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Fractional calculi on parabolic Hardy spaces

Yosuke HsHIKAWA O (Gifu National College of Technology)
Masaharu NsHIO [0  (Osaka City University)
Masahiro WMADA 0O (Gifu University)

Letn > 1 andH the upper half-space of tHe + 1)-dimensional Euclidean space, that is,
H={X = (z,t) e R"" : z = (21,...,2,) € R", t > 0}. For0 < a < 1, the parabolic
operatorL(® is defined by

L@ =9, + (—A)7,

whered, = 9/0t, 9; = 9/0x;, andA, = 87 + - - - + §2. Let C(H) be the set of all real-valued
continuous functions ofif. A functionu € C(H) is said to beL(®-harmonic if L™y = 0 in
the sense of distributions. For< p < oo, the Lebesgue spade = LP(R") is defined to be
the Banach space of Lebesgue measurable (real-valued) fung¢tamB” with

1= (] \f(x)\”an(x)); <o,

wheredV, is the Lebesgueolume measure oR". The parabolic Hardy spade is the set of
all L(®)-harmonic functions: on H with

[ullng, = sup [lu(-, #)]|r < oo,
>0

We remark thahff/2 coincide with the harmonic Hardy spaces of [1, Chapter 7].

Our aim is the study of fractional calculi on parabolic Hardy spaces. In [2], we study
fractional calculi on parabolic Bergman spaces, which are the Banach spaces consisting of all
LP(H)-solutions of the parabolic operatbf*). Parabolic Bergman spaces are often studied by
using fractional calculi (see [2], [3], and [4]). In this talk, we present properties of fractional
calculi on parabolic Hardy spaces. As an application, we preSéhiconjugates of parabolic
Hardy functions, which is the extension of the harmonic conjugates.

To state our results of this paper, we give some notations. For a real numle¢®D; =
(—0,)" be the fractional differential operator with respecttandFC" the class of functiong
onR,; = (0,00) such thatD; ¢ is well defined. For a multi-index = (v, - ,7,) € Ni, let
oy =90/ ---9. Theorem 1 shows fundamental properties of fractional calculi on parabolic
Hardy spaces.

THEOREM1. Let0 < a < 1,1 < p < 00,7 € N§, andv > —(n/2a)(1/p) — |7|/2a. If
u € h?, then the following statements hold:

(1) The derivativeD; 97u(x, t) is well defined, and there exists a constant C(n, «, p, 7,
v) > 0 such that
DY u, 1)) < Cim /2RIy



for all (z,t) € H. Moreover, ifv > —(n/2a)(1/p), then the derivativé)} Dy u(z,t) is well
defined, and the equatia D} u(x,t) = Dy 0] u(x,t) holds.

(2) If 3 € N2, then the derivative’D? 97 u(z, t) is well defined, and
DY OYu(x,t) = DYOPu(x, t).
(3) If a real numberx satisfiesk + v > —(n/2a)(1/p) — |v|/2a, then the derivative
DyDy0)u(x,t) is well defined, and
DD u(z,t) = D Ol u(w, t).

(4) The derivativeD? 9] u(x, t) is L®)-harmonic on H.

We present the definition of ah(®)-conjugate of functions o, which is introduced in

[4].

DEFINITION 1 ([4, Definition 1]). Let0 < o < 1 andwu a function onH. We shall say that
ann-tuple of functiongv,, . .., v,) on H is anL(*)-conjugate of. if v;(z, - ), u(z, - ) € FC/**

and(n + 1)-tuple (vy, . .., v,, u) satisfies the following equations:
(N.1) Ojup = Okvj, 1< jk<n,
(N.2) du=-D/";, 1<j<mn,
and
(N.3) RERTE zn: 8;v;.
j=1

We note that when = 1/2, the equations of Definition 1 coincide with the generalized Cauchy-
Riemann equations for harmonic functions in [7]. As we see beldw, - ) € FCY? for all

u € h?. Theorem 2 shows the existence and the norm estimaté&*6tonjugates oh? -
functions.

THEOREMZ2. Let0 < a < 1andl < p < oo, then the following statements hold

(1) If u € h?, then there exists a unique®-conjugate(vy, . . ., v,) of u such that; € k.

(2) If an n-tuple of functionguvy, . .., v,) with v; € h? satisfies Equation (N.1), then there
exists a unique function € k2 such that(vy, ..., v,) is the L(®-conjugate of..

(3) There exists a constant > 0 independent of € h such that

n
CMullng < Y llojllnz < Clullng,

j=1
where(vy, . . ., v,) is the L®)-conjugate of: withv; € h”.
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NORMAL SINGULAR INTEGRAL OPERATORS WITH CAUCHY
KERNEL ON L? (THIS IS THE ABSTRACT OF OUR ORIGINAL
PAPER)

TAKAHIKO NAKAZI AND TAKANORI YAMAMOTO

1. INTRODUCTION

We will publish the paper which contains the proofs of new results of this abstract.
Let LP = LP(T) be the Lebesgue space on the unit circle T = {z € C : |z| = 1},
and let H? be the corresponding Hardy space for 1 < p < oco. Then |f|, =

1

(& 7 1fE@rde) " 1 p = 2, then (£.9) = 5= |, F(e)g(e)da and | 1] =
| f|l2- Let H?>+ = L?> & H? = zH2. Let P denote the orthogonal projection of L?
onto H?. Let Q denote the orthogonal projection of L? onto H? (resp. H?'). Let
I denote the identity operator on L?. Then P+ Q = I.

For o € L™, let M, denote the multiplication operator of L? to L? such that
M,f = af, (f € L?), let T,, denote the Toeplitz operator of H? to H? such that
T.f = P(af), (f € H?), let T, denote the operator of H>*! to H?* such that
T.f = Q(af), (f € H*Y), let H, denote the Hankel operator of H? to H?>* such
that Hof = Q(af), (f € H?) and let H, denote the operator of H*! to H? such

that Hof = Paf, (f € H*Y). Then T;T,T. = Ty, T.T,T; = T, and Hy, = H},.

For o, B € L™, let S, g denote the singular integral operator of L? to L? such that
Sapf=aPf+BQf, (f €L?. Then M, = S4.4, and

— 1

(Sapfle) = WL gy 2EL20E L [
where the integral is understood in the sense of Cauchy’s principal value (cf. [4],
Vol. 1, p.12). If f € L', then (S, 5f)(z) exists for almost all z € T.

It is well known that T} is self-adjoint if and only if ¢ is real-valued. Brown and
Halmos [1] established that T}, is normal if and only if ¢ = au + b for some real-
valued function v € L* and a,b € C (cf. [5], p.107). It is well known that M, is
self-adjoint if and only if ¢ is a real-valued function, and that My is always normal.
Martinez-Avendano and Rosenthal [5] established the following. Then PK M, |g>
is a Hankel operator which maps H? to H?. They proved that PKM,|p= is self-
adjoint if and only if a(z) = a(Z), and that PKM,|x> is normal if and only if
PKM,|g> is a constant multiple of a self-adjoint Hankel operator PK Mg|y> for
some 3 € L. In this paper, we study the normal operator S, g. Since Sy o = Ma,
Sa,o is always normal.

Y

2000 Mathematics Subject Classification. 45E10; 47B35; 47B20; 30D55.

Key words and phrases. Singular integral operator, Toeplitz operator, Hardy space, normal
operator.

The first author was supported by Grant-in-Aid Scientific Research No0.20540148. The second
author was supported by Research Grant in Hokkai-Gakuen University.



T. NAKAZI AND T. YAMAMOTO

Lemma 1.1. Let a and 8 be functions in L. Then L?> = H?> ® H?** is a decom-
position such that, as matrices relative to this decomposition,

S .= To ﬁﬁ « _ [ Ta H,
PN\ Ha Tp ) «f =\ Hs Tp )

Definition 1.1. If @ = au + b for some real-valued function u € L and some
a,b € C, then « is said to be a Brown-Halmos function. Let (BH) denote the set
of all Brown-Halmos functions.

By the Brown and Halmos theorem [1] (cf. [5], p.107), T}, is normal if and only if
« is a Brown-Halmos function.

2. NORMAL OPERATOR S, g

Let a and (8 be functions in L°°. In this section, we give the general descriptions
of symbols of normal operators S, g.

Theorems 2.1, 2.2 and 2.3 are the main theorems.
Lemmas 2.1 - 2.5 are used to prove Lemma 2.6.
Lemmas 2.1 and 2.6 are used to prove Theorem 2.1.

Theorem 2.1 is used to prove Theorems 2.2 and 2.3.

Lemma 2.1. Let o and [ be functions in L, and let ¢ = o — 3. Then the
following hold.
( HoHs — HgHz HpTy —TyHs
-\ TyHz—H,T; HgHz—HoHs )
(2) Sa,p is normal if and only if
HoHs — HgHg = HgHy — HoHs = TyHz — HyTj = 0.

By the proof of the Cowen theorem ([2]), the first author and Takahashi [6] proved
the following lemma by the Sarason’s lifting theorem ([8] and p.230 of [7]). Although
the equivalence of (1) and (2) is easy, but the equivalence of (1), (2) and (3) is not
SO easy.

Lemma 2.2. Let o and 3 be functions in L°°. Then the following are equivalent.
(1) HiH, = H};Hg (That is FI@I?& = ﬁglilg).
(2) HoH; = HgHp (That is HoHs = HgHp).

(3) a— ¢ € H*® for some constant ¢ with |c| = 1.

Lemma 2.3. Let a be functions in L. Suppose F, f € 2H? satisfy o — &(0) =
F+f. Then F, f € M<pcoo?.

Proof. Well known. U
Lemma 2.4. If g € L?, then Qg = zP(2g9) = Pg — §(0).

Lemma 2.5. Let o and 3 bf functz’m}s in L and let ¢ = oz—ﬁ; Suppose F, f, G, g €
zH? satisfy a—&(0) = F+f and —B(0) = G+3g. If HyT; = T,Hp, then Gg = Ff.

_5_



NORMAL SINGULAR INTEGRAL OPERATORS

Lemma 2.6. Let a and 3 be functions in L™ and let ¢ = a—fB. Suppose F, f,G, g €
2H? satisfy o — &(0) = F+ f and 8 — B(0) =G +g. If Sa,p is normal, then there
exists ¢,d € T such that g =cf, G =dF, (1 —cd)Ff =0 and either o« — ¢ € C or
a—dB € C holds.

The following theorem is used to prove Theorems 3.2 and 3.3.

Theorem 2.1. Let o and 8 be functions in L>°. Then the following are equivalent.

(1) Sa,p is normal.

(2) There exist constants ¢, d such that |c| =1, a = c¢B+d and T¢H5 —H,T; =
0, where ¢ = a — .

(3) There exist constants c,d such that |c| =1, a = c¢B+d and (c — 1)|5|* +
dB — cdB € H®.

(4) There exist constants c,d such that |c| =1, « = ¢+ d and (¢ — 1)|a)? +
da — cdo € H™.

If a— 3 is a non-constant function, then the following theorem gives the descriptions
of symbols of normal operators S, 3.

Theorem 2.2. Let o and 3 be functions in L. Suppose o — [ is a non-constant
function. Then the following are equivalent.

(1) Sa,p is normal.

(2) There exist a non-constant unimodular function ¢ in L and constants

a,b,c such that a #0, |c|=1,c# 1, a =ca) + b and B = arp + b.
Lemma 2.7. Let a be a function in L and let a € T. Then the following are
equivalent.

(1) a=aa+0b where and b € C.
(2) a=af + f+b where f € zH? and b € C.
(3) = a'?u+ b where u is a real-valued function in L=, and b € C.

Lemma 2.8. Let o be a non-constant function in L®. If a = af + f +b =

a1g + g + by for some a,a; € T, b,by € C and some f,g € zH?, then a = a, and

f=g

Definition 2.1. For a € T, the subset (BH)(a) is defined by
(BH)(a)={a:a=af +f+b, f€zH? becC}.

By Lemma 3.7, C C (BH)(a) C (BH). By Lemma 3.8, if a,b € T and a # b, then
(BH)(a) N (BH)(b) = C. If @ — [ is a constant, then the following theorem gives
the descriptions of symbols of normal operators S, g.

Theorem 2.3. Let a and 3 be non-constant functions in L. Suppose o — 3 is a
non-zero constant. Then the following are equivalent.

(1) Sa.p is normal.

(2) o€ (BH)((a—B)/(@-B)).

(3) There exist f € zH? and p,q € C with p # q such that
_p—q
P17
Lemma 2.9. Let a and B be functions in L. Suppose there exists ¢ € T such
that ¢ # 1 and oo — ¢ = 0. Then the following are equivalent.

a f+f+p B=""2f+f+q
P—q

_6_



T. NAKAZI AND T. YAMAMOTO

(1) Sa.p is normal.
(2) Both || and |B| are constant.

Lemma 2.10. Let o and [ be functions in L>°. Then the following are equivalent.

(1) Sap is an isometry.

(2) || =8| =1 and o € H*.

Theorem 2.4. Let o and 3 be functions in L°°. Then the following are equivalent.
(1) Sa,p is unitary.
(2) |a] =|8| =1 and there exists d € T such that o — df = 0.

Lemma 2.11. Let o and [ be functions in L. Suppose there exists ¢ € T such
that ¢ # 1 and o — ¢ = 0. Then the following are equivalent.

(1) Sa.p is normal.
(2) Both |a| and |3| are constant.

Lemma 2.12. Let a and [ be functions in L°>°. Then the following are equivalent.

(1) Sa,p is an isometry.
(2) o] =18l =1 and af € H>.

Theorem 2.5. Let o and 3 be functions in L°°. Then the following are equivalent.
(1) Sa.p is unitary.
(2) |a] =|8| =1 and there exists d € T such that o — dp = 0.

Theorem 2.6. Let o and § be functions in L°°. Then the following are equivalent.
(1) Sa,p is self-adjoint and unitary.
(2) FEither (o, 5) = (1,1),(1,—-1),(—1,1),(=1,—1), or there exists a measurable
subset E C T such that 0 < m(E) <1 and a = =2xg — 1.
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Extremal Problems In H! For Continuous Kernels On A Bidisc

Takahiko Nakazi (Hokusei Gakuen University)

Let D be the open unit disc in the complex plane C and T"= 0D. D™ and T"
denote the Cartesian products of n copies of D and T', respectively. Let Z be the set of
all integers and Z, the set of all nonnegative integers. Z" and Z} denote the set of all
a= (o, -, a,) with a; € Z and Z7 the set of all « € Z" with a; € Z, for 1 <@ < n,
respectively.

Let m,, be the normalized Lebesgue measure on T". For 1 < p < oo, let LP(T™) =
LP(T™, m,) denote the Lebesgue space, HP(T™) the usual Hardy space and K?(T") = {f €
LP(T™) : f(a) =0if —a & Z"}. Then for 1 < p < oo LP(T") = HP(T") & K?(T™). For ¢
in L>=(T™), a linear functional B, on H'(T") is defined by the following :

By(f) = | SQ0(Qdm,(Q) (f € H'(T),

Then || B,l| = 6 + K=(T")].

Let S ={f € HY(T") : ||f|]1 = 1}. We are interested in S, = {f € S : By(f) =
| By||} when ¢ is continuous. Such a extremal problem was solved by the present author
[5] for n = 1. In this lecture we describe Sy, for n = 2 when S, contains an outher function

(see [8]).

I. Definition

a,fezr 000 a<pfUO a;<B;(1<j<n)00000=ai+ - +a, 00
OON,(T™) O Smirnov class 00O OHP(T™), = {f € LP(T") : f(ay, -, 04, -, ) = 0
ifa, <0} (1<¢<n)00000000 (o, H(T"), = H/(T™) 0000

Y e L>*(T™) O extremal kernel 00 ¢ = ¢+ k. k€ K*(T") 00 ||Bsll = |¥]l
000000000 fe HY(T") O rigid (strongly outer) 00O S, = {f/||fl.} D000
00000 fe Ny (T") O outer OO

/ log | f|dm,, = log | fdm,| > —o0

Tn

gobobooogon

II. One dimension

Szn:{vl_[?:l(z—aj)(l—djz)GS:7>O,6L]~ED}DDDDDDDDDDDDD
O00¢ O rational DO OO 19500 O Macintyre-Rogosinski 0 O O O¢ O T 0O analytic



0000 19580 0 deLeeuw-Rudin 0000 ¢ O 700 continuous 0 OO0 19830 0O
Nakazi 000 S, 0 S 00000000000 Theorem 1 O Corollary 1 O Nakazi
blO0ooO

$eL=T),¢¢ H*(T)DDODO ()~(5) 0000000

(1) S, O weak*compact O empty DO 00O

(2) f € Sy, f =qh O inner-outer 0000000 0g 0O degree n O finite Blaschke
product 0 0O 0O 0O

(3) ¢ 0 ¢ O extremal kernel 0000 = 2°|f|/fo 00000000 f, O rigid
b0b00OneZ, O0OOO

4) Sy =({y:7>0l xS x f)NSODOO0DODOD f, 0 rigid 00 n € Z4
gogg

(5) dim(Sy) =2n+10000

Corollary 1

0 TO0O continuous 00008, =({y:7>0} xS x fo)NSOOO0O00O
00 f,0 rigid 00 ne Z, 0000

Il. Two dimension

feH(THOOOO20 fix OO f(w) = fz,w) 00 w0 fix 00 f,(2) =
fz,w)0OOGOOOf, e HY(T,) OO f,€e HY(T,)ODOODO

f O w-rigidd z-rigid OO0 00000 f, O rigid a.e.20 f,, O rigid a.e.w 00O O
000000 f O separately rigid OO f O w-rigid 00 z-rigid DO00O00OO0O0OOf
O separately rigid 000 f 0O rigid DOOOODOOOOOO O outer function O 0O OO
O0000000D0000f O separately outer OO f O outer OO ODOOODODOO
O0O0o0ooOOoooo

§1. Separately finite dimensional solution set

Hasumi 00 00 dim(S,) =1 a.e.z O dim(S,,) =1laew 000000000
O dim(S,) =1 000000000 dim(Ss,) =1 aez 00 dim(Ss,) < oo a.ew OO
0 dim(S,) <co 000D0D (see [()0000000000O00DO0D0

dim(S,,) < 2n+ 1 aez OO0 dim(S,,) < 2m + 1 aecw 000 dim(S,) <
(2n+1)(2m+1) 0000000



feN(TH OO E; cTO m(E;)) >0( =12 0000f, 0 w-rational
function degree < ry (z € E7) 00O f, O z-rational functiond degree < r, 000 f O
rational function 0 0 0 O O degree < (rq,r5) 0000

Proof. Quo-Wang 2] 0 lemma 0 fe€ H®(T?) 00000000 fe N (T?) O
goodooooooood

OO Theorem 10 Problem OO0 O OO0OOOOOOOOOOOO

S, 000000000 outer function 000000000 dim(S,,) < coa.e.z 0
0 dim(Ss,) < ccaew 0000000000000 n,mO00000000dIm(S,,) <
2n+ 1 ae.z0 dim(Sy,) <2m+1aew 00 dim(S,) < (2n+1)(2m+1).

§2. Continuous kernel

0000000000000 0000D0O0DODO000O0 IO Theorem 10 1T
O Lemma l 0000000000

¢ 0 T? 00 continuous function 00 S, 000000000 outer function O
00000 dim({S,) <oco 000D

S, 000000000 rational function 000000 dim(S,) <co 0000

¢ =2z—w O outer function 0000008y ={(»—w)/||z—w|,} 0000

§3. Some extremal kernel

00§00 ¢000000 extremal kernel OO00O0S, 00000000 one
dimension 0O OO O Theorem 100 two dimension 0 00000000 O0OOOOOO
OO0 Problem OO OOOOO

o=Cfol/foBa e Z2 00 fo O rigidO00 Sy=({y:7>0} xSz x fo)NS
00000

a=(m,a)eZ; 000 Se@a={fesS:f=¢FOO F:Z_agﬁgaa(ﬁ)gﬁz
0} 00 00dim(Sz) = (201 +1)(20, + 1) 0000
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Compound matrix and its applications to the
numerical ranges

Hiroshi Nakazato [0 Hirosaki University [

Abstract

For a triple of n x n Hermitian matrices (Hy, Ho, H3) and a real
sequence ¢ € R", the c-joint c-numerical range W.(H1, Hy, H3) is
realized as the joint numerical range W (K, Ko, K3) of some triple
of N x N Hermitian matrices (K1, Ko, K3) for N = [[;_; nCp.

1. Compound matrix

[0 Let A be an n X n complex matrix and k a positive integer < n.
The kth compound matriz Cx(A) of A is an N-by-N matrix whose «,
entry is det A[a|f], where N = ,,Cy = n!/(k!(n — k)!), o, § € Qk,, and
Qrn={a=(a1,...,ap): 1 <a; < - <ap <n}

with usual lexicographical order. The formula Cy(AB) = Cy(A)Cy(B) was
proved in [4]. We shall define C;(A) in another way. Denote by e; the i-
th column of the identity matrix I,,. Then the vectors {ej,es,...,€,} is an
orthonormal basis of C". If the integers (1 <)iy, 7o, ..., k(< n) are k-distinct
numbers, we define

1
iy N\ €y N - Nej = N Z Sgn(0)ei, ) ® €i,p) O -+ O €y

T 0ESE

For k vectors

n n n
§1 = Z Eirn€ins o = Z §2,2€6525 -+ > Ek = Z Ejr ki

J1=1 J2=1 Jr=1



the vector & A& A -+ A&, is defined as

Eiia oo Sk

Z Det( cee oo )eg Ao Nej

1<j1<jo< - <jr<n fjk,l - gjlmk

We denote by Vi (C™) the ,,Cy-dimenentional vector space spanned by
{eil/\e@/\---/\eik 1<y << <2k§n}

An element of V;(C") is called a decomposable k -vector if it is expressed as
E1NE N -+ & by some vectors &1, &, ..., & in C™. For instance e; Aes +eq A
es+ei Neg+es Nes—+ ey Aey+es3 ey is not a decomposable 2-vector. This
fact follows is verified by the following proposition.

Proposition 1.1 An element
X1€1 N eg + X261 N €3 + X3€1 N ey + X462 AN €3 + X562 N eyq + X6€3 N ey
of V3(C*) in the case V;(C") = C* is a decomposable 2-vector if and only if

X1 X — Xo X5 + X3Xy = 0.

For 1 <igp <ip<...<ip;<n, 1< <7jo<...<Jr<n, the entry
Ce(A) (i1, 02, ... ik : J1, Jo,- - -, Jx) is chacterrized as

Ck(A)(Zla Z.27 s Jik’ : j17j27 s 7]16) - <(T®T® ) ®T)(€J1/\632/\ ) '/\ejk>7 61'1/\61'2/\' ’

For instance, C1(A) = A, C,(A) = det(A). Let K = diag((—1) : j =
1,2,3....) = diag(—1,1,—1,1,...). Then the matrix KC,,_1K is called the
cofactor matrix of A. If A is invertible, then

1

At =
det(A)

KC,_,K]".

The kth additive compound matrix Dy(A) of A is defined as

d
Dk(A) — % Ck([ —|— tA)|t:0,

'/\€ik



equivalently, Dy(A) is the linear term in

Co(I +tA) =1 +tDy(A) +t*R+---

Forl1 <i<ig<...<ip<n, 1 <71 <jo<...< 7 <n, the entry
Dy(A)(i1,d9,. ..,k : j1,J2, - - -, Jx) is chacterrized as

Dy(A)(ir, 22, .-k < J1s J2s - Jk)

= (TR - - RI+IRTRIR- - - QI+ - [®---QIXT)(ej Nej, A+ -Nej, ), € Neiy A -

Proposition 1.2 Suppose that A is an n X n complex matrix with eigen-
values Ai, Ag, ..., A,. Then the matrices Cy(A), Di(A) (1 <k < n) satisfy

det(t1 ¢, — Crp(A)) = I (t— X Aig - Xy,

1< <9< <cp<n

det(tl, ¢, — Dp(A)) = 11 (t—[Ni, + iy + -+ A )
1< <9< <cp<n
2. Joint c-numerical range of an ordered m-
tule of Hermitian matrices

For an ordered m-tuple of Hermitian n x n matrices (Hy, Hs, ..., H,,) and a
real sequence ¢ = (¢q, Co, . . ., C,), the joint c-numerical range W.(Hy, ..., Hy,)
is defined by

W.(Hy, Ho, ... H ch Hi&5,8)), Zc] Hy¢;, €5), Zc] H 5, 65))

7=1
{&1,&, ..., &, }isan orthonormal basis of C"}.

If (c1,¢9,...,¢,) = (1,0,...,0), then the range W.(Hy, Hs,, H,,) is reduced
to the clasical joint numerical range W(Hy, Ho, ..., H,,).

-/\eik



In 1919, Hausdorff [8] proved the convexity of W (H;, Hs) which is iden-
tified with W (A) for A = Hy +iH,. In 1918, Toeplitz [10] introduced W (A)
by

W(A) = {(4¢, &) : £ € C [[¢][ = 1}

In 1975, Westwick [11] proved the convexity of W.(H;, Hy). An indefinite
analogue of this result and and its appllications are given in [3, 2]. O

In 2011, Chien and N [5] proved the following reduction theorem.

Theorem 2.1 Let (Hy, Hy) be an arbitrary pair of n x n Hermitian
matrices and ¢ = (¢, ¢, ..., ¢,) a real sequence in R™. Then there exists a
pair of n! x n! Hermitian matrices (K1, K3) satisfying

W.(Hy, Hy) = W(Ky, Ks).

The proof of the above theorem depends on a deep result of W. Helton
and V. Vinnikov [9] on hyperbolic forms using Riemann theta functions. In
6] their result is used.

In 1983, Y. H. Au-Yeung and N. K. Tsing [1] proved the convexity of
W.(Hy, Hy, H3) under the condition n > 3. Some convexity theorem of
W.(Hy,...,H,) is obtained for m > 4 under some restricted condition in

[7]-

Theorem 2.2[Chien-N| Let (H;, Hy, H3) be a triple of n x n Hermitan
matrices with n > 3 and ¢ = (c¢1,¢9,...,¢,) a real sequence in R™. Then
there exists a triple of N x N Hermitian matrices (K1, Ko, K3) satisfying

W.(Hy, Hy, Hy) = W(Ky, K, K3)

for
( nl2

n—1
{(n—1)! Hck

N:

We shall give a sketch of the proof of Theorem 2.2. By remarking the
equation

W1 +eo,cotconenteco) 1, Hoy Hs) = Wie, o ey (Hi, Hyy H3)+co(tr(Hy ), tr(Hy), tr(Hy))



we assume that ¢, = 0. Under this assumption we set
bp-1=Cp_1,bp—2=Cpn_9—Cp_1,bp_3 =Cp_3— Cp_a,...,by =c1 — cs.

We also set

Ki=bH; @I, @1, @@Ly, , +bolp @ Do(H;) @1y @+ @ Iy,

031, ® Iy, @ D3(Hj) @ -+ @ I,
it byl @y @@ 1y, , @ Dy (H),
where my = ,,C, = n!/(k!(n — k)!), 7 = 1,2,3, then the equation

n

Z Cj)\j(.ill'lHl + ZEQHQ + $3H3) = )\1($1K1 + I’QKQ + JJ3K3),

j=1
holds for every (xy,xs,x3) € R3. By the convexity of W,(A;, Ay, A3) , this
equation 1mphes that WC(Hl, HQ, H3) = W(Kl, Kz, Kg)

In the case m > 4, we have the following.

Proposition 2.3 Let (Hy, Hs, ..., H,,) be an arbityrary m-tuple of n xn
Hermitian matrices. Then for every 1 < k < n, the following equation holds:

Wk(Hla H27 ceey Hm) - {(<Dk‘(H1)€7€>7 <Dk(H2)£7€>7 Tty <Dk(Hm)‘€7€>) :

£ € Vi(C),|[£]] =1, & isdecomposable k — vector}.
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1 Introduction

Let E be a real Banach space and let C' be a nonempty closed convex subset of E. For a
mapping T': C' — C, we denoted by F(T') the set of fixed points of . A mapping 7" : C — C
is called nonerpansive if |[Tx  Ty| ||z y| for all ,y € C. In particular, a nonexpansive
mapping T : E — E is called contractive if it is linear. From [19] we know a weak convergence
theorem by Mann’s iteration for nonexpansive mappings in a Hilbert space.

Theorem 1.1. Let H be a real Hilbert space, let C be a nonempty closed convex subset of H
and let T : C' — C be a nonexpansive mapping with F(T) # 0. Define a sequence {x,} in C
by x1 =x € C and

Tpt1 = anty + (1 ap)Tx,, VneN,

where {a,} is a real sequence in [0,1] such that Y~ an(1 ) = co. Then, {z,} converges
weakly to an element z of F(T), where z = lim,,_,o Px,, and P is the metric projection of H
onto F(T).

By Reich [14], such a theorem was extended to a uniformly convex Banach space with a
Fréchet differentiable norm. However, we have not known whether the limit point z is charac-
terized under any projections in a Banach space. Recently, using nonlinear analytic methods
obtained by [8], [9] and [4], Takahashi and Yao [22] solved such a problem for positively ho-
mogeneous nonexpansive mappings in a Banach space. In 1938, Yosida [25] also proved the
following mean ergodic theorem for linear operators; see also Kido and Takahashi [11].

Theorem 1.2. Let E be a real Banach space and let T be a linear operator of E into itself
such that there exists a constant C with |T"]] C for n € N, and T is weakly completely
continuous, i.e., T maps the closed unit ball of E into a weakly compact subset of E. Then,
for each x € E, the Cesaro means Sp,x converge strongly as n — oo to a fived point of T.

In this article, motivated by these theorems, we study nonlinear analytic methods for linear
contractive operators in Banach spaces and obtain some new strong convergence theorems
for commutative families of linear contractive operators in Banach spaces. We also extend
Bauschk, Deutsch, Hundal and Park’s theorem for linear contractive operators in Hilbert
spaces to commutative families of linear contractive operators in Banach spaces. In our results,
the limit points are characterized by sunny generalized nonexpansive retractions.



2 Preliminaries

Throughout this talk, we assume that a Banach space E with the dual space E* is real. We
also denote by (x,z*) the dual pair of x € F and z* € E*. A Banach space E is said to be
strictly convex if ||x + y|| < 2 for z,y € E with ||z|]] 1, |ly|| 1 and z # y. A Banach space
FE is said to be smooth provided

eyl el
t—0 t

exists for each z,y € E with ||z|| = ||y]| = 1. Let E be a Banach space. With each = € E,
we associate the set J(z) = {z* € E* : (x,2*) = ||z]|> = ||z*||*}. The multi-valued operator
J : E — E* is called the normalized duality mapping of E. From the Hahn-Banach theorem,
Jx # 0 for each € E. We know that E is smooth if and only if J is single-valued; see [17].
Let E be a smooth Banach space and let J be the normalized duality mapping of E. We
define the function ¢ : £ FE — R by

o(xy) = ll2l® 2z, Jy) + [ly]*

for all x,y € E. It is easy to see that (||z]| |lyl)?* o(z,y) (||lz|| + ||ly]|)? for all x,y € E.
Let C be a nonempty closed convex subset of a smooth, strictly convex and reflexive Banach
space E. For an arbitrary point « of E, the set {z € C' : ¢(z,2) = mingec ¢(y,z)} is always
a singleton. Let us define the mapping Il of E onto C' by z = llgx for every x € E, i.e.,
¢(Ilcx, x) = mingec ¢(y, x) for every x € E. Such Il¢ is called the generalized projection of
E onto C; see Alber [1]. Let D be a nonempty closed subset of a smooth Banach space E, let
T be a mapping from D into itself and let F'(T") be the set of fixed points of 7. Then, T is
said to be generalized nonexpansive if F(T') is nonempty and ¢(Tz,u)  ¢(x,u) for all z € D
and u € F(T). Let C be a nonempty subset of E and let R be a mapping from E onto C.
Then R is said to be a retraction, or a projection if Rx = x for all x € C. It is known that if
a mapping P of E into E satisfies P> = P, then P is a projection of E onto {Pz : x € E}.
A mapping T : E — E with F(T) # 0 is a retraction if and only if F(T') = R(T), where
R(T) is the range of T'. The mapping R is also said to be sunny if R(Rx +t(x Rx)) = Rx
whenever x € F andt 0. A nonempty subset C' of a smooth Banach space F is said to be a
generalized nonexpansive retract (resp. sunny generalized nonexpansive retract) of E if there
exists a generalized nonexpansive retraction (resp. sunny generalized nonexpansive retraction)
R from E onto C. The following lemmas are in [12].

Lemma 2.1 (Kohsaka and Takahashi [12]). Let E be a smooth, strictly convex and reflezive
Banach space, let C* be a nonempty closed convex subset of E* and let I« be the generalized
projection of E* onto C*. Then the mapping R defined by R = J~'Il¢c-.J is a sunny generalized
nonexpansive retraction of E onto J~1C*.

Lemma 2.2 (Kohsaka and Takahashi [12]). Let E be a smooth, strictly convex and reflexive
Banach space and let D be a nonempty closed subset of E. Then, the following are equivalent.

(1) D is a sunny generalized nonexpansive retract of E;
(2) D is a generalized nonexpansive retract of E;
(8) JD is closed and convezx.

Let C be a closed convex subset of a strictly convex and reflexive Banach space E. For an
arbitrary point = of E, the set {z € C : ||z z| = mingec |ly x|} is always a singleton.



Let us define the mapping Po of E onto C' by z = Pex for every z € E, ie., [|[Pocx x| =
mingec ||y | for every x € E. Such P¢ is called the metric projection of E onto C. Let
FE be a Banach space and let K be a closed convex cone of E. Then, T : K — K is called a
positively homogeneous mapping if T'(ax) = aTx for all &« 0 and z € K. Let M be a closed
linear subspace of E. Then, T': M — M is called a homogeneous mapping if T'(Sx) = Tz
forall € R and x € M. In L? spaces, 1 p oo, we know examples of nonexpansive and
positively homogeneous mappings; see, for instance, Wittmann [24]. From Takahashi and Yao
[22] we have the follwing result; see also Honda, Takahashi and Yao [4].

Lemma 2.3. Let E be a smooth Banach space and let K be a closed convex cone in E. If
T : K — K is a positively homogeneous nonexpansive mapping, then T is generalized nonex-
pansive. In particular, if T : E — FE is a linear contractive mapping, then T is generalized
NoNeTpansive.

Let S be a semitopological semigroup, i.e., S is a semigroup with a Hausdorff topology
such that for each a € S the mappings s — a s and s — s «a from S to S are continuous.
In the case when S is commutative, we denote st by s + ¢t. A commutative semigroup S
with identity is a directed system when the binary relation is defined by s < t if and only
if {t}U(S+1t) C {s}U(S+s). Let B(S) be the Banach space of all bounded real valued
functions on S with supremum norm and let C(S) be the subspace of B(S) of all bounded
real valued continuous functions on S. Let u be an element of C(S)* (the dual space of C(S5)).
We denote by u(f) the value of p at f € C(S). Sometimes, we denote by p(f(t)) or uf(t)
the value p(f). For each s € S and f € C(S), we define two functions I f and 7, f as follows:
(Isf)(t) = f(st) and (rsf)(t) = f(ts) for all t € S. An element p of C(S)* is called a mean on
C(S) if p(e) = ||u|| = 1, where e(s) =1 for all s € S. We know that p € C(S)* is a mean on
C(9) if and only if

Wl () plf) supf(s), VS ECS),

s€s ses
A mean p on C(5) is called left invariant if p(lsf) = wp(f) for all f € C(S) and s € S.
Similarly, a mean p on C(S) is called right invariant if u(rsf) = p(f) for all f € C(S) and
s € S. A left and right invariant invariant mean on C(S) is called an invariant mean on C(S5).

Let E be a Banach space and let C' be a nonempty, closed and convex subset of E. Let
S be a semitopological semigroup and let S = {Ts : s € S} be a family of nonexpansive
mappings of C into itself. Then & = {T : s € S} is called a continuous representation of S
as nonexpansive mappings on C if Ty = T,T; for all s,t € S and s — Tz is continuous for
each © € C. The following definition [15] is crucial in the nonlinear ergodic theory of abstract
semigroups. Let S be a topological space and Let C'(S) be the Banach space of all bounded
real valued continuous functions on S with supremum norm. Let E be a reflexive Banach
space. Let u : S — FE be a continuous function such that {u(s) : s € S} is bounded and let p
be a mean on C(5). Then there exists a unique element 2o of E such that

ps(u(s),x*) = (zp,2%), Va* e E"*.

We call such zg the mean vector of u for p. In particular, if S = {Ts : s € S} is a continuous
representation of S as nonexpansive mappings on C' and u(s) = Tz for all s € S, then there
exists zg € C such tat

ws(Tsx,x*) = (z9,2%), Vz* e E*.

We denote such zg by T),x.



3 Strong Convergence Theorems and Applications

In this section, we state two strong convergence theorems for commutative families of linear
contractive operators in Banach spaces. Let Y be a nonempty subset of a Banach space E
and let Y* be a nonempty subset of the dual space E*. Then, we can define the annihilator
Y of Y* and the annihilator Y+ of Y as follows:

Yi={z€E:flx)=0,YfeY*} and Yt ={fc E*: f(x)=0, Yz € Y}.

Theorem 3.1 (Takahashi, Wong and Yao [21]). Let S be a commutative semitopological
semigroup with identity. Let E be a strictly convex, smooth and reflexive Banach space, let
S ={T; : s € S} be a continuous representation of S as linear contractive operators of E into
itself and let {S,, : a € I} be a net of contractive linear operators of E into itself such that
F(S) C F(S,) for all « € I. Suppose Tg0 Sy = Sq0Ts for alla € I and s € S. Then, the
following are equivalent:

(1) {Sazx} converges to an element of F(S) for all x € E;
(2) {Sazx} converges to O for all x € (JF(S))L;
(3) {Sax Tso0S,x} converges to 0 for allz € E and s € S.

Furthermore, if (1) holds, then {Sax} converges to Rpsyxz € F(S), where Rps) =
J M psyd and I ps) is the generalized projection of E* onto JF(S).

Theorem 3.2 (Takahashi, Wong and Yao [21]). Let S be a commutative semitopological
semigroup with identity. Let E be a strictly convexr, smooth and reflerive Banach space, let
S ={T : s € S} be a continuous representation of S as linear contractive operators of E into
itself and let {T,, : n € N} be a sequence of linear contractive operators of E into itself such
that F(S) C F(T,) for alln € N. Let S,, =T, 0T,_10 o1y for alln € N and suppose that
Ts0S, =5,0Ts for alln € N and s € S. Then, the following are equivalent:

(1) {Spz} converges to an element of F'(S) for all x € E;
(2) {Snhx} converges to 0 for all x € (JF(S))L;
(3) Spx TsoSpz — 0 forallz € E and s € S.

Furthermore, if (1) holds, then {S,r} converges to Rpsyx € F(S), where Rps) =
J_1HJF(5)J and Il ;p(sy is the generalized projection of E* onto JF(S).

Using Theorem 3.1, we obtain the following theorem to commutative families of linear
contractive mappings in Banach spaces.

Theorem 3.3 (Takahashi, Wong and Yao [21]). Let E be a strictly convex, smooth and
reflexive Banach space and let M be a closed linear subspace of E such that there exists a sunny
generalized nonexpansive retraction R of E onto M. Let S be a commutative semitopological
semigroup with identity and let S = {Ts : s € S} be a continuous representation of S as linear
contractive operators of E into itself. Then the following are equivalent:

(1) {Tsx} converges to the element Rx of M for all x € E;
(2) M = F(S) and {Tsx} converges to 0 for all x € (JM),;
(3) M =F(S) and Tsx  Tsyyx — 0 forallz € E and t € S.

Furthermore, if (1) holds, then R = Rp(s) = J_1HJF($)J, where Il jp(sy is the generalized
projection of E* onto JF(S).



From Theorem 3.3, we get Bauschk, Deutsch, Hundal and Park’s theorem [2] in 2003.

Theorem 3.4 ([2]). Let T be a contractive linear operator on a Hilbert space H; i.e. ||T| 1,
and let M be a closed linear subspace of H. Consider the following statements;

(1) limy, oo [T Pyl =0 for allx € H;
(2) M = F(T) and T"xz converges to 0 for all x € M*;
(3) M= F(T) and Tz T""2z — 0 for all x € E.

Then, all statements are equivalent.

If M is a closed linear subspace of a Hilbert space H, then there exists the metric projection
P of H onto M. In a Hilbert space, the metric projection P of H onto M is coincident with
the sunny generalized nonexpansive retraction Rp; of H onto M. From Theorem 3.1, we
can also show the following mean strong convergence theorem for commutative semigroups of
contractive linear operators in a Banach space; see Yosida [25].

Theorem 3.5. Let S be a commutative semitopological semigroup with identity. Let E be
a strictly convex, smooth and reflexive Banach space, let S = {Ts : s € S} be a continuous
representation of S as linear contractive operators of E into itself. Let {uq} be a net of strongly
asymptotically invariant means on C(S), i.e., for each s € S, ||lpa  pal — 0, where I is
the adjoint operator of ls. Then, for each x € E, {T), x} converges strongly to the element
Rx of F(S), where R = Rp(s) = J_anF(S)J and Il ;p(s) is the generalized projection of E*
onto JF(S).

In Theorem 3.5, note that the point z = lim, 7}, x is characterlized by the sunny generalized
nonexpansive retraction R = Rp(s) = J_lﬂJp(S)J of E onto F(S). Such a result is still
new even if the operators T, are linear. Applying Theorem 3.2, we obtain the following
strong convergence theorem of Mann’s type for commutative semigroups of linear contractive
operators in a Banach space.

Theorem 3.6. Let S be a commutative semitopological semigroup with identity. Let E be a
strictly convex, smooth and reflexive Banach space and let S = {Ts : s € S} be a continuous
representation of S as linear contractive operators of E into itself. Let {u,} be a sequence of
means on C(S) which is strongly asymptotically invariant, i.e., for each s € S, ||lipn  pn| —
0, where ¥ is the adjoint operator of ls. Let {cu,} be a sequence of real numbers such that
0 a, land) .~ ,(1 ) =occ. Then, a sequence {x,} generated by x1 =z € E and

Tpt1 = nZn + (1 )Ty, 20, neN

converges strongly to the element Rx of F(S), where R = Rp(s) = J*1HJF(5)J and 1 jps)
is the generalized projection of E* onto JF(S).
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REPRESENTATION OF SCHRODINGER OPERATOR
VIA SHORT-TIME FOURIER TRANSFORM

KEIICHI KATO, MASAHARU KOBAYASHI AND SHINGO ITO
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Hardy spaces with variable exponent

Yoshihiro Sawano and Eiichi Nakai

Abstract

The aim of this article is to explain Hardy spaces with variable exponent. The
source is [7].

1 Introduction

Among function spaces, Lebesgue spaces with variable exponent are believed to
be most difficult. Indeed, they are not rearrangement invariant and detailed research
shows that the modular inequality is not available (see [4]). Therefore, Hardy spaces
with variable exponent, whose underlying spaces are Lebesgue spaces with variable
exponent, are difficult to analyse. In this note, we describe how to cope with this
difficulty. With the technique developed in [7], we can analyse other function spaces.

The functions belonging to Hardy spaces on the cirle are considered in 1915 by
Hardy [3] and F. Riesz named such function spaces Hardy spaces in [5, 6]. In 1960
attempts to define Hardy spaces on Euclidean spaces were made. Such attempts can
be found in [1, 2, 8]. As in [2], the classical theory of HP(R?)-spaces could be considered
as a chapter of complex function theory.

In harmonic analysis, Hardy spaces are regarded as tools with which to state
endpoint results. A typical result of such attempts is the boundedness of H'(R%)-
boundnedness of the Riesz transform.

Recall that Hardy spaces are given as follows:

1. Topologize S(R™) by norms {pn}nen given by

prl(p) = Y sup (14 |z))V[0%p ()|
\a|§N$eRn

for each N € N. Define Fy = {¢ € S(R") : pn(p) < 1}.
2. Let f € 8'(R™). The grand maximal operator M f is given by
Mf(x) =sup{|t """ ") % f(2)] : > 0,9 € Fy} (x € RY),

where we choose and fix a large integer .



3. The Hardy space HP(R") is the set of all f € §'(R™) for which || f||gr = || M[||L»
is finite.

Hardy spaces have the following properties:

1. The Hardy space HP(R"™) with 1 < p < oo coincides with LP(R").
2. The Hardy space H!(R") is a proper subset of L!(R").

3. The Hardy space HP(R™) with 0 < p < 1 is not contained in L] (R").

These three different properties make us fell that there is no need to consider H?(R")
with 1 < p < o0.

However, in this paper, we would like to say that it is still meaningful to consider
HP(R™) with 1 < p < co. Indeed, by considering Hardy spaces with variable exponent,
we could obtain the atomic decomposition of Lebesgue spaces with variable exponent.

In Section 2, we recall Lebesgue spaces with variable exponent and in Section 3, we
describe Hardy spaces with variable exponent. Finally in Section 4, we consider the
atomic decomposition of Morrey spaces.

2 Lebesgue spaces with variable exponent

For a measurable function f : R™ — C, define

(@)
||f||Lp<'>Einf{A>0:/ (&;)')p dx§1}.

The space L) (R™) is the set of all measurable functions f : R™ — C for which the norm
Il £l o¢) is finite. The function p(-) in the definition is called the variable exponent. It is

customary to denote p; = sup p(z) and p_ = ian p(zx), which we shall do throughout
this talk. As is often the case with many other cases, we postulate on p(-) the following

conditions.

(log-Holder continuity)
1 1
px)—py)| S ——F—= for |z—y| < -, 1
(o) =P S o= for o=l < (1)
(decay condition)
1

< > |x|. 2
S gy o Wzl @)

Ip(z) — p(y)

Denote by poo the limit lim p(z) ensured by the decay condition.

T—r 00



Variable Lebesgue spaces have a long history which starts from Nakano’s observa-
tions. However, unlike other function spaces, it had been extremely difficult to analyze.
One of the reasons is that the boundedness of Hardy-Littlewood maximal operators can
not be proven in a satisfactory way.

Remark 2.1. We do not assume p; < 1, nor p_ > 1. However, it seems to count that
LPC)(R™) is isomorphic to the Hardy space HP()(R™) with variable exponent.

3 Hardy spaces with variable exponent

The Hardy space HP()(R™) with variable exponent is the set of all f € S’(R") for which

We formulate here the definition of Hardy spaces with variable exponent.

Let ¢ € [1,00]. A function a is said to be a (p(-),q)-atom if it is supported on a
cube ) with the following properties.

1/q
L |ally < ’Q| (Size condition)
IxQllzoe
2. / a(z)z® dr = 0 for all @ = (a1, a2, -+ ,an) with D77, a; < n(p% - 1). (Mo-
Q

ment condition)

Suppose that we are given cubes {Q;}72; and complex constants {);}72,. Then define

O, = ff i,
AP 2 g e |
o) |)\ | min(1,p_) 1/min(1,p-)
Ajtizillag = (—] ) XQ;
”{ J}] 1|| 2 ]z:; HXQ]‘HLP(') Qj
()

The next theorem is one of the key theorems in [7].

Theorem 3.1. Let f € S'(R™). Then TFAE.
1. f € HPO(R™),

2. There exists a collection of (p(-),00)-atoms such that f =372, Aja; with

A=, = fj Mo, |
M=t “ Ixq; lre

Lt



5. There exzists a collection of (p(-),q)-atoms such that f =32, Aja; with

- |)\j|min(1,p,)XQ_ 1/ min(1,p—)
I = || X2 s =
7=1 HXQ] HLP(') p()
Here q in the definition of atoms satisfies
q > max(1,py) (3)

Remark 3.2. In [7], the condition (3) was ¢ > 1. Later it was improved.

4 Morrey spaces and atomic decomposition

Recall that the Morrey norm || f|| v is given by

1_1
[fll e = Sup |Bl» || fllLa()»

where B runs over all balls. If we use the Holder inequality, then we have
MGR") € MZ(R™)

when 1 < r < ¢ < p < oco. So we can measure the quality of the obtained result with
respect to the parameter ¢ in M%(R™).

In [9], we obtained the following theorems:

Theorem 4.1. Suppose that the parameters p,q, s,t satisfy
1<g<p<oo, 1<t<s<oo, qg<t, p<s.

Assume that {Q;}52, C D, {a;}72; C M{(R"™) and {A;}52, C [0,00) fulfill

o0
lajllae < 1Q;"*, supp(a;) € Qs || Ajxa, < o0.
j:1 Mg

(R™) and satisfies

loc

(o]
Then [ = Z Aja; converges in S'(R™) N L{
j=1

o0
£l < Coagst || Xixa
j:l MP
q



Theorem 4.2. Suppose that the real parameters p,q, v, L satisfy
v>0, 1<g<p<oo, LeNU{0}.

Let f € ME(R™). Then there exists a triplet (N2 € [0,00), {Q;}2, C Q(R™) and
{a;}52, C L®(R™) such that f =322, Nja; in S'(R") and that

laj] < XQ; /R z%aj(x)dx =0

for all a with |a| < L and

1/v
oo

()\jXQj)U < Cpaollfll e
. q
= M?

Remark 4.3. Theorem 4.2 follows from a generality but Theorem 4.1 needs a delicate
argument. Indeed, the condition about M? is by no means trivial.
As applications, we reproved the following theorem:

Theorem 4.4. Let0<a<n,l1<p<pg<oo,l<g<qg<o0andl <r <rg<oo.
Suppose that

1 1
q>r7_>ga_§ga (4)
bo n- qo n
and that ] ) )
a r
el T A R (5)
To q0 Po n To Po
Then

9+ Taflpgo < Cllgll o | FlLngo:
where the constant C' is independent of f and g.
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SEPARATION THEOREM FOR CHAIN COMPLETE PARTIALLY
ORDERED VECTOR SPACES

TOSHIKAZU WATANABE

1. INTRODUCTION

A separation theorem for convex sets is one of the most fundamental theorems in the opti-
mization theory and functional analysis theory. Let X be a vector space, X " its algebraic dual
space and A a subset of X. We denote ‘A the linear span of A and ‘A denotes the relatively
algebraic interior of A, where

ig any y € A there exists ¢ > 0 with
=13Y S Y ’
y+ Ay —y) € Aforany A €0, ¢)

If ‘A = X, then it is called algebraic interior, core (A), of A. Then we can obtain the separation
theorem in the vector space as follows, see [1, 15]:

Theorem 1.1. Let X be a vector space, X' its‘algebmic dual space, A, B convex subsets of
X such that relatively algebraic interior A and *B are non-empty. Then there exists u € X',
u#0, and X € R such that (u,z) < X\ < (u,y) for any x € A and y € B. Moreover, (u,z) # X

for at least one z € AU B if and only if 'YAN'B = ).

In [10, 19], Theorem 1.1 is generalized in the Cartesian product space of a vector space
and a Dedekind complete partially ordered vector space. Under certain assumptions, two non-
void subsets of a product space can be separated by an affine manifold of that product space.
Its proof is due to Hahn-Banach’s theorem and Dedekind completeness, both assumptions are
equivalent, see [3, 5]. The same direction, Zowe[23] also treated a separation theorem and
a Fenchel duality in a Dedekind complete vector lattice. Moreover, in [10], the equivalence
between a separation theorem and a Fenchel duality are discussed in an ordered vector space
with Dedekind completeness.

On the other hand, in [11], Fel’dman consider the Hahn-Banach exact approximation property
and conflict the subgradient of convex and sublinear mapping. In [4, 6], Borwein consider the
subgradient of convex mapping taking value in an ordered vector space under chain complete,
countable chain complete (monotone sequence property), Daniel property and Dini property.
In [11, 6], they give examples of chain completeness. Particularly, any closed subcone of a
DANIEILL cone (infima exist as topological limits) has is chain complete (chain property) and
DANIEILL cone is an important example in optimization theory, see [4, 6].

Above results inspired us to consider the separation theorem for the partially ordered vector
space under the chain completeness. When we consider the Cartesian product of a vector space
and a chain complete partially ordered vector space, two subsets in that product space are not
necessary separated by an affine manifold. So, we can not rely on the method in [10, 19].

In this paper, we give a separation theorem in the Cartesian product of a vector space and
a partially ordered vector space with the chain completeness using a Gerstewitz (Tammer)
scalarization method [13].



2. PRELIMINARIES

Let R be the set of a real number, N the set of a natural number, I an indexed set. Let X and
Y be real vector spaces. We denote by £(X,Y) a linear mapping from X into Y. In particular,
X = L(X,R). We give a convex cone K and define its algebraic dual cone K* by

K':={z' e X" | (&' 2) > 0forall z € K},
where (2, x) denotes dual pair, and its quasi interior is defined by
K= {z' e X | (z',2) >0 forall z € K\ {0}}.

A partial ordering on Y with respect to K is defined by z S yif y—z € K forall z, y € Y.
Ify—x € K\ {0} for all z, y € Y, we denote by x <x y. We assume K is a proper convex
cone (that is, K # (), K # {0}, where 6 denotes the zero element in Y, K #Y, AK C K for all
A>0,and K+ K C K). It is well known that < is reflexive and transitive. Moreover, <x has
invariable properties to vector space structures as translation and scalar multiplication. In the
sequel, we consider (Y, <f) as a partially ordered vector space, where K is a proper convex cone.
In particular, we assume that K is pointed, that is, K N K = {0}, then K is antisymmetric.

Let Z be a subset of Y. The set Z is called a chain if any two elements are comparable, that
is, t Sgyory<gazforany x, y € Z. An element x € Y is called a lower bound (resp., upper
bound) of Z if © Sk y (resp., y Sk x) for any y € Z, minimum (resp., mazimum) of Z if x
is a lower bound (resp., upper bound) of Z and x € Z. If there exists a lower bound (resp., an
upper bound) of Z, then Z is said to be bounded from below (resp., bounded from above). If the
set of all lower bounds of Z has the maximum, then the maximum is called an infimum of Z
and denoted by inf Z. If the set of all upper bounds of Z has the minimum, then the minimum
is called a supremum of Z and denoted by sup Z. A partially ordered vector space Y is said to
be chain complete if every nonempty chain of Y which is bounded from below has an infimum;
Dedekind complete if every nonempty subset of Y which is bounded from below has an infimum;
Dedekind o-complete if every nonempty countable subset of Y which is bounded from below has
an infimum. A partially ordered vector space Y is (upward) directed if for any z,y € Y there
exists z € Y such that x <k 2z and y <k z. For the further information of a partially ordered
vector space and a partially ordered set, see [7, 8, 18, 20, 21].

It is clear that if Y is Dedekind complete, then it is chain complete. However, the converse is
not true in general. The following example shows this fact.

Example 2.1. The set of all continuous functions on the interval [0, 1], C([0,1]) is chain com-
plete. In fact, when we consider an increasing sequence of continuous functions which is bounded
from above, then it is a chain and has a supremum. Since the supremum is also a uniformly
convergent limit of a sequence, it is continuous. However, C'([0, 1]) is not a Dedekind o-complete
space, (see [18, Example 23.3. (ii)]).

The following, we give elementary properties for the vector space and sacalarizing function.

Definition 2.2. A point x € X is linearly accessible from A if there exists a € A with a # z
such that (a,z) C A. We write lina (A) for the set of all such z and put lin (A) = AUlina (A).
A subset A of X is said to be algebraically closed if A =lin (A).

Let R= RU{oo} and ¢ : Y — R. Then we define the domain and epigraph of ¢ by

dom () ={y € Y | p(y) < oo}, epi () = {(y,1) €Y x R| p(y) < t},

respectively. We say that ¢ is convex if epi () is a convex set; proper if dom (¢) # () and
©(y) > —oo for all y € Y. If we take k¥ € K, then we have

(2.1) K+[0,00) -k C K.

A function f from X into R is said to be sublinear if the following conditions are satisfied.



(S1) For any z,y € X, f(z +y) < f(z) + f(y)-
(S2) For any z € X and a > 0, f(azx) = af(x).

Gerstewitz (Tammer) [12] considers the sublinear scalarizing function defined by
Yrpo(y) =inf{t e R|ye thY — K}.
For this function, we have the following proposition, see [13, Theorem 2.3.1].

Proposition 2.3. Let K be a closed proper convex cone and k* € K. Then we have dom (¢ Kio) =
Rk’ - K,

(2:2) {yeY [pruly) <A =M"—K
and
(2.3) Prero(y+ M) = oo (y) + .

Moreover, we have the following results:
(i): @k ko is convex.
(ii): K is cone if and only if @ yo satisfies @ po(Ay) = Apg o(y) for any A > 0.
(iii): @ 4o is proper if and only if K does not contain the lines parallel to k% € Y\ {0},

that is,
(2.4) for any y € Y there exists t € R such that y + tk° ¢ K.
(iv): @g po is finite-valued if and only if K does not contain the lines parallel to k° € Y\ {0}
and
(2.5) R K -K=Y.

(V): ¢k o is K-monotone, that is, yo — y1 € K implies o k0 (y1) < @ ko (y2).

Proof. By the definition of g o, ¢ ro(y + Ak®) = g o(y) + A is clear. We only to prove the
equation (2.2). The proofs of remainder are similar to that of [13, Theorem 2.3.1]. {y € Y |
erro(y) < A} D MY — K is obvious. For any y € {y € Y | g o(y) < A}, we assume that
y ¢ M\kY — K. Since K is closed, Ak — K is also closed, and y ¢ lin (Ak® — K). Then for any
d € K, there exists u with 0 < 1 < 1 such that pu(A® —d) + (1 — )y & M\® — K. Take d = kY,
we have

y¢Ak0+1Lk0—K.
—p

Thus @ po(y) > X+ ﬁ > \. Contradict the fact y € {y € Y | ¢ po(y) < A} O

Let X be a vector space and (Y, <) a partially ordered vector space, where K is a convex
cone. A mapping f : X — Y is called sublinear if for all z,y € X and all A > 0, f satisfies (S1)
and (S2). We denote £(X,Y") the real vector space of all linear mapping from X into Y. For a
chain complete partially ordered vector space, Fel’dman [11] gives the following theorem.

Theorem 2.4. Let X be a vector space, (Y,<k) a chain complete partially ordered vector space,
where K is a convex cone. Let f be a sublinear mapping from a X into Y and xy a point in X.
Then there exists g € L(X,Y) such that g(x) <k f(x) for any x € X and g(zo) = f(z0)-



3. SEPARATION THEOREM

Let X be a vector space and (Y, <) a chain complete directed partially ordered vector space,
where K is a proper closed convex cone. Let f € L(X,Y), g € L(Y,Y), tp a point in R,
k" € core (K) and ¢y yo a scalarizing function from Y into R. Then

H={(z,y) € X xY | pgpo(f(z) +g(y)) =to}

is a subset in X x Y. Let A, B be nonempty subsets of X x Y. It is said that H separates A
and B if

H_o={(z,y) € X xY | pgpo(f(z) +9(y)) <to} DA

and

Hy ={(z,y) € X xY | pgpo(f(zx) +g(y) > to} DB

hold. The operator Px defined by Px(z, y) = x for any (x, y) € X x Y is called the projection
of X x Y onto X. Similarly, we define the projection Py of X x Y onto Y by Py(z, y) = y.
Then Px € L(X x Y, X) and Py € L(X xY,Y). We define

Px(A) ={z € X | there exists y € Y such that (z, y) € A}
and
Py (A) ={y € Y | there exists x € X such that (z, y) € A}.

Then for each * = X,Y, we have P,(A+ B) = P,(A) + P«(B). We take a chain C C Py(A— B)
and define

P{(A— B) ={x € X | there exists y € C such that (z, y) € A — B}.
The set
cone (A)={Az€ X xY |A>0,z¢€ A}

is called a cone span of A. If A is convex, then cone (A) is convex. We called a subset Z in X
is expansive if for at least one a € *Z and for each z € Z, it holds that a + \(z — a) € 'Z.

We obtain a separation theorem for the Cartesian product of a vector space and a chain
complete directed partially ordered vector space, as follows:

Theorem 3.1. Let X be a vector space, (Y,<fk) a chain complete directed partially ordered
vector space, where K is a proper closed convex cone, and k° € core (K). Let A, B be non-
empty subsets of X XY such that cone (A — B) is a convex cone, and C' a chain of Py (A — B).
Assume that the following (1) and (ii) hold :

(i) 0 € '"P¢(A — B) and 'P{(A - B) = X.

(i) If (z, y1) € A and (x, y2) € B, then we have yo < ys.

Then there exist f € L(X,Y) and tg € R such that H = {(x, y) € X XY | g o (f(z) —y) = to}
separates A and B.

Proof. By assumption (i) and the definition of ‘P{(A — B), for any = € X, there exists ¢ > 0
and y € C such that (Az, y) € A— B for any A € [0,¢). For any € X, we define C,, = {y € C'|
(z, y) € cone (A — B)}, where C is a chain in Y. Since A™'y € C,, for any \ € (0, ), we have
C, # ) for all x € X. Moreover, for any y € Cy with y # 0, there exist A > 0, (x1, y1) € A and
(22, y2) € B such that (0, y) = M(z1, y1) — (22, y2)}. Then we have 1 = z9 and y = A(y1 —y2).
By assumption (ii), we obtain 0 Sx A(y1 —y2) =y. Thusy € Y4 = {y € Y | 0 <k y}. Since
cone (A—B) is a convex cone, we have C, +C s C C,,, foranyz, z € X. For any x € X, there
exists y' € Y with —y € C_, by the definition. Then we have y —y € Cp, + C_, C Cy C Yy
for any y € Cp. Thus we have 3y <f y for any y € C,. Put p(z) = inf{y | y € C,}, then p
is sublinear. Since Y is chain complete, by Theorem 2.4, there exists f € £(X,Y) such that



f(x) £k p(z) for all x € X. For any (x1, y1) € A and (z2, y2) € B, if we take © = x1 — x9, then
we have

f($1 - 332) §K p($1 - $2) §K Y1 — y2.

Therefore we have
f(z1) —y1 Sk flx2) — 2.

Since

(f(z2) —y2) — (f(z1) —y1) € K,

there exists tg € R such that

O o (f(r1) —y1) <to < @ po(f(22) — y2)
for any (z1, y1) € A and (22, y2) € B. O

Let X be a vector space and two linear subspaces A and B of X are called algebraically
complementary to each other if each x € X can be represented in one and only one way as a
sum x =y + z with y € A and z € B. Then by Theorem 3.1, we obtain the following theorem.

Corollary 3.2. Let X be a vector space, (Y,<f) a chain complete directed partially ordered
vector space, where K is a proper closed convex cone, and k® € core (K). Let A, B be subsets
of X XY such that cone (A — B) is a convex cone and C a chain of Py(A — B). We assume
that P{(A — B) is expansive. We also assume that the following (i) and (i) hold :

(i) 0 € ‘P{(A - B).

(ii) If (x, y1) € A and (x, y2) € B, then we have y2 Sk y1.

Then there exist f € L(X,Y) and tg € R such that H = {(x, y) € X XY | ¢ po(f(x) —y) = to}
separates A and B.

Proof. Since P{(A — B) is expansive, 'P{(A — B) = “P{(A — B) hold, see [2]. We put
X; ='PY(A - B) =1"P{(A - B). Then X; is a subspace of X. The sets A, B, A — B and
cone (A — B) are subsets of X;. By Theorem 3.1, there exists f1 € £(X1,Y) such that

fi(zr —x2) Sk 1 — Y2

for any (x1, y1) € A and (x9, y2) € B. Let Xo be an algebraical complementary space of Xj.
Then an arbitrary z € X has a unique representation z = x + y with x € X; and y € Xo, see
[16, page 51 and 54]. We define f € L(X,Y) by f(z) = fi(x) for all z € X. Then f satisfies the
assertion of Corollary. O
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QUADRANTS AND AN EXTENSION OF INTERVALS
IN A VECTOR LATTICE
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College of Engineering, Nihon University, Fukushima 963-8642, Japan
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1. OPEN SETS IN A VECTOR LATTICE

Definition 1.1. Let X be a vector lattice with unit.
A subset D C X is said to be open if for any € D and for any e € Kx there exists € € Kr such
that [x — ce,x + ce] C D. Let Ox be the class of open subsets of X.

2. QUADRANTS AND AN EXTENSION OF INTERVALS IN A VECTOR LATTICE

First some concepts required in the following arguments are defined.

Let X be a vector lattice with unit, e € Kx, a,b € D C X with a # b. Let CSIP.(a,b) be
the class of mappings ¢ from [0, 1] into D satisfying the following conditions (P), (CP.) and (SI),
CSDP.(a,b) the class of mappings ¢ from [0, 1] into D satisfying the following conditions (P),
(CP,) and (SD) and CSMP,(a,b) = CSIP.(a,b) U CSDP.(a,b):

(P)  ¢(0) =aand o(1) = b;

(CP.) For any t € [0,1] and for any ¢ € Kgr there exists § € Kr such that for any s € [0, 1] if
|s — t| <4, then |¢(s) — o(t)| < ee;

(SI) gO(tl) < ga(tg) ift; < to;

(SD) gO(tl) > gD(tQ) if t1 < ta.

Remark 2.1. Let ¢"*"(t) = ¢(1 — t). Then ¢ € CSIP.(a,b) is equivalent to ¢"*” € CSDP.(b,a)
and ¢ € CSDP.(a,b) is equivalent to ¢"*” € CSIP.(b,a).

Let X be a vector lattice with unit. Let [Kx| be the class of z satisfying |z| € KLx. For any
z€|Kx|let 2t = {0V}, ot = {0V (—z)}+,

Q@) = {z1 | w1 € [Kx], (21)1 =2y, (21)T =21}

and

Q(z) = U [0az,0va] ]\ {0}

z1,22€Q(x)

Remark 2.2. The class of Q(z)’s is an equivalence class of |[ICx|. Therefore each x € |Kx| belongs
to a unique Q(x).

Lemma 2.3. Let X be a vector lattice with unit satisfying the principal projection property and
x ‘IC)(‘
Then xi@zf = X.
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Proof. Since X satisfies the principal projection property, it holds that B({z1}) & {z1}+ = X for
any 1 € X, where B(A) is the smallest band containing A C X. Let 21 = 0V (—z). Then
at = {z1}+. Since 21 A (0 V z) = 0 and z7 is a projection band, it holds that B({z1}) C z1. Let
To € xi N xL. Then

OV z)Alza] =0, (0V (—x)) Alze| =0

and
[z| Alze| = ((0Vz)+ 0V (=2))) A |2
< (OVz)Alze|+ 0V (=) Al =0
and hence 9 = 0. Therefore xi @zt =X. O

Lemma 2.4. Let X be a vector lattice with unit satisfying the principal projection property and
S VC)(‘
If (x1)+ = 21 and (1)t = 2%, then 21 € [Kx]|.

Proof. By Lemma 2.3 it holds that (z1)1 @ (z1)= = 23 ® 2= = X. Therefore (z1)7 N (z1)= = {0}.

Assume that 21 ¢ [KCx|. Then there exists xo € X with x5 > 0 such that |z1| A 2 = 0. Therefore

(OVz)Azy < |z1|Axe =0,
(O\/(—xl))/\l'g S ’%1‘/\1’2:0
and hence z5 € (z1)7 N (z1)L. It is a contradiction. Therefore z; € |Kx]|. O

Remark 2.5. By Lemmas 2.3 and 2.4 if X satisfies the principal projection property, then
Q(z) = {z1|a€[Kx|, (z1)3 =23}
= {z1 |z € |Kx]|, (m)f = z‘f}
= {z | (x5 = a3, (21) =22},

Lemma 2.6. Let X be a vector lattice with unit satisfying the principal projection property and
WS ‘}Cx‘
Then a mapping | - |o) from Q(x) into Kx defined by |x1|qw) = |T1] s bijective.

Proof. By Lemma 2.3 for any e € Kx and for any x € |[Kx| there exist z1 € aci and zp € 1 such

that 1 + xo = e. Since x1 L o, it holds that |y — xo| = |x1 + 3|. Therefore |xy — z1| = e. Note
that zo 1 x3 for any z3 € xi Since
OV (z2 —z1)) Az = (0V (222 —€)) A |z3]

< (0V (2z2)) A |z3| =0,
it holds that z3 € (z9 — ml)i and hence :L‘i C (zg— xl)i Note that z; L x5 for any z3 € z*. Since
(O\/(.’El —IL'Q))/\|.’E3‘ = (0\/(2$1 —6))/\|.’I)3|
< (0V(2.’171))/\’£C3‘ :O,

it holds that x3 € (2o — 1)% and hence % C (z2 — z1)*. Since z3 — 21 € |Kx|, by Lemma 2.3
it holds that (zo — 1)t ® (22 — z1)= = X, (z2 — #1)7 = 2+ and (22 — 21)= = 2. Therefore
Ty —x1 € Q(z) and | - |g(4) is surjective.

To prove that | - () is injective it should be proved that if |x1| = |z2| = e and z; # 2, then

Q(z1) # Q(z2). Note that 0V (—z1) € (z1)§ and 0V (—z3) € (22)1. In general

OVaz) A0V (=z2)) +(0Vz2) A0V (=21)) = %(Iﬂhl + |2| = |21 + 22)
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and |z1 + x| A |21 — 22| = ||z1] — |2z2||. Since |z1| = |z2| = e, it holds that |z + 22| ¢ Kx and it
does never hold that |z1| + |x2| = |x1 + z2|. Therefore

OVz)AOV(—22))+ (O0Va)AOV (—21)) >0

and either (0V z1) A (0V (—z2)) > 0or (0Vz2) A0V (—21)) > 0, thus either 0V (—z2) & (z1)7F or
0V (—z1) & (z2)1. Therefore (z1)1 # (z2)T and hence Q(z1) # Q(z2). O

Lemma 2.7. Let X be a vector lattice with unit satisfying the principal projection property and
z e |Kx]|.
If v1,29 € Q(x), then x1 A xo, 21 V 29 € Q(x).

Proof. Since
1 1
|z1 A @a| = §|$1 + 22 — |z1 — 22| > §||5171 + 22| — |21 — 22| = |T1| A |22
and
1 1
|21V @2| = Flar + 22 + o1 — @2l 2 Fllen + zof 21 — 22| = |21 Afzal,

it holds that z; A z2, 21 Vo € |Kx|. If 23 € 2t = (21)* = (22)%, then
OV (—(z1 Ax2))) Alzs] < (OV (—z1) +0V (—xz2)) A |x3]
< (0OV(=z1)) Alzs|+(0V (—z2)) Alzg| =0
and hence z3 € (21 A z2)L. Conversely if 23 € (21 A 22)L, then
OV (=z1)) Az < (0V (=(21 Ax2))) Alzg] =0

and hence x3 € (z1)% = 2t. Therefore (z1Az2)t = . By Remark 2.5 it holds that z1 Azy € Q(x).
The rest can be proved similarly. Il

Lemma 2.8. Let X be a vector lattice with unit and x € |[Kx]|.
Ifz1 € Q(x), 0Nz <13 <0V ay and x5 # 0, then x5 € Q(x).

Proof. Since z; € Q(x), there exist z3,24 € Q(z) such that x; € [0 A 23,0 V 24] \ {0}. Since
0Azy <29 <0V ax and xy # 0, it holds that xo € [0 A 23,0 V 24] \ {0}. Therefore 2o € Q(z). O
Lemma 2.9. Let X be a vector lattice with unit.

(1) Then ax; € Q(x) for any 1 € Q(z) and for any o € Kr. B B

(2) If X satisfies the principal projection property, then x1 + x2 € Q(x) for any x1,x2 € Q(x).

Proof. (1) Since z; € Q(z), there exist z3,74 € Q(7) such that z; € [0 A 23,0V z4] \ {0}. Since
a € Kg, it holds that az; € [0 A (az3),0V (azq)] \ {0}. Since

(OVa)Alazs] < (1Va)((0Vz)Alzs]) =0
and

(OVa)Alazs <AV a)((0Vx)A|zs) =0,

it holds that azs,ars € Q(z). Therefore az; € Q(x).

(2) Since x1, 72 € Q(z), there exist x3, ¥4, 25,76 € Q(x) such that 1 € [0 A 23,0V x4] \ {0} and
zo € [0 A 5,0V z6] \ {0}. Note that 0V 24,0V 26 € z* and 0V (—z3),0 V (—25) € z1. Assume
that 9 = —x1. Then

r1 =21 N\ (—:Eg) < (0 V 1‘4) A\ (0 V (—£L‘5))
zpg =22 A (—21) < (0Vae) A0V (—23))

Y

0
0
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and hence 7 = zo = 0. It is a contradiction. Therefore xo # —z1 and 1 + 22 € [0 A2(xz3 Ax5),0V
2(z4 V x6)] \ {0}. By Lemma 2.7 and the proof of (1) it holds that 2(x3 A x5),2(z4 V x6) € Q(x).
Therefore 1 + 22 € Q(z). O

Let X be a vector lattice with unit and a,b € D C X with a # b. Let CSSMP(a, b) be the class
of mappings ¢ from [0, 1] into D satistfying the following conditions:
(CS1) There exists a natural number 7, and {e}, | e, € Kx for i =1,...,7r,} such that a mapping

¢ from [0,1] into D defined by ¢*(s) = go(%) belongs to CSMP.; (go(%), go(é)),

(CS2) There exists z € |Kx| such that ¢(1) — ¢*(0) € Q(z) for any i = 1,...,7y;
(CS3) ¢([0,1]) C [aAb,aV b

¢* satisfies either (SI) or (SD). For convenience, ¢° is said to be CSIP if ¢ satisfies (SI) and
is CSDP if ¢° satisfies (SD), respectively.

Remark 2.10. By Remark 2.1, ¢ € CSSMP(a,b) is equivalent to ¢"*¥ € CSSMP(b,a). Since
(")€Y = ¢, a mapping ¢ corresponding to ¢"¢’ is bijective.

Definition 2.11. Let X be a vector lattice with unit and D C X.
A subset D is said to be connected if CSSMP (a,b) # () for any a,b € D with a # b. Let COx
be the class of connected open subsets of X.

Definition 2.12. Let X be a vector lattice with unit and a,b € D € COx.
The following subset

{a|b) = { %o}eCSSMP(a,b) ©([0,1]) g'z i l]:

is said to be a stepwise interval from a to b.

Remark 2.13. By Remark 2.10 it holds that ¢([0,1]) = ¢"°¥([0,1]). Therefore (a|b) and (bla)
coincide as a set. However the first one means an “interval from a to b”, the second one means
another “interval from b to a” and both are distinguished.

Remark 2.14. By (CS1) and (CS3) it holds that (alb) C [a Ab,a Vv b] N D.

Definition 2.15. Let X be a vector lattice with unit, Y a complete vector lattice and a,b € D €
COx.

The subset (c|d) is said to be a subinterval of (a|b) if ¢,d € (a|b) and there exists z € |Kx| such
that ¢ — a,d — ¢,b—d € Q(x).
Remark 2.16. By Lemma 2.9 and (CS2) if X satisfies the principal projection property, then (c|d) C
(alb).

Let X be a vector lattice with unit, e € Kx and a,b € X with a < b. For [a,b] € Tx we consider
the following subset:

[a,b]® = {z | there exists some ¢ € Kr such that z —a > ce and b — = > ce}.

Lemma 2.17. Let X be a vector lattice with unit, e € Kx and a,b € X with a <b.
Then [a,b]® # 0 if and only if there exists ¢ € Kr such that b— a > ce.

Proof. Suppose that [a,b]® # 0. Let = € [a,bl®. By definition there exists ¢ € Kr such that
T—a> %se and b —z > %ee. Therefore b — a > ce.
Conversely suppose that there exists ¢ € Kgr such that b —a > ce. Let z = 1(a+b). Then

t—a=b—xz=21(0b-a)> Lece. Therefore z € [a,b]°. O
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On Lusin’s theorem for non-additive
ordered vector space-valued measures

Hiroki Saito
Tokyo University of Science

Toshikazu Watanabe
Graduate School of Science and Technology,
Niuigata University

1 Introduction

Lusin’s theorem can be discussed in a metric space. For the real-valued non-additive
measure, in [8], Li and Mesiar show that Lusin’s theorem remains valid for the measure has
condition (E), which is equivalent to the Egoro condition, and pseudometric generating
property. Further, Kawabe investigates the Li and Yasuda’s work for the Riesz space-
valued non-additive measure, see [5].

In this study, we consider the ordered vector space-valued non-additive measure. In
[19], we prove that equivalence of Egoro ’s theorem and Egoro condition for an ordered
vector space-valued non-additive measure. By using this fact and method in [8], we show
that Lusin’s theorem remains valid for ordered vector space-valued non-additive Borel
measures on a metric space that have pseudometric generating property and satisfy the
Egoro condition by assuming that the vector space is order separable.

2 Preliminaries and Definitions

In what follows, let V' be an ordered vector space. Let © be the set of all mappings from N
into N. Let S be a non-emptyset and F a - eld of S. we say that (u,) in V' converges to
u €V (write u, — u) if there exists {px} in V with p \, 0 such that pr w, u py.

Definition 2.1. (1) A double sequence {rpp}mmenz in V' is called a regulator if it is
order bounded and 1y, ,, \, 0 for each m € N, that is, v, Tmnt1 for any m,n € N and
inf,, 7, = 0 for any m € N.

(2) We say that V' has the Egoroff property if for any requlator {rmn}mmnyen2 in V, there
exists a sequence {py}ren in V such that, for each (k,m) € N2, one can find n(k,m) € N
satisfying that vy, pkm)y Dk

(3) We say that V is called order separable if every non-empty subset D possessing a
supremum contains an at most countable subset possessing the same supremum in D.

A set function p: F — V is called a non-additive measure if it satis es the following
two conditions.
(1) () = 0.
(2)If A,B € F and A C B, then u(A) p(B).

Definition 2.2. Let yp: F — V be a non-additive measure.

(1) p is called strongly order continuous if it is continuous from above at measurable sets
of measure 0, that is, for any {Ap}tneny C F and A € F with A, \, A and p(A) =0, it



holds that pu(A,) \, 0.

(2) p is called weakly null-additive if u(A U B) = 0 whenever A,B € F and p(A) =
w(B) =0.

(3) w is said to have pseudometric generating property if there exists {py }ren with px \, 0,
and for any k € N, there exists ny such that for any A, B € F, l(A)  pn, and ((B)  pn,
implies W(AU B)  pg.

Definition 2.3. Let u: F — V be a non-additive measure. Let {f,}nen be a sequence of
F-measurable real-valued functions on S and f also such a function.

(1) {fu}tnen is called convergent p-a.e. to f if there exists an A € F with u(A) =0 such
that { fn}nen converges to f on S\ A.

(2) {fn}nen is called p-almost uniformly convergent to f if there exists a decreasing net
{B, : v € I'} C F such that there exists a v € I' such that u(B,) — 0 and {f,}nen
converges to f uniformly on each subset S\ B,.

Definition 2.4. Let p: F — V be a non-additive measure.
(1) A double sequence { Ay, 1} mnyenz C F is called a p-regulator if it satisfies the following
two conditions.
(D1) Ay D Ay whenevern 1.
(02) wlUSy (o Arn) = 0.
(2) p satisfies the Egoroff condition if for any p-regqulator { Ap pn}mn)enz,
infopco (U _1 Amom)) = 0 holds.

Theorem 2.1. Let S be a metric space and B(S) a -field of all Borel subsets of S. Let
w: B(S) — V be a non-additive Borel measure on S that has pseudometric generating
property and satisfies the Egoroff condition. We assume that V' is order separable. Then
118 reqular.

3 Egoroft’s Theorem

We show a version of Egoro ’s theorem for an ordered vector space-valued case. For a
real-valued monotone measure case, see [8]. For a real-valued fuzzy measure case, see [9],
and the Riesz space-valued case, see [3]. We have obtained the following result in [3, 19].

Theorem 3.1. Let p : F — V be a non-additive measure which satisfies the Egoroff
condition and S be a set. Let {f,}nen be a sequence of measurable real-valued functions
on S and f also such a function. If {f,}nen converges p-a.e. to f, then there exists an
increasing sequence {Ap}men C F such that u(S\ U >_; Am) = 0 and { f, }nen converges
to f uniformly on A,, for each m € N.

When p is Borel and satis es pseudometric generating property, we can obtain a
slightly stronger conclusion. In order to point up the di erence between an usual measure
theory and a non-additive measure, we shall show the proof of the following theorem.

Theorem 3.2. Let S be a metric space and p : B(S) — V a non-additive Borel measure
that has pseudometric generating property and satisfies the Egoroff condition. We assume
that V' is order separable. Let {f,}nen be a sequence of Borel measurable real-valued
functions on S and f also sych a function. If { f, }nen converges p-a.e. to f, then for any



m € N, there exists an increasing sequence { Fy, }men of closed sets such that u(S\ Fy,) \, 0
as m — 0o and { fn}nen converges to f uniformly on each {F,,}men-

Proof. Since {f,},en converges p-a.e. to f, by Theorem 3.1, there exists an increasing
sequence {A,;, tmen C B(S) such that {f,}nen converges to f uniformly on A, for each
m € N and u(S\ UX_;A,) = 0. By Theorem 2.1, since p is regular, there exists an
increasing sequence { Fy, p, } (m,nyen? of closed sets such that F,, , C Ay, and p( Ay \Frnn) \
0 for each m € N as n — oo. Without loss of generality, we can assume that for each
m €N, {An \ F n}mnene is decreasing. Then we have

A\ Fyn N\ () (A \ Fin,) as n — oo

n=1

Put Spn = (S\UX_1A,) U (An \ Finn) and Dy, = N9, S, . Then for each m € N,
Sm.n N\ Dm as n — 00. Since

M(ﬂ (Am\Fm,n)> 1 (A \ Fonn)

and
p(Am \ Fomn) — 0 as n — oo,

we have

[ (ﬂ (Am \ me)) = 0.

n=1

Since we can show easily that p is weakly null additive, we have p(D,,) = 0 for each
m € N. By the Egoro condition, we can show that there exists an increasing sequence
{0k }ren C O such that

! (U Smgk(m)) — 0 as k — oo.

m=1

Since S\ Uss_; Fnp 0, (m) C Upe—1Sm, 0, (m), We have

1 (S\ U Fmﬁk(m)) — 0 as k — oo.
m=1

Put ¢ = pu (S \U>_, Fo, gk(m)). Since {Frnn}(mmn)enz is increasing, we have g \, 0 as
k — oo.
On the other hand, since

n

U oo (m) \ U Fon,0m) \ 0
m=1

m=1



as n — oo and p is strongly order continuous,

n

K <U Ein, o (m) \ U Fm,Gk(m)> N\, 0 as n — oo.
m=1

m=1

For each £ € N we choose n; € N with ny ~ ng.1, then we have

00 ng
H <U Fmﬂk(m) \ U Fm,ek(m)> — 0 as k — oo.
m=1 m=1

Put r, = (U;’,leFm B (m) \ Unmklem,ek(m))~ Since {Finn}mmnyenz is increasing, we have
e \, 0 as k — oo. Put pp = 7 + q&. Since infy . + infy g = infy pr, pr L 0 as k — oo.
Noting that 0  rx  pr, 0 qr  pg, since pu has pseudometric generating property, for
any k € N, we have

00 0o ng
I ((S\ U Fm,ek<m>> U (U Fo oo \ U Fm,ek<m>>> Pk
m=1 m=1

mo1
Thus we have
as k — oo. Since

S\ ngl Eon, 6, (m) C (5 \ gjl Fm,ek<m>> U (pl Fon, 61, (m) \gj1 Fm,ek<m>> )

we have

n
] (S\ U Fmgk(m)) — 0 as k — oo.
m=1

Denote Fj, = Up_ Fp, 0,(m), then Fy is a closed set, u(S \ F;) — 0 as K — oo and
F, Cc U A, Tt is easy to see that {f,}nen converges to f uniformly on Fy. g

4 Lusin’s Theorem

We shall further generalize Lusin’s theorem. For the real-valued case, see [8, 9]. And for
the Riesz space-valued case, see [5].

Theorem 4.1. Let S be a metric space and p : B(S) — V a non-additive Borel measure
on S which has pseudometric generating property and satisfies the Egoroff condition. We
assume that V' is order separable. If f is a Borel measurable real-valued function on S,
then there exists an increasing sequence {Fy}ren of closed sets such that p(S\ Fy) \, 0
as k — oo and f is continuous on each Fy.



Further, we obtain the sufficient condition for the establishment of Lusin’s theorem.

Definition 4.1. (1) A regulator {tmn}mmnyen2 is said to be summative if any m,n € N,
if holds that Upmi1n + Umt1n  Umpn-

(2) Let u : F — E be a non-additive measure. p is said to be multiple continu-
ous from above if for any p-requlator {Ap n}mmnenz there exists a summative regulator
{Um,i} (m,yene such that for any i € N there exists 0; € © such that for any m € N and
(n1,m9, ..., ny) € N™, ,u(U;.n:1 Ajn, UApi1n UA) u(UTzl Ajn, UA)  Uppo; for any
n  0;(m+1) whenever A € F and satisfies U;nzl Ajn, UAn 1 UAN U;n:1 Ajn, UA as
n — oo.

Theorem 4.2. If i is multiple continuous from above and continuous from below, then
1 satisfies the Eqgoroff condition.

Theorem 4.3. Let S be a metric space, and p : B(S) — V a non-additive Borel measure
on S that is multiple continous from above, condinuous from below and has pseudometric
generating property. We assume that V' is order separable. If f is a Borel measurable
real-valued function on S, then there exists an increasing sequence {Fy }ren of closed sets
such that (S \ Fr) \, 0 and f is continuous on each F.
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A notion of algebraic duals of commutative Banach
algebras and its applications

J. Inoue(Hokkaido Univ.) and S.-E. Takahasi(Toho Univ.)

Abstract

Let A be a commutative semisimple Banach algebra with maximal ideal gpac&he algebraic
dual A, of A is the norm closure ofpan(A 4) in A*, and the canonical embeddiag A — A.*, <
a, v >=<,¢(a) > (a € A, € A,) are defined. In 962, Birtel defined Arens type productiri
so thatA,* becomes a commutative semisimple Banach algebrajdrging a norm-decreasing iso-
morphism. Using thesd,, A,* and¢, we give a characterization theorem of commutative semisimple
convolution measure algebras.

§1. Introduction

Let A be a commutative semisimple Banach algebra with maximal ideal spaceFora € A,
a denotes the Gelfand transform of A, denotes the norm closure gpan(A4) in A*, the dual
space ofA, and A,* the dual space ofl,. Fora € A,y € A,, and¢ € A,* we use notations
Y(a) =< a,yp > and{(v) =< ,£ >. The canonical embedding of A into A.* is defined by
<, p(a) >=<a,p > (Y € Ay a € A).

It was in Birtel [1] that Arens type product id,.* was first considered. The product makés a
commutative Banach algebra, and the canonical embeddiAgrab A, * is a norm decreasing Banach
algebra isomorphism. Birtel called,* a commutative extension of, and his definition of product
givenin[1] is:

<P, (>=30en, D(P) <. E><p,( > (§,CE€ AT p=2,cn, Dp)p € span(Ay)).
The above is enough to determine multiplication because(A 4) is dense inA.,.

Lemma 1.1Let A be a commutative semisimple Banach algebra. Then the canonical embedding
¢ of Ainto A,* satisfied|¢(a)||a,~ |lalla (a € A) and has a weak*-dense image.

Proof. Thatp satisfies|¢(a)||a,+ |lal|a (a € A) is evident. Sinced, forms a separating vector
space of linear functionals oA, *, the A.-topology, that is the weak*-topology of,.* makesA,* a
locally convex space whose dual spacelis([3, Theorem 3.10]). Therefore, i#(A) is not weak*-
dense inA.*, there exists a nonzerbe A, such thak a, f >=< f,¢(a) >= 0 (a € A). But thisis
impossible becausgis a non-zero linear functional aA. [

Fora € A, we defingl|d|| psp = sup{|< a.p >|: p € span(A,), ||p|la 1}. One can easily see
that the canonical embeddimgof A into A,.* is isometric if and only if|a|| 4 = ||a||psE (a € A).

In [5] J.L.Taylor introduced the notion of convolution measure algebras. Group algebras and mea-
sure algebras on locally compact Hausdorff groups are important examples of convolution measure
algebras. Furthermore, measure algelresS) and its L-subalgebras on locally compact Hausdorff
semigroupss are convolution measure algebras. He proved in [5] an important representation theorem
for commutative convolution measure algebras.

Definition 1. Let A be a Banach algebrad is said to be a convolution measure algebra if the
following conditions are satisfied:
(i) A is a complexi.-space (c.f., for the definition, see [2]);



(i) If A, is thepositive cone ofd anda,b € A, thenab € A with ||ab||a = ||al|a||b]| 4;
(i) Supposea, b,c € A, suchthat ab. For anye > 0, there existiy, ..., ap, b1, ..., b, € A4
anda;; € [0,1] (i=1,....m,j=1,..,n)with3 ", a; aand)_7_ b; bsuchthat

m,n
E al-jaibj C
A

ij=1

€. )

From now on, we restrict ourselves to commutative Banach algebras. A convolution measure alge-
bra means a commutative convolution measure algebra.

Let A be a commutative semisimple Banach algebra with maximal ideal gpacélereafter, the
following conditions forA are important:

(a) A multiplication and an involutiorx are defined im\ 4 U {0} so that(A 4 U {0}, , %) becomes
a commutative semigroup with involution with a unit element;

(b) Forpi = > en, Pi(p)p € span(Aa),i = 1,2, we define multiplication op; andp, by
Pr P2 =Yg pen, PL(O)R2(¥)e ¥ € span(Aa). Thenllp p*la- = [lp| % (p € span(Ay);

(c) Fora € A andy € A4, there exists an¥ € A such thati¥ () = a(y @) (p € Aa);

(@) [[alla = llallsE (a € A).

In §2, we show that any semisimple convolution measure algélsatisfies the conditions (a), (b),
(c), and (d) above. 1§3, we show that ifA is a commutative semisimple Banach algebra satisfying
the conditions (a), (b), (c), and (d) above, then there exists a natural ordesarthat4A becomes a
convolution measure algebra. Finallygd, using results ig2 ands3, we give a theorem which char-
acterizes convolution measure algebras. Also we will show, as a corollary, thatdikensemisimple
convolution measure algebra, Birtel's canonical embedding ofto the commutative extensio#,*
is just equal to Taylor’s representation 4Af

§2 Necessary conditions forA to be a convolution measure algebra

In this section we will show that the four conditions (a), (b), (c) and (d)lifior A are sufficient to
ensureA to be a convolution measure algebra.

If S is a compact Hausdorff topological spacg,S) and M (S) denote the usual Banach space of
continuous functions with supremum norm and the usual Banach space of bounded regular complex
Borel measures, respectively. FurtherSiis a commutative locally compact Hausdorff topological
semigroup,5 denotes the set of bounded continuous semicharactess arid M/ (.S) the usual con-
volution measure algebra. A subspa€eof M (S) is called anL-subspace ifV is a closed subspace
and satisfies; "ifu € N,v € M(S) with v << pu, thenv € N”. When®; is an L-subspace of
M (S;) of a locally compact Hausdorff spack (i = 1,2), a bounded linear map of M; to My, is
called anL-homomorphism, if for any)  p € My, we have (I)p(r) 0, (i) [[¢(w)]| = ||pll, (ii)
HreM:0 v pup={weM:0 w ou}

Proposition 2.11f A is a semisimple convolution measure algebra, it satisfies the conditions (a),
(b), (c), and (d) ing1.

Proof. As is well known,A has a concrete representation (cf. [2, Theorem 1.7]) : "there exists
a locally compact Hausdorff spa€eand a regular positive Borel measure, on ) such thatA is
isometrically linear and order isomorphic fd (2, m)”.

Now we identify A with L1 (Q, m). ThenA* = L>°(Q, m), which is aC*-algebra, having an iden-
tity 1, with respect to pointwise multiplication and conjugation as involutioX’ Henotes the maximal
ideal space ofi* the Gelfand transforny — ¢ is an order preserving *-isometric homomorphism of
A* ontoC(X), and there is an order preserving linear isometry ax of Ainto M (X) (this is called
the standard representation Afwhich is characterized by a,v >= fX Ydax (Y € A*,a € A).
We denoted x = {ax : a € A}(cf. [6, §2.4]). The multiplicatior’ ” in Ax is defined, of course, so
that the mam — ax becomes an algebra isomorphism, and the maximal ideal spate of



Ax :={feC(X):0# f,< fopu v>=< fiu>< f,v> (p,ve Ax)}.

Forz,y € X, we definer ~ yifand only if f(z) = f(y) forall f € Ax. Then~ is an equivalent
relation inX, and forz € X denote[z] := {y € X : y ~ z} and putS := X/ ~ with the quotient
topology, which makes$' a compact Hausdorff space. Sindeg is anL-subspace of\/ (X ), the map
p — ps := poa 'isanL-homomorphism ofdy onto anL-subspacels(:= Ay oa 1) (cf. [6,
Proposition 2.2.2]).

Forf € Ay, putf(s) = f(z), t€se S. Thenf € C(S)with foa = f. If ug =poa ' =0,
we have0 = [ fdpoa ' = [y foadu = [y fdu (f € Ax). This impliesy = 0 sinceAy is
semisimple. Therefore the map — us(= o a ') is injective, and hence it is isometry (cf. [6,
Corollary 2.4.5]).

We define multiplicatioi ” in Ag so thata — (ax)s becomes an algebra homomorphism. Then
the relation [ fdug = [x fdu (f € Ax,p € Ax), wherep — pg(= po o ') induces an onto
isometric isomorphism ofl x to Ag, implies thatAg = {f: f € Ax} is the maximal ideal space of
Ag. Obviously,Ag separates points df.

By the above argumentsl is isomorphic toAg as a convolution measure algebra with maximal
ideal space\g, and hence it is sufficient to show that (a), (b), (c), and (d) hold4fer

(a) By Definition 1 (ii),15 € Ag follows, andAgs = Ag is obvious.Let f,g € Ag. At first, we
show that

fp v)=fu fv(u,veAs,)where Ag, ={ e As:0 A} 2

Since||fll  1,{f(t) : t € S} is contained in the closed unit disc of the complex plane. Let
w,v € Ag, . Foranye > 0, we can choose disjoint Borel subséis? = 1, ..., N, of S such that

S=Up5Se [ f(8)  f()] e/4 (1 € Spl=1,..,Ne).

For each € {1, ..., N.}, choose an element € S, and fix. We will show that for any and?’ in
{1, ..., N.}, if &5, denotes the characteristic function®f we have

L ft) fRo)f(te)] /2 (ae t/(Es,m) (§s,v))- 3)
To prove (3), it suffices to show that, forafy w  (&s,1) (€s,v), we have
< fiw/llwll > flt)f(te) | /2. (4)

By (1), we can assume thatis an element of the form = > " | >0 a; pp; vk, whered  a;p 1
andpj, v, € (As)+(Jj = 1,..,m,k = 1,...,n) with Z;n:1 ti sty Dop_1 Yk &s,v. Since

> i k=1 9kl psll[vell = llwll, (4) can be shown as follows:
w
< f,m > f(te) f(ter) Za]k: < fowg ve> f(o)f(te) e/ llewll
> ajk < frpg >< fovp > Zaj,kf(té)HMjH < v, f >’/I|w|
Jik gk
Zaa kf (o)l < frove > Zag kf (o) f o) sl vl /]
7.k
z%k/ A ‘d<|| H)mju < fon 5| /ol
" Zagm 0l [ 15 fe0) d(H H)nukr/nwu /2.
Next we show
I f(e v) fu frl ellullv]. (5)



Sincep = Y07, &g, andy = 3%, £, v, we have from (3)

Ne
0 0 S [ s (s (s
=1
Ne
S s @) s s Es (fSZ/V))H
=1
Ny
S lrtesmy e, (Fesm) (f(te')(fsw))‘
=1
Ne
S ) e (Fesam) (f(&sﬂ))‘
=1
Ne
S [0 fase) s (Es,m)
=175

Ne
. /5 [ fte) | dEs, )| f(se)(Es, )

00=1

Ne
S sl /3 flte)  d(Es,v)

0,0=1
e e ) &
S+ =+7) D Igsullligs, vl = ellullv].
2 4 4

0,0=1
Thus (5) holdsSinces > 0 in (5) can be chosen arbitrarily small, we get (2).
Letp; = pin i +ipi3  iftia, pis piy € (As)(i=1,25=1,2,3,4). Then by (2)
< fogpur p2> = <g (fpry fmo+ifurs ifpra) (fuen  fpep+ifpes  ifpza) >
= <g,fur><g, fp2>=<fg, 1 >< fg,p2 > .

Hencefg € Ag U {0}. Thus (b) holds.
(b)Ifp=>"1", cifi € span(Ag), there exists a poirth € S such that|p||. = p(to). Then

|(35e) (o)

=1

n

> afi

=1

2

= [Pl = p(to)B(to) |=| p(to) [*=

[ee])

e e}

(c) Foru € Ag andg € Ag, if we putpf = g, thenud(f) =< f,gu >= ji(fg) (f € Ag).
(d)If p=>") cifr € span(Ag)andp =poa =), ¢ fr € span(Ax), then

1Pllags = sup{|<p,ps >|:ps=poa '€ Ag,u€ Ax,||ul| 1}
= sup{[<p,pu > peAx,ull 1} = plloe = [IPlloo-

Hence, for anyig € Ag, we have

lasll = sup{|<p,as >[: p € span(As), [[plloc 1}
= sup{[<p,as >[: p € span(As), [Pllag 1} = llasllzse,

sincespan(Ag) is dense irC'(S). O

Remark 2.2For later use in $ 4, we remark here that in Proposition 2.1, faram,0 aifand
only if ag is positive definite on the *-semigroups U {0}.



83. Sufficient conditionsfor A to be a convolution measure algebra

Lemma 3.1Let S be a commutative compact Hausdorff topological semigroup suchstisapa-
rates points ofS. Let0 p € M(S)andh € L'(u) be given. Then for any > 0, there exists a
p € span(S) such thatfy [ b p|du <e.

Proof. We can suppose without loss of generality that L°°(x). By Lusin’s theorem (cf. [4,
p.55]), we can choose@e C(S) such that

ol tlleose( {3 €55 906) # 160} Il g

Sincespan(S) is uniformly densén C/(S), we can choose@e span(S) suchthatlg p|lso| || < 3€.
Then we hse

/yh p|du /\h g\dﬂ+/|!g plloodp
S S S
u({ €5 h(s) # g<s>})2\hum g pllellul <e.O

Proposition 3.2Let A be a commutative semisimple Banach algebra with maximal ideal space
A 4. Suppose thatl satisfies the conditions (a), (b), (c), and (dxth Then we have:

(i) Define an order inA by "for a € A, 0 aif and only if & is positive definite on\ 47, then A
becomes a partially ordered Banach algebra;

(if) The multiplication and involution ich 4 U{0} can be extended td, so thatA.. is a commutative
C*-algebra;

Here S denotes the maximal ideal spacedf. ThenA, is isomorphic ta”'(S) through the Gelfand
transform. We identifyl, with C(S), and henced,* = M (S), where

<a,p >= /S¢(s)d¢(a)(s) (Y € Ay,a € A).

(i) We can define a multiplication i§ so thatS becomes a commutative compact Hausdorff
topological semigroup;

(iv) The Arens product i/ (.S) coincides with convolution;

(v) The canonical embeddingis a bipositive isometric homomorphism;

Here, we putp(A) = Ag.

(vi) Ag is a closed subalgebra dff (S), andA,, = Ay = S;

(vii) Ag is an L-subalgebra of\/(.5);

(viii) Ais a convolution measure algebra.

Proof. (i) It is easy to see that. is a closed convex algebraic cone, and heAceecomes an
ordered Banach algebra with positive cofie.

(i) By (a) and (b), multiplication” ” and involutionx can be extended tepan(A4) so that
span(A 4) becomes a normed *-algebra satisfying p*|la- = [|p||4- (p € span(Ay4). From this it
follows easily that|p|| 4« = ||p*||a+ (p € span(A4)). Fory € A,, choose a sequende, } which
converges ta), then{p} } is a Cauchy sequence #i* and hence converges to an elemerite A.. It
is easy to see that an involutierin A, is thus defined which makes$, a C*-algebra with identity.

(iii) For eachs € S we denote by, the unit point mass ai. Evaluation ats of elements of
span(A 4) induces a non-zero bounded complex homomorphism and vice versa.tkoiS, letds o,
denotes the Arens product & andd; in M (.S). Then

span(Aa) — C: Y pf)f = D> BNOF6)FE) = D p(f) < f.6s 6 >
fEAA feA feEA

is a bounded nonzero multiplicative linear functional, and hence exists a unique eleimeitt, such
that< f, 05 >= f(s)f(t) =< f,0s o > (f € Ay), and hencés, = d5 ;. One can easily see that
this multiplicationS S — S: (s,t) — st makesS a commutative compact topological semigroup.



(iv) From (iii), A4 C S is evident. Ify € M(S), we describeg(f) =< f,u > (f € A4). For
w,v € M(S), lety vandu x v be the Arens product and convolution producflii{.S), respectively.
Then

< fop v>=p(H)o(f) = mxv(f) (f € Aa).

Sincespan(A 4) is dense irC(S), we havey v = p* v.

(v) Itis easy to see that, forac M (S)0 pifand only if i is positive definite orb, and hence
the canonical embedding af into M (.S) is, by (d), a bipositive isometric homomorphism.

(vi) That Ag is a closed subalgebra 8 (S) andA s, = Ay C S follows from (v). If f € S,
As — C: pu— [ fduis a nonzero complex homomorphism, and hence therg is & 4 ; such that
Js9(s)du(s) = [4 f(s)du(s) (n € Ag). SinceAg is weak*-dense inV/(S) by Lemma 1.1, we must
haveg(s) = f(s) (s € S). Hencef = g € Ay,.

(vii) Let a € Aandg € A4. By (), there is am9 € A such thatd(f) = a(fg) (f € A4). Hence

< f,0(a9) >=<a?, f >=<a, fg >=< fg,¢0(a) >=< f,g¢(a) > (f € Aa).

This impliesggp(a) = ¢(a¥) € Ag. Lety € Ag andv € M(S) be such that << u, and choose
anh € LY(| u |) so thatr = hu. By Lemma 3.1, for any > 0 there is ap € span(S) such that
JsIh pld|p|<e Fromaboveu € Agand|pp vl =|pr hull  [olh pld|pl<e.
SinceAg is a closed subspace 8f (.S), it follows thaty € Ag.

(viii) A and Ag are isomorphic as ordered Banach algebras through the magppig(a). Since
Ag is a convolution measure algebra, it follows this also a convolution measure algebia.

84 Main results

Theorem 4.1Let A be a commutative semisimple Banach algebra with maximal ideal shace
Then the following statements (i) and (ii) are equivalent each other:

(i) We can define a partial order id so thatA becomes a convolution measure algebra.

(i) A satisfies the conditions (a), (b), (c), and (d)ih

Proof. (i) implies (ii) by Proposition 2.1, and (ii) implies (i) by Proposition 3[2.

Corollary 4.2 (Taylor’s representation theorénhet A be a commutative semisimple convolution
measure algebra with maximal ideal spafie;, and ¢ Birtel's canonical embedding of into A.*.
Then there is a commutative compact Hausdorff topological semigsauyzh that:

(i) A, = C(S) and A,* = M(S), whereA 4 = S, the Arens product i/ (S) coincides with the
convolution product inV/(S), and< a, >= [¢1(s)dd(a)(s) (¢ € C(S),a € A);

(i) As := ¢(A) is a weak*-densé.-subalgebra of\/(.5) and S separates points i

(i) ¢ is an order preserving isometric homomorphismdobnto Ag.

Proof. By Proposition 2.14 satisfies the conditions (a), (b), (c), and (dkih Then Proposition
3.2 with Remark 2.2 provide the proof of this corollaryl
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(II) 0 0000 Ononcompact LCA-O G 00 Segal 00 S5,(G) (1 <p<o0), Ap(G) (1 <p<o0o)



SIN-EI TAKAHASI (TOHO UNIVERSITY) AND JYUNJI INOUE (HOKKAIDO UNIVERSITY)

() 0000000000 SO0 -0 11(S), LP-0 LP(G) (G : compact, G = 00,1 < p < c0), 100
ooo H*—D,CQ(X;T), AT, AT(n) (1 STLSOO)

(IV) 00000000000 0,1]00000 ¢Y4(jo,1]), 0000 ROODOO C§(R), 000 LCA-O
GODO0000 M(G),00 Ny=k—1+N (k>1)00000 L'Y(Ny)

8. BSE OO BED 0000 SecAL O

AO0000D0 Gelfand 0000000000000 0O0ODDOOOOOO0OODODOOOOOOOOO AO
000 Banach D000 SO0OO0O0O00O0O0O0O0OOODO ADDODOO SegalDOOOODOODOOO H. Reiter
0000000 Segal DOD0OOODOOO0OO0OODDODDOOODOOOOOOOODODODODOOOODOOO AO
0000000000 Segal 00 AODODDOODOOOOOOOOOOOO AODDOODOOODOOOOOOO
0000 AQODODOOOO () ODO0O00000ADOOO Segal OOODODO (I)oOOooOoooo A
0000000000000 00000000000 Segal O0OOODOOOOOOOO (IDOODDOOODOO
O ({II)J000000o0oUoooooUoo (Iv)oooooUoo0oUooooo0oooU0oooUoooUooooo
Secal 00000000000 DOOODOOOOODOOODOO0ODOOODOOOOODODODOODOOOOO
goboooobobooobooon

ADO LCA-0O GOO Fourter 00O00O0T€C(G) OO0

fre AVSfeA)

000000000 A D00D00ODOD0O000O0ooooODO A4, 000000000 A.ODDDOODOOOOO
OO0 A0ODO0oOoooooooooo

A.,-(l):{fE.A:fTE.A}
00000000000 ADDDODO Segal 0OODODODODODOOOODODDOOOOOODDODODOOOOOOOO

007 A, DO000D0 7r00A,qy0 AO000000OO "proper isometrically translation invariant”
Secal 0000000 DOODOODOOOOO

gboooobooobooobooooon

00 8. 81,80 A0000 Segal 00 ODOOODO & O not BSEOOS, O BSEOODO S1¢_SQDD
000.A0000 Segal O S1nS; 0000 (IV)0ooOooo

goog 7, s00ooooooboooooobooobooobooooooooboooo

009 7000 700000000000GOO00000000 LCA-OOSO S,(G) (1<p< o)
000 S=Uy(G) (1<p<o0) 00000000 ADDDOD Segal 0 SN A1y 0000 (IV) 00000

00ooo0ooooUoUOo0o0o0oooOoooOU0O0oOooOo0o0OOoOoooooooOn 70
ooboooboooooono
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Problems on Bounded Analytic Functions on Riemann Surfaces

O doooooooooooon
Mikihiro HAYASHI, Hokkaido University

(0210 00000000, 2012.24(Mon)-26(Wed), 00000: 0000000000000)

1 00

D:={zeC:|z|<1},00000
T:={2€C:|z|=1}={e?:0cR}, 0000
C*:=CuU{oo}, 000000

000D (nCY)OO00D000D000

H>~(D):={f:D000000O0 }

[flloe == If =) := I fllp :=sup.ep | f(2)|, D OO sup-norm
HP(D):={f:D000000O000000 Ju, [f]P u} (0<p< o)
1£llp = I fllp.a := inf{u(@)/? ;w0 |fP «D00000000} (a€D)

0000D=D0O000e000 a=000000
2 . 1/p 2 i 1/p
£l = sup (fo™ 1F e g2) ™ = (J5T L@ 52) ™ = 1 locgey
0<r<1 s
00000000 f(e?) 0 f(2) 0000000000
00000 ROOOOOH®(R), ||flle, H?(R), |f, 00000000000000000000000
RODODODOOOODOODOODOO —DOODOOOOO0ODOODODODODOODOOOODOODOODOODOO
gobooobogno
ooooobooooboobooboboobooboboooboa

1.00000 (0D)000

2. RODOODOOO f:R—-DOOOOORO fO000 DODOODOO (00000000000
000000000f0000000000000)0ROO000O0f00000D 00 (00)00
00000000

3.0000 7:D— R 00000x00000000D0O(RO)0DD00000O0ORO0OOOO #
0000DOO000D000D0000MOON000000000000C*000 CO00000000
0000000000 R=C*C,C\{0}, 720000000000 DO0O0OO0OO00OO0000000

cooboooooboocoobooooboooooobocOoOobOoOoOooboOooono



1.00000000000O0O0O0O0DOOOOOOOOOOOOO0OO0O0O
2. 000000000000 00DOO0ODO0OODOOO
3. 00000000 CroUo0oOoUoOooOoUOoOoDOoOoUOoOoooUOoOO

2 0DO00DbO0oO0ooooobo

Problem 1 0000000000000 O0OODOODOOO

2.1 DOOO0OOO0OOO0O0004d(z) =20 H*D)O0ODODO0OD0000O000 H®(D) #C. O
O0H>(C)=C (LiouvileDDODO ). C*\DOOOODOO0OODDOO0ODD0OO0OO0OO0ODODO0OO0ODODOOOOOO
0000000H®(D) #C

0000000 ECCO00D00D000 UOO0D000H®U\E)=H*U)00000 Painlev’e O
O0D0DAB-0000O0O00AB-OO00O0OO0DDOOOOOODDO (cf [SaNa65, ChapIl 2D[)D000 D OO
000000000 (essential boundary point) 000000000000 0D0O0OOD DOODOOOOO
0000000000000A>®D)=C0 DO0O00O0D00D0000D000000000D0O0O Painleve
0000000000D0000D00 (analytic capacity) 00 0000000000000 O0OOOOOOO
00000000000 00000000000

000000000000 000000000000000000000000000000O0000000
goooboobooooooo—ooooooboobobobobooooooboboboboboboobooo

2.2 00000000O0ODODROOOODOOOODOOOD (ODOOODO)0ODODODOODOOOODOO
O0000O0O0OO00O0O0O0O0O0OO0OO0OOMyrberg0 0 0000000000000 OOOOOOOOOOODOO
00000 Roydenresolution 00 0000000000000 OO0OO0O0OOOOOOOOODOOOOODO
goooog

3 00O

000000000000 H*(R)OUOODODOODUOUOODODH>®(R)=COO0O0O0O0OD0O0ODOOO0OODO
gboooooobooboboboooooooon

3.1 000000000O0O0O0O0O0OOOOOODOOOOOOOOOOOOOOOCOOCOOOOOO

Problem 2 00000 ROODODOOODOOOOOOODOOOOOOOOODOODOOOODOOOOOO
p,ge ROODOOOf(p)# f(g) 000000000 fO00000

D000 DOO0O0O0000000000 f000000000H™(D)000000000000aeD
D0000g.(z)={22/® gpoooooooooooooooooo
D0000000000ROOOOO00DDOOD (0000000)000000§200000000
000000000000000000000000000000000000

3.2 00 (Royden/Ro65]) ADODDDOO ROODOODDOOOOODOO00O0O0DO00O0O0DO000O0O
000000000000000000 (R,A,¢) 000000



(1) ROODODODODOODAD ROOODDOOOOO®:R—ROOOOODO

(2 f—fo®0O ADD ADDDDODOODO

(3 A0 ROODODDOOOODODOO0O000O0O003,§jeR (P#¢ 0000000 f,geADODDO
000 L(p) # L(a)

(4) RO (2),(3) 000000000000 maximal 00000000D0RCW 0OOO0OOO0DO0 W O
000D0AO0 WOOOODOOOOODODOOOOOO

O00oooo0ooo RDDDDDDDDDDDDDDD(RNZLCI))IZIEI (R, A) O Royden’s resolution
O00000000A=H>®R) 000 A=H>(R)0O0O0OO

3.3 0000000D000000000 (00000000000)D000000D 000000 non-
essential 100 (ie, 0000000)0 DOOODOOOOOO0ODOOO0O0OO000A™(D)D (0)0000
0000000000.00000000000000 (0)000000000000000000000
#(R)(00000)00000000000000000000000 ([H99))

34 0000000000 ROOOO H*(R)O (0)0000000000000000000000
Myrberg 00 0000000000000 O0000000D00000000000000000000
00000000000000000000000000000000000007007000000000
00000000700 0000000000000000000000000000 (/HKa98, HKoNa00]
oo)

3.5 Roydend RO AODDDDOO ¢ 00 (germ) 0000000000000 000000000
(unpublished) ] 00000000 he ADDDOOR(a) #00000 e €c ROOOOe 000000
0000 UOOARO UDOOOOODOOOOOO0O0O0000000000 AU)D00000D0
Ays={fo(hU)™':fe A} 0000000000000000D000 ROOODOOOD

Royden’s resolution 1 00000 RO0O0D00 A0D’0000700000000000000000
afiufalulufls

Problem 3 (0000) H*(R;) 0 H>®(R,) D0DDO0ODODODOODDOODDO Royden’s resolution O
goooog

00000000000000000 ([H91, H99)D OO D000 Polydise D2 0000000000 (00
000)R=RO H*®R)~H*(D?)0000000000000000000000000000000
ODH~(R) 00000000000000O000ROOOOODO0OON feH®(R) 00000/ (a)=0
000000000

O00D00O00H~(R) 07000070 D?00000000000000000000000000000
ROOODOODOOOOOOO

Problem 4 H>*°(R) 0000 resolution 0000007000070 000000

(Wermer[We58]-) Bishop([Bi62])-Royden([Ro65/) D0 DDOOO0O0OR O A-convex 000 (RODDODO
DDDDDDDDDDDDDDD)DDDD resolutiond AODODO0OODODOOOOOOODOODOODOOOOO
00000000000000000000 A-convex 1000 resolution 0000000000 resolution



0000000000 (analyticspace) 0000000000000 0O0OOODOOOOO —OOOOOODO
O00000000O0OBishopOOOOOODOOOODDODOOODODOOO

4 00000000 Z(R)

H>~(R)0OO0OO0DODDD0O0 #(R)0000.#(R)0 H*(R)OOOOO C OO nonzeroOOOO0
00000000000 Banach OO H®(R)* 0 weak* 00000000000 .#(R) 00000 weak*
00 (Gelfand 00 0000D0)000000000 Hausdorff 0D O OODO

a € R 00000 point-evalution ¢,(f) = f(a) (f € H*(R)) 00D 000000000000 0a — ¢
O00D0DROODODOD #(R)UUODODUDODORDO #(R)OUDUDODODDODODOODDH®(R)ODODODDOOO
gbooooooobooboboboooooon

D000 H*(R)OODOODODODOO — H®(R)~H>~(R) 0000000000 RO RODOOO
0000000000000000ORO #(R)OUOODODODODDODROODODODDODOODODODODOOODOD
000000000 (cf. [Nr98])

41 0J0000OOD0OOODOOOOOOOODOD (DODODODOODOD)DODOODODO Z(D)ODOO
gboooooooog

goboobobooboooboo

4.2 00 ([H87])D

(1) H*(R)0OOD0O0O0OO0D000000 ¢€c ROOODOOOOODOODODO
() «0000000 UDOODOOUO .(R)00000000000000000
() 00000 ROODOOODOOODOO0OOD0O0OD00DO00DO00D00O0O0

(2) 00 (bh)00OOO0 RODOOO Z(R) 00000 (poleset) 1000 Z(R)=000000000
000+# 2(R)CRODDOOOONDNOOOOOD

000000000000 (R 0000000Runge0000000000000000000000
00000000 ([GaHs7]0O0O)

(R) 000000000000 DOOODOODO
4.3 000O0OO0O0OODOOO 199300 Prof. AlexIzzoDOODOODOODOOODDOOOO (cf. [HNa*).

Problem 5 00 00000000000000 DODOOOOOOO HX(D) :={f € H®D) : f(a) =
0}(ee D) DOOOODOO

0000000 ee £(R)0000 HX(R) OODODODODODODOOOODODOOO — H®(R)OODODO0DO0OO
Dee PR O00000000000000000000000000000000000000000
000000000000000000000000000000



F7=, 2 OMEIE Gamelin BEPD
1986 #1Z Oberwolfach ~f7< EO F CH
PITEBRIEEZ BBV,

Problem 6 #&3C [H87] @ Ezample 1(&
) THE 7: R— D Z2WT, D b4y
BRI BB B slits 29~ TERWICIS R
Dy 2%, Rac Dyt LT, A (R)
BB fiber 771 (a) 1X R WCEENDH?
L, # ik © € H®(R) @ Gelfand Z5#
ZET.

I ERTICE, fiber 771 (a) 28 #71(a) T
dense ZREIEL L, D& D corona HEE
FfETH S : f € H2(R) A fiber n71(a) k&
Tfl>0%biE 7 (e) ETgf=12¢
25 g € H*(R) PHFEET D, H,FLC
WX D Example 2 O¥Eid. fiber 771 (a)
IIATHERE ORI D22 DX L., fiber
771 (a) 1 Cantor A ZETe D TIEAHE
BB,

Y —=E® corona EEIZOWVWTiL, B. Cole iZ X 2B AIDKBILINH, Parreaun-Widom B THORHIR E
Br B2 BNTWS, #IZ, corona FEOKLD L2V —< VEIE DWW T, Jones-Marshall {2 & D, Green
B DR AP ATNCR o TVDIHRIELNTNS, £, Jones-Garnett 12X V., FEHE D Denjoy 8
I Tl corona EEPRIN TS, BREHFZOFEBRIZ HP(R) &2 H®(D?) OHFE LH7RY,

44 ZOHORB H*(R) © Shilov 55 MI(R) I=>"Toi5— Shilov #F L 13— ROEBRA 77 v
MO Ry MESEET, BKEREE ST RNLESbDTHS,

Problem 7 II(R) iZ&RERD ?

4.5 T (Gamelin[Ga72, Gar4]) IFEHF I ERBEEZ b OEEEL D BT, II(D) IFL&RERKT
BB,

#, He°(D) OF&. €0 Shilov 8Ef1E L&) ofk/ F7VEMCEMEEZD, TI(D) &Y Rk
HEDE N Stonean ZEH & 2B Z LB BN TS, £, R Parreau-Widom H (cf. FIFEOREZOERIL
KEBR) OHATH, Shilov BEFIE L (L) = L°(dw) & (R EOERMEA R BB OSERBEEIE) O
RATTNVERMICEMEERY, 1LY Stonean ZEH & 725 ([HT9)).

IHARFEER & Gamelin D V7 Fx— 7 — b [Gal2] #FHA T TR SN L728, Gamelin DFFHZ K
Pz e, >E¥OBETIEI—LTE 3,



4.6 00 (unpublished) 00000 ROOOODOOO fO00000|f|r=]flew 000000000
II(R) 000000000

[H87] 0 Example 1 00000000 OODOOO

5 Parreau-Widom OO oo OdQO

A. Beuring(1949) 0 2 000000000000 0000 Hardy O H2(D) = H*(Z)(=@) 0000
0000000000000000000000000000000000

51 000000000LP(2)(1 p o0)O (weak*ifp=00) 00000 MOOzMC M (000
D0 e H*(¥)0000000M O00D000000000000000 MODOO0O000000000

(a) M =qH?(£); 000000 ¢0 |¢(e)] =lae.dd DD0DDD0OD 10000000 (MOOO
0)0000000
(b) M =xplP(£); 0000z 00000 E(CT) 000000

52 MO LP(¥)00000000000feH®(£)000000000000 MOOOOO0O0O0OO
DO0O0fMcM (Yfe H®(£)); 000000000 f0 :000000000000000000000
OOMO H*-0O0O0O0000O

0000000000000000000 HadyDOOODOOODOOO0OOD0O000000000 Hardy
000000000000000000000000D. Sarason, M. Voichick, 0000000000000
0000C.W. Neville, 0000 (cf. [Hs10]) 00000 Parreau-Widom D00000000000000
0000000000000000000

53 0000000000000000000000000000000000000000 7:D—RO
000000000000 000000000000000000000000000000000000
00000000000000000000000000000000000

(0000 #0)0000000D OO MébiusOO y0 71oy=70000000000000000
I'=Tz:={y}0 (00000000)00000@O00 »0)00000000000Tz0 ROODO
0m(R)OD0D00000000000O0O0D (T)0000 F(2) (F(e?)) 000000 yeT ODOO
Foy=F (ae)000000T-000000000H?(D),HP(L),7(£)000r-000000000
0000HED), HR(L), LA(£)pooo00000000oo

HE(D) = HP(R)om
DO000D000000IA(L) 1 p o0)D (weak¥)DODODD HX(L)-000D0DO0O00DOOO
0000000000

0000 ¢€:Tg —TO (0 Tp0)000 (character) 00000000 I*=T% 000000 Abel
00000000000000000 el 00000

H?(D,&) == {F € H*(D) : F oy = £(7)F}

Hp(‘;i )—{FeH”(;w) Foy=¢()Fae}



0oooo
(000)00000 ROOVEeT:: H(D,E) # {0}00 00000 Parreau-Widom 00000000
TOOODOO QOO|Q|=1, Qoy=¢(()Q (ae) (Vyel)D 000000000 €000 i-000
00000000 ROOODO (0)0000000000000000I2(E)(1 p o)0DOO0DOO
MOOODOODO0OO0OOO0DO00O000000%0

(a) M = (C)QHP(L,¢); 000000 QOO0 ¢ 100000

272

(b) M = xpLR(¥);, 0000E(CT) D I'p-00000000

54 00000000000 ROOODOOOOODOOOOOOOOOOOOOOOOOOOODOOOOOD
oooon

(a) dim HB(R) =1 or 2.
(b) ROOOOOOO0OO0O0O0O0000OORoyden’s resolution R O Parreau-Widom 000 0 O

000000000000000000000000000()00000ee RO (000)000000
el 000 m(l) :=sup{|F(a)|: F € H*(D,§),|F| 1} 000000000

5.5 O000OParreau-Widom OO OOOOOOOO0DO0O0O0OO0O00O0O00O000O00DO0O00O00O0OO00OODO
ooboooboooooooooboooboocooboooooooOoooDooa

Problem 8 R O Parreau-Widom OO OO H*(R) O HY(R) O dense 00

0000000000 000O (OohHSs) DO OUDOODDOODOLDOODOODDODOODOODOODODOO
goboooboooobooooobooo

Problem 9 (Douglas00 0000 ) Parreau-Widom DOOOD D00 DOODOO0OHPR(Z)cAc () o
0000000000 A0DODOOOOO

OMHER(Y) C ADDD (M®(R)or 000D00DO) C AD (unpublished) 000D OOO0D0O0O
M>~(R)0 RODOOODOODDOO0O0O0OODDO0O0O0O0DD00000D000001/ze M>®(D)00O
O000O0OR=D0OO000 Sarason 0000 H®(L)C ADDD H*(L)+C(T) c ADOODDOODOO

gooo

*1 [DD]LIE %)DDDDDDDD ROUO0OU0OO0O0OOOUODOOODOOUDOOUOOUOOUDDOODOORODOODOO
000 fO0f|00DO0000O0000000DOO000O000000000000000000000O0 m(R) OO0 00O
O00fc =¢(C)fo 000000000f, 000 o=(0) 0000 fOO000fc D o000000000 COOODO foO
0000000000000 m(R) 0 O0D0D0D0D0OD0 'R D0D0DDOODODODOODOED 'R 00O0O0OOOOOOOOOODO
RODODODO ¢00ODOO0OO0DODOO fODO

|fP w0000 ROODODOOO wDODD (p=oco00000f000)

000000000 HP(R,E) 000000000HP(D,E) = HP(R,é) om; 0000000 f€ HP(R, () 0DO0O0O0OD
7:D—-RO0O0D0O0000 DOOODOOOO F=forOOOODOODOOODOOO q0 Q=¢qonr000000000DO
00000000000¢D000 ¢ ' 0000¢HP(R,€) 0 HP(R)OOOOODDOOO0

O00RO0OODUDODOOOODUOOOOUDOOOOUUOOUOOOUDODOOODUDOOOWIierner0O0OODOOOOODDOOOOO
dw, 0000Maritin00000000000000 dyOOOOO0OL®(dw), L>®(dx) 00000 ROOOODODOOOOO
0D00000000000000000LP(dw), LP(dx) 0 LA(£)00000000000000000000L(2L) 00
000000 LP(dw), LP(dx) DDOO0O0D0O000O0000O0R O Parreau-Widom 000000000000 Green-star O
00000 (cf. [Hs10]) 00000 HP(R,€) 0000000 HP(dy,§) 0000000000000000
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Multiplicative isometries on the class M?

Yasuo IIDA  (Iwate Medical University)
Kazuhiro KASUGA  (Kogakuin University)

Abstract. In this paper, multiplicative (but not necessarily linear) isometries of M?(X) onto
MP(X) will be described, where MP(X) (p € N) are F-algebras included in the Smirnov class
N.(X).

1. %
n>1&9%, C" Z85% n Kot Euclid Efi1 & L, TORERTIEEL 2 = (21,...,2,) £EEL<
Z &I %, unit polydisk # Ut ={z€ C": |z <1, 1<j<n}, unit ball # B, = {z € C":
YoalynlP <1 L T ={2€C:|z=1, 1<j<n}, S, ={2€C": 37 |5 =1} &F
5o AP, X XU B, &L, X IZT" S, #2XTbDLT5, £/ 0X ED normalized
Lebesgue measure % do TR,
X EoOIERIBA%EL f 25 sup / log(1+ |f(rz)])do(z) < oo Zii7=9" & & f I& Nevanlinna class
ox

0<r<1

N(X)IZBTHEWH, fe NX) AR nontangential limit 73 a.e. 2 € 0X THEETHZ
EPHBNTEY, ZNZEDT f(z) TRTODETDH, £72 f e NX) DU TOSRMEZT-
F & & f 1% Smirnov class N.(X) IZET 5 L0

sup /BX log(1 +[f(rz)]) do(z) = /{)X log(1 +[f(2)]) do(2).

0<r<1

l<p<ookF5. X FOTREL f 7 sup / (log(1 4+ |f(r2)))P do(z) < oo %7 &
0X

0<r<1

& f 1% Privalov class NP(X) (BT 2 &9, LT, flfEDZ0DIC NY(X) = N(X) L£T &
245, NP(X) (p>1) hothiEx
dyeir (29) = ( [ tosa+ 17 = gty da<z>)” (f,9 € N7(x))

TEHRTDE. N(X) 1L OHEBEICEI L T F-algebra (FEICRE L CHlki Th 5. HRIZSTIM BREEZS
) THDHZENMHENTND,

WICBEIERZEM] MP(X) 2EFHFL LI, 0<p<oo kL, LAF&M/ZT X LoOEAREE f o
BEE MP(X) TRTZEIZTH

/aX (10g (1 s \f(rz)!))p do(z) < oo.



MP(X) EOREEx

dwo(F0) = { [ (1o (14 s 1709) - g0 ) ot} (19 € a0

0<r<1

E3% (72720 ap = min(l,p) £B<) &, MP(X) X2 DOFREICEAL T F-algebra TH 5 Z &3
Do TWND,
INBLO7 TATH L, BT OUFERARY IO Z ENMOHATNS ¢

HI(X) C NP(X) = MP(X) € M(X) © N.(X) (0<q<+00,p>1).

Z 2T Hardy space & HP(X) TERL, DO/ VA || |, LRLTDHZ LT 5, FFIC Hardy
algebra H=(X) B N.(X) % NP(X), MP(X) 150 TR Cb .

2. N(X), NP(X) I2BT5FREBOINETORRIZDONT

Smirnov class N, (X) IZ8T D#IEER GH ORI Stephenson [T ICE>THLATEBY, F
7z Privalov class N?(X) (28T 2#EERGBRIZOWVTL, 1 EH DS 13 lida-Mochizuki [5] 12
LDRERN DV, 2L DAL Subbotin [8] DFERNMOEN T WD, UEEZF DL ORK
DEHTH D :

FIE 2-1

aeC,lal =1

Let p> 1. T: NP(X) — NP(X) is a surjective linear isometry. Then there exists a holomorphic
automorphism ® on X with ®(0) = 0 such that T(f) = af o ® for all f € NP(X) where

ST, p> LICHL T N2(X) = NP(X) 2 T(fg) = T(H)T(g) (f, g € N*(X)) &iliz=3 &
&, T I3FEEM (multiplicative) Th 5 L FE5, Smirnov class N (X) (28175 (3L H#
FETIE7e) FIENERTHB ORI Hatori-Tida [2] IZXE > TH B TE Y, F7= Privalov class
NP(X) 28T D (T L HE TIEe) RIENZERE B2 OV Tl Hatori-Tida- Stevié-Ueki [3]
CE-oTHERLNTWD, UTFRZORETHDS -

fniE 2-2

NP(X) — NP(X) is a surjective isometry. If T is 2-homogeneous in the sense that T'(2f) = 27'(f)
holds for every f € NP(X), then either

T(f) =afo® for every f € N°(X) or T(f)=afo® for every f € NP(X),

permutation of the integers from 1 through n.

Let n be a positive integer and let X be either B, or U". Let p > 1 and suppose that T :

where « is a complex number with the unit modulus and for X = B,,, ® is unitary transformation;
for X =U", ®(z1,...,2,) = (MZiys---, A2, ), where [\;| =1,1 < j <mnand (i,...,%,) is some




EIE 2-3

Let n be a positive integer and let X be either B, or U". Let T be a multiplicative (not
necessarily linear) isometry from N?(X) (p > 1) onto itself. Then there exists a holomorphic
automorphism ® on X such that either of the following holds:

T(f)= fo® for every f € NP(X) or T(f) :fo—5 for every f € NP(X),

where @ is unitary transformation for X = B,; ®(21,...,2,) = (M12iy,..., \nz;,) for X = U,

where |\;| = 1 for every 1 < j < n and (iy,...,%,) is some permutation of the integers from 1
through n.

VLR 2-2 & E PR 2-3 DFERICE W TR E REFIZ K72 LzDA, RO TMazur-Ulam O 7E
) LIRS BEOTHS ([6]),

fHRE 2-4

X, Y % normed vector space & L, U: X =Y X U(0) =0 %7~ onto isometry &7 %,
ZD & E U idreal-linear ThH 5D,

3. MP(X) IZBIT5 (FEH) FERERICDOLT

p>0 &35, BZEM MP(X) IZB 1T 2#IEHER BB OM RIE Subbotin [9, 10] (2 &> THS
nNTWb, ZORERIT N(X), N°(X) Or—2 L2 [fLThD,

EIE 3-1

Letp > 0. T : MP(X) — MP(X) is a surjective linear isometry. Then there exists a holomorphic
automorphism ® on X with ®(0) = 0 such that T(f) = af o ® for all f € MP(X) where
aeC,lal=1.

AL Foxld pe NICIRE L7 5acon T MP(X) 1B 5 RIEN S R TR O B4 57

R 3-2([4])

Let n be a positive integer and let X be either B, or U". Let p € N and suppose that T :
MP(X) — MP(X) is a surjective isometry. If T'is 2-homogeneous in the sense that T'(2f) = 27'(f)
holds for every f € MP?(X), then either

T(f) = af o® for every f € MP(X) or T(f)=afo® for every f € MP(X),

where « is a complex number with the unit modulus and for X = B,,, ® is unitary transformation;
for X =U", ®(21,...,2,) = (M2iy, ..., A\n2i,), where [\;| =1, 1 <j <nand (iy,...,1,) is some
permutation of the integers from 1 through n.




(RIEBH 1L
f,g € H?(X) &35, T » 2-homogenuity THbH Z &b

o Qo (1 e |72 - 252 ) ot
GG

2n 2n
R SLD, [7] O Theorem 2.1 E[AERIC LT, U TFOFELNHFLND ¢

(Tf)(rz) _ (Tg)(rz)
on on

)) aote

1) /6 sup [f(rz) — g(r2)P do(z) = /8 sup |(TF)(r2) — (Tg)(r2)|? do(2).

X 0<r<1 X 0<r<1

&Y T3 HY(X) LD v b || fllge, = {/ sup ]f(rz)\pda(z)}p WCEALTEHERTHLZ
P

X 0<r<1

Enbns (ZO/ VAT HP(X) EOEFEO VA EFRETHL), (1) Tg=0<L&BE, &6
ZT2f)=2T(f) "5 T0)=0 THHDOTT(HP(X)) C H(X) B¥Fbhbd, & % T\ mr(x)y V5
HP-J )V || -, ISR TEASNDHEREHCE L TERTH D, RO HEE T! f%fﬁ@ﬂé z
LK T T YHP(X)) C HP(X) Bbhd, Lo TT(HP(X))= HP(X) 75%%%%%% T0)=0
72D T, Mazur-Ulam OEF LY T|gp(x) 73 real-linear TH 5 Z LRSI ND,

ST, HwpR

dim = {(et)” — (log(1 +¢t))"} = p“ (t>0)

EO TV ||f]] e CBLTHERETHS Z & 7% ﬁéqp p>0L+5L, (LEDLEN
(2% U TR OREIR & AFAET 5

k—1
1
(2) 111(1)1Jr m { log 1 + €t E Cn €t n+p} = thp+k, (t Z 0)
e—
n=0

DT e, B 800 T p Taylor RBA L7 REORS AR, (2) 2SI LT T peN
ETRTO ELeNIZK LT HLF ETHERTHDL Z ENBMILELVIEH SN D,

do W FATRIEE 22D T limy oo || gz, = || fllaee 23T _XTD f e HO(X) 1T LTHRVILD, F
TN g = [flloe EABDTHD, SHIT | fll, = IT(f)ll, 22T =TD fe HOX) ITRHLT
Y35 lim [T(f)lly = IT(Hlleo 2PT T(f) € H2(X) 222 |[flloo = I T(F)lloc B3FTH
f e H®(X) I LTHOLT 5, FERIZLT T(f) € H®(X) 72 51F f € H®(X) Bk o, Lo
T Tlgoex) 1E | loo ICELTH®(X) 205 H®(X) ~ORHER G4 TH D, H®(X) 1ZZ DMK
A F 7 VZ2R8 o> uniform algebra TH Y. Z DK A T 7 /LZ2[1% [Silov idempotent theorem |
(CEoTHFETTHDH L LTEY, KoT[] LY T|gex) 1E complex-linear %7213 conjugate linear
THDLIEDVZ D,

T|ge(x) 7% complex-linear TH D LT 25 &, H®(X) 1T MP(X) THETH Y, £ Lok

iéﬂﬁixvwaWF%\iAtw RINKRE VN Z EEZFH LT, T 28 MP(X) L
complex—hnear THDHZENREND, Lo TR OEYIOHMN [7] D Corollary 2.3 7> 5 AT
T



—5 T ye=(x) 7 conjugate linear T 25 & T 2% &, TIFRHED K 512 MP(X) L conjugate linear
Thd, 2ZTT: MP(X)— MP(X) % T(f) =T(f) (f e MP(X)) DX TEHT D, =72
Lf(zsovzn) = [z 2n) (f € MP(X)) THHLDOLET D, 20L& T 1E MP(X) hb
MP(X) ~® complex-linear ZRERFMH TH 5, [7] ® Corollary 2.3 ZFHEHWD Z & T, mEF
D2FHDORBY LD Z EDRRIND,

(RERAH4)

I 3-3([4])

automorphism ® on X such that either of the following holds:
T(f) = fo® forevery f € MP(X) or T(f)=fo® forevery f € MP(X),

Let n be a positive integer and let X be either B, or U". Let T be a multiplicative (not
necessarily linear) isometry from MP(X) (p € N) onto itself. Then there exists a holomorphic

where @ is unitary transformation for X = Bp; ®(21,...,2,) = (M12iy, ..., Anz;,) for X = U™,
where |A\;| = 1 for every 1 < j < n and (iy,...,%,) is some permutation of the integers from 1
through n.

(RIERA DA

T I 3RIERT2 DT, [2] ® Theorem 2.2 DFEPF LRI LT T(1)=1,T(2) =2, T(3) =1 Th
LT ENREND, FoTHRT BPRENTHLZEEZFMLT, TIXTQ2f) =2T(f) ZHl=7
PHERFHBTHDL Z LB D, mE320 D, HOEFE R a L. EOMmE L FRED holomorphic
automorphism ® {Zxf L T

T(f)=afod, feM!(X) %/x T(f)=afo®, [eM(X)

MRV ILD, ZOLETA)=120 a=10b00, KEHENEHINDS,
(REFAAA)

CEE] MP(X) (p e N) 2B 525 RIENF R 813 Smirnov class X° Privalov class (233
TS RENERTHBOEEL ESFRILTHL Z LBDND, SEIO MP(X) OFERIHIRE
ISR TR D 32D E 9 INEE T2 732 TR,
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On y-direct sums of Banach spaces
with a strictly monotone norm

Takayuki TAMURA (Chiba University)
Mikio KATO (Shinshu University)

We shall discuss the uniform non-squareness and uniform non-¢7-ness of v-direct

sums (X; @ - - - & Xy), with a strict monotone norm for Banach spaces Xy, ..., Xy.

1. Absolute norms on CV and convex functions

A norm | - || on CV is called absolute if
G155 2w)ll = Izl - -5 Jza D]
for all (z1,---,2zn) € CN and normalized if
I(1,0,---,0) = --- = [[(0,---,0,)]| = 1.

The collection of all such norms on CV is denoted by ANy. In K.-S. Saito et al. [10]
it was shown that there is a one-to-one correspondence between ANy and the class
Uy of convex functions on the standard N-simplex Ay stated below (the case N=2
was shown by Bonsall and Duncan|[1]): Let || - || € ANy. Let

N-1
P(s)=[(1— Z Siy s,y sn—1)|| for s = (s1,--+,sy-1) € A, (1)

i=1
where Ay = {s = (s1,--+,sy_1) € RV "1: Zf\;l s; <1, s; > 0}. Then 9 is convex

(continuous) on the convex set Ay and satisfies the following:

(AO) ¢(07a0) = ¢170a70)::¢(07a0a1):17
N-1 s s N-1
A S1,° ", SN— > S; 1 RN N—1 ]f0< Sl‘<]_,
() %o v 2 <i:1 >¢<Zf\:115i Z?Slsi) ; N
(AQ) w(sh""sN*l) > (1—51>w<07 52 R SN_l) if0§51<1,
1—81 1—81
(An) ¥(s1,--+,sn-1) = (1= 5N4)¢<La o ‘7£’0> if0<sya <1
1— sy 1—snog



The converse holds true: Denote by Wy the family of all convex functions 1 on
Ay satisfying (Ap), (A1), -, (Ay). For any ¢ € ¥y define

|22 |2 |
R e
B (|21| |ZN|)¢<|21| +--'—|—|ZN| |21|+...+ |ZN|>
1oty o) = it (21, o) # (0,00, 2
0 if (21,--+,25) = (0,---,0)

Then ||-]|, € ANy and |||, satisfies (1). Thus we have a one-to-one correspondence
between ANy and ¥y with the equation (1).
By (1) the conditions (Ap), (A1), (Az), ..., (Ay) are equivalent to:

(AO) ||(1’O7"'70)|| = ”(07170"'70)H == ||(07"'70a1)|| =1,

N-1 N-1
(A1) (1= sivst,osv-n)ll > (0,51, svon)l| i0< ) s <1,
i=1 =1

N-1 N-1
(AQ) H(l_zshsla"'sz—l)“ 2 H(l_ZShO?S?”'asN—l)H if0§81<17
i=1 =1

N-1 N-1
(An) ||(1—Z<9i,81,"'73N—1)|| > ||(1—Zsi751,"'73N—2,0)|| if0<sy-1<1
=1 =1

The ¢,-norms are typical examples of such a norm. The function corresponding

to the ¢,-norm, which is denoted by 1), is given by

{(1—Zﬁzlsi)p+5€+‘~~+s%1}1/p if 1<p< o0,
wp(sly"'ustl) =
max{1 — Z?:ll Siy 81, ", SN_1} if p=o0
for (s1,---,sn-1) € An. For any || - || € ANy we have || - |loo < || - | < || - |1
Let X7, ..., Xy be Banach spaces and let 1) € ¥y. The 1)-direct sum (X; @ --- @
XnN)y is the direct sum of Xj, ..., Xy equipped with the norm

[Grs - en)lly = [l flenDll - for (2, zn) € X @ - @ X,

2. Strict monotonicity

A norm |[|-|| on C¥ is called monotone provided that ||(z1, ..., 25)|l¢ < [[(w1,. .., wN)]y
if |2;] < |w;| forall 1 < j < N and strictly monotone provided that || (21, ..., 2n5)|y <
(w1, ..., wN)|ly if |2;] < |wy] for all 1 < 7 < N and |2;,| < |wj,| for some
1 <jo<N.



Lemma 1 Let F' be a convex function on Rf. Let (p1,...,pN) € Rﬂ\: and pj, <
Jo

djq withgjo €R+f07'80m61 SJO <N. [fF(p17"'707"'7pN) SF(pla"'>qj07"'apN)7
then F(pl)"'7pjo7"'7p]\f) SF(pla"‘)Qjm"'apN)'

Proposition 2 ([10]) Let ¢ € Uy. Then p-norm || - || is monotone.
For the strict monotonicity of the 1)-norm we have the following.

Proposition 3 Let ¢ € Uy. Let (z1,...,2n) € CN and 0 < |z;,| < |w;,| with
w;, € CN for some 1 < jo < N. Then the following are equivalent.
(1) (21,5 2Zjgs -5 2n) |l < (15 wjgs ooy 28) ||
.73
(1) [|[(z1y -5 0,y 2n)le < 1215 ey Wiy - oy 28) |0
Corollary 4 ([4]) Letv € Un. Then || - ||y is strictly monotone if and only if
¥ satisfies the following conditions:

(sA1) W(s1, -+, sn-1) > (sl+---+sN_1)¢( 51 N SN-1 )

st tsn st sn
if0<51+"‘+5N_1<1,

(SAQ) 7/1(51,' : '78N71) > (1 - 31)¢(07 & L) oL > Zfo <851 < 17
1—81 1—51
S1 SN—2
A) Bl o) > (1 s o)
(sAn) ¥(s1 sn-1) > ( SN-1)Y 1= syq 1= sy 0

if0<sy.1<1

3. A class of convex functions \I'g\l,)

In the present authors [9] a new class of convex functions \IJ%) is introduced as
follows: Let ¢ € Uy, We say ¢ € \115\1,) if there is an element (s1,...,sy_1) €
Apy such that for some nonempty subset S of {1,...,N — 1} with 0 < M :=

Zfi}l xs(i)s; <1,

U(s1,...,8n-1) = My (XSE\?Sl,‘“,XS(N;;)SN—l)

Xse(1)s1 Xse (N — 1)8N1) |

+(1—M)¢( T



In other words,

N-1

H(l - Z Sis 81y -0y SN—l)HdJ = H(07 XS<1)817 s 7X5(N - 1>5N—1)||¢
=1
-1

+||(1 - Si7XSC(1)817'-'7XSC(N_ 1)SN—1)||1/1
i=1

In the case N = 2, \IJE\P =0l = {u ).

Theorem 5 ([9]) Let ¢ € V. Then the following are equivalent.
(i) v € ¥y

(ii) There exists (ay,...,an) € RY such that with some nonempty proper subset
T of {1,...,N}

(a1, an)lly = (xr(Daw, ..., x2(N)an) |y + [|(xre(Day, - . ., xre(N)an)|ly,

where (xr(D)ay, ..., xr(N)ay) and (xre(1)ay, ..., x7<(N)ayx) are nonzero.

4. Uniform non-squareness and uniform non-/}-ness

A Banach space X is called uniformly non-square if there exists a constant € > 0
such that min{||z + y||, |z —y||} <2(1 —¢) for all 2,y € Bx. More generally, X is
called uniformly non-£7 if there exists a constant & > 0 such that min{|| >°7_, 0;z;] :
0, ==+1} < N(1 —¢) for all 24,...,x, € Bx.

Theorem 6 For (X1@®---® Xn)y with a strictly monotone norm the following
are equivalent.

(i) (X1 @-- @ Xn)y is uniformly non-square.

(i) All Xy,..., XN are uniformly non-square and ¢ ¢ \115\1,)

According to Theorem 6, under the condition that the norm of (X; & --- &
Xn)y is strictly monotone, we have the following: For uniformly non-square spaces
Xi, ..., Xy the uniform non-squareness of (X;@®- - -® Xy )y is equivalent to ¢ & \If%).

)

For the uniform non ¢'-ness the condition ¢ ¢ \I/S\l, is weakened as follows.

Theorem 7 Assume that Xy, ..., Xy are uniformly non-square and the norm
of (X1 ®---® Xn)y s strictly monotone. Then the following are equivalent.

(i) (X1 ® - Xn)y is uniformly non-Y.

(i) ¢ # ¢



the

Corollary 8 Assume that the y-norm || - || on CN is strictly monotone. Then
following are equivalent.

(1) (CN, |- |ly) is uniformly non-¢% .

(i) ¥ # b

The next result by the present authors [8] should be compared with Theorem 7.

Theorem 9 ([8]) Let Xi,..., Xy be uniformly non-square. Then (X; & --- @

X )y, is uniformly non-¢Y 1.
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A remark on Taylor coeflicients of complete Pick
kernels on the unit disk

Michio Seto*
Department of Mathematics, Shimane University, Matsue 690-8504, Japan
mseto@riko.shimane-u.ac.jp

Abstract

A condition on complete Pick kernels on the unit disk which implies
convergence of certain operator power series is given.

Let D denote the open unit disk in the complex plane, that is, we set D =
{A € C: |\| < 1}. and k) will denote the reproducing kernel of a reproducing
kernel Hilbert space consisting of holomorphic functions on ID. Throughout
this article, we assume that monomials are mutually orthogonal in those
Hilbert function spaces and ky(0) = 1. Then, setting kx(2) = 3.°% j an X\ 2",
we have a, > 0 for any n > 0. The following result is well known (see
Theorem 7.33 in [1]):

Theorem 1 Let d,, be the nth Taylor coefficient of 1/ 7 apw™ at the
origin, that is, we set 1/> 07 apw™ = > >  dyw™. Then ky is a complete
Pick kernel if and only if d,, <0 for any n > 1.

Let T be a bounded linear operator acting on a Hilbert space H. Our
main interest is the following operator power series in the case where k) is
a complete Pick kernel:

0
Ap =) d,T"T*",
n=0

which is Agler’s hereditary functional calculus in our setting (see Chapter
14 in [1] for details).

*The author was supported by Grant-in-Aid for Young Scientists (B) (23740106).



Lemma 1 Let k) be a complete Pick kernel. If Ay > 0and ), -, an || T*" x|

T*n+k$||2

is finite for some z in H. Then > < ;~q anl|dl|| is finite.

Proof Since we have

00 00 00
> an Y dIT )P =) an(|T 2| — |V ALT " 2|?)
1 n=0

n=0 k=
00 00
= an| T2 =Y an|lV/ArT " ||
n=0 n=0

< +00,
we have the conclusion by Fubini’s theorem.

Theorem 2 Let k) be a complete Pick kernel. If A7 > 0 and there exists
some dense subspace V of H such that > <, a,||T*"z|? is finite for any x
in V then Y 7 ja,T"ArT*" = 1. -

Proof We have the following identities by the definition of {d,, }:
do =1
oo (0.1)
aod; +ardj_1 4+ - -+ aidg =0 (l > 1).

Then, for any z in V, we have

(x,x) = ||=|?
= an|T*"2|* =Y | T x|
n>0 >1
=Sl P Y Y add T
n>0 [>1 n+k=Il,n>0,k>1
_ Zanl|T*an2 + Z andk|\T*”+kw||2
n>0 n>0,k>1

00 00
= an(IT*"x)* + Y di| T 2 |?)
n=0 k=1

oo
= Z an(ArT*"z, T*"x)

n=0

0
=Y [VanArT*" ||
n=0

= Z(anT”ATT*"a:, x)

n=0



by Lemma 1, Fubini’s theorem and (0.1). Since V is dense in H, we have
the conclusion.

Remark 1 The condition Y 7 ja,T"A7rT*" = I can be seen in many ar-
ticles. For example, in p. 80 of [2], this is called “convergence condition”.
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On the number of periodic orbits with prescribed energies of a
Hamiltonian system near an equilibrium point
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1 00000000000 00000000000000

XOBanach OODOf: X - X 0O X0O0OODO Lipschitz OODOODOOO0OOODODOODOOO
XO00oooooooooooo

L) = Fu(0), u(0) = g )

0000000 wp 0000000 u(t) = ¢lue,t) 00000 00000000000 Deg.,
000000000X 00000 flowyp: Rx X —» X 00000

w0 fO000000000 flu)=00000000000u(t)=uw 0 (1)0000000
000000000000 lowd000O00O00D000000000000000000D000
00000000000000000000 Hamilton 0000000000000000000
00000000000000000000000000000000000000000000
00000000000000000000000000000000000000000000
00000000000000000000000000000000000000000000
000000000000000000

Lyapunov Center Theorem 0O00000000000000000OCODOOODOOODOOO
000000000 Db0bO0Db0OD Lyapunov OO ODOO0DOOOOOODOODOOOO

feC (R, R™), f(0)=0000000000 z2=f(x) 000000000000 %= f(x)
0 C?000000 GOoOo00O00oO

00 1 (Lyapunov Center Theorem) D000OO0O0O0OA:=D,f(0)000000A; = iw,
M=——iwdO0D0D00O00OO0DODOO00OO0OO0OOOFREODODODOOOOODOOOODODOOODOODOO
ddddooo 20000040 0o

000 A0D0D0O000 X (k=3,....n) 000000

Ak

— &7

A1 ¢
00000(D2G)|p(0)>0000004 = f(») 00000 e>000000G = G(0)+2 0

0000000 T 00000000000 00000000000e—-0000000000
OL*0000000T(E) —2r/wO00000

Lyapunov Center Theorem U0 f(z) 0 0 0000000000000 000000C0OO0O0O
gooobooooboboobooboboobobooobobooboboobobooooboo
oo0bOoO00ooO0o0bO0oDbDOodb000OHamiton OO0 OOOO0OO0OO0ODOOOOOOOOOODOO
00DO0D0O0DO0DbODbOD optimal DODOODODODODO
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2 Hamilton OO O OO0OQ0

2.1 Hamiltonian, symplectic form and Hamiltonian System

R?” 00 Hamilton 0 0 0O O Hamiltonian H € C*(R?",R) O R*" O symplectic 00 w OO
00000000000 00o00o0ooooogog symplectic 00O wOOOR» OOOOO

0 —I
J =
I 0
00000000000 JOOOO wz,y) ={(Jz,y) 000000(-,-)0000000

Hamilton 00000000 Hamiltonian H O gradient VA 0 JOw OOOOOOOOOO
000O0O000O00bO0O00D0oO0b00O0d Hamitbon OO0OO0OO0ODO
(HS) #(t) = JVH(z(t)), z=(p,q) € R" xR"
O0000O00Hamiton 00000000 OOOCOODODOOOO

(ji(t):Hpi
0000000000000 0000000F O (HS) OODDODODOODOOO0OMS)00 ()00

00 H(2(-))DDODODODODODOODOODOODOOODOOO FOOOOOOO0OO0O0O00000004g
0000 HeCHR*™,R) OODH(()=0,VH(0)=0000000

(i=1,2,...,n)

000 Hamilton 000 (HS)0OODODO0OO00O0O0O0O0O0 (LHS)OOO:
(LHS) () = JH" (0)2(1)

000 H"0)O Fréchet J00D0D00 HODOOODOOO 2000000000000000
0000000000 HO Hesse JOOODO0O

OLHS) 000O0DOJHE"(0) 000000000 S:= {0}, 00000000 z
000000 u(t)=eH' Oy, 0000000

2.2 Weinstein—Moser’s Theorem
000000 HOOOOOOOOoOOoooooooOooooooooooooooooooo

00 2 (Weinstein [5], 1966) H"(0) O positive definite 000000000 ¢>000000
(HS) 00000000 H=e0OOOOOO n000000000000000000

Lyapunov Center Theorem 0 0000000000000 00DOO0O0OO0OOOODOOODOO
gooooobgd

00 3 (Moser [4],1970) R2" = Ee F 0 SO000000000O0O0O0SO EOOOO 7
O000F0O0O0 {0} 000 SO00 n000000000000000000 H'(0)O EO
00 positive definite 000000000000 e>000000(HS) 00000000 H=¢
0000000 dmE/2000000000000000000



Remark. (i) Weinstein 0000 Moser 000000000 O0ODODO
(i) 00 2,3000000000 n0O dim E/20 optimal 000000000 0O0OOOOO
goog

000D00Db0OD00 MoserDODODOUODOODOODOODODOODODOODOODOO Lyapunov-
Schmidt 000 0000000000000 00000000 (min-max 0000000000
00000000000 00D0O0 positivedefinite 0000000000 O0OOCOO0OOO

1. symplectic 00000 R 0000 2000 ¢qO0000 (known to K. Weierstrass)[
Jp € L(R?",R2") satisfying w o ¢ = w s.t.

1 n
gop(r) =5 >N +ahy)

=1
2. 0000000 rO0D0OOODO 1IDDOODOODODDOODDO

(HS), 2(t) = T IVH(2(t))

3. Ljapunov-Schmidt procedure 00000000 HYS',E)DDOODOOO H(v)=eOH =¢
0000000000 Aw)DODDOO0O0O000000000000000

4. HY(S',E) 0O [T(O)0](-) ==v(- +6) we H'(S',E), e S)Y0D000 S' =[0,1]/ ~
0000000000000000Sndex D000 minrmax 000000000000
00000000000 dmE/200000000000000000O0O00DO0OO0O

23 DOODODObObOOobDbOObObDO

00 30000 H"(0)O E00OO0ODOO positive definite 00 O O negative definite O
oo0odooooooooooooogooooooooooooDo

00 4 (Fadell-Rabinowitz [2],1978) H € C*(R*",R) DO H(0) = 0, VH(0) = 0 000
R” = FeoFO SO0000D00D00OO0OOOSO EODOOO oO0000F OO0 {0}
000 SO00 o UO00ODOO0OO0DO0D0ODODODODOOODODD EN{O}OODODODODODODODOOO
O000D0D0O00OA"(0)0 EODODOOOD 20000000 2»0 0000000000000O0O
D000D00@G) 00 (HS) O o 0000000G) k,meZy 0 k+m> |y 000000
O0rn 0000000 Z, 0000000 Z, 000000000 AeZp (vresp. A€Z,) 0000
(HS) 0OODOD k (resp. m) 000000 A00000O0

Fadell-Rabinowitz D 000000000000 OOOOOOOOOO:

e Fadell Rabinowitz 0 S' 00000000000 “cohomological index” 0000000
O00 mn-max 00000000000 O0OOOODOOO

e Fadell-Rabinowitz 0 0 0 0 O Weinstein—-Moser D 0 0000 000000000 O0OO0OO
00000o0o0oooooboobOoOoObO0O0000o0ooooo



Fadell-Rabinowitz 00000000000 DOOO0O0O0O0O0ODODODODOOOOOODODQOThomas
Bartsch O 1997 00000000000 OOODOO:

Claim (Bartsch [1], 1997) Fadell Rabinowitz 000 0000000000000 2v#00
O0o0o0oooooooooooooooooon

(i) H-Y20)\{0} 00000 k0000000 7 000 (HS)ODODODO {2} 00k = 00
000z, —-000 m -7 0O0000OOOOCOODO

()00 XN>000000X-v>0000<A|<X 0000000 XO0000 H-YN)DO
0O HS)ODODODO0OO n 000000000 » 0000000000000 00O0O0O0O0 A=0
ooboOoooooo OClaim O00O0O0O

00000 Bartsch 00000 OO Conley index, length 0 00O cohomological index, Morse
decomposition 0 000 0000000000000 0O00O0DOOOOODODOOOOOOOOOO0
ooooooo

000 Bartsch 00 0000000000000 00000O0OODOOOOOOOO0OOOO0O
00 (3)ooo00000ooooo0o00uooo0Doooooooooooooo

2.4 Bartsch 000000 optimality

Bartsch DO 00 optimality D00 000D O0O00000DO0O0000 MoserDOODOOODO
gogboooobooobooboooboo

2
n

1&:%}]@+@%+%—ﬁ<2}ﬁ+ﬁﬂ

i=1 Jj=: =2

m m m

1S, o 1S, e
o DB+ = 5 D BT+ a7) + Y (B + i + 0+ 4F) (i — didi) (2)

i=1 i=1 i=1

00 Hamiltonian 0000000000 On=0,m=10000 Moser 000O0OOO Hamil-
tonian 0 0 0O O

1

1
Hf:;(?+ﬁ)—50€+£)+@?+ﬁ+p?+ﬁﬂmm—ﬂmﬁ (3)

(3) U Hamiltonian 0 0 0 O Hamilton 000000000

d
%(pIQQ +p2q) = 4(pip2 — @q2)” + (PT + @i + 3 +43) >0

000000000000000000000O00 000000000000 00000000
00000000000000000000000000000000

(2) 0000000000 m,n00 HOOOOOE=RX"2m 0OHE"0) 0000 (2(m+
n),2m) 000000000000 2200000(3) 000000000 H=00000000
0000000000000Bartsch 0000000 () 0000000000H=e>0000
000000000 nO000O00O000000Bartsch 0000000000000 nO0O0O
oooooooooO0



25 J-OOOOobOooOoO

Hamiltonian H € C2(R*",R) 000000000000 Hamiton 000000000000
0000D000000000000000000Hamiltonian O symplectic foom 00000 J
000000 (H(J2) = H(z), Ve R*") 0000000000 J-0000000000000
0000000000000000000

00 5 Hamiltonian H € C2(R*,R) O J-000 H(0) =0, VH(0) =000 H"(0) 0000
000000000000 e>000000Hamilton 00000 J-000000000000
H=:000000000000
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