
Title Vacuum stability and naturalness in type-II seesaw

Author(s) Haba, Naoyuki; Ishida, Hiroyuki; Okada, Nobuchika et al.

Citation The European physical journal. C, Particles and fields, 76(6), 333
https://doi.org/10.1140/epjc/s10052-016-4180-z

Issue Date 2016-06-17

Doc URL https://hdl.handle.net/2115/63796

Rights The final publication is available at www.springerlink.com

Rights(URL) https://creativecommons.org/licenses/by/4.0/

Type journal article

File Information Vacuum stability and naturalness in type-II seesaw.pdf

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP



Eur. Phys. J. C (2016) 76:333
DOI 10.1140/epjc/s10052-016-4180-z

Regular Article - Theoretical Physics

Vacuum stability and naturalness in type-II seesaw

Naoyuki Haba1, Hiroyuki Ishida1, Nobuchika Okada2, Yuya Yamaguchi1,3,a

1 Graduate School of Science and Engineering, Shimane University, Matsue 690-8504, Japan
2 Department of Physics and Astronomy, University of Alabama, Tuscaloosa, AL 35487, USA
3 Department of Physics, Faculty of Science, Hokkaido University, Sapporo 060-0810, Japan

Received: 27 January 2016 / Accepted: 6 June 2016 / Published online: 16 June 2016
© The Author(s) 2016. This article is published with open access at Springerlink.com

Abstract We study the vacuum stability and perturbativity
conditions in the minimal type-II seesaw model. These condi-
tions give characteristic constraints to the model parameters.
In the model, there is a SU (2)L triplet scalar field, which
could cause a large Higgs mass correction. From the natural-
ness point of view, heavy Higgs masses should be lower than
350 GeV, which may be testable by the LHC Run-II results.
Due to the effects of the triplet scalar field, the branching
ratios of the Higgs decay (h → γ γ, Zγ ) deviate from the
standard model, and a large parameter region is excluded by
the recent ATLAS and CMS combined analysis of h → γ γ .
Our result of the signal strength for h → γ γ is Rγ γ � 1.1,
but its deviation is too small to observe at the LHC experi-
ment.

1 Introduction

Current experimental results at the LHC are almost consistent
with the predictions in the standard model (SM). However,
the discovery of neutrino oscillations established that active
neutrinos are massive, and their masses are much smaller
than those of the other SM fermions. Since the SM cannot
explain nonzero neutrino masses, the existence of nonzero
neutrino masses is evidence of physics beyond the SM. The
simplest way to obtain nonzero neutrino masses is break-
ing the global B − L symmetry, which is expressed by an
effective dimension-5 operator [1]. There are three ways to
induce the effective dimension-5 operator at tree level, that is,
the so-called seesaw mechanism. There are additional parti-
cles to the SM: the SM gauge singlet Majorana neutrinos, an
SU (2)L triplet scalar field with hypercharge Y = 2, and an
SU (2)L triplet fermion with hypercharge Y = 0 in type-I
[2–5], II [6–11], and III [12] seesaw mechanism, respec-
tively. Their collider phenomenologies have been studied in
Ref. [13] for example.

a e-mail: yy@particle.sci.hokudai.ac.jp

In this paper, we will focus on the minimal type-II seesaw
model with a single SU (2)L triplet scalar field. The existence
of the triplet scalar field can significantly change the elec-
troweak (EW) vacuum structure, and the vacuum can become
stable up to the Planck scale [14–20]. The vacuum stability
and perturbativity conditions yield characteristic constraints
between the model parameters. In addition, since the triplet
scalar field couples directly to the SM gauge bosons (W±,
Z , γ ), its VEV affects ρ-parameter at tree level, and decay
rates of the SM-like Higgs boson (h → γ γ, Zγ ) are dif-
ferent from the SM case. Thus, the type-II seesaw model is
relatively easy to test at the collider experiments compared to
type-I and III seesaw models. We will find that large param-
eter region can be excluded by the recent ATLAS and CMS
combined analysis for the signal strength of h → γ γ .

On the other hand, the gauge hierarchy problem generally
arises when the SM is extended with some heavy particles
which couple to the Higgs doublet. In the SM, all opera-
tors are renormalizable, and there is no quadratic divergence
in terms of the dimensional regularization. Moreover, radia-
tive corrections (or renormalization group evolution) of the
Higgs mass term does not change its order of magnitude,
and hence, the SM itself is natural. However, adding a heavy
particle into the SM and integrating it out, the Higgs mass
term receives a contribution of the heavy particle. It is pro-
portional to M2, where M is a heavy particle mass. When the
contribution is much larger than the EW scale, there should
be a fine-tuning to realize the Higgs mass of 125 GeV, unless
the Higgs mass term is protected by a symmetry, for exam-
ple, supersymmetry, shift symmetry, or conformal symmetry
(scale invariance). In this paper, we do not consider such a
symmetry, but simply impose a naturalness condition that
contributions of the heavy triplet scalar field should be lower
than the measured Higgs mass. As a result, we will find an
upper bound on heavy Higgs masses to be around 350 GeV.

This paper is organized as follows. In Sect. 2, we briefly
review the type-II seesaw model and derive mass eigenstates

123

http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-016-4180-z&domain=pdf
http://orcid.org/0000-0002-1865-2408
mailto:yy@particle.sci.hokudai.ac.jp


333 Page 2 of 10 Eur. Phys. J. C (2016) 76 :333

of the scalar sector. In Sect. 3, we summarize the vacuum
stability and unitarity conditions, and define our natural-
ness condition. In Sect. 4, we show the allowed parameter
space of scalar quartic couplings and branching ratios of
h → γ γ, Zγ . Our conclusions are given in Sect. 5.

2 Review of the type-II seesaw model

We consider the minimal type-II seesaw model (for more
detailed discussion, see e.g., [21]), where, in addition to the
SM fields, a triplet scalar field � is introduced, which trans-
forms as (1, 3, 2) under the SU (3)C × SU (2)L × U (1)Y
gauge group:

� = σ i

√
2
�i =

(
δ+/

√
2 δ++

δ0 −δ+/
√

2

)
, (1)

with �1 = (δ++ + δ0)/
√

2, �2 = i(δ++ − δ0)/
√

2, �3 =
δ+. The Lagrangian for this model is given by

L = Lkinetic + LY − V(�,�), (2)

where the relevant kinetic and Yukawa interaction terms are,
respectively,

Lkinetic = LSM
kinetic + Tr

[(
Dμ�

)† (
Dμ�

)]
, (3)

LY = LSM
Y − 1√

2
(Y�)i j L

T
i Ciσ2�L j + H.c.. (4)

Here C is the Dirac charge conjugation matrix with respect
to the Lorentz group, and

Dμ� = ∂μ� + i
g

2
[σ aWa

μ,�] + i
g′

2
Bμ� (a = 1, 2, 3)

(5)

is the covariant derivative of the scalar triplet field, with the
GUT-normalization for the electroweak couplings g = g2

and g′ = √
3/5g1.

Following the notation of [22,23], we write the scalar
potential in Eq. (2) as1

V(�,�) = −m2
��†�

+λ

2
(�†�)2 + M2

�Tr(�†�) + λ1

2

[
Tr(�†�)

]2

+λ2

2

([
Tr(�†�)

]2 − Tr
[
(�†�)2

])

+λ4(�
†�)Tr(�†�) + λ5�

†[�†,�]�
+

(

6√

2
�Tiσ2�

†� + H.c.

)
. (6)

1 The general form of the potential given in [15] can be recovered
with a simple redefinition of the couplings: λ → λ/2, (λ1 + λ2) →
2λ2, λ2 → −2λ3, (λ4 +λ5) → λ1, λ5 → −λ4/2, and using the iden-
tity (�†�)Tr(�†�) = �†{�†,�}�, which is valid for any traceless
2 × 2 matrix �.

We have chosen m2
� > 0 in order to ensure the spontaneous

EW symmetry breaking. Stationary conditions of the scalar
potential lead to

m2
� = 1

2
λv2 − 
6v� + 1

2
(λ4 − λ5)v

2
�, (7)

M2
� = 1

2


6v
2

v�

− 1

2
(λ4 − λ5)v

2 − 1

2
λ1v

2
�, (8)

where v and v� are VEVs of neutral components of � and �,
respectively. The nonzero v� makes the ρ-parameter deviate
from unity at the tree level as

ρ ≡ M2
W

M2
Z cos2 θW

= 1 + 2v2
�

v2

1 + 4v2
�

v2

, (9)

with the gauge boson masses given by

M2
W = g2

2

2

(
v2 + 2v2

�

)
, M2

Z = g2
2

2 cos2 θW

(
v2 + 4v2

�

)
,

(10)

where g2 is the SU (2)L gauge coupling constant and θW
is the Weinberg angle. From the experimental bound ρ =
1.0004+0.0003

−0.0004 [24], v� is strongly restricted by

v�

v
� 0.02, or equivalently v� � 5 GeV. (11)

In the limit v� � v, we obtain from Eq. (8)

v� ≈ λ6M�v2

2M2
� + v2(λ4 − λ5)

, (12)

where we have defined λ6 ≡ 
6/M�. Then the neutrino
mass matrix is given by

(Mν)i j = v�(Y�)i j ≈ λ6M�v2

2M2
� + v2(λ4 − λ5)

(Y�)i j , (13)

where i, j = 1, 2, 3 are flavor indices. On the other hand, Mν

is written using the Pontecorvo–Maki–Nakagawa–Sakata
(PMNS) matrix U [25–27] as Mν = UTMdiag

ν U , where
Mdiag

ν = diag(m1,m2,m3) is the diagonal neutrino mass
eigenvalue matrix. Using the central values of a recent neu-
trino oscillation data [28], the order of magnitude of the neu-
trino Yukawa coupling matrix is estimated as

Y� = 10−2 eV

v�

× O(1)3×3, (14)

where the last 3 × 3 matrix can be calculated by mass
eigenvalues, mixing angles, Dirac CP phase, and two Majo-
rana phases. Since the Yukawa coupling should be less than
unity for perturbation theory, v� is bounded from below as
v� � O(10−2 eV).

In the rest of this section, we explain masses and mix-
ings of the scalar fields. Expanding the scalar fields φ0

and δ0 around their VEVs (φ0 = (v + φ + iχ)/
√

2 and
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δ0 = (v� + δ + iη)/
√

2), we obtain 10 real-valued field
components, which yields a 10 × 10 squared mass matrix
for the scalars. There are seven physical massive eigenstates
H±±, H±, h, H0, A0 and three massless Goldstone bosons
G±,G0, which are eaten by the SM gauge bosons W±, Z .
The physical mass eigenvalues for the scalar sector are given
as follows:

M2
H±± = M2

� + 1

2
(λ4 + λ5)v

2 + 1

2
(λ1 + λ2)v

2
�, (15)

M2
H± =

(
M2

� + 1

2
λ4v

2 + 1

2
λ1v

2
�

) (
1 + 2v2

�

v2

)
, (16)

M2
A0 =

(
M2

� + 1

2
(λ4 − λ5)v

2 + 1

2
λ1v

2
�

) (
1 + 4v2

�

v2

)
,

(17)

M2
h = 1

2

(
A + C −

√
(A − C)2 + 4B2

)
, (18)

M2
H0 = 1

2

(
A + C +

√
(A − C)2 + 4B2

)
, (19)

with A = λv2, B = −2v�

v

(
M2

� + 1

2
λ1v

2
�

)
,

C = M2
� + 1

2
(λ4 − λ5)v

2 + 3

2
λ1v

2
�.

Note that among the two CP-even neutral Higgs bosons,
MH0 > Mh is satisfied for A < C , which we will impose in
our analysis.

The mixing between the doublet and triplet scalar fields in
the charged,CP-even andCP-odd scalar sectors are, respec-
tively, given by(

G±
H±

)
=

(
cos β ′ sin β ′

− sin β ′ cos β ′
) (

φ±
δ±

)
, (20)

(
h
H0

)
=

(
cos α sin α

− sin α cos α

) (
φ

δ

)
, (21)

(
G0

A0

)
=

(
cos β sin β

− sin β cos β

) (
χ

η

)
, (22)

where the mixing angles are given by

tan β ′ =
√

2v�

v
, (23)

tan β = 2v�

v
= √

2 tan β ′, (24)

tan 2α = 2B

A − C
= 4v�

v

M2
�+ 1

2λ1v
2
�

M2
�+ 1

2 (λ4−λ5−2λ)v2+ 3
2λ1v

2
�

.

(25)

Thus, in the limit v� � v, the mixing between the doublet
and triplet scalars is small, unless the CP-even scalars h
and H0 are close to being mass-degenerate. In this limit, the
mass of the (dominantly doublet) lightest CP-even scalar is

simply given by M2
h = λv2 (as in the SM) independent of

the mass scale M�, whereas the other (dominantly triplet)
scalars have M�-dependent mass.

After integrating out the heavy Higgs triplets, the effective
scalar potential is given by

Veff = −m2
��†� + 1

2
(λ − λ2

6)(�
†�)2. (26)

At μ = M�, the following matching condition is satisfied:

λSM = λ − λ2
6, (27)

where λSM is the SM Higgs quartic coupling. Note that the
EW vacuum can be stable by a sufficiently large λ6 as shown
later.

3 Vacuum stability and naturalness

Since λSM becomes negative at around μ = 108−10 GeV
in the SM (see [29] for example), new physics scale, which
corresponds to M� in our case, have to appear before λSM

becomes negative. To ensure that the scalar potential (6) is
bounded from below, the necessary and sufficient conditions
are given by [15]

λ ≥ 0, λ1 ≥ 0, 2λ1 + λ2 ≥ 0,

λ4 + λ5 + √
λλ1 ≥ 0, λ4 + λ5 +

√
λ

(
λ1 + λ2

2

)
≥ 0,

λ4 − λ5 + √
λλ1 ≥ 0, λ4 − λ5 +

√
λ

(
λ1 + λ2

2

)
≥ 0.

(28)

In fact, corrections of necessary and sufficient conditions
have been recently pointed out by Eq. (19) in Ref. [20]. The
major difference would appear in the (λ4, λ5) plane, that is,
the correct conditions can make the allowed parameter region
larger than that by Eq. (28). Since the difference is not so large
and does not change our main result significantly, we will
consider Eq. (28) for a relevant vacuum stability condition.

In addition, the tree-level unitarity of the S-matrix for elas-
tic scattering imposes the following constraints [15]:

λ ≤ 8

3
π, λ1 − λ2 ≤ 8π,

4λ1 + λ2 ≤ 8π, 2λ1 + 3λ2 ≤ 16π,

|λ5| ≤ 1

2
min

[√
(λ ± 8π)(λ1 − λ2 ± 8π)

]
,

|λ4| ≤ 1√
2

√(
λ − 8

3
π

)
(4λ1 + λ2 − 8π). (29)

We also impose the perturbativity condition, that is, all quar-
tic couplings are less than 4π up to the Planck scale. It turns
out that the perturbativity condition more strongly constrains
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the parameter space than the unitarity condition. The one-
loop beta functions of coupling constants are given in the
appendix.

In the ordinary type-II seesaw model, the Higgs mass cor-
rection is given by [30]

δm2
h = 1

16π2

[
3λ4

(

2−M2

� log

2

M2
�

)
−3λ2

6M
2
� log


2

M2
�

]
,

(30)

where 
 is a UV cutoff. In our analysis, we neglect the
quadratic divergent term, because it does not appear in the
dimensional regularization. On the other hand, the logarith-
mic correction appears in the scheme-independent form, i.e.,
the coefficient of logarithmic term is the same for any reg-
ularization scheme. Thus, we consider only the logarithmic
terms in Eq. (30) for a physical correction,

δm2
h = − 3

16π2

(
λ4 + λ2

6

)
M2

� log
M2

Pl

M2
�

, (31)

where we have set 
 = MPl = 2.4×1018 GeV. We evaluate
a fine-tuning level as |δm2

h |/M2
h , where Mh = 125 GeV is

the experimentally observed Higgs boson mass. We require
the fine-tuning level to be less than unity for the naturalness
in our analysis.

Here, we mention results from the different naturalness
conditions in the literature. In Ref. [31], the authors evalu-
ated the Higgs mass correction at two-loop induced by elec-
troweak interactions, and they obtained the upper bound of
triplet scalar around 200 GeV in type-II seesaw, while they
have not considered the corrections due to couplings not
related to active neutrino masses except for λ4 in our notation.
However, we will find λ6 is also important for the naturalness
condition (31) to realize the vacuum stability. On the other
hand, in Ref. [32], the authors obtained MH± < 288 GeV
and MH±± < 351 GeV by considering the naturalness con-
dition in terms of the Veltman condition [33], which requires
a cancellation of quadratic divergences. Since we neglect the
quadratic divergences for an unphysical quantity, our method
is completely different from that in Ref. [32]. However, we
will find that our result is accidentally almost the same as
their results.

4 Numerical analysis

In this section, we show some numerical results with scatter
plots, which satisfy the vacuum stability condition (28) and
the perturbativity condition. In our analysis, we solve the
renormalization group equations at two-loop level with a one-
loop threshold correction for λ, and we restrict the regions
of some parameters as follows:

Mh = 125.09 ± 0.21 (stat.) ± 0.11 (syst.) GeV [34],
Mt = 173.34 ± 0.27 (stat.) ± 0.71 (syst.) GeV [35],
αs = 0.1184 ± 0.0007 [36],
200 GeV ≤ M� ≤ 1012 GeV, 0.01 eV ≤ v� ≤ 5 GeV.

(32)

Although we take M� up to 1012 GeV, the following numer-
ical results always satisfy the requirement that M� is lower
than the energy scale, at which λSM becomes negative. The
upper and lower bounds of v� are given by ρ-parameter
bound and naturalness of neutrino Yukawa coupling, respec-
tively, as mentioned in Sect. 2. We also adopt the following
constraints for the charged Higgs boson masses:

MH±± > 550 GeV for v� < 10−4 GeV, (33)

v�MH±± > 150 eV GeV, (34)

|MH±± − MH±| < 40 GeV, (35)

which correspond to the experimental bounds on decay mode
of H±± → �±�± [37], lepton flavor violating decays [38,
39], and the electroweak precision data [17], respectively.

4.1 Allowed parameter space

Figure 1 shows scatter plots in the (λ1, λ2) plane (left) and the
(λ4, λ5) plane (right), which satisfy the vacuum stability and
perturbativity conditions. The green dots in Fig. 1 correspond
to the allowed parameter space for 200 GeV ≤ M� ≤ 1 TeV,
in which the new quartic couplings (λi , i = 1, 2, 4, 5) should
be sufficiently small to keep the perturbativity up to the
Planck scale. The black dots satisfy |δm2

h | < M2
h . The lower

bound of λ1 is −λ2/2 because of 2λ1+λ2 ≥ 0, and the upper
bounds of λ1 and λ2 come from the perturbativity condition.
Since the third terms of the last four inequalities in Eq. (28)
are negligible for a sufficiently large λ4 ± λ5, the vacuum
stability requires −λ4 � λ5 � λ4. Note that, when both |λ4|
and |λ5| are small, the vacuum can become stable only by a
sufficiently large λ6, which will be explained in detail below.
The allowed parameter space shown in Fig. 1 is much smaller
than that in Ref. [18], in which only the unitarity condition
has been considered.

The left panel of Fig. 2 shows scatter plots in the (|λ4|, λ6)
plane. There is no allowed parameter space for |λ4| < 0.01
and λ6 < 0.01. Then we find λ4 + λ2

6 = O(1) for almost all
values of M�, which is shown in the right panel of Fig. 2. If
both |λ4| and λ6 are sufficiently small, the Higgs mass cor-
rection would be smaller than the Higgs mass. However, the
vacuum stability cannot be realized by such small parame-
ters.

To stabilize the EW vacuum, there are two types of solu-
tions. We show the running of λH (= λSM for μ < M�, λ for
μ ≥ M�) for typical input parameters in Fig. 3. The left panel
of Fig. 3 corresponds to the large positive contribution to a
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Fig. 1 Scatter plots in the (λ1, λ2) plane (left) and the (λ4, λ5) plane (right), which satisfy the vacuum stability and perturbativity conditions. For
200 GeV ≤ M� ≤ 1 TeV the allowed parameter space is limited in the green region. The black dots satisfy the naturalness condition of |δm2

h | < M2
h

Fig. 2 Scatter plots in the (|λ4|, λ6) plane (left) and the (M� [GeV], λ4 + λ2
6) plane (right), which satisfy the vacuum stability and perturbativity

conditions. The setup is the same as in Fig. 1

Fig. 3 Running of λH (= λSM for μ < M�, λ for μ ≥ M�). We have
taken λ4 = 0.2 and λ6 = 3 × 10−4 in the left panel, while λ4 = 0.1
and λ6 = 0.2 in the right panel. Other quartic couplings are commonly

taken as λ1 = λ2 = λ5 = 0.1. The black dashed line corresponds to the
SM case. The vertical lines show M� = 10 TeV and MPl, respectively

beta function of λ (βλ), which is realized by a large |λ4| and/or
|λ5| [see Eq. (50)]. The right panel of Fig. 3 corresponds to a
discontinuous shift between λSM and λ, which is realized by

a large λ6 [see Eq. (27)]. When |λ4| and λ6 are sufficiently
small but |λ5| is sufficiently large, the EW vacuum likely
become stable, because λ5 also positively contributes to βλ.
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Fig. 4 M� dependence of the Higgs mass correction for all allowed region of M� (left) and 200 GeV ≤ M� ≤ 1 TeV (right). The horizontal line
shows the Higgs mass squared, i.e., M2

h = (125 GeV)2

In that case, however, the last two conditions in Eq. (28) can-
not be satisfied. Thus, when the EW vacuum becomes stable,
the Higgs mass correction usually becomes larger than the
Higgs mass.

Figure 4 shows M� dependence of the Higgs mass cor-
rection, which is calculated by Eq. (31). From the right panel
of Fig. 4, we find that the naturalness condition requires
M� � 350 GeV. Below this bound, the minimal type-II see-
saw model can be testable by the LHC Run-II results [40]
(also see Refs. [41–46] for the LHC phenomenology). In the
case of MH±± < MH± < MH0/A0 , from four-lepton sig-
nal at the 14 TeV LHC experiment with 300 fb−1, we can
potentially probe up to a mass MH±± ∼ 600 (700) GeV for
the normal (inverted) hierarchy of active neutrino masses. In
the case of MH±± > MH± > MH0/A0 , with an integrated
luminosity ∼500 fb−1, the triplet scalars can be fully recon-
structed at the 14 TeV LHC.

4.2 Predictions for the decay rate of h → γ γ , Zγ

In the SM, the decay h → γ γ (Zγ ) at the one-loop level
is mediated by the virtual exchange of SM fermions (dom-
inantly the top-quark) and the W -boson. In the type-II see-
saw model, there are additional contributions from the new
charged Higgs bosons [15].2 The decay rates of h → γ γ is
given by [47,48]

�(h → γ γ ) = α2GFM3
h

128
√

2π3

∣∣∣∣
∑
f

NcQ
2
f gh f f̄ A

γ γ
1/2(τ

f
h )

+ghW+W− Aγ γ
1 (τW

h ) + g̃hH±H∓ Aγ γ
0 (τ H±

h )

+4g̃hH±±H∓∓ Aγ γ
0 (τ H±±

h )

∣∣∣∣
2

, (36)

2 There are also other contributions in extended type-II seesaw models,
for example, in Refs. [49,50].

where α is the fine-structure constant, GF is the Fermi cou-
pling constant, Nc = 3(1) for quarks (leptons), and Q f is
the electric charge of the fermion in the loop. In the same
way, the decay rate of h → Zγ is given by

�(h → Zγ ) = α2M3
h

128π3v2

(
1 − M2

Z

M2
h

)3

×
∣∣∣∣ 1

sW cW

∑
f

NcQ f (2I
f

3 − 4Q f s
2
W )AZγ

1/2(τ
f
h , τ

f
Z )

+ cot θWghW+W− AZγ
1 (τW

h , τW
Z )

−2gZH±H∓ g̃hH±H∓ AZγ
0 (τ H±

h , τ H±
Z )

−4gZH±±H∓∓ g̃hH±±H∓∓ AZγ
0 (τ H±±

h , τ H±±
Z )

∣∣∣∣
2

, (37)

where sW ≡ sin θW , cW ≡ cos θW , τ ih = 4M2
i /M2

h ,
τ iZ = 4M2

i /M2
Z (i = f,W, H±, H±±), and I t,s3 are the third

isospin components of the fermion. In these equations, the
first two terms in the squared amplitude are the SM fermion
and W -boson contributions, respectively, whereas the last
two terms correspond to the H± and H±± contributions. We
consider only the top quark contribution for the SM fermion,
because the other fermion contributions are negligible. The
relevant loop functions are defined as

Aγ γ
0 (x) = −x2[x−1 − f (x−1)],

Aγ γ
1/2(x) = 2x2[x−1 + (x−1 − 1) f (x−1)],

Aγ γ
1 (x) = −x2[2x−2 + 3x−1 + 3(2x−1 − 1) f (x−1)],

AZγ
0 (x, y) = I1(x, y),

AZγ
1/2(x, y) = I1(x, y) − I2(x, y),

AZγ
1 (x, y) = 4(3 − tan2 θW )I2(x, y)

+[(1 + 2x−1) tan2 θW − (5+2x−1)]I1(x, y),
(38)
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where

I1(x, y) = xy

2(x − y)
+ x2y2

2(x − y)2 [ f (x−1) − f (y−1)]

+ x2y

(x − y)2 [g(x−1) − g(y−1)],

I2(x, y) = − xy

2(x − y)
[ f (x−1) − f (y−1)] , (39)

with the functions f (x) and g(x) in the range x < 1, given
by

f (x) = (sin−1 √
x)2, g(x) =

√
x−1 − 1(sin−1 √

x). (40)

The couplings of h to the SM fermions and vector bosons
relative to the SM Higgs couplings are given by

gh f f̄ = cos α

cos β ′ , ghW+W− = cos α + 2 sin α
v�

v
. (41)

From Eqs. (23) and (25), we see in the limit v� � v,
cos α � 1, cos β ′ � 1, and hence the couplings of h to
the SM fermions and vector bosons are almost identical to
the SM case. The couplings of Z to the charged Higgs bosons
in Eq. (37) are given by

gZH+H− = − tan θW , gZH++H−− = 2 cot 2θW . (42)

For the scalar trilinear couplings, we have

g̃hH+H− = MW

gM2
H±

ghH+H− ,

g̃hH++H−− = MW

gM2
H±±

ghH++H−− , (43)

with the following definitions in terms of the parameters of
the scalar potential (up to O(v2

�)) [15]:

ghH+H− =
[(

λ1 cos2 β ′ + (λ4 + λ5) sin2 β ′) v�

+√
2λ5 cos β ′ sin β ′v

]

× sin α

[ (
λ sin2 β ′ + λ4 cos2 β ′) v

+√
2 cos β ′ sin β ′

(
2M2

�

v2 + λ4

)
v�

]
cos α, (44)

ghH++H−− = (λ1 + λ2)v� sin α + (λ4 + λ5)v cos α. (45)

In the limit v� � v, Eqs. (44) and (45) can be written

ghH+H− � λ4v, ghH++H−− � (λ4 + λ5)v. (46)

Thus, the signs of the couplings ghH+H− and ghH++H−− ,
and hence, those of the H± and H±± contributions to the
amplitude in Eq. (36) are fixed by the scalar couplings λ4

and λ4 + λ5, respectively. The allowed parameter space by
the vacuum stability and perturbativity conditions is shown

Table 1 Signs of corresponding amplitudes. Signs of the singly and
doubly charged scalar contributions depend on signs of λ4 and λ4 +λ5,
respectively

Amplitude Fermions W -Boson H± H±±

Aγ γ + − λ4 λ4 + λ5

AZγ − + λ4 −(λ4 + λ5)

in Fig. 1, and we can see that there is a small allowed region
in λ4 + λ5 < 0.

In the SM, the W -boson contributions to h → γ γ and
h → Zγ dominate over those from the SM fermions, while
the signs of the corresponding amplitudes Aγ γ

1 and AZγ
1 are

opposite as shown in Table 1. The doubly charged scalar con-
tribution usually dominates over the singly charged scalar
contribution for both h → γ γ and h → Zγ amplitude
because of the enhancement factor of four in Eqs. (36) and
(37), which corresponds to the squared electric charge of
H±±. Since doubly charged scalar contributions are propor-
tional to λ4 + λ5 with the opposite sign to the W -boson con-
tribution, the two decay widths are enhanced for λ4+λ5 < 0.
For the same reason, the behavior reverses for λ4 + λ5 > 0.

In order to compare the model predictions for the signal
strength with the SM value at the LHC, the partial decay
widths of the processes h → γ γ, Zγ can be expressed by

Rγ γ (Zγ ) = σ(pp → h → γ γ (Zγ ))

σSM(pp → h → γ γ (Zγ ))

= σ(pp → h)

σSM(pp → h)

Br(h → γ γ (Zγ ))

BrSM(h → γ γ (Zγ ))
, (47)

where σ(pp → h)/σSM(pp → h) = cos2 α with the mixing
angle α given by Eq. (25). Since cos α ∼ 1 in the limit
v� � v, the SM-like Higgs production rate is almost the
same as that in the SM. The branching ratios of all the Higgs
decay channels are also the same as in the SM, except for γ γ

and Zγ channels which may differ significantly, but their
contribution to the total decay width remains negligible as in
the SM. Hence, for our numerical purposes, we can simply
assume Rγ γ defined in Eq. (47) to be the ratio of the partial
decay widths for h → γ γ in the type-II seesaw model and
in the SM.

Figure 5 shows Rγ γ (left) and RZγ (right) versus MH±± .
The green and cyan dots correspond to λ4 + λ5 < 0
and λ4 + λ5 > 0, respectively. The black dots satisfy
|δm2

h | < M2
h . The red line in the left panel shows the lower

bound on the current signal strength, which is obtained as
Rγ γ = 1.16+0.20

−0.18 by the combined analysis of ATLAS and
CMS results [51]. Our result of Rγ γ � 1.1 needs more
than 10 % precision to see the deviation, while the relative
uncertainty on the Rγ γ is 0.1 for the combined Higgs anal-
ysis by the LHC experiment at 14 TeV with 3000 fb−1 of
integrated luminosity [52]. There is no useful experimental
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Fig. 5 Rγ γ (left) and RZγ (right) versus MH±± . The green and cyan dots correspond to λ4 + λ5 < 0 and λ4 + λ5 > 0, respectively. The black
dots satisfy |δm2

h | < M2
h . The red line in the left panel shows the experimental lower bound

bound for RZγ at present [53]. The expected measured sig-
nal for h → Zγ → ��γ is 1.00+0.25

−0.26(stat.)+0.17
−0.15(sys.) by the

14 TeV LHC experiment with 3000 fb−1 [54].
In the λ4 + λ5 < 0 case, both Rγ γ and RZγ are larger

than unity with MH±± < M�. The behavior reverses for
λ4 + λ5 > 0: in the λ4 + λ5 > 0 case, both Rγ γ and RZγ

are smaller than unity with MH±± > M�. Although Rγ γ

can be enhanced by both H± and H±± contributions for
λ4 < 0, there is no parameter space in λ4 < 0 region for
M� ≤ 1 TeV (see the right panel in Fig. 1). This result comes
from the vacuum stability conditions, and we note that Rγ γ

is not strongly enhanced compared to the literature; see for
example Refs. [55,56].

In the λ4 + λ5 � 0 case, contributions from H±± to
the decay rate vanish, while contributions from H± can be
seen clearly. We can see from Table 1 that there is an anti-
correlation between Rγ γ and RZγ for λ4 + λ5 � 0. To see
this, we show the relation between Rγ γ and RZγ in Fig. 6.
The gray dots correspond to −0.05 < λ4 + λ5 < 0.05 with
λ4 > 0, and they lie in the Rγ γ < 1 and RZγ > 1 region.
Since there is no allowed parameter space in −0.05 < λ4 +
λ5 < 0.05 with λ4 < 0, the model cannot realize Rγ γ > 1
and RZγ < 1 at the same time.

5 Conclusion

We have studied the vacuum stability and perturbativity con-
ditions in the minimal type-II seesaw model. Their conditions
give characteristic constraints between model parameters as
in Fig. 1. The vacuum stability can be realized by sufficiently
large |λ4| or λ6, which leads to large Higgs mass correc-
tions. To realize the naturalness condition (δm2

h < M2
h =

(125 GeV)2), we have found that heavy Higgs masses should

Fig. 6 The relation between Rγ γ and RZγ . The green, gray, and cyan
dots correspond to λ4 + λ5 < −0.05, −0.05 < λ4 + λ5 < 0.05, and
λ4 + λ5 > 0.05, respectively. The black dots satisfy |δm2

h | < M2
h . The

red line shows the experimental lower bound

be lower than 350 GeV. Below this bound, the minimal type-
II seesaw model can be testable by the LHC Run-II results.
Due to the triplet scalar field, branching ratios of the Higgs
decay for h → γ γ, Zγ are different from the standard model
case. They strongly depend on the sign of λ4 + λ5, and there
is an anti-correlation between Rγ γ and RZγ for λ4 +λ5 � 0
with λ4 > 0. From the recent ATLAS and CMS combined
analysis for the signal strength of h → γ γ , we have also
found that a large parameter region is to be excluded. Our
result of Rγ γ � 1.1 needs more than 10 % precision to see
the deviation, while the relative uncertainty on the Rγ γ is 0.1
for the combined Higgs analysis by the LHC experiment at
14 TeV with 3000 fb−1 of integrated luminosity.
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Appendix

The beta functions in the minimal type-II seesaw model

The one-loop beta functions for the minimal type-II seesaw
model are given by

16π2βgY = 47

6
g3
Y , 16π2βg2 = −5

2
g3

2, 16π2βg3 = −7g3
3

(48)

16π2βyt = yt

[
9

2
y2
t −

(
17

20
g2

1 + 9

4
g2

2 + 8g2
3

)]
, (49)

16π2βλ = λ

[
12λ −

(
9

5
g2

1 + 9g2
2

)
+ 12y2

t

]

+9

4

(
3

25
g4

1 + 2

5
g2

1g
2
2 + g4

2

)
+ 6λ2

4 + 4λ2
5 − 12y4

t , (50)

16π2βλ1 = λ1

[
14λ1 + 4λ2 −

(
36

5
g2

1 + 24g2
2

)
+ 4tr [S�]

]

+108

25
g4

1 + 72

5
g2

1g
2
2 +18g4

2 +2λ2
2+4λ2

4+4λ2
5 − 8tr

[
S2

�

]
,

(51)

16π2βλ2 = λ2

[
12λ1 + 3λ2 −

(
36

5
g2

1 + 24g2
2

)
+ 4tr [S�]

]

−144

5
g2

1g
2
2 + 12g4

2 − 8λ2
5 + 8tr

[
S2

�

]
, (52)

16π2 βλ4 = λ4

×
[

6λ+8λ1+2λ2+4λ4−
(

9

2
g2

1 + 33

2
g2

2

)
+6y2

t +2tr [S�]

]

+27

25
g4

1 + 6g4
2 + 8λ2

5 − 4tr
[
S2

�

]
, (53)

16π2βλ5 = λ5

×
[

2λ+2λ1−2λ2+8λ4−
(

9

2
g2

1 + 33

2
g2

2

)
+6y2

t +2tr [S�]

]

−18

5
g2

1g
2
2 + 4tr

[
S2

�

]
, (54)

where we define S� = Y †
�Y� and its beta function is given

by

16π2βS� = S�

[
6S� − 3

(
3

5
g2

1 + 3g2
2

)
+ 2tr[S�]

]
.

(55)
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