the finite time stability of the
system does not depend on the control law because the finite stability is guaranteed by
the definition of the sliding sector, which is says that the subsystem ("1 € Q is finite
time stable. The controller can keep u = 0 for nonzero time from o'~V = ¢,_; to the
boundary of 2 except at the origin.

The input discontinuity at the origin cannot be removed because the origin may
not be an equilibrium point for (5.1) with v = 0, where the discontinuity cancels the
disturbance and uncertainty for the system. This discontinuity is common for the above
three controllers.

5.2.3 Quasi-continuous controller

Corollary 5.5

If x.—1 > 0, the following controller with proper parameters establishes o = 0 in finite

time:
u=afo,...,oc" V)= —1427"7_11
Cr—1Nr—17
A _ 1.
=—— (U(T_l) + Llla(r_?) 4+t arllallo_) ’
Cr—1Np—17 Ny_17 Ny_17 ... Ny7

where A satisfies the inequality A > (py + C)/Kp,.
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When z,_1 = cr_lNr_ﬁ, u becomes A, because z,_1 is the distance between o(r=1)
and ¢._1. The control input given by the above control law is smaller than A when
|zr—1] < cr_lNT_li, and greater than A when |z,_1| > cT_lNT_ﬁ. On the hypersurface
o= = ¢,_1, the input for the system is zero. These properties guarantee that the
condition (5.2) holds. This controller is similar to the quasi-continuous sliding-mode
controller summarized in Section 4.2 in that the input for the system changes smoothly
almost everywhere except at the origin.

Because the quasi-continuous sliding-mode controller proposed by Levant et al. does
not provide the explicit conditions for the stability, very large control input for the system
is required at a distance from the hypersurface. The proposed higher-order sliding-mode
controller guarantees the finite-time stability of the system as long as the system remains
on the sliding sector. Moreover, we can obtain the maximum control input required for
making the system reach and remain on the sliding sector. For example, we can replace
the controller the following controller for the input constraint system:

1
—ASgIl(Zr_l) (|Z7“—1’ > Cr—lNr—l;)
—A—==2  (otherwise).

1
cr—1Np_17

5.2.4 Chattering rejection at the origin

Introducing the lower limit for /V,_; as below, we can reduce the chattering on the
origin in exchange for the complete performance in the vicinity of the origin given by

{(o,... ’O-(T_l))—r €R" [ Nm_1(0,... ,O'(T_l)) < Npin }:

—Azriill (Nr—l > Nmm)
U = cr—1Np_1P
_AZ’I‘7—IL7 (Nr—l < Nmm)
07'71Nminp
or
1
=) (el 2 o,
1
S {_A7 07 A}7 (‘Z"'—l‘ < CT_lNT:Lin)

where Ny, > 0 is a constant, which is designed from the control interval and the
magnitude of o™,

5.3 Parameter design

5.3.1 For the first-order systems

The sliding sector for the first-order system is determined by

Q0(0) = {6 € R | |6 — go| < coNo?} = {0},
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where 0 < ¢g < 1 and Ny = |o|’ with p > 1. Then, the control law for the first-order
system is same as the traditional sliding mode controller:

u = —Asgn(o — gy) = —Asgn(0),

where A > C/K,,. If we use the lower limit for Ny then the controller is same as the

traditional sliding mode controller with saturation function:

—A J; (NO 2 Nmzn)
U= No?
—A g T (NO < Nmin)y
Nminp

hSA

—Asgn(o)  (|o| > Npmin

—A—°2 (otherwise),
Nmin

)

Sl

5.3.2 For second-order systems
The sliding sector for the system with relative degree of 2 is given by:
N =A{c|¢— N> <6 < P1 +C1N1%}-
We can redefine {21 by the following explicit form:
Vo) = {o €R| (6 +a"[0]2)(¢ +a"[0]2) <O},

where a~ < a™ are some positive constants determined from a1, by and ¢; of the definition

of Q1. Both a and a™ can be solved numerically from the following relation:

1
—a |lol2 (c6>0
o= _al% +C1N1(U7<'7)% = L l o=
Ni(o, )7 —atlo)} (o <0),
1
—aTlolz (>0
o= —al% —ClNl(O',é')% = L —|l ( B
Ni(o,0)r —a"|o]?2 (6<0

We have proposed such a sliding sector and obtained the homogeneous Lyapunov func-
tion for unperturbed system [97].

5.3.3 For higher-order systems

A set of parameters stabilizing the system can be numerically calculated. We can
construct the stable parameters by the procedures below:

1. from Lemma 4.3, (a1, b1, c1) is freely chosen;
2. repeating 3) and 4), for every i = 2,...,r — 1, proper parameter (a;,b;,¢;) is

determined from (a;,b1,¢1), ..., (@i—1,bi—1,¢i—1);
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3. from Lemma 4.5, for a given (ai, b1, c1),...,(aj—1,bi—1,¢i—1), some positive con-
stant a;_1 can be calculated by a computer;

4. from A; = «;—1/(1 —¢;—1) and Lemma 4.7, proper parameter (a;,b;,c;) can be
determined;

5. and finally, u, can be replaced by A, = a,—1/(1 — ¢,—1).

5.3.4 Controller adjustment

Once a set of proper parameters is obtained, we can get another set of parameters
from its homogeneity [11]. Consider the time transformation ¢ = Ar. The system (5.1)
on the new time-axis 7 is given by

(r)
O'Ar e[—c, C] + [Km, KM]Oé(T)\ET),
where %, := (0,5,...,60"D)T and
- (r—1)
Ty :(o,0,... ,J(T_l))—r — (o, %, cee 0)\7,7_1)1—

is the time-axis transformation. The time-axis transformation does not change the sta-
bility of the system. Moreover, there exists some set of parameters such that the identity

a(Xy) = a(Thy,)

holds for any ¥, and any A > 0, where & is a new controller with the new parameters
(ay,b1,¢1),...(@r—1,br_1,¢_1) and fi, that derived from proposition below.

Proposition 5.2 ([87])

Let a;, b;, and ¢; be proper parameters, and u, be a constant in (4.8). For any \ > 0,

the following set of parameters derived from a proper set of parameters is also proper:
a; + bi _ e

a; = Tvbz': T 7 s Ci = Ciy Ur = 77,
\roi Pri==s AT

wheret=1,...,7r— 1.

By substituting both the new parameters (a;,b;,¢;) and the state ThY, into the
inequalities in the lemmas in previous chapter, we obtain inequalities equivalent to the
original inequalities. Because the inequalities are satisfied for any X! = T)\3,, they are
also satisfied for any .. The redesigned parameters in the manner of Proposition 5.2 are
proper if the original parameters are proper. Consequently, the controller in Theorem 4.2
with the new parameters of Proposition 5.2 establishes ¢ = 0 in finite time.

We can use the new controller with

e )\ > 1if K,, of the system is not large enough to make the original sliding sector

be an invariant set, and
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e )\ < 1 if the fast convergence time or high robustness is necessary.

The obtained controller with A = 1 is equivalent to the original controller. For actual
implementation, we should search appropriate A > 0 suitable for the specification and
the purpose of the target system such as K,,, C' and the given input constraints.

Example 5.1
For the case with the input constraint u € [—1,1], X satisfying u/\" < K, — C' is needed

to cancel out the disturbance.

5.3.5 Sliding sector based on ILF method

The higher-order sliding-mode controller using the implicit Lyapunov function have
been proposed by Polyakov et al. [9]. Original ILF method is only applicable to the
system with continuous input. Kamal and Bandyopadhyay have proposed the higher-
order sliding-mode controller for binary input [8], which is based on one of the implicit
Lyapunov function called controllability function [90]. The controllability function is
constructive but has few design parameters. Moreover, the proof is incomplete in the
boundedness of the time derivative of a switching function. In this subsection, we design
the sliding sector based on the ILF method with taking into account of a robustness and
an input magnitude [98].

The control law obtained by using ILF expect that the control input is continuously
changeable, and is not a set-valued. Let us consider the following (r — 1)-dimensional

subsystem of the r-dimensional system (4.6):

20 [0 1 - 0] [ a1 ] [O] [ di(t,z) ]
d €T 00 --- 0 €To 0 dg(t, CC)
I : =1: : : Tl Tt :
Tyr—9 o0 --- 1 Tyr—9 0 dr_g(t, ac)
| Tr—1 _0 o --- O_ L Lr—1 | _1_ _dr_l(t, x)_
=A's" + B'z, +d(t,z). (5.5)

Then, we can design the binary input controller for the original system by regarding the
obtained control input for the subsystem as a desired state of x,..
The following propositions are both proven by ILF method (Theorem 4.1).

Proposition 5.3
Let x, be a virtual input for the subsystem. By applying Theorem 4.1 for the subsystem
(5.5) withn=r—1, p=1/2 and B such that

BVE > sup D,y (V7R )],

t>0,z/€RT—1
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Figure 5.1: The curve z, = v,_1(2’) and the area x, € Q(z’) (in the case of 2’ # 0)

where d)(t,x') = d'(t,x1,...,2r—1,v,—1(2")). Then, the virtual control law with the
finite time stability for the subsystem is obtained as

T = vp_1(2) = V_%KDT_l(V_%)x',
where K and V' are given in Theorem 4.1.

Similar to the manner of Proposition 5.3, by considering the distance between z,.
and v,_1(2) as disturbance for the subsystem (5.5), the following proposition can be
obtained.

Proposition 5.4
Choosing B that satisfies
BV22AVE+  sup [ Dea(V72)d, ()]
t>0,x’€Rr—1
where X > 0 is a design parameter and d,(z') is defined in Proposition 5.3, then the
following set-valued virtual control law establishes ' = 0 for the subsystem (5.5) in
finite time:
e € Qa') == {v |Jo— V" 3KD,_1(V™2)2!] < AV%}.
The central solid line and the white area of Fig. 5.1 indicate the curve x, = v,_1(2’) and
the area x, € Q(z') for some V, respectively.
For simplicity, we define the set 2y and a function @ : R x R" — R:

Qo(a') = {z, € R | v,_1(2)) + A\V? < 2, <0} U {v,_1(2') + AV 2},

Q(t, ) := %(UH +AV3),
where Q(t, ) is the time derivative of the upper boundary of the area Q(z') along the
trajectory of the system (4.1). Note that the area Qq(2') \ {v,—1(2) + /\V%} is indicated

by the dark gray area in Fig. 5.1.
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Proposition 5.5
The area Q) obtained from Proposition 5.4 is a sliding sector, where p is given by
H= 0,2/ GRTH{fa:,«GQO(x’) @, )l.
Note that the proof of the above proposition is given in Appendix C. The concept of the
above proposition have been obtained in [87].

We consider the redesign of the virtual control law v,_1 (") for given K,,. The scale
of the constant ¢ cannot be considered in the virtual controller design based on ILF
method. If we suppose that d'(t,z) = 0, we can redesign the parameters P and K of the
controller because of its homogeneity as shown by [11]. Consider the time transformation
t = A7 and the time-axis transformation

Ty Ereyy
2

T)\ : (xl,xg, c. ,1’r—1)T = (xl?

The change of the time-axis does not change the stability of the system. Moreover, there
exists some virtual controller ,_1 such that the identity \"~1o,_1(T\(2')) = v,—1(2)
holds for any z’ and any A > 0, where

M\H

br1(a’) = V(a') 2 KD, (V(2!)"2)a,

V(@) = /2 Dya (V@) ) PD, o (V (@) H)ar,

Py = XHp,

]_{i — )\7(7‘7@'+1)Ki7
where ]52-]', P, K; and K; are the (1, 7)-th component of P and P and the i-th component
of K and K, respectively. Note that V(T\(z')) = V(2') for any 2.

5.4 Numerical simulations

5.4.1 Fourth-order system

In this subsection, we show some simulation results. We consider the following non-

linear system with relative degree r = 4:

o = a(t) + b(t)u, (5.6)
a(t) =5 (sin(t) + sin(10¢t)) ,

( sin(0.71¢) 4 sin(1. 71t)>
I :

where |a(t)] < C = 10 and b(t) € [Kp,, Ky = [0.5,1.5]. Moreover, we consider the
input constraint |u| < A = 50.
First, we design the parameters for the nonlinear sliding sector. The parameters are

designed by the following procedures:
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o p=2r=_g§,

o (al,bl,cl) = (0.1,0.1,0.2),

a1 = 0.0601966, which is calculated by using Mathematica,

(ag,b2,c2) = (0.705984,0.421697,0.2), where by = alg and ay is calculated by
Lemma 4.7,

ag = 1.15303, which is calculated by using Mathematica,

(as,bs,c3) = (4.66333,0.91664,0.2), where b3 = GQ% and a3 is calculated by
Lemma 4.7,

a3 = 24.0706, which is calculated by using Mathematica,

o 1y =as/(1— c3) = 30.0882.

Next, we redesign the parameter based on Proposition 5.2 with

1 1
A= () ()
Kp,A-C 15/ °
In the below subsections, we show two different type of control laws that satisfy the
requirement of the Theorem 4.2. Note that

N3 = ‘0'(3)’8 + b3N2
= 0@ 1 b3)5[* + bsba|d|5 + bsbabr|o?,

5 —
¢3 = —ag (fz
N38
o o o
= —a3— — a303——— — (3020 ————,
N33 (N3N2)8 (N3NaN7)s
T =3+ c3N3¥,
1
Ty = ¢3 — 335,
Q={c® eR|7my <o® <nf}.
Discontinuous controller
Consider the following controller:
=—-A (0B > 7))
age{-4,0,4} (c® e Qy)
=A (e® < m3),

where A = 50 and we suppose that the input constraint u € {—A,0, A}. As long as
the system remains on o3 € Q3, Theorem 4.2 guarantees the finite time stability of the
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system. Therefore, in this simulation, we introduce the hysteresis mechanism proposed
in Corollary 5.4.

Fig. 5.2 shows the simulation result of the system (5.6) under the above controller.
Fig. 5.2(c), Fig. 5.2(d) and Fig. 5.2(e) are time responses of the state (o,5,5,0®)T,
the input u and the positive definite function N3, respectively. Especially, Fig. 5.2(e)
indicates the value of the positive definite function N3 in semi-logarithmic scale, and
shows the results for several control interval 7" = 0.001, 7' = 0.0001 and 7" = 0.00001.
As shown in Fig. 5.2(e), N3 converges to zero against for the disturbances, and the

convergence limit is dependent on the control interval.

Continuous controller (except at the origin)

Consider the following controller:

—A (0B > x3)

a={-429=8  (56) ¢ Q)
c3N3P

A, (0B < 73)

where A = 50.

Fig. 5.3 shows the simulation result of the system (5.6) under the above controller.
Fig. 5.3(c), Fig. 5.3(d) and Fig. 5.3(e) are time responses of the state (o, 7,4, oM T the
input uw and positive definite function N3, respectively. Fig. 5.3(e) indicates the value
of the positive definite function N3 in semi-logarithmic scale, and shows the results for
several control interval 7' = 0.001, 7" = 0.0001 and 7' = 0.00001. Fig. 5.3(e) shows
similar results to Fig. 5.2(e). As shown in Fig. 5.3(d), the control input is chattering at
the origin (after 55 [s]). In such a case, the following mechanism reduces the chattering

phenomenon around the origin:

—A (0(3) > ¢3 + 63/\/'3%)
o = —A&_lﬁ?’ (63 — caN3s < 0® < ¢y + c3N3F)
03/\/31’ )
A, (0B < ¢3 — c3N353)

where N3 := max{N3, Npin} and the small positive constant N, should be appro-
priately chosen from the input magnitude and the control interval. Strictly speaking,
the above control law does not finite time stable around the origin. Fig. 5.4 shows
the results, and we can confirm that the chattering phenomenon around the origin is
completely avoided as shown in Fig. 5.4(c).

5.4.2 Cart-beam system

In this subsection, we consider the cart-beam system have studied by Sankara-
narayanan et al. in [99], as shown in Fig. 5.5. In Fig. 5.5, ¢; is the beam angle, g2

75



Controller Design with Hysteresis Mechanism and Sliding-Sector Ryo Nonaka

is the cart position of from the center of the beam, u is the force applied to the cart,
lc is the position of the center-of-gravity of the beam, m is mass of the beam, and M
is mass of the cart. Let J be the moment of inertia of the beam about the pivot. The

state equation (see [99]) is given by

&= f(x) +g(x)u,

where z = [z1 @2 23 24]' =[p @ +mi/M ¢ ¢,
T3 0
T4 0
f(l') = | _2Mz3zq0(xa)+Mgracoszy | » g(l‘) = ol

B(x2)

r32a(za) — gsina 1

ml
a(ze) = 29 — ﬁc

B(xo) = J + Ma?(x9).

The output function S(x) with relative degree 3 have obtained by Muralidharan et al.
in [59] as
a(:c) =x1 + $3M,3(332).

Then, the output system is obtained by

o® = a(z) + b(z)u,

where
—2Maxgxy — Mgcoszy  2Ma(zg)xsdot ) . )
alr) = x4 B +Mgm381nx1
(x) ( B(x2) B(e)
M .
+ x3 <M29 (r4 + xowgsinxy coszy) + gxgsm:m)
B(x2)

+ 23 <gM2x2 sinx; —

<_2Ma(a:2)x3
B(x2)

2Moz(:n2)x4)
B(w2)

— M?gcos x1> (a(x2)$32 — gsin 5171)

2Ma(x2)xs 9
blr) = ———— — M*gcosxz <0.
(z) B(ra)
We use the following continuous controller with saturation:
a(z) +v(z)
u=—-—"—>=
b(x)
1
A, (22 > CQNQE)
1
v = A (ZQ>CQN2;) s
—A5=%  (otherwise)
caNo P
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where Ny = max{Nz,2.44 x 10719},
Fig. 5.6 shows that the simulation result of the cart-beam system under the distur-
bance such that

fx)+g@)u+[0 0 0 +05"T (t€[0,1)U[2,3)U[4,5)U...)
fx)+g@)u+[0 0 0 —0.57 (otherwise)

T =

with the following parameters; M =1, m =2, J =2, [, = 0.1, g = 9.81 and the initial
state is z(0) = [r/8 —0.3 —0.1 0.1]". In the simulation, we choose the parameters
of the controller as p = 6, a; = 0.25, by = 0.0625, ¢c; = 0.1, ao = 0.5625, by = 0.000244,
ca = 0.1, A = 5.0. Fig. 5.6(a) is the time responses of each state z, z2, x3 and z4.
Fig. 5.6(b) indicates the time responses of the control input and the disturbance term.
As the figure illustrates, the system is stabilized at the origin against for the disturbance.

5.5 Summary

We define the sliding sector based on the higher-order sliding-mode control. Such
flexibility allows us to design controllers with various properties. Using the sliding sector,
we introduce various types of the higher-order sliding-mode controllers. We proposed
three sliding-mode controllers;

e a controller that uses the signum function same as the traditional sliding-mode
control (Corollary 5.2),

e a controller with a hysteresis mechanism for switching of the control input (Corol-
lary 5.3 and Corollary 5.4), and

e a controller that can provide continuous input except at the origin (Corollary 5.5).

The stability of the system under the controller can be confirmed theoretically by some
given inequalities. Using the homogeneous property of the controller, we can redesign
proper parameters to adjust for the specifications of a target system, such as the mag-
nitude of a disturbance and the input constraints of the system. Moreover, setting the
lower limit for the positive definite function, we can introduce the saturation function
for the higher-order sliding-mode control as with the traditional sliding-mode control.
We verified the efficiency of the proposed control strategy for higher-order sliding-mode
control through simulations. The parameters for the controllers used in the simulations
are determined by the proposed design method.
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Figure 5.2: Simulation result (discontinuous controller)
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Figure 5.5: Cart-beam system model
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Figure 5.6: Simulation result (Cart-beam system)
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Chapter 6. Conclusion

This thesis proposed the hysteresis mechanism based on the CLF, and the higher-order
sliding-mode controllers based sliding sector.

The control of the four-wheeled vehicle on noncontractible space has a number of
difficulties. This thesis solved the difficulties by designing the control law based on the
control Lyapunov function. The control law obtained from the CLF leads the vehicle
to the goal point avoiding all obstacles on the control space. We proposed the design
method of a local strict navigation function via a referential trajectory, and extended
the strict navigation function to obtain a local strict CLF for a four-wheeled vehicle,
because the nonholonomicity and the steering limitation are not considered in the nav-
igation function. A global strict CLF for the four-wheeled vehicle was obtained by
synthesizing a number of local strict CLF's; each local strict CLF is an extension of a
local strict navigation function. Moreover, in this thesis, the proposed hysteresis mech-
anism based on a CLF solved the chattering phenomenon occurred by the discontinuity
on the switching from forward movement to backward movement. With the hysteresis
mechanism, the four-wheeled vehicle achieved a natural n-point turn automatically by
the mathematical approach and does not involve any (meta-)heuristic methods or rule-
based controls. By the proposed control law, the vehicle reached the goal point from
various initial points, as can be seen in the experimental results.

This thesis proposed a novel higher-order sliding-mode controller and proved the
existence of the stable parameters for the proposed controller. The stability under the
proposed controller is guaranteed by simple conditions: the control input for the system
must have an absolute value larger than some positive constant with an appropriate sign
as long as the state of the system stays outside the sliding sector. On the other hand,
there are no requirements for the input as long as the state of the system stays in the
sliding sector. Such flexibility allows us to design controllers with various properties.
We designed three sliding-mode controllers based on the sliding sector; a controller that
can provide continuous input except at the origin, a controller that uses the signum
function same as the traditional sliding-mode control, and a controller with a hysteresis
mechanism for switching of the control input. Moreover, we provided the constructive
parameter design method based on the proven way. Using the homogeneous property
of the controller, we can redesign proper parameters to adjust for the specifications of a
target system, such as the magnitude of a disturbance and the input constraints of the
system. We verified the effectiveness of the proposed control strategy for higher-order
sliding-mode control through simulations. The parameters for the controllers used in the
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simulations were determined by the proposed design method. We proposed a general
strategy for designing higher-order sliding-mode controllers that has finite-time stability
and the robustness against for the disturbances and the uncertainties for the system.
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Appendix A On calculation of desired
heading angle

A.1 Desired heading angle 0,

The desired heading angle 64.; is defined by the direction of the gradient of the
navigation function. We denote B;(q) = (Bx(q), By(q))". First, differentiating (3.7)
and the square of (3.8), we obtain

2rdr = 2{(z — By)(dz — B,') + (y — By)(dy — B)/)} ,
B,"(x — By)dq + B, (y — By)dq + B,/ (dz — B,') + B,/(dy — B,') = 0

where Bi(q) = (B:(q), By(q))', B, = dB:/dq, By = dB,/dq, B] = d*B;/dq* and
B;’ = d2By /dg®. From the above equations, we get dr and dq as

Be (dz — B,'dq) + y%By (dy — By'dq), (A1)
B,'dz + B,'dy

B (x~ Bula) ~ B+ B, (v~ By(a) — B, 2

From the definition of 7, with no division by zero, (x — B;)/r and (y — By)/r in (A.1)
are calculated as

T — B

_ 5
r /B;2+BQIJ2
B/

y_By:_ x
T /B;/52+B:{/2

From the above equations and (A.1), we have

Bl
dr = ——4 (da:— ’dq

/Bé2+B:{/2

Substituting (A.2) and the above into

dy B ’dq

,/B’2+B’2
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we have

oV, 0B [ By(~BL*/(Bly+ Bix — B,Bl — B\’ — B,B! — B,?) — 1)

o or (72 g2
X T Bé2+B;/c2

121

N B,’B,

\/B,? + B,*(Blly + Bllx — BB} — B> — B, B} — B,?)

9

. B 55

Blly + Bz — ByB} — B},> — B,B/! — B>
; oA

Blly + Bz — ByB) — Bl> — BB/ — B?

9
98 By BLo% 4 p 98

Cor \/m " Bly+ Blz — ByBl — B,? — BBl — B,

oV, 98 [ BL(=B,*/(Byy + Byx — B,B; — B,” - B,By - B;*) - 1)

8y N or /BQQ_‘_B;IUZ

. B.B!?
\/By? + B,*(Blly + Bixz — B,B!! — B,> — B, B!l — B.,?)
a8
N By 55
Blly + Bz — ByBY — Bl> — B,B! — B?
9
_ By 5
Blly + Bllx — ByBl — Bl? — B, B!l — B,?
0 0
_9__ B B, + By5s

o e pe Bjus Bie— BBy - By B - B

A.2 Time derivative of 0,

The desired heading angle 0,45 is determined from the subgradient of the navigation

function, the calculation of 0 4os requires the time derivatives of %‘g and %‘;i. The time
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Appendix A On calculation of desired heading angle A.2. Time derivative of 04

derivatives of %‘;"’ and %‘;" are obtained by
d <avi> _ B,(% + 92)(Bly + Byi)
dt \ Ox (Bjly + Bix — ByBll — B> — B, B!l — B,?)?
- BL(%2 + 92)(B'y + Bz — B,B)' — 3B, B} — B,BY — 3B.,BY)
(Blly + Bz — ByBll — B,? — BBl — B,?)?
9? 0 2 0,
. BSS+BIE +B5s+BIS L ByBBy + B,B!H%
Byy+ Bz — B,By - B’ = BB~ B>~ (B,” + B,?)*?
_Bé%%—kl%’%f Bly + Bl
/73? + B2 | Bjy+ Bjz— ByBj - B!? — BBl — B.”
d 08 8% . .
B ;am2 o+ By gz By — By
— o . .
d aw) _ B, (5 + 5)(Byy + Byi)
dt \ oy (Bliy + Bllx — ByBll — Bl,* — B,Bll — B,?)?

(B3 +52)(By'y + By'w — B,B, —3B,B, — B, B} — 3B, By)
(Bjy + Bz — ByBl — B}?> — B, Bll — B,?)?

B ByR 4 BS B  BLB,By+ BB
Blly + Bllx — ByB} — Bl,? — B,B!l — B,? (By? + B.,?)3/?
v 0r + Bady Byj + B,
/ B2+ B> | Byy+Biz—ByBy - B|? — B,B! — B.?
9 908 92 . .
yos or B, Blj — Bi

2 2 )

where B)' = d*B,/dq*, B} = d*B,/dq*.
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Appendix B Proofs of lemmas

In this appendix, we prove Lemmas 4.3— 4.7.

B.1 Proof of Lemma 4.3:

For any pair of a1 > 0, by > 0 and 0 < ¢; < 1, the subsystem %a € 1y is asymp-
totically stable because ¢ € €y is always negative for ¢ > 0 and positive for o < 0.
Therefore, the subsystem is finite time stable from the negative homogeneity of the
subsystem. |

B.2 Proof of Lemma 4.4:
For any A;;; > 0, the system satisfies the following inequality:

d . . r—i— N r—i—
@U(z) = o) < — AN "< ~ Ao

From the negative homogeneity degree, the system establishes (Y = 0 in finite time as
long as the above inequality is satisfied. Moreover, in the case of 71';_ > 0, it is obvious
that the system reaches on §; before ¢ = 0. |

B.3 Proof of Lemma 4.5:

Using the inequality

AL

|O-(j)|r%j < (bk...bj+1NK)P,

r—

. i—1
we can estimate A; such that |fi(o,...,0®)| < AN, »  as

‘fi(o—a"'vo—(i))’ _ (C%U(il) — ¢i-1 + r—i ) biNi—1 n a0 _réi—l

r—i—1 - il G —1 1 —
ir PN p N Ni»

1 a; a;A;—1 a;a;—1 ...a1 r—1
< ( < prrr e e Tt r—it2 T + Ci
p bi P bi p bz‘_l p bi p bi—l P N blp p

b r—i+1 b r—i+2 b r

S p 1P P
% DO; : DPY; 1. 4t po1
r—i+1 r—1+2 T
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a; a9 a;ag ...aj1

+a; +

3=

(bl’r—i+1bi—lr_i+2)% (bir—i+1bi_lr—i+2 o b27“—1)

n ai; ai—ll ’g(i_Q)‘ ’Ni—1| + ai—10;—2 1,J(i—3)’ |Ni—1\ + \Ni—ﬂ)_i_.__
pN; » \Ni_1? Nia (Ni—1Nj—2)» Nier Nies

Q10— - . . N; N
L Giaai m(“' +1N1\>>
(Ni—1Nj—o...Ny)» Ni-y 1
Moreover, we substitute the following inequality into Nj, (k=1,...,i—1) in the above
inequality:

r—i—1 p—r+i

k
|Nk|gz%jbj+1...bk]\7j+1 p Nj p
=0

r—i—1 :
Then, we have some constant A; > 0 such that |f;|/N; » < A; for any (o,...,0() €
R*1. Therefore, there exists some a; < A; such that

r—i—1
max fi <N »
(CANCIONToxs

B.4 Proof of Lemma 4.6:
We separate O into the following areas:
Al) ¢ = 7 >0 and ¢; > 0,
A2) ¢ =7 > 0and ¢; <0,
A3) i <o <.

For the case of Al), g; is transformed into

—r—+i . —r+41
1 \¢Z| El= =
gi = 1 + . p—r+i — G p—r+i 1 -G
L Nz P Nl p Nz p
For the case of A2), from o — ¢, = czNZ . , we obtain
(l) = quNi r;lv

¢i = —(1—q)e;N; v,

for some ¢ € [0, 1]. Substituting the above equality, from ¢ > 0 and ¢; < 1, the inequality

can be transformed into

l—q p—r+i
glzl—i— 7_1 qv‘zclrl>1_czr1>1_cl
T
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B.5. Proof of Lemma 4.7:

Moreover, for the case of A3), from ¢; < 0 and o) <0, we have

. —r+i
Lo o)
gi = ]‘ + - r—1 + Ci p—r+i > 1
r—1 . I
Ni p ;

4 p

Therefore, g; > 1 — ¢; is always satisfied for all A1), A2) and A3), that is, for all point
in Oj .

[ |
B.5 Proof of Lemma 4.7:

From o) > 7TZ-+, we obtain

r—1

oW — g > e;N; 7 .

Substituting the above inequality into m; | < olitl) < 77;:_1, we obtain

i+1 r—i—1
ol < G@i1) tCit1 N P
N r—1
Ci i P r—i—1
< —aip1— +¢i+1Nig1 P
Nit1?
Denoting
r—i—1
max § = —AZ‘+1N¢ L
SEQit1
we have
N r—1
r—i—1 CilN; P P r—i—1 r—i—1
—Ai 1Ny P = —ai41 - T +Cip1(Aip1 =T b)) PN or
(Aip17 7T + big1)P Ny

r—i _p 1 r—i
aiv16N; P = Ajp1 (Aip1 71 4+ b)) P N;

P —I—cz'+1(x4i+1“€*1 +bit1) P N7

A
Ai+1 =

—» 1 iy _p_ =i
(Aip17=7T + bi1)? + z: (Aip1m=T + bi1) » .

()

i
Therefore, there exists a; 11 that satisfying the equality(4.12) if the system remains on
the area o) > 7ri+.
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Appendix C Proof of sliding sector
based on ILF

Because of the unboundedness of the time derivative of the virtual input where 2’ = 0 and
x, # 0, the proof of the earlier study by [8] is incomplete. To avoid the unboundedness,
we distinguish between several situations, and prove the reachability of the system in
each situation. Theorem 4.2 is proved after the following lemmas.

Lemma C.1
As long as the system (4.1) remains on x, € Qo(x'), there exist a upper bound of the
time derivatives of the boundaries of the area Q(z').

Proof
Q(t,x) is the time derivative of the upper boundary of the area Q(x'), and is calculated
as

d _1 1

Qt,x) = 7 (V 2KZ+HV2)
/ K R,_ K
= Vl (H — 7R 1Z> + 71Dr_1<vié)l"/,
2V 2 Vo2 V2

1

where z = D,_1(V™2)2'. We have

Qt,x) = Vi%:b/TDT—l(Vié)PZ + ZTPDT—I(Vf%)fU/ < _ KR z)

9 2T(I+Ry1/2)P+P(I+R,_1/2)z Vo2

K
+ =D, (V" 2)i
-

(

= Q(z)Dy_1 (V™" 2)d
=9

x)D,
2)(V™2 Az + Bz, + D1 (V"2)d (t, 7).
Therefore, the mazximum absolute value is obtained by

+1Q@) | | Drr (V- 2)d (¢, 2))|
+ Q)] BV 2

Q(t,2)| < |Q)(V"¥ 4z + Bx)

< \Q(@(V—%Az + Ba,)
= Qmaa:(fr)‘

Because Qumaz () is homogeneous of degree 0, that is, Qmaz(T1, T2, ..., Tr) = Qmaz (A 21,
N lzo ..., Ax,) for any XA > 0. From the homogeneity, in order to check the boundedness
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of Q(t, ), we only have to check the boundedness of the Qumas(x) where V.= 1. From
V =1 and z, € Qy(2'), we obtain |x,| < |Kz'| + k and

| { (k= KR,_12'/2)2'" P ,
Qmam(fﬂ) = ‘ < JZITPR{L', + K (A.I‘ + er)
(k — KRy_12'/2)2'T P

+5 2'T Pra! K

where Pr = (I + R,_1/2)P+ P(I + R,_1/2) > 0. Since 2'T P2’ =1 and P > 0, we have
0 < 1/v/Amax(P) < ||2'|| < 1/+/Amin(P). Therefore, the time derivative of the upper

boundary of the area § is bounded for any V. The same result is obtained for the lower

boundary.

Lemma C.2
If the system (4.1) remains on the area where x, > Qo(z’) or x, < Qo(z’), then the
system establishes x, = 0 or x, € Q) in finite time under the control law such that

%% < —c¢ (z, > max{Q(z")})
%xr >c (z, < min{Q(z")}),

for some ¢ > 0.

Proof
Under the control law, the system reaches x, =0 or z, € Q from any x,(0) in |z.(0)|/c
seconds or less.

Lemma C.3
If the system (4.1) remains on 0 > z, > min{Q(2’)} or 0 < x, < max{Q(z)}, then the
system reaches x, € Q in finite time under the control law such that

Lo, <—p—c (2, > max{Q(z')})
Lo, >p+c (2, <min{Q(z)}),

where ¢ > 0 and p is some upper bound of the time derivatives of the boundaries of the

area ) which is determined by Lemma C.1.

Proof

The following inequalities are satisfied along the trajectory of the system (4.1) as long as
the system remains on 0 > x, > max{Q(z")} or 0 < z, < min{Q(2’)}, which is indicated
by the dark gray area in Fig. 5.1:

(zr — vr1(2') — £V (2))2) < —c (0> 2, > max{Q(z')})
(2 — vp_1(2) + /@V(az/)%) >c¢ (0 <, <min{Q(z")}).

S &

Therefore the system reaches on x, € € in finite time under the control law.

106



Appendix C Proof of sliding sector based on ILF

Proof of Theorem 5.5. Lemma C.2 and C.3 guarantee that the system (4.1) establishes
x, € Q(2) in finite time under the control law:

Lo, <—p (2, >max{Q(z')})

Loy >p (2, <min{Q(2)}).
The existence of u € R is guaranteed by Lemma C.1. Under the above control law,
once the system (4.1) reaches on x, € Q, the system does not leave from the area where

xy € Q. Therefore, from Proposition 5.4, the subsystem (5.5) achieves V' = 0 in finite
time. From these, we prove that the area z, € {2 is a sliding sector. |
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