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1 Introduction

The concept of generalized Hamiltonian systems is introduced to mathemat-
ics by P.A.M. Dirac in 1950 [8]. A generalized Hamiltonian system is a
particular type of an implicit differential system which is defined on a sym-
plectic manifold (see section 2.2 in detail). An implicit differential system is
a subset S of the tangent bundle T'M on a smooth manifold M. A solution
of Sis a curve v: I — M on M of class C' which has a canonical lift by
differentiation, i.e., (y(t), %(t)) belongs to S for every ¢ € I. For a first or-
der ordinary differential equation defined on a smooth manifold M, we may
define an implicit differential system S of the graph of the vector field X on
M which corresponds to the ordinary differential equation. In this case, a
solution of S is an integral curve of X. Thus the concept of implicit differ-
ential systems is one of a generalization of ordinary differential equations.
There arises several natural questions those are about the existence of a (lo-
cal) solution, uniqueness of the solution of the Cauchy problem, smoothness
of solutions, a range of the largest domain of prolongation of solutions, and
SO on.

We consider the existence and smoothness of solutions of implicit differen-
tial systems, especially, of generalized Hamiltonian systems. For a symplectic
manifold (M, w), there is a natural symplectic form w on the tangent bundle
T'M which is induced by the Liouville 1-form on the cotangent bundle 7" M
by using an interior product. An implicit Hamiltonian system is defined as a
Lagrangian submanifold of (T"M,w). A generalized Hamiltonian systems is
a particular type of an implicit Hamiltonian system which is generated by a
Morse family of an affine functions related to interior variables. If the Morse
family is homogeneous function for interior variables, the generalized Hamil-
tonian system corresponds to a co-normal bundle in the cotangent bundle.
We study their solvability and smoothness of solutions of generalized Hamil-
tonian systems and their isotropic submanifolds, according to Fukuda and
Janeczko’s papers[9], [13], [10] and [12].

In this paper, the main interest is to study smooth solvability of gener-
alized Hamiltonian systems and of their subsystems. Our aim is to study
abnormal extremals of sub-Riemannian manifolds as an application.

First, we present a variety of useful sufficient conditions for smooth solv-
ability of generalized Hamiltonian systems and its variants. Then by using
these conditions, we explore a particularly interesting topic in control theory.
The topic is about singular curves on control systems, especially abnormal



curves on sub-Riemannian manifolds.

A control system is, locally, a family of sections of tangent bundle. In a
control system, an associated implicit Hamiltonian system takes an impor-
tant role : it characterizes singular controls, which are defined by singular
points of an end-point mapping (see section 3.3 in detail). If a control system
is locally expressed by linear family of sections, then an associated implicit
Hamiltonian system is a generalized Hamiltonian system.

In sub-Riemannian geometry, every minimizer is an extremal. There are
two types of extremals on a sub-Riemmanian manifold (M, D, g); normal
extremal and abnormal extremal. Normal extremals are defined by geodesic
equations on (M, D, g). It is known that normal extremals are minimizers.
A natural question arises to ask whether any exrtremal is a local minimizer
or not. This question is negatively solved by R. Montgomery by giving an
example of a local minimizer which is an abnormal extremal and is not a
normal extremal. [20]. But not much is known about abnormal extremals
and abnormal minimizers so far. Then, we give several new examples of
abnormal curves on a sub-Riemannian manifold with rank 2 distribution by
applying our conditions for smooth solvability of generalized Hamiltonian
systems and its subsystems.

The thesis is organized as follows.

In Section 2, we give a summary of the basics in the theory of implicit
differential systems and especially of generalized Hamiltonian systems. We
generalize preceding works given by Fukuda and Janeczko in [13][9]. It is
stated that sufficient conditions of smooth solvability of sub systems of a
generalized Hamiltonian system which correspond to co-normal bundle of
codimension two submanifolds in the cotangent bundle T*M. In Section
3, we review the theory of geometric control theory and sub-Riemannian
geometry[1][19]. Extremals on sub-Riemannian manifolds are explained. In
Section 4, we apply the results obtained in Section 2 to the study of abnor-
mal curves of sub-Riemmanian manifolds and we give sufficient conditions
for existence of smooth families of abnormal bi-extremals for a rank two
distribution of a certain type.

Throughout this thesis, we assume, as smoothness, the differentiability of
class C.



2 Implicit differential systems and their solv-
ability

We refer to mainly Fukuda and Janeczko’s papers [9][13] in this section. An
implicit differential system is a subset S of the tangent bundle T'M of a
smooth manifold M. The theory of implicit differential systems is one of a
generalization of ordinary differential equations. Thus we have similar type of
questions for implicit differential systems to ordinary differential equations.
For example, existence of solution of S, uniqueness of solution of Cauchy
problem and prolongation problem for solutions, etc. We consider first two
problems according to Fukuda and Janeczko’s results for general implicit
differential systems and for implicit Hamiltonian systems which are defined
on a symplectic manifold.

2.1 Implicit differential systems

We recall the concept, definitions and theorems of implicit differential sys-
tems.

Definition 2.1. Let M be a C*° manifold. A subset S of tangent bundle
T M is called an implicit differential system.

An element of S can be expressed by a pair (z,v) of a point = and a
tangent vector v at x.

Definition 2.2 ([9]). A solution of implicit differential system S is a C*
curve 7v: (a,b) — M such that

(), D0y € 5
for all ¢ in (a, b).

A point (zg, %) of S is called a solvable point if there exists a positive
number € and C! curve v: (—¢,¢) — M such that

d . d
(1(0), ZH(0) = (@o,0),  (v(t), (1) € S forallt € (~,2).
We assume that a subset S of T'M is a smooth submanifold to define smooth
solvability. Let Proj,: S x R — R be a canonical projection.
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Definition 2.3 ([9]). A point (zg, @) of S is called a smoothly solvable point
if there exists an open neighborhood W of (xg, Z9,0) in S x R and a smooth
curve 7: W — M such that for vz, .40)(t) := 7 (20, To, 1),

d’}/ Tg,T .
(Vo) (0), =52 (0)) = (o, ko).

d 0, .
(o) (1), T222(1)) € S forallt € Projy(W).

Here we define solutions over a submanifold N C M.

Definition 2.4 ([26]). A solution of implicit differential system S over N is
a C! curve v: (a,b) — M such that

W N, (0. o) es

for all t in (a,b).

A point (zg,Zo) of S is called a solvable point of S over N if there exists
a positive number ¢ and a solution v: (—&,e) — M over N such that

dry .
(7(0), = (0)) = (0, %o).
Definition 2.5 ([26]). A point (xg,4o) of S is called a smoothly solvable
point over N if there exists an open neighborhood W of (zg,%0,0) in S x R
and a smooth curve : W — M such that for v :0)(t) := ¥(z0, o, 1),

dfy z0,& .
Yawio)(B) € N (o) (0), =57 (0)) = (0, o).
d,}/(Io,Cbo)

(Y(zo,30) (1) T(zﬁ)) € S forallt € Proj,(W).

Definition 2.6 ([26]). An implicit differential system S over N is called
a (smoothly) solvable submanifold over N if S consists only of (smoothly)
solvable points of S over V.

When a submanifold N is M itself, definitions above are given in Fukuda
and Janeczko’s papers [9][13]. A solution of S over M is just called a solution
of S. We say, simply, an implicit differential system S is (smoothly) solvable
if S is (smoothly) solvable over M.



Here we introduce some sufficient conditions and necessary conditions
for implicit differential systems to be smoothly solvable. Let m: TM — M
denote the tangent bundle projection. The following is a necessary condition
which is called tangential solvability condition.

Theorem 2.7 ([9]). If (zo, %) € S is a solvable point of S, then

T € d(T |5) (zoi0) (T(20,50)S)-

Proof. From the assumption, there exists a smooth curve v: (—¢,e) - M
such that (v(0),5(0)) = (xo, Z0) and (y(¢),7(t)) € S for all t € (—¢,¢). Then

we have

i = 3(0) = LT g

= d(ﬂ- |S)(x0,xo)(7(0)77(0)) € d(ﬂ- |S)(xo,9bo)(T(a:0,fto)S)
]

Theorem 2.8 ([13]). A point (x¢, %) € S is a smoothly solvable point of S
if and only if for a small neighborhood U of (¢, &) there exists a smooth
vector field along U of the form

9
X = Z:cz o il d) g

for (z,z) € U
which is tangent to U.

Proof. Suppose that there exists a smooth vector field X of the form on a
small neighborhood U of (zg,%p). We have a one parameter group 7v: U X
(—e,e) = M of diffeomorphism generated by X. Then the curves

’}/(33@) (t) = "}/(SL’, jj? t)
are integral curves of X with v, (0) = (22) and the curves
’V(ac,ac) =T O Y (z,) - (—8,6) — M

are solution of S satisfying the initial condition

_ ’?(x,m) o .
(e (0), 252(0)) = (a, ).
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Thus existence of family {¥(z,s)}(,:)cv of solutions of S shows smooth solv-
ability of (zo, Zo).

Conversely, suppose that (zg, @) is a smoothly solvable point of S. Then
there exist a small neighborhood of U of (xg,2o) in S and a family

Vz): (—e,6) = M

of solutions of S smoothly depending on (z, &) € U such that

(e (0), 2 (0)) = (2, 8.

dt
By considering differentiation of (4 (1), %(t)) at zero, we have the vec-
tor field
X = ’ — (0
Z ox; or, dt? ze ; 8% dt? ( )(%i
which is tangent to U and have the form appeared in the theorem. O

The idea of the Theorem plays a fundamental role in considering smooth
solvability of implicit differential systems.

There is a solvability condition given by a linear equation for an implicit
differential system which expressed by an embedding. Let O be a m dimen-
sional smooth manifold. Let f: O — M and g: O — T'M be embeddings
which satisfy

fW) = (W), fuw) €M, (91(y);---s9n(y)) € TryM

with coordinates y = (yi,...,yx) of O. We may define an embedding

(f,9): O —=TM, (f,9)y)=(f¥),9(¥))

and consider the case S is given by S = (f,¢)(0O). Tangental solvability is
rewritten by the following condition

9(y) € Jf(y)(T,0), foralyeO.

Thus we have a necessary condition as following



Theorem 2.9 ([9]). Let S = (f,g)(O) is a submanifold of TM. If S is
solvable at ¢ € S, then the linear equation

0 0
91(y) a_;ﬁ(y) e %(y) ax
9n(y) Gey) - g w)) \am

has a solution a = (a4, ..., an,) € T,0 at y which satisfies (f, g)(y) = q.

From the sufficient condition before, we have another sufficient condition
for S = (f,9)(O) to be smoothly solvable.

Theorem 2.10 ([9]). Let S = (f,9)(O) is a submanifold of TM. The im-
plicit differential system .S is smoothly solvable if there exist smooth functions
ai1(y), ..., an,(y) and they satisfy the following linear equation

0 1 0, 1
91(y) ) - LW\ ()
Gn(y) ) - g w)) \am(y)
Proof. Let a1(y), - - an(y) be a smooth solution of the linear equation and
X(y) = zm:ai(y) 0
i1 Y;
a smooth vector field on O. Let
db=0xI1—0

be the local 1-parameter group of diffeomorphisms generated by X where
I C R is an open sub interval of R. Then we see that

S={f(y), Jf(X(¥)) |y € O}
and the family {~,(¢)},co of curves on M defined by

(t) = f(o(y, 1))

is a family of solution of the implicit differential equation S, which is smoothly
depending on the initial condition

(u(0) = F(0), T2(0) = g(a).

Thus S is smoothly solvable. O



The concept of germ may be useful when we consider local propertis of
S, for example, smooth solvability of S. We here recall the concept of germs.

Definition 2.11. Let M be a topological space and X,Y C M are subspaces
of M. We say that two subspaces X and Y define a same set germ at xo € M
if there exists an open set U € M such that

XNU=YNU.

This is a equivalence relation among subspaces in a topological space.
An equivalence class including X is called a set germ of X at xy. We have
similar concept for maps on a topological space.

Definition 2.12. Let N, P be topological spaces and let U, V' are open neigh-
borhoods of g € N. Two maps f: U — P and g: V — P are said to define
a same map germ if there exists an open neighborhood W of z(y such that

f’W:g|W-

This relation is also an equivalence relation among maps. An equivalence
class including f is called a map germ of f at xg.

We repeat a definition of smooth solvability for implicit differential sys-
tems as follows.

Definition 2.2 (again). A point gy € S is called a smoothly solvable point
if there exists a smooth map germ

(] (S xR, (g0,0)) = M

at (qo,0) such that for any representative 7: W — M of [§], by setting
Yo (1) := 7(qo, 1), it holds that

d d .
(o (0), =2(0) = g0, (3o (6), =2 (1)) € S forallt € Projy(W).

Since implicit differential systems are submanifolds of tangent bundle
T M, for a implicit differential system S there exist a smooth manifold N and
an embedding F': N — T'M such that S = F(N). To consider a submanifold
germ of tangent bundle T'M at qq is similar to consider an embedding germ
F: (N,F(q)) = (T'M,q). The embedding germ is also regarded as an
embedding germ (R™, F~*(go)) — (R™ x R", gp) where dim N = m. In fol-
lowing section, we consider smooth solvability of germs of implicit differential
systems at any fixed point and we often omit the point from notations.



2.2 Implicit Hamiltonian systems

Let (M,w) be a symplectic manifold. Then there is the induced symplectic
structure w on the tangent bundle T'M: We have a bundle isomorphism
induced from interior product b: TM — T*M,b,(vq) = ty,w, for each point
q € M. The symplectic structure w is given by the pullback of the Liouville
form 6 on T*M , i.e., w := b*df. The induced symplectic structure w is locally
written by
i=1

with the canonical coordinates (x,p, &, p) of tangent bundle T'M related to
Darboux coordinates (z,p) = (z1,...,%n,P1,.-.,Pn) for the standard sym-
plectic form w = >"" | dp; A dx; of M.

We will define the notion of implicit Hamiltonian systems as Lagrangian
submanifolds of (T'M,w). Then they are regarded as a generalization of
Hamiltonian vector fields, i.e., of Hamiltonian dynamical systems. In what
follows we set M = R?" with the standard symplectic form w as above.

Definition 2.12 ([9, 13]). A Lagrangian submanifold L of (TR*",w) ( i.e.,
dim L = 2n and w|, = 0) is called an implicit Hamiltonian system.

There is a well-known result that a Lagrangian submanifold is locally
generated by a Morse family;

Theorem 2.13 ([2]). Let L be a Lagrangian submanifold of TR?" and
(40, 4o) = (%0, Po, To, Po) € L. Suppose

corank d(7 |1)(qo, do) = k > 0.

Then there exist an open neighborhood O of (g, §o) in TR?*", an open neigh-
borhood W of (gg,0) € R?" x R* and a smooth function F': W — R such
that

OF
Lno= {(ﬁo,po,i’o,po) €0 | Ju € Rks.t.(l’,p, u) c W, —(%,p, u) =0,

Gul
F F
‘i'i = g_pi(xapa u)7pl = _g_xi(%p’u)’ 1 S l S n, 1 S l S k}v
and that
I 0*F (40.0) 0*F (40.0) I *F (4o.0) = 0
ran e = =
a axlaul qo, >apiaul o, | cieni<ich ) 8uraus qo,

10



for 1 <r s<k.

Recall that the family of functions F': R?" x R* — R with 2n parameters
(1, .. T, D1y, ) ON (RE g, ... uy) is called a Morse family if 0 € R¥
is a critical point of the map F'(qy, u) and the map

( OF OF

— . — | R xRF 5 RF
aul’ 781%)

is submersive at (gy,0). We denote L a Lagrangian submanifold generated
by Morse family F: R?" x R¥ — R. That is, for the catastrophe set

C(F) = {(:c,p,U) € R¥ x RF | gi(x,p,u) =0,i= 1]<;}

of F and C*® map ¢r: R?® x R¥ — TR?" defined by

OF oOF
¢(xap7 U) = (137]77 a_p(xap7 U), _3:132 (:L'7p7 U,)),

1

we set Ly = ¢p(C(F)).

The following propositions are given in [9] which are a necessary condition
and a sufficient condition for Lz to be (smoothly) solvable in the sense of
Definition 2.6.

Proposition 2.14 ([9]). Let (z,p,2,p) be a solvable point of Lp. We set
¢p(z,p,u) = (z,p,&,p). Then there exists a real vector u = (puq,. .., x) in
R* such that

2 2

81(?1{5:“ (‘Tvpau) %(%Pﬂb) 1 %,F}Cf,p,u)
2p 2F ) oOF :

Gl?kgul (I,p, U) U Bz?kéik (.T,p, U) o {%? F}(.T,p, U)

Here the bracket {, } is the Poisson bracket associated to the symplectic form
w.

Proposition 2.14 is proved to show an equivalence condition to tangential
solvablity condition for L.

11



Proof of Proposition 2.14. Let II: R?® x R¥ — R?" be a canonical projection,
a point (z,p,u) € R?™ x R* be a point which satisfies ¢(x, p, u) = (z,p, i, p).
A point (x,p,&,p) is a solvable point of Lp, thus Lp satisfies tangential
solvability condition at (z,p, %, p). By definition, we have

o oF oF
(#,p) = (a—p(x,p, u), =5 (@, p,u)) € dn(Twpap Lr) = A(T(wp) C(F)).

Then there exists a tangent vector v € T(, ,.,)C(F') such that (&, p) = dlI(v).
Since the tangent space T{;,..)C(F) is a subspace of T(,,R*" x T,R*, the
condition of existence of tangent vector v is reduced to existence of a tangent
vector p € T,R* such that

v—z(xz s pi )JrZ(m ) (¥
The condition which vector v is tangent to C'(F') implies

OF .
v(a—u]> (x,p,u) =0, j=1,...,k

By submitting (%) to above equation, we obtain

n . 92F 0°F
1 Zz 1 <$Z Ox;O0uy + pl 8p10u1> 0

( 0? . .
OwOUm, ) | ik 1<m<n : . P
<I<k,1<m< n . 92F 92F 0

H Zizl ('rZ Ox;0uy, + pZ op; 8uk>

Since (&,p) = (g—;(x,p, u), —g—f;(:r,p, u)), we may simplify the equation using
Poisson bracket as

M1 {(’?TF;?F}($7P7U')

( : F p
8u18um> m : :
1<I<k,1<m<k i {8uk He,p,u)

A sufficient condition for Lg to be solvable is the following

12



Proposition 2.15 ([9]). A point (z,p,2,p) in L is (smoothly) solvable if a
linear equation

2 2
331£1($ap7u) 831611k($’p’u) p(z, p, u) {g—£>F}($7P>U)

gz, pu) o G (apu)) \p(T,pu) {50, F}(z,p,u)

has a (smooth) solution on a neighborhood of (x,p,u) = ¢r(z,p,x,p) in
C(F).

Proof. Suppose that the linear equation has a smooth solution p(z,p,u) =
(ur(x,pyu), -+, ug(z,p,u)) defined on C(F). Then as seen in the proof of
Proposition 2.14, the vector field

_Z -Tp, 8(33‘ gf T,p,u +Z:ulxp7

is a tangent vector field on Cr. Consider the following tangent vector field
X, on Lp defined by

XM(¢F(x7p7 u)) = dqu(l’,p, u)(YM(I7p7 u))

Since
¢r(z,p,u) = (z,p,0F/0p(x,p,u), —0F/dz(z, p,u)),
S 2
d9r (aii) - aii ;%( P )ai] aijgxf P )ai]
dor (;}D = 8?01» +j:1 %( z,p, )ai] 32?5})2( z,p, )8?9]
dor <ai> - Z 8}89j§ul (z.p. ”)a% B aijgu, (z.p ”)%

Set (z,p,&,p) = ¢r(z,p,u) = (z,p, 0F/Op(x, p,u) — OF/dx(z,p, u)) and

we have

13



0
X, sz —i—pz
0?F O2F B

0*F " 9°F B
_Z (Z (axj (x?pau)+m<w7pau)> "‘Em(l’,p,lb)) o

i=1

Thus X, is a smooth tangent vector field on L of the above form. Therefore,
from Proposition 2.8, L is smoothly solvable.

Conversely suppose that Lg is smoothly solvable. Then by Proposition
2.8, there exists a smooth tangent vector field X on L of the form

0 0 ., 0
X = Z (xz +pz p —I—CLl(I p,ﬂf p)aw —l—bl(SC,p,x,p)%) :

7

Let Y be a smooth tangent vector field on Cr defined by

Y (z,p,u) = dpp(z, p,u) (X (¢p(z,p,u)).

Then from the form of X, which is calculated above, Y has the form

" 6_F< )3 oF
8pZ x?p?“ a

O Z+Zuzxp7

=1

The vector field Y and funcions py, ...,y are smooth since X is smooth.
From the latter part of proof of Proposition 2.14, we see that u(z,p,u) =
(ur(x,p,u), -+, up(z,p,u)) is a smooth solution of the linear equation. [

Now we consider a Morse family of particular type:

k
F:R™xRF 5 R, F(a,p,u) = Zaj(x,p)uj + b(x, p).
j=1

Note that functions aq,...,a, are independent, i.e., differential one forms
day(z,p),...,dag(z,p) are linearly independent in T, p)RQ" at each point

14



(z,p) € R* because F is a Morse family. The catastrophe set of F' is given
by C(F) = K x R with

K :={(z,p) e R* | a;(x,p) = 0,i =1,... k}.
We define a generalized Hamiltonian system as follows.

Definition 2.16 ([13]). Let F': R?" x R¥ — R be a Morse family of functions

defined by
k

F(z,p,u) = Zaj(m,p)uj + b(x, p).

j=1
A Lagrangian submanifold Ly which is generated by Morse family F' is called
a generalized Hamiltonian system. Namely, we call

Lp = ¢p(C(F))
a generalized Hamiltonian system.

We consider solvability of Ly and that of submanifolds of Lr. Applying
Proposition 2.14 and Proposition 2.15, we know that L is smoothly solvable
if and only if {a;, a;}(z,p) =0, {b,a;}(z,p) =0 on K, (1 <i,j < k)[13].

Considering conditions in the propositions, we set

—~

Sp = {(x,p, u) € C(F> ’ Z{ai>aj}(x>p)uj = {b7 ai}<:€,p), 1<i< k}a

Sp = dp(Sp).

Then we see that every smoothly solvable submanifold of Ly is contained in
Sk ([13]). The following two lemmas are sufficient conditions of (smooth)
solvability of submanifolds of Lpg.

Lemma 2.17 ([26]). Let A be a submanifold of K. For a point gy € A, if
there exist a smooth map u: A — R¥ and an open neighborhood V; of ¢
such that X, is tangent to Vp, then ¢r(qo,u(qo)) is a solvable point of Lp
over A.

Proof. There are a smooth map u, u: A — R, an open neighborhood V; of g
and a tangent vector field X, on V. We have a integral curve v: (—¢,¢) — 1}
of X, that is, v satisfies

(v(2),¥(1)) = (v(£), Xu(y(2))) € Lr

15



for every t € (—e, ). Thus v is a solution of L passing through ¢z (qo, u(qo)).
O

Lemma 2.17 asserts solvablity not only of Lr but also ¢r(Vh x u(A)).

We have a similar type of lemma for smooth solvability. Let A be a
submanifold of K and C C R¥ a submanifold. Let A a submanifold of
AxRFand a: A — A a locally trivial fibration which fibre is C. Here
a(q,v) :=q for (q,v) € A C A x R*,

Lemma 2.18 ([26]). A point (go,do) € ¢r(A) is a smoothly solvable point
of ¢pp(A) over A if there exist an open neighborhood Vj of ¢p in A and a
smooth map s: Vp x C' — A of smooth family of sections

sei=s(-,0): Vo — A

for each ¢ € C such that for any (¢,¢) € ¢p(a~'(Vp))) there exists ¢ € C
which satisfies

¢F(SC(Q)> = (]

and Xg,_ is tangent vector field on V4.

Proof. For a point (go, do) € ¢p(A), there are Vi of gy in A and a smooth
map s: Vo xC — A such that Se: Vo — A is a smooth section of the fibration
a: A — A for each ¢ € C. Since the vector field Xg, is tangent to V4, there
is an integral curve 7, which satisfies

(e(t), 7)) = (7e(t), Xso (1e(t))) € Dp(A)

for each ¢ € C'. The vector field X, is smoothly depending on ¢ € C as
a parameter and (g, ¢) € 7~ (Vp) is also smoothly depending on (g, c) via a
smooth map ¢ o s where 7 is a tangent bundle projection. Hence from the
well-known theorem about uniqueness and smoothness of the solution of an
ordinary differential equation, the point (qo, go) is a smoothly solvable point
over A. m

We show a sufficient condition of Sg itself to be smoothly solvable by
using the Lemma 2.18.

16



Theorem 2.19 ([13]). Sg is a smoothly solvable submanifold of L if

rank ({a;, a;}(2,p)),<; j<f = 7 (constant) and
{b, a1} (z,p)

: € Im ({a, aj}(ﬂﬁ,p))lgingk )
{0, ar}(x,p)

holds for every (z,p) € K = {(z,p) € R* | g—i(m,p, u)=0,1<i<k}.

Proof. Let qo = (2, po) € K be a point of which py # 0. Let U,, is a small
ball neighborhood of gp in K. We prove that SpNT'U,, is a smoothly solvable
submanifold of L. First we prove the following linear equation

Uy {b,a1}(z,p)
Hay, am(z,p)) | ¢ | = : , (z,p) eR* (%)
Uy, {b, ax}(x, p)

has a smooth solution on K. Since the rank of the matrix ({a;, a;}(qo)) is 7,
there exist linearly independent r vectors e, ..., e, € R¥ such that

({ar, am}(q0))(er), - ({ar, am}(q0))(er)  spans  ({ar, am}H(qo)) (RY).

Since the rank of the matrix ({a;, a,,}(q)) is constantly r, vectors

({ah am}(q)(el)’ T ({alv am}(Q)(eT>

span an image of {a;, a,,}(q) at every point ¢ € U,. Then the vector
p g qo
L({b,a1}(q), - ,{b,ar}(q)) is uniquely expressed as a linear combination of

({a, am}(q)(er), -, {ar, am}(q)(e,)), that is, there exist numbers v, (q), . . ., %-(q)

for each ¢ such that

({0, a1} () {b ar}(a)) = Z%(Q)({az,am}(q»(ei)-

Since {b, a1 }(z,p), -, {b, ar}(x, p) are smooth functions, v1(q), ..., (q) are
also smooth. Then a vector

‘usla). - uela)) = 3 ula)e
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is a smooth solution of the linear equation (). Because the matrix {a;, a;};
has rank r, thus there exist a basis

v1(q)y - Vk—r(q)

of the kernel of {a;, a;}; ;. For a smooth solution u(z,p) = (u1(q), -, ur(q))
of (%) defined on K NU,,, we have a solution of (x) as

uc(q) = u(q) + ‘ civi(q)

for each ¢ = (c1,-++ ,cp_r) € R¥". We set a smooth family of sections by
using u.(q):

st Ugy x R¥" = K x R, 5(q, ¢) = (¢, uc(q)).
For each (q,q) € ¢r(U,, x R¥), there exists a vector ¢ € R¥"" such that

i = () = (5 (op. vl ) =5 ol )

Since u.(q) = (ul(q),...,u*(q)) is a solution of (x), a vector field X, satisfies

Xs(a1)(q) {ar,a}(q) -+ H{avac}(@) [ucla) {a1,0}(q)
: : : + :
Xs(a1)(q) {ar,ai}(@) -+ A{an, ar}(@)) \uélg) {ax, 0}(q)

=0.

Thus X is a tangent vector field on U,,. From the Lemma 2.18, existence of
such a smooth family s of sections implies smooth solvability of Sg. m

Remark 1. It is partially mentioned about Theorem 2.19 in [17] for the case
b = 0. The sufficient condition of solvabilty is given by {a;,a;} = 0 for all
1 <14,5 < k. It is tried to describe a necessary and sufficient condition of
solvability by stratifying K by the rank of matrix {a;, a;} for the case b = 0.

2.3 Smooth solvability of generalized Hamiltonian sys-
tems and their submanifolds

Now we pose a question; for which submanifold S of Lr does there exist a
submanifold A of K such that S is smoothly solvable over A? We consider
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the question for the case k = 2, namely, we consider the case the generalized
Hamiltonian system is induced from conormal bundle of codimension two
submanifold in 7" M.

Let F': R? x R? — R be a Morse family which is defined by

F(z,p,u) = ai(x,p)us + az(x, p)us.

We consider solvability of the Lagrangian submanifold Ly which is generated
by F'. Moreover we consider solvability of submanifolds of Lz. In detail, we

consider a map ¢r: R* x R? — T(R?*") which is defined by

oF oF
(bF(:U,p, u) - (.Z',p, a_p(x7p7 U), _a_x(x7p7 U))

and the catastrophe set
C(F) = {(.’L’,p, U) | al(x,p) = QQ(ZE,p) = 0} =K X R2

of F for K = {(z,p) | a1(z,p) = az(z,p) = 0} C R?", then we define Ly by
the image ¢p(C(F)). According to Fukuda—Janeczko’s Theorem 2.19, Ly is
smoothly solvable if and only if {a1,as} = 0 locally on K.

Now we consider the cases where the assumptions of Theorem 2.19 are
not fulfilled. We consider the family of vector fields X, : K — T(R?*") along
K with parameter u

oF oF
Xu(xap) - (l‘,p, a_p(*xap? U), _%(map7 U)),

and detect submanifolds of K on which X, are tangent to K. We are going to
give smoothly solvable submanifolds over submanifolds of K in the following
series of Propositions 2.20 — 2.25.

Let Ay = K. The vector field X, is tangent to Aq if and only if

Xu(ar) = Xy(az) =0 ide. ui{ay, a2} = us{ay,as} = 0.

Hence ¢r(Ap x R?) is smoothly solvable if and only if {a;, a3} = 0on Ay = K.
This fact is also obtained as a corollary of Theorem 2.19.

Then we consider a submanifold A; of Ay consisting of points at which
X, is tangent to Ap;

Ay = {(z,p) | ar(2,p) = as(2, p) = {ar, az} (2, p) = 0}.
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We assume that the functions ay,aq, {ai,as} are independent. The vector
field X, is tangent to A; if and only if

Xu({ai,a2}) =0 ide ui{ar, {ar,a2}}(x, p) + us{az, {a1,ax} Hx,p) =0

on A;. Note that we have X,(a1) = X,(az) = 0 from the definition of A;.
Let Egen 4, be the R -algebra of C* function germs at go on R*". We denote
by (a1, as, {a1, a2}>gR2n’q0 the Egen 4-module generated by ay,as and {a;,as}.
We set

& o= {ar, {ar, azt}, &= {az, {a1,a2}}.
Then the vector field X, is tangent to A; if the functions & and & belong

to the Egzn g-module (a1, as, {a1, as})e,,, “ for any point gy € A;.

Proposition 2.20 ([26]). Assume that a1, a2, and {ai, a2} are independent.
Then ¢p(A; x R?) is a smoothly solvable submanifold of Lr over A; if and

only if &1, & € (ay, aq, {ay, a2}>gR2n7q0 for any point gy in A;.

To find smoothly solvable submanifolds of Lr over submanifolds of Ay,
we construct fiber bundles as follows. Let

Clap) = {(u1,u2) | ur{as, {as, a2} }(z, p) + uz{as, {as, a2} } (z, p) = 0}

for (x,p) € K and define line bundles

Ay = {(z,p,u) |ue CL,, (x,p) € A3},
AL = {(x.p,u) | ue Chy, () € AL
A = {(x.p,0) | u € Cly, (2.p) € A3,
A3 = {(x.pu) |ue Chy, (2.p) € A3,
A = A{(@pu) [ue Cl . (2.p) € AL},
Az = {(x,p.u) | u € Cl,. (2.p) € A},

——12
A " ={(z,p,u) |ue C(lgfpy (z.p) € AL}
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with

A% = Al N {(-I,p) | 51 = 0}7 C(lar,p) = {(Ul,O) S C(xvp)}’
Ag = Al N {(‘Tap> ’ 52 = 0}7 C’(290,}7) = {<O7u2> S O(x’l’)}7
Ay = A0 {(z,p) | & # 0}, C(lgfp) = Clap) \ {0},

A=A N {(z,p) | & # 0},
Az = AN {(z,p) | & # 0,8 # 0}

Let us consider the case that one of §; and &, belongs to the Egen 4 -module
(ar, az,{a1, az})e,,, ,, and the other does not.

Proposition 2.21 ([26]). Assume that a;,ay and {a;,as} are independent.
Assume also that

§a € (a1, az, {a17a2}>gk2n’ Oand &1 ¢ (a1, az, {(11,&2}>5R2n7q

q 0

at every point gy of A;. Then the followings hold.
1. ng(EZ) is a smoothly solvable submanifold of Ly over A ;.

2. Assume, furthermore, that &1, aq, ag, {aq,as} are independent.

(a) op (A_g) is a smoothly solvable submanifold of Ly over Al.

(b) ¢r(AL x R?) is a smoothly solvable submanifold of Ly over Al if
{a1, &} € {ar, as, {a17a2}7§1>5R2n740 for any point g in Aj.

Proof. (1): Ay; is an open submanifold of A; from the definition. Since
there exist (1, f2 and f3 € Egan 4, such that & = [r1a1 + Paas + F3{as, az}, the
vector X, (z,p) with u € C'(ijp) is tangent to A;; at each point (z,p) € A,
because

Xu(al) = Uz{az,al} =0,
Xyu(az) =0-{as,a} =0,
Xu({ar,as}) = 0- & + uebs = us€y = frar + Paag + Bs{ar, az} =0

on Al,l-
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(2)-(a): We check the condition that X, (x,p) is tangent to A} with u €
C’(2 at each point (x,p) € A}. Note that {a;, &} = {as, &} from Jacobian

z,p)

identity:
{ar, {az,{a1, a2}}} = {az, {a1,{a1, a2} }} + {{a1, a2}, {a1, a2} }
= {az, {a1, {a1, a2} }}.

Then
Xu({ar,a2}) =0 & +uée =0,

Xu(&1) = wifar, &1} Fus{as, &1} = wifar, &1} +ue{ar, &} - (%)
= us({a1, frar} + {ay, foas} + {a1, B3{ar, az}})
= up(a{ar, b1} + Bo{a1, az} + as{as, Ba}
+ 31 + {a1, az}{a1, B3})
=0

1
on A;.

(2)-(b): From an equality (x) we have

Xu(&1) = wifar, &1} +usiag, &1} = ui{ar, &1} + ua{ar, &}

Since &3 € (a1, ag, {a1, az})e,,, oo 1 holds that

{ay, &} € (ay, ay, {al,az},&)stnﬂ :

0

Consequently, by using {a1,&} € (a1, az, {a1, a2}, &1)e,s, , » We obtain X, (61) =
0 on A}. O

In the same way we have the counterpart of Proposition 2.21.

Proposition 2.22 (][26]). Assume that a;,ay and {a;, a2} are independent.
Assume also that

&1 € (ay, as, {al,a2}>gR2n’q0and §r & (a1, az, {al,a2}>5R2n7qO

at every point ¢o of A;. Then the followings hold.

1. ¢F(E1) is a smoothly solvable submanifold of L over A; 5.
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2. Assume, furthermore, that &, a1, as, {a, as} are independent.

(a) qu(A_%l) is a smoothly solvable submanifold of Lz over A3.

(b) ¢r(A2 x R?) is a smoothly solvable submanifold of Ly over A2 if
{az, &2} € (a1, as, {@1,a2},52>8R2n7q0 for any point g in A3.

In the case &,&> ¢ (a1, a2, {a1, az})e,,, ., We have

Proposition 2.23 (]26]). Assume that a;,as and {a;, a2} are independent.
Then QSF(AL(LQ)LQ) is a smoothly solvable submanifold of Lp over A; (1) if
§1,62 ¢ (a1, az,{a, (12}>5R2n’q0 for every point go in Ay (1 2).

Proof. Ay (1,2 is an open submanifold of A; from the definition. The vector
Xyu(x,p) with u € 0(1:11"219) is tangent to A; 12y at each point (z,p) € Ay 2
since

Xu(al) - UZ{a27 al} = 07
u(a2) = U1{a1,a2} =0,

Xu({ar,a2}) = ur&y +uzéy = 0

<

on AL(LQ). ]

In Proposition 2.20-2.23, we gave sufficient conditions for existence of
smoothly solvable submanifolds of Lg over A 1, A}, A1, A3 and A; (1) and
examples of smoothly solvable submanifolds of Lz over them. The following
two propositions give different sufficient conditions for existence of smoothly
solvable submanifolds of Lr over Al and A% and examples of smoothly solv-
able submanifolds over them respectively.

Proposition 2.24 ([26]). Assume that ay, as, {a1,a2} and & are indepen-
dent. Then ngF(A_él) is a smoothly solvable submanifold of Lp over A} if
{ahgl} S <a17 a2, {a'la a’2}7§1>5R2n7q0 for any pOiIlt 90 in A%

Proof. Since ay, as, {a1,as} and & are independent, A} is a submanifold of
K. For the vector field X, along A} with (uq,0),

Xyu(a1) =0-{a1,a} =0,
XU(GZ) = ul{a27 al} = 07
Xu({a1,a2}) = w161 =0
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hold on Al. Since {a1,&1} € (ay,as, {al,CLQ},gl)gRQn’qo, there exist 1, s, O3

and [y € Egen 4 such that {a1,&1} = Bray + Praz + Bs{ar, as} + B4&1. Hence
we have

Xu(61) = ui{ar, &1} = wi(Brar + Baag + Bs{ar, az} + Ba1) = 0
on Al. Thus the vector field X, with (uy,0) is tangent to Al. O
In the same way we have

Proposition 2.25 ([26]). Assume that aj,as, {a1,a2} and & are indepen-

dent. Then ¢F(A_§2) is a smoothly solvable submanifold of Lp over A3 if
{as, &} € (an, ag, {a, @2}752>5R2n’q0 for any point g in Aj3.

3 Control systems

Toward applications of the results in previous section, we give a review of
the theory of control systems [1][16][24].

One of the purpose of the control theory is to study how a state reach
translate to another. Then there are natural questions; How does a point
reach to another, what is the optimal route of them, etc. We review math-
ematical formulation of control theory and sub-Riemannian geometry as a
kind of geometric control theory.

3.1 Control systems

We introduce a concept of control systems on a manifold. Let M be a smooth
manifold and {B, M, a} be a locally trivial fibration of which fiber is an open
subset U C R*, here we assume k < dim M.

Definition 3.1 ([16, 24]). A control system on a smooth manifold M is a
tuple of a locally trivial fibration { B, M, a} and a smooth map F': B — T'M
from the total space B to the tangent bundle T'M of M which commutes the
diagram
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B r TM

X %M

M

where w0 T'M — M is a canonical projection of the tangent bundle T'M.

For an open set V' C M on which local triviality holds, we have a com-
muting diagram,;

BD>a N (V)—=V xU

“alml /

M>DV

Unless causing no misunderstanding, we write F': V' x U — T'V instead
of Fla-1vyoh: V x U — TV with diffeomorphism h: V x U — o~ (V).

With the local expression of the control system, the map F' is regarded as
a family of vector fields on V; for x € M and u € U, F(x,u) can be written
as (z, f(x,u)) by definition of the control system. Then we have a section
(x, fu(z)) of tangent bundle TV on V for fixed u € U.

3.2 Affine control systems

A fibration { B, M, a} is called an affine bundle if all the fibres are affine space,
transformation group is affine group and homeomorphism which realize local
trivialization is affine.

Definition 3.2 ([16, 24]). Let {B, M,a} be an affine bundle. An affine
control system is a pair ({B, M,a}, F) of the affine bundle and an affine
bundle homomorphism F': B — T M.

For an affine control system, there exist smooth vector fields X, ..., X
on a open neighborhood V,, of any # € M such that for F(z,u) = (x, f(x,u)),

k

flz,u) = Xo(z) + ZUZXZ<£L'>

i=1

holds. Here u is a fiber coordinate.
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The vector field X is called a drift, and Xy, ..., Xi input vector fields.
A parameter u = (uq,--- ,u,) is called a control parameter.

For a local trivialization, affine control systems are represented by the
following differential equations:

S i) = F(z(t), u(t) = Xo(z(t))) + Z wi (1) Xi(z(1)).

We also regard the differential equations ¥ as an affine control system.
Curves on the total space B are called controls. Let us define a class of
the controls.
For a local trivialization Bly =V x U, a curve c: (a,b) — B is expressed
by ¢(t) = (x(t),u(t)) on whenever the image of the curve lies on a=1(V).

Definition 3.3 ([1]). We define the set of controls as
U:={c:[0,T] — B | u:measurable, bounded}.

For a given point xy € M and a control ¢(t), there is a curve on M which
starts from xg. If the trajectory can be extend to whole closed interval [0, 17,
then the control ¢(t) is called admissible [24];

UD Uy :={c: [0,T] = B |z(t)=aoc(t): [0,T] = M,z(0) =z}

We may consider a map from admissible controls to a manifold M which
assigns an admissible control a point of trajectory x(t) at some time ¢ € [0, 77,
especially at the end of the time T

Definition 3.4 ([6]). An Endpoint mapping E is a map from admissible
controls to the manifold M which assigns a control ¢ an endpoint z(7T) ;

E: U,y — M
¢ —x(T).

The end-point mapping is differentiable in terms of Fréchet derivative.

3.3 Singular controls

Since the set of admissible control U, is a Banach manifold and the endpoint
mapping is differentiable, we may define a singular control as a singular point
of an endpoint mapping.
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Definition 3.5 ([1, 6]). A singular control is a singular point of an endpoint
mapping, that is, a singular control is a point where the differential map

E*C : TCZ/{IO — TI(T)M
is not surjective.

If a control ¢ is a singular point of the end-point mapping, then controls
which are restricted to sub interval [0, 7"] for 7" < T are also singular controls
for related end-point mapping. Thus the singularity of the end-point mapping
is micro local property of time.

We give an equivalence condition to the above definition as a constrained
Hamiltonian system. For writing the condition, we define a Hamiltonian
function

H:T'VxU—=R
for local triviality V' x U of the fibration a: B — M as

A

H(z,p,u) = (p, fu(z)).
For an affine control system, H (x,p,u) can be written by

H(z,p,u) = (p, Xo(z) + Zule(x))

Proposition 3.6 ([15]). A control ¢(t) = (x(t),u(t)) is a singular control if
and only if there exist a positive number £ > 0 and a curve p(t) on 177, V\{0}
such that the curve (z(t), p(t), u(t)) satisfies the following equation (which is
called the constrained Hamiltonian system) for all t € [0, );

(i(t) = %—fw),p(t),u(t»,

5(0) = = S (a0, ple) u(0),

\ gi("’c(”’p(“’“@)) =0(1<i<r)

The third equation is called constrained condition. For an affine control
system, the constrained condition becomes

oOH
ﬁui

(@(t), p(t), u(t)) = (p(t), Xi(x(t))) =0 (1 < < 7).



3.4 Controllability

One of problems on the control theory is to study how a state reach to another
state under some conditions. The controllability problem is to study what
extent states of the system may reach to. We recall controllability here to
discuss the problem quantitatively. As we may not observe the trajectory of
the system per se, we notice that the controllability is the “intrinsic” property
of control systems.

Definition 3.7 ([16, 24]). The accessibility algebra C of an affine control
system Y is the collection of the vector fields which generated by Lie bracket
among vector fields X; and the drift Xj.

CE = {Xl, [Xj,XZ‘], [Xk, [Xj,Xi]], s | Z = 0, Ce ,7"}.
We denote by Z; the elements of accessibility algebra C.

Definition 3.8 ([24]). The accessibility distribution Acc(C) is the distribu-
tion which generated by the accessibility algebra Cs;

Ace(Cy) = spang{Z | Z € Cx}

We can say the system is controllable if one may transfer arbitrary state
to every state by the system.

Definition 3.9 ([16, 24]). Let z;, x5 be any arbitrary points of the manifold
M. A control system X is controllable if there exists a control function
u(t) € Uy, r and a trajectory x(t) for the control u(t) such that

z(0) =z, E(u) = x(T) = xs.

A sufficient condition for controllability, which is given by Chow and
Rashevskii, is stated in the next section for driftless control systems.

3.5 Sub-Riemmanian geometry

In this section [21] and [19] are mainly refered. For a distribution D on a
smooth manifold M, which is a subbundle of the tangent bundle T'M, there
arises a natural control system by an inclusion D — T'M. In this section
we review the geometry of distribution D endowed with metric which is sub-
Riemannian geometry.
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The subject of the sub-Riemannian geometry is to study a triple (M, D, g)
of a manifold M, a distribution D on M and a bi-linear positive definite
form g on D, which is called a sub-Riemannian manifold. The object ap-
pears naturally as a collapsing Riemannian manifold and is a generalization
of a Riemannian manifold. However the properties of the sub-Riemannian
manifolds are much different from those of Riemannian manifolds. In fact, it
is not much known about the properties of exponential maps and even about
the smoothness of minimizers.

We start this section with recalling notations and results in sub-Riemannian
geometry. A distribution D is also called a horizontal distribution. A vector
field or a curve which is tangent to D is called horizontal. A horizontal curve
is an absolutely continuous curve v: I — M such that §(¢) is a measurable
and bounded map which satisfies 4(t) € D, for almost every t € I. We

define the length
Liy) = /[ VIG5

for a horizontal curve 7: [a,b] — M. A distribution D of rank k is said to
satisfy Hormander’s condition if for every p € M there exists a number d € N
with local framing { X1, ..., X} } around p such that

Spanp{Xl, .. ,Xd, [Xzan]a ceey [Xila [XiQ, [ s ,[XZ Xd], cee ,]H} = TpM

d—17

By means of the notation of accessibility distribution, Hormander’s condition
is written by
Acc(Cp), =T, M,

here a distribution D is regarded as a control system on M and we denote
Acc(Cp), = spang{Z, | Z € Cp}.

According to Chow—Rashevskii’s theorem, if a distribution D on a con-
nected manifold M satisfies Hormander’s condition, every two points are
connected by a horizontal curve.

Theorem 3.10 ([7]). If a distribution D on a connected manifold M satisfies
Hormander’s condition, then for any two points p,q in M there exists a
horizontal curve «: [a,b] — M such that vy(a) = p and v(b) = q.

We remark that Theorem 3.10 states controllability for a control system
given by a distribution D.
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For a sub-Riemannian manifold which satisfies Hérmander’s condition,
we may define a distance

dec(p,q) = igf{L(v) | v: [a,b] = M : horizontal,y(a) = p,v(b) = q}

which is called a Carnot-Carathéodory (or sub-Riemannian) distance. It is
known that the topology from Carnot—Carathéodory distance agrees with
the original one (ball-box theorem[23]).

To state the ball-box theorem, we give some notations. The Lie flag of a
distribution D is the sequence Dy C D; C --- defined inductively by

DO = D7 Di-i-l = D’L + [D07Di]7 12> 0.

The small growth vector of a distribution D at ¢ € M is the sequence of the
dimension of Lie flags;

(dim Dy(q), dim Dy (q), dim Dy (q), . . .).

For a distribution which satisfies Hormander’s condition, there exists a num-
ber [ for each point ¢ in M such that

(dim Dy(q), dim Dy (q), dim Dy (q), . . ., dim Dy (q) = n).

We denote d;(q) by dimD;(q). Let {Y1,...,Yy} be alocal frame of the flag
D'. Local coordinates (y1, ..., ¥y, of M is said to be linearly adopted to D if

span{dya, 11, - -, dyn}(q) = Di (q)
for each point ¢ in M.

Theorem 3.11 ([23]). There exist linearly adapted coordinates (y1,. .., ¥y»)
and positive constants ¢ < C and ¢y > 0 such that for all € < g

Box(ce) C B(e,qp) C Box(Ce)

where Box(r) = {y € R" | |y;| <r,i=1,...,n} and B(e,q) = {¢g € M |
dec(qo, q) < €}
A horizontal curve 7 connecting p and q is called a minimizerif doc(p, q) =

L(7). A horizontal curve v: I — M is a local minimizer if for any ¢, € I,
there exists ¢ > 0 such that for all closed sub-interval J of [ty — €,y + €],
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v |ynr is a minimizer between the end points. Note that any minimizer is
necessarily a local minimizer.

To consider local minimizers, we classify horizontal curves on (M, D, g)
by using the end-point mapping.

For a bounded measurable curve c: [0,7] — D, if v := mpoc: [0,T] - M
satisfies 4(t) = ¢(t) for almost everywhere on [0, 7], then 7 is a horizontal
curve and c is called an admissible velocity. Here mp: D — M is the canonical
projection. For a point gy on M, we set

Vi :={c|c:[0,T] = D : admissible, v(0) = qo}

a set of admissible velocities and we regard it as a set of admissible controls
for control system D.

A singular (resp. regular) point of the end-point mapping is called a
singular (resp. ordinary) velocity. The trajectory corresponds to singular
(resp. ordinary) velocity is called a singular (resp. ordinary) curve. Since
every curve is ordinary or singular, every minimizer is also a ordinary curve
or a singular curve.

3.6 Normal extremals and abnormal extremals

For a sub-Riemannian manifold, there is a geodesic equation given as Hamil-
tonian formulation, not as Lagrangian, with a function

H(z,p) = Zglj@, Xi)(p, X;) on T*M,
ij

where ¢;; = g(X;, X;) and (¢g%);; is an inverse matrix of (g;;);;. A solution
of the geodesic equation is called a normal geodesics of a normal bi-extremal.

It is known that regular local minimizers are normal geodesics, and so is
smooth since they are solutions of the geodesic equation. Singular minimizers
are sometimes also normal geodesic depending on the metric g. A singular
(local) minimizer which is not normal geodesics is called strictly singular
(local) minimizer. The examples of singular minimizers which are not normal
on Martinet distribution are given by R. Montgomery in 1994 [20]. This
guarantees the existence of strictly singular minimizer, so the problem is to
study strictly singular minimizers.

As a strategy to approach the problem which we mentioned, we consider
two problems; to detect singular curves, and to find local minimizers among
them.
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Now, we introduce the result of foothold in the study of singular curves.
Take a function H: T"M x D — R, H(x,p,u) := (p,u) forz € M,p € T*M
and u € D,, here X, is a fibre product. Let {X,..., X\ } be alocal framing
of D on an open neighborhood U,, of xy in M and (us,...,u) the fibre
coordinate related to the local framing. Then we have locally

H(x,p,u) = Z u; (p, Xi(x)).

Then singular curves are characterized by the constrained Hamiltonian sys-
tem from Proposition 3.6. We state Proposion 3.6 again by means of a
notation of distributions. A curve z(t) on M is a singular curve if and only
if there exists a curve p(t) on T, M \ {0} and u(t) € Dy such that the

curve (z(t), p(t),u(t)) satisfies the following equation

(#(t) = %—lg<x<t>,p<t>,u<t>>,
() =~ (a(0),p(0) (),
OH ot), p(),u(t)) =0 (1 < i < ).

\ 8UZ

In this sense, a singular curve x(¢) is also called an abnormal extremal and
a solution of the constrained Hamiltonian system (x(t),p(t)) is called an
abnormal bi-extremal.

We introduce results on abnormal extremals of rank two distribution
which are given by Liu and Sussmann [19].

We start with giving some notations. Let D be a distribution on a smooth
manifold M. We set

TIM :=T,M\ {0}, T'M:=|] TiM,
zeM

a cotangent bundle without zero section. For a distribution D, its annihilator
D+ is defined by

D :={peT:M| (p,v) =0, for any v € D,},
Dt .= | D
zeM

The annihilator D+ of a distribution D is a submanifold of T*M with codi-
mension rank D. We define two important subsets of cotangent bundle T M.
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Definition 3.12 ([19]). An abnormal extremal carrier AEC(D) of a distri-
bution D on M is defined by

AEC(D) := (D)) NT*M.
A regular abnormal set of D is defined by
RA(D) := (D1)"\ (D)™
We say (z,p) € T*M is a regular abnormal point if

pe D)y \ (Da);.

A curve in M is called regular abnormal extremal if it is the projection of
an abnormal bi-extremal of which image consists only of regular abnormal
points.

For a rank two distribution, a condition (x,p) € (Ds)" is equivalent to

(p, [ X1, [X1, Xo]](w)) # 0 or (p, [Xy, [X1, Xo]] (7)) # 0

for basis of sections X7, X5 of D.
The following Proposition is about where non constant abnormal bi-
extremals lie on.

Proposition 3.13 ([19]). Let D be a rank two distribution on M. Any non
constant abnormal bi-extremal (z(t), p(t)) satisfies

1 #
on the domain of the abnormal bi-extremal.

The following is a sufficient condition of existence of abnormal extremals.

Proposition 3.14 ([19]). Let D be a rank two distribution on M. If (D;)+ #
(Dy) for z € M, then there exists an abnormal extremal passing through .

For a rank two distribution, with small growth vector (2, 3,4, ...), there is
a sufficient condition of existence of abnormal extremals of particular types.

Proposition 3.15 ([19]). Let D be a distribution of rank two which satisfies
dimD, =2, dimD. =3, dimD?=4
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at any point z € M. Then there exist a line subbundle lp of D such that,
if U is any open subset of M on which D admits a basis X7, X, of sections,
and uq, uy a smooth functions of U such that

ug [ X1, [ X1, Xo]] 4+ ug[ Xy, [ X1, X5]] =0 mod D'

and uy (z)% 4+ uz(2)? # 0 for all z € U, then the vector field Z = uy X +up X5
is a section of Ip on U. Every locally simple abnormal extremal parametrized
by arc length is either regular or totally singular.

A curve in M is called a totally singular abnormal extremal if it is the
projection of an abnormal bi-extremal of which is entirely contained in (D?)~.
In the next section we give propositions which are strongly related to Propo-
sition 3.15.

4 Applications to the study of singular curves
on sub-Riemannian manifolds

We apply the results which are obtained in Section 2 to the study of abnormal

curves of distributions.

In this section we consider distributions of rank two. The following lemma
plays an essential role throughout the section.

Lemma 4.1 ([26]). Let D be a rank two distribution with small growth
vector (2,3,4,...) at any point in an open neighborhood of xy € M and g a
bi-linear positive definite form on D. Then there exist an open neighborhood
U, and local orthonormal frame X;, X5 of D on U,, such that

Xl; X2; [X17 X?]? [Xla [Xh XZH

are linearly independent at ¢ and [Xs, [X7, X3]] is a functional linear combi-
nation of X, Xy and [ X, X5] on Uy,.

Proof. &y, denotes the R -algebra of C* function germs at zyp on M. Let
X1, Xy be any local frame of D around xy. We may suppose that

Xy, Xo, [ Xy, Xo, [ Xy, [X1, Xo]]
are linearly independent at zy. From the assumption we have

[X27 [le XQH € <X1>X27 [Xl’ XQ]? [Xb [le XQH)

EM,zg
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Then there exists a A € €4, such that

[XQ, [Xl,Xg]] = )\[Xl, [Xl, X2H mod <X1,X2, [X17X2]>

gM,zo

Set Xy = Xy — AX;. Then (X1, Xg) is a local frame of D around zgy. Then

X1, Xo]] = [Xo — AXy, [ Xy, Xy
mod <X1,X27 [X17X2]>

gM,(L‘O N

For functions

g1 = g(X1,X1)7912 = 9(X1,X2) and gop 1= 9(X2,X2)7

we set

. 1 -
X =Y (X1 - &)Q) X=X,

vV 911922 — 9%2 922 v/ 922

Then (X7, X}) is a local orthonormal basis of D around z i.e.,
9(X1, X1) = 1,9(X], X3) = 0,9(X5, X3) = 1,
and
X1, X, [ X7, X, (X0, [XT, Xo]]

are linearly independent since X and Xj is a functional linear combination
of X; and Xj,. Moreover (X7, X)) satisfies

[X2, [X1, Xo]] =0 mod (X7, X5, [X], X5])

SM,ZO
because for functions

VY22 B V922 912 1

= and a3 =

= = —,
V911922 — G V911922 — G35 922 V922

651
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we have the following by straight calculation:
[X§7 [XLXQH = [043)22, [041X17043X2]] - [043)227 [a2X2,@3X2]]
= s Xy, aras[ X1, Xo]] + [asXa, a1 X (a3) Xo]

- [CY?,Xz’ 043X2(041)X1]
= [(363)22,@1043[)(1,)22“ mod <X17X§7 [X17Xé]>
= O‘lag[XQ’ [X1>X2H mod <X{a Xé? [X{7X£]>
=0 mod (X}, Xy, [X], X3])

EM g
SM,.’L‘O

EM,zg

O

Let {Xi, X2} be a local frame of D on U,, for any zo € M with the
property of Lemma 4.1 and define a function H: T"Uy, xy,, D — R for the
distribution D locally by

H(z,p,u) = ui(p, X1(z)) + uz(p, Xa(z)).

We set functions aq,ay on T*U,, as

a(z,p) = (p, X1(x)), as(z,p) := (p, Xs(2)).

The set of sections I'(T'M) of the tangent bundle is equipped with Lie bracket.
A map
X — (p, X(x)) € C*(T"M,R)

is a Lie algebra homomorphism between I'(T'M) and the set of smooth func-
tions on T*M endowed with Poisson bracket induced from standard sym-
plectic structure on T*M. Namely we have

{ar, az}(z,p) = (p, [X1, Xo] ().

From this correspondence we have the following relations:

ar = (p, X1(z)), a2 = (p, Xz(x))
{a1, a2} (z, p) = (p, [X1, Xo](2)),
& = {a1, {a1, a2}}(z,p) = (p, [ X1, [X1, Xo]|(2)),
& = {az, {a1, as}}(z,p) = (p, [Xa, [X1, Xo]|(2)).
Then we apply the series of Propositions 2.20 - 2.25 for these functions
and we obtain the series of theorems. We do not concentrate on regular

abnormal bi-extremals. The difference from Liu and Sussmann’s results is
existence of smooth family of smooth abnormal bi-extremals.
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4.1 The case the growth vector (2,3,3,...)

The first one is existence of a smooth (2n — 3)-parameter family of totally
singular abnormal bi-extremals for distribution which has a small growth
vector (2,3,3,...).

Theorem 4.2. Let (M, D) be a pair of a smooth manifold M and a rank
two distribution D on M. For a point zo € M, we assume there exist an
open neighborhood U,, and smooth sections of the basis X, Xy to D such
that X, Xy and [X;, X5 are linearly independent at each point of U,,. If
the sections [Xi, [X1, Xs]], [Xa, [X1, X2]] are functional linear combinations
of X1, Xy and [X, X5] for any point x € U,,, then there exist an open
neighborhood V{ of ¢y which is an element of a set

{a=(2,p) € 773, (Uso) | (p, X1(2)) = (p, Xa(2)) = (p, [X1, Xo](2)) = 0}

and a smooth family of abnormal bi-extremals {I';: I — T*M } ¢y, such that
I';(0) = ¢ and each I';(¢) satisfies the following equations

a(t) = () Xa(rg(1) + a(0) Xl 1),
palt) =~ 22T 1)y 0) — o) PEZE (1) 1)
for any wy(t), us(t) and

(pg(1), X1 (74(1))) = 0, {pg(t), Xo(2(2))) = 0,
(Pq(t), [ X1, Xo(2q(t))) = 0, (pq(t), [ X1, [ X1, X]|(24(2))) = 0,
(Pg(t), [Xo, [ X1, Xa](24(1))) = 0.

Thus we have the following

Proposition 4.3. Let D be a rank 2 distribution on M". If a small growth
vector is (2, 3,3, . ..) at each point ¢ in M, then there exist a closed neighbor-
hood V,, of qo € w7}y, (20) in T*M and a smooth (2n — 3)-parameter family
of totally singular abnormal bi-extremals {(x4(t), p(t)) }4ev,, in T*M \ {o}.

4.2 The case the growth vector (2,3,4,...)

The following four theorems are on a distribution D with small growth vector
(2,3,4,...). The next one is of existence of a smooth (2n — 3)-parameter
family of regular abnormal bi-extremals.
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Theorem 4.4 ([26]). Let (M,D) be a pair of a smooth manifold M and
a rank two distribution D on M. For a point zg € M, we assume that
there exist an open neighborhood U,, and smooth sections of basis X;, X5
to D such that X7, Xy and [X7, X3| are linearly independent at each point of
Uy It X1, Xo, [ X1, Xo], [X1, [X1, Xs]] are linearly independent for any point
x € U,, and the section [Xy,[X7, X3]] is a functional linear combination of
X1, Xy and [X;, X3, then there exist an open neighborhood V; of gy which
is an element of a set

{q = (:L‘7p) € 7T-7_“*1M(Uv9[:0) | <pa Xl(x» = <p7 X2<m)> = <pa [XI;XQ](:E» - 07
(p, [ X1, [X1, Xo](x)) #0 }

and a smooth family of abnormal bi-extremals {I';: I — T*M } ey, such that
I',(0) = ¢ and each I, (¢) satisfies the following equations

2q(t) = ua(t) Xz (zq(t)),
palt) = —ual) 2222 0y )

and

(pg(1), X1 (24 (1)) = 0, {pg(t), Xs(2(t))) =0,
(Pq(1), [ X1, Xo](4(1))) = 0, (pg(t), [Xa2, [ X1, Xa](24(1))) = O,

for a function usy(t) which satisfies

uz () (pq(t), [ X2, [X1, Xo])(z4(1))) = 0.

The next one is of existence of a smooth (2n — 4)-parameter family of
totally singular abnormal bi-extremals.

Theorem 4.5. Let (M, D) be a pair of a smooth manifold M and a rank
two distribution D on M. For a point xy € M, we assume that there exist an
open neighborhood U,, and smooth sections of the basis X;, Xs to D such
that X3, Xy and [X;, X5 are linearly independent at each point of U,,. If
X1, Xo, [ X1, Xo], [ X1, [X1, Xs]] are linearly independent for any point z € U,,
and the section [ Xy, [ X7, X5]] is a functional linear combination of X7, X, and
[ X1, X5], then there exist an open neighborhood Vj of gy which is an element
of a set

{(z,p) € 1y (Uso) | {0, X1(2)) = (p, Xa(@)) = (p, [X1, Xo](2)) =0,
(p, [X3, [ X1, Xo](2)) =0 }
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and a smooth family of abnormal bi-extremals {I';: I — T*M } ey, such that
I';(0) = ¢ and each I',(¢) satisfies the following equations

and
(pqg(1), X1(z4(1))) = 0, (pq(t), X2(2(2))) =0,
(pg(1), [ X1, Xo](,(1))) = (pq(t), [X1, [ X1, Xo](z4(2))) = 0,
(pg(t), [Xa, [ X1, Xo]] (24 (1) >

for a function usy(t) which satisfies

U () (pg(t), [ X2, [X1, Xa]](24(t))) = 0.

The next one is of existence of a smooth (2n — 4)-parameter family of
totally singular abnormal bi-extremals.

Theorem 4.6. Let (M, D) be a pair of a smooth manifold M and a rank
two distribution D on M. For a point xy € M, we assume that there exist an
open neighborhood U,, and smooth sections X;, Xs to D of the basis such
that X3, Xy and [X;, X5 are linearly independent at each point of U,,. If
X1, Xo, [X1, Xo], [ X7, [X1, Xs]] are linearly independent for any point z € U,,
and the section [ Xy, [X7, X5]] is a functional linear combination of X7, X5 and
(X1, X5], furthermore, a section [X7,[X7,[X7, X3]]] is a functionally linear
combination of Xi, Xy, [X1, Xo|, [X1, [X1, X2]] on U,,, then there exist an
open neighborhood V4 of ¢o which is an element of a set

{a=(2,p) € iy (Usy) | (p, Xa(2)) = (p, Xa(2)) = (p, [ X1, X2](2)) =0,
{p, [X1, [ X1, Xa](2)) = 0 }

and a smooth family of abnormal bi-extremals {I';: I — T*M } ¢y, such that
I',(0) = ¢ and each I',(¢) satisfies the following equations

Tq(t) = ur (1) Xy (24(1)) + ua(t) Xa(24(1)),

palt) =~ 22T 1) ) — ) PE T 1) 1)
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for any u,(t), us(t) and

(pg(1), X1(24(1))) = 0, {pq(t), Xao(2(1))) = 0,
(pg(t), [ X1, Xo] (4 (1)) = (pg(1), [ X1, [X1, Xal](24(1))) = 0,
(Pg(1), [Xa, [X1, Xol](4(t) > 0, {pg(2), [ X1, [Xa, [ X1, Xo]l)(7,4(2))) =

The following is of existence of a smooth (2n — 3)-parameter family of
regular abnormal bi-extremals.

Theorem 4.7. Let (M, D) be a pair of a smooth manifold M and a rank
two distribution D on M. For a point xo € M, we assume that there exist
an open neighborhood U,, and smooth sections of the basis X7, Xy to D
such that X7, X5 and [ X7, X5] are linearly independent at each point of Uy, .
If the sections [Xi,[X7, X3]] and [Xy, [X1, X5]] are unable to be expressed
by a functional linear combination of X, X5 and [X, X5] and two sections
(X1, [X1, Xo]], [ X2, [X1, Xo]] are linearly dependent for any point z € U,,,
then there exist an open neighborhood Vj of gy which is an element of a set

{a=(2,p) € 17 (Us,) | (p, X1(2)) = (p, X2(2)) = (p, [X1, Xo](x)) =0,
(p, [ X2, [ X1, Xo]|(2)) # 0, (p, [Xu, [Xy, Xo]](2)) # 0 }

and a smooth family of abnormal bi-extremals {I';: I — T*M } ¢y, such that
I',(0) = ¢ and each I',(¢) satisfies the following equations

Tq(t) = ur (1) Xy (24(1)) 4 ua(t) Xa(24(1)),

ult) =~ 227D 1) 1) — wa) PEZE D (1) 1)

and
(pg(1), X1(z4(1))) = 0, (pqg(t), Xa(z(t))) =0,
(pg(1), [ X1, Xo](z,(2))) = (pq(t), (X1, [X1, Xo]](z4(1))) # 0,
(pq(t), [ X2, [X1, Xo]](w4(2) >

for functions wu;(t) and wus(t) which satisfy

ur (8)(pq (1), [ X1, [X1, Xo]l(24(2))) + ua(t)(py (1), [ X2, [X1, Xa]|(2,4(2))) = 0.

Because they have similar type of proof, we give a proof of Theorem 4.5.
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Proof of Theorem 4.5. From the property in Lemma 4.1 we take a local frame
{X1, X5} of D on an open neighborhood U,, of zy in M such that

X1, Xo, [ X1, Xo), [ X7, [ X1, Xo]

are linearly independent and [X5, [ X7, X5]] is a functional linear combination
of X1, X5 and [X7, X5]. We take the function H: T*U,, Xu,, D — R as

H(I,p, u) = (p, Xl(l‘»ul + <p7 XQ(*T»UQ

and set a1 (z,p) := (p, Xi(x)) and as(x,p) := (p, Xo(z)). Then H is a Morse
family because X; and X5 are linearly independent at each point. In confor-
mity with the property of vector fields X; and Xy, functions ay, as, {a;, as}
and {aj, {ai,as}} are independent and we have

ai, az, {&17 a2}7 {a27 {ah aQ}} € <a17 a2, {ab {ah a2}}>‘€T*U$0,q

for any g € T*Uy,,.
According to the proof of Proposition 2.21, X, is a tangent vector field
to a submanifold

A; = {(‘Tvp> S T*UIO | al(xap) = CLQ(J},]?) = {(Zl,ag}(l‘,p)

= {a1,{a1, a2} }(z,p) = 0}

of T*U,, for u = (0,uz). Thus there exist an open neighborhood V,, of ¢ €
(mrear |a3)~" (w0) and a family of local integral curves {(z4(t), py(t))}4ev,, of
X, starting from a point ¢ in A}, that is, for each ¢ the curve (z,(t), p,(t))
satisfies ordinary differential equations

1) = 0 0,100, (0,19) = P2 0., 0)) = a0 1)
5al®) = =2 (1), p4l1), (0,12)) = = PLTX D 1) 1)

and following conditions;

a1(4(L), pg(t)) = (pg(t), X1(4(£))) = 0, (pg(t), Xa(z4(t))) = 0,
(Pq(t), [X1, Xo](24(t))) = 0, (Pq(1), [ X1, [ X1, Xo]](24(1))) = 0.

[]
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The following is a summary of the above theorems.

Proposition 4.8. Let D be a rank 2 distribution on M". If a small growth
vector is (2,3,4,...) at each point xy in M, then there exist a closed neigh-

borhood V,, of gy € 774y, (20) in T*M and a smooth family of totally singular
abnormal bi-extremals {(x4(t),py(t))}ev,, in T°M \ {o}.

Each element of the family of abnormal extremals in Theorem 4.5 are
not normal geodesics on a sub-Riemannian manifold. This is also a different
point of Liu and Sussmann’s results.

Theorem 4.9 ([26]). Let (M, D, g) be a sub-Riemannian smooth manifold
with a distribution D of rank two. Suppose that Dy := D + [D, D] is a sub-
bundle of rank three and Dy := D; + [D, Dy] is a sub-bundle of rank four.
Then for any point xy in M, there exist an open neighborhood U,,, of zy in M,
a closed neighborhood V,, of qy € 75:.1,,(2¢) in T*U,, and a smooth (2n — 4)-
parameter family of immersive abnormal bi-extremals {x4(t), pq(t)}4ev,, of
which projections are not normal geodesics in Uy,.

Proof. Let xy be a point of M and let z,(t) be the smooth immersive ab-
normal extremal in a neighborhood U,, of zy obtained in Theorem 4.5. Let
(x4(t), py(t)) be the abnormal bi-extremal considered in the proof of Theorem
4.5. We are going to prove that the curve z,(t) is not a normal extremal.
From Lemma 4.1 we may take a local orthonormal frame {X;, X5} of D

on U,,. We consider the Hamiltonian function in terms of the orthonormal

frame {X7, Xs};
2

1 2
Hg(z,p) = ) ;(1% Xi(x))"
Suppose that z,(f) is a normal extremal. Then there must exist a normal
bi-extremal of the form (z,(¢), p,(t)) which satisfies the following differential
equation;

[

1) = T E (0, 5,(0) = = 3 X (0)
5ut) = 2 ),y (0) = 3 PP ), 1)
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Since the abnormal extremal z,(t) satisfies @,(t) = ua(t)Xa(z,(t)) by Theo-
rem 4.5

ug (1) Xa(24(1)) = &4(1) = =X (24(1)) = Xo(4(1))

holds. Thus X (z,(t))+(14ua(t)) Xa(xe(t)) = 0 holds. This is a contradiction
to {X1, X5} being a local frame of D.
O]

Remark 2 ([6], Theorem 2.8). It is known that there are no singular mini-
mizer for a generic sub-Riemannian manifold (the genericity is used for the
distribution as map-germs) with rank greater than 2.
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