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Derivations on a C°°-ring

Tatsuya Yamashita
Department of Mathematics, Graduate School of Science, Hokkaido University,

Sapporo, Hokkaido, Japan

The main purpose of this paper is to provide several results on objects lying between differential geometry
and algebraic geometry such as C*°-rings and derivations on a C'*°-ring. A C*°-ring is defined as a set with
operations by C'°°-functions on Euclidean spaces. A derivation on a C*°-ring is defined in two ways, an
R-derivation and a C°°-derivation. The main result of this paper is to show that any R-derivation is a

C°-derivation for some classes of C*°-rings (Theorem 3.1, 3.2).

1 Introduction

A “C*°-ring” is an R-algebra with operations by C'*°-functions R” — R([2, 5]). See also Definition 2.1 for
the definition of C'"*°-rings and homomorphisms of C°°-rings.

Let us begin with a motivating example in C'*°-manifolds. Let M, N be C*°-manifolds and f: N — M a
C*°-map between C'*°-manifolds. Write an R-algebra C°(M) as a set of C*°-functions M — R, and define
the homomorphism f*: C*®(M) — C*°(N) as f*(h) :=ho f € C°(N) for h € C>(M).

Then C*°(M) is a kind of C*°-ring with the following property;
for any | € {0} UN and g € C*®(R!) (if [ = 0, g is a constant value ¢ € R), there exists an operation
Dy : C°(M)" — C>(M) defined by @4(hy, ..., h) := go(hi,..., ) € C°(M) where (go(hi,...,h))(x) =
g(h1(x),...,hi(z)) for any & € M (if | = 0, ®, is a constant function ¢ € R).

Recall that we can regard a C'*°-vector field V' : N — TM on N along f as an R-derivation V :

C>®(M) — C°°(N) along f*, that is, V is an R-linear map which satisfies the following product rule;

V(hiha) = f*(h1) - V(h2) + f*(h2) - V(h1) for any hy, ho € C™(M).



Note that in this case, V turns to be a C°°-derivation, that is, V satisfies the following chain rule;

!
0
V(go (hy,....h) =3 f (a—jo(hl,...7hl)) -V (h)
i=1 g
for any I € N, hy,...,h € C®(M),and g € C>°(R').

In general, an R-derivation needs not to be a C'*°-derivation (Example 5.1).

Suppose that €, © are C*°-rings and ¢ : € — ® a homomorphism of C'*°-rings. The aim of this paper is
to show that any R-derivation V : € — © along ¢ becomes a C'°°-derivation under certain conditions of €,
® and ¢.

In §2, we recall the notions of C*°-rings and derivations of C'*°-rings. To prove the main results Theorem
3.1 and 3.2, we define k-jet determined C'*°-rings and prove that a Weil algebra is a C*°-ring. One of our
main results Theorem 3.1 is announced in [7].

In §3, we formulate the main results Theorem 3.1 and 3.2, and in §4, we prove them.

In §5, we introduce the two kinds of cotangent modules of C'*°-rings. We give an example of an R-

derivation which is not a C'"*°-derivation, by using a cotangent module.

2 Differentiable rings and their derivations
In this section, we recall the notions of C*°-rings and derivations of C'*°-rings.

Definition 2.1 ([2, 3]) 1. A C*-ring is a set € which is endowed with the following data;
for any 1 € {0} UN and any C>®-map f : Rl — R (if | =0, f is a constant value ¢ € R), there are

given an operation ®; : € — € (if I =0, an operation ®; is a constant on €) such that

o for any k € {0} UN, any C>®°-maps g :R¥ = R and f; R = R(i=1,...,k),
Oy (Pp (c1yevnncr)yen s @piler,..ia)) = Poopy,. p)(C1y - cr) forany cr,--- e € €, and
e for all projections 7 : R — R defined as m;(x1,...,21) = x;(i=1,---,1),
D, (c1,...,¢1) =¢ forany cq,...,c € C.

2. Let € and © be C*°-rings with operations ®; : ¢ — ¢ and Uy - D = D for any C>®-function



f: R = R. A homomorphism between C>®-rings is a map ¢ : € — D which satisfies

¢(‘I)f(01, e ;Cn)) = ‘I’f(¢(01), . .7(25(071)) forany ci,---,c €.

Remark that any C°°-ring has the natural R-algebra structure. Define the addition on € by ¢ 4 ¢ :=

@ (2, ysaty(c, ¢), the multiplication on € by c- ¢’ := @, )0y (c, ¢’), and define the scalar multiplication by
A € Rby Ac:= P,y0,(c). We see that elements 0 and 1 in € are given by O¢ := ®y,_,o(0) and 1¢ := Py, 1 (0).

Let € be a C*-ring with operations ®; : ¢! — € for any C>-function f : R — R. Let I C € be an
ideal of the R-algebra. We define a C'*°-ring structure on the quotient R-algebra €/I as follows. For any
natural number | € N and a C®°-function f € C°(R!), there exists | C>-functions g;,...,9 € C°(R?)
which satisfy

!
f@i+y,. . m+y) = fle,. . @) :Zykgk(xh~~7$l,y17~~7yl)
k=1

for any (21,...,21), (Y1, ..,y) € Rl by Hadamard’s lemma in [6]. Then we have

l
q)f(cl-i-ih...,cl—l—il)—(I)f(Cl,...,Cl) :Zik'@gk(Cl,...7Cl,i1,...,il)
k=1

for any ¢1,...,¢ € € and iy, ...,4 € I. Therefore the quotient R-algebra €/I has a C'*°-ring structure with
a following operation <I>§ :(¢/I)t — €/I for any f € C(R") defined as

q)fc(cl—l—l,...,cl—l—l) =®s(c1,...,¢)+ 1 for any ¢q,...,¢ € C.

As is seen in Introduction, C°°(M) is a C*°-ring for a C'*°-manifold M. The set C°(M) of C*°-function-
germs on M at a point p is a C*°-ring, which has the unique maximal ideal m,, consisting of germs with zero
values at p.

The set Cp° (M) /mp**1 of k-jets of C>°-functions on M at a point p has a C*-ring structure.

Example 2.1 The set R of real numbers has a structure of C°°-ring by the operation ®; : R! — R for

feC®MRY as @f(r1,...,m) == f(r1,...,m) for any ri,...,m € R.

Regarding operations by smooth functions on Euclidean spaces, which contain the addition, the mul-
tiplication and scalar multiplications by real values, we define two kinds of derivations on a C'*°-ring as

follows.

Definition 2.2 ([3]) Let € be a C*°-ring and M be a €-module.



1. An R-derivation is an R-linear map d : € — I such that

d(cice) = ¢ - d(c1) + ¢1 - d(ca) for any c1,cq € €.

2. A C*°-derivation is an R-linear map d : € — M such that

d(éf(cl,...,cn)) = Z(@%(cl,...,cn)) -d(¢;) for anyn €N, f € C*°([R") and ¢1,...,c, € €.
i=1 ‘

By Definition 2.2, we have that any C'°°-derivation is an R-derivation.

Example 2.2 Let M be a C*-manifold and T'(T*M) the set of C*°-sections to the cotangent bundle T* M

on M.
1. For any f € C°°(M), define a C*-section df : M — T*M by df (v) := v(f) for any x € M and
veT,M.
Define an R-linear mapping d : C°(M) — T(T*M) by d(f) := df for any f € C*(M). This R-
mapping d is the C'°°-derivation.
2. Let V : M — TM be a C*®-vector field of M as V; is a tangent vector at a point x on M.

Define V(f) € C(M) by (V(f))(z) = Vu(f) regarding the tangent vector V, as a differential
C®(M) - R at z. We regard V : C*®°(M) — C*(M) as an R-derivation. Then V turns out to

be a C'*°-derivation.

We will define k-jet determined C'*°-rings. They will be used to prove our Theorem 3.1 and 3.2.

Definition 2.3 ([3]) Let € be a C*-ring.

1. An R-point of € is defined as a surjective homomorphism p : € — R of C*-rings (see Definition 2.1
(2), Example 2.1).

2. Take any R-point p : € — R. We call a C*°-ring €, the localization of € at p if the following

universal conditions are satisfied:

(a) There exists a homomorphism i, : € — €, of C*-rings such that i,(c) is invertible for any
c € p H(R\{0}).
(b) For any homomorphism i : € — ® of C™-rings which satisfies that iy(c) is invertible for any c €

p H(R\{0}), there exists a unique homomorphism ¢; : €, — D of C*>-rings such that i = ¢; 0 i,.



The localization €, always exists for any R-point p : € = R. &, has the unique mazimal ideal m, C &,

such that €,/m,, is isomorphic to R ([3]).

3. Let k € {0}UNU{oc0}. For any R-point p : € — R, define a natural homomorphism j}’; 1€ — €, /mytH

by j}’;(c) =c+ m’;H for c € €. Define a homomorphism j* by
3= Gppesr €= [ €/mit
p:€—R

(If k = oo, we mean mp’“'*'1 by m,™ = ﬂkeNmpk).

Example 2.3 Let M be a C*™°-manifold and p € M. Define an R-point e, : C°(M) — R by e,(f) := f(p)
for f e C>(M).
For the R-point e, the localization (COO(M))e is isomorphic to the C*°-ring C5°(M) of C°°-function-
P

germs at p. Its unique mazimal ideal is given by me, = {[f, U], € C;°(M)|f(p) = 0}.

Remark 2.1 In I. Moerdijk and G.E. Reyes ([5] Definition 4.1), the point determined C*-rings, near-point
determined C°°-rings and germ determined C°-rings are introduced.

Generalizing them, we define k-jet determined C*°-rings by R-points and their localizations.

Definition 2.4 Let € be a C®-ring and k € {0} UNU {c0}. € is a k-jet determined C°-ring if the
homomorphism j* : € — Hp:€—>JR Qﬁp/mlg+1 defined in Definition 2.3 (3) is injective. Especially, a 0-jet

determined C'*-ring is nothing but a point determined C*°-ring introduced in [5].

Example 2.4 Suppose that M is a C*°-manifold.

1. C®(M) is a point determined C*-ring.
For any R-point e, : C>°(M) — R, j0 : C°(M) — C3°(M)/my, is identified with e, by the isomorphism
C°(M)=R. Then, the homomorphism j° is identified with e : C*°(M) — [Lyen R defined by e(f) :=

{f(D)}pem, which is clearly injective.

2. Letl,keNand 0 <l < k <oo. Then C;,’O(M)/mp’€+1 is not an l-jet determined C*°-ring, but a k-jet

determined C*°-ring.

First, Cg°(M)/mp* 1 has a unique R-point e, : C3° (M) /mp* Tt — R with e,(f +my*+h) := f(p) for

any f+m,F*t e C;O(M)/mpk“. For any ' < k, we have a homomorphism

G O (M) fmy Y — O (M) fmy,!



by 75V (f + mpPtY) == f +m,"' L. Then the homomorphism
NG 00 0o U+1
it Cy (M) /m, " — (Cp (M)/mpk+1)/(mp/mpk+l)

is identified with jk*l' by the isomorphism

(€5 (M) /i 1)/ (my fmy 1) 200 (M) fmy, .

Forl <k, j*! is not injective and C°(M)/mp* ! is not I-jet determined.

§5* is an identity of C3°(M)/my*+t, so C22(M)/my*+h is k-jet determined.

3. The C*=-ring C;°(M) of C*-function-germs on (M, p) is not k-jet determined for any k € {0} UNU
{oo}.
Since there exists a nonzero C*-function-germ f € C°(M) such that f € m’;"'l, the homomorphism

JF CR(M) — C3o(M)/mE+h is not injective.
Then we have

Proposition 2.1 Let € be a C*-ring and k,1 € {0} UNU {oo}(k <1).

If € is a k-jet determined C*°-ring, then € is also an l-jet determined C'°°-ring.
Proof) We have the homomorphism 7' : [T ¢ g €5/mp' ™ = T,.c g €p/myp" " such that j* = j*!oj.

]
J
< - Hp:@%]R €P/mpl+1'

7N Lt

Hp:CHR ¢P /mpk+1

If j* is injective, then j! is also injective. Therefore, we have Proposition 2.1. H

Definition 2.5 ([5]) A Weil algebra is a local R-algebra W (a local ring with an R-algebra structure) which
is a finite dimensional R-vector space and is written as W = R & m (the first component is the R-algebra

structure and the second is the mazimal ideal in W ).

Example 2.5 ([5]) Let k € {0} UN, n € N and m C C§°(R™) be the mazimal ideal of C§°(R™).
The ring
JY = O (R™) /mFH!



is called the ring of jets of order k (in n-variables), or the ring of k-jets. This J* is a Weil algebra

for any k.

Lemma 2.1 ([5]) Let W be a Weil algebra with a mazimal ideal m C W which satisfies W = R@®m. Then

mF =0 for some k € N.

The reverse of Lemma 2.1 is false, i.e. there exists a local R-algebra which is an infinite dimensional R-vector space

and has a maximal ideal m with m”* = 0 for some k € N.

From several results in [5], we have following results.

Lemma 2.2 Let W be a Weil algebra. Then W is isomorphic to a ring C°(R™)/I for some ideal I C

C§°(R™) and W is finite dimensional as a real vector space.

Proof) A Weil algebra W turns out to be isomorphic to a ring C§°(R™)/I for some ideal I C C§°(R"™)
from Theorem 3.17 of [5].

Moreover A is finite dimensional as a real vector space from Corollary 3.18 of [5]. B

Lemma 2.3 ([5]) Let W be a Weil algebra and € a C*°-ring.
Suppose that ¢ : W — € (resp. ¢ : € = W) is a homomorphism of R-algebras. Then ¢ (resp. ¥) is a

homomorphism of C'*°-rings.

Proof) The homomorphism ¢ : W — € of R-algebras turns out to be a homomorphism of C*°-rings
from Corollary 3.19 of [5].

The homomorphism ¢ : € — W of R-algebras turns out to be a homomorphism of C*-rings from
Proposition 3.20 of [5]. W

From Lemma 2.2 and 2.3, we can regard Weil algebras as C°°-rings.

Definition 2.6 An R-algebra W is the weakly nilpotent local R-algebra if W has a unique maximal

ideal m C W and any y € m is a nilpotent element of W, i.e. y* =0 for some k € N.

Example 2.6 Let W be a formal algebra Rz;|i € N] = lim; oo Rl21,...,2;], and an ideal I := (xi]i €
N)g = lim; o0 (71,23 ..., 2R of W.
A quotient R-algebra
B:=W/I = lim Rlzy,...,z;]/(x1, 23 ..., 2})r

1—> 00

s a weakly nilpotent local R-algebra with a unique maximal ideal

m = lim (zq,... ,xi>R/<x1,x§7 . ,xﬁ)R.
11— 00



Proposition 2.2 A Weil algebra is the weakly nilpotent local R-algebra.

Proposition 2.3 Let W is a local R-algebra with a maximal ideal m C W. Suppose that the mazimal ideal
m is generated by finite elements aq,...,a, € m as the R-algebra.

If W is the weakly nilpotent local algebra, W is also the Weil algebra.

Proof) Clearly W is an R-finite dimension vector space generated by ai,...,an, 1.
Suppose p = >, ¢;a; € m(cy,...,c, € R). There exists i), € N such that a;™ = 0 foreach k =1,...,n.

Then for cia; + caas € W(er, c2 € R), we have

t1+is [ 5 ;
S 11 + 22 L
(Clal + c2a2)z1+12 — E 0130211+12—ja1]a211+12—] =0
Jj=0 J

since j > 11 or i1 + 142 — J > 49, i.e. aji =0or a;ﬁirj =0 for any j =0,1,...,i; +i2. For p € m, we have
p2r=1% = (0. Therefore,

mZk:l i — 0.

We have that W is the Weil algebra. B
Corollary 2.1 Let W be a weakly nilpotent local R-algebra. W is a C*°-ring.

Proof) Suppose that W is finitely generated. Then W is a Weil algebra, and is also a finitely presented
C*°-ring from Lemma 2.2

Suppose that W is arbitrary weakly nilpotent local R-algebra. There exists an indexed set {Wy}aea of
finitely generated R-subalgebras W, of W with an ordered set A of A\ < X. W), is a Weil algebra for each
A€ A, ie. alocal C*°-ring. Then W = limyecp W), is also a C*°-ring since the limit of C*°-rings exists([5]).

3 Main Results

We give sufficient conditions that any R-derivation becomes a C°°-derivation.

Theorem 3.1 Let €,D be C*®-rings, ¢ : € = D a homomorphism of C*-rings and k € {0} UN U {oo}.
Suppose that © is a k-jet determined C'°-ring.

Then any R-derivation V : € — D over ¢ is a C*°-derivation.

Corollary 3.1 Let € be a k-jet determined C*-ring with the form C°(R™)/I for some ideal I of C*°(R™).

Any R-derivation V : € — € is a C*°-derivation.



Moreover, there exist smooth functions a1(z), ..., an(x) € C(R™) such that

of
oz

V(f(x)+1)= (Z aiz

) () + 1 for any f(z)+ 1 € C°(R")/I.

The C*°-ring C*°(M) for a C°°-manifold M is a point determined C'*°-ring by Example 2.4 (1). Moreover,
C*(M) is isomorphic to a quotient C*°-ring C>°(R™)/m9, by an embedding M — R¥ for some N € N by

Proposition 3.2 (1) in [3], when m$, is the ideal of C*°-functions on RY vanishing on M.

Example 3.1 Let f : N — M be a C*®-mapping of C>-manifolds and V : C*(M) — C>®(N) an R-
derivation along the pull-back f* : C°(M) — C*°(N).

Since C°(N) is a point determined C*°-ring, the R-derivation V is a C*°-derivation by Theorem 3.1.

Theorem 3.2 Let W be a weakly nilpotent R-algebra and € a C*°-ring.
Suppose that V : W — M (resp. V' : € = My ) is an R-derivation along a homomorphism ¢ : W — €
to a C-module Mg (resp. a homomorphism ¢ : € — W to a W-module My, ). Then V (resp. V') is a

C°-derivation.

Example 3.2 COO(R)/<.'L'k+1>Coo(]R) is not a point determined C*®-ring but a k-jet determined C°°-ring
for an ideal (") o) of C®(R) generated by x*T1. Moreover, C*°(R)/(z" ™) coo(r) is a Weil algebra
with the mazimal ideal (x)coo(r)/ (") o r) and the mazimal ideal is generated by finite elements x* +
<xk+1>Coo(R)’ LR <$k+1>Coo(R) as the R-vector space.

Any R-derivation V : C°(R)/(zF ™) oo gy = C®(R) /(2" ) oo (r) is a C>-derivation from Theorem

3.2. We can write V as

V(70 + 0 em) = (152 ) @)+ How

by v(x) € C(R) such that v(z) + <.’L‘k+1>Coo(R) =V(z+ <$k+1>Coo(R)).
4 Proof of Main Results

For the proof of Theorem 3.1, we will prepare a lemma.

Suppose that f(z) is a smooth function R” — R.

We write f(z), f(r) and ®s(c) as f(x1,...,2n), f(r1,...,7) and ®f(c1,...,c,) for the coordinate
(1,...,2n) f R*, 7 :=(r1,...,7p) ER™ and ¢:= (¢1,...,¢n) by ¢1,...,¢, € €.

For a = (a1,...,a,) € ({0} UN)", we define ¢; := (0,...,0,1,0,...,0), |a] := 2", a; € {0} UN,

=TTl e = T, o o°f . __ oy
al = HiII 041!, c = HiZI C; for Cly,...,Cp € ¢ and 9z T Dzio1--Ompon



Lemma 4.1 Let €, be C*®-rings, ¢ : € — D a homomorphism of C*-rings. Suppose that ® is a local
C*>°-ring which is a weakly nilpotent local R-algebra with a unique mazximal ideal m C 9.
Then any R-derivation V : € — D along ¢ is a C*°-derivation.
Proof) Suppose ci,...,¢, € € and f € C°(R™). We have to prove that
V(®s(ct,.. . cn)) = Z(/)(@@%(cl, L en))Vi(e). (1)

i=1

From the locality of @, take a real number p; € R and a natural number k; € N such that ¢(¢;) — p; =

d(ci —pi) € m and (¢(c;) — pl) =0 foreachi=1,...,n. Let k£ € N be the sum of k;. Then
¢((c—p)®) =0 for any |a| > k + 1. (2)

Using Hadamard’s lemma by induction, there exists smooth functions Ga,p, Gj, : R* = R(la| = k +

2,|Bl=k+1,i=1,...,n) such that

(.T _p)a aaf

f@) =+ Y TSI Y (@ p) Gayl@)
1<]er| <k+1 ’ |a|=k+2
o —p)B ofteif
8xf'(x): Z = 5'p) 8x5+61 )+ Z r—=p 6GZ»P<)
’ 0<|8I<k ' |Bl=k+1
We have
aa _ «
2=+ Y LDt S e, () Q
1<|a|<k+1 ’ la|=k+2
Hhtei
2= Y T ,p £ 3 (e-pfoa (o) (1)
0<|BI<k |B|=k+1

For each ¢ = 1,...,n, we can describe ¢(<I>%(c)) as followings by the equations (2) and (4).

[3 8/5+e
s@a @) =o( Y T )1 S (e pag, )
O<\6\<k |B|=k+1
3ﬁ+e f

o ¥ S ) (5)
0<|8|<k

_ —p)f o N (c—p)*~“ 0°f

¢< Z (B+e 6—1—6)'8335‘*‘61 (p)) 7(’25( Z YAl G (p))

0<|BI<k 1<|a|<k+1

({8 € ({0}UN)"0 < |8] < k} and {@ € ({0}UN)"|1 < |a| < k+1,; > 1} are one-to-one relation with o <>

10



a +¢;). Then we can describe V(®¢(c)) as followings by the equations (2) and (5).

v = ¥ S T we (M v

al
1<|a|<k+1 i=1

+ Y A{V(e-p)9(®a,, () + ¢ (¢ = p)*) V(®a., ()}

(c—p)rco°f -
¢ Z OZiT%(P) V(ei) = Z ¢(@%(C))V(Ci)'
1 \i<|a|<k+1 i=1

Therefore, we have the equation (1). B

We can prove Theorem 3.2 in the same way as the proof of Lemma 4.1.

Proof of Theorem 3.1) Suppose c¢1,...,¢, € € and f € C*°(R™). We have to show that

n

V((Pf(ch B Cn)) - Z QS((I)% (Clv ce 7Cn))v(ci)' (6)
i=1 ‘

Take any R-point ¢ : ® — R and [ € {0} UN. D,/m,'*! is a local C*®-ring with a unique maximal
ideal mgy/my!Tt. D, /my !t satisfies that (D,/mg'*1)/(mg/mg't1) is isomorphic to D,/mg, or to R and
(mgq/mg" 1) = 0. Therefore, Dy /my' ™ is a weakly nilpotent local R-algebra. For jl : D — Dg/mg'*,
jfl oV .:C€ = Qq/mql+1 is an R-derivation along jf] ogp: € — Qq/mql“. From Lemma 4.1, jé oV is the

C*-derivation. Therefore, we have

i <zn: 6(® o1 (01,...,Cn))V(C,;)> =it (V(@s(erven)). (7)

Suppose that © is k-jet determined for k € {0} UN. For any R-point ¢ : ® — R, we have an equation
(7) for I = k. From the assumption of k-jet determined, we have the equation (6). Therefore, we have that
V is a C'*°-derivation.

Suppose that D is co-jet determined. For any R-point ¢ : © — R and [ € {0} UN, we have an equation
(7). From the assumption of co-jet determined, we have the equation (6). Therefore, we have that V is

C°°-derivation.

5 Cotangent modules

We explain the R-cotangent module and the C*°-cotangent module and construct them with naturality. In

[1], an R-derivation is called a K&hler derivation.

11



Definition 5.1 ([1, 3]) Let € be a C®-ring, M a €-module and d : € — M an R-derivation(resp. a C*-
derivation). We call the pair (M, d) an R-cotangent module (resp. a C*°-cotangent module) for € if
(O, d) satisfies that

for any R-derivation (resp. C*®-derivation) d' : € — M’ to a €-module M, there exists a unique

homomorphism ¢ : M — M’ of €-modules such that pod=d'.

We construct an R-cotangent module and a C*°-cotangent module for € respectively. Let §¢ be a free

¢-module generated by d(c)(c € €). Define elements of F¢ as

Sume(c,c') :=d(c+ ) —d(c) — d(c),

Prode(c,c') :=d(c- ') —cd(c') — d(c),

Funce(f,c1,...,¢m) :=d(®¢(c1,...,cm)) — Zq) or (C1y.. . cm)d(c;)

Oz ;
i=1 ¢

for any m € {0} UN,¢, ¢, e1,...,¢m € €, f € CP(R™)
and €-submodules of §¢ as

Me g := (Sume(c, ), Prode(c, '), d(rlc)

c,c’E@,rER)C and

. m e {0}UN,¢,c,c1,...,¢m €C,
Me,coo 1= ( Sume(c, ), Funce(f,c1,...,cm),d(rle) .
¢

feC=R™),reR

Let K = R,C*™. Define a €module Q¢ g by Fe/Me x and a K-derivation de g : € — Q¢ i of € as
de k(c) :==d(c) + Me k-

For any K-derivation V' : € — 90, we can define a homomorphism ¢ : Q¢ g — M of € as p(d(c)+Me k) =
V(e). ¢ satisfies that ¢ o de x = V. Suppose that there exists another homomorphism ¢ : Q¢ g — 9N of
¢ which satisfies ¢’ o de k = V. Since ¢(d(c) + Me k) = V(c) = ¢'(d(c) + Me k) for any ¢ € €, we have
¢ = ¢'. Therefore, ¢ is a unique homomorphism which satisfies ¢ o de x = V.

Espencially for another K-cotangent module (9, d') of €, there exists a unique homomorphism ¢ :
Qe g — M of € which satisfies that ¢ o de x = d’. For the property of the K-cotangent module (9, d")
of €, there exists a unique homomorphism ¢ : M’ — Q¢ g of € which satisfies that ¢ o d’ = dg k. Then,
poypod =d and popodex = dex. ¢o =idy and Vo ¢ = idg, , from the properties of M’ and
Qe¢, k. Then M’ is isomorphic to Q¢ x as €-modules.

Therefore for any C*°-ring €, there exists a K-cotangent module (¢ x,de¢ x) which is unique up to

unique isomorphism of €-modules.
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From D. Joyce [3] Remark 5.12., we have the following example showing that the assumption in our

Theorems is essential.

Example 5.1 Let € be a C®-ring C*°(R) of C*°-functions on R. For the R-cotangent module (Q¢ r, de r),
der : € = Q¢ r s an R-derivation but not a C'*°-derivation.
In fact, for the exponential e* € C®(R), e’de r(x) — der(€”) # 0 in Qe r. Note that the assumptions of

Theorem 3.1 and 3.2 are not satisfied in this example.
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