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Abstract

The asymptotic behavior of the effective mass meg(A) of the so-called Nelson model in quantum
field theory is considered, where A is an ultraviolet cutoff parameter of the model. Let m be the
bare mass of the model. It is shown that for sufficiently small coupling constant |«| of the model,
megt(A)/m can be expanded as meg(A)/m = 1+ Y 07 a,(A)a®™. A physical folklore is that
an(A) ~ [log A]"1) as A — oo. It is rigorously shown that

0< lim a;(A) < C, C1< lim ag(A)/logA < Cy
A—oo A—oo

with some constants C', C; and Cs.
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1 Introduction and main results

This thesis is based on joint work with F. Hiroshima (F. Hiroshima and S. Osawa, Mass renormal-
ization in the Nelson model, accepted for publication in International Journal of Mathematics and
Mathematical Sciences).

The model considered in this paper is the so-called Nelson model [7], which describes a non-
relativistic nucleon with bare mass m > 0 interacting with a quantized scalar field with mass v > 0.
The nucleon is governed by a Schrodinger operator. Let us first define the Nelson Hamiltonian. We
use relativistic unit and employ the total momentum representation. Then the Hilbert space of states
is the boson Fock space over L?(R3) which is given by

F = o5 [@rL*(R%)],

where ®” denotes the n-fold symmetric tensor product and ®?L?*(R3) = C. Then ® € F can be
written as & = {®©) &M d@ 1 where ®™ € @?L?(R3). The Fock vacuum Q € F is defined
by © = {1,0,0,...}. Let a(f), f € L?*(R?), be the annihilation operator and a(f)*, f € L*(R3), the
creation operator on F, which are defined by

D(a(f)") = {¥ G}"IZ 14 D[St (f © U)|2n ey < o0},
n=0

(a(f)*®)© =0,
(a(f) )" = Vi + 1841 (f @ ©M),
),

and a(f) = (a(f)*)*, where S,, is the symmetrizer, D(X) the domain of operator X, and | - ||« the
norm on K. They Satlsfy canonical commutation relations:

[a(f),a(9)"] = (f,9), [a(f),al9)] =0, [a(f)",a(g)"] =0

on a suitable dense domain, where [X,Y] = XY — Y X and (+,-) is the inner product on K (linear
in the second variable). Let T be a self-adjoint operator on L?(R?) . Then we define the self-adjoint

operator dT'(T') on F by dT'(T) = @22,T™, where

n jth n
T =Y Te @IeTele--I|[&DT) (n>1)

with 7(® = 0. Here, for a closable operator T, T denotes the closure of T. The operator dI(T) is
called the second quantization of T'. The free energy of the scalar field is given by Hy = dI'(w), where
w(k) = /|k|2 +v2 (k = (k1, k2, k3) € R3, v > 0) is considered as a multiplication operator on L?(R3).
Similarly the momentum of the scalar field is given by P, = dI'(k,) (1« = 1,2,3). The coupling of the
nucleon and a scalar field is mediated through the Segal field operator ®4(g) defined by

1

Dy(g) = \ﬁ(a(g) +a(g)"),

where g is a cutoff function given by g(k) = \?L% Here ¢ is the form factor with infrared cutoff

k > 0 and ultraviolet cutoff A > 0, which are defined by

0 |k| < K,
o(k) =19 (2m)72 K <[k <A,
0 |k| > A.

The Nelson Hamiltonian with total momentum p € R? is given by a self-adjoint operator on F:

1
—(p— P)% 4 Hy + a®,(g),

H(p) = 5



where o € R is a coupling constant. Let E(p, ) be the energy-momentum relation (the infimum of
the spectrum o(H (p))) defined by
E(p, o) = info(H(p)).

Then the effective mass meg = meg(A) is defined by

1
Meff

1
= gAPE(pv a) rp=0 .

Here A, denotes the three dimensional Laplacian in the variable p. We are concerned with the asymp-
totic behavior of meg as the ultraviolet cutoff goes to infinity. It is however a subtle problem. Removal
of the ultraviolet cutoff A through mass renormalization means to find sequences {m} and {A} such
that m — 0, A — oo, and meg converges to the experimentally determined mass. To achieve this, we
want to find constants 0 < v < 1 and 0 < bg < oo such that

. mef‘f/m
1 ——— = by. 1.1
A TR myr 0 (L.1)
If we succeed in finding constants v and by such as in (1.1), taking m = A=Y= (m* /bg) /1= we
have

lim meg(A) = m™,
A—o0

where m* is the experimentally determined mass of the nucleon, see [10, p.316]. The mass renormal-
ization is, however, a subtle problem, and unfortunately, we cannot yet find constants v and by such
as in (1.1). For that reason we turn to perturbartive renormalization, by which we try to guess the
proper value of 7. Main results obtained in this paper are summarized as follows:

Theorem 3.1 Let £ > 0. Then m.g is an analytic function of o and can be expanded in the following
power series for sufficiently small |a

m

oo

{f

T:L =1+ Z:lan(A)a%.
n=

Theorem 3.2 There exists a strictly positive constant C' such that
lim a;(A) =C.
A—o0

Theorem 3.8 There exist some constants C; and C5 such that

a2
< < (Cs.
R T

From Theorems 3.2 and 3.8, if D = Alirn az(A)/log A > 0, it is suggested that v = Da?/C. So,
—00

the mass of the Nelson model is renormalizeble for sufficiently small |a.

The effective mass and energy-momentum relation have been studied mainly in non-relativistic
electrodynamics. Spohn [9] investigates the upper and lower bound of the effective mass of the
polaron model from a functional integral point of view. Hiroshima and Spohn [6] study a perturbative
mass renormalization including fourth order in the coupling constant in the case of a spinless electron.
Hiroshima and Ito [4, 5] study it in the case of an electron with spin 1/2. Bach, Chen, Frohlich and
Sigal [1] show that the energy-momentum relation is equal to the infimum of the essential spectrum of
the Hamiltonian for x > 0. Frohlich and Pizzo [2] investigate energy-momentum relation when infrared
cutoff goes to 0.

2 Analytic properties

In order to investigate the effective mass in a perturbation theory we have to check the analytic
properties of E(p, ).



2.1 Analytic family in the sense of Kato

Lemma 2.1. H(p) is an analytic family in the sense of Kato.

Proof. We prove H(p) is an analytic family of type (A). We see that
1
= Hy + Zpy%(pu - 2Pfu) + aHi,

where Hy = ﬁPfZ + Hf and Hy = ®4(g). Hence all we have to do is to prove the following facts.
(a) D(Ho) C M3_D(Pr,) N D(Hy).
(b) There exist real constants a,, b, (© =1,2,3), c and d such that for any ¥ € D(Hy)

1
H%(Pu — 2P )V < aulHoV |7 + bull¥)7 (1 =1,2,3),
| H1¥|| 7 < c||[HoV || 7 + d||¥]| 7.

We prove (a) at first. Since ﬂile(Pfi) C D(Py,), we have D(Hy) = ﬁile(PfZ“) N D(Hy) C
ﬁzle(Pfu). Additionally, since Hw*1/2gHL2(R3) < 00, we have g € D(w~'/?). Furthermore, since w is
a nonnegative and injective self-adjoint operator on L?(R3), it follows that D(dI'(w)'/?) c D(a(g)) N

D(a(g)*) = D(Hj). Hence we have D(Hy) € D(dI'(w)) € D(dI'(w)'/?). Together with them, (a) is
proven . Next we prove (b). Let U be an arbitrary vector in D(Hp). Then we have

‘pu|

1
5, (Pu = 2P5) ¥ 7 < H‘I’HIJr*IIPfu‘I’IIf

Since || P;, ¥||% < 2m| Hy/*¥||%, we have \\Hl/zxpnf < ||(Ho + 1)¥||2-. Hence

1 2 1Dyl 2
— — 2P V|| Fr <A/ —||Ho¥ = —)||Y|| . 2.1
5 (o — 2P) Bl < ([ = [ Ho®llr + (22 + 1/ 2) w5 (21)

Since D(Hy) C D(dI'(w)'/?),
_ 1/2
la(9) ¥l 5 < lw™"?gll L2y | Hy > ¥ 7,
* _ 1/2
lla(9)* ¥|lr < [|w 1/29||L2(R3)||Hf/ U7+ lgllL2@s) ¥l 7
hold. Hence

_ 1/2
| H |5 < V2w 2| 2 o | Y20 5+ — R

HgHL2 R3)
\[

From triangle inequality, we have HHf1/2\I/||]: < ||Hf‘I’||}' + ||\If||}- In addition,
| HoW |5 — | H ¥ = I~ Pf W||% + 3“E(Pf‘l’ Hy0).

Since sz and Hy are strongly commutative and nonnegative self-adjoint operators on F, (sz\lf, H:0) >
0 holds. Hence |H¢V||r < ||HoV||z. Then we have

IHIY |7 < V2]|lw 29| 2ms) | HoW || 7 + (V2] w2 g| 12 gy + \[HQHB(R?’ DI 7. (2.2)

From (2.1) and (2.2), (b) is proven . Hence H (p) is an analytic family of type (A). Since every analytic
family of type (A) is an analytic family of in the sense of Kato, it is an analytic family in the sense of
Kato. O

We denote the ground state of H(p) by ¢4(p).

Lemma 2.2. (1) E(p,«) is analytic in p and o if |p| and |a| are sufficiently small. (2) 1q(p) is
strongly analytic in p and « if |p| and || are sufficiently small.

Proof. From [8, Theoren XII.9], (1) follows, and from [8, Theoren XIL.8], (2) follows. O



2.2 Formulae

In this section we expand m/meg with respect to a.

Lemma 2.3. The ratio m/meg can be expressed as

Mot - gﬂzl (104(0), %4(0)) 7

where ng(O) =5 — Oputhg(p) Tp=0 -
Proof. Since E(p, «) is symmetry, E(p,«) = E(—p, «), we have
OpuE(p,a) Tp=0=0, p=1,2,3. (2.3)
Since H(p)ig(p) = E(p, a)tb4(p), for any ¥ € D(H (p)),
(H(p)¥,1g(p)) = E(p, ) (¥, 14(p))
holds. Taking a derivative with respect to p, on the both sides above, we have
(H}, ()W, ¥y(p)) + (H(p)¥, vy, (p)) = E,(p, ) (¥, ¥y (p)) + E(p, @) (¥, ¥y, (p)), (2.4)
(H} (p)®,14(p)) + 2(H, ()P, ¥y, (p) + (H(p)¥, g, (p))
= B, (p, @) (¥, 14(p)) + 2E,,(p, ) (¥, ¢y, (p)) + E(p, @) (¥, g,/ (p))-

Here ' denotes the derivative or strong derivative with respect to p,, and H)(p) = Lpy — Pry),
Hﬂ(p) = % Setting ¥ = 14(0) and p = 0, we have
E//(O Oé) _ i (¢g(0)7 1/}9(0)) — Q(Pf;ﬂﬁg(o), ¢glﬁ/(0)) '
e om ((0), 15(0))

This expression and the definition of the effective mass prove the lemma.

m 1 2 23: (Pf,ul/}g(o)v 1/}9;(0))

2.3 Perturbative expansions

We define operators AT and A~ by AT = La(g)* and A~ =
let F(M) = @7 L%(R%) and

a(g). Then Hy = A"+ A~. Moreover,

X n
o
Ye(0) =D —ron. (2.5)
n=0
Since E(p, «) is symmetry E(p, —a) = E(p, «), we have
> a2n
E0 = ——F,,. 2.6

Since ker Hy # {0}, Hy is not injective. However, we define the operator Hio (notational simplicity we
write Hio for Hy ' in what follows) on F as follows.

I > 1 ) )
D(HO)_{\Ife]:|n§:1:](2m|k1+ o+ kol +§; Wk, k)| < o0},
1
Lo
(HO‘I’) 0,
1 1
— ) — 2 —1y,(n) >
(0" = (g e+ +k:|+§ T (koo k) (0> 1),

We define the subspace Fg, of F as Fgy = {{\I/ (Moo e FIw® =0 for I > ¢ with some g¢}.



Lemma 2.4. It holds that Fgn C D(HLO)

Proof. Let ¥ € Fgy,. Then ||H%)\11H2 =y H(HLO‘II)(")H2 < 0o. Hence the lemma follows.
g

Lemma 2.5. Let 14(0) = > 07 (& /n!)on. Then oo = Q, @1 = —HLOHIQ and the recurrence formulas

l
1 21
= —{—20Hjpg_1 + ()E b (1>1), 2.7
P2 Ho{ 19211 ; o ) FRiv2 2t (1=1) (2.7)
l
1 20+ 1
Poup1 = Ho{ (25+1H16021+Z< , > Eajpar1-253 (12 0) (2.8)
7j=1
follow, with
o € ]Z'(Q) fa f-'(4) @ @}‘(2” (l > 1)’ (2.9)
o1 € FY o F® g ... FEHD (1> 0), (2.10)

and Eo; is given by
Egl = 2Z(Q,H1g02[,1) (l > 1). (2.11)

Proof. We have E(0,0) = Ey by substituting o = 0 in (2.6). Since E(0,0) is the ground state energy
of Hy, E(0,0) = 0. Hence Ey = 0. Since g is the ground state of Hy, ¢g can be 2. We can find that
(pn, ) = do,, for n =0,1,--- holds in the same way as [6]. From now we set H = H(p), 14 = 14(0),
E = E(p,a) and / means (strong)derivative with respect to a.

(HY, ) = E(¥, 1) (2.12)
holds for ¥ € D(H). Differentiating (2.12) with respect to «, we have
(HOW, ) + (HV, 00g) = E'(W, 89) + E(¥, 1)),
Hence 1 € D(H) and we have
Hiyg + Hijy = E'tpg + BV, (2.13)

Substituting p = 0 and o = 0 into (2.13) and taking into account (g,,$2) = don, we have ¢ =
—HLOHIQ. Differentiating (2.12) n times with respect to a, we also have

n n— - n j n—j
(HO,{™) + (¥, Hyp{ D) =) (j>E<J>(\P,¢§ ).
Jj=1
By the induction on n, we have wén) € D(H) and

H 1 = 3 (j) EOD (),

Jj=1

Substituting p = 0 and « = 0 into both sides above, we have

!
21
Hopoy + 21Hypg 1 = § <2j> Esjpai—o; (1>1),
i=1

20+ 1
Hopor1 + (20 4 1) Hypg = Z < 9 >E23<,02z+1 2; (1>0).
=1



From now on, we shall prove
P =0, (i>n,i=0),
905”1):0, (1>1,0<i<l-1),
SUPpkERS»ziQD%i)(k;) =Sy 0r, (I1>1,1<i<l),
905?1)1—0 (1>0,0<i<1),

SuppkeRggiH)gpgﬁl)(k) =S9ir10r, (1>0,0<i<l),
where we set p,, = {gog)};‘io by induction for n > 1, and

Si={(k1,- ki) € R¥|k < k1| <A,k < |k < A}
Since 1 = —HLOHIQ e FO, gogi) =0, (i > 1, i = 0). Moreover, since

1

AV
(k1) = V22m)32Jw(k) E (k1)

X[r,A] (K1]),

we have suppklengpgl)(k‘l) = S1, where E(k) = |k|?/2m + w(k). Assume that the assumption of the
induction holds when n <20 +1, (I > 0). Then

< (242
Hoparva + (21 + 2)Hipor11 = Y ( 9 >E21802z+2 2 (2.14)
j=1

It is derived that 4,0;%2 =0, (i > 2042, i =0) by (pn, Q) = do, and (2.14). By the assumption of the
induction, (Hypa1)@® Y =0, (0 <i <1) holds. When 1 < ¢ <1, it holds that

I+1
20+ 2
(Howar42) ) = —2(1 + 1) (Hypa11) %9 ~I—Z< 2 >E2] él+)2 %)

f(l—i_l {\/>Z \/E\A/]@ gill)(kla”'J%i?'”7k2<1)

N 2q+1/dk 1 X[HA(W) SO () g T }+§<2l+2>E (20
PR R 2 27 —924
\[\/7 Port1 q) 2 P21 1-2;

where k; means that k; is omitted. By the assumption of the induction, the supports of the functions

1 X ([Ki : G
XA (Kil)  (2g- Do oo Fag), /dk L X)) PP (e B hay)

27T \[\/7 Pa1+1 \f\/ﬁ Por+1

and (pé?i)lﬁ ; are Saq or (). Furthermore,

(Hopair2) @2 (ky, - karye) = =200+ D) (AT a0 1) P (ky, - -+ korga)
21 Xy () S -
2(Z+1)Z (kla"' 7ki7"' 7k2l+2)

\/*\/7 2l+1

holds. By the assumption of the induction, the support of the right hand side is So;19 or (). Hence

we have suppkeRs.zigpgi)z(k) =Sy or 0,(1 <i<Il+1). We can prove gogillrg =0,(i>20+3,i=0),

7



cpgﬁ?) =0,(1<i<l+1), suppkeRggwl)(péHgl)(k) = S9it1 0r 0, (0 <i<Il+1)in a similar way. From
the dlscussmn so far, we have

— 21Hypy-1 +Z ( j)Egml 2 € Fin  (1>1),
j=1

2l +
— (20 + 1) Hypo + Z < 2] >E2j<p21+1 2; € Fan (1 >0).

Hence we have

l
P = 7{ 21Hypg—1 + Z ( )Ezjwzz 2j} + b2 (1>1),

1 20+1
Pol1 = Ho{ (20 + 1)Hypp + Z < 2] >E23902z+1 2} + b1 (1>0),

where by, and b1 are some constants. Since (@9, Q) = 0, (I > 1) and (p941,2) = 0, (I > 0),
by = by+1 = 0. Hence (2.7) and (2.8) are proven . By the discussion so far, (2.9) and (2.10) are also
proven . We can derive (2.11) by (2.7) and (¢p, ) = don.- 0
3 Main theorems

For notational simplicity we set qgj = qg(k:]) and w; = w(ky) for k; € R3,j =1,2. Let

) ky + kol? r2
m—i—wj, j=1,2, Elgzg—kwl—kwg, w(r)=vr2+v?, F(r)=— +w(r).

2m 2m

Theorem 3.1. Let & > 0. Then meg is an analytic function of a® and can be expanded in the
following power series for sufficiently small || :

L =1+ an(A)a®
n=1

Proof. By the power series (2.5), we have

00 n oo
(6%
(wgvl/}g) - ( § HSOna E m) (Pm § § n‘m| SDmsOm)
n=0 m=0 n=0 m=0

By Lemma 2.5, (¢n, ¢m) # 0 if and only if both n and m are even or odd. Then we have
(vg,¥g) =1+ Z bn(A)O‘M
n=1

From the fact that both me_ff1 and (1), 14) are analytic functions of o? and Lemma 2.3, we have the
following power series

9 3 00
752 Pfu¢gv¢gu ch
pn=1 n=0



Since ¢y (0) is an analytic function of a;, we can write
o
o, 0= e
We note that

3
2
(Pf,uso()a ég) g Z(dr(k )9007 @ ) 0.
1 pn=1

[SSRI )
(-

Co(A) = —

w
Hence if |a] is sufficiently small, then we have the following power series.

Meff _ (¥g: 1) _ 1+ fo:l b (A)a2
Mo (g, thg) — 530y (Peuthg(0),40g,7(0)) 1+ 2272 (0n(A) + cn(A))a?"

= (14D ba(A)a®) Y (=D (bu(A) + a(r)a™)™. (3.1)
n=1 n=0 =1
This proves the theorem. O

Theorem 3.2. There exists strictly positive constant C' such that imp_, a1(A) = C.

Proof. From (3.1), we have

el _ {1+b1(A)a? +0(aM}1 = {b1(A) + c1(A)}ya? + O(ah)] =1 —c1(A)a? + O(ah).

Therefore a;(A) = —ci(A). Since

3

0 3 oo n oo n
ch(A)OAQn _ _% Z(Pf“'(/)g7’[/};u(0)) = —g Z(Pfu Z %@na Z %(I)ﬁ)a
ne1 pn=1 n=0 n=0

p=1

we have

2 1 1
C1 (A) = _g Z{@(Pfﬂ(’p(h CDS) + 1‘1| (Pf/"solﬁ q) ) 2|0| (Pfﬂ(1027 (I) )}
p=1

3
2 1
= 3 Z{<Pfu90lv (I)T) + i(Pfu‘P% (I)g)}- (3.2)
pn=1
Substituting p = 0 into (2.4) and using (2.3), we have
1
— (P, ) + ((Ho + aHn) W, 4y, (0) = (0, a) (¥, 4y, (0)). (3.3)

In addition, by setting a = 0, we have —%gpo + Hy®}, = 0. Since Prpo = dI'(k,)Q = 0, Hy®y =0
holds. Hence we have

P = cof2, (co is some constant.) (3.4)

Differentiating both sides of (3.3) with respect to a, we have

d d
R ATE o) (O~ 00, (0) + (LY, (0)

= B0,a)(W, s — S}, (0)) + =B (0, 0)(¥, 44, (0)).



Substituting a = 0 into both sides, we have
I 1 I
(HoV, ®)) = E(\I/,Pf'uwl) — (v, Hi®p).

Therefore ®}' € D(Hy) and

HCIJ“—lP —HCIJ“——iP iHQ—CHQ

Ol—mfp(Pl I _mf"HoI 04113 2.
Since — PfﬂH HiQ) — coH1S) € Fgn, we have
1 1

(I)!f = m o PfMH HiQ) — C(]H HiQ+ 19, (3.5)

where ¢; is some constant. By ai(A) = —c1(A), (3.2), (3.4) and (3.5), we have

Thus we have

3
2 1 |o(k |2 \k|2
= — P,—ATQ, —P —A*
3m D oy U H M E, 3m/
Changing variables into polar coordinate, we have

20112 2 A 4
2BOEIE s
3m ) w(k) E(k)? 3m(2m)3 w(r)F(r)3

Since Wfi(ﬂ?’ = O(r=3) (r — o0), the improper integral [>° Wdr converges. It is trivial to see
that Alim ai(A) > 0. Thus the theorem follows.
—00

a

Lemma 3.3. It follows that ®}, € Fg, for n € NU{0}.

Proof. By (3.4), we have @) € Fy,,. Assume that ®}, € Fg, holds when n < k — 1. Differentiating both
sides of (3.3) k times with respect to a and substituting o = 0, we have

k
1 k
P + (oo + k) =3 () B,
j=1
however, F; = 0 when j is odd. Since <I>Z_1 € Ftn, (PZL—]. € D(Hj) and

k
1 k
(HoW, &) = — (¥, Prupr) — k(¥ H®}_,) + 'Y ( ,)Ej@g_j).

10



Thus @ € D(Hy) and

k
1 k
Ho®} = — Py — K@}y + > (j)chbg i (3.6)
j=1
Since ¢ € Ffin, HICIDz_l € Fgn and @Z—j € Fin (j = 1,---, k), by the assumption of induction,
HOQ>Z € Ffn. Hence ®}, € Fg, holds when n = k. O
Lemma 3.4. It holds that (IDS = ¢of2, @ﬁ‘ = —%HLOPMHLOHIQ - CoﬁOHIQ + 1) and the recurrence
formulas:
.11 . Lo }
Py = FO{EPMOZI — 2AH PG+ ) 2, Eoj®y_g;} + cufl
j=1
(I > 1,cy is some constant.) (3.7)

!
1 1 20+ 1
Dh = FO{EPMSOQH—I — (204 1)H1®h, + Z < 9 >E2j‘l>§l+1_2j} + 14182,
=1

(I > 0,c941 s some constant.) (3.8)

Proof. The first and second expressions are proven in Theorem 3.2. From (3.6), it follows that
1 Lo
Ho®y = Epfu%l — 20H DY | + ]Z; <2j> Equ)gl—Qj (1>1)

l
1 20+ 1
Hoq)gl+1 = an#g02l+1 — (21 + 1)H1(I)gl + E < 2 >E2j(I)gl+1—2j (l > 0).
J=1

These prove the lemma. O

Lemma 3.5. [t is proven that az(A) can be expanded as

11



where 1; are given by

1 d12do)? |ka]?  |Kof2., 1 1.1
= = || ak,ax Sy
4// ke e ey T B B TRy

1 612]dal?  [k1]?  |kof?, 1
= — [[dkidk —
// T 1wy (E4 * E3 )En7

161122 Lo, 1 1 (ki ko)
//dk > wiws ( E2)<E1+E2) E%, 7

EAREAR \kl\z ko2, 1 11
= — [[|dkidk [Tl S
4// T s ( E} * E? )(E1 +E2)E%2’

1 1612|922 (K1, ko)
= - dk1dk
// T ow weFE2E2  Eyy

//dk dky |61 |¢2\2( n )2|k1|2+|k2|27

w12 E1 E2 E%

[EARENR 2 (K1, k2)
dk1dks —
// wiweo (E1 * E2) E},
Wl’ |62/ (k1, ko)
dk1dks
// wiweo (E1 * E2) Ef,

Sy (62 \k|2 BOIPIKE

2
IMM:Q/MA&%ﬂh

The proof of Lemma 3.5 is given in the next section. The asymptotic behaviors of terms I;(A) as
A — oo is given in the lemma below. Only two terms I;(A) and I3(A) logarithmically diverge, and
other terms converge as A — oo.

Lemma 3.6. (1)-(3) follow:

v

I (A
log A < 04

I>(A
logA — CG

(1) There exist some constants Cs and Cy such that Cs < limp_,

v

(2) There exist some constants Cs and Cg such that Cs < limp_,

(3) Forj =3,4,5,6,7,8 lima_,o |I;(A)| < 0.
The proof of Lemma 3.6 is technical and also given in the next section.
Lemma 3.7. It holds that

1 = ——. .
Ayoo log A 7 (39)

[V

T

Proof. From (2.11), we have E(A) = — 515 f dr W(T)F( ; and limy o0 2O — 9m. Tt implies (3.9).
O

ﬂh—‘.q

Now we are in the position to state the main theorem in this paper.

Theorem 3.8. There exist some constants C1 and Co such that

. az(A)
< <
Gr< AILH;O logA — C

12



A . 4 _
Proof. We have Ig(A) = 4;2 . Wdr Since SOFE = O(r=?) (r — o0), we have
lim |Ig(A)] < oo. (3.10)
A—o0
We also have I;p(A) = 471r2 é\ w(T)F(T)g dr. Then Wﬁmz = O(r=3) (r — o) and we also have
lim |Iip(A)] < 0. (3.11)
A—o0
By (3.10) and (3.11), Theorem 3.2 and Lemmas 3.5 and 3.6 we can conclude the theorem. O

4 Proof of Lemmas 3.5 and 3.6

In this section we prove Lemmas 3.5 and 3.6.

4.1 Proof of Lemma 3.5
From (3.1) and a1 (A) = —c1(A), we have ag(A) = —ca(A) — by(A)ay(A) + ai(A)2. Here

bi(A) = (p1,1) = ;/w’%(?(i)?dk,

2 1 ¢ 1<
62( = g TZ Pf;AOO? 732 Pf;ﬁola
1 & 1 &
2,2, Z 2, ®5) + oo Z Puups, ) + 55 Z Py, 04,0}
1< 1o 1<
) (Prupr, P4 6 Z Prup2, 4 ) Z Py, 03, Y (4.1)
p=1 p=1 p=1
Using recurrence formulas (2.7), ( 8), (3.7) and (3.8), we have

= H 20

1
— —H 30 — 3By (—)2H{Q
2 1

Pt = = — Pr,(— Hp)*Q ——H P HiQ
2= H, f“(Ho 1)°Q+ 17 qu I
1
+ 200( HI)2Q — 2017HIQ + o)
and
6 1 1 6 1 1 6 1
Pr=_—_"_P Q- ——H, P, Q- — H P—HQ
37 T H, f“(Ho 0’ m Hy IHO f”(H 0’ m(Ho )’ Hy "H, !
3 1 1 3 1
— —E P HiQ) — —E P; — HiQ)
2H f,U«(H ) I 2(H ) fHH I
1
—660(H0 1) Q—I—Gcl(H ) Q- 3C2FHIQ 360E2(H ) HiQ + c34).
Substituting them into (4.1), we have
1 3 1 1
(P P Hy)3Q P, — H;Q, H P, Hy)?*Q
{Z qu fH(HO P2+ ( tn g P o IH fu(HO 1)7Q)

p=1

13



pu=1 )
3
) ! Ly Lp 1 1 11
Py, (= H1)*Q, — Hy— Py, — Hi§) P H3Q, — Pr — Q)
+u:1( ru (g ™0, o Vg Pt )+MZ::1( 1 (g H1) g Do g H N

1 3 = Hy
+26123:<P 1HQ(1H)29)—6223:(P L mo, = mo)
E Rt R TRy 3 2 b g, 1 g

3 = qu 132, H, I 9#:1 qu 132,

=t Ho 3 44 " Hy
e o 1 20 < 1 1
— = (Pu(-H)Q,Q) — =Y (Pru(-H)*Q, — HQ
3 uz::l( fH(HO I) 9 ) 3 /;( fH(HO I) ’HO I )
201 3 0E2 3 1
+3 Z(Pfu(H )°Q,Q) - = Z(Pfu(H )2 HiQ, 7HIQ)
p=1 p=1
LBy & 21
1 .
+ =3 Z(Pm(H VP HI0) =) ()-
p=1 j=1
We estimate 21 terms (1) — (21) above. We can however directly see that 0 = (10) = --- = (21):
3 1 3 3 1
Pr,— HiQ2, Hy) (P, HiQ, ( H (P, — Hi2
;( tn g (H 1)? ; qu 1 1)? g qu Ho 1€2)
’ 1 1 ’ 1 > 1
=Y (Py—HQ ()2 HQ) = Y (Pry——HQ,Q) =Y (Pru(—Hi)?Q, (- Hy)*Q
Z( f/—LHO 1 7(HO) I ) Z( f,U«HO 184, ) Z( fﬂ(HO I) (HO I) )
pn=1 pn=1 p=1
E 1 1 ] 1 > 1 1
=Y (Pou(H)*Q,—HQ) =Y (Pru(H)?Q,Q) =Y (Pu(—H)?Q, —HQ
Z( fH(HO I) 9 HO I ) Z( fM(HO I) ) ) Z( fH(HO I) ) HO I )
pn=1 pn=1 pn=1
3 1 3 3 1
_ 3 _ 2 _ 2
— Z(Pfu(FOHI) 0,0) = Z(Pfu(H )2Hi 2, HOHIQ) = Z(pr(H )2HQ, Q) = 0.
p=1 p=1 u=1
We can compute remaining terms (1) — (9) as
& 1 1 1 > 1
Pry— HiQ, — Py, (= Hy)Q At p,Lp ATQ, (= AT)%Q
) I;( fu H, 134, H, fu(HO I) ) 'UZ:I( quO f,uHO (HO ) )
1 612162 k1 ? | [Kal? L1
= — [|[dk1dk
8// T s (Ef T )(E B By

14



3 3
1 1 1 1 1 1
(P, — H;—P, H)%Q) = AT — P, —ATQ, —P, AT)2Q
; f,uH H IHO fu(HO I) ) 'uzl( HO quO ’H fu(HO ) )
|61 2] Vﬁ\Z || 1.1
dk1dks
// iz (BT T B3 >(E *BE,
61202 1,1 (k1 k2)
dk1dks — 4+ = )
// wiwa ( + EQ)(EI * E2) E3,
3 1 3 1
P, HiQ, P HiQ) P —A*Q —A* P, —ATQ
(3) MZ::l( f,U«H 1 (H ) HO f/JH I z:: f/»‘ HO HO fu HO )
|61 2|22 [Fen |? |]€2|2 // 1612|022 (K1, ko)
dkidks dkidks .
// wiws (E4 * E12 w1w2E2E2 Eqs
3
1 1
4 P, (—H)*Q, —P, Hp)?Q) = P, A+ Q, —P AT)2Q
();( f“(HO 1) T fu(H 1)°Q) = ;( fu( ) f“(Ho )°Q)
[ENEEA 2|k1|2+!k2!2 // [61]%162 Lo (K1, k2)
dkidks dk1dko — .
// wiwo (El * E2) B, wiwo (E1 + EQ) E3,
3 1 11 1 3 1 1
5 P (—H)?Q, —H;—P, HiQ Pr(—AN)2%Q, Loartp g
( ) ;( fﬂ(HO I) H IH fMH I ) ’uzl( fM<H0 ) H HO fMHO )
612102 [k1?  |kof? // |¢1 2|2 1 (1, ko)
dk1dks — 4 =)= dkidko — )
// w12 ( E2 + >(E + E2 E%Q 1 W12 (El + EQ) Eﬁ
3 3
6 (P, Q, P HiQ)) = )20, A+ P, P, ATQ
( ) Mzz:l f# H f#H I 'uz::l f.U'HU fl»LHO )
1 112102 [Ka|* | Jkof? 1.1
= — [||dkdk
8// 1o w12 ( E3 + E3 )(E + EQ)Elz
3
1 1 E|?
(7) Z(PfMFOHIQ, FOpf,j( V2HQ) = /|¢ ‘ ‘ ~dk.
pn=1
SO 1 Bk W
(8) Z(Pfu—HIQ,(—)QPfM—HQ / A d
] Hy Hy
3
1 |6(k | \k|2
(9) ) (Pru(-)*HiQ, Pfu HIQ / L dk.
= Hy Hy
Thus the lemma follows. O
4.2 Proof of Lemma 3.6
4.2.1 Proof of (3 < limp_ o ?WE—AA) and Cs < limp_o {f}é—AA)
Changing variables to polar coordinates, we have
rir2 re r2 1 1 1
d d 1 2 1 2 d
=) F(r1)3 + F(r2)3)(F(r1) + F(m))L(n,m,@ "2
where
+73 42
Lty 2) = LETEE202E oy 4 ),

2m
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We define h(ri,r2), hi(ri,r2), ha(ri,r2), S(A), S1(A) and S2(A) as

r2r2 r? r2 1 1 1
h(ri,m2) = 12 4+ 2 + )
(r1,72) w(r)w(ry) F(r)3  F(ry)3  F(ry) F(rg))L(m,rg,l)
T%T%
hi(r1,r2) =

w(ry)w(r2)F(ra)*L(ry,re,1)’
ho(ri,re) = h(ry,r2) — hi(r1,72),

A
/ / h 7'1,7’2 dT’ldTQ,
/-H—I; A
:/ dr2/ hi(ri,re)dry,
k+14+v+m
ﬁ+1+u+m
=/ d?"Q/ 7“1,7‘2 d?“l-l-/ drl/ h1 7’1,7“2 dT’Q—i-/ / h2 7“1,7°2 dTldTQ
Then
AT ) <L) (4.2)
(27-‘-)6 ~ 1 . .

In addition, S(A) = S1(A) 4+ S2(A) follows. Since hq(r1,72) > 0 and ha(ry,72) > 0, S2(A) > 0. Hence
S(A) > S1(A). (4.3)

Let ro satisfy k < ro < K+ 1. Suppose that k + 1 +v +m < r;y < A. Since v < rq, 7"% +12 < 27"%

holds. Therefore we have w(r1) < v/2ry. Since ro < 71, we have riry < r? and 3 < r?. Thus

L(ry,re,1) < 2(% +v/2)r2. So,

A 2 A
dr1>/ r;dri = ——————(logA —log(k +14+v+m
/ﬁwm S Er D) 2RI V2 Jent e T AL 4 ) ( )

follows. When k <7y < k + 1, we have

w(ry) <V (k+ 12402, F(rg) < (ﬁ;—ml)Z +vV(k+1)2+0v2
Then
K41 4 A 2
= g2 " r
Si(h) = /,_i d 2w<T2>F(T2)4 /K+1+U+m w(r1)L(ry, 72, 1)d !
k+1
\f( K v (log A —log(k + 1+ v +m)) / radry
= Kfli)(\l}t 1)+ \f)} (log A —log(k + 14+ v +m)), (4.4)
where

K

1
CVEF D22 e )T )

From (4.2), (4.3), and (4.4), C5 < limp_,0 Iléggé\) follows.
A)

The proof of C5 < limp 00 % is similar to that of C5 < limp_,o Iléé—AA). Then we omit it. O
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I1(A)
log A < 04

We redefine h(r1,r2), hi(ri,72), ha(ri,r2), S1(A), Sa(A) and S(A) as

4.2.2 Proof of limy_,

L _ T%T% ( T‘% n r% ) 1 n 1 1
(TI’TQ)*w(rl)w(rg) Fr)3 " F(ra)3) F(r1) * Flra) L(r1, 72, 1)’
2.4
hi(ri,re) = 172 ,
w(ry)w(re)F(rg)*L(ry,re, —1)
ha(ri,re) = vy ;
w(ry)w(ra)F(r1)F(re)3L(r1,re, —1)

h1 (7’1, T’Q)d?’ld’r’g,

A HA
SQ(A) :/ / hQ(T‘l,T‘Q)dT‘ld’I“Q,

A A
S(A) = / h(rl,rg)drldm.

Then we have

472

L(A) < o

S(A). (4.5)

—

Since h(r1,r2) = hi(r1,r2) + hi(ra,r1) + ha(r1,m2) + ha(re, 1), we have
S(A) = 2(51(A) + Sa(A)). (46)
Let B be B = "% Gince v < w(ry) and 2v < L(ry, 72, —1),

612
rk+1 ’f’%
dri < B 4.7
/5 w(ry)L(ry,re, —1) & (4.7)

follows. Let Y be Y = 2ro + x + 1. Since r; < w(ry) and r; < L(ry,r9,—1),

Y 7”%
dr1 < 2r 4.8
Llw(rl)L(n,m—l) L2 (4.8)

2
holds. When Y < rq, since 2r9 < 71, we have ry — r9 > 71/2. Then L(rq,re,—1) > (“2_7;2)2 > 8%. So,

/A it dr<sm [ < Smloga (4.9)
T m —_— .
y w(r)L(ri,re, —1)" _— 8

follows. From (4.7), (4.8) and (4.9), we have

A 2
"1
dri < B+2 8mlog A.
/,€ w(ry)L(ry,re,—1) " +2ra+ omlog
Using this, we see that S7(A) < f:(B + 2ry + 8mlog A)iw(m)?(m)él dry. Since ry < w(rg) and r3/2m <
F(rg), we have
A 4 4
16 32 1 1 1 1
S1(A) < / (2r2 + B + 8mlog A) Tsn dry = 2" (=5 — <3) +4m*(B + 8mlog A)(— — )
K rs 3 K A K A

17



32m5 32m*  4m*B
K4 3k3 k4

Since m < L(r1,r2, —1),
A 2 A
T dri  2m
dr1 < Qm/ —_ < —.
/K w(ry)F(r1)L(ry,re, —1) ! o r% K

Then we have

A 4 A 2 A 4
r r 2m T
A) = d 2 1 d — — 2 4
sy = [ i >F<r2>3L W Fr) LD S T e @) P
16m drg
From (4.6), (4.10) and (4.11), it follows that
64m® 112m* 8m’B

S(A) < e log A + 5.3 + pra
From (4.5) and (4.12), the lemma follows.
4.2.3 Proof of limp_, loé/\) < Cq
We redefine h(ry,72), hi(r1,r2), S(A), and Sq(A) as

rir2 r? r2 1
h _ 173 1 2
(r1sm2) = ) ot T P Torrire <1
r2rd
h
/ / h T1,7“2 dTldTQ,
A) :/ / hl(T’l,T’Q)dT’ldTQ.

We have

d d r1r2 r% n r% ) 1 d

=) F(r1)4 F(ro)d Lry,ra,2) 2
Then

272
Ih(A) < ——S(A
2(A) € S (A)

holds. Since h(r1,72) = h1(r1,72) + hi(r2,71), we have
S(A) =251(A).
We have

A 2
T
dri1 < B+ 2r9 + 8mlog A
L (r1)L(r1,ra,—1)" ' ? &

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

in the same way as the proof of limp_,o, 7 Tog L&) ) < Cy. Since ro < w(rg) and r3/2m < F(rs), we have

4

A
r
S1(A) < B+2 8mlog A)——2 —d
1(A) /,.@ (B + 27y + 8mlog )w(rg)F(r2)4 o

A A 5 4
d d 32 32 4m=*B
<32m4/ T+16m4(3+8m1og/\)/ T2 I og ! -+ T

K T2 K T2 /{ K

From (4.13) , (4.14), and (4.15), the lemma follows.

18
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4.2.4 Proof of limpy_, Eé—/\/\) =0

We define h(ri,r2, 2) as

2rirs 1 N 1 1 N 1 1
w(r)w(rz) F(r1)2 ~ F(r2)? " F(r1)  F(ra) L(ri,r2,2)?

1 A A
:/ dz/ d’l”g/ h(ry,re, 2)dry.
—1 K K
Then we have I3(A) = ”2 595(A). We divide S(A) in the following way.
/ dz/ drg/ (ri,7m9,2 drl-l-/ dz/ drg/ (r1,79,2)dr;
—/ dz/ drg/ h(rl,rg,—z)dn—i-/ dz/ drg/ h(ry,re, z)dry
1 K K 0 K K
1 A A
:/ dz/ drg/ (h(r1,79,2) + h(r1,r2, —2))dry
0 K K
1 A A
:/ dz/ drg/ g(ri,m2, 2)dry, (4.16)
0 K K

g(r1,72,2) = h(r1,72,2) + h(r1,72, —2)

h(ri,re,2) =

and redefine S(A) as

where

224y S NS BRI (B2 4 20(ry) + 2w(ry))
mw(ry)w(re) F(r1)?2  F(r9)2" F(r1)  F(re)’ L(r1,re,2)2L(r1,re, —2)? "

Since g¢(ri,72,2) < 0, S(A) is decreasing in A.

1 A A 1 A A
:/ dz/ drg/ g(rl,rg,z)drl—i-/ dz/ drl/ g(r1, 79, 2)dry
0 K T 0 K 1
1 A A
:2/ dz/ d,rg/ g(ry,re, 2)dry
0 K ro
1 A 2y 1 A A
:2/ dz/ drg/ g(rl,rg,z)dr1+2/ dz/ drg/ g(r1,re, 2)dry. (4.18)
0 K ro 0 K 2ro

. 2 2
Since k < rq, we have 1 < r1/k. Hence r% +12< %r% Therefore we have w(ry) < Y& +” r1, and
similarly w(re) < 7“’”2,:“’27"2. When 0 < z < 1, we have

(4.17)

2

Liri,rz,2) > 3= (4.19)
Then
L(ri,r, —2) = (1 = ro)” J;ﬂinm(l —2) w(ry) +w(rz) > w(r) > ri. (4.20)
When ry < rq1, we have % < % Then it holds that
2w(r) < 2/:5 + 12, 2w(rg) < %\//12—{—71/2 < ZLV/k2 402



Thus we have

r? ol 1 2vVk2402
L2 1 20(r) + 2w(re) < 2(— + 72)7“% (4.21)
m  m m K

When ro < r; < 2r9, we have

1 1 10m 1 1 68m?2
+ < —, .

F(ry) = F(re) ] F(ry)? + F(rs)? < r (4.22)

From (4.17), (4.19), (4.20), (4.21) and (4.22), it follows that

2 2*rir; 68m® 10m2(i+ 2\/&24-1/2) 2( 2 51
m rire  rf rd Tm K2 " r2 7 r?
1 2/ K2 2 ,2,.3
= 6810 16m*(— + & TV ET
m K 7

_9(7’177'27 Z) S

Hence

2ra 1 N 2
—2/ dz/ dm/ g(r1, 79, 2)dry < 11907(7 ALk (4.23)

m K

When 2ry < rq, we have

1 1 - 5m 1 N 1 - 17m?
F(T‘l) F(’I"Q) 21"%7 F(T1)2 F(T2)2 41"3l )

(4.24)

Since 19 < r1/2, we have r;/2 < r; — ro. Then we have

(ry — 7‘2)2 + 2rira(1 £ 2)
2m

From (4.17), (4.21), (4.24) and (4.25), it follows that

2 22rirg 1Tm25m_ 1 2vk2 4+ 12
g2t
m riry  4ry 2r5 m K
1 2/ K2 2 2
— ol 5 a(— 4 ST 2
m K TS

(r1—r2)? _ rf
+w(r)) +wry) > ———— > B (4.25)

L +z) =
(7“177"27 Z) m

8m
)i (=)t
1

_9(7“177"2,2) S

Hence

952 - 12
—2/ dz/ drg/ glr1, e, 2)dr <275 17—(—+””7+”). (4.26)
279

12
Then by (4.18), (4.23) and (4.26), we have

1190m* 1 2vVk2 + 12 mé 1 2vVkZ+ 12
—S(A) € —5—(—+ =3 =) +27.5. 17—(E+T).

Since S(A) is decreasing and bounded below, it converges as A — co. This fact proves the lemma. O
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4.2.5 Proof of limy_, i‘;é—AA) =0

We redefine h(rq,rs,2) as

2,2 2 2
riTs r] Ty 1 1 1

h(T’l,Tg,Z) - +

Then we have I4(A) = (% np f dzf drq f h(r1,72,2)drs. We define J(A) as

1 A A
:/ dz/ drl/ h(r1,r2, z)drs.
—1 K K

(Step 1) We define S(A, z) as

A A
S(Ajz):/ drl/ h(r1,r2, z)drs.

olru(r) Fr? T F 2 T T F) T

Our first task is to prove that hm S(A, z) exists for all z € I = [—1, 1]. Since h(r1,72,2) > 0, S(A, z)

A—o0

A 2rg

S1(A,z) = 2/ d’l”g/ h(r1,re, z)dry,
A A

SQ(A, Z) = 2/ dT’Q/ h(Tl,TQ, Z)d?"l.
K 2ro

A A A A
S(A, z) :/ drg/ h(rl,rg,z)drl—l-/ drl/ h(ry,re, 2)dry
K 72 K T1

A
dT’Q/ h7’1,7’2, d7’1

T2

is increasing in A. Let

Then

M
>

A 2ro
22/ dT‘Q/ h 7“1,7“2, dT’1+2/ dTQ/ 7'1,7"2, )dT‘l
K 2r2
= Sl (A, z SQ A, z
holds. We have
1 1 1 1 r? r2 1 1
<2 1 2 _ < am?
F(r) + F(ry) m(r% + 7‘3) F(r)? + F(ry)? m (r% + r%)
and
r1 < L(r1,r2, 2).
Let ro < 71 < 2r9. Since 1/r2 < 4/r2, it holds that
1 1
=+ = < 5/r2.
7“% + 7“% - /Tl
Then from (4.28) and (4.30), it follows that
1 1 10m 7 3 20m?

< , <
Firo) " F(ra) = 7 FrR  FraR - 7
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Hence from (4.29) and (4.31), it follows that h(rq,r2,2) < 20071%' Therefore we have

1

2ra drl 375m3 1 1 375m3
Si(A, z) < 400m® / rgdrg/ =—(5-—5)< —. (4.32)
v K2 A2 8k2

Let 2ry < ry. Since r1/2 < r; — 1o, we have

2 2
1 (r1 —r9)
— <= <L . 4.
S = om < (7'1,7“2, Z) ( 33)
Since r3 < r?, we have
1 1 4m r? 3 8m?
< —, < . 4.34
F(rm)  F(ra) ~ 3 F)?  Fa)? ~ 13 (4.34)
Hence from (4.33) and (4.34), it follows that h(rq,r2,2) < 224433”315. Therefore we have
1°2
d d Mdry  128m°
Sa(A, z) < 4096m° / a2 / Tl < 519m / kP (4.35)
K 2ro K 702 K

From (4.27), (4.32) and (4.35), it follows that

375m3 N 128m®
8K2 gt

S(A,z) <

Since S(A, z) is increasing in A and bounded above for all z € I, it converges as A goes to infinity.
(Step 2) Our second task is to prove that J(A) converges when A goes to infinity. Let M (ry,79)

be
r%r% r% 7‘% 1 1 1

+ + .
w(rw(rs) F(r1)? = F(r2)? " F(r1)  F(r2)” L(ri,r2, —1)?
|h(r1,79,2)| < M(r1,72) holds for all (r1,79,2) € [k, A]? x I, and by (Step 1), there exists

A
lim/ / M(ry,r2)dridrs.
A—oo J, 5

M(ry,ro) =

Since
MA—/ / M(r1,r9)dridry — My = hm / / M(ry,72)dridrs,

from Cauchy convergence condition, for any e > 0, there exists Ag € [k, 00) such that if Ag < A; < Ag,
|Mp, — Ma,| <e. Then for Ag < A; <A and all z € 1,

[S(A2,2) = S(A1, 2)]

A1 Al
= | drl/ (ri,7ro,2 dr2+/ drg/ rl,rg,z)drl—l—/ / (r1,79, 2)dridra|
A1 Ao Ay

/ dTl M(’Fl,T‘Q d’l”g +/ dTQ
= ‘]WA2 _MAl‘ < €.

M(rl,rg )dry —l—/ M(rl,rg)drldrg
Ay

Therefore sup,¢; [S(A2, 2)—S(A1, 2)| < [Mp,—Ma, | < eholds. Since family of functions (S(A, -))ae[x,o)

on I satisfies uniform Cauchy conditions, it converges uniformly on I. Since [x, A]? is a Jordan mea-
surable bounded closed set of R?, the function S(A, z) is continuous on 1. Hence

S(o0,2) = hm/ / (r1,79, 2)dridre
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is continuous on I. Since both S(A,z) and S(o0,z) are integrable on Jordan measurable set I, by
uniform convergence theorem, we have

A—oo

lim SAzdz—/Sooz

It implies that J(A) converges as A — oo. O

4.2.6 Proof of limy_, Eé—AA) =0

We redefine h(r1,r2,2), g(ri,r2,2) and S(A) as

h( ) Z’l“:f?“g

r1,72,2) = ,
b w(r))w(r2)F(r1)2F (ra)2L(r1, 2, 2)
g(ri,re,2) = h(r1,re, 2) + h(r1,re, —2),

/ dz/ drl/ (ri,72, 2)drs.
1 A A
:/ dz/ drg/ g(ri,ra, 2)dr
0 K K

( ) 2227“‘117“31 <0
1,72, 2) = —
g\r1, 72, mQW(Tl)W(TZ)F(Tl)2F(T2)2L(T1’T2’ Z)L(T17T2, _Z) T

Then I5(A) = é:;S(A). We have

in the same way as (4.16). Since

S(A) is decreasing in A. Since 71 < L(r1, 72, 2), we have

7"% 4m?
< .
w(r1)F(r1)2L(r1,72,2) r?
Similarly, we have
T% 4m?

< .
w(re)F(r2)2L(ry,re, —2) T3

Hence
4 A 4
r r
d d 2 ) d
T om? / - / "2 o(r) F(ra)2L(r1, 2, —2) / W(r)F(ri 2L, 2, 2)
A 4m A 4m 32m?
< W dT‘g Tl < 3[{/2 .
Since S(A) is decreasing and bounded below, it converges as A — oc. O

4.2.7 Proof of limpy_, {gé—AA) =0

We redefine h(ry,re,z), J(A), S(A, z), S1(A, z) and Sa(A, z) as

r2r2 1 1 7"2—1—7"2
h(ry, 19, 2) = 172 + 2 11772
(r1,m2,2) = w(r w(r 2)(F( ) F(ry) L(ry,ra,2)3

1 A
:/ dz d7’2/ h(ry,re, z)dry,
1
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A A
S(A, z) :/ drl/ h(r1,re, 2)drs,
21"2
1(A, 2z —2/ drg/ h(ri,r2, z)dry,
T2

Sa(A, z —2/ dra h(?"l,?“g, z)dry.

2ro

We have I(A) = a5 J(A).

(27r)

(Step 1) Our first task is to prove that hm S(A, z) exists for all z € I. Since h(r1,r2,2) > 0,

A—o00

S(A, z) is increasing in A. We have
S(A7 Z) = Sl(Av Z) + SQ(Aa Z)

in the same way as (4.27). When ro < rq, it holds that

r% + r% < 27“%,

When r9 < rq < 2r9, it also holds that

Then we have

2ra 2 202 10m ., 212 175m2
/ h(ry,re, 2)dry </ 172(—2)2 31 dry = ——5—.
o rp  T1T2 T Ty 35

Hence

350 Ag 350
Sy(A, m? 7"2 m?

Let 2ry < ry. Since r1/2 < r; — ro, we have

2 2
Ty (r1 —r9)
B A .
8Sm ~ om < Lrima, 2)
Then
A A 5 A 5
4 8 16384 d 2048
/ h(ry,re, 2)dry </ T1T2( T)2( m) 2T1dT1 73771 —7;1 < 75m )
2o 2ry T172 T3 7“1 T3 2ry 71 T2
Therefore
d 1024m?®
Sa(A, z) < 4096m° / D=
K

(4.36)

(4.37)

(4.38)

From (4.36), (4.37) and (4.38), it follows that S(A, z) < % + 1024’" . Since S(A, z) is increasing in

A and bounded above, it converges as A goes to infinity.

(Step 2) Our second task is to prove J(A) converges as A goes to infinity. This step is the same

as that of limp_,eo Iléé/\) =0.
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4.2.8 Proof of limy_, ﬁé—/\/\) =0

We redefine h(r1,r2,2), g(ri,r2,2) and S(A) as

2r3r3 1 1 1
h(ri,re,2z) = 1 2 + 2 ,
072 2) = () Fln) T Fr)) Llriora, o
g(Tl,’I”g, T17T27 +h(T17T27 )7

/dz/ drl/ (r1,79, 2)drs.

Then we have I7(A) = QWQGS(A), and

(2m)
1 A A
:/ dz/ drl/ g(ri,ra, 2)dry
0 K K

in the same way as limp_ Ih?;é—AA) = 0. We define g1 (r1,72, 2) and ga(r1,72, 2) as
2 2
(rrpz) = - 82 1L, Ot el ()
LT ) = ()W (7‘2) F(r1) " F(ra)’ L(r1,r9,2)3L(r1, 2, —2)3’
2247676 1 1 1
go(ri,re,2) = — L 2

m3w(r)w(re)  F(r1) +F(7’2)) L(r1,re,2)3L(r1, 72, —2)3"

Then we have g(r1,72, 2) = g1(r1, 72, 2) + g2(r1,72, 2). We redefine S1(A) and S2(A) by

1 A A
—/ dz/ drl/ g1(r1,72, 2)dra,
0 K K
1 A A
:/ dz/ drl/ 92(r1, 72, 2)drs.
0 K K

S(A) = S1(A) + Sa(A).

Then

Since g1 (r1,72,2) < 0, S1(A) is decreasing in A. We divide S1(A) in the following way:

/ dz/ drl/ g1(r1,72,2 dr2+/ dz/ drg/ g1(r1,72,2)dry
71 72
:/ dz/ dr1/ gl(rl,rg,z)dr2+/ dz/ drl/ g1(re,r1, 2)dry
0 K r1 0 K r1
1 A A
—2/ dz/ drl/ g1(r1,m2, 2)drs.
0 K r1

Let k < ry <ry. Then we have

2 2 2 2
i+ 13 1 2vVe*+v2
< (= - -
5 +w(r) + w(rg) < (m + e )rs

in the same way as (4.21). Let r; <79 < 2r;. Then we also have

1 n 1 < 10m
F(ri)  F(r2) — r3
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Therefore

6 2%riry 10m 5 1 2VKZ+02 55 2m 41 4 VK2 + 12, 223
- )< = Sl AL Y32 = 4800m* (— :
g1(r1,72,2) < m Tirg (— 7“% ) {(m + 12 )3 (T‘%) 7“5’ m*(— + 12 ) rg
and
2r 1 2/ K2 2 2r1 g 1 2 K2 2 2
—/ g1(r1, 72, 2)dry < 4800m*(— + H;_V)szrif/ % = 930m*(— + Rijy)Q%
" m K TS m K e
Hence
21 2\/ 2402 d 620m* 1 2VkZ+ 12
_2/d2/dr1/gl r1 v, 2)dry < 1860m4(— + 2V FV) / 2 / Ty 2O VR
m K m K

Let 2r; < ry. Then we have

In addition, since r3/2 < r9 — r1, we can see that

2 2
r5 (ro —r1)
<= <L —2z).
Therefore
( 2 < 6 zzr‘fr;l 5m2)2{( 2VK? + 12 —i—u 212 m) (Sm)3
—a(ri. 7 e il AT T
gL T2, 2) = riry 213 m 3 73
1 2,/ 2 2 2
= 153600m°(— + — ;” .
m K 17Ty
Then we have
A 9.2 2 2 2 2 .2
153600m~z“ 1 2V Kk + v dr 1 2VKE + 12 52
_/ g1(r1, 72, 2)dry < " (— )2 / 2 < 2400m7 (= + )2
2r1 r1 m K 2 7"2 m K 3

Hence

1 A A
1 2\/ 2 2 d
—2/ dZ/ dﬁ/ 91(T17T27Z)dr2§4800m9( a +V / 22dz / e
0 K 2r1

400m° , 1 2\/52 +v2,
< (—+ )

Kkt ‘m K2

Then we have

620m* 1 2vk2 + 12 400m° 1 2vk2 + 12
=51(A) < (—+ )? + 1 (*Jr72)2

K m K2 K m K

Since S1(A) is decreasing and bounded below, it converges as A — oo. Since ga(r1,72,2) < 0, S2(A)
is also decreasing in A. Let vy < ry. Then

N
o

F(ri) " F(ra) 1}
Therefore

iz‘lrlrz dm o8m> 1 256m2z4ry

m3 riry 7“% s rg 3

_92(T17 T2, Z) <
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Then

g 2.4 A dry
_/ g2(r1,m2, 2)dry < 256m°z 7'1/ T <
2

T1 T1

256m224
37’%

Hence

_Sy(A 512m/ 4d/ dry 512m.

Since S2(A) is decreasing in A and bounded below, it converges. Since both S1(A) and S2(A) converge,
S(A) converges. O

4.2.9 Proof of limy_, {ié—AA) =0

We redefine h(r1,re, 2), g(r1,r2,2), g1(ri,r2,2), g2(r1,72, 2), S(A), S1(A) and Sa2(A) as
2rirs 1 n 1 1

w(r)w(re) ‘F(r1)  F(r2) L(ri,re, 2)*

g(r1,7r2,2) = h(r1,re, 2) + h(r1,r2, —2),

h(r1,re,2) =

22%rirs 1 1 1
1T 2) = — i : 4.39
g1(r1, 2, %) mw(r)w(rs) F(r1) | F(ra) L(r1,ra,2)L(r1, 72, —2) (4.39)
272p4pd 1 1
92(7“1,7“2, ): 1 2 )G(Tlﬂ%z)? (4-40)

mw(r)w(ra) F(r) T Flra)

dz/ drz/ (r1,72,2)dr,

/ d’l“g/ d’l“l/
:/ drg/ drl/ g1(r1,72,2)dz,
K o

T1/4T1/2
L2 gl r, T2, 2 )dZ,

where

1 1 1
L(ri,79,2)2L(r1,72, —2)3 + L(ry,72,2)3L(r1, 72, —2)? + L(ri,re,2)4L(r1, 72, —2)"

1 A A
:/ dz/ drg/ g2(r1, 72, 2)dry.
0 K r9

Then we have Ig(A) = 225 5S5(A), and

(2m)©
1 A A
A) :2/ dz/ drg/ g(r1,re, 2)dry
0 K T2

in the same way as the proof of limp_, LA _ 0. Since qg(ri,7r2,2) = g1(r1,72,2) + ga(r1,7re, 2), it
y b log A

holds that

G(ri,re,2) =

Furthermore, we define S3(A) as

S(A) = 28, (A) + 2S5(A) + 285(A). (4.41)
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Since ¢1(r1,72,2) < 0 and ga(r1,7r2,2) <0, S;(A) (i = 1,2,3) are decreasing in A. Let ro < ry.

F(ri)  F(ra) ~ 13"

Let 0 <2 < 1—%. Then we have
i Te

We have

— )2+ 2 1—
L(ry,re,—2) = (r1 = r2)” + 2rirs ?) + w(ry) + w(re) >

rire(l — 2)
2m m '

Using (4.43) and (4.44), we have

1 m* < m*
L(ri,re, —2)* ~ rirg(1—2)* = r3rd’

From (4.39), (4.42) and (4.45), it follows that

2 2%riry 4m2m m4 _ 16m®

IN

—4g1 (Tla T2, Z)

Hence we have

d dry [Mdr 1
~S1(A) < 16m5/ ”/ - 1/2)d7"1 < 16m® / ”/ dry _ 16m>
K T2 T2

Since S7(A) is decreasing in A and bounded below, it converges. When 9 < 71 and 1—

from (4.39) and (4.42), it holds that

_ 1 <
r}/4r;/2 -

rirs 4m2m 1 16mro
—g1(r1,72,2) < *77272*4 =3
mrire v5 T T Ty

Hence we have

A
— S3(A) < 16m/ d?”g/ drl/ —dz- 16m/ drg/ —3 /4 1/2d7“
r2 1

1/4 1/2

A A
_ 4 ~ B
= 16m/ drzr;/Q/ r Sy = 69m/ PL2 (O N9/ g, B / NG
K T2 K

256m

" 27K3/4

=g (VoA <

Since S2(A) is decreasing in A and bounded below, it converges. We have
2

4m
G(ri,r2,2) < ——+ —5 + —5
51 T

From (4.40), (4.42) and (4.46), we have

22riry dm 4m?  8m3  16m?

2 + + )
m Trire T% T{ T? T?

_92(7‘177427 Z) <

Then

(4.42)

(4.43)

(4.44)

(4.45)

z <1,

(4.46)



5 A4Am?  8m3 16m*. 32m2ry  64m3ry  128m? ra.
< 8riry( —+— t+—5 )= — T = + 3
1 1 1 1 1 1
Hence
3 d’l“l
—Sg < 32m d’I”QTQ — + 64m dTQ?”Q + 128m dT‘QTQ
T2
32m A 128m A 1 m3 128m
—d 16 - —d .

/ 2 m/ 5’ / < 3m "+ PR

Since S3(A) is decreasing in A and bounded below, it converges. Since S;(A)(i = 1,2,3) converge,
Is(A) converges by (4.41). ]

5 Concluding remarks

(1) The Nelson model is defined as the self-adjoint operator
1 2]
Hy = (—§A+V)®1+1®Hf+a ¢(z)dz, (5.1)
R3

acting in the Hilbert space L?(R) ® F = fﬂg@, Fdx. Here V : R? — R is an external potential and

:é/{aT(k e (k) //w(k) + a(k)e™® b /F}dk

In the case of V' = 0, Hy—¢ is translation invariant and the relationship between Hy and H(p) is
given by

(&)
HV:():/ H(p)dp.
RS

Furthermore the ground state energy of H(p = 0) coincides with that of Hy .

(2) We show that meg(A)/m =1+ 72 a,(A)a™ and limp o ag(A) = £oo. It is also expected that
limp 00 an(A) diverges and the signatures are alternatively changed. Hence limp ;o meg(A)/m may
converge but it is not trivial to see it directly.

(3) The relativistic Nelson model is defined by replacing — %A—H/ with the semi-relativistic Schrodinger

operator vV—A + 14V in (5.1), i.e.,
o
H'=(V-A+1+V)@1+1@ H + [ ¢(x)dx
R3
Then it follows that o
Hrel / Hrel (p)dp,
R3

where H™!(p) = \/(p — Pr)2 + 1+ H; + ¢(0). Then the effective mass meg(A) of H" (p) is defined in
the same way as that of H(p). We are also interested in seeing the asymptotic behavior of meg(A) as

A — co. However +/(p — Pr)? 4+ 1 is a non-local operator and then estimates are rather complicated.
Another interesting non-local model is the so-called semi-relativistic Pauli-Fierz model defined by

® 2
H‘I/DF:\/<—’L'V®—OZ/ A(:c)d:z:) +14+V®1+1® H,
R3

where A(z) is a quantized radiation field. See [3] for the detail. Then it follows that

52
= [ H .

where HPF(p) = \/(p — P — aA(0))> + 1+ Hy. Tt is also interesting to investigate the asymptotic
behavior of the effective mass of the semi-relativistic Pauli-Fierz model.
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