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Abstract

We investigate the centroaffine space curves with constant centroaffine curvatures in R>.
We classify them and give their explicit expressions. Moreover, we find out each centroaffine
space curve with constant centroaffine curvatures can be written as the orbit of a certain
one-parameter subgroup of GL(3,R). Thus we can treat them as nondegenerate centroaffine
homogeneous curves. Furthermore, for each centroaffine homogeneous curve, we check if
there is a nondegenerate centroaffine homogeneous surface such that the corresponding group
contains exactly, as a subgroup, the one-parameter subgroup with respect to the homogeneous
curve. We obtain the similar results for equiaffine space curves with constant equiaffine
curvatures.

At the end, we bring up a related topic of the centroaffine space curve theory, degenerate
center maps. We investigate centroaffine ruled surfaces and determine such surfaces whose
center map is degenerate. As a corollary, given a nondegenerate centroaffine space curve, we

can construct a centroaffine ruled surface whose center map is precisely this curve.
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Chapter 1

Introduction

Affine differential geometry has a long history: As far as we know it was A. Transon
who published the first result in affine differential geometry in 1841; he considered the affine
normal of a curve. But it needed more than 70 years before a systematic and intensive study
of affine properties of curves and surfaces began.

According to F. Klein’s "Erlangen Program" (1872), the study of the properties of geomet-
ric figures (curves, surfaces, etc.) that are invariant under a given geometric transformation
group G is called the geometry subordinated to G. Thus we have the corresponding Euclidean
geometry when G is the Euclidean motion group. Following the ideas of F. Klein, G. Pick
(1906), G. Tzitzeica (1912) and others proposed the study of curves and surfaces with respect
to different groups. Affine differential geometry is the study of differential invariants with re-
spect to the group of affine transformations, i.e. nonsingular linear transformation together
with translations, denoted by AGL(n,R) = GL(n,R) < R". In 1916, a group of geometers:
L. Berwald, W. Blaschke, H. Liebmann, G. Pick, J. Randon, and others started the systematic
study of properties of curves and surfaces subordinated to the equiaffine (unimodular) trans-
formation group, which consists of volume preserving affine transformations. This group

shall be denoted by AS L(n,R) = S L(n,R) < R". The progress made was so rapid that the first



monograph [2] about (equi-)affine differential geometry appeared in 1923 by W. Blaschke.

The second monograph [21], 1934, contains the local centroaffine theory. The centroaffine
transformation is the affine transformation without translation, denoted by GL(n,R). The
book [22] of father and son Schirokow, published in Russian in 1962, is the next mark in the
development of affine differential geometry. It documents remarkable progress in the local
theory and in the local classification of special classes of surfaces, the influence of E. Cartan’s
1deas and strong contributions of Russian geometers. The introduction of the monograph [14]
gives more details and references on the development of the field up to the early 1990s, in
particular on global results.

Affine homogeneous submanifolds as one of the most important submanifolds have been
studied intensively and classified well in the case of codimension one. For equiaffine homo-
geneous submanifolds of codimension one in R?, we have: A nondegenerate plane curve has
constant equiaffine curvature if and only if it is the orbit of a point under a certain one pa-
rameter group of equiaffine transformations, that is, an equiaffine homogeneous plane curve.
Moreover, the equiaffine plane curves with constant equiaffine curvature can be classified as
quadric curves.

In 1991, K. Nomizu and T. Sasaki [18] completed the classification of equiaffine ho-
mogeneous surfaces in R®. This classification stimulated further investigations on homo-
geneous submanifolds. In 1993, F. Dillen and L. Vrancken [4] gave a classification of 3-
dimensional equiaffine homogenous, locally strongly convex hypersurfaces in R* and a clas-
sification for homogeneous affine hypersurfaces with some conditions on the shape operator
in [5]. H. L. Liu and C. P. Wang [15] classified all centroaffine homogeneous surfaces in R>.
B. E. Abdalla, F. Dillen and L. Vrancken [1] classified all affine homogeneous surfaces in R?
with vanishing Pick invariant.

It is an important problem to classify the equiaffine (or centroaffine) homogeneous sub-

manifolds of codimension two in R?, i.e. equiaffine (or centroaffine) homogeneous space



curves.

The curve theory in the equiaffine space of dimension 3, has been contained as a section
in the monographs [2] and [10]. The setup of such a theory is similar to the Euclidean
curve theory. In 1997, R. Gardner and G. Wilkens [9] studied centroaffine curves in R"
using the classical Cartan approach to moving frames and gave the fundamental theorem for
centroaffine curves. In chapter 4, we adopt Shengjin’s theorem to investigate and classify the
nondegenerate centroaffine space curves with constant centroaffine curvatures in R?, and we
have
Theorem 4.2.3 ([11]). Any nondegenerate centroaffine space curve ¢ with constant cen-
troaffine curvatures ki, k, and signature —1 is centroaffinely equivalent to one of the following

curves:
(1) @(s) ="(se™*, e, 5% +e7*), if A> + B> = 0,
(2) @(s) = (€55, €525, 5e5%), if A2 + B> # 0 and A = 0,
(3) @(s) = 253 - 1(eP1¥ sin(p, 5), €”'* cos(pas), e~ 1%), if A2 + B> # 0 and A > 0,
(4) @(s) = 2313 (72015 (T4 o1=02)8) if A2 4 B2 2 0 and A < 0,

where A, B, A and g;, p;, o; (i = 1,2) are constants determined by «k,, k, as (4.2.2)~(4.2.6).
Moreover, we shall indicate a corresponding one-parameter subgroup of centroaffine trans-
formations for each class of curves. Thus, we can regard the nondegenerate centroaffine space
curves with constant centroaffine curvatures as the centroaffine homogeneous curves (§4.3).
Finally, we compare the classes of the centroaffine homogeneous curves and the ones of the
centroaffine homogeneous surfaces, and find out a corresponding relation, i.e. the groups of
the centroaffine homogeneous curves are the subgroups of the ones of certain centroaffine
homogeneous surfaces (Theorem 4.4.2).

In chapter 3, we can obtain the similar results for equiaffine space curves with constant

equiaffine curvatures.



In chapter 5, we bring up a related topic of the centroaffine space curve theory, degenerate
center maps. Center maps are firstly introduced for centroaffine hypersurfaces by H. Furuhata
and L. Vrancken [8] as a generalization of the center of proper affine spheres. Proper affine
spheres are exactly those affine hypersurfaces whose center map is constant, obviously, their
center maps are degenerate. We are interested in the other degenerate case, that is, when the
image of the center map for a centroaffine surface is a curve, in particular, a nondegenerate
centroaffine space curve. We investigate centroaffine ruled surfaces and obtained that it is
only one type of minimal centroaffine ruled surfaces with scalar curvature 1 whose center
map can satisfy this condition (Theorem 5.2.1) and as a corollary, we proved
Corollary 5.2.5 ([12]). Given a nondegenerate centroaffine space curve b(u) with cen-
troaffine arc-length parameter u and centroaffine second curvature k,(u), we can construct
a centroaffine ruled surface f(u,v) whose center map is b(u). In fact, the center map of

fu,v) = )b’ (u) + vb(u) is b(u), where ¢(u) = —%,u_l(u) w(u)du and p(u) = 3 ],



Chapter 2

Preliminaries

2.1 Equiaffine plane curves

Let [-,-] denote the standard area form of R?; [x,y] := x'y* — x%y! for x = ‘(x',x?), y =
‘(y!,y?) € R2. This section is devoted to the study of the properties of plane curves invariant
under the group of area-preserving affine transformations. The group is generated by the

action of the equiaffine linear group S L(2, R) and the translation group R?.

Definition 2.1.1. A C* map ¢ from an interval I to R? is called an equiaffine plane curve in

R2if [%(1), 2¢(1)] # 0 forall 1 € 1.

> dr2

Definition 2.1.2. An equiaffine plane curve is said to be parameterized by equiaffine arc-

length parameter if
2

de  d¢
[a(s), W(s)] =1 forallsel.

Remark 2.1.3. An equiaffine plane curve can be reparameterized by equiaffine arc-length

parameter.



It is easy to show that

1= [—(S) ( )= [—() ()](—)3

Thus
S() = f %o, W(”] .

From now on and throughout this thesis, prime denotes differentiation with respect to the

: d :
equiaffine (resp. centroaffine) arc-length parameter s, thus ¢’ = d_go etc, whereas a dot is
s

. - . : d
reserved for differentiation with respect to an arbitrary parameter ¢, thus ¢ = d—f etc.

Definition 2.1.4. For an equiaffine plane curve parameterized by equiaffine arc-length pa-

rameter, we define the equiaffine curvature by

k(s) := [¢”(s), ¢ ()]

Remark 2.1.5. 1. The equiaffine curvature «(s) is equiaffine invariant.

2. From the definition of «(s), we get ¢’ (s) + k(s)¢’(s) = 0, that is

d| "¢ 0 1] '@ '©'(s)
" L Wl al 7Y @2.1.1)
HEACE ORI RLC 6" ()
Theorem 2.1.6 ([18]). An equiaffine plane curve ¢ with constant k is equiaffinely equivalent

to one of the following curve

(1) k=0, ¢(s) ="(s, 35%), that is a parabola y = 1x*,

(2) k>0, ¢(s) = (k2 sin(k2 s), -k~ cos(K%s)), that is an ellipse kx> + Ky = 1,
3) «k <0, ¢(s) = t((—K)_% Sil’lh((—K)%S),(—K)_l COSh((—K)%S)), that is a hyperbola kx* +

K*y?* = 1.



As it is known, the equiaffine homogeneous curves are precisely the orbits of certain one-

parameter subgroups G(s) of S L(2; R) < R?, that is,

@(s) = G(8)¢o,

where s is the equiaffine arc-length parameter of ¢. Using the properties of subgroup, we
have G'(s) = G(s)G'(0), G"(s) = G(5)G"(0) and G"'(s) = G(s)G"”(0). Then we can get the

following equiaffine curvature

k(s)

[ (), ¢ ()] = [G()G" (0)¢0, G()G" (0)¢po ]

[G”(0)¢o, G (0)¢po].

Thus we have

Theorem 2.1.7 ([10]). The orbits of a one-parameter group of equiaffine transformations are

quadratic curves or straight lines.

2.2 Equiaffine curves in R”

Definition 2.2.1. Let / ¢ R be an open interval and ¢ : I — R" a C* map. ¢(t) is called
an equiaffine space curve in R" if [p(t), $(1), -+ , " (t)] # 0 for all ¢ € I, where [-,...,-] :
R" x --- xR" — R is the standard volume form of R”, which is given by the determinant as

before.
Without of generality, we assume the equiaffine curve is dextrorse.

Definition 2.2.2. An equiaffine space curve is said to be parameterized by equiaffine arc-
length parameter if

[©'(5), ¢ (s), -+ ,¢™(s)] = 1 forall s €I.



Remark 2.2.3. An equiaffine space curve can be reparameterized by equiaffine arc-length

parameter.

Using basic properties of determinants, it is easy to show that

d
[¢'(5), " (5), -+, " ()] = [@(0), $(2), - - ,90(”)(1)](d—i)"("+1)/2- 2.2.1)

Assuming that [¢'(s), ¢”(s), -+ ,¢©™(s)] = 1 we obtain

s(t) = f[sb(l), ). @O dr. (2.2.2)

Thus for #; < t < 1,, equiaffine arc-length is given by

f [@(0), §(0), -+ , g™ (D))= dr. (2.2.3)

Here we define the equiaffine curvatures of an equiaffine space curve. Let ¢ : I — R” be
parametrized by equiaffine arc-length, so that [¢(s), ¢”(s), -+ ,¢™(s)] = 1 for all s € I.
Hence the set of vectors ¢'(s), -+, " V(s), " (s) are linearly independent. Then differ-
entiating with respect to s gives [¢'(s), -+, " V(s), " V(s)] = 0. Therefore, there exists

functions x; : I —» R for 1 <i < n— 1 such that

Q" I(8) + k1 (8)@' (5) + ka2 ()@” (8) + -+ + ko1 (8)"V(s) = 0. (2.2.4)

The functions «;(s) are called the equiaffine curvatures for the equiaffine space curve ¢. No-

tice that

K,‘(S) — (—l)n_H—l[QDI(S), e QD(i_l)(S), QO(HI)(S), e QD(’H—D(S)]. (225)

Theorem 2.2.4 ([10]). «;(s) (1 <i < n— 1) are n — 1 invariants which characterize ¢(s) up

to an equiaffine transformation.



2.3 Centroaffine plane curves

Definition 2.3.1. A C* map ¢ from an interval I to R? is called a centroaffine plane curve in

R? if [@(¢), ¢(£)] # O for all ¢ € I, where [-, -] is the standard area form of R.

Definition 2.3.2. A centroaffine plane curve ¢ is said to be nondegenerate if [¢(t), $(1)] # 0

forall r € L.

Definition 2.3.3. A nondegenerate centroaffine plane curve is said to be parameterized by

M = +1 for all s € I. Then ¢ is called
[(s), @(s)]

the signature of ¢ and s is called the centroaffine arc-length parameter of .

centroaffine arc-length parameter if &(s) :=

Remark 2.3.4. A nondegenerate centroaffine plane curve can be reparameterized by cen-

troaffine arc-length parameter.

Definition 2.3.5. For a nondegenerate centroaffine plane curve parameterized by centroaffine

arc-length parameter, we define the centroaffine curvature by

_p(s), 9" (s5)]

K = e e (]

From the definition of «(s) we get

@ (5) = —&(8)g(s) + k($)¢'(s),

that is
d | ") 0 &(s) || "e(s)

a1 k) || 'e(s)

It is well known that a centroaffine curve in R? with constant centroaffine curvature can be

represented by some exponential functions of the centroaffine arc-length parameter.



Theorem 2.3.6 ([7]). A nondegenerate centroaffine plane curve with vanishing centroaffine
curvature is centroaffinely equivalent to the one of the following curves:
) Ife=-1,

¢(s) = '(cosh s, sinh s),

(i) if & = +1,

@(s) = '(cos s, sin ).

Theorem 2.3.7 ([7]). A nondegenerate centroaffine plane curve with constant centroaffine

curvature k is centrodaffinely equivalent to one of the following curves:

(i) e=-1,
@(s) = Te 0 ’(/le_d_ls FAN, e e,
1
where A := E(K + VK2 +4).
(1i-1) e = +1, | k |> 2,
gp(s) = s . l(/ie/l"ls _ /l_le’ls, _e/l‘ls + e/l‘y),

1
where A := E(K + Vi —4).
(ii-2) & = +1, k = 42,

o(s) ='(e’ — se’, se*).

(ii-3) & = +1, k = =2,

N

o(s) ="(e”* + se™*, se”*).

(11-4) e =+1, |k |< 2,

@(s) = "(e cos (Bs) — B~ e sin (Bs), =B e sin (Bs)),

10
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where a := =,B := = V4 — k%
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2.4 Centroaffine curves in R”

Definition 2.4.1. Let / C R be an open interval and ¢ : I — R" a C* map. ¢(¢) is called a
centroaffine space curve in R" if [¢(1), ¢(1), - - , " V(£)] # 0 for all t € I, where [,...,-] is

the standard volume form of R”, that is, the determinant.

Definition 2.4.2. A centroaffine space curve ¢ is said to be nondegenerate if for all ¢ € I,

[(1), §(1), - -, " ()] # 0.

Definition 2.4.3. A nondegenerate centroaffine space curve is said to be parameterized by
[().O(S)’ (;b(S), T ‘P(I’l)(s)]
[e(s), (), - -+, @~ D(s)]
Then ¢ is called the signature of ¢ and s is called the centroaffine arc-length parameter of .

centroaffine arc-length parameter if &(s) := = +1 forall s € L

Remark 2.4.4. Any nondegenerate centroaffine space curve has a reparametrization by cen-

troaffine arc-length parameter.

Using basic properties of determinants, we can easily show that

d
[0/ (5), ¢ (5), -+ , " ($)] = [@(1), p(2), - - - ,go(")(t)](d—Z)”(”“)/z, (2.4.1)
and
d
[0(s), ©'(5), - -+, " D($)] = [(2), @(2), - - - ,go(”‘”(t)](d—;)”“‘”ﬂ. (2.4.2)

’ 77 . (n)
Assuming that [ (s). "), (] _ &(s) = +1, we obtain

[o(s5), @' (5), -+, D(s)]

[p(2), @(1), - -, 90(")(1‘)] d
) 243
0 f ‘ (1), (1), " D(D)] (243)
Thus the centroaffine arc-length of ¢([?;, #,]) is given by
21 [0, 50, g0 |'
dt. 2.4.4
le .20, ]| (2.4.4)

12



Here we define the centroaffine curvatures of a nondegenerate centroaffine space curve. Let

¢ : I — R" be a nondegenerate centroaffine curve parametrized by centroaffine arc-length,
[(p(s)a Qb(S), ) Qo(n)(s)]

[(s), @(s5), - -+ , " D(s)]
ki : I > Rfor1 <i<n-1such that

so that &(s) := = +1 for all s € I. Therefore, there exists functions

¢ (s) = (=1)""'e()e(s) + K1 ()¢ (8) + ka()@” (8) + -+ + K1 ()" V(). (2.4.5)

The functions «; are called the centroaffine curvatures for the space curve ¢. Notice that

)n—i—l [()D(S)’ QD,(S), R Qo(i_l)(s)s QD(HI)(S)’ R Qo(n)(s)]

i = —1
ki) = ( [0(5). &/ (s), g D(5)]

(2.4.6)

ki(s) (1 <i<n-1)aren— 1 invariants which characterize ¢(s) up to a centroaffine transfor-

mation.

Theorem 2.4.5 ([9]). Let I C R be an open interval, € = +1, and let ki(s),- -+ ,K,_1(5)
be smooth functions on 1. Then there is a smooth nondegenerate centroaffine immersion
s — @(s) from I to R" such that s is a centroaffine arc-length parameter, k\(s), - ,K,_1(5)

are the centroaffine curvatures, and

9" (s) = ep(s) (mod ¢'(s), -+ , "~ (s)). (2.4.7)

Moreover, ¢ is uniquely determined up to a centroaffine transformation of R".

2.5 Affine hypersurfaces

2.5.1 Equiaffine hypersurfaces

Let f : M — R™! be an immersion of an n-dimensional oriented manifold M into R"*!. We

denote by I'(T' M) the space of sections of the tangent bundle 7'M, by D the standard flat affine

13



connection in R"*!, and by [+, ..., ] the standard volume form of R+
A vector field € along f is called a transversal vector field if it satisfies at each point x of M

the tangent space T, R"*! is decomposed as

TioR"™ = f.T.M & RE,, 2.5.1)

and that the volume form 6 defined by

H(Xla e 9XI1) = [f*Xl’ e ’ﬁan9§]’ (252)

for Xy, -+, X, € ['(TM), is compatible with the orientation of M. When we choose a transver-
sal vector field &£ , we determine a torsion free affine connection V, a symmetric (0, 2)-tensor

field h, a (1, 1)-tensor field S, and a 1-form 7 by

Dx f.Y = £.VxY + (X, Y)¢ (the formula of Gauss),

Dxé = —f.SX + 7(X)¢ (the formula of Weingarten)

according to the decomposition (2.5.1). We call V the induced connection, h the affine metric
(affine fundamental form), S the affine shape operator and 1 the transversal connection form
of (f,&). It is easily shown that the conformal class of & does not depend on the choice of
&¢. When 4 is nondegenerate (resp. definite, indefinite), f is said to be nondegenerate (resp.
definite, indefinite).

We begin by deriving more fundamental equations for a hypersurface immersion f : M —
R, First, we consider the case where the given transversal vector field & is arbitrary. We

have

Theorem 2.5.1 ([18]). For a hypersurface immersion f with an arbitrary transversal vector
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field & the induced connection V, the affine metric h, the affine shape operator S, and the

transversal connection form t satisfy the following equations:

1. Gauss:

RX,Y)Z = h(Y,Z)SX - h(X,Z)S Y;

2. Codazzi for h:

(Vx)(Y, Z) + 1(X)h(Y, Z) = (Vyh)(X, Z) + 7(Y)h(X, Z);

3. Codazzi for S:
(Vx$)Y) = 7(X)SY = (VyS)X) — 7(Y)hX;

4. Ricci:
h(X,SY)—-h(SX,Y) =dr(X,Y).

Lemma 2.5.2 ([18]). We have

Vx0 = 1(X)0 forall X € T M. (2.5.3)

Consequently, the following two conditions are equivalent:
(1) Vo =0;

(2) T =0, that is Dx¢ is tangential for every vector field X on M.

Theorem 2.5.3 ([18]). If f is nondegenerate, there is a transversal vector field & satisfying

that
(D Vo =0;
(Il) 8 coincides with the volume element wy, of the nondegenerate affine metric h.

Moreover, it is uniquely determined.
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Definition 2.5.4. A transversal vector field satisfying (I) and (II) is called the Blaschke nor-
mal vector field. For each point x € M we take the line through f(x) in the direction of the
Blaschke normal vector &,. This line, which is independent of the choice of sign for &, is
called the affine normal through x. An equiaffine hypersurface is a hypersurface equipped
with the Blaschke normal vector field. The corresponding induced connection V and affine

metric A are then called the equiaffine induced connection and equiaffine metric, respectively.

Theorem 2.5.5 ([18)). If f : M — R™! is an equiaffine immersion, then the equations of

Codazzi and Ricci are as follows:

(Vxh)(Y,Z) = (Vyh)(X, Z); (2.5.4)
(VxS)(T) = (VyS)(X); (2.5.5)
hX,SY)=h(SX,Y). (2.5.6)

Definition 2.5.6. An equiaffine hypersurface f : M — R"™! is called an improper affine
sphere if § 1is identically zero. If S = A/, where A is a nonzero constant, then M is called a

proper affine sphere.

Theorem 2.5.7 ([18]). If f : M — R"! is an improper affine sphere, then the affine normals
are parallel in R™' . If f : M — R"*! is a proper affine sphere, then the affine normals meet at

one point in R"! (called the center). The converse of each of these statements is also valid.

From the Coddazzi equation for & we see that the cubic form

CX.Y,Z) = (Vx)(Y,Z) (2.5.7)

is symmetric in X, Y and Z. Now, suppose that f is nondegenerate. In addition to the

equiaffine induced connection V on M, we may consider the Levi-Civita connection V for
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the equiaffine metric 4. We consider the difference tensor of type (1,2)
K(X,Y) = KxY = VyY — VyY. (2.5.8)

Since both V and V have zero torsion, we have K(X,Y) = K(Y, X). Foreach X € T .M, Ky is

a tensor of type (1, 1). We can now relate the cubic form to the difference tensor as follows.

Theorem 2.5.8 ([18]). We have
C(X,Y,Z) = -2h(KxY, Z). (2.5.9)
Theorem 2.5.9 ([18]). We have the apolarity condition
tr Ky =0 forall XeT M, (2.5.10)

in index notation, 2?21 Kljj = 0 for each fixed i.

Theorem 2.5.10 (Maschke-Pick-Berwald [18]). Let f : M — R™', n > 2, be a nondegener-
ate equiaffine hypersurface. If the cubic form C vanishes identically, then f(M) is equiaffinely

equivalent to a hyperquadric in R"!.

Proposition 2.5.11 ([18]). The scalar curvature p of the equiaffine metric h can be expressed

by
po=H+J, (2.5.11)
where
1
H=—-trS (2.5.12)
n

is called the equiaffine mean curvature and

J

= = 1)h([(, K) (2.5.13)
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is called the Pick invariant.

2.5.2 Centroaffine hypersurfaces

Definition 2.5.12. Let f be an immersion of an n-dimensional C*-manifold M into the affine
space R™*! such that the hypersurface f(M) does not pass through the origin and the posi-
tion vector f(x), x € M, is transversal to f(M). We call such an immersion a centroaffine

hypersurface.

We determine a torsion free affine connection V and a symmetric (0, 2)-tensor field 4 by

Dx£.Y = £.VxY + h(X, V). (2.5.14)

We call V and & the centroaffine induced connection and centroaffine metric of f respectively.
The hypersurface is called elliptic if the centroaffine metric is negative definite. We denote
the difference tensor of the centroaffine induced connection V and the Levi-Civita connection

V of the centroaffine metric & by

K=V-Vel(TM"?), (2.5.15)

its associate cubic form C, defined by

CX,Y,Z2)=-2hK(X,Y),2), X Y.Zcl(TM), (2.5.16)

is totally symmetric.

Theorem 2.5.13. Let f : M — R"! be a nondegenerate centroaffine hypersurface. If the
difference tensor K = 0 vanishes identically, then f(M) is centroaffinely equivalent to an

ellipsoid or a hyperboloid of two-sheets.
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We define the centroaffine Tchebychev vector field T and the centroaffine Tchebychev opera-
tor J by
T:=tr K e[(TM), (2.5.17)

g := VT e (TM"Y). (2.5.18)

Theorem 2.5.14 ([7]). Let f : M — R"! be a nondegenerate centroaffine hypersurface.
The centroaffine Tchebychev vector field T vanishes identically if and only if f(M) is cen-

troaffinely equivalent to proper affine sphere with center at the origin.

In 1994, C.P.Wang studied the centroaffine hypersurfaces as extremals for the volume integral

of the centroaffine metric and gave the conditions for centroaffine minimal hypersurfaces.

Theorem 2.5.15 ([25]). The critical hypersurfaces for the volume integral are exactly the
hypersurfaces with vanishing centroaffine mean curvature, where the centroaffine mean cur-

vature is defined by

H=trJ. (2.5.19)

The function J on M defined by

v

h(K, K), (2.5.20)
is called the Pick invariant. The centroaffine theorema egregium is
n
p=J- —1h(T, T)+1, (2.5.21)
n F—

where p is the scalar curvature of the centroaffine metric 4.
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Chapter 3

Equiaffine space curves

3.1 Basic notions of equiaffine space curves

Let ¢ : I — R? be an equiaffine space curve in R? parameterized by equiaffine arc-length
parameter s. Let «;(s) and «,(s) be the equiaffine first and second curvature of ¢, respectively.

By definition, they are given by

K1(8) := —=[@"(5), "' (), " (9],

and

Kz(s) = [(pl(s)’ SDlll(s)’ QDII//(S)].

From the definition of «(s) and «,(s), we get

1717

@ (8) + ki1 ()¢’ (5) + k2(8)¢” (5) = 0,
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that is

‘¢’ (s) 0 L0 ¢ '¢'(s)

d

| e | =] 0 0 L] @) | =] 9o |- (3.1.1)
t(p///(s) —Kl(S) —Kz(S) 0 t‘,D/H(S) tQO,N(S)

3.2 Equiaffine space curves with constant equiaffine curva-
tures

From the fundamental theorem for equiaffine space curves, the equiaffine space curves are
uniquely determined by the equiaffine curvatures up to an equiaffine transformation in R*. In

the following, we obtain the curves with constant curvatures by solving the ODE: ¢"”’(s) +

k1@’ () + ko' (s) = 0.

Lemma 3.2.1 (Shengjin’s formulas). For a one variable cubic equation ax®+bx*+cx+d = 0,
where (a,b,c,d € R,a # 0), if we set A := b* — 3ac, B := bc — 9ad, C = ¢* — 3bd,

A := B> — 4AC, we have the following solutions:

(1) ifA=B =0, then

b c 3d
X]=Xp=X3=——=—— = ——,
! 2 3 3a b c
(2) if A= B> —4AC = 0, then
k
X1=—E+k, X2=X3:—§,
wherek:§,(A¢O),
() if A = B> —4AC > 0, then
B (T
1 — )
3a
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~2b + fy1 + P2+ i V31— )

X2, X3 = 6a
where yi,y, = Ab + 37“(—3 + VB2 —4AQC),
4) if A= B> —4AC < 0, then
—b -2 VAcos ¢
X1 = ’
3a
—b + VA(cos g + V3sin g)
X2, X3 = 34 )

_ _ 24b-3aB _
where § = arccost, t = Yl ,(A>0, -1 <t<1).

First, using Shengjin’s formula we get the eigenvalues of the coefficient matrix Q in (3.1.1)

which is one variable cubic equation:

A -1 0
‘/U— Q‘ =10 1 -1=2+Kl+k =0, (3.2.1)
KiI Ky A

whose discriminants of multiple root are:

A= —3K2,
B := 9, (3.2.2)
C:= K%,
and principal discriminant 1s:
A = B* - 4AC = 32713 + 4i3). (3.2.3)

Then using the eigenvalues to get the fundamental system of solution of this ODE.

We obtain the following classification theorem:

Theorem 3.2.2. Any nondegenerate equiaffine space curve ¢ with constant equiaffine curva-
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tures Ky, Ky is equiaffinely equivalent to one of the following curves:
(1) A2+ B2 =0,

1 1
()O(S) = t(S’ ESZ, gs?’)’

(2) A2+ B*#0and A =0,

__ty OS os 20
(s) ="(e7, 5™, —go—se ),

(B) A2+ B>#0and A > 0,

1 1 1
Kgl !(=k3 s, sin(k; 5), cos(k; ), if ki =0,
@(s) =

t 1 =208 01 o} 18 H
(20102(90%+05)(0%+0_%)e ,e715 sin(om,8), 7' cos(oas)), if ki # 0,

(4) A>+ B>+ 0and A <0,

—i;" - 1(=(=Ky)7 5, sinh((—k2)? 5), cosh((—k2)?5)),  if ki = O,
w(s) =

t 1 2015 (o1+03)s (o1—02)s :
(40'10'2(90'%—0'%)(0'%—0'%)6 € , € )’ lf Ky # O’

where o, 0 (i = 1,2) are constants determined by equiaffine curvatures ki, k, as in (3.2.4)~(3.2.6),

respectively.

Proof. Using Shengjin’s formulas, we separate out four cases:

(1) When A = B = 0, that is k; = x, = 0, one variable cubic equation (3.2.1) has a triple
root:

/11:/12:/1320.

Then 1, s and s? are the fundamental solutions. Thus we get

P(s)=cr+crs+ c35°,

where c;(i = 1,2,3) are the constant vectors in R*. In order to make s as the equiaffine
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2)

arc-length parameter, we should make sure the determinant [¢’(s), ¢”(s), ¢ (s)] = 1,
that is, [c1, ¢2, c3] = % Without loss of generality, if we set ¢; = (1,0,0), ¢, = (0, 1,0),
c3 = 10,0, %), we get

1 1
QD(S) = t(s’ 552, 6s3) + Co

for some constant vector ¢, in R3. If we set ¢y = (0, 0, 0), the space curve is equiaffinely

equivalent to the following curve:
1,1
QD(S) = t(sa ESZ, ESS)'

When A2 + B> # 0, A = 0, then «, = —3(%)% < 0, one variable cubic equation (3.2.1)
has a double root:
/11 = /12 = O',/lg = —20',

where

o= (&5, (3.2.4)

W=

=20s

Then e”*, se”* and e are the fundamental solutions. Thus we get

@'(s) = cre”’ + c5€”° + cye 2%,

where ¢;(i = 1,2,3) are the constant vectors in R>. In order to make s as the equiaffine
arc-length parameter, we should make sure the determinant [¢’(s), ¢”(s), ¢’ (s)] = 1, that
is, [c1,¢2, 03] = # Without loss of generality, if we set ¢; = (0, 1,0), ¢, = (0, 0, 0),

c3 = 10,0, 9}7), we get

1
_ty oS os =205
@(s) ="(e”’, se”’, —me )+ ¢o

for some constant vector ¢, in R3. If we set ¢y = (0, 0, 0), the space curve is equiaffinely
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equivalent to the following curve:

1

os 6_20-5).

_tr oS _
p(s) = (e, se”, — 1o

(3) When A% + B> # 0, A > 0, one variable cubic equation (3.2.1) has a pair of conjugate
imaginary roots:

A = =201, =01 +i0,,A3 =0 —i0>,

where

3 391+ \1263+813) + 339k — 12Kg+81,<f))
2 2 >

ﬁ( 3 [30k+ V126+81k) 3 [309ki1- 12Kg+81/<f))
6 2 2 :

1
0'1=g(

(3.2.5)

g, =

Then 72715, 1% cos(o,5) and e”'* sin(o, s) are the fundamental solutions. Thus we get

2015

¢'(s) =cre + 27" cos(o8) + ¢3¢ sin(o, 8),

where c;(i = 1,2,3) are the constant vectors in R*. In order to make s as the equiaffine

arc-length parameter, we should make sure the determinant [¢’(s), ¢”(s), ¢ (s)] = 1,

1

that 1S, [Cl, Co, C3] = —(90_%+0_%)0_2 .

(@) 1 =0,

3

we have oy = 0, and [c¢1, ¢2, 3] = /<27. Without loss of generality, if we set ¢; =

((=k;,7,0,0), ¢ = (0,K,,0), 3 = (0,0, —; ), we get
3

1 1
@(s) = &5 - (—kZ s, sin(k] s), cos(k? 5)) + g

for some constant vector ¢, in R>. If we set ¢, =' (0,0, 0), the space curve is
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(b)

equiaffinely equivalent to the following curve:

T 1
@(s) = &5 - (=2 s, sin(k? 5), cos(k? 5)).

k1 #0,
we have oy # 0, and [c¢y, 2, 3] = W. Without loss of generality, if we set
¢ =1(- az(9a§+o—1§)(g§+ag)’ 0,0), c; =(0,0%,071), c3 =(0, 01, —07>), we get

o(s) = ! “2015 o718 gin(0my 5), €71 cos(025)) + ¢

20105907 + o3)(07 + 05

for some constant vector ¢, in R3. If we set ¢, = (0,0, 0), the space curve is

equiaffinely equivalent to the following curve:

1

2 2N( 12 2
20102907 + 03)(0] + 075)

“2015 015 gin(0my 8), €71 cos(025)).

p(s) =(

(4) When A% + B> # 0, A < 0, one variable cubic equation (3.2.1) has three different real

roots:

Ay =20, =01+0,43 =0 — 0>,

where

o1 = 3 V-3k; cos(3 arccos(Zk; (=3k2) 7)),
V=a sin(} arccos(Z i (=3k2) 7)), (3.2.6)

()

K <0, Ty (=3k2)7% € (=1, ).

Then 72715, (@1792)s and (717725 are the fundamental solutions. Thus we get

2018 (o1+072)s (o1—02)s

o'(s) =cre + e + cze ,

where ¢;(i = 1,2,3) are the constant vectors in R*. In order to make s as the equiaffine
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arc-length parameter, we should make sure the determinant [¢’(s), ¢”(s), ¢ (s)] = 1,

that is, [c1, ca, c3] =

(a)

(b)

1
207 (0'% —90‘%) '

k1 =0,
we can set oo = 0, 0, = (KQ)_%, and [c1,c2, 03] = %(—Kz)_%. Without loss of
generality, if we set ¢; = (—(=k2)72,0,0), ¢ = (0, 1(=k2) "2, L(=k2)72), 3 =

1, %(—Kz)_%, —%(—Kz)_%), we get the space curve is equiaffinely equivalent to the

following curve:
—1 t 1 . 1 1
@(s) = —Kk; - '(=(—k2)Zs,sinh((—k2)2s), cosh(—«;3 5)) + co

for some constant vector ¢, in R3. If we set ¢, = (0,0, 0), the space curve is

equiaffinely equivalent to the following curve:
@(s) = =K' - (=(=K2)? 5, sinh((—k2)5), cosh(—k2)* 5)).

Kl;tO,

wehaveo1+0, #0,01—0, # 0, and [¢1, ¢2, 3] = Without loss of gener-

1
20'2(0'%—90'%) :

. . 1
ality, if we set ¢; = (0,071 +0,0), ¢, =7(0,0,01 —0), ¢3 = ’(202(0%_90%)(0%_05),0, 0),

we get the space curve is equiaffinely equivalent to the following curve:

1

2015 (o1+03)s (01—02)s
2 2N 2 2 € )+ ¢o
4010590 — o5) (o] — 05

,€

p(s) ="(

for some constant vector ¢, in R3. If we set ¢, = (0,0, 0), the space curve is

equiaffinely equivalent to the following curve:

1

— o)y~ 03)

e—20'1 s e((rl +0'2)s, e(O’]—O’z)S). 0O

b

o(s) = ( .
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3.3 Groups of equiaffine space curves with constant curva-
tures

As it is known, the equiaffine homogeneous curves are precisely the orbits of certain one-

parameter subgroups G(s) of S L(3;R) < R, that is,

@(s) = G(s)¢o,

where s is the equiaffine arc-length parameter of ¢.
Using the properties of subgroup, we have G'(s) = G(s)G'(0), G"(s) = G(s)G"(0), G (s) =
G(s)G""(0) and G""(s) = G(s)G"”(0). Then we can get the following equiaffine first and

second curvatures

ki(s) = =[¢"(5),¢"(5),¢""(5)] = =[G(s)G" (0)py, G(5)G"" (0)po, G(5)G"" (0)epo]
= —[G"(0)py, G""(0)po, G (0)po],
k() = [¢'(5),¢"(5), ¢ ($)] = [G(5)G (0)py, G(5)G" (0)gy, G(5)G"" (0)¢o ]

= [G'(0)py, G (0)py, G (0)go].

Thus we have

Proposition 3.3.1. The equiaffine curvatures of a nondegenerate equiaffine homogeneous

curve are constant.

Conversely, we give the one-parameter subgroup of S L(3,R) < R? for each class of the non-

degenerate equiaffine space curves with constant equiaffine curvatures in R? as follows
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(1)

(2)

3)

We take

1 s %sz %s3
01 s %sz
G, = seR;}. (3.3.1)
00 1 s
00 O 1

We can check that G, is a subgroup of S L(3,R) = R? as a group acting on /(z,y, x, 1) €
R*. Let ¢ be a nondegenerate equiaffine space curve with constant equiaffine curvatures
obtained in (1) of Theorem 3.2.2; that is, ¢(s) = '(s, 35%, £5°). Then ¢(R) is the G;-orbit
of the point x; := (0, 0,0, 1).

We take

Gzl

0
0 e* 0 0
seRY. (3.3.2)

0

0 0 0 1

We can check that G, is a subgroup of S L(3,R) = R? as a group acting on /(x, z,y,1) €
R*. Let ¢ be a nondegenerate equiaffine space curve with constant equiaffine curvatures
obtained in (2) of Theorem 3.2.2; that is, ¢(s) = (€”*, se””, —ﬁe‘z‘”). Then ¢(R) is the
G,-orbit of the point x; := (1, ——, 0, 1).

1805

(a) If k; = 0, we take

1 1
COsSky s sinkys 0 0
1 1
—sin Kz2 s CoS K22S 0 0
G; = 1 seR}. (3.3.3)
0 0 1 —k,’s
0 0 0 1

We can check that G is a subgroup of S L(3, R)<R? as a group acting on(y, z, x, 1) €

R*. Let ¢ be a nondegenerate equiaffine space curve with constant equiaffine curva-
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(b)

4 ()

1 1 1
tures obtained in (3) of Theorem 3.2.2; that is, ¢(s) = k5 Lt (=K; 8, sin(k; ), COS(k; $)).

Then ¢(R) is the Gz-orbit of the point x, := (0, 5",0, 1).

If k1 # 0, we take

e’ cosors et sinoss 0 0
-’ sinops €7 cos oS 0 0
G; = seR. (3.3.4)
0 0 e215 ()
0 0 0 1

We can check that G5 is a subgroup of S L(3, R)<R? as a group acting on /(y, z, x, 1) €

R*. Let ¢ be a nondegenerate equiaffine space curve with constant equiaffine curva-

tures obtained in (3) of Theorem 3.2.2; that is, ¢(s) = ( 1 e 218,

20107 (90‘% +o%)(a'%+a’%)

e”'¥ sin(o,5), 71 cos(o5)). Then @(R) is the Gz-orbit of the point x, := (0, 1,

! 1).

201 0'2(90'% +0'%)(0'%+0'§) ’

If k, = 0, we take

cosh (—ky)?s  sinh(=k)2s O 0
sinh (=k,)2s  cosh(—k3)?s 0 0
Gy = |lserg. (3.3.5)
0 0 1 —(—kp)2s
0 0 0 1

We can check that G, is a subgroup of S L(3, R)<R? as a group acting on ’(y, z, x, 1) €
R*. Let ¢ be a nondegenerate equiaffine space curve with constant equiaffine curva-
tures obtained in (4) of Theorem 3.2.2; that s, ¢(s) = —«; ! -t(—(—Kz)% s, Sinh((—Kz)% s),

COSh((—Kz)%S)). Then ¢(R) is the G4-orbit of the point xo := (0, —«; Lo, 1.
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(b) If k1 # 0, we take

2o 0 0
0 eos 9
Gy := seR (3.3.6)
0 0 e
0 0 0 1

We can check that G, is a subgroup of S L(3, R)<R?3 as a group acting on ’(x, y,z, 1) €

R*. Let ¢ be a nondegenerate equiaffine space curve with constant equiaffine curva-

2018 6(0'1+0'2)s

tures obtained in (4) of Theorem 3.2.2; that is, ¢(s) = *(

40 0'2(90'% —o'%)((r%—o%) ? ’

e(@1772)%) Then @(R) is the G4-orbit of the point xq := ( 1 1,1,1).

40109 (90’% —O‘%)(O‘% —0'%) >

3.4 Equiaffine homogeneous surfaces on which equiaffine

space curves with constant curvatures lie

In this section, we study the relations between the equiaffine homogeneous curves and equiaffine
homogeneous surfaces. An equiaffine surface f : M — R? is called locally homogeneous if
for all points p and g of M, there exists a neighborhood U, of p in M, and an equiaffine trans-
formation A of R?, i.e. A € SL(3,R) = R?, such that A(f(p)) = f(g) and A(f(U,)) C f(M).
If U, = M for all p, then M is called homogeneous. It was H.Guggenheimer who first at-
tempted to classify these surfaces in R?. His work was completed by K.Nomizu and T.Sasaki

who obtained the following result:

Proposition 3.4.1 ([17]). Any nondegenerate surface in R? that is homogeneous under equiaffine

transformations is a quadric or is affinely congruent to one of the following surfaces:
@) xyz =1,

(i) (x> +y*)z =1,
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(i) FP(z-y) =1,
(iv) xX*(z—-y?’ =-1,
3

(V) 2= xy—3x°,

(vi) z=xy+logx.
And for the degenerate case in R3, L.Vrancken gave the classification in 1994.

Proposition 3.4.2 ([24]). Let f : M — R? be a degenerate equiaffine homogeneous surface

in R3. Then, f is affine equivalent to an open part of
(vil) a plane

(viii) a cylinder on an ellipse

(ix) a cylinder on a hyperbola

(x) a cylinder on a parabola

(xi) the surface given by xz — %yz = 0.

Each equiaffine space curve obtained in Theorem 3.2.2 is lying on a corresponding equiaffine

homogeneous surface with the following group, respectively.

(1) We take
1 u v u- ;u3
— 01 u %
G, = u,veR;. (3.4.1)
0 0 1 u
0 0 0 1

We can check that G | is a subgroup of S L(3,R) = R? of dimension two. The (N}l—orbit of
the point x, = (0,0, 0, 1) is a nondegenerate equiaffine homogeneous surface given as
(v) of Proposition 3.4.1, which is called a Cayley surface. A group G, in (3.3.1) is given
by setting u = s, v = %sz, from 51, and so it is a subgroup of 51. Hence, the curve of

class (1) is lying on the surface (v).
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(2) Unfortunately, we are not able to find certain equiaffine homogeneous surfaces for the

curve of class (2).

3) (a) If kK, =0, we take

(b)

cosu sinu 0 O

— —sinu cosu O O
G; = u,veRy. (3.4.2)

0 0O 1 v

0 0 01

We can check that 53 is a subgroup of S L(3, R) < R of dimension two. The 53—orbit
of the point xy = '(0,«;',0, 1) is a degenerate equiaffine homogeneous surface given
as (vii1) of Proposition 3.4.2, which is a cylinder on a circle. A group G; in (3.3.3) is
1
3

_1 ~ —
given by setting u = k55, v = —k, *s, from G3, and so it is a subgroup of G3. Hence,

the curve of class (3) is lying on the surface (viii).

If k, # 0, we take

ucosv usinv 0 0

— —usinv ucosv 0 O
G; = u,veR}. (3.4.3)

0 0 u? 0

0 0 0 1

We can check that G; is a subgroup of S L(3, R)<R? of dimension two. The G5-orbit

1
’ 20 0'2(90'%+0'%)(0'% +0

of the point xo = (0, 1

5 1) is a nondegenerate equiaffine homoge-
2

neous surface given as (ii) of Proposition 3.4.1. A group Gj in (3.3.4) is given by
setting u = e”'*, v = 07,5, from 53, and so it is a subgroup of 53. Hence, the curve

of class (3) is lying on the surface (i1).
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4) (a) If k; = 0, we take

coshu sinhu O O

— sinhu coshu 0 O
Gy = u,veRy. 3.4.4)

0 0 I v

0 0 0 1

We can check that C~}4 is a subgroup of S L(3,R) x R3 of dimension two. The C~}4—
orbit of the point xy = (0, —«; ', 0, 1) is a degenerate equiaffine homogeneous surface
given as (ix) of Proposition 3.4.2, which is a cylinder on a hyperbola. A group G4
in (3.3.5) is given by setting u = (—Kz)%s, = —(—Kz)_%s, from 54, and so it is a
subgroup of G.. Hence, the curve of class (4) is lying on the surface (ix).

(b) If k; # 0, we take

u 0 0 0

_ 0v 0 0

G, := u,veRY. (3.4.5)
00 L0
00 0 1|

We can check that 54 is a subgroup of S L(3, R) R3 of dimension two. The 54-0rbit

1
40 (90’%—0’%)(0’% -

of the point xy = ’( pd 1,1, 1) is a nondegenerate equiaffine homoge-
2

neous surface given as (i) of Proposition 3.4.1. A group G4 in (3.3.6) is given by

setting u = ¢7215, y = ¢+ from Gy, and so it is a subgroup of G,. Hence, the

curve of class (4) is lying on the surface (i).

Theorem 3.4.3. A nondegenerate equiaffine space curve with constant equiaffine curvatures

is an equiaffine homogeneous curve, and can be written as follows:
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D G

2 G
G;
(3)
G;
G,
4)
G,
where @ =

o o O

.
1805’

B =

S ™

1
1

o o O

1 _
Ky’ Y= 20'10'2(90'%+0'§)(0'%+0'%)’ n

1

fz=xy— 1} CRY,

{xyz =6 C R, ifk #0

35

. a cylinder on a circle in R, if ky =0

Ha(P+y) =y} R, if ki #0

— 1 5
=-Ls=

2

. a cylinder on a hyperbola in R?, if k; = 0

1

4oy 0'2(90'%—0'5)(0'%—

0_%) ) Gi(l =



1,2,3,4) are one-parameter subgroups of S L(3,R) =< R3 given by (3.3.1) ~(3.3.6), ai (i =
1,3,4) are two-parameter subgroups of S L(3,R) < R? given by (3.4.1),(3.4.2),(3.4.3),(3.4.4)

and (3.4.5), o, 0y, 0, are constants with respect to the equiaffine curvatures given by (3.2.4)~

(3.2.6), respectively.
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Chapter 4

Centroafline space curves

4.1 Basic notions of centroaffine space curves

Let ¢ : I — R? be a centroaffine space curve in R® parameterized by centroaffine arc-length
parameter s and of signature €. Let «; and «, be the centroaffine first and second curvature of

@, respectively. By definition, they are given by

(), ¢ (s), 9" (5)]
[(s), ' (5), " ()] °

k1(s) :=

and
. Lp(s), ¢'(5), ¢ (5)]
T (), ¢ (9), ¢ ()]

K(s)

From the definition of «;(s) and x,(s), we get

@ (s) = &(8)p(s) + k1 ($)@'(s) + ka($)@” (5),
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that is

t‘P(S) 0 1 0 t‘,D(S) t(p(s)

d

as| Y@= 0 01 'P(s) | =R p(s) |- (4.1.1)
ORI EORIONEON AO p(s)

For a nondegenerate centroaffine space curve ¢, the osculating plane at ¢(s) is defined as the
one spanned by {¢'(s), ¢”(s)}, the normal plane by {¢”(s), ¢’ (s)} and the rectifying plane
by {¢"”(s5), ¢'(s)}, respectively. ¢ is called a rectifying curve if the position vector lies on the

rectifying plane for each point. Since +¢ = ¢"”" — k1¢" — k¢”" holds, we have the following.

Proposition 4.1.1 ([11]). The centroaffine first curvature of a centroaffine curve vanishes if
and only if the position vector field of this curve lies in its normal plane. The centroaffine

second curvature of a centroaffine curve vanishes if and only if it is a rectifying curve.

Consider the relations between the curvatures of a curve in the centroaffine geometry and
those in the Euclidean geometry. Denoting the Euclidean arc-length parameter by §, the

Euclidean curvature by k; and the Euclidean torsion by k,, we will get the Frenet formulas of

a curve. d B
) _ B,
db05)
. = —k1(5a(5) + k2 (5)y(3), (4.1.2)
W) _ 5)85),
ds

where a(5), 5(5), y(5) are the Euclidean unit tangent vector, normal vector and binormal vec-

tor of the space curve, respectively. For the functions a, b, ¢ defined by

@(3) = a(3)a(3) + b(35)B(5) + c(3)y(5),

we will get
de(3) dg*(3)
ds ~ d*%

[(5), I'= c(®ki(s),
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and
de(3) dp*(5) dp’(3)

e (2R
TR T A TR O

[

Accordingly, a curve with nonvanishing ¢ and &, is a centroaffine curve, and a centroaffine
ki1 ()Kx(5)
c(8)

Proposition 4.1.2 ([11]). The Euclidean arc-length parameter is precisely the centroaffine

curve with nonvanishing k, is nondegenerate. As £(5) = , we have the following.

arc-length parameter if and only if

4.2 Centroafline space curve with constant centroaffine cur-
vatures

We assume the signature £ = —1 for a while. From the fundamental theorem for centroaffine
space curves, the centroaffine space curves are uniquely determined by the centroaffine cur-
vatures up to a centroaffine transformation in R?. In the following, we obtain the curves with
constant curvatures by solving the ODE: ¢ (s) = —¢(s) + k1¢'(s) + k" (s) with constant
coeflicients. First, using Shengjin’s formula we get the eigenvalues of the coefficient matrix

Q in (4.1.1) which is one variable cubic equation:

4 -1 0
‘/U—Q'= 0 4 -1 |=2-kl-Kn1+1=0, (4.2.1)
1 —K1 /1—K2

whose discriminants of multiple root are:

A =i + 3k,
B = Ki1Ky — 9, (422)
C := k3 + 3k,
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#

Figure 4.1: The curve of type (3) (k; = k = 0) and the surface (x> + y?)z = 1.

and principal discriminant is:
A := B — 4AC = 3(—4K} — 4 — 18Kk1ky — K31 + 27). (4.2.3)

Then using the eigenvalues to get the fundamental system of solution of this ODE.

Proposition 4.2.1 ([11]). The nondegenerate centroaffine space curve with vanishing curva-

tures and signature —1 is centroaffinely equivalent to the following curve:
@(s) = '(sin( V3s5/2)e?, cos(V3s/2)e?, e7*).

Remark 4.2.2. Tt is belonging to the type (3) in Theorem 4.2.3 below and it is easy to see this
curve lies on the surface (x*> + y*)z = 1, which is known as a proper affine sphere with center

at the origin.

Theorem 4.2.3 ([11]). Any nondegenerate centroaffine space curve with constant centroaffine

curvatures ki, k, and signature —1 is centroaffinely equivalent to one of the following curves:
(1) @(s) ="(se™*, e, s’ +e7), if A + B> = 0,

(2) @(s) ="1(e51%, €525, 5e5"%), if A2 + B> # 0 and A = 0,
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() @(s) = 253 - 1(eP1¥ sin(ps 5), €”'* cos(p1s), e #1%), if A + B> # 0 and A > 0,
(4) (p(S) — eKzS/3 . t(e—Zo'ls’e(o'|+0'2)s, e((T]-O'z)S)’ lfAZ + BZ +0and A < O,

where A, B, A and g;, p;, o; (i = 1,2) are constants defined in (4.2.2)~(4.2.6) by using

centroaﬁine curvatures.

Proof. Using Shengjin’s formulas, we separate out four cases:
(1) When A = B = 0, that is k; = x, = —3, one variable cubic equation (4.2.1) has a triple
root:

A=A =243 =-1.

Then e~*, se™* and s*e~* are the fundamental solutions. The space curve is centroaffinely

equivalent to the following curve:

o(s) =cre” +cpse”’ + c3sze_s,
where ¢;(i = 1,2, 3) are the constant vectors in R>. If we set ¢; = (0, 1, 1), ¢, = (1, 0,0),
c; ='(0,0,1), we get

() ="(se™*, e, s%e™ + 7).

(2) When A + B? # 0, A = 0, one variable cubic equation (4.2.1) has a double root:

Al = =61,43 = ¢,

where
B
S1 = —54»
T (4.2.4)
2 =K+ 1;3-

Then e*'*, ses'® and e*>* are the fundamental solutions. The space curve is centroaffinely
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equivalent to the following curve:
o(s) = c1e°"’ + cp5€° + 3¢5,

where ¢;(i = 1,2, 3) are the constant vectors in R3. If we set ¢; = (1, 0,0), ¢, = (0,0, 1),
c; ='(0,1,0), we get

o(s) ="(e5°, e, 5e51°).
(3) When A% + B> # 0, A > 0, one variable cubic equation (4.2.1) has a pair of conjugate

imaginary roots:

K K , K .
Ap = ?2—2/01,/12 = §2+Pl + 00y, A3 = §2+P1 — P2,

where

1 3 1 1 3 1 1
pr = l(A + 3(-B+ AN + (oA + S(-B - AD)3],

? % 1 1 % 1 1 (4.2.5)
pr = =l(oA+ S(-B+ M) = (oA + S(-B- AD)Y)

Then e*2/3=201s5  o2/3+00s cog(p,s) and %2305 gin(p,s) are the fundamental solutions.

The space curve is centroaffinely equivalent to the following curve:
o(s) = Cle(K2/3—2p1)S + C2€(K2/3+p1)s cos(05) + C3e(K2/3+m)S sin(p, ),

where ¢;(i = 1, 2, 3) are the constant vectors in R>. If we set ¢; = (0,0, 1), ¢, = (0, 1,0),

c3 ='(1,0,0), we get
p(s) = e 1(e sin(pzs), € cos(pas), € 1),

(4) When A% + B?> # 0, A < 0, one variable cubic equation (4.2.1) has three different real
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roots:

A Z%—2O'1,/12 = 24'0'1 +O'2,/13 = %‘FO’] — 0>,
where
1 —k2A — 3B
o = —A: cos(arccos(lQ—)/3),
i 3B A-3B (4.2.6)
_ ' 1o —KA — —KA — _
= 3(3A)2 sm(arccos(—2A3/2 )/3), A >0, EEYE e(-1,1).

Then /372715 pla/3+1402)s gp( eke/3+01=02)5 gre the fundamental solutions. The space

curve is centroaffinely equivalent to the following curve:

(k2 /3+01+072)s + c3€(/<2/3+0'1—0'2)s’

@(s) = ¢, e* 3275 4 cre

where ¢;(i = 1,2, 3) are the constant vectors in R>. If we set ¢; = (1, 0,0), ¢, = (0, 1,0),

c; =1(0,0,1), we get

(,O(S) — eKzS/3 X t(e—20'1s’e(0'1+0'2)s’ e((Tl—(Tz)S).

4.3 Groups of centroaffine space curves with constant cur-

vatures

As it is known, the centroaffine homogeneous curves are precisely the orbits of certain one-

parameter subgroups G(s) of GL(3,R), that is,

@(s) = G($)¢o,

where s is the centroaffine arc-length parameter of ¢.

Using the properties of subgroup, we have G'(s) = G(s)G'(0), G"(s) = G(s)G"”(0) and
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G"(s) = G(s)G"’(0). Then we can get the following centroaffine first and second curvatures

_[e(5), 0" (5), ()] [G(s)go, G(5)G"(0)o, G()G™ (0)go]

a(s) (). 2().¢" ] [G(5)%0.G(5)G O)g0, GG O)go]
160, G"©)0, G (O]
[¢0, G"(0)po, G (0)po]
o = OO _ G GG O GG O

[0(5), @' (5), ()] [G(8)po, G(5)G' (0)go, G(5)G”(0)pq]
[©0. G’ (0)¢o, G (0)go]
(@0, G’ (0)gp, G (0)o]

Thus we have

Proposition 4.3.1. The centroaffine curvatures of a nondegenerate centroaffine homogeneous

curve are constant.

Conversely, we give the one-parameter subgroup of GL(3, R) for each class of the nondegen-

erate centroaffine space curves with constant centroaffine curvatures in R? as follows

(1) We set
e’ se* 0
G1 = 0 e’ 0 seER, (431)
2se”S ste et

and show that G is a subgroup of GL(3,R). Let ¢ be a nondegenerate centroaffine space
curve with constant centroaffine curvatures obtained in (1) of Theorem 4.2.3. Then ¢(R)

is the G-orbit of the point /(0, 1, 1).

(2) We set
e 0 0

G, = 0 €25 0 seR}, (4.3.2)

sests 0 est
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and show that G, is a subgroup of GL(3,R). Let ¢ be a nondegenerate centroaffine space
curve with constant centroaffine curvatures obtained in (2) of Theorem 4.2.3. Then ¢(R)

is the G,-orbit of the point ’(1, 1, 0).

(3) We set
e’ cos(pys) €' sin(p, s) 0
G; := 1% | _ePi5sin(prs) €% cos(prs) O seRy, (4.3.3)
0 0 e 1S

and show that Gj3 is a subgroup of GL(3,R). Let ¢ be a nondegenerate centroaffine space
curve with constant centroaffine curvatures obtained in (3) of Theorem 4.2.3. Then ¢(R)

is the G3-orbit of the point /(0, 1, 1).

(4) We set
e s 0 0
Gy = ok28/3 0 PT1+T2)s 0 seR}, 4.3.4)
0 0 71703

and show that G4 1s a subgroup of GL(3,R). Let ¢ be a nondegenerate centroaffine space
curve with constant centroaffine curvatures obtained in (4) of Theorem 4.2.3. Then ¢(R)

is the G4-orbit of the point ’(1, 1, 1).

4.4 Centroaffine homogeneous surfaces on which centroaffine
space curves with constant curvatures lie

In this section, we want to consider the relations of centroaffine space curves with constant
centroaffine curvatures and homogeneous surfaces. An centroaffine surface f : M — R3 is
called locally centroaffine homogeneous if for all points p and g of M, there exist a neighbor-

hood U, of p in M, and an centroaffine transformation A of R3, i.e. A € GL(3,R), such that
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A(f(p)) = f(q) and A(f(U,)) C f(M).1f U, = M for all p, then f is called centroaffinely

homogeneous. First, we review the following fact,

Theorem 4.4.1 ([15]). Let f : M — R? be a nondegenerate centroaffinely homogeneous
surface. Then f is centroaffinely equivalent to one of the following surfaces in R>:

D) x> +y+22=1;

(11) z = —x(alogx + Blogy),a + B # 0;

(iii) exp(—a arctan g)(x2 +y P =1,*+B*#0,28+y #0;

(v) X7 = lL,a #0,a +B+7y # 0;

(V) yz = +x> +y%, a # 1,2;

where «a, ,8, Y are constants.

The centroaffine space curves are lying on the nondegenerate centroaffine homogeneous sur-

faces with the following groups, respectively.

(1) Unfortunately, we are not able to find a nondegenerate centroaffine homogeneous whose

group is the overgroup of the group for the curve (i) in Theorem 4.2.3.

(2) (a) If K, =0, we set

G, = 0 e 0 u,veR}, 4.4.1)

—2%6“(u+v) 0 e

and show that 52 is a subgroup of GL(3,R) of dimension two. The (~}2—orbit of the

point xo = (1, 1,0) is a nondegenerate centroaffine homogeneous surface given as (ii)
of Theorem 4.4.1 with

a=f=25. (4.4.2)
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Figure 4.2: The curve of type (2) (k; = k; = 1) and the surface z = x(2log x + log y).

A group G, in (4.3.2) is given by setting u = g5, v = &5, from G,, and so it is a

subgroup of G,. Hence, the curve of class (2) is lying on the surface (ii).

(b) If ko # 0, we set

G, = 0 e 0 [lu,veRy, (4.4.3)

1

—e*Qu+v) 0 e

L Ko B
and show that 52 is a subgroup of GL(3,R) of dimension two. The éz—orbit of the
point xo = (1, 1, 0) is a nondegenerate centroaffine homogeneous surface given as (ii)
of Theorem 4.4.1 with

a=-2/k, B=—1/k. 4.4.4)

A group G, in (4.3.2) is given by setting u = ¢, v = &5, from G,, and so it is a

subgroup of G,. Hence, the curve of class (2) is lying on the surface (ii).
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(3) We set

e'cos(v) e*sin(v) 0
Gy :={| —e*sin(v) e“cos(v) 0 |uveRy, (4.4.5)
0 0 e—2u+ ;—;v

and show that 53 is a subgroup of GL(3,R) of dimension two. The 53—0rbit of the

point xo = (0, 1, 1) is a nondegenerate centroaffine homogeneous surface given as (iii) of

Theorem 4.4.1 with

a=kKk/py, B=y=1. (4.4.6)

A group Gj3 in (4.3.3) is given by setting u = (p; + 3)s, v = pss, from Gs, and so it is a

subgroup of C~}3. Hence, the curve of class (3) is lying on the surface (ii1).

4) (a) If ki, = 0, we set

et 0 0
Gi={l0 ¢ 0o |uveR}, (4.4.7)
0O 0 e

and show that C~}4 is a subgroup of GL(3,R) of dimension two. The (~}4—0rbit of the
point xo = (1, 1, 1) is a nondegenerate centroaffine homogeneous surface given as (iv)
of Theorem 4.4.1 with

a=f=y=1. (4.4.8)

A group G4 in (4.3.4) is given by setting u = =205, v = (071 + 0)s, from 54, and so

it is a subgroup of (~}4. Hence, the curve of class (4) is lying on the surface (iv).

(b) If k, # 0, we set
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Figure 4.3: The curve of type (4) (k; = 3, ko = 0) and the surface xyz = 1.

6(01_0-2_327142)14 0 O
G, = 0 1T 0 wveRY.  (4.4.9)
0 0 6(20'1+327f;)u—(0'1+0'2—3%)v

and show that (~}4 is a subgroup of GL(3,R) of dimension two. The C~}4—orbit of the
point xo = (1, 1, 1) is a nondegenerate centroaffine homogeneous surface given as (iv)

of Theorem 4.4.1 with

2A 2A 2A
a=-200-—,F=01+0——,Yy=01 -0y — —. (4.4.10)
3k, RIS R

k2 (ko—6071) _ Kk(ko+301+307)

S, V= 3ka(01—0)—2A

m . S, from G4,

A group G4 in (4.3.4) is given by setting u =
and so it is a subgroup of G.. Hence, the curve of class (4) is lying on the surface (iv).

Then we have the following theorem.

Theorem 4.4.2 ([11]). Any nondegenerate centroaffine space curve with constant centroaffine
curvatures and signature —1 is a centroaffine homogeneous curve, and can be written as

follows:
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() Gi| 1 [CcR,

2) Go| 1 |CcGy| 1 |=1{z=—x(alogx+Blogy)} C R?,

(3) G3| 1 | cGs| 1 | = {exp(-aarctan f)(x2 +yP7 =1} CR?,
y

4 Gy| 1 |Gyl 1 |={xP2 =1} CR’,

1 1
where G;(i = 1,2,3,4) are one-parameter subgroups of GL(3,R) given by (4.3.1) ~(4.3.4),
5,- (i = 2,3,4) are two-parameter subgroups of GL(3,R) given by (4.4),(4.4.3),(4.4.5),(4.4.7)

and (4.4.9), a, B, y are constants with respect to the centroaffine curvatures given by (4.4.2),

(4.4.4), (4.4.6), (4.4.8),(4.4.10), respectively.

It is well known that centroaffine minimal surfaces were originally defined for centroaffine
surfaces by C.P.Wang [25] as extremals for the area integral of the centroaffine metric. In par-
ticular, proper affine spheres centered at the origin are important examples of such surfaces.

Then we get

Theorem 4.4.3 ([11]). Any nondegenerate centroaffine homogenerous space curve with van-
ishing centroaffine second curvature lies on a centroaffine minimal surface which is deter-

mined by the centroaffine first curvature of the curve.
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Proof. A nondegenerate centroaffine homogeneous curve ¢(s) with vanishing centroaffine
second curvature lies on a flat proper affine sphere except A = 0, that is, k; = 3 - 272/3. From
(4.4.2), through a straightforward calculation it is easy to see that z = —Z%x(log x + logy)is

a nondegenerate centroaffine minimal surface. O

For nondegenerate centroaffine space curves with constant centroaffine curvatures and signa-
ture 1, we can get similar results as follows.
Theorem 4.2.3’([11]) Any nondegenerate centroaffine space curve with constant centroaffine

curvatures ki, k, and signature 1 is centroaftinely equivalent to one of the following curves:
(1) @(s) =(se*, e*, s’e* + e*), if A> + B> = 0,

(2) @(s) = (€55, e, 5e51%), if A> + B> # 0 and A = 0,

(3) @(s) = 2513 . 1(eP1¥ sin(p 5), €' cos(pa ), e~ 1%, if A> + B> # 0 and A > 0,

4) @(s) = 2513 . 1(g72015 11025 o(1=02)5) "if A2 4 B2 () and A < 0,

where A := &% + 31, B:= kiko + 9, C 1= & — 3ka,

A:= B> -4AC = —3(4Kf - 4K§ — 18Kk, + K%K% - 27).

= —fuot9 K1K249
1= 2(K +3k1)° 2= K§+3K1 ’

p1 = §l(—A +3(-B + A%»% + (~ioA + 3(=B — A)S],
P2 = tl(=A + 3(=B+ A2)S = (—A + 3(=B = AN)3],
o = %A% cos(arccos( ';2:3,233)/3)

o> = 1(3A)7 sin(arccos(Z2532)/3), A > 0, 2438 € (~1,1).
Theorem 4.2.4°([11]) Any nondegenerate centroaffine space curve with constant centroaffine

curvatures and signature 1 is a centroaffine homogeneous curve, and can be written as follows:

0
() Gi| 1 [cR,

1
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2) G

(3) G

4) Gy

where

= {z = —x(alog x + Blogy)} C R3,

= {exp(—« arctan f)(x2 +y7 =1} cR?,
y

e’ set 0
G, = 0 e 0 ||seRy,
2set s*e’ e°

G(i = 2,3,4) are one-parameter subgroups of GL(3,R) given by (4.3.2) ~(4.3.4), 51 (i =

2,3,4) are two-parameter subgroups of GL(3,R), for the curve (2), if k; = 0

et 0 O
G, = 0 e 0 [|lu,veRy,

2%eu(u+v) 0 e

the others are given by (4.4.3),(4.4.5),(4.4.7) and (4.4.9), a, B, v are constants with respect to

the centroaffine curvatures, for the curve (2),ifk, =0, @ = = —2%, the others are given by

(4.4.4),(4.4.6), (4.4.8),(4.4.10), respectively.
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Chapter 5

A related topic of centroafline space curve

theory

In this chapter, we want to investigate centroaffine surfaces with degenerate center map and

consider its relationship with centroaffine space curves.

5.1 Center map

Center map was firstly introduced for centroaffine hypersurfaces by H.Furuhata and L. Vrancken
[8] as a generalization of the center of proper affine spheres. They studied affine hypersur-
faces whose center map is centroaffinely congruent with the original hypersurface, called to
be self congruent. In particular, they showed that the center map of a definite centroaffine sur-
face in the 3-space which is not a proper affine sphere centered at the origin is self congruent
if and only if the centroaffine Tchebychev operator vanishes.

Let r be the equiaffine support function of f with respect to the origin 0 € R**!. By definition,

it is a function on M written as

fx) =Z, + r(x)é,, (5.1.1)

53



Figure 5.1: Proper affine sphere f(u,v) = '(e72*, ¢* cos v, e" sin v) with center at the origin
where Z is an R"*!-valued function tangent to f, & is the Blaschke normal vector field.

Definition 5.1.1. For an immersion f : M — R""! we set ¢ : M — R™*! by

c(x) = cp(x) := f(x) — r(x)éy, forx € M,

and call it the center map of f.
Proposition 5.1.2 ([8]). An immersion f : M — R""! is a proper affine sphere if and only if

the center map c of f is constant.

Proposition 5.1.3 ([8]). The center map c of a centroaffine immersion f : M — R™! is an
immersion if and only if

Ker(id + S) N Ker dr = {0},
where S is the equiaffine shape operator of f.

Remark 5.1.4. The center map of an improper affine sphere is an immersion.
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Figure 5.2: Hyperbolic paraboloid (improper affine shpere) and its center map

We assume that f : M — R? is a nondegenerate centroaffine surface as well. Let V, 4 and K
be the centroaffine induced connection, the centroaffine metric, the difference tensor of V and
the Levi-Civita connection V of A, respectively. We formulate the center map for centroaffine

immersion.

Proposition 5.1.5 ([8]). Let ¢ be the center map of an immersion f : M — R™'. Then the

following formula holds:

2
c=- [T,

n+?2

where T is the centroaffine Tchebychev vector field of f.

5.2 Degenerate center map for centroaffine ruled surfaces
and centroaffine space curves

In this section, we investigate center maps of centroaffine ruled surfaces.
Let a(u), b(u) be linearly independent R3-valued functions in one variable. Suppose that b(u)

is a nondegenerate centroaffine space curve and u is the centroaffine arc-length parameter of
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Figure 5.3: Ruled surface f(u,v) = b’(u) + vb(u) and its center map, where b(u) = "(u?, u?, u*)
b(u), ki (u), ko(u) are the centroaffine curvatures.

Theorem 5.2.1. Let f : M — R3 be a nondegenerate centroaffine ruled surface given by
f(u,v) = a(u) + vb(u). The center map c of f is degenerate to a curve if and only if a(u) is
written as a(u) = ¢(u)b’(u), where ¢(u) is a nonzero function such that 3¢’ (1) + dp(u)x>(u) # 0,

ko (u) is the centroaffine second curvature of b(u). Moreover, the center map of f is given by

1
c(u,v) = —5(3¢'(u) + P(u)k2 (1)) b(u).

Proof. Let f : M — R3 be a nondegenerate centroaffine ruled surface given by f(u,v) =

a(u) + vb(u). Because

fu=a +vb,

=0,
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we have [ f,, f,, f] = [d’, b,a] + v[b', b, a] # 0. We define functions in u as follows:

S| = [b/’ b’ Cl], Sy = [Cl,,b, a], §3 = [Cl”, Cl,,b],
s4 = [a”,b',b) +[b",d',b], s5:=[b",b',b] 0,

s¢ :=[b',a’,b] #0, s;:=[b',d,a].

(1) If 5 # 0, the centroaffine metric is given by

SsV2 + S4V + 53
hy =
S1v + 5
S6
hip = hy) = ———,
S1V+ S
hy =0,
the centroaffine induced connection as
r,=—_
12~ ’
S1v+ S
2 - _SeV + 57
12~ )
S1v+ S
1 _
I,,=0,
2 _
I3, =0,

the Levi-Civita connection V with respect to the centroaffine metric as

T _
r,=0,
oo S185V° + 28285V + §2854 — 5153
2= ;
2S6(S1V + S2)
T _
I, =0,
B
»n=
S1v+ S
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and the difference tensor K as

K= —

2= .

S1v+ S

, —5185V> — 2(8285 + SV — S84 + $183 — 285657

Kj, =~ )
256(s1V + 52)

1 _
K5, =0,

2 _ %

2 s+ sy

Then we can calculate the coeflicients of the Tchebychev vector field as

2S1
==
S6
2 25155V% + (25285 + 25¢ + S182)V + $284 + 28657

2

S6

We can see the center map is given by

L
AT = =5 (T [+ T°1)

st , 25155V + (25285 + 2sg + 5184)V + 5284 + 285657
——(@ +vb') +

2
S 25

We then define the functions in u as follows.

S S185
h=—-— h'=-—"F,
Se6 S6
2
2S2S5 + 2S6 + 5154 S84 + 25657
= 2 > , Iy = T
56 56

We can rewrite ¢ as

c=td +1vb + (hV? + v + 14)b,
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and then

cy = td + 1’ + () + 5y + 1)b + (v + (13 + 1)v + )b’ + tvb”,

c, = t11b" + 2tv + 13)b.

Then

[cuscyoc] = [Hiad’ + t1a” + (tév2 + v+ 1,)b + (o + (5 + 1)V + )b’

+ t1Vb”, tlbl + (2t2V + f3)b, tla’ + 4 vb' + (t2v2 + v + t4)b].

Noticing the coeflicients of v, that is,

35752
[l‘zb’, 2t2b, tldl] + [tlbll, llb,, —tzb] = 7 * 0’
S
6

we have that the center map is not degenerate.
(2) If s; = 0, it is easy to prove f is centroaffinely equivalent to f(u,v) = ¢(u)b’(u) + vb(u),

for some nonzero function ¢(u), the centroaffine metric is given by

iy = =972 = (B¢ + k¢ Wk = 2PV + 677 - ¢ ke,
hip = hy = ¢,
hy = 0.

Through a serious of calculation, the difference tensor is given by

1 _ _ 2 _
Klz—Kzlz—Kzz—O’

1
K}, = 5(3¢'¢_1 +K2).
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Then we can get the center map

1

1
c= _Ef*T = —§(3¢’ + ¢k2)b(u).

The center map is degenerate to be a curve if the nonzero function ¢ satisfy 3¢’ + ¢k, # 0. O

Remark 5.2.2. (1) Centroaffine ruled surfaces with 3¢’(u) + ¢(u)x,(u) = 0 are proper affine
spheres.

(2) Centroaffine ruled surface f(u,v) = ¢(u)b’(u)+vb(u) is minimal and its centroaffine scalar
curvature 1.

2

Example. For a cubic curve b(u) = '(u, u*,u*), we can change the parameter to be the cen-

troaffine arc-length parameter s and rewrite the curve as
b(s) = (e85, 207 s 36T,
The second centroaffine curvature is given by
Ky = 623,
Then we can get the center map of f(s,v) = b’(s) + vb(s) as follows,
c(s,v) = —%62/3 (8 @26 Q367 sy —%bi(s).

Corollary 5.2.3. The center map of the centroaffine ruled surface f(u,v) = b’'(u) + vb(u)
is centroaffinely equivalent to b(u) if and only if the second centroaffine curvature of b(u) is

constant.
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Proof. By Theorem 5.2.1, the center map of f(u,v) = b’(u) + vb(u) is given by
: ()b(u)
¢ = —=k(u)b(u).
e

It is obvious that ¢ is centroaffinely equivalent to b(u) if «, is constant. Conversely, if the

center map c is centroaffinely equivalent to b(u), that is, there exists a matrix A € GL(3;R)
1

such that ¢ = Ab(u), then from det(A + EKQI) = 0, where / is the identity matrix, we get «, is

constant. O

Corollary 5.2.4. The center map of the centroaffine ruled surface f(u,v) = b’(u) + vb(u) is

projectively equivalent to b(u).

Corollary 5.2.5. Given a nondegenerate centroaffine space curve b(u) with centroaffine arc-
length parameter u and centroaffine second curvature k,(u), we can construct a centroaffine
ruled surface f(u,v) whose center map is b(u). In fact, the center map of f(u,v) = ¢(u)b’(u)+

vb(u) is b(u), where ¢p(u) = —%,u‘l(u) w(u)du and p(u) = e3 2,

Proof. Solving the ODE 3¢’ (1) + ¢p(u)k,(u) = 2. O
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