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ABSTRACT. This note is a survey about non-symplectic automor-
phisms of K3 surfaces and a reproduction on my talk at Kinosaki
Symposium 2012.
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NON-SYMPLECTIC AUTOMORPHISMS OF K3 SURFACES
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Geometry of sections of certain rational
elliptic surfaces and its application

TR

A4oh A5 3y

ITI, HRRBIE TR TEFZBRC ETERINTU2bDET5, ¢: S —PHIEP! ko
K & 42, 22, HHhme =213,

o o FHXHBAINTH D,
o UM O ZFi>bDE$ 3%,
X5, ZOWETIE,

e EP b —DIERE T 7 4 N—%FfO

ERET S, MW(S)ld¢: S — P OYIIOEE LT 2, KEDPS, MW(S) £ 0 THb. MW(S)
I CPH-GHBROESLALZIN, LCAIGNTWS XHICO ZHNILE T 5 K9 BAHifD
MG A% (Mordell-Weil #f) . ZOMEZ + TEL, m EGEZ [m]s TR, m B3MEADEE
DLEIL, Wiz —mELbDERT 2. %k, UTMTRUNZZoBeFH-HEHL, S Lo
MfReEZ 22 LICT 3,

ST, kEHDYIWT s1,..., s, € MW(S) ZIBATZ DM Y [a;]s; ZFE A% E T MW(S) D
WilceomTh b, Z20BI1: S Lol kihifiz 52 5. RREDHIZ MW(S) EOBEEDHH
ELTRONS ) L S LolBOEMAN RGN 2EE T L THS, 22T, H55
M7z BRI LT, s, [2]s 2352 2 Hli#753, conic-line arrangement @ Zariski X D4l % %
T2DICHATE S 2 L2H/MNT 5.

%9, Zariski NOERZEH L TEL

Definition 1 X% n O#FI 2 FEABUHFR O (B, Bo) DSLA T D52 72T &£ &, TnEX
Bon O Zariski K &9,

(1) B; (i=1,2) & & bIXEn OFETH Y, By D combinatorial type (LT D Definition 2
#ZM) 13 By DZNEHL WV,

(i) X7 (P2, By) 25 X7 (P2, By) ~DFAMHEGBRIZELEL %\,
Definition 2 ([6]) Hi#f B @ combinatorial type L IZLLT D 7 D
(II‘I‘(B), deg7 Slng(B)a E‘501:)(‘8)7 Otop> {B(P)}PGSing(B)a {/BP}PESing(B))a

ThHAZb6NS,

VEERREHUR BLAFSERE, tokunaga@tmu. ac. jp




o Irr(B) I B ORI DEATH D, deg: Irr(B) — Zxo \FEBEKIRIT I Z DREZ Wi
SELEHRTH 5.

e Sing(B) ¥ B ORRFEDEATH D, Xiop(B) 1& Sing(B) DD topological type D
BTHD, I5IT, oyop : Sing(B) — Siop(B) FFRFEFITH L, Z D topological type %
MIHEIELEHRET 5,

e B(P) % B® P € Sing(B) IR OEAE L, Bp: B(P) — Irr(B) & &RATAEICZ
DI E GBI 2 NSRS 5RET 5.

OO IRIAR By & By 3, same combinatorial type % b (£721%, HIT same com-
binatorics Z b D) &1, [EID combinatorial types D7 —%

(II"I'(BZ'), degm Slng(Bz)a Etop(Bi)7 Otop;» {ﬁi,P}PGSing(Bi)a {Bi(P)}PGSing(Bi))a i1=1,2,

DEELWIEZWVY), ThDE, Sip(Bi) = Siop(Ba), THH, BHHER pging : Sing(B1) —
Sing(Bs), wp : B1(P) — Ba(psing(P)) (£ P € Sing(B1) ¢y = Irr(By) — Irr(By) 2AEL T,
u‘F%ﬁ:%&f:j‘ : degQ O@Irr = deglv Otopg ©¥Sing = Ttopq» and ﬁZ,gasmg(P) °CYp = @Lr © /BI,P-

B (i = 1,2) BEERID L &, By & By BREEL K, FEAO, MGT 28R HLAD
topological type 235 L \» & &, same combinatoric Z >, %7z, line arrangement DH1E,
ZNZND incidence relations 235 L \» & &, B; & B, IZ same combinatorial type % ff,

Zarsiki St DRMIDOHNE Z DRI Zariski ([17, 18)) ICX D G2 5N NOHITH S :

Example 3 (Bi, B) 3LA N D5z 7 TR 72 6 XFROXN ET25 1 (1) By & Bol3E bl
WER 6 REFR 2 OFEIZ 6 DA R 7DATH S, (ii) B, D 6 HDOA R 7 13d % 2 Kl -
IZH DD, By DDA AT %S 2 RMFRIHFEEL %\, TDEE, (By,Bsy) I3 Zariski %t
Th5.

Zariski DHILIE, Zariski M OMFZEIZ LIES S BT EA Ed o723, 90 FERICA- TS
COMFAD Il B, [6] DSHELZSHR). 200 TS, XD LX) %BH»H 5 :

Example 4 1. (Artal Bartolo, ffi7K [7]) By, By I Z 31241 2 D ® nodal cubic % BEYE55 1<
LO6RMBE T2, By = Coy+Cin B, By, By EHICCiy & Cip 13 18T 9 WIS
LbHo>TwbbDET 5, 51T, Cr11NChold% nodal cubic DRI, Cy1 N Coo 13
% cubic DM TIE %\, 35, ZDEE, (By,By) & Zariski 5 TdH 5.

2. (LA&, "Wz ([12])) By, Ba 13 & H1C 4 DDOBE % 2 Kl &2 BERYEC I D D 8 Kl & ¢
. Bi=Y_,Ci; B 51,

(i) i=1,21IC/LT, Cij (j=1,2)1FCi; (j=3,4) ICHEAE2 2 TET 3,
(ii) Ci,l M Ci,27 Ci,3 M Ci,4
(iii) B; (i =1,2) DR AIZ node & tacnode DA TH 5,



(iv) By ICBIL TlE, 8 DDErizi 2 2 KIMBDSHAE T 553, By 121 Z D X 9 75 2 Xl
PUITFAEL 720,

ZDEE, (B, Bs) 3 Zariski #TH 3,
(Artal-Bartolo, Carmona-Ruber, Cogolludo-Agustin, Marco-Buzunariz ([4], [5])) 9 ADIE
ft, 11 KDEHED & 7% 5 line arrangement O Zariski %

TR, »EHEMIMEOYINT s, [2]s ZRH LT, conic-arrangement @ Zariski & 73H1%
TEB Lzl
Remark 5 Conic-line arrangements (22 Tl&, M. Amram, M. Friedman, D. Garber, M. Te-
icher and A. M. Uludag IZ X 20%E03% % ([1, 2, 3, 9]). %5 DffESHIE conic-line arrangement @
2B DOIEARTEOMWE I T 2 b D722, Zariski STOFIIZEZ TN K ) TH 5.

6] ICEBWTIBERTWS k912 (BB D LN VDY) Zariski OWZEILTD 2 DDA T v
T0oibERAb:

(I) same combinatorics ZFfF2 TN E D, “@EHE->cME,” #l 21— Example 312H 5 K 9

IR D location ICBH T 2 EW—2F2 kI B, & B, ZHT52 &,

(IT) % (P2, By) %% (P2, Bo) MMIC A 5%\ 2 & &R T,
22T, REO (1) IKowT, #FithFEEfA LY, Thbb, MO Mordell-Weil
FEDHE L L I SR T E 2 RO &RMYEZ V2 FETH S, DT, EDXkHIicLTF

TR 2 RS 2 2 LIS T 2
9, ZOMiDIZU DI RAEMEE o 0 S — PLIEEICHU T k) ZEcEs w32

LITEEHT 2 GEL KL, 1]z nn) .

o My ldxX%d (d X% @ Hirzebruch Hhiii & 3 2%,

o Ag i3 AY = —d Zili7SUIWT, T3 (4) mx BRR A L2 Ri7e 3 (AR RIS W TS,
8] M), (i) AoNT =0 ZWi7zd Xy LD trisection £ T2 (ZDOFHAEDHE, Ag+T
1% Pic(X4) T 2-divisible TH %) .

o 118 =Nl E A+ T THET 2 2RELET 5.

o S — S BEHER RGN & T 5 (BRMERF AN ISV T [10) 2D | IRED S p
/NSNS TH D, DU D ‘double cover diagram’ %729 -

St g

f’l lf

Yy e—— S
q

, ¢ X blow-up DEKLTH Y, fIFFEINL 2REETH 2 (f DR T IZIER



FEOBEDD L, SIFMTO>0%M%3 P LokgHdhim s &% :
o M7 7 AN=%p:S -P IZX, P o5 ERIINLIDTH 3,
o v lX Ag D preimage & L CYIH O ZFFD,

Ay B A IFEDIT S, DYIMICHRAAE 1 A2 =d RO A NA =0 (i =1,2) 27 TdHDET
2.0 (=12 FZNTFNqg kDA (i=12) ORBFNIEHELET S, 22T, UTFOEH
723N TWwaBEL LD

Lo &iIlL, f1(A) Zoo0bli sy TH 2.

2. Sy IXAEMEID blow-down DD B, P2i% 2. IO blow-down DH5HE%E G : Sy — P2 T
£

LRIOFET, [2sh, (i =1,2) Z MW(S) LBV T sk Z 2L TEE 2L L, same
combinatorics % & VI fREHHR B XU By ZHIKY 2 F e LTqo f(sk,), qo f([2]s4,)
(i=1,2), ROGA(S/S)) 2T %2 EZD. 771, AS/S)) 1E f ONIEHRTTH 5.
ARRTIE, 2OT7AT7% d=2I1FHLT, XETD conic-line arrangement 1ZB49 % Zariski

X2 IR 5.

Zariski MFFED Step (I1) 122V T, TN FETOIMX [13, 14, 15] FE, Galois BEAEL 2n
D HEHE Doy, I E 725 X 9 7% P2 D Galois I8 (Do, -#878) ZFHT 5. ST, 20
W5 T ) KEL T D conic-line arrangement (LA T DD TH 3 -

Conic-line arrangement 1
Ci (i=1,2) 13 & bICIEREZ 2 KR, L; (i = 1,2,3,4) FEMRTUTOEMAEZHZTHD
£ 5

(i) Ly & Lo 133 O EREIINICERE D S, C1N Ly ={P, P}, 1N Ly ={P3, P} £ EX.

(i) Co 13 Oy ICHEL 2 2 K {Q1,Q2} THET 20 F 7213 1 R {Q} THT 2, 22T, Hi&z
t ype (a), &% type (b) &5,

(iil) C1NCy DRICE T BHHRE Ly N Ly 25 78\,
(iv) Cold Ly & Lo 12T 2.
(v) L l¥ P & Py %%,
(vi) Ly EIZ P, & P, %2785,
(vii) Lz & Ly (3312 Oy EBEWIINICRZ D B

By :=Ci+Co+Li+Ly+ L3, By:=C1+Co+ L1+ Lo+ Ly £EBL, §5&, By & Byl

same combinatorics & HFD.



e\ > T Conic-line arrangement 2 I 2WCEEHHT %4, Z?D conic-line arrangement |3 Conic-line
arrangement 1 DIEME L1 & Ly Z IR 7% 2 RIMFRICE SR 72 b DTH 5,

Conic-line arrangement 2

C1, 0y, O3 1 F T XCTIERFR 72 2 KRR, Ly 13 Lo XEMRTUTOEGZiT-THDETS ¢
(i) O & Oy IZFEMIINICRZ DS, CyNCy = {Py, Py, P3, Py} LEX.
(i) Cs 1 Oy KUK Oy ICHEETORMBAMIINC 752 X9 2T 2. MBS O & Oy
DHEZ5E, DITO3EYDOENDLIRE TR ELTI W
(a) C3NCL ={Q1,Q2},C3NCy = {Q3,Qu4}.
(b) C3NCy ={Q1},C3NCy = {Q2,Q3}.
(C) 03 M Cl = {Ql},C;J, N CQ = {Qg}
(iii) 7% Qi ICHBIT2EHRIE Cy + Cy D 2 HEHR (bitangent line) T,

(IV) thiPlkP;;’a”: Z)

W5,
(V) Ly i3 P & P, %235,
(vi) Ly O Ly 312 C3 EBEWINIZ D 2.

B, =Ci+Cy+Cs+ Ly, By:=C1+Co+Cg+ Ly L EL. By & By l¥ same combinatorics
zH.

Conic-line arrangement 1 of type (a)



Conic-line arrangement 2 of type (a)

Z 2T, WRINCEZ s AREMINN L Z2 D) 20Uz FH L T T D oD%
liti72 9" conic-line arrangement DX DFIZ 5.2 5. K h —fZD statement EEHDFEA I D W T
X [16] 22 iz,

Theorem 6 (i) conic-line arrangement DX (B, Ba) T, (4) B; (i = 1,2) |& Conic-line
arrangement 1 TihX7z combinatorics % b2, (1) (By, Be) 1% Zariski X TH %, Ziifir:
THDDPIHET 5.

(ii) conic-line arrangement DX} (B, Bs) T, (£) B; (i = 1,2) I& Conic-line arrangement 2
TibR7z combinatorics % b, (B) (By, Be) & Zariski S TbH %, ZHilzT b DIVHELE
ERR

1 BB

Example 1.1 [T, X, Z] \& P? ORRERE (t,2) := (T/Z,X/Z) (% Z = 0 ZHWIURER & B\
EZDP? DIFFREREE T D, UTDOX) 2 R C, & 4 DDEM Ly, Loy, Ly, Ly ZFHZ 5

Olil'—t2:0, Li:x—3t+2=0, Lo:x+3t+2=0,
Ly:x—t—2=0, Ly:xz—1=0.

CiN(LyULy) = {[£1,1,1],[+2,4,1]} TH 2 Z LIXHEETS. Q1 = C1+ L1 + Ly EBE,
2 =10,1,0] £BL. S 1F QO THET 2 P2 D 2RWHEE T 2, 2, ZBBHEMD R LIE S
PR O AL, Z2HISE T, S| ORREZMEL, S 512 A, 1 D base point 2
T2 LM 0. 10 S = P 225, ZOHABEMHEINIE Weierstrass /7220

Sy:y? = (x—t*)(x—3t+2)(x + 3t +2).

THZoN MM TH %,



COBREDD E, Sy OYIWT s7 (i =3,4) ZLUFD X 5 IESR
st, = (t+2,22V2(t = 2)(t + 1)) 7, = (L, £3(t +1)(t - 1)).
Sy DR T 74 N—% C(t) Lo E 2T, KM Lo 2 & 5% 38T 2 &,

2]s, = (§¢°, 55tV2(9¢° = 16)), [2]sf, = (£ + 1, 5t° = §)

2%, 22T,
Co:ix—312=0, Ch:x—1?—1=0.

EBL. Q1+ Cy+ Ly & Q) + Oy + Ly 1L BHIT Conic-line arrangement 1 of type (a) D
combinatorics Z b2, £7, Q1+Ci+ L3 & Q14+Ch+ Ly 1F & HITE HIT Conic-line arrangement
1 of type (b) D combinatorics % & .

p 3EHRE, Doy 3B 2p O HIAREL T4, ZDLEE, [16] £,

e Q1 +Cy+ Ly (resp. O + Cé + L4) Wi T3 % P2 o sz-?ﬁ%“é, 9, -T2
I, Cy+ Ly (resp. Cy+ Ly) ICIR-> T p BICTIET 25 DHAET 5.

¢ Q1 +Cy+ Ly (vesp. Q1 +Ch+ L3) > THUET 2 P2 D Do #5HT, QITIh> T2
HIZHE, Oy + Ly (vesp. Cf + L3) 123> T p BEICTIET 2 b DITFALEL 720,

DMED. WIT, (Q1+Co+ L3, Q1 + Co+ Ly), (Q1+Ch+ L3, Q1 + Ch+ Ly) 13 & HIT Zariski
e,

Example 1.2 JEFIZBIT 25055 12 Example 1.1 Db D % #E7 2,
Conic-line arrangement 2 of type (a).

UTFOEENGHATEGA 602 2 ]Ik C1,Cy E1ER L, Ly 25X 5 -

Cr:z—t2+2=0, Cy:2?>-20+t2—-4=0,
Li:xz—1t=0, Lo:x—3t+4=0.

C1NCy = {[*2,2,1],[+1,-1,1]} TH S LIHERET S, Qs =C; +Cs, 2, =1[0,1,0] £&X.
Example 1.1 L [ABR, S) % Qp THIET 2 P2 D 2 R L T, 2, B EMDO LY 2L Id
Sy FICHEE 1 OMFRR A, o 25 ST, S DRREZMHL, 51T A,, 2 D base point %
il 2 BRI o, 0 : Sy — P! 2135, ZOGHAEH RN IZ Weierstrass 72

y? = (z —t* +2) (2% — 2z + t* — 4).
THZONBIEMMIETH 2, ZOREDDS & Sy OYIWT sT (i =1,2) ZRLTD X 5 IS
st, = (tEV=2(t+1)(t—2)), s7, = (3t —4,£/=10(t — 1)(t — 2)).
T % &, Example 1.1 L FHBRICL T,

257 = (517 — 2, —3V/=2t(t> — 4)), [2s], = (§5t° — 2, — 705 V—10t(£* + 20)).



5, 22T,
Cy:x—3t2+2=0, Ci:a—15t2+2=0

&. 31:5 < . Q2+03+L1, QQ +03 —I—LQ, Q2+Cé+L1, Q2+Cé+L2 Li'ﬁ"*"( Conic-line arrangement
2 of type (a) @ combinatorics Z %2, Example 1.1 &[FERIC LT, [16] £ D,

o Qy+Cs+ Ly (vesp. Qu+Clh+ Ly) ICihoTHIET 3 P2 @ Doy WHT, Q) IHI>T 2
HICHTIE, Cs+ Ly (resp. C4 + Ly) S>> T p EICHUET 2 b ODHAET 5.

[ ] QQ + 03 + L2 (resp. QQ + Cé + Ll) CC‘I’H\’) ’Céj\ﬂlj'iﬂ‘% PQ D D2p-*ﬁ%f‘, QQ ﬂ:‘zﬁ\’)f 2
BT, O3+ Ly (vesp. C% + Ly) 12> T p EIZHIKT 2 S DIFFFAEL 720,

DIE &C:, (Q2+03+L1,QQ+03+L2), (Q2+Cé+L1,Q2+Cé+L2) 1Z & HIC Zariski
PRI

Conic-line arrangement 2 of type (b).

Conic-line arrangement 2 of type (a) TH& Z 7MiMl ., 2 : So — P! &£ D EFDELSTTEA
THAONDIEM Ly, Ly 25 Z 5.

Llil'—t:O, L21‘+1:0
Ly P OEE % Sy DU %
st, = (=1, =V=1(t — 1)(t + 1)).

EkL. 93¢,

25}, = <t2 - 117, gﬁ(zxzt? — 19)) .

25, 22T, .

OgIIE—tz—FZ:O.
EBEL. T5E, 2R Cs 13 CLIZIF 1T, Cu Q3R L 2 2 H8THET LI L2005,
03 & Lz (’L = 1,2) @ﬁbb’a’:%i%& Q2+C3+L1 & Q2+03—|—L2 Ci}:%ﬂ: Conic-line

arrangement 2 of type (b) D combinatorics Z b2, I 51, TNETEFRIZLT, [16] £ D,

o QZ + 03 + L2 c:?{II\O Téj\mivg_% ]Pz D sz—*ﬁ%T‘, Q2 L:?{:}‘OT 2 ﬁ&iﬁﬂl}i, 03 + L2 el
o TpHEICTET 2 DVHIET 5.

o Q)+ C3+ Ly Ik > THMET 2 P2 D Do) T, Qo ITir> T 2HIZITIE, Cs5+ Ly 12
B> TpHEICTILT 2 DIFFAEL 25\,

DMED . HWUZ, (Qo+ C3+ Ly, Qs+ Cs + La), (3 Zariski W &4 5,



Conic-line arrangement 2 of type (c).

DTogE#RGBEATEZoN5 2RI C,Cy E1EXR L1, Ly 5725

Clzw—tz—i—%:o, Co:a?—xz+12=0,
Lio=d LR (Ta—e)ot i} (VT +e) -0,

EL, ci=V2+2V2,co=V-2+2V2 LT 3%, ZDLE,

C1NCy= {[j:\/—l/Z—i— 1/v2,1/V2, 1} , [i\/—l/Q —1/v2,-1/V2, 1} }

Thb. Q3=C1+Cy L, 2,=[0,1,00 £BL. INFTOH RIS, Oz lih>THlET
%P2 D 2RWHE LT 2, ZEBEFRDRY VDG NS 1 OMFRHROMEIE S ZBREL T,
ARG @, 3 : S3 — P 2132, Z ORI IE Weierstrass Rz

y? = (w—tQ—;> (2 —z +1°).
THZLNE TS, 22T, L, Ly »6EE 5 S OYIWi%
s = (1 i—”_l(—%? —1+ x@)) :

V2T 2
kL. 93¢,
1
+ 2 42
[2]3L1—(t,\/ 2t>
=35, 2T,
Cg:a:—tZ:O

EBL, ZDLE, O3+ C3+ Ly KW Q3 + C3 + Ly 13H£1Z Conic-line arrangement 2 of type
(¢) @ combinatorics ZFf>, I 51T, INETEFHEL X HIT[16] £ D,

e Q3+ C3+ Ly > THIET 2 P2 D Do BT, Qo ICHY> T2 HITHME, C3+ Lo I
o T p HICHTIT 2 DDIAHET 5.

o Q5+ C3+ Lo 1Ty > THILT 2 P2 D Dy T, Qo 1> T 2HITHUE, Cs3+4 Ly IT
B> TpEICHTIET 2 DIFAEAEL 2\,

DMED . BT, (Qa+ C5+ Ly, Qs + Cs + Lo) 13 Zariski K & 7% %,
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Duality with
expanding maps and shrinking maps, and

its applications to Gauss maps

aI A (FRREET)

1 Introduction

(RO RBEAE EOFH LA X c PN IZG LT, AV 25y %

y:X --»G(dimX,PY): x — T, X

ICEVEETD. 270, T X FIERES xe X /T2 PN HOBAAEEM %2 KT,
=, —MRICAEHEER f: X - Y WO TH D & 1d, KX)/K(f(X) Dot Thd Z &

B0 ARTI, FIZHIAER y WOBRHTHIGEIIDOWVTHERL DB AT Y A
BARD T 7 A )N—F3 M | R EOFERIZOWTIEST 5. B E, AR TS 2 &R I3 H
X [Furl?h] iIZTHRLNZEDTH Y, iEim D I LR LFHMAR LI OV TIEENEZSRI N
720,

FUDI, BEHFICS W TIEIREEREOBREL LN 245D, TTRTOHES
PRAK X AT UERS X = X BT 2] EWHO HENy 2fRS ECEHTH D ((LEE
BT CX)=CX*) MRILT DL EHRNTHD LERT D; il 8 IZTHIE T D).
—HCEBEBIZEWTIE, 28 2 X DN AGEENFEITH > TE, X OFRMEIXSAL
UZR\WHIDMELE T 5 (FF [Ka03a] - i [Fuk06h] D& K12 & %, Kleiman-Piene O ED &
EMfRER e UTHIGNT WD), T I T, KFETIEEREC» DD E DL UT AEEEHT
Dy DFAED 7212, expanding map B & U shrinking map &\ S BRIZEH U 72 GEMIE
§B THIR). 2 NS DB E FHWTHE LN ERER (@HD » 58N EDO L DMLATF
DEMTH5:

IR 1 ([Furl2h, Thm. 1.1]). S EHE X cPN OH D A y RO THD LTS, 2
DEEyD—E7 71 3— (DEAA) X PN NORBESHRIEL 2D RHTER L 25).



T, XcPN 2L BATIIRNE 5. ZOK, X BWIFERLLIEy XARF L 2D
HAHSNTWD (Zak [2,1,2.8. Corl]). ZTOHFELEH 1L 2HOEDLUTORE2ES:

% 2 ([Furl?h, Cor. 3.7]). $HL K X WIERERR 5L, S HE AT 7 A B4 y IINBE L
5.

BT ZINTIE, 2Dy ONAEMEIX TR OHEAAZEMIZME—DERTOA X LT D)
ZEeEFERL TN,

BEECBWTIE, EBRD THY ABEO 7 7 1 /N— OB ] I3 S N
7-AERTH Y (Griffiths-Harris [GH, (2.10)], Zak [, 1, 2.3. Thm.]), §#(Z, Kleiman-Piene
MEKIZE D FHIRMEEZ S HWZEEHRH 72 2 5N TV 72 ([KPYT, pp. 108-109]). & 72—/ T,
EEBIZBNTIE, y BIESBERN G EIZTO—T 7 1 N =238 & 72 6 R AE
9 % (k5 [Ka86] [Kag9], Rathmann [R87], B[ [NOT], ZEE# [Fuk05] [Fukoba] D4 KIZ & 3).
ZDZEeNns, [HREAT Y AEHITH U T8 7 714 N —ORBEIMIXRLT 27 ?] &
WD REAMRE X N7z (Kao3h) A2 Y. EFL I &Y ZoMEITEEWIZHENI N2 e &
AN

PAFTl, §2 12 T expanding map - shrinking map DE# % L, ThdH 2 HNTH
5D EAERIZOWTHREHT S, DT, SBIZT, EFHAONBIZH /-2 EFERO —HHIZD
W Z BT <.

2 Expanding maps and shrinking maps
21 T

CITREFEOEHERDEE % 5 A TWPL. &5, shrinking map &, & & & L M=
T® [Gauss image DR D] %475 72612, Landsberg & Piontkowski & D4 K12 &
DMSLIZBEAINAZEDTH > 72 ([0, p. 93] DFLBIZ LD & 1996 FHD Z & & 742 5; [FP,
2471 12DV TEZM). X 5ITAWISE T, expanding map & U T shrinking map & A
Zh722EDEEHE L. ZNIFERTAIRIZH I AGHRO B ZD2HLDTHS.

E#E3. 77 A VERRIRDIES % BEIK Z < Gim,PN) IZ%} U, expanding map y: & --»
Gm™,PN) UL TR ORRIZERIND momT lE msm™ 28K TH D).

EUOIZ, 6m,PY) IZH U Lgppyy B LT Fpupyy 1CEY, TDO OB m+1 D
universal quotient bundle & F#{ N — m @ universal subbundle ¥ % &9 (Z Z T, 0 —
Fempyy) — H®N,01) ® O, pry = Lompny — 0 B2 ERFIDNHEALT 2). 72, 2y 1=



Lompyyla (C &Y X LD universal quotient bundle % £HO9 Z £IZT D (AT, S B E
LRBRICEERT D). I C, HOMERBER ¢ 2 5REH

(/N ygsm - %Om(ﬂom(yggsm,ggjsm),ggsrn) - %Om(ngsm,Q%sm)
CEVEDD. 2L, ~HEHDOERIE 2902, — 0 ODRN» 6, Z&HKHDE A

Tg{sm — TG(m,[P’N)l&"S’" = %Om(y%sm,.g%sm) 73’ 6%73)7}@7':% @TZF)% 1)5 f, *ﬂ%ﬁ m+
(m<sm*<N) %, B xeX IZHL

dim(kerg ® k(x)) = N-m*
72T EDE UTHD. §5 &, HhOMER X cX PENT, kerglg- IFFEH N-m* D

HOPN,6(1)®Cq- ~ H(PN,0(1))Y ® G4 D subbundle & 2% (Z ZTPN:=G(N-1,PV)
IFR TR 2 £T). 2T kY, VT A VERRIRDOE RN S,

Y =Yaiempy) i X7 — G(m*,PY)
BREFEM/ON, ZN%E X D expanding map EIERZ L &F 5.

E 4. X < PY = 600,PY) 2% U T, expanding map y = yypv & H U A E K
X --» 6dim(X),PM) L= T 3. LESDE, LOEHEDBEDE LT, Fpn = QL (D) 2
D ey =0pn(1) TH Y, WIZ @ FARBEREL QL (DIx — QD) I—HT . 20D
z <‘:7336%%'ker<p:N;/PN(1) 2155,

EFE 5. WA Y c6(M,PN) 125 U shrinking map o : % --» G(M~,PN) 3L T Dk
WZEZIND MM ZM=M 258 TH?).
JE@ DHERI T B @ % A G4
(O c@gvysm - %Om(%om(gésmyyg;sm);y@\;sm) - JbﬂOWl(T@/S”l,y@Vsm)

EUTREDD. 2720 —FHDOE/RIZ Tysm — TG(M,IPN)lg’Jsm :Jfom(stm,y@Vm) NP
ENNDZEDTHD. ZZTEHM (-1sM <M) %,*ﬁ&,ﬁye@ XU

dimker®® k(y)) =M +1

22T EDELUTHS. §58, HIHEA Y cH I U, ker®|go IEBEH M- +1 D
HOYPN,6(1))Y ® Gy D subbundle & & 1),

o= U@//G(M,[FDN) :@O i G(M_,H:DN)

55 %FET D, Zhdshrinking map LIFIEND ED L85,



¥6. ZcGm,PY) Iz LT, FA—H G6m,PN)=G(N-—m-1,PN) D FTxEIEd 5 %Rk
X cG(N-m—-1,PM) 12X VKT, ZOW, Yo /50mpn & shrinking map

% + ~N
O 16(N-m-1,5N) - X~ G(N-—m" —1,P7)

EGemT,PVY=GIN-m*—1,PN) D FCR—HTBZI N TXS. [@AREIZLT, Oy ey
% expanding map ¥z q v_y_1 pvy AT DI ENTED.

22 EH#EER

W Z kA Y < G(M,PN) (2% U, shrinking map o : & --» G(my, PY) 2 Hl 5. £ 90D
BRlZ, Mymo & M=2mg B2 THD mg:=M 2BL). £/, X 12&Y) o) c
G(my,PN) DB % K U, Ug, <« Zo x PN 12k D 2y ED universal family % £7. & 7z,
mo:Ugy — PN 2 ZD4HE LT, X T

0" Ug, cW xpN
% Ugy, Do D RTOIRUDHE L UTED, 0*m9:0*Ugy — PN IZ& Y ZTOHHE L

FT.IZETDo o mg POWERIZ Y ODAIKEFETE 23R L THL.
DEIZXcPNIZHL

['(X):={(TxX,x) € G(M,PN)xPN | x € XM}
&Y A AREZER] & T DD incidence variety # X4 2 L LT 5.

FIF 7 ([Furl2h, Thm. 3.1]). BB N,M (0 < M < N) 122\ T, M RICH LA X <« PN
OSSR Y cGM,PN) L 2B, £ 0B ER FOREIZHEDE. COL XPTD
=M EE S R B

(@) HUAGE y=yx: X - GM,PN) X0 BT, TDOK (DFE) & ¥ 1Z—KT 5.

(b) G(M,PN) x PN WIZT T(X) = 0* Uy, DRLT .

(€) 0*my:0* Uy, — PN IE53 823D generically finite T, TDHIE X 12— 5 (B
W BRDORTE M L 7325).

% 8. & (a-c) DWONDWEANLT D T 5. ZORF myg=M—-dim(®) KLU, /-, D



SERIEEWAEIE Ry

U%OH—O>X

|
l | Yx
Y

Zo e, > 9,

Z 2Ty 1& X D expandingmap TH Y, ED & Z AMAH T shrinking map o D5
BeBd. £, MM yeW ITHL, 00 e 1d7 714 N—y () PN OHETHEL N
Y T URE 2 JEN AP

(E9. TALATH TS “(a) = (b)” DMK, EIHATRNR L ZAD THHEKIA Y A B 5D
— 7 7 A N | DR R E L 72 “(0) = (a)” DEh4 d Landsberg & Piontkowski
LDEKIZE D TGaussimage DFRHHDIT ] ODEEBEHTO ML BL5EDT [FTI A
Y ESRRARDE 3 Z BRI DI B T A B DG T H % 72O DFEfESRM) 252 T35,

10, EEOFHATIT “@ > b)) BLT (0 = @) IF—2oHHADENTERETTHO
2IUMTES. LE50H,FEOTHLZIKIZ “(0)=> @) DT To &y &DZE % NN
2L DR D N THIIEEFEZTHENTEE2DTHS.

AFGTIE, “(@) = (b)” DI %R L RGBT OVTR T L. ZDEDITR
#ilz T, D XG4 y & shrinkingmap 0 DA K ooy IZDWTHEL TW L. (EDFEIZD
RNERRIZ“(©)=> @) EFTRTILEEZDIHAEITIL, ¥ % expandingmap & U Cigim L 7z
SR k0. AR CIREFLASARDERIZ L BRNDT, y 20 AGHE UAGEDH
ZZ25.)

3 Gauss maps and shrinking maps

REITIE, M RITCHE LR X PN 2B, TDH Y ABH % v X" — 6(M,PN) &
B ZITIEY cG6M,PY) % y(X) DB UTEDD. ZOH IZDOWTEZIDED



HO2EAL. ITC, 02y THIIRTILIZTDHE, DFDMAEBRLNS:

Yo
Y*QV ——= Hom(AHom(y*2V,y* FV),y* FV) ——= Aom(y* Tysm,y*FV) (1)
x l
Aom(Txsm,y* FV).

: :VC‘, Q = QG(M,PN)’ y = yG(M,PN) @*%L: %‘l{\f:. i f:, \P %)I%E‘ZE‘{% "P . Y*QV Y—’
FVEHL, DWVWT dy & RDOFK tangent

v

-
-

Hom(y*T,y*FV) — Hom(Txsm,y* FV) |

bundle D5 & UTEHEL 7=
dy : Txsm =y T pny = A om(y* 2V, y*.FV).

FE1L AU ARGy BWHHTHD LT DL, HIHES X° BINTRIKALT -
kery*®|x- = ker¥|xe.
EWVSDEZOR, — i xe X IZT M IZH T BHED KA Hom(Tyn¥,#Y 8y(x) —

Aom(Te X, F¥ @y(x) ITHFH L RDE2NETHD.
DEIZOx():=Opn(D]x £ B &, MEBIZDOWTHERR, RO WK ANIE SN 5:

0 0
Ox(-1) Ox(-1)
0—— 72" ——Hg'PN,o0)e0x —71"S" —=0 )
f |
00— Txsm(—1) ———— Tpn(=1)Ix —>y*<§ﬂv —0

0 0.

(BB, y* LV & Axpn (U, £/2y* 2 1E—RD Ox (1) D principal parts 92}1((@’)((1))
WZ—H92%) 2ITE 2 ZIDOHADMDIFIZHEDONDEOH LT H. I THIX KD



B dy(-1)oé 2185
* dy(- *
dy(-1)o&:y" 2V L Tyom(=1) ol Y Topmn (=Dlx.
F 12, HxeX 2OV ZIDFHDOHDKED v* 2V o k(x) c HOPN,001)Y 138 &
BT X PN IZRIET 2. 72 2 DRI DMED R IZ XY, ker(§) @ k(x) cy* 2V ® k(x) I
—RILDNT NVZERE R, IHIZTOHEAIE xe T, X ITHETE2I L& R5,

UEDHEEDE L Y & dy(-1)of LOMDFA %2R ENTES, LV IEMIZIK:
EHE 13, HIOFHES X c X IZDWTRIKANLT D!

ker¥|xo =kerdy(—1)o¢|xe.

2, G X° x PN N TOSEALIINAIRES Axe = {(x,0) e X°xPN |xe X°} 2 & A
TW5,

F14. (Z20: 2V ZN) 2 PN OFREE L T 5. 20k SEEKFIES G° c 6(M,PY)
% PN O M RITHBIE 22T (N - M — 1) ROk 2B/ (20 =... = ZzZM =0) & b
LERVWEDEKEBL. BB, Zy,..., ZIN &2 T Z0 ., ZN O EEE2HShbT I L &
DL, RiLZ2IEZDD720DZ, LFORRIZ G Dtk x5 2T <.

Qlge BL AV 136G ETIREBEE45. 22T, q" X HOPN,60(1)) 90 -2 DL
LTOZOBEL, s 1 H@N,01))Ve0 - FY DELTD Z; DL, I 51T, 57
DONRY NVZERZ LR TEDS:

M . N
Q:=PK-q' and S":= P K-s;.
i=0 j=M+1

1, 9|6 =Q00c BLU Flge =SV 00 B2FEAZHELND.

Zhk
X T, 22 TUTOERRFET %2155

G° =Hom(Q",8): y — 2 al-q'esj, (3)
0<isM,M+1<j<sN
22T M RFEAREL Y72 y € GIM,PN) 1D ED (M +1) x (N+ 1) {15 DN MLT
RoNdEDELBR>TND:

1 0 0 a(l)‘“l a(])\’
0 1 0 a*! al’
R E LR AL R ERRERES .
0 0 1 Ay Ay



DFEAA. MR xoe X 22V, ROEXZREEX ARSI TH S:
ker¥ ® k(x,) =ker(dy(-1)o¢) ® k(x,). (4)
AR IR ZBEBEIC DI THE 2D, XU OB K2 T y(x) € GM,PN) Dtk % 5 2 %

(cf. [EK(O?Z, Proof of Proposition]). XIZZNZHAWT Y 2 £ L, I HIT W & dy(-1)oé
EWNFE—FHIND L ERD.

ESfE 1. PN opEfE (20 2 ... ZNy o &I ko T,

Xo=(1:0:---:0), Ty X=ZM'1=...22zN=0)

ERDBRIZTE. XS ADHAA X PN 2 x, DEDY TUUTFORRIZIST A —& —
DIFINTWD LEFETTS:

(:zhee: g™ pMAL L PN, (5)

22T z,...,Z2M X IERIEATER Ox x @ system of regular parameters T V), fMF1 N
ZIEHIBCH S . Bl ZHEANY MVEAT v LT, 2D L TROITH%155:

v 1 1 ... M fM+1 fN
V1 o1 - 0 1\1/1+1 . N
— z z

)
M+1 N
v 0 O 1 M M

::’C“fzje = 0f110z° D& DTN 2. X T xp ICAMEVA x€ X IZDWT, HAARBEZ
M T X 1A v(x), v (%), 1M (X) ePN IZE VERENT VWD HIZRD. v D Y28 v %
FIEEL TROIFH %155

1 0o - 0 fM+1_ZeZe Z]\e/H_l fN_ZeZe ZIX
0 1 0 Z"f” Zl}f

. (6)
00 1 Zf‘ffl ZI};

INEDMERT MUK, BEE T X 2Rd 2L 2 5.
FE1d oIz G 2B . T2 B EMB EIZEY, x, ITEVH x€ X I2DVWT, y(x) €G°
WWUTRTRRIND EEZOLND:

Y (- ¥ Ffowa’esi+ ¥ flm-des). )

M+1<jsN l<esM 1sisM



ERBE 2. Q% 20k(y(xy) IC& Y, /2 S% Fok(yx,) \2& D H—HT 5. MAIEH
Yy, : QY —Hom(Ty, X,SY) &, MM 2 VT NDOFIHIZ & ) REANGZ 5N, £
Xo=(1:0::0) THBI L& (fI -T2 fl)ow =X,2°f), , THEH I LIZEY, [ &

T, #ME G dy,y: Ty, X — Tyx,)6=Hom(QY,SY) WEAFTH A H6ND L Dn5:

0 : .
0z° 3 Fii %0 4" ®5;. (8)
z 1<i<M,M+1<j<N

& 27T Hom(Hom(Q",SY),SY) - Hom(Tx, X,SY) IR THA LN 5:

Go@s’ ®sy—~0,gi®s/ ®sy—~ Y fl (x0)-dzf®sy (1<i<M).
lsesM 7’

W& QY — Hom(Hom(QY,SY),8Y) & gi — q; ® (¥ s/ ®s)ICEVEZDEDTH>7/2M
5, HRORREIGH Py, : Q¥ — Hom(Ty, X, SV) IZLA R THALND L D05
Go— 0, i — Y fzji’ze(xo) cdz°®s; (1<i<M). 9)
1<e<M,M+1<j<N
XT &, QY= T, X 13 E, (go) =0 B LV &, (ge) =0/0z° A <e< M), I2&V EA BN
D THIER dy,yoly, & ¥y, LB S IOM@MICEYFA—-HUTED. Kizzhbsd
kernel IZ—E 422 e BN EXM@MOELEHFOND.
7, F14 &Y, B xe X IZDWT kerdyyoéy % PN RIZEELZE DX x %
BLI L85, £oT X xPN DU LK L 2D kerdy(—1) o &|xo DEHALIZN fAfR
£E Axe 2 ET. O

D (a) = (b) DA, HALHA Y cGM,PN) % y(X) DB L LTHELNDE
DEEE, 0: % -+ Xy G(mg,PV) 12L&V ZD shrinkingmap 2% 9. 22T, H5HES
X°c X IZDWTC, y* 0" Ugylxe D ker(y* @) xe DHHALTRONG ZEITHERTS. I T,y
DB 7R O T, FE LN IR AR 72 BRI kery* ®|xe =kerW|xe & 745, I HIZERL13 12 K viE
kery*®|x- =ker(dy(—1)o¢&)|xe
BEALT DI L eBd. TIT, 37U BEMED 5410 bundle DFEEIE M —-dim® +1
BB enND. 5T, FXNmy=M-dim% 28 5hNd. X5, DI
BARIZZ DD, Y 0" Ugylxe WNARES Axe ZAL I 2285, THIFFEATX) =
0" Ug, 28 0508, F0UERBRTX) co* Uy, BWEALL, DWT, GILDRILH
dim% + my=M ORIZEEINEZNETH S. O



ER U (@) = (b) DRRSZIZ & D, B D ABEED— %7 7 A 7N — DFR BV HSEERA X
Nd:

DEEER. 0*Ugy =¥ O—&T7 7 1 /N—=F, (ye¥) 1IN U, TDH 0" no(F)) 1& my
KICOMIL A 0(y) cPN IZ—BT 2. 22Ty DDA DS, (b) I2& Y T(X) = 0% Uy,
2R, U TNTOXA AL 2 5.

T(X) o* Uy,
e
X - T >,
B2, o* o WNAHEBEETH > T, S ye ¥ 12 Ly L(y) = X" no(y) 2155. O

4 B

AEtE AHEEG £ X --» Y D0 EER (separable) Td 2 & IR DILK K(X)/K(f(X) »3
DEERIICERINT VWD Z L &2 F 5. ThIUE, Zariski #EM D HW7Z DR G d, f
TeX = Tr f(X) B—m xe X TRRTH D Z L LAMETH 5. GELGH f D HEKT
BN X, fIZIEDBED (inseparable) TH 2 & 5 5. IEEHIZEWTIE, 7 AGHIZIES
g & 2 2 % (Wallace [WhA)).

L AT, A ARG y BT H D5, HDWVIXESEATH D0, LWnWd 2L X
DE DHEMFLIMEEIZKRESHETDILEAOND. IEFH L y OWFFE L LTI, SO T
WRARTZIERPIE T 7 A IN—DWZEIT, 7z, HIOMBEDE D & U TREEED 7 A G4
%% [FK10], [FEK], [Furl2a] 2 E»d 5.

BREME WHEERE X PV IS LUTPYIck) PY OBFHEAROES GIN-1,N) & &
LHT. ZZTUT2ERT S:

CX):={(x,H) e XM x PN | T, X <c H} (conormal variety),
7:C(X)— pN (conormal map),
X*:=1(C(X)) < BN (X DR L FRAR).

22T, X BN (reflexive) TH 2 £ 13, PxPN =P xPN OF—#HDE & T C(X) = C(X*)
CRBIETEETD. FHI, X PHIFHNTHNIX X =X DT eEb0b. £/7,
ROZEDHSENTWS: (X DHRFKTHLZ L L, 1 WO THDZ L LIZFEETH



% ] (Monge-Segre-Wallace criterion). (2, HE¥(Z T dHIEL T DO E LRI HIZN T
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The graded rings associated to cusp singularities

Masanori Ishida
Mathematical Institute, Tohoku University

Introduction

In 1983, Tsuchihashi [T] constructed an isolated singularity called a cusp singularity
from a pair of an open cone and a discrete group acting on it, which is a generalization
of the Hilbert modular cusp singularities. By the construction, Tsuchihashi’s cusp
singularity is described by the fan decomposing the open cone. Although the cusp does
not depend on the choice of the fan, it describes a desingularlization of the singularity.
Furthermore, some important invariants are calculated by the fan.

In this note, we will show the possibility of using computer for analyzing cusp
singularities by introducing the method of Grébner basis. Since the completed local
ring of a cusp singularity is a subring of the completion of a semigroup ring, it is
possible to define the leading monomials of the elements if we fix a monomial order
on the semigroup. However, we have difficulties since the semigroup consisting of the
leading monomials is not finitely generated in general. This indicates that monomial
orders are too strong for our purpose.

In most of monomial orders, the grading is the first step of the ordering. We will
show that the grading of the semigroup ring gives a filtration of the local ring, and
the associated graded ring is finitely generated. Using this result, we can show that
the local ring is Noetherian over a general field. In the last section, we will give some
remarks on the local ring related to the theory of Grobner basis.

1 Subrings of a semigroup ring

Let N be a free Z-module of rank r > 0. The dual Z-module Homz(N,Z) is denoted
by M. We set Ng = N ®z R and Mr = M ®z R. N and M are contained in Ng and
MR, respectively, as lattices. The natural pairing (,) : M x N — Z is extended to
the perfect pairing ( , ) : Mr X Nr — R of R-vector spaces.

A subset ¢ C Ng is said to be a strongly convex rational polyhedral cone if there
exists a finite subset {uy,...,us} C N with 0 = Rou;+- - -+ Rous and cN(—o) = {0},
where Ry = {c € R ; ¢ > 0}. A strongly convex rational polyhedral cone is denoted
by a greek lowercase character as o, 7, m, and is called simply a cone.

For a cone o, we introduce the following notation. N(o)r = o + (—0) is the
minimal linear subspace of Ng containing 0. We define dim o = dimg N(o)g. We set



N(o) = NN N(o)g and N[o] = N/N(c). We set also Mo|g = o+ = {z € Mg ;
(r,u) =0forall u € o}, M[o] = M N Mo|g and M (o) = M/Mo]. M(c) and N(o)
are mutually dual Z-modules of rank dim o, while M[o] and N[o] are mutually dual
Z-modules of rank r — dimo.

In this section, we fix a cone m C Ngr of dimension r. Then the dual cone

7' ={r e Mg ; (z,u) >0 for all u € 7}

is a strongly convex rational polyhedral cone of dimension r in Mg.

Since 7" is a convex cone, x,y € 7" implies z+y € 7. Hence MN7Y is a semigroup
with the unit 0. Since 7" is strongly convex, 0 is the unique invertible element of the
semigroup. An element m of M N7V is said to be irreducible if there do not exist
my,me € M NxY \ {0} with m = my + ma.

Lemma 1.1 (Gordan) The semigroup M Nz is finitely generated. Namely, M N
7 has only finite irreducible elements and the semigroup is generated by them.

We fix a field k of any characteristic. Lemma 1.1 implies that the semigroup ring

Se=kMna'l= & ke(m)

meMnmV

is a finitely generated k-algebra, where we define e(m)e(m’) = e(m+m/) form,m’ € M
and e(0) = 1. In particular, S, is a Noetherian ring. For each face o of 7, we denote
S(o) = MN7V¥Not and §(0)° = M Nrel. int(rY Not). In particular, S(0) = M NV,
Since S(o) is a subsemigroup of M N7Y, k[S(0)] is a subring of S,. Note that k[S(o)]
is also considered as the residue ring of Sy by the prime ideal @,,cpnn(rv\ot) ke(m).
We denote by F(m) the set of faces of 7.

Lemma 1.2 The semigroup M Nw has a decomposition

Mnr'= J[ S(o)

o€F(m)
as a set. If m € S(0)° and m' € §(7)°, then m +m’ € S(p)° forp=0oNr.

Proof Let m be an element of M N7Y. Then 0 = 7N (m = 0) is a face of 7, where
(m=0) ={u € Ngr; (m,u) = 0}. Then this is the unique face o of 7 such that m is
in the relative interior of 7V Not. If 7 =7N(m' =0), then 1N (m+m' =0)=onN7
since 7 is contained in both (m > 0) and (m’ > 0). This implies p = o N 7. QED

We take a primitive element ng € N Nint 7. Then we can define the grading of S,
by dege(m) = (m,ng) for all m. Note that S, is positively graded and dege(m) =0
if and only if m = 0.

For each face o of 7, we denote by ng(c) the image of ny in N[o]. We define
the category Iso(m, ng) as follows. Each object of Iso(m, ng) is the semigroup S(o) for
o € F(mr) and a morphism is an isomorphism ¢ : M[o] — M]|r] such that ¢(S(0)) =



S(7) and ¢*(ng(7)) = no(c). We denote this morphism also by ¢ : S(o) — S(7). In
particular, all morphisms are isomorphisms, i.e., Iso(m, ng) is a groupoid.

For a subgroupoid H of Iso(m, ng), we consider the following conditions.
(1) For any element S(o) of H, there exists a morphism ¢ : S(0) — S(7) in H which
is not the identity map.
(2) If ¢ : S(01) — S(o9) is in H and it induces a non-identity map ¢’ : S(11) — S(72)
for 7,79 € F(m) with 01 < 71,09 < 72, then ¢’ is in H.

Let H be a subgroupoid of Iso(m, ng) satisfying the conditions (1) and (2).

Clearly, H is decomposed into a finite union of connected components. The di-
mension dim Hy of a connected component is defined as dim Hy = dim ¢ for an object
S(0) € Hy, which is independent of the choice of the object. If dim Hy is minimal
among the connected components of H, then H = H \ Hj is a subgroupoid satisfying
the conditions (1) and (2). Actually the condition (1) is obviously satisfied for H'. The
condition (2) is also satisfied since o; < 7; and 0; # 7; imply dim 7; > dim o; > dim H,,
and hence ¢ is in H'.

We define the vector subspace S;(H) of S; by

Sc(H)={ > ame(m); am = agmm) if ¢ : S(0) — S(7) isin H and m € S(o)} .
meMnNmV
It is checked easily that this is a k-subalgebra.

The H-equivalence X on M N7V is defined by m X! when m = m’ or there exists
¢:8(0) = S(1) € H with m € §(o) and m’ = ¢(m). For m € M NxY, we set

eg(m)= > e(m).

/H
m’~m

Then a basis of S;(H) as a k-vector space is given by
{eg(m) ;me Mnz"/X}.

Theorem 1.3 The ring S, is integral over S, (H), and S;(H) is finitely generated
over k.

Proof We prove that S; is integral over S;(H) by induction on the number of
connected components of H. If H is empty, then S,(H) = S, and the assertion is
trivial.

Assume that H is nonempty and Hj is a connected component of minimal dimen-
sion. Set H' = H \ Hy. Then we have the relation S,(H) C S;(H') C S,. Since S,
is integral over S, (H') by the induction assumption, it suffices to show that S;(H’) is
integral over S;(H).

Sx(H') is generated by

{e(m) ;m € §(0)°,S(0) € Hy}

over S;(H). Take an element e(m) in this set. Let {ms,..., mq} be the H-equivalent
class of m with my = m. If {S(01),...,S8(0.)} is the set of objects of Hy, then e = d/c



(o}

is an integer and each S(0;)° contains e elements of {mq,...,mg}. Let p(t) be the

monic polynomial
(t—e(my)) - (t—e(mq)) = tT +ut™ 4+ +ug 1t +ug.

Then we have the equation p(e(m)) = 0 since m; = m. The coefficient u, is (—1)*
times the elementary symmetric polynomial in e(m;),...,e(my) of degree s for each
1 < s <d. We will show that this symmetric polynomial is an element of S, (H). Let
e(my,)---e(my,) =e(my +---+my,) be a monomial of the symmetric polynomial. If
there exists no §(o;)° which contains all my,, ..., m,,, then m;, +---+m;,, is contained
in S(p)° for p with dimp < dim Hy by Lemma 1.2. In particular, the monomial
e(my, +---+my,) isin S;(H) by the minimality of dim Hy.

On the other hand, the sum f of all monomials such that {my,, ..., m;,} is contained
in S(o;)° for some ¢ is an element of S;(H) since {¢p(my,),...,d(m;,)} has the same
property for any ¢ in Hy when this map is applicable. In order to see this fact more
precisely, let X be the set of subsets of {my,...,my} consisting of s elements and
contained in S(o;)° for some i. We introduce a relation V' ~ V' in X when there
exists ¢ : S(o) — S(7) in Hy such that V' C S(0)°, V' C S(7)° and V' = ¢(V).
This is an equivalence relation since Hy is a groupoid. Let {Xi,...,X,} be the set
of equivalence classes of X. Take an arbitrary class X,. Then for each o0;, we set
Xi={V e X,;V CS8(0;)°} and define an element

VGXLN;

where e(V) = e(X,,cy m). Then we have ¢(f,;) = f,; if ¢ : S(o;) — S(o;) is in H,,
where we denote also by ¢ the isomorphism k[S(0;)] — k[S(0;)] induced by ¢. This
implies that f, = f,1+- -+ f,c is an element of S;(H). Hence the sum f = fi+---+f,
is also in S, (H).

Thus we know that u, is an element of S, (H). Since p(e(m)) = 0, e(m) is integral
over S;(H). Hence S;(H') is integral over S, (H).

Since we proved that S, is integral over S;(H), the finite generation of S;(H)
follows from that of S, (see, for example, [AM, Proposition 7.8]). QED

2 Associated graded rings of cusp singularities

Assume r > 2. Let C be a strongly convex open cone of Ng and I' a subgroup of GL(N)
acting effectively on C. The quotient D = C//R has a structure of (r —1)-dimensional
topological manifold. We assume the action of I' on D is properly discontinuous and
the quotient D/I" is compact. It is known that there exists a [-invariant fan ¥ of Ng
such that ¥ is locally finite at each point of C, the support |¥| is equal to C'U {0},
the stabilizer I'; = {y € I' ; y(0) = o} is finite for every o € ¥\ {0} and the quotient
(3\ {0})/T is finite. The action of I on D is free if and only if I acts on X\ {0} freely.
In this case, the pair (C,T") defines a Tsuchihashi cusp singularity [T].



Lemma 2.1 There exists a fan % with the following additional property. The sta-
bilizer ', acts on the cone o trivially for every o € ¥\ {0}.

Proof For any [-invariant fan, its barycentric subdivision satisfies this condition.
QED

Let C* C Mg be the interior of the dual cone of C. For ny € N N C, we define
©*(ng) = {x € Mg ; (z,7(ng)) > 1 forall y € I'} .

The faces of ©*(ng) form a cell complex consisting of infinite number of (r — 1)-
dimensional bounded polytopes and their faces. The base space of the cell complex is
the boundary 00*(ng) of ©*(ng). For each 0 < i < r — 1, we denote by K;(00*(ny))
the set of +-dimensional polytopes in the cell complex.

Lemma 2.2 The action of T on K,_1(00*(ng)) is transitive, and there exists ny €
N N C such that the action is principal.

Proof A polytope P in K,_1(00*(ng)) is defined by ©*(ng) N (y(ng) = 1) for an
element v € T, which is equal to v~1(©*(ng) N (ng = 1)). Hence the action is transitive.
Since the action of I on C'is effective, the stabilizer is trivial for a point in a non-empty
open cone in C'. An element ny € N N C on a rational line intersecting it makes the
action principal. QED

We fix a primitive ng in N N C. Then Py, = ©*(ng) N (ng = 1) is an (r — 1)-
dimensional face of ©*(ny). Since RoFy is a maximal dimensional strongly convex
rational polyhedral cone, there exists a cone 7 C Ng such that 7¥ = RgFy. Since
¥ C C* and C is open, we have C' C int7 U {0}. For each o € F(7), we denote
o* = ¥ Not. Note that o* is a cone contained in C* U {0}. For S = M N ¥, the
subcategory H(I') of Iso(m, ng) is defined as follows. An object of H(I') is S(o) such
that there exist o,7 € F(m) and v € I'\ {1} satisfying v(c*) = 7%, and a morphism is
¢ : M[o| — M][r] induced by v for such o, 7 and 7.

We set U = (M N C*) U {0}. U is a semigroup with the unit 0, and we get the

semigroup ring
KU = @ he(m)
mel

as a subring of the group ring k[M]. Note that U is not finitely generated. Actually,
if U was finitely generated, it generates a strongly convex closed cone D contained in
C* U {0}. Since C*\ D is a nonempty open cone, it contains a point m in M. This is
a contradiction, since m € U C D. In particular, k[U] is not finitely generated over k.
k[U] has a structure of graded ring by defining dege(m) = (m,ng). Namely, k[U], is
the k-vector space with the basis {e(m) ; m € U, (m,ng) = d}.

Since 77 = RoFy C C*U {0}, Sy = k[M N Y] is a subalgebra of k[U].

Since ng is in the open cone C', the convex set C* N (ng < d) is bounded for every
d > 0, where (ng < d) is the open half space {x € Mg ; (x,n¢) < d}. In particular,
MNC*N(np < d) is a finite set.



For each positive integer d, we define the ideal I, C kU] by
I;=(e(m);mel,(m,ng) >d).

Note that {e(m) ; (m,ng) > d} is a k-basis of the ideal I;. Since the complement
of this set in U is finite, the quotient k[U]/I; is an Artinian ring. We consider the
completion k[[U]] = projlim, k[U]/I;. Tt is easy to see that this k-algebra is written as

the product
= ][ ke(m)

mel
In particular, it does not depend on the choice of ng.
An element of k[[U]] is written as an infinite sum f = 3, s ame(m). The action
of T on k[[]] is defined by
= >_ ame(y(m))

meU

for f € k[[U]] and v € T. Note that (v7')(f) = 7'(v(f)). The ring k[[U]] has an
induced filtration {I;} of ideals, where I, = k[[U]]1; for each d > 0. Note that

Lof1gs1 = Lo/ Tas1 = kU4

Hence the associated graded ring

G(k[U])) = ;é T/ Eun

of k[[]] for this filtration is naturally isomorphic to k[U].
For each f € k[[U]] \ {0}, we denote by L(f) the image of f in I;/I;.; for the
maximal d with f € I; and call it the leading part of f. Note that f — L(f) is in Lt
We consider the invariant subring A = Ek[[U]]". We can show that this is the
completion of the local ring of the cusp singularity when k£ = C and the action of I’
on C is free. The ring A has the filtration defined by I(A)y = fd NAford>0 We
define the associated graded ring B by

@1 Ja/T(A)arr -

Theorem 2.3 B is equal to Sy(H(I")) in k[U]. In particular, B is finitely generated
over k.

Proof Let f = 3,,cyame(m) be an element of I(A)g. If an, # 0, then aym) =
apy 7 0 and (m,y(ng)) = (y(m),ng) > d for every v € I'. This implies m is in dO(ny)
since O(ng) = {x € C* ; (x,7(ng)) > 1 forall v € T'}. If dege(m) = d, then since
dO(ng)N(ng = d) = dFy, e(m) is in k[M N7V]y. Since L(f) is the sum of a,,e(m) with
dege(m) = d, we have L(f) € k(M N7V]g. If ¢ : S(0) — S(7) is in H(T), m € S(0)°
and e(m) € k[S(0)]a, then there exists v € I' such that ¢(m) = ~(m). Since f is



[-invariant and ng(o) = no(7), we have ng(¢(m)) = no(m) = d and ag(m) = an. Hence
L(f)isin S;(H(I")). Thus we know that B is a subring of S, (H(I")).

In order to show B = S(H(I")), it suffices to see that ey(ry(m) is in B for every
m € M Nr”. This is clear since e ry(m) = L(f) for f = X, cr/sim) €(v(m)) € A,
where St(m) is the stabilizer of m and I'/ St(m) is the set of the right cosets. QED

Let k[[x1, . .., zs]] be the power series ring of s variables. The local ring k[[z1, . . ., z4]]
has the filtration {(z1,...,x,)?} defined by the maximal ideal (zy,...,z,). For any
given elements wuq,...,us of I, there exists a continuous k-algebra homomorphism
¢ = kl[z1,...,x5]] — Kk[[U]] such that ¢(z;) = u; for every i. Actually, an element
f € k[[z1,...,x]] is written as

f=fotfit ot

with f; a homogeneous polynomial of degree i for every i. Then f;(uq,...,us) € I; for
every i, and
f[)(ul, ce ,’LLS) —|—f1(u1,. .. ,US) +f2(u1, e ,us) =+

defines an element of k[[U]] which should be ¢(f). If uy,...,us are in the subring A,
the image of ¢ is in A since every finite sum 2% fi(u1, ..., u,) is in A and A is closed
(cf. Proposition 3.2).

It is known that formal power series ring with finite variables over a Noetherian
ring is Noetherian [CC, 18]. We have the following theroem.

Theorem 2.4 (cf. [CC, 18, Théorem 4]) Let {yi,...,ys} be a set of homoge-
neous elements of B which generates B over k. Assume y; € 1(A),/1(A),+1 and
y; 1s represented by u; € I(A);, \ I(A),+1 for each i. Then the homorphism ¢ :
kl[x1,...,xs]] — A defined by uy, ..., us is surjective. In particular, A is a Noetherian
local ring.

Proof Let w be an arbitrary element of A. We define inductively a sequence of
polynomials f; € k[xy,..., x4 such that f;(ui,...,us) € I(A); for every i,

w—{folur, - ug) + frlur, .o ug) + -+ falun, o us)}

is in I(A)g41 for every d and {fo + f1 + --- + fa} is a Cauchy sequence. Assume
fo, ., fa_1 are defined so that they satisfy the first two conditions. Then

g:w—{fo(U1,...,U5)+f1(U1,...,US)+“'+fd_1(U1,...,uS)}

is an element of /(A),;. The image g of g in I(A)g/I(A)4+1 is represented by a linear
combination

e1 e,
S ey ey Yl

€1,...,€5

with coefficients in k, where the summation is taken over ey, ..., e, > 0 satisfying e;l; +

-+« + egly = d. Since this element is represented by fy(uq, ..., us) for the polynomial
fd(xla-“yxs): Z Qey,..., esxil"'wis )



we have

w—{folur,...,us) + fi(ur,...,us) + -+ falug, ..., us)}
= g— falui,...,us) € I(A)gq

By the equality ejly + - - - +e5ls = d, the degree e; + - - - 4 e, of the monomial x7* - - - %
of fyis at least d/ max{ly,...,ls}. This implies that {fo + fi1 + -+ + fa} is a Cauchy
sequence. Hence the infinite sum f = fo+ fi; + - - - defines an element of k[[xy, ..., z]]
and ¢(f) = w. Since w is arbitrary, ¢ is surjective.

Since the power series ring is Noetherian, so is the homomorphism image A. QED

3 Some results related to Grobner basis

We think & has a discrete topology, and the k-algebra k[[U]] = [1,,cy ke(m) has the
product topology. This topology is equal to that of the completion of kU] with respect
to the filtration {I;}.

For a subset E of k[[]], an element x = Y, ame(m) is in the closure of E if
and only if there exists a sequence {y;} of elements of F such that the image of y,
to k[[U]]/1; is equal to that of = for every d. This implies that a vector subspace
V' C k[[U]] is closed if and only if

V= ﬁ(V+Id).

For a vector subspace V' C k[[U]], we denote

oo

L(V) =@V NIi+ Ii)/ I -

d=0

This is a vector subspace of k[U].

Lemma 3.1 Let V3, V4, be vector subspaces of k[[U]] with Vi C V. Assume that Vy
is closed. Then Vi =V, if and only if L(Vy) = L(V3).

Proof It is obvious that L(V}) = L(V5) if V; = V4. Hence it suffices to show that
any element x € V, is in V; if L(V}) = L(V5). For any d > 0, we have

d—1

= > dimp(ViN L+ Lis) /Ly
=0
d—1

= Zdlmk(‘/Q ﬂ[i +Ii+1)/lz'+1
=0

Since (Vi + 14)/1; C (Vo + 14) /14, these vector spaces are equal. Hence z is in Vj + I
for every d. This implies x € V; since V] is closed. QED

The following proposition was used in Section 2.



Proposition 3.2 The ring A C k[[U]] is closed.

Proof Letz =Y, o4 ame(m) be an element of the closure of A. It suffices to show
that x is in A. For m € U and v € T, let d = max{(m,ng), (y(m),ne)} + 1. Since
r € A+ 1y, there exists y € A with z —y € ;. This implies a,, = a(») since the
coefficients of z and y are equal for every e(m’) with (m/,ng) < d. Since m and v are
arbitrary, x is an element of A. QED

Theorem 3.3 Any ideal of A is closed in k[[U]]. In particular, ideals I, 15 of A
with Iy C I are equal if and only if L(1;) = L(I2).

Proof Let I be an ideal of A. We may assume I # A. Since A is a complete
Noetherian local ring by Theorem 2.4, all ideals are closed in I(A);-adic topology by
Artin-Rees’s lemma. Since the induced topology of A is I(A);-admissible, it is equal
to the I(A);-adic topology (see EGA I, Chap. 0, §7). Hence any ideal I of A is closed
in k[[U]]. The second assertion follows from Lemma 3.1 since ideals are closed. QED
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Problem:

For a real number A > 1, find an asymptotic estimate of

log # {(a, b) € Z* | a* + 2b* < X*"}

with respect to n.
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How many lattice points in the ellipse?

32—|—2b2 S )\Qn
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Considering a shrinking map (x,y) — (A7"x, A7 "y),
#{(a,b) € Z% | a* +2b* < N\*"}
- {(a’, b)) e (22" | 3% + 26 < 1} .

We assign a square

—n —n —n )\—n
[a’—Az ,a’+)\2]x[b’—)\ b+ ]

to each element of

{(a’, b) e (zZA")* | 3% + 26 < 1}.
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#0:000000000000:.0“
Nefelels e To o oo o e e o] o[o s]s
X2—|—2y2§1

Z(the volume of each square) ~ the volume of the ellipse
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Thus

#{(a,b) € Z* | a* +2b*> < X"} x (A7")?
~ the volume of {(x,y) € R? | x> +2y? <1} = T
{(x,) | y? <1} 7

Therefore,

log # {(a, b) € Z* | a* + 2b*> < X*"} ~ (2log A)n.
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Let K be a number field (i.e. a finite extension of Q) and let K(C)
be the set of all embeddings K < C. Note that

#(K(C)) = [K : Q] and K(C) is the set of C-valued points of
Spec(K). Let Ok be the ring of integers in K, that is,

Ok = {x € K| x is integral over Z}.
We set X = Spec(Ok). Let Div(X) be the group of divisors on

X, that is,
Div(X) = € z[P].
PeX\{0}

For D =) pap[P], deg(D) is defined by

deg(D) := Z ap log #(0k/P).
P
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6I\V(X) is defined by
Div(X) = Div(X) x {£ € RK©) | &, = & (Vo € K(C))},

where G is the composition of o : K — C and the complex

conjugation C — C. An element of Div(X) is called an
arithmetic divisor on X. For simplicity, an element ¢ € RX(©) s
denoted by > _&s[0]. For example, if we set

(x) = (Z ordp(x)[P], )  —log IU(X)|2[0]>
P o

for x € K*, then (x/\) € I5R/(X) which is called an arithmetic
principal divisor.
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The arithmetic degree deg(D) for D = (D, £) is defined by

deg(D) = deg(D) + 5 3" 6.

—

Note that d/eE((x)) = 0 by the product formula. For

D= (Z np[P], Zg@]) ,
P o

D>0 (d:ef> np>0and & >0 for all P and o

We set

(X, D) = {x € K* | D+ (x) > 0} U {0}.
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Set K = Q(v/—2). Then Ok = Z + Z+/—2 and K(C) = {o1,02}
given by o1(v/—2) = v/—2 and o2(v/-2) :/—\\/—_2. We set

D = (0, log(A\?)[o1] + log(A?)[o2]). Then deg(D) = 2log()\).
Note that, for x = a + by/=2 € Q(v/—2) \ {0},

o~ log(A\2) — log(a% +2b%) > 0
nD + (x) >0 <~ nlog(A”) — log(a” + )2
a,belZ
32—|—2b2§)\2n

a,belZ
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Therefore,

H°(X,nD) = {XE K> | nE-I—(/X\)ZO}U{O}
= {a+bV-2c Z[V-2] | a* +2b> < \?"}.

Thus the previous observation means that

log #H°(X, nD) ~ deg(D)n.
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Theorem (Arithmetic Hilbert-Samuel formula for Spec(Ok))

If deg(D) > 0, then log #H°(nD) = ndeg(D) + O(1). In
particular, if n > 1, then there is x € K> with nD + (x) > 0.
Moreover, lim,_,oo log #H%(nD)/n = deg(D).

Remark

Let ro be the number of complex embeddings K into C and let Dk
be the discriminant of K over Q. If

deg(D) > log((r/2)"\/|Dk]),
then HO(D) # {0}.
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Div(X)r := Div(X) ®z R,
Div(X)r = Div(X)r x {¢ € RK(O) | &, =& (Vo € K(T))},
Kﬁ = (KX7 X) ®z R

For D = (3 p xp[P], €) € Div(X)g, deg(D) is defined by

deg(D) : ZxPlog# Ok/P) +— > &

UEK((C)

For x =x{* -+ x?r € K (x1,...,x € KX, a1,...,a, € R),

—~ —_—

(g =D aix).
For D = (3" p xp[P],€) € Si\V(X)Rv

D>0 &L o >0andé, >0forall Pand o
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Theorem (Dirichlet’s unit theorem)

If deg(D) > 0, then there is x € Ky such that D + (X/\)R > 0.

Remark

The above theorem implies the classical Dirichlet’s unit theorem,
that is, for any & € RX(©) with Y obo =0 and & = &5, there are
X1,...,xr € O and a1, ...,a, € R such that

£ =Y ailog|o(x;)| for all o.
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Indeed, we set D = (0,&). As deg(E) 0, there are x € K such
that D + (x)g > 0. Note that deg(D + (x)g) = 0, so that

D+ (xA)R = (0,0).

On the other hand, we can find xq,...,x, € K* and

> 2
ai,...,ar € R such that x —xll/ --xf’/ and ai,...,a, are

linearly independent over Q. Thus,

i _jaiordp(x;)) =0 forall P
¢o =Y. _qailoglo(x)| forall o

Using the linear independency of a1, ..., a, over Q, we have
ordp(x;) =0 for all P and i. This means that x; € Oy for all i, as
required.

Remark

The above theorem does not hold on an algebraic curve. In this
sense, it is a purely arithmetic problem.
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Let M be an n-equidimensional smooth projective variety over C.
Let Div(M) be the group of Cartier divisors on M and let

Div(M)r := Div(M) ®z R, whose element is called an R-divisor.
Let us fix D € Div(M)gr. We set D = a;D; + - - - + a;D;, where
ai,...,a; € R and D;'s are prime divisors on M.

Let g : M — RU{£o0} be a locally integrable function on M.
We say g is a D-Green function of C*®-type (resp. C°-type) if, for
each point x € M, there are an open neighborhood U, of x, local
equations fi,...,f; of D1,..., D respectively and a C* (resp. C9)
function uy over U such that

I
g = ux + z(—a;) log |f|*> (a.e.)
i=1

over Uy. The above equation is called a local expression of g.
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Let g be a D-Green function of C%type on M. Let
g=u+) (—a)logl|fi>=u' +> (—ai)log|f/|* (ae)

be two local expressions of g. Then, as > (—a;) log |f;/f/|? is
dd®-closed, we have dd(u) = dd®(u") as currents, so that it can
be defined globally. We denote it by ¢;(D, g). Note that c¢1(D, g)
is a closed (1,1)-current on M. If g is of C*>-type, then ci(D, g)
is represented by a C*°-form.
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Let X be a d-dimensional, generically smooth normal projective
arithmetic variety, that is,

© X is projective flat integral scheme over 7Z.
Q If Xg = X Xspec(z) Spec(Q) is the generic fiber of
X — Spec(Z), then Xg is smooth over Q.
© The Krull dimension of X is d, that is, dim Xg = d — 1.
Q X is normal.

Let Div(X) be the group of Cartier divisors on X and

Div(X)r = Div(X) ®z R, whose element is called an R-divisor on
X. For D € Div(X)r, we set D =) . a;D;, where a; € R and
D;'s are reduced and irreducible subschemes of codimension one.
We say D is effective if a; > 0 for all i. Moreover, for

D, E € Div(X)g,

D<E(or E>D) <= E— D is effective
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Let D be an R-divisor on X and let g be a locally integrable
function on X(C). We say a pair D = (D, g) is an arithmetic
R-divisor on X if FX (g) = g (a.e.), where F, : X(C) — X(C) is
the complex conjugation map, i.e. for x € X(C), Foo(x) is given
by the composition Spec(C) = Spec(C) = X. Moreover, we say
D is of C*®-type (resp. C-type) if g is a D-Green function of
C>-type (resp. CO-type). For arithmetic divisors D; = (D1, g1)
and Dy = (D3, g2), we define D; = D, and D; < D to be

52 <~— D; = D and g1 = & (a.e.),

D,
51 <Dy<= D <Dyand g¢g < & (a.e.).

We say D is effective if D > (0,0).
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Let Rat(X) be the field of rational functions on X. For
¢ € Rat(X)™, we set

(¢):=> ordr(¢)l and (¢) = ((¢), —log|¢]?).
I

—~

Note that (¢) is an arithmetic divisor of C*-type
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Let D = (D, g) be an arithmetic R-divisor of C%-type on X.

o Ho(X, D) := {¢ € Rat(X)* | D + (¢) > 0} U {0}. Note that
H°(X, D) is finitely generated Z-module.

o H9(X,D) := {¢ € Rat(X)* | D+ (¢) > (0,0)} U{0}. Note that
HO(X, D) is a finite set.

o (X, D) := log #H°(X, D).

— log #H°(X, nD
e vol(D) := Iim_)sup °8 #nd/(dI’ nD)
n—oo H
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Theorem
0 vol(D) < .

@ (H. Chen) \7&(5) = limp00 Iog#,zo/(jf D)

(8] \7&(35) = ad\a(ﬁ) for a € R>p.

Q (Moriwaki) vol : DIVCO(X)R — R is continuous in the
following sense: Let D1,...,D,,Aq,...,As be arithmetic
R-divisors of C°-type on X. For a compact subset B in R’
and a positive number €, there are positive numbers § and ¢’
such that

vol (Y- aiDi + 3 04+ (0,6)) —vol (> aD)

for all a1,...,a,01,...,0s € R and ¢ € C°(X) with
(317"'731’) S B’ |51‘ + et ‘55| S 5 and ||¢||SUP S 5/'

<e€
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Let C be a reduced and irreducible 1-dimensional closed
subscheme of X. We would like to define deg(ﬁ‘c). It is
characterized by the following properties:

(1) d/eE(5|C) is linear with respect to D.

@ If ¢ € Rat(X)Z, then deg(($)g )=o.

© If C  Supp(D) and C is vertical, then
deg(E!C) = log(p) deg( D| ), where C is contained in the
fiber over a prime p.

Q If C Z Supp(D) and C is horizontal, then
deg(E!C) = deg(B}E), where C is the normalization of C.

Note that C = Spec(Ok) for some number field K.
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e Disbig <= vol(D)>0.

e D is psedo-effective <= D + A is big for any big arithmetic
R-divisor A of C%-type.

e D=(D,g)isnef <=

(1) d/e\g(5|c) > 0 for all reduced and irreducible 1-dimensional
closed subschemes C of X.

@ c1(D, g) is a positive current.
e D =(D,g) is relatively nef <=

(1) d/e\g(5|c) > 0 for all vertical reduced and irreducible
1-dimensional closed subschemes C of X.
@ ci1(D,g) is a positive current.

e D= (D,g) is integrable <= D =P — @ for some nef
arithmetic R-divisors P and Q.
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Theorem (Arithmetic Hilbert-Samuel formula)
(Gillet-Soulé-Abbes-Bouche-Zhang-Moriwaki) If D is nef. then
— —d
— deg(D
_ egé“ )nd 4+ o(nd).

/\_d

In other words, \7&(5) = deg(D").
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Remark

The above theorem suggests that d/e\g(ﬁd) can be defined by
vol(D). Note that

d
diXp--Xg= Y (-1)9#0 (ZX;)

IC{1,...,d} iel

in Z[X1,...,Xq]. Thus, for nef arithmetic R-divisors D1, ..., Dy,
dideg(D1---Dg) = Y (1) #yol (Z 5,) .
IC{1,...,d} icl

In general, for integrable arithmetic R-divisors D1,...,Dq, we can
define deg(D1 - - - Dy) by linearity.

v
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Theorem (Generalized Hodge index theorem)

(Moriwaki) If D is relatively nef, then \7&(5) > d/e\g(ﬁd).

Corollary (The existence of small sections)

(Faltings-Gillet-Soulé-Zhang-Moriwaki) If D is a relatively nef and
deg(D) > 0, then there are n and ¢ € Rat(X)* such that

—

nD + (¢) > 0.
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Corollary (Arithmetic Bogomolov's inequality)

(Miyaoka-Soulé-Moriwaki) We assume d = 2 and X is regular. Let
(E, h) be a C*°-hermitian locally free sheaf on X. If E is
semistable on the generic fiber, then

— = r—1_ —
= (cQ(E> = q(E)z) >0,

where r = rk E.

Let 7 : Y = Proj (@n>0 Sym”(E)) — X and D the tautological
divisor on Y (i.e. Oy(D) = O(1)). Roughly speaking, if we give a
suitable Green function g to D, then (D, g) — (1/r)n*(c1(E)) is
relatively nef and its volume is zero, so that

deg (((D,g) — (1/n)m*(&u(E)))) <0

by the Generalized Hodge index theorem, which gives the above
inequality.




Theorem (Arithmetic Fujita's approximation theorem)

(Chen-Yuan) We assume that D is big. For a given € > 0, there
are a birational morphism v, : Y. — X of generically smooth,
normal projective arithmetic varieties and a nef and big arithmetic
Q-divisor P of C*-type such that v}(D) > P and

vol(P) > vol(D) — e.
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Let S be a non-singular projective surface over an algebraically
closed field. Let D be an effective divisor on S. By virtue of
Bauer, the positive part of the Zariski decomposition of D is
characterized by the greatest element of

{M | M is a nef R-divisor on S and M < D},
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Theorem (Zariski decomposition on arithmetic surfaces)

(Moriwaki) We assume that d = 2 and X is regular. Let D be an
arithmetic R-divisor of C%-type on X such that the set

T(D) = {M | M is a nef arithmetic R-divisor on X and M < D}

is not empty. Then there is a nef arithmetic R-divisor P such that
P gives the greatest element of T (D), that is, P € T(D) and

M < P for all M € T(D). Moreover, if we set N = D — P, then
the following properties hold:

Q@ H°(X,nP) = H°(X,nD) for all n> 0.

vol(D) = vol(P) = deg(P").

deg(P - N) = 0.

If B is an integrable arithmetic R-divisor of CO-type with
(0,0) S B < N, then deg(B") < 0.

© 0O
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For the proof of the property (3), the following characterization of
nef arithmetic R-Cartier is used:

Theorem (Generalized Hodge index theorem on arithmetic surfaces)

(Moriwaki) We assume that d = 2 and D is integrable. If
deg(Dg) > 0, then deg(52) < vol(D). Moreover, we have the
following:

© We assume that deg(Dg) = 0. The equality holds if and only
if there are A € R and ¢ € Rat(X)y such that

@ We assume that deg(Dg) > 0. The equality holds if and only
if D is nef.
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Let X be a d-dimensional, generically smooth normal projective
arithmetic variety and let D be a big arithmetic R-divisor of
CO-type on X. By the above theorem, a decomposition

D = P+ N is called a Zariski decomposition of D if

@ P is a nef arithmetic R-divisor on X.
@ N is an effective arithmetic R-divisor of C%-type on X.

@ vol(D) = vol(P).
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Let P% = PrOj(Z[To, Tl, N Tn]), D = {To = 0} and z; = T,'/To
fori=1,...,n. Let us fix a positive number a. We define a
D-Green function g, of C*°-type on P"(C) and an arithmetic
divisor D, of C>®-type on P7 to be

g, =log(1+ |z1|>+ -+ |z,]?) + log(a) and D, :=(D,g,).
Note that c¢;(D,) is positive. Let
A, = {(Xl,...,x,,) ERL [ X1+ +x < 1}

and let ¥, : A, — R be a function given by

n
20g = —(1—x1——xp) log(l—x1— - —xn) — Y _ xi log x;+log(a).
i=1

We set

O, ={(x1,...,xn) € Ap | Va(x1,...,xn) > 0}.
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a= 0.6

0.8 - -

0.6 —

04 -
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The following properties (1) — (6) hold for D,:
(1) Dy is ample <= a>1.

(2) D, is nef <«— a>1
(3) ?a is big = a> -1
(4) D, is pseudo-effective <«<— a> %
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(5) (Integral formula) The following formulae hold:

\a(ﬁa):(n—l—l)!/ Va(l—x1 — - — Xn, X1, -+, Xp)dX1 - - - dXp
and
d/e\g(EZH):(nJrl)!/ Va(l—x1 — = Xpny X1y« - 5 Xp)dX1 - - dXp.

n

Boucksom and H. Chen generalized the above formulae to a
general situation by using Okounkov bodies.
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(6) (Zariski decomposition for n = 1) We assume n = 1. The
Zariski decomposition of D, exists if and only if a > 1/2.
Moreover, we set Hy = D = {Ty =0}, H; = {T1 = 0} and
0, =infO,.

0.7

-x*log(x)-(1-x)*log(1-x)

0.6

0.5 -

0.4

-log(a)

03 -

0.2

0.1

0

0 0.2 0.4 0.6 0.8 1
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If we set

)
0,log |z |? if [z1] < 4/ 1%3,

log(1 + |z1[?) + log(a) if /3% <lazi] < /357,

\(1 —0,)log |z1|? if |z1] > 4/ 159"’,

a

7\

pa(zl) =

then the positive part of D, is given by

((]. — 9)H0 — HHl,pa).

Atsushi MORIWAKI Birational Arakelov Geometry

Let D, = (Ho, g) be a big arithmetic R-Cartier divisor of C°-type
on P7. We assume that

g(exp(2mv —101)z1, ... ,exp(2nV —10,)z,) = g(z1, . . ., zn)

for all 01,...,60, € [0,1]. We set
1

Sey1:- - yn) = Sg(exp(y1), ... exp(yn))
for (y1,...,yn) € R". Let ¥ be the Legendre transform of &g,
that is,
Vg(x1,...,Xn)

= SUP{lel + -+ XnYn _gg(}/l;---,)/n) | (y17"‘7y") € Rn}

for (x1,...,xn) € A,. Note that if
g = log(1l +|z1|?> + -+ + |zn]?) + log(a), then

n
205 = —(1—x1—- - - —xp) log(1—x1—- - -—Xn)—ZXi log x;+log(a).
i=1

Atsushi MORIWAKI Birational Arakelov Geometry




Theorem (Burgos Gil, Moriwaki, Philippon and Sombra)

There is a Zariski decomposition of f*(D,) for some birational
morphism f : Y — 7 of generically smooth and projective normal
arithmetic varieties if and only if

Og i={(x1,...,xn) € Ap | Vg(x1,...,xn) >0}

IS a quasi-rational convex polyhedron, that is, there are
Y1,...,7%v € Q" and by, ..., by € R such that

@g:{XERn‘<X,’yi>2b;Vi:1,...,/},

where ( , ) is the standard inner product of R".

The above theorem holds for toric varieties.

Atsushi MORIWAKI Birational Arakelov Geometry

For example, if g = log max{ap, a1|z1/°, a2|z2|*}, then D, is big if
and only if max{agp, ai, a2} > 1. Moreover,

log (ﬂ> x1 + log (%> xo + log(ag) > O} .
ao ao

Thus there is a Zariski decomposition of f*(D,) for some birational
morphism f : Y — IP’% of generically smooth and projective normal
arithmetic varieties if and only if there is A € R< ¢ such that

o 2) (2)

@g = {(Xl,XQ) - Ag

Atsushi MORIWAKI Birational Arakelov Geometry




ON WILD QUOTIENT SINGULARITIES

oo oo
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gbooboboobooobobobooboboboobobobbooboboobog
gbobogobogdbbuogoboooobuogobboobobooobboonoobooo
gbbuoggbbuoodgbugogbbuoobbuooobbuooobbuooobboabo
gbobbuouguoobbbuoodgbbbuoooob

Dbobdz2b00b00b000bobbooboobobbobooboboboboobo
O00000000O00OD0D0OO0ODOOO S. Schréer O (Diisseldorf) 0000 O0O0OO0OODO
UbO0OD0O00 24540051 OO oooOoog

DOo0bOob k000 p>00000000000q000 pUbobOobOO0ObOODO
OO00C00OO00000oooooo ojocooooooo

2. 0000

AD00000 k00000000000 200000000GC Aut(4)000000
00000000000GOO00000 ADOOOO R=A°0000

000000000000 ADODOOOOOGO ADDDODDODOOOD 1000000
00000000 (X,z)=(SpecR,m) 0000000000000

00 21. 0000000000 GUOUOOOO0OODOOOOOOOOOOOOOO (wild)O
O00000(SpecR,m) 00000000 (wild quotient singularity) D0 000000
000000000000 (tame) 000000 (SpecR,m) ODOOOOODO (tame quotient
singularity) (000 000000)0000
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00 2.2 (Cartan [4]). 000 00000 GOOO0OO0O0O0O0O00000
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OO0 Brieskorn OO O 20000000000000000O00O0O00OO
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(1) 00000000 (Y,y)—(X,2) 000000
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000(X,z) 000000000000000 #le(X,z) 0000000000000
000000000000000000000000000(000000000000)0
0000000000000 (000000000000)0000000000000000
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(1) 0000000000
(2) 000000000000
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00 2.7.000000000000 3yooooooo ”THD Hirzebruch-Jung 0 00
gooo

gbooboooobbbooooobobbooou ogobbboooooboo

00 28.000 (X,z) 00000000000 OOOO0OOOOOOOOOO
(1) Gorensteitn 0000000000000
(2) SL(2,C) 000000 ¢ 00O (X,2)~(C?/G,0) 000000
B3)C* 0000000000000 0D0DO0oOOooDOoOoOO

0 ooodo ooodo ooo

P |22+ 22 +y" A (n>1) |Z/(n+1)Z
) Ty + zn+1

D, |22+ z*y+y™ ' | Dy(n>4) D,

T 22+ 234yt Es T

@) 22+ z+zy> | By O

I 224+ x84 5 Es I

000 pny: 000 n+1000000D, 000 4n02002000007T (O, I)
D00 24 (48, 120) 0200 4 (8,20)00000000000
(4) 000000 A,D,EQ0 Dynkin000000
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0oo00
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EE 1.1 (NEERER). X 258 v ORBIE EOIR R LHET, AZBERINVT 1 TRFL
T2, TH&i>0740613F,
H{(X,Kx +A)=0

L5,

ZO/PNEERERRSZ O —RILTH D)X= 4 = 7 OIEREHRZ WD EIZL Y fvNET VR
DN ONOIERIRER T L 2R THENRTE L5, HlzX, LT XD 2EESBBHEEHENREND,
([Kollar-Mori, £ 27 > 2 > 3])

EE 1.2 (FAEAEBMER). X 255 o OREPAE Lo R R E T 5, DEX TR
NT 4 ZR/FTD - Kx WEEELET D, $2& BEOTAHREVARED > 0K LT, |bD] ITEE
MEHERS,

AEE Z 0ok, TEESEBAEERNEER TR LW ?2] EWIBWTH D, 5L I
HIREE N IEARBTRHRILT 20 E ) DRI > TL b, L L., ZAUTIEXFIN S O IEFEECC I phmm o Ry
TEZ, /NEEBEBROKFINFELTLE S, ([Raynaud]) LU s, JEESHBEEEERIZKEINH
LMEIDFFELNOFETH DL, DT, WOL I REWEB XD,

RILY 1.3, ESEHMERZMIIED L7, BOHBEERLY EEHTELIRHIXTERWN?

ZORWEEZ DI, FTIREEAEHAMEHOEAZ BT A HENDH D, F 2 CREMSH BT
OFEAZBED TH DL &L b LIROMOWREERNCER S UL, TD PERRGEEORESEHETEE] 2
AL T b,

RILY 1.4, KD X 9 7oyl E RIS T B 0> 2

X #EEHOREAR EOIFRNESRIKE T, AZBERINVT /T E L, NEZXx7 TEK”

AINT 4 2R/FETD, TDHE, m>076I1E,

HYX,Kx +A+mN)=0
L5,

ZORWE X BHIFRORHTE— A BT L > THE D, Lo T BB TOO—FMERGEIT. X P2
TORTH D, KOEZ ¥ a TR 2WITORHT, ZOMWICHT 2 HENRFREEE 2D,
*tanakahi@math.kyoto-u.ac.jp




2 H@EICXT 5HEEE
FEAESOREHEREZ 1 OBEEL T, ULFTIEIETE ETExE, Z0%® 7L g ClIRkOMBER % FF
Eﬂﬁ_éo

FHE 2.1. X ISR EHEE T, AZEELRIALT KT L L, N ZEEMHICEBETIEARWR 7K
FeTBH, THE i>0Em>0ITK LT,

HY(X,Kx +A+mN)=0
L%,

COFERNCIZ T v R= 0 R GG L ERERER & WD 2 ODEREZME S, b 20200 T, £ TR
T5, 7AR=UREBHF: X -5 X 30& pRTDFICE > THONLAMRFTH D, X DIEFFROEH
FROFEFEPKILL, GERIZITZhz V5,

BE 2.2, X 2IFERNESRE L T5 L. ROZEIIPFET D,
F*WX — Wx — 0.

WAZ R VEREBICOW T T 5, BRAEBERITE— VIHREE O —#LTh 5, ([Fujita))
EX 2.3 (HEMEER). X 2IEFREEZHEEKLE TS, GrEEEE L, AZEERILVT 4 = T &
T5, THL, HOEKRE me=m(X,G,A) BEEL, REHTT, (EEOBRE >0 &, [EEO AR
m>mg &, EEORTRINT 4 =/RF NIZx LT,

HY(X,G(mA+N))=0
L5,

T UHIRERL & 3E ) SIS 7R F N B> TWABFTTh D. JElT. mo DEEEN T, TDH%EAR
FT7RFZRLTHEWVWEWIFFZA Y v b3 H 5,
et M- — MO TEE H? 125 L TRT,

R 2.4, X IR RAEImE 35, GEREERELE L. N 28EMNICEHTRWR 7RI VT ¢ /T &
T2, T5HL. HDLARE M =m(X,G,N) BMFEL, Wah=T, (EEOBRE m > me L. [LEDOX
TIRANT 4 2EF N IZH LT,
H*(X,G(mN +N')) =0
b,
FE. £ GRREOBRAICRET 5. X IIRHENZROT, HHEFERT HIZx LT, 55485
Oy = G(H) =0
215, Ox(—H+mN + N ) 27>/l Caktay—4%LbL, 244
(H*(X,0x(—H +mN + N)))®" = H*(X,G(mN + N')) =0

#1355, 65T, G % Ox(—H) THRY M2, GIZrifg s LThu,

GuauiiEE LT, FREFT, HDOINVT 4R F DI LT, G=0x(D) LEIF D, T5&. &—
JVRREDN

R*(X,D+nN+N')=h°(X,Kx —D—mN - N')=0
Wm >0k LTHAET 5, EEEL AZBERFLT2L A N>0ENL, +REVmMm SEEDOXR
ZRF N IZx LT,
(Kx —D—-mN—-N')-A<0

Ly, BERTLATRZDLLING, ARRTF LHBREICIER D 27220, O



ERL 2.1 ZFE T 5,

EH 21 0FH. i=18¢i=20EE2E2NITLWA, ME241250 i =2 OIS 5, - T,
i=1&LTkuy,
FE 2210k -T, 42

Fwx = wx
NbbH, e b BRFETH, FF?, . P TEROEHEZM LB LIZbDbaakT 5 L. 24
Fiwx — wx
2150, W—FN%& B, LENT, e
0— B, — Fiwx »wx =0

#1585, 22T, B (THSK e ITIKAF L CEE DR TH D,
Ox(A+mN) &Z7 YL CakEny—5205b L, 525

HY(X,wx(p® A+ p*mN) — H (X,wx(A+mN)) — H*(X, Bo(A+mN))

2135, BATEZHRSELOOT, WREHRITEHYTh5, BEMRERICE->T, H5 ARK
eo WIFEL T, AEROHBE m I L CEMO T RER D=2 Z 5, %Y,

HY (X, wx(p™® A+ pmN) =0

L, ZIT, BRHHBEE OB NT T, e ZEITHEE LK, m 2EEO AR TEHNTHERTEL X
N %, HEF, AMO=aRERV—

H?*(X, By (A +mN))
DHHRERLmITH L THEHZIUT IV, ZHITME 24 0505, O

ST, EBIRERIC B b 0 % EREO BT K LCIES ER T, UL D A>T, I
-7 4 =Ry 7 OWEEBI BT b DEEB ERTE B,

% 2.5. X 2B RNEMEE T2, AZEERQINT =2 QAT & L, /NIERD {A) DSHEMUIEH A
XThsneTsH, NEBENICAHATERNR T2 INT KT T5, T, i>0Em >0kt
LT,

H (X,Kx +"A7+mN) =0

L%,
FEH. [KMM, Theorem 1-1-1] Z W iuid L, O

ZDINKX-T 4=y 7 OEREBIBTIZ b DA - TS & Y v DD HE 5 B R E R OFEN 4
WHHEICLY . ROBEREREEHENFEHATE 5,

% 2.6 (EAZFHhm 25t 2 F5E A B B EEE). X 2 B ONEPAR Eo stk e it i & 95,
D %X 7RANT 4 THTTD—Kx PEEILET D, L DBIEMEHER TRV L, EEO+HRE
WHEREL D > 013t LT, D[ I3EESBER LD,

LDk 7 v a r O —MIRIC T b RERICAT O P H T > TS HFIZL D RBDD0D,



% 2.7. X 2HRRFNEZHRIEE T2, AZEERINT 4 /1L L. N 2EEICEATIERO R 7 H
FeI 5, 5L, i>dimX —1&m>0x LT,

HY(X,Kx +A+mN) =0
L5,
FEHY. Z ok 7 va ol b, BIFmEUIWc L imoHEIEE TIUT LV,

Ko THIZIE, dmX =370, i=2Li=3 CTRHEATINDIFIIRD, LirL, BRLWVWOIFi=1T
HMEZTINBEMEINTHDL, ZHICHOWTIEFKRDODEZ > a v TEZ D,

3 3XRTDOEF

B 7 v a r TIXliEm ORI, EESH BT EIEHT 2810 MR ERAELFENTX -, =
D7 varTIETEH 21 % 3RITEDIFIC L TEDEINEIDNEEZT-V, RICLH-T, i=2Li=3T
IFHEE LTSN TWVEDT, i=11C2OWTEXTZW, DF 0, ROMWEEZ 5,

RILY 8.1, RD X5 ZRHBRUEBI IR T D7 2

X ZIERF R BIRLERIE L 5, AZBERINVT 4 /]F & L, N Z28EREW TRV 7 A
FLT5, TH& m>07260E

HYX,Kx +A+mN) =0
L7025,
LinL, BERNB D, ZO XD IRIERUERR IR LRV, EEE, KD XS RBINFET .
Bl 3.2. & D IFFFRIFCINR BRTEMIE X & BERAINT 42 R1 A L, BUEHAMHTRORZET N

PEL T, REWMIZT,
EEDO T RE LA m > 015 LT,

HY(X,Kx +A+mN)#0
L%,

. o3, Z 2/ EHBEBROKRBICTh LM E T 5, DFE 0, ZI3IMEFZIET Az 13272 FOBE
RANT 4 ZRFTH Y,
HYZ, Kz +Az)#0

LT D, 22T, H2 - HEHZ Lo THA T D O T, /INEHREROKBI TH L L H B2 7
WEHEIZRICLTH B,

CHHERFEHBLE LT, X =CxZ LB, mc &ny #FNTH~DHELETD, cobaa®CD
BB 28 88 LT, Zg b Z1 2FENENDT 7 A NN—LT 5, Ac % C LOEBEERTET5, ROLEHIT,
X Eto2o0BERT A, A EXT7EF N ZED D,

A" = mLAc+TyAL
A = wLAc+T,Az+ 2
N = ntAc

2T, NITBMERMIC A TR, ROEDFNEEZ 5,

0— Ox(Kx+ A" +mN) = Ox(Kx+A+mN) = Oz, (Kx + A+ mN)



aRERT—H L oT,
HY(X,Kx +A+mN) - H (Zy, Kx + A+ mN) — H*(X,Kx + A’ + mN)
255, AROarEr—EIm>07256%27ICL-> T, HET5
H*(X,Kx + A +mN) = 0.

EoTim>0746,
HYX,Kx +A+mN) — H(Zy, Kx + A+ mN)
T, EEOm LT, AOaRERY— H (Z), Kx + A+ mN) BHZRVEERT, ZhAVRS
ﬂﬂi+ TThH B, Zy I e DT 7 A /N—=72DT, (’/Té«Ac)|ZOZO EIRBIND,

HY(Zy,Kz, + A+mN) = HYZy,Kx +7aAc+75Az + Zo+mnlAc)
= HYZy,Kx +715Az + Z)
= HYZy, Kz, +75Az)
~ HYZ,Kz+ Ay)
# 0
L FENTRINT, O

FE 3.3, LB\ T, NITEEKITN 1 TH D, FERITH 2 DFIREAE RT3 DB (oF D,
N BER) 2bDObEN D, LW [T] 2 TR0,

HiEE

WRIRARET S AR DT DTHTH OS2 T & o - HEE AO KR SE4 . I TFRA%AE, IIREEEA
WG L CWET, EFIX ] S P S ORI E THRiIBIAZ T TWET,

e P
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The Mukai conjecture for log Fano manifolds

R FELARE N U8R B A T 58 )

BME

ARTIE, 7 7/ 24K (Fano manifold) D HRZ —MbD—DTH 25 N7 7 / Z#K (log Fano
manifold)] IZDWTHELET B, KT, 77 / ZRRAIZ DV TORIEFA (the Mukai conjecture) 7> & 54
W77 ) ZRRIZOWTORFAFEIEN TN Z L2/ L.

1 A

T OMEE T, RIS IR C 255, %7, MUNE FOLEMO M [KMIS] IhE> TV 5.

1.1 77/ Z84E

EE 1L HRAENELEHREK X OREER T, 20 —Kx, PWEELEE, X 277/ Z#&K (Fano
manifold) &5 5. AMTIIHIZ 7 7 / SHARIIERRIEZ ER T 5 2 LITHERT 5.

ARETIIEZ, 77 /) 2RO DR OCFHBHIZ OWTEREZBNTEZS. LVFHLLED &, 77/ ZHK
(®, ZO— it TH B TN T7 7 7 ZHIK] ) 1220 T, ER—ILE (px TERT) OFHII*, ZiIZB# L 72
DEIZDVWTEERLZ.

INSOMEAEZBIZHEY, T 77/ SREEIZ3RTUFCRESIZHEINTWS ([Isk77, MMS1))
P, ENLDREVRIETIEDHED LS DI B> TVREVWEFIZERLZW. 8UZ, Hil- e frfE22E AL,
ZDOAREEIZDVWTHRMEZR LU ERITT 7/ ZRRIKIZOVWTEEZ S L WD T EIFHIZHE > T W 5.

& 1.2. 77 /LRI X 126U, X O (index) %, ry TRLU, AT TEHT 5:
rx = max{r € Zso| — Kx ~rL (°L € Pic(X))}.
£X 1.3. UFDO7 7 /K X FaEHInTW5:

(1) [KO73, Fjt90, Isk77, MM81, Muk89, Wig90a, Wig90b, Wisdla] rx > dim X — 2.

(2) [Wis90b, Wis9la] r:=rx > (dim X +1)/2 2»D px > 2;

(a) [Wig90b] U r > (dim X +2)/2 %5, r = (dim X +2)/2 T, X ~P'~1 x Pr—L,

(b) [Wig9la] 6L r = (dim X +1)/27% 56, X ~ Q" xP"~1 Pp- (O®" "1 O(1)), U < i& Ppr (Tpr).
(ZZTQm kP NIRRT . )

a

b

=

ARGDEEED—21%, LELOHE 1.3 DX T 7 /) LA~ DHLIRM (EHE 3.5 RUR 3.6) TH 5.

* fujita@kurims.kyoto-u.ac.jp



1.2 AHFFE

LRIDOHEFE 1.3 (2a) 1%, 77/ SRREDFE URTO =D OMEEMORE AR L 0 2 HERE G X 72, & 5
WA BT ENTES. —MICZ OBO IR, FIHPAMOME L N, KHESNT VS, BRI
RIZEBAVIFILVOFRERRS.

F18 1.4 (MHF48 [Muk88]). X 27 7 /EHfikE Lzt &, UROARERNNEILTETHA S ¢
px(rx —1) <dim X.
B, E LESRHRLT AR5, X ~ (Prx—1)x 255,

FHILEE, ZOMTEE (HEILTERS] 2 ENERBHED—DROTEANS, & UIE LI EE
LTW5. &0 KRS, UTFOFE M & (EEAM n, p ITHLT) 25 2 LHHAROTREVY, &
WS ZETHB.

P15 (PRMD). n, p AERKET 5. B L nKoE7 7/ Sk X 28

® px > p MWD
o« ri=rx > (n+p)/p

BT ROE, X ~ (P 255,

o2, I FRAPELWEWS Ze e, PRM) BMEROHRE n, p IZH UL TIELWE WS Z &A1
Thd. LFAMTIE, ZOFEM) (&0 EMIZIZZOFRONBINT 7 7 ZRHERR) 12DV TH R\,

FIFEDOHEE 1.3(2a) 1%, TH MY OEEWREERITMA S0, BIETIE, BFOZ EBHShTW5S (L
WU S —RDGEIIRMRIRTH B).

EE 1.6. PEMI1E, 10 <5 ([ACO04]) L <1 p <3 (INOL0J) D& FIFEL L.

13 NEBHT 7/ S
PARC, AWDER L 2NN 7 7 ) SHdh e £ T 5.
EE 1.7. & (X, D) M n RuH#¥eI 7 7 / 24k (log Fano manifold) TH 5 L1k, L FTEHEIN5:

o X ¥ n XKoL BRI L IRE,
o D ¥ X NO#HEH DD BHIEH R XK T (simple normal crossing divisor), % U T
o SONMBIEEEIN T DF D —(Kx + D), BEE.

FRZHAGETRR GG, TN T 7 7 ZhRE] &0 S IEFRNE— R T4 <, BHIZ Z ORFFRIZMO G & 5%
R ERTVOTHEEVPBETH L. AWTIEZ, X PIKEDPD D PHHIEMERLSXKFDO L EDA%E
HET 5.

EE 1.8, o MENT 7 /) ZREDEZRIIANT, BL D=07%561E, 5 (X,0) X7 7/ SRk WS 2
SR S0, MU 7 7 ) SRR, IERICEHR R T 7 ) SRR —BfbD—D R AH Z e



TE5.

o MNEHIT7 7 ) ZRRKIE, BTH I ([Mae86)) 12 & > THRIZERINTWANRTH S, BIHKIE, 3 Rt
TOEN T 7 ) Z8kiK (X, D) TD £07%2560D%FTXTHMELEZ. LBULBRRS, (7 7/ ZRRKH
BE) ERITCDINEII T 7 /) ZRAEIEZ < D Z &R0 H o TWiRW,

ERTEDREIN T 7 ) BRI DT AR (0 — VD) FEli2 £ X 212 bT b, 7 7 ) SRR,
FRUI T 7 2 SRR L ChIaME R T 5 2 L RBRRERAKETH S .

EE 1.9. N7 7/ S8k (X, D) 1IN U, (X, D) DEH (index) %, r(x py TRL, A FTEHT 5:
rex,py i=max{r € Zso| — (Kx + D) ~rL (°L € Pic(X))}.
T, WM T 7 SRR OV T ORI FRHREU R TCED S Z 2IZT S

F#8 1.10 (78 LM} [Fjt12b]). n, p & 2 A LD HARBE TS, BL n RooBINT 7/ Z8kik (X, D) 2
D#0T, T5ICUTEM~EZTETS
® px > pirD
e r:=7rxp) > (n+p—1)/p.
NP1
X :P(Prfl)pfl(oear @O(ml,...,mp,l))
D QIP(PT—l)pfl(O@T‘),
ZZTmy...,mp_1 >0T, HDIAA D C X IX, 09" ® O(my,...,mp_1) = OF" 72 B EEHER L BT &
DFEonED, L5745,

ZOFEIE, D#0ZRLTWVHOT, PRAM) THEATVWANRE BEICRLLFIHERT L. £ TH
LMy (&, f8IZ DWW T ORMAS TR M) TORMEOFV I LIZHERLTE L. ZOFHE LM, i, #iHK
DAFFRERDP S n =2 D& SFIEL .

2 Bl
£, MBI T 7 ) ZRED VL DD OhE RS

Bl 2.1. (X, D) D1 RGBT 7 7 kAL 5. 20L& X /RGP T, £72 —(Kx + D)
MWEE LW DIFEDREMNEL WS Z LIl 578\, Riemann-Roch DEB & D deg(—(Kx + D)) =
2-2g—degD (ZZTgld X O BT 20T, X 2P 72, D=06LLIE1 8, Lrdo xR,

Bl 2.2, (n—1)RG77 /%KY, ZLTY LDOX 7 (nef) EffR L 2EEICE 5. 20L&, (X,D) =
(Py (O @ L),Py(0)) {HLHDAA D C X Z O®L — O R BEHERLHH LD 5X5) 2255352 n K
TR 7 7 ) SRk L 72 5.

Bl 2.3. B 2.2 DEBIEEE L LT, (X,D) = (Penr (O & O(m)), Penr(0)) DEE (m >0) 2ERS. Z
DY, MEAHED S, KB EER T 0 [ 248 (—(Kx + D)™ = {(n+m)” —m"}/m 7Y,
n>3%50E5THAELARD S 3.



3 FEHE
AFGD EEIELLFITHRAR S,
EH 3.1 ([Fjt12b]). (X,D) &, N7 7 /) ZHAET, D#A0 L5, ZDLE, RDESL SPARAL

(1) HIBRDSFEEI NS HRRE A — VORI OYERR Pic(X) — Pic(D) 284, LI
(2) X EPL-didEn: X Y 235, D& m QYW (section).

ZITEH31I (2 DeEzHLLRALD. 20L&, DIFY LHEZRDT, FHiZ D X2 DIRFE. [
ML D, Op(—Kp) ~ Ox(—(Kx + D))|p i, &oT, DROY 377 /) SRAETHZZ L bbb 5,
2, X 3 m.0x (D) %2 Y EORE2 DRI PVKROFHALTHRONTWS Z LIZHERT 5.

Fro, BH 31 (2) DL &, (X,D) OFEBUIHT 1 IR ZLICHERTE. RERS, ICX E2acDT 74
N— (=P eF22, (—(Kx+D)-1)=2-1=127%52%%, —(Kx+ D) ZZnbh L&Y 3 hTE
ROBSTHB. ZhEkD, B UNBINT 7 28k (X, D) 2 r(x p) > 2 237513, EH 3.1 (1) 8
BULHBERI D 2B, U EOERROHTERRZME AL (4) E0 5, ROREE5.

% 3.2 NBMT 7 BRE (X, D) B, HU r(x,py =275, ERED D QMRS Dy (L, FIR» 555
BN ERZE D — VOB O MR Pic(X) — Pic(Dy) & HH L7425,

ROEMIL, BEERANZIE THH PR SRR FREPHES | VWS 22 ERT 5.

EHE 3.3 ([Fjt12b]).
M} + LM = LM;;+1 }

ZOTEHEEELIG LD, HEBIZROR%ZE5.
% 3.4. %TELM;’ E,n<6bdbLLITp<3DEFIFIELL,
1, HE 1.3 (2) ORI T 7 ) SRUKI BB,

EHE 3.5 ([Fjtl2a]). n KoK 7 7 /) SkIK (X, D) T, r(x.py > n/2, px 2202 D#025LD%5
MUz (BRI ) 2 M, WEEQRBERMT IR > > RO D LA TORAR —FKRTEHE X 7= ([FH 11]) DT
HESS.)

ZOEM 3.5 LIFOMREEMARDLES L, 1.3 (1) O T 7/ AR RS NS,
% 3.6. MBI 7 /) ZRAE (X, D) T, r(x,py > dim X — 274255 DHANHI NI

B 3.5 T, X QYA —NVED 2 L EDHEUPEREL TWARWD, B —IVEN 1 D5EI3ES (R 3.6
2 Z A B5E ) RUHPHRIZRSTWS. W50, W7 7 /LK (X, D) TD #0725 HDITx
U, 5L X OER—VEBR 1251, X ZREE 7 7 ) SRKICR D, rx > rxp) BELT 505 TH5.
KRS, FEORKED TR DIZEFRLAY, —Kx =—(Kx +D)+DIF Tk0EE| LR24TH5.



4 EAME

FERHI T 7 ) SRR DEAM T % LU F ISR 5. BRINCE AR 5 NT W5 S DL D Xk, [Maes6] & L
< [Fjt12a) & R TIHE 72\,

HE 4.1. (X,D) & n KLHBW T 7 ) SRk 2 U, D OB RE D =T, D; ¥ $5. 2O EUF
DTS B -

(1) ARBHERM Pic(X) — H2(X*,Z) HFEMT, Thsid s 5 HRERTHENEZF 2207 —~))
HTHD. R X OEH—)IVEUE Pic(X) OBEEIZEFEL .

(2) EHED G, jITHL, D;ND; £ 0 AR FIZE5 &, (X,D) DN et v R —137272—DIEE 5.
INE ORIz m < n AT,

3) RO 1 <i<miZML, B := U, ,(D;ND;) € D; £BL. Zo&ERMEEDS, (D, E) 1%
(n — 1) KT 7 7 7 SRIET, 7(x,p) IT(Dy,20) DIRLT B

(4) BAFDFlIZ5E4

0-Pic(D) % @ Pied) L @ Pie(D; N D),

1<i<m 1<i<j<m
22T a BHIBE DS E NS EAREEL, 2 UT B((L):) = (Lilpinn, ® LY |piob, )ics THZ

5N5.

(5) ( #EREH R OHFEEH ) MR NE(X) ZARADHAR TR NS, £z, Hihik R C NE(X)
R, RIE X EOEHEHO 2 5 A TESN, $7- R ICAHHE L= IES contr: X — Y BIELE
T5.

(6) [ZhaO6] X 1A HHEKELRRIK (rationally connected variety).

(7) [BCHM10] X (3#& 222/ (Mori dream space). ( BREZEROEF X [HKO0] 2 R TIHE 72\

5 EEERDAE

PAR, 3 E=DEMHOFHDOH 59 U EBRARS.

5.1 EIH 3.1 DIEFADAE

ZDFEHD T A 77 1%, Casagrande KD —#HDF5HE [Cas09, Casll] 12HD <. Casagrande K& 7 7 / %
BRAK EORFIZOWTHBO#EMRZBEL TWEDREN, SEDXy 71 V7, (BREZRERTRE- &
D LTS %) MBS RCHEHT 2 Z LD TES. UTN (X,D) 2807 7 /2T, D£0 2T 5.

Step 1 £, MiH 4.1 (7) TAL LT, X BFEEME o7, 20L&, (-D)-MMP 2£585 2 &h
TE5%. ZOMMP & (D AE¥BRTRVAMATYR) BT 7 74 NN—MTHKDD. 72, —(Kx + D) TA
T—=VEDIFBHILIZED, 20D (=D)-MMP & (Kx + D)-MMP Thd LS5z end. 2D MMP %

X=X"-Xx' ... -5 XxFLy

TERITILIZTS.



Step 2 iz, D' C X' %, D OFEAZM (strict transform) £ 35, ZD & &, (L < IFBRARWVA) &
MMP D A5 v 7T D! O OMifEABENSE Z 8305, THIRHES D 7 7 1 /N — DRt DS 2 5 1)t
5 (ZO MMP & Kx-MMP TH5H 20T, & X' 3@ 2 iR, 7 7 1 N—=JOe DA 5 £ < w<). Z
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Ni(Y) b2, 22T, 28N (XF) = N(Y) DIZ 1 RTBRDT, RO ESL S PAKILT 5:

(1) Ny (D*) — Ny (XF) 13245, £ U<
(2) DF W Eofifid m TR,

T (1) DL EF, Step 2 & Ny(D) — Ny(X) 28, &->TNY(X) —» NY(D) ZHg. & Ccmsidl
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I I
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RIZR)DEEEZERD. ZOLE, gDT7 7 AN—DRILIFHEIZ 1. (RERS, HL2RXEUEDT 74
N—=F %522 F&DFeOZbYZHREZZATLEVFE) ZZTHLE>0RETEE, 70
77 A N—NOMR Ik C XF T, HBHEG XF - X OFREERH ERZD D ODOEENRVE S 4 E DOAEL
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—(Kx + D) 138 &7 Cartier H7¥WZA (—(Kx + D) - 1) ZERBMHEL 2L D ZTFIE. £oTk=0L»d
DABN. ZOLEm: X Y iF, —M77 4= CCXIZHL, C P, (~Kx-C)=2»2(D-C)=1
W (m 2 (Kx + D)-A0D D-IETHZZeh o) lErdS5ND. KoT[Fit87] &0 n i EPLRTD 7 0
Y TH B L DFHIATE .

5.2 I 3.3 DIEAD G
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77 ) EHET rp, gy > > (0 p)/p DRI BIZHR 3.2 &Y pp, > px (> p) HILIL. & - T LMy &4
(D1, E1) W15 28T, B =0, 2%0 D=D; TR TRARSRWI DS, 0 DIT M) %
H$25Z2&T, D~ (P 1) »Dpp=px =p BT 5.

Step 2 X, D Y IEIZR b 2tk R C NE(X) 2RI b, R Of/NEGEE#H#R (minimal rational
curve) % Cp C X &2 <. RIZMHEET 2 %Z2 m: X =Y &h< &, BURAE:

e 7D D ANDHIRD, GADEH 7t|p: D — 7(D) 13RI T 7 1 /N —22[H (algebraic fiber space) (Z#
X R'm,.Ox(—=D) =0 £ W HED).
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TWEDTFE). oT, AED T DI 7AN=ND EXLEZDTY =na(D) L. py = p—1DZ,
wlp: (Pr=1)P — (Pr=1)P~ 1 (~BHORD ZETHE) L AL ENTES.

Step 3 it 1 DIEBED T 7 AN—F 2+ 5. ZDk X,

o LTSN m|p OWRIARFER LD, dim(FN D) =r — 1 2. Ko T, dimF <r HLd 5.

o [WiS01b] I2E D, dim F > (—Kx - Cr) — 1 BB N T W5, 22T, UOEEN S, b5 BEAR
Cartier 1 L BF#fEL, —(Kx + D) ~rL & F 5. 202 &, (-Kx-Cgr)—1=r(L-Cg)+ (D
Cr)—1>r+1—1=r»K.

INS &Y, dimF =71, (-Kx-Cg) =r+1722(D-Cgr) =1H»KLT5. £oT, [Fjt87] & v, 7 1
(Pr=1)p=t E@) P-3KT, w|p FHH Pl ThH D Z BRI N, HLFEZKwEBOND.

5.3 I 3.5 DIEAD G

CHFEAMNZER 3.3 DFFHEFAUTHS. 20, £9 D OMENRMWLERIZE VD2, Ll
D CIEIZZD BRI A IR 27 L < RS 2 & T X ORERDLH2 5.
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Moduli spaces of Bridgeland stable objects on abelian surfaces
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AROERGIIREICH D L OIT —~Ivillii Lo ER 72 L Bridgeland OEBR COREXMNRDOEY o
7 A 22 T&H 5. Mumford K& O Gieseker D iy By 7 fH3F1C J o THREFR 22 L ARS i Loz E 0% E
PERHESL S, £ D% (F) BERDEY 27 A ZEROWTENR IR L TE 2. ZERICE L THEARNZRRBE L W
IDITNL ONHDEN, TDO—oL LTLEBOHEIE, IH L) TRREREEEZ#KT 52 L8 T
X5, EWVWHENRH B, JEZEH D Calabi-Yau, Bl HAEHEE A B B 72 FF, Fourier-Mukai 28 #2322 & J& D
DAL VARAST: LN/ N

JEZER] 37—~V i D355 12 Fourier-Mukal 283G 272 RFETH D 2 & 2 fiFi 3 2 OB ARED K
PVIOBWTHD. = OB, Fourier-Mukai Z#:0D T T Gieseker ZEMENMET-NDENEWHEE 7 VT T5HZ
LT, KFRTH S O, FEERRLEVOBEREEH T2 2 LT, HOBE—MRAIRN T TEEMDOR
FERETEDIHETHD. R, BEEOEY 274 O ORABPFEMLT D5 ENTED. ZHITLY
(1980 £E ) 3D TAR & RIS 5 = & 4 TX 5.

AFEOH 2 O BN, BB RSEAIIT LR ORA BN NERRICR D Z 2R 2 Ths. ZOTRITRT
DA 1980 T AR LTV A (3, EITEE TEIN TP -272 85 TH D). Z ORI Bridgeland
LEEEBANT ZOMMERTH 5. BEMSMEOEMICIZEL HREOEEN D DD, b HLAICITEER X Bl
B G A IOV ZERE DY 2 T A 22 O HARR 2e50ak & BfR 92 2 L 24 %.

AR ORERK Z BHEICR NS, §1 CTEHZEEDOTY 2 7 A ERIOEARWZ2MEE 21538 L, 0% Tl TR
L7722 o0 FEEHARNS. 1 OFIET —~LihiEi EOEY 2 T A 22 oA FREEICET 52 EETHY, 2
SHEIXFERBICET O FRETHD. §2 TIX YY1 I TER 1 OFEHAO T A T 7 25+ 25, —FTW)H
&, —ROLERBITK LEFERR LW DIESFIET 2 2 L0825, §3 TIE [YY2] 129> TEH 2125
WTHEIAT 5. §2 TiX Gieseker ZEMED H DG ELN D DITKE L, §3 TiX Bridgeland ZEMZfEH = &
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NPT D. HZIC§A TELED LFES TV BTSN TR,

25 WoR2WRY X 3EFZERC EERESNERESHEE HiIZ X EoBERNT 95 £
X) = D® Coh(X) LWsitt%.

D

—~

1 2DODFFEHE

Z OEIIAE M E o E AR R EMOFENBIED T, 2 DOEEERRD Z LIZT 5. BiREOFFEICON
TIESCHRA R < H 52, 2 2 Tldimmt [M87, Y04] & #Fh# [HL10]) 227 TH<.

R¥lhim X & 20 EoBEZRKT H IZBT 5 Gieseker ZEMWDEZ LGB WHT Z Lz L X5,
X L@ torsion free 7eiBE#ifg EF 2 HCY) BETH D L IE, (TROHSE F C E, F # 012201 T
p(F(nH))/tk(F) < p(E(nH))/tk(E) " n € Z, n > 0 THRYTDHELWVWH L& Thol. ZIT
p(E) := X(E)/rk(i(?))liEfﬁﬂiéﬂ’LT: Euler {55 ToH 5.

c € HY(X,Q) &L ME(c) T (kE,ci(E),c2(E)) = c/2% HRERE ODEY 2T A2z
Giseker ORERIT L MY (o) IZERFPBMAOMEEZ LB, BRERO S RAEEE T2 5 2 & THEMN
B My (c) l2as 80 METE 5.

PIT X 3 K3 #himZ2n L7 — bl &35, 208813 E € Coh(X) @ Chern fEED Y (ZFTE Mukai
~7 ~V
v(E) := ch(E)vtdx = (tk(E),c1(E), x(E) — erk(E)) € H* (X, Z)

EROVDHONEFITHS. HLe:=1(X: K3) bL<iFe:=1(X: 7—UV). HV(X,Z) LOXFHRBHRT
B %
((r,&,a),(s,m,b)) == (§,n) —as —rb

TEDD. Elov=(r&a) PIETHD &I, FENEFTTE, 16 r >0 XT “r=0 22 E AN T
=002 E=002a>0 ThrELTS.

BERBDEY 27 A4 EMOEANEZ Z Z TROHZ .
EE, X FK3thmXig7r—rihme 5.

(1) [M84] ME(v) 13 (22 Triaifaud) IR, dim = (v?) + 2¢ TERAIL T L7 7 ¢ v 7 & o, £
To, H 2% 0 B L7z & MU (v) X6,

(2) [Y03a, Y03a] b L v=(r&a) BiERS, ME(v) #0 & (v?) >0 1AM, £z (v¥) > 02> H 2o
B L i & My (v) FEBERI72 E B S AR (K.

STABTIE X N7 —NVHEOGFEICR - TiHlET5H. ZOHEDEY 2 74 ZEMIZOVTE E T~
P I S R S = N T YA R

EE 1. X & T — Ll E o NS(X) = ZH 72 535, £7- Mukai 227 kb o WET, £:= (v2) /2
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(Z T ES) 2
. S et o
#{HIBIED € OFARE 2 RIEK }/ e
il b0 LT 5. T ORDREBRST
M (v) --» X x Hilb"(X)
WEET 5.

BB, (1) 4L MB0] 0 PR LI~ BT D EETHD.
(2) “X BERB & VI EZIN L THEEOEENFEHTE 5. EMEZRERIT §2 TN D, FEOSIZ
% D% Fourier-Mukai Z#i & $EBERRTHD.
(3) Bf2¥k 2 B & 1% an? 4 2bzy + cy? (a,b,c €Z) DL ThHD. ZOHBIR LTV —ac D & TH
7. I 2 WEARICIE A € GL(2,Z) 38

v o b ¢

TIEMT 5. 2 TH LN D FUEREFR DS EROBE D H THW . ThHo.

FEHD 2 OFIE, (REZBRD D & FEH 1 OWAPFREAFRMEZ G55 2L 2 ERTLIHDOTHS.

2 2 r2 / ) a V| s,la b
ax® + 2bxy + cy* — a’'xz* + 20’y + c'y ='A A

T 2. X & LR — OVl THo NS(X) = ZH &+ 5. £ Mukai <7 kb o 8ET, £:= (v?) /2
ML=1,2,37LF 5. Z O

M (v) =5 X x Hilb*(X)

FE. (1) (=233 1 ORELAHET. 2% B 2 WHAORISEOKIE 17 Th 5.
2) =L [M79, M8O] CHFEE L Cik_BR TS bOTH DA, FEARES FIN TV Aot
3) FERO#EIL Bridgeland RE TSN D LM DOEE L R OHGE DT TH 5.

2 EVaATAZERONBERIE

COMTIRER 1 2 RTTEODOT AT T 2 BN T 5. FTEGEREICOVWTHRAT S, T — UL S
KETERINDBETHY, 7— YL O Fourier-Mukai %} ONZ Fourier-Mukai ZE#t 0 /3EIZ &L D EH D
THD.

LITFTIEr & 20 Ry X 13 C EERShT —vihim e 32,

21 FFHERET—AJLHIE LD Fourier-Mukai 22
YT IE [MT8] THEA - SHH S, #O Fourier-Mukai ZE# OB FEDOHEIZ 72 > 7=
EE (CFEERE (semi-homogeneous sheaves)). F € Coh(X) IZxfL

S(E) == {(z,y) € X x X | T!E @ P|xxy(y) = E}
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LEws. 22T X = Pic® X ¥ Picard ZHE, T, 1 € X 12 X 5 F(7BH), P X X x X o Poincaré
W ZOMS(E) X X x X OF7 —~ VS EHIETH Y, KB 2T Th 5.
dimS(E) =2 D& &, F % P58 kE LA

EE. EESETENONY MRAS EED 2 € X IKOWT LePIY WEELTTIEXLQE &77
5. 0F0 EIXHTBRHLTYH, K0 DEMRRICEIL2RUNEZRITIZESAE LRETHL. I %
B LW EEOHKRTHD.
EE1 (1) QREDEEBOEY 25 A D4¥E) [MT8]
H#% X LOBERRT LT 5. E e Coh(X) 1% (v(E)?) =0 &+ b0 L+5.
(a) E 1% H $2E 7R b LS HE.
(b) E#5 HZEThH? L& o(E) BSFEIEEHTH 5 BEFE.
(2) (7 —-L il ko Fourier-Mukai Z#2D4358) [Or02]
X LY 37—~ i CEERE ® - D(X) 5 DY) BEET 5 60 L UET 5.
(a) EHD (v?) =0 Th2D Mukai <7 blo BMFEELTY = M (v).
(b) Y x X LW & SFELT, b5k € ZThoT = &M = Rpy,(p3(—) & E[K]) &
0D,

AR, (1) oF 07—Vl o Fourier-Mukai xHIM T EEHEDOE Y 2 74 ZERTH Y, 22 TOEKI
I EEEE O S BEA % & 35 Fourler-Mukal Z2#TH 2 Hihus.
Q)it();@@()>:0&6E@ﬁmﬁil?H@ﬁDﬁuwﬁL&w

22 FFEHERTE
[YY1] CRA LRk OB EEIT 5.

TE. Fc Coh(X) DEEERT L (HE52R5
0O—-F—F —-FE—0 X 0—-F —-FEy—FE—0

ThHhoT, By & By I TOEGEH-TEEERETH 5.
(51 — 1)(22 — 1) = 0, <’U1,’U2> =-1 (1)

ZITH € 7 LIFEEARY7: Mukal X2 bV v, 1 ’U(El) % U(Ez) =liv; ERTRFZHNZH .
EE 3. (1) FHEIZHWDE, &M (1) 2BLLTARED.

(a) E1 Ep e E2 0i§ﬁ

(b) Fourier-Mukai 4t ® : D(X) = D(Y;) B MFET 5. L Y; := M¥ (v;) T, i€ {1,2} iZ (a) D

ZENE B \ZxtsT 5% 5.
(2) F%H %T@%A@%ﬁ%ﬁ% T 572
0—-FE —FE,—FEF—Q0

TH=10HAEELD. BT =03 ) 1cEoT

QE)=L®Iy
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L%, BLLeY; = Picd(Y1) RO Z € Hib V(). £72 I, 13 Z OA FT7AE. % 0 bup
FoRM % & E 1% Fourier-Mukai 242 & > T (¥ 0 DEMK DO BHHEZERNT) A 77 VEIZE
FILNTED. BLEROBOEY 2712012 V) x Hilb (Y1) L B2 27005, SABEMORN %
FHICIREEER RN RO LEE S L CHEET D 2 L2 SRRV LIRS,

FEILPEEFROGFHEOHE Z T DI AR ERICORMESF LIZEREZZNIE S THD. T aiii
THZDIT, ROLDEZEZDHZ LIZT 5.

EE. Mukai ~7 L v OIEMFAFER (numerical equation) %

(#) v = 611)1 — /62'[}2
l; € Z>0, Vi - E?bv)ﬁﬁéﬁ’ﬂ,
LS (6 —1)(ly—1) =0,
<Ui2>:07 <U1,U2>:_1
TEHTD.
BB TR (#) 1TRIEE (01,02, v1,v2) ETHREFERNTH L. ZOHBRRITHER HIVT—HORE
BT RRERD, LV DR OHOEHR TIROEETHS.
@ 4. NS(X) = ZH LAUET 5. F£72 Mukai _7 ~b o [ZIERD (v?) >0 &35, b LM A
(#) DI ('Ul,'UQ,él,ez) %ﬁfﬂi, M}Ig(v) DO— DTN HFE R R EFFO.
Z 2T OMEEFRD TER 1 OFEH ORI 28~ 5 .

EEL 1 OFEH OB, NS(X) = ZH E{ET 5. Mukai <27 hb v 1d 3 2O (r,d,a) #H T o =
(r,dH,a) &3 5. LT n:= (H?)/2 (ZHU3EH) 2 V5.
(rod, a) B0 n % AN TR TR A BE M2 5 = LR TR 5. T8 LIRS LAMA LY, b L

—ra? + 2ndry — ay? = +1 (%)
\Zfif (z,y) € Z2 BN, &5 Fourier-Mukai ZEHAIE(E L CTE AT L 0 AT L
M (v) --» Pic®(Y) x Hilb*(Y)

MEESD. LY = M (v).

E51C X BNERBE ERET S, ZOMn =178, ZhE ERORE (2 WKROREEON 1) 25
(%) \THRD B B EARED . o CHIRVEDBIMIEM T& 5. 72/ @ Fourier-Mukai 31 X & R 720D
THCY XY XX ThhH. ChTEELMELND. O

3 EVaATAERORES

ZOHOREIZER 2 OMHTH D, T DA Bridgeland (2 L 5 EEE o EM O Z B H - SE
Wb, T L TREMFMHEDOEB O L HBROWEEE 2 5. 7 — VLl X (221 T, D(X) OREMSM:
DZERIT (ot OGE L W L C) HHREF LT TE S, FFIZRRIT 0 DENE Y 2 7 1 ZEM O
Hroo L oREZp s s R,
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3.1 Bridgeland RE
Bridgeland 238 A L7z =ABE TORZEHDEREEETD.
EE. —AET LOoREMESEE o LT

(T=0,7=") T Ot fik (€D core & A 52T
Z:K(A) —»C megERR

ThoTIEED A E € AIZOWTE TR DL DODHETHS.
(1) Z(E)=reV=1m AL r,¢g e R, 0<r,0<¢p<1. Z0D¢DEELTF ¢(E) &EL.
2) ATOZ7 4NV b—var0=ECE C---CE,=FEDBMHELT, & Fj:=Ej/E;_1 1o\ T
P(F1) > -+ > ¢(Fy)
10 Fj IZERE ((EED 0#£ F C Fj I220W T ¢(F') < ¢(F;) BESLT 5).

LUR TR ZEERMZ 0 = (Z,A) &ML T 5. R3Ehim X 250V T T = D(X) EOZEMSMADORER
1 Bridgeland ©7 A 77 BIEARKTH 5. BETIIEEL 2B EICEEESFMEPHBRINTWAENR, 22Tk
IMYY] TREA L7 LA F O TR %.

M. X 27—Vl e 3%, % 8 € NS(X)r & we Amp(X)g IZ2OWT D(X) EoZEmsEst
T(pw) = (Apw)» Zpw)
WEFRTEDH. 22T
Z(B,w)(E) = <exp(6 + v —ILU),’U(E)>

ThY, £72 Agw 12 Coh(X) @ torsion pair (T(g,w), F(sw)) (TS tilting THREHH S t 1#iE (O core)
T® 5. torsion pair I&

T(8,w) := (B-twisted stable sheaf E, Zg ., (F) € H')

F(pw) = (B-twisted stable sheaf E, —Z(g ) (E) € H')

ThHzbNL. ALH ={reV 1" |r¢eR, 0<r, 0< ¢ <1}
EE. (1) (0(pw) ZEME)
E € D(X) #8 0(g) FEETHD LI, b5 n € LIEELT E[-n] 18 A, OFERERMETH
HILLERTD.
(2) (Bridgeland ZERMRDOEY = 7 A Z22[H)
A(ﬁ,w) ONZERMNRE CTo(E)=v725b00 S FAEEOEY 27 1 % Mg, (v) &7

LI [MYY] CIEBI LT 5.

@ (EAEHIR). E e D(X) % 1k(E) >0 222 (v(E)?) < (w?) "2 bD LT 5. ZOR E W o(g,,)
HETHDHZ L L E e Coh(X) 23> B-twisted H-semi-stable T 2 = & (Z[FIfHE.

i 5 (RENEDORIF). D(X) OIEEOERFE & XL EME RS, IBEED 04,4, FLELIR E )
L/E)’?)%) (6/,(&)/) Z’))&)/)’C (I)(E) 1% J(,B/,w') %éifﬁ—’
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3.2 Bridgelend R EHEHDZERDEE & EHEDIBE

Bl &gEx 7 — ULl X 120 T D(X) LoREstEEL 5.
EE. Mukai ~7 MLy Z[EETSH. &9 150 Mukai ~7 MLy ThHh-T

v €Qu, (v7) >0, ((v—v1)*)>0, (vy,v—wv1)>0

BT b0EEZD.

(1) (type vy D) BT 2B LI FCiEHRT 5.

Wa, o = {(B,w) | RZ(5,0)(v) = RZ(5,0)(v1)}-
(2) NS(X)r x Amp(X)r \ Uy, W, o OBEHRER Y % v IZBIT 5 R & IS5,
WORREIL “BEL TR L) FEBVAELNI L 2RET 5.

#E. Mukai ~7 b iE (v?) >0 Zililz T b0 & L, C &2 o BT 2HEETD. ZOR 0(5,,) BEME
(B,w) € C DIV FITE B,

SEY Mgy () 13 (B,w) € CITE DRV, 22 TIDEY 251 %M%E Mo(v) LT L35,

LIFNS(X) =ZH #ET 5. f=sH, w=tH & BN CTRERLKIEDZEM %
{(sH,tH) | s € R, t € Ry}
LRTZLITTS.
WE. (1) v BT DEE W, I TKOEICET S
W, ={(sH,tH) | (s —a)? +t* = (p—a)® —q} T Wy :={(sH,tH)|s=p}.

ZZTpeQLqeQuold v DAIKFELTEEY, acQidv & vITIKFELTEE 3.
(2) a#d 726 W, N Wy = 0.

SE VR (CF) Th Y, BARDEILD LA,
WITREDRRIT L\ 5 A EEAT 2.

(E

3

E DOERWIE). v ICET L8 W OLRKIT codimW %

il
3

codim W := v:InZi?vi{l + Z (v, v5) — Z(dim/\/lgvﬁ' (v;)% — <UE>)}

1<J [
TEHERTDH. I THLOMO v=Y v 1Xi=1,...,5 5>20D
D) (V) = bauy (Vi) (Vi), D wn(vi) > darwn(vy) (Vi< j)

BT LB, BL Bw) EW EeHy, (B,0) W CHET 2MRICHE b0 LT 5.
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BEDRIRTENL, BEMBOEY 2 T A ZZH O F CEE 2 CREMEDIAN D HRO TN ZEMOKKTE L
TEHRLTHD. FRIRRITODEL WD DX “BEMNEVNETAREILRD” BETH Y, —RFHID 20720
HOIZRZD., LOLROMBEIZE Y, Fx ORI TIEZFO L ) BRBENRTL LABWETHDLZ LR RBRIND.

WE 6 (AL 0 = KIENHRXOM).
{Wo, o | v ICBT 24T 0 OBE } < { SRR (#) O (v1, 09,61, 62)}

33 v=(1,0,—() [CB89 BE*
JlEfix NS(X) = ZH L& L, AR n % n = (H?)/2 TED 5.

XO1WRTEEGHE Z TRILDODLDODEEZD. ZDATTNE Iz (2T 5 Mukai <7 kv
v = (1,0, —0) DARKIE 0 OFERTIR L=\, B 6 L 0 BE H R OME E 2 UE LR, 4 OBEIEZ 0

C/n DEFERHZHNTRRTE .

fig %
fHRE.
{v=(1,0,—0) \ZBIT B R%KIT 0 DEE } = {W2 | m € Z}.
ZIT Wy i3
=) 12 = 0} (m #0),

W0 .= {(sH,tH
WS = {(sH,tH) | s =0}

ThHEZ6N5. HL

p

m b

(bm gam) _ <q ef) . D.q c Z>O, q2 _€p2 = +1.

HEEL by /am 12 m — 00 T /n KT D Z LIZEET 5.
WOM 1 TIERIRIT 0 DEEZ FRET, RRIT 1 UL EOBEZTHR THT. BE W, \[CBEE LR T W, ®N

ez b0% CF, Mllich s b 0% C,, LT

DT My = Mg (1,0,—0) 0 Mg (1,0,—0) &#5<.

m

(1) My = X x Hilb*(X).

e 7
(2) My #0. 7= My - Mg M.
(3) B [ D5
s Moy 22 M T My Eo vy s s -

MIFET 5. % U, 1% Fourier-Mukai Z5#t & SUHE T Dy DAL 95, Dy @5, [—] OB THEIT 5.
TITIEL =2 DBFEITOWTFRT 5.

ZHTERE 2 OFEMA OHENS 2 B3 5 M S T 7.
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0
Werl

3o

M1 v=(1,0,—0) BT 58 &R

EEL 2 OFEHOBENE (0= 2). “HBIX 0 D 2 RIEROREEOENS 17 LW ) E &M 5 (LEMEDR
1£) 76, & % Fourier-Mukai 24038 - CTREL ME (v) = M,,)(1,0,—0) #51& 2. 22T (B,w) X
Mukai =7 Fv (1,0, =€) \IZB$ 2802 C 2@+ 5 etk

CITHWREL=2¢n =100, (1,0,-0) IZET28CTHRRKIL 1 U EOLDIIFEELRV. KR
C=Cr_, =CThs.

T5&
. ki 7(3) ki 7(1) ;
MYE(v) = Mg (1,0,—0) = M,, = M, = X xHilb*(X)
LR, RERESD. O

FEE. BCRAS MY (v) S X x Hilb" (X) 136 refprop:mm(3) @ & 3 72 Fourier-Mukai ZS#d A5k & &
2%, ZOEMOESIZT v = (r,dH,a) DA —7 2d/r & \/l/n = /2 OESEER T 5 5 A FESI &
DRNBEENDEED Z &by d. FTZOESERERMZAM Lz RS ORI [M79] (< REFIZ2 L7E
R) TR TV B, Fox DI L D [M79] OEMA Bridgeland 258D SHECEM{L SN2 & 1072 5.
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4 mI&IC

SR LIciRa £ L&D 5.

o FEBERTRLE Fourier-Mukai ZHEZFEMNTHZ LT, BREBOEY 2 74 ZZROMOREBES % #k T
7.

e Bridgeland R EMFHDOZEMORE L FBOHEE 2N T 5 Z & C, LRROMNEHEFANH 25 65121T RE
EH XD EnginoT.

BB ICARIFROMEZ 1 ST L TAREZRAD ZLI2T 2.
P18, [MS0] X [ ElRHA-> NS(X) = ZH e+ 5. = ok
" . G O Yo it o 2 H . o 2\ ~
F{HIBI € DEAREL 2 RIE }/ e #{M (v) | v : positive, (v*) = 20}/ o
FE. ER 1 OFEH O D R T OAR%EX
(LHS) > (RHS)

FELATHS YY)

ZE 3R
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Symplectic varieties of complete intersection and contact geometry
YOSHINORI NAMIKAWA

A normal complex algebraic variety X is a symplectic variety if there is a holo-
morphic symplectic 2-form w on the regular part X,.., of X and w extends to a
(possibly degenerate) holomorphic 2-form on a resolution f: X — X.

Example: Let g be a semisimple complex Lie algebra and let G be its adjoint
group. Let us consider the adjoint quotient map x : g — g//G. If rank(g) = r, then
g//G is isomorphic to the r-dimensional affine space = C”. The nilpotent variety
N is, by definition, the set of all nilpotent elements of g and we have N = x~1(0).
The nilpotent variety decomposes into the disjoint union of (finite number of)
nilpotent orbits. There is a unique nilpotent orbit O,., that is open dense in IV,
which we call the regular nilpotent orbit. Then N = O,.,. The regular nilpotent
orbit O, coincides with the regular part of N and it admits a holomorphic
symplectic form wg g so called the Kostant-Kirillov 2-form. Then (N,wgkk) is
a symplectic variety. Moreover N C g is defined as a complete intersection of r
homogeneous polynomials (with respect to the standard C*-action on g).

In this talk I characterize the nilpotent varieties of semisimple Lie algebras

among affine symplectic varieties.

Let (X,w) be a singular affine symplectic variety of dimension 2n embedded in
an affine space C?"*" as a complete intersection of r homogeneous polynomials.
Assume that w is also homogeneous, i.e. there is an integer [ such that t*w = ' - w
for t € C*.

Main Theorem ([1]): One has (X,w) = (N,wkKk), where N is the nilpotent
variety of a semisimple Lie algebra g together with the Kostant-Kirillov 2-form
WKK-

Before starting the proof, we give a few observations.

Observation 1. [ = 1, where | := wt(w).

Write X as f; = ... = f, = 0 with homogeneous polynomials f;(z1, ..., 2on4+)-
We put a; := deg(f;). As X is singular, we may assume that a; > 1 for every i.
The holomorphic volume form w”™ := w A ... Aw can be written, by the adjunction
formula (or the residue formula), as

wt=c- Res(d21 VANAN ZQn—i—r/(fl: ey fT))

with a nonzero constant c¢. Since X has only canonical singularities, we see that
wt(w) > 0. Computing the weights of both sides, we get

0<n-wtw)=2n+r—Xa; < 2n.

The last inequality follows from the fact that a; > 1 and so ¥a; > r. Hence
wt(w) =1 and Xa; =n+r.

Observation 2. X has a C*-equivariant crepant resolution w:Y — X.
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(Sketch of Proof): Take a resolution f: W — X and apply the MMP (Minimal
Model Program) to the morphism f. Then we get a partial crepant resolution
m: Y — X where Y may possibly have Q-factorial terminal singularities. The
C*-action on X extends to a C*-action in such a way that 7 is C*-equivariant.
The symplectic form w induces a Poisson structure on the regular locus X,.,. By
the normality of X, this Poisson structure extends to a Poisson structure on X.
The pull-back of w by 7 is a symplectic form on Y,.., because 7 is crepant. Then
it induces a Poisson structure on Y,., and it extends to a Poisson structure on Y.
Now let us consider a Poisson deformation Y — A of Y. Then 7 extends to a
birational morphism 7 : ) — X over A for a Poisson deformation X — A of X. If
the Poisson deformation /A is very general, then 7; : Y; — X; is an isomorphism
for t # 0. Since X has only complete intersection singularities, X; also does. On
the other hand, we have Codimy Sing(Y) > 4 because Y has only terminal singu-
larities. This implies that Codimy, Sing(Y;) > 4; and hence Codimx, Sing(X;) > 4.
Notice that X; is a symplectic variety and such a symplectic variety X; must be
smooth by a proposition of Beauville. As Y; = X;, we have seen that Y; is smooth.
Finally, by the Q-factoriality of Y, we see that any Poisson deformation Y — A
is a locally trivial flat deformation of Y. Therefore Y must be smooth and w is a
crepant resolution.

We put P(X) := X —{0}/C* and Z := Y — 7~ 1(0)/C*. Then 7 induces a map
7:Z — P(X). By using the fact that wt(z;) = 1 for all ¢, we have:

Observation 3. 7 : Z — P(X) is a crepant resolution.

Notice that Z is a projective manifold of dimension 2n — 1. An important fact
is that Z has a contact structure.

Let W be a complex manifold of odd dimension 2n — 1. A contact structure on
W is an exact sequence of vector bundles

0—>E—>6W£>M—>O,

where M is a line bundle and the induced pairing Ex E — M, (z,y) — 0([x,y]) is
nondegenerate. Recall that a subbundle of © is called integrable if the bracket [, |
is closed in the subbundle. In this sense, E is a highly non-integrable subbundle
of ©. The line bundle M is called the contact line bundle and the twisted 1-form
0 € T(W,Q, ® M) is called the contact form. If W admits a contact structure,
then — Ky = M®" and (df)"~! A 6 is a nondegenerate 2n — 1-form on W.

Let us return to our situation. The C*-bundle X — {0} — P(X) restricts to the
C*-bundle X, ¢y = P(X),cq. We put L := Op(x)(1)|p(x),., and denote by (L")
the C*-bundle on P(X),, obtained from the dual line bundle L~* by removing the
0-section. Then X,.; — P(X),, can be identified with p : (L71)* = P(X)eq-
The C*-action on X, coincides with the natural C*-action on (L~!)* as a C*-
bundle. Let ¢ be a vector field on (L~1)* generating this C*-action. We regard
w as a symplectic 2-form on (L™1)* by the identification of X,., with (L~1)*.
Then one can write

OJ(C, ) = p*9
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with a twisted 1-form 6 € F(P(X)reg,ﬂij(x)reg ® L). We remark that p*L has
a natural trivialization on (L~!)*. This twisted 1-form 6 determines a contact
structure on P(X),eq.

Denote by i : P(X),ey — P(X) the inclusion map. Then Z.*Q:]P(X)Teg = 7.05.
Since F(P(X),i*ﬂia(x)mg ® Op(x)(1)) = T'(Z,Q} ® 7*0p(x)(1)), the twisted 1-

form 6 can be regarded as an element of I'(Z,Q} @ 7*Op(x)(1)).

Proposition 1. Z has a contact structure with the contact line bundle 7" Opx)(1).

For a contact projective manifold Z, the following structure theorem was proved
by Kebekus, Peternell, Sommese and Wisniewski.

Theorem 2: Assume that Z is a contact projective manifold with by(Z) > 1
and Kz not nef. Then Z is a projectivized cotangent bundle P(T*M) := T*M —
(0 — section)/C* of a projective manifold M. Moreover, the contact line bundle is
isomorphic to Op(p+r)(1).

As Kz =2 7 Op(x)(—n), it is not nef. Moreover, since X is a symplectic variety
of complete intersection, Codimy Sing(X) = 2. Thus, if n > 2, then P(X) has
singularities and 7 has an exceptional locus. This implies that by(Z) > 1. When
n = 1, it is easily checked that X is isomorphic to an Aj-surface singularity
22+ 22422 =0in C3.

In the remainder we assume that n > 2. Then 7 is a projectivized cotangent
bundle P(T*M) for some projective manifold by the theorem above. Which kind
of manifold is M 7

First notice that Op (-« (1) = T*Op(x)(1). In particular, Op(p«pp (1) is nef.
The following theorem was proved by Demailly, Peternell and Schneider.

Theorem 3. Let M be a projective manifold with Op(p-p) (1) nef. Assume
that x(M,Opr) #0. Then M is a Fano manifold.

Actually it is conjectured that M is a rational homogeneous space under the
same assumption; but it is still open except when dim M = 2 or 3. But, in our
case, we can prove more:

Proposition 4. Let M be a Fano manifold such that |Op -« (1)] ds free from
base points. Then M is a rational homogeneous soace, that is, M = G /P with a
complex semisimple Lie group G and its parabolic subgroup P.

(Sketch of Proof). By the assumption we see that the map

H°(M,0n) ® Oy — O

is surjective. Let G be the neutral component of Aut(M). Then G is a linear
algebraic group. By the surjectivity G acts transitively on M. Hence M can be
written as G/ P with a parabolic subgroup P. Let us prove that G is semisimple.
Let r(G) be the radical of G. Then r(G) is contained in P. But this implies that
r(G) acts trivially on G/P. By the definition of G, G acts effectively on M. This
implies that r(G) = 1.
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By the proposition Z = P(T*(G/P)). Let us consider the moment map
p o T*(G/P) — g*. Since g is semisimple, g* = g. Then Im(u) coincides
with a nilpotent orbit closure O of g. One can take the projectivization [ :

P(T*(G/P)) — P(O). We compare this map with 7 : Z — P(X). The embed-
dings P(0O) — P(g) and P(X) — P2?"*7~1 determine the tautological line bun-
dles Op (1) and Op(x)(1). One can check that *Op5)(1) = Op(r+(G/p))(1)
and 7*Opx)(1) = Op(r-(a/p))(1). Moreover both i and 7 coincide with the
morphisms determined by the complete linear system |Op(r«(g/py)(1)|. This im-

plies that (P(X),Op(x)(1)) = (P(0),0p5)(1)) as polarized varieties. Therefore
X = O as a C*-varieties.

The final task is to show that O is the nilpotent variety N of g. For simplicity
we only discuss the case when g is an exceptional simple Lie algebra. See [1] for
other cases. We are now assuming that O is complete intersection in g. Then one
can construct a G-equivariant morphism f : g — V from g to a G-representation
V with dimV = Codim4O in such a way that f~1(0) = O. By the argument
above the embedding X — C?"*7 is identified with the embedding O — g. Recall
that we have Ya; = n +r. As a; > 1 for each i, we have 2r < n + r; hence r < n.

Note that dim g = 2n + r and CodimgzO = r. Thus we have
dimV <1/3-dimg.

When g is exceptional, there is no non-trivial irreducible G-representation that
satisfies this inequality. Thus V is a direct sum of trivial G-representations. In
particular, O is the common zeros of some adjoint invariant polynomials. On the
other hand, N is the common zeros of all adjoint invariant polynomials. Hence
O contains N. As all nilpotent orbits are contained in N, O is contained in N.
Therefore O = N.
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Non-normal very ample integral polytopes
oood 00O D0ODOO (Akihiro Higashitani)

gooooobooobo0o (@ooooobooooono) gbobobooboooooooboobooboon

1. DEFINITIONS

# c RV : an integral polytope of dimension
Ap = {(a, 1) e RN : ¢ € P} 0 ZN!

o We say that # is normal if ? satisfies

ZsoAp = RsoAp N ZAp.

e We say that P is VEI'Y ample if P satisfies
|(Rs0Ap N ZAp) \ Z5oAp| < o0.

the elements of (Rso.Ap N ZAp) \ Zs0Ap : the holes of P
Note : “normal = very ample”

For simplicity, we assume
N =n and Zﬂgu = Zn+1.
Then
% is normal (resp. very ample) <

P satisfies () for all m > 1 (resp. for sufficiently large m) :

Yo e mPNZ",
(*) Jay,...,Ja, € PNZ" s,
Q=+ +

& P is called k-normal if P satisfies (x) for all m > k.

2. BACKGROUNDS

From Commutative Algebra

K : field
Z50Ap, RogAp N Z™! : affine semigroups
o K[P] = K[Z:0Ap], K[P] = K[Rx0Ap N 2] :
affine semigroup graded K-algebras

= K[P] is the normalization of K[P].

e K[#] and m are graded by grading deg X* = i,
where @ = (ay, ..., a,, i) € RagApNZ!,
e # is normal (resp. very ample) <
K[P] (resp. m*) is generated by degree one elements
(resp. for k > 0, where m = K[P],).

From Algebraic Geometry

X : toric variety of dim n /K, L : ample line bundle on X
P c R” : the corresponding integral polytope to (X, L)
Then

H'X, L) =P Ke

vePnZ! v
R(X.L) = ., H'X. L®) = K[P]
e P is normal & L is normally generated

(in the sense of Mumford)
e P is very ample < L is very ample

3. EXAMPLES

Our main interest is the existence of

non-normal very ample
integral polytopes !!

EXAMPLE | (Bruns—Gubeladze ’02)

(1,1,0,1,0,0)
(1,1,0,0,0,1)
3 (1,0,1,1,0,0)

14’
A (1,0,1,0,1,0)
dim=5 l ' (0.1.1,0.1,0)
v (0,1,1,0,0,1)
(0,1,0,1,1,0)
3 Il (0,0,1,1,0,1)

(1,0,0,0,1,1)
(0,0,0,1,1,1)
o non-normal : (1,1,1,1,1,1) =
1/2((1,1,0,1,0,0) + (0,1,1,0,1,0) + (0,0,1,1,0,1) + (1,0,0,0, 1, 1))
o very ample ; (1,1,1,1,1,1) +(1,1,0,1,0,0) =
(1,0,1,1,0,0) +(0,1,0,1,1,0) + (1,1,0,0,0,1) and so on...
o the number of holes = 1

EXAMPLE | (Bruns—Gubeladze ’09)

00 1 1 0 0 11
convi0 0 O O 1 1 1 1}, dim = 3,
2 3 3 41 2

o(l,1,4) = %((0, 0,1)+(1,0,2) +(0,1,3) + (1, 1,2))

o(1,1,4) +(0,0,0) = (0,0, 1) + (0,0, 1) + (1,1,2) ......

o the number of holes = 1

(Ogata*11)

In [3], infinitely many non-normal very ample integral
polytopes of dim 3 are constructed.

4. MaIN RESuLT

How about higher dimensions ?

Theorem
Let n and % be integers with » > 3 and # > 1. Then
there exists a non-normal very ample integral polytope
of dimension » having exactly / holes.

(Katthin *12)

% : non-normal very ample integral polytope
= K[#] is NEVER Cohen—Macaulay !!
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Example of Weierstrass semigroups of double covering type

Kenta Watanabe. Supervisor: Sampei Usui
Dept. of Math. ,Osaka Univ. Japan. u390547e@ecs.cmc.osaka-u.ac.jp

1 Numerical semigroup

We call a subsemigroup H of the monoid Ny consisting of non-
negative integers a numerical semigroup if No\ H is a nite set.
The genus g(H) of a numerical semigroup H is de ned by the
cardinality of the set No\ H.

Example 1. H = (3,4) or (3,5,7) = g(H) = 3.

2 Weierstrass semigroup

We work over the complex number eld C. A curve means a
smooth projective curve. For a curve C and a point P on C, we call
a non-negative integer n € Ny a gap if there is no meromorphic
function which is holomorphic on C'\{P} and has a pole of order
n at P.

Fact 1. For the set G(P) consisting of gaps at a point P on a
curve C, the set No\G(P) forms a numerical semigroup.

We call the numerical semigroup No\G(P) a Weierstrass semi-
group and denote it by H(P). For instance, both of two semi-
groups in Example 1 are Weierstrass semigroups of a plane pointed
curve of degree 4.

3 Plane curve case

Theorem 3.1 (E. Kang, S. J. Kim). Let C be a plane curve
of degree d, and let P € C. then, we have the following results.

(i) If Ip(C N Tp(C)) = d, then H(P) = (d,d 1).
(ii) If Ip(CNTp(C)) =d 1, then

HP)=({d 1+r(d 2)}o<r<d-2),

where Tr(C) is the tangent line at R on a curve C', and Io(CiN
() is the intersection multiplicity at an intersection point @
of two curves C7 and Cs.

It is well known that, in the case where C is a smooth plane
curve of degree d, if the intersection multiplicity at P of C' and
the tangent line Tp(C) at P on C is equal tod, d 1,ord 2,
then the Weierstrass semigroup H (P) of (C, P) is uniquely deter-
mined. Moreover, if d 7, then H(P) is completely determined
by Komeda and Kim.

4 Weierstrass semigroups of double cov-
ering of curves

For a numerical semigroup H, we set da(H) = {4 | h € H is even}.

Fact 2. 7 : C — C is a double covering of curves with a
rami cation point P = dy(H (P)) = H(mw(P)).

We call a numerical semigroup H the double covering type if
there is a double cover of curves 7 : C' — C with H = H(P) as in
Fact 2.

Question. For a pointed curve (C, P), what is a condition
for a numerical semigroup H with dy(H) = H(P) to be the
double covering type ?

In general, it is difficult to consider this problem. However, if
the genus of a pointed curve (C, P) is sufficiently small, then the
following result is known.

Theorem 4.2 (Komeda). Let H be a numerical semigroup of
genus 9 with g(do(H)) = 3. Then H is the double covering

type.

5 Main results

Theorem 5.1 Let X be an algebraic K3 surface which is given
by a double cover 7 : X — P2. Let C be a smooth projective
curve on X with 7717 (C) = C which is not the rami cation
divisor of 7, and let P be a rami cation point of 7|¢ : C —
7(C). Assume that the curve 7(C) is a plane curve of degree
d 4. Then, we have the following results.

(i) If n(p)(Tn(p) (m(C)) N 7(C)) = d, then
H(P) =2H(x(P)) + (64 1)Ny.
(i) Assume that Ly p)(Te(py(7(C)) N 7(C)) =d 1 and let
T (p)(m(C))ln(c) = (d  1)7(P)+Q.

If Io(To(r(C)) N 7(C)) = d, then

H(P)=2H(x(P)) + (8d 9)No+ (10d 13)N,
+  +(8d 9+2r(d 2)Np
+  +(2(d 1)>+5)No.

In theorem 5.1 (ii), in the case where d = 4 and Io(To(w(C)) N
w(C)) 4, the Weierstrass semigroup H(P) is classi ed as follows.

n H(P)

23 2H (7(P)) + 23N,

27 | 2H(w(P)) + 27Ny + 31Ny + 35N,
2H (n(P)) + 27N + 29N,

29 | 2H(m(P)) + 29N, + 31Ny + 33N,
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On Fano fourfolds with nef bundle A?7y and p(X) > 2

Yasutake Kazunori (Kyushu University)

Abstract

In this poster, I explain about the structure of Fano fourfolds whose the second exterior power of tangent bundle A*7x is nef
and Picard number p(X) is at least 2.

Definition of nef vector bundle

X: smooth proj. var. / C, E:vector bundle on X,

7 : Px(£) — X:projectivization, &¢:tautol. div.

(0) & :nef (ample)"}:e»f & nef (ample)

Known results

One of a generalization of Mori’s Theorem ( Hartshorne
conjecture ), K.Cho and E.Sato gave a characterization of
smooth quadric as a variety with ample bundle A?>7y.

Ample case, Cho-Sato [CS]
X sm. proj. variety. with ample vect. bundle A>Ty

= X = P"or @, : smooth quadric hypersurface

As a further generalization of this theorem, F.Campana
and T.Peternell classified threefolds with nef bundle A%7x.
Nef case in 3 dim., Campana-Peternell [CP1]

X sm. proj. threefold with nef vect. bundle A>Ty

= Either 7x: nef, the blowing up of P? at a point.
or del Pezzo threefold of degree> 2 with p(X) =1

Problem

Classify smooth projective fourfolds with nef vector bun-
dle A%Ty.

Fourfolds with nef tangent bundle are already classified by
F.Campana-T.Peternell, N.Mok and J.-M. Hwang. We re-
view the classification in Fano case.

Fano fourfolds with 7x nef , [CP2], [M] [H]

X : smooth Fano fourfold with nef tangent bundle 7x.
Then X is one of the following:
P! Qs P3x P, Qyx P, P?2xP?
P! x P! x P2, Pp2(Tp2) x P1, P! x P! x P! x P!,
Pp:(N) with null correlation bundle N.

General results

In the case where x(X) = 0, we can classify in all dimen-
sion.
~—— Kodaira dimension x(X) = 0, Theorem1 ——~

X : smooth projective variety of «(X) = 0.
Then the following conditions are equivalent:

1. A"y isneffor 1 <r < n—1;
2. Tx is nef;

3. There is an étale covering v : A — X from Abelian

variety.
J

Proof. Nefness of A"7Ty implies that X has the flat tangent
bundle. The theorem follows from the result of Yau o

Next, we consider the case where X is Fano and obtained
by the blowing up of a smooth variety along a smooth

subvariety. This proposition plays an important role in my
study.

Blowing up, Proposition2

X : blowing up of smooth variety Y of dimension n along
smooth subvariety Z. If X is Fano and A*Ty is nef
= X is the blowing up of P" at a point.

Main theorem
As a first step of classification of the case where x(X) =
—o0, we consider Fano fourfolds with p(X) > 2.
Fano fourfolds with p(X) > 2, Theorem3
X : smooth Fano fourfold with p(X) > 2 / C.
If A>Ty is nef and 7y is not nef
= X is the blowing up of P* at a point.

Proof.  Using results about extremal contractions on
smooth fourfolds

The proof of above theorem yields the following result.

Corollary

X : smooth Fano fourfold with p(X) > 2.
If A>Ty is nef on every extremal rational curve in X
= ATy is nef.
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COMPACTIFYING Spec Z

Satoshi Takagi / EA
Osaka City Univ. (OCAMI)

1 DMotivation

We want a category in which we can compactify
SpecZ:

Required diagram (I)
Spec Z — SpecZ = SpecZ U {0}

=

We want SpecZ to be the Zariski-Riemann space
ZR(SpecZ, ) of Spec Z, namely to have the univer-
sal property as follows: SpecZ — is proper, and
if SpecZ — Y is a morphism over and Y —
is proper, then there should exist a unique morphism
SpecZ — Y:

Required diagram (II)
Spec Z —— Spec Z = ZR(Spec Z, )

Bl

\
Y

However, these diagrams cannot be obtained in the
category (Sch) of schemes:

(1) SpecZ is the initial object in (Sch), hence we
don’t have any object under Spec Z.

(2) The infinite place co is not a prime ideal.

Several attempts have been made in the past (Haran,
Durov, ---), but have not reached the characteriza-
tion of SpecZ by the universal property.

Therefore, we must consider an algebraic type
which generalizes that of commutative rings; this is
what we call ‘convexoid rings’, as is defined below.

2 Definitions

An algebraic type 7 is commutative, if any m-ary op-
erator ¢ and n-ary operator ¢ commutes:

O(p(x11, -+ 1 T1n)s U Tty s Tomn))

= ’l/)(go(xllv' o amml)a o :‘p(xlna e

This enables us to give a T-algebra structure on Hom
sets, and hence to define tensor products ®.

A convezoid is a quadruple (M, H, —,0) which sat-
isfies:

) mmn))

(1) Misaset,0€ M,H (resp. —) is a binary (resp.
unary) operator on M,

(2) The algebraic structure on M is commutative in
the above sense, and

(3) aBb=0bHa, (—a)Ba=0.

A convexoid ring is a commutative monoid object
with respect to ® in the category of convexoids.

Example 2.0.1. DQ = {z € Q | |z| < 1} is a
convexoid ring, by setting a Hb = (a + b)/2. Note
that H is not associative.

We can define ‘convexoid schemes’, just as in the
way of usual schemes; however, this is NOT sufficient
for our purpose.

If R is a convexoid ring, then yg = 1 H 0 is the
fundamental constant.

— A ring is a localization of a convexoid —

R[vy'] becomes a ring, by setting
a+b=vg"(a@b).

A morphism A — B of convexoid rings is an equiv-
alence, if yaB = ypB and Aly,'] — B[yg'] is a ring
isomorphism.

A convezoid scheme is a (multiplicative) monoid-
valued space X which is locally isomorphic to the
spectrum of some convexoid ring, and transition
maps are equivalences.

3 Results

Let Ry be the initial object in the category of convex-
oid rings. This is a submonoid of the polynomial ring
7Z[v], and hence equipped with a canonical grading.
We can define a convexoid scheme Proj Ry.
Valuation convexoid rings can be defined just like
valuation rings. A proper morphism of convexoid
schemes is defined by the valuative criterion.

Main theorem(T-) [1]
SpecZ = ZR(Spec Z, Proj Ry).

This is realized in the pro-category of convexoid
schemes.

Remark 3.0.2. e The infinity place canonically
appears, without using the terminology of
norms. This can be shown by proving a gen-
eralization of Ostrowski’s theorem.

e The above theorem can be generalized to any
ring of algebraic integers Ok.

e A locally free sheaf on Spec O is, by definition
a projective Ox-module equipped with a norm
satisfying some finiteness property.
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Introduction

Since the proof of the Calabi conjecture by Yau in '77 the ification of
compact Ricci-flat Kéhler manifolds has made big progress. By the theo-
rems of de Rham, Berger and Beauville every such manifold is — up to finite
covering — isomorphic to a product of three kinds of basic building blocks:
complex tori, so-called strict Calabi-Yau manifolds and hyperkahler mani-
folds. Whereas for strict Calabi-Yaus there is a vast range of examples, the
situation in the hyperkihler case is much different:

Hyperkahler /THS manifolds

Definition. A compact complex manifold X is called hy-

perkdhler manifold or irreducible holomorphic symplectic

manifold (IHS) if the following conditions are satisfied:

e (X)=0and

e H(X) = C - w, where w is a nowhere degenerate closed
holomorphic two-form (also called holomorphic symplectic
form)

There is a quite short list of known examples:

© Moduli spaces of she on K3 surfaces.  This includes
K3 surfaces and Hilbert schemes of points on these sur-
faces.

® Two sporadic examples by O'Grady. They as well are con-
structed from moduli spaces of sheaves on K3 surfaces.

® Generalized Kummer Varieties.

Since the list of examples is this short one big aim of mathematicians work-
ing with holomorphic symplectic varieties is to construct new examples. As
can be scen above, the starting point for most of the examples are moduli
spaces of sheaves on a K3 surface. Such a surface is an THS itself. So we end
up with the following central question:

Questions

Let X be a projective IHS manifold. Let M be a moduli space
of sheaves on X

Does M admit a symplectic structure?

Or even:

Does M admit a symplectic resolution being again
an THS manifold?

Almost nothing is known in this direction and, as it seems, it is very difficult
to answer this question in this generality. Therefore we pick for our THS
manifold one of the most basic examples, the Hilbert square X2 of a pro-
jective K3 surface X. Then let us formulate a short list of seemingly more
achievable aims:

Aims
o Find examples of stable sheaves on X2,

 Find conditions such that the moduli spaces of these sheaves
are smooth.

o Construct symplectic structures on these moduli spaces

Tautological Sheaves 1 - Stability

The theory of moduli spaces of sheaves on K3 surfaces is very well under-
stood. It is based on the fundamental paper on the symplectic structure and
smoothness of these spaces by Mukai (cf. [Muk]). The central result is the
following:

Theorem (Mukai). Let X be a projective K3 surface. Then the moduli
space of stable sheaves with fized numerical data is a smooth quasi-
projective variety admitting a symplectic structure.

If one also considers semistable sheaves then the moduli spaces become com-
pact but often singular. There is a complete classification of the possible

cases and of possible symplectic resolutions due to the work of Yoshioka,
Lehn, O'Grady, Zowislok and many others.

The idea now is to use these results and to transfer them to the Hilbert
square. There is a big class of sheaves on the Hilbert square of a surface
which is quite well understood: the so-called tautological sheaves.

Tautological Sheaves

Let X be a projective K3 surface and denote by X s
Hilbert square. It consists of zero dimensional length two
subschemes € € X. On the product X x X2 there exists a
universal family {(z,€)|lz € £} Let p: X x XI5 x
and ¢: X x X = X2 denote the first and second projec-
tion and let F be a sheaf on X. We set F12 = g,(O=@p*F).
Since glz: = — X2 s two-to-one this is a sheaf on X[ and
we will call it the tautological sheaf associated with F. Note
that if F is a vector bundle then 71 is again a vector bundle
where the rank of 72 is twice the rank of F.

These tautological objects where studied by several people with very dif-
ferent interests like Ellingsrud, Gottsche and Lehn, Boissiere and Nieper-
Wikirchen, Danila, Scala, and Krug. The most useful results for us concern
the cohomology and extension groups of tautological sheaves.

Theorem (Scala ([Sca]), Krug ([Kru])). Let F and G be sheaves on a
projective surface X. Then we have the following formulas for the co-
homology and the groups of the associ logical sheaves:

HH(XPLFR) = Hr (X, F) @ HA(X, Ox)
and
Extiy(FP,GP) = Bxti(F,0) o (X, 0x)

&
HY (X, FY) ® H*(X.G).
On a K3 surface a stable sheaf s h2(F) - hO(F) = 0 since

otherwise the structure sheaf would be a destabilizing quotient or subbundle.
Thus we get the following consequence from the theorem:

Corollary. Let F be a stable sheaf on a projective K3 surface. Then
the associated tautological sheaf is simple.

Now this is a first hint that the tautological sheaf associated with a stable
sheaf could be again stable. The first result in this direction was proven by
Schlickewei (cf. [Schl]). T could prove an extensive generalisation of it (cf
[Wan)]):

Stability of Tautological Sheaves

Theorem. Let (X, H) be a polarized K3 surface and let F
be either a torsion free rank one sheaf or a ppr-stable rank
two vector bundle on X. Assume c|(F) # 0. Then Fl s
a rank two (rank four resp.) ppp,-stable sheaf where Hy
is a carefully chosen polarization on X 2 depending on H.

Example. We explicitely excluded the case F = Oy. In fact, for the associ-

2 .
ated rank two tautological bundle 0[“' we can find a destabilizing subbundle,

namely the trivial bundle:

2]
Oy O,

Tautological Sheaves 2 - Deformations

So we have found a big number of examples of stable sheaves on the Hilbert
square. We can therefore consider the moduli space of these sheaves. The
most important question then would be whether these sp
manifolds or singular spaces. In order to answer this question we have to
study the deformation theory of tautological sheaves. Therefore we fix some
stable sheaf F on X such that FI2 is again stable. We may assume that
h2(F) = 0. Again, the tangent space of the moduli space at the point
corresponding to Fis naturally isomorphic to the group of infinitessimal
deformations of F12/ which is given by the first extension group. Looking at
Krug’s formula () we see

s are smMooth

Extly(F2, FP) 2 Bl (72, F2) P ul(X, F)V o 1Y, F). (1)

The first summand is just given by the infinitessimal deformations which
come from the sheaf F on the surface and will therefore be called surface-
deformations. Let us denote the second summand by the additional defor-
mations. One can immediately deduce:

Surface-Deformations of Tautological Sheaves

Proposition. The deformations of Fi coming from the
surface are unobstructed. We the: have an embedding
of the moduli space of stable sheaves on X into the cor-
responding moduli space of stable sheaves on the Hilbert
square.

Corollary. If in addition h' (X, F) = 0 we have an isomorphism of the
moduli space of stable sheaves on X with a connected component of the
corresponding moduli space of stable sheaves on X!2).

Example. We can find an explicit example of a sheaf where the additional
deformations are not unobstructed, i.e. the moduli spac ingular in the
point corresponding to this sheaf. The idea is the following: First of all find
a sheafl F on X satisfying h'(F) - h'(F) # 0 and dim Extf\»(]—-, F) #0.
Now, if F has a deformation e € Ext&(}'. F) such that some global section
¢ € HY(X,F) does not deform with the sheaf then the dimension of the
tangent space Extl, (F%, F2) has to drop when we move in the direc-
tion of the deformation (e,v ® ¢) (where ¢ is some nontrivial element in
H'(X, F)V) and this deformation has a nontrivial obstruction.

So how to find such a sheaf? The easiest example is a tensor product of
an ideal sheaf and a line bundle. Let X be a elliptically fibred K3 surface
with fibre class E and section C. Following Donagi and Morrison (cf. [DM])
the linear system of L := C'+ kE for k > 2 has C' as a base component.
Furthermore let p € C be a point, denote by Z, its ideal sheaf and set
F =T, ® L. Since p is a base point of L we have H'(F) 2 H'(L). Now
the deformations of F correspond to deformations of the point p inside X'
Thus if we deform F in a direction not tangent to C', p will not be longer a
base point and the dimension of the space of global sections will drop.

Outlook

The most urgent task will be to study the behaviour of the additional defor-
mations in broader generality. Ts the defect described in the example above
the only case where singularities may occur?

Suppose one can find examples where the additional deformations are un-
obstructed. What can be said about the whole moduli space in these cases.
Can one find an explicit description of the deformed tautological sheaves?
So far, we did not address the question for symplectic structures on the mod-
uli spaces. As described in [Bot] and in Chapter 10 of [HL] the Atiyah class
of a sheaf may play a central role in the construction of symplectic forms.
Hence a good description of the Atiyah class of tautological bundles would
be desirable. I could accomplish partial results in this direction.
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