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1 Introduction

It is well known that Lorentzian space forms are classified into three types depending on the
value of the scalar curvature. One of them is Lorentz-Minkowski space which has zero curva-
ture. The Lorentz space form with negative curvature is Anti-de Sitter space. De Sitter space is
a Lorentzian space form with positive curvature which has rich geometric properties. De sitter
space is named after Willem de Sitter (1872-1934). In general relativity, a vacuum solution ac-
cording to the Einstein field equation is a Lorentzian manifold whose Einstein tensor vanishes
identically, and de Sitter space is one of the vacuum solutions of the Einstein field equation. In
cosmology, the very early models of inflation are converging on a consistent model where our
universe was best described as a de Sitter space, which is called de Sitter universe. In Math-
ematics, de Sitter space is defined to be the Lorentzian sphere in Minkowski space-time with
a positive curvature, which is a good model for studying Lorentzian spherical geometry. This
is the motivation for the investigation of submanifolds in de Sitter space from a mathematical
viewpoint.

On the other hand, in physics, the locus of a moving particle is called a world line. In
special relativity, world lines are timelike curves. World lines of particles/objects with constant
speed are called geodesics which are straight lines in Minkowski space. The use of world lines
in general relativity is basically the same as in special relativity, with the difference that space-
time can be curved. Since the speed of a moving particle never exceed the speed of rays, in
general relativity, world lines are timelike curves in space-time, where the tangent vectors of
timelike curves fall within the lightcone.

In this thesis we consider timelike Sabban curves in de Sitter space. The original notion of
Sabban curves belongs to spherical geometry in the Euclidean space. Let v : I — S? C R? be
a unit speed regular curve, then we have an orthonormal frame {7, ¢, n} along -, where ¢(s) is

the unit tangent vector of v at s and n(s) = v(s) x t(s). Then we have the Frenet-Serret type



formulae:

¥/(s) = H(s),

t'(s) = —=(s) + ry(s)n(s),

n(s) = —ry()E(s),
where r4(s) = v"(s) - n(s) is the geodesic curvature of v at s. This frame was introduced by
Sabban (cf. [10]) and it is called a Sabban frame of . For a unit speed curve v in S? we
always have the Sabban frame. However, we need some assumptions to define the Sabban type
frame for regular curves in S™, where n > 3. In [9], the notion of the generalized Sabban curve
was introduced in S™. In this thesis, we consider de Sitter space ST in the Minkowski space
R} *!. For detailed notions about Minkowski sapce, see §2. We say that a non-lightlike curve
~: I — S? C R} is a Sabban curve if ||t/ (s) + 5(t(s))v(s)|| # 0 at any point s € I, where 6(x)
is the sign function. Then we have an orthonormal frame {~(s), t(s), n1(s), n2(s)} of R} along
7, where ny(s) = (#'(s) + 6(£(s))v(5))/[['(s) + 0(¢(s))v(s)[| and na(s) = v(s) At(s) A na(s).

Here, &, A @y A x5 is the pseudo vector product in RE. We have the following formulae (cf. §3):

[ /(s) = t(s),

t(s) = —0(t(s))v(s) + mu(s)n(s),
5) = —6(8(5))5(na(s))r (8)E(s) + ra(s)ma(s),
5) = —6(n1(5))8(rea(s)) ma(s)mua(s),

where k1 (s) = [[#'(s) +0(#(5))v(s)[| # 0 and ka(s) = d(na(s))(ni(s), na(s)). We call {y(s),¢(s),

ny(s), na(s)} a Sabban frame along the Sabban curve 4. In §3, we construct a frame {v(s), t(s),

ny(s),...,n,_1(s)} along the non-lightlike curve 4 : I — S? C R} under some conditions on
~. We call the above frame a generalized Lorentzian Sabban frame. In this case, -« is called a
generalized Lorentzian Sabban curve. We prove that the generalized Lorentzian Sabban frame
is a pseudo-orthonormal frame (cf. Lemma 3.1.1). If the non-lightlike curve ~ is timelike
curve, then we call it a timelike Sabban curve. For a timelike Sabban curve in ST, we define
the curvature functions x;(s) (i = 1,...,n — 1), where the curvature function ;(s) # 0 (i =
1,...,n—2), while k,_1(s) may be equal to zero. If k,,_1(s) = 0, the timelike Sabban curve

is always lying on a great de Sitter subspace S !(n,0) in S? (cf. Proposition 3.1.2).
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On other hand, Izumiya and Liang [4, 7] introduced the mandala of Legendrian dualities
between psudo-spheres in Minkowski space-time. There are three kinds of pseudo-spheres in
Minkowski space-time (i.e., the hyperbolic space, the de Sitter space and the lightcone). In
particular, if we investigate spacelike submanifolds or timelike submanifolds in the de Sitter
space, the theorem of Legendrian dualities is a fundamental tool for the study of extrinsic
differential geometry on submanifolds from the view point of singularity theory. Therefore, we
discuss the dual hypersurfaces in the de Sitter space as an application of the duality theorem.

We consider de Sitter dual hypersurfaces of timelike Sabban curves in S7 which are defined by

v = {fln1+-~+§n71nn71|5EIv§%+"'+£Z*1 :1}'

We give classifications and characterizations of the singularities of 4v* by using singularity theory
and the geometric properties of the generalized Lorentzian Sabban frame. The main results in
§3 are Theorems 3.4.2 and 3.5.2 which are analogous to the results in [9].

In §§4.1, we consider timelike Sabban curves in S?. As we know, the spherical evolute of
a Euclidean spherical curve « is naturally obtained as the envelope of the family of normal
geodesics to «. The evolute in Euclidean plane is naturally interpreted as a caustic [6]. The
spherical evolute is also a caustic [11]. We define the notion of de Sitter evolute of a timelike
Sabban curve in S? and study the geometric properties of those singularities from a contact
viewpoint. These de Sitter evolutes are associated to timelike Sabban curves in de Sitter 2-space.
The geometry of these timelike Sabban curves determine the behavior of the corresponding de
Sitter evolutes. We define the de Sitter height function of a timelike Sabban curve, and show
the bifurcation set of de Sitter height function is the de Sitter evolute. By using the techniques
of the unfolding theory on such a function, we show that the singularity of the de Sitter evolute
depends on the derivative of the geodesic curvature function (cf. Proposition 4.1.2). We show
that the de Sitter evolute is constant if and only if the derivative of the geodesic curvature
function is always equal to zero. In this case, the curve « is a special curve on S%?, which is
called a D-slice. Moreover, we give the equivalence condition that ~ has third order contact

with D-slice (cf. Proposition 4.1.3). The main result in §§4.1 is Theorem 4.1.5, which gives a



generic classification of singularities of de Sitter evolutes, and characterizes the contact between
timelike Sabban curves and model curves (D-slices).

In the Euclidean space, focal sets are useful for the study of certain optical phenomena
(namely, scattering, in fact a rainbow is caused by caustics), expressing some geometrical results
within fluid mechanics as well as describing many medical anomalies. Focal surfaces are formed
by taking the centers of the curvature spheres, which are the tangential spheres whose radii are
the reciprocals of one of the principal curvatures at the point of tangency. Equivalently, they
are the surfaces formed by the centers of the circles which osculate the curvature lines. In §§4.2,
we consider timelike Sabban curves in S3?. We define the de Sitter evolute and the de Sitter focal
surface of a timelike Sabban curve in S} and study geometric properties of these objects. We
show that the de Sitter evolutes are the singularities of the de Sitter focal surfaces. We define
the de Sitter height function H on the timelike Sabban curve «(s) in S3. By differentiating the

de Sitter height function, we obtain a new invariant o,(s) which characterizes the conditions

on the derivatives of de Sitter height functions. For instance, %—IZ = %ng = %3813{ = %%f =0 if
and only if 09(s) = 0 with some other conditions. We also show that the de Sitter evolute E.,
is singular at sq if and only if o4(sg) = 0 (cf. Proposition 4.2.2). If o5(s) = 0, then - is a curve
not only in S, but also in a special kind of hyperplanes in R}. As an application of the theory
of unfoldings of functions, we give a classification of singularities of both the de Sitter evolutes
and de Sitter focal surfaces (cf. Theorem 4.2.7), which are also interpreted by the contact of
timelike Sabban curves with tangent de Sitter subspaces.

Since the de Sitter 4-space is a cosmological model for the physical universe, the timelike
curve in S} is a quite interesting subject from the view point of relativity theory. In §§4.3, we
consider timelike Sabban curves in Sf. We study the contact between timelike Sabban curves
and de Sitter subspaces as an application of singularity theory of smooth functions. One of
the basic tools that we use is the notion of the de Sitter height function in S}. By using
the techniques of singularity theory on such a function, we define tangent de Sitter subspaces

and osculating de Sitter subspaces along timelike Sabban curves. We remark that there are

infinitely many tangent de Sitter subspaces of «(s) at sg, while there is only one osculating



de Sitter subspace of v(s) at so. We define de Sitter focal hypersurfaces of timelike Sabban
curves as the bifurcation sets of the de Sitter height functions on the curves and define the
de Sitter evolute of the timelike Sabban curve under a certain generic assumption, which are
different from the case in S?. Under the above assumption, de Sitter evolutes are the second
order singularities of de Sitter focal hypersurfaces (for the definition, see §§2.3). We study
the geometric meanings of singularities of de Sitter focal hypersurfaces and introduce a new
invariant o3(s). We show that os(s) = 0 for all s if and only if the timelike Sabban curve
is located on a special kind of hyperplanes. The main result in this subsection is Theorem
4.3.8, which gives a generic classification of singularities of de Sitter focal hypersurfaces and
characterizes the contact between timelike Sabban curves and osculating de Sitter subspaces
(or, tangent de Sitter subspaces). We can also consider the de Sitter evolute and the de Sitter
focal surface of a timelike Sabban curve in S} (n > 5) similar to the case for ST (n < 4).
However the calculations in this case is too hard to obtain meaningful results. In §§4.4, we
study focal sets of timelike Sabban curves from the view point of Legendrian dualities. In [7],
[zumiya investigated Legendrian dualities between pseudo-spheres in Minkowski space-time. It
is a fundamental tool for the study of spacelike submanifolds from the view point of singularity
theory. The unit tangent vector field of a timelike curve is a curve in the hyperbolic space and
the regular part of the focal set of a timelike Sabban curve is a spacelike hypersurface. We show
that the dual relationship between the tangent vector field of a timelike Sabban curve and the
focal set.

We shall assume throughout the whole thesis that all the maps and manifolds are C*° unless

the contrary is explicitly stated.



2  Preliminary knowledge

2.1 The basic concepts

In this section we introduce the basic concepts in this thesis. Let R"*! be an (n+1)-dimensional
vector space. For any two vectors € = (1, ..., Tpi1),Y = (Y1,- -+, Ynr1) in R"TL their pseudo
scalar product is defined to be (z,y) = —x1y1 + ... + Tpi1Ynt1. Here, (R™T () is called
Lorentz-Minkowski (n + 1)-space (simply, Minkowski (n + 1)-space), which is denoted by R}

For any n vectors i, T, ..., x, € RT™ their pseudo vector product is defined to be
—e; ey - €nt1
1 2 n+1
.Z'l xl PR ;L'l
TINToN...NX, = x% ;U% I‘ngl )
where {€1, €5, - ,€,41} is the canonical basis of R{* and x; = (z}, 2}, -+, 27", A non-zero

vector € RI™ is called spacelike, lightlike or timelike if (x,2) > 0, (x,z) = 0 or (x,z) < 0
1

respectively. We define the signature of by

1 a is spacelike,
sign(z) = 0 is lightlike,

—1 ¢ is timelike.

The norm of & € R is defined to be || « ||= +/sign(z)(x, ).

Let v : I — R be a regular curve in R?™ (ie., 4(t) # 0 for any t € I ), where
I is an open interval. For any t € I, the curve « is called spacelike, lightlike or timelike if
(), () > 0,(x(t),¥(t)) = 0or (¥(t),4(t)) < 0 respectively. We call v a non-lightlike curve
if ~v is a spacelike or timelike curve. The arc-length of a non-lightlike curve v measured from
(to)(to € 1) s s(t) = [, 11 (¢) || dt.

The parameter s is determined such that || 4(s) ||[= 1 for the non-lightlike curve, where

~'(s) = dv/ds(s) is the derivative of v by s.



We define the de Sitter n-space by
St ={x c R" | (x,x) =1}.
We define the hyperbolic n-space by
H"(—1) ={x ¢ R | (z,x) = —1}.
We define the closed lightcone with the vertex a by
LC, ={z e R} | (x —a,z —a) =0}
Moreover the open lightcone at the origin is defined to be

LC* = {z € RM*N\ {0} | (z, ) = 0}.

2.2 The Legendrian duality theorem

We now review some properties of contact manifolds and Legendrian submanifolds. Let N be a
(2n+1)-dimensional smooth manifold and K be a tangent hyperplane field on N. Locally, such
a field is defined as the field of zeros of a 1-form «. The tangent hyperplane field on K is non-
degenerate if aA(da)™ # 0 at any point of N. We say that (N, K) is a contact manifold if K is a
non-degenerate hyperplane field. In this case, K is called a contact structure and « is a contact
form. Let ¢ : N — N’ be a diffeomorphism between contact manifolds (N, K) and (N, K').
We say that ¢ is a contact diffeomorphism if d¢(K) = K’. Two contact manifolds (N, K') and
(N', K") are contact diffeomorphic if there exists a contact diffeomorphism ¢ : N — N’. A
submanifold ¢ : L C N of a contact manifold (NN, K) is said to be Legendrian if dimL = n
and diy(T,L) C K at any @ € L. We say that a smooth fiber bundle 7 : £ — M is
called a Legendrian fibration if its total space E is furnished with a contact structure and
its fibers are Legendrian submanifolds. Let m : £ — M be a Legendrian fibration. For a
Legendrian submanifold ¢ : L C E,mo¢: L — M is called a Legendrian map. The image

of the Legendrian map 7 o i is called a wavefront set of ¢ which is denoted by W (). For any



p € E, it is known that there is a local coordinate system (x1,...,Zm,P1,- ., Pm,2) around
p such that m(xy, ..., Zm, D1, -, Pm,2) = (21, ..., Tm, 2) and the contact structure is given by

the 1-form
a=dz — Z pidx;
1

(cf. [1], 20.3). One of the examples of Legendrian fibrations is given by the unit spherical
tangent bundle of a Riemannian manifold. Let M be a Riemannian manifold and T'M is
its tangent bundle. Let (xy,...,xz,) be local coordinates on a neighbourhood U of M and
(v1,...,v,) be coordinates on the fiber over U. Let g;; be the components of the metric (,)
with respect to the above coordinates. Then the canonical 1-form can be locally given by
0= ZZ] gi;v;dgq; where ¢; = z; on for the projection 7w : TM — M. Let 7 : S(T'M) — M be
the unit spherical tangent bundle with respect to the metric (,). Then the restriction of § onto
S(TM) gives a contact structure and 7 : S(T'M) — M is a Legendrian fibration (cf., [2]).

We now formulate the basic theorem in this thesis which is the fundamental tool for the
study of spacelike submanifolds in pseudo-spheres in Minkowski space. We define 1-forms
(dv, w) = —wodvy + Y1 widvy, (v, dw) = —vodwy + Y1, vidw; on Ry x RIT and consider
the following four double fibrations with 1-forms:
(1)(a) H"(=1) x 57 > Ay = {(v,w) | (v, w) = 0},

(b) m1 : Ay — H"(—1),m2 : Ay — ST,

(c) 011 = (dv,w)|Ay, 12 = (v, dw)|A;.
(2)(a) H"(=1) x LC* 5 Ay = {(v,w) | (v, w) = —1},

(b) ma1 : Ay — H™(—1),m90 : Ay — LC™,

(¢) B9 = (dv, w)|Ag, b2 = (v, dw)|As.
(3)(a) LC* x ST D Az = {(v,w) | (v, w) =1},

(b) 731 : Ay — LC* w39 : Ay — S7,

(c) O3 = (dv, w)|As, 032 = (v, dw)|A;.
(4)(a) LC* x LC* D Ay = {(v,w) | (v,w) = =2},

(b) 741 : Ay —> LC* g9 : Ay — LCH,

(c) 041 = (dv,w)|Ay, 040 = (v, dw)|Ay.



Here, ;1 (v, w) = v, m(v, w) = w are the canonical projections. Moreover, 0;; = (dv,w) |a,
and ;5 = (v,dw) |, are the restrictions of the 1-forms (dv, w) and (v, dw) on A,;. We remark
that 6;'(0) and 0,'(0) define the same tangent hyperplane field over A; which is denoted by

K;. In [7], the following theorem was shown:

Theorem 2.2.1. Under the same notations as the previous paragraph, each (A;; K;)(i =
1,2,3,4) is a contact manifold and both of 7;;(j = 1;2) are Legendrian fibrations. Moreover

those contact manifolds are contact diffeomorphic each other. In this thesis, we only consider

(A, K;) and (As, K5).
In §3 we consider the following double fibrations:
ST x ST D Ay ={(v,w)|{v,w) = 0},
51 A5 — ST, 52 1 Ay — ST,
051 = (dv, w)|As, 050 = (v, dw)|As.
Here, 751 (v, w) = v, ms(v,w) = w (see, [4]). In §4 we also consider the following double
fibrations in ST for n = 2,3, 4:
H"(—-1) x ST D Ay = {(v,w)|{v,w) = 0},
T Ay = H'(—1),m9 : Ay — ST,
011 = (dv,w)|Ay, 012 = (v, dw)|A;.

If we have an isotropic mapping i : L — A; (i.e., 1*0;; = 0), we say that m;;(i(L)) and m;2(i(L))

are A;~dual to each other (i = 1,5). For detailed properties of Legendrian fibrations, see [1].

2.3 Unfolding of function germs

We review some results of function germs as an application of the unfolding theory of func-
tions. Let F' : (R x R",(sp,x9)) — R be a function germ, f(s) = F(s,xp). We call F' an
r-parameter unfolding of f. If fP)(sy) =0 for all 1 < p < k and f*+Y(s) # 0, we say f has

Ag-singularity at sop. We also say f has Asy-singularity at sq if f®(sg) =0forall 1 <p<k.
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Let F' be a r-parameter unfolding of f and f has Ag-singularity (k > 1) at so, we define the

(k — 1)-jet of the partial derivative OF /0x; at sy as

k+1

(s,w0)>(50):z aji(s — so), (i =1,...,7).

J=1

o

If the rank of k£ x r matrix (ag;, ;) is k (k < r), then F is called a versal unfolding
of f, where ap; = OF/0x;(s9, o). Under the same condition as the above, F' is called a p-
versal unfolding if the (k — 1) x r matrix of coefficients (c;) has rank k — 1 (k— 1 <r). The

discriminant set of F' is defined by

Dp={xeR" |3 sGR,F(s,w):%—Z(s,w):O}.

The bi furcation set of F is

., oF PF
Br ={xeR"|3 s,g(s,m) = ﬁ(s,w) = 0}.

We also define

D}::{JIGRT|35€R7F(S7w>:8_<87m>:__' a

Os zﬁ(s,a}):()},

which is called an ith-order discriminant set of F. We are interested in classification of D% by
diffeomorphisms. We say that two function germs f,g : (R,0) — R are R-equivalent if there
exist a diffeomorphism germ ¢ : (R, 0) — (R, 0) such that fo¢(s) = g(s)+(f(0) —g(0)) for any

€ (R,0). If f: (R,0) — R has an A;-singularity at 0, then f is R-equivalent to g(s) = +s*T1.

We can also show that the following proposition [3].

Proposition 2.3.1. The unfolding G : (R x R",(0,0)) — (R, 0) given by
G(s,z) = £ + o) + 954 - 4 st

is a versal unfolding of g(s) = +s* at 0.

Let F,G : (R xR",(0,0)) — (R,0) be unfolding of f,g: (R,0) — (R,0), respectively. We
say that F, G are P-R-equivalent if there exists a diffeomorphism germ ® : (R x R",(0,0)) —

11



(R x R",(0,0)) of the form ®(s,z) = (¢1(s, ), p2(x)) such that F'o & = G. So, if F,G are
P-R-equivalent, then f, g are R-equivalent. We also say F, G are P-R*-equivalent if there exist
a germ of a diffeomorphism @ : (R x R",(0,0)) — (R x R",(0,0)) and a germ of a function
¢: (R",0) — R such that G(s,z) = F(®(s,z)) + c¢(z). By the uniqueness of versal unfolding

[5], we have the following theorem.

Theorem 2.3.2. Let F,G : (R x R",(0,0)) — (R,0) be unfolding of f,g : (R,0) — (R,0),
respectively. Suppose that F, G are versal unfolding of f, g respectively. If f, g are R-equivalent,
then F, G are P-R-equivalent.

By an induction, we show the following proposition.

Proposition 2.3.3. Let F,G : (R x R",(0,0)) — (R,0) be unfolding of f,g : (R,0) — (R,0),
respectively. If G are P-R-equivalent, then there exists a diffeomorphism germ ¢ : (R",0) —
(R",0) such that ¢(D%) = D% as set germs for any i.

For the unfolding G : (R x R",(0,0)) — (R, 0) given by

G(s,2) = £8" + 11 + 295 + -+ - + 357,

we show that @ = (z1,22,...,2x) € D (1 <i <k —1) if and only if

(

xp = FsM — 295 — oo — st

1y =F(k+1)s* —2w3s — -+ — (k — 1)aps*2,

7y = Frlbtl) (k—i—l) k —3mys — - — (k—1)2(k—2)8k,3’ (1>

([ Tiv1 = :Fwskﬂ_i — (i + D)Tiyas — - — (kil)(kﬁ){)}(k*m)Iksk_i.
We now consider a map-germ DA; : (RF=1,0) — (R¥,0) defined by
k-1
DA (uy, ... up—q) = (£uft + Z(z — Dujus, F(k+ 1u Zzul Uiy Uy ooy Up—1)-

i=2

We remark that (ImD A3, 0) is diffeomorphic to the cusp C' = {(2,#%)|t € (R,0)} and (ImD A3, 0)
is diffeomorphic to the swallowtail SW = {(3u* + w?v,4u® + 2uv,v)|(u,v) € (R%0)} as set-

germs. we show the following proposition [8].

12



Proposition 2.3.4. Let F,G : (R x R",(0,0)) — (R, 0) be unfolding of f, ¢ : (R,0) — (R,0),
respectively. If F, G are P-R*-equivalent, then there exists a diffeomorphism germ ¢ : (R",0) —
(R",0) such that ¢(Br) = Bg.

By Theorem 2.3.2 and Proposition 2.3.3 and 2.3.4, We have the following theorems.

Theorem 2.3.5. Let F': (R x R", (so,z0)) — R be an r-parameter unfolding of f(s) which

has an Ag-singularity (k < r) at so. Suppose that F is a versal unfolding, then (Dp,xy) is

diffeomorphic to (ImDA; x R"™* 0) as set-germs. Moreover, (D5 xg) is diffeomorphic to

(Imo[2,3, ...,k k+ 1] x R"7*0) as set-germs, where 01[2,3,...,k, k+1] : (R,0) — (R*,0) is

a curve defined by
0112,3,. .k k+1)(t) = (13,63, 17 ¢F ),

Proof. . By the equation 1 for ¢+ = 1, we have

rp = FMH —wps — 0 — st
v = Flk+1)s = 2ags — - — (k= Days~2
Then
1y = Fst — 2382 + - (k — 2) st
1y =F(k+1)s" — 2235 — -+ — (k — 1)aps*2
If we put s = uy, T3 = Us, . .., T}, = Uj_1, the above equations means that (D¢, 0) = (ImD A x

R"%,0). Since f(s) has an Ay, singularity at s = s, f is R-equivalent to £t**!. By Theorem
2.3.2, F and G are P-R-equivalent, so (Dp, o) and (D¢, 0) are diffeomorphic as set-germs.

On the other hand, if we continue the above calculation until i = £ — 1, we can show that
z1 = M (k)" 2y = Mo(K)s®, x5 = As(B)s" L, = A(k)s%,

for some \;(k) € Q. By an coordinate change on R", we have

This means that (D *,0) is diffeomorphic to (Ima[2,3, ..., k, k + 1] x R"7* 0) as set germs.

By Theorem 2.3.2 and Proposition 2.3.3, we have the assertion. This completes the proof. []
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Theorem 2.3.6. Let F': (R x R", (s, 2)) — R be an r-parameter unfolding of f which has
the type Ay at sg. If F'is a p-versal unfolding of f, then we have the following:

(1) If k = 3, then Bp is locally diffeomorphic to C' x R" 2.

(2) If k = 4, then Bp is locally diffeomorphic to SW x R"3.

(3) If k = 5, then Bp is locally diffeomorphic to BF x R™™4.

Here C' = {(z1,x5)|2? = 23} is the cusp, SW = {(x1, T, x3)|71 = 3u'+u?v, 29 = 4u3+2uv, 13 =
v} is the swallowtail and BE = {(x1, T2, 3, 24)|71 = 40’ + 2u3v + v?w, 9 = —bu? — 3u’v —

2uw, 3 = v,ry = w} is the butterfly.
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3 Lorentzian Sabban curves in de Sitter n-space

3.1 Differential geometry of curves in de Sitter space

Let v : I — R}*! be a regular curve (i.e.%(t) = ‘fi—'ty # 0), where I is an open interval.
Let S7 = {z € R |(x,x) = 1} be the n-dimensional de Sitter space. Given a vector
n € R}T\{0} and a real number ¢, the hyperplane with a normal vector n is defined to be

HP(n,c) = {x € RI"|{x,n) = c}. A subspace in S? is given by
1N (n,c) = S7 N HP(n,¢) = {z € S}|{z.m) = .

where ¢ = 0 if n is a timelike vector or a lightlike vector, ¢ = 1 if n is a spacelike vector. We
say that Sg_l(n, c) is a great de Sitter subspace if ¢ = 1 and a small de Sitter subspace if ¢ = 0,
respectively.

We now define generalized Lorentzian Sabban frame of a non-lightlike curve in S7. Let
v : I — ST be a regular non-lightlike curve. We can reparametrize v by the arc-length s, so
that we have the unit tangent vector t(s) = v/(s). When [|t'(s)+0(¢(s))y(s)|| # 0, where §(x) =
sign(x), we define a unit vector ny(s) = (¢'(s) + d(¢(s))v(s))/[[t'(s) + 0(t(s))v(s)||. We write
k1(s) = ||t'(s) + d(t(s))v(s)||, we consider ra(s) = ||n)(s) + 6(t(s))d(n1(s))r1(s)t(s)||. In the
case when ks (s) # 0, we have another unit vector ny(s) = (n)(s)+0(ni(s))k1(s)t(s)) /|| (s)+

d(t(s))0(n1(s))k1(s)t(s)]|. By the same way, we have the following functions and unit vectors.

ki(s) = [Ini_(s) + (ni—1(5))d(ni—a(s))ki—1(s)ni—a(s)],

o Pisa(s) +6(nisa(s))d(nima(s))kimi(s)mi2(s)
n;(s) = Ka(5) )

fori =1,...,n — 2. We assume that r;(s) # 0 for all i. At last, we define

T2 (s) = ~(s) At(s) Ami(s) A1, o(s)
" T ) A ) A ) A )]
Kn-1(8) = (n,_1(s),n,,_5(s))

We call v a generalized Lorentzian Sabban curve in ST, k;(s) a ith-curvature of ~(s).
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With the above notation, by a straightforward calculation, we can prove the set of vectors

{7(5>7 t(S), nl(s)v tt 7nn71(5)}

is a frame of R?™ along ~. We call this frame a generalized Lorentzian Sabban frame along ~.

We remark that x;(s) # 0 for i = 1,...,n — 2, while x,_;(s) might be equal to 0.

Lemma 3.1.1. With the above notation, vectors v(s), t(s), ni(s),...,n,_1(s) are orthogonal

to each other.

Proof. By definition, n,,_1(s) is orthogonal to v(s), t(s), n1(s),...,n,_2(s). For other vectors,

we can prove by calculation. For example,

((5). 1 (5)) = —((y(s),#(5)) + 3(8(3)) (v(s), 7(5)).

R1

Since (v(s),v(s)) = 1, so we have (v(s),t(s)) = 0. Then (v(s),t(s)) = (¥'(s),t(s)) +
(v(s),t'(s)) =0, so

Then
(3(s)mas)) == (= {3/ (), Hs)) + B¢(5)
:Kil<—6<t<s>> T 6(t(s))) = 0.

Therefore «(s) and n,(s) are orthogonal. We can prove all vectors are orthogonal to each other

by the same way. O

We have the following Frenet-Serret type formulae of non-lightlike curves in de Sitter n-
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space.

Y'(s) = t(s),

t'(s) = —0(t(s))v(s) + w1 (s)ma(s),

i (s) = —0((s))d(n(s))r1(s)E(5) + Ka(s)na(s),

n;i(s) = —6(n;_1(8))0(ni(s))ki(8)Mi—1(s) + Kip1(s)Miy1(s),

o (8) = ~0(r—a(5))3(Mna(8) K ()1 (5) + Kt (8) 7001 (5),
| 71 (5) = 0 0(5)8(m 1 (5)) s (5)70a(s).

If v is timelike, then a generalized Lorentzian Sabban curve is called a timelike Sabban curve

which have the following Frenet-Serret type formulae in de Sitter n-space.

Y'(s) = t(s),
t'(s) = v(s) + ra(s)na(s),
) (s) = k1 (s)E(s) + ra(s)na(s),
ny(s) = —ra(s)na(s) + ka(s)ns(s),
= (2)
ni(s) = —Ki(s)ni1(s) + Kis1(s)misa(s),
Ny o(8) = —kn—2(8)Mn3(s) + Fn-1(s)Mn-1(s),
Ny 1(8) = —Fn-1(8)Mn2(s).

\

We have the geometric meaning of the curvature k,_;(s) of timelike Sabban curve v(s) as

follows.

Proposition 3.1.2. Let v : [ — ST be a timelike Sabban curve. Then there exists a great de
Sitter subspace S7~!(m,0) such that v(I) € ST~ *(n,0) if and only if x,_1(s) = 0.

Proof. Suppose that k,_1(s) = 0. By the Frenet-Serret type formula (2), n,,_1(s) is a constant
vector. We denote that n,_i(s) = n. We consider a function f : I — R defined by f(s) =
(v(s),n), then we have f(s) = (y(s),n) = (y(s),mn-1(s)) = 0 and f'(s) = ((s),n) =
(t(s),nn_1(s)) = 0. Therefore f(s) is constantly equal to 0, so v(s) € S} *(n,0).
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For the converse, suppose that there exists ST~ *(n,0) such that v(I) C S *(n,0). Then
the function f as above is constantly equal to 0. It follows that f’(s) = (¢(s),n) = 0. Thus
f'(s) = (t'(s),n) = (y(s) + ki(s)ni(s),n) = ki1(ni(s),n) = 0. Since k1(s) # 0, we have
(ny(s),n) = 0. It follows that

(1 (s),m) = (r1(s)t(s) + ra(s)ma(s), m) = Ka(ma(s), ) = 0.
Since ka(s) # 0, we have (ns(s), n) = 0. It follows that

(no(s),m) = (—ra(s)na(s) + rs(s)ns(s), n) = ka(ns(s), ) = 0.

Since r3(s) # 0, we have (ns(s),n) = 0. We continue this procedure. Finally, we have
Kn-1(8)(np-1(s),n) = 0. If (n,_1(s),n) = 0, then n is orthogonal to all vectors of the gen-
eralized Sabban frame {~(s),t(s),n1(s),...,n,-1(s)} which contradicts to the fact that the

generalized Sabban frame is a basis of R}™! and n # 0. Thus x,,_(s) = 0 for any s € I. O

3.2 De Sitter height function

In this section we introduce a family of functions which is useful for the study of invariants of
timelike curves in the S?'. We consider v*)(s), by the Frenet-Serret type formulae, we have the

following lemma.

Lemma 3.2.1. Let v : I — S? be a timelike Sabban curve. Then v*)(s) has the following

form:

(1) 7' (s) = t(s).

(2) 7'(5) = 4(s) + rrma(s).

(3) For 3 < k < n, there exist functions x(s),y(s),a1(s), - ,ag_2(s) such that

7“”(3) = z(s)v(s) + y(s)t(s) + ar(s)mi(s) + - -+ + ag—2(s) + K1 (8)ka(s) - - Kr_1(8)Mk—1(5).

(3)
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Proof. By the Frenet-Serret type formulae, (1),(2) hold.

Now we prove (3). Let k = 3, we have

Y (s) = {7(s) + ma(s)mals)}
= t(s) + r1(s)na(s) + ma(s)m (s)
= t(s) + r1(s)n(s) + #1(s) (1 (8)E(5) + Ra(s)ma(s))
= (L + Ki(s))t(s) + K1 (s)ma(s) + ra(s)ra(s)ma(s).

So (3) holds for k = 3.
We assume that (3) holds for k£ — 1, there exist x(s), y(s),ai(s), -, ax_3(s) such that

YD () =r(s)7(s) + ()E(5) + aa(s)mals) + -+ au_sls)macss)

+ K1(8)KRa(8) -+ Kr_a(s)ng_a(s).

We can calculate v*)(s) by using the Frenet-Serret type formulae,

Y9(s) =Y ()
={2(s)v(s) + y(s)t(s) + ar(s)na(s) + - - + ar—s(s)nx-3(s)
+ K1(8)ka(s) -+ - Ko (s)Mp—2(s)}
=(@'(s) +y(s))v(s) + (x(s) + /' (s) + ar(s)k1(s))t(s) + - -
+ (ar-3(s)rr—2(s) + (R1(s)ra(s) - - x—2(s)) ) rea(s)
+ r1(s)r2(s) - - - Kp—2(8)Rr-1(8)nk-1(5).

The coefficient of ny_1(s) is £1(s)ka(s) - - - Kr—2(8)kK_1(s), then (3) holds for all k = 3,4,...,n.
[

For a timelike curve v : I — ST, we define a family of de Sitter height function H® : I x ST —

R by H*(s,v) = (7y(s),v). We write hi(s) = H*(s,v). Then we have the following propostion.

Proposition 3.2.2. Let v : I — ST be a timelike Sabban curve. Then we have the following:
(1) hi(s) = 0 if and only if there exist y, ay, - - , @p—2,a,—1 € R such that v = yt(s)+ani(s)+
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s anflnnfl(s) and _y2 + UJ% +-+ ai—l =1

(2) For k < n, hi(s) = (h3)'(s) = -+ = (h3)®(s) = 0 if and only if there exist ag,--- ,a, 2,
an—1 € R such that v = agng(s) + -+ + ap_1n,_1(s) and af +--- +a2_, = 1.

(3) hi(s) = (h3)'(s) = --- = (h2)™(s) = 0 if and only if v = +n,,_;(s) and x,_1(s) = 0.

(4) For k > n, hi(s) = (h3)'(s) = --- = (h3)®(s) = 0 if and only if v = 4n,_;(s) and
fna(s) = K,_1(s) = - = &V (s) = 0.

Proof. (1) By using the Frenet-Serret type formulae of timelike curve, there exist z,y,aq,- - - ,

an—1 € R such that
v =2v(s) + yt(s) + ayni(s) + - + an_1mn_1(9).
Then
h(s) = (y(s),v) = (¥(5), 27(s) + yt(s) + arma(s) + -+ + an1mna(s)) = 7,

we have x = 0. Since v € ST, then —y* + a4+ ---+a_, = 1.

(2) Let k =1, we have

(h3)'(s) = (t(s),v) = —y.

Thus hi(s) = (hs)'(s) = 0 means =y =0 and af +--- 4+ a2_; = 1. Then (2) holds for k = 1.
We now assume that (2) for k — 1, it means that h3(s) = (h3)'(s) = --- = (h3)*Y(s) = 0 if
and only if there exist ag_1, -+ ,a,-1 € R such that v = ax_1n._1(s) + - + ap_1m,_1(s) and

ai_,+---+a?_; =1. By assertion 3.1, we have
YO (s) = (a'(s) + y(s))v(8) + - + Ku)ra(s) - haa(s) wra(s)100-1(5).
Therefore, hi(s) = (h8)/(s) = --- = (h3)®)(s) = 0 if and only if
(Y®) (), ap1mp—1(8) + - - 4 @p_1Mp_1(5)) = ap_161(5)ka(s) - - - Kp_o(8)rp_1(s) = 0.

Since k—1 < n—1, we have r1(s)ra(s) - - - kp_2(8)kr_1(s) # 0,50 a1 = 0 and a3+ - -+a2_; = 1.

This completes the induction step.
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When k = n, by the calculation as above, h?(s) = (k) (s) = --- = (h3)™(s) = 0 if and only if

(1) (s) = (Y (s), Fru-i(s)) = £ (s)ka(s) - haa(s)Fna(s),
it means that x,_1(s) = 0. This completes the proof of (3).

By assertion (3), hi(s) = (h3)'(s) = = (h3)"*(s) = 0 if and only if v = £m,_(s),
Kn-1(s) = 0 and (h3)"*V(s) = 0. By Lemma 3.1, we have

" (s) =F(s)v(s) + F(s)t(s) + @r(s)ni(s) + - - + Taa(s)Mp_a(s)

+ K1(s)Ra(S) -+ - Kg—2(8)Kn—1(8)Mp_1(s).

We put K(s) = k1(8)ka(s) - - kr—2(8)kn—1(s), then we have

A (s) =T (s)y(s) +T()E(s) + 7 (5)(s) +7()(7(5) + rr(s)ma(s))
ar' (s)na(s) + @i(s)(k1(s)t(s) + ra(s)na(s)) + -
T2 (8)Pn—2(5) + T2 (5) (= Fn-2(5)M0-3(8) + Kn-1(s)Mn-1(s))
(K (s)kn1(5) + K (5)h7, 1 (5))mn-1(5) — K (8)ry_1(5)Mn—a(s)

=V (s) + W(s),
for some V' (s) € {v(s),t(s),n1(s),...,n,—2(s)}r and
W(s) = (@n=a(s)kn-1(s) + K'(5)kn-1(s) + K(5)k,_1(5))1n-1(5).

Since (V(s),1,—1(s)) = 0 and k;1(s)k2(s) - - - Kg—2(8)kn—2(s) # 0, v(s) = £n,_1(s), Kn-1(s) =0
and (h3)"*(s) = 0 if and only if v(s) = £m,_1(s), kn_1(s) = 0 and #/,_,(s) = 0. Thus

n—1

assertion (4) for &k = n + 1 holds. We now assume that the following conditions hold for
k=mn+(

r— ) hi(s) = (hs)(s) = = (3)®)(s) = 0 if and only if v(s) = +n,_1(s)
and K,_1(s) = kl,_4(s) = -+ = li( ) =0 and yW(s) = V(s) + W (s), where V(s) €
{7(s),t(s),m

1(s ) ..... n,_o(s)}r and there exist functions 7y(s), 71(s), ..., n-—2(s) such that

(an )+ KR )l
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Therefore, we have V' (s) = V (s)+((s5)n,,_o(s) for some V (s) € {v(s), t(s),n1(s), ..., n,_3(5)}r.

It means that

V'(5) = V() + ¢ (5)m-2(5) + ((5) (= Rn-a(s)103(5) + Kn-1(s)mn-1(5))

W'(s) :(X_jm;(s)ﬁf?l(s) +a(s)l T () + K (5)k{ ) (s) + K (s) n’1<s>)nn_1<s>

1=0

~ (029 + KR sl

i=0
It follows that there exist V(s) € {v(s),t(s),m1(s),...,n,_2(s)}r and functions 7,(s), 7 (s),
., T,_1(s) such that

7(k+1)( (

MH

s) + K(s)k" (s))nnl(s).

=0

Since K(s) # 0 and (n,_i(s), V(s)) =0, hi(s) = (h3)'(s) = -+ = (h3)**V(s) = 0 if and only
if v(s) = £n,_1(s) and k,_1(s) = K, _1(s) = -+ = /1521 = 0. This completes the proof of
(4). O

3.3 De Sitter Legendrian duality

In [7], Izumiya introduced the Legendrian dualities between pseudo-spheres in Minkowski space
which is a basic tool for the study of spacelike submanifolds in pseudo-spheres in Minkowski

space. In this section we study the de Sitter Legendrian duality of timelike Sabban curve in
the S7". We define 1-forms (dv,w) = —w;dv; + ZZH; w;dvy, (v, dw) = —vidw, + Z?Jr; v dw;
in R7™ x R and consider the following double fibrations:
ST x ST D Ay = {(v,w)|{(v,w) =0},
511 A5 — ST, 52 1 Ay — ST,
051 = (dv, w)|As, 052 = (v, dw)|As.

Here, 751 (v, w) = v, m5o(v, w) = w. We remark that 05" (0) and 65, (0) define the same tangent

hyperplane field over Ay which is denoted by K. In [4], the following theorem was shown:
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Theorem 3.3.1. Under the above notation, both of 75; (i = 1,2) are Legendrian fibrations

and (A, K) is a contact manifold.

If we have a Legendrian submanifold L C As, then we say that 751 (L) C S} and ms2(L) C ST
are de Sitter Legendrian dual to each other. Since both of m5'(v) = v x S} *(v,0) and
7oy (v) = ST (v,0) x v are Legendrian submanifolds of Az, v € ST and S} !(v,0) € S} are
de Sitter Legendrian dual to each other.

We now define a mapping D., : [ x "% — St~ by

Dy(5,8) =&y + -+ Euin o,
where € = (&,...,&,-1) € S" 2. We denote that v* = D, (s,£), which is called a de Sitter dual
hypersurface of v. We have the following theorem:

Theorem 3.3.2. Let v : I — ST be a timelike Sabban curve. Then « and ~* are de Sitter

Legendrian dual to each other.
Proof. We define a mapping £ : I x ST — A by L(s,£) = (v(s), D(s,£)). By definition, we

have

oL oD, oL .
35 = (). 50, p = (Omi(s).

Therefore, {0L/0s,0L/0&;,...,0L/,—1} are linearly independent. This means that L :
I x R — Aj is an immersion, so that L] rxsp 1s an immersion. Moreover, we have L*05; =
(dv(s), D+(s,€)) = 0, so that L(s,§) is a Legendrian submanifold of Az. This completes the

proof. O]

Corollary 3.3.3. Let v : I — ST be a regular timelike curve. Then ~* is a wave front of

L(s, &) respect to the Legendrian fibration mss.

3.4 An application of the theory of unfoldings of function germs

In this section we classify the families of function germs as an application of the unfolding
theory of functions. We consider the family of de Sitter height functions on timelike Sabban

curve. Then we have the following proposition.
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Proposition 3.4.1. Let v : I — ST be a timelike Sabban curve and h; has Ag-singularity at

so for any k < n. Then H® is an R-versal unfolding of A .

Proof. Let
v(s) = (1,22, 23, ..., Tns1)
and
vo = (A 1, &1, -+, 6n1)

with A2 — p2 + 32771 €2 = 1. Then we have

H?(s,v0) = x1(s)N — xo(s) 0 + x3(5)&1 + -+ + Tpy1(8)En—1-

Suppose that &,_1 > 0 and &, = \/1 — A2 2 = 32 €2 Then we adopt the local coordi-

nates (\, &1, ..., & —2) for ST, it follows that

0H?® A

W(S, vo) = T1(8) — axn+1(s),
a(;z (5,v0) = —ma(s) + gflﬂinﬂ(é’),
%IZ (5,v0) = x3(5) — éfllfﬁnﬂ(s),
S (5,00) = 3a(s) — £ (9

We consider the following matrix:

z1(s) — &%xn-&-l(s) —2(s) + 55 Tnta(s)

A 71(s) = g2, (5) —5(s) + g5 w044 (8)
n—1 n—1 n—1 n—1 n—1 n— n—1
" (s) = rann(s) —2y 0 (s) + g (s) F70(s) = =22 (s)
If we put a; = (x;(s), }(s), ... ,xl("_l)(s)), then we have
A H &1 Sn—2
A=(a; — —auy1,— Qs+ —ay, 1,03 — Apity. .., Qp — A1)
( ' gn—l +1 ? fn—l +1 ’ Sn—l +1 fn—l +1)
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By a straightforward calculation, we have

—detA =det(aq, as,...,a,) + : det(a@,i1,a0,...,a,)
n—1
2 57172
+ : det(ay, any1,as,...,a,) + -+ : det(ay,as,...,an-1,0,41)
n—1 n—1
_(_1)TL / (n—1)
~ (s A (s) A A D),

Since
V() A (8) A AT (s) = K7 (8)RETH(s) - honal(s).
As h; has Ag-singularity, so that
detA = (~1)" k23 (s i (s) - i (5) £ 0.

It means that rankA = n. Thus the assertion for £ = n holds. It follows that the assertion
for k < n also holds. For other coordinates, we have the arguments similar to above. This

completes the proof. O

By Proposition 3.2.2, we have v* = Dy and D' = {£n,,_1(s)|s € I}. Proposition 3.2.2

also asserts that h; has Ag-singularity at s for k < n if and only if exist

0,...,0,&, Ersty - En1) € S™ % and (& #0)
such that
vy = §em(So) + -+ Eam1mp—1(S0)-
We define a set 4; C S™ by
Vi = {&m(s) + -+ Gomma ()G + -+ & = 1, s € I},
so that ~; = D¥.. By Theorem 2.3.5 and Proposition 3.4.1, we have the following theorem.

Theorem 3.4.2. Let v : I — ST be a timelike Sabban curve. Then we have the following:
(1) For k < n—1, the germ of de Sitter dual v* of v at (so,&) = (s, (&1, -+, &—1)) € IXS" s

25



diffeomorphic to (ImD A x R"7* 0) as set-germs if and only if & = --- = &,_; = 0 and &, # 0.
In this case the germ of v} at (so, &) is diffeomorphic to (Imoy[2,3,... &k, k + 1] x R"* 0) as
set-germs.

(2) The germ of de Sitter dual v* of v at (s, &) € I x S"! is diffeomorphic to (ImDA; x R, 0)
as set-germs if and only if £ = (0,...,0,£1) and k,_1(so) # 0. In this case the germ of the
image of n,_;(s) at sg is diffeomorphic to (R, 0) as set-germs.

(3) The germ of de Sitter dual v* of 4 at (sg,&) € I x S"! is diffeomorphic to (ImDAF,0)
as set-germs if and only if € = (0,...,0,%+1), k,—1(s9) = 0 and &!,_(so) # 0. In this case the

germ of the image of n,,_1(s) at s is diffeomorphic to (Imoy([2,3,...,n —1,n],0) as set-germs.

Proof. By Proposition 3.4.1, if hj has Ag-singularity at so for any k& < n. Then H*® is an
R-versal unfolding of A . Since v* = D%, the assertions holds by Proposition 3.2.2, Theorem
2.3.5 and Proposition 3.4.1. O

3.5 Contact with great de Sitter subspaces

In this section, we discuss the contact of v with a great de Sitter subspace. By Proposition 3.1.2,
there exist a spacelike vector v € ST such that v(I) C S7 !(v,0) if and only if x,_1(s) = 0.
In this case, n,_1(s) = v is a constant vector. By definition, v € Dys if and only if there
exits sg € I such that hf(sg) = (h$)'(so) = 0. If we consider a function g, : S7 — R defined by
go(z) = (v, ), then g;1(0) = S} ' (v,0) and g, o v(s) = hi(s), so that hs(se) = (h)'(s0) = 0
if and only if v(s) is tangent to S} *(v,0) at so. We call S7'"'(v,0) a tangent great de Sitter
subspace of 7y at sg. There are infinite tangent great de Sitter subspaces of v at so. We say that
S~ 1w, 0) has at least k-+1-point contact with ~y at sq if k% (s¢) = (h2)(s¢) = - -+ = (h8)*(s0) = 0,
we also say that S (v,0) has k + 1-point contact with v at sq if h(sg) = (h3)'(s0) = - -+ =
(R3)*(s0) = 0 and (h?)*(sg) # 0. By Proposition 3.2.2, we have the following proposition.

Proposition 3.5.1. Let v : I — S} be a timelike Sabban curve and vy € S7'. Then we have
the following:

(1) Sp~'(v,0) is a tangent great de Sitter subspace of v at sy if and only if there exists
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E=(&,...,& 1) € S"? such that vy = &m(se) + -+ + Eno1mn_1(S0)-

(2) For k < n, S~ !(v,0) has at least k + I-point contact with ~ at sq if and only if there exists
E=1(0,...,0,&, &1y, En1) € S"2 such that vy = &my(se) + -+ + Eo1Mn_1(s0).

(3) S7!(v,0) has at least n-point contact with ~ at sq if and only if vy = £m,,_1(s0).

(4) For k > n, S}~ '(v,0) has at least k + 1-point contact with v at so if and only if vy =

+n,,_1(so) and k,_1(s0) = K,,_1(80) =+ = /{ilk__ln)(so) =0.

For k < n, 7} is the locus of the vectors v € S such that S7"!(v,0) has at least k+ 1-point
contact with «. In particular, v = {£mn,_1(s)|s € I} is the locus of the vectors v € S} such
that S7!(v,0) has at least n + 1-point contact with . So if v = +n,,_1(s0), we call S7*(v,0)
an osculating tangent great de Sitter subspace of vy at sq. Then, as a corollary of Theorem 3.4.2

and Proposition 3.5.1, we have the following theorem.

Theorem 3.5.2. Let v : I — S be a timelike Sabban curve and S ! (v, 0) a tangent great
de Sitter subspace of v at so. Then we have the following:

(1) For k < n — 1, the germ of de Sitter dual v* of v at (sg,&) = (s0, (&1, -+, &n1)) € I x S™71
is diffeomorphic to (ImDA; x R"7* 0) as set-germs if and only if S} '(vp,0) has at least
k + l-point contact with v at so. In this case the germ of ~; at (so,¢) is diffeomorphic to
(Imo[2,3, ...,k k+ 1] x R"* 0) as set-germs.

(2) The germ of de Sitter dual v* of 7 at (so, &) € I x S"~! is diffeomorphic to (ImDA; x R, 0)
as set-germs if and only if S7!(wy, 0) is an osculating tangent great de Sitter subspace of 7 at
so and K,_1(so) # 0. In this case the germ of the image of n,_1(s) at s¢ is diffeomorphic to
(R,0) as set-germs.

(3) The germ of de Sitter dual v* of v at (sg,&) € I x S"~! is diffeomorphic to (ImDA;F, 0)
as set-germs if and only if ST~ '(vy,0) is an osculating tangent great de Sitter subspace of ~
at So, fn—1(s0) = 0 and k!,_,(sg) # 0. In this case the germ of the image of n,,_1(s) at s¢ is

diffeomorphic to (Imoy[2,3,...,n — 1,n],0) as set-germs.
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4 De Sitter evolutes and de Sitter focal surfaces of time-

like Sabban curves

4.1 De Sitter evolutes of timelike Sabban curves in S?

In this section we consider a timelike Sabban curve in S7. Let v : I — S? be a timelike Sabban
curve, we can reparameterize it by the arc-length s. Then we have a orthogonal frame {~, ¢, n}
along ~y, where t(s) is the unit tangent vector of v at s and n(s) = ~(s) A t(s). We have the

Frenet-type formulae:

Y (s) = (s),
t'(s) = v(s) + rn(s),
n/(s) = kt(s)

Here, k = ||7"(s) — ~(s)|| is the geodesic curvature of ~.
We define a function H : I x S? — R by H(s,v) = (v(s),v). We call H a de Sitter height
function on v and write hy,(s) = H(s,v,) for any fixed vector vy € S%.

Here we calculate the derivative of H, by Frenet-type formulae, we have

%_Z = (¥(s),v) = (t(s), v).

Since v € S}, there exists 6 € [0,27) such that v = cos §y(s) + sinfn(s) if and only if 2% = 0.

We also have

0*H
= (#(),) = ((s) + Am(s), v).
Therefore, 21 = 8—H = 0 if and only if v = cosfvy(s) + sinfn(s) and cosf + ksinf = 0.

Moreover, we have

OPH
57 = (14 &*t(s) + K'n(s),v).
Under the condition 22 = %2SH =0, 8;;; = 0 if and only if v = cosf7(s) + sinfn(s), cos +

ksin® = 0 and +/(s) = 0. If we calculate the 4th derivative of H, we can show that the above
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conditions with the extra condition
O*H
0s4

which is equivalent to the £”(s) = 0. As a consequence, we have the following proposition.

= (1 + K*)y(s) + 36K"t(s) + (k + K* + K" )n(s), cos O (s) + sinn(s)) = 0

Proposition 4.1.1. For any (s,v) € I x S?, we have the followings:

(1) hl(s) = 0 if and only if there exists 6 € [0, 27) such that v = cos~(s) + sinOn(s).
(2) R

(3) hl(s) = h!(s) = h/(s) =0 if and only if v = cos~(s) + sinbfn(s), cosd + rksinf = 0 and
K'(s) = 0.

@ #,

0, k'(s) =0 and £"(s) = 0.

' (s) = h(s) = 0if and only if v = cos0y(s) + sinfn(s) and cosf + ksinf = 0.

hl(s) = hl(s) = hl(s) = hw(s) = 0 if and only if v = cos Ov(s)+sinOn(s), cos+ K sinf =

By the above proposition, we have an invariant x'. hl(s) = hl/(s) = 0 if and only if v =

1

cos By (s) +sinfn(s) and cosf + rsin = 0. Since cosf + rsinf = 0 is equal to sinf = £ ———

and cosf = F =, then h!(s) = hl(s) = 0 if and only if v = :Fﬁ'y(s) + ﬁn(s) We

now define curves E$ : [ — S% by

EX(s) = n(s).
V) =F e E )

We call EX(s) the de Sitter evolute of v(s). By straightforward calculations, we have the

following proposition.
Proposition 4.1.2. The evolute E¥(s) of v(s) is singular at so if and only if #/(so) = 0.

Proof. The evolute EZ(s) of ~(s) is given by

BE(s) = F 7 (9) £ ———nl)
We have
: K'(s) K (s)K%(s) K(s)
E*) (s s s
(EY) (s) =7 ( = | (1) 1+1{2@)'7( ) F HRQ(S)t( )
RIS K




It follows that (ET)'(s) = 0 if and only if #(s) = 0. This completes the proof. O

By the above proposition, Eff(s) = vy is constant if and only if £'(s) = 0. In this case, by
Proposition 4.1.1, h,, is constant, that is, there is a real number ¢ € R such that (vy(s),v) = c.
It means that Im~vy(s) € HP(vg,c) NS%. It suggests that curves of the form HP(vy,c) NS for
vy € S? are the candidates of model curves on S?. They might play a similar role to lines in
Euclidean plane. We call it de Sitter slice (or, a D-slice) of S}.

We introduce another family of functions:
H:RxS? 2R, (x,v)+— (x,v).
We denote b,, = H(x, vg) for any fixed vy € S?, then we have

huo (5) = ((s), v0) = H(¥(5);v0) = bue (7(5)):

Moreover, for any s € I and E5 (so) = vo, (buls2) ™' (c) is a D-slice of Sf. On the other hand,
let F': R} — R be a submersion. We say that v and F~1(0) have contact of order k at sy if
the function f(s) = F o ~(s) satisfies f(so) = f'(s0) = --- = f#)(s9) = 0 and f*+)(s0) # 0.

Under the above notations and Proposition 4.1.1, we have the following proposition.

Proposition 4.1.3. Let v : I — 57 be a timelike Sabban curve and EF(so) = vo. Then the
following conditions are equivalent:

(1) v and (by,|s2) "' (co) have contact of order three,
(2) K'(sp) = 0 and k" (sq) # 0.

In order to investigate the singularities of de Sitter evolutes of timelike Sabban curves, we

apply the theory of unfolding of functions. In §2. we defined the bifurcation set Br of F' by

F ’F
Hs,witha—(s,m) = aa?(s,m) = O} .

BF:{CL'GRT D5

Here we have the following proposition.

Proposition 4.1.4. Let v : I — 5% be a timelike Sabban curve. If h,(s) has type Az at sg,

then H is a p-versal unfolding of h,.
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Proof. We denote ~(s) = (zo(s),z1(s), xa(s)), v = (vo,v1, /v — v? + 1). Then we adopt the

local coordinates (vg, vy) for S7. We have

H(s,v) = —xo(s)vg + x1(5)v1 + x2(8)y/v3 — v + 1

and

8H Vo 8H U1

7 = —2(S) + —F/———=22(8), 7 =71(5) - —F/———=72(9),

dvg ols) v —v?+1 ? ovy () 0211 2(s)

62H / UO / 82H ’ ’Ul ,
() 0 ey, L ) - — L (s),

@Savo 0( ) U(Q]—U%—f-l 2( ) 8881}1 1( ) U(Q)_U%+1 2( )

—aSH " Yo " 63[_[ " U1 "

A Y/ e R A T Y S

By Proposition 4.1.1, h,(s) has type As at sq if and only if v = cos0v(sg) + sin On(sy), cosd +

ksinf = 0 and k'(sg) = 0. Since cosf + ksinf = 0 is equal to sinf = iﬁ and cosf =

F =, then h,(s) has type A; at so if and only if

K

1
vV =F—=7(50) £ ——=
+ *14_/{2’7( 0) At 2

For the purpose, we require the matix

n(so) and x'(sg) = 0.

Y —xp(s) + \/fgv_ﬁxé(s) 71(8) — = (s)
—20(s) + —5tm=w5(s) 21(s) — —5E=5(s)

\/v(z]fv%Jrl vgfv%+1
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to have rank 2. Therefore we calculate the determinant of this matrix as follows:

Y%

/02 .2

vg—vi+1
/o I/} /w

A/l A/
detA = (= (212 — 257), 2wy — wowy, pw) — 117) | ——=4

_ Lol YA (2 2 2 v
(20, 1, 3) A (g, 27, 73)) Vi —v2+1
1
—p
1
= (tA (v +kn)) vy

v —vi+1
vg—v?+1
1 K 1
=——————(n+ Ky, F—=7(5) £ ——=n
vg—v%+1< V14 K2 (5) V14 k2

)
:i$7é0,
v —vi+1

(s))

For other local coordinates, we can apply the arguments similar to above. This completes the

proof. ]
As a consequence, we have the following theorem.

Theorem 4.1.5. Let v : I — S? be a timelike Sabban curve. Then we have the following
assertions:
(A1) The evolute E(s) is regular at so if and only if £’(sg) # 0.
(A2) The following conditions are equivalent:
(i) K'(sp) = 0 and " (so) # 0,
(ii) v and D-slice (hy,|s2) " (co) have contact of order three. In this case the germ of E*(s)

at sg is diffeomorphic to the ordinary cusp.

Proof. (A1) By Proposition 4.1.2, (E¥)'(s) = 0 if and only if #'(s) = 0. It means that the

evolute E5(s) is regular at so if and only if £/(sq) # 0.
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(A2) By Proposition 4.1.1, the bifurcation set of H is E;;E(s) By Theorem 2.3.6 and
Proposition 4.2.2, the germ of the bifurcation set is diffeomorphic to the cusp if x'(sg) = 0
and k”(sg) # 0. By Proposition 4.1.3, (A2),(i) is equivalent to (A2),(ii). This completes the

proof. O]

4.2 De Sitter evolutes and de Sitter focal surfaces of timelike Sabban

curves in S}

In this section we consider timelike Sabban curves in S?. Let v : [ — S? be a timelike Sabban

curve, we can reparameterize it by the arc-length s. Then we have the tangent vector ¢(s) =

| = 1. When (t'(s),t'(s)) # 1, we define a unit vector

’I’Ll(S) _ t/(s) B 7(‘9)
[£(s) = (s)II

let na(s) = vy(s) At(s) Amy(s). Then we have the Sabban frame {v(s),t(s), n1(s), na(s)} along

~'(s), obviously ||¢(s)

~. As a special case of the Frenet-Serret type formulae in §3, we have the following:

(

(
Here, x1(s) = ||t/(s) —v(s)| and ka(s) = —k;(s)det(v(s),¥'(s),¥"(s),¥"(s)). We remark the
condition (t'(s),t'(s)) # 1 is equivalent to k1(s) # 0.

Now we define a family of functions on a timelike Sabban curve. Let v : I — S? be a
timelike Sabban curve. We define a function H : I x S} — R by H(s,v) = (y(s),v), we call
H a de Sitter height function on the timelike Sabban curve . We denote h,(s) = H(s,v) for

any fixed v € S7. Then we have the following proposition.

Proposition 4.2.1. Let v : I — S} be a timelike Sabban curve. Then we have the following
assertions:

(1) Rl (s) = 0 if and only if there exist a,c,d € R with a® + ¢ + d* = 1 such that v =
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avy(s) + cny(s) + dno(s).
(2) hl(s) = RhY(s) =0 if and only if there exists § € [0, 27) such that

v= Facosh (s) — i'n,l(s)) + sin Ony(s).

V1+ k2 7 K1
(3) hl(s) = Rhl(s) = h!(s) =0 if and only if there exists § € [0, 27) such that

v= Facosh (s) — inl(s)) + sin Ony(s)

\/1—*_%%’7 K1

’
K1

and T cos b = k1Ko sing.
(4) bl (s) = Rhl(s) = h'(s) = h$)4)(s) = 0 if and only if there exists 6 € [0, 27) such that

0 1 /
v =L () — —mny(s)) + sinfna(s), al

\/1+/<;%7 K1 V1+ k3

cos ) = K1kosSinb

and

2((8))*Ra(s) + i (s)Ry(8)Ra(s) + Kt (s)ra(s) — ki (s)ra(s)R1(s) = 0.
(5) B, (s) = K!(s) = K" (s) = b (s) = h{”(s) = 0 if and only if there exists 6 € [0, 2r) such
that

0 1 /
v= 21OV ie) — —mny(s)) + sinfny(s), il

\/1—1—141%7 K1 V1+ K

2(k' () ka(s) + k1(s)K1 (s)ro(s) + Ki(s)ra(s) — ka(s)ka(s)kY (s) = 0,

cos = K1kosinb,

and

(2(r1 () ma(s) + ra(s)m) (8)m(s) + 7 (s)R3(5) — ma(s)ma(s)R7 (5)’
=311 (5)K7 (s)ka(s) + (K1 (5))*K5(s) + ka(s)r) ()5 (s) — k1 ()AY(s)ka(s)

+ 2k (8)K) (8)Ka(s) + 3k3(s)Kh(s)K3(s) = 0.

Proof. (1) Since v € S}, there exist a, b, ¢, d € R such that v = ay(s) + bt(s) + cny(s) + dnay(s)
with a® 4+ b? + ¢ + d* = 1. Because I (s) = 0, we have b = 0, so that a®* + ¢* + d*> = 1. The

converse direction also holds.
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(2) By (1), we show that (v(s) + rim(s),v) = 0. Then ¢ = —2%. Since a® + ¢ + d* = 1, there
exists 6 € [0, 27) such that

K1 cos 6 cos 0 .
4= ———-—, ¢=———0, d=sind.

V14K V14K
Therefore

FLC050 () — ~a(s)) + sin Oma(s).

\/1—|—/<%(7 K1

(3) Under the assumption that Al (s) = h!(s) = 0, we have

v =

R (s) = {(1 + k)t(s) + Kmi(s) + Kikama(s), v) = 0.

K/ .
L_ cosf = k1Ko sIinb.
\/1+ﬁ%

(4) With the assumption h!(s) = h(s) = h!/(s) = 0 and a formula

It follows that

AV (s) = (1 + &2)y(s) + 3r1K,t(s) + (k1 + 1 + K — ka2 (s) + (26 kg + K1KY)No(s), v),

(%

h1(,4)(5) = 0 is equivalent to

(kiks — K])cos O = —1/1 + K3(2K Ky + K1 KD) sin 6.

/
Since we have \/% cos ) = Kykosin b,

2(k)(5))ha(s) + k1(s)K) (5)k5(5) + Ki(s)k3(s) — r1(s)ka(s)r](s) = 0.

This proves assertion (4).

(5) When £ (s) = hl(s) = hl(s) = h7(,4)(3) = 0, the fifth derivative is

h(5)(s) =5k, (8) + (14 267 4 3(K))? + 4k + kT — KIKDE(s)

v

2./ / " /2 /
+ (6r1R] + K] + K] — 3K K5 — 3R1K2Ky)T(S)

+ (K1kg + Kikg + 3K Ko — K1k + 3K\ Kb + Kikh )T (s), V).

It follows that hq(f)(s) = 0 is equivalent to

\/ 1+ K2 (k1Ko + K3y + 3K Ky — K1kS + 3K, Ky + k1K) sin 6

2 1 / " ;2 / _
+ (—KiR] — K] — K| + 3K1K5 + 3K1KaKy) cosf = 0.
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. K .
Since —=t= cosf = k1kq sinf and
/1 2
_l’_

K1

2(K'(3))*Ra(s) + ra(s)ry (s)ro(s) + K1(s)R3(s) — k1(s)ra(s)AY (s) = 0,

we have
3K K Ko + 3(K))2Kh 4 K1KLK — k1KY Ko 4 2K K K3 + 3K3KGKS
= (2(W1(5))*ka(s) + rr ()R] (5)R5(s) + K3 (s)R3(5) — ka(s)ma(s)R] ()" = 0.
This completes the proof. O

By the above proposition, we define a new invariant os(s) as follows:
03(s) = 2(K'(5)) o (s) + w1 (s)w1(s)R5(s) + w1 (s)ka(s) — k1 (s)ka(s)RT ().

We now respectively define a curve E. : I — S} and a surface FS : I x S' — S} by
K2 Ko 1 K

E,(s) = - (v(s) = —na(s)) + -

T VP AR R ¢ Vs + w31+ 6d)

FS(s,u) = ul\/%('y(s) - %nl(s)) + upmal(s).

Here u = (u1,uz) € S, we call E,(s) the de Sitter evolute of v and FS(s,u) the de Sitter

ny(s),

focal surface of ~.
We consider some properties of the de Sitter evolutes and de Sitter focal surfaces of timelike
Sabban curves in S?. Moreover we investigate the geometric meanings of the invariant oy(s).

We have the following proposition.

Proposition 4.2.2. Let v : I — S} be a timelike Sabban curve. Then we have the following
assertions:

(1) The set {(3, 6) ‘ \/%—E% cosf = K1ka sin&} is the singularities of F'S(s,0).

(2) The de Sitter evolute E, (s) of « is singular at s¢ if and only if g5(s0) = 0.

Proof. (1) Since FS(s,u) = u \/ﬁ?(v(s) — () + ugmy(s) and u = (uy,up) € S, we

denote u; = cos @ and uy = sin 6, where 6 € [0,27). Then the focal surface is parameterized by

1
i s) — —mny(s)) + sinfny(s).

=0 -
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By straightforward calculations, we have

OF S K1 sin @ sin 6

= — N ———
o0 mw(s) mnl(S)

+ cos fny(s),

OFS K} cos 6 K cos @ 0 (s)
= — — Kosind | ny(s
Js 1+ Re m(l+ eI+ '
K cos 6 Ko oS 0

(s) (s)-

+ v(s5) — —=mny
(1+ K21+ K2 V14 k2
|

Then the above two vectors are linearly dependent if and only if Jind cosf = ki1kosinf. This
K1

is the condition for the singularities of F'S.
(2) Since

Kiks _in s & n
B0 = ey Y mm0) e

we have
dE K 4+ ki K2+ 263K K2 + K2 Kok + KikoK!
ds ((“3)2 + Kiks + ’fl’%)z’
1
2 7 [(2k1K Ko + K1 KY)Y(8) + (—2K ke — K1KY) T (8)
((K1)? + KiKg + KiK3)2
+ (—k1k3 + K] )na(s)]
=((K))? + KiK3 + £362) T2 [(—R3RL T Ko + 3R RS + 260 (K] ko + K3(K))2RD)(s)
+ (k1K K Ko — KERLKS)N (8) + (=261 (K))2 K2 — KK Kokl — K3KS + kIR K2
— 2k3 (K))? K5 — KK Kokl — K{ Ky + KK K3 (s)]
BTV 4, 2 2 2\-32 / o i 3
=((k])" + KRy + K1Ry) 2 (KK 02(8)Y(8) — Kio2(8)M1(s) — (Kike + KikK2)oa(s)na(s)].
Therefore, dd% = 0 if and only if o2(s) = 0. This completes the proof. O

In order to investigate the singularities of de Sitter evolutes and de Sitter focal surfaces
of timelike Sabban curves, we apply the theory of unfolding of functions. Here we have the

following proposition.
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Proposition 4.2.3. Let v : [ — S} be a timelike Sabban curve with /(s) # 0. If h,(s) has

type Ay at so (k= 3,4), then H is a p-versal unfolding of h,,.

Proof. Let v(s) = (zo(s), z1(8), 72(s), x3(s)). Since v € S}, let

V= (U07U17U27U3) = (U07U17U27 \/1 + U(Q] - U% - U%)

Then we adopt the local coordinates (v, vy, v;) for S3. We have

H(s,v) = —xo(s)vo + z1(s)v1 + w2(s)v2 + 1‘3(8)\/1 +vg —vf — 3,

so that

aH . Vo aH o U1 8[_[ B Vg

o zo(s) + vgm(s), By r1(s) U3$3(S), Tog To(s) ngg(s),

OH ! Yo 0°H / U1 ’H ’ v2

0s0vy —7o(s) + U_3x3(8)’ s0v, 1(s) — ;3333(3)7 9500, T5(s) — U—3x3(s),

O3 H " Vo 4 O3 H y v, PH , vy

83281)0 - _170(5) + ’U_3x3(8)7 88287]1 = xl(s) — U—3{E3(8), m = g}2(3) — U_31»3(8)’
o'H " Vo 4y O*H m V1, OAH " vy

ds30uy —ro(s) + U_3$3 (s), 05300, y'(s) — U_35L’3 (s), 95300, h (s) — U—Smg (s).

By Proposition 4.2.1, h, has the A3 singularity if and only if

K1 COSG S) _ lnl(s)) —|— Sin 0”2(8)

m(’Y( Ky

cos = Kk1kosinf. When h, has the A3 singularity, we require the 2 x 3 matrix

v =

/
K1

and T

zo(s) — pewy(s) ai(s) — 2ag(s) ah(s) — 2as(s)
zg(s) — seas(s) 2f(s) — Fag(s) x3(s) — 2ag(s)
to have rank 2, which follows from the proof of the next case.

By Proposition 4.2.1, h, has the A4 singularity if and only if

1 /
w0~ L () + sinfna(s), —d

\/1—1—11%7 K1 V1+ k2

cosf = Kiko sind
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and o3(s) = 0. In this case, we need the 3 x 3 matrix

vh(s) — mal(s)  wi(s) — Bah(s)  whls) — Bal(s)
A= | afls) - mals) alls) - Bab(s)
w(s) = Ball(s) (s) — Bal(s) af(s) — 2l (s)

to have rank 3. Put a; = (2, 2/, 2")!, then we have

(X )

Vo (%1 V2
A= (ao — —a3,a1 — —az,az — —G3)7
U3 U3 U3

—detA =det(ag, a1, az) + @det(ag, ap,az) + ﬂdet(ao, as,as) + %det(ao, ai,az)

(R} (O8] (%]
v / " "
== (YA (S AT
2(,1\2
=k sin? 0 = rlr) # 0.

For other local coordinates, we can apply the arguments similar to above. This completes the

proof. O]
By Proposition 4.2.1, Proposition 4.2.3 and Theorem 2.3.6, we have the following theorem.

Theorem 4.2.4. Let v : [ — S} be a timelike Sabban curve with #}(s) # 0. Then we have
the following:

(1) If h, has Aj singularity at s, the germ of de Sitter focal surface F'S at (sg, ) is diffeo-
morphic to C' x R.

(2) If h, has A4 singularity at sg, the germ of de Sitter focal surface F'S at (sg,6) is diffeo-

morphic to SWW and the germ of de Sitter evolute E., at s is diffeomorphic to C.

We consider the hyperplane in R}, which is defined by HP(v,c) = {x € Ri|{z,v) = ¢},

where v € S} is a fixed vector and ¢ € R is a constant. We define
S%(v,c) = S? N HP(v,c)

and call S?(v,c) a 2-dimensional de Sitter subspace in S§. For any fixed sy € I, we set

(v(s0),v) = e. If we consider a function b, : S} — R defined by h,(x) = (x,v), then
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hol(e) = S%(v,e) and b, o y(s) = hy(s), so that h,(so) = ¢ and h!(sq) = 0 if and only if
S%(v,€) is tangent to vy(s) at so. In this case, we call S?(v,¢e) a tangent de Sitter subspace at
S0, we remark that there are infinitely many tangent de Sitter subspaces of v(s) at so. We say

that a tangent de Sitter subspace S?(v, €) of v(s) at sy has at least k+ 1-point contact with ~ if

hy(so) =cand b (sg) =--- = hg,k)(so) = 0. We also say that tangent de Sitter subspace S (v, €)
of y(s) at so has k + 1-point contact with v if hy(so) = &, h'\(so) = --- = h"(so) = 0 and

hg,kﬂ)(so) # 0. By Propositions 4.2.1, 4.2.2 and arguments similar to the proof of Proposition

3.1.2, we have the following propositions.

Proposition 4.2.5. Let v : [ — S? be a timelike Sabban curve. Then the following conditions
are equivalent:

(1) The de Sitter evolute E,(s) is a constant vector.

(2) There exist v € S} and ¢ € R such that v(I) C Si(v,¢).

(3) o2(s) = 0.

Proposition 4.2.6. Let v : I — S} be a timelike Sabban curve. Then we have the following:
(1) S%(v,e) is a tangent de Sitter subspace of y(s) at sq if and only if there exist a,b,c € R
with a? + b® + ¢® = 1 such that v = avy(sg) + bny(so) + cna(sg).

(2) The tangent de Sitter subspace S?(v,¢) has at least 3-point contact with ~(s) at sq if and

only if there exists 6y € [0,27) such that

K1 cos b ;
v = ———(¥(50) — —m(s0)) + sin fyma(so).

0
NiEr o
(3) The tangent de Sitter subspace S7(v,¢) has at least 4-point contact with v(s) at sq if and
only if there exists 6y € [0,27) such that

K1 cos 0 1 .
v = ¥('y s0) — —m1(S0)) + sin Gym2(s0)

5

and cos By = K1k sin .
\/ 1+fi%

(4) The tangent de Sitter subspace S7(v,¢) has at least 5-point contact with v(s) at sq if and
only if there exists 6y € [0,27) such that

K1 cos B 1 K

IS Tt _ . —1 . .
v= m('y S0) /<a1n1<50>> + sin fpna(so), VT cos Oy = Ky1ka sin Oy
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and o3(sp) = 0.
(5) The tangent de Sitter subspace S?(v, ) has at least 6-point contact with ~(s) at sq if and
only if there exists 6y € [0, 27) such that

K1 cos By 1 K

v=——=—(y(s0) — —n1(50)) + sin Oy (sp),

1
\/Tlif K1 m

and o9(sg) = g5(sg) = 0.

cos 6y = Kk1K9 sin by

As a consequence, E. (s) is the locus of the polar vector v € S} such that S7(v,e) has
at least 4-point contact with ~(s) at so. We call S?(v,e) an osculating de Sitter subspace of
~(s) at so if v = E,(s¢). As a corollary of Theorem 4.2.4 and Proposition 4.2.6, we have the

following theorem.

Theorem 4.2.7. Let v : [ — S} be a timelike Sabban curve with #}(s) # 0. Then we have
the following;:

(1) If vg = FS(s0,6p), then the tangent de Sitter subspace S7(vg,e) and ~(s) have at least
3-point contact at sg.

(2) The osculating de Sitter subspace S%(vp,¢) and ~(s) have 4-point contact at s if and only

if there exists 6y € [0, 27) such that

K1 cos 6 1 :
v =0 (y(s9) — —n(so)) + sin fgma(so),

\/E—chos 0y = kKikgsinfy and o9(sg) # 0. In this case, the germ of F'S at FS(sg,0y) is

diffeomorphic to C' x R.

(3) The osculating de Sitter subspace S%(vo,e) and v(s) have 5-point contact at s if and only
if there exists 6y € [0, 27) such that

K1 cos By 1

v = \/ﬁ(fy(so) — K—nl(so)) + sin fymna(so),

1

\/% cos By = Kykasin by, o2(sg) = 0 and g(sp) # 0. In this case, the germ of F'S at FS(s, 0o)

is diffeomorphic to SW, the germ of E., at E,(s¢) is diffeomorphic to C.
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4.3 De Sitter evolutes and de Sitter focal hypersurfaces of timelike

Sabban curves in S}

In this section we consider the timelike Sabban curve in St. Let v : I — S} be a timelike
Sabban curve, we can reparameterize it by the arc-length s. Then we have the tangent vector
t(s) = +'(s), obviously ||t(s)|| = 1. When (t'(s),t'(s)) # 1, we define a unit vector
() =)

[#(s) = ~v(s)II
Let k1(s) = ||t'(s) —y(s)||, (F(s),t'(s)) # 1 is equal to k1(s) # 0. If ||n)(s) — k1(s)t(s)|| # O,

we define a unit vector

n(s)

ni(s) — ki (s)t(s)
[ (s) = ma(s)(s)]l
(s

and denote ry(s) = ||n)(s) — k1(s)t(s)||. Let ns(s) = v(s) At(s) Ani(s) Ans(s), then we have

’I’LQ(S) =

the Sabban frame {~(s),t(s),n1(s),n2(s),n3(s)} along v. In §3, we have shown the Frenet-
Serret type of timelike Sabban curves, under the assumption that xi(s) # 0 and ka(s) # 0, the

Frenet-Serret type is as follows:

;

1(s),
Ka(s)na(s),
) + K3(s)ns(s),
)-

t'(s) = 7(s)+/@1( n
s) = k1(s)t(s) +
(s
(s

1 )(
ny(s) = —Ra(s)ny
[ 13(s) = —ra(s)ne
Here k1(s) and k2(s) can’t be zero, k3(s) may equal to zero.
We define a family of functions on timelike Sabban curve. Let ~ : I — S{ be a timelike
Sabban curve. We define a function H : I x Sf — R by H(s,v) = (v(s),v), wich is called a
de Sitter height function on the timelike Sabban curve «y. We denote that h,(s) = H(s,v) for

any fixed v € S{. Then we have the following proposition.

Proposition 4.3.1. Let v : I — S} be a timelike Sabban curve. Then we have the following

assertions:
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(1) h!(s) = 0 if and only if there exist a,b,c,d € R with a* + b* + ¢ + d* = 1 such that
v = avy(s) + bni(s) + cna(s) + dns(s).
(2) hl(s) = Rh!(s) =0 if and only if there exist 6 € [0,27) and ¢ € [—m,7) such that
K1 1 .
\/ﬁ(v(s) — R—lnl(s)) + cos 0 cos pns(s) + sin pns(s).
1

(3) hl(s) = h!(s) = h!(s) =0 if and only if there exist § € [0,27) and ¢ € [—m, ) such that

v = sinf cos ¢

il (v(s) — i'n,l(s)) + cos 6 cos pna(s) + sin pns(s),

\/1+/<a%7 K1

v = sinf cos

. K1Kkoy/1+K2
sinf = L__ and cosf = al .
\/111142 (1+K2)+(k])? \/51/42 (14K2)+(k1)?

(4) hi(s) = hl(s) = hl(s) = hffl)(s) = 0 if and only if there exist 6§ € [0,27) and ¢ € [—m, )

such that

il (v(s) — i'nl(s)) + cos 6 cos pna(s) + sin png(s),

\/1—{—/{%7 K1

(kK3 — K K1kg + 2(K)) ke + k1K) KY) cos o + Hlﬁgmg\/n%ng(l + k%) + (k})%sinp = 0,

v =sinfcosp

. /@152\/1—&-&
sin @ = L and cosf = i .
\/nan l—i—nl ()2 \/51/42 l—l—m1 ()2

(5) H,(s) = Rh!(s) = h"(s) = hi(s) = h{(s) = 0 if and only if there exist 6 € [0,27) and
¢ € [—m, ) such that

(y(s) — ifnl(s)) + cos 6 cos pna(s) + sin pns(s),

R1
V14 kK3 7 K1

(K25 — K K1ko + 2(K))? ko + k1K) KY) cos p + Iﬁﬂin’ig\//ﬁ%lﬁ%(l + K3) + (K})?sinp = 0,

v =sinfcosp

2. m 2 2,04 3,3,/ o2 7\2 / 2./ "
— R1K| K3R3 — KK Kokg + KiKykokg + 0K1K K] Kykg — 4k1(K]) Kekyks + KIK]Kaky ks

2,.0,2,.3 3,2 2.1 / 2,0 (12 3 2,.01,.2, ./
— KK KoK — 6(KY) Kaks + 2K5 K Kokbks — 2K3 KN (K))2 ks — KRS KS + kIR KaKG
2,2 ./ 2 ./
— 2k1(KY) KaKy — KK Kakgky = 0,

n1n2\/1+n
L and cosf =

\/“"1”2 (1453 +(r7)2 \/“1”2 (1+r])+(k1)? ‘

. K/
sinf = L
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Proof. (1) Since v € S}, there exist a,z,b,c,d € R such that v = avy(s) + xt(s) + bny(s) +
cny(s)+dng(s) with a?+22+0?+c*+d? = 1. Since 1/, (s) = 0, z = 0 so that a®>+b*+c*+d* = 1.
The converse assertion also holds.

(2) By (1), we can show that (y(s)+rini(s),v) = 0. Thus b = —=. Since a® +0*+c*+d* = 1,
there exist 6 € [0,27) and ¢ € [—m, 7) such that

R1

\/1—1—/@

a = sin # cos ¢ , b= —sinfcosp , ¢ =cosfcosp, d=sinp.

1
V14 ki

Therefore

(v(s) — i77,1(8)) + cos 0 cos pna(s) + sin pns(s).

K1 ~
V1+ k2 K1

(3) We assume that h!(s) = hl(s) = 0. Since

v = sinf cos ¢

RyY(s) = (1 + KDE(s) + m1ma () + Kikama(s), v) = 0,

"__ginf® = kykgcosf. The last condition is equivalent to sinf = rarzy/ L

e \/Klﬁz (14+r3)+(x))?
K

V/RER3(RD)+ ()2

(4) We assume that R (s) = h”(s) = h"(s) = 0. Then we have

and

cosf =

WP (s) =((1+ K1)v(s) + 3kuryt(s) + (k1 + K + K] — mam3)nea(s) + (261K2 + Kikg)ma(s)

+ Hlligligng(S), 'U> .

Therefore h'(s) = 0 if and only if

2 "
R1Ry — .
2 + cos 0 cos p(2k) Ky + KiKh) + Kikakgsin g = 0.

V14 k2

51H2\/1+f€ /
1 — and cosf) = =1 —, then
\/5152 1—1—141 (1) \/ﬁan 1+/41 +(k%)

sin # cos

Since we have sinf =

(K2K3 — K K1ko + 2(K))? ko + k1K) Kh) cos o + /{1142/13\//1%/1%(1 + K3) + (k})%sinp = 0.

This proves assertion (4).
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(5) When h(s) = hl(s) = hl'(s) = hgfl)(s) = 0, we have the fifth derivative:

h§)5)(s) =5k Ky (8) + (1 + 262 + 3(K))? + 4k K] + KT — K2R2)E(s)
+ (6K2K) + kY + K — 3K\ K3 — 3K1Kakb )11 (S)

3 " 3 ro " 2
+ (k1Ko + KiKg + 3KT Ko — K1K; + 3K Ky + KKy — K1Kok3)To(s)

+ (3K Kaks + 2K1KyK3 + Kikaks)T3(s), V).

It follows that A (s) = 0 if and only if

sin o/ KI3(1 + K2) + (K4)2(3K  Kaks + 2k1Kh ks + Kikaky) = cos p(—r1K) Ky + 2K1K) K
Tr3( 1 1 1 2 3 1 1Ko

ron I\2 ./ /i / 2
+ 3KTKoKh + 3K, K Ky + 3(K))2KY + kiKY — KiK)RokR3).

Since

(K23 — K K1ko + 2(K))? Ko + k1K) KY) cos p + Iilliglig\/,%%fi%(l + K3) + (K})?sing = 0,

we have

2. .m 2 2 3 ro a2 1\2 ! 2,/ "
— K1K] KyK3 — I€1I£1I£2Ii3 + I€1I€2I12/€3 + 6r1K R Kaks — 4K1 (K] ) KekyRs + KK KokgKg

2.3 1\3 .2 2 .0 (N2 3,4 2,.1,.2 1
— K2KLKaRS — 6(Kh ) Kaks + 2K3 K korhks — 2k3K, (K))2 ks — Kikgky + KK K3k

2.2 2,/ ot
— 2k (K}) KKy — KK Kakyks = 0.

This completes the proof.

We now define a new invariant as follows:

" 2.0 4 3,3,/ 1o, 2
03(8) = — K2R Kaks — KIK)Kyks + KiKaKhKs + Ok K K Kk

1\2 / 2,/ " 2 2.3 3,2
— 4k (K]) Raokyks + KIK Kakhkg — K1K Kaks — 6(K}) K3k3
3,4 2

2. 1 / 2.1 1\2 2. .1 !/
+ 2K K Kakgks — 2Kk (K)) k3 — KiKakS + KK KaKG

N2 .2 2./ rot
— 2R (K]) R3K3 — KR RakgKs.
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Conjecture 4.3.2. Let v : I — S{ be a timelike Sabban curve. then R/ (s) = h!(s) = b (s) =
hP(s) = K (s) = ¥ (s) = 0 if and only if there exist 6 € [0,27) and ¢ € [—m, 7) such that

R1

1
v = sinf cos p——=(¥(s) — —na(s)) + cos  cos pms(s) + sin pns(s),

(K25 — K K1ko + 2(K)) Ko + k1K) KY) cos p + /§1/€2/~13\//@%/§%(1 + K3) + (K})?sinp = 0,

sin g = — Vi —, cosf) = i = and o3(s) = a4(s) = 0.
\/nln2 1+I€1 (1) \/n n2 1+I€1 +(k%)

By the above proposition, we get a function o3(s) which is useful in following investigation.

We define another function p(s) by

p(s) = (kir; — KKKy +2(k1) K2 + K1k s5)° + Kikgs (L4 £Y) + (K))*KiRoAS.
Now we define a hypersurface FHS : I x S? — S} by
K1 1

(s) — —mny(s)) + uema(s) + usns(s).

STy

Here w = (uy,us,u3) € S?, we call FHS(s,u) the de Sitter focal hypersurface of . Since

FHS(s,u) =u

u = (uy,us, uz) € S?, there exist 0 € [0,27) and ¢ € [—7, ) such that

K1 1 .
————(v(s) — —mn(s)) + cos 0 cos pny(s) + sin png(s).
V14 kK3 K1

If p(s) # 0, we define a curve E., : I — St by

FHS(s,0,p) =sinflcosy

B, (s) = [kr2a (7(5) — —101(5)) + Ka# oz (s)
p(s) K1

— (K2R3 — K kikg + 2(K)) ke + k1K K )ms(s)].

We call E,(s) the de Sitter evolute of .
We consider some properties of the de Sitter evolute and the de Sitter focal hypersurface of
a timelike Sabban curve in S}. Moreover we investigate the geometric meaning of the function

o3(s). We have the following proposition.

Proposition 4.3.3. Let v : I — S} be a timelike Sabban curve. Then we have the following

assertions:
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(1) The set {(s,0, )] \/ﬁ_Q sin @ = k1Ko cos B} is the singularities of FHS(s,0, ).

(2) If p(s) # 0, the de Sitter evolute E.(s) of 7y is singular at s, if and only if o3(s¢) = 0.
Proof. (1) Since
K1 1 .

(v(s) — —mna(s)) + cos b cos pna(s) + sin pns(s).

\/1+m%7 K1

By straightforward calculations, we have

FHS(s,0,p)=sinfcosy

OFHS  rkicosfcosp cos # cos

90 V1+ k2 ) V1+

1 (s) — sin 6 cos pngy(s),

OFHS  rkisinfsing +sinésing0

d¢ V1+ K3 v(s) V1+ K}

OFHS | sin 6 cos | sin 0 cos
— (o Ld — kg cos B cos)ny(s) + A L4

s _((1—1—5%) 1+ k2 (1+ K31+ K2

kg sin @ cos ¢ K K3 sin 6 cos p
\/1+/€1 /'illig\/l‘i‘/fl

i
Ky

The above three vectors are linearly dependent if and only if T sin = kikg cos 6, which

n4(s) — cos fsin pny(s) + cos pns(s),

v(s)

+ sin 9%3)712(5) +

gives the condition for the singularities of FH S.
(2) We define a function f(s) = (¢(s),v(s)). Under the condition f(s) =0, if (t'(s),v(s)) =0,
we have (t(s),v'(s)) = 0. Under the condition (¥(s),v(s)) = 0, if (¢"(s),v(s)) = 0, we have

(t'(s),v'(s)) = 0. We continue this procedure. Finally, if

(t(s),v(s)) = (), v(s)) = (¢"(s), v(s)) = (t"(5), v(s)) = (¢t (s), v(s)) = 0,

then

(t(s),v'(s)) = (F'(s), v'(5)) = ('(s),v'(s)) = {t"(s),v'(s)) = 0.
If p(s) # 0, by the Proposition 4.3.1, v(s) = E,(s) is orthogonal to the following vectors:
t(s),t'(s),t"(s) and t"(s). Since v(s) € S}, we have (v(s),v'(s)) = 0. Then v'(s) is orthogonal
to v(s),t(s),t'(s),t"(s) and t"(s), this means v'(s) = 0. By the Proposition 4.3.1, we have that

df: = 0 if and only if o3(s) = 0. This completes the proof. O
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In order to investigate the singularities of de Sitter evolutes and de Sitter focal hypersurfaces
of timelike Sabban curves, we apply the theory of unfolding of functions. In §2, we defined the
bifurcation set By of H by

.. OH 0?’H
By = {m eR" ’ EIs,w1thE(s,a:) = W(s’m) = 0} :

Therefore, the focal hypersurface F'H S is the bifurcation set of the de Sitter height function

H. We have the following proposition.

Proposition 4.3.4. Let v : I — S} be a timelike Sabban curve with p(s) # 0. If h,(s) has

type Ag at so (k= 3,4,5), then H is a p-versal unfolding of h,,.

Proof. We denote v(s) = (wo(s), 21(s), 22(s), a3(s), 24(5)), v = (v, 01, v, v, /0T — 7 — 0F — 03 +1).

Then we adopt the local coordinates (vg, vy, v2, v3) for St. We have

H(s,v) = —xo(s)vg + x1(8)v1 + 22(s)ve + x3(8)v3 + x4(s)\/v§ — v} —vi—vi+1,

so that
Z—Z = —xo(s) + Z—Zu(s), Z—Z = 21(s) — Z_l”“(s)’
o =) = Zaas), S = aals) — L),
aialjo = aols) + 3 ai(s), 32251 =71(s) - Z—lwé(s),
aa;ai = ay(s) — Z—zwg(s), ;;—;; = a)(s) — :—zxg(s),
S = —al(s) + Lal(s), et = (s) — (s
DI o)~ (), St = () — Bl (),
%ﬁ;} = —xg (s) + Z—ZxZ'(S), % = 27'(s) — Z—i "(s),
82;1—51}2 =5 (s) — z—ixﬁ{’(s), af:—g]w) = x5 (s) — Z—ixﬁl"(s)7
ég%:—#wwg%ﬁ@,é%%:ﬁwﬁ_%ﬁx%
st = 0~ e, T =t - 2



Here, vy = /02 — v? — v2 — v2 + 1 # 0. We now consider the following matrix:

zo(s) — wwy(s)  xy(s) — mal(s)  ah(s) — P2ai(s)  as(s) — ptai(s)
Ao | el = fails) o ais) = Tails) - wy(s) = Fails)  a5(s) — Sali(s)
r(s) — () af(e)— Bafls) (s - Baf(s)  aY(s) - Bal(s
4 4 4 4 4 4 4 4
26)(s) = 2ai(s) 217(s) = 2l (s) 237(s) — 2al(s) 25)(s) — 2al’(s)
If we put a; = («}, 7, z", x§4))t, we have
A= (a0~ Lag, a1 — Lag, a3~ Zag,as — —ay).
V4 V4 Uy V4
Then
detA =det(ag, a1, as, az) + @det(a4, ap, as,az) + ﬂdet(ozo, ayq, 4z, a3)
V4 V4
) U3
+ —det(ao, ai, y, (13) + —det(ao, ai, as, CL4)
V4 V4
v / " " (4)
—<v—4, (V' () A" (s) A" (s) Ay (s)))-
Since
1
v = sin f cos @L(v(s) — —mn4(8)) + cos 6 cos pns(s) + sin pns(s),
V1+ k2 K1
by a straightforward calculation, we have v/(s) A v”(s) A" (s) Av®(s) = \/p(s)v. Therefore

detA = —VUZ(S) # 0. For other local coordinates, we can apply the arguments similar to above.

This completes the proof. O

By Proposition 4.3.1, Proposition 4.3.4 and Theorem 2.3.6, we have the following theorem.

Theorem 4.3.5. Let v : [ — S} be a timelike Sabban curve with p(s) # 0. Then we have the
following:

(1) If h, has Aj singularity at sg, then the germ of focal hypersurface FHS at (s, 0o, ¢o) is
diffeomorphic to C' x R2.

(2) If h, has A, singularity at sg, then the germ of focal surface FH .S at (s, 0y, ¢o) is diffeo-
morphic to SW x R.

(3) If h, has Aj singularity at sq, then the germ of focal surface FH S at (s, 6o, o) is diffeo-

morphic to BF' and the germ of de Sitter evolute E, at s, is diffeomorphic to C.
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We consider a hyperplane HP(v,c) = {x € R}|(z,v) = ¢}, for a fixed vector v € S} and a
constant ¢ € R. Then
S¥(w,c) = SN HP(v,c)

is called a 3-dimensional de Sitter subspace in S}. For any fixed sy € I, put (v(sp),v) = e.
If we consider a function b, : S} — R defined by h,(x) = (x,v), then h;!(c) = S¥(v,e) and
boo~(s) = hy(s). Therefore, h,(sg) = € and k! (so) = 0 if and only if S (v, ) is tangent to ~(s)
at so. We call S3(v,¢e) a tangent de Sitter subspace at sy. We remark that there are infinitely
many tangent de Sitter subspaces of (s) at so. We say that a tangent de Sitter subspace S3 (v, )
of v(s) at so has at least k+1-point contact with v if h,(sg) = € and h! (sg) = -+ - = hqgk)(so) = 0.
We also say that tangent de Sitter subspace S; (v, ) of 4(s) at so has k + 1-point contact with
~ if hy(so) = &, hl(sg) = -+ = hq(,k)(so) = 0 and hq(,kﬂ)(so) # 0. By Propositions 4.3.1, 4.3.3

and arguments similar to the proof of Proposition 3.1.2, we have the following propositions.

Proposition 4.3.6. Let v : I — S} be a timelike Sabban curve with p(s) # 0. Then the
following conditions are equivalent:

(1) The de Sitter evolute E,(s) is a constant vector.

(2) There exist v € S and ¢ € R such that v(I) C S}(v,e).

(3) o3(s) = 0.

Proposition 4.3.7. Let v : I — S} be a timelike Sabban curve with p(s) # 0. Then we have
the following:

(1) S}(v,¢) is a tangent de Sitter subspace of v(s) at sq if and only if there exist a,b,c,d € R
with a? + b? + ¢® + d*> = 1 such that v = avy(sg) + bni(so) + cna(so) + dns(so).

(2) The tangent de Sitter subspace S3 (v, €) has at least 3-point contact with ~(s) at sq if and

only if there exist 6, € [0,27) and ¢y € [—7, 7) such that

1

. R .
v = sin f cos @oﬁ(’)’(so) — K—lnl(so)) + cos b cos pona(so) + sin pens(so).

(3) The tangent de Sitter subspace S3(v, ) has at least 4-point contact with ~(s) at sq if and
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only if there exist 6y € [0,27) and ¢y € [—m, 7) such that

. K 1 .
v = sinf cos Sﬁoﬁ(ﬂ’(so) - ﬁ—lnl(so)) + cos 0 cos oz (so) + sin poms(so),

H1H2\/1+K/1 K
\/H K3 (1+k3)+(k])2 \/H k3(1+k32) +(n1)2
(4) The tangent de Sitter subspace S}(v,¢) has at least 5-point contact with v(s) at sq if and

sinfy = and cosfy =

only if there exist 0y € [0,27) and ¢g € [—7, 7) such that

R1

. 1 :
v = sin O cos gpo\/ﬁ(v(so) — ﬁ—lnl(so)) + cos Oy cos pona(so) + sin pens(so),

(k2k3 — K| k1kg + 2(K))? Ko + K1k KY) cos g + Hlﬁglig\/lﬁ%l{%(l + Kk2) + (K])?sin @y = 0,

nu@gﬂl—l—nl ,.;’1
\/”1“2(1+N )+(K])? \/“ K3 (1+53) +(”1)2
(5) The tangent de Sitter subspace S}(wv,¢) has at least 6-point contact with v(s) at sq if and

sinfy = and cosfy =

only if there exist 0y € [0,27) and ¢g € [—7, 7) such that

1

. R .
v = sin 0 cos woﬁ(fy( Sp) — li—lnl(so)) + cos Oy cos pona(so) + sin pens(so),

(k2k3 — K k1Ko + 2(K))? Ko + k1K KY) cos g + /{1142/13\//1%/1%(1 + Kk2) + (K])%sin gy = 0,

Hlng\/l—l-n ’
L— cosly = ——=———— and o3(s¢) = 0.
\/nan(IJrn (1) \/I{1R2(1+I€1)+(I€1)

sin 90

As a consequence, E,(s) is the locus of the polar vector v € S} such that S;(v,e) has at
least 5-point contact with v(s) at so. We call S}(v,¢e) an osculating de Sitter subspace of ~y(s)
at so if v = E,(sg). As a corollary of Theorem 4.3.5, Proposition 4.3.3 and 4.3.7, we have the

following theorem.

Theorem 4.3.8. Let v : I — S} be a timelike Sabban curve with p(s) # 0. Then we have the
following;:

(1) If vy = FHS(s0,00,¢0), then the tangent de Sitter subspace S3(vy, ) and ~(s) have at
least 3-point contact at sg.

(2) The tangent de Sitter subspace S; (v, €) and ~(s) have 4-point contact at sg if and only if

o1



there exist 6y € [0,27) and ¢o € [—m, 7) such that

. K 1 .
v = sin 6 cos ¢0\/ﬁ(’7(50) - K—lnl(so)) + cos 0 cos poma(so) + sin poms(so),

(kK3 — K| k1Ko + 2(K))? Ko + K1k KY) cos g + K/lfigfig\/li%:‘i%(l + K3) + (K})?singg # 0,

sinfy = rry/ 1 and cosfy = i . In this case, the germ of FHS at
\/nan (14+K2)+(rx))? \/n k3 (14+K2)+(k))?

FHS (59,0, ) is diffeomorphic to C' x R2.
(3) The osculating de Sitter subspace S%(vp,e) and (s) have 5-point contact at s if and only
if there exist 6y € [0,27) and ¢ € [, m) such that

. K1 1 .
v = sin 6y cos pg——=(v(50) — —M1(Sg)) + cos Oy cos Yn2(sy) + sin Yen3(so),
0 om( (s0) o 1(50)) 0 0m2(S0) om3(S0)

(k2kS — K K1kg + 2(K))? Ko + k1K) KY) cos g + /{1/12113\//{%/{3(1 + Kk2) + (K})?%sin gy = 0,

51/42\/1—4—/@1 5’1
\/"‘1“2 1Jr"”"1 ”1)2’ \/"‘1“2 1+”%)+ (K))2
FHS at FHS(so, by, o) is diffeomorphic to SW x R.

sinfy = cosfy = and o(sg) # 0. In this case, the germ of

(4) If the osculating de Sitter subspace S$(vg, ) and ~(s) have 6-point contact at sg, then the
germ of FHS at FHS(sg, 6y, po) is diffeomorphic to BF'.

Remark 4.3.9. We have a conjecture as follows:
The osculating de Sitter subspace S3(vy, ) and ~(s) have 6-point contact at sg if and only if

there exist 6y € [0,27) and ¢g € [—m, 7) such that

1

. K .
v = sin 0y cos ¢0\/ﬁ(7(30) - H—lnl(so)) + cos by cos pona(sg) + sin pns(sg),

(k3K — K K1ko + 2(K)) ke + k1K) KY) cos o + 51/12&3\//{%/4%(1 + K3) + (k])?sin g = 0,

K1k 14K2 !
NG 1{1%(211/5 i — cos by = e n§(1+1n 5 03(s9) = 0 and o4(sg) # 0.

sin 90

4.4 Dualities for focal sets of timelike Sabban curves

[zumiya introduced the Legendrian dualities between pseudo-spheres in Minkowski space in [7].

In this section we study the Legendrian dualities of focal sets of timelike Sabban curves. We
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define 1-forms (dv, w) = —wdv, + 3175 widvy, (v, dw) = —vidw, + 317 vidw; in R x R+

and consider the following double fibrations:

H"(=1) x 57 D Ay ={(v,w) | (v, w) = 0},
11 - Al — Hn(—]_),ﬂ'lg : Al — S{l,

611 = <d'U,’U)>’A1,912 = <v,dw>|A1.

Here, m; (v, w) = v, m2(v, w) = w are the canonical projections. Moreover, 01, = (dv, w)|A,
and 015 = (v, dw)|A; are the restrictions of the 1-form (dv, w) and (v, dw) on A;. We remark
that 6,7 (0) and 6,;'(0) define the same tangent hyperplane field over A;. In [7], the following

theorem was shown:

Theorem 4.4.1. Under the above notation, both of my; (i = 1,2) are Legendrian fibrations

and (A, K) is a contact manifold.

If we have a Legendrian submanifold L C A, then we say that m;(L) C H"(—1) and
m12(L) C S are Aj-dual to each other. Since both of m'(v) = v x S7 ! (v,0) and 75 (w) =
H™"(—1)(0,w) x w are Legendrian submanifolds of A;. We consider timelike Sabban curve
v:1— S} (n=2,3,4). The de Sitter evolute E>(s) of a timelike Sabban curve  : I — S¢,
which is the focal set of «(s). Since a timelike Sabban curve -« is a unit speed timelike curve,
we have the hyperbolic tangent indicatrix ¢ : I — H"(—1) of «v. Then we have the following

theorem:

Theorem 4.4.2. Let v : [ — S? be a timelike Sabban curve. Then the hyperbolic tangent

indicatrix t and de Sitter evolute E,jf are Aj-dual to each other.

Proof. We define a mapping £ : I — Ay by L(s) = (t(s), E(s)). By definition, we have
oL )
e CORRIC

Since {7,n} are linearly indepent, dL/Js can’t be zero. This means that £ : I — A; is an

immersion, so that £|; is an immersion. Moreover, we have £*601; = (dt(s), E;(s)) = 0, so that

L(s) is a Legendrian submanifold of A;. This completes the proof. O
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If we consider timelike Sabban curves in S§ and S}, then the focal sets of the curve « are
de Sitter focal surfaces F'S(s, ) and de Sitter focal hypersurfaces FH S (s, 0, ) respectively.

Then we have the following theorems:

Theorem 4.4.3. Let v : I — S? be a timelike Sabban curve. Then the hyperbolic tangent

indicatrix t and de Sitter focal surface F'S(s,0) are Aj-dual to each other.

Proof. We define a mapping £ : I x [0,27) — Ay by L(s) = (t(s), FS(s,0)). By definition, we

have
oL K} cos 6 K} cos 6 ,
= _ $) + k1mi(s), — — ko sinf)n, (s
g =0+ 0. (2 = e s )
N Ky cos 6 (s) K cos 6 n (s))
(1+/{%)\/1—|—li%7 V14 k2 ’ ’
oL K1 sin 6 sin 0 )
— =0, ———~(8) + —=mn1(8) + cosOny(s) ).
37 =0~ TR+ ) cosna

Since {7, m,} are linearly indepent and 0L/00 # 0, so {0L/0s,0L/00} are linearly indepent.
This means that £ : I x [0,27) — A; is an immersion, so that L|;x[2x) is an immersion.

Moreover, we have

1

L*01; = (dt(s), FS(s,0)) = (v(s) + k1n4(s), cos 9\/%(7(3) — K—nl(s)) + sinfny(s)) = 0,
Ki 1

so that L(s,#) is a Legendrian submanifold of A;. This completes the proof. m

Theorem 4.4.4. Let v : [ — S} be a timelike Sabban curve. Then the hyperbolic tangent
indicatrix t and de Sitter focal hypersurface FH S(s, 0, ) are A;-dual to each other.

Proof. We define a mapping £ : I X [0,27) X [—m,7) = Ay by L(s) = (t(s), FHS(s,0,¢)). By
definition, we have

oc k1KY sin 6 cos ¢

E = (7(8) + Hl'"fl(S): ((1 N /f%)m

(/-@2 sin 6 cos ¢

K K3 sin 6 cos ¢
N )
1

R1K24/ 1+ /i%
oL (O K1 cos B cos p cos f cos p

———"(s) — ———=mn(s) — sinf cos pny(s) |,
oL k1 sin @ sin sin 6 sin _
0, —ﬁ'y(s) + ——mn(s) — cos B sin pny(s) + cos pnz(s) |.
+ K1

1+ k2

;o
K} sin @ cos ¢

(14 k)1 + K2

v(s)

— Ko cos 6 cos p)n(s)

+ sin Ok3)na(s) +

o4



Since {7v,m} are linearly indepent and {0L/00,0L/0p} are linearly indepent, so {0L/0s,
OL/00,0L]/0p} are linearly indepent. This means that £ : I x [0,27) x [—7,7) — Ay is an

immersion, so that L£|7.(o.2x)x|—rx i an immersion. Moreover, we have

L701 =(dt(s), FHS(s,0,¢))
K1 1
\/ﬁ(’)’(s) - m_lnl(s))

+ cos  cos pns(s) + singns(s)) = 0,

=(v(s) + k1M1 (s),sinf cos ¢

so that L(s,0, ) is a Legendrian submanifold of A;. This completes the proof. O
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