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Preface

So many interesting and amazing phenomena exist around us. A lots of
scientists have challenged to understand these phenomena for a long time.
In statistical mechanics, we would like to prospect that the macroscopic
phenomena which we have enjoyed and sometimes suffered from should be
explained by the microscopic interactions among numerous small particles.
For instance, thermodynamics has been explained by the kinetic theory of
gasses. However, we can not treat these numerous interactions by determinis-
tic equations, so we apply statistics and probability theory for analyzing the
connection between microscopic interactions and macroscopic phenomena.
It is known that we have the phase transitions and the critical phenomena
in most statistical-mechanical models. In recent years, we have introduced
random environments for those models. By inducing a random environment,
it has been known that some qualitative changes occur in the phase transi-
tion and the critical phenomenon of each model. Our main interest in this
thesis is the behavior of linear polymers consisting of many monomers which
interact with one another and lying in a random environment. The behavior
of linear polymers is also affected by the random environment.

In this thesis, we consider self-avoiding walk (SAW) on a random environ-
ment and the pining model as the models of linear polymers in random media.
The systems of the statistical-mechanical models in random media are called
the disordered systems. In the disordered systems we mainly consider how
the random environment affects the critical point and the critical behavior
of the original statistical-mechanical models. Many kinds of models of the
disordered systems have been studied frequently and actively since 1980’s.
Classical examples in mathematics are Sinai’s one-dimensional random walk
in a random medium [60] and Smith and Wilkinson’s branching processes
in random environments [62]. More recent examples are the pinning models
[26, 41] and the directed polymer models [25]. We have two cases in the
disordered systems. One is the quenched case and another is the annealed
case. In the disorder systems, we have two randomness, random phenomenon
and random environment. In the quenched case we consider the random en-
vironment which is randomized much more slowly than that of the random
phenomenon. For instance, the particles in the air collide randomly to the
glass consisting of molecules which is put randomly. Therefore, we consider
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the system, letting the random environment fixed. On the other hand, the
annealed case is the case that time scale of the environment is greater than
that of the random phenomenon. So that we consider the system in the av-
eraged environment. Under a certain condition, it is known that the disorder
is irrelevant. This is one of the most interesting problems of the disordered
systems.

SAW is similar to random walk, however, it has self-avoidance constraint,
i.e., the walk never visits the same site once it visited. By this property, SAW
is no longer a Markov chain. This self-avoidance constraint is a very natural
assumption for linear polymers. Many interesting results on SAW have been
proven, however, in spite of the simple definition of SAW, many of the most
fundamental questions are left open and are difficult to solve mathematically
rigorously.

The pinning model is a model of discrete time and one-dimensional space.
This model has studied for considering the behavior of linear polymers con-
sisting of numerous monomers. For example, we can treat linear polymers
consisting of hydrophilic and hydorophobic monomers. These two kinds of
monomers are put randomly in a linear polymer and we consider the interface
between oil and water. Then, it is known that there is a phase transition
in the sense that the polymer either localizes at the interface or delocalizes,
and the random environment affects this critical phenomenon.

This thesis is organized as follows. In Chapter 1 we consider SAW on a
random environment. We first review SAW in a homogeneous setting with
some facts which are well-known, and then we introduce a random environ-
ment which we consider random conductor on each edge of the graph SAW
lies in. The main results of this chapter are displayed in Section 1.2, which
are about the critical point for the quenched susceptibility. This section has
two parts. First we give the qualitative result of the quenched critical point.
We show that the quenched critical point is independent of the reference
point and is a degenerate random variable. Second we estimate it quan-
titatively. We give upper and lower bounds of the quenched critical point
by using the Paley-Zygmund inequality and also give an application of this
inequality for SAW on RC. In the last section of this chapter, we consider
the model on a homogeneous degree tree. We apply the fractional moment
method to provide the exact value of the quenched critical point. Indeed, it
has already been known by Derrida and Spohn [27] and Baffet, Patrick, and
Pulé [7], however our approach is simple, heuristic, and is a good example of
the fractional moment method which is a strong method for understanding
the quenched case. In Chapter 2 we consider the pinning model. In the first
two sections, we review what has been known on both the pinning model
in a homogeneous setting and in an i.i.d. random environment and see some
comparisons with the Markovian model which is defined the pinning model
in an environment equipped with the Markov property. Section 2.3 is the



main part of this chapter. We introduce the pinning model on renewal set,
which belongs to the class of long-range correlations. This is a joint work
with Dimitris Cheliotis and Julien Poisat. We prove some propositions and
theorems for the annealed case by analyzing the affection between two re-
newals and conclude with a discussion about the quenched case, which is an
ongoing project.
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Chapter 1

Self-avoiding walk (SAW) on
random conductors

This chapter is based on the work in [23]. We investigate SAW in a random
environment, which is topologically regular, but random in energy landscape.
The goal of this chapter is to achieve better understanding of how the intro-
duction of a random environment changes the properties of the critical point
and the critical exponent.

1.1 SAW in a general setting

SAW is a statistical-mechanical model for chain-like solvents, i.e., linear poly-
mers we consider in this thesis. SAW was first introduced by Flory [36, 37]
in order to investigate the behavior of polymer chains. Since then many
physicists have much more conjectures that are believed to be true. Most of
them are supported by numerical simulations and physical ideas that have
not been fully justified mathematically.

We consider SAW on Z?. Let Q(z,y) be the set of nearest-neighbor self-
avoiding paths on Z¢ from x to y, and let Q(z) = (U ¢4 Q(,y). Denoting the
length of w by |w| (i.e., |w| =n for w = (wp, ...,w,)) and the energy cost of
a bond between consecutive monomers by h € R, we define the susceptibility
as

we(x

Xn = el (1.1.1)
(@)

which is independent of the location of the reference point x € Z?¢. Two other
key observables are the number of n-step SAWs and the two-point function:

=Y Lun}: Gu(z)= Y el (1.1.2)
)

we(z weN(o,x)



where o is the origin of Z% and 1...; is the indicator function. Obviously, we
have

o0

Xn = Ze‘h”cn = Z Gh(z). (1.1.3)

n=0 x€Z4

Proposition 1.1.1 (Sub-additivity of SAW). For any m,n € Ny, it holds
that

Cman < CmCp. (1.1.4)

Proof. By the translation invariance,

Cmin = Z Z 1{wm y} Z 1{won€Q(m;m+n)}

y€Z weQ(z;m) neQ(y;n)
< D D Yo 1
wGQ(:Jc m) yeZ4 neQ(y;n)
= CpC, (1.1.5)

where we denote Q(z;n) = {w € Q(z) : |w| = n}, and w o n stands for the
concatenation of w and 7. [ ]

Proposition 1.1.2 (The connective constant). The connective constant p
is well-defined and moreover,

p= lim ¢&/™ = inf /™. (1.1.6)

n—00 neN

Proof. We fix k£ € N, then n = km + r for some m € Ny and r < k. By
Proposition 1.1.1, we have

A< (e )Y < el (1.1.7)
1/n

which implies limsup,,_,. '™ < ¢ Wk, By taking the liminf, .., we prove
existence of the limit. Takmg the mﬁmum over k € N gives us

: e 1k
lim ¢/ = inf ck/ .
n—N keN

(1.1.8)

This completes the proof. [ |

In the simple random walk case, the connective constant y is equal to 2d since
the random walker can choose 2d directions in each step. For the nearest-
neighbor SAW model, we have d" < ¢, < 2d(2d — 1)"!, which implies that
d < p < 2d—1. We obtain the lower bound by counting the walks that
take steps only in the positive coordinate directions and the upper bound by

2



the memory-1 (without immediate reversals) walks. For d = 2, the following
rigorous bounds are known; u € [2.625622,2.679193]. The lower bound is due
to Jensen [47] by counting bridges, and the upper bound is due to Ponitz
and Tittmann [59] by counting finite memory SAWs. We also know the
asymptotic behavior of the susceptibility around the critical point as follows.
- _ -

Xn = (h— ho)™ 7. (1.1.9)

The constant v is believed to exist and be the rate of divergence of x;. 7 is

known as one of the critical exponents that have universality. It is predicted
that for each dimension the constant ~ satisfied that

Cn ~ Ap"nT (1.1.10)

ntoo

where constant A depends on dimension d. The predicted values of the
critical exponent v are

1 d=1,
43/32 d=2,
vy=«¢ 1.162... d=3, (1.1.11)
1 with logarithmic correction d =4,
1 d>>5

Note that in the simple random walk model v = 1 for any dimension.

Proposition 1.1.3 (The critical point for SAW in a homogeneous setting).
It holds that for any dimension,

Xn < 00 < h > log . (1.1.12)
Proof. Since yu = inf,ey /™ by Proposition 1.1.2,
o= e S () = s L )
e Bl 1 — e (h-logw) = h —log pu

which implies that x;, = co. We put h = hy + 9 for any 0 > 0, then

[e.e]

=3 %e—én, (1.1.14)

n=0

and this is finite. Therefore, by the monotonicity of y,

Xn < oo if h > hyg,
xn =00 if h < hyg.



This completes the proof. [ ]

By the definition, we can also regard x, as a generating function of c¢,.
Therefore, the equation (1.1.3) directly shows that x, < oo if and only if
h > logp. Then, we easily see that hyg = log i is the critical point of the
susceptibility xp. For d = 1, since ¢,, = 2, the critical point A is equal to 0.
For d = 2, on hexagonal lattice, it is known that hg = %log(Q +/2) by [30].
Many other rigorous results on the behavior of x;, and G}, around the critical
point hg = log p have been proven, especially in high dimensions d > 4, with
the help of the lace expansion [16, 53]. However, there still remain many
challenging open problems in two and three dimensions. See [61] and the
references therein.

1.2 SAW on random conductors on Z¢

In recent years, various models of SAW in a quenched random environment
have attracted much attention of chemists, physicists and mathematicians
[21, 22, 45, 54]. It is natural to consider an inhomogeneous environment.
SAW on a randomly diluted lattice has introduced by Chakrabarti and
Kertész [21]. Le Doussal and Machta [29] investigate it by applying a renor-
malization method on a hierarchical lattice and show some conjectures. La-
coin [51] answers affirmatively to one of them by showing that, on an infinite
super-critical percolation cluster in two dimensions, the quenched critical
point (defined by the divergence of the quenched susceptibility) is strictly
smaller than the annealed one (defined by the divergence of the annealed
susceptibility).

1.2.1 The model and the thorems

In this section, we introduce a random environment to SAW. Let B? denote
the set of nearest-neighbor bonds in Z¢, and let X = {Xj},cge be a collec-
tion of integrable random variables whose law P is translation-invariant and
ergodic. From a physical point of view, X}, can be regarded as the magnitude
of resistance of a conductor attached to a bond b € B%, so it may be more
natural to assume X, > 0. However, the results in this section are all valid
without this assumption X, > 0. Given the environment X and the strength
of randomness > 0, we can define the quenched susceptibility at « € Z¢ as

[w]
Xnsx(z) = Z e~ Zj:l(h+,Bij)’ (1.2.1)
we(x)
where
bj = bj((x)) = (wj_l,wj). (122)



Because of the inhomogeneity of X, the quenched susceptibility is no longer
translation-invariant and does depend on the location of the reference point
x € Z%. Similarly to the homogeneous case, we also define

ol
Cox(z;m) = Z 6752]’11)(’71{|w|:n}, (1.2.3)
wel(a)
A ol
Crox(my)= Y e 2 (1.2.4)
weQ(z,y)

These quantities are reduced to x, ¢, and Gp(y — x) respectively, when
8 = 0. Moreover,

Xnp.x(x Ze "ésx(xin) ZGhﬁXxy (1.2.5)

yeZY

Since Xp,5,x () is monotonic in h, we can define the quenched version of the
critical point as

IS x (@) = inf{h € R : pp,x(z) < o0} (1.2.6)

Our goal in this chapter is to understand how the random environment X
affects the behavior of these quenched observables around its critical point.
There are numerous examples in which the introduction of randomness alters
the behavior of relevant observables. We mention those examples in preface.

As a first step to understand the properties of the random variable Bg x (),
we consider the annealed case: we take the average of X, x () over the en-
vironment X (before n — o0). Let

h% = {h eR: E[)A(h”gyx(.’ﬂ)] < OO}, (127)

where E is the expectation for P. Since P is translation-invariant, the an-
nealed critical point h% does not depend on the location of the reference point

r € Z%. We note that H%X(x) < h} by the definition. In particular, if X is
i.i.d. and the Laplace transform

Ag = E[e %] (1.2.8)

exists, then we can directly compute E[ég x (z;n)] as

Efesx(zin) = > []EE™"]=X;cn, (1.2.9)
weQ(z):|w|=n j=1
and the annealed susceptibility E[xy s x ()] can be compute as

o0

E[Xns.x ( Z e "Bleg x(r;n)] = Y e TR, — g

n=0

(1.2.10)



Let h = hg + log Ag, then E[x, s x(z)] < oo if and only if h > hg + log As.
Therefore, we obtain

h% = ho + log Ag. (1.2.11)
By Jensen’s inequality, we immediately see the lower bound as
hy > ho — BE[X,), (1.2.12)

where the gap is O(3?%) as 8 — 0.
The following theorem is the main result of this section.

Theorem 1.2.1. The quenched critical point ﬁ%x(x) 1s almost surely a de-
generate random variable.

By the above theorem, we abbreviate izqﬁ x () as ib% - And we estimate
the quenched critical point quantitatively.

Theorem 1.2.2. Ford > 1 and f > 0, we have P almost surely
ho — BE[Xy) < b 5 < 3. (1.2.13)

In particular, for d =1 the lower bound is an equality.

Since ¢, = 2 in Z', u = 1, i.e,, hg = 0. Let h = —BE[X}] + ¢ and
Aj = Xij-10+5) — E[Xp]. Then, we have

Xnpx (@) =1+ e (e‘ﬁ e R A*j). (1.2.14)
n=1

By applying the individual ergodic theorem to those two sequences {A;}22,
and {A_;}32,, we can conclude that the above series almost surely converges
if and only if & > 0.

For d > 2, however, since ¢, grows exponentially, it is hard to control
the speed of convergence along those SAWs at the same time. Because of
this entropy effect, we strongly believe that the first inequality in (1.2.13) is
a strict inequality. If 8 is large and E[X}] > 0, then the gap between the
lower and upper bounds in (1.2.13) is large, and the inequality (1.2.13) is no
longer effective. However in the following specific case, we may find a better
bound. Suppose that P(X, = 0) is bigger than the critical point for the
oriented percolation on Z%. Then, there is almost surely an X-free infinite
oriented-percolation cluster C, at some x € Z‘i, in which the number of n-step
directed paths from z grows exponentially in n [39, Theorem 3.1(2)]. The
susceptibility x5 5.x(x) can be bounded below by restricting the sum over
those directed paths in C,, implying existence of a (-independent positive
lower bound on ﬁ% x-



1.2.2 A qualitative study of the quenched critical point

We prove Theorem 1.2.1 by showing that the quenched critical point is a
degenerate random variable that does not depend on the location of the
reference point.

Recall that X = { X, };cpa is a collection of integrable (thus almost surely
finite) random variables whose law P is translation-invariant and ergodic.
Following the similar analysis to that in Lacoin [52], we first prove that the
quenched critical point is independent of the location of the reference point.

Lemma 1.2.3. The quenched critical point lAzq&X (x) is almost surely a con-
stant function of v € Z°.

Proof. We will show that

)A(h’g’x(u) S )A(h”g,x<v)2 + €h+ﬁX<”’“))A(h,5yx(’U> (1.2.15)

holds for any pair of neighboring vertices u,v € Z%. Since X(,,) is almost
surely finite, it implies that x5 x(u) < oo if and only if X5 5x(v) < oo.
Repeated applications of this inequality to all neighboring vertices in Z¢,
we conclude that all vertices are in the same equivalent class, i.e., either
npx(x) < oo for all z € Z% or Y5 5.x(x) = oo for all x € Z?. Therefore,
fALq@ « () does not depend on x € Z%, almost surely.

It remains to show (1.2.15). First, we split the sum into two as

|l

Knpx() =Y e =N (1t Teny). (1.2.16)
weR(u)

Due to the sub-additivity and reversibility of SAW, the contribution from
1{vew) is bounded as

3 o~ Tith(r6X) 3 o S (h+6Xy () 3 o S0 (B )
we(u):vew weN(u,v) neQ(v)

Gh.p,x (u,0) Xn,8,x (v)

J/

Gp,x (v,1) Xn5.x (V)
Whpx (V)2 (1.2.17)

IA

On the other hand, by adding an extra step from v to u, the contribution



from 1;,¢,,) is bounded as

Z o L (BX0)) _ htaX Z o= (46X (00y) = D5 (B )
we(u):v¢w weQ(u):vé¢w
— eh+,8X(1l,u) Z 6_ Z‘]@l(h+ﬂXb](D))

weQ(v):w1=u
g

-~~~

Xn.s,x (V)
S eh+BX(1;,u)>A<h7B’X (U), (1218)

where we use the symmetry X, ) = X(,4). This completes the proof. [ |
Henceforth we simply denote ilg x(x) by fzg x-

Lemma 1.2.4. The quenched critical point Bqﬂ’x 15 a degenerate random
variable.

Proof. Due to Lemma 1.2.3, the event {ﬁqﬁ x = h} is translation-invariant

for any h € R. Since P is ergodic, we can conclude that P(ib% x = h) is either
Z€ro or one. u

1.2.3 A quantitative estimate of the quenched critical
point

In this section, we prove Theorem 1.2.2. Recall that its reduction to an
equality for d = 1 has already been mentioned soon after Theorem 1.2.2.

Upper Bound

Although it is trivial by the definition, the second inequality in (1.2.13) can
be proven in the following indirect but heuristic way. First, by the Markov
inequality, we have

1
P<657X(x;n) > nQE[éﬁ,X(x;n)]) <= (1.2.19)
n
Then, by the Borel-Cantelli lemma, we can conclude that the opposite in-
equality ¢g x(z;n) < n’*E[és x(x;n)] holds for all but finitely many n, im-
plying almost sure convergence of Xy 5 x () for h > h3.

Remark 1.2.5. We may improve this upper bound to a strict inequality in
two dimensions by adapting the idea of Lacoin [52]. In his setting (i.e., SAW
on an infinite super-critical percolation cluster in Z?), it is proven that there
are b,0 € (0, 1) such that

Elég x (z;n)"] < (0"Elés x (; n)])a. (1.2.20)



Then, by the Markov inequality, we have

P(éﬁx(x;n) > nQ/Gb”E[é@X(x;n)]) < % (1.2.21)
By the Borel-Cantelli lemma again, we conclude Bqﬁ < h} — log %

Analyzing fractional moments as in (1.2.20) has been a standard method
to investigate disordered systems. To see how it is used in other settings, we
refer to [63] for random walks in random environments and to [12, 13] for
random pinning models.

Lower bound

In this section, we prove the first inequality in (1.2.13) by showing almost
sure divergence of the quenched susceptibility at h = hy — SE[X,] — 86 for
any >0 and § > 0. Let A, = X, — E[X,] and define

Q?};(a:,n) = {w € Qa;n) : |2 22 =18, (w) )| < (5} (1.2.22)

Using this random set, we can bound x5 .x(x) at h = hy — SE[X}] — 50 as

R 1 wl(5— L |w| .
Wnpx(@) = > —e” (-grzitiay) » Z _10e (en)]. (1.2.23)
we(x) H n=1

If there are infinitely many n such that |Qg°°d (z;n)| > 3¢y, then, by ¢, > p"
(cf., (1.1.6) in Proposition 1.1.2), we obtain divergence of the susceptibility.
Therefore,

P(Xnpx = o) > ]P’()Qhﬂ,x = oo| lim sup {|Q§°§d( x;n)| > %cn}>
n—oo

[\ J/
e
1

]P’(lnnsup{mgwd zin)| > Cn})

n—oo

llm P(|Qg°°d (z;n)] > 3¢2). (1.2.24)

To complete the proof, it suffices to show that the rightmost limit is
positive since P(x,5 x (x) = 00) is either zero or one. Here we use the Paley-
Zygmund (PZ) inequality [57] as follow. For a random variable Z > 0 whose
second moment is finite and for £ € (0, 1),

P(Z > cE[Z]) > (1 —¢)? (1.2.25)



Let Z = \Qg”d( n)|. Notice that, by the definition and ergodicity, we can
bound E[|Qg°°d( n)|] from below as

E[Q5E(@n)l] = > P20 A w] <) = c(l-0o(1). (1.2.26)

weQ(z;n)

Using this and the trivial inequality E[|Q5% (2;n)|?] < c2, we obtain

lim P(|Q8% (z5n)] > L¢,) >

n—o0

>0, (1.2.27)

FMH

as required. [ |

Remark 1.2.6. We have the following much simpler proof of (1.2.27). First,
by the trivial inequality |Qg°°d (z;n)| < ¢,, we obtain

1
E[1055 (a:m)] < S Q53 ()] < bes) + o P03 m)| > de,)
— %cn(l + (|55 (x30)] > %cn)>. (1.2.28)

Combining this with (1.2.26), we can readily conclude P(|Q§°§(m,n)| >
le,) > 1—0(1).

1.2.4 Another application of the PZ inequality

The PZ inequality is often applied to the second-moment method. It has also
been a standard tool to investigate the disordered systems. We show below
that the PZ inequality is used to investigate the critical behavior for SAW
on i.i.d. random conductors. From now on, we assume that Ag < oo for all

B >0.
Proposition 1.2.7. Suppose that
= E[ Y Gusxla, y)Q] < (1.2.29)
y€Z4

and

By, = ]E[ Z GA}L7/3’)((ZE, 2) @h757x(z,y)2 @h757x(y,x)] < 00 (1.2.30)

y,2€Z4

hold uniformly in h > hy. Then, for any slowly-varying function L(h) | 0 as
h | h%, we have

1iH1£an<)Zh757X(x) > Lh) ) >1-0(8). (1.2.31)



Although the above result is conditional and still weak to establish a deci-
sive conclusion, it provides an evidence to support the belief that, in high
dimensions, the coincidence hq x = hj occurs and the critical exponent for
Xnp.x (x), if it exists, is bounded below by its mean-field value 1. For SAW
in a homogeneous environment, the conditions (1.2.29)—(1.2.30) (in fact, the
former implies the latter because By < Bf, which is a result of translation
invariance and the Cauchy-Schwarz inequality) are known to hold in dimen-
sions d > 4, via the lace expansion [16, 53]. The lace expansion yields a
convolution equation for the two-point function, which is applicable in both
homogeneous and inhomogeneous settings. In the current random setting,
however, because of the lack of translation invariance, we have not been able
to fully control the lace-expansion coefficients. This is under investigation in
an ongoing project.

Proof of Proposition 1.2.7. First, by replacing Z in (1.2.25) by x»5.x (),
we have

2 E[Xnsx (7))
E[Xn,5x(2)?]
Since B[Xn,5,x ()] = Xn-1ogrs (cf., (1.2.10)) and x;, > (h—ho) ™" for all h > hg
(cf., (1.1.6)), we have E[Xp.x ()] > (h — h3)~" for all h > h%. Replacing ¢

in (1.2.32) by a slowly-varying function L(h) 1 0as h ] h}, we can conclude
(1.2.31) as soon as we can show

E[Xnsx(2)°] = E[Xnp.x(2)]? 9
B X ) 5. <0, 1.2.33
E[Xh,ﬁ,x (x)]Q ( ) ( )
in the neighborhood of h3.

To prove (1.2.33) under the assumptions (1.2.29)—(1.2.30), we introduce
the notation

P(%nsx(2) > eEB[Rnpx(2)]) > (1-¢) (1232)

||

Hx(w) ==Y (h+BXyw) (1.2.34)

j=1
Let Y = {Y} }yepe be an independent copy of X. Then, we obtain
E[Xn,6.x (2)°] = E[Xn,0,x (2)]*
3 E[eHX(“)IEy [GHX(") - eHY“?)H. (1.2.35)

w,nEQ(x)
By the telescopic-sum representation, we can decompose efx M — eHv (1) a5

In|
Hx () _ JHy(n) _ Z eHx(n<j) o= (6_5ij<n) _ 6_5ybj<n)>eHy(77>j)7 (1.2.36)
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where 1<; = (no,...,n;-1) and 75; = (Nj41,...,7y), with the convention
Hx(2) = 0. Substituting this back into (1.2.35) and changing variables
from n.; to n, from n; to a bond b, and from 7, to n®, we obtain

E[Xn5.x (2)?] = E[Xns.x ()]
— Z E[eHx(w)+Hx(n(1>)EY [e—h (6—6Xb _ 6_5Yb)eHY("(2))H,

we(z)
n(1>obon(2)€§2(:c)

(1.2.37)

where n™ o b o n® is the concatenation of those three paths, whose lengths
are not fixed any more (due to the sum over j). Since b is not contained in
n®), Y, is independent of Hy (n?), hence

Ey [(e—ﬁxb _ e—ﬁYb>eHY(77<2))] =Ey [6—5)@ _ 6_6)/13:| Ey |:eHY(7](2>):|
= (7% — \g) By [eHY(”(Q))]. (1.2.38)
Substituting this back into (1.2.37) yields

E[Xns.x ()] — E[Xns.x (@),
=t Y ]E[GHX(W)+HX(n(1))(e—/3Xb )\ 6)} Ey [eHY(n@U}

we(x) ~
7MW obon(? eQ(x)

_ . e o) &
< e (Mg — X2 Elnpx (2) 3 E[GHX( D)4 B (0®) 4 Hx (1 )]

wWobow@ eQ(x)
n(MobeQ(x)

0 if bw

Y

(1.2.39)

where the restricted sum over n® is bounded above by E[{4 s x ()], which
is translation invariant and independent of z € Z<.
Next, we investigate the remaining sum

3 E[eHX<w<1>>+Hx<w<2>>+Hx(n<1>> (

wlobow@ eQ(x)
(D obeQ(x)

Li@nnm=gy + L@y 2o)-

(1.2.40)

Due to the independence among the variables in X, the contribution from

12



1e,mm=g) is bounded by

S B[t ixt] glotix o)
wWobow@ e (x)

n(Vobe) ()
% w® w2
< E[Xh,gyx(x)] Z E [eHX( DY+ Hx (w2 )}

wDobeQ ()
(D obeQ(x)

To bound the contribution from 1,e)n,m s in (1.2.40), we split w® as
w® ow® at the last visit to ), so that w® Ny® = {wi}. Then, by using
the independence among the variables in X, we can bound the sum over w®

by E[Xnsx()]. As a result, the contribution from L@y 2oy is bounded
by

E E 1 obow® 0w (@)} E 1@ 0n®oben(a)} L{w@n(n® on@)={y}}
Y€ZL MW obow ) € (z,y) 13 eQ(z,y)
w®eq(y) 4 obeQ(y)

B [eHX SRS (w(3>)+HX("(3>)+HX(77(4>)} E [eHx (w<4))]

ElXnsx( Z Z 1{b¢n<3>}]E[eHX(w(l))+HX(W(B))+HX(77<3))+Hx(77<4))}

y€Z W obow® eQ(x,y)
n®eQ(z,y)
) obe)(y)

=N Esx@)] >, ), E [eHX(W(DHH"(b°“(3>>+Hx(n<3>)+Hx(n<4>)]

y,2€Z% (M eQ(x,2)
bow®) eQ(z,y)

3 eQ(z,y)
1WeQ(y,2)

= "5 'E[{ns,x ()] Bs. (1.2.42)
Finally, by summarizing (1.2.39)—(1.2.42), we arrive at
E[Xn5,x (2)’] — E[Xns,x (2)]?

2 < e M(2dBy + e"M\;1By)(Mas — A\3), (1.2.43

EXns.x (2)]? (245, g 2)(\i,—€) ( )
0(8?)

which proves (1.2.33). This completes the proof of Proposition 1.2.7 [ |

1.3 Phase transition for SAW on random con-
ductors on a tree

This model we treat in this section is SAW on a tree with random conductors,
which can be regarded as a directed polymer model on a disordered tree.

13



According to a classical theorem by Kahane and Peyriere [49] and Biggins
[14], it is known that there exists a transition behavior in this model (see
[55]). Derrida and Spohn [27] prove that in each phase, there exists some
critical parameter inducing a qualitative change for the behavior of polymers
showing that a directed polymer on a tree with disorder can be reduced to
the study of nonlinear partial differential equations of reaction-diffusion type.
Buffet, Patrick, and Pulé give another proof based on the study of martingale
in [7]. In this section we give another probabilistic approach to the quenched
critical point by applying the fractional moment estimate.

1.3.1 The model and the theorem

We consider an SAW path w on a degree-¢ tree T*. We denote by |w| the
length of SAW w and by Q(x;n) the set of n-step SAWs from = € T*. We also
denote by B’ the set of nearest-neighbor bonds on T*, we define the set of
random conductors X = {X}},cpe as a collection of i.i.d. random variables
whose probability law is denoted by P. Since ¢, = (¢ — 1)" on T, we
obtain u=/¢—1.
Similarly to the Z¢ case, we define the quenched susceptibility at = € T*
by
Xnpx()= > e R Bs,), (1.3.1)
we(z)

where h € R, f > 0and b; = b;(w) = (w;_1,w;). Since X g.x () is monotonic
in h, we can define the quenched critical point by

ﬁg,x(l') =inf{h € R: xppx(x) < co}. (1.3.2)

Recall that we prove on Z4 that ﬁg x () is independent of the reference point
x and it is a degenerate random variable in the previous section. It is valid
for the case that {X,} is a collection of integrable random variables whose
law P is translation-invariant and ergodic. From now on, we simply write
the quenched critical point by izg

We compute the annealed susceptibility E[x, s x ()] as

o0

E[Xnox(®)] = a Nge™ = Xntogas, (1.3.3)

n=0

and we have already known the annealed critical point is h% = log pt+1og As.
As in Section 1.2, we have

log 1 — BE[X] < h% < b3, (13.4)
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where the gap between these two bounds is O(3?) when 3 is small enough.

In a directed polymer model on a disordered tree, it is known that there
exists a transition behavior. The critical parameter that divides the system in
two phases is known explicitly. According to Kahane and Peyriere [49] and
Biggins [14], we introduce the quenched partition function of the directed
polymer model on a disordered tree.

Zy=— Y e ZmBhyrioeds) (1.3.5)
" weN(z;n)

They prove that this partition function Z, is a positive martingale with
respect to F,(x) = o(Xp : b = (u,v) € B, ju—z| < n,jv—2| <n)forz € T
through computing as follows.

ElZunlFaw)] —E[— 30 ¢ EHOR 7, )]

Cn+1

wGQ(az n+1)

_ Z Z —zyzlwxbﬁlogxﬁ)E[ Z o~ (BX(y,)+log As)
e b weN(z;n) z€T!
wn=y |z—y|=1

= Z,. (1.3.6)

By the martingale convergence theorem and Kolmogorov’s 0-1 law, there
exists a non-negative random variable Z., := lim,,_,, Z,, and the probability
P(Z. = 0) is equal to either 0 or 1. We set the quenched free energy F(f),
which is equal to the quenched critical point ﬁqﬁ

F(B) := lim llog(e”haﬁZn). (1.3.7)
n—oo M
For 8 > 0, we define the function
a d a
F(8)=nt = B(753). (1.38)

Since
2
%@ ddﬁhﬁ {ddﬁhﬂJrﬁ(ddBQ )}

E[X%FX]  /E[Xe PX]\2

z—ﬁ{ [ }—( [Xe ]>}<0 for >0, (1.3.9)
As As

the function f(f) is decreasing in 5. Let (. be the positive root of f(3) =0

if there exists, . = oo otherwise. Kahane and Peyriere [49] and Biggins [14]

show that

P(Zo >0)=1 & B< B (f(B)>0),

- (1.3.10)
P(Ze =0)=1 & B> 8. (f(B) <0). -
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For f < f., we call the weak disorder regime, and for f > f., the strong
disorder regime. Derrida and Spohn [27] prove that the free energy is

hy i p < b,
F(5) :{ %ffg 5> 8, (1.3.11)

They prove this result through the study of nonlinear partial differential
equations of diffusion-reaction type and derive . from the minimal speed of
traveling wave solutions. Buffet, Patrick and Pulé [7] also prove (1.3.11) by
the martingale argument.

log(¢ —1)
Be

Figure 1.1: The function f(/3) is convex and there exists /3. such that f(5.) =
0.

We can find a close connection between the partition function 7, and the
quenched susceptibility x5 x-

o0

Xnpx () =) e Nye ™ Z,. (1.3.12)

n=0

Recall that the free energy F(/3) is equal to the quenched critical point ﬁg

The following statement is the main theorem of this section.

Theorem 1.3.1. For { > 3,

By, if B <8

ra _
hﬁ = { Bﬁh% if B> B, (1.3.13)

where . = 0.3 and we obtain 0. by optimizing the function logr(0) = hjz —
Oh3.
B

Note that the case £ = 2 is equivalent to the case Z. Since on Z, ¢, = 2
and these two SAW paths are independent, it is proven that A} = —SE[X})]
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on Z by the strong law of large numbers. On Z%>2 however, since ¢, grows
exponentially, it is hard to control the speed of convergence along the SAWs
at the same time. Because of the entropy effect, we strongly believe that the
first inequality in (1.3.4) is a strictly inequality. The exact value of quenched
critical point on Z?? remains an open problem.

1.3.2 In the weak disorder regime

First we prove that ﬁg = hy for B < B.. We show that X5 x(z) = oo at
h = hg — ¢ for any § € [0,5.) and 6 > 0. In the weak disorder regime, 7,
almost surely converges to some positive random variable Z,,. Then, for ¢ >

0, there exists an almost surely finite random variable N = N(w, X,¢) € N
such that for n > N, [Z,, — Z.| < e. Therefore, for h = h} — 9,

. >\ Cn s s
Snpx(e) =3 02, 2 m Zi—)Y =00, (L3.14)
n=0 n=N

This implies that ilg = hj for B < f..

As an immediate consequence from (1.3.10) and (1.3.13), we show that
for ¢ > 3, the critical exponent of the quenched susceptibility is almost
surely equal to 1 in the weak disordered regime. We consider the quenched
susceptibility at h = h} + 6 for any 3 € [0, 8.) and § > 0, which is given by

o0

Gpx = ez, (1.3.15)

n
n=0

Therefore, x5 5 x(x) is bounded from above as

N-1
Xng,x < Z Cn e " 7, + Z e (Zoo + €)
n:0

(N €(Z<>O +¢) 1
< — . 0.
! <0§Inn§ajsf<—1Zn> + ((—1)etN 1_ ¢ (1.3.16)
and is bounded from below as
Cn 75n E(ZOO — 8) 1
Xnpx > Z (Zo=2) = =T on T=o7 (1.3.17)

nN

By (1.3.16) and (1.3.17), there exist random variables 0 < ¢ < C' < o0
depending on w, X and ¢ such that

c C
< 2. 1.3.1
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1.3.3 In the strong disorder regime

In this section, we split the proof of Theorem 1.3.1 in two parts. First we will
give an upper bound of the quenched critical point by bounding fractional
moments of Z, and optimizing the choice of the fraction. Second we will
bound the quenched critical point from below by the same value that we find
as the upper bound.

The upper bound for the quenched critical point

First, we prove the following proposition to bound the quenched critical point
from above.

Proposition 1.3.2. For (> 3 and B > S., it holds that

A I} s
hi < Eh . P-as, (1.3.19)
and the critical parameter (. is given by 0.6 where 0. € (0,1) is the value

that minimizes the function logr(6), where r(6) is defined by (1.3.26).

Our strategy for this proposition is to estimate the rate of convergence
of the martingale Z,. Recall that we have already known the convergence
of Z, to zero in the strong disorder regime. In this section, we denote Z,
by 78 to emphasize the starting point . We introduce another martingale
defined by

2V =5 11>n > e mmete), (1.3.20)

neQ(y;n)

where ﬁ(y; n) is the set of SAWs on a Cayley tree with branching ratio ¢ — 1.
Therefore, we have

7@ _ Z e PXew Z() (1.3.21)
n 3\ n—1» o
yé’]l‘é A
lz—y|=1
~ —BX(yz) -
Z0 =Y 7, (1.3.22)
€T\ {x} (6= 1DAs
ly—z[=1

We apply a trivial inequality: for every 6 € (0,1), (32, a,)? <3, (a,)? to
(1.3.21), and take expectation. Due to the transitivity of a homogeneous
degree tree and the i.i.d. property of X, we obtain

e BX@y) N\ 0 ~ .Y ~
EZ < Y E[(T> |z <o "SYEIZIL),  (1323)
¢ B B
\nyeyqlrzl
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and

~ BXye) N0~ A
0 € 0 1-0 0B 1 >0
< —_— <
BZ)s X (o) B2 < -0 B
z1€T
ly—z1|=1
n—1
g---g{(ﬁ—l)l—a%} . (1.3.24)
B

Substituting (1.3.24) into (1.3.23), we have

E[Z¢] < (-0 298 {(6 _qy-o s }n_l - <L>1_6r(6)", (1.3.25)

X N 1
where
N
(@) = (¢ — 1)E[<m> ] (1.3.26)

Therefore, by the definition of the annealed critical point A%, we have
log r(6) = log pv + log A — 9<log,u + log )\5) = hgs — 0h3. (1.3.27)

We will show that E[ZY] decays exponentially, i.e., r(f) < 1 for some
6 € (0,1), we consider the function log (), and compute the first and second
derivatives of it.

2 (togr(0)) — —pEE

do Ns "
_ﬂ< h%’ﬁ 95>_h%
1
= 5( 3 — f(%)) s (1.3.28)
and
d? B IE[XQG*GBX] ]E[Xe*(’ﬂX] 2
s (log7(0)) _52{ N _( o ) }2 0.  (1.3.29)

Thus, we can say that the function logr(#) is convex. Since
d d
1
ggloer () =555
by (1.3.28), logr(0) = log(¢ — 1) > 0 and logr(1l) = 0 (see Figure 1.2),

there exists 6, € (0, 1) such that logr(6,) = 0. Therefore, for 6 € (61,1), we
conclude that E[Z?] is exponentially decaying in the strong disorder regime.

n

) — 03 =—f(8) >0 (1.3.30)
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log ()

log(¢ —1)
\91 1
0 \\/ -

Figure 1.2: The function logr(#) is convex and there exists 61 € (0,1) such
that logr(#;) = 0. For 6 € (6, 1), the function logr(#) is strictly negative.

We show that the quenched susceptibility xp s x (x) is almost surely finite
for h > h3 — %logﬁ and 0 € (01,1). For 6 € (61,1), h = h3 — %logﬁ +0
and 6 > 0, we have

Xnpx(x) = Z Cn A ez,
= > e (o) Z,,. (1.3.31)

By Markov’s inequality, for any ¢ > 0,

P(Z, > (r(0) + &)%) =P(Z° > (r(h) + &)™)

0 N0/ r(0) \»
(r(0) + )" = <€—1> (r(g)J)rg) - (1.3.32)

Then, by the Borel-Cantelli lemma, the event {Z, < (r(0) + )™’} occurs
for all but for finitely many n. We can control € > 0 depending on § > 0 for
the summation in (1.3.31) to be finite as

<

e ez, < exp{ - n<(5 — %log (1+ 7"(8_6))> } (1.3.33)

so that Y5 5.x () is almost surely finite if we choose & < r(0)e?. This implies
that for any 6 € (6,1),

7 a 1 a
hy < hj + glogr(e) < h}. (1.3.34)

To optimize an upper bound above, we compute a derivation of r(6) and
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0 /1 | 1d
Z(>1 - %
—(G1087(60)) = =7 105 7(0) + 5= (logr(6))
1 a d a
:_ﬁ{wf*wQ%%MﬁJ}
1
= —£(68). (1.3.35)
Therefore, we have
X <0 if68<B..
;%(Ebgdﬂ> —0 if08 =4, (1.3.36)
>0 if68> B

For 6, = % € (61,1)*, we have the upper bound on the quenched critical

. Aq .
point hj, i.e.,

7 a 1 6 a
hy < hj + e—clogfr(ec) =5 (1.3.39)
We finish the proof of Proposition 1.3.2. [ |
A
%logr(ﬁ)

-/
N

Figure 1.3: The function % logr(6) is convex and takes the minimum value
when 0.6 = (..

'We check that 6, > 6;. This is because %h% is convex since

51 1 <0 5<5.,

CCRRE T S
Therefore,

logr(0.) = b, — %h% < 0=logr(6y). (1.3.38)

This implies that 6. > 6.
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The lower bound for the quenched critical point

To prove that ﬁqﬁ = Bﬁhac, we need to show that for £ > 3, ﬁqﬁ is almost surely

greater than %h% in the strong disorder regime.
Proposition 1.3.3. For { > 3 and 8 > (., it holds that

hq > ﬁ P-a.s. (1.3.40)

e’

Proof of Proposition 1.3.3. We refer the proof in [7]. For lighter nota-
: n Zw x;n '676 n(w)
tions, we define S, (w) = ZFI Xjwys {+)p = Zweefzi(z;; —sor> and

F,.(3) :—log > e (1.3.41)

we(z;n)

We give the expression of the quenched susceptibility again.

g o
Whpx (T § cnge "7, = 1 > e RlosEn(E)) (1.3.42)
n=0 n=0

To show that X, x(z) = oo holds almost surely for h = %hac, it suf-
fices to show that liminf,, . F,(8) > ﬂihg holds almost surely. Note that
lim inf, o Fr(B) > 5-h3, implies limsup,, . P(Z, > r(6.)"/%) > 0%,

First we will show that F, (/) is decreasing in 5. For 1 > (35, it holds that

e B25n(w) B1/B2 < a4
Z (Zweﬁ(x;n) 67523"(“’)) - ( 3. 5)

we(x;n)

2Since the event {{5 5,x(z) = oo} is translation-invariant in z, and the probability
measure P is ergodic,

P(Xnp,x(x) =00) >0 = P(Xnsx(r) =00) = 1. (1.3.43)

To prove that qu > ﬁ ~hf_, we show that P(Xp,p,x () = 00) > 0 for h = %h%e Then we
define the event A = {Z > ()"0}, If Z,, = r(6.), then X4 5 x diverges.

P(Xn,p,x (x) = 00) = P(Xn,p,x (x) = 00| ﬂ U 40P ﬂ U 4x)

n=1k>n n=1k>n

=1
> limsup P(A4,,). (1.3.44)

n—oo

Therefore, to prove that P(xs,5,x(z) = 0o) > 0, it suffices to show that the rightmost
limit in (1.3.44) is positive.
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and then,
1/B2

3 e—ﬁlsn<w>>1/ﬁ1§( S )

weQ(z;n) weQ(z;n)

(1.3.46)

We can say that F, () is decreasing in #. Next we will show the convexity
of F,,(B). Since by the decreasingness of F,,(5), it holds that F/ (5) < 0, we
have

FUB) =~ Fu(8) + — (4525 — (S3) > 0 (13.47)
This implies that F, () is a convex function in . Finally by this convexity
of F,,(6,w), for any € > 0 independent of n and § we have

Fo(B) > F (B —€)(B— (B —€)) + Fu(B. — ©). (1.3.48)

Recall that we have already know lim,, ., F,,(8) = %h% in the weak disorder

regime and since %h% is differentiable in 3, we have
d /1 1 1/4d 1
F’ —(=h})=—=h3+ = —=h%) = —— ) 1.3.4
W8 = g5(5m) = —mh+ 5(g5h) = —m/) (1349)

We choose ¢ independently of n and /3 so that it holds that lim, o lim,, o, F/,(5.) =
0 as n — oo. Therefore, we can conclude that lim inf,, ., F,,(8) > ih;c. The
result follows. [
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Chapter 2

The pinning model

The pinning model was introduced for the study of the behavior of linear
polymers by Fisher [35]. Linear polymers are chemical compounds consisting
of monomers. The polymer chain is defined as a Markov chain on Z, and we
consider a renewal process which is given as a sequence of inter-arrival times
of the Markov chain.

2.1 In a homogeneous setting

Let 7 be a renewal process with 79 = 0 and assume that 7 is non-terminating,
that is, P(7; < oco) = 1. The distribution of 7 is given by
L(n)

K(n):=P(r =n) = rar 7 0, (2.1.1)

for all n € N, where L(n) is a slowly varying function (See [15]) and the
parameter « is positive. If & = 1/2, the Markov chain represents return
times of a 1-dimensional simple random walk. We denote the probability
measure and its expectation by P and [E respectively, and define the expected
waiting time p := E[r] (note that u is not the connective constant in this
chapter). If @ < 1, p is infinite, and otherwise. Then, we give the definitions
of the polymer measure PP, 5, and the partition function Z, , respectively by
the followings.

A1
a® Tz,

e"i=1%5  neN, heR, (2.1.2)

where the partition function Z,, 5 is given by
Znp =E[e"Zb=1%5,], Zy, = 1. (2.1.3)

In (2.1.3), the function 4, is an indicator function 1y,e-3. The definition
(2.1.2) implies that a Markov chain obtains e at every renewal (see Fig-
ure 2.1). Therefore, if h < 0, a Markov chain penalized by e < 1 at every
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renewal. So that it is dominant that paths do not visit the origin and we
regard that the Markov chain tends to delocalize from the origin. From this
observation, we have a phase transition between the localized phase and the
delocalized phase. We define a critical point h. that separates these phases
and it is predicted that h, = 0. Note that if > K(n) < 1, then we put

K(n) = 1_1(;(20) and replace h by h + log(1 — K(o0)). So that the critical
point can be h, = —log(l — K(o0)) = —log >, K(n). We also define he free

energy F : R — [0, 00) by

> e TR (n) = 1, (2.1.4)

neN

when such a solution exists, i.e., for h > 0. When we can not solve this
equation, i.e., for h < 0, we set F(h) = 0. It is well-known the phase
transition is characterized by the free energy F.

Ll |
LAY W

n=rmy

Figure 2.1: A sample of a Markov chain and the renewal process 7 pinned at
n visit at n at f-th renewal. The Markov chain obtains a weight e in each
renewal.

We consider the relation between the free energy and the partition func-
tion (see Figure 2.1). By a simple computation,

Zon=>_> [[EWE"=>">"1] PG K (0;)

k=1 geNF j=1 k=1 gcNF j=1
[¢]=n |€]=n
n k "
= S SRally) = PP € 70, (2.1.5)
k=1 geNk j=1
[¢|=n

where the law K, is defined by

Kp(n) = e ™MW+ (). (2.1.6)

By the definition (2.1.6), 7 is also a renewal process with the density K.
Then we have the following relation between the free energy F(h) and the
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partition function Z,, j,.

lim ! log Z,,, = F(h). (2.1.7)

n—oo N,
This expression is often used for the definition of the free energy. (2.1.7) can
be proved based on the renewal theorem (See [41] or [42]). By (2.1.5), it is
sufficient to show logP(n € ") = o(n). For h < 0, we have trivial bounds
ase"K(n) <P(n € 7)) < 1. For h > 0, by the renewal theorem, P(n € 7))
goes to E[~1<h)] as n — 0o. To understand the critical phenomenon, we often
focus on the behavior of the free energy at the critical point h..

Theorem 2.1.1 ([41, 42]). Ifh. = —log ), K(n) (i.e. K(co) > 0), we have

that
h — hc a>1 ,
Fh) 5, G g @=L, (2.1.8)
(h—he)* a€(0,1),
where

Yo K(n)/ >, nK(n) a>1,
C(K) =< 1/L(n) a=1, (2.1.9)

(oY, K(n)/(L)T(1—a)}’* ae(0,1).

Proof. We give the rough sketch of the proof of Theorem 2.1.1 (refer to
[41, 42] for more detail). First, we introduce the function ¢ as follows.

olx)=1- Ze’mK(n). (2.1.10)
We compute ¢(z). Let K(n) := > jsn K(j), then
plz)=1- Z e ™(K(n—1)—K(n))=(1-e") Ze_””‘f((n).

(2.1.11)

By the renewal theorem, we have the asymptotic behavior of ¢(z) as follows.

zE[m] if > 1,
o(x) ~ ¢ L(n) zlogt if a=1, (2.1.12)

zl0 I'(l—-a) :
Tfﬂa fa<l

We have F(h) | 0 for h — h.. Recall that by the definition of the free energy
(2.1.4), we have p(F(h)) = 1 —e~". Therefore, replacing = by F(h), the proof
is completed. [ |
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2.2 The general pinning model

The pinning model with i.i.d. disorder is regarded as a general model but
it has so many heuristic arguments and methods to analyze the disordered
systems. In order to make the argument lighter, we replace (2.1.1) by

CK

K(n):=P(m =n) e b

a>0, (2.2.1)

for all n € N, where cx > 0 is a normalization constant. We assume that w
is a sequence of i.i.d. random variables satisfying the followings.

Eulwi] =0, Ey[w?] =1, B [e™'] = Mjs < oo, (2.2.2)

where we denote the probability measure and its expectation by P, and
E, respectively. For f > 0, h € R and a fixed realization of w, we can
respectively define the probability measure P, and the quenched partition
function Z,,, by

dP,, 1

o (1) = peTiatng, 223)

and

T i= Znpp = B|eXk=a (B | (2.2.4)

We also define the annealed counterparts by

d]Pa 1 n
Bxp, D=z (2.2.5)
and
Zfl,w = Zfb,ﬁ,h = Ew[Zn,w]- (226)

By the Fubini-Tonelli theorem and the i.i.d property of w, we can compute
the annealed partition function as

23 = BuB[eXkatfon)ii,
= Bk hlosMalog | = 7, 1o - (2.2.7)

Therefore, the annealed free energy is given as the homogeneous one.

F2(3,h) = lim log Z;, , = F(0, h + log M3) (2.2.8)

n—o0
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The annealed critical point hj is h.(0) —log My, where we write by h.(0) the
critical point in homogeneous case. On the other hand, the quenched free
energy is defined by the following limit

1 1
F(B8,h) :== lim —E,[log Z, .| = sup —E,[log Z,, ], (2.2.9)
n—00 11 neNp n

for all h € R and § > 0. The existence of this limit and the last equality
follows from the super-additivity of the sequence {E,[log Z, | }nen, i-e., For
m=1--- ,n—1,

log Z, ., > logE [ezz=l(h+5w")5’“ 5n6m]

=logE [62?:1(}14—6(”")% (5m] +logE [ezzzmﬂ(hww")ék Onlm € 7
=log Zn . + 10g Z,— i pmes (2.2.10)

where 0 is a shift by one step to the left. By the definition (2.2.9), we can
see some straightforward properties of the quenched free energy.

e The quenched free energy F(f, h) is non-decreasing in both h and £.

e The function (5,h) — F(B,h) is a convex since F(f, h) is the limit of
a sequence of convex functions.

The following property called the self-averaging holds for the quenched free
energy.

Proposition 2.2.1. P-almost surely and in L' we have that for every B and
h,

lim 1 log Z,,., = F(5,h). (2.2.11)
n—oo 1,

Note that the assumption of i.i.d. environment is not essential for this
proposition (In Section 2.3 we can also prove this property in another setting).
The proof of Proposition 2.2.1 is a direct consequence of the super-additivity
(2.2.10) and the sub-additive ergodic theorem (see [50]), however we put
another proof to show the basic argument of the pinning models.

Proof. By the super-additivity (2.2.10), letting n = km + 7,

-1

1 m 1
Sl0g Znw > ST Zlog Z, gime. 2.2.12
~logZ, > 108 Zg (2.2.12)

n <
Jj=0

3z
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Applying the strong law of large numbers to the lefthand-side of (2.2.12), we
have

1 1
liminf —log Z,, ., > E, | — log Z,, gimy, | - (2.2.13)
m

n—oo M

Therefore, by the definition (2.2.9), we obtain

1 1
F(B, h) = limsup —E,[log Z,, gim,,] < liminf —log Z, . (2.2.14)

m—oo M n—oo M

On the other hand, by decomposing the partition function, we have

n

m—1
Tnis = ImeZn-moms + > Ziw > K=" 72, 501, (2.2.15)
N—————

mer \Z:O j—m+1 P

Vo
merT

There exists a constant ¢ > 0 (see (2.2.1)) such that for every i, j, and m,

K —1)

Km = )E( —m) <cf(G—m)A(m -} <c{(n—m) Am}te

(2.2.16)

Substituting (2.2.16) into (2.2.15), then taking logarithms and deviding by
n, we have

|3
|
—

1 1
(— log Z,, gimy, + —(c + Blwjm| + (1 + a) log m))
m m

<
Il
o

s[3

1
- IOg Zn,w S
n

(2.2.17)

Therefore, using the same argument as estimating a lower bound, the result
follows. u

By the monotonicity in f and Jensen’s inequality, we have
F(h) =F(0,h) <F(B,h) < F3(B,h). (2.2.18)
This directly yields
2 = h, —log Mg < hf} < h,. (2.2.19)
Therefore, we can define these two phases
L={(B,h):h>h%}, D={(B.h):h<hi}. (2.2.20)

The region L is called the localized phase and the region D is called the
delocalized phase.
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hi

I

Figure 2.2: The critical curve 5 — ﬁ% that separates £ and D is convex and
decreasing in 3. Recall that h,. is the homogeneous critical point and it is
positive if 7 is not terminating.

The curvature of the quenched critical point close to 8 = 0 has been
studied with big interests on the pinning model. In fact, it is known that
if a < %, the quenched and annealed critical points coincide for small .
We call this regime the irrelevant disorder regime. In the irrelevant disorder
regime, i.e., for a € (0, %), the asymptotic behavior of the quenched free
energy is given as

m M = l < 2. (2.2.21)
nii log(h — h3) @
Recalling (2.1.8) in Theorem 2.1.1, the behavior of the quenched free energy
around its critical point is the same as the one of the homogeneous free energy.
On the other hand, it is known that if disorder is relevant, i.e., for a > % and
B > 0, the critical behavior differs from the one of the homogeneous system.
In the relevant disorder regime, it has been known that

log T
lim ing 28 FBD)

A ) > 9, (2.2.22)
hikg log(h — hg)

for every f > 0. Comparing with the curvature in the irrelevant disorder
regime, the quenched free energy in the relevant regime is smoother than
that in the irrelevant disorder regime. We call this phenomenon smoothing
effect. The smoothing effect for the free energy plays very important role to
understand the relevant disorder regime. A smoothing inequality (2.2.22) is
proven for general cases (see [17]).

The fractional moment method is known for the useful method to estimate
the quenched critical point. This method has been standard in the disordered
systems. In [41, 42] the following theorem is proven by the fractional moment
method.
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Theorem 2.2.2 ([41, 42]). For small B > 0, there exists a constant ¢ such

that
cB? a>1
A o (log(1+ 1) a=1
q a 2a
RN ae (L) (2.2.23)

wla} e

These constants are given, for example the case a@ > 1. Alexander and

Zygouras [5] and den Hollander [26] also give the constant. Berger, Car-

avenna, Poisat, Sun and Zygouras prove the asymptotic behavior below in
[10].

Theorem 2.2.3 ([10]).

: 11
o~ (—m o — ——

2
>1. 2.2.24
PN SR i DL (2224)

Recently, Caravenna, Toninelli and Torri [19] have proven the asymptotic
behavior of the quenched critical point in the case a € (1/2,1). They use
the scaling limit and consider the continuous pinning model. This may be a
next standard method to understand the relevant regime of the disordered
systems. Many rigorous results about the quenched critical point and the
behavior of the quenched free energy have been obtained, however, it still
remain challenging open problems on the quenched case.

2.2.1 The pinning model on a Markovian environment

Here we introduce the pinning model with Markov disorder as an example
of short-range correlated model, which is studied in my master thesis. We
consider the renewal process 7 as in the i.i.d. environment. Let w = {wy }n>0
be a sequence of Markovian random variables satisfying that

1+ EWj—1 1-— EWj—1
2 ’ 2
where € > 0 is regarded as the strength of memory. In this environment, the

potential at n is affected by the status at the previous step. We define the
quenched and annealed partition functions and free energies as follows.

Pw(w]' = +1|w]‘_1) = PUJ(LU]' = —1|wj_1) = s (2225)

T = E[eimr(htBowi-1)oi5 1 Z2, =E,[Z,.), (2.2.26)
and
.1 .1
F(B,h) = lim —log Z, ., F¥(B,h)= lim —logZ2 . (2.2.27)
n—o0 7 n—00 7 ’

We note that the Hamiltonian of the quenched partition function has non-
linear part wipwy_1. If 8 =0, we can reduce this model to the homogeneous
case. The following lemma plays important role of this model.
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Lemma 2.2.4. For any n € N,

n

Po(wn = $n, -+ w1 = s1) = [ [(1+£3;)Py(n; = 5)), (2.2.28)

§=0
where wyy1wy, = N and 5; = s;415; with 5o = 0. Therefore, n = {n, >0 s
a sequence of i.4.d. random variables on {£1} with ny = wy = 0, P, is the
Bernoulli measure for n, and

Py(nj =+1) =Py(n; = -1) = (2.2.29)

1
5
Proof . The proof is based on the total probability formula and Markovian
property.

Pw<wn = Sp, W1 = Sl) - Pw<wn - 3n|wn—1 = Sn—l)
R ']P)W<WQ = 52|W1 = 81>]P>w(wl = 81)
14+ es,8,-1 1489511
2 2 2

n

-(3)

J

(1 —|-€$j8j_1). (2230)
1

Let 7 = {nn}n>0 be the sequence of i.i.d. random variables on {£1} which
satisfy that

1
P, (n, = +1) =Py(n, = 1) = 5 (2.2.31)
Therefore,
Py(wn = s+ w1 = s1) = [ [(1+¢8;)Py(n; = 5), (2.2.32)
§=0
where 5; = s;,15; with 50 = 0. We complete the proof. [ |

In the annealed case, we can compute its critical point by the lemma
above.

ZZ w=2E [@h 2k=1 5kEw [65 k=1 ‘*’kwkflék](sn]

(1+ gnk>e,3nk5k:| 54

=

— B[ i,

M

1
n

=E [ehZZZI % H E,[(1+ 5nk)eﬁ”k}6k5n] (2.2.33)
k=1
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Since 7 takes value on {+1}, E,[(1+en;)e’™] = cosh 3+ sinh 3. Therefore,
we have

hy = —log M. 5. (2.2.34)

where M, 3 = cosh f + esinh 8. In an i.i.d. environment, if w takes value on
{£1}, then the annealed critical point is h3 = —log My ~ —%Bz as 1 0.
However, in a Markovian environment, the annealed critical point (2.2.34)
is asymptotically equal to €3. About the quenched case, the results is same
as those in general case. For example, we can prove the existence and the
self-averaging property of the quenched free energy. We define the shifted
quenched partition function by,

Zr—m.ome = By ezzzm+1(h+ﬁwk%71)5k§n : (2_2_35)

for m < n. The following lemma implies an estimate for the gap by the shift
0.

Lemma 2.2.5. For every f >0, h € R, and form,n € N (m < n),
E, [log Zn_m,w} _B<E, [log Zn_m,gmw} <E., [log Zn_myw} + 8. (2.2.36)

Proof. We can prove this lemma straightforwardly. Isolating one step, we
have

T gmy, = B |:€h+zzzm+2(h+5wkwkfl)5k eBwm+10mom1 6”i| _ (2237)

We easily show that e®190% = 1 and e™# < efwm+iwmdm+1 < 8 Since w is a
sequence of Markovian random variables, we conclude this lemma. [ |

By Lemma 2.2.5, we can say the super-additivity for {E,[log Z,,,]}. There-
fore, we can prove the existence and the self-averaging property of the quenched
free energy same as the general case. The critical point may differ, however
it is known that the asymptotic behavior of the free energy does not affect
by inducing a Markovian property to the environment.

2.3 The pinning model on renewal set

This section is based on the joint work with Dimitris Cheliotis and Julien
Poisat. We study the pinning model on a random environment defined by
a renewal set. This model belongs neither to the class of the short-range
correlations studied in Poisat [58, Theorems 2.1 and 2.2] and Berger [8, The-
orems 2.2 and 2.3], nor to the class of strong disorder introduced in Berger
[8, Theorem 2.5], [9, Theorems 1.5, 1.6 and 2.9] and Berger and Lacoin [11,

33



Theorem 1.5]. The long-range correlated disorder model has been treated in
[58] and [8]. They assume the long-range correlated Gaussian environment
with power-low decaying correlation function. The model we consider in this
section belongs to the class of the long-range correlations but the power of
decaying is not clear.

2.3.1 Introduction of the pinning model on renewal set

As in Section 2.1, 7 is defined as a renewal process with 79 = 0, and we
assume that the distribution of 7 is given by (2.1.1). Let 7 be another
(recurrent) renewal process with 75 = 0 independent of 7. Similarly to the
renewal process 7, we define its inter-arrival law as

K(n) :=P(7, =n) = K a >0, (2.3.1)

nlta’

for all n € N, where ¢y is a normalization constant. The results in this
section is still valid for the case that we put a slowly varying function L(n)
instead of ¢y, that is, for all n € N,

L(n)

nlta’

K(n):=P(# =n) = a > 0. (2.3.2)

In this section we use both definitions for making the argument lighter. Sim-
ilarly to 7, we denote by P and E the probability measure and its expectation
respectively generated by K. We also set the expected waiting time of 7 by

fi = E[7], (2.3.3)

which may be finite or infinite. The quenched polymer measure P, 55 and
the quenched partition function Z, ; are respectively defined by

dPn 1 n Iy
(1) = e g, (2.3.4)
and
Znﬂc = Zn,ﬁ,h = E[GZZ:l(h+BSk)5k5n s ZO,,} = 1, (235)

forn € N, § > 0, and h € R, where o = 1iresy. Recall that P and E
are the probability measure and the expectation for the renewal process 7
respectively and 0, = 1{rerp. The annealed counterparts are also defined by

dpa 1 " R
n,B,h _ Zk=1 (h+Bok)dy § 236
(T e - 3.
A= 7 (2:3.6)
and
Z2 .= 72 5, = BE |eXia(B00eg | 78—, (2.3.7)

forn € N, 8 >0, and h € R. We denote by 7 the intersection of the two
renewals, which is itself a renewal process.
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2.3.2 Annealed behavior on renewal set

We begin with the annealed model and show some results on the annealed
case. The first result on the annealed model is the existence of the annealed
free energy which characterizes the rate of the annealed partition function
Zy »- Similarly to the general case, the annealed free energy F? (8, h) must
be defined by

1
F2(B,h) = lim —log Z} .. (2.3.8)

n—oo 1M,

The following proposition shows that this limit is well-defined and is finite,
non-negative. To simplify the proof, we introduce the fully-pinned partition
function by

7> .= RE [eE?:1<h+ﬂ5k>5k5n8n . (2.3.9)
Proposition 2.3.1 (The existence of the free energy). For all f > 0 and
h € R, the annealed free energy (2.3.8) exists and it is finite and non-negative.

These basic properties of the annealed free energy F2(3,h) are the same
as those for the ii.d. case, i.e., the function (5,h) — F2(5,h) is convex,
continuous and non-decreasing (see Figure 2.3). Therefore, we can define the
annealed critical point hj for all .

h3 = inf{h € R : (8, h) > 0}, (2.3.10)
It is obvious that F2(8,h) = 0 < h < hj by this definition.

F(5, h)

hg 0

Figure 2.3: The annealed free energy is convex and increasing. The critical
point hj is negative, i.e., less than the homogeneous critical point.

Before we show the next result, we observe the annealed critical point
by comparing it with the critical point for the homogeneous one. Due to
the proof of Proposition 2.3.1, we have the expression of the fully-pinned
annealed free energy which is equal to F2(3, h).

1
F2(8,h) = F*(3,h) = lim —log Z}%. (2.3.11)

n—oo M
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So that we consider Z% instead of Z3 .. Then, we transform the fully-pinned
partition function Z2¢ B AS

73¢ = EE [622:1@%3'@)%5”84 — EE, [eﬂ S deong 5] (2.3.12)
Here we introduce another interarrival law
Kp(n) :=e"K(n), Kp(co)=1-¢", (2.3.13)

therefore, we can regard Z>$ as a homogeneous partition function under

n,T

P x Py, By the definition of the homogeneous critical point, the annealed
critical point hj satisfies that

= —log Y K(n)Kps(n (2.3.14)

neN

To make the argument below clear, we introduce the notation p(h) by

=> K(n =P x P,(7" < o), (2.3.15)
neN
where 7(") is a renewal process under P x P, Then, we can simply rewrite
(2.3.14) as

B = —logp(h3). (2.3.16)

So that F2(5,h) > 0 if and only if 5 > —logp(h). We also introduce the
notation Z(h) by

Z(h) = EEh[Iﬂ]

_Z]P’h (k € )P(k € 7). (2.3.17)

We have the following relation between p(h) and Z(h) by the renewal theo-
rem.

5 ~ A ~ 1
p(h) =P xPy(f <00) =1 =P xPy(fy =00) =1 — ==, (23.18)
Therefore, we have

B=—log(1-Z(h3)™") & I(h}) = —— (2.3.19)
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Remark 2.3.2. In this remark, we use the definition (2.3.2) for 7. Let

Bo := —log p(0), (2.3.20)

then by the relation (2.3.18) and the argument below, we have that fj is
positive if and only if Z(0) is finite. Therefore, we see that

>0 ifat+a<l,
50_{ —0 ifata>l. (23.21)
We argue that fy is positive if and only if Z(0) is finite. Let
I(hin) =Y Pu(k € 7)P(k € 7), (2.3.22)
k=0

then Z(h) = lim,, o Z(h;n) by (2.3.17). For 7 to be recurrent, it is necessary
that both 7 and 7 are recurrent. By the renewal theorem (see (2.4.3) in
Section 2.4), T is recurrent if and only if

i) a+a>1,

(ii) o, € (0,1) with o« + & =1 and Zn21 m = 400,

(i) a=0,a=1(a=1d=0) and Y., 22 + c,
where 7, = P(1y > n) and 1, = E[7y An| — 1 as n — oco. In the case (i), we
can easily see that Z(0) is infinite. By Alexander and Berger [2], it is known
that the renewal mass function of 7 satisfies

P(n e m)P(net) = L(n)

2y (2.3.23)
n

for some 0* > 0 and slowly-varying function L*. Especially, if both 7 and 7
are recurrent, then 0* =2 — (¢ A1) — (& A 1). In both cases, (ii) and (iii),

L (k)

7(0) = Y=

(2.3.24)
k=0

Therefore, in the case o 4+ & = 1, whether Z(0) is finite or not depends on
the slowly-varying functions L, L.

Consequently, the annealed critical point hj can be expressed as follow.

Proposition 2.3.3 (The annealed critical curve). The annealed critical curve
18

Ifl 17 : 7
e PR T PR
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By the property of the function Z, we can see that h3 is infinitely differen-
tiable in [0,00) \ {8y} and the function 8 + h3 is concave since (3,h)
F2(5,h) is convex. By Jensen’s inequality, we have

Z2sn > E 622=1(h+ﬁﬁ[8k])6k5n] — E[ezzzl(h+m@’(k€i—))6k5n . (2.3.26)

Therefore, by the renewal theorem and the fact that h. = 0, we have

2 < _5 (2.3.27)

i

Moreover, we have the following result about the annealed critical point hj.

Theorem 2.3.4 (The annealed critical point). If & > 1 and as § ] 0, then
there exists a constant ¢, > 0 such that

B

h% _ _ﬁ _ Caﬂ’Ya (1 + 0(1))’ (2.3.28)
where
«a ifa>1and & < 2,
V=9 2=l yfae(0,1) and & <1+ a, (2.3.29)
2 otherwise.

The next proposition is about the behavior of the annealed critical point
around (.

Proposition 2.3.5 (The annealed critical curve). If 5y > 0, then there ezists
a constant ¢ € (0,00) such that

o

hg ~ (B — Bo)'VTea (2.3.30)

as B4 fBo.
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Bo L

g

Figure 2.4: The annealed critical curve 8 — hj is convex and decreasing.
The critical point is 8y = —logp(0) and slope of h} at fy might be positive
or equal to zero, depending on a and & (See Remark 2.3.2 and Proposi-
tion 2.3.5). L is the localized phase and D is the delocalized phase respec-
tively.

Our last result for the annealed model is about the critical exponent for
the annealed free energy.

Theorem 2.3.6 (The annealed critical exponent). Let 5 > 0. There exists
a constant C = C(B) € (0,00) such that
e <F(B,h3+¢) < Ce"s (2.3.31)

for all e € (0,1), with

A { g V1 B> b, (2.3.32)

SVl if0< B < B,
where aeg = a+ {(1 — &) Vv 0}.

The case & = 0 is not covered by this theorem, due to Lemma 2.4.5 in
Section 2.4. When v = oo, we keep only the second inequality in (2.3.31)
and it means that F2(/3, hg + ¢) vanishes faster than any power of ¢.

The existence of the annealed free energy
From this section, we will prove the results on the annealed model. First, we

prove the Proposition 2.3.1.

Proof of Proposition 2.3.1. First, we prove the existence of the limit

limy, o + log Z% and its finiteness and non-negativity.
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(i) The existence of the limit:
Since the sequence {log Z>7% },,en is super-additive, there exists the limit

lim,, 00 % log Z,, 3¢ and it is defined by

1 1
lim —log Z2% = sup — log Z2% =: F*(8, h). (2.3.33)
n—oo 1 ’ neN ’

(ii) Finiteness and non-negativity:
The following bounds of Z>$ are trivial.
PR()K(n) <225 < eli+hin . (2.3.34)
~ _ ’ N—

7 and 7 return every step in [0, 7]

~
7 and 7 return only at 0 and n
This implies the limit lim,,_,o + ~log Z - is finite and non-negative.

In the rest of the proof, we show that Za 7+ is not different from 7%
much and the limits of them coincide each other. Let R be the last Vlslt of
7. If R > n, then we say that 7 does not return. Now we decompose Z,'
into two, up to R and from R to n.

A EE [622:1(h+53k)6k (54
- Z EE [62;:1 (h+854)3% 6222”“ (h-+835)3 1{R:r}(5n]
r=0

=Y EE [ezzzlwwwk 5@} BE [ezzﬂmwék)akl ot Lls) Onlr € ;]
r=0

=Y ZiEE [eZerH(hwﬂc)Sk1{;n[r+17n]:¢}5n|r S ﬂ. (2.3.35)
=0
Then we estimate EE[@ZE:TH(MM’C)‘;’@1{;m[r+1,n]:¢}(5n\r € 7] by using transla-

tion invariance of 7, the super-additivity of {log Z::} and the monotonicity
of F2<(f3, h) with respect to 3. By (2.3.33), we have Z]75, < "™ (%:h),

EE [GZZﬂH(thk)ék 1{ L] }(5 ‘T c T] EE [ehZZ:r-&-l §k5n|7, c7

__ r7ac oh= 1 < e(n—r)Favc(O,h) _ 1
TP —r e ) T Pn—reT)
< L I T S (2.3.36)
Pn—rer)
Combining with the trivial bound Z% < Z7 ., therefore we have
Za ,C < Za Z Za ¢ _(n—r)F2¢(B,h) 1 _ enFa’C(B,h) i _ 1
P(n —1r € 7) P et)

(2.3.37)
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The last sum increases polynomially in n. This completes the proof. [ ]

The annealed critical curve
Next, we prove the Proposition 2.3.3.

Proof of Proposition 2.3.3. Recall that by the definition of the annealed
free energy (see the argument below Figure 2.3), we have

Fa(/B’
Fa(ﬁ?

For h = 0, F2(5,0) > 0 if and only if § > Sy and otherwise. We devide the
proof into two cases 8 < By and 8 > [y.

) >0« 8> —logp(h),

) =0 B < —logp(h). (2.3.38)

h
h

1): 8 < B

For h < 0, we have F2(8,h) < F?(3,0) = 0 by the monotonicity of the
annealed free energy in h (see Figure 2.3) and the fact mentioned above (by
(2.3.38)). On the other hand, for h > 0, we have F2(8,h) > F2(0,h) > 0
since 7 is a recurrent renewal. Thus, we conclude that hj = 0.

2): B> fo
For h > 0, we have F2(,h) > F2(5,0) > 0 by the monotonicity in h and the
choice of § (again (2.3.38)). We have

EE, [eﬁ Z?Jkﬂ <7< 7% (2.3.39)
The upper and lower bounds in (2.3.39) give the same free energy, which is

positive if and only if 8 > —logp(h). This implies that Z(h) > (1 — e #)~L.
By the choice of 3, we have

> 1, (2.3.40)

which means that (1 —e=#)~! is in the range of Z. The proof is completed.

|
Next, we prove Theorem 2.3.4 by analyzing the function Z.
Proof of Theorem 2.3.4. Let us write
h3 = g 1 2.3.41
B__E< +6B)7 ( )
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with eg = 0 as 8 | 0. Note that a > 1 implies Sy = 0 as in Remark 2.3.2.
From Proposition 2.3.3, we obtain, on the one hand,

n—_— %(1 58 +o0(B)). (2.3.42)

and on the other hand, from Lemma 2.3.7 below, we obtain

Z(h3) =

1 2
Z(h3) = ~—— +c(—h3)" 2
(1) = 5+ c(-13)
1 1 s
= <1 —ep+ B+ el +o(f) + o(sﬁ)). (2.3.43)
By comparing (2.3.42) and (2.3.43), the result follows. u

We use the definition (2.3.1) in the following lemmas and their proofs but
it is not essential.

Lemma 2.3.7. Suppose & > 1. As h 10,

c|h|o2 if a>1 and & < 2,
b ifae(0,1) anda <a+1,  (2.3.44)
c otherwise,

1 1
I(h) — - ~

. . Cf(
where the constant c is given as AT

Proof of Lemma 2.3.7. By the definition of Z,

:ZIP’h(nGT (nert) ZehkP n)P(n € 7)

n€Ng n,k€Ng

=Y P xP(r € 7). (2.3.45)

keNg

Then, for h < 0,

hk hk
Z(h) — ul—eh =Y e PXPTkGT——Z
keNo H jemo
1 A 1
_th TkET)——):Zeth[P(Tk€T>——-
keNo B ke a
(2.3.46)
By Lemma 2.3.8, we have
1 Cr .
E[IP’ . —] ~ KR koo 9.3.47



On the other hand, for & € (0,1), from Proposition 2.4.3,

E[]P)(Tk e %)] ~ BEF, k- oo, (2.3.48)

Ck

In both case, the result follows from Lemma 2.4.4 and the standard Tauberian
arguments. |

Lemma 2.3.8. (i) If & > 1, then

A . 1 Ci pl-ogi—e ifa>1
: [ — ~N — N & )
(7 €7) { E[Xé_“]le if a € (0,1),

@l prala 1)
(2.3.49)

as k — oo, where X, is an a-stable random variable *.
(11) If & € (0,1), then

ca [ pé ket if a > 1,

A . 1
E[]P)(Tk €7)— ﬁ] ~ o { E[Xo-1k  ifa e (0,1), (2.3.52)

as k — oo.

Proof of Lemma 2.3.8.

(i) From the renewal convergence estimates in Frenk [38], for & > 1, we

obtain
po pPa—1)
K n'=% n— oco. (2.3.53)

~2a(a—1)
Then, we have P-almost surely

~ 1 Cr N
Pir,€?)— =~ ==K 770 [ 2.3.54
(Tk T) ,[// ﬂ2d(éé . 1>Tk ) e, ( )

IThe distributions whose characteristic functions are given by the following are called
stable laws.

exp{itc — b[t|* (1 + irsgn(t)wa(t))}, (2.3.50)

where b, ¢ are some constants, k € [—1, 1] and

_J tan(%) ifa#1,
wa(t) _{ 2loglt| ifa=1. (2.3.51)

Commonly, « is called the index. The a-stable random variable is defined as a random
variable which has stable law with index «. For more detail, refer to [46] and references
therein.
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and
E|P(ry €7)— = | ~ —2—FE[r7%], k— 0. (2.3.55)

The result follows.

(ii) From Proposition 2.4.3, we have P-almost surely

P(7, € #) ~ CC—?Tk@*l, k — oo, (2.3.56)
K

and with the same argument as in (i),

E[P(Tk € %)} ~ SBR[ ko oo (2.3.57)
Cx
The result follows from Lemma 2.4.4. [ ]

Remark 2.3.9. If & = 1, then the sequence {P (1, € 7)— ;%} belongs to the de

A

Haan class II(L), which is defined as follow. Given a slowly varying function

A

L, a sequence A, belongs to the de Haan class II(L) if A, satisfies fort > 0,

ALth - A

lim ~ =logt. (2.3.58)

n—00 L(n>

We prove Proposition 2.3.5 by using Lemma 2.3.8.

Proof of Proposition 2.3.5. Since 5y > 0, Z(0) is finite. Then, we may
write

I(h) = Z(0) = > (" EP(r € 7)), (2.3.59)

keNp

and since o, @ < 1, we have E[P(;, € #)] ~ ck®= by Lemma 2.3.8. The
result follows by the standard Tauberian arguments. [ ]

The asymptotic behavior of the annealed free energy

Proof of Theorem 2.3.6. We prove this theorem using the analogue of
the proof of Theorem 2.1.1.

1): 8> —logp(0) (h3 <0)
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LoweERr BOUND: First, we transform the annealed partition function simi-
larly to Proposition 2.3.3.

zZ B ge EE [622:1(’1354-6-*-5&)5165”5”} _ EEha [66/3 2k=1%k B k=1 8k6k5n5n
WMl g - B
> EE)s [6(5+5) 22:13k5k5n8n] —: Eg [efi’izﬁk?s'n] (2.3.60)
- B )

where Eﬁ stands for the expectation with respect to the law
Kp(n) = ¢"P x Py (7y = 1), Ks(oo) =1—e ", (2.3.61)

Note that IEB = EE when 0 < 3 < —logp(0) since hy = 0, and by
Lemma 2.4.5, the renewal function n — P x Pus (71 = n) satisfies (2.4.12).
Under the law K, the annealed partition function Z7 B.h3+e €A be regard as

the homogeneous partition function. Then, we introduce the function yg(x)
and compute it.

pp(z) :=1=> e Ky(n) =1—e’Ky(e™), (2.3.62)

where Kj is a generating function of Kj i.e. Kg(2) := 3.0, K(n)2". Let
ug(n) be a renewal function for inter-arrival law K3, and we have

ug(n) = Ly—oy + i Ks(j)us(n — j). (2.3.63)
Then, h
i5(2) = 1+ Ko(2)itg(2), Ka(z) = 1— @;Z). (2.3.64)
Since K3(1) = Y2°°, K5(n) = e, therefore we have
pp(r) =1 6ﬂ<1 N Mi—w)) =¢ (6_5 - aﬁ(i—x)>
- J(@(}m) - %1(1)) B aﬁ(e—iéag(m CORSAC)
_ uﬁ(@_i)aﬁ(l)Aﬁ(e—x), (2.3.65)
with
Ag(z) == (aﬁm —as(2)) = (1 2) nf;uﬁ(n) : o
= (1-2) i P i ug(n). (2.3.66)



The claim in Lemma 2.4.6 shows the asymptotic behavior of Ag. Therefore,
the lower bound follows.

UprPER BOUND: Take a ; € (—logp(0),3), and let € > 0 be small so that
h% + e < hj,. By the continuity of h* we have that there is 3. € (581, 3) so
that h% + ¢ = hj_. And by the mean value theorem, there is & € (5, )

with A — h3 = h3 (B — B.). Thus § — f. = c(B,e)e with ¢(8,¢) =
—1/%@5 — —1/%@ > (0 as ¢ — 07, as we know from Proposition 2.3.3
and the regularity properties of Z. Then, since h + ¢ <0,

ZZZ%JL%J@ = EE [GZEZI(h%+E+B5k)6k5n5n] = ]EE%—I—a [66 Lie=1 9k % 6n(§ni|
B SR ] B [T
Be e "

< Eg, [e"’smﬂg’@n} : (2.3.67)

with ¢ = 2¢(8,04) > 0 and Ega the mean value with respect to the renewal
defined in (2.3.61) above with S, in place of 5. The result now follows on
applying Lemma 2.4.6 with I = [f;, 8] and with the role of K., played by
the law n — P X P(7, = n). The assumptions of the lemma are satisfied
due to Lemma 2.4.5 because J := h3 is a compact subset of (—o0,0) as h? is
continuous, decreasing, with h% < 0.

2): B < —logp(0) (hg =0)
LowER BOUND: Since

72, > EE eEZ?:lékanén] — E[eezzﬁ‘;kén}@(n € ), (2.3.68)
the lower bound follows from Theorem 2.1 in [41].

UpPER BOUND: We assume that € € (0,3). Pick p > 1 so that p(f —¢) <
—logp(0), and let ¢ > 1 be defined by p~! + ¢! = 1. Then

Z2

B EE [622:1(e+58k)6k5 5 ] < FE [62522216k6(6—5) S 5’“5’“6 5
n € nvn

IN

ER [62q622=15k5n] EE [e” RV ECIP ] (2.3.69)

The quantity EE[eP(3~€) Xi=10:96, 5, ] is the partition function at p(3 —¢) for
the homopolymer defined by the renewal 7, which has zero free energy for
all parameters in (—oo, —log p(0)]. Thus, the required bound follows again
from Theorem 2.1 in [41]. [
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2.3.3 Quenched behavior on a renewal set

In this section we discuss the quenched case, which is ongoing work. First,
we state the quenched free energy.

Proposition 2.3.10 (The quenched free energy). The sequence
1
—log Z, (2.3.70)
n

converges almost surely and in L' to a constant F(5,h).

We briefly explain the proof of Proposition 2.3.10. Note that when 5 = 0,
this is the homogeneous pinning model, for which we know that the free
energy F(0, h) exists. Therefore, we assume 5 > 0. In the case of E[71] = oo,

E|c" =g, | < Z, < I [ hXin g, | (2.3.71)

Since |7 N [n]|/n — 0 as n — oo, the last inequality show that the limit we
are interested in exists and equals F(0,h). On the other hand, in the case
of E[#1] < oo, we apply Kingman’s subadditive ergodic theorem (see [50]).
Note that we need careful observation when 7 is stationary or not. Due to
this proposition, we can define the quenched critical point fALqB

The main interest of the disordered systems is considering the quenched
case, the criterion between relevant and irrelevant, smoothing, and estimating
the difference between the quenched and annealed critical points. However,
we have not yet understood how the two renewal processes affect each other.
Recently, Alexander and Berger [2] show the distribution of 7 N 7 for all
a,& > 0. This result must be useful and essential for understanding the
quenched case of our model. As in Section 1.3 in Chapter 1, we strongly
believe that the quenched case in this system must have the weak and strong
disorder regimes, that is, there exists S. > 0 such that

]flqﬁ{ :h% 1f6 € [Oaﬁc)a

>hy i B> B (2.3.72)

In August 2016, Alexander and Berger [4] write a paper on this model
and they prove that in the case where 7 N 7 is recurrent, or transient with
a + & = 1, the quenched and annealed critical points are equal (both equal
to 0 in the recurrent case).

2.4 Results from the renewal theory

We present some well-known results on renewal theorem (for more detail and
the proofs, refer to [6, 14]).
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Proposition 2.4.1. If 7 is a renewal with 79 = 0, then

1

E[|r]] = m,

(2.4.1)

where || is the cardinality of the set of renewal times.

Proposition 2.4.2. If 7 is transient with reqular varying return time distri-
bution, then

P(ry =n)

P(nET)Nm

(2.4.2)

as n — Q.

Proposition 2.4.3. If 7 is a recurrent renewal with first return time distri-
bution K as in (2.1.1) then

Pner)~{ o= if € (0,1), (2.4.3)

SUGK() ifa=1,
asn — oo, where K (j) = >ois i K (i) for eachi > 0 and co = %(m) Note
that when a = 0, the sequence {K(n)}n>1 is slowly varying, when o = 1, the
sequence {d 7o K(j) }n>1 is slowly varying.
The proof of this proposition is in [56, Theorem 1.1] for o = 0, in [40,
Theorem 1.1] for & € (0, 1), in [15, Theorem 8.7.5] for « = 1, while for a > 1
it is the renewal theorem, refer to [6].

Lemma 2.4.4. If r > 0, then

—r (Mk)ir Zf(l/ > 1,
Eln "1~ { E[X;" k™" ifa € (0,1), (244)

as k — oo, where X, is an a-stable random variable.

Proof of Lemma 2.4.4. If o > 1, the result follows by bounded conver-
gence theorem. Since,

k

T =T — Th1 + Tkl — " —T1 +T1 = Z<T’ —Tz;l), (2.4.5)
=1

7} is a summation of i.i.d. sequence. By the renewal theorem, (7)™ converges
P-a.s. to " (it may be proven by Markov’s inequality as in the case a €
(0,1) below and the Borel-Cantelli lemma) and is bounded from above by 1.
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If a € (0,1), we use that 75 converges to an a-stable r.v. X,. The only

complication is that (;7%;)" is not bounded, but the result still holds by

uniform integrability, namely, by Exercise 3.2.5 in [31], it is enough to show
that for some v > r we have

E - ) 2.4.6
sup E[(775) 7] < o0 (2.4.6)
To show this, first note that
E[(];l—];a)_'y] :/0 P({Tk/k‘l/a}—W > t)dt :/0 P(7, < kl/o‘t_l/'y) gt
(2.4.7)

With the use of Markov’s inequality, the probability inside the integral is
bounded as

P(rp < kMYt717) = Pe ™0 < e M) < B0
_ P[e—eﬁ]keekl/at*l/v _ e—k(—10gM(9)—9k1/°‘*1t*1/W)7 (248)

where we use i.i.d. property of 7 for the equality in the second line and denote
by M (#) the moment generating function E[e=t]. We define the function A
by

A(f,xz) = —log M(6) — O, (2.4.9)

for > 0. Then, A"(0,z) = —(]\ﬁ(gf)) - (J‘A/g((g)))z) < 0, A(0,z) = 0, and

A(@,z) — —o0 as § — oo. Therefore, there exists 6. such that A(6,z) <
A(f., z) for any 6 > 0. A standard Tauberian argument [34, (5.22) of Chapter
XIII] shows that there exists a constant C' > 0 such that M(#) satisfies
M(0) > exp(—C|0|*) for all § > 0. This implies, for x > 0, the following
bound
A, z) ={—0.x —log M(0.)}
<{=bz + C|0.]*} = CLa=1=) = A*(z), (2.4.10)

where Cy 1= (1 — @)1= qe1=0™" 5 0 We can regard A*(x) as the rate
function for the sequence {7y }r>1.

P(7, < kl/afl/v) < kAT (/11

= exp{—Cyt70- }, (2.4.11)

Consequently, the probability in (2.4.8) is bounded from above. The result
follows from (2.4.7) and (2.4.11). [
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Lemma 2.4.5. For any compact subset J of (—oc,0) there are constants
0 < ¢ < ¢y and a slowly varying function L such that

< P, x I@’(n € ,7\:>
- i(n)/nuacﬁ

C1 < Co, (2412)

forallh e J andn > 1.

Proof of Lemma 2.4.5. The probability in the display equals
Py(n € 7)P(n € 7). (2.4.13)

The second probability according to Proposition 2.4.3 is asymptotically equiv-
alent to Ly(n)/n(=®" for some slowly varying function L;. Then the prob-
ability P,(n € 7) is bounded below by Kj(n) = e"L(n)n=(*%) while for an
upper bound we let by = sup J < 0 and use the fact P(7, = n) < k°K(n) for
all n, k > 1 for some constant ¢ > 0 (see [41, Lemma A.5]) to get

Pu(n €)=Y "P(n,=n) < K(n)> "k, (2.4.14)
k=1 k=1

for all h € J. It is crucial here that the compact set J does not include 0 so
that hg < 0. |

Lemma 2.4.6. Let I be a compact subset of (0,00), {K., : v € I} a family of
renewal interarrival laws with K, (c0) =1 — e and renewal function w, for

each v € I, and such that there are «, c1,co > 0 and slowly varying function
L so that

Lin) < uy(n) <

e < (2.4.15)

C1

for allm > 1 and v € I. Let F, be the free energy corresponding to the
homopolymer defined by K. Then there are C1,Cy > 0 and slowly varying
function L so that

< (v +h) <

AV < Cy, 2.4.16
SR (2:4.16)

for all h € (0,1] and v € I. For a = 0, (2.4.16) means that for h | 0,
F., (v + h) vanishes faster than any polynomial.

Recall that F), is zero exactly in (—oo, | and positive elsewhere.
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Proof of Lemma 2.4.6. For h > 0, F,,(y+ h) is the unique solution in
of the equation

Z K. (n)e™™ = e 0, (2.4.17)
which we write as
U (z)=1—e" (2.4.18)
with
=1—¢ Z K. (n)e ™. (2.4.19)

Now for any function f : N — [0, 00), we define f(z) = S2°°, f(n)2" for all
z € [0,1]. Then the equality

wy(n) = Loy + Z K (5)u(n — 5) (2.4.20)
gives
K, (2)=1- ! (2.4.21)
e i (2) o

In particular, e =1 — 1/4,(1), so that

. 1 1 ¢
U (r)=1—€e"K (" :eV(A — — ):A . A (e™™),
") =N T Bm) T aenm
(2.4.22)
with
00 n—1 00 0
A (z) =10y(1) —uy(2) = (1 — 2) ZU’Y 2= (1-2) sz Z uy(n).
n=1 k=0 k=0  n=k+1
(2.4.23)

Of interest to us is the behavior of V., around 0, and thus of A, around 1.
The following claims addresses the issue. Let m := " >° | L(n)/n®.

Claim . (a) If o = 0, then there are 0 < C5 < Cy so that

A, (2)

for all z € [1/2,1], where Lq is the slowly varying function defined in
(2.4.30).
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(b) If « € (0,1), then there are 0 < C3 < Cy so that

Cy < 7= z)‘:?(((i)— P! (2.4.25)

for all z € [1/2,1].

(c) If « =1 and m = oo, then there is a slowly varying function L and
0 < C3 < Cy so that

4,(2)
Cy < 7 <y, 9.4.26
Saan-n = 2420
for all z € [1/2,1].
(d) If m < oo then there are 0 < C5 < Cy so that
Cy < ,;szz) N (2.4.27)

for all z € [1/2,1].

Proof of the claim. By the bounds we have on u,, it suffices to examine
the behavior of

Q(z) := sz Z il(fg (2.4.28)

k=0
Denote by g the coefficient of z* in this power series. It is g, ~ zgj;), for
a > 0, by Proposition 1.5.10 in [15], while for a = 0, g is slowly varying
(Proposition 1.5.9.b in [15]). Thus

~ T, if =0,
T ~ L('r) et .
S " atw o HeeOl), (2.4.29)
— is slowly varying if @« =1 and m = oo,
—m if m < oo.

These follow from Proposition 1.5.8 and Proposition 1.5.9(a) in [15]. Then
parts (a)-(c) of the claim follow from Corollary 1.7.3 in [15], while for the
case m < oo we just note that Q(z) maps [1/2, 1] to a compact set of (0, o).
The corollary specifies that for Ly in (2.4.24) we can take

Lo(y) = qyy), (2.4.30)

for all y € [0, 00). u
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We continue with the proof of Lemma 2.4.6. The Claims and (2.4.22)
imply that there are constants 0 < C5 < Cg and slowly varying function Lo
so that

v, (z

Cs < Wi(l)/x) < G, (2.4.31)
for all z € (0,1] and v € I. Let C > 0 fixed. For a > 0, by Proposi-
tion 1.5.15 in [15], there is a slowly varying function L so that a solution
xc(h) of 22" Ly(1/z) = (1 — e™")/C is asymptotically equivalent to a con-
stant multiple of R'VY/*L(1/h) as h — 0% (L is the same for all C). If
a = 0, let z¢(h) be the smallest solution of Ly(1/z) = (1 —e™")/C. Then,
zo(h) = 1/Ly (1 —e™)/C) with L' an obviously defined “inverse” of L.
It is easy to see, by bounding below g, by >~ .| L(n)/n'** for any ¢ > 0,
that each x¢ goes to zero faster than any power of h. For each v € I, the
solution of (2.4.18) is between z¢, (h), z¢y(h), and this finishes the proof of
the lemma. [ ]
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Summary

We consider self-avoiding walk (SAW) on random conductors and the pinning
models in this thesis. Through considering these models we take a look at
the phase transitions and the critical phenomena for the disordered systems.

SAW ON RANDOM CONDUCTORS

In the study of SAW on random conductors, we can show the quenched crit-
ical point is independent of the reference point and is a degenerate random
variable although the quenched susceptibility does depend on both the ref-
erence point and the environment. On Z!, we know the exact value of the
quenched critical point, but on Z92, we only estimate it from above and
below by applying the first and second moment estimate. Under the con-
dition that the lattice is homogeneous degree tree, we have known that the
quenched and annealed critical points coincide for small 3, i.e., in the weak
disorder regime, and have the exact value of the quenched critical point in
the strong disorder regime. Derrida and Spohn have proven by associating
with solution for a nonlinear partial differential equation in [27], and Baffet,
Patrick and Pulé have applied the martingale theory in [7]. We also provide
the exact value of the quenched critical point by applying the fractional mo-
ment method. However, on Z%2, we can not apply these methods because
we do not have the martingale structure on Z%2.

Open Problem 1. On Z%?, what is the quenched critical point?
Can we find more sharp bounds than (1.2.13) in Theorem 1.2.1¢

On a tree graph, we can prove that the quenched susceptibility diverges
at the critical point, but we have not known its behavior yet.

(i) z¢

log in — BE[X] < hY < B3, (2.4.32)

(i) 7!
he = log u —BE[X]. 2.4.33
8 g u—PBE[X] ( )



(iif) 722
log 1 — BE[X] < hY < h3. (2.4.34)
(iv) Homogeneous tree

By it B < B,

o
%_{éﬁcﬁﬁ>@ (2.4.35)

To compute or estimate the quenched critical point on Z%? and to under-

stand the behavior of the quenched susceptibility around its critical point
are ongoing works.

PINNING MODEL ON RENEWAL SET

In the study of the pinning model, we consider the model that belongs to the
class of the long-range correlations. By observing the interaction between
two renewals, we obtain some information on the annealed case

(i) the annealed critical curve
(ii

)

) the annealed critical point

(iii) the asymptotic behavior of the annealed critical point
)

v e asymptotic behavior of the annealed free energy around its critica
iv) th totic behavi f th led £ d its critical
point

The difficulty of this model lies in how two renewal processes affect each
other. We have not completely understood it yet. Especially, we have few
knowledge about the quenched case.

Open Problem 2 (Irrelevant regime). For what a and &, the quenched and
annealed critical point coincides for small B¢

Open Problem 3 (Relevant regime). How the smoothing inequality is?

Open Problem 4 (Relevant regime). If in the relevant regime, how much
the quenched critical point differs from the annealed one?

As in SAW on random conductors, we also want to know the critical param-
eter that divides the weak and strong disorder regimes. This is being done
by Alexander and Berger [4]. For the problem about the interaction of two
renewals, Alexander and Berger show some results in [2], for the problem
about the quenched critical point estimate, Caravenna, Sun, and Zygouras
give a hopeful method in [18]. The knowledge for the problems above is ac-
cumulating. In August. 2016, Alexander and Berger [4] write a paper on this
model and they prove that in the case where 7 M 7 is recurrent, or transient
with @ + & = 1, the quenched and annealed critical points are equal (both
equal to 0 in the recurrent case).
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