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1 Introduction

The Lorentz force on electric currents flowing in magnetic fields has a unique component
perpendicular to both the current and field. It generally induces charge redistribution
before recovering a steady state to produce a Hall voltage that eventually brings about
force balance along the transverse direction. Extensive studies have been performed over
the last few decades on this Hall effect [1] in metals and semiconductors, especially on the
quantum Hall effect in two dimensions [2].

In contrast, we still have little understanding of the phenomena in superconductors.
This is because the force on supercurrent itself may easily be overlooked in the presence
of the predominant diamagnetic effect by supercurrent obeying Ampere’s law. Indeed,
the Lorentz force is missing from the Ginzburg-Landau [3] and Eilenberger [!] equations
that have been used extensively in the literature [5, 6, 7], and can only be reproduced
microscopically as a next-to-leading-order contribution in the expansion of the Gor’kov
equations in terms of the quasiclassical parameter § = 1/kp&y [3, 9]. Hence, the physics
of the Lorentz force in superconductors remains mostly theoretically unexplored.

This Hall effect in superconductors may be divided into two categories: one in equi-
librium with persistent currents [9, 10, 11, 12, 13, 11] and the other in nonequilibrium
situations with the motion of vortices and dissipation [6, 15, 16, 17, 18]. The first one
is inherent to superconductors and easier to handle but nevertheless has not been paid
much attention in the literature. The second one, which is called the fluz-flow Hall effect,
is much more difficult to investigate than the Hall effect in metals and semiconductors
and the equilibrium Hall effect in superconductors due to the presences of the spatial
inhomogeneity and vortex motion.

Hence, physics in the flux-flow state of type-1I superconductors remains a long-standing
and unsettled issue theoretically. For example, the early phenomenological theories of
Bardeen and Stephen [19] and Nozieres and Vinen [20] cannot explain the sign change
in the Hall coefficient as a function of temperature/magnetic field observed in the vortex
state of a wide variety of materials. A summary of published papers on the sign reversal
of the Hall coefficient for different type-II materials is given by Hagen et al. in Ref. [17]
and Nagaoka et al. in Ref. [18]. Also, the nature of the force acting on an isolated
moving vortex have been a matter of many discussions. The force has often been called
the Lorentz force in some earlier studies. On the other hand, Nozieres and Vinen claimed
that a moving vortex is driven mainly by the Magnus force and not by the Lorentz force
[20].

The purpose of this thesis is to develop a formalism to calculate the transport coefficient
of the equilibrium and nonequilibrium Hall effect in superconductors microscopically and
also present numerical examples obtained by using it.

First, we focus on the equilibrium Hall effect in type-II superconductors with persistent
supercurrents. London included the Lorentz force in his phenomenological equations of



superconductivity, and the following relation is given by him: [21, 10)]

1
B x j, (1.1)
NgE

E =

where e < 0 denotes the electron charge, ns denotes the superfluids density, E is an
electric field, B is a magnetic field, and j5 denotes the supercurrent density. Using it, net
charge may emerge due to the Hall effect whenever supercurrent flows. In the vortex state
of type-II superconductors, the vortex-core may also accumulate charge due to circulating
supercurrent. Subsequently, using phenomenological two-fluid equations with the Lorentz
force, van Vijfeijken and Staas modified Eq. (1.1) into [22]
E = iB X Jss (1.2)
ne
where n denotes the electron density. On the other hand, early studies on vortex-core
charging regard the vortex-core as a normal region and consider its chemical potential
difference from outside the core due to the particle-hole asymmetry in the density of
states [23, 24, 25]. For example, Khomskii and Freimth presented the following expression
for the vortex-core charge: [23]
2
Q= €0A—, (1.3)

EER

where ¢ is the vacuum permittivity, A is the energy gap and ep is the Fermi energy.
Although the vortex-core charging itself has been confirmed by microscopic calculations
based on the Bogoliubov—de Gennes equations, which is the mean-field theory of super-
conductivity [26, 27, 28, 29], the origin of the vortex-core charging cannot be clarified.
Kumagai et al. confirmed the existence of the vortex-core charge experimentally, and
observed both the sign and magnitude of the charge by NMR [30].

After the sign change of the Hall conductivity has been observed in some cuprate su-
perconductors [31, 32], intensive investigations have been performed on the flux-flow Hall
effect in type-II superconductors both theoretically and experimentally. Despite these ef-
forts, a microscopic understanding of the flux-flow Hall effect is still missing. This may be
because the standard Eilenberger equations [1], which have been used extensively to study
vortices quantitatively [33, 34, 35, 30] and are now regarded as a basic and reliable tool
for investigating inhomogeneous and/or nonequilibrium superconductors microscopically
[53, 38, 39, 7], cannot describe the charging and Hall effect.

To overcome this difficulty, several authors have attempted to augment the quasiclassical
equations of superconductivity [10, 11, 8]. In 2001, the Lorentz force has been incorporated
successfully in a gauge-invariant manner within the real-time Keldysh formalism: [¥]

75 — A = Girnp, 9], + ihor - 394-%1 evy - E% +e(vp x B) - % {73,9} =0,
(1.4)



where § = (e, pr,7,t) is the quasiclassical Green’s function in Nambu—Keldysh space,
A = A(pp,r,t) is the pair potential in Nambu-Keldysh space, Fimp = Gimp(€, 7, t) is the
impurity self-energy in the self-consistent Born approximation in Nambu-Keldysh space, €
is the excitation energy, @ is the gauge invariant space derivative, vg is the Fermi velocity,
and pr is the Fermi momentum. Matrix 73 denotes

T3 = I 9 , T3 = % 0 : (1.5)
0 73 0 —o

where g, is the 2 x 2 unit matrix. Notations [a, b, and {a, b} in Eq. (1.4) are given by
la,b]o =aob—0boa and {a,b} = ab+ ba with

aob=exp {%_L (%&y - 8t%>} a(e, t)b(e', 1)

Here, 0 is the gauge invariant time derivative. Equation (1.4) reduces to the standard

(1.6)

e'=e,t/=t

Eilenberger equations by omitting the last two terms with £ and B, and the quasiclassical
Boltzmann equation in static electromagnetic fields by taking normal state limit of A — 0.
The augmented quasiclassical equations in the Keldysh formalism have been used to
study charging in the Meissner state with Fermi surface and gap anisotropies [10], and
the flux-flow Hall conductivity for the s-wave pairing on an isotropic Fermi surface [10].
However, the temperature/magnetic field dependence of the Hall conductivity have not
been calculated in Ref. [10]

Also, we derived augmented quasiclassical equations of superconductivity with the
Lorentz force in the Matsubara formalism so as to calculate the vortex-core charging
as a function of temperature/magnetic field for the s-wave on an isotropic Fermi surface
[13] and d-pairing on an anisotropic Fermi surface [9, 141]. The augmented quasiclassical
equations of superconductivity with the Lorentz force in the Matsubara formalism are
given by [J]

o < , _ih o . . A
iEnTs — AT3 — OimpTs, §| + thvp - 0§ + 56(1)1: x B) - % {73,9} =0, (1.7)
F

where § = §(e,, pr,T) is the quasiclassical Green’s function in the Nambu space, A =
A(pp,'r) is the pair potential in the Nambu space, Gimp = Gimp(cn, ) is the impurity
self-energy in the self-consistent Born approximation in the Nambu space and ¢,, = (2n +
1)wkgT is the fermion Matsubara energy (n = 0,£1,+2,...) with kg and 7" denoting the
Boltzmann constant and temprature. Notation [a,b] is given by [a,b] = ab — ba. Then,
the expression for the charge density in the Matsubara formalism needs to be modified
into

p= —%kaTeN(O) > Tr(g)e — 2N(0)@, (1.8)

n=—oo



where N (0) is the normal-state density of states per spin and unit volume at the Fermi level
and @ is the scalar potential. This expression is the same as that in Refs. [39, 15, 10]. It is
still desirable when studying the charging to transform the equations into the Matsubara
formalism, in which equilibrium properties and linear responses can be calculated much
more easily.

We study the vortex-core charging due to the Lorentz force based on the augmented
quasiclassical equations of the superconductivity with the Lorentz force. We also study the
flux-flow Hall effect in a superconductor with an isolated vortex based on the augmented
quasiclassical equations of the superconductivity with the Lorentz force. In particular,
we calculate the longitudinal and Hall electric field induced by an isolated moving vortex
by transforming the energy variable of the augmented quasiclassical equations in the
Keldysh formalism into the Matsubara energy on the imaginary axis. It is shown that
linear responses can be calculated much more easily compared to the approach based on
the augmented quasiclassical equations in the Keldysh formalism.

This thesis is organized as follows. In Sect. 2, we present a fully self-consistent calcula-
tion of the longitudinal and Hall electric field induced by a motion of a vortex within the
Matsubara formalism, in contrast to the conventional approach based on the augmented
quasiclassical equations of superconductivity in the Keldysh formalism. In Sect. 3, we
present numerical results for vortex-core charging in s-wave and d-wave superconductors.
In Sect. 4, we present numerical results for flux-flow Hall effect in s-wave superconductors
with an isolated vortex. In Sect. 5, we provide a brief summary and conclusion.



2 Formulation
2.1 Notations

For simplicity, we first restrict ourselves to the spin-singlet pairing without spin para-
magnetism and approximate the normal-state density of states per spin and unit volume

as N(g) ~ N(0). Functions g, A and &y, in Eq. (1.7) can be written as

~R 2K A ;
5 Jgr g < A 0 5 ih
= ~ = | a N imp — T 5 _ ) 2.1
g [O f]A ) 0 A »  Oimp or <g>F ( )

where 7 is the relaxation time and (---)p denotes the Fermi surface average normalized
as (1)p = 1. The 2 x 2 retarded and Keldysh Green’s functions, 2 x 2 pair potential can

be written as

QR,A — gR,A _ivaA gK — gK _ZfK A _ 9 —A (2 2)
iffA _gRa —if% gk |’ A 0|’ ‘
where the barred functions are defined generally by
gR(é“,pF,’r',t) = gR*(_Ea _pFarat)' (23)

Matrix 75 denotes

. T3 0 . 1 0
= | = . 2.4
T3 [O 7:3] , T3 [O _1] ( )

We use the gauge E = —0A/0t and B = V x A with ® = 0, where A and ® are
the vector and scalar potentials. Notations [a,b], and {a,b} in Eq. (1.7) are given by
la,blo =aob—boa and {a,b} = ab+ ba with

aob=exp [%i (%% — %%)] a(e, t)b(e', 1) e (2.5)
The gauge invariant derivative @ is defined by
v on gRAK GRAK
a={ V- i% on fRAK A (2.6)
v —l—i% on fRAK A
The electromagnetic fields obey Gauss’ and Ampere’s laws:
ve-L -0 [T (2.7)
€0 2 oo
VxB =i j=-"U | twrgonie (2.8)



where p and 7 are the charge and current densities, respectively. Using the basis function
on the Fermi surface ¢ = ¢(pr) normalized as (|¢|?)r = 1, we rewrite the pair potential
as A(pg, 7, t) = A(r,t)é(pr); the equation of A = A(r,t) is given by

2o

o0
4i J_o

(fXp*\pde (2.9)

where the coupling constant g, is expressible alternatively as

1 T <1 €
S =l — tanh ——d 2.10
2 nTc+/_OO2€ M kT (2.10)

Now, we use the following relations:
ih’l)F . 8g = Zh’UF . Vg + [B’UF . Afg,g] s (211&)

ih 0
levr - ATs, 9] + 5 evr - Eo {73,9} = levr - AT3, 9], (2.11b)

to rewrite Eq. (1.7) as

< h 0 -
(e +evp- A)Fy — A = Ginp, G|, + ihop - Vi + %e (vp x B) - . {#3,5} =0. (2.12)
F

2.2 Double expansions in the external field and quasiclassical parameter

We study the dissipative Hall effect in type-II superconductors caused by the motion of
an isolated vortex by considering the linear response g = §°¢ + 0 to a spatially uniform
but time-dependent perturbation § A®e ! = §E™e~™! /jw with frequency w [12]. The
limit w — 0 will be taken eventually. It follows from Eq. (2.12) that the equilibrium

functions §°¢ = ¢*4(e, pr, r) obey

mp?’

. h 0 .

[(5 + evp - Aeq)fg — A% — 5 geq}o + Zh’UF . Vgeq + %6 (UF X Beq) ’ % {7v_37geq} = 0.
F

(2.13)

and equation for the first-order response 6§ = 0g(e, pr,r,t) is given by

(e + evp - A%)F5 — A% — 551 6]+ [evp - 6 AT — OA — 65imp, §°] , + ihop - V4§
ih 0 0

th -
+ 56 (’UF X Beq) . % {713,(59} + 56 (’UF X 5B) . a—m {v37geq} =0. (214)

Hereafter, we remove superscript eq from these equations.

As shown in Refs. [10, 9], the Hall effect in superconductors emerges as the first-
order corrections in the quasiclassical parameter 6 = h/(pr)ry (K 1), where & is the
coherence length defined in terms of the zero-temperature energy gap (Ag)r at B = 0 by
& = h{vp)r/(Ao)r. Noting this fact, we expand Green’s functions also in § = i/ (pr)r&



as § = Jo + g1 + -

AK_

and 6 = dgo + 0g1 + - - -, where §o, g1, 0go and g, are defined by

A . fR,AT

A [ R r .
T NI ) I
_O f](?_ ) 0 _i g{,A _g(E{,A- ) 0 -_Z-fé( §5< - )
[ AK | [ RA . rRAT i K|
R (T 5 E ey e |
o feay oak] s [aabt —ioftN k[ dak —idfE]
0go = | & Al 000 = | . Timoa "RA 00y = | .k |, (2.15¢)
L 690 ] _Z(Sfo ’ _5g0 ’ __Z(Sfo (sgo ]
- e - AT - 7
o |eat agrt JRA _ st —idfy k| ogf  —ioff
0=\ % Al 0907 =1 TRra TRA Sor = | o |- (215d)
i 0 g ] _Z(Sfl ’ —0g," __Z(Sfl 09, 1

We also expand the electric field and charge density formally in the quasiclassical parame-
and OF = 0Eq+0E+- - -

terdasp=pot+pit+---,0p=0po+opi+---, E=E;g+E +---
with pp = 0 and Ey = 0 |

, 9]

sorted according to the order in ¢ into the two equations:

Equation (2.14) for the equilibrium functions can be

[(6 + evy - A)7:3 — A — 5’imp, go] + Zh’UF : Vg() = 0, (216&)
[(6 + evy - A)7:3 — A — 5’imp,g1] + Zh’UF . Vgl
ih 0 0 y
‘|‘5 eer.El&_‘_e(vFXB).a_pF {’713790}:0. (216b)

Similarly, Eq. (2.14) for the first-order response can be classified in terms of § as

[(5 -+ EVF - A>7v'3 — A — 5'inlp, 5@0}0 -+ [B'UF . 5A7v'3 — 5A - (551H1p,§o]0 + Zh'UF . V5g0 = O,

(2.17a)
[(5 + evr - A>7v—3 - A - CvTimpa 691}0 + |:6'Up : 5A7v—3 - 6A - 65-imp7 91]0
, _ ik 0 0 L.
+ ZFL’UF . V(Sgl + 3 |:6'UF : El% +e (’UF X B) : a—pF:| {7'3,590}
ih 0 0 y
+ 3 |:€’UF . 5E1& +e (’UF X 5B) . a_pF:| {’713,90} = O, (217b)

where [a,b] is defined as [a,b] = ab — ba. Note that 0Eq in these equations is given by
dEy = —06A/0t. The normalization conditions for Eq. (2.16a) and Eq. (2.17a) are
g8 =1 and o o 8o + 6o © §o = 0 [17].

2.3 Eschrig’s transport equations without Hall terms

We first consider Eqs. (2.16a) and (2.17a) that are zeroth order in the quasisclassical

parameter 0, i.e., the equations without the Hall terms. To obtain their numerical so-
lutions by removing unphysical solutions that explode exponentially as we proceed with
the numerical integration, we transform these equations by following the method sug-
We use the notation of Ref. |

gested by Eschrig et al. [15]. ] with a replacement of

9



AK AK ALK AK AK AK AK AK
g?” — z7rg§” , 0 RA, —z7r5gR , 5{” - — R 5fR (5fR ,

A — —A, A — —§A, ARA 5 iy RA and JyRA — —i&yRA.

Equation (2.16a) is the main part of Eilenberger equations. The solution g§ satis-
fies K = (R — §)tanh(e/2ksT). Let us express gt = gi*(e,pp,r) and fi* =
fg‘ ’A(e, pr, T) alternatively as

% = {oEer SRR (2.184)
A
=, 2.18b
90 1+ fYA’?A ( )
2R
R
S — 2.18
fO 1 4 7R7R7 ( C)
24
A
. — 2.18d
fO 1_|_,7A,VA ( )
with y®4 = 4R®A (g pp 7). Equation for v®4 is given as
2eA h _
hvg - (V - ZT) ’YRA + 2 |:—25 + — A7 (<g(] >F + <g§’A)] ’VR’A
* h rR,A R,A2 h R,A o
A"+ o {fo T | = (Al o (o e | =0, (2.19)
where g = —gf*, f& = f&*, 4% = —3%* are obtained from the symmetry relation

3 =~ 7.

Next, we consider the first-order equations d A for the retarded and advanced Green’s
functions o g? A and & fé{ A which are relevant to the change in the density of states. We
express 5g§’A = 5g§’A(€,pF, r,t) and (5fg{’A = 5f§{’A(5,pF, r,t) alternatively as
1

gt =2———— o (=R oAt — AR 0 3" 0 ——— 2.20
90 1+7R’VRO< Yoo Yooy >Ol+’}/R’7R’ ( a)
1 1
Sgh = —2—— o (=672 0 =72 072 ) 0 — 2.20b
90 1+7A7AO( Yoyt = OV)OHVAWA’ (2.20b)
1 1
R _ R __R_s-R__R
1
A _ A A s A A
with 6484 = 6984 (e, pr, 7, t). Equation for §y®4 is given as
2¢ A
hvg - (V - z%) AR —i(evp - 6A o YA 4 ARA 6 epp . §A) — 2ie67RA
h _ _
+ 5= (g0 hp 0 09 + 870 o (g e + (090 e 0 /™ + 9™ 0 (59 H)p)
h h
+% (A O + 5o ) 0 5y A + 07N o (A*qﬁ + 5 “>F) yeA
S (5A*¢ o O ) (5A¢+ (SR > _0,  (221)

10



where 0gft = —dg&*, 6 f& = 0f8* and 6y = —95%* are also obtained from the symmetry
. AN A~ ART ~

relation 0g) = —7304, ' 73.

—iwt

Let us perform the Fourier transform dgi(e, pr, 7, t) = dgit(e, pr, 7, w)e and intro-

duce g?i’A(&t,pF,r)

= 90" (e £ hw/2,pr,7), 32 (e, pr,r) = [t (e £ hw/2,pp,7) and 75 (e, pr,T) =
YRA(e £ hw/2,pr,7). Then we can express 59(1?’1* = 5g§”’A(5,pF7'r,w) and 5f(1)3”’A =
5fé)”’A(€,pF, r,w) alternatively as

o = g LI 292
(1+ 8 (1 + 598
R L L (2.220)
(1+ ’7+7+)(1 + VA’YA)
SR = o VHRM : (2.22¢)
(1451 +~538)
0fp=— 0" — eyoy (2.22d)

(L4278 (1 + 254

where the barred functions are given generally by 65t (¢, pr, 7,w) = dg8* (—¢, —pr, T, —W).
Equation for y®4 = §y®A(e, pp, 7, w) is given as

hog - (V — z%) SyRA 2 { ie + £(<g§+A>F + <g§‘_’A)F)] sy RoA
—ievr - SAGE 44 4 (g™ (578 e
b [(06 4 G A (876 4 e ) | o
(5A¢ +— <5f Mg > i AyRA (5A¢+Z(5f§’A)F> =0. (2.23)

We move on to consider the equations for the Keldysh Green’s functions dg& and 6 f£,
which are relevant to the change in the distribution functions. Let us express dg¢ as

5
530 = 04y o tanh kBT — tanh —— T 0 640"+ 0G, (2.24)
with
ogd  —idfR
sy =1 O 2_5 o (2.25)
—i0f5  0g;
We also express 6g5 = dg§ (e, pr, T, t) and 6 f¢ = 6 f3 (e, pr, 7, 1) as
a 1 a R —a A 1
(590 ZQWO((S.T +’)/ O(;l' oy )Om, (226&)
a 1 R —a a A 1

11



with §z* = d0x*(e, pr, r,t). Equation for dz* is given as

ooz? h
O (el 0 60 — 520 (g )

h _
- 2—(<598>F + %0 (6g5)r 0 7 + (0 f5)p 07 — A 0 (5 f8)F)

—1 (evF 0A o tanh

h’UF Vox? +h

— tanh

5A
kBT 2kBTO€vF g )

(A*¢+ <f0>) —5:cao(A¢+ <fo>)’7

+ 0A¢ o tanh 04" — tanh 0 6Ap o F*

€
2/<:BT 2ksT

+ R 0 §A*¢* o tanh — 4% o tanh o dA*p" = 0. (2.27)

5
2kgT QkJBT
Performing the Fourier transform, we obtain d¢3 = dg3(e, pr, r,w) and d f§ = 6 f& (e, pr, 7, w)
as

Sz 4+ yRAyAs e
Sgd =2 —_+ —, 2.28a
T+ (2:252)
As. .a RS~a
YEox* — 10T
Sfr=2 - — (2.28b)
O T (1 258

Functions dg§ = dg& (e, pr, 7, w) and df& = § f& (e, pr, 7, w) are also Fourier-transformed

into
e_
Sgp = 0gg tanh ——— kBT — 0gy tanh —— kBT +dg;, (2.29a)
h — nh N .
§fo =6 f3t tan szT Sfita 2kBT+5fO’ (2.29b)

with e1 = ¢ + hw/2. Equation for dz* = dz?(e, pr, 7, w) is obtained from Eq. (2.27) in
the time domain as

. a N a
hogp - Voz® — ihwdz® + 2—(<9§+>F - <9§7>F>5$

((9g6)F + <590>F’Y+’Y + (6 ST = (0F3) )

(A O+ o f0+> ) (A¢+ (foi)r )vé} S

27
( tanh — tanh ) (A VS + SAPYE — ievp - 6 A)
= 0.

k:BT 2k: T

(2.30)

2.4 Equation for the Hall electric field

We now consider Egs. (2.16b) and (2.17b) that describes the Hall effect for clean super-
conductors h/T7Ay < 1 with keeping the limit w — 0 in mind. Hence, we can neglect the

12



time derivatives and impurity self-energy terms in Eqs. (2.16b) and (2.17b) to an excellent
approximation. On the other hand, although this approximation is sufficient to describe
the Hall effect, it is not possible to describe the spatial variation of the pair potential due
to the Hall electric field because d f = 0 and § ff = 0 in this approximation. We need to
consider the first-order of w/Ag and h/7TAy to describe spatial variations of pair potential.

Removing the impurity self-energy terms in Eq. (2.16b), we obtain the equation for i

as
A h 0 0 R
(7 — A G| + ihwp - 955 + L |evp - Bi—— + e(vp x B) - (7,051 =0. (2.31)
2 Oe dpr
The (1,1) and (1,2) elements of the equation for gi* are given as
K 995 agK 7K * 1% rK
hvg - Vg + hevy - Ela— + he(vp X B) - apr — Apft — A" fi* =0, (2.32a)
F
2eA

2enfit + hop - (V ‘ ) I+ Adgr — AggE = 0. (2.32b)

The (2,2) and (2,1) elements are obtained from above by setting (¢, pr) — (—¢, —pr),
taking the complex conjugate, and keeping Eq. (2.3) in mind. We then write the gradient
term in the (1,1) and (2, 2) elements together with the electric-field term as

K

0
Vo' = Vit + Bl

The four equations for g1 , g%, fK and fK can be reduced to a single equatlon for g¥/

(2.33a)

follows: Using g = —gi, and ertlng them in terms of g’ + g& and g& — g%/, we obtaln
the four equations for gi/ 4 g/, ¢ — gi  fK and fK:

g+ gt gk

hvp -V 5 + he(vp x B) - Oy =0, (2.34a)
gK/ _ gK/
hvg - V% — Apff — A*p* i =0, (2.34D)
A 2¢ A Kr _ =Kt
enfK —I—%-(V—z ¢ )f1 Aqﬁ%:(), (2.34¢)
h 2¢ A Kr _ =Ky
enfl — % : (V + 2%) FEy A*qb*% — 0. (2.34d)

Equations (2.34b), (2.34c) and (2.34d) are linear closed equations without the external
source. We hence conclude fi =0, gi = gi’. Substitution of this result into the equation
for ¢ + g yields

K
990 _ . (2.35)

vp - V@& + e(vp x B) - =

13



Equation (2.17b) can be simplified similarly. Removing the the time-derivatives and
impurity self-energy terms in Eq. (2.17b), the (1,1) and (1,2) elements of the equations

for 6gi are given as

K
FL’UF . V(Sg{( + h@’UF : E1 8590 + ﬁe(vF X B) 8(590
Oe Opr
ogy ogy ogr
+ hevy 5E18i§ + fie(vp X 0B) - af)l + hevg - By~
— AGS [ — A 5 f15 — 0AQf — A ¢* f =0, (2.36a)
2eA
26,0 f1€ + hop - (V - ZGT> S — 2evp - A S
+ Apogt — Apdgt + 6ApgE — §ApgE = 0. (2.36b)
Let us write the gradient term in Eq. (2.36a) together with the electric-field term as
o) 0 0
VoK' = VigK + e E, 890 + edE, agl +edE, agg (2.37)

and use gi = —g&, f& = 0 and g& = ¢¥ obtained from g’ = gX’. We then obtain the
four equations for g + 6gK/, g% — 5, 6 fK and 6 fKX:

dgi’ + dgi”’ d5gy' g5
hop - V22— 1+ j, B) . h 6B) - -2 = 2.
Vp v 5 + 6(’UF X ) apF + 6(’UF X ) 8pF 0, ( 38&)
Kr _ §=Kr
hvg - VM — AGSff — A5 fE =0, (2.38b)
2¢A
end 1+ % : (V - ze—> SfE — ng(Sg =0, (2.38¢)
2¢A
e dfK — h—;’F (V +z%) 5K 4 Argl > —0 g, (2.38d)

Equations (2.38b), (2.38¢c) and (2.38d) are linear closed equations without the external
source. We hence conclude 0 ff = 0, dgi = §gi’. Substitution of this result into the
equation for gk’ + dgi’ yields
9dg dgit
- Vg B) =2 §B) - =2 = 0. 2.39
s+ Vg + eloe x B)- T 4 c(or x 0B) - S (2.39

We start from these expressions to obtain the equations for the Hall electric field: First,

the charge densities originating from g¥ and dgi are given by

P —eNQ 0) /_ Z<g{<>ng, (2.40a)
5p = —BNQ () /_ 005 wde. (2.40b)

14



Let us apply the operator V to these equations, substitute Eqs. (2.33a) and (2.37), and
use g — £2, dg& — 0 and gi — 0 for € — +oo to perform integration with respect to
¢ for the electric-field term. The procedure yields

N(0
Vo =& V/ "\rde + 2¢*N(0)E, (2.41a)

V(;pl = —e

V / (691 )pde + 2¢*N(0)6 E; (2.41b)

We then substitute Egs. (2.33a) and (2.37) and Gauss’s law p = ¢,V - E, and use identities
VV.-E=V xV x E+V?E and V x E; = 0. We thereby obtain

— M V?E, + E, = —V / pde, (2.42a)

where Arp = 1/€0/2€2N(0) is the Thomas—Fermi screening length. Since the electric-field
screening length Arp ~ kp' is short, we can neglect the gradient terms for the electric
field in a case where the spatial variation of the electric field is small. Equations (2.35)
and (2.42a) enable us to calculate the Hall electric field due to equilibrium supercurrent
microscopically based on the solution of the standard Eilenberger equations, and Eqgs.
(2.39) and (2.42b) enable us to calculate the Hall electric field in the flux-flow state.

2.5 Analytic continuation in terms of energy

We now transform the energy variable € in the Keldysh formalism into the Matsub-
ara energy &, = mwhkgT(2n 4+ 1) on the imaginary axis so as to perform the numerical
calculations efficiently.

We start from the current density 7 and pair potential A for the zeroth-order response:

(2.43a)
A=E Kg*) de. 2.43b
Using g& = (g — g4') tanh(e/2kgT) and gg* — — 7305175, we then obtain the expressions
for the current density and pair potential as
) eN(0) [ . £
j=-—3 /OO de (vp(gy + g0)), tanh —— T (2.44a)
£0 > R
A== d - tanh 2.44b
5 e((fo" = f5")" )y tan QkBT (2.44b)

The integration path in Eq. (2.44) running from —oco to oo can be closed in the upper
half of the complex ¢ plane by adding an infinite semi-circle path with null contribution.

15



Within the contour, the integrand has poles at ic,, with the residue 2kgT that originate
from tanh(e/2kgT). Collecting their contributions, we can express the current density
and pair potential in terms of go(e,, pr, ) = g(icn, Pr, T), folen, Pr,T) = f&(icn, Pr, T)
and fo(en, pr,7) = f&(ie,, pr,T) as

Jj = —2mikgTeN (0 Z vr(g0 — g5)) (2.45a)
n=0
A= 7TgokBTZ: ((fo+ fo)d" ) (2.45b)
n=0

The coupling constant (2.10) is rewritten as

T
=1In T kT Z — (2.46)

gO nOn

Functions gy and fy are expressible as

24
9o 1 + r}/”?, ( 7&)
2y
, 2.47b
fo= o (2470)

with y(en, pr, ) = Y (ign, pr, 7) and J(e,, pr, ) = 7 (icn, pr, 7). Using go = go given
by git = git, equation for v is obtained from Eq. (2.19) as

2 A h
hoe - (W —iZ2 ) v 42 (en + —lgo)r | 7
h 2T

# (80 4 gotie) 1 - B0+ oo tibe) 0. (2.48)

Next, we focus on the charge density dpg, current density 07, and pair potential §A for
the first-order response given by

o0 = —02 [~ (o e, (2.49)
6j = —iz(o) / h (vpdgd ) rde, (2.49b)
_ % /Z (5f¢*) . de. (2.49¢)
Let us express dg§ and 6 f3* in Egs. (2.29a) and (2.29b) in terms of
dgy = 0g <tanh T tanh szT) B : (2.50a)
§fa =g f2 (tanh T tanh 2;:T> B . (2.50b)
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as

K _ 5B tanh —— — h——t h — tanh - 2.51
dgy = dg, tan QkBT g5 tan k:BT +dg§’ | tan QkBT tan T ) (2.51a)
€+
= h h—— h h . 2.51
S = 6f3t tan k T — 0 f3 tan 2k T +0fy (tan kBT — tan QkBT) (2.51b)

We substitute Eq. (2.51a) into Eq. (2.49a) and use dgit — 0 for ¢ — +oo and dgy =
—dget* to obtain

QN(O) al
dpg = — 5 /_ de <(5g0+ + 85 + 5g8’. — dg4" > tanh 2/€BT
€N(0) 5 5 al 5 al (5 al
+ 1 < g5 (e = 00) + 0g5" (e = 00) + 0g’ (e = —o0) + go_(5—>—oo)>F.

(2.52)

We now calculate the second term on the right-hand side of Eq. (2.52). Equation for dgj
is given by

. a a h a h a
= ihwdgs + hor - Vogy + o~ (901 )r — (gé“_>F)5go — ;(951 — g0 ) (6g0)¥

— (B0 gutaide) 0 = (06 + o )e ) 085 + oo (OSIRY + OT)efE)

<tanh 2kBT — tanh szT) [5A¢fOA_ — 5A*¢*f(i + ievy - (SA(gg”+ — gé‘_)} =0.
(2.53)

Substituting Eqgs. (2.50a) and (2.50b) into Eq. (2.53), we obtain equation for d¢3" as
— ihwdgd + hvp - Vg + %(@&ﬁ — <gA_>F)6g"" — %(95& — 96 (098 )¥
b (B0 gt e ) 078+ (06 4+ o Do ) O+ 5 (O F — O
— SAQf + 6A* Y it — ievp - 5A(gOJr — g ) =0. (2.54)

Let us use g — 1, g5 — —1 and fg{’A — 0 for e — 00, and approximate V(vg-dE) = 0.
We then obtain dg§’ for ¢ — £o0 as

WT

dgy ~ evp - 0A. (2.55)

— WT

Substituting Eq. (2.55) into Eq. (2.52), we observe that the second term on the right-hand
side of Eq. (2.52) vanish because (vp)r = 0. We thereby obtain

N(0) [~
Spo = _ el )/ de (6g0, + 090" + 0gy, — 0gy’ ), tanh (2.56)

2 ) . 2l<:BT

We also close this integration path over —oco < & < oo in the upper half of the com-
plex ¢ plane and use the residue theorem subsequently to collect the residues in the
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closed path. We can thereby express the charge density in terms of dgo+ (e, Pr, 7, w) =

dgit. (ign, pr, 7, w) and 6g3,(g,, Pr, T W) = 068, (i€, PR, T, w) as

dpo = —2mikpTeN(0) > (3gor — 0gs_ + g%, — 695 )p - (2.57)
n=0
On the other hand, the formula for the current density has extra term with § A originating
from Eq. (2.55). By calculating in the same way as the formula for the charge density,
we obtain the formula for the current density:

. GN(O) > * al a €
8 = - /_OO de <'UF(5g£{Jr + 5g£{7 + 690, — 5gOL)>Ftanh T
+ 26N (0) - ~ (vror)rd A, (2.58)

We also can express this current density in terms of dgo+ (€, pr, 7, w) and dg3, (e, Pr, T, W)

as

05 = —2miksTeN(0) > (vr(dgor — dg5_ + 0gi, — 003 ))y
n=0
WT

2¢*N (0
+2NOT 7

With the similar procedures, the energy gap is given as

€

2o > * al al *
00 =50 [ de ((OfF — R +0f3, — f )0 tamh 5

—00

(2.60)

because §f& — 0 and §f3 — 0 for ¢ — +00. We also obtain the energy gap in terms of

5f0:|:(8n7pF7T7w> = 5f(1):ik(i€napF7r7w) and 5fgi(€n7pF7r7w> = 5fg/i(i€n7pF7r7w)

0A = mgokpT > {((6fos +6f5 +0fe —0fe) & )p (2.61)

n=0
Note that the barred functions with subscripts + are defined generally by go+(&,, Pr, T) =

gS:F(&m —Pr, T.) and 6g0i<€na pbr, 7, UJ) = (sgSq:(gna —Pr, T, —UJ).
Taking the normal-state limit A — 0 reduces these quantities into

Spo =0, (2.62a)

55 = 2¢*N(0) T (wpvp)pd A, (2.62b)
—WT

O0A = 0. (2.62c¢)

Thus, the normal-state conductivity o is obtained as

27e?N

1 —wr
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The DC conductivity in normal metals with the spherical Fermi surface is 00z, = 00y, =
002, = T€*n/m with n = (2/3)mN(0)vE. This result is the same as that from the Drude
model.

We can obtain dgo+ (&,, Pr, 7, w) and 0 fo+ (e, Pr, 7, w) as follows. Functions dgo+(&,, Pr,
r,w) = dgit(ic, + hw/2, pp,7,w) and 0 for(en, PR, T, w) = 0 ft(ic, + hw/2, pp,T,w) are
given by

Y07+ + V+074+
500 = —2 _ — 2.64a
gox (14 7:94) (1 +97) ( )
N_0y— + yoy-
0go_ = — - — 2.64b
’ (T+7)(1 +9-7-) ( )
0+ — Y+7907+
5y =2 _ . 2.64c
Jos (1 +v94) (1 +97) ( )
5fo. = 90— 11=07 (2.64d)

2 - —

(L +7) (L +7-7-)
with ’Y:I:(En7pFa T) = ’YR(iEn:thwava T‘), ﬁ:t(en)pFa T) = WR(iEnihwava T‘), 57:|:(5n7pF7 T,CU)
= 7R (ie,, & hw/2, pr, T, w) and 67+ (g,, pr, T, w) = Y% (ie, £ hw/2, pr, r,w). It follows
from Eq. (2.23) that 0v4(g,, pr, 7, w) = 72 (ie, £ hw/2, pr, 7,w) obeys

2eA hw h _
hog - <V — z%) 0y +2 {«% — 27 + E<<90+>F + <go>F)] 0+

h
— levy - 5A(’y+ +79) + 7= ((dgo4)ry + <590+>F7+)

KA¢> o (o) )2 (A*¢ b o fobe M 5,
(5A¢ + o (0fos) >7w - <5A¢+ §<6fo+>F) o, (2.65)
hog - (V—i%) dy-+2 [sn—l—z%—i—f ({90)F +<go_)F)] oy
—ievy - SA(y+ ) + 2£(<6go_>m_ + (5§o—>ﬂ)
b [(a00 4 getade) 2o+ (8% 4 5 tode ) 7| 01
(6A¢ o (6o )y )W— (5A¢+ (6 o) ): , (2.65b)

where gOi(EnapFar) = g(l):{(lgn + M7PF7T) and fO:I:(gnapF7r) = f() (Zgn + h('dvaar) are
defined by

I — a9+
= R 2.66a
o =T Y+ Y+ ( )
27+
= —— 2.66b
Jos L+ y+7+ ( )
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Equations for 74 are obtained from Eq. (2.19) as

2eA h
hop - (V—ie—)”yi+2[5n$zﬁw+

A e ({(gox)r + (Go+)F )} Y+

(A 6+ o Fube ) (A¢+—<fi> ) —o.

(2.67)

We can also obtain ¢35, (€, pr, 7, w) and 0 f3, (€., pr, 7, w) as follows. Noting Eq. (2.28),

we can express Eq. (2.50) as
oz — ARyAsz

(1 + 37 +252)
YAz 4+ yRoze!

(1 +5E) (1 +7292)

ogy

oy =

where 0z is defined as

-1
— tanh .
ksl 0 QkBT)

ox = dz* (tanh
Equation for dz® is obtained from Eq. (2.30) as

h
hop - Vox® — ihwdx® + 2—((9(1);{+>F - <9§_>F)5$a/
h

= 5 (66 )r = (035 Yo7 $2 + QOF5 )e72 + (61 )e)

[(M b o) ) (A¢+ T )vé] 52

+ 0AP*y —|— SAGYY —ievp - A = 0.

Using g5 = —g&*, f& = f&* and 4* = —3%* we rewrite Eq. (2.68) as

oxd +7+7R*5$a/
(1+ 7+7+)(1 + VR*VR*)’
_§§*5xa/ + ’}/+(5I'a/
(1 4+ A8 (1 + AR

o9y =

5fy =
and also Eq. (2.70) for dz as
h
hop - Vox® — ihwdx® + = — (g0 )F + (g5 )w) o™

o (T + (05 e — (e BT

[(A*¢+ <fo+>) (A¢+h< %)ﬁ*] b

+ (55¢*ny — SAPY* —devp - 6A = 0.
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Accordingly, 4¢3, (¢n, pr, T, w) and 0 £}, (en, Pr, 7, w) are given by
0y + vy 0Ty

0go,. = 2 — — 2.73a
T T+ ) X+ ) (2.73a)
oz +yyrox?t
dgp- = 2 = —, 2.73b
‘ (T+9)A+727%) (2.73b)
—*0xY + 0Ty
5f2 =2 2 E_ 2.73¢
T+ ) (1 + ) (2.75¢)
A S ST
D M e L (2.73d)

(T +)A+92795)
with 028 (g,, pr,7,w) = d2*(ie, £ hw/2,pr,r,w) and 073 (&,, pr,T,w) = IT%¥(ie, £
hw/2,pp,r,w). Equations for éz%(e,, pr,r,w) = 02* (i, + hw/2, pr,r,w) are given
as

Qg+ (60D

({09547 + (0G5 ) ev+7" — (0 f ) ey + (0 fo ) pys)

hvp - Voxf, — ihwdzd +
_h
2T

KA*¢ + 5= <f0+> >7+ + (A¢+ —(f)r >7*} oxy
+ 0AP* v, — 5A¢7 —devp - 0A =0, (2.74a)

B
hop - Véz® — ihwdz®™ +5- ({g0)F + (go_)r)ox™

h _
= 5 ((0g5_)r + (0g5_)r 17 — (0fo_)p7Z + (0fo_)r7)

i ho
+ {(A*¢* + ;<f0>F) Y + <A¢ + ;(fg_)F) ”)/i‘| 5.1'21
+ 0AG* Yy — APy —ievp - 0A = 0. (2.74Db)

Finally, we focus on the Hall electric field both in equilibrium and in the flux-flow state.
To solve Eqs. (2.42a) and (2.42b) efficiently, we derive equations for ffooo deg®’ in the
Matsubara formalism as follows. First, let us perform integration with respect to e for
Egs. (2.35) and (2.39) and adopt the same procedures as those for calculating Eqs. (2.56),
(2.58) and (2.60). Then we obtain

(o V/ deg’ e(vp X B) - af)F /_OO de(gy + go*) tanh 2/<JBT (2.75a)
> K WT 0
vF-V/OOdeégl = l—ine (vFXB)-a—vaF-éA
—e(vp x B) - aiF / de(8ge,. + 0ge™ + g8, — dgi’) tanh ZkBT
—e(vp X IB) - a;zF /:: de(ge + go*) tanh QkBT' (2.75Db)
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Closing the integration contour in the upper complex-¢ plane and using the residue the-
orem, we can rewrite Egs. (2.75a) and (2.75b) as

o0 a oo
vp - V/ deg® = —4mikpTe(vp x B) - opn Z(go —95) (2.76a)
o n=0
vp -V h dedgh’ =4 T e*(vp x B) - i'vF JA
oo ! 1 —iwt Opr
. d - * a a
— 4mikgTe(vp X B) - apn Z(5go+ — 095 + 690, — 0g5_)
n=0
, 0 & .
— 4mikgTe(vg X B) - — Y (g0 — g3)- (2.76b)
8pF n=0

Solving Eqgs. (2.42a), (2.42b), (2.76a) and (2.76b), we can obtain the Hall electric field in
equilibrium and in the flux-flow state.

Taking the nomal-state limit A — 0, equation (2.76b) reduces to
WT 0

2(vp x B) - —— vy - A 2
T iort (vr X B) g ve - 04T, (277)

vp - V/ dedgl’ = 4
which is clearly satisfied by the solution of

V/ dedglt = 4

Let us substitute Eq. (2.42b) into Eq. (2.78) and use Eq. (2.63). We thereby obtain

WT

¢’ B x %vF 5A, (2.78)

1 —dwr DR

§E; = B x R™6j, (2.79)

where Eg ) denotes the normal-state Hall coefficient

Ry’ = . 2.80
“HT 2e2N(0) <apF ”F>F wrve)y (2:80)
The normal-state Hall coefficient with the spherical Fermi surface is Rg;)x = ng)y =

Rgz)z = 1/ne with n denoting the electron density.

2.6 London equation and equilibrium Hall coefficient

We consider clean superconductors in the Meissner state. Let us neglect the impurity
self-energy terms by Gimp — 0, and assume that the spatial variation of the pair potential
lies only in its phase as A(r) = |A|e*™). We start from the (1,2) element of the standard
Eilenberger equations (2.16a) with € — ig,, given by

2eA

2€nf0 + h'UF : <V — ZT

> Jo—Adgo — Aggo = 0, (2.81)

22



with the normalization condition gy = (1 — fyfo)"/? for €, > 0. Regarding the gradient
term V —i2eA/h in (2.81) as a perturbation [10, 7], we obtain the first-order equation

2eA

2, fV + hop - (V — ) = 2|Alpe?gl?, (2.82)

and g(()l) for €, > 0 is obtained from the normalization condition as

1) (O)f Vg sV RO

9% = : (2.83)

29"

where g ) and f0 are the homogeneous solutions given by
(0) En
90 = ; (2.84a)
D VR IARIGP

A|pel?

O = alee” (2.84b)

Ven + AP

Then we obtain equations for féo) and féo)

2eA A2p2e2ie #(1) Al26]2 (1)
2€nf0(1) + h'UF . (V _ € ) f[) _ | | ¢ € f02€+ | | |¢‘ fO ’ (285&)
_ 2 A A 21 412 7(1) Al2¢*2e—2i¢ (1)
The above equations can be solved easily as
1) En]A\QSei‘P h 2e A
= — - — 2.
= aper ™ \Ve T ) (250
en|Alpre 2eA
fo (52 INEEE )3/2h <Vg0 ) (2.86b)
Substituting Eqgs. (2.86a) and (2.86b) into Eq. (2.83), we obtain
1 _ . IR 2¢A
= . -— . 2.
W= apler VT (257

To obtain the gap equation, let us approximate f ~ f, (0), and substitute Eq. (2.84b)
into Eq. (2.45b). We then obtain

2
- 27rg0k;BTZ< . +|¢||A| |¢|2> | (2.88)

The value of |A] in the Meissner state is determined by solving the above equation.

To obtain the London equation, let us approximate gy ~ g(()o) + g(()l), substitute Egs.

(2.84a) and (2.87) into Eq. (2.45a). We then obtain

j = —2*N(0){vp(l — Y)vp)r (A - %Vgo) : (2.89)
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where Y denotes the Yosida function [10, 7, 17] defined by

Y =12k Tfj [AFlof (2.90)
=T L A |

Substituting Eq. (2.89) into Ampere’s law (2.8), we then obtain the equation for the

vector potential as
h
V x V x A=-21N(0){vp(l —Y)vp)p <A - 2—€V¢) : (2.91)

We also carry out the following procedures to obtain the London equation: (i) Use
(1 = Y)vpevpy)r = 0 and (1 = Y)vg,)r = ((1 = Y)vp,)p. (ii) Operate with Vx on the
above equation. (iii) Use identities V x V x B = VV - B — V?B and V x Vp = 0
together with Gauss’s Law V - B = 0 for magnetism. We thereby obtain the London
equation as

V’B = iB, (2.92)
AL
where \p, is the London penetration depth at finite temperatures A\, = Ag{vp)p[2((1 —
Y)v2 )p] "2 and ) is the magnetic penetration depth Ao = [1oN(0)e(v2)g] /*.

We now solve Egs. (2.76a) and (2.42a) for the Meissner state. Equation (2.76a) is

clearly satisfied by the solution of

[e.9]

> 0
V [ degt = —ArmikpTeB x — — ) 2.93
oot = —AmikaTeB x S S - i (2.99)
Substituting Eq. (2.93) into Eq. (2.42a), we obtain
=/ 0
~\¢V?E, + E, = —7ikgTB — (90— 9) ) - 2.94
TF 1+ £ TikB X nZ:O <8pF (90 90)>F ( )
Let us approximate gg ~ g(()o) + gél), and use Eqgs. (2.84a) and (2.87). We then obtain
~ My V?E, + E; = —eB x iu —Y)v A~ Evgo (2.95)
™ ! ! Opr /e 2e ' '
Using the London equation (2.89), the above equation is expressible as
~MpV2E| + E; = B x Ryj, (2.96)
with the tensor Hall coefficient [10]
Ru=— (21— vyor) (wr(l = V)oe)s! (2.97)
“H = 9eN(0) \ Opy T F/E - '

In the next chapter, we use these solutions of the gap and London equations as boundary
conditions to obtain the solution of the Eilenberger equations in a superconductor with
an isolated vortex for deriving the expression for the vortex-core charge in an s-wave

superconductor with an isolated vortex.
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3 Vortex-Core Charging

3.1 Numerical examples for vortex-core charging in an s-wave superconduc-
tor

We calculate the core charge for an isolated vortex of an s-wave superconductor with
a cylindrical Fermi surface and B || z centered at the origin in the (x,y) plane in the
clean limit. Our numerical procedure is summarized as follows. We first obtain (go, A, B)
for the isolated s-wave vortex solving the standard Eilenberger equations self-consistently
[36, 7]. Next, substituting the solution of the Eilengerger equations into Eq. (2.76a), we
solve Eq. (2.76a) using the following boundary condition: ffooo deg¥ = 0 for r > &,. The
resulting solution is used subsequently to calculate the electric field and charge using Eq.
(2.42a) and p = ¢V - E, respectively.

The parameters of this system are the coherence length &,, magnetic penetration depth
Ao, Thomas-Fermi screening length Atp, and quasiclassical parameter §. Our results below
were obtained for \g=5&y, Arp=0.01,, and §=0.01.

0.05 0.0004
0.04 / 0.0003 -
P/ Po

,0/,00 003 0.0002

0.02 -

ootk 0.0001

== 2 3 2 5 7 1 2 3 2 5
/&0 /&0

Figure 1: Charge density p(r) at T = 0.3T. in Figure 2: Charge density p(r) at T = 0.77, in
units of po = oo /|e|€2 over 0<r < 5. units of pg = €9Ag/|e]€2 over 0<r <5&.

Figures 1 and 2 plot the charge density in the core region at 7/7. = 0.3 and T'/T, =
0.7, respectively, where T, denotes the superconducting transition temperature at zero
magnetic field. Compared with the case of T'/T, = 0.3, the spatial variation of the charge
density at T//T. = 0.7 extends far outside the core. This charge extension is nearly equal
to the London penetration depth at finite temperatures A\r,. Figure 3 plots the London
penetration depth at finite temperatures given by Ap, = Ao{vp)r [2((1 — Y)'U%w>F]_l/2 as
a function of temperature. Also, the magnitude of core charge is decreased due to the

decreasing supercurrent and pair potential as the temperature is increased from 7" = 0.

3.2 Expression for Vortex-Core Charge of extreme type-1I materials

We derive an analytic expression for the vortex-core charge due to the Lorentz force
in type-1I superconductors with an isolated vortex [9]. Using Eq. (2.96) and the charge
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Figure 3: Temperature dependence of the London penetration depth.

neutrality condition, we can calculate the core charge of an isolated vortex analytically
for extreme type-II materials such as high-T, superconductors in the clean limit. We start
from the electric field outside the core obtained from Eq. (2.96) as

E, = B x Ryj. (3.1)

Assuming cylindrical symmetry outside the core, we can express the flux density and

supercurrent in the region as [7]

B(r) = ;)—K%KO (ALL) , (3.2)

r)=—1x5Ki | — ], 3.3
j ( ) 271_)\%”0 1 >\L ( )
where Ky (z) are the modified Bessel functions, ®y = h/2|e| is the magnetic flux quantum

and pg is the vacuum permeability. Substituting them into Eq. (3.1), we obtain the electric
field along the radial direction as

2

B) = s (1) 80 (1), (3.
where Ry denotes the diagonal element of Ry;. Integrating the resulting charge density
p =6V -FEoverr. <r < oo with r. ~ &, we can estimate the charge accumulated
in the outer region per unit length along the flux line. Due to the charge neutrality
condition, this charge should be equal in magnitude and opposite in sign to that in
r < r.. Approximating Ko(z) ~ —Ilnz and K,(z) ~ 1/z for x = r./A\, < 1, we thereby
obtain the expression for the vortex-core charge of an isolated vortex within r < r. per
unit length along the flux line as

EORH(I)(%TC Te Te e’ Ry Te
=——— " Ky — | K| —= )| ———In— )
O = =i o\ ) B\ )T Barae Py (3:5)

where o = €2 /4meghic is the fine-structure constant with ¢ the light velocity. Equation (3.5)
is given in terms of the London penetration depth and the equilibrium Hall coefficient,

26



and implies that the magnitude of the vortex-core charge depends crucially on A;,. Note
also that both the sign and magnitude of ), are strongly affected by the curvature of the
Fermi surface and may also exhibit substantial temperature dependence in the presence
of gap anisotropy due to the factor Y=Y (pg, T).

For high-T. superconductors with the magnetic field along the c-axis, we substitute
o ~ 20 A and A\, = 100&, into Eq. (3.5), and estimate the vortex-core charge accumulated
over the length Az ~ 5 A along the flux line as |Q| = |Qx|Az ~ 107%|e|. This charge is
much smaller than the previous |Q] ~ 1073|e| [23] and |Q] ~ 10~ *|e| [24]. On the other
hand, the vortex-core charge due to the Lorentz force has been shown to have a strong
magnetic-field dependence with a peak structure and can be enhanced significantly from

the value of an isolated vortex as the magnetic field is increased [43, 44].

Figure 4: Fermi surfaces at n = 0.9 and 1.95 for the single-particle energy given by Eq. (3.6).

3.3 Numerical examples for vortex-core charging in a d-wave superconductor

We calculate the core charge for an isolated vortex of a d-wave superconductor with a
anisotropic Fermi surface. To this end, we use the dimensionless single-particle energy of

a two-dimensional square lattice appropriate for high-T, superconductors [18, 10]
ep = — 2(cosp, + cos p,) + 4t1(cos p, cos p, — 1) + 2t5(cos 2p, + cos 2p, — 2) (3.6)

with t; = 1/6 and ¢, = —1/5, which forms a band over —4 < ¢, < 4. Figure 4 shows the
Fermi surfaces at n = 0.9 and 1.95, where n denotes the average electron filling per site
for the single-particle energy given by Eq. (3.6). We also adopt the pair potential given
by A(pr,7) = A(r)¢(pr)e ¥, where ¢ = arctan(y/x), and ¢(pp) is modeled for n >
0.8 as ¢(pr) = C'[(prz — m)? — (pry, — 7)?] with C' denoting the normalization constant
determined by (|¢|?)r =1. The numerical procedure and coordinate system for d-wave
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pairing is similar to that for s-wave pairing. We chose A\g = 100&, Atrp = 0.05&, and
0=0.05 as appropriate for high-T, superconductors.

2

&2 0.00005
~ 5.x10°

— 0

-0.00005
I -0.0005

Figure 5: Charge density p(r) at T = 0.27, in units of pg = €9Ag/|e|&Z over —2&, <z,y<2&) at n = 1.95

with an isotropic holelike Fermi surface.
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Figure 7: Electric field along the angular direction
E,(r)atT = 0.27¢ in units of Ey = Aqg/|e|&y over
=26 < x,y <28 at n = 1.95 with an isotropic
holelike Fermi surface.

Figure 6: Electric field along the radial direction
E.(r)at T = 0.21, in units of Ey = Ag/|e|&o over
—2&y < z,y <2 at n = 1.95 with an isotropic

holelike Fermi surface.

Figure 5 plots the charge density in the core region for n = 1.95 with an almost isotropic
holelike Fermi surface at T'/T, = 0.2. We observe that the fourfold symmetry in the core
region is due solely to the gap anisotropy, which becomes obscure outside the core region.
The sign of the core charge for this holelike Fermi surface is negative, as pointed out
previously [23]. Figures 6 and 7 plot the electric field of the radial and angular components
in the core region for n = 1.95 at T'/T. = 0.2, respectively. The whole sign of the charge

28



density and electric field is reversed for n = 0.05 with the electron-like Fermi surface.

02|

0.1+

Figure 8: The normal-state Hall coefficient Ry given by Eq. (2.80) as a function of the filling n for the
single-particle dispersion of Eq. (3.6).
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Figure 9: Charge density p(r) in units of py = egAg/|e|&2 over —4&y <z, y<4Ey for n = 0.9 at T = 0.27..

On the other hand, the charge density for a realistic case of n = 0.9 exhibits more
complicated spatial and temperature dependences. This filling is close to n. = 1.03,
where the normal Hall coefficient (2.80) changes its sign as shown in Fig. 8, so that
we expect a substantial effect of the Fermi surface anisotropy on the charge distribution
according to Eq. (2.97). Figure 9 plots the charge density in the core region at T'//T. = 0.2.
Here, the sign of charge at the core center is negative, which is reversed in the adjacent
region, and the integrated charge over r < & and r < 2§, is found to be positive.
Compared with the case of n = 1.95, the fourfold symmetry is clearer here and extends
far outside the core, which may be attributed to the cooperative effect of the gap and
Fermi surface anisotropies. Figures 10 and 11 plot the electric field along the radial and
angular directions in the core region for n = 0.9 at T/T. = 0.2, respectively. Figure 12
also plots the Hall coefficient of equilibrium supercurrent given by Eq. (2.97) as a function
of temperature at n = 0.9, and 1.95. The equilibrium Hall coefficient changes its sign due
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Figure 10: Electric field along the radial direction Figure 11: Electric field along the angular di-
E,(7) in units of Ey = Ag/|e|& over —4&y <z, y < rection E,(r) in units of Ey = Ag/|el§o over
4¢y for n = 0.9 at T = 0.27. —4&y<z,y<4& for n=0.9 at T = 0.27.

to the variation of the excitation curvature under the growing energy gap as 7" — 0 in
the case of n = 0.9. Similarly, the sign change of the Hall electric field between the core
region and outside the region may be also caused by the spatial variation in the excitation
curvature due to the under the growing energy gap as r — oo.

Figure 13 plots the temperature dependence of the vortex-core charge () accumulated
within r < 2&, for the fillings 0.8 <n < 1.2. It shows clearly that both the magnitude
and sign of the vortex-core charge change as functions of temperature. Its absolute value
decreases as the temperature is raised, which is caused mainly by the increase of the
London penetration depth given by Ap =g (vp)r [2((1 — Y)Ul%x>];‘]_1/2 as T — T, as is the
case with s-wave pairing. The accumulated charge in the core region can also change its
sign, which originates from the sign change of the superconducting Hall coefficient (2.97)
due to the variation of the excitation curvature under the growing energy gap as 7" — 0.
This sign change is beyond the scope of the earlier studies based on the density of states
[23, 24] and may be regarded as a definite outcome of our microscopic approach. We have
confirmed that Eq. (3.5) with 7. = 2§, can reproduce numerical results quantitatively.
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Figure 12: The superconducting Hall coefficient Ry given by Eq. (2.97) normalized by the normal-state
Hall coefficient Rgl ) as a function of temperature for the fillings n = 0.9,1.95.
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Figure 13: Vortex-core charge @, per unit length along the flux line in units of Qyp = €gAg/|e| as a

function of temperature over 0.8 < n < 1.2.
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4 Flux-Flow Hall Effect

4.1 Numerical examples for an s-wave superconductor with an isolated vor-
tex

A microscopic calculation on the flux-flow Hall effect was started by Arahata and Kato
[16] for an isolated vortex in an s-wave superconductor. They adopted an approach
different from this thesis. First, they sought the solutions to the augmented quasiclassical
equations of superconductivity in the form of [39, 10, 16]

X(r,t) = Xr —v,t) + X (r, 1), (4.1)

where v, is the vortex velocity, X? is the solution in equilibrium, and §X is a term of

the first order in |v,|. Next, the notation a o b was approximated as

ih (0a0b  Oa Ob
b~ab+ — | —— — ——|. 4.2
GodmabTy (&eat 81585) (4.2)
Accordingly, the time derivative of X and 6 X is given by
0Xed 00X
=—v, - VX4 — =0. 4.

With these preliminaries, they solved the augmented quasiclassical equations of super-
conductivity, the gap equation, and Maxwell equations simultaneously in a self-consistent
way without the expansion in the quasiclassical parameter.

We here develop an approach different from theirs. Specifically, we calculate linear
responses to an external vector potential with frequency w and take the limit w — 0
eventually to study the DC responses we want to know. The details are given as follows.
We solve Egs. (2.65a), (2.65b), (2.74a) and (2.74b) substituting the equilibrium solutions
into the source terms and adopting the boundary conditions: (dgo+)r — 0, (0 fox)r — O,
(dga)r — 0, (0fa ) — 0, 0A — 0A™ and A — 0 for r > &. Using dgo+, 0 fo+, 095
and 0 f§, thereby obtained, we calculate dpy of Eq. (2.57), 7 of Eq. (2.59), JA of Eq.
(2.61) and the impurity self-energy. Then, we use the Maxwell equations to obtain A
and 0 FEy. The procedure should be repeated until numerical convergence in dA, § A and
the impurity self-energy is reached. Finally, we can obtain the Hall electric field  E; of
Eq. (2.42a), using the solutions of the Eschrig’s transport equations and Eq. (2.76a).
We have chosen \g = 5&y, Arp = 0.01&, 6 =0.01, 7 =10h/Ag, w = 0.01Aq/A. Also, we
have set the external vector potential as 0 A®* = —0.01 Ay in units of Ay = h/2|e|&,. We
adopt the coordinate system where the transport current flows along the positive z-axis.
Observable quantities in the limit w — 0 can be obtained from the real parts in the

response functions.
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Figure 14: Pair potential A induced by the vor- Figure 15: Magnetic field 6B induced by the
tex motion in units of Ay over —2.5¢y < x,y < vortex motion in units of By = h/2|e|¢Z over
9,56 at T/T, = 0.8. —2.56 <x,y<2.56 at T/T, = 0.8.

4.1.1 Solution for the standard Eilenberger equations without Hall terms

Figures 14 and 15 plot the pair potential A and magnetic field d B, respectively, induced

by the vortex motion in the core region at 7'/T, = 0.8. We observe that the isolated vortex

moves in the direction of the negative y-axis due to the Magnus force.

Figure 16: Current density 65% induced by the Figure 17: Longitudinal electric field § Ey induced
vortex motion over —2.5§y < z,y < 2.5, at by the vortex motion over —2.5¢y <z, y <2.5¢, at
T/T. =0.8. T/T.=0.8.

Figures 16 and 17 plot the current density dj% and longitudinal electric field ¢ Ej,

respectively, induced by the vortex motion in the core region at 7'/T, = 0.8. The current
density 4%, which is obtained from the retarded Green’s functions dgfy., approaches a
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Figure 18: Current density 65% induced by the Figure 19: Longitudinal electric field d Ey induced
vortex motion over —1.5§, < x,y < 1.5&; at by the vortex motion over —1.5&y <z, y <1.5§, at
T/T. =0.4. T/T. =0.4.

Figure 20: Current density §5* due to the depar- Figure 21: Current density 72 due to the depar-
ture from equilibrium over —1.5§y < z,y < 1.5 ture from equilibrium over —2.5¢y < z,y < 2.5,
at T/T, = 0.4. at T/T. = 0.8.
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constant vector 038 (r — oo) = §j, far away from the vortex core.

Figures 18 and 19 plot the current density 3% and electric field 0 E, respectively, at a
lower temperature T'/T, = 0.4. We observe that the current density 67% here exhibits more
complicated spatial profile compared with the case of T'/T, = 0.8. Also, the region where
63" and J E, vary significantly are smaller here compared with the case of T'/T, = 0.8.

Figures 20 and 21 plot the current density 7% due to the departure from equilibrium at
T/T. = 0.4 and 0.8, respectively. The current density 65* induced by the electric field, as
is the case with the normal state, is obtained from the anomalous Green’s functions dgj. ,
and vanishes outside the vortex core. We see that there exists the ohmic resistivity by the
moving isolated vortex. The ohmic resistivity at 7//T. = 0.4 may be smaller compared
with the case of T/T. = 0.8.

4.1.2 Hall electric field and Hall angle

Figures 22 and 23 plot the Hall electric field § F; induced by the vortex motion in the
core region at T'/T. = 0.4 and 0.8, respectively. Thus, we have confirmed the existence
of the flux-flow Hall effect theoretically. Figure 24 plots the Hall angle as a function of
temperature. The Hall angle is defined as tanfy = (Ey)/(Eo), where (---) denotes the
spatial average, (Eo) = (0 Eq,) is the spatial average of the longitudinal electric field and
(En) = (0E,,) is the spatial average of the Hall electric field. We observe an increase
of the Hall angle as the temperature is lowered from 7" = T,. This may be because the
supercurrent, which contributes only to the Hall electric field, becomes more and more

dominant compared with the dissipative normal current around the core.
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Figure 22: Hall electric field dE; induced by Figure 23: Hall electric field §F; induced by
the vortex motion over —1.5§y < x,y < 1.5§o at the vortex motion over —2.5¢ < x,y < 2.5¢y at
T/T. = 0.4. T/T.=0.8.
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Figure 24: Absolute value of Hall angle |tanfy| = |(Eu)|/|(Fo)| over 0.4T, <T <0.87.
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5 Summary and Conclusion

We have studied the vortex-core charging and flux-flow Hall effect based on the aug-
mented quasiclassical equations of superconductivity with the Lorentz force. Previous
microscopic calculations of the vortex-core charging have been performed based on the
Bogoliubov—de Gennes equations, with which we encountered difficulties in describing su-
perconductors with complicated gap and/or Fermi surface anisotropies. Suitable to this
end may be the augmented quasiclassical equations. We have developed a microscopic
approach that the vortex-core charge can be estimated easily based on the augmented
quasiclassical equations of superconductivity with the Lorentz force in the Matsubara
formalism. We also have derived an analytic expression for the vortex-core charge of
an isolated vortex in extreme type-II materials given in terms of the London penetration
depth and the equilibrium Hall coefficient. Using it, we have observed that the vortex-core
charge of an isolated vortex in d-wave superconductors with the isotropic Fermi surface
changes sign even as a function of temperature due to the variation in the excitation
curvature under the growing energy gap. We hope that our study will trigger further
experimental interests on the vortex-core charging.

We have also developed a new approach to calculate the liner responses in the flux-flow
state by transforming the energy variable of the augmented quasiclassical equations in
the Keldysh formalism into the Matsubara energy on the imaginary axis. Using it, we
confirmed that there exists the ohmic and Hall resistivity caused by the moving isolated
vortex in an s-wave superconductor. We have found that the region of the spatial variation
for both the current density and electric field induced by the vortex motion becomes
smaller as temperature is decreased. Our results on the flux-flow Hall effect is consistent
with the numerical calculation performed by Arahata and Kato. We have also calculated
the Hall angle in flux-flow state as a function of temperature and have observed the
increase of the Hall angle as the temperature is lowered from T = T...

To the best of our knowledge, few studies have been performed on microscopic calcu-
lations of the flux-flow Hall effect. This thesis has developed a method to study this
complicated topic fully microscopically in a tractable manner.
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Appendix

A Derivation of Augmented Quasiclassical Equations in Mat-

subara formalism

Using the static gauge E(r) = —V®(r) and B(r) = V x A(r), we can also derive
the augmented quasiclassical equations of superconductivity with the Lorentz force in the
equilibrium Matsubara formalism.

A.1 Matsubara Green’s functions and Gor’kov equations

We consider conduction electrons in the grand canonical ensemble described by Hamil-
tonian H with static electromagnetic fields, which are expressed here in terms of the
static scalar potential ®(r) and vector potential A(r) as E(r) = —V®(r) and B(r) =
V x A(r). Let us distinguish the creation and annihilation operators for electrons with
integer subscripts i = 1,2 as zﬁl(f) = zﬂ(f) and 1&2(5) = zﬂ*(f) [7], where & = (r,a)
with r and a denoting the space and spin coordinates, respectively. Next, we introduce
their Heisenberg representations by t;(1) = eﬁﬂz/;i(fl)e_ﬁﬁ, where the argument 1 in the
round brackets denotes 1 = (&;,71), and the variable 7 lies in 0 < 7 < 1/kgT with kg
and T" denoting the Boltzmann constant and temperature, respectively. Using them, we
introduce the Matsubara Green’s function:

Gi;(1,2) = _<T7¢i(1>¢3*j(2)>’ (A1)

where T’ is the “time”-ordering operator and (---) denotes the grand-canonical average

[19]. Tt can be expanded as

Gij(1,2) = ksT Z Gij (€1, &5 e)e (7)) (A.2)

n=—oo

where €, = (2n + 1)mkgT is the fermion Matsubara energy (n = 0,41,...). Separating

the spin variable o =7, ] from £ = (7, ), we introduce a new notation for each Gj; as

Gll(g §27 671) a1,a2 (’rla T2 5n) (A3a)
Gl?(g §27 n) Fozl a9 (Tla T2; 5n> (Agb)
G21(§ §27 n) ag(r17r2;5n)a (A3C>
G22 (51; §27 En) - 1,02 (rla T9; gn)' (Agd)
Subsequently, we express the spin degrees of freedom as the 2 x 2 matrix
Glrr.mge,) = |7 Teen) Gl raicn) (A4)

G¢¢(T1,T2;€n) G¢¢(7°177“2;€n)
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In matrix notation, G and F satisfy the following symmetry relations: [7]

G(ri,roien) = GlHra, i —2,) = G (19, 71 —22), (A.5a)
F(ry,maie,) = —F (v, 1 —,) = —F (19,715 —€2), (A.5b)

where T and T denote the Hermitian conjugate and transpose, respectively. It follows
from these symmetry relations that G(ri,72;e,) = G*(r1,72;6,) and E(r,105e,) =
F*(ry,7r9;€,) hold, where superscript * denotes the complex conjugate. Using G and F,
we define a 4 x 4 Nambu matrix by

~ . F .
G(Tl,rg;gn) = Q(*rlar27€n) _(*T17T27€n> . (AG)
—E7(ry,rosen) =G (11, m58n)
In the mean-field approximation, they satisfy the Gor’kov equations: [50, 7]
(i€n = K1)e ) QA G(Th 95 En)
0 (ien + K7)ay
- /d3T3aBdG("°1, "“3)(;("“3,”‘2; En) = 3(7“1 —T3), (A7)

where g, and 0 denote the 2 X 2 unit and zero matrices, respectively. Operator 161 is
defined by

.1 0 2
’Cl = % |:—Zha—r1 — 6A(’I"1):| + 6@(7’1) — W, (A8)
where m is the electron mass, e < 0 is the electron charge, and p is the chemical potential.

Matrix Z;{Bdg(rl, r3) denotes

. Uyp(r1,712) A(ry,19)
Upag(r1,m9) = | FV Y = A9
BdG(T'1, T2) A () Ui (1) (A.9)
where Uyp is the Hartree-Fock potential and A is the pair potential [7]. Finally, matrix
6 on the right-hand side of Eq. (A.7) is defined by
o(ry —ry) = - - . A10
(ry — ) [ S e (A.10)

A.2 Gauge invariance

Equation (A.7) has an important property called gauge invariance [7].

We introduce the gauge transformation in terms of a continuously differentiable function
x(r) by

Ui (1) = Ai(l)eiex(m)/h ) (A.11a)

2(1) = dg(D)e-

<>
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where a prime ’ distinguishes f’ from f as different functions. The corresponding variations
of the Green’s function (A.6) and potential (A.9) are given by

Gr1,m9;,) = O(11) G (11, 19, £,)O* (12), (A.12a)
Usac(r1,12) = O(r))Uhaa (11, 72)0* (12), (A.12b)
where matrix © is defined by
. B goeiex(rl)/h Q
O(r,) = [ 0 gocmiexir/h] (A.13)

Moreover, using [Fifid/0r, — eA(ry)]2e* X/l = oxiex(r)/M i) /or, — e A'(r)]?, the
K; term of Eq. (A.7) is expressible as

A

T Do) =6

0 KIQO

_]&llgo 0
0 ’Cll*go

Let us substitute Egs. (A.12a) and (A.12b) into Eq. (A.7), then use Eq. (A.14), and

multiply the resulting equation by ©*(7;) and ©(rs) from left and right. We then realize

(A.14)

that the resulting equation in terms of A’(ry), G'(11,79; €,) and Upys (71, 73) is identical
in form to Eq. (A.7). This is gauge invariance, implying that there is an arbitrariness in
the choice of vector potential.

A.3 Gauge-covariant Wigner transform

The original Wigner transform [51] may be defined, for example, in terms of the Nambu
matrix (A.6) as follows: Let us introduce the “center-of-mass” and “relative” coordinates
as

19 =T1 — To. (A15>

The Wigner transform is defined as the Fourier transform with respect to the relative
coordinates,

N

G(en, p,T12) = /d3f12€_ip'm/hé(7°1,"°2;€n)7 (A.16)

where G’s on both sides are different functions distinguished by their arguments. However,
the original Wigner transform breaks the gauge invariance with respect to the center-of-
mass coordinate when applied to the Green’s functions of charged systems. To remove
this drawback, Stratonovich introduced a modified Wigner transform that may be called
the gauge-invariant Wigner transform [52]. However, the method is valid only for nor-
mal systems with G, = G,; = 0. Here, we apply an extended version for describing
superconductors [7, 8].
First, we introduce the line integral

Irm) = / " Als) - ds, (A7)
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where s denotes a straight-line path from 7, to r;. Next, we define matrix r by

R iI('I’1,'I’2)
D(r,m) = [QOG . ] . (A.18)

0 0_06—1'](1'1,1'2)

Now, the gauge-covariant Wigner transform for the Green’s functions Eq. (A.6) is defined
by

A

G(grupa r12)
= / dPr10e” P2 (215, 1) G (11, 7o 20) D (72, 712)
— Q(5n7pu 7’12) E(€n7p7 T12> (A 19&)
_E*(gna —D, 7‘12) _Q*(gna i Ir12) 7
the inverse of which is given by
o - d3 o A A
G(r1,mo560) = F(ﬁ,’rm)/ (27T£)36”"”2/5G(€n,p, r12)[ (112, 72). (A.19Db)

It can be shown easily that G (€n, P, T12) changes under the gauge transformation in Eq.

(A.12a) to

A A N ~

G(en, P, T12) = O(112) G (€, P, T12)O" (T12). (A.20)

Thus, only the center-of-mass coordinate is relevant to the variation of G (€n, P, T12) under
the gauge transformation.
Similarly, we transform the mean-field potential (A.9)

Z/A[BdG (p, T12)

— / dgflge*ip'm/hf‘(’ldz, Tl)aBdG(Tla TQ)f(T27 T12)

_ QH*F(P, "“12) %(p, ""12) ’ (A.Qla)
—A"(=p,r12) —Upp(—p,T12)
whose inverse reads
y I d3p ip-T12/h7 r
Upaa(r1,m2) = I'(71,712) We Upac(p, T12)I (112, 72). (A.21b)

Note that potentials Uy (p, T12) and A(p, r15) satisfy the following relations: Uyp(p, r12) =
Q}L{F(Pa r12) and A(p, r12) = —éT(_P; T12).

A.4 Derivation of augmented quasiclassical equations

With these preliminaries, we derive the augmented quasiclassical equations in the Mat-

subara formalism following the procedure in Ref. [3] for the Keldysh formalism.
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Let us introduce the functions

! ., et —1
51(u)5/ dne™ = , (A.22a)

/ dn / deesr = 170 (A.22b)

The line integral in Eq. (A.17) and its partial derivatives are expressible in terms of these

functions as

_Ce (T2, O\ T2
I(ry,r2) = hgl ( 9 (97"12) 2 A(r2), (A.23)
0

a—rl](’l"l, 7“12) %A('I"l) — %A(’f’lg)

r 0 T'12 _

— 4_h |:281 (7 87'12) ( 5 87“12 :| ’l"12 X 7'12] s (A24a)

ﬂf(r ) = — A1) — 5 G [B(r13) X 712] (A.24b)
o 12, T2 57 12 2 5 Orey 12 12] - .

Now, we focus on the kinetic-energy terms in Eq. (A.7) given by

[/ng J G(rl, T En) = (A.25)

0 —ICTQO léiﬂ*('rla T2 5n) léTQ*("'la 2] En)

761@(?”17 T2;En) ’elﬂ(?‘h T9;En) ]

Substituting Eq.(A.19b) and using Eq. (A.24), we can transform each submatrix on the
right-hand side as

3
I€ G . ~ —il(rlg,rl) iI(1"12,’l"2) d p Z'p~512/ﬁ
1G(r1,mo560) R € (2 h)3e
m

ih 0 ih

{gp + 6(1)(7“12) — E’U (97‘12 — EBE(’I"H) 8

- G0 [Blr) % 9,] }Glenpri) (A.260)

3
/€1F<’P1 To;En) R e (ri2,m) g=il(r12,72) / —d P
—_ ) ? (27Th,)3

ip-T12/h

ih 0

{fp + 6@(7"12) — E’U ar12

h h
- %eE(rlg) L8, — Zze'v [B(r1s) x )] }E(gn, p.712), (A.26D)

—ev - A(ry2)
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3
Dok Tk . ~ i](rlg,rl) iI(’I‘lg,’r‘z) d p ip~512/ﬁ
IKCIE* (11, m956n) € e nhp h)36
m
1h 0
X o - —v-
{fp +e (le) 5 v 87‘12

+ev- A(r)

h h
- %eE(rlz) -8, + Zzev [B(r15) x ) }

x I (en, =P, T12), (A.26¢)
’C*G*(T o€ ) ~ ei[(?’12,7’1)6—i1(7'1277’2)/ d3p ’L'p”FlQ/ﬁ
1=~ 1,725¢n (27Th>3
ih 0 ih
X {gp + 6(1)(7'12) — E'U . 8r12 — ?eE(’rlg) . Bp
th
+ 36’0 . [B(’l’lg) X 81,] }Q*<€n, —P, Tlg), (A26d>
where &, = p?/2m — u, and 8 is defined by
\Y on G or G~
2eA
oa=¢ V- toon F : (A.27a)
2eA
Vi eh on F*

The following approximations have been adopted in deriving Eq. (A.26): (i) We have
neglected spatial derivatives of both E and B, which amounts to setting & — 1 and
& — 1/2. (ii) We also have neglected terms second-order in 8,,,, E, and B. (iii) We
have expanded ® around 75 up to the first order in 715 as (1) = ¢(r12) — E(r12) - 712/2.
By these procedures, we obtain the Gor’kov equations in the Wigner representation,

isné(en,p, r)— [fp +ed(r) — %1'0 . 8} %;»,é(en,p, )
th oA
+ EeE(T) - OpT3G(en, P, 1)

+ %ev - [B(r) x O] [3@(%,1), r) + 75G(en, p, )73

_aBdG(par)é(gnvpa ’I’) = 17 (A28)

where 73 is defined by

7y = [QQO g ] , (A.29)

and 1 denotes the 4 x 4 unit matrix. We take the Hermitian conjugate of Eq. (A.28),
use the symmetries Z/A{];dG(p, r) = L?Bdg(p, r) and GT(an,p,’r) = @(—%,p, r), and set
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€, — —&, to obtain

~

ienG(en, p,T) — [ép +ed(r) + @v : 3} G(en, p, )73

2
ih . )
- ?eE(’r) - 0pG(en, p,7)T3
ih A . A .
— gev - [B(r) x 0] [3G(€n,p, r) + 73G(en, P, 7“)73]
~G (€n7p7 r)z;leG<p7 7’) = i (A30>

Equations (A.28) and (A.30) are referred to as the left and right Gor’kov equations,
respectively. Now, we operate 73 from the left and right sides of Eq. (A.30) and subtract
the resulting equation from Eq. (A.28). We thereby obtain

ienTs — Upac (p, )73, 735G (€n, D, 7“)}

+ %iev [B(r) x 8,)] {%3,%3(;(5”, P, r)} — 0, (A.31)

with [a,b] = ab — ba and {a, b} = ab + ba.
Finally, we perform integration over &, neglecting all the &, dependences except those
in G. To this end, we introduce the quasiclassical Green’s functions:

% g R
§<€napF7r) = P/ %%3iG(€n7p7 /r)

oo

= g(gnapFa T) _ii(gn’pF’ T) A32
- [—z’f‘(em —Pp,T) —g*(fm—PF’”] | e

where P denotes the principal value. We also carry out the following procedures to obtain
the final equations: (i) Rewrite 8, =0p +vr(9/9¢,) with pj| the component on the energy
surface of §, = constant. (ii) Make use of vg X 9y = vp X 9, and

P/ dﬁpaag—mf'gi@(sn,p,r) =0, (m=12---).
S p

(iii) Neglect the term E - 9y,
d = h/{pr)r&o < 1 [8, 10], where & is the coherence length defined in terms of the zero-
temperature energy gap (Ag)r at B = 0 by & = hA{vr)r/(A¢)r. We thereby obtain the

because it is second-order in the quasiclassical parameter

augmented quasiclassical equations in the Matsubara formalism as

(25 = Usaa (Pr. )73, 320, Pr, 1) | + it - 83 (en, pr, )
g . A
+ 5 €VF [B(r) X 8p| {73, §(en, pr,7)} = 0. (A.33)

Thus, the electric field is absent from the equations in the Matsubara formalism unlike
those in the Keldysh formalism.
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Now, we consider the weak-coupling case and include the effects of impurity scatterings
in the self-consistent Born approximation by[7] Ugag (Pr, ) = A(Pr, 7) +imp (e, 7). The
pair potentials A(pp, r) and impurity self-energy Gimp(£,, 7) are given explicitly by

< 0 A(pg,r)
A = - = A.34
P =) Aper) 0 ] | (A5
. ho, .
Uimp<€n, 7’) = _Z_<g(€n7pF7T)>FT37 (A34b)

2T

where 7 is the relaxation time and (- - - g denotes the Fermi surface average with (1)g = 1.

The augmented quasiclassical equations in the Matsubara formalism are then given by

|:7:5n7—3 - ATS — Oimp73, g]

" )
Filwp - 8§ + —e(vp x B) - —— {#3,4} = 0. (A.35)
2 opr
Matrices § and A can be written as [7]
—1 ~ 0 A
a= |2 7L A2 Y B (A.36)
~if -3 A 0

where the barred functions are defined generally by g(en, pr,7) = g*(€n, —pr, 7). It is
worth pointing out that the same equations result in the gauge E(r) = —0A'(r,t)/0t
and B(r) = V x A'(r,t) with & = 0. The gauge transformation (¢, A) — (0, A’) is

given by
Ox(r, 1)

O(r) = ——5— (A.37a)
A(r) = A'(r,t) + Vx(r, 1), (A.37D)
g(gnvaa r) = g/(g’rupF) T) (A 37C)
f(€npr,7) = f'(n, pp, 7)) XD/, (A.37d)

where the continuously differentiable function y(r,t) is fixed by

Vy(r.t) = B(r)t, 8V)é§r,t) - —aAla(Z”t). (A.38)

A.5 Analytic Continuation in Terms of Frequency

Next, we consider the augmented quasiclassical equations in the Keldysh formalism and
study their connection with Eq. (A.35). It is convenient when describing equilibrium states
in the Keldysh formalism to set ® — 0 and express static electromagnetic fields in terms
of only the vector potential A’ with linear time dependence as E(r) = —0A'(r,t)/0t
and B(r) = V x A’(r,t). The rationale for this is that the scalar potential ®' in the
Keldysh formalism always appears in the covariant form ihd/0t — 2e®’,[8] which in the
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present gauge can be set equal to zero naturally for static situations. Thus, we derive the
augmented quasiclassical equations in the Keldysh formalism in the static case using the

following line integral:
e

(7 7o) = —¢ | A(3) - ds, (A.39)

T2
where I(ry,7ry) defined by Eq. (A.17) and I(7,7,) defined by Eq. (A.39) are different
functions distinguished by their arguments, 7 = (¢1, ) is the four-vector, and ds'is taken
along the straight line, and ff(r, t) is given by

Alr,t) = (_W7 —A'(r,t) — Vx(r,t)) : (A.40)

where x(r,t) is also fixed as Eq. (A.38). The gauge-covariant Wigner transform for the
retarded Green’s functions is now given by

GR(@ D, T12)

= /d37’12df126_i(p'r12_6{12)/hf(7712, 771)GR(”’1, T9; 512)f(F2, T12)

GR ) ) FR ) )
= | o) R (A1)
— " (—e,—p,m12) —G7(~¢,—p,T12)
where t19 = (t; + t9)/2, t1o = t; — to, and matrix [ is defined by
R iI(71,72) 0
S o\ _ | 99€ Y
D(r,m) = [ 0 goe”(ﬁf?)] . (A.42)

The corresponding augmented quasiclassical equations for the retarded submatrix gt =
g% (e, pr, ) are given by [3, 10]

o7y — Ady = 68 7,5 + it - D"

imp
ih 0 0 o .
+ 5 [evF : E8_5 +e(vp X B) - a—pF] {#5,9%} =0, (A.43a)
. in, Ry .
0-113111) = _Z<9R>F7—3- (A43b)

The quasiclassical Green’s function g% is expressible as [3, 10]

R - R
o [ & ‘ZiR] | (A.44)
—if -9
where each barred 2 x 2 submatrix is connected generally to its unbarred equivalent as
gR(E, Pp,T) = gR*(—e, —pp, 7). Thus, Eq. (A.43) manifestly contains an electric-field
term, which is absent in Eq. (A.35), however. The issue here is how to perform the
analytic continuation between ¢’ and §® obeying Eqs. (A.35) and (A.43) with different
forms. Alternatively, one may depend solely on Eq. (A.43) and put € — ig, directly;
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however, this procedure also has a difficulty in how to perform differentiation with respect

to €,, which has discrete values.
To find the procedure, we extract the (1,1) and (1,2) submatrix elements from Eq.

(A.43). They can be written explicitly as
R agR
Ipr
(A.45a)

R g
FL’UF . Vg + h@’UF . Eg + ﬁe('vF X B) .

B éfR + iRA + 2T

—2i€f{+wa- (V—z .
h
+ 5 (s = (frg Yr) =0. (A.45b)
We then write the gradient term in Eq. (A.45a) together with the electric-field term as
(A.46)

and eliminate QR in the two equations in favor of QR. We then use (i) the smallness of the
Lorentz term by § < 1 [10]. (ii) g® o g, for the leading order and (iii) g* — ¢ = O(9),

g™
(A.47a)

hop - V§* + he(vp x B) - 3
F
(£ = ™) =0

to neglect terms of O(6?). The procedure yields

B éfR + iRA * 2T

—2ieiR~|—wa-(V—z w )L
PRy R PRYER R R R = AATH
o (e = e = Y+ M) =00 (AaTh)
These equations are identical in form with those for (¢', f') from Eq. (A.35) transformed
by Eq. (A.37), as can be seen easily. This implies that we may perform the analytic
continuation in terms of ¢, > 0 using
/€n7 T =g~ 1€, T
g'(en; Pr,T) gR(. pr,T) (A.43)
= f (ZgnapF7T)

Y

Accordingly, the expression for the charge density in the Matsubara formalism needs to
be modified. To see this, we start from the expression in the Keldysh formalism |
eN(0) [
Here, N(0) is the normal density of states per spin and unit volume at the Fermi energy,
Tr denotes the trace in spin space, and g = (g% — g*) tanh(e/2kgT) in equilibrium with

{E%mmw)__
]:
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gA = — _32RTQ3, where o4 denotes the third Pauli matrix. Let us apply the operater V

to this equation, substitute Eq. (A.46), and use TrgK — +4 for ¢ — £oo to perform
integration with respect to ¢ for the electric-field term. This leads to

eN

€
= — h
Vo V/ §™)r tan T

de
+ 2€2N(

Deforming the contour of the above integral towards the imaginary axis using the residue
theorem, and noting Eq. (A.48), we can express the charge density in terms of g(e,, pr,7)

as
p=—irksTeN(0) > Tr(g)r —2¢°N(0)®. (A.49)
This expression is the same as that in Refs. [0, 15], and [16]. On the other hand, the

formula for the current density has no extra term with E because (vp)r = 0, and so
is the equation for the energy gap [7, 45, 53]. This argument is valid even when the
impurity self-energy is incorporated. This completes our formulation of the augmented
quasiclassical equations in the Matsubara formalism.
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