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0O U 000000 regularity condition 0 00 00000D? O D?\ [a, +0o0)
(a € [—00,00)) 000000 regularity condition 00 000

200 U :=D*\{1,2,3,4,...,+00} 0000 NL(U) = S'oo \ {+o0} O OO
000000 UDODOO00OO regularity condition 0000 0000U = D?\
{1,2,4,8,16,...,4+00} 0 NL(U) = Slco 000 OO regularity condition O O 0
00000000000 NE(U)=Slco00000000000

0000 ACcXOD0D000p0 ADODD dist(p,A)00000D0

i A) = inf |p — ¢q]|.

dist(p, A) := inf |p—q|
0000AD0O0D0O0 dist(p, A) =400 0000000¢=(z,w)eXO000

distpen (g, A) := dist(¢, ANp; *(p2(q))) = inf |z~
(¢, w)eA

0000000000000 QcX0O0000XO0000 w000 Q000000
goo

1 diStID)Qn (p7 X \ Q)

o) mmin {5, FEREEADE ) € ),

1 (1)
Q= {p— (z,w) € QN X; dist(p, X \ Q) > ¢, |w| < e}’ (e >0).

Y(p) 00000 (e, 000 ceROODDOO {peX;¢(p)>c0000)00 2000
000000000000 D0wODOO000000000000000000000000
0000p((X\Q)Npy (we))(wy e C™) 0 C'ODDDDDDODODODOOOOOOO 2
Dﬂﬂﬂw@meDDDDéDDDDDDDw@JmDDDDDDDDDzDDDD
0000000 Q000000000

00000000000000000000000000000D0000000000
0D0000000000000000

oo 3.5. 0000boooobooboon

1.ONX 0 XO00O0OO0O0OoOooOoooO regularity condition 0000 O
20000000 0000000000 6,R00000%(z,w) 0 Qe g, =
Q.N{lz/>R}00000000

[V (2, w) —P(z, w')| <, ((z, w), (2, w') € Qe g,, |w—w| <d).

googo
goodog
HY(Q,0%7) =0, (k#0) (15)
goooono



00 Q0000000000000 oDoooo0oooooooooooooooooo
gooogno

036 Uch™ WcC"O0OOOOOUNC'O WOOOOOOOOO0O000 UD
D> 0000000 regularity condition 00000000 Q:=UxWOOOO (15)0
0oooo

n=10000000000 Q=UxWcCcDh?xC"000000D0000000
regularity condition 0 0 00 0000000000000 O0000On>20000000
00O regularity condition 0 0000000000000 0O0OOOOOOO0OO

0 3.7. X =C? X=D‘000000000000

(21,22)°

™

T el <l
Q= (U)O\{poo}cX, pm:(1’0,070)653cm4

U= {(zl, z9) € X; |arg(z1)| <

0000 ONX =00 X00O0O0O0OO0O0OOO0OooQoOoO0000 regularity condition
000D0000000000000000 0000 HY(Q,0%P)£00000

4 J00000000O0ODODO Laplace OO OO

D00000000000000000000 LaplaceD0000 BOYYOODOODOO
000000000000 BOyPO00OO0O00OO0OO0OOO0OOOOO0Od
N=RxC"(m>0)000N=RxC"O0NOX=D?xC"000000000
00000000000000000000000000

00 4.1. 00 NOO O$P0000 0 1-00000000000
AHOFP) =0, (k#1) (16)
000000000 s£(057) 000 A00000000000000
000 4.2. 0000000000000 Laplace0 0000 BOYY O
Boﬁpﬁzjﬁéwﬁ?353wﬁr (17)
N
O000000000Zy0 ZOOO0OO NOOOOOOwyO NOOOODOOOOODODO

00410000 B(’)]e\’;pDDDDDDDDDDDDDDDDDDDDDDDDDDDD
000000 QCcROODODOOODTCC™OO000NOD?000000VOOOOO

gdd
O ((VAQ) x T)
OSP(V xT)

BOYP(QUx T) = Hb 7 (V x T,0%P) = (18)



000000000000000 VOOODO0ODO0ODO0O0000000 m=00000R
00 Laplace0 O OO0

By i= 5 (O27) @ wy (19)
R
vobodobooobodgooduobooooodgoooobogoodood

OSP(0%\ [a, )
O (D?)

I‘[a,oo} (@7 B]T{XP) = (20)

000000000000000000000000 Laplace 000000 BE® 00
000 To(® B5°) 000000000000 0 BP0 RODOODOOOONDOO
0000 BkOOOOD0000000000000000 BOY®00000000000

ooooon

00 43.U0D*000000O, WD C"OOO0OO0OO0O0OO0O0OO0O0O0000000O

0Doo
H*(U x W, O$P) =0, k # 0.

gooo B(’)i’;pDDDDDDDDDDDDDDDDDDDDDDDD

00 44. 1 CHB CROW, cW,cC"O0000000000O0

()00 W, 0C"000000000,00 BOSP(Q x W) — BOSP(Qy x W) O
00,4e,0 BOY® 00000000000000000
(i) 0DOW, 0 W, 0 C" 0000000000000, 00 BOSP(Q x W) —
BOS®(Q, x W) 0000000 de, 0 BOSP00000000000000000DO
ooo

5 000 LaplaceO OO OO0

0D000000000000000000R» 0 D> 000 R*"0000000000
0000000000 MartinenuOOOOODOOOOOOOOOOOOOOOOOOO
googn

00 5.1. (00000000000 Martineew D000 ) SO ROODOOOOOODO
K=K/ x - xK, 1CL=L;x--xL,,0000C!00000000000
0O0OWcCcVcCm(m>0)00000000 Stein 000000000000000

ngKxV(]D)2 X (Cn_l X V’ O(?Z):lva) - fngLxW(]D)2 X Cn_l X VV? Og;va)
ooooooo

0000000000000 MartineauOODOOOOOOOODOOODODOOOOO



o0 5.2. 00 S,K,L,VOOO 51 0000000000000000000

HE joy(D? x C"E %V, OZF ) =0, k+n,

k 2 n—1 exp (21)
Hgy (mnxyxv (D™ x C" XV, Oty ) = 0, k#mn

cooogo

00 5.3. SO RODODODODO0DO0OOOOOK, LOODOOOOOOOOOOOOVOC™O
0 Stein 0000000000

HE, pnayxv (PP X C*Hx v, 088 ) =0, 0<k<n-1
0ooooo
ot nbObdooooododouobobooooooooao
00 5.4. RrO0000DOO0ODOO O?pDDDDD nUO0000000000
HE(OFP) =0, k+#n

gooogn

00000 BeP =22 (0%®) 0 Rp 00 Laplace 00000000000

00000, Laplace 00000 B 000000000000000 (D™ 0000
00000 )000000000000000000 Cech 00000000000 Cech
00000000000000000, LaplaceD 000000 LaplaceD0000000O
000000000000000

oo

[1] N. Honda and K. Umeta, On the sheaf of Laplace hyperfunctions with holomorphic
parameters, Journal of Mathematical Sciences the University of Tokyo, to appear.

[2] H. Komatsu, Laplace transforms of hyperfunctions: a new foundation of the Heav-
iside calculus, J. Fac. Sci. Univ. Tokyo Sect. IA Math. 34 (1987), 805-820.

[3] ____ Laplace transforms of hyperfunctions: another foundation of the Heavi-
side operational calculus, Generalized Functions, Convergence Structures, and
Their Applications (Proc. Internat. Conf., Dubrovnik, 1987; B. Stankovi¢, edi-
tor), Plenum Press, New York (1988), 57-70.

[4] ___ Multipliers for Laplace hyperfunctions - A Justification of Heaviside’s rules,
Proceedings of the Steklov Institute of Mathematics, 203 (1994), 323-333.
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W R SE 5 0D [BIHE 2 R 9~ 5 (AR ER R 7 ok A 7 Bk R

AR E L, IR B2, [E ER
FRR S BT B FERT

L

[EHRER 7 o A 7 Bkt PR, RSHUEBCRBIR DR b HRET 1 & LT, Frd kbbb
Te o TBRAMTHIZER 2 SN TE T2, TbIiEE A EONITETIEMHRAIBES 23R U — & [HIHE 4 8 iz ([
WIEER) LCWD ZE&2FUEL Tz, L LEBOREKZ SEHICK WG, WIS My 2% TH
HICHEERTE DTN LV AR THD. £ 2 TARIETIE, MBSO = BEiE 235 T 2 €7 /L 2 5L
U, WSS S RMIENE 256 & il U TR OIR 2 08 E O &) I b T D a2~z

1 A4>~O%0>3>

FHEMIIIEFIZZ L ORERTFEL, ZNENDELRIBELIHENEZTRL TS, LPLINLEDEL D
KA LT, RSO/ 2 B DB ANZ L o TREBBBEOBGHER RN AE L TnH EEX LT
L. BlZE, KB a27OFEb 0 ICHEENGFET 52 ERMbNTEY, KESLLEL Vo E R
B OREC R O DRIREE XN OB TSI X - THRE « RS TWD EBEX LR TWA. E7-HiEk
TR T, BMENIOSRIEEDNRTET 5 2 & I12 X o TRIKER OB ER « HERF SN TV A DT
WnEBZHBILTND.

Z O REHBETHR B GE, B ORI IAFET 5% < OBFHRBEDOET L E L TEFARLN TV DT
SRR OBSHRRE (T — Vi) & LT,

(i) BRFFEAVE = % BEASER & - 1Bk EI b B,
(i) HDiCE < B EENRBEETS,
(iii) RAEHEL TS,

VIR E R o TV D, RIPEO EMTH HERERGER 7 > 3 2 7 B iiEIE, Zh b= 2>OR#MOAEE
& U 7o RIAHI B BG O bl 72 E7 L O—>Th Y, Chandrasekhar [1] 1L > TIREIN TS}
AL LA B2 do7z o TR AICHIZE RN e ST & 7.

B LA U —%8 O R T — R OMEE X, Chandrasekhar [1], Roberts [2], Busse [3, 4] O JEBEA 72
WFZELIK, BRRRAIC BRI AR ONTE TR Y, ZORRIRNNT A 2 TIND OR D HEV
DR LN Sh>2H 5 [5, 6, 7).

RO, FHRREMERE ORI 221 I K o> TRABS IR RS R 2 v — a U3 ATREE 72 D, FERR O
BB SN 2 F G I WA BRIEBSHR RS Oz Z ERREES TS 8,9 LinLaenblh
DORMBENES I 2L —2a v ONRTAZTEREORE TR N7 A2 L REHENTEY, Th
LOEEY I 2 b— a VRERDPERORERCREZHITE TV L0 L ) 2NTRIEICHMT T E 220, A%
PRIEREN S IS L9725 2 L 2FE LT, RROXETAMLONL T AZ TORKEY T2 b—ra il
FEELFHLOVONBRTH S

*1 Email: kimura@kurims.kyoto-u.ac.jp

*2 Email: takepiro@gfd-dennou.org

*3 Email: yamada@kurims.kyoto-u.ac.jp

BRI TILEE, R (system) OBARLEMEIIIER T ST A X THH LAV —HTET (LA V—EBRE VLR L
TEMEA ). DT A Z (BREROESCEEEARE R L) ZEELIDRETLA Y —BaeBehrbRE LTS E, HHET
BSHRR AT D, ZONT A ZZEHNTOREERA LD, 2O AU —BERHRA LAY =8, Buhi g —r2ERre—F
LIRS, A LA ) —HE Y b RE VLA U = CRIT 5 BOiifif 2 A IRIENE (finite-amplitude) Btz & X 5.
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— 5T, ZOROBFIREOIARN IR D BN EHRT DL, LA U —HEHEME» DR ST L X
ED XD BRI T B 0%, RULEHEY I 2 —rva v AV TRRITW AL FET .
ZORER, BERE— RO DA AWRIRD B2 T HRICE 5 £ TOEBBMBENRL I SN/ 50h D
(7,10, 11, 12]. L2 L7235, Z O FROEHRM O KILA 7248 2 B3 K < FR S 072 LIV D7z, Ky
(2, FROKILN e iEiE 2 BT 2RO SN 72 M & 72 D, fROZEN & SIS IR TSR ST o
72X ZHUITERDIFE AV EDIIENEEY S 2 b — a AV TWAZ ERFERTHD EEZBND. &
By Iab—varTid, BSHfEOZ AT I 7 ZFTRALND bOD, (1) NREEMMPHRZ HRV, (ii) i
DOHRSIEE R Z RO DT DIZIEFIC RO N BE LD, EWOMERH Y, /T X ZZEMNO IR
PH A MRS D Z E R TH 5.

ZZTHATET, BRA» BRSO 5, GG EIRET 2 EFEITHMICER L, BV
L—3a TR =a— FAEEAWT Z oM EZ BRI 2, € OMBLEMEL BAMREGRIC XK > TR~
72 [15). ==2— B, BiEY I 2 b—va VR L CEORERAT v FIZh» 53 Ha R MAGEND
DO, (i) BEMIZT TRALERS EHX DI ENTED, (i) MICUURT A ETO AT v 7ML 72 <
T (FEBEFR A DR TIZ 10 A7 v ZUTFTIRT %), LWIOFERH Y, Ui % Rr a2 2h=m
WZRDBZENFEETH S.

ARG TIE, Sl OMFZeRE R [15] ML LT, PIIER & SMIER 0 [E1H5 A3 Boeh i g D SEAR I 22415 2 # S
RIETHELZZZD. (R, ZORIIKH L THEFICEZ ORI NTE N, TALITERTOHETH
JIER & SMAIER 23 [F) U — @ RlR A ClEliE LT D (BUF, AMEES & FER) 2 & 2RE LTV . Ll
EEEORERZ RFUCBWIZIGE, WRERAFHIEEE L TV 2B E T8, & LABRRmIE brzick-T
WRIERDY B BICERCE 2RO G RERTH D L ZE2 b5, FEE, TEOHREE LOHERBIH O %R
[Z&Y, HERWNED < b ATx LTRRDEERARE CTHEEAL T D Z LRI Tng (16, 17). &5
(2, Fex OLIRTOMZE [18] T, HEF MO o3I 2 EHETEANMERIZ KIET bvr o K& &%, PREk
DERfRE ARSI E D D, L) ZENRB SN, 1o TRIFFE CIIMmRIER S Boeitlc X 5 b
7% TRERTE 5 E T VMG L, BohiftfifOMEE 2 MR RS 256 L L2 b, KN
MER - SMEIER O [A1HE 23 BT AR O FEAR M) 7282 2 BE M RAE T B & R~ 720,

2HITETROBRE & LALTRREZ RS, 3 HICTIEENAD DRSS, AT RARTET 5 & F T
MR OO KA 28 © NS L E IR A, WER DN MBS 2556 & WHIERO[EIHE A 7R L7256 Tk T 5.
4 HiCIER AL BR 22 B iR 7> © B AL FERI R 7R BRI AR~ OB L &, IER DN RI M EHE 3 2 3556 & Ml Ek
DEHRE TR LI A CHlkT 5. 5 fiThimmls KOS BROBREE IR <%,

2 ROBELEXEARER

ZOORIDE (RIER, SMUBRO ¥R E ZNEN ry, Tow &7 5) THENZERBERNO 7 > % 27
7 wEZ D (K1), —EREEAEE Qk CREET 22105 LTHMEER, AMUBRAZAZ0 O, Qoue THEI
BLTWDET D, Thbb, HEMERICKH L THMER, SMUBRAZHZI Qi + Qk, Qou + Qk THESL T
WAL EEERT D, BRI RIS AR H (B RSHZ0) BHMALT0DET5. SHic—
BRI p O R 2WMIEDACE Y g = —yr BDIREKIAER LTS L35, 22T v =4nGp/3 ITEHK
(G 1IXHAEBINER) THY, v FROFLNLDOMBERY NV ThD. ZOHE, Hiks & bicEiEEdT %%
TOFIREE (BRERIE) ISR T A2IRERIL Ts(r) = —pr2/2+ Ty L72%. 22T B =H/(3kC,), k Ix

5 ATEARIO BRI (-~ — L BE) TR L < BB TS (B121F Busse [13]).

6 ZNIEBELL ROBRELBIEET D20 THD EEZBND. £, W< 250 MHD (magneto-hydrodynamic, B&5
IR NIE) 51 F BT A CIERMMER OB A 75 LT 5 (BIIE [14]). 727212 2 MHD #4 FEEFA L, FEx2
=2 2GR - R F—FRA L BGOSR TR ThH L~ 7 AT = VHRREZHY L b D TH 5.

KT IETERGME R 7 TS B DRSO BB ARAE L, B & OMEAEM () X5 BT Bk,
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Q\
Tiy,

ng,_—"

Y

B 1 Bk OB 2 7R3 5 MERERS 7 o 0 A 27 Bt i O BT

BULHURE, O, REERBERL, Ty HERTHD. WROES d=roy — r 28RS A7 —L, LR
W] d2 /v BRI R b, 12)(yadt) BIREA S —L LT 5 (v RBEHERE, o RBMZER). [EhB LG
HEMEE— A MEZREN po?/d2, pd® TERIELT 5. —EEEEAEE Ok THEET 5% TOMKIEL S
NEXEFRARIL, U 2HEY, 0 2RERLY (T, »b0Th) & LT

V-U=0, (1)
ou
Eﬁ‘(U'V)U"‘FT’CXU:—Vﬂ"’-@Tﬁ-AU? (2)
00 )
Pl +(U-V)O)=RU r+V?6, (3)
L%, NER, AMAEROES) AT
dﬁin
Iin? - Nin(U)a (4)
dﬁout _
Iout dt - Nout(U)a (5)

L% Ly, Tow FENENANMIER, SMUBROERITT/AL SNTEMEET—A N, Ny, Now EAMIER, SMA
R < Mmook SNz My 2R R LEROFLEEIN W EIREL TS, ZORDMERIL/RIT A H
LT EEBY THD:

. 2 6 * *

"in , T = \/7 = 20d R P = K, R = 4aﬁ’yd Iin _ Ill’l Iout (6)

i

- T = out — .
Tout v K VK pd®’ pd>

n IZNAERD PR, T IROEEROM S 2 EKT T4 T —8, PI1E7 7> bk, R IZAWARLENEERT
LAY —HTho. I & Ity KT ER - -NME, SMUBROEMETE— 2> FTh 5.

KBTI, BREBEOT T v MAMAEENC AN TOAI g =04, P=1I1CEEL, 7 126
DRELBEIR A B IR 72 5 Tl 5 52 < 7 < 500 DFEFAT, E72LA U —¥ R IZHMEN S Z0R L7

77:
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10000 32

9000 [

8000

7000

6000 [

5000

4000F i a@e T

3000

The Rayleigh number R

2000 f

Conductive state

1000

0 50 100 150 200 250 300 350 400 450 500
The rotation rate t

2 (ER): HSE 5 BRI 5 A TRIEIE T TWA 25523 2 PIIER 0 [l £ 8
7272 L TW4 XA TR/ 2 — 2 T 5 72 O IR O A HE I k- Qin = Qin,. ORMEEFFS. AT
Qinye >0, WA Qun. <0 2R, KESFIZOREELET. FROREERIZBYZEM (Conductive
state) DL (BRAEH) 2F L Th Y, ZOERE Y B CEREM R EL LGRS AT 5.
B0 BT TWA OF STz =L, 28850 b T TWA ERZE L 25, (AR): BER
TW4 O % —> . (a) 12 7 =52, R=2100~ 1.3R., (b) % 7 =500, R= 9200~ 1.44R,
B AR Y= Th D, EbIEIC, FREWEICIT B EEREE TR U, TFIEICHET 5
SRS FR Sy w. = k- (V x U), ARG (AU 700 8 7 R4y O J7 R 4 71 T4)) 3.

5 fEFEEE, 1500 < R < 30000 O#IFACTELEE S Z L2 5. WRIEBROIEMEE— 2 > ME, AIEROEER
TARDEE p LR TR EAE LG O L, = 8n(n/(1 —n))°/15 ~ 0.22 [ZEET 5. ZOEEIXH
EESBORE & FE LAV, SMUBROEMET— A > M, 38T oo T/ b BAMUERA EIESRIT KT L THE
ELTVS (Qowe = 0) & L, 48 TIEHERO~ > MK LB THS 100 2057 .

F 7= WIRERTE TR - REEBER, WEEEOEREN, Thbb

U(r —_— 97 (25, t) _ ﬁin > (Tiner)a U(r = Tout, 9, (i), t) = ﬁout X (router)a (7)
O(r =rin,0,6,t) = 0, O(r = rous, 0 6,1) = 0,

EHWD. 72720 e, ITEMBHIMOHNART MV ERT.
FE LW R EVAIZ DWW CiE Kimura et al. (2011, 2013) [15, 19] S S iu7z0.

3 BARDPONIKT DEFEITREDORDSSEN

52 < 1 < 500 TIE, HRAHEOEABEED 4 Thsb, HAAHFRICEET 5 A RITIEE 5 17 R
(Traveling Wave 4, BT TW4 &IES) 2RESEH S @BERRSILT 27 . NRHEROZOEEE 7 L7ZRICH
%, TW4 OZER L O OMNTHET 5 NABRO R HEE DL E R LEZORK 2 Ths. =721

8 pNIERZ HEREE, ERERITICGEIG 2 HIERIME & 7272 LI28 G, ~ o RAVOIRMEE— A v ML, 22 THOWE A7 — Tk e T
D A== 100 LD,
9T RIETER FYERE S 550, WRIEROEREZ 7 L7250 TZORIENREZ 5.
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10000 —F—— : L U 5 2 ‘ —H #1000
‘ iPrograde i
& 8000 I Retrograde : 41 8000
2 T
g
= 6000 [ 4 6000
<
en
kS P d
g\ 4000 | rograde | 1 4000
o~
[
= i i
2000 Conductive state 1 Conductivestate 1 2000
0 H I I I H I I H L L L H L J 0
0 100 200 300 400 500 0 100 200 300 400 500

The rotation rate T

3 (EK): WRIEBROEERE T L2360, EESAn O BRI k3 5 A BRERIE & 5 11 7 TW4 0%y
5 A 7 7T A IO ERITEMRZESE (Conductive state) OHSZEiR (BiSRaMR) #&X LTk, 2o
FR LY EATEVMRE RS A E L CHSHRARAET 5. HHILEER T — F23 retrograde (ROl L
I \CARHE L, ARRIEER e — 4% prograde (RO & [7] U 1) 5T 5 2 L 2R LTS, #
M (R=AA) 1TLE R TW4 2 retrograde (prograde) (25T 5 88%, 7 2 AL TW4 (retrograde
IAGHE) MAZE RN A RS, FUOFERIE TW4 OF R4 R L, ZOFERE & EofEkT TW4
IARZENT D, ElBEREREr LR D2 TrLTWS. (AR): mEkAFEIREET 535
B0, RN OHERDIET D TWL ORI A T 77 5 La/e EIEM LR L.

TW4 (FE AR B <7 — 210 T 0 NREIER ORI AR E k 1 (k- Qi = Qin.) ORMEE .

EPNMBROEE FRICER T 5. Z0OM 2 £5b, FOEESEOEE (52 < r < 160) 1, PRI
prograde (Bl & [J1) (CEET 5 4%, B 725 (200 < 7 < 300) & PIRIEKIZIE & A LTElE L2t
EBICEERDEL 72D (7 2 400) & NHIERDS retrograde ([Elfs & w6 J51R) ICEIERT 5 Z &Ny 5 . * 1 7272
L, 24 TW4 O EERAN TIE, PR [E15 A 3 EE O b & OV T A D BhiiiiE 1 39~ Tl ic
LTS, NRIERO[EHE AR DS ER T DB, 2l7e S0k 9 BEO RER R Z(LITAE T TH RV, E/
WRIER DR A FF L7256, TWA IXTEFMRTH D AHERICE < M7 Er 7o TnD Z EITERE L2V,

Z OWRIEROEIFE T R DB I, BT ORI R K - THE S5 FRERRIT GREESS 7004 J7 TRk
DI TTEE]) OREEDOEIZE D2 b D THD B2 bND. FEEE, [EERAEOGAITIINRIERRHT 4
K12 prograde 72 FEJHARIEAER SN D (K2 £ (a) fx F) 28, B8 WIGA I ITARE N IERRHT I
D XU retrograde 72K AR S D (K2 45 (b) B FX).

WIZ TWA OIRFEF A LOREEKICER T2, K2 £0nb, TWA XERFR R0 Uizt [Eizois
SIEFLT, LA U —5» R. < R<1.2R. — 2R, OHIPATLEETH D, FHEAEOHE TIE TW4 132
DO E LN TH I retrograde (AT DA%, [BIEESE OIS A 1T S 81T C prograde 12882 L0
D, LA U —$DOEK L IUZFE S M retrograde (226 T 5. Z O EMHEE L OSEEE X, WNHERD
FHAES L TV 54556 & ik U CEMERIZZ 3 220 (K 3). FRCLEFEIC DWW T, TW4 BARLERT
DAY —HOEN 1% BE LI IT/hS 0.

*10 R ek U CRH AR S B e B, b D
Ur(r,0,¢) = +Up(r,m —0,9),
Up(r,0,¢) = —=Ug(r,m —0,9),
Ug(r,0,¢) = +Ug(r,m — 0, ¢),
O(r,0,¢) =4+0O(r,m —0,9).

MSLT D Z L HEERT D, 127202 S CIREEREAWTER Y, r (T8I, 0 13K, ¢ 1THfAERT.
Lz offifi, WERDFE ST 5541 TW4 BNHERICKIET M7 omE LR TH 5 [18)].
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2.7 2.8 2.9 3.0 3.1 32 Rx10*

mfEkEE  QPS CS Cs CS CA
mgEE  QPS QPS QPS QP* QP? CA

4 HrA Y —BITB T HEIFHMOVEE (1 = 500, R. = 6387). QPS: MdbxiFize (H€) J& AR,
QP*: LI R (M) SR, CS: Baduki®ra A 2 Mg, CA: FALIERIFRA 0 4 A fif.

TW4 Ottt b M bIT i, FRIZ, HWEGEITRAS U, ROMWRESERES 105y w, (3HEKT
B % BEOZELMeW. TSk L, SEERRROERIL 15% — 20% BREZENA T, (SIFHE S REKT
10% BRIEDER D 5.

ZAD DIR D NI OBLE A DI TE 5. MBS FEMIRET 556, LER TW4 O x5t
I, WERARTHLEES LIREY, BLOLA Y —A R ant; CIRBRA L, 2O ZRETENITRL
FERLITE D2 LR hoTnS (18] Zaudd bbb, WHERAFRMELL CO SR OEERF teorot &
0,

Ucorot = E'“Jg)roc + €2u£(2)?rot +ee 9)

EnFszrERY. ELZCTul), BERE—FTH*2, w1 O(!) OIEHIBMEINERIC
Lo THREND WHEEHCTHD. BT — RIZHNAAH N RN BB 4 5 7287 O (i J10 )
TE R Th D, BHCHEES I T RS O A T T C b 2 TR R — RIC & - TER ST
T, SRR O(2) 1 bihED. o CEHRED > 7Ic & » CTER SIS, PAIBKIC KIET
PL2 O(e2) L7518

WIRIERDRIER 4 3F L7235 8121, 20 vy RRAEBKO G HET 5729, NEEKOEES 0(2) ok
XX LD, fEo TRMEROERZFF LA OHES U 13, WHERICH M s Rmerichsl,
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Theorem 3.2 (Osterwalder-Seiler). 00000000 Wilson 0 QCD O 0 0O O Reflection Posi-
tvity 0000000000000 (A3) 0000000000 OOOReflection Positivity O
000000000 WilsonQCODOOODOOODODDOOO0OOODO Hilbert0OOODO
Hamiltonian 0 0 0 0O

cooooooooOoOooooooOoooooOoobo0oooooOOoboOooooobooOoooo
OoooooooooooboOooOoooooooooOoboOoOooomooooooooOoOog
oooooooboooooooboooooooboOoooooooboOooooooooOoooo
oooo0oo0ooooOoOoo0ooooooo0bOoOOO0OO0OOobOoOOOOOoOoooOoobOOoOn

Definition 3.1. 0000000000000 0000 ()(i) 00000000000 (A, {-)0
oogd
() AODODODOO0 xeZ/0000000000 (x)eCOOOD

{Qo(x)5§0(x)*sl}xezd

ooooooooooocoooono
(ii) (»y:A-COOO000O0O0()y=10000000000¢y0000000000O

O0000000000¢)0 aeWN0 a=ex)e(x)...ox,) 000000
[ D e Op(x)p(xa) ... o(x)
f Dlat()p e—Stp)

D= [ [ de) (15)

XeAL

le)e() - p(x,)) 1= lim , (14)

00000000000000000 S* 0000000000 ¢GyoDooooooooo*o
ocooooooo ¢(yooooooooOooopOooooOoDOooOoooOooOooooooo
goooo

Oo00ug0ouoooooooe00DODOOCOOOOOGenerator0 0000

Op(t,x) = (-t + 1,x)*,  Opt,x) = (-t + 1,x)", 6l =1
Oo0o0oooooooAo0Doooog
0(ab) = 0(b)d(a), 0(da + ub) = 1"0(a) + 1" 6(b)
EIDDDDDDDDDDyEZdDDDDDDDDDD T, € AutU 0
Typ(x) = @(x +y),  Tye() = @x+y), Tl =1

00000000({e,x), ¢t x), 1}, 00000000000U0000000 A, 0000
0000000000 000000000000000000 (AD-(A49 0000020

<l Q00000000000 00000000000000000020000 ()0000000000 (2000
00 LO000000ooo0oooooooooo)ooooooEUobooOoooUoDoOEUooDoooooOog
gooooOooUooOoOooOOO0o0oO0OoOoOooOOO()ODODO0OOODO0O00D0OO0OOOO0OO0O0DO0OODOOOOOOO
0000000000000 000O00O000000O0O0O000D00O0OO0O0O0D0DO0ODOOD0OO0O0O QCDUO
gooooOoooOoooooooooobooobo

*20p00owWilson 0000000 QCDOONOONONONONONONONONONONONNONONONONDNONNONONONONONONONONONONONOn
000o0000ooOo0o00oooO0ooU0UooDOooDUoooO A3)oooMm

40



ANDODOOOOOO

(a) = {a)", Ya e U.

(A2 000oooo

(1:(a)) ={a), Yae A VxeZl

(A3)0 Reflection Positivityd
Ba)a)y >0, Yae,.

A0 000000000000000 a,beUDO0O0O0O0O Cp>00000 neNOOO

gog
[(bTi@)] < Cop(1 +Ix["), xeZ’.

gobooobodoboooboboooboobooobooboobooboboobooboboobobo
gboooooooboobon

Theorem 3.3. (U, () 000 (A)(A4) 00000000000 O000000O00000O0
0000 Hilbet 0000000000 Hamiltonian 000 HODOOOOOOODO P;,(j =
1,2,...,d-1)00000000000000O0000O000000000 (H,Py,...,Psiy)0
000000000000 00000000 oyH,P,...,Pe) 0 [0,00) X [-m,7¢' OO0
ooo

gobooboobooobobooobobooobooboboboooboboobobboobobo
0000000000000000*0000000000000000000000000
gooooboobbooooooobobbooooooobobboooooobL0booooooDboogoo
O000000oooo0o0ooooOOultravioletcutof 00000000000 OOOOO
ooo

4 JODLOOOOOobobOOO0

Thorem3.3000000000000000000 o,(H,Py,....,P,.)000000000
000000000000000000000000000000000000000000
000000000000000000000000000000000000000000
0000 n0 Green0O0O0OOD0O000O0D00O0OO0O00O0O0O00O0O0OO00O0O0OO0O0OOOO0OO
00000000000000000000

Theorem 4.1. A, () O000 (Al)-(A4) 0 0000000000000 000000Ox =
Cm+1,x0m=0,1,2,...,x€Z'00000020 Green 00 {@(x)p(0)y O (H,Py,...,Ps1)
0000000000 oy(H,Py,...,P,.) 00000 d0O0 BorelUO pO00000000O0
oooo

(p(x)e(0)) = f e P dp(a, p). (16)

oy(H,Py,...Pg_1)

3 0p0DoD00000000000000000OD0O00O0

41



pOO0000ODOODOOODOODOOO

000060000000 0D0O00oooo0oDoDO00OdD Umezawa-Kamefuchi-
Killén-Lehmann 0 0O [4,5,6] 000 0000000000000 00O0OOO0OOOO0O0O0O
gogon

ooon
[1] K. Wilson. “CONFINEMENT OF QUARKS.” Phys. Rev., D10, 2445-2459, 1974.

[2] M. Liisher. “Construction of a Selfadjoint, Strictly Positive Transfer Matrix for Euclidean
Lattice Gauge Theories.” Comm. Math. Phys., 54:283, 1977.

[3] K. Osterwalder and E. Seiler. “Gauge Field Theories on the Lattice.” Ann. Phys., 110:440,
1978.

[4] H. Umezawa and S. Kamefuchi. “The vacuum in quantum electrodynamics.” Prog. Theor.
Phys., 6:543-558, 1951.

[5] G. Kéllén. “On the definition of the Renormalization Constants in Quantum Electrodynamics.”
Helv. Phys. Acta, 25:417, 1952.

[6] H. Lehmann. “Uber Eigenschatten von Ausbreitungsfunktionen und Renormierengskonsten
quantisierter Felder.” Nuovo Cimento, 11:342, 1954.

42



Singularities of the maps associated with Milnor
fibrations for mixed polynomials

B R E (U R IMI 452 R)

1 Introduction

HHLPCE B SR L EA) B EE D Milnor 3 ([3]) # HWC, Ekmickir 5
f& A H OMZEM N D —T A~ a5y 544 T & 2% Milnor fibration product map
ZRER LTc, ZORFRB LT BRRAOHBISMEN 6] DEMETHDL, —TF
Milnor HUEFFEMERIZ LV BV mixed polynomial 22 HEE S & DO~ EIRIRS 1
TW5 ([4,5]). % Z T Milnor OHFE D AR5 BARDOPLHRIZLEV Y. Milnor fibration
product map % mixed polynomial 7> & & £ 5 Al GARIZIRE L, DR A%
T2 ([7])s 2FETIZA Y P F L ® Milnor K, 3 B TEME SO VTR L
([1]). 4 % T Milnor fibration product map OFrE GIZOWTORR LB~ DH, 5
% C mixed polynomial & Z 7 5 E E 5 Milnor FIZOW TSN L, 6 % T Milnor
fibration product map Z4L5E U7 A5 GG O KB & 4r 0 B R S oS
I RD, 6 HEORIRPAGRHE THRANRIZWERRTH D,

2 Milnor &

JFm O € C" CIHA o EF n BEZHEA f 2 ERZHA L T oEFElhm V, =
F1(0) © O b5 2m — 1 GEERTE S, = {z € C| |l2]| = ¢} DA&b 0 % K; T
5 gf > 0 MFTEL T Ef PLTFTOEEDOIES 2%t L

1)
7]

ISR A R, B A S = {eit]t € R} LOJRFTHBR 7 7 A N—ROME
(2%, D7 7 A A—5IE Milnor R & FHEIL, fERD 7 74 N—Fy = ¢7' ()
I Milnor 7 7 A /\— L MREIL D FE 2n — 2 RS K TH D, F72F2n — 3K
TERAZARIE Ky 13, & O Milnor 7 7 A 73— Fy Ikt L 0F, = K; &= 4, 22
TS N\Ky DIEREORICK L, ZNEEDLH DT MBI TR T 2
D dp I L DFHEMIERZER ST ZHE 1 CEOFMICEIS HOBEK T 5, 20

¢f:S€\Kf—>Sl, ¢f(2)
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HIHBRIEL S\ K 22O HE ~O R G hy : S\ Ky — S\ Ky #3580, &6

\ZZ& % Milnor 7 7 A 23— RIZHIRT 5 Z & T, Milnor 7 7 A /S— [ D357 [FIAH
E@@i&ﬁﬁfo@ 1T A—=F W A{h : Fy — F} BMERS LD,

nAEDBERE a1, ..., 0 ITRKAKEN 1T THY mITAREET 5, BEn B
ZIH f 8 weight(ay, ..., a,;m) DBFRZIEXTH D LI

of
alzla—l + -+ anzna_zn = mf

T e ThDHEERT D, TIUMEEDOEFEE N I LT
FOMzy, . A2) = A f (2)

MKV NEDZ ELFMETH D, Frllay = =a, DEE fFIITFREEHX L VI,
WAL f O weight 23 (a1, ...,a,;m) DEE by Fy— F, £ LT

aqt Qy, t
hi (2) = (z1 exp (m—l) Ve, Zp €XD <wn >)
m m

RIS LEINTE D,

3 TAIMAEBEZROBEER

G f - M — NiZdim M > dim N 272 T ERER O /545 L35, £
DG d,f - T,M — TipyN OFEES dim N Kill e b & &, Kpe ML f
DHEETHDL LV, FFRAD fICL 2B 2%EBEL V), 51T f ORFRA
pEMIZXH LT, pOJEY DRFTEIE x = (21,..., Zaimn) : Upr — RIWM L8
i f(p) € N DY DR[FTEAZ y = (y1, ..., Yaimn) : Uy — RIN 7L C

yro f = (k:1,2,.. ,dim N — 1)
dim M
Yamn © f = Z i + Z i
k=dim N

Ziilcd &, I=min{s —dimN,dimM —s—1} & LT, FRAp BRI O
MYBRERTHDL W), SHIT AT BREAUANORE S ZFIZne
. fIERYBEERTHD LV D,

4 Milnor fibration product map

Milnor fibration product map 1%, —#KILD b —F ZA~O AR5 G5 & L TE
—ﬁaf‘é‘é?ﬁ) ARETIE2®IC h— 72’\@71 DEHBELTERT S, FFLVN
T [6] & ZEIHZ 2\,
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BEnEBSHEA I LiER e &, e LT DIEEDIER e IZX L df : SA\Ky —
SRR R ZF b DL T2 (RAkIZe, 2L D), #HH Ky = VNS 1
BT, Kpg= KUK, BXO SN\ Kpy = (S:\ Kp)N(S: \\ Ky) itz Z &30
M5, WZIZmin{es, e, } BLFOEEDEE e 1T LT, F—F A~D A5 514

D SE\ng—>Sl xSt =T2 ®(z) = (!?EZV ’zgz;’)

EERT DHE. FOBKBTOEHITER R LR ERbrd, ZOAMSE
% ® % Milnor fibration product map & -5, Milnor fibration product map |
—#%1Z Milnor RO 52 O AR5 G DILIRIZ 72 > T %, Milnor # & % @ Hamm
WX DPRE ([2]) 1%, BKmo¥e 2+n/hs< b2 LI2X0, ZO5HETHD
AP BRI TR R S A R 22, NS OB LT R 72 Y Milnor fibration product
map (X, HFELZEKX f,g DY HIZXVERE O ED X 5 2 el oW\ T R
REFOZ Lnd 5, BFElEOMZERCr\ Vy BIZ~7 hL

grad log f = alogf,..., Olog f
0z 0z,

EFT H, O L X, Milnor fibration product map (22N TR DL R %245 T
W5h,
Proposition 4.1. ;ip e S.\ Ky 8@ : S\ Kyy = T? OFFER S TH D 2DV H
+3 5L, pyigrad log f (p),igrad logg (p) MR E—&iEEBE 2D Z L TH D,
Proposition 4.1 ®% & LT, IROFERZHFTND,
Corollary 4.2. #H#H#LHNX [, g DNILBOLEKE R/ /o0& & min{ep, g, AT
DALE D EF e (kL T, Milnor fibration product map ® : S. \ Ky, — T? 13555
KRR,
HHELZEA f, g DEWSEHE2 =3 & £, Proposition 4.1 Z¥E#HE{L TX 7=,
Proposition 4.3. #FRZHEN f,9 D weights (wp;my) & (wg;my) 1Emw, =
smpw, EiT-TET D, TDEE DS\ Ky — T? O R SEST

f 99 9f 99 _
8zk 8zl 82[ 8Zk =0 ij’l

E@):{ze&\Kﬁ

Th o,

2 BTHAIT L7 BREN 2B 1T Dk 2 B O ZE M0 & A H ~ DM R B % hy, -
S\ Ky — S\ Ky, hgy : S:\ K, = S:\ K, &9 %, Proposition 4.3 O
2€ S\ Kpg lZ8 LT hyg(z) = hpy (2) DRV IEDZ EZFRLTVD, O
H2 5 Milnor fibration product map @ : S. \ Ky, — 7% OFSR p &2 DFFR
5 ®(p) DAY DRFTIEREZ 9 < DL pHN O DY BRRETHDL Z & L,
05t (0 (D) 1T By = S\ Ky = S' ZHIIR L7 B DO HRILEE R CTdp 2 T & 3 A
THDEDLND, PRIy EITSIEZFE T HZ & T, ROFRERTZ,
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Theorem 4.4. #EFRZINX f, g O weights (ws;my), (wy;my) 1E mewy = smyw,
729 &35, Milnor fibration product map ® : S. \ Ky, — T? OFeE S p IC
DWW, Milnor 7 7 A /3— Fy = gb]?l (67 (p)) DR p TOREZERM] T,Fy DRI
Vlyenoy Voo €EC" ZMA_Ton x 20— 2)1THZV = (v1,...,09p0) ET D, TD

EXpN OO ARRFETH D8 DLENI R
Re (V" Hess, (=i (log g — slog f)) V)

WERNCAR S = L Th B, 1272 L Hess, () A p TO~vEITHIT, VIIZV O
BEATHITH B & L. Re(W) 13AT5 W DEEITHI L+ 5,

Theorem 4.4 THR S 7240 BFRFE S plZOWT, p Ligrad log f (p) 28 C E
—KIEBDYA . YTV R p OFEEIIn — 112725 2 £ 272 ([6]). N bHD
FERAZHWD Z & TE 53 7-. Milnor fibration product map ORF5 A5 R B8, §7
D EFFEAS TY BEB ORI IR D,

Example 4.5. FIREZHERX f = X0 o2, g =X diz" 1%, m > 2B L, fEE
DEJINZDNT e, 0, di # 0, k#LIZDOWT Ay = cpdy — ady # 0 Zfi7=3 &
9%, Milnor fibration product map® : S.\ Ky, = T? 1%, m =20 L &HH HE
BThHo, SHITmMm>20LE QIFFERALFON, THUIITY BRGSO
BERTHD,

T Rbe, € CHTHE w1 DELIRY Ve L, = e/ |eul s e = du/ |d]
LT 5, Tl X O OREEERT

X (P) = {5eweu |0 eR, 1 gugn}
ThHV., FFAEMEESIT
(X (P) = {(Cu™ mue™®)| 0 €R, 1 <u<n}

ThHD, PRAFERFESITNL 2D (1,1) b—TF AEHRHA T, Plg@) : X () —
(X (P)) DEMLEII m Th D,

Example 4.6. FXZHEAX f =2 +2"(m>2) & g = 212 ITOWVT, & : S, \
K;y = T30 BB TH D, SHICETTY BRRAOERIZ1 Th 5,

DL E O DR SELIT

@ -{=2 0w

ThHH, FFREESIT

0 R, wmzl}

&

(X (®)) = {(" we*) | eR, w™ =1}
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Thb, PIFERMEESIL, m BHED & I m EOERER DB 725 (m, 2)
=T Z4&FH BT, m BPMEHO & I m EOERRS B85 (m/2,1) h—F A
BHETHY, Dlye): X (0) = @ (Z(P)) DEMLEITm BMEHDOL E 1T, m
DL EX2THD,

PLEDOBNIFERSESNERIZHIRTE DL HDTH D, WRITIRARD B TlIbF A
READO—ELRETE TWARWVD, FEEELES DI EDb o721k
WRBIL TS,

Example 4.7. R L HA flg% f = 23 + 25,9 =22+ 55, Z0&=X
DS\ Ky, — T? OFEFES S (D) 1X

Y (P)D {(gew, 0), (0766"9) | 6 € R}
wliled, TORRELZHET LI LT
(X (®)) D { (¥, ) (29, e¥) | 0 € R}

195, @XITRFREESIL (3,2) F—TF AFEOE & (2,3) h—TF AECHZET
N, TNHN b —T A LD 5 B THEEBIIC AR > TV 5,

5 Mixed polynomial

B DEI 21, ... 20,71, -, Zn CEE DI f (2,Z) % mixed polynomial
EVIS, TRbb 2= (21, 2) Ev=(v1,..., 1) € ZLHITRIL 27 = 211+ 2in,
i (2_1,,%) <E n = (,u,l,...,,u,n) EZ;O L:;{j‘bgﬂzz—lﬂl,,_ﬁun (E L/f\’_k%\

f(z,2) = ch,#z”?‘
v,p
DIIZEESND LD EV D, Milnor HOFHE % EF%7 5 %% HA % mixed poly-
nomial |IZJLIE L7236, ENN T 7 A4 N—R_IZ 5 E X RS 720035,

=)

|/ (2,2)]
PAG3/INES W e Ik L THlA R 2R3 RATEWR Y 7 A /S—=HIZ72 % mixed
polynomialf (z,2) ® 27 7 ANMEEREKIZ LV EASNE ([5]) 2D 7 74 83—
H [EAEIC Milnor B & W, %7 7 A X— X Milnor 7 7 A /3— L W95, FDT T
22/ T H2EAL LT, #EZEAICB T 28FRESENUB TE 2R,
mixed polynomial D& 527 7 AZEANT 5, B ay, ..., a, 1 TRKAKIEN 1 TH
D, mIZARE LT 5, MHE 1 OEEOEFRRNITH LT

qbf:Sg\Kf—)Sl, ¢f(2)

f ()\‘“zl, o ATz N ,X“”z—n) = \"f(2,%)
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o9& &, f(2,2) X weight(ay, . . ., a,;m) ® polar weighted homogeneous
polynomial Th 25 &9, ZOMWEMND

Lyt Qy,t
he (2) = (z1 exp (m—l) S, Zp XD <zan >)
m m

LEHT DL [ (b (), () = €U (2,7) T Ly 6 (2) = [ (2,9)/1f (22)]
EEER LT or (h (2)) = ey (2) ZiiT=F. W ZIZ Milnor 7 7 A 3= ¢t () %
Fpb®RT L, h:C"— C" 7 7 A NRN—HOWMDFEMEGE hy - Fy — F, #7558
L. Milnor 7 7 A N—RI DWW RGO 1 /3T A =& A{hy : Fy — Fy} D3R
b,

6 Milnor fibration product map D55k

ZDOFETIX, 4 FETH o7~ Milnor fibration product map % €79 D EFE LI
f, g % mixed polynomial |Z¥EFE L7=, b—T A~DR[IRT BRI HOWTHE LT
fERAIR D, FELIT[7T 2 ZTEHE 20,

JFACYH 2 % mixed polynomials f, g {Z%f L. Milnor fibration product map &
FIERIC b —TF ZA~D a5y 514

i8N\ Kpy— S x S = T2 @ (z) = (|§§:§| |§E:;|)

EERT D, MBI R ITH L

oh oh - oh oh
dh—(a—Zl,,a—%>,dh—(a—Z_l,,a—z)
& L. & 52 mixed hypersurface V; = f~1(0) OAfiZEfi] C* \ V; ET~XZ kv

v (2) =i (W — dlog f (275))

HEFT Do N7 Mlws(2) 13 f PERZEAOYEG . 4 B Tilk~7zigrad log f(z)
=T 5, Z0LEROMEREFGT,
Proposition 6.1. ;ip e S.\ Ky W ®: S\ Kyy — T? OFFEREGTH D 2D
F3ERMEE pvr(p),v, (p) PR E—RIEETHDHZ & Th D,

S 5T polar weighted homogeneous polynomials f, g DN EWSRE A2 3 & X,
Proposition 6.1 DFE#EAL 213 50Tz,

Proposition 6.2. Mized polynomials f, g I& weights (wg;my), (wg;mg) @ polar
weighted homogeneous polynomials T, myw; = smyw, iz 3 & T 25, Hpn
DS\ Kypy — T? OFEE T D2 DOVEAGFEME. v (p), v, (p) P C E—R
Bz HZ ThD,
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Proposition 6.2 (Z31F % mixed polynomials f,g DF&EO T, A0 5E © -
Se\ Kpg — T? ODfFv*fﬁ,ﬁ (ZOWT, WG E R 0 S\ Ky — S\ Kp 2
WT p, @ (p) TNENDMHE Y ORPTERE 2T 5 2 & T, Rp BP0 H AR
ThoHI L& ¢y 5.\ K, = 8" % Milnor 7 7 A 73— ¢t (¢ (p)) (THIBR L 72
G OIEBLEE RS2 D T ENFEMETH D Z bbb, ZDA 43 LFRERIC
D: S\ Kpy— T? 00 BRERFICOWTHERESTZ, Z 2 CHRITBIS A 1Tk L
n WIEH1T5

&ﬁ‘éo

Theorem 6.3. Mized polynomials f,g 1% weights (ws;mys), (wy;mg) @ polar
weighted homogeneous polynomials T, myw; = smyw, &= &35, A
G S.\ Kpg — T? DR RN p 23470 BRF RN Th 22 DMEA0 5003

Re (V7 H?* (—i (log g — slog f)) V)
+ Re(VTH}*(=i(logg —slog f)) V)
+ Re(Vfﬂjz(z(bgg—sk%f» )
+ Re(VT *(~i(logg — slog f)) )

MIEANC 7225 2 & ThH D, 7272 L Milnor 7 7 A /13— Fy = gb;l (5 (p)) IZDNT,
Tﬁ F”jTFf 0)5’%%&?@1,.. UQn_QECn %ﬂﬁ/\“f:nx (271—2) ??ﬁu;ngkL/\ z
DEHFEIEATHNEV LT 5,

ZOETHE ST =T A~DMRGH ® : S\ K — SHiE, 4HETHB~Z
Milnor fibration product map OJLIEZ2 D T, FDHIN 2T O OFFF A BAH,
Prv BRI 0 BEBROBNC D, Z1LSO mixed polynomial ([ZHEHE L7

EWVIOE %’C%‘ﬁ@fﬁ‘” ROBNTEFHR TE Ty, F72. Proposition 6.1,
Proposition 6.2, Theorem 6.3 X% 4141, Milnor fibration product map OJL5E
\ZfE 5 Proposition 4.1, Proposition 4.3, Theorem 4.4 OJLIRIZ 72> TV 5D,

7 RIS

Milnor fibration product map & i & fLiE L7z Al 581, &% T 5L HA
DH-zHIT JZO’C%?%'E"E%O%ﬁf&b%) PN D . P AATAKRFR \—ua Lizk o7
RS ORERL « SFEDOIIES, h—TF 2 ED T 7 A4 R—HKOWIE, ThE A
R L OE R XS EER DR RS OB O ~D IS 72 & 2 8155
LTWa,
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FE AT HAR KT & Gorenstein IS4 & SO T

X1 YNl

] KRB RNE R AR KRB

1 FX

1990 AT M. Artin 512 & o TIEHAREER T & BT D78 0 BF S AllRR S
7o, KMEHEIZE 9 &, FETHRBES T & 13 FEmT BB & ARECR = D Fik & VT
FELE D LT 2B THD. REERMAITIWV TR I A F— LA DRI TDI
FREIL TS Z LTy, FERTHAAREBER(T: Tld Artin-Zhang [4] I X > TER S Lz
AN AT — LT 5222 —D2DORESRWERESE LT&E 2. flxiE, &1

SR DO JEFEER (285 7= 5 3 kot AS-regular algebra |d Artin-Tate-Van den Bergh
Bl IZ&k o THHEINTWD., EFHE O LSO I rT LG 52 il i <o s kot - 5
Z2ff] (ot AS-regular algebra) DOWFZE « HFUTBUED FERIGERETH 5.

F 72 AS-regular algebra X U 5% 558 7- AS-Gorenstein algebra OHFSE 4 A
TN T%. AS-Gorenstein algebra [ZHU/ED rIHERFRIZ 350U THULHY e & 2 R 7z
L T\ 5% Gorenstein BRDIERTHLR TH 5. AS-Gorenstein algebra % 4~E 1 2 —R#K
BITHFFET D 2 & IZ K o ThR & 7 ATUR G O FIE 2 FE TR BCRT FIIS 32 2 &8
AR L 7D,

Z ORE TIEIE PR BT S NP RS2 ER T 5. AR OGG, INCRr R S TFE
AT TMZEDRFMEAE W TERSND. L LEDOERITIEAHRTIL ) < Ve
VY, F T AR TIEIE ST A — A B o b o TIE AR X NI RS D EF+Kex
b 2%, 2L TEMEL LT AS-Gorenstein 7R FL S O RFEAHT 209 5.

T HAR A E AN R RS A FR T 2 A0S, FE AT AR 52 CE R TT Rt 5 &
725 TN D FEAMHEH R A 5 — AX° AS-regular algebra ORI Z L 2N T2 L
MHIED 5.

* e-mail: £5144004@ipc.shizuoka.ac.jp web: http://www.ipc.shizuoka.ac.jp/ £5144004/
TR AREHARBLA R BITIEE (DCL)
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2 FEFHSEEAF—L

Afazi@ LT, k 21580 ofREBMPIR L LU, REAFERECA &3 23 RAERER
KEMNE EREETD. 22T, KEMNERBEADPEFETHLLITA=P,n4: TH
D Ay =k xWl-d2Lasd. 2FE0 ATABRE GErTZEALR) kv, ..., z,)
& k(zy, ... xn) OWERFRA T TV T 2T

A=k{xy,...,zn)/1 (degw; € NT, Vie {1,...,n})

LWoOETREND. ZO0LE ARME-OFRBRFEMA 77 m = D5, Ai &FF
H, 2ZTIEEk & A/mER—HT5H. ZHITEY k1T ANEERSE 2 FFo.

A B WRESSEREET 5. GrMod A CIREUST &4 AMEED 72 3B A4 &K L, grmod A
THIRAERMEE G722 % GrMod A O Flili i /7l 2 %4 . GrMod A 12317 5 HHEk
BAERk-O AR THD. fLEDO M € GrModA &% n € Z IZOWT, Ms, =
D>, Mi € GrMod A & L, M(n) € GrMod A 1% M (n); = My L 72D 0HNT &4 A
MEEE T, S BIEED M, N € GrMod A IZxf L,

EXtA(M N @EXtGrModA(M N( ))
nez

ET 5. Fl, M OWEASE kX7 MVERMEEZ M* := Homy, (M, k) TERTZ &
&£ 5.

A% (BEhok) *2—4—kEBMERBET 5. tors A ZHRRTTMBENS 72 5
grmod A D FEYHE > & L,

tails A = grmod A /tors A

ZRAE L5, tails A Ox8E grmod A ORREF L THD. KT H720I1C M €
grmod A 12X T % tails A Dxt% s M TERT. tails A ICBIT 2 HOERIL L2V,
TODNEE M,N € grmod A lZxt LT M &N MtailsA CTHREITH D7D DM+
DEME, D neZPHFELT Msy = N>y 28 grmod A TRBITHH 2 & L%,
tails A 17 —~ULETH D

Thm 2.1 (Serre’s theorem). A %% 1 DI TAERR SN TR & WK, SF D
A=k[xy,...,xp]/I,degax; =1 35, £7c X =ProjA L35, Zorx

tails A = coh X.

TZTCTeohX I Ax—2A X FoEEREOARTEAZFET. ZOBEMEICLY tals A
DOxf5 A 3SR Ox IZxIGT 5.
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Serre DEFRIZ L » T, AL IIREZ2WEAICY tails 41X (KB D) ProjA Eo
@%E@Ek%z%ﬂé.é%_L®Eﬁ@ﬁﬁ®%&TH@@wak)ﬂ%Xﬁ)
WiEhs Z &> T, (tails A, A) OflE (r—H—) FEAMHFEA X — L L ERT
L. ERHHF AT —LENFETH LT OFEY 20 (tails A, A) (b L IFHIZ tails A)

EOETHLENI L AEST. TN RS ZCIRIERA R A X — AOBBII L2V o
T, G A X — L OFEMICBLR O & 5 A% Artin-Zhang [4] % R &

Z O tails A (3T HARESRMADOREERHITERIN R TH LN RICITE LY. 20
B & LT “RIEDENH D" X “EEORWED” 228 L0 L= T5
ZEDBMRE 2D BIATIRRITTOMIZETIX, Artin-Stafford [2] 12 X 2 I AT #ahS 52

MR DD R B DH. RIZHE 2 D XIS dhim 7223, —MRICIE AT S i 12>
WTEZ 2 TWRWZ EBZW. L LRISHITT 2 B 75 FEIZ OV TI S ENR
FIET .

3 AS-regular algebras
Z ZClE AS-regular algebra ###/3 %. F7 AS-Gorenstein algebra #E#& T 5.

1. ERERES & x— % — 1%k A X%t d, Gorenstein parameter £ @ AS-
Gorenstein algebra Th 2 L IFROKMZT-T & LT 5.

1. injdim 4 A = injdim 4op A = d < 00,
k() ifi=d,

2. Exty(k, A) = Extly., (k, A) =
0 if i # d.

ADBAHOE X EOFMFT & 21 EFMETH Y, Gorenstein BROFRMESM & 70D, =
DOREIN Z OFEDERMIERRTH D .
2. HEREREA & 2 — 2 — B A B AS-regular algebra T&H 5 & XKD KM%
izt 5.

1. gldim A < oo,
2. A 1% AS-Gorenstein algebra.

EF LV AS-regular algebra I£ AS-Gorenstein algebra Té& ¥V, AS-regular A DX
J6 d 1 X RIERIE gldim A & —%9 5. F7- AS-regular ® Gorenstein parameter £ |
0Ll B L 7e . & &b &3 Artin-Schelter [1] ICX > TH X biv7oER (AS 1L
ANDFELT) 1205, #E D LIEFEELTHS.
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A % d kot AS-regular algebra &35, Z Z TIEEE&HEICT 7202k 1 DT
THARENTWDIREDOHLER . AP THLZ L AN k[ry,...,zq ERAT
HDHZLIEEETH D, it AS-regular algebra 28 ZIEXER OIEFHIELL TH D =
EHERLTEY, I d Ikt AS-regular algebra OIE RS A F— A% (d—1) K
JCEF IR 2ER & FEEAL D

0 kot AS-regular algebra X k ®ATH VY, 1 kot AS-regular algebra % k[z] & [Fl
HMThH 5. 2ot AS-regular (F[FIF & BRU T

k(z,y)/(zy — ayz)(A £0) or klz,y)/(—2* + zy — yx)

BT E S, 3 kot AS-regular algebra |d Artin-Tate-Van den Bergh [3] 12X > T
REEEMZ AW THE I, 3 RILD AS-regular |[ZIFAEBHLL it~ 2 REDEL
nos.

5] 3.3. 3 ot AS-regular algebra O ([1], [3]) :
1. A%
k(z,y,2)/(ayz + Bzy +v2°, azx + Brz +vy?, axy + Byx + 72°)

E3 5. HL degr =degy =degz=1¢ L a,8,ye k\{0} £55. Zotk
WL ONDRI e o, B,y BFRWT Al “P? NOFSH ARSI BES 573 KT
AS-regular algebra & 72%. Z® A% 3 ¥kt Sklyanin algebra & F’EEL, & T
b E<HFES TN D.

2. A%

k(z,y)/(zy® + y°a + 2, ya® — 2%y)

ET 5. AL degax = degy = 1. T HKILHN 3 @ AS-regular algebra C
5.

4 I AS-regular algebra (O F 0 &1 P3) OMEITEMR L TR,

4 AS-Gorenstein JII4FES

Z 2 TIHEBICH D FIEATHL Gorenstein INZRFFR A, 1EMEIZIE AS-Gorenstein JZ4F
FiaE2 LT <. AS-Gorenstein algebra O EZILATEI T Tl 7= T, FEA[

RN

BB IR A DERET D2 L0 5. £T0ME tails A ORI ITE

gldim(tails A) := sup{i | Extls 4 (M, N) # 0 for some M, N € tails A}
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TEFHT . tails A 2B 5 Ext BT N @ injective resolution (2 Xk > TED B D
(ZDODEEICITZL > E REVBEOFTEZDILERD D).

& 4.1 Asx—2—REBMERELTDH. Z0Ld ADPRBS SRR ATH
% &% gldim(tails A) < oo &7 9 2 & &7 5.

FEOWEST IR R R DOERIT tails A LW I BEZE 72 b DT, — IR A
EIEBERRNEDICRA LD, ETHLHARRBETHY, EEROZLBPELND.

fhE 4.2. A 2R 1 TERINTZZERR ORI ERRE k..., 2,]/] & T
5. ZDOLx gldim(tails A) < oo THDHZ & DMBEDEMIIEZEDOFKREA T TV
p£mICoNT, WEM X DRFHLE Ay & L& %, gldim A, < oo BT % =
L Thob.

A 78 AS-regular algebra 7¢ 51X, fREZ D H DD KRBIK TN HIRZ DT, tails A
DRIBKRTNARTH D WD Z ENnHD. AS-regular algebra (% AS-Gorenstein
algebra OHITHH-7=DT, DF Y AS-Gorenstein N FEE U/ > TS, T
BB CTH DM, FEHBZ: AS-Gorenstein IR RS OFNIEREROBZICA L Z &
W27 5.

FhERZIRRD 72D, WS =K Cohen-Macaulay MEEAZ EFR L TR <. Al
BRamCHEER & MR B IR T HAER O R BLEH I B ) THiRK Cohen-Macaulay M 8 272
HE S TND,

WHEATEINEE M € grmod A IZHOW TR 2 AErn o—f#%

Hy, (M) = lim Ext’y (A/Asn, M)

TEHRT S

E% 4.3. A % d kot AS-Gorenstein algebra &35, Z0O L XEED i # dIZONT
H. (M) =0 &72% M € grmod A % R ¥uft & ik Cohen-Macaulay I &9 . &
7=t K Cohen-Macaulay IIEED> 572 %5 grmod A @ Feliiil /3Bl 2 CME&"(A) THRT .

5 21X AS-regular algebra ER¥EfT X K Cohen-Macaulay JIFEIX H BINEE (A @
w7 S OFRER) 12725,
A Z ot d, Gorenstein parameter ¢ @ AS-Gorenstein algebra &4 %5. ZD& &

H,(A) =0 (i #4d)

ElroTWA., DF D AFHEIZ A AMEEE Hrp LTz & &2 EST £ fis Kk Cohen-

55



Macaulay JI#ETH L. ZHIZ
HY (A)* = A, (—0)

VO BT E A-A WAL LTORMRH LS. AL (—)* = Homy(—, k) 1T
REATE KBS HR L, A 1 TREASFE 7 FAVZERELTO A ICREA CRAY
v e GrAut A # V728 LOERIER bomoa = bmu(a) ZEDT-REST = A-A Wil
LT 2. ZoveGrAut AL (—ffbsni) A crB e T, £k
wa = A, (—0) ITEENFE LTINS, — ®4 wa (T grmod A DECIRMEREFE 72 5.

A % AS-Gorenstein algebra, M € CM&(A) &3 %. Z D& E5ERY

d d d d_1

BL, IEED i TEIFHHMETHY Imdy = M 725 L DONFEIET D (complete
resolution). ZDEE M O i HHDO P —IEE QM % Imd; TEFT 5. QM I
F 7= R & # K Cohen-Macaulay MEEIZ 72 5.

WIZ CME(A) D EEZ E#RT 5.

.4. A % AS-Gorenstein algebra &3 %. CM&(A) O ERE CME (A) 2k D K

o CME (A) D4l CME(A) DxF4 L.
® Hommgr(A)<M,N) = HOHlCMgr(A)(M,N)/P(M,N). B L P(M,N) !i%%ﬁjﬂ]
TEZ e 3 0 B & IR OYE[RI B IR D 722 3 E 20 .

AS-Gorenstein algebra EORE AT =K Cohen-Macaulay MEEE 1% Frobenius
LTINS bDICAR - THE Y, Z0REBICE = AEOMEY ALS = L RTx5 (5]
55). CME(A) 1B 5> 7 FET [1] : CME(A) — CME(A) 1 M[1] = QM <4
ZbN5. £z —®awa £V grmod A © B LFRERI T CM8(A) @ B 2 RMER T

— @4 wa : CME(A) — CME(A)
i<

E& 4.5. Cx EHMEREL L, LED M,N € CIZoW\WT dimg Home(M,N) < oo
ThdedTD. ZoLxCoSerre R S e Aut, C 28> (72135 € Aut, Ciz Xk
% Serre YoM Zi7=3) LIHMEED M,N € CIlZoOWTROEFHFE

Homc (M, N) = Home (N, S(M))*

PAFET D2 L2 ST
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Serre BAF (Serre BUxHE) I3MREEMFEORBIGR R Ekix 7o b ZAIZBIN A IEF I
HEREFTHD. ZNDRZOREOTHERTHD.

Thm 4.6. [8] A #kJt d > 2 ® AS-Gorenstein algebra &3 %. Z D& EZLITI
(R

LA FRES SRR R TH D
2. CM¥®"(A) 1T Serre BIF — @4 wald — 1] 2.

R Z#a[#ax— X — KBS E R L35, 2oL XH L R 2 Gorenstein N AR i
751X, CME(R) 23 Serre FA b LI LAFbLNLTWD ([6) ). LofERIxZ
OISR 52 TWD.

I TZ ZT—oIHMZ AS-Gorenstein NZFFE S OEKIEL — O/ T 5. A %
W1 O TER S, WRIth d, Gorenstein parameter 23 £ @ AS-regular algebra
5. ZobE AD L0y REERD K5I B

A(g)z _ A’L fOI‘ E | Z.,
0 fort)i.
SEYRED A DB R>TVAHE ZAEFHLTHIZO LTS, AW 13 A
RESTE T RECTH D (Veronese fHHRED . B2 1E, W1 OuTERI LIz 2 28
2 EABR k[r,y] 1% Gorenstein parameter 2 TH Y,

AP > kl2? wy, Y] 2 KXY, Z]/(XZ - Y?)

725, AL deg X =degY =degZ =2. Z® AS-regular algebra A 7»5>< 57z
WS & % AW 12 AS-Gorenstein N4 S L 72 % (Z i [4, Proposition 5.10
(3) and Remarks (1)] & [7, Theorem 3.6] (2L V0 530°2%).

5 4.7. 1 3.3 ® 2 OE A 13T 3, Gorenstein parameter 4 @ AS-regular algbra
ThHsb. Zhkv AW i3 AS-Gorenstein INAFR A TH S, o TEMELY AW
EREEAS A Cohen-Macaulay MFED % CMB (AW) 1% Serre B4 &5 Z & 43
TBIND.

Z ZTIHIR AW [8] T, Z @ Serre BIFAIEM LT, n-cluster tilting ANEE Gkt
5) DIEEMHEIZ OV TORR BFHI TN D.
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HBBRB AR DB OILEER

ESNEEVN
(CRBCRSER GG BUEARIERE Berss Bt 2 4)

1 HRBRESAERE(E?

L1 EEAENOEH. HE ALk, Holsb ) Hzildd 2t %
[ 1 Xt Tlk

2 2
(1.1) %gﬂﬁﬂ—gggﬁw)zo
THAGNET, 2T, t,x € RIZNHER E ZHEEB EWIEN, u=ut,z) 13FE
BAEDORABIETT (EEHHETH RO TTR, AT, FEMEDORABIED &
EZET) . cFIEERT, BRREEEFIENE T,

T, WELRD ZoNBRANEHBREHL T EEbNTHEVE IRV
ZVERIDT, ZOboLb o L3250, HERAOEHMEEZ I T
ALIEICLEL L. UTOERE, ZCORTHEIHINTHET (BIAIE, [31]
IZb o LFEL WIS H D £7) .

XY —oNA A ) R EOEBRET 2 RNAEHZZ FT. K o WFAICES 0L
TV, ol |MELZFANHRE L T2 ELET, t BRAE L, u=u(t,z) 2K
At, Bz 1B 2ZME LET, p ZIKOMERE, TZEIEL, OO
NS ETHBELET. ©E, KOMNED [z,2 + Az] OEBHZEZ, Zhs,
BIZIZTORD &) BIRPUC > T ELEL & 9.

u
A
O(t,x+Ax)
B(t,x)
A
X X+Ax

FIGURE 1. 5XDBUNET [z, 2 + Ax]

DL E,
FnlC B 2R DEELTT = T'sin (¢, x + Azx),
K B 2RI OMEIERST = —Tsin6(t, )
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EoTwE Y, 22T, BORMEITKRICHRXTERITNS W, T4b5, 0231
DNSVERELET. T35,

sin9':,9':,tan9:%
EARBEET, EoT, ZDOMNETIZHD D HOEERK T DA, 13T

ou ou

T%(t,x + Az) — T%(t, x)
DT, XoT, Newton OEEI A5,
2
(1.2) oz 82y = 19 40+ Ax) - T
— oz

InE 7

EVIXMEENFE T, ZoMlE Ar THHoTAr - 0,L, E5Cc=+/T/p
b SR

2 2
%(tw) = 02%(@96)
Lo C, A (1) BReNnFE L.

Lo L 9, HRboMoyARERXZEL L%, EFUELEVLWE T, £
HOENL, ZDOETFNMUIC X > THEL N HRRZEANITHET LT, L DBR
W 2HMAZB/ZZETT, Zuck), ZOETIULOZLELBEESI NS 2 &
KD ET, 2FD, ZOETFTIUEMHITL T, HEOHRLE BRAKL RIS S
UL, TOETIMUIZEYIELEE) ZENTEET, LkoT, TOETNEITICEK
EFHE R £ 217213, BROTHTE S LIFTE ET. Wi, BFEOBREMHS
DAL B RS TR 54813, 7T NMLoBRICM D ERS 3 £ Lo
¥9. ZoEAIF, ETVLEZTHERELT, XOABENRETVEES Z LICRD
¥9. ZoOBRENICTAE TR £T,

\ﬁ%ﬁ

SR,

I 5T, ZOEEENT»SBHONIERL S, HilalRE2FHITZILELTE

9. #2123, Einstein TRRDED S 77 v 75— IV OFEERFEHIN TV EDIZ
H47aETT,

1.2, HBEEESAERXOEH. - 2 °, Bdop#EsEA (1.1) ogHicks v, B
B CORFDD 2562 FZZTAHEL & 9. MEICHE L 728F51 HBlES L > 0)
BMb-oTHBEETBE, (1.2) 1F

0%u ou ou
pAmw(t,x) = T%(t,x + Az) — T%(ta z) — kpAz

ou

E(ta J})
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EEEFMAONET. koT, IS HBBE) R

0%u (92 ou
6t2<t x) — <o 2(t J:)—i—k‘a—(t z)=0

PEONET, k2 (tx) FEEHEHE N E T, O D, W AR
EREOWBS % Sb T 5TV EER SNET

(1.3)

1.3. 553 —D2 DB EHMHERR. X, BMnE2 LT TH 2 B0 (LB
) 26, WEEKE RSB INE L2 RTAHAEL k9. JOEEN,S
KD T —=ThH 5, HEKE TRADMBOIGBIRRIIRIRING Z L2k £
T, DU oiimd Li [12] K- 72 b DTT,

22 1 RICHNICIBRICH O 2 802 E 2 £ 9. KL, Ko 28 380l
Zo(t,x) &L, B (ARENIE) 2 q(t,z) & Li“@‘ EREDIXE [a,b] ICEIT S

B2 X =240 & [To(t,2)de W, ©=a,bICBT ZBOHAD g(t,a) - q(t,b) =
— [P %4t x)de 1HE L B BDT,
é%, abv(t,x)dxzz - ab§:i<t,x)dw
LD £
8 ; x

FIGURE 2. $}4:0#nE

502, [a,b] HEEOKEEDT,

dv dq
7t B0 F gl

DIRDVLE T, £/, Fourier DIEANC X D, B q(t, ) 1T IEZLICHB T %
DT,
(1.5) q(t,x) = —K@(t,x)

ox

EREFET (v >0 BEMBERE) . Ik (1.4) IKRAT 2 L, 22 1 Rno BT
st

(1.4) t,x)=0

v *v
E(t,x) — H@(Lx) =0

RSN ET, TIT, (1.5) ofkbhig, REND Fourier D I

(1.6)

q(t +71,2) = —K%(t,x) (0<7<<1)
ZIRELET. q(t +7,2) ZKHl ¢t T Taylor BRI L, 7D 2 XUEDHZIETS L,

dq B v
q(ta Z‘) + Ta(t,ﬂ?) - _Haix(tvx)
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b ET. Ik THL, (1.3) IRAT 2 L, 2= 1 KoL M HIR B E)
2 2

(1.7) T%(tw) + %(t,x) - ﬁ%(t,x) =0

DEINET, 22T, BEENDNRTI A= 1% 0IEDT % L, TERNICETTE
K (1.6) BEoNXY, 2F 0, HHAPE AL, REEND Fourier DEHIICH
IEMREOHBRAL BB 2L TEET. LoEE,S, KX (1.7) O o (t, z)
X, 1> +0 L L E, BUTERX (1.6) DD 2T DTIE R WY, L PHET
22EMTELET. DFD,

FA8 1. WEAEE TR (1L.7) o, T — +0 & L E, BUifE (1.6) offic
i R4

LA, AKX (1.7)1F, N7 A=% 5 ZRONBEEE AR TH D, 1.2
THEOLZEHEIEE R (1.3) 3P LEIBDOD X HIICHRZET. LaL, (1.3)
2BV,
u(t,x) = ¢(Tt,7'1/2x), rt=s, 2z =y

LB (R — V) 2179 L, ¢(s,y) 1E ED (1.7) ZiiZ T2 L8300 %
T, koT(13) 1, EOBHMERETZILICEDVDOTY, NIXA—=F 71 DA>
TOEEEEEN AR E BT 2 e TEET, sZIkD/EE, 71 - 0ETBHZ LIS,
t— 400 ETBZELERALLZDT, FPHRIZRDEIIICEIAZ LI LB TEET,

FAB 2. HEBE S (1.3) DRI, t — +oo DEE, BT (1.6) DRIE
AP

ZoTH2Y, HEONEBH HREXOMBOIGBIRR LN LR T, bbbl
EE % o 7o B TR D E TV L U OEA S N BB G 23, R RR A
IKEBWTIE, 2{EIBHIRTH 23 TOMMSEO X LTV E V) DIF, FEFICE
R WEBIR T, IEBEHR OV RO —> & LT, SABEE D HEMEERED
HERRRICE TS, Darcy DIEHIE DOREAH D £3 GEHIZIEKL T, [6) 22
HWLTPFEW) ., ZOTPH2E, WALARLEFED P TIELWI EGEHIN TV E
7. O RKEIPETI, ZOINBORRIZEAL ¢, HEFTICAIS N TV AR E, RIn
HADHERZHFN L 72w E B ET,

2. W HBBREAER

HIiCIZ22M 1 R0, 2% 2 € ROBEDHBRRXDOAEZ £ L7ws, DI,
EEn oL, 2%F0 2 e R" DEEOHBERAZH->THE . ROWHALEE 712
AOWWHENMEZ Z 2 £ 7.

(2.1) { uy — Au+u, =0, (t,z)€[0,00) x R™,
u(0,2) = up(z), w(0,z) =us(zx), =eR",

22T, u = u(t, ) FFEREORAT, HHOZD, W% u = 28, uy = L%

t

Au=3" Lo LEZLTOET, up(z),ur(z) FWHIT— 5 LWREN, B2t =012

i—1 9.2
Jj=1 07
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BU BB uBL Ny OEEEET 25D TY. AfcliHoky, gy —4
ZET O™ T, BRZBERONTIHED 0 (B23av 87 ) THEHDETEL
9. b, 2 n XITo B o g HAfERE

vy — Av =0, (t,x) € [0,00) x R™,

v(0,2) = vo(z), =€ R
B X, ZH n ook s
(2.3) wy —Aw =0, (tz)€[0,00) xR",

’ w(0,2) = wo(z), w(0,2)=wi(x), x€R"

(2.2)

EEZET.

FFnoDHBRRICHDIH 2D, L\ I EDREICED 2T, FEEO
AABHENTHET, 2F 0, BRI (21) KHLTIE, GRonEIlT—5
ug(z), uy (@) IR LT, (2.1) 279 & 9 BBE u(t, z) DRI TE 7.
(2.2), (2.3) IZDWTHFERTT, HEDOHE LTHMIIAE S £, Zholdl
DARTHI SN TOE T (Hl2IF, [1,18, 30, 32]) .

T, MBI RIS OWTTT DS, flE L TROFEREZTTEH
CZEITLEL &9, T Yang-Milani 28] IZX 2 b DTE A3, fiicd Lebesgue
Zef] LP TOWNER, BRI OWHL S &7 b Dk EkA miERBH Y £7 (8, 11,
15, 17, 19] Z2IH) .

EHE 1 (Yang-Milani [28]). u % (2.1) DfE, v ZWIHT— % vo = ug +us ZFFD (2.2)
DIRELT S L,

sup [u(t,z) —o(t,x)] = O(t™"/*71), ¢ — oo

zeR"™

DA RVASR

ER 2. MU supyern [t 2)] = OE2) LA BV E W) HENDHLDT,
oI, sup /VLADERTuldvilt 0o DEEWTT S EERLTY
ESD

3. FERHER BB T ER

Z DEITIRIFIE ORI RO TEREL £ 7, PO AL 13, FI
ZIZ,

(3.1) WO — vy,

D& %, REBIE (1) IOV TEIE TR VI Sy — 2 BB TIERY) 248
BHDZVWET, BIEEOBIEHMI IR E RE RS AL, I3 (R
H72) FEDIFIEDS—MITIZE D 72 ETF, HlZE, »y0)=e>0&LT, 2
DIz &,

13
y(t) = T
WBERDZZENTPDET, DI 71%, TORDLI ZIEZLTHET,
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_ —

1/e

oo L)1, limy_y . y(t) = +oo 2> TLE W (y(t) 3Rt = 1/e
THRFE (blow-up) THEEVET), My(t) 3BTDLe[0,00) TELTERNI L
D330 £

SEGIRIPIEZ D LEZT, y'(t) = —y(t)? L W) TRAZZEZTARET. y(0) =
etBLL, MR,

3

= —
y(t) V22t +1
L, TOLAERIEED L) BRI ST, REETDtc[0,00) TEHZ

NFET., 20X zREAXEBERLTOET. Cok)ig, IERBMS TR
LT, MBOFEAEIHEE 20 £9, 2 2 CIRIBHOME S, WHHEDOZENTS
B LT, RS DEAET 2 DD, MBI T 200, Lwvo7 2 LK
ATIFESNTWE T,

ST, ROIERTAHE SO /5 R
(3.2) { uge — Au+up = f(u), (t,x) €0

w(0,2) = eug(z), u(0,2) = cuy(

&, MY 2 IERTZETT R
{ ve—Av = f(v), (t,z)€[0,00)xR",

v(0,2) = evg(x), = €R"
ZEZET. UT, T —F I REIWNIVLDZEZLDT, NIV TA—
Fe>02ANTBEET. 22T, flu) FIEREET, HAEWNZLDLEL T,
fu) = H|ulP, £ulPlu DIED DB DB LK ERZINTVE T, I I TREEDEG
b, fu) =P DBGEDOARZEZET, $hpldl<p<ooB2HHZEICDDL
LE7. IBEHROBIREDS, (3.2) DRIZ (3.3) D LIEVWEEIZT 5 2 LN TR
N, B2 BGEICHGEES N CuE T, 22T, fle L ClRRBEREI) LY, 20
MGz R THZ T EICLE L &9, WARRE L, XD X)) 7%, KSR FLE -
FEEDTPNHER S LI %, IERBHOBE R p. DI ERVET !

P> pe = e BHO/NZ TN, RREIKIBESTFET .
p<pe=ellMKST, WML T—% (ug,ur) IR, BRIIEET 2.

XEd BT (3.3) IS L TiE, B [4] OB Z2mtgiic X b, SR
pe=142/nTHZA50% 2 LHVRENE L7, Todorova-Yordanov [21] & Zhang

(3.3)
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[29] 1%, (3.2) AL TH, WARHEIFAL p.=1+2/n THEASNDL I EZRLT
WET ([5, 17, 19) L 2IH) |

72, p<1+2/nDEEIC, BRORKERR T, OFHESHZ L5, L)
Ml kSRS T E ., Fl2IE, HEo X (3.1) ieow»Tid, Bhchz X
I, fRIZt=1/e TIEHRT 20, BORKEEREIZT. =1/ L0 7.
BB /R (3.2) 12D W T, n=1,2,3 Tl Li-Zhou [13], PHJE [20] DF5HAH
HHFLED, n>4 TREOHEEMLTLEL, ZHUco0T, FEM T ofER %25
F L7 (KK EDMHIERAR & o L FFSE) :

EE 3 (Ikeda-W. [7]). n>1, 1<p<1+4+2/n%2 [, (uo+u)(z)de>0ET 23
&, BIEBC >003H>T,
T, < Ce /%

LEHiENG, ELk=1/(p—1)—n/2

o -1/k 13, BBRATHBICH N Tw AL —KT 2D T, MBI
Byt (3.2) IO LT, BRFHEEZZ T TH L, MORRFTEROFHE £ T, 24
HEABI3) DLDENIFELTVRL I ENTRET, LL, brxiEp=1+2/n
DA BT 2 RO FAERF I ORI, RFRE LTRSS TV E T,

4. BEBRBDBE

RIC, BRI RO G0, JRILNEER AR 2L L

BRTEEZET.
ugr — Au+ c(t,x)uy = f(u)
DIVOFTAEEZ T, £, 2%V f(u) = 0 DBATTH, UH [16] o
£ 0, ct,z) D32ERNETTTHE CE L Totud, XD IERECE e(t,z) < C(1 +
lz))~170 (6 > 0) & 51, MIZIEEIHFER (2.3) DHBMRICHHRLIT 2 2 EWRENT
WEY, DFD, ZOEBIBIBHBERPES 2N ERghoTuEY, 22T
c(t,z) BIED XD Btz iz lf, IHEARDIEZ 2 D0, L) K9 LRTED
EEL RSN THE T, ot z) DBRFHZER ¢ IS DAKEFT 2856121%, Fourier
fiEehit 2 F 72 Wirth [25, 26, 27 IS X 2 —HORERBH D £ T, c(t, ) D3ZRME «
2B AT 285450121%, Todorova-Yordanov [21, 22], iti5-Todorova-Yordanov [10]
X 2EATEZ RV —EHEIT, FERIBRE (f(v) = [ulP DEE) ~DIGH
biTbhTwxd ([2,3,9, 14, 23, 24)) .
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0000 Zy (M, My; My) = Lo ((My x My), My ,ep,) 000000
000000000000 100000

ood 4. Zl(Ml,MQ,M3>—Z{(KT<M2)€ZD (M17M27M3)DDDDD]CM1HM2D
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Morse B D — I DML & SRR D L] 5~

D= 72
L Se S0 MR wae e
T bt

Morse ¥iam & 1%, 261K % 2D Lo RWEIE (Morse BA%) 26 L ITHH~DF
ETHD, BRELZFEEORED S —RE PSR LTS Z ENREL
BTV A, Morse BEFRIZHIIEIZE 5 £ THE (%) ICB W TEE &R %
HoTWA.

Morse Eia CIIE%HAE W20, BEORb VI Ic— ko2 —27 U v RZEFSE
FRIEA~D BNES (R UEIROR D ERROTR LY m<enboe745) 4 H
V% Morse Bllig O —i% 2743, 1950 440> Whitney ([17]) <=° Thom ([16]) DHFZE
(A E 0 AICE D ETHE S Ui T b, 2 LT Morse Bl Cld b e &
IRFEELLL o TET.

ARG TFE Tl, Morse Eiaa D —RIZIZHOWT, 2 En BT Lo, Morse B
BORb M —R{ETH LI HEG A2 R0, Bl 2 XREE T 2 EH O L
LT, M BEBRD 7 T ZADEANEBHROWE - ERBESHREOME O (1<
DWW T 5. AFalL [7] O—EOMNT Lo TN 5.

S m,n e N T, M (M™) % m IRt C™ ZERIK, N (N™) % n Kochist
L C® 28K, f M — N % C® G, S(f) % [f OBERIEESEY f O
W OBER D n FVIRWE 272 M ORAKROHES LT 5. £z DF Tk Rt
PERIR, SF T k OoTHAIEKE 2K T (k € N).

1 #Y BB (fold map), Reeb space

Morse B R: b W7 — (b TH 547 0 HE@AEAT S, (5] % [11] BbB
HEL 1 Morse BEE&IZDW TR [10] 52
EFEL M > N ZC®EHLELm>n>1 T5. 5 p ORPTE
R (U, 0) (0= (21, ,2m)) LD D f(p) PRFELE (V.4) (b = (Y1, ,4n))
2T ¢(p) = 0, Y(f(p)) = 0 AT LEBIC 0 < i < m &R HEL § 23
H-oT

(ylv"' 7yn—1ayn) = wof‘U O¢71(x17"' a'rﬂb)

m—n—i 9 m—n 9
= (@1, ’x"_l’zkfo Intk = Zk*mfnfzﬁrlxn-i_k )

Zi/z T L OICTEDL L&, pe S(f) 1FHY BRHER (fold point) THD &
I, f OFFEANITY BHRRATH D L X, f I3 Y BEE# (fold map) ThH 5
V9. (n=1, N =R ThdHLZ) Morse B TH2.)
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®EL f M S N"2C°5BELm>n>1 15,

l.peM % fOPFYHFERRETSH. Z0OLEXEF 1IZHBT 5 min{i,m —
n+1—i} 1% (U, ¢), (V,¥) ICEOTICEED (ZiLE p OB EIES).

2. f: M = N 2V RGHBLETEH. ZOLEFRSES S(f) T LT
DRREEEROES Fi(f) 1T M O n—1%x C® HngikhTchds. &
BT flpypy 1 C® 1EDAH. (1Y BER fIZO0T flg ) BERRX
ELORDRAATHLEE, fRRWMIYBERTHL LD ZLICT5.)

Bl Z 1B R RS TIED R 72 5 Morse BIEITR WY A4 TH 5. (FFrHm
TED ¥ 72 % )Morse BI3KIT O (M, R) IZBWTHBICFET H201Ext L, #10
HEBIZZ D LIFRLT, PIIFELRVWEE L H 5. FlxI3fEE R? OBAE
FIROZEARD Euler BB TH D Z L BFHEOMLE SR TH D Z L35
BRI TW 5. ([17] < [16] 2H8) Eliashberg S2th % 5410 B 54O FEME S
BERECH . ([2), [3] %) & bICARONES D Morse Hin 0 —BOE T
HEZ 72 Reeb space 38 AT 5. ([1], [4] HHEMH)

EF&E 2. m>n>1, f: M™ — N*TM EORERREUTOLICERT 5.
pi~p2 < p1 & po R URICBIT D f OFBROR CHEFER D ICH 5.

[FEREER ~p 2BAF DN DRIZER Wy := M/, % f ® Reeb space &\ 9. (B
Gl A quM—>Wf k#é)

f BREWITY BB DOF: Reeb space (21X ARICZHIARDOHEENAD (FI 21X,
B\ Morse BEDOEE Reeb space 1277 71272 %.) ZERMBATHNS. LD
IR REB/R L VO EREGGR CTEERY 7 A ([5] #ZH) TH Reeb space 11
U5 TN B D L BT, (9] SHIE.)

2 HYEBBERDISA

AfaTix T BEGOPTHLRRAR L DEEBEZRMD] EWVWIOEEHENTS.
B 2 TR R LA DR 0 O Y AR RE OG22 5470 H5 1% % special
generic B & L 5. special generic GAGITRER S A TE 2 ffH >, km Lo
Morse B DO— (b CTH D L\ 2 5. [1] THEASNEO% [4] S 51T [14] fil [12]
HLOMTENR D DH. BlzIE [12] TIX, Bk £ special generic B OIFIEIEFLEN,
R O HEE DE W E b5 TN D Z EERI LN STV D, [AFHSC T
i fEI%2S R2, R? T 2 special generic 54 % R T 2 ERIESHIEE (584
WZHDVITEDHNZ) RE L TN D. Rl 58 EE 2 5 &, ERBSHEERORE
b E— < AT - PO RS ICBI T 2 KV EE LW RATR 5D Th 5.
% OAth special generic G EZRHR L O L L TETe 7 7 AL LT, BREIES
S(f) ITHIBR L7 & P FH g DHEHFIZR> TN DL EMH L L TER SN D simple
72T B BBRIZEET 2058 ([14] fih [11] %) 235 5. il D Reeb space RCFEIZ
B L TN WK D R~ D2 E G ([9]) (2B 278X, deir TIZIERIME
DWAG B DIEAZFNTIH D K 9 I ZET ([13]) EOMIE L H 5.
—HOMRIRIL A E 2, EFEIL, 10 BERICH 2727 T AEEAL, £D
7 7 ADGHBOMWER, EDT T ADGHETET HERBSHRELZH~D &0
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Figure 1: *FEZEH & T2 FEOHBRY A5G0 FBRAEGD) 4, #l 1 O
Kobayasahi-Saeki([9]), Saeki-Suzuoka([13]) @i (Reeb space)

D2 EEToTE. FIAITKRTERT HEILAFY BEGOMECRLMITY
HEBREFRT D ERRSRE O 2~ T& 7.

FE 3 (RLMBHY A5, [6]). f: M — R 2479 BT, n > 2, BN
BE S(f) PREREKR OFEZRNT flgp) 23 CF HOIABTHD LT H. SHIC
R™ — f(S(f)) O#AEHS BIRDOES {Uo} U{Us} U{Untren (A IFAMRES) I
SWTHA Uy, Uss, Ux(A € A) B8ZNZH D", 871 x [0, 400), S"~! x [0,1]
L COWARMTHLET L. ZoLE fIXRILARTTY BE# (round fold
map) ThoH L), £ L T—FENRUOEE Uy & f D% (core) & FES.

ffl 1. 1. m (m € N) &t C* homotopy ¥k M 0 special generic 544
f:M—=R"(neN, m>n>2) T, FRAES S(f) 7S L O~ #
SYRFTH Y, flgp 25 C® HOALTHD L H72b0. (12 FHBIR.)

2. [9], [13] (285 261, FOLHEHTY H 544 (D Reeb space) & fL7at 5743,
special generic 544 ClI7Z2\; simple 72410 BEB CTIIH 5. TNENER
Wit 4 WL L O T b E—EK, S? Lo O S KT, bk E .

fthi, Kobayashi 23, & & MMALIZ, [8] ZF CEERME DL E GBI L HBOWE%E
1TV, FILABITY BEBROERE HT-T HOERGEIE TN 5.
FEIFRLAIT Y BB O— RN ERFICSHRIAO R ERr O —RE hE—
DfER ([6] il [7]) fil, = S IZHID < FARRA S FAAUZ DWW TRz, oo odz
TEDO—EE L TARTIIRERITT 5.

FEL(7). L mmneNm>n>2&T5. 5" ED m—n Kot almost-
sphere ¥ &7 7 A N"—¢&F 25 C® KOWEEZ AT HH C° 4K M™ L
&, RGPS BG4 f: M — R® TEOZROBEEN 2 B0 S OIFR
&7 bONFET 5.

2.mneN,n>2 m>2n &35, My, My ZHE S vz m IRoCHE
FER C° KT 5. fi: My — R™, fo 1 My — R™ 2% R8RS OFEK
230 2 1T, IERMEO W SEEERNER T OIZFITHL LD ETH. T5H &
HREFD M = MigMo \ZH SRS OREN 0 2> 1 T, IERAMED WA FE
HERERIH OIELZFICTH DR BES f - M — R® BNFET D, fF
IZ S™ EoFm C® STl oEEZ AT D b OO M EICIESRME
il RGBT BSE& f - M — R® BEETH.
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KR -y dy—BERNICS T 3EEEBRED
MEEAEHmEIC D W T

e 3£ (LKHL)

Z 2R, Slzumiya®$il k> Ta—2 U w REMAD N Y AL T 20— >
WV ZENDEHEAN DB % E 2, T DR RFITDWTISE T 2R M FEN T 75 v
Va- Iy Y NVRESGRDOIGCHE UTERI N TWS, FHR20H2—2Y v K
ZEANDK K - Uy X —EMIZADOHERELE L, IVITAF—ZEHPON - Uy X —
2 13 e B sRBEEEF >0 — LY EBIETH B, & 2IE, EMiEihmE
RSSO — Y MR DEEEN T DEWERTEE L LTEIFs N5, £ T,
SENEK R - Vv X —2E2OEMWBIIEIC S 7I v Ya - LYy v RIVRRER G2 6
Hd2HFIcEV -2y REMNOBEHE O Y AGHIZHRTEIEDE, HIZE
e & HIzHE 2 SN D HNEEE AN O R SO RO B AR IR I DWTHE S Nz fE R
AT B,

B2 D (n+2) ot —2 Uy REM LI, R2ORT Mvx = (v, 20, 21, - . -, Tn),
Y=(Y-1,Y0: Y1, - -, Yn) T U T, A (2, y) = —2_1y—1 —2oyo + T1y1 + - + TYn
EANZEMOZ L2 F W, Ry EEL, I T, 0TRVWAZ Mlx € Ry I2H
LT, (z,x) >0, (z,x) =0, (x,z) < 0 ODFF, TNTNEEM, JME 72 IX6EMHE
B ZIEC, VL% ||z ||= /(x,x)| TEDD, (n+ 1) KKK - Iy R —2E[H
I AdS™ = {2 € RI2|(z,®,) = —1) TEHEIND, X : U — AdS™ 2 BIEA
UCR'25DEBAEDIAAE L. M = X(U) &EL, ZEHNHOIAALIZ, R
Dp=Xu)IZHUT, T,MPTRTEBERT M okdbeEzens5, ZIT
Eu)Z M®Dp=Xu)lZBFRAEHRI LU, RE -y d—H0REK
AG: U — AdS™™ %,
AG(u) = E(u)

TEHT D, FRR-Pvy—BUYERKRAS, : T,M — T,M %, AS,(u) = —dAG(u)
TEHTE S, ZITHERDORHEOIT LR ROERND L,

1l MzeErel (DF0AS, = —klpy). BIZk#0KE$5, ZOKM
i

1 n+1 _ K
52+1(KX(U)+E(u))€AdS , = — 52+1€R

TEE S AH(n,c) = HP(n,c)NAdS" T OInEG L85, 272U, HP(n,c) = {x €
Ry |(x,n) = c} TH 5,

n —

ZZT, ki(u), - kn(u) ZRpICBIIAMOK KN - Vv X —FEHiRELTH2E MD
EHEFEHE

1 o
AE,, = {W (kW) X () + E(w)), (i=1,... ,n)}

(2
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WERTE D, HIIKF - Vv Rx—FhRE2—DEELLR, ThEreddE, KRR -
Ty & —iEEIBME AE, : U — AdS™™ %

1
AE,(u) = NEIOES! (k(u) X (u) + E(u))
TEHRTE D, £/, @GIBEBH U x AdS™ — R % H(u,v) = (X (u),v) TED
HERERFB,

R 2 H(u,v) = 0H/0u;(u,v) =0 (=1, ,n) DBEFTDEMT v==2E(u)T
»H5,

Z T, AdS"x AdS™ D Ag = {(v, w)|(v, w) = 0} LD EHREEMEEE K %2 7D
AL ARIK (N, Kg) ZFE 2 5. Ag DD AdS"T NDHIRE % 7161 (v, w) = v, Tea(v, w) = w
& U, O = {dv,w) | D¢, O = (v,dw) | Ag T 5, ZTDHKE, 051(0) & 05 (0) 1 Ag
EOR URITE Ky %580, (A, Ko) 1161 & 1 DTS EIL T ¥ 2 KILT 7 1 N— 5
EUTHOEMEM AL s, 2T, Li:U— Ag %

Lo(u) = (X (u), AG(u))

TEDDE, LelIN T vy FIVHDIAA LY, AdS"T O H 2 fFATEEU LT H I
E—RBHEBRL 720, MIGT 2N T v ¥ RIS EZRMA Lo(U) D o 2B 2 RIS
L5, TOW. Lo(U) DKREERIZ. AGU)IZ—HT 5,

RIZ, Ho: AdS™T x AdS™T — R % H(u,v) = (u,v) TEHFEL., EED v € AdS™H
(ZHUThyy(u) =H(u,ve) &EL . T b, '(0) = AdS" ' NHP(vy,0) = AH(v,,0)
B, EEDuy e UIZHUTEZvy=Eu)&dd&, 2 kD,

hvo o X(UO> =Ho (X X ’idAdgn+1)(u07v0) - H(UO,E(UO» =0

%g—uix(uo) - g—i(uo,E(uo)) —0, (i=1,...,n).
0, AH(v,0) 13p = X () B WT MIZELTWAZ b, ZOK,
\Z AH (v0,0) & TAH (v0,0) £ #HL Z 21235, Z I T Montaldi IZ & % 2 DDZ Rk
MDH DR TOEMBIZOVWTOREMNDH S, X,V (i =1,2) 2R DS LHAK L
U, dimX; =dim Xy, dimY; =dimY, &35, TZTX, &Y, Driy [ZHIT 5 E
e Xo & Yo DRy HE T 2EMEINEL W&k, WMARMEEEES : (R, y) —
(R™,42) TO(X)) = Xo D O(Y)) = Yo Ui 72T EDWFAET 2L SITE D, DI,
K(X1,Yi;01) = K(Xa, Yo ) &3 <o
FE 3 X, (i =1,2) 2 RCOWHZATAm X, =dim X, 95, g1 (Xy,15) —
(R™, ;) ZIEDIABRIE, fi 0 (R™,y;) — (RP,0) % (Yi,y:) = (f;1(0),9) & 72513
AL T D, :@H%K(Xl,Yl;yl) = K(X%Y%yQ) O)Qz‘g+ﬁ%4¢ﬂif1 °0g1 & faogs 2
K-Fffie 725 2 Th b, (K-FMEIZDNWTIE[10] 23, )
COEM2 VY vy v FIVREGOEHZIOCHT S, ROEEHD—DOMFENB,
T 4 X, (Uu) — (AdS™ Y py) (i = 1,2) 2@ LT, Mt 5L
¥ v RVHRDIARYE Lo, (Uw) — (N, zi) BPAVIY Y RVEETH B LT
%5, ZOWK, UTIEFAMETH S :
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(1) (B (U),v1) 1& (Eo(U), o) (4853 FIFH,

(2) Lo & Lo 1FNVT v v FIOVFEME,

(3) Hy & Hyl P-K-[AfH,

(4) hyw, & hoy, (& K-FME,

(5) K(X1(U), TAH(X 1, u1),p1) = K(X5(U), TAH(X 3, u2), pa)o

RIZ, Ai=Ag x Rogy 71 A3 (v,w,\) = v e AdS™, T AS (v,w,\) — w €
AdS™L FTzL 0, =d( M) £ TBIET,. M EMMNITIvIaTdTrAN—HE
525 (N6, Kg) DY TL I T 49 V16 (A0) 2185, £/, L:U xRy — A%

L(u,\) = (—sin AX (u) + cos AE(u), cos AX (1) + sin AE(u), \)
TEDDE, ZNIETT IV aiddilAIThE, LT,
T30 L = cos AX (u) + sin AE(u)

DEFRAEEA L ARy (2B L. M OMEBHEIZS 25 v YV afinSikik L DS
T30 aT77AN—R_m ZET2ERER->TWE IV b25S, £/, B3H
BHIZREBEUIZBWTE—RABEBKEIZL>TWT, FIZ A € (0,7/2) DIRFIZ,
(u,v) = (u,cos AX (u) + sin \E(u)) IZ2BWT, L OBRBEEKIZR > TWS Z &b
5, ZZT. A=7/20KE. HPEEBIRIZED Z ENRERBRN. L2LA=7/2D
., EdRs(u) =0 TH->TH, MHBIHE T, 0 £ = AR, (u) = E(u) BWMFET 5,
NEFEIVIATRAF—ZEF{PR - Vv I—EHDOBEED—DDEZREVTH D, £
DESLRERARD1=DIZ, EFHAAD X OFTHEE
X. =coseX(u) +sineE(u)

BEAD, ZITM. =X (U)tEL, ZOK, ROEEHD—DWFLND,
BE 5 F4/NEWV e >0/ U T, M OHEREIRT & M. OfEPAEihmEI:—35%d 5,
FHELD X (u) TODEEZTH, k. Z0TH Y. AE,.(u) = AE,_(u) BfFoN7Z, £o
ToA=7208IZBVWTIR, LR H%Z X TG LTHATI A —REHBLTHESN
@xﬁfé%zé YT, L. OERTH D X, OFFHIBHE X, X OfH@E Iz —
BUTWT, BHIZL 3 H Z2BEHKEE LTR2DBR LN,
%%L&ﬁ%t%%%Lt@%%%%K%oﬁ.mﬁml(mﬁHWNﬂ—%R%
H(x,v) = (x,v) TEHZL. (EED vy € (AdS"T\ M) IZH LT, by, = H(x,v) &F
<o Z D

(Boo) "' (A) = HP(vg,\) N AdS™ = AH (v, \)
THO, [EEDuy e UL Tog=AX(ug) + pE(up), N2 +p?> =1&95&,

bo, © X (o) = $ o (X X idggsn+1)(uo, Vo) = —A,

Oy, 0 X )
ba—;%) = 2 (0, v0) =0
£ 0. AH (v, \) & M 28 p = X(ug) BELT WA Z EAb5, Z 0. AH(vo, \)

DHLNEZRD vy lEK K - //a MBI O R TH V. K2 AH (vo, \) & #Efn R
TCREAZERE & S, 2 2T, AH(vo, \) IZ N 28009 2 & CERERE F(h,) £705,
DR, XOEEHD—DONFLN5,
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250V dRRIE L (U x Reg, (u \)) — (A, 2) 3525 v Va8 Ths
9%, ZIT, v XX, O oA ER ORI LTH S, T DR, ANIXFEMET
25%6-

(2)iz1q t h2U22i7€+ r]fﬁ

(3) Hy & Hy 1% P-R¥-FAfE,

(4) Ly X Lo3 525 v 2,

(5) (a) H(hw,) & H(ho,) DAY 2T Y DT 27 LRFEH

( ) niﬂ%‘r@’y : Rz(hl Ul) — Rg(hgvz) 753%")‘( ’Y(hl,vl) = h2jv2 b 7’3:%)0
J«XJ:@%EET%%M%)EH FEIX, u%{ﬁfﬁﬁin%j—é
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HAAGERUP PROPERTY [ZDW\T

USRS HORP LRI
et A Bk T

1. [ZC®HIZ
ARG ClX, Haagerup property EREEND, BEBREOONE ’D@fi
WTHRLZ T 5. HEOARNIE STV 5 Haagerup & 13 DMEE

CHTEAL, 7 r~v—7 O¥FH#H Uffe Haagerup 0)%“(’3?)@ 11 T/E)Eﬁ
iz e T D, BroEE LR THmON TN

Z OMEE X Haagerup D%, GromovIZE->TH, (4H Tﬂiﬁf[ﬁ“(“%é e
DHHNTWDHRHIOERLT) MILIZEA SN TWDS. (Z D7z, Haagerup
property I% Gromov @ a-T-menability & XIS Z & H 20y, ) Haagerup
property %, BEHHED Hilbert ZE[H ~DHWHLDIAZ ATRENE 72 & & FEHIC
FRVBAR 0, BT PrIc b EELMES L L THIE STV 5. Haagerup
property I%, FENAME & MEIZN D, FEFICIWVEERBEOMEE 2D T H DD
EOTHD. WREMEAE-EKIIZHON TV AR TIZRWEAS I D, £
PUIPENEPEIC DWW TT Z LR TAH LS.

2. PENEME

FEDOTENEYEIE, 1929 4F, Banach-Tarski ®/%F RN v 7 ZZEHT AHFZED
C, von Neumann |2 L ViEAIN-. EEMEOERIZ, 4 H TIEkEx 72 RfE
REDORHLNTWAR, ZZTiEbo s bIEERARERLRLZLICTA.

£ 2.1, RS DX, LT X ) ffbamicd s, EETHD L
wo L b, & D-AREZRBRIMEOUE p MFET D, 2F0, T OFHHE
AR PI) EoB%K
o PB(I) — [0, 1]
Tho>T, WOFKMEMIET SOBFIET H.
(1) pI) =1
(2) FEEDZOOENIRRIMDES E, FIZx LT, p(EUF) = u(E)+
w(F) 23k 0 31,
B)EEDOHDZEA E L 2 e DI LT, u(xE) = p(E) D30 L.

PENERE L 1, —F TE AL, “EFHRENLEE ThDH. EARETHD LW
IRMUD, BxOEpIZLDT LoD, T O L Chitiw/s < flz B
N5z &%%wa ZOED 2NN, BERE O RN EEIFFIE O T3
MY ZEEICE 2T Z”LZD Bz X, TENEREORE von Neumann B, I GH
HoiEam & Iﬂot%ﬁﬁz’)‘%@/\*ﬁ 1%, Connes (1976) , Connes—Feldman—Weiss
(1981) 12XV, ENENTEERREDDNTND.

I TR OB NS O R TA LY. FF, AREIZAPICHEIETH
%. F£77, Markov-fiSDOAREAEH LY, AHEXT X TREIETH D Z Ln
PING. o, MABDEDRERND, HEBEREER (DFY, ARARK
FECTH-oT, ARAERES EZ72WL, E" OTOEOERKENLIERTH
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HE) BEERECH D Z L bbb, £ LT, WEEDORE 2f#Mo—ok
LT, TNRBEGFEORENLH LA R T 5, Rx REETCH LI TS Z
EEDITHENTE D, PEEMEE, Mo/, BF, P4, YK, JRiRiR7Zz 2,
Z < OERIEIC X > TRT=ND. kv, Bl X V> T REEE
ZHo, EDZ D, WERESKDO 7 Z A1, BAIBRERESRLOTH
HZEMbnD.

3. HAAGERUP PROPERTY

AT CR7Z K 91T, TENAMEIZBERGE 2 AT 20072t 0 F R4 2 B8, 3F
WA b D Tholz. L L—FT, WEIEELFZ2VBEREC S, I
ICEHEERBFREEI - SAB D, HlZE, (2L ED) B BEHEE O MAIF] T
H5. (BHRBENIEEIERETH H Z &A%, Banach-Tarski D/37 K v 7 2D
WD ARG DARE Iy D—D>Th D, ) ZDIENTH, HIEHE, Coxeter
B, (CAHZERMOFEARRE 2 E1x, Z< OBAICHIETR L, IR 7T 7 e —
FIINETH 5.

LaL, FEREIEREDORIC S, “GEED L E” OEAWE, WANAIENE
2o THING., —oOmmefl & LT, Kazhdan OMHE (T) 2 FFOBEREE (61
Z X, SL3(Z)) ZH\FTH5ENTE S, T OBEEE, TENARE & 13RI
RIRD N Z L, TENEREDOIIEDIER: & 5 L0 & OBFFRIEIER I AT
HDH. ZOXIIIIHEFIWEEOENL DL H LT T, D L THIENEIZITW
WoOENZ L, ]z DX BREEHEEOMEEEZROT LS Lo EZEZDE ET
RO bzt Od—27, Haagerup property Toh 5. 13 LI Haagerup
property D IEMEREFRZ B~ TH<.

EE& 3.1. ATEBEBHEE T 25, WROSEMFAT-9 & &, Haagerup property %
FFo L. [T OEEMEEEEDI (dn)neny THY, ZTNEND ¢, ITHERE T
BriZ7e 0, B (dn)nen (FEBEIE 1 ICEKERNKT S, ) 22T, BEFEED E
DOBEFEEREE ¢ DIEEMTHD L1, (EEDOT OFRII g1, 92, ..., gn (K
LT, 475 [¢(gig; Dhigijen 35 CF) EEETHD 2L &S,

Fox METE CTHWEAEEMED E RN S 1 EH] 53Tl 72 A3, Haagerup prop-
erty 1, TEIAMEZBTDIZRIHIT /> TD . EEE, ERROEZROREES D (1R
WTERIZRD] &0V &L TRIREEZFF D) KMV EALEE, BHohd
FRTREEMEICFE CTH L Z RN TVWD. 2o X H1g, WEEEZ, H5
BRI B R & =, Haagerup property (X HIRRGEIAMED TR E 72 5. (2D
£ O BRUENEMEDFI VR & LT, 1EZMITTERME (exactness), weak amenability,
approximation property 72 EMFFE S AL TV D208, AfE Tldfilinzzv. )

Haagerup property & ffOBERAED 7 7 A1, Z O X 9 ITHENEREZ 724
BULOTHY, ZNLETTHLHLIRERERLDOTHLZ ERbND. £
T Tl <, HRRYRIEEIERE CTh 2 BHBEAZ X Lo, Coxeter FER, K
It 2 LA T ORI ZER OFEE, FE% 2 DL E o & 817 v 8e 72 P dh i o FoAHE
mE, ZLOIFWIEHBEZATND.

Z LTI, Haagerup property R/ 72N 1 9 ZRBESEEXH A DIZA 9 0?2
(bHANTRTORERFF> T LEZIE, FRTEROSHDMWETE LTV 72
VW) & Z T yes TH Y, Haagerup property 1L Z DEDIEDIZIR AT L 9 (2,
TENERE & ity 7ok 2 A2 3 5, Kazhdan OME (T) (3 L O OFEXR) %
TR D, T oD, (M) P (T) 438 BIZROREIE, Haagerup
property ZFi7= 7, #Z, Haagerup property Zff>Z EBMREI N TN
BEHCREIC G LTI, A7 & b EE OBEWNES N E T 5 L0 ) 2k
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ITEZHRWNWTHA ) EEXbILD. FEEE, Haagerup property Z R ORERTE
R LT, T CIATOME E LTIV ORN Sb b TWS. fFilx
I¥, Haagerup property Z £ OB IZxF LT, Baum-Connes TA8A35 Y 37
DI ENMBITWS. Baum-Connes TAEIE, BEFREOENTHITE R & &l
FIEROBNIIRVE RS E N H Z &2 FRT 5, EERMLMEDO—>TH
%. Baum-Connes 747206, %< 0HEEZR TP (Kaplansky 7482, Novikov
TR L) BT, RIS O TR, Haagerup property % f£f-OHfE
HREIZxF L CRkAL T 5.

4. HAAGERUP PROPERTY D/

Haagerup property 1%, EHIZEER R, 717575k, AT, Srvnoitm, &£
Blim7e &, WEOINMEA 72380 AR S 5. Z OFE T, Haagerup property
DIERFZER G ~D IS 2 73 5. Haagerup property @ JUWMEE O—DI7,
(FE)) ' (T) 252 RN T D Z L 2h D, (— B BEBEESEE (T)
EFRFOME I MEMRDLDITEFICHETH S, )

BERCRE T 2013, NI SOERFREZHEKT 22N TEDL. —D
I3#E von Neumann B¢ L(T') C, & 9 — DI C-8 CA(T) THDH. W
T EREAR LOREER CI) 2@ RN AHO S & THEMLLIZEDTHS.

TERFEERGRIT — I BB AT 2 O Ly, Loy L EREOBERE D
O OWRIEL, BEZL OFMARERZROAIZ 52 5. 20O X 5 ICHEBRED
DR LA ERFRBROME 2, (BEHREEOMEE 2 W) it 25 2 &1, B
BlER~DOISH E WO BlR &, TERFEEROM RO E WD, DD
LRERBERNDS. AlNE, i#EOFETH S Haagerup property &, <
DR D (M) HE (T) &2, 1ERFREREDOIG OB THIZW. Zhb
WPEE X, TNENOBEDFFOME A 0IC LT, BE (BEER & IXR 5 7220
—f% D von Neumann Bg, C*-BROMHFIZEA I, BEICED E TR
FonTND.

von Neumann B Cl, Haagerup property (& H (1980), & (T) i
Connes-Jones(1985) (2 LV, HBA I L7z, £ D% Robertson X Jollisaint %5
DIFFEEFET, 2006 4, —DOTEME VX DERLHRD Popa 2 XV 155
LTV 5. Popa O K@ [6] ORIY-ETIX, von Neumann B D LR T,
Haagerup property & P8 (T) & OFAHEER, i 21X, (FAXH9) HE (T) %
F#5 von Neumann 1%, B 72 H)% R\ C Haagerup property % -2 von
Neumann ERIZHEDIATe Z ENTE 20, 2 WO ZENTHRLGNLTWDS.

—J7 C-ERamCl, ZNoDOMWEOENIT L &KifThblcbD T, WHE
(T) 1% 2006 41 Bekka, Haagerup property 1% 2011 412 Dong (2 L W HA X
NI ThH D, C-EONRTIE, ME (T) & Haagerup property OFHAH.
PN ED LTSN DNE VN IMRITE 72 SN TEHT, fElEM
PEE (T) OFEAHERRO A3, Bekka, Brown (2 X D #FFE S0 Tuh/z.

FAE, Bekka ®EHALTZE&RZ LY & (BAYIZ) 7V, Leung-Ng OEAL
ToiMEE (T) LW O MEICEH L, 58ME (T) &, Haagerup property OFH
HHEBRZ, C*-EBRam DMt ADH THF%E L7z, (Bekka ®E A L7ZMEE (T) %
FR OB BB D% E3EMEE (T) ZFFICH D, ZO_ERFRETHLNE
IMTHBIEETHONTELT, IWHEZHLLDERTHITHD. T Z
HHDERDHMND DT, HIZHWE (T) LIES. ) £ORE, Popa OEH
5] IS 252 & T, WHHE (T) 2 Fff> C*-EEH 5, Haagerup property % £f
O C-BRAOWERIL, THIBROEM~OHERRL L, BEREICZRD 0D 2L
LT, XOFELSERRD &, 20X ) R OB N, residually finite
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dimensional ™|, S W BEAARRITCEBEOEM CTREICRHTED L)
Z L AR LI FAXRIFRCHFSE O C, Haagerup property & > C*-ERD
FrLwplaf2< 52z, ZhoDfERE LT, HE (T) 28> C-ERITIT,
JRK72 7 T AD C-BERMNGET D, TXTORERBITK L, FEFITHROEH
FIDFRSNTND LN ZEEZB LM L.

L2, FEXBOPEE (T) 285> X 9 72 C-EROSGE, MR OFIRIL, FHxt
B OBIZORFREIN, FERE LT, Folz < ERBUTHKIDEN G202 &
MEAEZ D, FATFFEDOH T, FEFEITHHIEE (T) 2882, W< 20O
B (BIZIE, Z2 xSLa(Z) 72 &) OPRIEE C*-B223, Haagerup property % F§D
C-ERIZHDIADTLE S Z &G L2, 20 &L 9 728140% von Neumann
BROGEITEI RN ETHD.

— 55T, WHE (T) 2803 A RENRE -1 < B RVHEATH- T
%, Haagerup property Z£5> C*-BR~DOH DAL, FIELRW L H 7 C*-
BROUFIET D, FMTAREOREILR & 2 2R 2R ARBEOKRICK LT, £0
KEDT 77 A4 A FHDT 7 7 A CREOHHKIEE C*-ER1%, Haagerup property
ZHoo CHERICHDIADRNZ L&, Z0 CH-ERO TX3ToO C-EmgRN,
HEZRME (T) Z2FR7-20E0WH Z &AL, (ZZCTlRASN TV D,
HIRMERDOREAILR TH HIRITK L TIE, 77 74 VHEDENEREIC 72 5729, B
WICZ DX et EE2 R0,

SEXRICDONT

AfOFETH %, Haagerup property (ZBH L Tix, FE [3], & DOxHmm e
HETHD, FExRY) HE (T) I LT, FE 1 PMEALTETH D, £
7o, BERGE (L0 —C, Rpra o Nr M) OFEEMEICE L T, FE 4],
TEH R & BEBIHGR O R VIZBE LTI, FEF 2] AR WTEkE 25725
9. BRI AT RORERIT, T XTI [6] IZEENTWD. BkEZ S 72
TEHIEINE DX ESR L CTIHE 720,
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>k1residually finite dimensional Tk % Z &%, FEFITHMNEHFTH L. HIZIULEOIERE
JIEBERGRE DO PGIRE C* BRI, AIRKOCEKBEL A — D bRz,

“?Haagerup property 245> C*-BA2 &2 5 L %X, ZHIFHEOHKISELETH S Z L 4R
L7z, C-BOEIETH D & &1, ARKITICR D L) X0 iRWflKI23, Brown 12 X VIR
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P PAhfR & LR 6

wlit] AT
BB R R BEBR At Iu Rt

1 EFX

OHYA 777 LDORRICEHT 5%, M D over/under crossing,
left /right crossing, positive/negative crossing @ 3l ) D& H D%
% . - HE-rhva- LR, #5H A 7 777 LD over /under crossing D
TEHOAIEH LT OU XFHIZERL, trefoill DF A 777 LD OU X
FHBED X I 3TN B, MA T OU CFEH DGO W T
78 L7z [1]. AR TIEZ R D left /right crossing D AICHEH L, Z DE#HRD
LIRoNELFINCOVTEZ L. ZOMWHE L, o LT IZBERZ VD
T, MOBESA 777 LT, PR EZE 2 5.

2 ¥fg
FPHERERT .

Definition 2.1. 37 L & X7 R Z FEMEN X THER S cyclic 723055
ZLREEE W),

Definition 2.2. w = L¥R*® ... [[*n-1R®» 2 [REETE. nZ w D
LREE VW, Ir(w) EET.

SC, LREBEZ XD X ) I FRIPHIHE & WG S ¢ 5.

Definition 2.3. P %, [ilil7% 2 HROAZFFD, S LOoREfHT 5
7-BHMIER E T 2. PO 2EAIZ, ZDEHEDML G065, LTD 2 o054
NEZ LS.
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FED2EROYEZLTFL, A 2EHNOEEZ RICHILIES. P L
WS E LD, S LM E ISR TP 2T 5 L, &2 BADEHRD
5 LREMEOND. ThE POLREE VL, wp EXRT.

DUF, B2 2 D A2 5D, S Lol E M & 7z PHllifo 2 &
Z, HUC CPRIPARIRR E PR S0 5.

Example 2.4. /EDOHIPAIARD LR #5135 52 635t £ LRLRLR T
D, FONHEEASR O LR S I3 M 65t & RIL3 TH 5.

R ONHEARR P 12k LT, eyclic b DEEWT, P O LR B —
BICEE 5. TIE, LRENGZ 6N L, VAo LR Enxzh L
—HT 2 X9 A FEEAMBIIFET 20 £ v ) RIEDE 2 5308, KD
DA RVACN

Proposition 2.5. {EE® LR i& w 120 L T, wp = w & 7 5 FHIEARERR
PDAHAET 5.

Proposition 2.5 THEK S 412 FHPAHMAR I, 2 DY 1 D LR W0EGH
Z R E, prime 22 FIHIEARERR TlE 22\, T, LRV G Z 6Nz L &, F
IEAHE D LR §ED3Z 1 & —3T % X 9 7% prime 7 FIHIEAMER X FAEET %
72H)?

AWFZE T, LR 2055 2 £ T prime 72 FHIPARERR DR 2170, [F
RF I PHERAR D B b 175 72

3 BR

P 2 PHHER E U, wp 2 PO LRGE, L £ R; % wp D4, j HHICH
ZXFL, XFRETS. L, R, W POML 2EHERICHIGT 2 & E, 1; &
RjZ POX7Y, LRI LT 5. PO R 7IZBI L T, RANLD
SO FFIZ Lemma 3.2 1 22— F X725 prime 72 FHPHEFR 2 BT % B
CHATH 5.
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Lemma 3.1. P ZFhFHMFR E L, wp Z POLREELT2. 2D EE L,
ER;BPORTHESIE, L & Ry IKKENTV S wp DI LFEIND,
L & R OIS L ».

Lemma 3.2. P ZVHEAMMRE L, wp 2 POLREEETS. £/ L; &
R, ZZ0ZFhwp Di#%H, jBHOXFLEXFRET S, ZDLE,
L ER; B PDOXRT, B2, Ligg £ R b POXT 51X, Pl prime
TR,

Lemma 3.1 & O, “FHEIPHHFRD LR 55D LR 251 & 72 2 FHiEHER O
DK .

Theorem 3.3. P Z VPR E L, wp Z POLRIELET S, DL E,
RIZFAETH 5.

(1) Ir(wp) =1

(2) PIZEAT o FEPAfIFRD &y,

£7, Ir(wp) =1 £7% % prime 75 b DIF—F /LD V-HPHIFRD 2.

ST, PHiPAM#R D LR 35D LR 832 & 70 2 VPR & LT T o
B3 % .

Example 3.4. “FHEEAFRD LR 5525 LARALAR? & 72 2 P EARRAR.

Example 3.4 26, “FHIPAIIARD LR 555 LAROLORY (o 13 B% ) & 7%
2T PHRE AR DSHERL T & 223, FEIERDVPE 2 5. alHIE Lemma 3.2 2 A
W3,
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Theorem 3.5. “VHPHHIERD LR 5D LR #%3 2 & 7% % prime 72 Vi
iR (3K DI PR D 2.

LR#A52 D LR GEIZ, ik LCLRED 1 TH B LREZ G Z &
ICHEET 3 L, LR B3 2 & 72 2354 OB O 0 E s kK T, KD
YRYASR

Theorem 3.6. P Z AR E L, wp Z PO LREEL TS, ZDE X,
RIFAETD 5.

(1) r(wp) =2

(2) P&, FHEPAM#RD LR 3D LR 5 1 O F-IPAMKR & 2 o F-PHi
Mz TRIO X 1A LTSS 45 PPl

SE X

[1] R.Higa, Y.Nakanishi, S.Satoh, T.Yamamoto, Crossing information
and warping polynomials about the trefoil knot, Proceedings of Knots
in Gumma, HNSY, 2012.
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Weierstrass representation for semi-discrete minimal
surfaces

R KPR AR
A HAr

B E
Wayne Rossman K& OIHLFIFIEIZ & o> THR O N, PRSI (Hmo N2
A—=RDH>H—FEHHALUZED) 1289 5 Weierstrass DRI RIZDWTH
NT 3, ZOIRAL LT, 32007 —ADREN % Higd 5,

1 Previous work

Bobenko & Pinkall (& [1] {IZHWTHMESRD T 70— F % W THER isothermic HITH
B L OHEEBMUNHEI O 2 F %2 G- 2. BER/NHHTE (20 U € Weierstrass D RBLA X % 5-
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2 What is semi-discrete surface?

BESE TR AR 5@ 0 PEEEERT & 1ZE D85 A — X D 5 b — 5 Z b U 7= il o
ZeRBLET, FDIZ, 45D FE—ME EIZH B LD RNATEEZED S -HE (B
Bhi) 2HEL. TDO5350—HOAREZES P REDIZAFEL T, (FX)

F

m,n+1

Fm+1 n+1 :

F

m+1.n

Rz, PEEsimm o T, 2 3BT isothermic & FEIXN B RITID 7 Z AZiEH L
TWE T, PR isothermic HIAIDEHZRIZZ ZTIX L FHAD, fEHRIZHL EIF5 L.
EXD &S R A LB A RE R Th b & &, Z Ol TR isothermic TH 5 &
FENTWES, ([3], [4] BH)

3 Weierstrass representation for semi-discrete min-
imal surfaces
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Elel
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19l gl 7
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B e BRI T DTT,

EIE 2 (Weierstrass DRELAN). LEEHISUNHTE X, (FREOFEEFGERBIE g 2 FH\WT
HZ 505 NN it & A0 Tite Al

1-¢* 1—gg1
g _Ag
Or — —LRe | 1052 Az = ZRe | 10400 (2)
2 gl b 2 Ag
29 gtgr
g Ag

Al e TRONG, TIT. 7lol3ER I TEDONL g DEBTH S, HIZ,
EE OB/ NI X, &5 FEEUERIREE g 2 WS Z & TR I N5,
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X 2: 2 FE¥H D PR HUR T

Il P EEER Enneper fiHENSEH 2 128 \W T, LHEOERIBEEL g 2
g(k,t) =c(k+1it) (resp. g(k,t) = c(t +ik))

E¥HIeTlRoNET, TIT, ceR\{0}&LET, K1IFZDLSITLTHELGN
% FEEE Enneper BHE T3,
Bl PEtE R EIEIX T 2 128 W T, PRt OERIBE g %

g(k, t) — cektiBt (resp. g(kz, t) _ Ceat-i—iﬁk)

L¥srlecRonEd, ZIT. ¢, a BeR\{0}&LET, M2ldZDLSI1ZLT
35 0% F R T,

4

PR OMESGEIXATR DB DZIFTHEDH D FH A, SRIFEN LT A 7 7 Ik
DRDOT T0—F & AT RN O IETH D, MBSO T Tu—F %
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W LR R H 0 29, BAITUITBWT, £X 5522 TOWHE S RIEEE,
EESURTER, EMBREROKZITWE U, K 31E, EBICHEB 21T > 2 BEH O
T,
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110



0000000000000000000000 (M,g)0000000000000000000000
0000000000000000000000 0 20000 MOOOODDOOOOOOOOO0O0O0O
000000 (3.1)000000 MOOOO00000000000000MO000000000000
000 R:TM - MDODODOO 2, e M 000000 0, €T, MODODODOOOOO Ry, (ty) 00000

Uit=e, 0000000000000
Try1 = Ry (). (3.4)

oOoooo Rzk(tnk)DDDD r, 0000 n 0000000ROzeMUOIDDOO R, O
R,(0,) = z, (3.5)
DR, (0,) = idp, (3.6)

000 20000000000000,07T,MOODOODODDO0OD0OOO0O0 R=ExpOOOOOOoOOOO
godoobooooobooobodoobooob oo bbb oo uoooboooooo
goboobboobboobooboboobuoobboobobo

000(32)000000000000000 MOOO grad f(zx) € Ty, M, n1 € Ty, , M OO0000D
—gradf(xw—i-ﬁk?’]k,lDDDDDDDDDDDDSmith[6]DDDDDDDDDDDDDDDDDDDDD
goboodoboboobooboooboobooboboobobDbooboobboboboobboobobo
00000000 ADsil [1] O vector transport 00000000000

Definition 3.1. 00O
T:TMSTM —TM : (n3,&) — T, (&) € TM (3.7)

O M OO wector transport 000000000 xeMOODOODODODODODODODDOODODDOOODOO

1. 0000000 ROODODOO
7 (T, (€2)) = R (1) (3-8)

0000000000x (7, (&) 000000 7,.(6,)000000
2.000 &eT,MO000 Ty, (&) =¢ 000000
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2 finite category 0 O O OO QOO

00000000000 000000000O00000OO0 finite category(object,
morphism 00 000)000000000000O0O finite category D000 OO
0000ooooooooooo0oooooooooooooon AdOd face
poset F(A)DOOOOOOOO (poset) UODODOUOOUOF(A)D ATDDOOO
Joodooooooooboooboooooooooooooobog A0
oood

F(A) = {(xO)a (x1)7 (xQ)v (:L'Oa xl)a (»”Co, x2)a ($1,$2), (x07x17$2)}
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OD00O0OO0G.C.Rota0D0OD0O0ODODO xrota 1O0ODOOODO

X(A) = Xrota(F/(A))
0000000000000000000000000000000

face

. . o e oset Ini
finite-categories <—Finite posets <= simplici];llnég?nplexes
X XRota ix
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<y} 000 category 0 000000000000 000000000000
0000000000000 0D00D0000000000000 finite category O
gobobobobooobooobooboobo

2.1 Leinster0 Q0 O0O0O

finite category 00 000000000 Leinster(2008) 00O O0O0ODOO0OOO
goooooooooOoDOOOOOOO0OO0O0O0O0O00000000000000
ooooooooooooooooooOoooOoOoOO0OOOO

1 O finite category O O O object D O OO

Ob(I) = {x1,x9,...,xN}

0O00000O00ONxN-OO A0 (4,5)-000 2; 00 2; 00 morphism 00
gbooooogooboo

Definition 2.1. Let w, ¢ be row vectors of QY. Then, we say w is a weighting
on [ if

w1 1

¢ wo 1
A[ W:AI . =

wN 1

We say c is a coweighting on I if
cAr = (c1,c9,...,en)Ar=(1,...,1).

Definition 2.2. Define the Euler characteristic xr(I) of I by

if I has both a weighting w and a coweighting c.

oo x,0bgoooooo
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1. category O equivalence 0 000000

2. A0 finite acyclic category 00 0 00000000 pAOOOOOOOOO
00000 A0 category 0000000000000 D00O0OO x(A4) =
x(BA)D

001000000000 category O equivalence 0000000000000
0000000000000 D00DO00000000 small category JO small O
object,morphism 0 0000000000000 ODOO0ODOOO BJOOOOO
0000000000 CW-complexdOOODOOOODOO small category Jy, Jo
0 equivalence 00O BJ,, B, 00000000000 OOOODOOODOOOO
000 xrOecategoryOOODOODOOODOOODOOODOOODOODOODOO
gboooogoo

200000000000000000000 acyclic category 000000
oooo

Definition 2.3. A small category A is an acyclic category if all the endomor-
phisms are only identity morphisms and if there exists an arrow f : X — Y
such that X # Y, then there does not exist an arrow g : Y — X.

2.2 The series Euler characteristic

00 O Berger-Leinster(2008) O O O series Euler characteristic xx 0 0 O finite
category 000000000000 D0O0O0OO BLROOUDOODOODOOO
000000000000 0000 x, 00 A, 000000000000 DOO
0o00ooOooooooooooooooo

3 finite category 0 0 OO OO

0000000 finite category DO OO0 O0OO0OOO category 0000000
00000 [Ku96]0OODOOO0OOO0O0OO0OO0O0OO0O [NoglO

Definition 3.1. Let I be a finite category. Then, we define the zeta function

C1(z) of I by
(55 250
m=1

where N, (1) = { (zo hogy P I Tp,) in I}

goooooooooboboobbodddoooooooobooobooooon
000 XO0ooooXooooooo Xooooooobooooooooo
00000000000o00000oo0o0oooooooooooooooonoo
0000000000000 00000 finite category O O O O O finite category
/00000 /0000000000000 0DO0oOOoOooooooooooon
ooooooo

Theorem 3.2. Suppose I is a finite category which has N-objects and it has
series Euler characteristic and

deg(|E — Arz|)=N—r
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and
deg(sum(adj(E — Arz)))=N-1-35
and the polynomial |E — A;z| is factored to the following form
E—Arz| = do+diz4--+dy .2V

= dy_r(z2—=01) (2 —0,)"
where e; > 1 for any i and 0; # 0; if i # j. Suppose the rational function

sum(adj(E — Arz)Ar)

|E — A]Z|

has a partial fraction decomposition to the following form

sum(adj(E — Arz)Ar) o~ Ay
‘E A[Z| dN r ZZ _ek

for some complex numbers Ay ;. Then, we obtain

1. the zeta function of I is

n 1 er—1 Bijj
a H (1 — agz)Pro o Z J(1 —agz)d

k=1 j=1

A
where ay, = -, Bro = k.1 ~ and

1 & i1 1\
o -1 i—1[ = A i
O dn—r ; (] - 1)( ) (9k> fort

forj>1
2. The sum of all of the indexes 1, o is the number of objects of I, that is,

> Bro=N
k=1
8. Fach oy, is an eigen value of Ar. In particular, oy, is an algebraic integer.
4- X
n er—
i Br,j
> 2 (S =D e

k=1 j=0 Ry
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On the Blow-analytic Equivalence of Tribranched
Plane Curves

Cristina Valle

Definition. A function f : R? — R is blow-analytic if there exist a composi-
tion of simple blow-ups 8 = B10---008, : X — R? such that the composition
g o (8 is analytic.

A homeomorphism h : R? — R? is blow-analytic if h and its inverse h~!
both have blow-analytic components.

In this article, we study the classification of germs of plane real curves
up to blow-analytic homeomorphism. In particular, we say that two germs
of curves C,D in R? with an isolated singularity at the origin are blow-
analytically equivalent if there exist a blow-analytic homeomorphism h :
R? — R? that carries C to D.

It follows from the definition that two analytically equivalent curves are
also blow-analytically equivalent. On the other hand, it is easy to find ex-
amples of plane curves which are not even C’-equivalent (for example a line
and a cusp), but belong to the same blow-analytic class, as we will see.

In this sense, the classification of singular curves up to blow-analytic iso-
morphism offers a more refined approach than the topological one and more
flexible than the analytic one.

Let (C,0) be the germ of a singular curve and let 8 : X — R? be a
simple good resolution of C' at the origin, i.e. a resolution such that ( is
a composition of simple blow-ups f; centered over the origin (simple) and
B~H(C) is a union of smooth curves where any two components intersect
transversally (good).

We construct the weighted dual graph I' associated to X in the following
way: draw a vertex for any exceptional curve, two vertices are joined by an
edge if and only if the corresponding exceptional curves intersect.
Associate weights to the vertices according to the topological type of the
tubular neighbourhood of the exceptional curves. Namely, assign weight 0
if the neighbourhood is homeomorphic to an annulus and weight 1 if it is
homeomorphic to a Moebius strip. This is nothing but the usual (complex)
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self-intersection number of each exceptional curve modulo 2.

Since we are considering a good resolution of (C,0), the dual graph T is
a tree, so we have a simple graphic representation of the singularity. As for
the weights, we draw odd curves as white vertices and even curves as black
vertices.

Let A = (a;;) be the intersection matrix associated to I', i.e. the matrix
where

e a;; is weight of the i-th vertex,
e a;; = 1 if the curves E; and E; intersect and a;; = 0 otherwise.
Let p denote the corank of A.

Lemma. A weighted tree I' is the dual graph of a resolution of some plane
curve (C,0) if and only if u = 0.

Define I'* to be the extension of I" obtained by adding a vertex for each
irreducible component of C' and edges where the irreducible component in-
tersects an exceptional curve. The extended graph I'* is also a tree. Graph-
ically, we represent the irreducible components with a cross (x).

Finally, consider the minimal connected subtree in I'* containing all of
the irreducible components and call TV the (possibly disconnected) graph
obtained by removing such subtree. As it turns out, this graph and, in par-
ticular, its corank play an important role in the blow-analytic classification
of curves.

Lemma. Let i be the corank of I'. Then ' is a blow-analytic invariant.

We approach the problem of the classification of curves by providing a
classification of all the possible dual graphs of resolutions.
Namely, given a graph ', we perform blow-ups and blow-downs to simplify
I' and reduce it to a standard form, without changing the blow-analytic
equivalence class of the corresponding curve C.

Here is a list of basic procedures which reduce the size or the complexity
of a graph I' and which do not affect the blow-analytic type of the cor-
responding curve. (Notation: in what follows, we denote Pj the paths of
length &, for k = 1,2,3, whose vertices are all odd.)

1. It is always possible to make all vertices in I' odd by performing a

finite number of simple blow-ups and blow-downs, so we can assume
that all vertices of the initial graph I' are white.
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2. Cancel all occurrences of P without changing the parity of adjacent
vertices.

3. Cancel pairs of P; attached to the same vertex.
4. Cancel pairs of one P; and one P, attached to the same vertex.

5. Perform simple blow-downs wherever possible (i.e. on all remaining
odd vertices with valency 1 or 2), starting from the extremal vertices
of the tree.

By applying the above steps to any resolution graph I', we prove the
following general theorem.

Theorem 1. The number of blow-analytic equivalence classes of plane n-
branched curves with a fived u' is finite, for any n,u’ in N.

It can be interesting, especially for low values of n and p/, to explicitly
compute the number equivalence classes. In addition, by blowing down all
vertices in the dual graphs, we can find an explicit curve representative of
each blow-analytic class.

In the unibranched and bibranched cases the classification is known com-
pletely.

Theorem 2. [Kobayashi-Kuo] All unibranched curves are blow-analytically
equivalent to a line.

Theorem 3. [Kobayashi] Bibranched curves in R% are blow-analytically
equivalent in the level of the graph if and only if the have the same 1.

In the tribranched case so far there is only a partial classification for
/
w=0,1,2.

Theorem 4. [Kobayashi] A germ of a tribranched curve in R? with y' = 0
is blow-analytically equivalent to one of the following

X

(a) {zy(z +y) = 0},0) (b) ({zy(z —y?) = 0},0)

Theorem 5. A germ of a tribranched curve with p' = 1 is blow-analytically
equivalent to one of the following four classes:
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(a) ({yly — 2*)(y +2?) = 0},0) (b) ({z(y — z)(y* — %) = 0},0)

X
(¢) {yly —2?)(=* +y°) = 0},0) (d) ({y(y — 2*)(y* — 2°) = 0},0)

Theorem 6. In the level of the graph, there are 11 equivalence classes for
tribranched curves with p' = 2.

Note that the number of equivalence classes increases rapidly with the
value of ;/. However, due to the very peculiar properties of the resolution
graphs, this number is always finite, as stated in Theorem 1.
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OO0 KOobooobooobobooboobooobooo

ooobobobobobobobuobuobob b2g

1. 00

00000 MODOOUOOOO0OOD0O0O0O0O000000000 Homeo(M)OODO
oboooooobob boooobobooooooboboooooboboo
ooo c*0ooboo0ooob ooooooogoooooboooooooboobooo
gbboooboobooOoboo booboooboooboooooOooooooooooan
goboooboooboboooobooooboboooboooooooobooooobooon
000000000000000000000 m«(Homeo(M))DOOOOOOODO
oobobogoooooooooobooooboboooooooobooooboooboo
oboooooboobooooboobo1oobooboooooon

Theorem 1 (Weiss-Williams [19], Igusa [11]).
Let M be a closed smooth manifold such that dim(M) = m > 5. Then, if
q< min{mT_‘l, mTJ}, then there is an exact sequence as follow.

oo = Hypa(Co, 759 Wh™P(M)) — 7, (Homeo(M)) — my(Homeo(M)) — - --

000 OHomeo(M) D MO block 0000000000000 000OWh™ (M)
0MOOOOOOODODO Whitehead 000000 (see [17))0 =2 Wh™P(M) O O
0 2-connected cover 0 000 Cy = Z/27 00 00 H,(Cy, 5o Wh™P(M)) D000
000000000 He(Cy, 7. Wh™P(M)) 0000000000000

000 MOOdim(M)>5000000000000000000000000O
ooboooobooboo MOOODOOOOOoOooOoOOoooOooMOODOOoDOOO
0000 homotopic00IO0DIOOIOOIOOOOODOOOOOOOOOO HoAut(M)
00000 O Farrell-Jones O topological rigidity theorem[4] 0000000000

000 my(Homeo(M)) 0 Wh™(M)0 00O

mg(Homeo(M)) = my(HoAut(M)),
Why** (M) = m(Wh™(M)) = @ py Why*(S")
ggooobbobooooon
C(M):={MO0OD0O00DO00DOOO00DO00DO }

0000OWh P(M)00OM O Whitehead D00 0000000000000 0WhTIP(M)
0 7. (Homeo(M))0OOODOOODOOODOODOOOOMOOOOOOOOOOO
0000010000 S§'0 Whitetheaed 00OODO0O0000000000D00O0
OD0020000000000000000000
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2. TR OO HesserLHorLT OO0

00O0Wh!™P(SY) O §'0 Whitehead 00 20000000000000000
00000000 Wh°P(shoooO

¢=0,1 Anderson-Hsiang [1],
qg=2  Igusa [10],
q=3 Hesselholt [7].

00000000 Hesselholt D00 [7] 0000000000000 OOO section
ooboooooboooboobon

X, 0X0OOoooooooooooro0OoboooooboooboboooDo
00000000000 A (see [9]) O Laurent polynomial extension A[z*!] 000
A0T,000000000000000, e Alz*]:=AAT,.

000000 X0O00O0U00000 KOO K(X) (see [3))D000D0OOSO
0000000000000 0Waldhausen 00000000000 ODOOODOOO
00ooDOo [18)0

SLAK(S) — K(S[z*]) — WhT?(s1) & 551 A K(S)
Y(-)OoooOoooUoooooooooooooooooo

O000TROOODOODOODOOOOOOD (D00 ®oOoo)oooooooo
00 AU0O0O0OO0000000000 HochschildOOOOOO THHA)OOOOO
0o0C.000 »r0000000O00O0OUOTHHA) OUDOOOOOUODODOOO r>1
000 c-0000000000000000ooooog poooOn0 ADDDO n
OTROOODOODOO

TR"™(A;p) := THH(A)
000000000000000 AUDO0OO0O n0O TROOOOO TRY(A;p) 000
00, ieTRY(A;p) :=m(TR"(A;p)). 000 nOO0D00Frobenius 0000000
0000000100000 F,R: TR™(A;p) — TR" Y(A4;p) 00000000 R
ggd

TR(A;p) := lingR”(A;p)

DDDDDDDDDDDTR(A;p)[IDD FOOOOOODODOoOOOoOoooooooo
AJDOUO0DO0OUOoooooo TC(A;p)DDDDDDDD
TC(A; p) — TR(A;p) =% TR(A;p) — STC(A;p)

O000000D000TC(A4;p) 00 Bokstedt-Hsiang-Madsen D00 21000000
000 cyclotomic trace map

tr: 1 (K (A)) — 7. (TC(A;p))

0000 K(A)O0OODOOOOODD0000000 K(S)0 K(Slzf])ooooo
OO0O0O0TR™S;p) 00000000000000000000 SO00p0000
TROOOOOOOO0OO0OO0O0OO0OO000001000000000000000

Ho (Cppr, THH(S)) — TR™(S; p) = TR"(S; p)
DDDDDDDDDDDDDDDDDH.(Cpn_17THH(S))DDDDDDDDDDDD

0O00O0OTR™(S;p) &% TR"(S;p) 000000 TROOOOODOOOOOOO
00000 m(—) 000000000 section 0 00 O Segal-tom Dieck splitting[T]
oo g0 oooooo

0 — Hy(Cpn, THH(S)) — TR (S5 p) & TR™(S;p) — 0
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0 00 0H,(Cpn, THH(S)) = myH.(Cpn, THH(S)) 00 000000 TRY(S;p) O
H,(C,», THH(S)) 00000000000 TRY(S;») 0000000000

#0000 k000000000000 pOO00000000O0OOOOOO
THH(S)~SO00000000000000TRY(S;p) =THH(S) 750000
000000+ 000000000000000000000000TodaO00
[16) 00000000000000000000000000000000 1000
O0Ravenel 0 [15/0 00000020120 120000000075 00[12]0000
Kochman OO0 k<6400000000000000TRYS;p) 00000000
000000000000000000000

H,(Cpn, THH(S)) 0 0 000 OHe(Cpe, THH(S)) O skeleton 000000000
00000000000000000000

E?, = H,(Cyp TRL(S)) = Hops(Cpr, THH(S))

000 Hochschild DO DODOOO C,-0000Békstedt 00000000 St-000
000000 ¢, 000000000000000000000000S*0 path
connected D 000000000 C-000000000DO0O000O0DOODOODOODO
oboooooboooog E,00

s
m 5 =0,
By = B2,(Cpr TR (8)) = Ho(Cpr, TR, (S)) = { w7 /p"7; s is odd >0,
7 [p")] sis even >0

0000000048 p" 0 78 0 p-torsion 000 = Ker(n¥ 2o 78) 0000

3. COMPUTATION

O00p=20000000000000000000000 420 [6)0d*0 [14]
000000000 Hesselholt 0 Mosher 00000000000 0E? =FE*00
00 E°0000000000000000CGreenleesMay 000 [5)/0000000
Hg(Con-1, THH(S)) 2 75 (BCon—1)4 = 75 @ 75 (BCy.-1) 00000000000
000BCy.-10 Conn 000000000 (BCy.-)000 ¢000000000
00000000000 »=20000BC, 0000000000 RP*000O0O
H,(Cy, THH(S)) = 77 @ «3(RP*) 00 0 O« (RP*) O Liulevicius 000 ¢ < 9
000000000 [130000000000000000R=200000000
ooooo

s+t < 9= E2 (Can, TR{(S)) = B
O0000000000000000000»=200004d 000000000
O00000000000000 »000000000000000000000
00000000000000000

Theorem 2. The spectral sequence EF ; = Hy(Cpn, TR (S)) = Hyy¢(Cpn, THH(S))
satisfies the followings.
(1) If n =2 and s +t <9, then this collapses at E>-terms.
(2) If n =3,4 and s +t <9, then this collapses at E®-terms.
(3) Ifn > 5 and s+t < 9, then we can determine E8-terms, and all differentials
between E® and E> are trivial except d® : E§ y — E¥ .

00000 (1)0(2)0000 E*00 (3)0000 E4000000000000
000000000 DHesselholt 0000000000 ¢<50000 TR(S;2)0
00000000000000000

123



Theorem 3. Let V : TR"il(S' 2) — TRI(S; 2) be the Verschiebung map. Then
TR (S:2) = P z/22-V*(*) e P Z/2Z - vés,

0<s<n 1<s<n

where v is Toda’s element in 75 given in [16] and &3 ¢ is Hesselholt’s element in
Hs(Cos, THH(S)) defined by [7].

gooobooobooboobooboboboooboo

Theorem 4.
(1) For anyn > 1, |TRZ(S;2)| = 278 — 496.
(2) If 1 <n <4, then |TR(S;2)| = 2n+4 — 28.
(3) If 1 <n <4, then |TRg(S;2)| = 128 x £—=1 + 8.

googbooobooboobooboobuodn0b00bOo0oboobooon
goboboooboooboogn
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KAHLER-RICCI FLOW OO 0OO0O0O000O000000

oo oo goooooooooooooooo

ABSTRACT. Kahler-Ricci soliton 0 0 Kahler-Ricci low 00000000000
0000 0OKahler-Einstein 00 000 00O 0O 0O 0O Ké&hler-Ricci soliton 0 4 00 0
0000000000000 0ooo0oO0O00O Complex Monge-Ampere 0 0 0O
00000 200000000000000000000000 [Yaur8|DODOO
000000000 Kahler-Ricci soliton 0000000000000 OOOOO
000000000000000000 ([Zhuo0], [TZ00], [TZ02], etc.) 0000
J00000000000000000000 esecKOODODODODODODOODOO
oo0oooooO0o0o0oooO0oooooO0ooU0ooOOoOoOooooOoOoo

1. INTRODUCTION

MOn00O FanoOOOOp(M)D MOOOODOOOODO0O0D000 LieDOO
000000Auw(M)0 MOOOODOOODO00Aw®(M)000000000000
000000 [FM95]00000Aw*(M)00000000

(L.1) Aut®(M) = Aut,. (M) < Aut, (M)

0000000 Aut,.(M)O Aut,(M)ODOO0O00O00O reductive partd unipotent
part 0O O00Aut,.(M)D0 Aut®(M) 00000000000 0OO0 KOOODOOOOO
000(1.1) 0000 Le00O0O0OO0O0OOOO

(1'2) U(M) = UT(M) + nu(M)
oooo
0000000 Kahler-Ricci soliton OO0 000000

Definition 1.1. M 00 Kahler 00 ggs 0 X € n(M) 00 (g9rs,X) O Kéhler-
Ricci soliton 000000000

(1'3) Ric(wgks)_ngs :LXngs
000000000 ddiddlwy,, 000 gxs 00000 Kahler DO DO OO0

Remark 1.2. X =0000 (1.3) O Kéhler-Einstein 00 (DODOKEOODOODO)
00 000 OKéhler-Ricci soliton (00 OKSOODO) O KEOOOOOOOOOOO

000 KSOOODODO motivation DO OO0 02000000000000100
UOKSOOOUOOODOOOO0UOOOOwy € o(M)0 Kahlee 0000000000
Ric(wg) 0w, 000 ¢;(M)0D00O00000D00OOO0 real-valued smooth function
hg O
VT,

——00h
2m g
D000000000000000100000000 ¢;(M)>000 HY(M,C) =0
ODoDO0OO0OO0O000 VvV en(M)0DDDOOOOO complex-valued smooth function

(1.4) Ric(wg) —wg =
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9{/ = ev(g) 0

(1.5) 27 N
fMeevwg:wag

gooo0ooooo l1oooo0ooooooobooooo XEU(M)DDDD??(M)
0000 Fx O

{ ivwg = EéGV

(1.6) EﬂVﬁ:Aﬂd%—ﬂxk”wQ,Venwﬁ

O00o000oo0oOd(.6)0KS(1.3)Uoooooooooooooo

Lemma 1.3 ([TZ02]). (1) Fx 000000000000000w, € ¢(M)00D0
0000000
(2) MOODO XOOOOKS (1.3)00000Fx=00000

Remark 1.4. X =00000Fx 000000 [Fut83]O000

000Fx'0Dn(M)0000000000000 Frechet0OOOOO00000O
goooboobooooooobooobooobooogoo

Lemma 1.5 ([TZ02]). X € n,.(M)0Im(X) € (M) O
Fx(V)=0, Ve (M)

00000000 1000000000 x(M)0D0OD0O00D00000 KOOOO
O LeOd0OO0OOO

Lemma 1.3 0 Lemma 1.5 000X € 7,(M)000000O0KS (1.3)0000
oo0obooo0o0o Xoooooob1oooooobooooooboooooo MOO
non-trivial 0 X 0000 KS (1.3)0J000000MO KEOODODOOODOOOO
Oo000KSOOOOOOOoOOoO KeEOooooooooooooooooooooooo
non-trivial 0 X 0000 KSOOOOOOOOOO [Koi90]OOOOOOOOOOO
O00000000Lemma 1.50 condition 0000000 X €n.(M)0D0D00OFx
Op(M)UDO0O0O0OU0O0OODOOO0OODOODOOD@.6)0 triviallDOOOOOO
goobboooon

000 Lemma 1.5000000000 Xen(M)OOODODODDODODODOOOOKS
goobobboooon

Theorem 1.6 ([TZ02]). (3, X) 000 (¢,X)0 MOO KSODDOOOOOD
0oecAut®(M)0O00000

wy=0"wy 00 X = (o7 1), X'
goon

2000 motivation O OKS (1.3) O OKéhler-Ricci flow 000 00 M 00 Kéhler
0000 00000000000

(1.7) { % = —Ric(g:) + gt
Wgo € Cl(M)

0000000 10000000000000 Kahler-Ricei low0 0000000
0 [Cao85| 0 0000000000000 Tian 0O ZOOOOODO0OODOOOO
ooo

l00oo Fx 0000000 [TZ02)0
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Theorem 1.7 ([TZ07]). M O KS (gxs,X) 00000 FanoOOOODODOOODOO
0000000 wyg, O Kx-00OOOOO OO0 Kahler-Ricei flow 00 ggg O
Cheeger-Gromov 0 OO U00DUD0O0O0DKx O Im(X)OOOOO 1-00000000
ooooo

2. RESEARCH ABSTRACTS

§100000000000000000 FanoOOOOOOODOOOODOOOO
00000000000000000000000(M,x)0 HY(M,C)=0000
000000 n00000000000000 ke HYY(M,R)0 Kihler DO D OO
oo0ooooooo0oooooOoce1000oooooooooooo0ooooonoon
0000000 (1.700000 wy, € k0 cohomology 00D 00O O0OOOOO
ooooon

9t = —Ric(w) + Ric(Qwy))
(2.1) Ric(Q(w;)) Awl ™ = Ag wp
wo = Wgq €ER

00o0o00oo0ooooooooooUooood Qw)0 MOOOODOooOooO
000000 20000000000000000000000DOOGOD (1,1)0000

n—1

Ric(Q(w;)) = —%200log Uwy) 0 0, 000000000000 0A = 200"
0MOx<O0000000000000000000O0O00 A #00000000
00 (2.1) 0 “Hamiltonian Kéhler-Ricci flow” 000000

00 (21)00000000000000B100000000000KSO (1.7)
00000000000000000KSOODOOO0O0O0O0000

(2'2) Ric(ngKS)_RiC(Q(ngKS)):LXngKS
DD(z.l)DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD

000000 (2.2) 000 “Hamiltonian Kahler-Ricci soliton” (0 0 0OHKS O
00)0oooooo

Remark 2.1. X =0000000 gygs 0000 (22) 0000 trace 00000
R(guks) =nho 00000000 R(guks) 000 guxs 00000000000
O00000000HKSO escKOOOOOOODODOOO

0000ooooKSOOoOoOoooOoooooooo HKSODODOOOoOoooooo
obodoooobooboobdooaooogn

3. MAIN RESULTS

(M,s) 0 HY(M,C) = 00000 n00000000000000w, € kO
Kéahlee 00OV en(M)ODODOOO h, 000 6, 00000

(3.1) Ric(w,) — Ric(Qw,)) = LQ:aéhg ,
(3.2) { vy = 08y
Ja €V wy = [y wy

00000000000000000000x(M)0000 FO
(3.3) F;(V):/ V(hg — 0x)e®*wl , V €n(M)
M

000000 (3.3)000000 (1600000000000 0D0O0OOO0ooOooo
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Theorem 3.1. (1) Ff 000000000000000w,€c(M)000000
0ooo
(2) MODODO XOOOO HKS (22)00000F; =00000

O0D00F¢ 0 HKS (22)00000000000000000
Lemma 3.2. X € 7, (M)0Im(X) € k(M) O
Fx(V) =0, "V en(M)
gooobobooi1booobgon

Lemma 3.200HKSOOOOO KSOOOOODOOOOOOOOOODOOOOO
O000000O0o0o0O00O0o0oo0bOoooOobOooOoobOOoooooOooooo

0000000 Hamiltonian Kahler-Ricei flow 0 behavior OO0 000000 O
ooo

Theorem 3.3. 0000000 wy, € x 0000 Hamiltonian Kéhler-Ricci flow
(2.)0o0o0ooOooooon
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o — 7 — sl EDOZEH O MR )R T S Homogeneous
Complex Monge-Ampere HFERDMRIZ DWW T

TS K
ALK RZZGEH A 7 R S

1 Introduction

Kahler 8z 51} 2 EE AR & U T Kihler-Einstein &, &0 —~fIZA D 7 - &
Kéhler H&E23% %, Kéhler D22 M OHPMKR & 13 A A T — 3 —iE Kahler G 74 & ORIk
FREOGFEEY —BME2HRS ETHEHELLFZOSNTVWEIEDTH S, EFE. Chen-Tian i [1]
THIHKR 2 > T AN T — il —%E Kéhler FHEO—EMZIEHL TW5,

Kihler G822 M O JHARITERIZ X > T 3] TEHSI N2, ARTIHAMBOEHEE VW E R
DEZTWAA, JilikiE Kahler FHE&OZEM &\ 5 MERKOTZEH] F O Riemann FHE%2EHL TH
0. SRS JHER I Z O Riemann IS UM TH L I 2 T 2 THEEL THL, i
USIHIZIE 3] 22U THE 2\,

Z Ol 1% Homogeneous Complex Monge-Ampere A2 & FEIEI 2 R 5 FE N O fR Iz
JIGLTHED, ZOFHERNOMEPFET 2720 DBE+ 35N %2 522 DB AREHOEEHTH 5,

2 Preliminaries
M %Z2mRueavNg VEZELRHEKE TS, TUTwZ M EO Kahler BT 5, 22 Tw
A Kihler BRTH2 L 1%, w BEE 2 HRTH Y. R (21, ,2™) £Mio>T

w=1+v-1 Z Gap A2 N dz".

a’/B:]'

LRET, 2D (g,5) PIEENE Hermite {151 TH 2 L E2F 5.

WE 1 (00-Lemma) M %3232 k Kihler 28k, o % M LO%2%E (p, p) KR T 5,
IOrEHBE(p—1,p—1)BRABIHFHELT

a=+/—1008.

* E-mail address: sbOm25@math.tohoku.ac.jp
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LRES,

AR, Kahler X w 2 —2[BEELTHEL, i1 &Y w2 EDHS De Rham IHREDT Y —5
o] BT AR Kihler R o XL, 3 M _LOW S LB o AEELT

W' =w+V~-190¢
rEF 5,

ER 2 WO REEE o1, 02 M w+ V—100p, = w +/—100p, 21355, HEER
FAELT o =1 +c &b,

BEEL o (20 LINBEER T %

I(p) = — > ! /Msow’”p(ﬁa&p)”

volM = (p+ D)!(m — p)!

TE#ET D, ZITvolM = [, w™/m! THB, EMcIZHU I(p+c)=1(p) +c tisd,
Kahler gH&DZER Hy %

Ho = {p € (M) |1(p) = 0, wp = w +V/~10Jp I% Kéihler JER }
TED D,

EFE 3 (Kihler HEDZEBEDBIMAR) ¢ () = o(t, ) € C°([0, 1] x M) #¥ ¢, € Ho ZliT= &

o —logil;, =0 (1)

EWizT e EES S, ZIT R ICHET AN ERT, £ w,, =1 Z 9o 0 dz® NdZP,
_ a, f=1

(925) % (94, op) DHEATHIE S 2 & 0@ |2, 1E

- 5 0} 0p)

e _ ap 0Pt 01

Oeile = N

ThzxoNhd,

3 Monge-Ampere equation

HRARD FHFER (1) X ZDFE EZE I< DA SR VDT, Monge-Ampere HFER & MEIEN 5 fi
BRIZEEZH#RAS, X={r€C|0<Ret < 1} 28 REHK L T 5, ¢ & Hy LOHWKRE TS,
o XL S x M EOB & %

®(7, ) = PRer(7) (r,2) € x M
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TEHT D, TDLZRDVEYLD,
fhE 4 .

por BHIRTH B — (p'w +V=100%)" =0 on T x M,
ZIZTp: X xM— MIZHRGZHETH S,

firid 4 OAEIZEN B FiFE XD Homogeneous Complex Monge-Ampere S22 (HCMA fif2
R) LIFENDEDTH S, HCMA FHRER L ITHHIZE 5 L #HFE Hesse [TH D75 XA 0 &0
SHBREATH B, (ZDFEHTHE S HCMA FHFERILKFIZ Hesse 175 DBARED 1 OHAHITY
725,)

AFHE TIE RO FERZTK S,
BES WOLREKF, RxM —-R (k=0,1) T, £ED s e RIZXU Fi(s, 1) € Ho %1
23T ED0NE526NETE5, ZOLEBOIREBP: S xM >RT

(p*w + ﬁ@@ﬁ)mﬂ: 0 onX x M
d(vV—1s, ) = Fy(s, *)
O(1++—1s, ) = Fi(s, -)
O(r,-)eHg VT eEX

iz DERDIT &,

BT o DY 0 20D o) NOBMERTHNIE, KIFED ¢, BSEES D x M OB & 13
4 X V)iﬁﬁ%ﬁ: Fo, F1 » FO = ¥o, F1 = 1 O)i%/ﬁl\o)ﬁﬁ/c}) 5,

FE 6 Donaldson 1 [2] TYX x M TidZ< D x M EOFERD HERZDOWTH@L TW5,
ZZTDEBAMHED ={weC||w <1} 2K{, BTABRRS EEHIZL [2] D Donaldson D
RobH 2O FA 5,

4 Complexification of (M, w)

TR A BN B 72012 Kéhler ZERK (M, w) DEFZIZDOWTREFUZFHIAL TH L,
7TV — M % M EOFERRERE TS, Kihler BR w 25U TLO*M B ERE T
CIEEALZREATER] 2- B O = O +/—10, TRE-TH DIFEET 5,

o i BETEIM LT & io(M) C THOM 1L M5 2Bk
o 0 Ho MOEE DY s, =D : M — THOM IZHE L.

55(01) =0, 55(02) =w+V—100¢

ZIZTL=io(M)BRELIE TLNJTL =0 %273 2 \\WS5EEKTH 5,
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W, & TVOM 1z #ME J 2 ANERESRIkE T 5, W, ©) iX Kihler £k (M, w) ®
EHRILEITIEN S, @R T % 2R 0 OFE L WHRIZ DWW TSI X 1E Semmes DS [4] 72
YhH 5,

5 Main theorem

FEHIZHTL 2 Y LOBBH 2 3EETS, M Do TRIANTAXINZES 1
RO gr : X = W 128U, v : M =W, & v, (x) = g.(7) TEHRT S, ¥ LOBKH %

1) = [ pi@nfe

TEHT S, TIT/ A || E Kihler BRw PS5 EEE /N LTHS,
URPAHEHTOEEHTH B,

EE7 H(MR)=01T2, ME OO IVHFHETEIILE, M Dz TRIARNTAAX
NIEHIEBDR g, : X = W, TUTORMEZTTHDPFET S5 Z LIZFRETH 5,

L r(ga(0) =«
2. HreMITXU
{AFO(&.) T =+/—1s
9.(7) €
Ap (s, T=14++—1s
LB TeXITNU. BB (g (T)) & M S M BEANOWSFRME 4

4. HEIEHC>0KOVOR>0MDH->T

e Im7>RYEEBRBEEDTEXITHNL ™™ H(T) < C

e Im7< —REBBEED T IZHLe ™ H(r) < C

ZZT AFk(s7-)7 (k =0,1) % SFy(s, ") M =W, DBETH 5,
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L B3 IUT AR O G LD IA A ] el
R (K - i)

B =

V= VI & B RS 2O T8 b 3 YOT SR (ARITIE L E T
S LIS FOBEGRE DI T 5. $ I IERIZS B8 (CR BK) %853
DRGUTT 21, T OIAEORFE, SERREOEMEE & | B ORI 7T0
153 B I X ICHURICHAE LR 5. $141E, KR+ ¥ R=— [7] DS TS B
F 2, INEOMBDAREID T F 11— 5 %5 5 T LT, & OFORSEH
S Te. TS, BN IS R T I &0 S S R T T H— J B
VLIRS 5% BHBIOMKCH B . (COHER (1] O7F 52 ATH.)

1. ) —< VELOREGHER
COMWETIE, LU EHE FORBERUET. 20ERL LT, MY —<VEEO
BEGHZ BRI B TIRDED L & 5. (of. [4], [2), [3])

1.1. AV - VE

)= VE R, I oTESEERES A LT, Y- VEE, 3 87 hr)—
SUMEZRE LR Y. Y — < Vi, mE A ATRe A & [T, 20 R Y —
SR g TXAIENEKT .

FEEL0 DR —< Vil U —~ VBRIl (EEHFEER) C = CU {co} TT.

RO OV —~ Vi, 1 0tEE M —F X (KR T, 72821, T = C/z ~
z4+m+ni (m,n € Z) TY. ROV, IEHEOMNAER—-HLTHESNS
r—F X TT.

2 ML EOBY —< VE, BAIFRD = {z € C | |z| < 1} Z—RO0EZEHRIC X
BHEEEHER T T, BAHEEN 49 AT 755 K582 (D/T) 2 & Tadih TEXT

1.2, IEBEEN & BRI R

U —< Vi FOIERIEE & 1, HEBUEBECT, R TRz & EICHERM 7R
Beod. FHIEELE, LIELVIEHWEEEENET. /3532037 o ilREZ Rk
i, 202K TEZRI NI EEIE TS EAFELXT. (KA y h=—
DHDIAAEHZ BN LTLZEW.) LM LENS, RAKEDFMEN S, Y —<
YRR TERSNIIERIRBITERICRENT LR S T £T. (LEeh->
T, FRCCNICIEANC DAL T L IE TERHA)

ZT T, Wzdr LTl zZim £ 9. (ERIEOMN R RAp MBTH 2 L3, B
BED R p OBRIGEE TEREE N, p THIBRDOA =X —THBML TNB T &2
F9. Wz U iERI S BRI B & T U £ T

FF Rz ORI IR L, FORFEMEDFFE NS HIFICINE % A R B EUIIE 2
TWTHA9 &b\?&{ﬁﬂ’éﬂhiﬁ“ OO THEMGHER TN, 2DOEKSIC, BED
M7, FER MO ERZEMOMEIC K > TS T L&, BEGHIC 381 % AN 2R
BT,

*e-mail: m08002z@math.nagoya-u.ac. jp
web: http://www.math.nagoya-u.ac.jp/ m08002z/
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1.3. SRIEDHAHDREE

BY —= Vi EOBEFREOZIEEC DN TR, U —< 2« By ROEH LWV S &R
MRS RBHISNTOE T, ARITIE, X 0BRSS AROMBEICEHD UE
L&o.

GBI HDAR ORI L&, Y —< Vil Y BT [ EOREOMEFFE, Z i
ORI FFOEERIEL fo, - -+, fv Z VT, RS2 CPY NOH DAL GG
Y3z (folz) 1o fa(2)) € CPY DBMENZEAS M ? ] LWHETY. (CPY
E N+ LEADHEFEB DML DZERTY. L TWEHANH->TH, HIDFEICKD,
well-defined ICA/MWEX D £9. CVNICIRECPY ' ZffnLizd D& 02 % T)

Fel 213, F0DATE L, Co 2 (1:2) € CP DA (AR 252 %9 2
(& oo I 1ADDM DEHIREET Y. MBI OLETEE, T2 (1:p(2): ¢/(2)) €
CP* WHDARZ 5 ZET. TTTeR) & T EDOTAVYI 2 bTTAD o ETT.
o(2)1F 20D 1D, of (2) & 3MLOME 1 DR OHHRIEE T . —fic, fili g D5
BICIE, BEREARTEAZ (29 + 1) HOMZ L, Z OREMN 2 R DB BRI 0z 1
HFEDE T, G HOIARDMENSE Z EDHIENTNET.

2. BRZHR & ST GH
2.1. aAVINY FMEERZKIK
) —< VH OGS, SHEHEOAROMEX, g L WO ) —< ViEiZE o Ra Yk
WO 28I K D, EBNEENGZO6NE Lz, TDE->ED LIRERO—
fbZzzskd s T LIXHRTTN, @lodlk, $7&bb, a2 37 MEEZRRIRICEL T,
ROEEN IR EHEIH SN TN T
B ((NFOEBDAHER). X 23230 MERZEA LT 2. X FOIEMEZRD
FHIEMR L Z2EZ 5. TOLE, HBn > 1HMFEL, Lo OIERIYIEO#E I K D
X IFEZER I DIAD B

AR TAREZDHZER S > TOE T, ARRIEEIT FRER R OYIWI IS LT
9. HHABBAOMmOFF LA, EEROIROEMEEICIDERINTOET. (Hh
REFERISOBRICOWTE, Fvy—HOMER, 728 2, HU A « RUROEH, R
THL Ry TOERZBVEC LTLESW.,) BRRLOT VIV LS 2L % T
X, LOHES & U TRl E Nz, EEEZ G T & EITEE T,

2.2. LEFEEDOHZE

ARTIE, BV —~ VIO HDAB DD, 555 N0~ LT, LE
PHEOSHDIAB ORI 2 LR T M2 iad 200, L8 L P2 b
SISO, T OHME TRICHMTUET.

KETLEFHHEOZA L UTOERZ G X T IH, 7ok, HESHIKNT [l
B ety &0 S O AR R ST i 7o 3SR T (L ERHHIGE W) & LT
FEINIBEZTY . ZLABEGH T, EERZHAN O EOIERBEDFENEZ,
T OFRDRFDART > v )V, il T Il i O Mo AR I X > T
5 T ENEANGRETY. LETHEmE, TS OREOHT, U UIRRE A
ELTHNET.

FRZKHIE LTHENS 0D, BEFNEHIDHISN TS DRT, KT 2 B
TRHY T A. KIS, 205 ROAKMAFTEIE, THERGE T CP? WIS, B 507
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LESEHEBHENEE LRV THA D] LWVIEDTY. XD —A T, [H
Y2 CPY (N > 3) NIcid e 5 L ESEHIBINI D EE Lsw ) T EHH
BNTWVAC & HHEBREN—NTY. TOREIEIC, L HHE FOREGRZ%id %
TETHT EWVS DN, —DDT Ta—FIxDTT.

3. LEFEm ED CR &#: Toy Examples
COMEDFETH 2 L EEHEICHE 2 L, LEHHERRTERSI N CR K
VORS8N, BEAABITHERLET.
3.1. &
LESEHE®m (a2787 FLEFEH3 T CR 2 M 21X, VU —~ VEIC K 2 IFRF IS
MEIE (foliation) WED BNz N7 F 3Ttk M 215 L £ 9. IEMERERITHIEZ
LEIH, V=<Vl S, DHGRIIDT By By > MISKBERDEI M =[], 1a(Xa)
TH-T, HAMOEHEMTEOL LUCEBENET. &5, B (leal) LIFUET.
Vo ld—fRICIE a7 FEIFBRS RN EICHER LT ZET V. &Rkl E
AL, PHY —< VY EHEAIHE ST OERYE x ST =| |, o X x {t} TY.
HARLVEFEHE EO CR BBZimCEd. 975bb, M _FOEZEBIERE f Th-o
T, BallHl, foir, MIEAIE 22 EDTT . fDIELREW T MIAND regularity 13 5
MCHDIELERA. LEFHEHE ETE flcimZziFL [CR AERIKE) ZERLE
T, INEOEDIAREE DL L [FRRIC, M ED CR EfERD CR YW & UTER
fELET. CR BEEREIE, M FOBER 1 DERDENECRT FVIRT, ZHEERD
28575 CREBUSERS EDTY.

3.2. Toy Example 1

& D Kronecker B M, 5:=Cx S'/ ~ ZZEAXL & D. o, € R/Z HVIST X —
2, [AfEREIfRE (2, ) ~ (2 + 1, Cexp 2mia) ~ (z + i, exp 2mif3) THEMENET. I
3, BEREREC X ST = ,ca Cx {t} PEFEENTVEXT.

E o LB HMTIGAIE, Mog =T x S'TY. ZTCOEN, 1R =T AT LA
RN £9. PV —< Vi ORIV ERICIROENS T 2 E A 5 &, My, -
D CREEUT ST FOWEICIAET AT EMNTMNDET. DX, HAlCPHY —~ >
D72 B LTI ORNEEZ>TED, HiLLBHRIER YD FE8A. TOIRNI,
a,3€Q/ZTEEDLD XA

3.3. Toy Example 2

LU, aor B¢ Q/Z &3 5L, JRANZLDD £, Ok, EFPATIE RNV —<
e h, B EEHE VI HIIDBAN, M,z FICiZE D2 O CREEDFIELET.
T T T CR WEICHMEORINZIRLET. 95 &, BED M, ZHHICHDRAL LT
WAHT NS, FEEDOEM [5] 1K D, M, s 2K TER S NIHkE CR BT ERICIR
HBNTLESI TN ET.

4. TREE L THER

2 DD toy example Tld, FEEMIEOEME CEOHEE) &, BEDLE L Ml 7 m
D regularity (HfilE) 22> bo—)Ld 52 & T, LEFHE ED CR BEICDOWT,
PV —< Vi EOERIE E L LI mm 21585 T e TEX L. Tz liFEAIC,
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L E I EOHEHDAADMEZE Z £ T

L ESEHIE T, 32780 MERZERIA L AR IR O DA R ERA D 17D
M? ) DWIFEERE LR D 9. TR E LT, URAHISNTVET.
EE (KK« Y R=—DMDARER (7], cf. [6]). M ZLEFHE LTS, M LD
HESANCIEMRZ /DO ICR BIMK LEEZS. COLE TEDOK e NIIHL, 5
n=n(k) > 1MFEL, L D C iy CR YIWTOMEIC X O M IZHEEFZ 2RI D
AD .

CTOERICIE, EEEEOEMEIADOHIREH O FA. ZLT, s & LTIEEDHR
Bl ETE B RERNEFETT. LMLEND, kZKELTEDICE, n(k)
FRECHSRIEEST, ARDONTr =00 & TEXZMNEIANHBETLZ.

SEDOTFERIE, SOMWICREIZEZ5EDTT.

FEE ([1]). X ZHY—~< 2V, D — S ZHAMRD 2T 7 A /8= T 5 1ERIT 7 4
N—H e U, JEERIDDIER ERVE ARV 2RO L 2ET 5. D IZERICCH
T X = SICHDIAEN, XATDOERZES T ickD, LEHHm M 2155, L
Y FOEREFOEHNEEX. cOLE FIEREL CR EMK LM I35 S5m
WCIEHERZROD, WNICHRBn ZRKRESH>TE (7 LIM)®" D C> it CR YJHroH
LU, B ESZE AN DDA I EN TR,

ZRREGR OB ZR T 5 &, [DAIRERID DI IERIZZFMYIM 255D &
WM, TEREED TICEMTH S | LWV ZBIECER LTV LR
RTEET. COEEEEDEHIEEL, CR UMD CeMTH S LWV 2502 BE
bis &, EiE, 7 LM O C®# CR YIKNC DWW T DD, 7 L|X OEHIYIHTIC DU
TOEMICIRELTLE S, LW D REHOO T

BB, IEDKIE, 7o & ZIFLLTOMIKTHRELEXT: SOz 20l e L, ¥ =
D/T &K, —/3T, X A CHBIEDFERTIERVAY -~V mY =D/ T 2k 5. X,
YEFEHZDOT, BRI p: T - T'DH 5. D:=D xD/(2,() ~ (v2,p(7)z) for y € T
el

SZE
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Orbital instability of the regeneration cycle in minimal Couette turbulence

oy MILFRICHE S A AT A 7 L OEENZEMEIZ DWW T

ORMRIESS", ATIAE—T, (LHEER
HUEBR S BB AT 22 i

1 FU&HIC

BLIE R 22 A IS B 7B T H D 2 ds S RN AR 2 R TR TH 5. Flicarean 7
D —5/3 M2 77 > PV ORNEHN e EIFBIR R NGEE, BUEFRIC X > THEERS N Tw 523, 2o 2ik%
MICEHT 2 BERIE S S LTz (1], BLRA R T 2 7 7 —F0—>2 L LT, NI EREmOMELE
Bz e TiliRR 2 HEN T 2088 % S Tws, 22 TR, M2 AAANFRELTRA, A AD
REWHEED—D>ThH Z2WEALEN WIS 2 B AR ki) 2R3 2 LTtz FEgit ) 3.
FfiZ, UE4E Ginelli et al. (2007) 12 & > THFE S NI v 77 70T [2] 2 W Th A4 A DB L EN: %
HND, CONEZNVSE 2 LIckD, VX7 7RG ASEHNI FVTHDY ¥ T 7RI bR
RS2 ZEMARRIC B o7, Vv T 7 RY PIVIERB SO AR REAEEST R LRTLDTH
D, BLIROYERIHER IO MRS B 2

LD 77 vtV OREANGEERLT (P PSPPI PRI 3 1 2 800E) 126 W THE I Bl S 1 5 i
GHAICH 5, CORETANEILANICHO BETH D, L DMEFICL > THSN T3, £/ ‘coherent
structure’ & MHEN 2 RN OHEE L RERLIR 2 PR T 2 BELENDP D TH S EHEZ STV 5, BERLR % 42K
T2 YRS 2 BR T 2 72 12, Hamilton ef al. (1995) (FBESLI RO MAIFICdH 2 7 = v LR (Fig.1 ) 73
B S N 2N A X (S =<7 2y ML) % 3 ZoodEHEMitE € -2 b — 2 2GR0 EE
B E 2 W TR [3]. ZOMEMES1E, S22 7y FEIRICBWT A MY —2’ % £ D coherent
structure D HAE - IR % # DR TR0 B4R (regeneration cycle) % L7z, A MU =27 L1X, HddimH
AL D ARH/ EDE ISR IS WA 72 2 v 9. & 612 Hamilton et al. (1995) i regeneration cycle % FiHH 3
% 72812 ‘self-sustaining process (SSP)’ & FEIE4L 2 WIFEERG 2 $2 8 L 72, OYRIEERE 3% { OFFREIC X -
THREN TV 205, ET MU L Z2FHPLHKHNLEHHVBETH ), FEZ-Z b —27 ZHBAUIH L
ZHHIZEEAERIN TR, AIETIERFTEL-R b =27 2 RADBOWBALZEN 25 2 LT,
S=<w 7y MELRICE T 5 regeneration cycle DY % 2245 v 77/ 7 @kt &2 Fl v TR 5.

* E-mail : minubush @kurims.kyoto-u.ac.jp
T E-mail : takepiro@gfd-dennou.org
* E-mail : yamada@kurims.kyoto-u.ac.jp
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Fig.1 Illustration of the plane Couette flow system. x, y, z-directions are referred to as streamwise, spanwise,
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Spontaneous Motion of a Deformed Camphor Disk
A A, AL #a 2 e Beily HERg de

@ IR KR L BE HARBIAIFZERE, © T3 R AR2EBE A2 R, <JST PRESTO
4 ALHERE K 2EE T RIETZE R, €JST CREST

1 FUsIC

Self-propelled motion & \» 9 BT AYHBIRICHIRZ K> TWwWa, ZUd, ESYeWEBREL
NS 9382 & ) RBIRZHET. #HlE LT, AFETIRZKANTRT % FmiG Al o B 78 EE)
RS %, 19 i, Tomlinson, Rayleigh T IZFEMG & WEIX 41 2 SHTEH: A O KL A37K I % B Z 0]
DRETICOVTHE L7z [1,2]. BEMOKS 7 V7 VIalE L 72 D B#E) L 72 D 9 287 1% “Camphor
Dance” 7% £ E RN, BIH L 2FEDHRAED BRAIITOIL T 5, KRIZ, 2004 FICRE I N
REMG-ZK R D221 1 RITBPRE 7V & Z Doyt iE, BFSEE QR 2 EeriIc @il L 72 st
WTHHELZHR LT R 5 (3], B, FATEER T £ 72 3 RSP 3 B & o f D ISR EE
HEeREIEDL LR, ZONVMEDOBNBIE ) Lk s LYo hricsns, ZD1X
TOERE 7OV O Z DR 3R 4 DO EERRRIEH I N T\» 3,

22 2 RICDRIEIZ DWW TIZE ) 25 ) D, TrADHBIRY, BELE TN 2HARL L7222 2 K
JTELA LD BRI 2RI 2 I LT wiy, 2 2THA1E 1996 4F, 97 AEDFERRERT [4,5] & M
WHY L, FLUETEERE £ X SR ER - OB I O W THEE R 2 TR o . — R, WA T
I % o 7B DS, K 1-R TR FOTIRICHAE L 7200 MESEE S I Tn s, A
e CIEEERIMIE 2> & 2T L B OBARR, H 2 IR &EEBIOBREZH S 2 L, d#HBhgm
PHEEOGMZ E, N F CTRIBHZ S IEIC O L THERE TRV w», T2 TRIRYIOEK
B & LT, RToOIIRMEBNC G 2 258 % 2 BB E T V2 TN S, FToIRE L
T, B9 rg OMZHEL, RO X ) RMNERE2EZ 5 -

r(0) =ro |1+ ) (axcoskf + by sinko) | . (1)
k=2
22T, (r,0) &2 RIuhBEEEE, a, by IEUNSF X =8 TH S, DT, 2E—FOLEW, HLHE
MADOEHE2E Z2, 0L EOFEGHR T OEENC OV CHFHRLEREZHRET 5. #-7T, (1)
WKW T ap=b,=0,k#2, LT3,

2 HEETI

KT BT 2 FEBGES) O HHEE 7V 1% 2005 FEICEN SN b OEIICHRT 2 [6]. TV
FSIZ DL TRIBKILLL 72 b D2 AT 245, SEOBIICIZBIET 2RO A4 T% A0 2.
Kifi% 2 ZOUFR DR Q (= R?) &L, BIRONHZ Q. 32, BRI O FLAES X OH
RS % ZNZH 2o (1), 0c(t) & L, FERGRIA & KBS 2 Koy TSRS % u(t,z) £ T3
(K1 %22M) . 1L, SRS RESEE) % 865 L 2500 T ciline ).
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\ camphor molecular layer

1 =7 VoA, FEOELZE, FEAEZZNER x, 0. &L, 0o DREENEZZNZ
PAEESY, [AIEEE) & EET 5.

AL D MEEE) &5 & ORI FIRIRED 54 F 2 7 2L T o cidid s n s ¢

d%x. da.

m-ge = T + F, (2)
gu _ Au—u+ f(x,xc) (3)

5 uU—Uu ,Te).

2T, #EE) F B X ORELHG f X
F= o v(u(t, zc + p(£)))n(6)de, (4)
1, x €.,

f L, TLc) = _ 5
( ) {O, x e N\ Q (5)

9%, (A)IZBVT, z.+p, nFZNZIRMROESR EOAER Y bV RO & BAERR
X7 FVT, v iF u KL TKRORIR 2R T .

8™
W) = )
WIIZEf, BRI RznEn
dx, _
(mc<0)) E(O)) = (x0,v0), )
u(0,x) =0,
‘ l‘im u(t,x) = 0. (8)
£7e, B u(t,z) DFEE—BIEZ RIS 2 72 0 O IEHISAT:
u(t,x) € C*, for any fixed t > 0, (9)

T, JRATISE [3) 1, KORMERE e 22y b R—AL ST X—F LT B,

3  FIAERKLIC XS 2 AT

Z S CIREFIIEREMGRLIC N 3 2 T O #Efi & L THIBRUMALIC D W TER 5. Q. ZRXTER
75

Qe = {(z,y) € Q| (z —2e)” + (y — y)* <75} (10)
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3.1 IRE

WX, MERASE S v T o il L2 SEERVE) L Cw 2 ERET S, HL, <1 &
5. ZDLEE, (2),(3) ZHE ve, DENERSR

z = (r —vt,y), zc= (vc —vt,yc), U(z) = u(t,x) (11)

THIELZ, I5IT(3) 2 2 RuEIRTH S ET & RO RE 2 E HIES T S 15 ¢

27
0=-nv+e,- {/ YU (ro,0))n(0)rocosHdl| , (12)
0
oU  sinf oU 0’U 10U 10%U
—U <C0898T—7‘89> —W‘F;E‘FEW—U-F]C(T,G) (13)
Z 2T,
1 <
ﬂzm{’rm’ (14)
0, r>nro.
HL, 2.=0 £ LTw5%%, Ztud—MMiEzEHLbiw, BERSEMA, RIS
rlg(r)lo U(r,0) =0, (15)
Uect (16)

L%,

3.2 EHEM

(13) 225 U(r,0,v) 2K 2 Z L3k, Zhz (12) ITfRAT 3 2 & T v DRI
KELDTH LD, FRBBoZOHFEFHONTHRY, 22T, RDOX)RGERLES U %

U(r,0;v) = Uy(r,0) + Up(r,0)v + U2(1",9)v2 + Us(r, 9)1}3 + .- (17)
DEHICEHL, Iz (13)IfAAT S, T5&, n=0I1CRLT,

_9*, 10U, 1 0%°U,

=% T T

— Uy, (18)

n>11Cx LT,

n_1 sin0U,_1\ 0°U, 10U, 19U,
_’<C°SQ o o0 ) =2 o Teaw U (19)
kBRSNS, 7, (15), (16) D 5RDEMEDHEND ¢
rll{go Un(r,0) =0, (20)
Tl_lf_lﬂo Un(r,0) < o0, (21)
VUD (rg,0) = U (r,0), VU =vu@| . (22)

r=rQ r=rQ

mL, vV Ul izznrn Q. oW E IO TH B, UEICED, Uy, Uy, Uy, Us, - %
BRI RKD 2 2 Lostticks. 4l 4k U, (n=0,1,2,3) £TiHREL .
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3.3 DEROEE

(18)—(22) & W kD7 U(r,0;v) % (12) ® U IfAAT B &,
2
o = e { | UG 8:0)m(@)rcostas| (23)
0

= kv + k:3113 + O(U5) (v 122\ T D Taylor &) (24)

7% % pitch-fork DIEDEHEREIH NS, TIT, ETIVDNRIRAXA = ZEATER k1, ks DE
WIRERADOHG BT 5. (24) XD, BB 7 XA —=F €y MWL THBEXZHi< LXK 2D
X9kt

035 036 037 038 0.39 0.40
M

2 FEHID & FHETIRAND IR, B ST X =%, MEENHEEE 0 2FR L TW 5, FEE (24)
L& DR E DT, BALE FAAIZE TN TR 2 EEBER R L ORO 7ML, B LER, HALX
NEEMRZTERT 5.

4 TEMAARBALIC S 3 2 fEAT

R &I U 7RO OB 12 D> T 6 Al & ARk Tlie & TR 2. Zhuc kb, 1§
M ORISR Ml & B &6 S TANB) S 0\ 0p2drh 5, fliam i T~ X 9 /9,

W

& 3R

[1] C. Tomlinson, Proc. R. Soc. London 11, 575 (1860).

[2] L. Rayleigh, Proc. R. Soc. London 47, 364 (1890).
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Index-two saddle (ZITFF351T DAEZE MM G L Kk 2 A7 %
BB O KR AR, AR AEZ 01T D RO B S
evEiE K AEMEARE AR EE24E K% # yutaka nagahata@mail.sci.hokudai.ac.jp

R CIE LRI S O AT % Heb S A Z2
HEOHICRAL TR ~5, AEFTIX, 77=H/L- LR
— RO E TR AUV RO EER 72 IOV T E
(Zfid, Fox D3 TODRIBEIZ DU TR H S THER
T HZEET D, AR TS IELAERN FIIL, YB35 A2
1, 2O FSHNAE T, FEHICIBWTtN OO D3
W ThHD, M7, 7RO TEZ L TS TG & Lk
T54T, FEEA 7L RIS DOV THERR L 22 1T AU EE 23 A~ 5
RNERUIXUIES D, AFRIZEI LT mUZ DUV TR fiiiy
TWD, FEHD IR EDTZDW BN B HH0E L7
MW T HNZTZE T2,

PIEREE GO EICIE, — R CHCA IR B
BRI ERN 5, TOHFHIT, WPLRIIFER DO TT
HoTHHRDFEEPb NI ENEL, m(A—FL),
kg(Frr L), s(Fh), AT 3T SOWE gD Rt %
Bk L TRbNDT2D THD (ZD4D>DOHAL TRIL T 55
A MKSA BN REMES), 2O LR LA BT 224 C, #l
WTEHEEHRZ2VWE, FANZEZ O TV D EZ XAl
REL7R D DTN A, ERROWNERE R E BRI E L FREE
725 LUFITWERRIRI GBI T B4 ThY | £ DB TH
DAV G Rz TR Lo <3572 £ LI B HIITIT
RRRBUILS, M, LT ERERRT 56 RHE(talic)k
I OEREZLLT OREHTXRIT 5,

Italic: TE¥L, 25488, B34 Roman: LT, ZH LIS DIRT
D7 B f DO 1R, 2 oMMy EThThf . f
B f SR LIS D1 BB FE T 256 . T OEEIZED
1B, 2 oMy EZRENS, [ 2EBDOEA .
0of =0f/0q, Vo f=2;04f, Vof = (04,1, 04,f, ) &
ERAR

RICERITTDOFELRE L EEBOREE - . RILEEEKD
fi% / CRT, m-sTIOWRITLES DY B g OBAEE VIR
MICEBR T 8030 21 ¢g/(m-sH) =121 L <X
Gg=12-m-s7! EFT, ZOMEEGEERBEL TERTD
BEgeR - m-s7t L HH ER-m-sTT 2R, -1 EIEED

T %, BT BE RO R TIZHIFI A2 EEAREE $q e R,

R ITTETHIGEGE R EFL T, COEDXDBLY ~DE
BE2C(X,Y) = C°(X, V)L ELZLET 5,
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3 Re2—2VyRZER EOE SR =2—b
DEB) SRR

NE R D= — b OFEB) UL A AR R

q= 91,9z -, qy) € (RN ZHNT, IROFRIZTEL,
ST AR m= Onymymymy, ey € (Rig) s

71 Fec(2x ®),(Rpugs2) )%

727200 € (Ryp)3N X (Ry,-1)3NEBE G LT D, LU
T, RO JFIZISL R (VSRR I AFL 720 N) Dy
OEEA AR O (VAR IR AF L2\ TReikEh
TRTF e b (L —) BAEL

V € C((Rp)3N, Ry ygs-2) CREERSNA(F =V V)T 5,
DR, FEH) G RAITEBOF o EixeT rr ¥ —
E € Ry g 52 EFFIENDRESI DFAEL L IRDINZET D,

mg =F(q,q,t)

)
E = Zimjcﬁ +V(q)
=

RT L VBB SRR AR TE LR W ERY . ZOFE I IAFAE
95, - T, L F T EXNTHEAONAFE R LX— |k
TOWo TR D% BT D,
EE D ER(DIT, IVEFIHENLT DAL TR
FUCEEETZEN RS, =a—hOEH) TR I3
T oIV OEE) SRR EE 0ROV I ES) &
pj =m;q;Z T

q; = 0,,H, - (2)
LREND, 72720 H € C(Q, Rypzygs-2) « D ES
Q' € (R X (Ryyigs—) &75
H% Hamiltonian, Ji5q; & B2 ) fp, DA% (75 H
D)HHELMES, —a—bOEEHFREXQ) T D
Hamiltonian {362 (XKD IHITETD

Z‘JJ' = _aqu

L 1+V(. ~®3)

pz
2m;

Hp,q) =Z L
Hamiltonian H € C(Q', R,z g -2 IO T 22502 4
z2=(,q) = {=MOITONTEZD, g z=¢)
DY aEATHIDI(2) HDL(2) € Sp(n) (> 7L T4 7475)
7251F, K(Q) = H(¢({))% Hamiltonian n,§ € RN &ZZh 2
o, —fRAER) &, — AR L T DL RITERS
D, SR OWTIEHIZ T 50 T M R E [ 1] S L
TWETEETZ 0,



EEDONUVE OTEB T RAUTRORIC, F
i=—Lyz - (4)
727120 z = Yp,q) € RON (DO W ITiXfb7a0)
,Lyz ={H, z}

SEHED,

{f,9}= Z:;l (aqu Bp].g - aqjg apjf)

n
- Zj=1 (afjf ;9 = 0,9 a"ff)

VXBA%LS, gloxtd°% Poisson FHINEIEO—FEDFK S5 A 1
Ly % Lie #43 EFESS, LA Claa(4) OFE R B EG & FV V=
BIALIZ DN T ~D, (4) DIE AR (ROAFET DERE
LTeRFICATHAVDMR) 1 X
z(t) = Ty (6)z(0) - (5)

72720, Ty (t) = exp[—tLy T %, Ty (t) % IRFH %6 i i 5 1
TN, EEEHEHE LS, 20Ty (t) 13 1 /3T A—X
EHREL o> T D, TREIFEE 2(0) > Ty (£)z(0) 23 1E ¥
BT D | OFENITEIZ 350 Tl Y Rl E [ 1] S L
TWETEETZ,

FLYERRAE R 2
0 = (2 ) () (Bs)”

WL R T — T — BB L 72BRIC Hamiltonian KR OIH
DR FIZEFTDZENLIHWOND,, EFRNT T EEE R
I RAEE N TAEFBITZIUZERDD, WERAZ T AR
HHEBED2RIRTY AT — /L $ 57200 T, MERIZRRIROL
RF <L EAEL TERNLTLRDEVI RERR DD D,
BB R R TORT /LK, Hamiltonian %22

B R AR

% (mass weighted coordinate)%

nu@ ec ((Rm.kgm/z)w,Rmz.kg.s—z) =V(q)
H(®,q) € C(Qpq Ryzigs-2) = H(, q).

PHER TR G Qpq © (Rm_kgm.s—l)w X (Rm.kgl/z)w
&%, Hamiltonian (TR OERIZETS

H(p,q) = zjzlﬁf/Z +U@) - (6).

3N
553, € (Rm,kgl/z) ICHLTU@,) = EAOV,U@,) = 0

A E
it

7> 0LVHP,q) = ED%H =3 )L —f_LITES)

Z7=—Lgz - (7)
WEEERZ = (0,g,)2b 2, 20 g, #E2TRFXF—EICH
FRIRSRT e VL — 1 L Oy i S5, EE)

P %z, TH IR 5 L B E RO T <UEE ToER) 7
a5

z=—[V;(LyD)]3(Z — Z,) + 0(z*) - (8).

WHOTD 7, ERAET 5. O | ERAELLE

¢ Hamiltonian |% H,H,,, € C(qu, m?2 ,kg.s—z)

3N 3N
Qﬁ-q c (Rmkgl/zs_l) X (Rm-kgl/z)

L95LE HP,Q) = HPE,§) = Hin(,9) +0(G) £0 0%
ZZ Cnormal mode Hamiltonian H,,, 1ZHR7 > vLmxL
F =Dk € Ry-2Z W TROIDIZEEZRBEIND,

DI AZIO)
j=
Z @ normal mode Hamiltonian 7>5 [ € D Z < U TOIE
BRI € Cpigrz1,8 €C
0; € R ZHVTIROBRIZHE AT THEEEL,
éj = _AjLIj{j -+ (10)

8-
de\&;) ~ T\ ¢

1 (1 )
(f,-) ‘Tg(wy 1 )( )-an
(= (771"51')
I =n;§;,0; = In[4:¢;/n;] /2 (12)
THY, BRI Gz = ¢(I, 0) T IEUEL WL 72D,

m,kg1/z,1j € Cp2gs—1,

F70%

= \ =

1 AEYEEER LE E M (normal node)
S T ORI B EE () LRSI E )
DORT VB (1) SO (T)



Feilk; >0 OFFCL 0 ZEH ARKETNENIES,
EUCHym = Hym (B, (D)) 7252805,
I=const, 0@ =t (V;H,y) + 0,03k 727,
TE R UEBE OB (FROFEIL) (3R E B EE (k; > 0)
R E R (k; < 0) 0 “fEIC KRS h (K1),
[E 7 S <EEFIZ BV TmE O B 2k < 0TV O B
HE Dk >0TH 5% E . mkOYF/L (saddle with m
degree) | rank-m saddle, index-m saddle LFFEILD,
B MUY, BRI BT
iﬁf%@ﬁ%%a‘ﬁ&iﬁ%ﬁﬁ#@‘: (ZEE B i - CRAL
THZETHD, NIV R TORE#ER B G
HamiltonianH (1, 0) » H(I) &322 L1CktET 5, 2Ok
2475 () = *(1,0)& Hamiltonian H = H o pi3—fikiZ
FAELIR W, fRAT BRI ASAEAE L 7R Gl A 20 (1) &
S, 72720, HBRO m iZxL T ¢ € C™(R?",R?™) 725
RODLZEDHIKL G E D HD, T2 TR FHEOLLT
&, REOMBHESNS Lie IEYEEHLUZ OV TDO IR NG,
Lie IEVEZEHACILIRF TR 7 [FARIC 13T A— 2 25
FEC Ko CIEMEA T2, RSS2/ 3T A— &1, IEYE
IEHESE 1Ty, (t) = exp[—TLy 12T
H(I,0) = Ty Ty, H(I, ) = T} H(Ty 1, T, ©) = H(I)
LB IENEZE A 57~ Hamiltonian W € C3(R?", R) %
AOTFIEE, bLED I RWNFE T D725 HE) J7 2
AE(10) & AR
$ = —Lal; = =4 (DLig;
L LEnD, LA () =00 (1) /0l 2T %, Z0EH)
Fd A Lie 22#40F Lie IEVEZR IR ENBIGG LITIE 0,
i)?u-Deprit[Z]if: IZ. Dragt-Finn[3]55: D 7 /LT YR LN FIES
DHFEMITEIZET 2,
ER NS E
708 S 8 TE 45 TR TE D TTb%&%z%hT%to Bz
H1IZBNWT. n=0DREERN, §> 000K
G > 0B RT-ELEZ 2 D 31T T D BB D EE A 43 1T %
REEELEZD, £T7. & = ODREELD, § > 0~[[h
FEIREG > 0[S E 2 D53 1T QD BLBRO T %
DIDRELGLE AL, NFRIISHEFREWVO PR [4] T
I, RIS A D R T L  VB O SR DIEET
@%ﬁﬁ&fﬁ%nﬁﬂ%ﬂﬂ“éz & T, ZOHHFE, BB
BIREATHREZNENE 3T DOAREES DS TET, fill
2L BV ROV s R/ 20X — B (minimum
energy path: MEP) 2852 03202 | < ORUGEERICHS
WTEBRHINTE, L, ZOBRITHSETRT iy

N

165

NERNAFR—H DT T 7AYo 7 DIIIESNTNDDT,
TN LR H DN EI DL, B2 lE, 20k

EOYV RV N R T R EN R fRIAT D720 TR ROGEE
FROILIRZ AT, %O ORENAEL T2, £ZTHx

(XHBR AT e - IR Z 53 T DB DA (BUSTESR S 122

WTED—fize g A bz AT,

Bil1 oo RS R R BRSO L7 BOSPEBE R

A DR (28 HERD2IROHPR L)

® 2'2 Loy
H = —(p*
a2z

=01, =1/V2,4:2, = 1: (1 +V5)/2
ZOFRIE|q| > 10LxHD = AL 720 Tq;| » 1T
BN ISR R ORI | > 1)
gt AEL., R IERE (A%E) THRVESE CBLAI
FTRHEY R TOIMBF ORI (1758) 2B TE5, 250
THRLNIZRISHEEE R 2 {q, = 0,p, > 0},{g, = 0,p, > 0}
TENENE®Ia ZRST-ONRK2THD,

— 22q?) + £q?q3 expl2 — g7 — q3]

(b)
007

\\A
.\. \\\

o ‘.\ = 0

(b) |,
(a) .
0.3
\ 0.114

/
\

K

P1

0113 | ..o.

¢
B 2 EEEARER CRGHE SR AR > Tl 3251
1i{q; = 0,p, > 0}, X {qy = 0,p; > O}4AHRk, FMEFMANRL ~72b
D, FRULZ IV NIEAEPEE R, AR R OMEEAFIA LT
S L 72 SR BE 5T G o SR R 1 F (/) M PR 9 11 ()
DRT 22 VEE(L) SO (F)
Z DD EEAERER 2 T U 72 RO MEBE s, A
R A TRl L0 O TPl E{q, = 0,p, > 0} CHZTW5
FEROND, M7, {q = 0,p; > 0} TIEIF T RE B>
TR, ZOLTEAE DD T 2 1, A, A, D RESOED,
FEAERN R 362 B O T2 BUSTED PRNC K EL B> T DD
TIEARODNEFRIRL T D,
SRS RA B E AT, R R I H S
ROBUSMEBE RO E R AT ELL T DXSIAT 5T,
FRZER] IR 2 B & 2 R 7R WA BRAE 0 i
IR A IR B L T D, IREES,, Sy, DY G- 2 DAL, A I C%)J
A2 SEBNTIL, AT EITREEA VT otk
HESRVEE R E L THEET 5T 2D, ZORE, IRD2
DD USSR EFKT D,



1T %2 DRISHESE R
FLIRILE Y 2RI IR L TV B8, T ILE DR BICH B
LCUWRWEBR DS

IR 53 1) DRSS

FTHRIEE S 2R BB R L CVAAS, BIIEE DIREBICH R
L TRV DS

ZDTEFRIT, FEAEREEG TRl U2 BSOS R o — ik b s
o TWD, BRI 3D X272 D,

0=<0

reactant product

B3 RISPESER

B2 BEH725 T RICBIZEEROY R A2 LK
DISETES - HE O 7 e b BB KSHT + Hy, 2 Hy + HE
TOWBEGKRT vV V(p, R, 2) BT

)4

//;> E_ =
D@
i i\ﬁx\\\ .

-0.2 0.2
/A

5 HIO7ur BERKIEORT VLV RVX—FH

Wik T L L &1, Born-Oppenheimer T {EZ45F 0
Schrodinger 72 2E )T 52 & TH TR A D IEE & b HRT
VUV RV DI ETH D, Born-Oppenheimer ITELE 1,
BT DFEFERR AT D Schrodinger T FERUTHES TWDEREL , IT
AR AZE D AR D A TRLRE IS Schrodinger 2 A 155 T
XI5, 2O, Hamiltonian {1 DRT L S /VEEAE T
WO DB DL G AT 2o TND T TTDRT oy
VBB R D, ARG CTIEED IR T o VBAEUE 5y
FDEAFIVARE IR - 0 IZHEOLREL T,

0.02

0.01

0

—0.01

Po/(A -8 um/)

—0.02
0.4 —0.06 —0.03 0 0.03  0.06

@/(Au'2)

M, /h

% -m/2 0 w/2 i

¢frad
B 6 HhHLIRKRHEEER
H® = M2/1, + p&/Qug) +p2/(2u,) + V(p, R, 2)

A TIE, SUSTEBE R O — b EHE R ORGSR T
DOWTHEHINZIR D, ZO RO GMESE T ORT
¥V OV RV EE T AR ZE R JE W R E
z=0,p, =0 THRRTHILENHED, FEMIZ OV TITHE
i O# A _EFEE TR~ D,

(1] oy R 1) & O — JLSnHiiR
[2] G. Hori, Publications of the Astronomical Society of Japan 18,
287-296 (1966).

A. Deprit, Celestial Mechanics and Dynamical Astronomy 1, 12—
30 (1969).
[3] A. J. Dragt and J. M. Finn, J. Math. Phys. 17 (1976) 2215~
2227.
[4] T. Komatsuzaki and R. S. Berry, in Adv. Chem. Phys., edited
by 1. Prigogine and S. A. Rice (John Wiley ¥& Sons, Inc., New
York, 2003), pp. 79-152.
S. Kawai, H. Teramoto, C.-B. Li, T. Komatsuzaki, and M. Toda,
in Advancing Theory for Kinetics and Dynamics of Complex,
Many-Dimensional Systems: Clusters and Proteins, edited by T.
Komatsuzaki, R. S. Berry, and D. J. Leitner (John Wiley & Sons,
Inc., Hoboken, New Jersey, 2011), pp. 123-169.
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Mordell-Tornheim & 2 &+ — % @D 2 FF19

INEFERR—
2EERFZARZ RS TTHIER PR

ABSTRACT. V) —= ¥ — % D 2 IO TR ERITHE R 23 S

TV A & N SCR IR C OfER 2 I0H L Euler-Zagier 4 2

HY — D 2 TP IO ToREEZ 72 L 7. S IZ Mordell-

Tornheim A 2 ¥ — & BB L T & L SISO W TR, A
VAR R DA AR & DR TH 5.

1 Introduction

3 ODHEELEL 51, 59, 531X L T, Mordell-Tornheim 4 2 #¥ — ¥ 4
BIIRD L HICERINS:

1
Cura(sy,saiss) = ) Ty e (1.1)

m,n=1

Z DX Rsp + Rsg > 1, RNsy + Rsg > 1, Nsy + RNso + RNsg > 2 1T
BOTHESIER T 5. #8 (1.1) 1% Tornheim[5] 12 & > THIO THAI N
51, s2, s3 XL L L7 &L ZDMEIZOWTHRS N7z, —J7 Mordell[4] &
Tornheim & 17T 51 =59 =53 E LIMZEZ, XD KL 9 L EAND
fEIZ DTNz

Z mitm  my Ay a)h (a> 7).

BI%L (1.1) 1k 2o DiffgE % & 2 o7 2 A4 % £ 5T Mordell-Tornheim
B2 BEY - ETFIEN TR 3.

FRERZ BN B 72012 (1.1) LI ORD X9 74 2 HE — YR ZEA
T 5:

oo | k-1 1
CMTQ S1, 52 83) Z Z p— k | B (1.2)
k=2 Im=1

Z DN 2Rs1 + Rsg > 1, 2Rso + RNsg > 1, 2Rsq + 2Rso + RNsg > 3 1
B THENINHR T 5.
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4Bl D NA 1E Mordell-Tornheim i 2 ¥ — & BI% (1.1) @ 2 - F-
HIZOWTDOHDTH S, V—vr¥—2HED 2 T IcOOTIERD
Ikl Mo ERD 5:

T 1
Aqa+mem(@@T (o >

5), (1.3)

T
1
t/C%+ﬁWﬁ~ﬂ%ﬂ (1.4)

([6] Theorem 7.2, 7.3). T35 ® 2 F -1 (1.3) & (1.4) I Lindelof P4
DfEPeZ HiN E L TH Z 64172, Lindelof T & 1%

qmmw:ow)(%ga<n

PEEDe > 0ICNLTHEDEDTHA I £ \v») P TH%. Riemann
FHDIK D 3227 513 Lindelof FAB KL D 32D 2 EBATS T 528,
Lindelof PRI R IR I N TR, ) —2 ¥ — 7 B0 2 FFY
DML LT, AR & [3] 13 Euler-Zagier Bl 2 #¥ — % B o 2
Y% 2 72, Euler-Zagier B 2 X — BB L 13K D L ) ICEHE SN B
BThb:

[e.9]

1
Cez2(s1,52) = Z me(m + n)se

m,n=1

Z DRBUZE Rsy > 1, Rsy + Rsy > 2 ([1] Theorem 3) THERUNH L, C? 22
EICAHBIRICEE i S 5 2 LI 5 10T 5 ([2] Theorem 1). [3] DHIT
AR EFERNIR D 2 Fe P32 B9 2 R 2 GE L 72

T
j/ Coza(s1,0 + it)|2dt ~ (P (s1,20)T,
2

EELs EoldbrEDSNLEB S0 L L, Ioic ¢ %
DEITEDOENDEHDET S

) _
517 52 § E
msl
k=2 |m=

A alfEN ?63%%@2%%%1A®i7&%®?%&

/ |Carr2(s1, 8250 + it)[*dt ~ CJ[\Q/[}T,Q(Sla s2;20)T,
2

7220 s1,80 Lo lEHDBEDONTFHR EICH S DD ET S, Mordell-
Tornheim M 2 ¥ — & BJ4KIC 5o = 0 ZfUAT % & Euler-Zagier 1 2 &
Y=Y 5

Cur2(s1,0;0 +it) = (pz2(s1, 0 +it).
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& 51T (a1, 52583) 10 50 = 0 2RAT 2 & (P51, 50) 1075 %

CJ[a[]T,Q(Sl’ 0;20) = C2[2] (s1,20).

Lo THRIANT 2 EFERICT 5o =0 2RAT S & [3] DFEHE L —FL, L
7o 3o THIFAN T 285K 3] DML L 2> T 2 Eb2 5.

2 EER

FAGRIE Cprra(s1, 52, 8) D2HVIIITBIT 2 HDTH 503, 51, 59, s D
iﬂi:&. Iz 3 OO)%B%L:EU*L% Z :i))':) [ S1 =01 -|—th1,82 = 0'2-|—th2,8 ==
o+it £9 5. FTIELDIEFHONPORTIBICE T 551 TH 5.

Theorem 2.1. s1,50,5 € C35Mo1+0 > 1,004+0 > 1,01+02+0 > 2
DOt>2%%cTET S, ZDEERADLD IO

T
/ G a(s1, s258) % dt = Cz[\24]T,2(51a s2;20)T + O(1) (T — o0).
2

RDFERIZAESR L 72 WHIKTORIRTH 2.

Theorem 2.2. s1,89,8 € CHEMH1/2 < o9+0 < 1,00 +02+0 >
2,00 >1,00>0,0>0,t>2%7z LD, tB2»6 T FTE2H &
& (s51,82,5) ZH Pl so +s =1 2SR VDBDET L. ZDE EXAD
P ARYASK

T
/ |Carr2(s1, 525 8) |7 dt = C][\24]T72(81, $2;20)T + O(T"/?)
2

+O(T*7272727 og T) (T — 0).

R DOFRERIFHER & [F U HHIIOR L 2 Wi TORER TH 5 23, Hi
EHLE D ISR OGHIE E THART W 5.

Theorem 2.3. s1,52,5 € CH5M o1 +0>1,1/2<09+0<1,3/2<
o1 +os+0<21/2 <01 <3/2,00>0,0>0,t>2%il7LrD,
t206 T EFTEH EE, (s1,50,5) 1F 20D Filisy +5 =1 ¢
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S14+859+s=2DELLHHESRVHDETE. ZDEERADD VD!

r

Cur2(s1, s2; s)|2 dt = J[\Z/I]Tg(sl, s9;20)T + O(T5/2_Ul_"2_"+5)

S

(T4201=202=20 165 ) (1/2< 0y <1,1/2< 0940 < 1)
O(T?291 (log T)?) (1/2<01<1,00+0=1)
O(T?>7272727(logT)3) (01 =1,1/2< 09 +0 < 1)
O((log T)*) (
(

\ 9] T2—2(72—20 10g T)

o1=109+0=1)

1<o01<3/2,1/2<024+0<1)
(T — o0).

72720 e > 0 IXMEE.

W

—

1]

[6]

& 3CHR

K. Matsumoto, On the analytic continuation of various multiple
zeta- functions, Number Theory for the Millennium, IT (Urbana, IL,
2000), A K Peters, Natick, MA, 2002, pp. 417-440.

K. Matsumoto, The analytic continuation and the asymptotic
behaviour of certain multiple zeta-functions I, J. Number The-
ory, 101 (2003), 223-243.

K. Matsumoto and T. Tsumura, Mean value theorems for double

zeta- functions I, preprint.

L. J. Mordell, On the evaluation of some multiple series, J. London
Math. Soc., 33 (1958), 368-371.

L. Tornheim, Harmonic double series, Amer. J. Math., 72 (1950),
303-314.

E. C. Titchmarsh, The Theory of the Riemann zeta — function,
Second FEdition, Edited and with a preface by D. R. Heath —
Brown, The Clarendon Press, Oxford University Press, New York,
1986.
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The product over all norms of primes on a graph

OooO0! oooono?
100000 kt13204@ns.kogakuin.ac.jp O O
0ooon

1 Obooogoooon

000000000 A=(\) (0<A <X <---)000,00 Re(s) > s (so>000
000)O0000000 Dirichlet 00

Q) =D A%,
n=1

(00 NODDO0ODO0O0O0000D0)0 s=000000000000000000O0OO
00,s=0000000,A0 (000)0D000 (regularized product) O, 000000
od:

[P = exp(—Gi(0)).

0000 A=(A1,...,An) 0000000000000 [Ae=A1-A, 0000000

n
oo,0o0goooo O Dbo0ob.boboobboooobboooooobobooo
oooo «“ord

I]n = var

O Leecch OODOOO0OOO0OOODODOO. DOD,0000000000ODOODOOOO
000 “0’00000000. 00000, Re(s) >10 P(s) :=3,p* 000000
000000000000000000000prime zeta function 000 (100000
000000000 (Landau and Walfisz [4]) DOD, P/(0) 000000000000,
E. M. Garcia 0 R.P. Marco O [2] 0000, P(s) D000 0000000 Dirichlet O
O G(s) =3, A;* 00000000 A={\}000,00000000000000
(super-regularized product) 000 0O0O. 000, 00000000000000000CO
O000: ¢\(s) 000,200 Dirichlet 00O

(e}
(s, t) = Z CnmAn i, (Re(s) > so, Re(t) >to 00000)
n,m=1

(so 00 tp<00O0OODO0,00 0O NOOOODODODODOOODODOOODOODOOODOOO
ooo0)oooog.

L. a(s,0) = Ca(s)-

2. Re(t) > 000 t000,s000 £¢(s,t) 000 Re(s) > s1 (s1 < 000
000)00000000oooOo0U0ooooo0Og 4>t 00000, DOOO
(meromorphic extension) [J exts%g(s,t) ooo.

3. 00 Re(t) >t 00000000 exts 2G\(0,1) 0 t=000000 U 0000
0 o0000000,000 UO0O000000000000000. 00000
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exty (limsoexts2C\(s,1)) 000. 00000000 ¢t=0000000,0000
goooooooo:

T, ._ : : Cx
IZIAH := exp (— }E% <extt (llir(l) extsas(s,t)>>> .

0000000000 1230000 G(s) 000 G(s,t)yDDODDOOOOOOO. O
u,0o0obgo,boobgooooboobooboboboboo,obobbobooo
0. Garciad MarcoO 2] 0000 “0000000000000000000000CO
gooooo:

—

Hp = 472,

p
gbooo,guobboobuoobooboboon.

2 OJooobuoboboooboon

0000000,000000000,0000000 200000.000 X=(V,E)
0oO0,|V|=v |E|=e000. X 000OOO0OOO0OO0O000O000O00. 0000
00 EDE={ee'|ecE} (e’ 0 e000000000)000. XO00O0OOOO
P=a;---as0 X O path00000,1<i<s—1000,¢, 0000 a;41 00000
O00000. 00000 4(P)=s000000. pathP=a;---as0 a, 0000 a; O
000000000, closed path D00 OO0, closed path P OO0O0OOO ( prime closed
path)00,00000000000:

(1) POOOOO ( backtrack )0 O0O. DDD,aj;éa;_&lfoalljzl,...,s—l.
(2) POOODO (tail )000. 000, ag #a;
(3) 200000 mOUIOO,P=C"(m0DO)D000 closed path C O OO.

closed path P=a;---a, 000, 00000000000 0OO0OOOOOOOOO0O, 00
oooo [P :={a1- -as, az---asa1, ..., asa1---as—1} 0O00. POOOOOOO
00,[P]0 X 0O prime 00000 (0OOO [6]000).

|lz] D O00O0O00O, Ihara zeta function Zx(x) D00 Euler DO0O0O000OO ([3], [6]):

Zx() = ] (1 — )

(P]

Zx(z) 000000 Ry UD0.u=1/z>1000. X 0 prime [P 000, «“? 0 P
ooooooo.

Problem. 00000000 prime 000000 “[[u/®)” 07
[Pl

m(n):=(P)=n000 X O prime [P]O0O0)
000. 7(n) 00000

[e.9]

Px(z) := me(P) = Zﬂ(n)m"

[P] n=1
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000. 00000 X 00000 prime [P)O000. 00 (+4P)000000000
oo,
Px(s) = Px(u) = 3 usP)

O00. X 0O cyclegraph 00000 Rx <10, Px(s) O Re(s) > —log Rx/logu(> 0)
O0000O00. D000, Px(x) O Px(s) O Ihara prime zeta function 000000
og.

Example 1. X =K, —e¢ (0000)00O0O,

1

7 —
x(2) 1 —4x3 — 224 + 426 4+ 427 + 28 — 4210

=1+ 42 + 22* + 122% + 1227 + 328 + 322° + 52210 4 24411
+ 842" + 192213 + 1362 + 2322 + 64520 + 64027
+ 7282 + 20442 + 2662220 + - - - |

Py (x) =42 + 22* + 225 4+ 427 + 4% + 12210 + 42! 4 6212 + 32213
+ 182" + 162" + 8026 + 8027 + 462! + 19620 + 274220

4+
U4 €5 V3
@
€4 €3
€2
U1 el ® V2
X

Theorem 1 (00O 1), X 0000000000000 OO0O 200000. X O cycle
graph DO 000, Px(s) O Re(s) >0 00000000000 :

& log Zx(u™"%)
n

=(e—v)u ™ +u* — Z M(nn) log gx (u™"?), (1)
n=1

000, gx 0000 gx(@) = Zx(2)/(1—2?)**(1-2) 000. Px(s) O Zx(u™) OO
DDDDDDDDD.DDD,RG()—ODPx(s)DDDDDDDD

Theorem 1 00, P4 (0) 000000000, 00000000 prime00000 “O7
gboooob,bobobobobobobo.
O ()000z2000000000:

Px(s,t) := (€ — v)u" 2 + Z ey logg u "),
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Px(s,t) O {Re(s) > —logRx/logu} x{t € C} OOOOOOO. Px(s,0) =Px(s) O,
Px(s,t) 0000000000 20000000 1~30000000000.

Theorem 2 (000 2). X 00O0O0O0O0O0O0O0OO0OOOO0O 200000. X O cycle

graph 00000, X 00000 prime [P)O000 «/P) (v>1)0000000000
0ooo:

g’x (1)

ﬁu‘e(P) — u2(€_y)+1_(57u)n7
[P]

000, 0 X O complexity 00O O.

OPx

S

Proof. (000DDO0O)Re(t)>1000 ¢t000,s000
000000O000000000:

(s,t) O, Re(s) > 00

IPx s,t) = —(logu e—v)u ¥ +ut — - () 793(@7”8)717"5
P (5,1) = (1o >{2< e = S }
OPx = e (1)
s ——(0,t) = (Iogu){ e—v)+1— 2 1)}
= —(logu ,(1) !
toga fate—v)+ 14 0L LY
OPx

000,¢(1)=-2(—v)x«x 0000 ([5)00). 0000000,
0000000000000, 1/¢0)=-200

lim agsx (0,¢) = —(log ) {2(6 —V)+1- (ng(yl))ﬁ}

Ot=000
SO0 t=0

— opP I 0
oP) _ T X _ ,2(e—)+l =
Hu exp( %E)I(l] P (O,t)) u .

goon
[1] C.-E. Froberg, On the prime zeta function. BIT 8, 187-202 (1968).

2] E. M. Garcia and R. P. Marco, The product over all primes is 472, Commun. Math.
Phys. 277, 69-81 (2008).

[3] Y. Ihara, On discrete subgroups of the two by two projective linear group over p-adic
fields, J. Math. Soc. Japan, 18, 219-235 (1966).

[4] E. Landau and A. Walfisz, Uber die Nichfortsetzbarkeit einiger durch Dirichletsche
Reihen definierter Funktionen, Rend. Circ. Math. Palermo 44, 82-86 (1920).

[5] S. Northshield, A note on the zeta function of a graph, J. Combin. Theory Ser. B, 74
n0.2, 408-410 (1998).

6] A. A. Terras, Zeta Functions of Graphs: A Stroll through the Garden, Cambridge U.
Press, 2011.
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ZH~)L X — A D 2-order & 3-order |Z-DUNT

B ENT GRS AR AT

1 Introduction

UL X —A FE, Jakob Bernoulli PRI O IZ L o THRA SN TH D, ~&
FFOARXRLY —< 2 - P—H 2 SO LD THD. X — AT
DEITERIND.

Definition 1.1 (VX —A ). WV X—A ¥ B, (n=0,1,2,---) Z&K
B 1
i=0 t

TEDD,

NIV —A DRI, LT OEHENLERICIREST D22 &N TE D, B, ~
N —=ABDIULEOTFEERITO LRI LPMONTND.

Theorem 1.2 (7 7 V¥ « 74 v a2y hOEH). n=1BLO2ULEOK
B n 26 L, B, X

1
B, =— Z];+On (C, € Z)
p:RE

p—1ln

DIZET 5,

2 ZEANILX—A

ZHEALX— AT, 1997 FIZE&TFEBERAEICL s TERINTEINVX— A5
DO—fbD1>TH 5.

*e-mail:mika@math.kindai.ac.jp
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Definition 2.1 (ZE~ALX— A $). k ERLX— A% BY € Q (n> 0,k € Z)
. REREEIC &Y

sz (1—e7") (k
Cl—et Z
TERT D, T 2T, EHE AT L Lig (1) RIS SRA Y R
n=1

ZOERIT, AL X — A BO—ILIZT > TEY k231 0 &L EH Ay~
L —A B ORI F R

te! =
et—1 Z B”H
e 0&@‘5&%«»3~4ﬁ®#%ﬁ%ﬁ® > T & L E AR E
XD ETHMIANA X — A HEIR SN ONETEBRELEETHS.
ZEANX—AFL, [1] TRIMES A L& TEREAEICI >~ TERSNZE—
B & (s) DADEE R TOEIE L WD Z ERbhoTnD. £z, EOFEH N
TOEIFZEE—XETHD.
WIZ, 2BV X —A O EOREIZET 5 ERERINTT 5.

Theorem 2.2 (M. Kancko[4]). FE p 2% LT, KDALY L.
(1) n BFHD L2 BY = -2B, .
2) nzlE(>2) DL &,
2-1) p>n+17261F ord, (B@) > 0.
(22)5<p<n+1722%plZo>NT,
(a) p—1|n725iXord, (IB%Sf)) = —2.
b)p—1fnoLxE,
(b-1) p|B= THDH, FliTl<n/ <p—-172Dn0 BdH->T
n=n"modp(p—1) DL X, ord, (IB%@) > 0.
(b-2) ZDD & =, ord, (15359) —_1.
(2-3) n>272>n=2mod 3 D& X, ords (IB%g)) >0,
ZOMO L, ordy (BY) = -2,
2-4) n>2/7>n=2mod 4D X, ordy (BY) >0,
n=0mod4 d& X, ordy <IB3£LQ)) =1,

n=20&x, ordy (IB%QQ)) = —2.
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3 Main Theorems

Theorem 2.2(2-4) D¥EFEAL & LT, 2 HAUL X —A $4D 2-order (22T, LT D
FERDFE LN,

Theorem 3.1. 2 L EDOBREm 12kt L T,
ordy (Bgzg) > ordy (m + 1) — 1
NS AITASN
Theorem 3.2. n % 2 LD REVWEEET D, ZDOL X, IRDAKY LD,

n=6mod 8 D& X ord, (IB%?) >1,

n=2mod 8 D& X ord, (IB%@) 0,

n=0mod 4 D& X ordy (IB%%”) =—1.

F 72, Theorem 2.2(2-3) Df§#E L L LT, 2 HAL X —A D 3-order |IZ-DUV T,
LT ORERB™E LT

Theorem 3.3. n % 2 LV REVEK LT 5. D& &, IRV .
n=2,14mod 18 ® & = ords (]B%g)) > 1,
n=8 mod 18 D& X, ords (Bg)) =0,

%®@@kém@0ﬁ»:—2

S5 3k

[1] T. Arakawa, M. Kaneko, Multiple zeta values, poly-Bernoulli numbers, and
related zeta functions. Nagoya Math. J., 153 (1999) 189-209.

[2] T. Arakawa, M. Kaneko, On poly-Bernoulli numbers, Comment. Math. Univ.
Sanct. Pauli, 48 (1999) 159-167

[3] C. Brewbaker, A combinatorial interpretation of the poly-Bernoulli numbers
and two Fermat analogues, Integers, 8 (2008) A02.

[4] M. Kaneko, Poly-Bernoulli numbers, Jour. Th. Nombre Bordeauz, 9 (1997)
199-206.
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—WEDALIEICH D n + 4 RESDOHNE T RICEE T 2 5%
~deg X = codim X +i(i = 1,2,3) &7 2L RIEKIC OV T~
Rk A5 E
2013%3H4H~3H7H

1 BEENER
CoOWFE, KD XD ki 7 anED O T E 1,
Proposition 1.1. X C P} ZIERMUSEEHAEL T2 L, degX > codim X + 1 DIRALT 5,
C DD HRD &) mFEDBHITL 5.
deg X =codim X +i(i =1,2,3,...)

E B k) WA REONETH S, ZOMEICHLT, XOXI 7 Tu—FnELoNTE L,
A:=degX —codimX —1 £ LT, ADIHDOWTEZEL TV i) L&A T 7a—F)
& deg X, codim X % &%, XEAEROFTIEICHRT 25 TH 2. M, Zomdld X 258N EA L
LTd, M T&E %, (degX =codim X +i(i = 1,2) IOV TOFERRIIHB) 2 2T, AFTIE, #M
EHDOBEA (codim X =n OHA) 20O FIFC, #EEBRRTuERwERS,

2 %fE
PR, k #REWEIRE L, S =Ekzo,... 2, ZZEABE L, KEMEHELTELD, M 2HEMRAER
KHAE SIBEET S, COLE, ROX)BHRIGET 5. % F =@ S5 (—j) L LE L

0—F. — - —=F — Fy— M.

COMCENT, TRTOIERLT, Tmp; CmFy_; PR T2 L%, Mo (SMEEE LT®) Minimal
Free Resolution (LT, MFR) &9, 2 §;; % Betti number &2\, XD X9 %#E (Betti diagram)
TRY.

0 ] .
{ Boi | Brisr | - | Britr
i+ 1| Boi+r | Btz | - | Brigrs1
J Boj | Brg+1 | = | Brjtr
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T, ARAERIEBN S S IHEEM = @ ey My DF d RIKGT [M]q 13, HIRXICE X7 PVERTS %5
5, M @ Hilbert B3t Hyy DR TEHEI NS,

HM(d) = dimk[M]d.
Z @ Hilbert % & Betti number DERIZKD & 91272 5,

Proposition 2.1. {f; ;} Z HRERKEAN E SHEE M O Betti number & 9%, Bj:=3",.(~1)'8;; &
5L, RO LRBERBIELT 5.
Hiy(d) = B, (n+;lj> .
>0
7, B BRDEHICHESHMA 6N,

-3 B, (””_ ) = S (1 Hy (G~ k) (”Zl)

k<j k>0
Proposition 2.2. {§; ;} Z HRAERREAS & S IIHED Betti number £ 9%, 2 1L T, de Noik
nT, Bi,j = O(Vj < d) MDD L E, 6i+1,j+1 = O(Vj <d) IR B,

DIFIZ, minimal degree, almost minimal degree D& DEfER Z BN TE <.
Theorem 2.3. X C P* % minimal degree & 7% 2454 kEE T2, ZDLE, X ZROVTNLTH 5.

1. 2 Xkl
2. Veronese Hilfi ¢ P° & L "% Dff
3. rational normal scroll 8 Xk X Z Dt

ZDEE, Sx Ix Cohen-Macaulay B CThH 5. 7z X DREAD E 21X, P* ND general position & 7% %
n+1MTH%., S5 MFR I, Eagon-Northcott complex &7 %,

Theorem 2.4. X C P" % almost minimal degree & % 254k 3%, 2D L%, X IX normal %
maximally Del Pezzo variety %> minimal degree Z#H¥% Mk X' C PPt Z i p € PPHPI\X' 20 6§
T X' > X LEbDTH 3.

Theorem 2.5. X C P" % almost minimal degree 254k E L, dmX >1¢72%, ZDLE, Sy
D MFR IEFRD L) I2 5,
0— SPr(—p—2) = 8h1(—p—-1)—
— §Per1(—c—3) = SPe(—c—2) @S (—c—1) —
— S (=3)® S (~2) = S.

a = (C;1> —(p+1-0),

) o
z_<fill> (1<i<ec—1),
—Bi1 = (c+1) () (z+1> <p?1) 2<i<o).
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PUF, PR N general position 126 % n+ 1,n+ 2 KD MFR OFHREITH 5.

Example 2.6. X C P % P} INT general position ICH % n+ 1 HEALE TS L, MFRIZRD K I IChD,

¥ 72, Sx IF Cohen-Macaulay T 5.
Example 2.7. X C Py % P} INT general position ICH % n+2 HEAL TS L, MFRIZRD K HIZhD,
W n>208%

0| 1 | P | n—1
1

0
1

(n+2)(1) = ("§2) | (n+2)(3) = (") | - | (n+2)("0) - (72)

2)n=1D,E, o= L3=10,;=0 ((47)#(0,0),(1,3)).

72, Sx ¥ Gorenstein TH 5.
DUF, SB35 R T h 5.

Theorem 2.8. P N®D n + 3 midY general position 1I2H % & &, n+ 3 M%AJH S rational normal curve 2%
—HNIEE 5.

% 7z, rational normal curve ® MFR (& Eagon-Northeott complex 27 % Z EDFHIS LT 5 ([?7]). Z
NZMBEZEICk>T, ROLHICHEZET I LNTES,

Theorem 2.9. P NDOXE n D rational normal curve X ® MFR 1ZXD X ) ICHRES L5,

3 FEEEDORE

TEEZENT S, 20012, 1 O6EZBEXRTEL, U3, n EHEEGDEERA T 7NV DERICDORE
ICBIL T, ZZ6N3%2ETH S,

Proposition 3.1. P" H® general position & % n + 4 MEGDERA T 7IVDOLEFRITIE, n=1DLE
I%, quintic, n =2,3 D& ¥, quadrics & cubics TH Y. n>4 DL ZE, quadrics £ 5,

Theorem 3.2. *'X C P" % general position I2H % n+4 mESGET S, ZDLEE, Sx D MFR IZXD
koK is,

LIGHIFIC S AN H -7 DT, HEL T3, FEERE TICBIERZRET 5.
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Ko, P3N 7 HEGIZOWTIE, RO ENBVZ S,

Corollary 3.3. X C P3 % general position ICH % 7 HEA LTS, 2D L E, Sx ® MFR IZXD 23D
ThHZ6ND,

olif2]s o1]2]3
ol 1| —|—-1]- 0l 1|-]-|-
-3 ]|-]- 1| —|3]2]-
2/-|1]6]3 2(-13]6]3

COADHMEIZRD X I 12% b, X Dn+3 MIZk>T, —EMIC rational normal curve 23HE & 1
%. Z® rational normal curve I& quadrics 12 X > THKE N5 (MFR). I rational normal curve EIZ
n+4 REHPDSTVEDZ) TROPIZEST, FF6hsd, 2O, HEf - /&8 - drids gl &
%,

4 FE&OH

4], general position DEAICDOVTIFELETEL, Lo LAMS, HEAPZRLDIHTOEA (uni-
form,semi uniform position) ¥ Z LS DEEDELEI ST, (KHEADMI2, MFR Ob0->T
WHHIHR Eich 20l FHELP TV EEDLNL D) SEROPETH 5.

T

BHIMEARAEE TMAERICSMSETHE, HOE)TIVET, o520 LT, EEEED
BRI, B#oEZERLET,

%

& 3Tk

[B-P.1] M.Brodmann, P.Schenzel : Arithmetic properties of projective varieties of almost minimal degree.
J. Algebraic Geom. 16 (2007), no. 2, 347-400.

[Eil] D.Eisenbud :The geometry of syzygies. A second course in commutative algebra and algebraic
geometry. Graduate Texts in Mathematics, 229. Springer-Verlag, New York, 2005. xvi+243 pp. ISBN:
0-387-22215-4

[E-H.1] D.Eisenbud, J.Harris : On varieties of minimal degree (a centennial account). Algebraic geometry,
Bowdoin, 1985 (Brunswick, Maine, 1985), 3-13, Proc. Sympos. Pure Math., 46, Part 1, Amer. Math.
Soc., Providence, RI, 1987.

[Ful] T.Fujita : Classification theories of polarized varieties. London Mathematical Society Lecture Note
Series, 155. Cambridge University Press, Cambridge, 1990. xiv+205 pp. ISBN: 0-521-39202-0 .

[H-S-V.1] L.T.Hoa, J.Stuckrad, W.Vogel : Towards a structure theory for projective varieties of degree =
codimension + 2. J. Pure Appl. Algebra 71 (1991), no. 2-3, 203-231.

[Ho] L.T.Hoa: On minimal free resolutions of projective varieties of degree = codimension + 2. J. Pure
Appl. Algebra 87 (1993), no. 3, 241-250.
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A congruence property of Igusa’s cuspform of weight 35

00000 (Dooooooo):

g 0

gobooboosoogoboooboooboooooboobooboon
OOo0ooOoooO0oooOo styrmO000OO0O0O0OCOOODOOO

1. 00

O00 20 Siegel OO ODOODOODOOOODOODO 4,96, X10, X12, X35 1 O OO
(b0 00 0T, 0000000000 Eisenstein 000000y, 00000 kO
gbboodboobbboobbooidbUyxss0uobboobbogbobooon
OO0y 0 0000000000000 0O0000O0O0O0000 XgsOUDOOOoooo
gobobooogn

2. 000

000 a(T;X35) 0 X3 O 70000 Fourler 0000000 O0D0OOOdet(T) # 0
(mod 23)00 0

a(T; X35) =0 (mod 23)

goboboogn
@(X35> =0 (mod 23)

gooo

3. 0000
n Siegel 0 0 OO H, O

H, = {Z € Sym, (C)|Z = X +1iY, Y > 0}

gbooboby>oyYOoooooobooobooboo

n00000000000 Sp,(R)O
'MJI,M = J,, J, = On —En
En OTL

A B
Sp,(R) =< M = € GLy, (R
pn<>{ (CD> o (B)
0000000 A, B, C, De M,(R)ODO0OO 0,0 20000, E,0n00000
ooon

0 Sp.(R)0 H,00O00000000

Spn(R) x H,, 5 (M, Z) — M(Z) € H,, O

M(Z) = (AZ + B)(CZ + D)~ (M - ( g ﬁ ) € Sp(n,]R))

goooo

*e-mail: kodama@math.kindai.ac.jp
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00T, =Sp,(Z)0n000Siegel 0000000000
F:H,—CO000000000000
FOnOSiegel 00000000000
(1) FOH,000
(2) f(M(Z))=det(CZ + D)* f(Z)

000 n0O Siegel0O0O0000O F(2)O

F(Z)=Y aT;F)q", ¢" =™ 7 cH,
TeLy
O0oog Fourier OO0 00O OOO
L, = {0 <T= (tij) S Symn(@) | tii,Qtij S Z,}D oo

000 n0O Siegel00 00000 F(Z)0
(3) T>000000a(T;F)=0

O000000F(z)ODoooooooooooo

M) 0T, 000000000 Siegel 000000000 OODOC-O000OO
O0000S(I,) 0000000000000 0oooog

DDDDT:@mmmDT:<m >€MDDDD

2
n

N[

4. 00o0ooon

M() = €D My ()

kEZ
000 Siegel00 0000000000000 O0O0OOO M(Iy)Db500000

P4, $P6; X105 X125 X35,

0000 (()0000 ¢, 00000000000 Eisenstein 000000y, O
0000k0000000000

0000000000000 ¢0p0x100x:000000000000000 (5))0
000000000000000000000000 ([6)000000

M(T3)z = @D Mi(T2)z

kEZ
zOooOoooooboooboimhobooobo

Xa=s, Xo:=9s, Xio:=—-2"x10, Xiz:=22-3x12, Xa5:= 2%x3s

gooboog
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gboobobobobbobooboobodn Fourier oo

a((0,0,0); X4) = a((0,0,0); Xg) =1
(l((l,l,l);Xlo) a((l,l,l);Xlg) =1
a((2737 _1);X35) =1

5. J0ouodp-00on
00000000000 T = (ma,r)0T = (m,n,r") € L,LOODODOOOOOD
H>_77 |:|

T =T 1) te(T) > tx(T") or (2) tr(T) = tx(T"),m >m' or
tr(T"),m =m',r >r'.

0oooo
p000000Z,0p00000000000000000F € My(Ta)z,, 000
00FOp-0000 m,(F)O

my(F) :==min{T € Ly | a(T; F) #0 (mod p)},
00000000 “mn”"O0000000O0O0O0OOO0OO

F=0(modp) 0000 m,(F)=(co)0O0O00O0O

6. oo on

Serre 0 p-0000000000000000000000000000000000
0oe0ooo0 ([7):

HZQ%:f=§:MﬂFMTH%Wﬁ?=Z)‘MUﬂ¢

O0Siegel OO0 DO0ODO0ODODOOOODOODO:

O:F =) a(T;F)q" — O(F):= Y _det(T)-a(T; F)q"

(eg[3)00D000D00DOODOODODO

00 (Bocherer-Nagaoka [3]) pO0 n+3000000000

0000000 SiegelDOODOODO FEMk(Fn)Z(p)DDDDDDD Siegel 0 0 O
00 G € Spypr1(Tu)z, 00000

O(F)=G (mod p)
gooo
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7. 0000000 SturmUd o

20 Siegel 00 O0D0OO0O0O0OO0 SturmO 000 400000000 OOCOOOO
OoOooo0ooDoOooooooo SstermOOOO0DOOODOO

D000000000 StuermOJ0O0 pO500000000k000000000
F e Mp(Ty)z,, O (52,552, r0) € L,OOOO0O0OO 7o € ZODO OO my(F) >
(B2 42, (58] 4+ 3,7, - 1) 0000000 0m,(F) = (c0)J0000 F =0 (mod p)
0Do0oo0

00 F € M(Ty)z,, 00000000000 Xs5M_s5(I2)z, 000000000
Doooo

“DO<m,n< kJ{—g5DD dmn—r?*>00000000 m,n,r0000 a((m,n,r); F) =
0 (mod p)DO00O0O0 F=0 (mod p)”

D0000000000000000000000000000000000 Sturm
D00000000000000

U00D000 X5 00000000 000000000000 XssU Fourierd O
gboobobseboorooboobboobboooboobbooboobbon
TOODOOFourier 000000 OOOOOOOODOODOODOODO

00 (H)OOODOoOoooooooooooooooooo

a((1,6,1); X35) =0 OO0 det((1,6,1)) =23/4=0 (mod 23)

gooo
(2) 200 Siegel 00000000000 0O0ODODOO “modulo23”"0000000O0
O000A(:)00000 1200000000 (RamanujanO0 00 0)000AO0O0OO
0 KlingenO Eisenstein D00 [A]D 0000000 [A] € Mip(Iy)0000det(T) #0
(mod 23)0 00O
a(T;[A]) =0 (mod 23)

gobboooobobboogdgbobooooboboooobobobod

Oood
[1] H. Aoki, T. Ibukiyama, Simple garaded rings of Siegel modular forms, differential oper-
ators and Borcherds products, Int. J. Math. 16,249-279(2005)

[2] S. Bocherer, Uber gewisse Siegelsche Modulformen zweiten Grades, Math. Ann. 261,
23-41(1982)

[3] S. Bocherer, S. Nagaoka, On mod p properties of Siegel modular forms, Math. Ann. 338,
421-433(2007)

[4] D. Choi, Y. Choie, T. Kikuta, Sturm type theorem for Siegel modular forms of genus 2
modulo p, to appear in Acta Arith.

[5] J.-I. Tgusa, On Siegel modular forms of genus two, Amer. J. Math. 84,175-200(1962), 11,
ibid. 86,392-412(1964)

[6] J.-I. Igusa, On the ring of modular forms of degree two over Z, Amer. J. Math. 101,149-
183(1979)

[7] J.-P. Serre, Formes modulaires et fonctions zéta p-adiques, Modular Functions of One
Variable ITI(Antwerp, 1972), Lecture Notes in Math. Vol. 350, 191-268
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5P good reduction % -2 3 ALK EOFEH EhARIZ DUV T

faifi 259 (Nao Takeshi)*!
HHBRR PR FPEE PR LR 147

£ % T good reduction % & 2F5 [ Hh#RIZ WU, Bl ZIXEFEUR EOIEFER ML N TN S.
HAEBARZMORERICTR D2 D L E9 7D, L0 HIRIBEICK LT, 2 RIEEHFLICE L OFER
N5, LinL, 3K EDKIZOWTIE 2 RIKIZEL L DFERIZIM BTV, 2T, 3 kIK
DEHEEZELEL, £7, £5FT good reduction % b O MHERNTFE LW OEEE2 52 5.
FE O L 72 D DX, B 5 E DT good reduction & b OFgH HiRRE 1 kT RE RO BERA~ L IR aE
SHLHZETHD. KRIZ, TOHREXOBEEIRZME - T, £50T good reduction % & D5 Hhff &
3 WE MR DRI A AERL T 5.

AFEORERITLLT & Lz, #i1 TE DT good reduction % & >EADKE I #fR O & 5 & 154
T 5. i 2 T, £ good reduction % & DFg M RO IEFIEZ R TERICE N e — DD FiE%x
I+ 5. £LT, SEHITEMREMNT 2.

[EY

EE
EE K 2REKkEL,
E y2+a1xy+a3y:x3+a2x2—|—a4x—|—a6 (a; € K) (1)

TERSNDIIFFRNEIMBE F 2 K EOFBHE2E v, ZoRo %  E o
Weierstrass S e & MRS,

EX ([Silverman, O.1, Proposition 1.4.]) E BIERRMTH D Z &1F, ¥ a; TE
5 PHBIAS ARO TRWVWZELEREETHD. LEn- T, FHEER &, HBn
A # 0 &7¢% Weierstrass FFEXCTERSINLIBEOZ L THD.

ST, K oM h#t E ORE» K OBBERO L TONL, K OFRAT TV p kL
T, %% modp 52 &C, FIREELOMBMEEZ XL ENTELHN, TOMBMPFEIR
& LA ERRIC 2D LIFR S 220, FlZE, y?2 = 23 + 513 Q EoFsH #7228, 123k
% mod 5 LCHOLNDREIARAE Z/5Z Lol y? = o3 138585 (2,y) = (0,0) 120D
T, RN Z/5Z EOFEMHIFR CIZi2wv. F£H% mod p LTH LD HIFEARIRGE LT
LI IR & 72D & &, p T good reduction ZH oL W) IEFEICIE, RD K D IZHEAT
THAZEICEN D E @ Iminimal model] TEX A MERH S.

*1 e-mail: m10ntake@gm. tsuda. ac. jp

2 BRI K AEAEWE 2B 5, K A FLR RIS IR S 4 BT b D Abel BEOHEE A D
ZEEFE<HmsnTVD.
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EE MM Floxr LT, Ep Z, K DFEAFT TV pllBit 5 E ® minimal model*3 |
% p T reduction L7z#ifl+5. E, BIEFREHTHS L&, Eidp T good
reduction Z&H2>E U9,

—%1Z, minimal model [XF A 7 7V Z LR F D3, TXTOFECIFEIRFIZ minimal
E7xb model N DHZ ENBHY, DX D7 model ®Z & % global minimal model
EVH. FlziE, ETHRTAEEER EoBH MR g2 = 23 + 5 X2 H & global
minimal model T®H ¥, ZDOHBIKIT —10800 = —243352 TH 5. Li=n->TZDOHA,
good reduction & £f7-72\V\ DI, 2,3,5 TH 5. global minimal model {22\ T, LLFD
ZERMBNTND.

EZE ([Setzer, Corollary]) REAK K 0¥ 6 LFE L L, K LofMHil#E E1x, £%
ft good reduction #H>& 3%, Zd & X, E X global minimal model # % -2. 2%
0, E RIS EE E 72D model BSEND.

2 E %P good reduction £ DIEFHRDIEFEZTT
&
AHiE [Kida] #5512 L7z, [Kida] 121%, £ 27T good reduction % & -O#f [ i 2 5,
DT LV ONOFERHRICELODOENTND.

E %% 577 good reduction % & A K EOFEMEh#R, A 22 OHBIX, E2] %
E 02580 ETSH. 20L&, K(E2)) ZROEEEZ B .

E3*E ([Silverman, Proposition VII.4.1.]) K(E[2])/K 1£2 ® EOFEA T 7 v L HERE
DI 72 77 7 T YRR,

IRICE 5T, 3 kER K(E[2)/K(VA) ([ZHRWEIRAR A0, WA Y S2o. L
K(WVA) 2729 55 b DDOBMT, TN HIFEEKIITRD S Z LN TE 5.

%2 L% K ED2OHRGR2RLTOIEREST D EE, K O ray class number
modulo 2 28 3 THEIIL2TF X, B3Nk 2 o K FHS 2 F-o.

i, E B2 0 K HELAE b LhUE, 20 8% (0,0) 0BT % - LickoT,

Y? = X%+ AX? + BX, A =2'B*A%?-4B)

3 ARKD p OMMEBBIROTTHSH E ® model T, TDHBIRD p #55 vp (A) 28, F/NEEEE 725 b
OO L.
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BFEHILD.
EE  FFlZ, E 2 global minimal model % & 25414,

2'B?(A? — 4B) = 2"y (A¢lF global minimal model ®¥BIL, L7725 > T HL).

ZOW, BIX20®EEEVYL. 2y, TOREFBEXEZM B MRy, (k2 0
REHBDOHEDIZONTIE, HORESNDLENI Z &2 D. Lieh-T, K(E[2]) Otk
B bEEELGDEIUR, IEFEOHENTE 5.

3 EHEE

WO EHIL, £ 5T good reduction & & SAEH RO IEGFEDT-ODOEMLE G52 5.
Z T Q(V/2) EDIEFEAEE 7 [Bertolini-Canuto] O —f¥{LIZ&H 72 5.

TEA KzROFMERTZT IRIEETS.
(1) 2 1% K/Q TR
(2) K OFFIHIL6 L7
(3) TR_THO K OHI u iz >\ T, K(y/u) Dk 3 L%
ZD L xE, EDHHT good reduction & H 0 K EOFEM #HFRIZAFAE L 72w,

REBEIR D X 91297 9 .

(D) & (1), (2),(3) DT, ESFT good reduction % b SFgHHh#RIL, 12k 2 D K A
Az 0.
(IT) & (1), (2) ® F, F 5T good reduction & 6, i3k 2 O K AHS%Z b OEH
MR SEET 52 01E, o+ 16y =1 2 8D 1 GRICTHEMEN H 5 .
(ITT) (1),(2) OF, (1) ® 1 KA BRI HERR A2 0.

() X 2@ Ck_=FENLRENSD. (1) OFEHTIE, i3k 2 O K FEAZ O #h
MOFEFEEZMES. LT, () IZ2W Lz + 16y = 1 OEEFEE & D 3 IRIBZ FEHD
F, AR 2N & BT

EHL A OFEINZEY Uiz, (I1) £ 57T good reduction & & oF5H #hfr & 1 ik HFERD
HEHR & ORISST1X, £ 5T good reduction % & 588 [ R D IFLEIZ DOV T DR D

RbbHT.
FEEB K zRkONXTEED 3RIEEL,

fo(X)=X3—16(b—16)X?4+bX —1 (beZ)
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c€ K% fio(X) DM ET 5. K LM iR
Y24 XY = X% —8eX? — (1 — 166)X (2)

IX% 577 good reduction b 2. £72, b € Z ZE)HIXMIBIZZ < 0 3 KkiK K(= K,)
PEHND.

(6,1 — 16€) %, FEFE A O CHEE LI HHs o + 16y = 1 O HEMET, KR hER (2) 12
ellL-oTHER S NA.
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0000 categorification

oo oo

20120 120 270

od

D[I,(I:IDD)CategoriﬁcationDDDDDDDDDDDDDD.DDDDDDDDDDDDDDDDDD
doooooooooo.0o00o000o0o,0oo0o0o0,Kooooooooooooooooooo
0ooo000000.0000000,0000 Khovanov-Lauda—Rouquier 0 0000000000
gooo CategorifyDEID[ll]DDDDDDD,DDDDDDDDDDDDDDD.

0020110 120000000000000000000 Categorification[lDDDDDDDDDD
O.000000000bo0obooooooobooooooooo,ooooboooooooooooaon
Lecture Notes in Mathematical Sciences 0 1 0000000000000 0.000000000000O
proper subset 000, 000000000 http://www.ms.u-tokyo.ac.jp/index-.html D OO0 O0O00O
joodddooooobOoo0oooooooOooboo0.0oboo0o0000,DbobOoOo0o0oOoOooo.

1 categorification O [
1.1 00000 Z 0O categorification

00000,00000000000000 Z0O categorification 00000. 000000000000
00,0000 categorification 0 0000 00000000O0OO0O.

0ooooooooo Z00000.Z0000 +000 xO0O0OOOOOOO,00000000000
00000000000000000000000. categorification 00, 00000000000000O
ooooogo.

0000000000000000000000000*,. Vecte 000000000000 OOOOOO
O0.Vectc OOOOOOODOOOOOOOOOOD.0000O0O0O0O0O0DOO0OO0DODOOOOO

dmVPW =dimV +dimW, dimV@W =dimV x dim W
000o000.00000000000000000000000.00000 VectcOOO 00O DOOO

®@U00000,000000000000D0000 VectcODODOODOOODODO,00000000000D0O
gboboooobooobooboboo.

Vectc & ®
\ L
Z + X

000000000 Vecte O Z0O categorify 000000000,

*00000000000000 00 20, hosaka@ms.u-tokyo.ac.jp
1000000000.000000000000COO00000DO0.
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1.2 KOODODOOO
00,00 categorification 000000000 KOOOODOOOODODO.0OO0O0OOoOoOoooooOoaO.
Definition1.1. C 0 Abel 00002 CO KOODO, 0000000000000 O000 ZO0ODOOO.

e 000:COO0DD0O MODODOODOO [M]
e J0D:COOO0D0DOO00—M; =M —>M;— 000000, [Mp] =[M]+ [Mjs]

000 Vectc 0000O,KDO K(Vecte) DODODOODO.

1. V,WeVecte 000D000,000V -WOOO0OOO00D0—-V W—=0—-000000.00
O [v]=[w]ooo.

2. V,WeVectc 100,000000000000000000—V VAW —-W 00000
0.000 [VeW]=[V]+[W]DOOoD.

0000000 VOOOO0,0000000000 VCd™Vooooo.ooooooo0o0,K(Vecte)
0 [V] = [CdmV] = [cP4mV] = dimV - [C]00000.000 Z0OO K(Vecte) 0 1000 [C]ODOD
00000000000.000000,K(Vecte)D Z0O0O0O Z/aZ (a€Z~p)00000000000.

0000 K(Vectc) 0 Zz0OOD0ODOO. 000000000000 O00 dim: K(Vecte) = Z, 000
K(Vectc) DO OD [V]ODO dimVOOOOODDOOODOO0OOO0.0—-V; >V, —»V;—-00000000
00,dimV, =dimV; +dim V3 00000.000 dim0 KOODDOOOOOOOO, well-defined 0 0 0
000.000dim[C"]=n0000000#n0000000000,dim000000.Z/aZ (a€ Z~o)
00 Zz0O0O0DO0O0OOODOO0OOO0000,K(Vecte)~ZOOOODOOOOO.

OO0 [C] e K(Vectc) 0 1€ Z0ODOOD0O0O0OO0O0O0ODO,Vecte D0ODDO0O0DOO0OO0OODODOOD
O00. 000000000 [VeW] =[V]+[W]ODODOODODOD. 000 Vecte DODO,0000
0000000000000000000000000. 0000000000000 K(Vecte) OO
[V][W]:= [Ve W] O well-defined 000. 000 Z0D0OD0O0D0D0O,00000 xOOOOOO.

0000 KOODODODOODOOODOO,Vectc 0000000 ZOOODOO0O0O0,6,@00000
+,x0000.000000 categorification 0000 0000000000000.

1.3 10000

000 categorification 100000000 LLTOO®000000. LLTOOOOOO0O O Hecke
ood A£91DDDDDDD,2DDDDDDD.DDDDDD,HeCkeDD H,(Q)D 10000000 ¢
ooo cCcoooono,0neZs000100000000.00¢C01000 r00000. Hecke
0000000000000 CO000D00000000,00000 {S(A)}p, 000 H,(Q)DDDODO
0000 {D()}uep, 000®. 0 S(A) (A€ P,)0000000000000000,0000000

20Q000000000000000000.0000 ROOO,RO000000 AbelJ00OO.000000D00000OO0O
go00o0ODbO,000000000DO00DODOoDOOO.

*3 Lascoux—Leclerc-Thibon 0 0000000

x‘477,1DE||]D n YoungDDDDDDDDDDDDD,DDDDDDDDDDDDDDDDDDD.

*B'PV',D P,O000000000000,0000000000000000000.
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D(u)(peP,)0000000000000.0004d,,000,0000000.d,,0000000000
000000000000,00000000000000000100000000000.

DD,AQ_)lDDDD Uy(sl,) 0 10000000 q00000000. Uy(sl,) 0000000 Fock OO
FOOOOOOOO,FOODOOODOOOOO0O0O {ba}rep, 000.00 M(A)ODO FOOODOOODO
000,000000000000000 {sp})ep; 000.0000000000 P, P, 00000000
000000000000.b6,05,000000004d,,(g)000.000000000400000,0
0000 4¢00000.

LLITOO00 g0 10000000 dy,(1)=4d,,0000000000000.000000000000
0000000,000000000000 categorification0000. 0000000,

1. K(Hu(Q)-mod) O {[S(M)]}rep, 00ODOOOD ZOOOODOD. 00000000 {[SA)]*}aep,
OD00. [D(w)]0O00 [S(A)]0000,0 [SAW)]0 [SA)]*0000000000 K(Hy-mod)* :=
Homy (K(H,-mod),Z) 000 [D(p)]000.

2. 200 @ K(Hy(Z)-mod)* O U(sl,) ;== Uy(sl,) 000000000,00000 FockOO FO
0000 M(Ag)DDODOOOD.

3.0000000,8% (K(Hy(¢)-mod)* 00 [S(A)]*,[D(w)]*0,0000 FockOOODOODODO by
00000s)04¢—10000000000.

00030000000000.0000 FockOOO HeckeOOOODOOODO categorify000OO0OOO,
Hecke D0 0DO0D0O0DDO0OO FockOODDODODODDODODODODDOOO,00000000.

2 0000 categorification

0000000000000 categorification 0D 00. 0000000000000 0O0O0,0000
o,0ooooocooboobooobooobooc.0bobooobobo0oobooobobooooon.

21 OO0

0000000000000000000000,00000000 LieD0O0OO0O.Lie00 g000O00O
000,00000%00000000000 U(g) D000.Uy(g)0 U(g) 0 1000009000000
00000000,9— 10000 Uy(g) 0 U(g) 000D O00D0O0000.00000000000000
00,U(p) 000000000 U,(g) 000000000000,000000000000000.

000000000000,00000000 Le00000000 Kac-Moody Lie0O0OO0O00000
0000000000.000000 Lie000,00000 Cartan0000000000000000O
000.00000 AD0OOD,A000000000000000 QU0000O0D0OONOON0OO Q
00 ay,...,,0000.000000000000B€QO0000000000000 Uy(g)D0OODO
Uy(g)p 0D OO

Ug(a) = D Uylo)p
BeQ

D00000000.00000000, Qx4 =Y Zso(+a;), U (g) := Bpeq. Uy(g)p 0000,

00000 g— Ul (g) 0000,g0000 U(g) 00OOOODDOOO.
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000000000000 4¢00000000,Uy(g)0 Q(g)00000D0D000.000 Zlgq7YC
Q) 000,Uy(9) 0 Z[g,q ' ]00D00O0D0. Uy(g) 0O, Q(9) ®z100-1 Ugl@)z =~ Uy(g) 0OOOODODO
Z[g,q7')0000 Uy(g)zODO.

2.2 Khovanov-Lauda—Rouquier 00 O

U, (g) O categorify 000000000 Khovanov-Lauda-Rouquier 00 (00, KLROOOOO) 00O
0.KLROOOOOOOOOOOOOO00O0OO0O0O000OO0OY,000000000.

1. 00000 Cartan0O0 AOO KLROOOOOOOOOOOOOO,000000000 KLROOO
obobobooooooooo.
2. A00000000000QOUO0O0D,0B€Q+000KLROOR,O00000 R(B)DOODO.

ooono ﬁEQ.;.DDDD,R(,B)-mOdDDDDDDDDD R(,B)DDDDDDD.DDDDDDDDDD
ogoooooo,ooooooood R(‘B)-mod[ll:ll]DDDDDDDDDDDDD.D[l q:R(‘B)—mOd—)
R(‘B)-mOdDDDD —-1000000000,9000000000000C00000C00O0O00O0O0.000C
041000004 '000.000 K(R(B)-mod) 00 ¢, ' 000000, K(R(B)-mod) 000000
000 Z[g,¢')00000.00000000 categorification 00000000,

Theorem 2.1. Z[q,q~'| 00000000

@ HomZ[q,qfl] (K(R(ﬁ)'mOd)/ZMI qil]) = ut; (Q)Z
BEQ+

oooooc.0ooo,bocooooooooocoooboo0oobooboOoOo,oobooooooocooon.

000 K(Vecte) ~Z00000,000000000000000000000. 00000000,
@peo, K(R(B)-mod) DD DDDDDD,000000000000000,K000000000000.
00 g=sl,000,KLROOD affine Hecke 000000, LLI-00000000000000.

00000000000,0000000000000.

1. 000000 KLROOOOOOOOOO0OOOO.

2. 000000000 R()O0DO0O0D00O0DOO0.

3.000000 ADODOOOOODDODOO000,00000000 AOOOOOD A-modO KO
K(A-mod) 0D OODOO.

4 0000000000,

5. ®pcg. K(R(B)-mod) 00D DDO00,000 Uy (9) 00000000000,

gboooooooooboooooooooooooooooooooooO,0oooooooooOoooo
ooooo.ooooocoboocobooboo,ooodobooobooooooooooooooooobooon.
oobooobOoobOoOobOoOooOOoOoOOoO0OOo,00b000O000O0o0O0oO0oOOoO0obOOoOoOO0OooO0On
ooooooo,oo0bobooooog.

“KLRODOODODOOOOOO0O0O0000000.000090000000000000,000000000 KLROOOOO
goooooo,0000oo0oooooooooooon.
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DUAL F-SIGNATURE

AKIYOSHI SANNAI

AsbsTRACT. We define the dual F-signature of modules, which is
equivalent to the F-signature if the module is the base ring. By us-
ing this invariant, We give characterizations of regular, F-regular,
F-rational, and Gorenstein singularities.

Let R be complete d-dimensional reduced Noetherian local ring
with prime characteristic p > 0 and perfect residue field k = k”. There
is the Frobenius map F : R — R sending r to 7. For e € N the inclu-
sion R C R'into the corresponding ring of p°-th roots of elements
of R is naturally identified with the e-th iterate of the Frobenius en-
domorphism. The R-module R'”" has important information about
the singularity of R. Write R'”" = R®* @ M, as R-modules where
M, has no free direct summands. The number a, is called the e-th
Frobenius splitting number of R. Kunz showed that a4, = p* holds
for some e if and only if R is regular [Kun69]. This result also tells
us that the ratio of the rank of the free direct summand a, to the
rank of RY7" = p* reflects the distance to the regularity. We define
the F-signature by the asymptotic behavior of the sequence {a,/p™},
namely, s(R) = lim,_,« ’%. The F-signature first appeared implicitly
in the work of K. Smith and M. Van den Bergh [SVdB97]. And its
formal study was started from [[H1.02]. Though the existence of the
limit had been open for several years, K.Tucker showed the existence
in enough general case [Tuc].

C. Huneke and G. J. Leuschke showed that s(R) < 1 and the equality
holdsif and only if Ris regular[[{1.02]. I. Aberbach and G.]J. Leuschke
showed s(R) > 0 if and only if R is strongly F-regular.

Definition 0.1. Let (R, m, k) be a F-finite local ring of characteristic
p > 0 and M be a finitely generated R-module. We define the R-
module F;M by

(1) FM is M as abelian group.

Date: December 27, 2012.

2010 Mathematics Subject Classification. Primary 14]J45; Secondary 13A35, 14B05,
14E30.

Key words and phrases. F-signature, F-regular, F-rational.
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(2) The R-module structure of F°M is defined by r - m = r"'m.
We say R is F-finite if F.R is finite R-module.

Definition 0.2. Let (R, m, k) be a F-finite local ring of characteristic
p > 0. Ris F-pure if the R-module homomorphism R — F.R splits.R
is F-regular if for every c € R which is not in any minimal prime of R,
there exists g = p° such that the R-module homomorphism R — F;R
splits.

It is natural to try to extend this invariant to modules.

Definition 0.3. Let (R, m, k) be a reduced F-finite local ring of charac-
teristic p > 0 and M be an R-module. For each natural number e, Put
q=p°,a=log,lk: k], and b, = max{ n | 'F’M - M" } and define

s(M) = limsu

We call b, F-surjective number o f M and call s(M) the dual F-signature
of M.

The point is that though the F-signature depend only on the R-
module structure of F{R, the dual F-signature depend not on the
R-module structure of F¢M but on the relative structure of FEM and
M. It is easy to see the dual F-signature of R is equivalent to F-
signature. By using dual F-signature, we have the characterization
of the singularities of R.

We can see the range of the value of the dual F-signature by the
following Proposition.

P -
- qdsz+a

Proposition 0.4. Let (R, m, k) be a reduced F-finite local ring and M be a
finitely generated R-module . 0 < s(M) < 1.

To state the main result, we define tight closure and F-rational
singularities.

Definition 0.5. Let (R, m, k) be a reduced F-finite local ring of char-
acteristic p > 0 and I be an ideal. We define the tight closure of I
by

I'={reR|3cVYecr eIV
where V'] is the ideal the generated by the g-th power of the elements
in L.

Definition 0.6. Let (R, m, k) be a reduced F-finite local ring of char-
acteristic p > 0. R is F-regular if for every ideal I, I is tightly closed,
namely I* = I holds.R is F-rational if for every parameter ideal I, I is
tightly closed.
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For more information about tight closure theory, see [[Hun96]. The
main result is the following.

Theorem 0.7. Let (R, m, k) be a reduced F-finite Cohen-Macauley local ring
of characteristic p > 0 and wg be the canonical module, then the following
hold:

(1) The following are equivalent.

(a) R is reqular.

(b) s(R) =1

(c) s(wg) =1
(2) Ris strongly F-reqular if and only if s(R) > 0
(3) Assume k is infinite, then R is F-rational if and only if s(wg) > 0
(4) s(wgr) = s(R)
(5) Futhermore, assume s(wg) > 0, then

R is Gorenstein if and only if s(wg) = s(R)

Remark 0.8. F-finiteness of R implies the existence of the dualizing
complex by Gabber [G04]. Therefore, There always exists the canon-
ical module under the assumption in the theorem above.

Remark 0.9. Though the theorem is only for absolute version, we can
also generalize F-signature of pair, F-splitting ratio, and s-dimension
in the dual situation by using the theory of Cartier algebra.

Example 0.10. Let R = k[[x",x" "y, ..., y"]], the n-th Veronese sub-
ring of k[[x, y]], where k is a perfect field of positive characteristic
p. Assume that n > 2 and p ¥ n. Then R has finite CM type.
The indecomposable nonfree MCM R-modules are the fractional
ideals I} = (x,y), L = (¥*,xy, ), ..., Li.y = (L x"2y,...,y"0).
Denote R also by I. Then s(I) = ++ 1.1 = 22 In paticular,
s(R) = s(Ip) = 1/n,s(wr) = s(I,—2) = 1/2. R is Gorenstein if and only if
n = 2 by Theorem 0.7(5).
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0015 n>100000G0O Hirzebruech OO F, 000000000000 O0O0DOOODOOOODOOO

oboobooo
1-T—G— PGL(1) =1

000070 C*0 HY(PLOm(n)0DODOODOCX0D0000000000O0

000000 F,00000P=(1:0:0)0000 I'p={ocePGL?2)|o(P)=P}00000000
Aut(F,) 2Tp 0000000000007, 30 =(a;;)0000 ag1 =az =000000000000
00000 F, 000000

((950 t @1 :w2), (Yo y1))

— ((a11%0 + a1201 + a1322 : a1 + 23T : Az2T1 + A33%2), (A22y1 + A23Y2 : As2y1 + A33Y2))

oooo
00O0F, 0 P20 10 P=(1:0:0)0000000000000000000000 EOOOP2OO
00 :20=0CcP2000000 E, 00000

E={((1:0:0),(y0:%1)) | (vo: 1) €P'}
Eo={((0:21:22),(y0: 1)) € P? x P! | a2y = Ty }

oooo
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2 X2X, — X3 C x CX

2| X2Xy - X} - X2X, Gy % Z)2Z
3 X2X5 — X2X; (C*)? % Z/2Z
3 X2X,— X% — XoX1X;3 C2 % C*
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B F il & 22 e SRt

L1 B e
el TS EPNE YN s e

1 IXCHIC

WONRFELEE X N5 25072 &, X LodEEREO 2T Abel I 0EkE D°(X) 27~
5 lid, RERTIcB T 2 EEAMBEOO L S TH S, 2002 4, Bridgeland [2] 1% D°(X) »
EOREMSM L IR SRS A A U, B DSl & BT TS DA Stab(DP(X)) 73,
(Ze TR nIE) BRICEZZEEROBELZ LS Z L2 R LE (CNELERESEIR L TS,

— M1z, Stab(DP(X)) BZemEnkHiEd 2 (Fhbb, REMSEMEEMRT 2) oLy, 1
KIE. THROLHBOEAIL. ZOMEIEAICRESN TS, 2RTOHEE, ZEMSIEOHK
UL SIVTWD D, BEVESZARIROMAIME GEREME, BEREMERE) XERIFEAEDNR-T
W, 3IRICLL EDZARIRICEI L ClE, BEMESRMEEMERT 5 — e FIEITM S TR,

Flo, EWZERLEE 2 DDl LR ZERIE X & Y OLESHRIEORIC, a5 20 RN
ARHT I LS 2 RICERETH D, LY EMICVZIE, DY(X) 55 DP(Y) ~D5EaM T,
Stab(DP(X)) & Stab(D°(Y)) PRICERZFHES 2 = LT TE AR, LLARL, HDE
W Z BT TRAEEFICH LR, AEOIALZHEET L2 ENMLN TS, FFIZ, Macr,
Mehrotra and Stellari [5] D FiEEZHWTRERT Z ENTE S,

FHELL Y 2WEM ., 7 X > Y % Y OS2+ 5, Stab'(D°(X)) #. Bridgeland [3]
DR L 7= Stab(DP(X)) Oiifbpsy &+ 5, 20 & %, Stab(DP(Y)) Oiifsasy Stabf(DP(Y)) &
[ 5k 72 B o A 2 Stab' (DP(Y)) — Stab'(DP(X)) BFET 2. 512, p(X) =2 2 6H1F, 2O
HIHIATME EA~DFR A 52 5,

AGEHTIT, REMRMEOHRN 2 L2016, EEMEZMS T2 Z L2 IRE T2,

2 REMFEHEHER

T 2T ERE O EOREVESRIFICOWTEE T S, 7 L <13 Bridgeland [2] X> Huybrechts
[4] ez,
X % C LERSNIB ORISR L T2,

FE 2.1 (LEMEAM). HkE DY (X) FOREMES L 1E, HERM Z: N(X) > C LEH P TH7
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A =5 S1F Bt DY(X) OESINLEE P(P) O P L Ol o = (Z,P) Tir->T, LUFOZMtE 4
2TbDTH S,
(@) P(¢) PETRUMEE DS E 125t LT, Z(E) = m(E) exp(N=1n) Y \t>, = =T,
m(E) XEDEHChH 5,
(b) IEED b € RIZKH LT, P+ 1) = P(G)[1] 255k 0 325,
Q) 1L D Ay € P(P1) & Az € Pleh) 1K LT, 1 > o 72 51F Hompy (A1, Az) = 0 T 5,
(d) 72 DX(X) @ %% E 1% Harder-Narasimhan 7 1 L % — 3 % 4,5, T74bb,
Eo =04 E, = E L2 5 HRMEOH=f EjLy — E; — A; OFIBEIEL T, 4 A; 1 P(¢))
DETIRVHGETHD Gr > -+ > Py L7025,
Z 2T, N(X) := K(X)/K(X)* 12 X o¥cfiiny Grothendieck # CT& %, K(X)* 1% Euler-Poincaré
B x(E, F) := ); dim¢ Home(X)(E,F[i]) Bl T L 5,

M 2.2 (Bridgeland [2]). D°(X) Lo BFFA IR % MGk 4 Stab(DP(X)) 13 1 #4512 Bk
EROMEEZ Lo, 512, Stab(DP(X)) D&Y T Ik L, b 2 MEE5 %M V(D) C
Homz(N(X),C) BWEEL T, Z(Z,P)=Z TEHFENDARARGH Z: L — V(I) IZFFTRHM &
b, KRS, TITERSRIEOMIEE b,
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CHOBFEPIT, JEFHINA I A2 =7 v DA ERZ TR0 KA X,

-%ﬁkﬁ&@%ﬁﬁ@@&%?@V%»ﬁ(27%&—%)T@&bjoﬁ
HIDPERIC, Y47 BC, D, ADLEE, FFEOEDHDLVIIT 7 4 VD
SR DO RN 2 =ZR T 2 D ?

.%%uuycamﬁL%EXw@—@2m$%Lw:a%ﬂ%Lko:mMRn
=1

DEFLHRDEN e = (e(i)) & w = (w(i)) D=2V v P57 £ #
fEcE 2 (BHLEAD MM Ziegler[d] 2SEE L) . C D Trliamh 3T
J& 3 AUEIER T O,
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O00000000000 post-projective I 00 0O OO

oobooboooooooooooono

1 O00OO0Oo

0000000000000 00000000000 Brenner-Butler 00000000000 OOOOO
oooo0d0.0ggoooooooooo0oUoU0UoUoooooooooO,0000D0DUUUUooO.ooo
0000o0o0oo0oooooooooo0. 0000000000 o0ooooo0oDooooOonDOdnO Hasse-
OOO0O0 Happel-Unger 0000000000 O0O.

0000000000 00000 post-projective 0 0,000 post-projective 000000000000
I o

00 k0000000 A0000000D AOODOOO mod-ADODOOODO AODODOOOO,ind-AO
000 A000000OO0O0U00DO0O0. D00, 00000000000.

00 1.1. (Krull — Schmidt). 000 M €emod-A0OO0ODODO
M’ZMl@MQEBMT

gob.ooboobooobbooobo.

2 OO

0o0o000O00o0O00O000O0OO00LO0OO0UO0DOOOO,0000 1,4, rfCOOoOo0ODOOD.
0000000000 77 00000000000000000O00 (70 Auslander-Reiten transla-
tion 0000000000 f[l]). 0D0D0D00DDOO0OOO.

oo 2.1. (1) TX=0<X0O0O0O0O0O,

(1) 7'X=0eX00000O,

(2) XIZI[IEJ[II]IZI[IEJIZIDD[II]IZI[IDIZIDEI[I,T‘er:X,
(2 X0O0DOODOOOO0OODO0O0D000000,77 X ~X,

00 2.2. X € mod-A O post-projective 00000, 000000 POOr>000000 X~77"PO
oooooo.

00 QUUD0ODO0000O0000 Qo,@000000000,00000000000.000a:x—y
0000 s(a) =z, t(a):=y00. 000 w= (o1 |z | ) (te;) = s(a41)¥i) OO0 r 00O (path)
oob0.0000000oobOoDbOo.

00 23. QUUUOO KQDODODOOO.
(e):k-0000000000DODOO0 QOOO,
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(B)w= (a1 |az | a.),w =B |B2]-B,) 00000
(1 |ag|-rar|[Br]B2] - B) tlar)=s(B),

0 ooo.
00 24. QUOO0O0OOO,00000000,0000000,00000000000.

00 25. 000000000,0000000000000kKRDIODD, 00 QRDIODODOOOOOO.

00 2.6. Temod-kQO0O0DOO0O0OD,00000 (1),(2)000DUOO0OOD.
(1) Extyo(T,T) =0,
(2)T00000000000DO0O00O0 n=#Qe0O.
00 2.7. 0000 (1)0000000 partial-tilting module 0 0 O .
0000000000000 00ODOUODODUOoDOooDOO (cff4])
/ def

T<T € Ext(T,T)=0.

/B o o

07(Q),7,,(Q 000000000000000 post-projective 0 00000000000,

uo

partial-tilting module M 000 1k(M),lk,,(M)O00000 MOODOOOO 7(Q),T,,(Q)0O0O0DOO

oo.
00 2.8. 00000 (T(Q),<)0 Hasee-00 K(Q)ODO,000 kQOOOODOODO.

00 7,(Q)Jk(M),1k, ,(M)0D0 £(Q) 000000000, Kpp(Q)Jk(M), 1k, ,,(M)DDO.

3 OO0

00,0000000 A=kQO000000000000000;
(0000000 z€Qo,0000,s(x) +t(z) > 2.
000Ext, 00000000000000000.

00 3.1. (y:z—y) €@, 000.000,

dim Ext (77" P(y), 77 *P(z)) < dim Ext} (r7"P(x), 7" *P(z)) < dim Ext (r """ P(y), 7 *P(2)),

0000 s>000000 ze@oOOODODOOOO.

0QOD000,000000000000000000QO000.000,Q0=0Q0,Q1=0,11-0Q4,0

000 e:xz—yQO0O0O0O fa:y%xEIDD.DQEIEID

w:xogxlgn-a#acr

0000 ¢t (w):=#{i|a; €Q:1} 000 lg(z,y) := min{c*(w) | w: path from z toy} 0D 0. OO0

ooooooooog.

00 3.2, Extyo(r7"P(i), 7 *P(j)) =0 & r < s+ 1g(j. 1)
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O Lg = {(ri)icq, € Z% | r: <1j +1o(j,4) Vi,j} c 2% 00D
O 3.3. 00 (ri)icg, = Dicg,7 "P(i) 000000000 OOO,
(L(Q), <) = (Tpp(Q), <)
def

00000.000 (rg) <P (s;) € ry >, Vi000.

0oooooD,0oooo (7,,(@Q),<)00oo0ooooob0b0ooo0. 0oooDoo ﬁp,p(Q)DDDD
oboboboooooog.

O 3.4. QUOODO source se Qo UUIOIOODO.000,000000.
1 ( ): I >0lkp., (777 P(s)),
2 pp(P(8)) =1k, , (777 P(s)),

4) Ik p(P(s)) DOD
5) Ik, (77" P(s)) 00 Ik, ,(r"*P(s)) 000000000 ,t=0000 1,

O
) Tp
YT
3) #lk,, ( (s)) <2n71,
) Ik
)
6) K,,(Q) 0 OO

(
(
(
(
(
(

0 3.5.QUOD0O00OOODO.

god lap_p(Q)[l ZA, ,000000.00n=40000000000.

4 1(Q)=1000

gobooooboobobooo Ep.p(Q)DDDDDD.
(1)Q DO OO source s(Q) € Qo U ODO.
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(2)U(Q) := max{lg(z,y) | 2,y € Qo} =1
00 (1),(2(00000000000)00000000 QUOO000oon.

00 41. 0 LLT 0000 IO 0000000 ;
(I ) = T I T, (CHT'),; =Ty I I {e — s | e sink of I', s : source of I"'}.

0C,000000 ({0,1},<°°)0 Hasse-DO0OOOO0OOO0.00000 3300 n00000000
QeQODOOOk,,(QOC,,0000000000000.000¢C,0000 KOODDOOOOO
(a)n, (b)), O0DODOO;
(a)n : (0,--+,0),(1,---,1) € Ky
O : T = (1), T =(r})) e K,ODDODO,< T,T >1€ Ko, 00O < T, >, 0 i-000 min{r,r;} O
<T, T >_0i-000 max{ry,r,} 000.

0 (a), (), 00000000 K,00 K:=1K,0000000000.

00 4.2. (1)Qe Q0000 lk,,(P(s(Q))) € K,
(2) KeKOODOOD QeQOOOOD K =1k, ,(P(s(Q))).

00 33,00 34000000000000000O.

00 4.3. {K,,(Q)]| Qe 0} ={liK | K € K}.
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Semi-classical Asymptotics in
an Abstract Bose Field Model

Yuta Aihara

Department of Mathematics, Hokkaido University

I. INTRODUCTION

In quantum mechanics, in which a physical constant % := h/27 (h : the Planck
constant) plays an important role, the limit # — 0 for various quantities (if it
exists) is called the classical limit. Trace formulas in the abstract boson Fock space
and the classical limit for the trace Z(fh) of the heat semigroup of a perturbed
second quantization operator were derived by Arai [ 1 |. Generally speaking, the
classical limit is regarded as the zero-th order approximation in 4. From this point
of view, it is interesting to derive higher order asymptotics of various quantities
in h. Such asymptotics are called semi-classical asymptotics. The purpose of this
paper is to derive an asymptotic formula for Z(5h).

IT. A CrassicAL LiMIT IN THE ABSTRACT BOSON FOCK SPACE

In this section we review a classical limit for the trace of a perturbed second
quantization operator and some fundamental facts related to it.

Let 7 be a real separable Hilbert space, and A be a strictly positive self-adjoint
operator acting in 7. We denote by {7:(A)}ser the Hilbert scale associated with
A[1]. Forall s € R, the dual space of . (A) can be naturally identified with
H (A).

For all s > 0, the continuous bilinear form (¢, f) — o(f) on F5(A) x F(A)
extends to the continuous bilinear form on J# ;(A) x S, by the density of J#(A)
in 7.

We denote by % () the ideal of the trace class operators on 2. Let v > 0
be fixed. Throughout this paper, we assume the following.

Assumption 1. A% € 7 ().
Under Assumption I, the embedding mapping of J# into
E .= ,(A)
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is Hilbert-Schmidt. Hence, by Minlos’ theorem, there exists a unique probability
measure 4 on (E, ) such that the Borel field % is generated by {¢(f)|f € '}
and

/ew(f)du(@ _ M2 e gp
E

where || - ||+ denotes the norm of J7.

The complex Hilbert space L?*(E,du) is canonically isomorphic to the boson
Fock space over 7, which is called the Q-space representation of it. We denote
by dI'(A) the second quantization of A and set

Hy = dT(A).
Then for all 8> 0, e #H0 € 7 (L*(E,dp)).

DEFINITION 2.1. A mapping V' of a Banach space X into a Banach space Y
1s said to be polynomially continuous if there exists a polynomial P of two real
variables with positive coefficients such that

V(¢) =Vl < Pl YDl =2l ¢4 eX.

Let V be a real valued function on E. Throughout this paper, we assume the

following.

Assumption 11. The function V 1is bounded from below, 3-times Fréchet differ-
entiable, and V, V', V" V" are polynomially continuous.

For h > 0, we define V}, by
Va(9) ==V (Vho), ¢€E.

and set

1
Hp = Hy + %Vm

where 4 denotes the quadratic form sum.

Under Assumption I, II, for all 3 > 0, e P € 7 (L*(E,dp)) [ 1]. For all
s € R, A*/? is a continuous linear operator from .%%(A) to E and it extends to a
continuous linear operator from . (A) to E.

THEOREM 2.2. [ 1]. Let f > 0. Then

Tr e BhHn 2
i _ iy ey
B oo ()
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We set
Q=F v=p@up.

Then v is a probability measure on (2.
Let {\,}22, be the eigenvalues of A, and {e,}>°; be the complete orthonormal
system (CONS) of 2 with Ae, = \,e,, and

=1
Z )\7—9 < 0
n=1

Let ¢ be a bijection from N x N to N. For all n,m € N, we set f, ., = €y(n,m)-
Then { fum}pom=1 is @ CONS of . For all ¢ € E, we define

(2.1)

¢n = ¢(€n), ¢n,m = ¢<fn,m)

Then {¢,}n and {@n m fn.m are families of independent Gaussian random variables
such that for all n,m,n’,m’ € N,

[ énute) =0, [ 6u6ndi() = 3o (2:2)
E E
/Eqbn,m¢n’,m’d,u(¢) - 5nn’6mm/- (23)
For all my,---,m, € N, we have
s [ tonl™ o, o) < . (2.4)

For all N, M € N, we set
4e2 )\,
Fyu(e,w,s) = Z + ZZ B + (27Tm)2)(1/1n,mcos(27rms)
n=1 m=1 n

+ nmsm(27rm8))en, >0, w=(p,0,0) €, 0<s<1. (2.5)

Then we have

Tre—Phn

= Jim [ e (—5 /0 1V(FN,M(5,W,3))ds> dv(w), (2.6)

Tre—BhtHo N Mo

where e = Sh (See [ 1 ], Lemma 5.2, Lemma 5.3. ).

ITI. AN AsyMPTOTIC FORMULA

We can prove the following theorem.
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THEOREM 3.1. For all g > 0,

Tre—Ahtn

Tre—AhHo

- [E exp (—ﬁv <\/%A1/2¢)> dpi(¢)

S mf: /E dpu(9)dp(v) exp (—W (@”%»

=1

" % —-1/2 1/2 1 S 1/2 1 _ N
x V <\/;A ¢) (A ( ﬁm;%,men),fl ( ﬁﬁm;w,men»

+o(Rh?)

as h — 0.
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bbb obouobouobobougboga
ooobogon

goooo

goboooooboooooooooobooooooOoboOooobooOoOoOoooOOo.ODO00,000b00000D00O0
00o0o000oo0o0oo0000ooO0D0obD000D0bO0OOoO00D0LODODOoDO0OODOo(DOD BJOoOD) D
o,0obooocooooooobooc0oobooooo.cooboooooooOooobooOon.
000000 (QED)000DU00OD0DDUO,0D0O0DOooOg.

3
Hopp = He + Hpp + Z /R3 (@)l (@) A (z)de + oﬁ/ YT () ()T (y)h(y) dxdy (1)

R<R® lx -y

ooo aERDDDDD.wDDDDDDD,AJ—DDDDDD,aj(j:1,273)D 4x40000000000
oooooo.o00 HyOo Hy, OOOOOoOOoOoOOoooO0o0ooo0oooo0oooooon.
oo,0b0o00oooogooocooboodobooooooooooooooog.

H:H0+H1H{+H2H5+H3H§ (2)

000 H{,H,, H,0OoOoOoooooooo.

Ho:=B®I+ Hy, (3)
J

1= Y [ @), @) ¢ @) @)

my= [ () P@). v @), 0). 0 @) © Tdedy (5)

J
Hyi= ) / e XY (0(), 4 (@), 0(y), 0 () © (A (&) + Ay ))dedy  (6)

oooooooooooooooooo.

1 D000ooooooooono

HODOOOOOOOOO.00000000 T7TO000,000000 D(T)000,000000
o(T)DODDODODOD0D0D0.00,00700000000,infe(T) > —cc0000000000.0000
Eo(T) :=info(T) 00000000.00 HODOODOO BOOODOO.00 BOOOOOOOOODO.
(A.1) BOOOOOOOOOOOOO0O0OOO0.0000 B:=B—Ey(B)00OD.

00,0020000 (¢)0HOODODOODODOOO0OO0O.(=1,---,N)0OOO0OO0O00000000000
0¢(z)00000000.

P1(x)
Y(z) = : (7)
Yn(x)
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00,0000000000 POO0O0OOOOOOOOOOOO0ODO000000.
Pyj((),¢™(2)) O P j((x), ¢ (2),4(y),¢*(y)) 00000 HOODOODODODODOOOOO,00
00000000020y00000000 C,,,Cs,;0000000000.

| Prj((x)"(x)) [|[< Crj o, || Pay(y(@), " (), ¥(y), ¥"(y) [I< Cs5 (8)

00 P(y(z),v*(x),4(y),¢v*(y))0 BOOODOOOOOOOO.000
D(B'Y?) c Nz yeRr D(P2(¢(@), " (2),¢(y),¥*(y)) 000000.000 @,y € RVO00000000
00000 a((z,y)),b((x,y) >00000,ue D(BY?) 000000 «w000000000000.

I (Pa(w(@), " (@), ¥ (y), v () < al(@,)) [| B> || +b((z,y)) || u | (9)

2 JOO0bOobOoDO

00,KOOODOO0OO0O00000,e!KO0 KOpOOOODOODOOOOD.0000,K00000
0000000 A(K) =ae2,(e"K)0o0000.
Fo(K) O (®,0) =Y (@™, v(")en, 000000,0000000000000.000,00000
000 KODOOO (f,9)«x0 fO0000000¢0000000000OO.
00 S,:®"K -®!KO0000000000.000 fe KOOOO,/(K)ODODODOOOO A*(f)00
oooooooO.

(A (H W)™ = Vn+ 18, 1 (foUM™), n>1

00,A%(AP)® =00 00.0000000 A(f)0D0DD00 A%(f)000000DD00O0O00O0.
Q:={1,0,---} € /(K)0OODODOOODOOOOOO,Mc KOOODOOODOOOOOOOO

FIMM) i= L{A*(f1) - A*(fa) %, Q| f; €M, j=1,---n, n€ N}

DI:IDD[I.DDDDDDDDDDDDDDDDDDDDDDDDD.A*(f)DDDDDDDDDDDD.
D(A*(f) =T = {T}2 ) € F(K) [ Y || (A (HO)™ (|30 i< 00}
n=0

A*(f)0 A(g)00D0O0ODOO0OO0ODOOODOO0DOOOO,00000D0000.00,0000000000
ooooooooooooo.

[A), A" (9)] = (f,9)x [A(S), Al9)] = [A"(f), A™(9)] = O

000 [A,B|=AB-BAOOO. TOKODOOODOOD.O0O0 A(K)DOO 2000000 dIy(T)0

dry(T) = (@Z‘;O(Zn:(leg - ®IRTRI®---®I)) | ®"D(T))f o (10)

0o0o00.000,0007T0j0D0000,000 FR(K)ODODOOOODOO.

3 oo

go,00b000boo0oooooooboocoooo.

Fon = Fp(L*(R”; C?)) (11)
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00 e (k) = (e}(k),,r=1,---»—1 000000000000,00000000000.
e (k) e (k)=10,,, k-e.(k)=0 aekecR” (12)

feL*(R") 0000 ai(f) = A*((£,0)),a3(f) = A*((0,f)) 000.0000,a,(f) 0 a;(g) 000000
00000D0000000000oOO.

[ar(f), ar (9)] = Or.p(f,9), lar(f); ar(9)] = laz(f); a7 (9)] = O

00000 ke RVODOOD0OO0DO0O0O0000000000000000 0<w(k)<oo aekeR'O
00 wOOOw(k)0O0ODDOO0OOD. 000 L3(R%;C?)00000000000,0000000000
00000000000000000.

th =I® dI‘b(w) (13)

oo,00o0o00oo0ooooooocooooocooo.oo,

, kel (k
3w(k):M (14)
’ 2(27m)3w (k)
000 el (k) =ei(k)e”**000. 00000000000000000000.
Aj(@) = Y (ar(fla) + ar(fla) (15)
r=1,2
000000000000,
(A.2)
Xph 2 v
222 ¢ [*(RY), k=1,2 16
T (R") (16)
D000 A4,(z)0 Hy’00000000000000.
4 OJOOOoOooog
00,000000000000000000.
Fi=H® Fp (17)
0000000000000000000000000000.
(A.3)
x1 € LY(RY), axs, bx2, x3a € L'(R" x R") (000,a,b0 (9)0000). (18)

ooooooo,0o0000boob0000 HOo  FoO0O0Ooooo0o0ooo.0oooo,000000000000.
001 (A1)-(A3)0D0000.0000,HO ky,ke,ks 000D00D0ODO0ODOODODOO, 00000000
ooooo0.0ooo0 Hyooooooooooooooooo.

5 0Ood

000 70000000000 Ey(T) =infe(T)0000000000.0000,E(7)0 700000
00D0000.00 E(7T)0 TO0D0000000000000,00000000000000 7000
00000.000000000000 dimKer(T — Eo(T)) 0000000.000000 1000000
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gooooooooooobo.oob0o0o0ooboooobooooo0ooooooboooboooooobooOooon
goodo.obooboboobobooddoooo,0odoooooaa.

(Ad) Yo € LL(R)

(A.5)

xx1(x dm<oo,/ xx3((x,y dmdy<oo,/ yxs3((x,y)) | dedy < oo (19
/RV| () | [ o 1Y) [ 0@ ) | (19)

(A.6) xpnel/\/w(k)3 € L2(RY), r=1,---,v—1,j=1,---,v

(A.7) Ey(B) <info.s(B)

(A.8) wOODDO limp,_ wk)=0000,0000 C,y>000000,000 k,k'€R'0000
|wk)—wk)|I<Clk-K|"[o+wk) +wk))ODODOO.

goboooobooboobobooo.

002 (A1)-(A8)00000.000000000 |k1l,|ke||ks|0000,HODDOOODOOO.
DDDDDDDDD,[I]Secti0n3,[3}Secti0n2|:|DDDDDDDD. gooobooooboooobooobod
0,[4]Theorem3.6 0 O O .

(AY9) wODOOO,000000.000000000,00000000 RPOODOODOD KOOODOO.

we C3(RY\ K), 57”(1@)7&0, n=1,-,v, k=(k1, k)€ R\ K

(A.10) dimKer(B — Ey(B)) =1
003 (A1)-(A.10)00000.000000000 |k ],|#2],| k3| 0000 dimKer(H — Eo(H)) =1

6 Dooboonboood

0000000 HOODODOOOODODOooOOooDoooooo.ooooooooooooo.oooood
[2].Theorem1.3 00O .
(A.11) ess.Ran (w) =[0,00)
googo,0o0oooooao.
004 (A1)-(A3),(A11)00000.0000, o(H) = [Ey(H),00) 00D DO,
00o0o00o,0000000 HOOODOODOooDooooooooooooo.
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55 D8 F-E 1209 2 BEELER R O BUA MR IZ DWW T
SO (AEHEE L)

B E

ZDT =L ER—NTIE, BOETMIINT 2RELEROREARN AR Z 2235 2H L 72 &
F9. EAEEE, EAZERBICARS MVEEHRTT.

1 FLC®IC

BELEERR & 1%, KX D UDSHHEMER (B22) UL TRATOWLBRFEARS B TYT. B ¥ THD &
S IR FIRIEE NS K, ZDMBEAEFIZ D30 B IR itf%@b\@’c‘ ERERDOEIHNZ D B IRENE, kL1
EHIZ o TIRETHEEVWEMIZA>TWET. U2 THELHERICB W TIE, Bl ¢ 124 2 REDT
ﬁ%ﬁ(ﬂ%im@&%’%&#t®i?&%éﬁv%16#)%ﬁﬂéy&ﬁigv&oT%iT

WE, HENINV =T V% Hy, NIV = 7/%thi?* INsiZUIELIE, Hilbert 220 L
OHOHBEMAZEL LTRINET. BETHRIE) 28ELER T, HEEHSE

Wy = s-lim e tHo
t—+oo

ZIRNTS 2 Z E DA T

UL2L, WO THERRRI LI, GORFMICBVWTEIOKIEHARZNMFILELZESIZHD FHA. L
NoT, WHIFHEDERZBIET 5%, BELEHGMOMKDO U722 L2 5 0ENRH D £7.

IDTI7ZHNVVAR— TR, TOXI WK GEEZRICEN T L LI, HORFIROBHIZHE
IREEARRR Z MO ZEH LW ERWK T, ZORDNIITT Ay 22 L, £ IEUEEREHEE
BALEDL, BoHITIIGORFHMICEVWTHEIIERNINSIET LV E WS OPHEALET. BEHiTR
HCELBL G DR Sk e T L, =2 TF?%%%E&?&H@&F?E’E% LET.

1.1 7 4v U %

H & ¥ Hilbert 221 & LU, ZOWEE (-, )y, / VL% | ||y TRLUET. HOnET VYV IVEE O H,
WIRT VY VEE QUH, KAMT VY IVEEZ @ TRLUET. 20L&, H EOR7T 4y Z2%EW F(H), KR
VT Fy OB Fy(H), 7V IA YT xy %M F(H) EnTh, ERER ;

n=

FH) = & (@H) = {v = )z | € SH, 0] = 9™ |Bur < oo},
n=0
Fo(H)i= S (@H),  Fi(H)= O (@H)

TREHINET. HoBFHmIZIBVTIE, ZasiZLIFUIRREDEME LTHWeNET. Z05E, H
X1 DOk FOREBEMERL, En il LT, @"H & n HOK FOREBEMERLET. D ny €

INIVb=T e, TIVX—EFEBIHRTHY, KT-OREBOFMFEEDER T (generator) & LTOKELHLET. A
HAIN =T VIR TRATOIIVF —2RL, NIV T VK TEEOMEEAEEDHEDT RV F 2R £T.
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N DBFIEL T, Fng BOUBEOETOELINBEYETH B LD BRI MLOEKIZARRR 722/ & 17X
N, Fo(H), Foo(H), Fro(H) TRINET. 7z, MEEMOE 0 KAZIRETTRVE S B2 ML
Qg :={1,0,0, -} &, KRIPFEHELBEVES R ARSI, (T4y 7)) BREMFENE T2,

1.2 FL2=FERAZ*R

Hilbert ZEf] EORIEAEMRE T 123t LT, TOEHEE D(T) TERLET. THREIIEREINTWEY
&, FOMBERZIZT THLUET. H LOWBITEZINEZEERZ AITHLT, nEF Y VIV
MerH EofEfzE A %

alg

n j-th m
AP =3I 010 A ®I®--®| ® D(A)
j=1

DESIHDET. LR, Tix EOESFEAFZERL, o, D(A) IAEHT >V VEZERERL £
ZOrE, ADE2EFERRIN(A) X, 274y IV EM ETROLIICEHINET ;

dT(A) = ?SOAW A© =,

7z, B2 B8 HEHERX, FH) & F(H) OFNEFNTHENED (reduced part) 25, TNEN
dTy(A), dTs(A) THRENET.

1.3 4K CHR) fEAZ*

RY 7y 2% Fo(H) BT, & f e HITHUTRD (i)-(ii) 279 & 5%, WEERShzH
el a(f) &, (RV V) HERBERR, TOMKEHRRZ () &2 (FY V) ERIERRLIFUET.

(i) 2TD fe HIZH LT, Fo(H) i a(f) Dis (core) TH 5.

(ii) a(af + Bg)v ={a"a(f) + B a(g)}¥, (f,g € H, o, B € C, ¢ € Fro(H)).

(iii) ®CTD feH & € Fpo(H) ITHLT,

(a(f) )@ =0,

AR (WSR) TEFHE 2 RO O BB (Gid) T, 20k, RV VERIERZE a(f)* AYRIE f O R — 2RiT
EFOEDEBLTVWAZEEZRELTWETS. BHZE Qy EHBIEHAZRIC X > TERIZRIZI N ; a(f)On =
0,(fEH), TNEFEEDOLODDRHDTIZHR>TWVWET. ZDIZ i, H& THELHEROMERIZE D -
TEEY. F/, HEESRFEARZEZ R FHZIETTE %M ;

L{¢, a(f1)" - alfa) Q| n €N, f; € H}

A, %M F,(H) O THI% (dense) THE I L HLEHETT.

2 BBRALETIL

INETITWEINTELZET VO —EHEENL £ 34.

CERTFNEZEBIVHGOBTHICBVTI, HEBLEORZ MVIEETRA—DIREZELZL XTTOT, HERY ML Qy OBERMGIX
TARTHZETT. ZITERTZ MUVHBBIIEL (|Qy| =1) SNTWRERIINEETTOT, HOBDE 1ITL>TVWET.

3TNV IAY T Ay Z%EH Fr(H) ETH, FROER (HK) EHAZPFEL £ 7.

12 ZIZRIT B ETIVESMIE Nelson €T, A V-RY YEFIN, Derezinski-Gerard EF IR Y, EEALHDINRNL DHIE
ELET.
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2.1 van Hove 7/l
L, BHSOBEDOR T bEIRTAETILCTT. ZOEFILONINN=T VOB
Hr(g) = dl'v(T) + ¢(9) on Fy(H)

THAONET. 722U, TIRH EOHCHEENRTHY, ¢(g) = J5(alg) +alg)*) & Segal LD IE
FLIEIN2 HABRIEHZTT.

van Hove ET VIS4 L BIR TR WHEE 2> TH D, NIV DT VDARY MUDRETERZD,
FAENRZ MVEEETTIENTEERY, BERIIRBBHLPTVWETILTY. UL, Z0&5 %48
OTHBRET N T AWIEAEITFEL ZEA.

2.2 XN QED — Pauli-Fierz E7 )L
Tk, FEMRGRAIETER & B FIEAGOMBERZET2ETILTYT. NIV =T U

N

Hpp =Y ﬁ(Pn —gA(x; )2+ V +dly(w)  on LA(RN) @ F (G LA(RY)

n=1

THEZONEY. (4 DIFHZEDOERIFABLET. )
QED & 13 & 7875 (Quantum Electrodynamics) D Z & T b, AKD QED IEM Gt CIEHE 12
LU WHRTYT. 20 Pauli-Fierz €7 VI%, AKD QED O FRICAEL, WHMWIZHEIhTWET.

2.3 ExEH® QED
ZHEAED QED TH D, Coulomb 7 —YDFTIE, NINWVPZTUVIERDEIIZEZSNET ;

T X X T
dT(Ey) +dTy(w) +e [ T (x)adp(x) @ Aj(x)dx + ;2/ v W'( )_1# )y (y)
R3 T JR3 xRS X y|

dxdy
on  Fi(L*(R%CY) @ Fy(L*(R% C?)).

COFFDWTHENBRERZRLONEINBAHTH Y, REDOLZVHLTY.

3 mMOEFMICHT SEELIER

BAEDE 25, LGOI U CTHELBEREZMES 272007 70 —FI1322H0 £9. —DIF, EIE
% INA 7= E R 21256 U T Dyson #5E

o]
Wi -— lim 5/ efete:tthefthOdt
e\0 0

o0

~ lim / eV (1) -V (E)dby -+ dy
5\07;) 00>ty > >t >0 L L

EHWSHE. 22T, V() =etoVe itho Ty, VIININ =T VOMAEEREZRLET. 20
I BUAIZ R4 LT 2 DIENEETH D LS ICHAFT.
H5 -0l BEEERLDLHETHKIFEHAREERT D LSZHEIE TT.

SET (TR DMK ESR) OMIIC@ <5 oz L.
SEORTMOTH TR RN L DT,
"LSZ 1%, Lehman-Symanzik-Zimmermann QUL F T .
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3.1 LSZ##Em%
Z OMERGEE, FIW0EER (HIR) MEAE ;

+ N E itH —itHg itHoy ,—itH
a*(f) = lim et e Hog(f)ito e,
a:l:(f)* = t_lgimoo eitHe—itHoa(f)*eitHoe—itH,

DEFEERTEIAVOHBEDET. (T IGBETMCEENDIGAL, 7 )V I A VER (HIR) 1E
MR U THnESREZE X X9, ) 20U, a2 IEFIZ B W TR0 AR (HEZ) 85 /EHRT
HHLEZONET. ZOLE, WHEHBIERZE o (f) IZENIN DT VOEERZ ML EEBIZRIE
TIEeBbhET ;

HQ=)\2 =  aF(H2=0

ZNiE, ENINIZT UDEENRY MVHEHEN SR CEEDOHRE EHSTWE I 2 RBLET. £
Z T, HnkrZEEE

FE=L{ g, a®(f)" - a®(fa)" Q| neN, f; € H}
DESITEREL, WO IR L B % 5 SMERE W, %,
Wea(fi)* - a(fa) Qu = a®(f1)* - a*(f2)*Q,  fi €H,neEN

DEIIZED, HO-OTINERIMEMAZLTTET. ZZ TN LUZRNIFERNREDTTH, WL
DOPDFRBEIRETFINIEWTIE, BFENRZERICTAIENTRETT. ZOWHY OFEL WEimEE T
LznweBnwEd,

3.2 M[E&E

(1) WA (HIR) (FHZEOFEEZRT Z L.
Z3iE, Cook DA LAKDTEEZH VWS Z LIZL VLI NE T,

(2) WE e

oMK T, EHENRERTOERL2NIN =T VORERREEZFE L TWE LD, ZhikH
HEZLTEDOYETA. INODB—HT LI L E2WHENZR2ELIFCET. ZhiFTRbb, (BRZEM
EFLELILIZTRE, )HREES;

VE=L{Y € FlaE(f)v =0, f € H}
MEAEZEM Hy(H) IZFLWI & TY. ZO—MEMELRET VCIEHT 2 Z & IXWE %MD £ 9.
(3) BELA N D

VHZIZBWTIRELIRESKBEO PEVNHELER Z VW TEHINTWVWETA, ZHs ORFMRE
FREEONTOWEREWEDIZRATT. ZHIEIERICHR R, SBOETT.

8M. Reed and B. Simon: ”Methods of Modern Mathematical Physics III: Scattering Theory,” Academic Press, New
York, 1975, TheoremXI.4.
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RNERT 5 @H‘;rf(’a? H DIEFR I Neumann 35 554E [ &
IEFRAE AR DAFEAEIZ DWW T

PN R (ORI T M2 R R B BREE A TR )

lFC®HIC

INET, REMOIEMILIEEZ ® DRI FE BRI 757 X 0 B SERE O g o
FAEL L EMIZET BW5EHN L < AN T E 7. K2 Dirichlet B/ &M% $ D&
R UTEZLDFERBB/ONT WS, ZALH 2004 4 J.Garcia-Azorero, 1.Peral and
J.D.Rossi[1] iZ & > TP Neumann Bi5 5% & DREDEDOFIE L ZEMICBIT 5
WL ODDFERPIEO N, Bx IS OFREREZEEL L, NERSOREE B DIEHRIT
Neumann BEFEREZ 5. AREH CIIRHZ Z OBEMOTFIEIZDOVWTE R 5.

1 FEE
% B0 F OFEHIE Neumann BEFUERIEIZ O \VW T H%T 5 -

—~Au+u=a(z)|ulP?u in £,
{ )lul ®)

g—fj = \b(2)|u|?2u on 0f2.

IIT, QRESHABERELORY LOHREMT, N>3 235, 5, Lt
FEER LML T5. £/-1<qg<2<p<2*=2N/(N-2) &L, akbix2 E
D L 95, RHEHTIE (P) OMREDOFMOILAEIIOWTHHET S ¢

1 (M), ve HY(2) D, EED he HY(Q2) Iz LT

/ (Vu - Vh + uh) de - / a(z)|ulP~2uhdz — / b(z)|u|"2uhdo = 0
(7} (9 o0

Wi E u ik (P) DEMTHZ LS.

* E-mail: d12sax0J51@ex.media.osaka-cu.ac.jp
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AGEHTIE (P) OHEEIEL T (P) Offe VWS . BxDEEHIIROEDTH S :

FE1., 1<q¢g<2<p<2Y a bF N LOHEGEEKETE. I5ITHDBHE xy € 0N
PEFEIEL T h(xg) >0895. ZDLE, DE2A>0PFELT(P)IFEO<A<AI
X U C i % SRR £ D

ZIT, albOFZFEAETHEZ el THL.

2 B ERERER

4 DR DOF T J.Garcia-Azorero, I.Peral and J.D.Rossi[l] DFERIZH D, K5
FA]DHFTa=1, b=1D5HAD (P) 2H->TEY, TOHDMFAELLZHEEIZEALT
WL ODDFEREZHFTWS, FRZZFDH®D Theorem 1.1 T, 1<g¢g<2<p<2tD&
&, TORNEHAS0ITHLUT (P) 2 HEREE O 2RLTWS. TN2XITT
HxDEZDHEIIRD2DTHS :

(Ql) p<2*, T5IZak bEAENSOEGEEE LIZEE, a & b ADWRRLA
LD L (P) &2/ 78 X > 012K U TR % SERRIA H D 20,
(Q2) p=2* DEHAILE S W

MM Z S 22T 572012, [1] DFTiThbN T3 Theorem 1.1 DFERA % fijHLIZ £ &
® 5. J.Garcia-Azorero et al. (XFEBHD 72D IZZ537%, K12 Krasnoselski genus 12 & -
THB E N5 min-max % 2] Z#HALTWS. 20, (P)ITxIEd 2 HY(2) LTEH
STz O HRINLBIEK

1 . 1 A

Fuw =z [ (|Vul* +v*)de — = [ a(z)u/Pde — = b(x)|ul?do (F)

2 /0 PJo q Joo

DEFFRRFFNS 2N > 0128 U CTHREFET 22 2RLTW5S

E&E2(EAM). ue HY(N) 2 (F) TEXRI NN F DR STHD L, uvils
7% F @O 1 Fréchet a2 012522 Thbd. 20, FEDO he HY(N2)IZ/LT

(F'(u), h) <: /Q (Vu - Vh+ uh)dr — /Q a(z)|ulP~*uhdz — /89 b(a:)\u|q_2uhda>
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ZZT(HYR) 2 HY(Q) oRERE U, ()& (HY(2)" & HY(Q) oxtz&T.

MickhiFa=1, b=1, 5ICA>0E& RS Lo &, FEKF BRD5D

(C1) F(u) = F(—u) (ue HY($0)).

(C2) F(0) =0.

(C3) F: FIZHF

(C4) &2 n KITEREM E, CHY(2) £ p>0% e>0DBHFHELT, [TED uE€ E,,

||UHH1(Q) =p XL T F(U) < —€.
(C5) F : ERD ¢ < 0 123 LT (PS), &l %77

Zii7z 9. T DGR Deformation Theorem[2] % ffi o 7i#imiZ £ U, genus IZ K> THE
#IND F Oinfsup N F OEEFUETH D, 5612 F O APEREFET S Z
ENVAD (FEBITIZ (C3) D F O FEFMEIRRGEE Wz, F O»h b ITi#Y
truncation Z i L7z N F 2 E X522 12/k5). 22T, (C5) @ (PS), &Mz
TEHLTEL. FII(F) TERINZED, £/lhceRET5:

£3((PS). 4). {uj}jen € HY(2) »* F(u;) — ¢ 2 F'(u;) — 0in (HY(2))" %
7298 E, {ujljen FF D (PS) FITHDE NS,

T4 ((PS). ). F OEED (PS), 5IA HY(Q) THRIKT 2 MA5 2 a0 L & F
1% (PS), &R F 205,

BxofEIZRES. (QL), (Q2) D& SiZa, bz —BMORENSOEFREHL L &,
FT (C4) OFFHOBUZINEELEL B, FHZ b O/ BOREMIZ L > T, [1] THOOTW
Fe n LA E, AT BT BERD D Z L B0 D, X512 (Q2) O p=2"
DA, Sobolev ZERDHDIAA « HY(2) — L (£2) @ compact D XRUNZ & > T, L
B F 28 (PS). &b 2723 Z L 2R TBRICIRNEENEL 5. ZhET (Q2) DBED &
S IZFERHBIHAY Sobolev DEFEFIRE DKL 2 B D ERUEHE LR D A2 F\»,
ZIERRIE DS AT BB R B & £ DITEDRDIFAEIZ DWW TER U725 D & U Tl 21X [3][4]
M5, FHZ [4] TIERA & FERRICIERRIE Neumann BEFMEMEZ K-> TH 0, HEDOM
DAFAEDY, HRFEABIRB DR A MIZH T D3R DIPR, & oI BRI D I K G5
TORDEENEFEIHELZT 5L WS HRENERPIBONT WS, ARFEHTIE, NER
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HATBEBURBOREBIZER LS (Q), (Q2) "NDEZ L5 EM 1 DiEiH%E 5 2
72\,

3 BELDEE

BB, EH 1 OO L RoMEEZEIF T L. £, TH1IOTIZH D b ~Df)
MEMERET 2 Z212&-T, (1] DBEDAIET D844 n RKocin2EH B, ZHD
ETIZENTES.

WE1. 5510 € 00 BWEELT b(xg) >0 2T 5. ZOLEH5 n Koeihs 2
E,CH'(2) &£ p>0&e>0DFELT, EED ue By, |Jullgro =pZHLT
F(u) < —e.

% 7z, Lions @ concentration compactness lemmal5] & HW 72w & > TH/NI 7R
A> 01 UT F W (Ch) 2iii7=d Z L BlENPDLIENTES :

W2, c<0&T5. Z0LE, HE5A >O0DPFEHELTREOI< A< AL ITHLT F X

SE 3k

[1] J.Garcia-Azorero, I.Peral and J.D.Rossi, A convex-concave problem with a non-
linear boundary condition, J. Differential Equations 198 (2004) 91-128

[2] P.H.Rabinowitz, Minmax methods in critical point theory with applications to
differential equations, in: CBMS Regional Conference Series in Mathematics, Vol.
65, American Mathematical Society, Providence, RI, 1986

[3] D.G.de Figueiredo, J.-P.Gossez, P.Ubila, Multiplicity results for a family of semi-
linear elliptic problems under local superlinearity and sublinearity, j. Eur. Math.
Soc 8 (2006) 269-286

[4] J.Chabrowski, On the nonlinear Neumann problem involving the critical Sobolev
exponent on the boundary, J. Math. Anal. Appl. 290 (2004) 605-619

[5] P.L.Lions, The concentration-compactness principle in the calculus of variations.

The limit case, Part 1, Rev, Mat. Iberoamericana. 1 (1) (1985) 145-201

246



BT RS & SE il =RGE D BI AR DAFAEI DN T

AbvEE R REFBe Bebe Ber s it 34 mkd 2T
takasao@math.sci.hokudai.ac.jp

1 BA
RBFFE LT OB HIEN & FHMERICOWTE LS. R F 0 & o 5%

(D() Y ocrcos PRI X FHMERFTH 2 213, Z OBl D() OEE Ve 2T
CEIND I EThHD.

Vo= (u-v)v+ H on I'(t), t>0 (1)

ZZTu:RYx[0,t) = R 1T 526077 MUVERE, v= (V1,02 ..., v") IZHANLE
M7 hL, HIZT(t) OFHERST ML TH 5.

F P RBICOVTHEFEOBRICOVWT HERNT 5. /7 7RRTERVE
9 72— 22 ER R {T(t) Yot <oo (2T, Brakke 1800 B i 2 IV T Hfi
(Brakke O AREX A 729 /3) 74—V F) OfFfEZ7R L7z [1]. F£72 Evans-Spruck (32
Py SRR O MM OFEZ = LTz [3]. RRHIC Chen-Giga-Goto 135 238 & & 1o ik
YR RE DRI DA E 2 = LTz [2].

ABFFEO B 91X, Liu-Sato-Tonegawa [6] D& RO PRIk, I HLEOZERK T n > 2
TOFRROIFHEDERTH 5 (BROERIC OV TITHRIER). M SIFZEMKT n = 2,3,
ue LY ([0,00); (WHP(Q)") 232 p > B2 TOBFEHESS & VRGOSR OTFER 5%

loc

I FHIRERR & 7 = A X7 4 —/L RIEIC K> TR LT A.

2 Brakke M EHHRTDE =

SEHHERFE O IR O ERITITNL O FERH L0 (Lt v MES), ABF7E Tk
Brakke |2 & 2 MR OBRMEOER Z AT 5. EZITITRA 209 EE 5 O FNFik A 24
B, TR A,
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ERHERFE DO GHRE D ERICADENS, EDEF N— a9 VA BET 570 dhifm 29 6
MIRGEEIZONWTEZD. {T(t) o [ZHE DB (1) 22T ERE. ZDLETED
¢ € CHR™; RT) 12 LA T 28K Y S70.

d

— pdH" ! :/ (~H¢p+Vo)-{H+ (u-v)v}dH" .
dt Jre) T(t)

TNEVAEED t,ty (0 <t <ty < o0) EEED ¢ € CLHR™;RT) ioxtL

Qb dHn_l
I'(?)

2 t2

t < / / (—H¢+ Vo) - {H+ (u-v)vydH" ' dt (2)
t=t1 t; JI(t)

NS A/IVASY

SEE 2.1, {D(t) s AW B THIUTER (1) & (2) XKL 725, (2) 1 Brakke OF
sl TiEh, T ORSERE L LK OB 8T 5.

E&E 2.2. 1. M C R™ 2 countably k-rectifiable set T 5 &%, 5 Cl #k k kot
SERDH] { M}, BFELTHN(M\UZ, M;) =0 L7025 L%,
2. Countably (n — 1)-rectifiable set M \Zxf LT H 7% generalized mean curvature
vector (GMCYV) Th 5 L1,

/ divy gdH" 1t = —/ H-gdH" !
M M

75‘{]1_‘3%'2‘@ g c Ccl(]Rn’Rn) @:/)b\fﬁfé U] ﬁ.’)& é‘ ZZT leMg = Z;L,jzl &Ezgj(élj -
Vivg) (9= (91,1 Gn))s v = (v, ) P M DRSS BoL,

EE 2.3 (BMOER). {T(0) o 108 LUUF B 7o & & {T(t) }iso % Brakke D%
WA & TR L0 5 g, tICKEL,

1. T'(t) 7% countably (n — 1)-rectifiable set 7»> GMCV H % b,
2. % Radon M py, L B4 0, : R™ — N BMFIEL T py = OH [ py 7

to

to
zm s/ Blus u-,t), 0) dt

I'(¢) t=t; t1

M oace. ti,ts (0 <t <ty < o0) EAEED ¢ € CLHR™RT) 125 LTV 2o
(Brakke DA%R). Z 2T, BIX H € L?(ug) 7> SUP,e0,0<r< L % < 00
DL E
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Bur. u(-,1),6) = / | (CHOF VO (H ()

L L, ZRUSORHE B(uy, u(- 1), ¢) = —0o LEDS.

EE 2.4. 6, BBEE LI, MEOSREE KT CHS.

3 ERER

BRI & TR OGO IEEIC D TR BN R AR5, = ORI [6] ©
BEHETH 5.

EHE 3.1. nZQ,p22,q>2,p>§-%,Q:T” LT5.

we Ll

loc

([0, 00); (WHP())")

EL, QN0) C QiXC HOERT(0) 2RO ERETSH. 2D & E Radon JIE DK
{1e}icio,00) & @ € BVioe(€2 x [0.00)) N L7S,([0,00); BV () N C2 ([0, 00); L' (Q)) 737
ELTELFDAL Y St

(a) Brakke OIS & SEHI MR {T(t) biso BFEET D, I BT B, ul(-t),¢) €
Li,.([0,00)) & po = H" | p) DHLY 3L,

(b) BE% o 1TLAT 27z 7.
(1) p(-,t) ==£1 a.e. on QBT XTDt € [0,00) IZxF LTHY LD,
(2) ¢(+,0) = xa+@©) — Xa\a+(@©) a-e. on €,
(3) spt [VX{p(,t)=1}] C spt e 23T XTD t € [0,00) (5 LTHY 3.

(¢) DML T1 = Ti(lullLago,;(wre@)n), Q7 (0),n,p,q) < 1 BAFAEL T gy 13
a.e. t € [0,T1] T unit density Z¥i>. HIH 0, =1 ae. t € [0,T1]. SHIT,
|VX{¢(.7t):1}| = pe S a.e. t €10, T1] IZDWTHLY 2D,

FE 3.2, Mo ITIEIZIE Allen-Cahn FREXOMBOFEBRZH VD (7 =4 X
74—V k). B 3.1 D o NEDORRIZHIET 5. () 1X, 77125 & “WIHIREZ 2
SO LOMITHMHEF LAELRLRN L) T EERLTNAD.
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LATED t1,ts (0 <t <l < 00) EEED ¢ € C3(Q x [0,00); RT) 1Zx LT

@) =pe (@) < [ ([ G260 )+ Bl 6000 @)

N AIASY
2. TRTOT >01IZxLT

B,
sup —ut( (f_)z < 0
te[0,T],2€Q,0<r< i Wn-1T
MY 5. 22T B(z) = {y € R ||z — y| < r}, woo1 13 n RICHAERO (kK
EHCTHD.

FEE 3.4, PO EHMEICOWTIE, Kasai-Tonegawa DFERD B2 [5]. 2, 7712
SOt GREEDLHOM x € D(H) IZOWTEDIBET () A CLe Mkt 7 & 72 HER T
b5.

RPN

[1] Brakke, K. A., The motion of a surface by its mean curvature, Princeton Uni-
versity Press, Princeton, N.J., (1978).

[2] Chen, Y.-G., Giga, Y. and Goto, S., Uniqueness and existence of viscosity so-
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V(2 y) = V(& 9)| < L(|lx = 2l + ly = gl])-
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(V2) 0000 tela,b), Q) 0000 V(t,xz,z) =0.

n=12..0000 t, € |a,b), (xn ya) € Ut,) x Qt,) 000

(V3) OO n—ooO000 t, wtea,b) 00 (xn,yn) = (z,y) € Qt) x Q) O
O0,n—00 000 V(ty,zn,yn) = V(t,z,y) OO DO.

(V4) OO n—oo 000 t, >t €fa,b) 00 V(ty,Tn,y) 0000, n = 0
000 |lzn—ya] 0000,

gobb,gdboboboooobbbooaobn.

00 1(00000). [re)Cla,b) 00 i=1,20000 %eQr)000.0 i=1,2
0000 w O (IVP;7,%) 0 [r,e) 00 0000. 0000 telre 0000

V(t,u(t), us(t)) < exp(/jw(s)ds)\/(ﬂ 21,29).

goboboooobbobuoooobbooon.

00 2(0O00000). (r,2)€eQO000.R>00 M>000000 7+R<b0
Ols—7|<RO |y—z]|<ROODOO (s,y) €QO0000 ||A(s,)| <M OOOO
D00.7Te(0,R/(M+1)]000. 0000 (IVP;7,2) 0 [r,r+T) 00000 u
00000, tse[rnr+T) 0000 fult) —us)]| < Mjt—s 0000

00 3(000000).CO0 QO0000000, ¢:=sup{telab):CEt) £0} 00
0.00000 (r,z)eC 0000 (IVP;7,2) 0 [r,e) 00 DOODOOOOO, 00
[,c) 0000000000000O. 00,QO00000000,0 (r,2)eQ00
00 (IVP;7,2) J00O0O0OO0OOO.

O1Q0b0b00 coonoo 02000000 Q0000
A

Qla) ! Q(a)

(r,2)

2. Lipschitz 00 0 0O 0O

(X,]-) DO Banach 00, Q2 C[0,00) x X O t€[0,00) 0000 Q) #00000
D0000.A:={({t7r):t>7>0'000.{Ut7):(t,7)eA}YD (t,7)eADD
00000000000 Ut7):Q() - Q) 00000.0000 (E1) 0 (E2) 0
Doooooo, {Ur): (7)) €eA})0 QOOO0ODO0DO0. 000,0000
(E3)00000000, {Ut,7):(t,r) e A} 0 QOO0 Lipschitz 00000000:
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(E1) (s,t),(t,7) € A, z€ Q(r) D00 U(s,t)U(t,7)z=U(s,7)z 0 U(r,7)z = 2 O
goooo

(E2) (tn,mn), (t,T) €A, 2, € UTy), 2€Q(r)000. 00 n—oc000 (ty, ) —
(t,7) 00 2z, —2000,n—00000 Ulty,mn)zn — U(t,7)z 000.

(B3) M>10 we C([0,00);[0,00)) DOODOD, (t,7) €AD0 2,y Qr) 0000

t
07y = UGl < 2t esp [ wts)ds -l
Q00 Lipschitz0O0D0 {U(t,7): (t,r) €AY ODOD, 0000000 Ay: D(C
Q) X0 {Ut,7): (t,r)eA}0D00DO00O00O0D
Ap(t,z) = lgﬁ)l(U(thh,t)x —xz)/h, (t,z)€D;
D = {(t,x)EQ:EH}il%l(U(t-i—h,t)x—x)/h in X}.

000000,00 (V1)~(v4) 000 (Q1)~(Q4) O Lipschitz 0000000000
00000000000000000000000.

00 4. QC[0,00)x X O te0,00) 0000 Q) #£0000000,A4:Q— X0
0O0000. 00 ()0 (2)000000000.00000000:

() AD QOO Lipschitz 00000 {U(t,7): (t,7) € A}0OOOOODDOD
oo.

(i) 000 V:[0,00) x X x X — [0,00) 000 (V1)«(V3) O (V4y 0OO0O, AD
00 (Q3)0 (M)0000.000,

(V4 m>000000,z,y€Qt)0te(0,00)0000 m|z—y| <V(,xzy).
00 1.00 (V4) O (V4)y OO0,

. uguoooogn
gooobobobobobobooobooobog:t>00 xerO0O0O0O

oyu = O,
O = 0o (t,u) — vv, (IVP:0, (ug, vo))
U(O,Q}) = UO(l’), U(va) = Uo(l'),

000 »00000,0(,-)0[0,00)xROOOOOO0000000 (¢7) € [0,00)xR
00000 6,L, 000000000:

U(t70> =0, Ur(tar) > 0o,
’UT(ta T)‘a ‘O'rr(tar)L |Urrr(t>7n)‘ < LO-

000 VOOOOO000: (u,0),(4,9) € LAR) x LAR) O t€[0,00) 0000

V(t, (u,0), (1, 0)) = {/OO (v(x) — 0(x)) dx+/ /@ \/Tdr> dx}

00000 (V1)«(v4) 0000,

/2
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0,00) 0000000000000 A)OD0D0O00, (tr)€ [0,00)x ROOOO
o (t,r)| < h(t) 0000000, (u,0) € Q)0 te[0,00) 0000

A(t, (u,v)) = (9,0, 0,0 (t, u) — vv)

00000.000 Q¢ 000000 (u,v)e HAR)x HXR)OODODO00: 000
0000 a0 by 0000

/OO {/Ou o(t,r)dr+ %2 + %(au(t, ) ((0p1)? + (0%0)”

t
+(vu + 0,v)* + (VOu + 8§v)g)> }dx < agexp (b() / h(s)ds).
0

0000, {2} ep 0 HX(R)x HX(R)0DO0O00000. 00 ¢ 00000,
0000 r,00000,000 te0,00)0000 B, CcQ¢)0000.000

By, = {(u,v) € H(R) x H*(R) : [|(w,v) | gy < 7o}

000.00,Qc(0,00)x L} (R)x LA(R)00000 CO000O, [0,00) x B,, C
ccQoooo.

wo 00000000, ¢€[0,00) 0000 w(t):=wo-(1+ht) O00O0. ap,by O
1/w, 000D0D0DDD0O0D0O,00000 (IVP;0, (ug,v)) 000 (Q1)-(Q4) OO0
0.00,A0 QOO0 Héldee 0O0O0DODO.

0000,00000 (IVP;0, (u,vw)) 0000000000.

00 5.0000 r, 0000000000 : (IVP;0, (up,v)) 0000000 (u,v) O
0000, 00 |[(uo,vo)llgexge <o 000, ¢t =00 000 [[(u(t), ()|l oy OO0
oooo.
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overlap 3 % BB BCR DR EE A DRIt

KRR AR A BRI T RS AR I PR

FASBIECR DMIRES 137 7 7 Y VRS L 2 5603% v, S AERBCROMIREAGD 9 b,
overlap L TV 2 b DIZOWTHOXRIEL (Hausdorff XIG Box XJt, Packing XJt) IZDWTEEZ
)R,

1 REEER

Definition 1.
deNEL, VCRILETS, BIR [V > VIBCH BWEHRTH B LI f3C ko, 2D
BIEDS -~V —BIBTH B L ZITFE ).

Definition 2.

VCRIZHFEHESLL, XCVEint(X)=X A2k nav 7 MplfEEaSL T2, V
ORI S = {f;: V =V | i€ I} DEMREMBGRTH S X, EEDie ITXL, f;
NV ETO MEAGEGRTH), X BICHIRL 2 & SICiNEfuc 22 £ Ei2n),

SN I PEREGDRZEZSL. neNZED, I" ={w=wws...w, |w; € [} ZREID
nDa—FDEALTZ, HARa—Fefofsez ' = U ML, MRa—FoEAZ L

n=1
T3, EBDOwe I®ITHNL, MOLLnFEHETDODIA—F2 w|, =wiwy...w, EFHL T EITT
2. ARa—Frel* iIconT f ZRDEIIEFKT 5.

fr= f‘rl OfTQO.”OfTh.l
EEL, | R F r 0XTIIORS £ ¥ 2,

Definition 3.
RERABR S = {f;:V =V |ic I} DRER J Z#RXTEHET 5.

J = U ﬂfw\n(X)
wel>® n=1
5L, a—F2y7Fn:I® - X%, RCEHT S,

m(w) = [ fuf, (X)
n=1

FRPREEA DRICIC D W TIERDBHEGTM DL L Twa EENILEZLON TV S,
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Definition 4.
SRR S = {fi: V — V | i € I} DIEARIZ#:T 135 2EA U C X 2HHE
L, BWICR LR 2{ERED i, e TIZRLT f(U) c U »2 f;(U)N [iU) = DD LD E FIT

>

=

Z DFEESEME T I 2 WEAKERER % overlap T 2 E A ERIER w9, Sz In
WEHT 5.

I

2 IERESDRIT
2.1 Hausdorff Rt

Definition 5.
ACRYs>0,6 >0, T 5. Hi(A) ZRTERE.

Hi=inf{) [B:]* | AC | J By, B\ <0 (VA€ A)}
AEA AEA

7220, TOTHRIZADHE2ETE S, AD s Ryt Hausdorft HIEE HS(A) 2 E#T 5.
HO(A) = sup {5 (A)} = Jimy 75(4)
A @ Hausdorff Xt dimp (A) % H*(A) TEET 3.
dimg (A) :=sup{s > 0 | H*(A) = oo} = inf{s > 0 | H*(A4) = 0}
B THAST L 72 B A S 2 i 7 T8 A TIERDERDH 5.

Theorem 6 (Mouldin and Urbanski, 2003).
BSOS 27 T M KERAEBCR S .= {f; : V = V | i € I} DIBIRES J ® Hausdorff It IZ
Box XL Packing Xou & —H L TE D, ZOMH dimy(J) FROATEI NS,

1
. — . > 1. 71 / t
dimg (J) = inf{t > 0 | Jim —log E [l fLl]" < 0}

|w|=n

2L, |Ifoll = sup{|fi(z)| | = € X},
overlap 9 % JAEBAECR DM FREE S D Hasudorff RITIZ D\ TR D BRI DS,

Definition 7.
Un € N T S KEBEE S = {f; V=V | i € I} OWEERS d, - X — N 2,

dp(z) =t{w e I" | x € f,(int(X))}
ZLT, EBHAC X DEKEE I,(A) %,
dn(A) = inf{d,(z) | x € A}

THEET 5.
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Theorem 8.
FAMEEBCR S ={fi:V =V |iel} OMRES J D Hausdorff RICIFEED n € N ITH L

<, ty, %,
1ol
dn (fu(Int(X)))

ty :=inf{t > 0| limsup Z < oo}

e

ET5E, dimyJ<t, 27,

overlap ¥ % A AEEHECE DI REE S D Hausdorff Xyt % 5l 9 2 BRI X EHE RIS d,, 23 n
ZIERKICFF > T EZICED L) RIRD2 R T LD HEEL 1 5,

3 overlap9 Y IIVEVAF—HATY K

I IWVEVAX—H Ry FToverlap DBl ZH 2 5.

O0<a<l1i&32%. R?2LEOMiNENf R?2—R2(ic{1,2,3}) ZUTOLIICED S,

r\ [ ax v\ [ axz-1)+1 T\ azx
2(0)-(5) =) -0 )+ 0) - (ahen)

SAGBIBCR {f1, fo. f3} 13 a=L DEET 2 VEVAF—F A7y PEWIENS. L <a<1ODk
X, overlap LT\ %, 2D a 2¥FEDMEDKFIZIZ Z DIRIREES D Hausdorff Kotz 51T 5 Z &
NWTE5,

Theorem 9 (Broomhead,Montaldi and Montaldi, 2004).

Vn>2%HARBEL, ap Za"+a2" 42 =1D (3, 1) IKEENZRET S, b, & 32" —
32 +1=0DMRET 2L, a=aqa, EL{f1,fo,f3} TTELLZVEVAF—HRAT Y +D
Hausdorff ZXJt13 Box XIGS° Packing XJt & 55 L <,

_ logby,

dimg(J) = o a

ERDIEDTDD.

SE X0

[1] K. Falconer, Fractal Geometry: Mathematical Foundations and Applications, 2nd ed., Wiley,
2003.

[2] D. Mauldin and M. Urbanski, Graph directed Markov systems: Geometry and Dynamics of
limit sets, Cambridge Tracts in Mathematics 148, 2003.

[3] E. Mihailescu and M.Urbanski, Hausdorff dimension of the limit set of conformal iterated
function systems with overlaps, Proc. AMS. 139, 2011, 2767-2776.

[4] D. Broomhead, J. Montaldi and N. Sidorov, Golden Gaskets: Variations on the Sierpinski
steve, Nonlinearity 17, 2004, 1455-1480.

269



270



Connection problems on higher order linear
g-difference equations

Takeshi Morita®

a. Graduate School of Information Science and Technology, Osaka University,
1-1 Machikaneyama-machi, Toyonaka, 560-0043, Japan.

Abstract.

We deal with the connection problem on the higher order linear g¢-difference
equation between around the origin and around the infinity. In the fundamental
system of solutions around the origin, divergent basic hypergeometric series
appear. We use the g-Borel-Laplace transformations to obtain the asymptotic
expansion of these divergent series. Our conclusion also give examples of the
g-Stokes coefficients.

1 The higher order g-confluent hypergeometric
equation

In this talk, we deal with the following “degenerated” third order g¢-difference
equation:

[(araza32 — bl/q2) 02 — {(a1a2 + azas + azar)z — (b1/q* + 1/9)} ‘72
+{(a1 + a2 +az)r —1/q} oq — z]u(z) = 0. (1)

The equation (1) has the formal solution around the origin as follows:

(a17a27a3;q)n n(n—-1) -1
w1 (@) = a¢1(a1, az, az;b; g, 7) :Z%{(—l q 2 } ",
nZO (b17q)"(Q7 Q)n

Here, oy is the g-shifted operator o, f(z) = f(gx), the g-shifted factorial (a; ).

is
(@:0) 1, n =0,
a,q)n =
1 (1—-a)(1—aq)...(1—ag™ 1), n>1,
moreover, (a;q)oo := limy, o0 (a; q), and

(a1,a2, .y @m; @)oo := (015900 (@2; @) 0o - - - (Am; ¢) o

The notation .ps(ay,...,a.;b1,...,bs; ¢, x) is the basic hypergeometric series(see
section two for more datails). The equation (1) also has the fundamental system
of solutions around the infinity as follow:

vi(z) = 2~ “3p2(a1, a1q/b1,0; a1q/az, a1q/as; q, b1 /a1 azasx),
vo(z) = ™ *?309(a2, azq/b1,0; azq/ai, azq/as; q, qb1 /a1 azazx),
v3(x) =~ **3p2(as, azq/b1,0; azq/az, asq/ar; q, qb1 /a1 azasx),
where a; = ¢*/,j = 1,2,3. We we study the relation between the solution

around the originu; and solutions around the infinity vy, vo and vs(z).
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2 Basic notations

In this section, we fix our notations. We assume that ¢ € C* satisfies 0 < |¢| < 1.
For any fixed A € C* \ ¢%, the set [\;¢]-spiral is [\;q] := A\¢” = {\¢*;k € Z}.
The (generalized) basic hypergeometric series ,pg(ay,...,a-;b1,...,bs;q,2) is

T%Os(aflw-~7a7';b1a-~-7bs;Q7x)

(alv ooy G q)n { nin—1) ) 1+s—r
= -1)"q 2 } x".
,; (b1, bs; n(@3 @) (=1)

This series has radius of convergence oo, 1 or 0 according to whether r — s <

I,r—s=1orr—s>1]2. In connection problems, the theta function of
n(n—1)

Jacobi is important. The theta function is 0,(z) := > ., ¢~ = 2",2 € C*.
We denote 60,(-) or more shortly 6(-). The theta function has the following
properties:

1. Jacobi’s triple product identity: 6,(z) = (q, —z,—4; q)

0"

n(n—1)

2. The theta function satisfies: 6,(¢*z) = ¢~ 2  27%0,(z), Vk € Z.

3. The inversion formula is: 0, (1) = 16, (x).
We also remark that the function 8(—\x)/0(Ax), A € C* satisfies a g-difference
-(log x
equation u(gx) = —u(x) which is also satisfied by the function u(x) = emiiEa).

3 The degeneration diagram for Heine’s series

At first, we review connection problems on second order linear g-difference equa-
tions. We deal with the second order g-difference equation of the Laplace type:

{(a1x + b12)o? + (azx + by)og + (azx + bs) } a(z) = 0.

This equation can be reduced to the following “three-parameters g-difference
equation”

[(c— aqu)a? —{c+q—(a+b)gz}o,+q(1 —z)] u(z) =0.

Three-parameters solution is given by Heine’s series 21 (a, b; ¢; ¢, ). Y. Ohyamal6]
gives the following degeneration diagram for Heine’s series.
153) q—AlI‘y
2p1(a,byc;z)  —— g-confluent — J,Sl), g8
Ramanujan

1p1(a;0,2) -7

This diagram can be considered as a g-analogue of the degeneration diagram
for Gauss hypergeometric function o F:
Weber

T

Kummer Airy

Gauss

Bessel

In this talk, we consider the higher order extension of the connection problem
on the g-confluent type equation.
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4 Connection problems on ¢-difference equations

We study connection problems on linear g-difference equations between around
the origin and around the infinity with irregular singular points. Connection
problems on linear g¢-difference equations between the origin and the infinity
are studied by G. D. Birkhoff [1]. Connection formulae of second order linear
g-difference equations are linear relations in a matrix form:

(u1 (33)) _ <Cu(x) 012(3?)> (vl(gc)>

UQ(l‘) Cgl(x) 022(31‘) 1}2(.13) '

Here, uj(x),us(x) are solutions around the origin, v (z), and ve(x) are solutions
around infinity and Cj;(1 < i,j < 2) are g-elliptic functions such that

0,Cij(x) = Cyj(x), Cij(€*™x) = Cyj(x).

4.1 Difference between the Stokes region and the ¢-Stokes
region

In ordinary differential equations, the Stokes region is given by some sectors.
But in the g¢-difference case, the Stokes region is considered as the dense open
set as follows:

UX := Bo(r) \ [=A;q).

More generally, we remark that C*/¢Z ~ T \ {\}, the Stokes region is T \ {\},
where A is a fixed complex number. If A changes p, the ¢-Stokes constant
O(aX/z)/0(\/x) changes 8(ap/x)/0(u/x) continuously. This point is essentially
different from the case of differential equations. The first example of connection
formula is given by G. N. Watson [7]. But other connection formulae have not
known for a long time. Recently, C. Zhang gives connection formula of the first
and second ¢-Bessel functions and the “confluent type” divergent series by g¢-
Borel Laplace methods[8, 9]. We show connection formulae for the Ramanujan
equation, the Hahn-Exton ¢-Bessel function, g-confluent basic hypergeometric
function with using these methods [3, 4, 5]. We define these transformations.

4.2 The ¢g-Borel-Laplace resummation method

In this section, we define two different types of the ¢-Borel transformations and
the ¢g-Laplace transformations which are studied by C. Zhang[8, 9, 10].

Definition 1 We assume that f(x) is a formal power series such that f(x) =
ano anx”, a9 = 1.

1. The g-Borel transformation of the first kind is

(BIf)(©) = ang™ T ¢ = p(6).

n>0

2. The q-Laplace transformation of the first kind is

(E;rcp) (x):= 11(]/ (( ) 13 Z SO(,\q”).

nez 0

The g-Borel transformation can be considered as a formal inverse of the each
g-Laplace transformation.

Lemma 1 We assume that the g-Borel transform g(£) of f(x) is a meromorphic
function around the origin. Then f(x) is also convergent around the origin and
we have

L oBrf=1.

In this talk, we apply these transformations to the solution of the equation (1).
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5 Main theorem

We give the following theorem with using the ¢-Borel-Laplace resummation
method:
Theorem.For any z € C*\ [-); ¢], we have

sp1(ar, ag, az3;bisq, N x) = Ly 0 B 31(a1, as, a3;015 g, @)
(02,00, a3 ) 001 Bangr/ N0

(b1,az2/a1,a3/a13q)0e O(A) O(gz/A)0(a1z)

(a1,a3,b1/a2;9)0c  O(az2)) O(azqr/N)0(x

(b1,a1/az,a3/a2;q)e O(A) O(qr/N)0(azz

(az,a1,b1/as;q)o0  0(as)) 6(asqzr/A)6(x

(b1, az/as,a1/az;q)o0 O(N) O(qz/N)0(azz

()

().

),
)
),
)

Here, the notation 31 (a1, as,as;bi;q, A, x) is the g-Borel-Laplace transform of
the divergent solution uq(x). The new parameter \ appears in the connection
coefficients. We remark that these coefficients are also new examples of the
g-Stokes coefficients.
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FMNFREBE TSI XIOIRTHIGD MY EHR
[CERETIhIEIRE Y —HOBIRE

AEHEE R R TR, A P2t 5en
FHLERIE, JEBAIR, ARIEIESC, JEBEEC

EE

3 Wt = — 3 — R HEIEIC X 2 IR FREZRL G 7 T X~ OB 5 AR WRATIZ I W T, 440
fH &) FEBEMN et o A2 R E L C& . —F, BRESRICBT DR REE
REWIRIZIE RS & TE¥ O & ZAICRREEORAEND D, NN T ORRELFTH Y]
D&, REBOH, Bt —HICLOTROEBERMREG. S OITHS MmO 4
ORI S ZET D &, 55 [EFRE DRSS v —3C HIEEE L < WRIT AN ATRE & 72 - 7=

1. [FLC&HIC

3 RIT 3 — 3 —SARTEI(CCS) B IAMBRER T o —1E BT B DU CRZ Rl & 18 D B AV RG
KHN(LCMS) £ 721877 A~ BER A Wi E T 5. KB~ H/VEEE (LHD)Z B & o —440
i, BEFL—7 126 A FLE L72RE, LCMS SMIl DR 55 40 2 BAFISRIT T X, Ziucik
DL BEIRBIOFER, LCMS OFRIZIIHHR EN[1,2]. LarL, Eio'r—Hix
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WZEBL, PEEOE P —IZXoTHHELE L ST TE 52 L 2T
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3IT CCS IETIE, EEDT T A=EBIRORDY
\ZARE D Dirichlet 2IF(_2 MR T vV Ak
Neumann §{H(IERR T WP E O A/ On) & 7fk LTe =2 —
—HI(CCS) & 7T A~ RINIZER E L, EZERHE
Y fUE L CTRES . ABFFETIE, LHD (2% L T Fig.1 i
D & 91T CCS Wi 2348 PR TEZAER IR IR D R

a A ZNVFHMOZEIEE ST TOabh CCS) % .//
S L7, LHD i3 k1A 2V J1AIC 1/10 (s RRvE 2¥?d
BRFOZ LD, 36 /D CCS AR EHR/yE LE
# EOFISIZ 2T Dirichlet §244 & Neumann 5514 %
ED D, TIOHE ISR 2 BERAE S T RADIZNCZHOMR o —LE kT D5
RS R rENL S, B —E 52 BT 5 X O ICERERELHWTHELS.
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Fig.1 Image of a twisted CCS
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Normalized singular value

Dp=g (M
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IYR(TSVD)E TR . £, 114D E D=UAV' O LS IcnfRd 5. 27T, ULV’
BT, AVL, IFADOFRMEN DR D MITHITH D, A0S k+173 B LA O IN R R
BUEZRIZ LIzbDE A L L&, RO p=VAU" g TH 265\ o7zA CCS
DA=(A4,4,,4.), OA/OnHETHME I, (EEOMICHT BB

Og; M
Q—@@:j{@vyz A[q%%ﬂdr+j{y o A(Uiiﬂdrg)

T'ces I'ces

+ [ (L aA — 4, 0%\ ar (j=rd.2)
an © On
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b

ICLIER o THETE D, ZZI0¢ L3 RTT 77 AFRROEAM, L 72 E13RS DRk
Iy7e ECREBWEAT, W I aA VEROHE ThH 5.

3. MIWMFELBER
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% Fig.2(a) (29, haA ZVTHMIT n 53, ReA 2V moE LR ERE
TnPm &3, IR KIEZ 1.0 ISHEBE L2 RIEEZ R, FTHY 5 EFTO R RIE O
BNGMEE D, BEREENSEIICE O, FRME 107 REZBICEERE LTINS,

T2P2 T3P3 T4P4 T5P4 T5P5 T6P6 T8P6 T7P7 10° ,
L — 1
S T L L I I I I r 1
10_2r 1 F 1
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(a) Singular value behavior as a function of (b) Singular values for the T8P6 case

the number of boundary elements

Fig.2 Behavior of singular values

Fig.2(b) 1% T8P6 DIZETH LA, EDHEHBFED LTICH DR MEDOLBUIFE IZF L

278



Maximum error (T)
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Fig.3  Error tendency of reconstructed field when assuming 440 field sensors and 126 flux loops
(2) ERERHBOHIE
INFE CHEAERLE 4L L TW el ORMBOHNRKREL, B —REBOER
nofo. TITIE, BESE 110 fE TREHT RTREZR 12 BESRBEHE(TAP3) TRt L7z,

0.2 80
| Maximum error  Portion of dirty area
| © Br — Br
L O Bo = Bo
L & Bz — Bz
=
2 i 5
[ L _ g g
€ 01f 405 b
E tll- u 58
3 5%
> o
A
Ries
B e
0_11 2 3 4 5 0
10 10 10 10 10

condition number

Fig.4  Error tendency for 12 boundary elements (T4P3)

Figd £V, ZOREBRREESET OMNMEE T B - 725 10° Theb Bk

279

Portion of area (%)
where £>0.02T



FEDfFEAF37=. Table 1 1%, (1) #¥t o ¥—% 110 ff, BAFLV—7" 25 fllcxf LT 12 5Bt
S, (i) o —% 440 B, B —7 126 EITx LT 48 BE RS, SN 10° 1272
5 EIICRREEZITHU -GG OBERNZ K L O ThH D, ols, BT CR[2]
IRENTND D TH D WGt o —(E5 110 HICB VTS 440 HOGE AT
FENREDHZ L7, BEEUTORREEZITHU L Z L T LAERE D HFEEN/ NI N
WO FERNE L.

Table 1 Comparison of the error tendencies

(1) 12 boundary elements | (ii) 48 boundary elements
(110 field sensors (440 field sensors
& 25 flux loops) & 126 flux loops) [2]
B, B, B. B, B, B,
Maximum error(T) 0.020 0.013  0.017 | 0.030 0.024 0.022
Portion of h
coomr W 00%  00%  0.0% | 42%  52%  4.2%

The error tendencies were investigated for the region 1.0< p<1.1 in the minor radius (o)
space, i.e. very near the last closed magnetic surface.

4. BAEHEEORA
T A MEWTHEZ oA ZNVIAAE e DR L ELS & &, LHD OB~ 7 FUVZIE,
B (r,z,—¢)=-B.(r.—z¢), B.(r.z,—¢)=B.(r.,—z.¢), B,(r.z,—¢)=B,(r,-z,0)

DNV TNKHERSH Y, ZOBRERHTAZ Sk, 110 AXLEE -7/t oW
—¥ %, 0 HICETHOTZENTES. 51T, HEEMRPB L ORER R TIX

B (r,z,9)=—B.(r,—z,¢), B.(r,z,¢)=B.(r,—z,¢), B, (r,z,9)= B, (r,—z9)
@ Up-down X FRIEAERSE L, EFRC 60 H eyt o —% 55 £ CHIRTE 5.

5. i

LHD @ 3 IRIThEG 3 AR I\ T, T H U0 R B fF O FT B Y) 0 65T % Fe 2 AE O
BFEICELS 2 LT, Mt —110 l, #ar—7 25 HoLEEO Y oY —E 52 v
A THORERWEEZSD Z LN TET. E5IT, LHD 77 X~ ORISR R 7ol %
DOXFMELZET D & 55 HOMSGE o —2 HOCRER WY N FTRETH H. 2D
v Y — 8T LHD [CFEE SN TV AR o — 5 L RRETH Y, AFRICEIVEDS
M= AE R LHD ORES53Ar b il O ERE~ O & FB 9 5 a2 R+ b O TH 5.

B E W

[1] Itagaki, M., et al. 2011 Plasma Phys. Control. Fusion 53 105007.
[2] Itagaki, M., et al. 2012 Plasma Phys. Control. Fusion 54, 125003.
[3] Suzuki, Y., et al. 2006 Nucl. Fusion 46 L19.
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Joogubodoodboodgbood

00 00 (D000D0Oo0o0 oooogooo)

1 0O

0((2n+1)000000000000O0O,00100900000,9pA(d))™#0 00
ggbbooboogd.bbouogbbbuooobbboooobbbooobb.odgo
00 KobayashiOD OO [4]00 00, 0000 Ishihara-Konishi [3], Blair 2] 000000
oobooobooooo.oboooboboobO,normality0 0000000 OO0OOOODOO
gd,gd,goooooboboobbbboooooobbb. bbbbbbobooggo
U000 nomuality OO0 ODO0O0O0OOOODOOOO.

2 0O

Definition 2.1. M0 (2n+1)00000000,{0,}000000000. MO0
00000000000,0001)02)000000000.

1)0 0, 000000100 wy, 0000, 0,0000,wy A (dwy)™ # 0.
2) 0,NO,#¢ 000,000000000000 hy, 0000wy = Ay,

DO)\DDDD,HAz{XGTOMw)\(X):0}DDDDDDD.h,\MDDD oooooao,
0,NO, 00 Hy=H,00000. 000 H=UH,0O well-definedd , MOOOO0OO,
000000 subbundle OO O. OO0 horizontal subbundle O O O .

Definition 2.2. (M, J,g)0 (4n+2)000 Hermite OO O (JOOOOOO, g0 Hermite
00),{o0,}000000000. MOOODODOOOOODDOOOO,0001)02)000
goooon.

1) 00,0000,100 uy0O vy=wuyJ, (1,1)-0000 G, O Hy=G,J, 00000
0o U,0 W=-JU,00000,000000.

(1) H§:G2 :—Zd+U)\®U)\+U)\®V)\, g(GAXaY):_g(XaGAY>7
g(U,\,X):u(X), G)\JA:—JAGA, G)\U,\ZO, U,\(U)\):l.

2) O,NO,#¢000,0,Nn0,00 ?*+v*=10000 «,b00000,
(2) w,=auy—bvy, v, =buyx+avy, G,=aG)\—0bH,, H,=0bG)+aH,.

Remark 2.3. O00O0O0O0OO0 MOOOO,wy=uy—w, 0200000000000
oo mMoOOOoobooboobuooboo.cooboobooboobo.

Example 24. C}0000000000 100 w=(dz3s—2dz)/200000,C°0

0000000000. 000000000000 Blair0 [1JO00000D0OOOOO.
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3 Normality

0000000000000 (0000000). Ishihara-Konishi (3|0 0000000
O00 normality D, 0000000 2000000 S, T0000D0o000DO0ODOOOO
gg.

(3) S(X,Y) = [G,GI(X,Y)+29(X,GY)U —2¢(X, HY)V + 20(Y)HX

—20(X)HY + o(GY)HX — o(GX)HY + o(X)GHY — o(Y)GHX,
(4) T(X,Y) = [H, H|(X,Y)=29(X,GY)U +29(X, HY)V + 2u(Y)GX

—2u(X)GY + o(HX)GY — o(HY)GX — o(Y)GHX + o(X)GHY.
[,-]0 Nijenhuis 0000000, ¢0 ¢0000 Levi-ChivitaDO VOO OO, o(X) =
¢(VxU,V)OOOODO. 000 [3)00,0000000000000 normality 000

O, (M, J,¢g) 0 Kshlee 0OODODOO00O0O0OO0OOO0O00. 0000000000000,
Fubini-Study 000000 CP'000000.000,00000000000.

Proposition 3.1 MOOOOOOODOOOOO normality 0O OO,
(5) KX, JX)+ K(X,GX)+ K(X,HX)=6 (X €eH)

00000.000,KX,Y)D X,yOoOooooooooooooooooooo.

Example 2.4 0 CPH1 00000000000000,K(X,JX) =4, K(X,GX) =
K(X,HX) =1 0000 (00,000 nomality 000000). 00000000
normality 000000 (0)000000000000000D000. 000,0000
00000000000,000000000000000000.

4 000000000000 reduction

000,0000000000000000.0
Definition 4.1. (M, J;,J»,J;,¢) 00000000000000,M000000 J;, 45, J5
0,000

gooo,0o0omMOb000 g0 J, o, s0000000000000000000DO0O.

ggbobobuooobboogo,bbbuoobbb

Theorem 4.2. (M,Jy,J,,J5,) 000000000000, 00 C*0 MOODOO
00,00 .,00000000,0000#:M—M=M/C*0,00 §gOOOOOO
O0000000.000 70 M/C*00 normal 0000000000000,
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OO0O000. {O0,)0 MODOODOO. 0000000 sy :7(0)) — 0,0000
0000.000000000 4, Js00000,7T(M/C*) 00 (1,1) 000000
JGHD,1-0O «,v00000000O0DO0O.

(7) Ji(5:2):X = (s0)JX,
(8) J2(52): X = (52)«GX + u(X)v + v(X) v,
9) J3(52): X = (s2)HX —v(X)v + u(X)Jyv,

ooo0»0 JwO,CrO0000000000D0000O0C00O0O00D0.«0 000000
gbooobogoobooo.

(10) u(X) = g(J2s:. X, v), v(X)=g(Jes. X, 1v) = —g(J35.X,v).
D00 M/C*0000000 U,V O
(11) U= —ng/, V= J3l/.

0000,000000 (uwo,U,V,G,H,J,g) (¢0 §00000)0000000000
0000000000000O0.

Example 43. 0000000,00000000000 CP* Fubini-Study O 0
0000000 nomal 000000000000 (D0D000). 0000000, n=1
000000000000000000.00Cc\{0}00000000 (Jy,Js,J5, ()
000.000 ()0 c\{0} 000000000,0000 J,h,J; 0000000
p=(z,2,2,2)000,000000000000000.

(12) Jip = (iz1,i20,123,124),
(13) JQp - (23a247_217_22)7
(14) Jgp = (2.23, Z.247 —iil, —222)

00, 2= (21,20,23,2) 0000000000 S22 0 |2 000.
C*0 C\{0}ODODO0O0 A (21,20 23 21) = (Az1, Azay Az, Azy) 000000 D,

oo s, 0b0b00b.0boboboooobobo z0000,000000000D0
gogbooboggoboog.

0 7 4 0 0
(15 v= 2||z||z< oz, Yo ) Jl”:2||z||;<2jazj”jazj>'

(10000 () 00000000,w0v00000000000.

1 2
(16) u = 2HZ|| Z (_ZijleQj — Egjfldggj + ZdeZijl + Edeggjfl) ,
j=1
—7 2
(17) v = 2”2” Z (Z2j_1dz2j - ZQj_leQj - ZdeZQj_l + EgdeQj_l) .

<
Il
—_
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000 GO HO,(8),(9)0000

1 A 1 A
(18) G = © e
Iz[2\ A O [2[2 \ —=id O
000 ADO,
2921 —”Z“2 + 2929 2923 2924
(19) A _ ||Z||2 — 2121 —2122 —2123 —2124
2421 2429 2423 —HZ“2 + 2424
—2’321 —2322 HZ||2 — 2323 —2324

0000000.00000000 U,V 0O (11),(15) 000

1 2
(20) U = 2] Z (—Zgj_1dz9; — 22j_1dZaj + Zojd2zo;_1 + 29;dZ2j_1),
j=1
i 2
(21) vV = 2”2” Z (22j,1dz2j — zgj,leQj — EdeZijl + Zgjdzgjfl)

1

J
000. 0000000000000,0000 ¢ (0000 Fubini-Study 00)000
(u,v,U,V,G,H,J,¢g)0,CP*00 normal 10 0000000000000.

000000, C*0 CN\{0} 000000000, normal 000000000000
000 (CPPOO0O0OOD)0000ODO0O0OOOOODOOOOOO.

Example 44. C*0 C\{0} 000000000 DODOOODOO.
(22) A (21, 29, %3, 24) = ()\Zl, )\2’2, >\7123, /\7124) ()\ € C*)

000000000000, 4 (Example4300000)000000000000. O
00000000000 M=(CN\{0})/C*00000000000O0O0O0ODOO,00
Onomal OO0O0O00O0O0O0OO0ODOOOOOOOOODOODO.

oo

[1] C. Baikoussis, D. Blair and F. Gouli-Andreou, Holomorphic Legendre curves in the
complex Heisenberg group, Bull. inst math. Acad. Sinica, 26 (1998), 179-194.

[2] D. Blair, Riemannain Geometry of Contact and Symplectic Manifolds, second
edition, Progress in Mathematics 203, Birkhauser, 2010.

[3] S. Ishihara and M. Konishi, Complex almost contact manifolds, Kodai Math. J., 3
(1980), 385-396.

[4] S. Kobayashi, Remarks on complex contact manifolds, Proc. Amer. math. Soc., 10
(1959), 164-167.
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DYNAMICAL CONSTRUCTION
OF NUMERICAL KAHLER-EINSTEIN METRIC
ON TORIC DEL PEZZO SURFACES

The 9th Mathematics Conference for Young Researchers

Graduate school of science, Osaka university

Homare TADANO*

Abstract
In this note we give explicit numerical solutions for the Kéhler-Einstein equation
on three points blowing-up CP?#3CP? of the complex projective plane. This note
is based on a joint work with Professor Toshiki Mabuchi.

Let X be a del Pezzo surface, i.e., a compact connected complex surface with ¢;(X) >
0. For each Kéhler form w in the anticanonical class of X, we have the corresponding
Ricci form Ric(w) cohomologous to w. Then w is said to be a Kahler-Einstein form if
it satisfies the following Kahler-Einstein equation:

(1) Ric(w) = w.

Let O; := J; \ 90, be the interior of [J;, where [J; is the compact convex polygon in
R? = {(u,v)} defined by

{(w,v) eR*:utv<Luz-1v> -1}, j=1,
0= q {(u,0) € R?: Ju] < 1, v < 1}, j=2
{(w,0) eR*: Ju+o| <1, |ul <1, 0| <1}, j=3

For each J; as above, by setting [J;NZ? = {ag,a,, - ,ayx} and a; = (a},a?),0 <i < N,
we define
2

X; := closure of { [zfézgg D zf}vz;N : (21,22) € (C*)Q} in CPV.

Then X; is called a toric projective variety with a convex polytope ;. It is known
that X, 7 = 1,2, 3, are biholomorphic to

(2) CP? (j=1), CP'xCP' (j=2), CP’#3CP* (j=23).

In the 1980s, Siu [4] and Tian-Yau [5] proved that CP?#3CP? admits a Kéhler-Einstein
metric. Every toric del Pezzo surface which admit a Kahler-Einstein metric is one of
the (2) above. Since the Fubini-Study metric is already known as a typical Kéahler-

Einstein metric, we here consider a Kihler-Einstein metric on X3 ~ CP*#3CP?. Note
that K := S' x S' = {(s,t) € C*: |s| = 1, |t| = 1} acts on X3 by

(3) (s,t) - [Co:Croveeilol=1[s"tCo:tC1 87" Co:CaisCait™" G st )

*h-tadano@cr.math.sci.osaka-u.ac.jp
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The image of a moment map g : X3 — R? under this action (3) is the convex polytope
5 above.

v
toric projective variety X3 convex polytope [
1
K 1
% u
moment map —1 @)
—1

We consider a Kéhler-Einstein form w on X3 in the class 27¢i (X3) invariant under the
action of K = S' x S! and Dg, where Dg denotes the dihedral group of order 12. Such
invariance is obtained by the uniqueness theorem of [1]. As shown in [2], the Einstein
equation (1) on Xj is reduced to the following real Monge-Ampere equation on [s:

H,, — %uz H,, + %uv
det i 1 o | =H—uH,—vH, on [ls,
Hyy + quv Hyy — 50

H—-uH,—vH,=0 on 03,

(MA)
where H is an analytic function defined on [z obtained from a Kihler potential of w.

MAIN THEOREM A. We have an explicit super-solution H= ﬁ(u, v) and sub-solution
H = H(u,v) defined on Us satisfying

H(u,v) < H(u,v) < H(u,v) on O3,  max (H(u, v) — H(u, v)) < 0.00001,
(u,v)ells

where H = H(u,v) is the solution of (MA).

We can not distinguish between the super-solution and the sub-solution:

Figure : (Left) The super-solution.  (Right) The sub-solution.
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By Dg-invariability of H, we only consider on the closed domain
D :={(u,v) € O3:u < 0,0 < v}
To obtain a better numerical solution for (MA), we set a lattice coordinate on D as follows:

(%

s

—1

Here 7 is a interval of a lattice coordinate. By approximating (MA) on the diagonal

line, we also have some recurrence relations which allow us to obtain a better numerical
solution for (MA):

MAIN THEOREM B. A better numerical solution for (MA) can be obtained by a dynam-
tcal construction using recurrence relations.
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o0

1 B 1 1 1 1 2
Vo == _-n 1—n{ 1— 21—71 ( _ _ ) _ }
P P L L O I R L R T A
Z Z T B, & Bernoulli #T®» W ROEBRRNIZ LD EHET 5:

Znn

3 Stokes graphs

ZOHITIX (2.2) D Stokes 7T T DINT A=K B,y (2B BEHEA %
P54 U % Stokes HiFE & 1%

\j Y
Rt

bk)'ﬁah( :O,l)

Im [ /Qodz=0
an

TEE SRR TH 5. Stokesk HIFRIIFEEFZIZEL DD LITHEIAL. 2O0DEDL Y i ag, ar, B D fih
541053 RTOD Stokes {HiffH K ORFEFL 0,1, 00 DT 5 7% Stokes 7T 7 EIER., ZZT/HRTA—X
a, B,y BIIBHEA E; (j=0,1,2) XD XD IZED S:

Ey={(a,8,7)€C|a-B-y - (a=B)-(a=7)-(B=7)(a+B—7) #0}, (3.1)
Ey = {(a,B,7) € C* | Rear - Ref3 - Re(y — @) - Re(y — ) # 0}, (3.2)
B> = {(a,B,7) € C* | Re(a — B) - Re(ar+ B — 7) - Rey # 0} (3.3)

HU (o, B,7) D By ICEENER5X, 2 DDMELZZE DY 5 ag, a1 DB Y ag,a; #0,1,00 TH5D. 5
2, (o, B,7) 5 By U By IZEEN72\072 51X, Stokes 3133 (L 9 5.

NI A= (a,8,7) S EgUE UEy IZHEEND EIRET 5. Stokes 77 7IEENTNDORFEL 0,1, 00
2 AVA T Stokes HHARD AL DF] 7 = (ng, ny,ne) (Z41% Stokes 77 7 DRI E WD) IZX W HFTE 3.
RIAT A=K a,f,y OEE wp (k=1,2,3,4) 2RO &S ITEHT 2:
w1 = {(a,B,7) € C*| 0 < Rear < Rey < Ref}, wy = {(a,8,7) € C* | 0 < Rea < Ref < Rey < Rear + Ref},
ws = {(a,B,7) € C* | 0 < Rey < Rea < Ref}, ws = {(a,B,7) € C* | Rey — Ref < Rea < 0}.
£72, Q E BFDES57% ¢ (= 0,1,2) TRETH 5:

(. B,7) = (B,a,7),
(e B,y) = (r—ay=57),
2 (o, 8,7) = (—a, =B, —7).
G% i (j=0,1,2) TERINBRE L, I, 2RO XS ITEHT 5:
Oy =) rlws)  (k=1,2,3,4). (3.4)
reG

Stokes 77 7 OIEEUILLTD X HITNRT XA —=RIZ L > THEM TSNS,
EIR 3.1. Stokes 7T 7 DL E A 2T D

(1) (@, B) ell; DEE 7 =(2,2,2) TH5. (2) (a,
3) (fB) €ll; DEE f=(1,4,1) TH5. (4) (a,

) el DEE f=(4,1,1) Th5.

B
By)ell, DEE i =(1,1,4) ThH5.
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R 3.2. Rey >0 LHEELZEE, a-f DEIHOFEMT wy & 1 K31 DEIITHS.

R:c;ﬁ Reps
3 \ .
AN //
Wy w1 w3 \\ //
Ity L | M
N /
N
Wo N //
Hl :1-{2\ Hl
s
J/ AN
J N
// AN
//113 Hl H4\
/ N
/ N
3.1

ZZTE, K 31DEMDESIZ NTA=ZD wy POBERERT w IZ2/LT 5 & ZD Voros RED
Borel MO G2 BR TS, w, ws BLXOER EIZNT A —X% 2% & Stokes 77 7 1ZFNTNK 3.2
DEIITRB.

(o, B,v) = (—0.1,2,1) (0+€i,2,1) (0.1,2,1)

Wy w1

ap (0

0 apgf\larl 0 1 0 1
al 1

n=(1,1,4) (2,2,2)
3.2
CZTEABZEDLY A, ARIFRRS, e >0 THD. BREIRATIA—XE2LDLH 3.2 FRHDLSIZ
Stokes 77 7 138/ T 5.

4 Voros %2 ®d Borel 1
ZOHITIX wy BEY wy (ZB1F B Voros (25D Borel HlZFHHE L, iKkZE1T7>. 22T le (resp. Vj4) %
wi (resp. wy) IZH1F 5 Voros F2ED Borel & §5 (j=0,1,2).

EIE 4.1. w; (resp. wy) 2B % Voros 8 V; O Borel fl& V! (resp. V}') &5 LRD XS LAY
VASTE

Vi = L1og L(3 + (B = M)n)T2(yn)a" 85 (y — a) 0=y
27 D(z +an(5 + BL(5 + (v — a)n)(B — 7)F=ny2m =1’
Vi = Liog P(5 + (=a)n)L(5 + (B = »)mI* ()87 (v — a) 0=
2 CT(3 4805 + (v — a)n)(—a)=on(B — y) = ny2m=127’
V1= Liog L(3+ (y — a)n)I2((a+ B —y)n)a (5 — v) =y
27T +anl(5 + L5 + (B —n)(y — a)0=9n(a + f — 5)2(ats=—n-1’
Vi = Liog L5+ (—a)n)T(5 + (v — a)n)L?((a + B = y)n)B71(8 — )P~
2 7 D(5 + B3+ (B =) (—a)=n(y — a) 0= (a + § — y)2etF=nn-127’
Vi = Log L(5+Bn)0(5 + (v = a)n)T(5 + (B = y)n)a™ (B — a)* P!
2 L(5 4+ anT2((8 — a)n)BPr(y — a)o=m(8 — 5)E=2ngy 7
it = Lo D3+ (oG + BTG + (= a3 + (8 = 9)n) (8 — a6t
2 T2((8 — a)n)(—a) 8 (y — a)v=n(B — 5)B=1n2my
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Z 2Tl Voros f251D Borel f1 Vi & Vit OBIRA%ZE%T 5. Voros (25D Borel Hl Vi &% wy (ZflhrHs
Bishd. TOfrERe V! 2HEET5. Ima >0 OFf, V! 2 MTO XS ICEEHZ 5.

1 T3+ (B =T + (—a)nT(yn)* (v — )0~y

2 T3+ (v —a)nT(5 + Bn)(B — 7)1 (—a)-ny2m—127

1 TG+ B=lG + CamTm)?(y =)= 8% anmi
=3 L2+ (v —a)n)T(E + Bn)(B — ) B-1n(a)-any2m-127 5 -

ZORNS Vit % wy WWIERIL7-DL Vi 2T 2L U TDO LD IR 5:

Vo' = - log

1. TE+anr(E—an) anmi
1 4 2 2
vIi_yi— 2 —
0 0 5 8 2m 2

1 .
=5 log(e_Q‘("”m +1).

AR 4.2, V& w TR LB DL V) ZHEEUZ 2 EROBEBRZRT 5.

1 1 ™ et et
T+ 00 —t) = p= T
(2+ ) <2 ) coswt’ O F 2

AR Ima < 0 OFF, VE 2B FO LS ICEE MR 2.

Vi = 1 log L5+ (B =N (G + ()T (yn)*(y — )78 - omm'.

2 BT+ (v — T (E + Bn) (8 — ) n(a) - ior 2

ZORNS Vit % wy WERIL-d DL Vi 21T 2L U TDOLS TR 5:

Vo =Vt = %log(em”ﬂ +1).
w1 wy BT % Voros FRED Borel F1ZFHHE L, KT 5 Z LICK D RDOEHETES.

EIH 4.3. Voros (RE(D Borel Ml V! & Vi (j=0,1,2.) 2H#ET 22 L2k W L FOBIRR%155:
(1) Im a > 0 O, ROBHEREES:
Vit =~ log(e ™ 4 1) 4 Vi
(2) Im @ < 0 DI, ROBFEA%1E5:
Vi = —% log(e**"™ +1) + V.
REHLDFEI B & UMD E D Voros fRED Borel HlZ DWW TIIBIUEMEH DR SURM T ETH 5.

S 3R

[1] Aoki, T. and Tanda, M., Characterization of Stokes graphs and Voros coefficients of hypergeometric differential
equations with a large parameter, to appear in RIMS Kokyiroku Bessatsu.

[2] Delabaere, E., Dillinger, H. and Pham, F., Résurgence de Voros et périodes des courbes hyperelliptiques, Ann.
Inst. Fourier, Grenoble, 43 (1993), 153-199.

[3] Delabaere, E. and Pham, F., Resurgent methods in semi-classical asymptotics, Ann. Inst. Henri Poincaré, T1
(1999), 1-94.

[4] Takei, Y., Sato’s conjecture for the Weber equation and transformation theory for Schrodinger equations with
a merging pair of turning points, RIMS Kokyiroku Bessatsu B10 (2008), 205-224.

[5] Voros, A., The return of the quartic oscillator, The complex WKB method, Ann. Inst. Henri Poincaré, 39
(1983), 211-338.
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SERMNZ 7 IR B R o N T A ROV T 22 ]

FHSRZFERZABEE - BREEZEIER D1 BSOARLZ

N7 IR B ORI D R A A U RBL21G5 Z & 2 T L, MR o2 o0 D A
ROV 7 22 EPFAET 5 2 & &2RT.

1 ZOBEDE & £ DI

RIFHZER] X 225 2 WS R 2723 D A RV 72l & § 5. X O 705 (dyadic subbase) S &
, wx 2 (w0 5 LIEFE) T~ S RAIBAIE S = {(Snin <w, i <2} THY, SposSer HEW
DHBTHB LS %bDEVS. ZIT, FARAB LT wZ, TNLONIWIFERBDOESGLFE—HIL T
W5,

TOWREBA R S, REWMTEEMITHDIEND.

ﬂ Skomy 0, Vn<w,Vo:n—2. (1.1)
k<n
X512, Syt = X\(SnoUSny) EBWT (G817 13 TRNAL Efa FERShAL] RO,

ﬂ Skoy 0, Vn<w,Vo:n—{0,1,1} (1.2)
k<n

Elizd L&, MHZTHDE VD,

Bl 1.1. X[ [0, 1] D% O T DML 2R =R HIZRD LS ICE2 BN TE 5.

4k —1 4k +1
Sno = <2n+17 2n+1> n[o,1],

k<w

4k+1 4k +3
Sp1 = U <2n+17 2n+1> n[o,1].

k<w

(1.3)

Bl 1.1 OEHFFIIMSLTH 528, WML TR,

2 KXA4 VKRR

RFHZERT X & 7 OMSI R R iait S #EEd 5. £4 T :={0,1, L} 2 {0, {0}, {1},{0,1},T} &
ShifHE ANSG. TIZEWAIEFEZ L <0,L <1 TEDHS. 0& 1 IFHEBAGET, < I3 HEHETHS. £/
T Z® T 2o EINE0HEHEFZ ANS.

X 75 T ADMDAR g XD LS IZEE S,

og: X — T¢, d)s(f[)(n) =i1& T C Sn,z (2].)

* tsukamoto@i.h.kyoto-u.ac.jp
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ZIT, ¢ps(x)(n) 01 THBILIFERMETRESD, L THDI & EEEMMNT 2 ISR
7% (BEBRIZEWKEE ORI BE) LW SRR A -V 23 LIZHEE2#ED 5.

X DRz iZ20WT, AIRE LY = (L, L,...) "5, ¢s(z)(n) €{0,1} THDH LI n<wliZ2T, L
O LICEEMA TV ZLT dg(x) 23tHTELERB. 2720, BREEFT LOFETHEIMWANEEN
L7, FHEPSIEIZITS ZEIIAARETH S, L, BPRAEISESBI 20 AHRTHS. T2
T, ARRHEOHITD 0,1 ICBEMA SNEMEE, AT TED D Kg IZ/ED XD IZHIRT 5.

Kg :={¢s(z)], € T; x € X,n < w}. (2.2)
7L, o0 e T ITHL, o, &
O%@”{UT)(g;ﬁ%)
TEHRIND TY DILTHD. Kg Diiel&>THRONDIMRE Ko IZNITMATZEEEZRDL I ITED 2.
Dg:={oceT*;Vn<w,o|, € Kg}. (2.3)
B S T ¢g 1& Ds ~NDHDAATH 5.
T 2.1. VEHFEA Ds &, HDRAR ¢pg Dl (Dg,ps) 2 X D SIZED FAL VRE L WS,
Ds DEMREET, ROLXIBHDEHEZ5.

LS = DS\KS, (24)
Mg : Lg DNt DEA.

ZZTORRIE, Dg 2 oAMH%ERM X OfEE E DL SWETTELINTH 5.

X BRavnRr beblE, Mgld X FME RS, #l1.1 TX ¢s(X) = Mg THB. 2287 h T T
H X MPIEAZRSIE, X & Mg OEADZEBEFEME 25, DRIZ, Mgk Kg Z2iElE $T5E[MD%MPTE -
CHHARBRBDEEZONS.

X BEAITRLETE, £ DNAT ARV TERBTIE Mg IZEEATIERW. LEL, RIS E S A%
MY TH D51, Dg=TY £%20, Mg=0) Ths.

3 ERR
IR 3.1, ML IO N D X KL T EMDEET 5.

RN 7R A B AR FEONMZEIC B VT, (TEOEZEL 2 HOFREEOHEIER DS, TD &S N
7 A RV 7 7] TdH % Prime integer topology & & L IZBAFD & 5 (2Hl % Ak L 7.

Bl 3.2. EANZHRMOES 0€N) U, (Pn)n<w := (3,5,7,11,13,...) 2 &G HFBDH LT 5. NOE
BOES ={Shi;n<w,i <2} ZRTEDD.

Spo = {(a—l)pn+b;a,bex,0<b<%},

(3.1)

Sp1 = {(a— Dpn+b;a,be X, % < b<pn}.

N2 S TERE B Py 2 AN E X, S 1 (N, R) QWML AR - HIBHHETH S 2 L 1E, hERER
TH S 5775 5.
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8 3.3. NIAHZER] (N, P) INTARNLTTH 5.
FEHDERITD UAAA -T2 DI B, ROMBIZHEILTE S Z LITEGITRES.

B 3.4. TEOERp LHRB n IZHL, n>p ol pHoBERBn+1,...,n+pDHiz, pibkE
WEREZFHFOLDOVFHET 5.

B, (A 34— @E3.3) 2 HOEAM 1,y (v < y) EHET 3.
(i) 220 <y DBG, y 2BALVRAOTEE p £T5. ME34LD,

y<lIlpn <y+p=<2y, py>p

LB EE M p, LARKIPFHET S, ZZTpDE D&Y, p,>ylid. iz, RBIZI=1,p, <2y
215,

£oTC, O0<a<py/2<y<p, &V, €S0,y € Sp1 Ta,yldDMIEETH 5.
(i) z <y <2z DHE, 2(y—2) ZEABRVERORELZ p 95, p<2y—=z)<22zEromE 34 K0,

20 <lpp, <2x+p <2y, p,>p

LB HFE R p, CHBRBIPELET S, 22T, lp, =29 805250 p=20r &3 ThHb. Lh
U, 2OLEE 20+ 102 XD REVERNFEEZREODOT, Ip, <2y LLTLW.
pDEDSNS p, >2(y—x) THHDT

(I —=1D)pp <2z <lp, <2y < (+1)py
L5, EoT, I PMEBURS X x € Spa,y € Spo, I DEBLSIE € Sp0,y € Sn1 72D, WTNDY
& x,y INHTRETH 5. O

BERR. (dni 3.4) HENK7Z1FiR A~ 5.

B p & p U LOERE n1ZOWT, 2 HEK (";p) MWp KO REVEREEFFOZ L2 REX L.

(")F) BRI T oS 2, SRRSO R & RBUEHLOFHIIC L > T L SMS R 5.

(”:p) Np IO REVHERBZFFZLRWVKET DL, TAREVpIZOVTlEn < 2p (n 2 p ODELLETH
TrONNXEN) 24D, ZNEn+p>15n e RhBEOTLTYaDEH “Yn > 8 n< I < 1.5n,p :
prime” (F x>z 7DEHDILR) IZKT S, NIV p IZOWTIHENIZRT I LN TE 3. O

VAT ERE ORFEMRIZLLHDTH L. M 3.4 12OV TIE, VARKEIG ZDOEM TR
b, ZLDERZHEFT 5.

&3

[OTY] Ohta, H., Tsuiki, H., Yamada, S., independent subbases and non-redundant codings of separable
metrizable spaces, Topology and its Applications, vol.158, p.1-14, Elsevier Science (2011).

307



308



2000000000000000
obooboooobobooooobooooobooo

OO0 O0OO00NDOOOOODOOODOOO xOnOOODODOO ADD
go

h(A,x) = x(tr(A[U]))
UeSL,(Z/NZ)

00000000000 A[U)=rAUDOOO

0000 h(A,x) 000000 n=20000H. Katsurada, Y. Mizuno[J.London
Math. 85(2012), 455-471]0 00000000000
O000n=300NOO0O0O0Op00O0 KA, x)DODDOOOOOO

1000ogoo

Ly, = {(aij)nxn| aij € 1Z,a;; € Z,a;j =a;} 0 Z00 n00000000
gooood

O00Ox:Z—-CUOOO0ONODOODOODOOOODODO

(1) x(mn) = x(m)x(n) for Vm,n € Z

(2) m =n(mod N) = x(m) = x(n)

(3) x(m) #0 & (m, N) = 1

Ug3bgoboboboobooonbooo

AelL, 0 NOOODODOOOODOOO xOOoOooo

h(A,x) = > x(tr('UAD))
U€eSL,(Z/NZ)

0000000000000000 ROOOO
SLn(R) :={A € M,(R)| det A =1}
oooo
n=10000 Ae L, 0000 A= (a)1,x 0000R(A,x)=x(e)0000

n=20000 H. Katsurada, Y. Mizuno[1] 000 00000000000
gooooboo
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0011 Ael,O0O detA#O[l[ll:ll:l
pUODODDODUOxy U pUlbbbbooooobbobog
(1) x(-1)=-10000000h(A,x)=00000
2)x(-1)=10000000
et Ay (s den 4)
p p
goobooodboyd XZ)?DDDDDDDDDD(%)DDDDDDDDD
gooo

h(A, x) = (1 +(

n=300NOO0OUOp0000 (A, x)OODDOODOODOOOOOOO
googoogn

pO0000000O0ODO xoOOODOOODOODODOODO
alUpddbooooooooooon

c€Z, c#0(modp) O

c=a"(mod p) 00000

00000x(0)=¢,_, 000000

0000¢,=exp(3) 0000

0003000000 (2);=¢ 000000

O000p00000 2000000000 m,ne 00000000 J(m,ne2)
g

)

J(m1,m2) = Zm(y)nz(l )
y=0

booobooooboboooboobooooobd

0012 AeLz300detA£00000

(p=1(mod 3) 00O 0O

(IL)x=x§00 s#0(mod 3) 00O

h(A,x)=00000
(12)x=x3¥0000x=x0000x*000000000000

hA,x) = p*(p* = 1)1 XV (—4det A)J(XD), x()2)}

&

Il
=]

J
00000000 %9 (uw) = x(u)(%),(j=0,1,2) 0000
(2)p=2(mod 3) 00002 000000000000
WA, x) = p*(p* — D)x(ddet A)x(~1)J (X, x?)

000 x=x"0r0 3r=1(mod (p—1))000000000000

SIS
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2000

oooooobooooobobOooogonDOobO Koecher — Maass OO O
gooooo

00000000000 Symplectic groupd S, (Z) 00000000000
OH, 00000000000

0, 1,
Sp(2) = {U € GLan(Z)| 'V U =, = | " >}

H, ={Z=X+iY e M,(C)|'Z=Z,ImZ =Y >0}
00000,02,00000001,0,00000000000
F(Z):H,—CO0 S, (Z)00DO0000 k000000000000000

goooooooooooa
(1)F((AZ + B)(CZ + D)) = det(CZ + D)*F(Z)

\’(2‘, ﬁ)espm

(2)F(Z)0000000000000

F(Z)= Y cr(A)exp(2ritr(AZ))
A€L,(Z)>o

0000L,(Z)so :={A € L,(Z)| A: a positive definite} 0000

F(z)DUOOOOOUOO xOOOO 200 Koecher — Maass OO0

cr(A)x(tr(A))

L(s,F,x) = cr(A)xtr(d)
' AeLn(z)>OZ/SLn1N(Z) en(A)(det A)

: = cr(A)x(det(24))
L*(s,F,x) = Z Fe(A)(det 2

A€L,(Z)>0/SL,(Z)

gooooooood

SL, n(Z):={U € SL,(Z)| U = 1,,(mod N)}
en(A) :=4{U € SL, n(Z)| 'UAU = A}

e(A) :=#{U € SL,(Z)|'UAU = A} 0000

L(s, F,x) 0 Y.Choie,W.Kohnen[2] D00 00000000000 OOOO
obooboooobooobooooboobooboobooboobooobooobooboon
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L*(s,F,x)OOOOOUOOOOUOOOOODUOOOOOooooo

0000L(s,F,x) 0 L*(s,F,x) 00 00000000000000000

googod

oo 2.1
F(z)O S, (Z)DOOOOO kO0O0OO0DOOO0OOODOOOOOOO

i er(Ah(A )
Lis, F:x) = 2 e(A)(det A)*
A€L,(Z)>0/SLn(Z)

00000 120000 kA, x)ODOO0OODOOOODOOOOOOO

oo 2.2

F(Z)O S,,(z)000000 k000000000000000
(p=1(mod 3) D000

(IL)x=x§00 s#0(mod 3) 00O

L(s, F,x) =

(1.2)x = xo* 0000%=x, 000000000

2
L(s, F,x) 3(p*—1) ZJ X(J) X(])2 X0 (=2 )L*(S,F7)~<(j))
7=0

good
(2)p=2(mod 3) 00O

L(57F7 X) = p3(p2 - 1))2(_2)‘](?’ XQ)L*(S’ F, )Z)

good

oood

[1] H.Katsurada and Y.Mizuno, Linear dependence of certain L-values of

half-integral weight modularforms, J.London Math. 85(2012), 455-471

[2] Y.Choie and W.Kohnen, Special values of Koecher-Maass series of

Siegel cusp forms, Pacific J.Math. 198(2001), 373-383
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Jooogogoooboboobogoogo

goooo

goobo22000000bD00

0o 1
D0D0001<i<k1<j<!0000X,Y,0000000000000000000000000
Xix - xXeOYix--xY,0000000000k=10000000 S0000¢00000X;0
Y, 0000000000

00 2 (cancellation)
XY, 70000000000 00000000000XxZ0 Y xZ0000000000XO0Y0OoDO
gooo

goboooooooooobooboooboooooooooboooobooooooooooboooDoboOoo

ooloooooooooOoOoOoOoOoOOObOOOOOOOOOOOOOODOOODOODOODOOODDOO
0000000000000 000000000 20 cancellation0 00000000000 1000000
0020000000000Charlap000000000000000DOOD XOYDOXxS'OY xS!
00000000 X0YOOoOOooOooOooOOooOOooOUooOUOoOUooOoo [lJoooobooooo 1020
oooobooooboooooooooobo 10ooooboo0oooboooooooooobDoooobooboooboooo
goooooooooooooooooo 1020000000000 0O0ObObbObOo

0o00oo0oo0102000000000000000 [2)0

00 1 (S.Choi, M.-Masuda, and S.Oum)

00000 1<:<k1<yj<10000 X;,Y;00Bott00000D000000X, x---xX,0
Yix.---xY,0000000000k=10000000 §,000000000X,;0Y,,)000000
ggo

O 1 (cancellation)
X,)Y,ZO000OOO BottOOOOOOOOODODOOODODOOO XxZ20YxZO00OOOooooo XoOov
gobooooogn
00000 Bett OOOOOOOODOOOODDOOODODO nO0O BottOOOOoOOO
Tn—1

B, 2B, =" BB 5 By = {point}

0O00O0m;B; - B, 0 B, 002000000000000000000000C0 RP'O0OCOODO
000000000 Bott0OOO RP!O0ODOOOOOOOOOODOOO B;0000 0000 Bott
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0000000000 B0 RP'OODOOB,0RP'xRP'ODDO RPHRP?O00OOODOOODODOO 40
000 m0000000000RB, 0000000000000 00D000DN00Dd BottODOODOOO
0000000 B;00000000000000000000000000000000000nooon
0000 Charlap 000 cancellation 0 0000000000000 00000000000O BottODOO
0000000000000000 cancellation 00 000000000000
00000D00D00D0O00000

og 2

000001<i<k1<;<I0000 X,,Y;00000010200000000000000000
00X;x---xXp,0Y,x---xY,0000000000k=(0000000 S,0000 ¢00000X,
0Y,;,000O00D00O0O0

O 2
X,Y, 7000000 1020000000000000000000000000XxZ0Y xZ000
oooooo0 Xo0yvyooooooooo

0000000000000 O00000000000000000000000000000O00000
00000000000000000000 10000000000000000CP!,CP?, CP! xCP!,
CP#CP?20000000000000000UCP20 CPPO0000000O0O0OOOOOOCP! xCP' O
CP?4CP? O Hirzebruch surfaces 10000000000 CP'00 CP'O0DD00O0ONOOOOOOD
0000 1020000000000000000000000001000000000000 CP'OD
002000000000000 CP!xCP'O CP?ICP20000ICP20 CP?P0I0000000OD0
0000000000000000000000000
000000000000 000000000000000

0o 3

000001<i<k1<;<I0000 X,Y,00000204000000000000000000
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Non-normal very ample polytopes

ooooot!
ooobobbgooooobd

PCcRNOODOOODODOODOODOOOOOOODOOODOOODOOOOOO
000000P = {(a,1) e RV 1 0 e P} c R¥' 000000000000
D00 RsPOOO00OOO0 (,n) € RyPNZN 00000 (a,n)0000
deg(a,n) =n00000000

KOOODOOSO KOO N+10000000000 Klzy,zih,. .., 28,25, 1]
0000000 (a,n) = (a,...,av,n) € ZN x Z-,0000SO00000000
X" =g ... 0000000

d0D0O0DO0O0PCRIDOOODOPOOOOODO K[P|ODOO

{x*t" : (a,n) € Zso(P NZ)}
000000 SO0000000000000POOOOODODOE(P)ODODO
{x2" : (a,n) € RsoP NZH1}

000000 SO00000000000
d0000000PCRIODOOOOP (K[P]OODO RseP) 000 (normal) O
00000

R-oP N ZH = Zso(P N 2T

O000000000000P (K[P] 000 RyeP)000000 (very ample) O
gogoo
(RaoP NZHY\ Zso(P N ZHY

00000000000000000000000000000000000(RsePN
2N\ Zso(PNZAYOOOOOO P (K[P] OO0 RsP) 00000000

IThe author is supported by JSPS Research Fellowship for Young Scientists
E-mail:a-higashitani@cr.math.sci.osaka-u.ac.jp

317



00000 k00000PCRIOE-O000000000O000O00n>kO0O
00000000 aenPnNZi00000n00000 ay,...,0, € PNZEOOO
O00a=a+---+0, 0000000000

POODDOOOOOODOOOOOOOOOOOOOOOO

e POODOOOODO
e PO 1-00000O
e K[P|=E&x(P)DDODOOD
e &(P)0DDDOOOONOOOOOO
0D000POOO0O0O0O0OOOOOOOOOOOOOOOOOO
e POOOOOOOOODO
e POODDOOOOODAODDDDDADDOOOOD

e K[P/OODOODOOO0OO mcC K[P|OE(P)DDDDOOOON nC E(P)
0000000000 &00000mf=n*000000

gobboooobbbduogbbbuoooobboooobbbuooobobn
gobobooogd

O00000000000000000000000[1, Example 5.51]00000
000000000000000000000000000A0 (2, Exercise 2.24] 0
gobboboogobbuoooobbbooobbbuoooobbooogobon
O00000000K4, Section2] 000000000000 OOOOOOOOOO
gobbboogbobbuoooobbboooobbbuooobobboooobon
gogbobooogoboon

gbgobgbbobooboobooboobobboboobooboon
ggbbobooobbbuoooobbbuooobbboooobobod

b 1000000 A00D0dDOODOA>10d>3000000000000
goboooooboobooboaAObOOODOOOOODOdO0OOODODLOOODOOO

000000000000000000=(0,...,0)eR‘O00ey,...,eq0 R
000000000000 AOO00dOOOO R>10d>30000000000

318



0(2d+6)00000000000

.

0, i=1,
€4, 1 =2,
€+ ---teqq, i =3,
h(es+ -+ +eq 1 +eq), i=4,

(h—l)(e2+~~~+ed,1)+hed, 225,
h(e2+--~—|—ed_1)—|—(h—1)ed, 226,

e + 4ey, i=7,

e; + Hey, 1 =28,

e +e + - +eq, =9,

\e1+e2—i—~-+ed,1+ed, 1 =10,
v; = €, 1=2,...,d—1,

vi=e +ey i=2,...,d—1.
ooooboobdd0b0obOonn
Pha = conv({uy,...,uio} U{v;,v;:i=2,...,d—1})
goobooooooobopP,0000000000000
e 7,,0000000000j=1,...,h 00000
(uj,2) =e;+jex+---+eq1) + (j+2)es+ 2e441

000000 (u;,2) € (RegPra NZH)\ Zso(PNZ4A) 0000000000
0D000P,,000000A000000000000000000

e P00 0bO0O0OO00OOOOODOODOO

e P00 300000000000 OO0DOOO0OODOOOOODOOOOOOPy
gobbobooodn

oooooboobooooboodJd0ob0o0ooooo 0000 AOD00O0O0O0O00O0O0D0O
gogbbobuoooobbbuoooobobboodon

319



Ooon

[1] W. Bruns and J. Gubeladze, Semigroup algebras and discrete geometry, Geom-
etry of toric varieties, L. Bonavero and M. Brion Eds., Sémin. Congr. 6, Soc.
de France, (2002), 43-127.

[2] W. Bruns and J. Gubeladze, “Polytopes, rings and K-theory,” Springer—Verlag,
Heidelberg, 2009.

[3] A. Higashitani, Non-normal very ample polytopes and their holes,
arXiv:1208.3955v2.

[4] S. Ogata, Very ample but not normal lattice polytopes, to appear in Beitrage
Algebra Geom..

320



gouoooogdog

000000 (@Oo0oo)

1 0

n
0000000 ([1]0000000000000(®+2)000000000000(@+1)

000D00O0o000oD0ooooobDO0 meyODODODODODODO0OM+1HOODODODO
0000000000 000000000000000000000D DyckpathO OO
gobobobooobobobouoooboobognbbboooooD

1 (2n
DDDDDC,,:—+1 000000000000 ooooooooooon 200
n

P ={Py=(0,0),Py,---, Py, = (n,n)}

oo0di=1,2,---,220000 PO x00 (resp.y00)0 Py O xO0O (resp. y O O)
00000000000 yy<xOO0OOOO PO DyckpathOOOOO(0,0)00 (n,m) 00O
DyckpathOO OO C,00000000000000O00DOO ¢, 000000000
oo0oO0Cooooooo

C,=> CiCpri; 0O0C,=10000 (1.1)

gogodooooobooboooooogoooobobobob oo ogoo
ggd
O000MO0000 mr000000000 P={Py=(0,0),Py, -, Ppsn = (m,n))
oo00di=12,---,m+n0000 PO x00 (resp.y00)0 Py O xODO (resp. y O
0)0O0o0O00000 y< - xO00000 DyckpathOOOOOOOOO C(m,n)0000
P. Hilton O J. Pedersen 00 [2] 000 (0,0) 00 (kn,n) OO Dyckpath OO OO OO0
gogoon

321



Theorem 1.1 (Hilton-Pedersen [2]). OO0OO0ODO0 k00 ODO00,0)00 (kn,n) 00O Dyck
path 000 C(kn,n) O

1 ((k+ Dn
C(kn,n) =
(kn, m) kn+1( n )
sfsfsis)slsl=
00 Clkn,m)0 (1.H00D0000
k+1
Chmmy= > || Clmm) (1.2)

(1,12, gy =1

00000D00000000D000000 (12)000 $¥'nm=r-10000000
000 (m,m,-- ,my) 00000000000 O000C ¢, 0000000000
Cn,n 0000000000000 O0000000 (kn+2)000 (k+2)000000
00 C(kn,n) 000

00000000000000(,00000000000000000 Dyck path O
0000000000000 O00P DuchonO (0,0) 00 (2¢,3¢) 00 Dyck path 00 O
0 [(300000000

Theorem 1.2 (Duchon [3]). 000000 n0O00O00(0,0)00 (2¢,3¢) 00O Dyck path O
00 C(26,30)000000000

5 .
1 5C+ 1\(5€ + 2i

C(2¢,3¢) = _— .

( ) ;5€+i+l(n—i)( i )

Dyckpath OO0 OO O00OOOOOOOOODOOOOOOO

2 000

0D000000000000000000000000000 a=(aj,aas,-+-)00
00 flal=3Y2,ie; 000000000 mrO0O00O0

1 (m+n
el

goobooooboooooooo

322



Lemma2.1 (F). 000000 mnaO000000 gedimn)=d0000(0,0)00 (m,n)
00 DyckpathOOO C(m,n) 00000000000

g d—i d—i
C(m, n) = Z ZAcm s Cl—=m, —=n).
i=1

000000 m=n00000000 (1.1)00000@mn) = G(n,n 0000000
0000000 (1.2)00000000000000000000000 (1.1)0 (1.2) 0
000000000000000000000000000000

Theorem 2.2 (F). 000000 mpO0 00000 gedimn)=d0000(0,0)00 (m,n)
00 Dyckpath D00 C(m,n)0 00000000

i1,
C(m,n) = Z 1—[ (;A(;}m,én))'

allall=d i=1 7"

002200000,000000000000 DyckpathOOOOOoOOOOoOO

Corollary2.3. 00000 d=1000000 (0,0000 (mn)(mO n00000 )OO
Dyck path 000 C(m,n) 0

1 (m+n
Clm,n) = m+n( n )

oo

[1] R. P. Stanley, http://www-math.mit.edu/ rstan/ec/catadd.pdf

[2] P. Hilton and J. Pedersen, Catalan Numbers, Their Generalization, and Their Uses, The
Mathematical Intelligencer, Spring 1991, Volume 13, Issue 2, pp 64-75.

[3] P. Duchon, On the enumeration and generation of generalized Dyck words, Discrete
Mathematics, Volume 225, Issues 1-3, 28 October 2000, pp 121-135.

323



324



Joodoodoodoodoodon

—ggboobuoooobbooooobo—

00 O00'0O00020000%00 004
00000000 0000000 00000000

000000 0000000000

S00O0UO0oD0 Oo0oDoO

‘000000 000 00000

oboobooooobooobooboooboobooobboooooooboooboobooobooooooonog
oboooooooobooboobobooboobooooooooooooobooobooboOoooOooog
goboooogooboooboobooooooboboooboobooooboooboobooooobooobooooOoooo
goboooooooooboooooooooobooobooooooooooboobboobboooooooog
gboboobobooobooboooobobooooobooooboboooogoobooon

1 0000

00000000000000000000000
000000000000000000000000
000000000000000000000000
00000000000000 (MD)OOOOOO0O
000000000000000000000000
0000000000000000000000000
000000000000000000000000
000000 (10
00000000000000000000000
000000000000000000000000
000000000000000000000000
000000000000000000000000
000000000000000000000000
0000000000000000000000000
000000000000000000000000
000000000000000000000000
000000000000000000

325

00000000000000000000000
000000000000000000000000
0000000000000002000000000
00 (dPCA)[2)00000000000000000
000000000000000000000000
00000000000 8000000000000

2 Juoooobooood

000000000000 000 (chignolin) OO0
000000000000 400000001000
goboooooboooboooooobooboo 100
00000000000000O0oooUooo (NMR)
U0 8oooooooooooooooooooo
goboooobooobooboooooboobn
oboooobobOooobobooboooobooboooon
obooooobooooobooboon

goooooooooooobooboooogoo
gooooooooooOooooood AMBERI2O
gobooooobooobooooobooobooDnn
0000 1[fsec]01000step 000000000000
0000000000000 000 1[psec 0000
0000000 1.8[usec] 00ODO



b"'ll'lﬂi ; 5GLU

TGLY i i

9TRP

106LY* & 1GLY
\L".“:,

8THR {PRO

0100000

0200000000000D0000dvc0OO0
000000000 000O0O0bOO0000d dyeO
00000 5A]000000 900[nsec]0 1100[nsec]0
1950[nsec] 000 dyc 000 20[A] 000000000
00 900[msec] 0000 dye DOODOOOOOOOO
0000000000 90msec] 000000000
gooooboobobbooooobobooobog

30

dnc[A]

10 H
\

1 1 1 1 1 1 1 1
0 200 400 600 800 1000 1200 1400 1600 1800

t[nsec]

0200000000000

gobooobboobooboooooboooooo
uobooboooboooobooobooboooooon
ooboooooboooooooboboooooon
goboooooboobooooboooboooooDo
ooboobooooobooowsgoooooooooo
obooooobooboobooooobooboobn
ooooooboooooon

326

3 dpCAOO0OODDOOOOO

030000000 000oog30u0oooon
gobooboooooobooboobobobuoboobo
00 +t000000 1800000 ¢i(t), ¢s(t)(i =
1,2,...,9) 0
T4i-3(t) = cos ¢4 (1)
1’4i_2(t) = sin (;Sz(t)
T4i-1(t) = cosi(t)
l‘4i(t) = bln?ﬂl(t)
0000000000 ;8 =1,2,..,36) 0000

0000 «;t)000000 CO 30000000
gooooobooog

((@m (8) = (Zm(0)e) (@n(t) = (@n())e))s

Cm n

00000000000 CO00000000000
00000 wy,wa, -+, w3 00000000 z;(t)
0000000000000

0300100000200000000000
000000000000000000000000
900[nsec] 0000000000000 (a)0000
000000000000 (b)0000000000
000000000000000000000000
000000200000000000000000
000

03 01000002000000000000

O000oooO0oD 40000000 00000
ooooooooooboooooDoooooooogdoD
goooboooboooobooboobobooooooo
goooboooooooooboooooooooooo

(@m(O)zn(t))e = (@m ()i (2n(8))e))e(m,n =1, ...



0 4. 000000000

4 OUO0OO0O0OO0OOOO0OOOO0

oboobooboobooobooooooooon
oobooobooooooooboooboobooonn
0000000000000 0000000 900[nsec]
O00000000600~1100msec) 00D ODOOOO
ooooooobooooooboooooooboooon

S5e-07
4e-07
3e-07
2007

1e-07

0

wavelet power

1000

5e-07
de-07
3e-07
2e-07

1e-07

period|nsec

wavelet power

1.0 — =
600 700 800 900 1000

time[nsec]

s 0b0bbidoooobobbboooogn
obobOz200000000000000O0 000000
gooooboobooooobocoooo

327

Usb00booobooobooobooooobooon
0000000200000000000 (2TYR) O
700000000000 (vGLY)OOoOoOooooo
Oooooooooooooo2ryROOODODOO
000 900[nsec] 000000 OOOOOOOOOO
ooooooooooooorGLyODoooooDoo
goooooobooooboobooboooooo
gobooooooobooobooobooobooon
obooooOobooooobooooo

5 oooon

dpCAOCOOODOOOOOODOOOOOOODOOO
gob2000000000000000000D0O
gobooooooooooobooooooooooDo
goboooobooooooobooooobooonbon
oobooobooboooboooooooobboonn
oobooooooooooooooboobooDn
goboooooobooooooboobooooonbon
obooooooobooobooooooooboonn
ooooooooo

goooobboobooboooooooooon
goooboooooobooooooboboooobon
oboooooooooooooboooboonn
oboooooooooobooog

googd

[1] D. E. Show, et al., SIENCE, Vol. 330, pp. 341
(2010)

[2] Y. Mu, et al., PROTEINS: Structure, Function,
and Bioinformatics, Vol. 58, pp. 45 (2005)

[3] M. Kamada, et al., Chem.Phys. Lett., Vol. 502, pp.
241 (2011)

[4] S. Honda, et al., Structure, Vol. 12, pp. 1507
(2004)



328



('R submanifolds
Mirjana Milijevic

Summary

We will give generalization of some results on real hypersurfaces to
CR submanifolds of maximal CR dimension in complex space forms.

1 Introduction and results

Let M be an (n+p)-dimensional complex space form, i.e. a Kaehler manifold of
constant holomorphic sectional curvature 4¢, endowed with metric g. Let M be
an n-dimensional real submanifold of M and J be the almost complex structure
of M. If the maximal J-invariant subspace H, (M) = JT,(M)NT,(M) of T,.(M)
has constant dimension for any x € M, then M is called a CR submanifold and
the constant complex dimension of H,(M) is called the CR dimension of M.
If, for any « € M, H,(M) satisfies dimcH,(M) = 251, then M is called a CR
submanifold of maximal C'R dimension [1].

A typical example of a CR submanifold of maximal CR dimension is a real
hypersurface. Hereby we may expect to generalize some results which are valid
in real hypersurfaces to CR submanifolds of maximal CR dimension.

A real hypersurface M of a nonflat complex space form is called n-umbilical,
if its shape operator A is of the form AX = aX for each vector X on M which
is orthogonal to the characteristic vector U of M, where « is a smooth function
on M. This definition can be rewritten easily as AX = aX + Sg(X,U)U, for
each X € TM, where «, 3 are smooth functions on M. It is known that these
two functions o and f are automatically constant.

The next theorem is a know classification theorem of totally umbilical hyper-
surfaces in nonflat complex space forms.

Theorem 1. Let M?*"~! be a totally n-umbilical real hypersurface of a nonflat
complex space form M, (c), n > 2 (with shape operator A = al+u®U). Then
M s locally congruent to one of the following:

(P) geodesic spheres of radiusr (0 < r < %) in CP™(c), where a = (%)cot( @r)
and 8 = —é,

(H)

i) horospheres in CH™(c), where o« = 8 = 2|C|,

i) geodesic spheres of radius r (0 < r < o0) in CH"™(c), where o = (%°)coth( ‘gr)
and 8 = é,
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ii1) tubes of radius r (0 < r < 00) around totally geodesic complex hyperplane

CH" Y(c) in CH™(c), where o = (%)tanh( \gr) and B = 1.

Our goal is to obtain the classification of n-umbilical CR submanifolds of
maximal CR dimension with respect to the shape operator A of the distinguished
normal £ in nonflat complex space forms. First, we want to prove that o and (3
are constants. First result obtained is contained in the next proposition.

Proposition 1. Let M be an n-dimensional CR submanifold of mazximal CR
dimension in an (n+ p)-dimensional complex space form (M, J,q), where n > 3
and the constant holomorphic sectional curvature of M equals 4c. Let A be the
shape operator of the distinguished vector field §. If AX = aX + Bg(X,U)U,
for X € T(M) and for smooth functions «, 3, then Ua = 0.

2 CR submanifolds of maximal CR dimension
and the proof of Proposition 1

Let M be an (n + p)-dimensional complex space form with Kaehler structure
(J,g) and of constant holomorphic sectional curvature 4c. Let M be an n-
dimensional C'R submanifold of maximal CR dimension in M and ¢ : M — M
be an immersion. Also, we denote by ¢ the differential of an immersion. The
Riemannian metric g of M is induced from the Riemannian metric g of M in
such a way that g(X,Y) = g(¢X,.Y), where X, Y € T(M). We denote by T'(M)
and T+ (M) the tangent bundle and the normal bundle of M, respectively.

On M we have the following decomposition into tangential and normal com-
ponents:

JX =1 FX +u(X)E, X € T(M). (1)

Here F' is a skew-symmetric endomorphism acting on 7'(M) and u in one-form
on M. Since T{-(M) = {n € T+(M)|g(n, &) = 0} is J-invariant, from now on we
will denote the orthonormal basis of T+ (M) by &, &1, -+, &y, &1xy - -+, €, where
o = JE, and q = %. Also, J¢ is the vector field tangent to M and we write

JE=—U. (2)

Furthermore, using (1), (2) and the Hermitian property of .J implies

F?X = - X +u(X)U, (3)
FU =0, (4)
9(X,U) = u(X). (5)
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(VyF)X = u(X)AY — g(AX,Y)U. (6)

Next, we denote by V and V the Riemannian connection of M and M, respective-
ly, and by D the normal connection induced from V in the normal bundle of
M. They are related by the following Gauss equation

V.xtY =1VxY +h(X,Y), (7)
where h denotes the second fundamental form, and by Weingarten equations

VLxg = —1AX + Dx¢& (8)

= —LAX + Z{Sa (X)ﬁa + Sa* (X)ga* }a

a=1
ﬁLXé‘a = 1A, X + DXfa = 1A, X — Sa(X)g (9)

+ ) {8ab(X)& + Sap+ (X)&r }
b=1

ﬁLXga* = _LAa*X + DXga* = _LAa*X — Sax (X)f (10)
q
+ ) {8asb(X)& + Sarpe (X)&p },
b=1

where the s’s are the coefficients of the normal connection D and A, A,, Ag+;a =
1,---,q, are the shape operators corresponding to the normals &, &, &+, respecti-
vely.

Since the ambient manifold is a Kaehler manifold, using (1), (2), (9) and (10), it
follows that

Ap- X = FAX — 5,(X)U, (11)
AgX = —FAp- X + 50+ (X)U, (12)
Sar (X) = u(A,X), (13)
$a(X) = —u(Ag-X), (14)

for all X, Y tangent to M and a=1,--- ,q.
Finally, the Codazzi equation for the distinguished vector field £ becomes

(VxA)Y — (Vy A)X = cfu(X)FY — u(Y)FX — 29(FX,Y)U} (15)
+ Zq:{sa(X)AaY ~ sa(Y)AuX) + Xq:{sa* (X)Ag-Y — 50+ (Y)Age X1,
a=1 a=1

for all X, Y tangent to M.
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Sketch of proof of Proposition 1. From our assumption that
AX = aX + Bg(X,U)U it follows that A and F' commute. First we will
differentiate the equation

AF = FA.
We get the next.
g(VyA)FX, Z)+ g(A(Vy )X, Z) + g(AFVy X, Z) =
g(VyF)AX,Z)+ g(F(VyA)X,Z) + g(FAVy X, Z).

After few steps of calculation from the last equation we get,

q
—cg(FY,FX)+ Y {~9(As-Y,U)g(AuU, FX) + g(Aa-U,U)g(AaY, FX)}+
a=1

(16)

q

> {9(AU, Y)g(Ae U, FX) — g(AU,U)g(Ag-Y, FX)

a=1

— (Ua)g(X,FY) —aBg(X,Y) + aBg(Y,U)g(X,U) = 0,
On the other hand, multiplying the Codazzi equation by U and putting
Y = U, we obtain

grad(a+ B) =Ua+ B)U + Y {29(As-U,U)AU — 29(AU,U)Aq- U} (17)

a=1

In the final step we get
(Ua)g(FX,Y) =0, (18)

from which the assertion follows. [
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Partial control of chaos and continuity of safe set

Genming. Wang

RIES/Department of Mathematics, Hokkaido University, Sapporo

Abstract

Since the theory of controlling chaos proposed more than two decades ago [1, 2], it has been
applied to nonlinear systems such as species extinction in ecology, lasers and mechanical systems
in physics, and cardiac tissue in biology. Recently, Zambrano, Sanjuan, and Yorke have studied
a new problem on “loose control” of chaotic dynamical systems, which is called partial control
of chaos [3, 4]. An open dynamical system with presence of noise is controlled by a carefully
chosen perturbation to trap an orbit in a finitely bounded region forever. It can be done by
control signals which is smaller than the amplitude of noise. The set of partially controllable
initial conditions is called safe set [4], which can be constructed by using an algorithm [5]. Here
we investigate the simplest problem of the partial control, that is, safe sets of one-dimensional
piecewise-linear maps with and without escapes.

1 Introduction

In transient chaos, all the initial conditions will diverge from a compact region ) except a
zero-measure set. For example, chaotic scattering in open billiard systems under presence of
noise: orbits of particles will escape from () more fast.

&: disturbance

u: control signal

mo

. particle

2 Discrete model

In [4]: The dynamics is expressed in this form z,11 = f(x,),where z,, is the state at time n.
Then the state is perturbed by noise and feedbacked a careful control.
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Since we study discrete-time dynamics, then how is the flow translated into the form of discrete
maps?

Choose one particular Poincare section with Poincare map z(t + T) = f(x(t)). Other two
section near the Poincare section are given as observation section, control section. Now consider
about the independent noise, in observation section, &, 1] = tt+T_25t E)ydt ~ 2'(t+T —
26t) — f(x(t)). In control setction, control singal u(t + T — 0t) is introduced. In the Poincare
section, 2'(t + T) ~ a'(t + T — 26t) + u(t + T + dt). Finally, 2/(t + T) = xpt1,2(t) = zp,
u(t+T—0t) = Upp 1), then Tp1 = f(Zn) FUpmnr1) +Epnr1), concisely, Tpp1 = f(zn) +En+un.

0
Noise

Observation section

Control section Poincare section

Our model is now as follows;
Tpt+l = f(xn) +&n +un

f : discrete map ( : finitely bounded region
&, bounded noise at time n
uy, : control signal at time n, |u,| < |ugl, |&.] < o], [uo| < ol

The safe set is given as follows [5].

Vén, Jun, st., IS CQ, Ve €8S, f(x) + &, + uy, €S.

Partial control is possible by control signals {u,,} which are smaller than disturbance am-
plitude {&p}, with initial conditions in the safe set S [4].

An example: Safe set of Duffing oscillator [5]:
I+ 0% + Bw + ax® = ycos(wt), § = 0.15,8 = 1,a = 1,y = 0.245,& = 0.080, ug = 0.048
[5]. Let y = &, safe set is shown below:
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3 Models and Numerical results

We numerically investigate safe sets of tent map and logistic map with and without
escapes for all pairs of (u,§).

X1 == (24 1)
a=0.8(without escape)
s Q=[-06,0

=
=
A

e NN
11 05 0 0§ 1 i e i
X X X
i T
L}
A L1
1 u j T (1} !
0.5 wh P
X1 =2 (a+ 1))
0 a=092(period 3 window) P
o 0-[-101 | . |
e =06 ' g "
4 . “Tar NPT NPT T "o
445 0 15 . 1 i ; .
X 1 xof X X
] i T W ]
i . 2 - -
b 1 L1
u u u u
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Top figures: Color represents the ratio of safe set with respect to width of Q. Bottom
figures: The safe set as a function of control signal u for given fixed disturbances. In
the case of (a) and (c), there are discontinuous shape changes of safe sets at several
disturbance levels. In case of (c¢), when disturbance is around between 0.28 and 0.42,
there is no safe set no matter how large control signals are.

4 Summary

From the figures above, we find that the safe set will not always grow continuously by
increasing control signals at given fixed disturbance, and disappears with some amplitude
of disturbance. For logistic map in period 3 window, we observe disappearance of safe
set when disturbance is around between 0.28 and 0.42.

The authors thank to Prof. M.A.F. Sanjuan, Mr. Juan. Sabuco(Universidad Rey
Juan Carlos) and Prof. J. A. Yorke (University of Maryland).

References

[1] Ott, E., Grebogi, C., Yorke, J.A., “Controlling chaos,” Phys Rev Let. 64, (1990), 1196-1199.

[2] Pyasgas, K., “Continuous control of chaos by self-controlling feedback,” Phys. Lett. A, 170,
(1992), 421-428.

[3] Aguirre, J., Ovidio, F., and Sanjuan, M.A.F., “Controlling chaotic transients: Yorke’s game
of survival,” Phys. Rev. E, 69, (2004), 016203.

[4] Zambrano, S., M A.F.Sanjuan, M.A.F., and Yorke, J.A. “Partial control of chaotic systems,”
Phys. Rev. E, 77, (2008), 055201(R).

[5] Sabuco, J. Zambrano, S., Sanjuan, M.A.F., Yorke, J.A., “Finding safety in partially con-
trollable chaotic systems,” Commun. Nonlinear Sci. Numer. Simulat. ,17, p4274, (2012).

336



