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1 Introduction

Past studies on inequality and poverty, such as Maasoumi (1986), Dardanoni
(1995), Seth (2009), and Decancq and Lugo (2012), have yielded that poverty
and inequality should not always be measured using a single attribute, especially
such pecuniary attributes as income, but should be measured by evaluating other
non-pecuniary attributes such as health and education . For this purpose, it is nec-
essary to generate a method to derive an index from data with multiple attributes.
After the seminal studies by Kolm (1977) and Atkinson and Bourguignon (1982),
there have been many works on the development of multidimensional indices.

According to Tsui (1999, p.146), for the studies on the multidimensional index
of inequality, “the first problem confronting researchers in the measurement of
inequality is the meaning of multidimensional inequality.” One needs to judge
whether a multidimensional distribution representing a number of attributes is
more unequal than another that measures multidimensional inequality.

When we measure inequality of a population by a single scale, for example,
income, it is only necessary to study how to evaluate the distribution of income.
However, if we were to measure the overall inequality of a population by not only
income but also other variables, a problem arises: how do we determine which of
the two populations – one with better income distribution and the other with a
more equitable distribution for some other variable – is better. Accordingly, many
works, such as Tsui (1995, 1999), and Gajdos and Weymark (2005), have focused
on the axioms that the aggregation functions deriving a single index from such
multidimensional distributions must satisfy.

In this paper, we attempt to show another method of measuring multidimen-
sional inequality where a single index is derived from multiple variables using a
multivariate probability distribution. As an application of our method, we cal-
culate an inequality index using four attributes related to one’s well-being: job
satisfaction, life satisfaction, health condition, and income.

It is considered that job satisfaction, life satisfaction, health condition, and
income are closely related with our daily life. Accordingly, we need to empirically
investigate the extent of the correlations among these. We estimated the simple
and partial correlation coefficients of those four attributes using polychoric and
polyserial correlation coefficients. It is revealed that the correlation coefficients
between the four attributes differ: job satisfaction, life satisfaction, and health
condition are positively correlated but the correlations between income and the
other three attributes are not so strong. Moreover, we consider a way to compre-
hensively measure people’s well-being using a multidimensional index.

We follow the row-first step in Pattanaik et al. (2012) in the sense that we first
aggregate across attributes and then across individuals. This two-step method ful-
fills the axioms discussed in previous studies. The first step aggregating across
attributes to calculate an index of individuals’ current status fulfils monotonicity,
symmetry, separability, rank-dependent separability, weak-scale ratio invariance,
strong-scale ratio invariance, and weak translation invariance, mentioned in De-
cancq and Lugo (2012). The second step entails aggregating the inequality index of
current status across individuals using a generalized entropy measure of inequality
(GE) and Gini coefficient; GE fulfills weak principle of transfers, decomposability,
scale independence, and the population principle, but the Gini coefficient does not
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always fulfill population decomposability, according to Amiel and Cowell (1992,
p.10).

We use the Bayesian multivariate ordered probit model for the derivation of
the index. Since the seminal work of Albert and Chib (1993), the Bayesian method
has been popular for the estimation of the ordered probit model. The outline of our
estimation strategy is as follows. Using the Markov chain Monte Carlo (MCMC)
method to estimate the econometric model proposed in the next section, the pos-
terior distributions of the four attributes are estimated. Using the multivariate
normal distribution, the probability associated with an individual’s present status
regarding the four attributes is calculated. Then, we use this probability to calcu-
late the Gini coefficients and GE values as multidimensional inequality indices.

These inequality indices can also be obtained using individual characteristics
such as gender and employment status (the employment status is classified into
regular employment and non-regular employment in this paper). Furthermore, we
can easily calculate the probability with which one inequality index is higher than
another one in each employees’ characteristic, for example, the probability that
the female Gini coefficient is higher than the male Gini coefficient.

Studies on inequality using Bayesian methods have been growing, for example,
Chotikapanich and Griffiths (2000, 2005), Griffiths et al. (2005), Gigliarano and
Muliere (2013), Hasegawa and Kozumi (2003), and Nishino and Kakamu (2015).
Bayesian method is more appropriate for estimating a multivariate ordered pro-
bit model than a non-Bayesian one for the following reasons. While the Bayesian
method allows the estimation of the multivariate ordered probit model that has
correlation between explained variables, the non-Bayesian approach is difficult
when the number of explained variables is more than two.1 It is also possible
to estimate the polychoric and polyserial correlation coefficients in a multivari-
ate ordered probit model that includes explanatory variables using the Bayesian
method, although it is difficult using the maximum likelihood method. Further-
more, we need to investigate a partial correlation coefficient in addition to a simple
correlation coefficient in order not to misunderstand the relationships between the
explained variables. Using our method, it is easy to calculate these statistics.

This paper is organized as follows. In Section 2, we present the Bayesian multi-
variate ordered probit model. In Section 3, the posterior results regarding individ-
uals’ status using microlevel data are shown. In Section 4, the multidimensional
inequality indices of individuals’ status are calculated. Finally, in Section 5, a brief
summary and some extensions of our approach are given.

2 Bayesian multivariate ordered probit model

Based on Hasegawa (2013, Section 5), we consider the following model. For i =
1, · · · , n, let y1ij (j = 1, · · · ,m) and y2ij (j = 1, · · · , q) denote the ordinal discrete
and continuous variables, respectively. The discrete variable y1ij makes ordinal
choices, that is, y1ij = cj for cj ∈ {1, · · · , Cj}. We assume the following model for

1 For example, if we use STATA for such an estimation, it is possible to estimate a bivariate
ordered probit model using BIOPROBIT, which computes maximum likelihood estimates, but
there is no function to estimate ordered probit models with three or more variables.
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the ordinal discrete variable y1ij :

y1ij = cj , if zij ∈ (γj(cj−1), γjcj ], cj ∈ {1, · · · , Cj}; j = 1, · · · ,m; i = 1, · · · , n,
(1)

where zij denotes the latent variable and γjcj is a cutoff point for the jth ordinal
response. Following Chen and Dey (2000), we specify that

−∞ = γj0 < γj1 = 0 < γj2 < · · · < γj(Cj−1) = 1 < γjCj
= ∞, j = 1, · · · ,m, (2)

where conditions γj1 = 0 and γj(Cj−1) = 1 are required to establish the identifiabil-

ity of the cutoff parameters, and we define γj = (γj2, · · · , γj(Cj−2))
′ (j = 1, · · · ,m)

and γ = (γ′
1, · · · , γ′m)′. Latent variable zij is determined by the following model:

zij = x′
1ijβ1j + u1ij , j = 1, · · · ,m; i = 1, · · · , n, (3)

where

x1ij =


x1ij1
x1ij2
...

x1ijk1j

 , β1j =


β1j1
β1j2
...

β1jk1j

 , j = 1, · · · ,m.

For the continuous variable y2ij , we consider the following model:

y2ij = x′
2ijβ2j + u2ij , j = 1, · · · , q; i = 1, · · · , n, (4)

where

x2ij =


x2ij1
x2ij2
...

x2ijk2j

 , β2j =


β2j1
β2j2
...

β2jk2j

 , j = 1, · · · , q.

Defining β1 = (β′
11,β

′
12, · · · ,β′

1m)′, β2 = (β′
21,β

′
22, · · · ,β′

2q)
′, and

zi =


zi1
zi2
...

zim

 , X1i =


x′
1i1 0′ · · · 0′

0′ x′
1i2 · · · 0′

...
...

...
0′ 0′ · · · x′

1im

 , u1i =


u1i1

u1i2

...
u1im



y2i =


y2i1
y2i2
...

y2iq

 , X2i =


x′
2i1 0′ · · · 0′

0′ x′
2i2 · · · 0′

...
...

...
0′ 0′ · · · x′

2iq

 , u2i =


u2i1

u2i2

...
u2iq

 ,

(3) and (4) can be rewritten as

zi = X1iβ1 + u1i, i = 1, · · · , n (5)

y2i = X2iβ2 + u2i, i = 1, · · · , n. (6)
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Further, defining wi = (z′
i,y

′
2i)

′, (5) and (6) can be combined as

wi =

(
zi

y2i

)
= Xiβ + ui,

where

Xi =

(
X1i O

O X2i

)
, β =

(
β1

β2

)
, ui =

(
u1i

u2i

)
.

Assuming that ui ∼ N(0,Σ), we have

wi|β,Σ ∼ N(Xiβ,Σ), i = 1, · · · , n, (7)

where Σ is an (m+ q)× (m+ q) positive definite covariance matrix.2 Further, we
collect up y1i = (y1i1, · · · , y1im)′,y2i, zi,wi for i = 1, · · · , n as follows:

y1 =

y11
...

y1n

 , y2 =

y21
...

y2n

 , z =

z1

...
zn

 , w =

w1

...
wn

 .

To complete the Bayesian model, we introduce the prior distributions of the pa-
rameters (β,γ,Σ). On the basis of Bayes’ theorem, the joint posterior distribution
can be written as

p(β,γ,Σ, z|y1,y2) ∝ p(β,γ,Σ, z)p(y1,y2|β,γ,Σ, z)

= p(β,γ,Σ)

[
n∏

i=1

p(wi|β,γ,Σ)p(y1i|β,γ,Σ, zi)

]
. (8)

Further, defining

Gij =
(
γj(cj−1), γjcj

]
if y1ij = cj , cj ∈ {1, · · · , Cj}, j = 1, · · · ,m

Gi = Gi1 × · · · × Gim, i = 1, · · · , n,

we have

p(y1i|β,γ,Σ, zi) = 1(zi ∈ Gi), i = 1, · · · , n,

where 1(·) is an indicator function.3 Now, we specify the prior distributions as
follows:

p(β,γ,Σ) = p(β)p(γ)p(Σ) = p(β)


m∏
j=1

p(γj)

 p(Σ),

where

β ∼ N(β0,B0), Σ−1 ∼ W(κ0,Q
−1
0 ),

2 This multivariate normal model can be extended to a mixture of a countable number of
multivariate normal distributions, which would be more flexible than a multivariate normal
distribution.

3 See Chib and Greenberg (1998, p.349).
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and W(κ0,Q
−1
0 ) denotes a Wishart distribution with degrees of freedom κ0 and

scale matrix Q−1
0 . Further, we introduce the prior distribution of γj , p(γj) =

p(δj(γj)), based on the following transformation for the cutoff points (Chen and
Dey, 2000, p.140):

δjcj = log

(
γjcj − γj(cj−1)

1− γjcj

)
, cj = 2, · · · , Cj − 2,

where δj(γj) = (δj2, · · · , δj(Cj−2))
′ (j = 1, · · · ,m).4 We specify p(δj(γj)) as fol-

lows:

δj(γj) ∼ N(δj0,Dj0), j = 1, · · · ,m.

Using the sampling scheme of MCMC, we can sample the parameters (β,γ,Σ, z)
from the joint posterior distribution (8).5

3 Empirical analysis of individuals’ status

3.1 Data

We use the data of the Questionnaire Survey on Work and Life of Workers by
RENGO-RIALS. RENGO stands for the Japanese Trade Union Confederation,
Japan’s national-level trade union. RENGO-RIALS stands for RENGO’s Research
Institute for Advancement of Living Standards.

This survey is conducted biannually, in April and October, and investigates
private companies’ employees on their perceptions of Japanese national economic
trends, work, and life using a self-completed questionnaire. The districts of resi-
dence of the respondents are prefectures around Tokyo (Tokyo, Saitama, Chiba,
and Kanagawa) and Osaka (Osaka, Shiga, Kyoto, Hyogo, Nara, and Wakayama).
The age of the respondents ranges from the 20s to early 60s. In our study, we use
responses to the following four questions in the 16th wave of the survey, which was
conducted in October 2008: job satisfaction (sat1), life satisfaction (sat2), current
health condition (health), and annual wage (income).

Table 1 shows the survey questions and answer choices, and Table 2a shows
the relative frequencies of the responses regarding sat1, sat2, and health, and the
summary statistics of income. Further, we obtain respondents’ socio-demographic
data, such as gender, age, marital status, and employment status, from the survey.
Table 2b shows these summary statistics.6

4 Since we use the identification restriction on cutoff, γγj(Cj−1)
= 1, we have γjcj ∈ (0, 1).

This transformation makes the interval (0, 1) to the real line. For more detailed discussion on
this matter, see Jeliazkov et al. (2008, p.124).

5 Supplementary material provides the details of the sampling algorithms for the Bayesian
estimation.

6 We use wage data as income data. The data provided in the survey are those of the wage
band. The number of income bands are 15, and these are 0 yen, less than 1 million yen, 1–2
million yen, · · · , 15–20 million yen, and more than 20 million yen, but data for individuals
with zero income are not used in our estimation in practice. We construct the numerical values
of income on the basis of income band in accordance with Layard et al. (2008). Layard et al.
(2008, p.1850) construct the income data as follows: “In the cross-section surveys, only income
bands are available and these we converted into numerical values using the mid-point of each
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3.2 Posterior results of the estimated equations

The estimated equations are as follows:

wj = βj1 + βj2 female+ βj3 emp+ βj4 emp× female

+βj5 married+ βj6 age+ βj7 age
2 + βj8 educ

+βj9 tenure+ βj10 tenure
2 + uj , j = 1, · · · , 4, (9)

where j = 1 to 3 correspond to sat1, sat2, and health, and j = 4 corresponds
to log(income), respectively.7 Variables female, emp, and married are dummy
variables. When the respondents are women, regular employees, and married,
female = 1, emp = 1, and married = 1, respectively. Variables age, educ, and tenure

denote the respondents’ age, length of education, and years at the current em-
ployer, respectively.8 In the survey, the educational level is classified as junior high
school graduate, high school graduate, graduate from vocational schools/schools
in the miscellaneous category, junior/technical college graduate, university gradu-
ate, or completed graduate school; the values 9, 12, 15, 14, 16, and 18 are given,
respectively, as the data for the length of education.

The MCMC simulation was run for 30,000 iterations with the thinning interval
being 5; the first 10,000 samples were discarded as the burn-in period.9 The pos-
terior results obtained thereafter were generated using Ox version 7.0 (Doornik,
2013). We set the prior distributions as follows:

βj ∼ N(0, 100I10), j = 1, 2, 3, 4

δj(γj) ∼ N(0, 100), j = 1, 2, 3

Σ−1 ∼ W(6, 50I4).

Table 3 shows the posterior results of the multivariate ordered probit model.
The effects of the differences in gender and employment status on each explained
variable are also shown in this table. Coefficients βj,2 and βj,2 + βj,4 represent the
effects of being female employees on the explained variables when employees are
non-regular and regular, respectively. Coefficients βj,3 and βj,3+βj,4 represent the
effects of being regular employees on the explained variables when employees are
male and female, respectively.

According to this table, the 95% credible intervals (95% CIs) of married are
positive and do not include zero. This means that being married has positive effects
on job satisfaction (sat1), life satisfaction (sat2), and health condition (health).
For job satisfaction, life satisfaction, and health equations, coefficients of age are
negative and those of age2 are positive, and their 95% CIs do not include zero.
Thus, relationships between these explained variables and age are U-shaped. In

band. For respondents in the lowest income band, we assumed an income of two thirds of
the upper limit of the band, and for respondents in the highest income band, we assumed an
income 1.5 times the lower income limit of the band.”

7 Variable log(income) is the logarithm of annual wage.
8 Regular employees include the following employees in the survey. Regular employees are

full-time employees, and include executive-level employees. Non-regular employees include
part-timers, contract workers, dispatched workers, and other non-full-time workers.

9 We obtained 30,000 samples by running 150,000 iterations and sampling one observation
at every five iterations. After obtaining 30,000 samples, we discarded the first 10,000 samples.



8 Hikaru Hasegawa, Kazuhiro Ueda

addition, being regular employees (emp) has a positive effect on life satisfaction
(sat2) in the case of male employees. Length of education (educ) too has a positive
effect on life satisfaction.

For the logarithms of income, the 95% CIs of most explanatory variables do
not include zero. Thus, these explanatory variables can have either positive or
negative noteworthy effects on income. The signs of the effects of these variables
are the same as those of their coefficients.

The effects of being female employees on income are represented by β4,2 in the
case of non-regular employment (emp = 0) and by β4,2+β4,4 in the case of regular
employment (emp = 1). Being female employees has a negative effect on income in
any of these cases, and this effect is bigger for non-regular employees.10

The effects of being regular employees (emp) on income are represented by β4,3
in the case of males (female = 0) and by β4,3 + β4,4 in the case of females (female
= 1). Being regular employees has a positive effect on income in any of these cases,
and this effect is bigger for females.11

Furthermore, length of education (educ) has a positive effect on income. It is
conceivable that age (age) and years at the current employer (tenure) have inverted
U-shaped relationships with income, because of the signs of the coefficients. Age
has such an inverted U-shaped relationship with income, because the 95% CIs of
age and age2 do not include zero. However, years at the current employer do not
always have such a relationship, because the 95% CI of tenure2 includes zero.

The signs of the coefficients whose 95% CIs do not include zero in Table 3
are valid in general. For example, being married may yield a fulfilling home life,
motivation to work, and good health. These factors raise their job satisfaction, life
satisfaction, and improve their health condition. The relationships between job
and life satisfaction and one’s age have been confirmed in many previous studies
like Clark et al. (1996) and Blanchflower and Oswald (2004). The U-shaped rela-
tionship is also observed in Hasegawa and Ueda (2013) who study job satisfaction
of employees in Japanese private companies using the same data. The inverted
U-shaped relationship between income and age (or labor force experience) is also
known in the estimation of wage function (Heckman et al., 2006, pp.320–326).
Considering that the average wages of female employees and non-regular employ-
ees are lower than that of male employees and regular employees, respectively, it
is also reasonable that being female employees has a negative and being regular
employees has a positive effect on income.

Regarding the effects of differences in gender and employment status on job sat-
isfaction, life satisfaction, and health condition, for example, it may be considered
that being female and being a non-regular employee have negative effects, because
the incomes of female employees and non-regular employees are lower than those
of male employees and regular employees. On the other hand, it may be considered
that female employees and non-regular employees enjoy higher satisfaction from
non-pecuniary factors such as convenient work timings and a healthy work–life

10 The income of females is lower than that of males by 55.1% (−0.551 = exp(β4,2) − 1)
for non-regular employees, and lower by 33.2% (−0.332 = exp(β4,2 + β4,4) − 1) for regular
employees.
11 The income of regular employees is higher than that of non-regular employees by 64.2%
(0.642 = exp(β4,3) − 1) for males, and higher by 155.5% (1.555 = exp(β4,2 + β4,4) − 1) for
females.
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balance. Thus, the results for the effects of differences in gender and employment
status may not be clear.

3.3 Simple and Partial Correlations

Table 4 shows the medians of polychoric and polyserial simple correlation coeffi-
cients and those of polychoric and polyserial partial correlation coefficients between
the explained variables in the estimated model (9).12

This table shows that all simple correlation coefficients are positive and their
95% CIs do not include zero, except for the correlation coefficient between health
condition and income.13 In particular, the simple correlation coefficient between
job satisfaction and life satisfaction is 0.5766 and higher than other correlation
coefficients. The simple correlation coefficient between life satisfaction and health
condition is nearly equal to that between job satisfaction and health condition.
These coefficients are the second and third highest, at 0.3271 and 0.2803, respec-
tively. There exist positive correlations between job satisfaction, life satisfaction,
and health condition as described, but the correlations between income and other
explained variables are weak.

The simple correlation coefficient measures a correlation between two variables.
Since it includes indirect correlations between the two variables via the other vari-
ables, we also need to see the partial correlation. As for the partial correlation
coefficients, those between any two variables among job satisfaction, life satisfac-
tion, and health condition are positive and their 95% CIs do not include zero.
This implies a positive correlation. In particular, the partial correlation between
job satisfaction and life satisfaction is the highest at 0.5291. The 95% CIs for the
other partial correlation coefficients include zero. Therefore, job satisfaction has a
clearly positive correlation with life satisfaction. On the other hand, it is not as-
certained that income has positive correlations with the other explained variable.
This does not always mean that income is an important factor for them.

Many studies, including Judge and Watanabe (1993) and Diener et al. (1999),
on the relationship between job satisfaction and life satisfaction have shown that
the two are positively correlated, but the causality between the two is yet to be
clarified. Our result also indicates a high correlation. Regarding the relationships
between job satisfaction and health condition and between life satisfaction and
health condition, a positive correlation is shown as in previous studies such as
Faragher et al. (2005). At the same time, it is suggested that a pecuniary factor
such as income does not play an important role for job satisfaction, life satisfaction,
and health condition.

4 Multidimensional inequality indices

In this section, we consider a multidimensional inequality indices using the poste-
rior results of the Bayesian model. An advantage of Bayesian analysis is that the
value of latent variable zi can be directly obtained from the posterior results in

12 Appendix A1 provides the derivation of partial correlation coefficients.
13 However, the 90% CI of the simple correlation coefficient between health condition and
income does not include zero.



10 Hikaru Hasegawa, Kazuhiro Ueda

addition to the observed data yi2. However, the value of zi may change with the
identification restrictions on the parameters. Therefore, instead of latent variable
wi = (z′

i,y
′
i2)

′, we consider a probability associated with individual i’s present
status regarding job satisfaction, life satisfaction, health condition, and income.

Define the following set:

(−∞1,w∗
i ] = (−∞, z∗i1]× · · · (−∞, z∗im]× (−∞, y∗2i1]× · · · × (−∞, y∗2iq],

where w∗
i = (z∗′

i ,y∗′
i2)

′, z∗
i is the value of zi obtained from the posterior results, y∗

i2

is the observed data of yi2, and 1 = (1, · · · , 1︸ ︷︷ ︸
m+q

)′. Using the set (−∞1,w∗
i ], we define

the probability associated with individual i’s status including his/her subjective
perception as follows:14

pi = Pr
(
wi ∈ (−∞1,w∗

i ]|β,Σ,X
)
, i = 1, · · · , n. (10)

Probability pi derived from (10) represents the probability that an individual
attains his/her present status regarding job satisfaction, life satisfaction, health
condition, and income. A difference in that probability means that there exists a
possibility that the individual’s present status can be better. In other words, this
probability represents the individual’s overall status including his/her subjective
perception. Thus, it is conceivable that we can show the inequality of individuals’
overall status by investigating the distribution of that probability.

To measure a multidimensional inequality, we calculate the individual’s index
aggregating the four attributes, pi, from (10) in the first step and the overall
inequality using the Gini coefficients and GE in the second step. This two-step
aggregation to measure the multidimensional inequality fulfills the axioms dis-
cussed in the previous studies. In the first step, pi fulfills monotonicity, symmetry,
separability, weak-scale ratio invariance, strong-scale ratio invariance, and weak
translation invariance, but does not fulfill normalization.15 In the second step, GE
fulfills the weak principle of transfers, decomposability, scale independence, and
the population principle, but Gini does not always fulfill population decompos-
ability, according to Amiel and Cowell (1992, p.10).

GE is defined as follows:

GE(α) =
1

α(α− 1)

{
1

n

n∑
i=1

(
pi
p̄

)α

− 1

}
, α ̸= 0, 1.

In particular, GE(0) represents a mean logarithmic deviation:

GE(0) =
1

n

n∑
i=1

log
p̄

pi
,

and GE(1) is called Theil’s measure:

GE(1) =
1

n

n∑
i=1

pi
p̄
log

pi
p̄
.

14 Appendix A2 provides details of this probability.
15 Proofs are provided in appendix A3.
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Table 5 shows the posterior means of individuals’ status inequality, including
their subjective perception using the Gini coefficient and GE. They are shown
by gender, employment status, and their combinations. The employment status
is classified as regular employment and non-regular employment in this table. All
inequality indices in Table 5 show that the inequality of female employees is greater
than that of male ones and that the inequality of non-regular employees is greater
than that of regular ones. Furthermore, when we compare the inequality indices of
non-regular employees and those of regular ones by gender, non-regular employees’
indices are greater than regular employees’ indices in both cases.

To evaluate the appropriateness of these results, we use Table 6 showing the
probability by which one inequality index is higher than the other in one at-
tribute.16 For example, the probability that the Gini coefficient of female employ-
ees is greater than that of male ones is 0.9061 and the probability that the Gini
coefficient of non-regular employees is greater than that of regular employees is
0.9986. According to this table, the inequality of non-regular employees is greater
than that of regular ones with high probability for all employees. Further, similar
results are also observed by gender. The probability that the inequality indices of
female employees are greater than those of male ones is high.

However, when compared by employment status, the probability that the in-
equality indices of female employees are greater than those of male ones is not
always high. In particular, for regular employees, the probability that the inequal-
ity indices of female employees are greater than those of male ones is low except
for in the case of GE(0). These results show that the difference in employment
status has a larger effect on the inequality of employees’ status than the difference
in gender.

5 Concluding remarks

In this paper, we proposed a method to aggregate multidimensional variates into a
single index using a multivariate probability distribution to measure the inequality
in a population by evaluating many attributes.

As an application to an empirical analysis, we use the data for four attributes
of Japanese private companies’ employees: income, and subjective perceptions of
job, life, and health condition. Using the multivariate ordered probit model, we
estimated the relationships between these four attributes and socio-demographic
factors such as gender and tenure, and calculated simple and partial correlation
coefficients.

We obtain a single index from the four attributes using a multivariate normal
distribution. This index is denoted as a probability pi that employees attain their
present status regarding the four attributes. Then, we measure the inequality of

16 The probabilities are approximated as follows: for inequality indices of attributes A and
B,

Pr(A > B|data) ≈
1

S

S∑
s=1

1(A(s) > B(s)),

where S is the number of simulations.
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the employees’ present status including their subjective perceptions by calculating
their Gini coefficients and GEs of inequality.

In the results, the inequality of female employees is larger than that of male
ones for all indices. Even if the data are divided into gender, the inequality of
non-regular employees is larger than that of regular ones for both males and fe-
males. When the difference in employment status is not taken into account, the
probability that the inequality of female employees is larger than that of male ones
ranges from 0.64 to 0.97. However, when the difference between regular and non-
regular employees is considered, this probability decreases. Thus, it is suggested
that the difference in employment status has meaningful effects on the inequality
of employees’ status including their subjective perceptions.

Further, the Bayesian model used in this paper can be extended to a Bayesian
model with more flexible families of distributions for wi. For example, Chen and
Dey (2000) propose a Bayesian multivariate ordinal data model with a class of
scale mixtures of multivariate normal link functions. Further, using a Dirichlet
process (DP) prior, Kottas et al. (2005) provide a Bayesian nonparametric model
for multivariate ordinal data. In particular, the Bayesian nonparametric models
with a DP prior and a Polya tree have been used in the literature on inequality;
see Hasegawa and Kozumi (2003) and Gigliarano and Muliere (2013).

Appendix

A1 Correlation matrices

Following Hasegawa (2013), we calculate the simple version of the polychoric and
polyserial correlation matrix at each MCMC iteration based on the sample of Σ:

Rs = {rsij} = DsΣDs, (11)

where Ds = diag(1/
√
σ11, · · · , 1/

√
σm+q,m+q) and σjj is the jth diagonal element

of Σ. Further, we can calculate the partial version of the polychoric and polyserial
correlation coefficients defined as the lower triangular part without the diagonal
elements of the following matrix:

Rp = {rpij} = −DrR
−1
s Dr, (12)

where Dr = diag(1/
√
r11, · · · , 1/

√
rm+q,m+q) and rjj is the jth diagonal element

of R−1
s .

A2 Calculation of probability associated with employee’s current status

Deleting the subscript i in (7) for simplicity, we have w ∼ N(Xβ,Σ). Since Σ is
a symmetric positive definite matrix, we can apply the Cholesky factorization to
Σ, that is Σ = LU , where L is a lower triangular matrix and U = L′ is a upper
triangular matrix. Defining v = L−1(w −Xβ), we have

E(v) = L−1[E(w)−Xβ] = 0

var(v) = E(vv
′) = L−1

E[(w −Xβ)(w −Xβ)′](L−1)′

= L−1Σ(L′)−1 = L−1(LU)U−1 = I.
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Thus, we have v ∼ N(0, I). The distribution function of w for (−∞1,w∗] can be
calculated as follows:

Pr
(
w ∈ (−∞1,w∗]|β,Σ,X

)
=

∫
w∈(−∞1,w∗]

p(w|β,Σ,X)dw

=

∫
w∈(−∞1,w∗]

(2π)−
1
2 (m+q)|Σ|−

1
2 exp

[
−1

2
(w −Xβ)′Σ−1(w −Xβ)

]
dw

=

∫
v∈(−∞1,L−1(w∗−Xβ)]

(2π)−
1
2 (m+q) exp

(
−v′v

2

)
dv

=

m+q∏
j=1

∫ v∗
j

−∞
(2π)−

1
2 exp

(
−
v2j
2

)
dvj ,

where v∗ = (v∗1 , · · · , v∗m+q)
′ = L−1(w∗ −Xβ).

A3 Axioms the first aggregation step fulfills

Let F be a distribution function of a multivariate normal distribution, and omit
subscript i in (10):

p = Pr
(
w ∈ (−∞1,w∗]|β,Σ,X

)
= F (w∗) = F (w∗

1 , · · · , w∗
m+q), w∗ ∈ Rm+q.

(13)

Monotonicity: If w∗ > w̃∗ for any vector w∗ and w̃∗, then

p = F (w∗) > F (w̃∗) = p̃.

(Proof) It holds because a distribution function of a multivariate normal dis-
tribution is monotonic. �

Symmetry: For any permutation matrix P ,

F (Pw∗) = F (w∗).

(Proof) Permutation of the attributes does not change the probability calcu-
lated from a multivariate normal distribution. �

Separability: Let us define w∗ = (w
∗
1

w∗
2
)，w̃∗ = (w̃

∗
1

w̃∗
2
)， v∗ = (v

∗
1

v∗
2
)，ṽ∗ = (ṽ

∗
1

ṽ∗
2
)．If

w∗
1 = v∗

1，w̃∗
1 = ṽ∗

1，w∗
2 = w̃∗

2，and v∗
2 = ṽ∗

2, then

F (w∗) > F (v∗) ⇔ F (w̃∗) > F (ṽ∗).

(Proof) (⇒) Since a distribution function of a multivariate normal distribution
is monotonic, w∗ > v∗ because F (w∗) > F (v∗). As w∗

1 = v∗
1, w

∗
2 > v∗

2. In
addition, w̃∗ > ṽ∗, because w̃∗

1 = ṽ∗
1 and w̃∗

2 = w∗
2 > v∗

2 = ṽ∗
2. Therefore,

F (w̃∗) > F (ṽ∗). The converse can be similarly shown. �
Weak-ratio scale invariance: For any vector w∗, w̃∗, and any λ > 0,

F (w∗) > F (w̃∗) ⇔ F (λw∗) > F (λw̃∗).
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(Proof) Since a distribution function of a multivariate normal distribution is
monotonic, we have

F (w∗) > F (w̃∗) ⇔ w∗ > w̃∗ ⇔ λw∗ > λw̃∗ ⇔ F (λw∗) > F (λw̃∗). �

Strong-ratio scale invariance: For any vector w∗, w̃∗ ∈ Rm+q, and any diagonal
matrix with positive diagonal elements Λ,

F (w∗) > F (w̃∗) ⇔ F (Λw∗) > F (Λw̃∗).

(Proof) Since a distribution function of a multivariate normal distribution is
monotonic, we have

F (w∗) > F (w̃∗) ⇔ w∗ > w̃∗ ⇔ Λw∗ > Λw̃∗ ⇔ F (Λw∗) > F (Λw̃∗). �

Weak translation invariance: For any vectors w∗, w̃∗ ∈ Rm+q, any κ ∈ R，and a
vector 1 with m+ q entries equal to one,

F (w∗) > F (w̃∗) ⇔ F (w∗ + κ1) > F (Λw̃∗ + κ1).

(Proof) Since a distribution of a multivariate normal distribution is monotonic,
we have

F (w∗) > F (w̃∗) ⇔ w∗ > w̃∗ ⇔ w∗ + κ1 > Λw̃∗ + κ1

⇔ F (w∗ + κ1) > F (Λw̃∗ + κ1). �
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Table 1 Questions and choices regarding sat1, sat2, health, and income

sat1: Overall, how satisfied are you with your job?
“1: Quite unsatisfied,” “2: Somewhat unsatisfied,”
“3: Somewhat satisfied,” “4: Quite satisfied.”

sat2: Overall, how satisfied are you with your life?
“1: Quite unsatisfied,” “2: Somewhat unsatisfied,”
“3: Somewhat satisfied,” “4: Quite satisfied.”

health: How would you describe your current health condition.
“1: Bad,” “2: Somewhat bad,”
“3: Somewhat good,” “4: Good”

income: Please state your annual wage.
“1: not earning,” “2: under 1 mil. yen,” “3: 1-2 mil. yen,” “4: 2-3 mil. yen,”
“5: 3-4 mil. yen,” “6: 4-5 mil. yen,” “7: 5-6 mil. yen,” “8: 6-7 mil. yen,”
“9: 7-8 mil. yen,” “10: 8-9 mil. yen,” “11: 9-10 mil. yen,” “12: 10-12 mil. yen,”
“13: 12-15 mil. yen,” “14: 15-20 mil. yen,” “15: over 20 mil. yen.”
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Table 2a Summary statistics (explained variables)

Satisfaction
Satisfaction with 1 2 3 4

Work 84 278 446 91
(sat1) (9.3) (30.9) (49.6) (10.1)

Life 53 275 497 74
(sat2) (5.9) (30.6) (55.3) (8.2)

Health 29 143 498 229
(health) (3.2) (15.9) (55.4) (25.5)

Annual wage (ten thousand yen)
Mean Sd Min 25% 50% 75% Max

(income) 438.9 313.5 66.7 150.0 350.0 650.0 3000.0
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Table 2b Summary Statistics (explanatory variables)

Gender (female)
Male Female
547 352

Number of Employees (emp)

RE(M) RE(F) Non-RE(M) Non-RE(F) RE Non-RE
447 135 100 217 582 317

Marital Status (married)

Not married Married
252 647

Age (age, year)
Mean Sd Min 25% 50% 75% Max
43.4 13.0 20 32 43 55 64

Length of education (educ, year)
Mean Sd Min 25% 50% 75% Max
14.3 2.0 9.0 12.0 14.0 16.0 18.0

Length of service (tenure, year)
Mean Sd Min 25% 50% 75% Max
11.0 10.6 1.0 2.0 7.0 17.0 45.0
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Table 3 Posterior median of coefficient parameters

sat1 sat2 health log(income)
intercept βj,1 0.7341∗∗ 0.7685∗∗ 1.2679∗∗ 3.1163∗∗

female (emp=0) βj,2 0.0662 0.0557 0.0081 −0.8013∗∗

emp (female=0) βj,3 −0.0545 0.0779∗ −0.0242 0.4957∗∗

emp*female βj,4 0.0399 0.0265 0.0677 0.4424∗∗

female (emp=1) βj,2 + βj,4 0.1061 0.0822 0.0758 −0.3589∗∗

emp (female=1) βj,3 + βj,4 −0.0146 0.1044 0.0435 0.9381∗∗

married βj,5 0.1437∗∗ 0.1340∗∗ 0.1097∗∗ 0.0071
age βj,6 −0.0266∗∗ −0.0320∗∗ −0.0330∗∗ 0.0667∗∗

age2 βj,7 0.0003∗∗ 0.0004∗∗ 0.0004∗∗ −0.0007∗∗

educ βj,8 0.0077 0.0118∗ 0.0063 0.0672∗∗

tenure βj,9 0.0074 0.0011 0.0052 0.0197∗∗

tenure2 βj,10 −0.0002 0.0000 −0.0002 −0.0001
γj,2 0.4039∗∗ 0.4036∗∗ 0.3884∗∗

j = 1 to 3 correspond to sat1, sat2, and health, respectively, and j = 4 corresponds to

log(income). “∗∗” and “∗” denote that zero is not included in the 95% and 90% CIs, respec-

tively.
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Table 4 Median of simple and partial correlation coefficients between explained
and explanatory variables

Simple Cor. Partial Cor.
sat1 sat2 0.5766∗∗ 0.5291∗∗

sat1 health 0.2803∗∗ 0.1174∗∗

sat1 log(income) 0.1300∗∗ 0.0665
sat2 health 0.3271∗∗ 0.2089∗∗

sat2 log(income) 0.1260∗∗ 0.0569
health log(income) 0.0734∗ 0.0261

“Simple Cor.” and “Partial Cor.” denote the posterior median of simple and partial (polychoric

and polyserial) correlation coefficients, respectively. “∗∗” and “∗” denote that zero is not

included in the 95% and 90% CIs, respectively.
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Table 5 Median of inequality indices

Total Male Female RE Non-RE
Gini 0.6523∗∗ 0.6446∗∗ 0.6630∗∗ 0.6358∗∗ 0.6808∗∗

GE(0) 1.2556∗∗ 1.2022∗∗ 1.3333∗∗ 1.1809∗∗ 1.3819∗∗

GE(1) 0.7677∗∗ 0.7487∗∗ 0.7950∗∗ 0.7224∗∗ 0.8534∗∗

GE(2) 1.0515∗∗ 1.0336∗∗ 1.0697∗∗ 0.9660∗∗ 1.2250∗∗

RE(M) Non-RE(M) RE(F) Non-RE(F)
Gini 0.6362∗∗ 0.6764∗∗ 0.6297∗∗ 0.6798∗∗

GE(0) 1.1520∗∗ 1.4176∗∗ 1.2691∗∗ 1.3551∗∗

GE(1) 0.7263∗∗ 0.8430∗∗ 0.7041∗∗ 0.8493∗∗

GE(2) 0.9912∗∗ 1.1894∗∗ 0.8719∗∗ 1.2087∗∗

“Total” denotes the posterior median of inequality indices for all employees. “Male,” “Female,”

“RE,” and “Non-RE” denote male, female, regular, and non-regular employees, respectively.

“RE(M),” “Non-RE(M),” “RE (F),” ”Non-RE(F)” denote male regular, male non-regular,

female regular, and female non-regular employees, respectively. “∗∗” denotes that zero is not

included in the 95% CI.
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Table 6 Probability related to an inequality index

Female > Malea Non-regular > Regularb

Gini 0.9061 0.9986
GE(0) 0.9722 0.9974
GE(1) 0.8683 0.9984
GE(2) 0.6384 0.9893

Non-regular > Regularc

Male Female
Gini 0.9652 0.9889
GE(0) 0.9932 0.7887
GE(1) 0.9591 0.9875
GE(2) 0.8652 0.9816

Female > Maled

Regular Non-regular
Gini 0.3693 0.5634
GE(0) 0.9119 0.3130
GE(1) 0.3378 0.5360
GE(2) 0.1697 0.5329

This table shows the probability related to each inequality index.

a: Probability that a female employee’s inequality index is higher than a male employee’s.

b: Probability that a non-regular employee’s inequality index is higher than a regular em-

ployee’s.

c: Probability that a non-regular employee’s inequality index is higher than a regular em-

ployee’s in each gender.

d: Probability that a female employee’s inequality index is higher than a male employee’s in

each employment status.


