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Abstract

We realize the Belinschi-Nica semigroup of homomorphisms as a free multi-
plicative subordination. This realization allows to define more general semigroups
of homomorphisms with respect to free multiplicative convolution. For these semi-
groups we show that a differential equation holds, generalizing the complex Burgers
equation. We give examples of free multiplicative subordination and find a relation
to the Markov-Krein transform, Boolean stable laws and monotone stable laws. A
similar idea works for additive subordination, and in particular we study the free
additive subordination associated to the Cauchy distribution and show that it is a
homomorphism with respect to monotone, Boolean and free additive convolutions.
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1 Introduction

In [BNOS], Belinschi and Nica defined, for each ¢ > 0, the map

-
Bi(1) = (uaﬂ(l“)) T, neP®).

The family {B;};>0 is a composition semigroup of homomorphisms in the sense that it
satisfies

By (p1 X pig) = By (p1) X By (pa2), pi,p2 € P(Ry), >0

and
Bt O]BS = Bt+s on P(R), S,t Z 0.

In this paper, we realize B; as a free multiplicative subordination measure, giving a
new look at the semigroup {B;};>¢ and generalizing it. That is, we are able to show that
B, () satisfies the formula

o X p =0y OBy, p € P(Ry),

where O denotes monotone multiplicative convolution and o is the Bernoulli law

t5+1
1+t 14¢

O = 014t



We can generalize the map B, by changing o, to any other measure o on R, (0 # dy) or
o on T, to obtain the map B, defined by

oX®pu=00B,(1), (1.1)

where 0 € P(Ry) \ {do}, 0 € P(Ry) or o, € P(T). This relation means that B, (u)
is exactly the multiplicative subordination for the convolution X (see [Bi98, BB07| for
more details and [LO08] for an operator model) and then B, appears in the special case
when o = ;. One may think of this generalization artificial, but important properties of
{B;}+>0 remain true for B,, as the following results show.

Theorem 1.1. Let iy, ua € P(Ry), 0,01,00 € P(Ry)\{do} or let pu1, p2, 01,09,0 € P(T).
Then

Bo (11 B p2) = Bo (1) BB, (p2) (1.2)

and
Bm o BO’Q = Bﬁzbﬂl on P(R+) (13)

Unfortunately, we are not able to show (1.2) in the general case s € P(R), nor (1.3)
on P(R), since the existence of the multiplicative subordination B, (x) is not known for
the general case 0 € P(R,) \ {do} and u € P(R).

The measure o, satisfies the relation

o, OO0y =015, s,t>0.

Hence, in terms of Theorem 1.1, the property B, o B, = B, is a consequence of the fact
that {o}+>¢ forms a O-convolution semigroup.

The transformation B, is versatile. For example, we may realize free and Boolean
convolution powers (modulo some dilation) by choosing the right measures o. For Boolean
convolution powers we choose o = 01, ¢ > 0 and for free convolution powers we choose
the Bernoulli law o = (1 — 1/¢)dp + (1/t)d1, t > 1. Then the relations

Dy (p® )™ = Dupe(p)™ B Dyye(p)™

and
Dyyi(p W)™ = Dyyy(p)™ B D)™,

which were proved in [BN08], are just special cases of (1.2). Note here that D, is the
dilation of a measure by t.

On the other hand, the maps B; can describe the laws of a free Brownian motion. Let
F,, be the reciprocal Cauchy transform and 7, be the n-transform. The domains F),,n,
are respectively C*,C~ when p € P(R) and D¢, D when p € P(T). It is shown in [BNOS§]
that the function h(t, z) := z — Fp,(,)(2) satisfies the complex Burgers equation

oh oh

We can extend this differential equation in terms of B, .



Theorem 1.2. Let u € P(Ry) and let {v1}i>0 be a weakly continuous O-convolution
semigroup of probability measures on Ry or T such that vy = 6, and let K be its generator

defined by

() = ] )

Then the function H(t,z) := z — Fy, (2) satisfies

oOH H\ 0H
53—‘%K(;)5;-

In terms of n(t, z) == 1 — Fg, (v(2)/z, we have

% = —K(n) <—z% —H]) :
We have not been able to find out a noncommutative stochastic process whose marginal
distributions are described by this differential equation. Finding such an example may
be an interesting question.
A similar idea works for additive free convolution. Let A, (u) denote the probability
measure (called the additive subordination) characterized by

cBu=o0>A(n), po€PR), (1.4)

where > is monotone convolution. The additive subordination A, (u) exists for any
wu,0 € P(R); see [BB07, Bi98] for more details and [LO7] for an operator model. The
additive subordination was originally introduced in [V93].

Theorem 1.3. For p, pi2, 01, 02,0 € P(R), we have
Ay (1 B ) = Ag(pn) B Ay (pi2)

and
A, 0A,, =7, on P(R).

Theorem 1.4. Let u € P(R) and let {vi}1>0 be a weakly continuous t>-convolution
semigroup of measures on R and let J be its generator defined by

o d
Cdt,
Then the function G(t,z) := z — Fa, () (2) satisfies
oG oG
— =Jz-G)—.
ot (2 ) 0z

The paper is organized as follows. We show Theorem 1.1, 1.2 in Section 3 and then give
examples, in particular focusing on the Belinschi-Nica semigroup and free and Boolean
convolutions powers. We then show Theorem 1.3, 1.4 and give some examples in Section
4.

We give more examples of the multiplicative subordination B, when o is a beta
distribution and Boolean stable law in Section 5. The former example turns out to
be related to the Markov transform [K98] and scale mixtures of Boolean stable laws
developed in [AH].

Finally we consider additive subordination A, when o is a Cauchy distribution and
study its properties in Section 6.

J(2) F,(2).



2 Preliminaries

2.1 Notations

We collect basic notations used in this paper.

(1) P(I) is the set of Borel probability measures on a set I. We will use I = R,R, =
[0,00),R_ = (=00,0],T={z€C: |z| =1}.

(2) For a € R, we denote by D,(p) the dilation of a probability measure p, i.e. if a
random variable X follows p, then D, (u) is the law of aX.

3) For p >0 and pu € P(Ry), let u? be the push-forward of p by the map x +— .

4) C*,C~ denote the complex upper half-plane and the lower half-plane, respectively.
5
6

D denotes the open unit disc of C with center 0 and T denotes the unit circle of C.
For A\, M > 0, 'y 5 is the truncated cone {z € C* : |Re(2)| < ANIm(z),Im(z) > M}.

7) The logarithm z +— log z is the principal value defined in C \ R_.

(3)
(4)
(5)
(6)
(7)
(8)

8) For p € R, the power z — 2P denotes the principal value eP!°&* in C\ R_.

2.2 Additive convolutions

Additive free, monotone and Boolean convolutions are binary operations on the set P(R),
denoted by H, > and W respectively. Each convolution arises as the sum of (free, mono-
tonically or Boolean) independent random variables, and is characterized in terms of
some transforms.

Let i € P(R). Let G, be the Cauchy transform [, Zix p(dz) and let F),, 17, be the
reciprocal Cauchy transform and n-transform:

1 +
Fu(z) = m; 2eCT, (2.1)
nu(z) =1 —2F, (%) , zeC . (2.2)

When p € P(R4), we consider G, F),,n, in C\ R;. It is known in [BV93] that, for any
A > 0, there exist X', M, M’ > 0 such that F), is univalent in I'y yp and F,(I'y ar) D I'y -
Then the univalent compositional left inverse F- U exists in 'y 57, and the Voiculescu
transform of u is defined by

¢u(z) = F, ' (2) —z, z€l\u. (2.3)
The three convolutions are then characterized as follows:
[BV93] ¢M153u2 (Z) = ¢u1 (Z) + ¢u2 (Z) in some Faﬁ’ (2'4)
[MOO] FMDM(Z) = Ful (Fm (Z))v S (C+, (25)
[SW9IT] Murwps (2) = My (2) + 1y (2), zeC . (2.6)

For any u € P(R), t > 1 and s > 0, probability measures u® and p®* exist such that

¢ (2) = tou(2) (in the common domain) and that 7,us(2) = sn,(z) in C~. The proofs
can be found in [BB05] and [SW97] respectively.

bt



2.3 Multiplicative convolutions on R,

Multiplicative free [V87, BV93] and monotone [B05, F09a] convolutions are binary oper-
ations on P(R,), denoted by uXv and pu O v, respectively. Let X, Y be positive random
variables with distributions ;¢ and v respectively. Then p X v is the law of X/2Y X1/2
when X,Y are free, and p O v is the law of X2V X%? when X — 1,Y — 1 are mono-
tonically independent. We can extend the definition for p € P(R,) and an arbitrary
v € P(R); see [BV93] and [AH].

It is always true that 7,(—0) = 0. If moreover oy # pu € P(Ry), the function n, is

strictly increasing in (—00,0), so that one can define 77, *(2) and the X-transform
-1

3,(2) = ’7“7(2) (2.7)
in the interval (7,(—00),0). Suppose that p,v € P(R;) and o # &y # v. Then the
multiplicative free and monotone convolutions are characterized by
[BV93] Eumn(2) = X,(2)2,(2), z € (a,0), (2.
303 Benl?) =), = € (~o0,0), 2
where a = max{i, (~00), 7, (<)}

For 0y # p € P(R_), the formula (2.8) is still true if we define ¥,(2) := —=Xp_,(,)(2)
in (np_,(u)(—00),0). This definition of ¥, is compatible with the property Yp, (- (2) =
1. (2) for s > 0, &g # 7 € P(R.). Moreover, the formula (2.8) may be extended to the
case where both u € P(R,),v € P(R) have compact supports [V87, RS07] and the case
where p € P(Ry) and v is symmetric [APA09]. The formula (2.9) can be extended to
the general case u € P(Ry),v € P(R) [AH].

If 0y # p € P(R4), then the convolution power p* € P(R.), satisfying X m(2) =
(X,(2))", is well defined for any ¢ > 1 [BBO05].

O oo
~— —

2.4 Multiplicative convolutions on T

Multiplicative free and monotone convolutions are also defined on P(T), denoted by the
same symbols X and O respectively (see [V87] and [B05]). Let U and V unitaries with
distributions p and v, respectively. The measure p X v is the distribution of UV when
U and V are free, and p O v is the distribution of UV when U — 1 and V — 1 are
monotonically independent.

Let p € P(T). Now we consider G,(z) and F),(z) outside the unit disc D, and
Nu(z) =1=2F, (1) in the unit disc D. Let my(p) := [ wdp(w) # 0 be the first moment
of 1. The function 7, has a convergent series expansion 7,(z) = my(u)z + o(z), and so
one can define 7,'(z) and

-1
2
5 (2) i M) (2.10)
z
in a neighborhood of 0. Suppose that m;(u), mi(v) # 0. Then the multiplicative free

convolution is characterized by [BV93]

Yumv(2) = ,(2)2,(2) in a neighborhood of 0. (2.11)
The multiplicative monotone convolution of u, v € P(T) is characterized by [B05]
7]#01/(’2) = nu<77u(z>)> S D. (212)



2.5 Positive stable, free Poisson and beta distributions

Let @ € (0,1]. We denote by bl f7 m7 Boolean, free and monotone positive stable
distributions, respectively. They are characterized as (2.14), (2.16), (2.20). Similarly, we
denote by b_, £, m_ the negative stable distributions (i.e. the reflection of positive ones

regarding the point 0).
Let 7 be the free Poisson distribution with density

1 4 —x
27 T

1 (0,4) (IL‘) dx.

Let 3, , be the beta distribution with parameters p, ¢ > 0:

1
Bpq(dr) = m

where B(p, q) is the beta function. In particular we put B, := Ba1-o for a € (0,1). By
the weak continuity, we define By = dg and B = ;.
Useful relations are summarized here.

xp_l(l — x)q_ll(o,l)(a:) dx,

Fo(z) =2z—(—2)""", (see [SWOT)) (2.13)
Mot (2) = —(=2)%, (2.14)
St (2) = (=2)5, (2.15)
g+ (2) = (—2)'7, (see [BV93]) (2.16)
Ya(z)=1-2, (2.17)
Fg (2) =2 (1 — %) : (see [H14)) (2.18)
M. (2) =1—(1—2)% (2.19)
For(2) = —((=2)* + 1)/, (see [H10]) (2.20)
Mt (2) = 1= ((—2)* + 1)V, (2.21)
St (2) = (- Z>_az_ 1)l/a, (2.22)
for z < 0. Moreover, for u € P(R,), the following hold:

GD_I(M)(Z') = —GM(—Z), zeC \ R_; (2.23)

mo_y(w)(2) =nu(—2), z€C\R_; (2.24)

Tby(2) = ~Zu(2), 2 € (14(00),0) (2.25)

These formulas give us the characterization of negative stable distributions.

3 The main results: Multiplication case

3.1 Proof of Theorem 1.1

We start from the positive real line case. Let 0 € P(Ry) \ {d},p € P(Ry). The
multiplicative subordination B, (x) is characterized by

Y, ()(2) = Lu(o(2)), 2 € (=, 0) (3.1)

7



for some o > 0, see [Bi98, BB07]. The homomorphism property then follows easily from
Eq. (3.1):

Z]Ba(m'zuz)(z) - ul@uz(na(z))
= 2 (16(2)) 2, (10 (2))
= X, (u)(2)EB, (1) (2)

= XB, (41)RB, (1) (2)

in some interval (—4,0) and so B, (1 Xpug) = B, (1) XB,(142). The compositional relation
is proved as follows:

Yoy (Boy (1) (2) = By () (01 (2)) = LMo (116, (2))
= Eu(Nos00r(2)) = ZBUQOO'l (u)(z)

in some interval (—v,0) and hence B,, o B,, = B,,.,, on P(R,).

On the unit circle case, the same computation is valid in suitable neighborhoods of
0 of YX-transforms when probability measures have non-vanishing means. If probability
measures have vanishing means, then we may use the results of [RS07] or we may resort
to an approximation argument by using moments.

3.2 Proof of Theorem 1.2

The measures v, satisfy 7, o n,, = n,,,, and 1,,(2) = z. By differentiating this composi-
tional relation as regards s at 0, we obtain the partial differential equation

87]1, a'r]u
- =zK - 3.2
i (2) = 2K () 2 (2). (3.2)
Let n = n(t, z) == ns,, (u)(2) for simplicity, and let ="' denote the compositional inverse
with respect to z. From (3.1) and (3.2), the partial derivatives BT and 22" satisfy the
following:
(¢ 5 2%, V%tz
e ot ( ) n)_l(t’z) o ,(77 t) nyt( ) — K(Z) (33)
T (t2) = S () B (8, 2)
Differentiate n(t,n'(t, 2)) = z with respect to ¢ and z, and then we have
" G(tz) ot L
(t.n) = =G, (t,n) = : (3-4)
ot u(t,2) 0z u(t,2)
Replace z by n(t, z) in Eq. (3.3) and then, thanks to (3.4), we have

= r (n-+5). (3:5)

By the way, from (2.2), the function H can be written as
H(t,z) =z — I, (2) = 2n(t,1/2),

so that
%[j(t 1/2) = ig’Z(t 2), %H(t 1/2) = n(t,2) — z‘;"(t 2). (3.6)

Combining (3.4) and (3.6), the desired equation follows.

8



3.3 Examples

We present three examples mentioned in the introduction including the Belinschi-Nica
semigroup.

Proposition 3.1. Recall that the measures py, oy are defined by

pi = (1= )6 + 161, o= 1it50 + 111551“'
Then

Bs,,, (1) = Dije(p®), >0, (3.7)
By, (1) = Dujp(u™), t>1, (3.8)
Bo, (1) = (uP0+0)¥m, ¢ >0, (3.9)
8y O 0y = b, s,t>0, (3.10)
ps O pr = Pst, s,t >0, (3.11)
o, 00y =01y, s,t>0. (3.12)

Proof. We can compute the following:

o (2) = 1, (3.13)
T]Pl/t (Z) - t+(127t)z7 (314)
N (2) = 125 (3.15)

Then (3.10) — (3.12) are easy to prove. Moreover, the following formulas are known for
t > 0and p € P(R;) ([BNOS]):

3o (2) = %EH (;) , (3.16)
S (2) = %Eu (ﬁ) , (3.17)
Sy (2) = %Zu(z). (3.18)

From (3.1), (3.13), (3.16) and (3.18), it follows that

z
Zay,,,00(2) = Zu (5) = o, uen (2):

The proof of (3.8) is similar.
We can easily show that 7,, = N1 jian) © Moryes and hence oy = p1/144) O 0144 Now
Theorem 1.1 is applicable:

w1
Bo, (1) = Bs, ,, (Bpl/(lth) (1) = (NEH(I—H))UHt-
Note that the dilation operator Dy commutes with the free power and Boolean power. [

The following ”commutation relation” was proved in [BN08] and was crucial in the
proof of the semigroup property B, o By = B,,,. We are able to give a different proof in
terms of multiplicative subordination functions.

9



Proposition 3.2. Let p € P(R) and p,q be two real numbers such that p > 1 and
1-—- 117 < q. Then

(U = (u)®, (3.19)
where p', ¢ are defined by p' :=pq/(1 —p+pq) and ¢ :==1—p+ pq.

Proof. This is a straight consequence of the relation

P/ O 017q = 01yq O prjy
and (1.3). O
When p = v, the subordination map has a special meaning.

Example 3.3. The map pn — B, (p) is the multiplicative Boolean-to-free Bercovici-Pata
map on P(Ry)\ {00}, since X, (u)(2) = Lu(nu(2)) = el [AH13b]. The measure B, (1)
is M-infinitely divisible for any p € P(Ry) \ {00}, but this map is not surjective onto the
set of M-infinitely divisible measures.

Example 3.4. We specialize in By by taking v; :== oy. In this case n,, = 17 and so

1d
K(z)=—-—| n, = z.
(2)= 5| () =2
Thus we recover the complex Burgers equation of Belinschi and Nica:
0H OH
—=—-H—.
ot 0z

Example 3.5. Let v; = 0.« and consider B; _, (1) = D, Thenn,, = ze~* and so

1d
K(z)=—-—— =1
()= g w2 =1
and so we obtain
OH  OH
ot : 0z

Example 3.6. Since {p:}i>0 satisfies ps O pr = ps for s,t > 0, we pul vy = pe-t.
Consider the composition semigroup B, (1) = Do p™" . Then

_1d z

K()=-2| — % . 1
(2) zdt| et + (1 —e')z y

Thus the differential equation becomes

oOH oOH
o — )5

10



Example 3.7. The Boolean stable law b} satisfies b} O b} = bty for a,8 € (0,1];
see (2.14). So we define v, = b:,t to obtain a composition semigroup. The generator is

computed as

1d
K(2) = -
(2) zdt

The differential equation for H(t,z) is:

oH (o
(9t_ZOg z ) 0z

0(—2)“ = —log(—2).

Example 3.8. The beta distribution B, satisfies By O By = Boy for a,v € [0,1] and
B1 = 01; see (2.19). So we define vy :== B.-+ and consider the composition semigroup B, .
The generator K is given by

Y

K(Z):édi (1_<1_2)e_t> _ (1 —2)log(l —z)

to z

and so the differential equation for H(t,z) is given by

OH z H\ 0H
(2 1) log(1- =) &
ot Z(H >Og< z>8z

The maps By, and Bg+ will be investigated more in Section 5.

4 The main results: Additive case

4.1 Proof of Theorem 1.3
The measure A, () is characterized by
Pa ) (2) = 0u(F(2)), z €D\um (4.1)

for some A\, M > 0. The homomorphism property follows from (4.1):

¢Au(,u153/12)(z) = ¢M153,u2 (F,,(Z)) = (b,U«l (Fl/(z>) + ¢M2(FV(Z))
= O, (u1)(2) T P (12) (2) = Py (u1)BAw () (2)

and so A, (p1 B o) = Ay (p1) B A, (u2). The compositional relation is proved as follows:

Diy Ay (1) (2) = By (1) (Fin (2)) = Gu(Foy (Fy (2))
= ¢M(FV2>V1(Z)) = ¢Au2|>u1(,u)(z)a

and hence A, oA, =A,,.,,.

11



4.2 Proof of Theorem 1.4

The measures v, satisfy F,, o F,, = F,,, and F, (2) = z. By differentiating this compo-

sitional relation as regards s at 0, the following partial differential equation is obtained:
oF, oF,

“(z2) = J(z)—=(2). 4.2

I (2) = J(:) S (2) (42)

Let F' = F(t,2) := Fa,, (u)(2), and let F~' denote the compositional inverse with respect

to z. From (4.1) and (4.2), the partial derivatives 81:;;1 and 8?;1 satisfy the following:

- OFy,
8gt1(ta Z) o ¢;¢(Fl/t) ot (t7 Z)
—1 -

B (t2) =1 @ (F,) %5 (t,2)

Differentiating F'(t, F~1(t, 2)) = z with respect to ¢t and z, we have

= J(z). (4.3)

OF~! 9t 2y QF1 1
tLF) = -2 tF) = : 4.4
ot (¢, F) 9E(t, z)’ 0z (¢, F) 9 (t, 2) (4.4)
Replace z by F(z) in Eq. (4.3), thanks to (4.4), we have
oF oF
—=JF)|=——-1). 4.
5 =0 (50 -1) (45)

The conclusion therefore follows.

4.3 Examples
The following is the additive analog of Example 3.3.

Example 4.1. The map p — A, (p) is the additive Boolean-to-free Bercovici-Pata bijec-
tion on P(R), since ¢p,u)(2) = ¢u(Fu(2)) = 2 — F,(2). A measure v can be written as
v=2~A,(n) for some p € P(R) if and only if v is B-infinitely divisible.
Example 4.2. Let v, be the arcsine law with mean 0 and variance t:

1

vi(der) = ———1 x)dx.
) = v

Then it holds that vs.y = vs > 1y, 8,1 > 0, vy = &y, because F,, is given by /22 — 2t. The
generator is given by J(z) = —%. So the differential equation of Theorem 1.4 becomes

oG _ 1 oG

ot G—2z0z
Example 4.3. Let vy be o pe, where cqyp 15 the Cauchy distribution

b

Cap(dx) = Ig(z)dz, a€R, b>0.

m[(x — a)? + b?]

We define c,o = 0, considering the weak continuity. Then vey = vs > 1y, s,t > 0,
vo = 0g. The generator J is the constant —a + bi, and so the differential equation is
oG oG

5 = (—a+ bz)a.

12



5 Examples of multiplicative free subordination

We study the subordination map B, when v = 3, or b} and find its relation with the
Markov transform. Many computations in this section may be extended to symmetric
probability measures by using the S-transform for symmetric measures, but we restrict
ourselves to the positive and negative cases.

5.1 Transforms M! and U}
Definition 5.1. (1) For p € P(R;) and o € (0,1], let M} : P(R;) — P(R,) be the
map defined by
M () = B, (1)™/ & m?. (5.1)
(2) For p € P(Ry) and o € (0,1], let UL : P(Ry) — P(R,) be the map defined by
Ut (1) = By ()™, (5.2
Theorem 5.2. (1) The probability measure M7 (u) is characterized by
Fazo(d) = ~CE(-(-2)Y z<0 peP®).  (53)
The map M satisfies a semigroup and a homomorphism properties:
M7 o M = M7,; (5.4)
M (1> v) = M (1) > Mg ().

(2) The probability measure UL (u) is characterized by

Mot (2) = = (Fmu(=(=2)" N, =<0, pePR,). (5.6)

Moreover, we have a semigroup and homomorphism properties:

Ulo UE = U;“ﬁ; (5.7)
U (nOv)=Ul(n) OUL(v); :
Uz (1 Bv) = US (1) R UL (v). (5.9

Remark 5.3. (1) The fact that M is a homomorphism regarding > may be seen as the
monotonic counterpart of [AH, Theorem 4.14], where the maps
B (1) = p/* @b = /" Kb,
NI (p) = p'/* @ nf,
Fl(p) = p*ReS

are shown to be homomorphisms with respect to W, *, B, respectively (the measure

n’ is a classical positive a-stable law). They also become compositional semigroups:
+_pt + _ N+ _ Bt

Bl o B; =B_s, Nto N3 =N_2s, Fio FZC =F;

13



(2) The formula (5.3) becomes simpler on R_. We introduce the conjugated map M =
D ;oM oD_; on P(R_). Then the formula (5.1) changes to
M (1) = B, (D (1) K m. (5.10)

(07

and (5.3) can be written as
Fap-0(2) = (Fu(z*)Y*, z>0. (5.11)
We can also define U, on P(R_), but this does not simplify (5.6) so much.

Proof. We are going to show (5.11) instead of (5.3). Let F(2) := (F,(2%))Y* and n(z) :=
1 —2F(1/z). Using the relation (2.2) twice, we have

1 1/o
n(z)=1-=z (Fu (—)> =1—(1—nu(zNY 2> 0,
ZOA
so that 7 is strictly increasing on (—o0,0) and it has the compositional inverse

M w) = [y (1= (1= w) )] = (7 (g (), w € (—¢,0)

for some € > 0. Hence

= Y (W) ey (/e (w),
= XM () w € (—£',0)
for some ¢’ > 0, where the formula (2.22) was used on the fourth line. This computation
shows (5.11). (5.4) and (5.5) are simple applications of (5.3).
The proof of (5.6) is following. We obtain

1 _ @
EUUE(M) (U}) = ZU;C(M) (w) = Zﬁbg(ﬂ)‘zl/o‘ (w) = EBbé— (1) (w)l/
[0 1 — « o
= (Sl () ) = (o ()Y, w e (6,0)

for some § > 0, where (3.1) was used on the fourth equality. After some more computation
we have (5.6). (5.7) and (5.8) are easy applications of (5.6). (5.9) follows from the relation

Su (W) = (Bu(=(-w)"))Ve. O

Example 5.4. What is shown below is several computations involving Mt, UL, Bg, and

(1) M (my) =m_};. In particular, M¥(61) = mf.
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(2) M7 (Ba) =bf.
(3) M (pa) = Ba-
(4) Bg, (7™V/*) = 7, since
S, (x/) (2) = Zamja (19, (2)) = Sr(np, (2))/% =1 — 2 = B (2).
(5) M (m) = m} R because of (4) above and (5.1).

(6) In [AH13a], a family of measures is introduced. Part of that family is fi,, which is
characterized by

1\ P 1/a
G (2) = — <(1+ (=2)) - 1) , zeCH (5.12)

p

for a,p € (0,1].5 The powers z + 2z* and z + 2"/ are the principal value. We have
the identity

fap =M (Bipiip), @ p € (0,1], (5.13)

which can be checked by using the fact that the beta distribution By1_p14, coincides
with py, [AHI3a).

(1) By (b7, ) =bf s 01

1-B+ap

(8) M (u) =ml O UL(pu) for p € P(Ry). This is proved as follows. First we can show
that
bl =8, 0m!, ae€(0,1]. (5.14)

by computing n-transforms. Starting from the relations (5.1) and (1.1), we have
M (1) = m{ M Bg, (/%) = mf O B+ (Bg, (1))
Thanks to Theorem 1.1 and (5.14), we get B+ o Bg, =Bg . .+ = By

(9) p* @bl = =/ *®bl = p O bl = B, © M{(p) for p € P(Ry). The first and

second equalities were proved in [AH]. The last one is proved as follows:

Naaonag () (2) = 1= (L= g (2))" = 1 = (ZFMa*(u)(l/Z))a
=14 (=2)*Fu(=(=2)"") = nu(—(=2)"), 2z<0.

The last expression is equal to Mytq,1/0(2) as shown in [AH].

!The parametrization is different from that in the original paper [AH13a], and the dilation is omitted
here.
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5.2 Markov transform, mixture of Boolean stable laws and M}

Definition 5.5. Let M(v) be the Markov (or Markov-Krein) transform of v defined by

Gl = [ 10g (1) wtan) )

see [K98]. In general v can be taken to be a Rayleigh measure, but now we consider
a probability measure v satisfying [, 1og(2 + |x|) v(dx) < oo. It is characterized by the
differential equation

d

2 Gme(2) = =Gu(2) G (2). (5.15)

We compute the Markov transforms of classical scale mixtures of Boolean stable laws
p/e @bl pe P(Ry).

Proposition 5.6. Let « € (0,1] as usual. Then

M@ @bl) = ME(M(®v)), vePR,). (5.16)
Remark 5.7. (1) In terms of R_, we have
M((D_i(v))/* ®b,) =M, (M(v)), vePR). (5.17)

(2) In terms of the map B (see Remark 5.3), we may write (5.16) as
MoBt = M+ o M, (5.18)

i.e. the Markov transform intertwines the compositional semigroups (B})ae,1) and
(Mg)OéG(OJ]'

Proof. We consider the formula (5.17). Let p = M(v) for v € P(R_). It follows from
elementary calculus that

d 1d N a1 G(29)
%lOgGMg(M)(z> - a%log(G#<Z )) =z Gu(za)
= —2°7'G,(2%) = 2 'Gp_, () (—2%)
= _G(D_l(y))l/a®b;<z)> z > 0.
The last line is a consequence of the formula (4.4) in [AH]. This shows (5.17). O

Example 5.8. (1) M(b}) =M} () = m} since M(0;) = ;.

(2) M((pa)"* ®bL) =D,
(3)-

(3) M((£5)¥>) =£F. This is not directly related to Proposition 5.6, but seems interesting

to compare with M(b}) = m?. The proofis as follows. Note that (5.15) is equivalent
to (log Fa)) = 1/F,. Recalling the relation

since Mt (M(po)) = ME(B.) = bl from Example 5.4(2),

ng_l(Z) =z + (-Z)lia, S FA,M (519)
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for some A\, M > 0, we get

1

log Fl.i) = .
log Fre ) = (o) Fpy ) e

(5.20)

From (5.19), we have (—Fp1)'™* = z — Fyy. Combining this with (5.20), we obtain
(log Ft) = 1/((1 — @)z + aFps) = 1/Fgtyea, the conclusion.

(4) We can show that the inverse Markov transform v, == M~ (B1_,14,) has the Cauchy

transform
p  (z—1)P! 1 (z—1)p7t— 7t
Gl/ - T . - )
»(2) z 2P —(z—1)p P z+ 2P — (z—=1)P
and so
sin 7 P71 — )Pt
v, = piy + LI (1—2)

1 dx.
™ 1’217 — 23317(]_ — x)p cos TP + (1 . I’)Qp (071)(,]7) X

Using this measure, we have pi,, = M((v,)"/*® b¥) for 0 < a,p < 1. Notice the
relation v, = p1_p, ® T, exists, where

psinmp 2Pl — 2)P!
dz) = ] p
i) (1 — p)m a2 — 220(1 — z)P cos 7p + (1 — )2 (0.1) (%) dx

is the law of a random variable G, studied in [BFRY06].

6 Additive subordination by Cauchy distribution

We are going to study A, in details when v is the Cauchy distribution ¢, ;. The corre-
sponding map A, , gives us freely infinitely divisible distributions with rational function
densities. The map A, , is denoted by A, ; below.

Proposition 6.1. Fora € R, b >0 and p € P(R), A, p(p) is characterized by
Faoyw(2) = Fu(z —a+ib) +a—ib, zeC*. (6.1)

Proof. The Eq. (4.1) is equivalent to F&alb(m(z) —a+ib= F;'(z — a+ib) in a domain
Iy ar, and so the conclusion follows in a domain of C*, which in fact is valid in C* by
analyticity. O

We denote by my (i), ma(p) and o%(p) the first moment, second moment and variance
of a probability measure p, respectively. The notation f ~ g, |r| — oo means that

Ie) 51 as x| = .
g(x)

Proposition 6.2. (1) For any p,v € P(R) and any a € R,b > 0, we have the homo-
morphism properties

Agp(p>v) = Agp(p) > Agp(v), (6.2
Agp(pBr) = Agp(p) B A(v), (6.3
Agp(pev) = Agp(n) WAL(v) (



(2) For any a € R, b > 0 and any p which is not a point measure, A, (1) has a real

analytic density on R. Moreover, if i has a finite variance, then the density of Ay (1)
bo? (1)

~ 5 as |r| — oo.

(3) If u has a finite variance, then my(Aq (1)) = mi(p) and ma(Agp(p)) = ma(p).

Proof. (1) The second equality was proved in Theorem 1.3. The others can be shown
from the formula (6.1).

(2) If p is not a point measure, Im(F),(z)) > Im(z) for = € C*. Using the Stieltjes
inversion formula, we have

Im(F,(x —a+ib)) — b .
m|E,(x —a+1ib)+a—idb>

Aa,b(:u) (dil?) =

The density function is real analytic and strictly positive on R. The reciprocal Cauchy
transform F), has the Nevanlinna representation as F),(z) = z—mq (1) + [ %dz“) for a finite

u—

non-negative measure p, which satisfies p,(R) = o%(u) [M92]. So F,,(x—a+ib)+a—ib ~ x
as |x| — oo and

2
b (du) ~ bi.

2

Im(F,(x — 17 —1ib) =
m( lt(x a+l)+a Z) /R(u—x—l—a)2+62p“

Therefore, the density of A, (1) behaves as ~ ZL; as |x| — oc.

(3) The first moment my () is characterized by F),(iy) —iy+mq(p) = o(1) (y — 00),
and so my(Agp(p)) = my(u). The variance o%(u) = p,(R) is equal to lim, .« |F,(1y) —
iy +mq(p)|y [M92]. Applying this formula to A, (1), we have o2(u) = 02(A,p(1)) and
hence mo(Ayp(1)) = ma(p). O

We prove that A, ;(u) is freely infinitely divisible for large b if y has finite variance. We
introduce a subclass of freely infinitely divisible distributions characterized by univalent
inverse Cauchy transforms.

Definition 6.3. A probability measure 1 on R is said to be in class UL if Fljl, originally
defined in some I'y yr, extends to a univalent function in CT.

The class UZ is a subset of all freely infinitely divisible distributions as proved in
[AH13a].

Theorem 6.4. Let u be a probability measure with finite variance 0. Then A, (1) € UL
forb > 20.

Remark 6.5. Assume that p is not B-infinitely divisible. If we use the free divisibility
indicator ¢(u), the assumption b > 20 can be weakened to b > 20+/1 — ¢(p).

Proof. Let C, := {z € C : Im(z) > s}. Maassen proved that F), is univalent in C, and
F,(C,) D Cy ([M92], Lemma 2.4). Therefore, Fj, ,()(Copro) = Fu(Cs) +a —ib D
Coy_p D C*, so that F A_alb(“) can be defined in C* as a univalent function. O

Starting from atomic measures, we obtain many freely infinitely divisible measures
whose densities are rational functions.
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Example 6.6. Let b > 0,n > 1,A; > 072?:1 Aj = 1 and a; € R. The measure
Aa,b(2?21 Ajba;) has a rational function density. If b > 0 is large enough, it is freely
infinitely divisible.

Let pp := 5(0_1 +61) + (1 —=p)oo, 0 < p < 1. Then Gy (2) = 24P 5o that

z(z2-1)7
22 —b%— bz . .
Gagy(uy)(2) = ng(Hé’Q)zf;f;Ef;ipﬂ). The measure Agy(pp) is given by

bp(x? +b* + 1 —p)
A dz) = dz.
oot ) = s S — Dt + (01 + 2021 = 29) + D+ 0]

From Theorem 6.4, Aoy(py) € UL for b > 2,/p.
In the particular casep =1 and b = 2, Ag2(p1) is a scaled t-distribution with 3 degrees
of freedom:

2
A dr) = ———=d R.
072(/’61)( $) 7T(1+.T2)2 T, T€
We can see Ag (1) is not freely infinitely divisible for b < 2 as follows. The Voiculescu

transform of py is ¢, (z) = =242 522“. This function cannot be analytic in C,. From
[BV93, Theorem 5.10], Agp(11) is not freely infinitely divisible. Note that the Student
distribution is freely infinitely divisible for more parameters [H1/).

Remark 6.7 (Multiplicative analogue on T). For a > 0 and b € R, let ¢ = ¢, be a
probability measure on T defined by

1 1 — 2
2114 e 20 —2e~ecos(f — b)

&(do) o, 0<0<2n

This is an analogue of the Cauchy distribution on R since both are the Poisson kernels.
Let ¢ := e~ " then ns(2) = cz and

e(e) = hel) =t = e ewp (o [ 15 Ewla)).

where w is the normalized Haar measure. The map Bg is denoted by B, . It is not hard
to see that B, (1) is characterized by

M, (2) = €' (c2). (6.5)

which is the analog of (6.1) for the multiplicative case. Moreover, for any pair of measures
w,v € P(T) and any a € R,b > 0, we have the homomorphism properties

Ba,b(:u O l/) = Ba,b(ﬂ) O IB3a,b(y)7 (66)
]Ba,b(lu X V) = ]Ba,b(:u) X (]Ba,b(y)v (67)
Ba,b(:u ® V) - Ba,b(:u) ® ]Ba,b(y)a (68)

where ¥ is the multiplicative Boolean convolution (see [F09a, F09b]).
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