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ON THE DESCENT OF CERTAIN MODULAR CALABI-YAU
VARIETIES VIA THE CYNK-HULEK CONSTRUCTION

PN #2828 (Yoshinosuke Hirakawa)®

ABSTRACT. S. Cynk & K. Hulek i3, f&X7t Calabi-Yau k20> & HX ot Calabi-Yau %
(A% SRR § 2 5k 2 8 A L, L B ciid S 5 (U720 ) Calabi- Yau
LIRKDOB % HER L 72, (Canad. Math. Bull., 2007, 486-503.) AFITiZ, %5 D Jjikic
Weil fREGHIBRBE T & K3 i (Calabi-Yau i) EOREERBEHNE & 2HAaGbE 2L
T, BEEE ORI 4 Calabi-Yau ZARMEDOHT 72 Bl 2 R 2 J7EIC DV TR 5.

1. Introduction

Z OHITIE, BamgiTic B T “RESRRED L BE L RO L BIE L O X )IGBIR”
DEEG I N HRZ GEFICRHEHUC) #7212, A6 §2 AR O 2 X 5.

BNz B Tid, Fermat PR2ICRESI NS & I 12, REUA L RES A D BRI
RWEZFNRS Z 0, PN REEEE o TWw 5. KIS, 206 DREE R ICAHRE
T % LEHBCE I N 2 EEMRHTRIEUL, b & DRBESRIRDEGHI R E %23 L < KL <
WBEIRRIN TS0, ROEBELMHIENRD 1 >TH 5. — 5T, REEHEED L
B DBEFIEIT MBI RA 2%, S L =7 AMED 1 5THh % BSD TR
FEINB LI, B DARBIITENTFET 5. 205 ORMBIRFTED T T Y, Hasse-Weil
TR IR D AN RME L HOTE D, EEGHEEAR Q oMM iz L T Hasse-Weil
TREZAUIT 5 2 & T, #190TBSD FROBE ZENMUBTEE L o7, L L, Q Lok
PR IS 3 % Hasse-Weil PHIDLEIC, 2 OFEFHICH W & (L7 A1 - SR ARC I3 BGmk i
RERA VR P26 L, BROWEZFROREELKRE, HorvwizZzoareuny —if
& LTHLL % Galois RIDIHIEDIKE R L 7.

AT, bddol-ERNFRICRES NS “REGERED L B E R0 L B
EDMIGEIFR” 1220 T, HHIC K VRS N7FER (Theorem 4.1) DFANZ1TI . §2 Tk, K
AR HEEZEA L 728, AR TN T 258FE O8I TH % B. Mazur & D. van Straten
IZ & 2 (Problem 2.4) ZfNT 5. §3 Tlx, 2 OREICHNT 2 06 kR Z2 N L g, =
NS DFERZIRET 2 ETAEL ZRIEMICOWTBRR S, §4 TIE, HFENELER L Z00E
HHOWEE 2 f7 3 5.

B EER R A T AR I L3R 2 48 (e-mail: hirakawaQkeio.jp)

2Fermat Mifk F : 2" +y" =1 (n>3) OS2 =052 3 y=0 %2~ THDIWETHSH, &
V) FAE (Fermat OfA% “EI L b IEENS). 204D D P. Fermat 12 & ) “E3{k” T, L. Euler Z 3
U d% < ORAFIT K D EEHIHA S N, Bk iicid A Wiles 12 & D EEHE L7z,

SHIEEE Q DHRXIERIEDO LRI L T 2RETERDOFHEAL L TERINLRIE. M, AT, @
LR IA Az EE L TREE 2 HHEBE C ook & R d.

YEMIR E - o® = 2 + az 4+ b FICHBSDIEEICHET 2451 L(E,1) =0 TH b, 7 L(E,1) =0
ER2DIFZDOLEEZIRETH A, L) PR (IEMEICIE, R E 1T Lo B I (EEGER) 2 R0
L7 BEStkikCch D, F% 50 BSD T4, L(E,s) % s = 1 DY T Taylor B L 72 & E0LHEE%Z F(Q)
DORREESEZ W THRICEIRTcE 2 22 HEL TR 5)

SERORBS RGO L BIBITSEF T 1E RS NG HRIBEIT R RETH D, AR5 N ERIEER
Zl7TTHA), L) PRL

6Q FofEEOMEMMG B 1oat LT, & 25 (X D IEREICIE, IEAILE 17 Hecke BB REIER) f
DL T, L(f,s) = L(E,s) DD 322 &) PR RETEO L BIEICH L TIE Hasse-Weil FARICXIG
TLEMPBPEICGEHIN TV 720, ZOP-D 6 Q _LOFEHBIFRICATT 2 Hasse-Weil PRDESLIZHED . A.
Wiles & R. Taylor IZ & D semi-stable Zf& M ilif# 1<% L CEEH X 91, C. Breuil, B. Conrad, F. Diamond, R.
Taylor 12 & ) — M DE M H# I % L-CHEBH S Nz,



2. Preliminaries and motivation

£, KROPLNAENRTH B (HFE0)Calabi-Yau ZHEE & 13, LUF 0 & 5 2085k
hcH 3.

Definition 2.1. & F7 1D d RIGDOW & > I FHEARES BiE X 5% d Rt Calabi- Yau %1
HBTHBHLEIE, DLTD 2290 iDZ L THS.

(i) HO(X, Q%) =0 (1 <V¥p<d—1),ie, H(X,0x) =0 (1 <Vg<d—-1)°

(ii) Q4 ~ Oy, i.e., Kx =0 modulo linear equivalence.’

Example 2.2. 1 RXJT Calabi- Yau %K1, FEE 1 D S 2 2 REHERR I fth 722 & 20, 52
BE, d =10, &, () 13ZEThH Y, (i) 1TABEFR X O 1 Th b I L LFETH .10
FRiz, EBUE C Ed 1R70 Calabi-Yau R, B35 b — 7 Az 5 2 M

2, AR ARTE R (ML S 1172 Hecke BIFREER) &3, ITD & 9 2EE L
¥¥EH {z €C|Im(z) >0} LOIEHIEE%TH % .12

Definition 2.3. H LOIERIBEE f BEI k € Z, LV N € Zsy DIEBML I 417 Hecke
BHERSIERTH S L 1d, LTBRD IO L THS.
a b

(i) (IREE) & 2 BENERG R = - (Z/NZ)* — CF DFEL T, (150 (C d) € To(N),

az+b
+d

(ii) (BREERME) EED (‘c‘ Z) € SL(2,Z) I LT Jim f(

(i) (EBLE) Tim e™27 f(2) = 1 298D 2.

(iv) (IEAME) N };;:%f; n € Z AL T, fld Hecke I T, DIEHREETH % .

Kz e HISRLT, f ( ) = (d)(cz + d)F f(2) DR Y 37 13

az+b
cz+d

):Oz’)i‘ﬁibjo.

f % Hocke MARSIVRA L T2, (O N I LT (é }) € To(N) TH2HE, f
I Fourier EBH f(2) = S.°°_ _a,e?™* #Ff>. X5, (i), (iii) 2206, f(z) = 1 +

S an€?™ETH Y | K Fourier {544 an V& (iv) 128 07‘ 5 Hecke {EHIZOEHETH 5 Z &
b5, ZOLE fO LB L(s) =300 amn™® (Re(s) > 0) TEHRIN5.

UxJ:@EfF@T’C AT ‘3’5n%‘ﬁﬁh@ﬂ“¥)jﬁ§ﬁ@%@ff)%B Mazur & D. van
Starten I X A IZ, LT DX 9 IcddR541 5.

Problem 2.4 ([7] §7). fi(z) = > .2 1an62m”‘z ZHEHIk=d+1>2Ta,€Qt%?
Hekce SRR (FE) L 5. ZDEE, Q LDH S dRyt Calabi- Yau kK X
O LB L(X/Q,s) DRI f @ LB L(fy,s) 3Bl 252

72&%1&7%&% I3 C OFIETH Y, FHTERIZ 0 TH S,
8 Z o [Flfititk: % Hodge BEFRDIHETH 5.

Yz, Kx kX L@Fﬁs%l% () 2K, 7, JORMEMEIZERE, & 2\ I3 0o FERE & KO
317 Hfr_aiéﬁﬁ & DRI

10841 g @?’E’Eﬂﬁﬁﬁﬂﬁﬁ X2 LT deg(Kx) =29 —2 23 h % (Bl 21X, Riemann-Roch OE# % H
WIUE K W) DT, (i) 25 g=12MEH. —J7, (FHEEZRD) B 1 OREBUlf LICIZHRESA D, Z ok
Mt EITIZ R BT 0 ThWIERBATER (REMITEN) WELE 2RV T—RBICHET 2 DT, (i) 23 D 12D,

HRiemann [ O—ALERIC & D, 8% b — 2 2 ZE2F7 0 O Riemann FHRZFFAT 2. (i) 2T
HEBLRRRICHN T 2 2 OFED LA, S.-T. Yau 2 X D FBH & 17z Calabi FRTH Y, (7D )Calabi-Yau
GRREDUHIDOMEKICE > T2 L) THBHY, T I TRFL CBR%.

122660, 5512 (iv) KOBRIHIT K % Hecke A “Br REEADE# I, [11], [4] 22,

Bz, To(N) = {(‘; Z)eSL(Q,Z) ¢=0 mod N} THY, eld Z/NZ L2 0-FERE L T 5.

URHSMAD LB oW T 1] 21, £/, 22 T3 9 WT 13, FRECIE Q LOMTF—7 o4
Po4U % LEBOHTFZ2IET.




3. Previous results

S C, Hiffi TR 7z Mazur & van Straten 1 X % [f/# (Problem 2.4) IZX 9 % JefThi R %
B2, 9, B 20REA, 7405 1 XIT Calabi-Yau AR L CTld, BN AER
2 K B eBRE 0TS [12] 435 D, Problem 2.4 I3 EMICEIPNLTW 5. 22T, HI 3N
FORIIERICBIT 285 R 2 bR 2 7 D12, BODHFEZEAT 5.

Definition 3.1. » 28 FEE » ¢ C BNV ERTH 25 L 1L, 2 IR E T 2 RERBED 1
D LARBEEADFET L ETH . 7, REUR K OBEIR O 13, K IZET %1%
BB RO L TERTH S, 618, FREE K 1T LT, BIR Abel B ClU(K) = {K ®
0TROIEA TT7IVYAK D 0TROGHEILERA T 7L} OME%E K OB E ) 1P

Theorem 3.2 (2] §2). K = Q(v/—D) (D € Z>y : V) 2HE 1 D 22Xk, E% Q
L OREMMIET Endg (F) ~ Ok Zii7.TbDET 5. ZOLE, KHdeZs ITHLT, (B
> 5 REGEMIN 72 Bt & TR SN 2)Q LD d % d Xt Calabi- Yau ik X 3FAEL C,
L(X/Q, s) DEFC L(fa1, ) 0BLD . 22T, fa1(2) = Ygco, Pion(a)e?™=Nel@) i3
d RIt CM Abel %1tk EUOIZBET 2 K @ Hecke 16t ppn DO EE2HES k=d+1D
HERTH 2.

Z Dk, [2] 12 & % Calabi-Yau ZREDREKITE & Weil (RBHIRBIT Ry p 18 & 2L AG
b2 LT, S Cynk & M. Schiitt iZ Q £ 3 XJT Calabi-Yau kA& T, [2] DFEL T
TRELNEWLLDERERL 7.

Theorem 3.3 ([3] Proposition 8). K Z¥i%k 3D 22Xk, E % Q(jr) Lo Q-FEMh#r!" <
H>T, Endg(;,)(E) ~ Ok 27 L, 22 K/Q OHHAZE 5 7203 TRWIEILZ £
bOLT s, ZOEE, (E»SREFEMNETFHE CHREIN2)Q Lod b 3 Xt Calabi-
You 1k X IFEL T, L(X/Q, 5) DIRTIC L(fy, 8) BEND. 22T, fu(z) & K IZ CM
ZFONVEI 4 =3+ 1 DHEATH 2.

22T, S. Cynk & M. Schiitt IFHE 3, $74b 5 2 Xt Calabi-Yau ZERAICEI L T H A
ROFERZHBTVLARZLICHERLTEL. XL, EZ 30HAITIE, X DBARFERN.
Elkies & M. Sciitt IZ X DG 5T 5.

Theorem 3.4 ([5] Theorem 1 (§3 b)), 2XDA %5 Dirichlet 82 AHHET 5 L B%4
TITH LT, — b S N7 Riemann PRDIEL W ERET S, TDEE, k=3 (ie,d=2)
IZX9 % Problem 2.4 315 ENTH 5.

LUNCI3, [2] O [3] 1T & % Calabi-Yau ZERIKDRER 5L &, 2290k T % LTHL %
RIS IC DWW TR B

5% Rfth Kot LT, —RHC 13 2 OBEEE O WHETARO— T2 M7 S b b 2, 4 F 715
fRO—BMEZRM-T I EDHSNT WS, CU(K) 1, K DA TT7AD K OHEIERA 77 MR TEDRE
LT B0, Thhbb O TOFEA FTTIVGIREN Z TOHRILTRIC R T EORIEEMHL» %3 2 LR T
b5, —7, FREUE K 1L T, 20 Hilbert A EMFIEN S K EOHRRK Abel SERIK Hi & “HAR” 2
B Gal(Hk /K) ~ CU(K) WHIEL T, K DIEEDA 77 V% Hi  TREFERT 3 L BILAERA 77 VI
3, i EOMWHERM T I ERMSNT WS, (JEIKHR)

16(C Lo)Abel SRR L 1E, HFMAEE N —F7 2D L TH 5. £72, d Kt CM Abel ZHREMR & 13, S
M7 dRIGEFE L —F7 2 ATH->T, Q L 2d ROREE T @ GEHHL) FEHZFFE T2 (> T, Z DA
B (A) ~ 292 DRBIER m(A) @ Q> Q¥ 3 T-MEEE LT T HE EAMICAZ2) bDTH 3.

1264013 [10] 2 2.

Bkp GRXEHLR F/F N L TEE 2, F Lo () RESREOBE» S F' Lo (i) RSk
HOBENDETTH-> T, RERNEFEEZ W72 TSD. F/F 23 Galois IbRD & &, Rp/p/ (X) X Spec(F) ~
Hoegair/rn X DIRD AL, B [13] 2 2.

Otk F oM E 23 Q-FMIcH 5 &1k, Q ORBEAE Q IKBIL T, E £ 204 T Galois #:
% E° (0 € Gal(Q/Q)) L D[N, Q LOEHH TR VEHBHEET 2 2 L Th 2. FiZ, Q LotgMiiftix Q-1
Mt <cd 5. I (6] Z 2.

20244013 [10] % B



9, [2] 1T &k 2R ITIEEIBR B2, [3] 12 & M%ﬁjzﬁ/i% &U 64 TN T 2 EHEEAHIC
DRERITE L DL T wE 9| [2] LA TREAZZ 2 % (85415 Calabi-Yau 571%{2’3
HAITdH %). S. Cynk & K. Hulek (%, FEMIHfR E & %@ﬁi%ﬁ&:%ﬁ?%iﬁfn%ﬁﬁﬁé@%%ﬁ
—1p lER LT, B Ay = EP'NOBE G = {((-1p)%) € (-1p)% | % a; = 0 mod 2} C
Aut(Ag) DIFHZEEE L, B RIE Ay/G DR EENE & L T d Xt Calabi-Yau £k A X,
ZRER L 72, K512, Theorem 3.3 D X 912, E £ LT Q Lot 2HE, Q Lo dX
Jt Calabi-Yau %k X, 2135 b@fﬁﬁﬁﬁ”’o bHOPR X I, XyDarenr Y —HEIC
BI4 2515, Fric L BIBOFHEIX, REIMIZIE Abel 8K Ay DENIC mEIND.

Construction by [2] (for all d).

= Eo: .. Foa1 = [od
\\\ /Al K(jg)/K)={o1=id,02,....04—1,0q}={id}
A, = E? Xq: QLD (FrHRE D \»v)d KT Calabi-Yau k4

G:(Z/zzw\ ;/Q o CROWRRAESEET 5.

Xg=Aq/G : KR 2R d ZoufRE SRRk

RIZ, [3] 12 & % 3 Xt Calabi-Yau ZHkA X5 O ITIEZ X%, S. Cynk & M. Schiitt
1%, d R Qi) ORI Weil FEGHIRBIT Ry, M7 < & <512
d Xt Abel Z1kik Ag = RQ(]E)/Q( )23, Q(jr)/Q D Galois PHEL K(]E)/Qni*f( 13 Ay X
Spec(K(jE)) >~ HoeGal(K(jE)/K)EU k%ﬁ@‘g_é ¢ %Hﬁb)’(, [2] & @&O)fﬂff ﬁj%%{zﬁ
Aq/G DR AN & LT d XJG Calabi-Yau ki Xy 2K L 7. 72721, 2O8HE, X,
1% a priori IZ13 K (jg) LOREEHRAETH % 7- 9, Problem 2.4 ’\O)FEF)ﬂJ:, ZDIE M—VP
Q i‘(“[ﬁ%_F (descent) 5 2 & 2/RI BTN 5%, S. Cynk & M. Schiitt 13, d =3 D

T, A3/G DEMAER T CRGRRGAHZ R L, X3 DERAEZQ £ THRETT5 2
k %rbf@ [ARRD T d = 4 @t%/\c_ B EFSCOPBWIEEZFREL TS (cf. [3]
§4). 7, [2] EIREIC, Xy 0 3 FF 0 O —BHCBT 2 31, BHC L BIORIEE, A
I3 Abel 57%1'2’3143 R@(]E)/@( )@%hé:‘)%%éfh%:k%gab“(io< _@[3,%3, E 7%
QM TH 5 = L ARHINTH 5. (cf. §4)

Construction by [3] for d = 3.

E Eo2 E°3
\ é Azl(K(jE)/K):{al:id,ag,ag:a%}
Az = Ro(jg)/0(E X3:Q LD (FrH D 7% 1»)3 XJt Calabi-Yau Z k{4

GN(Z/QZ)\\ /ho) CRORHER R DFET 5

Xz = As/G : KRR R o 3 RITRBE Ml

s bk BT RE 0L FIRATIE, 2 ORMSRHEOIILE BT
22(Theorem 3.3 DFED FTIH)K(jr) 1¥ K O Hilbert FETH 2 2 L HH STV 5. (EETRMER)



Construction by [3] for d = 4.

\\\ / Gal(K(jg)/K)={o1=id,02,03,04}

Ay = Ro(jz)/0(E)

/
/
G:(Z/2A L7 QL BRI ASEE L 2o,
X1 = Au/G B R o 4 RITRBS Ml

DEDZ ENS, [ ] & Weil (REGHIRBITF & 2 A GO T 4 XIubh LD Calabi-Yau %
FREZHERT 256, @P AL 2RREAZ EFCavytue— VT35 2 LT, ZORERR
HDE lei%h_F?‘%M\Ei) HHIENTDS. XTIE, ZOMBER ﬂ'@‘%%%‘@?%
T T RN, EREHR E Z DRLHOINE 218X 5 .

4. Main result

LU SRR D FREHRTH 5.

Theorem 4.1. K ZH# 2" DIF 2 Xk L, E % Q(jr) LD Q-fEMHh#tTdH > T
Endg ;) (E) ~ Og Z2iliilz$dDE 2. 3512, ED Q(jp) LOHMRREI%T Abel
# E(Q(p)) HAIC TRV 24NN E RO LIRET 2. 2D L E, (E D 6 RBEMN 2 F
ETHREN2)Q EDdH 3 2" RIt Calabi- Yau HHkiE X 237F4E L T, L(X/Q, s) DT
L(foni1,8) BBND. TTT, fory1(2) B K ICOMZFFOEZ 2" + 1 DA TH 5.

E(Q(p)) BT 2 IKE T w2 b DD, Theorem 3.3 L KD ED T T, 4 ot%
o, WO L B2 RFICRED 2 FEXROU Calabi-Yau £ A 2 UK TE 2 L
ZERLTEL.

Theorem 4.1 IZ¥ 1} % Calabi-Yau £k X = X, ORRITIEZ B 201, 1 D%
LTEL. 5, KOFED 2" THH 06, K(jp)/K DET DI {K;}o<icn T [Ki_1 :

K|=2t%2b00HET 20T, ERIGENEET 5. 612, BIE L 72 {K; o<icn ITH
LT, Q(jr)/Q DIBIEDII {FYo<icn % Fi = Qi) N K; TED B, ¥72, Gal(K;_1/K;)
DI A TE% 0y &35, (M FOM%ESIH)

£, Fy = Q(jp) Lo (Q-) FEHMi#EA & Fy Lo 2 2RIt Calabi-Yau kA% i T .
N, 2] 220 EFHEMTIUEE S Thbb, Ay = Rpyp (BE) ISR LT, Ay/(—14,)
D (/N FRE SR %2 Xy & T4UL, Xo 1& Fy £ 2 RJC Calabi-Yau kA TH 2. 2D

2 WX LT, B(Fy) ICBIT 2KED S, LTI D 2.

Proposition 4.2. P' = Ry, /i (P) € Ao(F1)[2] IS LT, tpr € Autp, (Ag) Z P IT X %P
T8 (translation) £ $5. ZDEE, (—1g,1ge) otp € Autg,(A) = Autg,(E x E7)
DHEET L Xy FOHCHMEEH 4 13 Fy EEES K, BERZRi R0, KR, Xy =
RFl/Fg(XQ)/RFl/FQ(E) B8 F2 J_‘.@ 4 Wﬁ Calabi- Yau %@{Z’SVC}) 5.

DUFFIRRIZ L C, F; 1o 28 RIG Calabi-Yau %k X, ZIRIICHER T2 2 L3 TE 5.

2392 DI THTL % Xo 1, A ICAHBET 2 Kummer i & W1E9 2 5 b L7 2 X Calabi-Yau %
KRETH Y, Kummer BIRIOREKSTHEZ (BEFE D) FWRIT Calabi-Yau ZRRIECEERIS » 7'V 7 7 1 v 7 Skkik
(8 Kahler ZHEA) 1R ICBIS 2 0F%E 1L, [2] DM b EBHEET 5.

U ORGSR e i3 (P S % )Lieberman ®f# & MEZN T2 .



] K
Fo=Q(jE) 1
/ Y>
Fn—2
W—l)
<‘7n—2\
Kn—l
/ w»
<O‘nk
Fo_1 K,=K
o~
Fn - Q
X, =E E™
/ (€)
O X
AQ — RF()/Fl(E) X2 /
727 \\
Xo = As/(~1a,) Ry r, (X2)
(€ x id) = (id x €72)
7)27. ’ -
Xy = Rp, /p,(X2)/RE, /1, (€)
RFQ/F3 (X4
N

X3



LD X952 L THES N7 Q LD Calabi-Yau £k X = X, @ L BEDORE T IR
DEND 2L ERRTIDITE, Z2OEF—7 h(Xy) D SHEY R 2 OMieF—7 %2810
L, 2 K7L Galois i%fﬁ@#ﬁi‘ 2 2.2 KR, B I3 E 25 Endg (j,)(E) ~ Ok %
7.9 Q-fEMihRTch 5 2 L 21226

9, B2 offitF— 7%@0&?ﬁ&uomTﬁN% ZHUE, Xon DRERITIE L
FRRIIFNNICAT 9. 1 ZOLDH & E CM M RO —MIVIEE L L TE e Tw 3
DT, LN T 2 Xk Lo GE bomfﬂméwa T & A AR O — BRI IEE D S ) 2
RIG Calabi-Yau ZEEE Xo DEF — 7 h(Xy) (& Kiinneth 23% h(Xs) = @7, hi(X2) 2 F
L, I5IC2RDEF — 7 ho(Xo) (VAT A 7 )V (Néron-Severi ) ISR 2 EF—7
@Wxg&%@ﬁ%%m%mﬂm?%%%—7mu@mﬂﬁﬁa—7hmgﬁﬁﬁzw
MEF—7THBTIEDDS, to(Xo) DB 2DMEF—7TH LI LW 5. 51T
KL Calabi-Yau A Xy D 4 REF — 7 hy(Xy) DEMETF & LT, B4 offitF— 7
t2(X2) @ t2(X3?) 213203, ZHIRENY A 7 Vo4 L 22 0eF— 7280 2L
bﬁ#%%wf[]kﬂﬁwﬁﬁf BES 2 DB A 2 VB 2 EF—7 L %
DEIFIRITI ST 282 DT F — 7 t4(Xy) WKHET 2 2 L3 TE L. DT, i
I, h(Xon) DETEF—7 & L TR 2 DIEET — 7 ton(Xon) 213 5.

PLED X ) IR S 7. Q EOMEF — 7 ton(Xon) ICK L CUL T OEMA#H T2 2 &
T, Theorem 4.1 #15%.

Theorem 4.3 (a part of [9]). M % Q LR 2 D#IEF — 7 T Hodge Bhs hP0 = hOP = 1
(p>0) 526D ETE. MO Betti EBLED A v 7R U : Hg(M) x Hg(M) — Q %3, Ik
BUE» ORI TH 2P EREL, D2 UDHRIANXE T2, CoL &, KRBT L TE
25 MODIEFEK p LT, B 2Kk K =Q(V—D) IZfliZFfD oo-M 2+ 2P Db % I

By AS/QF — CXﬁﬁﬁtfwmmvwm@ﬂg%womfwbmbiom
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R T A D BUEET R & BEREEA R
#IgE B¥%  (GOTO Yoshiaki)*
1. BUSIC—RE:IMEEDAERDIERILEH & BRASIEN

u = (uw) € M(T’l,TQ;ZZ()) %/\ﬂjﬁkﬂj’—g: "3—6 1. ZD & ?, f?ﬂ] Bl(l)<: UZ> =
Z;il g, S ﬁj('z)(: wg) = Dl wig, WA B (= w.) = Z” iy BEE S 2.

U | W12 | = | Ulry 5£
U1 | U22 | = | U2y 5§
u:
1
Upi1 | Upi2 | 00 | Upiry 57(’1)
2 2 2
ST A s

Wil%Z N CHEIEL, p=(py) Z2HFLIVICABZER (RDOBILE->T0wE I EE2ENS.
lepz]—l) ELT &Iﬁﬁ?ﬁ%%i% L.@é’.? ﬁﬁjﬁu#%%ﬂéﬁﬁj

PU=u)= ﬂpu, ul = Hu” Lopt = Hp;.‘]?j
)

L% R AR E IR (Gh¥ TR EIES) g = (BW: B@) = w@.“,w,lw“,

ZHEEL7 & SORMNSHEREZEZ S &, T u Mo N HHER

1 N! ~ p
PU=ul|p)==———p", Z(Bp) =N Y =
. | !
Z(ﬁap) u: w:JEARNE B u:

Y%, 22T, Z(Bp) ZEMERE 1ITT 37 0ICBBERBT, IEAMLES L MIEN .
Nl E¥FryreL&nzoc, BT

Z@p) = Y

w AL B

S IEAMLER WY, 2 2B S Ic oL CHRT 3. £72, (4, ) L OWIEHED

1 p" 1 0Z(P;p) 9
EWUij| = —72— i " Dij = Pij log Z(5;
Vsl = 750 22" = 2 P op, Py, 8 AP
ERINDDT, Z(B;p) DAt b EHERME L % % . FHEAERTEH & DEES I
Z(B;p) &% DR % (EEIC) BUEEHR T 5 2 &
Th5. ZHADKMETADT-REEL A2 & 2 ) 7208, E&il Y DFIETIE, Ml
MR REEOY A ZPKEL 52 EHEEDWAL LD, (A Ea—F&2HLTYH) it
* R RER A BB AE e R L
e-mail: y-goto@math.kobe-u.ac.jp

VrEIRICBIL T, B AT (4, B 4 ) 2 2L
2 B O 225 R O IR C i 2 ik
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BN e 225, COWEHI 2 wllRd 2701, ERMAEABROBEELWEED1>TH S
"BEEZBR, ZFIHT %, LV ) OBKRFHEDO HEETH 5.
D720, 2 x 27 HIFe 2 Bl EARMBIE & DBIfRZ2 3BT 5. 1IEBULERZ,

Z(B;p) =

UL, W12 p U21 U222 ULL p W12 p U2] U222

D11 P12 P21 P22” Z P11 P12"P2i P22
" unlulg!um!ugz! " F(ull + 1)F<U,12 + 1)F(U,21 + 1)F('Ll,22 + 1)
ERTIEDNTES. 1/I'(n) =0 (n € Zeo) DRIED D & 538D TEIBOHFIZOLLT
DEBERALTHRVWI EIZT S, 22T, 250w X, FAMDOEEX D

u = b e B ) fl) ) (()2) + U9 - 11
Ugy | U2z =60 By 1 |—1
E(—RIOBTILEDNTELDT, (up=ntEZHELTQ)
: (2]
Z(5p) =ik i s Y e

B =+ DIEY —n+ D0EE =8 +n+ )00+ 1)
EEWT A ENTES. BOWTECTWEY, T kER n oL Tid I
D0 L %5720, LN TH 5 Z LITHFEET 5. Pochhammer it5
I'(a+n) . I(—a+1)

I'(a) (=1) I'(—a+1—n)

(@), =ala+1)---(a+n—-1)=

03 L, EOR (S BIE) 1

1 (1) (2) »(2) (1) P12P21
’ 2F1 <_5 ) _B 76 - + 1,
rgY +1)rE? +nred - gl +1) ! 2o ' P11P22

ERINBIEDDNS. 22T, F 13 Gauss DB E T
. (a)n(b)n n

o Fi(a,b,c;x) = ;O (C)n(:l)nx (1)

TEEIND. a,b,c FNTRAXA—=FT, 0 DEHTHD. c € Ly DRHIITRID0 L2 5
B D o F, EHRTERCOT, RgoE sz 42 - Y 11> 0 oo sER)
THD. 2D BRGETTEHRT 2720, 5% TBIE ORI L-MZZ0 % £
W) 2T (INHEELE TERMBEEK (), LER).

FRRDEER Z — D ry x ro ITHNTH LTI &, IEBULER Z(8; p) |3l BT EL

1 s
S(o;x) = Z (@) | i

m=(m;;)eM (r1—1,r2—1;Z>0) ]

'I’1—1 7"2—1 7"2—1 7‘1—1
Fm(Oé) = H F(—OZZ — Z my; + 1) . H F(Ozﬁﬂ-,l — Z mj; -+ 1)
=1 Jj=l1 j=1 i=1

ri—1 ri—1ro—1 ri—1lro—1

'F(Zai+ar1+r2—1+zZmij+1)' II 11 6mi+1)

=l j=1 i=1 j=1

ZHOWTERT A2 ENTES. 72720, a= (a1, ,Qpyry1) 13783FTRA—=FT oz =

(z4) 1F (r1 = 1) x (re — DMEHDEETH 5. LD X 9 12 Pochhammer 5% 725

FRICTET & (11, r1 + o) BIDRBEAMIE (DEBSST) 1o T % (EFIF 2, HF 37 §1.3]).

Dl b6 IEHULER & Z DT OFHEZ, BRI (L HX) S(a;2) & Z D
o OBHERTRICRE SN 2 itk 5.
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2. Gauss DB {AIEEEDEEIERR
§1 T, I'BIBZREUC T 2D /T2 ), LilbR7228, ZOHEiTIELCHIGN T3
FEREM D 720, o[ IZOWTHEMmT 3.

Oy =2 0, =20, LBL. ZDLZE,

dz’

oFi(a+1,bc;z) = %(Gx +a)oFi(a,b, ¢ x), (2)
1
cC—a

EVIHBIRKDRD IO, 2D, NIX—F% £1 TH LI 2bEDLF L
Z DWWy 2 v TR I BIRA 2 BRI iR & P58,

ST, HE W a,b € Zey 5 L EDLF DFIHETH 7. fHHD7-DIT f(—N) =
2Fi(—N,bciz) EELZEILT 2L, f(-1)=1- "Lz BMEHUICEIRTE S, 22T, B
BERIRA (3) 2T, f(=1) 225 f(=2), f(=3),..., f(—N) LHED L Z % £ TilHE
TEBVDPEEZD. 0,f(—1) =Lz DT f(- )@@uﬁ%f%5b§ﬂ—)®ﬁ
BT O,f(—2) DEBBEE 2. DF ), (3)EFTREATDT, 0,(oF) ICBHT 2B
%%ﬁ%%%k&%.%hu%®i5KLT#ﬁT§%.Jﬂmamwii&ﬁﬁ”ﬁ
st

2F1(a_ 1,b,C;ZL’) =

(1 —2)0, —bx +c—a)2Fi(a,b, c;x) (3)

[0,(60, +c— 1) — 2(6, + a) (0, + b)]g(z) = 0 (4)
DI DT, (3) DHILIC 0, ZEH I HT, 2BOMS % (4) THET BT LICkD

fla—1) | - [fla) 1 [=brt+c—a (1—2x)
(@ﬂa—n>_ﬂﬂ@ <%ﬂ®>"Mw)_c—a<(a—Um: m—1xx—m>
2% (B LURSIE () Z0b0). THLBEMER LA LIcT 5. CnEHL2
L, BETH -7 f(—N) 13

R T S
@MFM>_M(N+U AHQ)M(D(_%>

(1 BADHERZ L H(f(=1),0,f(— »f%%)@i%:ﬁﬂ@%fﬁ%f%% z
AT, §1 TR K )T o Fy DT DESBIRD 2HTH 203, ZN b2y
T%%mfwé EICHERET 5.

EBOGEITRICEIEDNS L kDI TlER vy, 2 oiEIFS 2RO &Mk
ﬁﬂa@ SRLTHHERT, §1 THRRELHEADHE R A ) EELTE 2. 22T,
qui%zﬂt&ﬁﬁﬁsmﬂg:ﬂ?%%&%%ﬁ%(:/t;—&@7m77A
ICHRE SNBSS W) HRINICHBRT 2 2 2 HIEET 54

SEBDGE D% T HENC, I L 1 EBOBAEDOFEREEZ B TE . Bl
R (2) 1FBE (1) DIED 5 3 I ﬁ#%ﬁ&)%ﬁ%@i&&ﬁ@f%%&)%%%
Tk % AERANT 5.
bR cEToTARDASNT VS, Z I TREKT 3.
4’@iv7it.ﬁrfézfifm/\/Wﬁﬂ/ﬁ[]@%zﬁ WZHEDWTWE, ka2 7 AR TR

A% 1BEOMTRICESE L CHRIEEET 2 L VWIEZHT, TITEATL 20 ZDES TR

fE AT EDBTE S, WO ER LE D, %ﬁﬁ&ﬂﬁf &, » EBEETHNIXE X
DM Z EEETRkO NS, EIHFlRDH S,
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1) Btz N TEWNT 5. (FAZHM>TOIUITE )

(1) fSH%7 (2) DWOTEFE S, & (4) DU E 128 LT, FHEBEAERE DM
SEFIFEEL C(2)(0,) 2B 2 HBRERITH 2 T

S_-S,+P-E=1

Zii7z9 S_, P € C(x)(0,) DRI TE 5. ZOMiA%Z yF (a,b,c;z) ITEHSE
%L,
S_(oFi(a+1,b,¢c;2)) = o Fi(a,b, c; )

L 5DT, (aZFETIUL) S_ RO MO TERFEICR .
(1) o 7ifEst (4) %2 1 B DN R (Plaffian 5R)

a) A fla)
(CL abac a+b)w:1 c Hg;f(a)

EL, W% 77 (2) OMOERE 2 TAIRRT 2 &, 2 O M(a+1) &
t,cz).

(IV) 2F1 @ Euler ! ﬂ‘U \i%/—,r

F<C) ! a c—a Ly dt
F(a)F(c—a)/ot<1_t) (=)

WWEHT 3. RSO TIZ S 2 TIREIET 3. WY 50 T o &
DA T E T,

2Fl(a7 ba G, x) =

I'(c) lzz — (] — )0 ba - dt
F(a)F(c—a)/Ot(l I (s Ty

ERTIENTERS oD Ta—a—1¢ LM& oty (55 0,1T
DED0 LB K )T A=FIEHZ2DOIT5) & /V\ﬁ@%’iﬁﬁ?ﬂbi
oFi(a+1,b,c;x) % oFi(a,b,c;x) & 0,(2F 1 (a,b,c;x)) ZHOTEZET I LT
E, (3) 2185.

0.(2F1(a,b,c;x)) =

(1), (1), (IV) DFEELELE DG I —BILTE 5. XELET (IV) DFiEZ — M
L7, hlhareay —REHC X %Fﬁ&ﬁ%%”ﬁ@%ﬂj%fﬁ LTw(.

(ID), (III) D—MRALICT DWW TA L Z TR TH L. (1) IBIL T, [10], [9] T, A-H&
AR (22 TEAZTVD S(asz) bEEND) I LT, Ao N e T 2%
TVEZE 2 W EFIEBR T D Buchberger algorithm ZH\WTEHET 2 5ENE 2 61
TWw3, (D) IBL T, 8l ICE W T ABERMRICHT 2 -1 GZoh, 51
707 LDFEES INT VD (7 X —=FDPERDBF ORI X DEOFHEDL BRI
nTw3)., 2o o—MLixiRIA < i 2 TS, Grobner FEECH D 8542179
720, G AR BREDP ST, BEZADD R VEMICE 57D T LI EHRbDH 5.

ST AE Dk HIcEH AR §3 THWT 5.
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3. hUhnIaREOQOY—ES

DUF, st5 ofé B, (k+1, k+n+2) oMK A E%ZT 2 (k,n) = (r1—1,r,—1)).
¥, a0 = —Zfi{”lai EBE, NIAX—F%Za=(aa1,...,05m1) EFHS T EIC
T5. 3610, 22T o BIFEBETHEVERET 5 (RIZICERICT ).

o cEHEI N LK

n+k+1

a; Aty N N dty,
F(a;x):/ ” Lj — ) (5)
A i ty et

Lj:tj (].S]Sk), Lk+j:1+tlxlj+"'+tk;xkj (1S]§n),
Liynyr =1+t 4+ + 1

ZEZD. T (k+ 1,k +n+2) HOBRMED EFIENS. AR
A={(t;,....tx) ER¥ | t; <0,...,tx <0, t; + -+t > —1}

TERBINIZFZEZEZ NI L 0D, o € Z DM T, IEHIME (regularization) &
EN28E2 5 2 LT, AERETTIEI RS 2V R M READ LOWT EA%T Z
EMTEL FELCIF[2, SB3HE §2) 22, WML T T, Fa;r) DR EHREEH
mHEAD L,
k n+1
F(oz) = eV Hotvo T (o) D (—0i + 1) - [[ Dang; + 1) - S(as ) (6)
i=1 j=1
LB EOnD. o T, S(asz) DEEEERARAIZ F(a;2) OBEREBIMRI & i &
%%, 22T, LMEBNES F(o;r) OBEEERAZ X TW LS.
1 BB DG a3 FR IR Y %2 > TBHERAFRA 2 H I T & 5 LR 73, Hntr D%
ZHAGIZ Stokes DEHZ > CHMETE 5. N ZB{MANICKIBELE LT, Ll
NareEay—f2EATS. LIESSDHE = (2;) BEELTEE,

T={t=(t,...,tx) € C¥| Li(t) # 0} c C* c P*
EBL T IFEVPRIREOHESTH 2. T LOLAMBIE & MirTEA%

n+k+1 k+n+1 dL ]
v=u@ =[] L. w:m%U:E:%zi
j=1 =1 J

EEDD. T, d Ity ..t (BEITDOEE) BT 20Mr. £72, QYT) 2 PP —T
IR EFF AR PLVERET S, 2L E,

Ve QT) = 2N T); o= V) i=do+whp
EEDDE, INEI VoV =0 27T 235D T, hlareny —Hr
HY(02°(T),V*) = ker(V* : Q4(T) — Q"H(T))/V*(2'H(T))
TEHT S
6 RO kA A FIEG (LK) & o SERBFZE [3] 1<

THO SRR dh = he DRI (RPN U OERAE) 155N 352 7 1 DRIREFRKET 3
(A)FERY—E LCHEELTY, WAL A2 Z L pHIGATS [2, 521,
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Eth}MO%TLVOIOU#kV@%%'§%K’&mHWQTT%VU:<kzn>

BT, HM(O(T),V®) = Q5T)/Ve(QY(T)) £%->Tw3 2 EICHEET 2. 22T,
VelcT s arenY —2# 2 2N 2 MHICHIT 5. (5) Dk 5 RS iR
TIEIMETBEROK ZIRE T 20 EBH 5. 2T,

/ng <0CT:k-$ﬁ3, NS Qk(T)>

LIRS E, 0 LZ2DETO U ORBZHICLZSD (00U &) & Uliza#aRe
DRTV YT (p,0@U) EAKRTILILTS. TDLEF, Stokes DEHIL, ¢ € 2 Y(T)
WXL T,

.00 0 Ular) = | U0 = [ ae) = [ @ no+vay)

:/UU' (dw+%w) :/UU-V“(@/)):(VO‘(I/))J@@W

L%, R, (ROBHAAT)ERAPHEZ 200U (Zhizhlnd A4 7L Ewv))
LORTY VT, V) 2R LTHEIDOMEILED 5 R0DT, V(- Y(T)) T
modulo L W (Thbbhlnarstny —Foin) BETOMEZIRO TS Z
EIC s, FELOHHIZAMT 228 O 6) I8 % A ETHELEEEZHROT AU
LLEDD (HD0IEZOIERNL) BR LAY A 2L E A>T,

J={jo,.. gk} C{0,1,... k+n+1} ITXL T,

ol g Lo Ly . L
o(J) = @{jo - jr) := dlog L, A dlog L, A---ANdlog L,
EBE, NBATA LS, 72720, Ly =1 &7 5% (P* OB FHRICWR). £
7, p#qITHLT,
oJp={JC{0,1,....k+n+1}|peJ q& J #J=k+1}

S
Fact 2 ([2], [5]). H*(02*(T), V%) DTGl o(J) DIXFEATRT I ENTES. 61T,
p#qz IHEEL T, {p(J)]|J € Jp} ZHEELTHA I ENTES.

o(J) DEMZ G2 TEL. o= (vy) 1& kx n fTAIED, 202flioT (k+1) x
(k+n+2) 1751

o1 --- k k+1 -+ kE4+n k+n+1
0Of1 O 0 1 1 1
_ 11 T1in 1

—_
- O
—_
@)

16



B 2 (“(k+1, k+n+2) R 1X 2 D7DV A ZICHRKT 5), J = {jo, j1,- - -, jr}
WXL, [2(J)| 27 DE jo,d1,- -, g FIZELD L TS 7o/MTHIE 5 &

dt, dt:=dt, A--- A dty,

ERBIEDODS.

PTFTR, T = pinsrdo ={J = {01, .} [ 1< <+ <je <n+k} EBE,
(o) | J € T} C HY(QT),V°) 2 HIICHS & & 5%\, = DI & G~ C,
Uz TS L7 xR bOVIERIS

fA U80<j> ]
: J:=1{0,1,2,...,k},
F(a;z) = ' , : dt

GO uen | et = etz = 2

‘ 1
mHEID L,
F(a; x)
Fosz) = i|5<n,~--,z‘1jk+j1 ..... k)| O F(asz) |,

T, ars;, Oy j, -+ - Oy,

it s Terinn kg o= (T = {in, o DUk + 41, b+ i}

-----

(I<ip< <<k 1<ji<---<ji<n)
L5 2 NP D (£ DPRDIFITOWTIEAM. IMTIIRDINDINRTTICHHKT ).
ZDORY MVH3§2 THwZ efj(fgi) WHIET 25D THS. 2D bILILITI %
BT CTa 2238 2 2 DBEEEBIRATH 5.

Uz Ult=1/U (THbb, a% —a)ICBESHWZ ST, lhiarEny —ff
H*(0Q(T), V=) = QKT)/V—*(QFYT)) bEEINS. H(Q2(T),V*) & H¥(2*(T),V~)
DINTIEARIER &I 2 IR L TR X7V v 7

T H*(Q%(T),V*) x H*(2*(T),V™*) = C

MEF->T05. BELTERIID LHERMBNEL 25D TEKT 208, AFb & L&
Z(p, ) = /TQOMD, p € H¥(0°(T), V), o € H¥(02°(T), V™)

TH58 Fact 203D 5DT, KREIEROBEREHREEZ G 2 500 D12, NERS A
BT AREBEDOD 252 TEL.

8ZDFFR L 2-WAD0 &2 2 - OIERZZDS, BISIRIA T LMD D TAEHD & I 127%-> T
5. BOPEREZRIOLIIC) LB T LI LENTES (7).
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Fact 3 ([7)). J={Jo,---, gk} I ={Jb, -, du} T LT,

( ZjeJ Q; y
oo (J =),
L(p(J), () = @rV=T)F x { (=1 ( #(INT) =k, )
HjeJﬂJ’ Qi J={jpt=J— {jq} 7
\ 0 (otherwise).

DO & D, SIS ORC T 2 HE 2 AUER (WO £ 5 R b 0) #
Fiot U ia &en s — B (HIKITEA 2 ML) OB SR 3 - LATE 5.

4. BHZEBFRR

o — o +1 ETHBEERRZEET L. §3 DRHID ay DEHEDPS, EZDLNEN
FTA=FR7 FLFaD) = (g — 1,00, ... 01,05 + 1, igr,y ooy Qpanyr) £ 5. 287
A=%%F o LTzhlNnatreay—HbEZL57:0, idgBeeEHMICZ>TLE D
DT, ROGFLEEM) T LT 5.

Notation.
V= HY(2(T), V"), v = HE(Q4(T), v,
VY= HE(02N(T), V™), VoY .= gRQ(T), v,

I, e QT TREINZRLNIFERY —BEV (resp. VO, VYV, VO D%
XBIF % 72 DI [Y] (resp. [W);, []Y, [W]Y) EEHL 2 EDH B,

éf’C =+ 1 ZBZEZLI L EARRTHRLE U o2 U-L; - p ITDFEZ
RIS 5.

Proposition 4. L; 5 2F(T) > ¢+ L; - ¢ € 0F(T) 1% well-defined 72544
U : VO = V5 [l [Li- ¢
R HET 5.
IR A{[p( )i} jer C VO, {{o(N]}jer CVICBT 2 U DFBITINZ Ui (a;2) EB 1.

k4+n+1 k+n+1

/ H L3 - Uy(| / H LY - Li-o(J = F(a®; 1)
EBI Y 75‘%, Ui(a; x) il@ﬁ%ﬁg%ﬁ
F(o;2) = U(a; z) - Fla; z)
25252 b. HElE ZD Ua;x) 2 BERICERTIUE X v, EiE K
Z{[o(N]i}seo C VO Alp{ D]} e CV THS &,

Fio - glde] [ glde] Rl o
LiL e L } |: L. L :| - ﬁ:(O]l]kH [Q0<O]1 ]k>]
L7 EBUTAIBSRHAITINC 5 % 2 L Db ir B, €T, B {[p()]:},es € VO,
{lo(N]} ey C V ICEIT 2 FLREHATHN 2 5HEL T AU R 23, (WRIZEE T Dk &
[FARRIC) Z U R Bz Fl TR ICETRTE 5.

Ui([p(igr- - gi)li) = | Li-

Jk g1t Jk
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Theorem 5. BT U;(a;z) IZML T DOFRRZ2 D!
Us(a; 2) = C(aD) Py (o)1 Dy(2)Qi () C(a) 7L

77z L,

D) = ding ( - ;<j>>’| - ) L Ce)= (Tt e)

Pa) = (Z(p(1), 0())) Qifa) = (Z(ot), ()

1€0Ji,JET 1€;J0,J€d

Theorem DL HEUI AT Fact 3 HOTEHHEABEETH 2. 72, C(a?), P(a®)
3 VO & VO ToREEE L TR,
Remark 6. (i) §2 OBEEEBIRADEN (IV) D WS &R 2515, &
W) A Tadren Y —RE (modulo V) & A REDFHE ) 12X D EEMAYICTE
X912 >Tn59.

(i) 2RI S ATRIOWATII DTN 2 DTN 2 528, FBKIC1: 2 OFT
5% (FFORSEAATA% o) Bplc 8 ¢ fidthip o T . fE5 T, Theorem
DI A TR 2 TR % F5o.

(iii) §2 T, a 2T HIIMEH TS T /H0HE, Ll R72Dy, SOFIER LT
BWSTHBIZFEALEHLUEZ L C0%. EBE BABIZEI» RO o ZIS T
BEEERIfR D FRIC kD 51 5.

(iv) (6) Xz Hw U, 2 S(o; x) & Z DRI DA TE X7 P OVIERIEUZ BE T % %
BRSO ND. o BBHART7 PLThVLE LTHERL TV, IER1k
EBOFHEIIGN T 28813 o DWEBART P LT S(asz) BLHERCH 2556 TDH
RNADIEL W EZRTREDD 5. EEE, V0w CatHT 52 2 LN TE 5.

(v) oFy DRIE 1HD 8T X =% o BT 2BHEEIHRRZ T THO 7 o708, SEHD
B DT X =8 /NS LT TIRERD S OFFEDHHICR S & 1F
RS2 0DT, BTDRT X —5 ZBHTRHEBFAZ HEL TH BEDH 5.

5. IERRLEMDIEFTHE KK

§4 TROTBEEHRAIZ A Ea—FICHETEI 25 LEMKICEC 2 L3 TEL
DT, ILBULEE 2 DM 72 E 23RS 52 717 F L% Risa/Asir'® RICFEL 7.
Example 7 (3 x 377&|%--- (3,6) M (k =n = 2), 4BHZIHN).

60
60
100
120 50 50 220

‘NMThbhltharEay—HICL25ERGEA6NTV Y, ZREREMHINTO R L. 200
Z, %Y DM FH RN
Wt —7 2 — ZADFHHEBERE (BEVEL) > A 7 4. http://www.math.kobe-u.ac.jp/Asir
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E ) ORISR L T, FBAMSHEEL S (o 2) DEFRTEHET 2 70 7' 5 LTl 396 B
2, Fex DEETIINSBTIHETE L. FxrDREETIE, FUMEL£TI0fLT
b 110 TERE T E 2. (Intel Xeon E5-4650 (2.7GHz) with 256G memory TrIHL)

B Z KD 2 7-0DHERIZOWLTIEU FTOIIAESNT VS,

Proposition 8. n x n {7DFHEICE T 251HEZ O(n®) £ T 5 & &, BRHEBIRA
DTN 2G5 7 DFIREED ERIE, RO L) 124k 5.

Lor ZEEL, ry 200 25X 5 EE,0(rd™).
2. rH = T9 O)%ﬁ:—ﬁ‘f 7 — OO f&?%i% &. %, 0(26T1).

= S > _2 EIN =) N
EZ2TOLFIOHFA RN x = + T ThHh, HERIZ P DA —F—IC

%o T3 (DF D, ZrRATIHOHITEDL —FEH ). DEIEROT A AWRE kB LS
DFMERDI 2y 7 L7557, 10 x 10 % EDORE Radl&icx L iz, BEzRERXorT
G 7% K& B DHIKEE L 72 5 12,

BEEZBIRADITHI S 23K 6 rutud, FIORANCE L TIRIBED 4 — 4 —DitHE R L 7%
5 (EREY ZELHNA—5—). Lo L, ERICGHHET 2 L, o EDTOERZE
BThs L5 BEEOHELZITI I IR0, 5tERIZL - 4L RB 1B, Z
% R 5 72912, modular method & FFIX 5 Fik (G HLICHER % & HBOERE L
THaP&E (AL ATEE) 217\, FEFRISEH & &2 AW TEBBURICE T /71E) 083 T
HDHEVH)TED, BRI R) DEEICLIWETHEDI»OSNT VS,

SE X

[1] K. Aomoto, Les équations aux différences linéaires et les intégrales des fonctions multi-
formes, J. Fac. Sci. Univ. Tokyo Sect. IA Math., 22 (1975), no. 3, 271-297.

[2] HAME, B4R, BRMBEEGRY 2 7Y v h— - 727 7 —7H5, 1994.
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CIRE

DhtharenY—HoRon, &2k Fa;z) 28N T iR 0 7 v 7.
REMRIZ 7x 7 (7,14) B 7 D WA D K 5 TH 5.
134 21X, Example 7 DFBARI 10 f5 D84, S(a;x) & (1773 K7) /(6432 K1) OHIEIC % 5.
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EEHE RO IR &
ZDIHE €T T 7 4 ~DIH

JITBE K

Kawagoe Daisuke *

SRR

1 WHEOE=R

IR R ERERA A= THEMiE LC B 7 7 7 4 PHEHINTW S, JEHOE b
TV 77 4 TlX, $650nm~# 900nm DI EH b o T RIPEBH S NS, I DWRHIFH OV
HRIVEE, BR BT OV l~EmEy (LT, BEEANE 7R E Y EES) ITRINS e T <
Z 0D D AR I Z 702 S, L0 IEERE R RO, Z OIEEHRIPAIE G EINER L
N5, WBEBOEREZ S 7 4 L, ERIED D D Z ONEEER R LT, RIS T 206 L
Aefk %z 200z Bl 5 2 LT, AERNEBOMENA~E 71 v v DREST 2 ME T 5 5T
b5, EENTIERICIER L T 28IE EFEEILANE 7B E Y OREDE ) &) REIC
TR, ISR Y =279 7 4 28T 2 2 LT, IMOBRERRIHT 2 2 L3 TE B LEZ 6.

T2 1E X HECT  MRI FED4AMA X =2 v 7Ei# AL TED, 2o Oz Ko iG]
HNCfES 2 & b TEZH, BRSO 72 2 X BP0 O S 13, N OEHENBREI N5 720
BRI Z S DFEffiZ A3 2 EiFTE R\, —, 2o 0Tl & kL T, It r€27 7
7 413 & D REICEWNABIZIT) 2L TES. ZOLEEOMEL S, IOE NS T 7 4
DEEDPHAFIN TV S,

A DRALH 1, BEARITE X OBAERNT ON50: 6, i €279 7 4 D & b g T
BETE27 LI RLZ2IBLTEILTH S

ZITET, ARHNONDEROBHEE TN E2EZ 5. HICINTOWE L FEESOWEZFF> 2
EDHISNT VS0, 22 TCRNFOWEICERT 2. ERNOXETOREIEFIL, BRI X 2ETD
WY & BELIC K > TR e s, 2o OFRE R L 7023, DT oM itA<th 3.

=& VI(z,8) = (pa(@) + ps(x)) (2, €)
@) [ 9o &)@ ) dog =0, (@ eRx 5" ()
Z o itz EH LTI (stationary transport equation) & P33,
DIF, 2oOHBRRICHN 5 OREKEZBEIHT 5. Q 13 R® HOMBEAST, 0Q 1k C! ol

OPIZFObDET S, F, S IE R® OHLERAIZ LT, (2, &) IFHEFTHID € DIET-D
fiiE z ICBBEERET. po(z) IE 2 1I2BC OB E 28 &2 £ L TED,

*d.kawagoe@acs.i.kyoto-u.ac.jp
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WA ER %L (absorption coefficient) & MHENS. pg(x) (A7 2 ISB W TOGFEEIC X D HELT

2HGEZRLTED, #ELREL (scattering coefficient) & WIS, p(z,&, &) IFHE z 2B VT

HETHI b OMT 2 DTN Z € ICEZ AMERZL L, HELAZHBIZL (scattering phase

function) &MHENS. BRI, - 1R OEFEENTEZ, dog 13 S LOBMERZ ZHZ0KT.
YIBN 2 BEED S | ftg, s, p WX L TRDBIKE I LS.

e 0 < pa(z) <00,0 < pg(x) <oo, zeQ
o p(x,&,8) =p(x,8,6), €9, £¢& e L

L4 p($7€,§/) > 07 fsn—l p(x>§7€/) dUE’ = 1a HAIS Qa 5 S Sn—l'

BN 77 4 1%, “BIIICE 27 —%7 26 EHHENETRADOWRINIREL 1, % PRE T 2% R
BEZZDIENTES. “BITE 27— ZEANTERT 2720, ERE TR
NBBEREMIZOWTIER S, g Q DR 0O & i A1 S71 OEEZEM 00 x S~ X
D 3D RT 5.

Iy = {(z,6) €9Q x S" n(z) - £ >0},
I'_ = {(2,6) €9Q x S" n(z) - £ <0},
Lo = {(z,£) €92 x §" ' |n(z) - £ =0} .

EFL, n(e) W o 1CBT B 00 OO X IEERA~ 2 FLTh B, MINICS 21, Ty DIl
RN THEFT T € ’5: HONTHNEME L THHCH 207 = 2, T DItIdETHI &€ 2 b 20T
R L7 L IO PHIRNICABOE ¢ 2, ZNZFNERT. 22T, ROBEREMNZHT:

I(x,f):IO(x,f), (.T,g) el_. (2)

P& FFEBIC AT 2 LR 2B/ T 2D 2 DDOABIMIT S Z LN TES. 22T, LT
R BHTELZ T8 LI, BRI DT LOfiE 32, $LD2L BOENET T 7413, &
W TR OMRD Ty LMD SIRE p, ZIRET 2HRETH L EEZ LT ENTES.

Choulli and Stefanov (FfREDOEANTIEKIEZ [2] TREL T 2208, 2O k2 BRI

CIFERPI OB LI O T, IZEAEARTRETH 2. 2 2 T2 OMREI, KiEFEZ W T
RD X IEDPN D DBEFINTH 5.

L. fig, s, p ZHEET 5.

2. A TR 2 BUE IR <

3. BUERIELRS R 2 BT — & LT 5.

4. BHEGHERER L HER T — 8 L DEDNI KB D K )T, pa, ps, p ZTHERT 5.

DT ZoFIEL, ERT—2 L DEPTDNI L %2 FTHRYIET. ZOHETRE p, 2RKD 3

&, BEIC - T 20 BERE O Sl <Th 5.

A. D. Klose et al. &, HRAZT 2 MM L 72 BlldstHEZ (3] TIREL Tw 5. ZoBERRED”
IR (BUEfRE — B ICHRE T 20, BUEMRIZ 8T A — 8 % 0 ISED T 7 & F IS RIS IR
T2, BEFUYEHDNE 2 D ORI, Z DEIVNZS LH) X, Q BVEFTEOEE (n=2) IZ2W0»T

BRI [4] 1T & > TEAICEEH I N T 5. BRI Z DFFH O R CHUE DY © & € 12D W»W T 2
WTHDZEREFEL TV, EBICHERD C? TH 2089 IR3BUANICIEAWITH 5.
22T, "€ &I BRIREDT T O OBEMGDTFHET 20 LI v 71% ZEEHME
L CHIZEICHUD FHA TV 5. AT, BB TR O LT BRI OWLTRNT
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2 [FRERTE

R MER A% ok, OIEAEZERT 20 ch 2. 22T, KFFETIEFET 2
TLOWEIS CROIEMEZiER T2 2L LT3, T4bL, Q=R x(0,1),

I_:={(z1,0,§)|z1 €R, 0 € (0,m)} U{(z1,1,8)|z1 € R, 6 € (—7,0)}

Thsb. 727201, 01F &= (cosb,sinf) Zi7zT (—m,7n]) DILTHH, LT ZDORFRICKD St &
(—m, 7] ZH—%T 5.

DD, e B puy IZIEEDEE, p 12 ST x 1 EOMGRET, o IT|RFEL 2\ EIKE
5.

FEEREBRD DI, WEE L COPEAT S, G (2% S1) UT_) % (Qx SHUT_ Lok
SIS 5 R B2 P LB ET 5. oL E, G (Qx ST UT) i

[ lloo = sup (2, 8)]
(z,£)e(QxSTHUr_

TERIND /WA |- |l 12K D Banach ZEf & & 5. FRIC, Cy(T-) T I'- Lo Rk
SRS DRy PVERMELRT I EICT 5.

3 FHR
D EDOREDT, ROTHDGFHHTE 3.

TE1IeCI), 2o c Cyl) 2D po >0 ERETZ. 2L E, BERERTE (1) - (2) &

’ 8{131

72 1 ODWEE T 23,

4 g
2T, EHEE RO EREZ T2 HNT 5.
9, ROFEMYTIBERE2EZS.

() = f(t, 2(t)), ¢ € [0,T]
z(0) = z¢

22T, T>0,20cRTHY, z 1 XM [0,T] EOEEKME C* HEIEL, £ 12 [0,T] x R _LoEEE
MRS L T 2. ZOWBO TR OMOIE L —BE2 T 21, WX oo %2 EA
T 5. .
x(t) = xo +/ f(s,z(s))ds, tel0,T].

0
OB BRI, oM HERXE 005 t TTROTEIETESNS. ZOoBSHBRRE
il 72 R 2 (t) B3 DM R AWM T2 L, MO AER0AAE t IO TH|S T
52 LTHEPOLENDG. LoT, 5EZCOIEMNARAL, 220610058 HENILH
HTHBEEAZDLZENTES.
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CDEZZIGMT 2720, EHEETHAZRDOL ) ICESHZ 3.

d
= L@+ 168) = (ha + ps)I(z +1€,€)
e [ P dog =0, (. ex 5™

CIZT, t BFEHCT, o+t c QDVUD IO DET L. % T A =% t (T 2 HMy R
A2 B, BEREFICHEREL TED L TEMT 2 &, ROBEGTTIHEABRoNns. OB
KOz EHEE RO ENT R LTS, &k, LTOHERTIE, v = (v1,22) L 2€Q D
RaZRRL, [(2,€) & [(v1,22,8) ERFLTEHI LD H 5.

EELIcC ((QxSY)Ul.) BNROBIHRRZRT & &, T I3EFEEST 05 FHAER
B (1)-(2) DRETH B LT .

e (0,m) DEE,

I(z,&) = exp(—Mm)IO(xl —xacot8,0,§)

sin 6

4L / zexp<“““‘5<x2t>> / &€V (w1 — (22— t) ot 0,1,€") dogdt. (3)
0 S1

sin 6 sin @

e (—m0) DEX,

I(x,6) = eXP(uzijl_aus (1- 332)>10(331 + (1 —x2)cot 0,1,§)

1
— i/ exp('ua—i—'us(t — x2)>/51p(§7§')l(:1:1 + (t — wg) cot 0,t,&') doedt.  (4)

sin 0 sin 0
FATIIRTIE, COBERTOMDIE L —BEIEIC O L TERSINTE . Lo L, HoHERo
BHEEIEEY, =0, 7 TRESABRADIERIN TRV AD, 2SR 6 ES 12 Hi
ROIAEME A DD TR, ZOEZBD-DOBERNEOHF L WIERTH 2. UBOHiTIZ,
Z OSSR DD 2 SO T Tl 2 > T3 2 L 2AEHT 5.

5 BEOAEROBOGEEE—EMN
Oy (@ x SV UT) 1B L, XOBAHRAZ ML T T & 5515
r1 €R,z0 €[0,1),0 € (0,7) DEE,
I = 2o exp( Mo ils t)) [ He1 — (@~ cot0,1.) dogat. (5)
0 S1

sin 6 sin 6

z1 ER,z9 €(0,1],0 € (—7,0) D& ZF,

1
I(z,&) = — Hs / exp(/h;.—’_ s (t — m))/Slp(&,f/)I(ml + (t — x2) cot 0, ¢, &) dogrdt.  (6)

sind/,, ind

(5), (6) % MHIIT 2 = T, FFR 1o < - ’fu |loo 213%. ZOFRERDSHEBIC, [=0

Shbb I = LS. o
I, FROFER RIS L > TRT. (A x SHUT_ EDBIEF {1M},50 2RO X 9 IR
IEETS. 10 %
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e 1 eRzp€1[0,1),0 € (0,7) DEF,

IO (z,¢) = exp(—wM)Io(xl —xz5c0t0,0,8).
i

o 11 €R x5 €(0,1],0 € (—7,0) D& F,

IO (z,€) = exp('ual—r'l_a'us (1— x2)>10(x1 + (1 — x2) cot 0, 1,8).

e r1 €R,zp€(0,1),0 € {0,7} DL E,
10(z,€) =0

TEHT . 72, I FTEHXTELLLT, [ %

e 1 Rz €[0,1),0 € (0,m) D& E,

n s 2 a T s n
I (g, 6) = K exp(—'usméu (g — t))/ p(&, &)™ (w1 — (xo —t) cot 0,t,&") dogrdt.
Sl

sind /,

e 11 ER x5 €(0,1],0 € (—7,0) D& F,

I(n+l
(,8): ~sin 0 (

e 1 €ERzy€(0,1),6=0D & ZF,

> (t - 2))/51]9(5’5/)1(331 + (t — m2) cot 0,t, &) dogdt.

I(n+1)($7§) = s / exp(— (/j/a + /’[/S) S) / p(€7£/)l(") (.I'] - 8,$2,§/) do’ﬁ"
0 St
e r1 ERz€(0,1),0 =7 DEE,

ﬂ“W%Q:m/‘wWﬂmﬂM@Lﬁ®€WWm+&me%-

0
TERTS. ZDLE, RO 2OPMEHEFEICE D 35 5.
FELIM G ((AxSYHUTL) ERETS. 2D L, ROFHIAIR D 375,

14D < —Ho o)
Ha + s

@M1 Lo € Cp(T_) BEIE, TRTD n >0 XK LT, IM e Gy ((2x ST)UT) LY L.

W 1 LML 25, I(z,€) Zﬂ”) 2, &) 23 (Qx SHUT_ _f—RRINE L, €, (2 x ST) UT)

WWET S Enohd. -, :0) I(x,g) DRERSTHD I EHPEDFIEICE VR TE 5.
DEXY, BOFENRINT.
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6 BOAEXDOBEDMDPIREM

FEHINEZZTIEH 508, FBICEA L 7B IR0 % o IOV TR T 5
0e(0,r) DL E,

or
8:1:1

_  Ha s oy ,
(m,ﬁ)—exp( sn o ac)al(ml x9 cot 6,0,¢)

( Ma - MS (552 - t)>/Slp(§v 6,)%($1 - (xQ - t) cot 97 t»é-/) dO’g/dt. (7)

51n 9

e (—m0) DL =,

oI (ua + s

o (5.6 = By 2))3;(961+(1—m2)cot9,1,£)

Smg/ (Maﬂ% - ))/ (55) (x1+(t—x2)cot9t§)dg§,dt (8)

CNFTEORSHEA LA U2 LT 20T, Hiffi & [ UiET 2L 28 Cb((stl)ur )
JBT252L20h5. bIPLIELLBRS L, 2 OB 1(2,¢) ZI (z,6) D% xy

WKOWTHEHNMA I TH L I LE2FEEL TS

ETAD o WEBBICOWTIE, 2O X I) RFEFICL-oTwRYL, LWwIHIDDL, Tn) D 2y fWE
BISY Q x ST EERTH, I D ay WEBEDS Q x ST EERIC% 2089 IFIEAWE D 5
Th 2. M, EHEHRAOMD 1 BEEABIIRFSEH CIFERICA 2 2 EBHIoN TV D
[1]. 22T, ZIKE"’C & T8 Q DNEBT 2o IO WTHEGIMATEETH 2 I LERT.

SE2 K 2K (0,1) N0 v 52 MESEGET 5. COL S fEED n >0 KA LT, ‘%x
I3 R x K x S! B#E»r >BRTH 5.
oI
A BE 1 2t ok — .
un&37;) . (,8) 13 R x K x ST kiRt —HRINK$ %
IIZC, K ELTHRXM [6,1-6,0<8<1/2 DA %EEZL. ZOHGOIREmT I 0T

Hb. Dkttt o KITRLT,
> =0
n=0

i TIEBI {6, )0 & £ D, S 51T, {ntnso CHIET Z2EAXMOH {K,}ns0 %

K, = [i}dma 1- i:oé'rn]

TEHETS. Rx K xS, Rx K, xS* LOEGEBEBORKAME VozzneZh ||k, |-k, T
LTI EIXTE. ZDEE, ROMEBHRLT .

1™ o1

f#ERE 2 B Rx K, xS Bz o3 Z R x K, xSt EHfETHrORDOAE
T2
T%(ﬁt
oI(n+1) 2t ) Lhs oI Lhs o1
> < 1o + — 3175l + —
T2 Knt1 € n+1(ua + Ms) €0n+1 (/’La + Ns) €1 Mo + s L2 ||k,
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ERLVLED n >0 I LT K C K, BRI 5, il 2 205l 2 2T 5 2 &3

Sh B, Eh BT i = B0 6y = =5 S = s,k LU, RO D 0
2 Ma"_/is /*La—’_/‘l’S
ZEDTD.
o0 (n)
‘51 2 o1
8:1)2 K "0 axg K.,
o0 & s \" 1 o + 15\ || 000 || o= [ fra + ps "
L () e () T £ 252)
0z2 0 =0 Ha + s 65(/1,(1—1-;1,5) Ha Oy "0 Ma + s

+ 2||I0||F— (ﬂa‘i’ﬂs)Qi <[La+ﬂs)n
ed fa fa +ps/)

n=0

HLIHBMEE T 2000, find 3 2RI N,
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Holonomic gradient method for the probability content of a
simplex region with a multivariate normal distribution

/AN B! ( Tamio Koyama « AR « HAAMHRELSKHINIZEE PD )

Abstract

a2y 7ERE HGM) &, Btk 2 L 7 BEE RO Tk T
BB, RRWTIE, ZLERIERIAMNIC X 2 AN DHEROBUEFFRIC HGM Z G
T2, 20D, LERIEBSMIC K 2 MZHEOMERDIIE D 5 B D BRI
MWEZHR, ZORBORKIER. BB 7 3T T HRAROPRINERR %2 5
A%, OB, IhEHEOMAG O P EHEERE, D IO Z &£, ke
BBCEDBEEDMEICTI O Z L 2R B,

2010 Mathematics Subject Classification: 33E20, 16532, 62H10.
¥ — 7 — F: holonomic gradient method, the probability content of a polyheron

1 RO/ Iy IHREEEE?

W RO PIAMERE & 12, 52 S BB f(y) I & > TEHRESI N D MM i
Kdy/dt = f(y(t)) & t = to DRIIIGEM y(to) = yo ZWi7 TEE y(t) Z KD BRIET
b2, ZOMEOBMEMNAREL, WY E~OSH EOEEMD S AR I NT
W5, IDERNLEA A 7 =Tk, apX

y(t + At) =~ y(t) + %At
ZH DR LT 5 2 & Tl U2 BUERICE R T 5, Wy SRR o giiERiE I
B L CTRA 2 BUAEET R O FikD3BaTE - S TE D GNU scientific library [3] & &
D8y r =P THY % 2 3RS,

Ana /2y 7 A (Holonomic Gradient Method, HGM) & (X, D X ) M
AR EEZ AN LT, L0l Loy 2 BlEEtE § 2 FikTh 5,
HGM &, [6] ICEWCTHE SN, BIETIRFEIAICHN 24 2o ~DIGH 5%
INTw3 [,

flif el 2 I CTHGM D7 A 77 230§ %, £

b

1
Ver
DRUHFHEI OV THE R B, Fitelo

go(b1,b2) = (b1, ba),

b1, by) exp (-%:ﬁ) de (b < by) (1)

Oy 1 1,
gl(bl,bg) = _8[)1 = \/%exp ( le) s
Oy 1 1,
bi,by) = o2 = )
92( 1 2) 8b2 \/ﬂexp ( 2 2)

UARWISE (X JSPS BHITEE 263125 OBk%EZ 1T 72 b DT,
T 113-0033 HAHSCRIXAAE 7-3-1  HUAURSY: KRB AEE T4 R0HERE
e-mail: tkoyama@stat.t.u-tokyo.ac.jp
web: https://sites.google.com/site/tkoyama0510/
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ETEC, T TT BB go 1EPKR [by, bo] WCHRIIE L. g1, g0 (& Z L AUEL {1}, {bo} IZXFIE
LTWBIELICHERETS, T5&, X7 MVg:=(g0,01,0) 13WIaESR

00 1
99 _ g, L g (2)
oby 0bsy 0 0 b

BT DB ICD B, LEDoT, y(t) = (ht,bt) (t € R) LS &L BK
g(y (1)) WS TR

d 0O 1 0
Loy = [ b [0 thy 0] +b,
o= (o g 1) o

7z 9, B, t=0T

1
by
0

o O O
o O O

o O O
oS O O
~
SO =
no
SN———
v
K
—~
2
—~
~
N~—
N~—
—~
w
N

1 0
9(v(0)) = Jon i

Eh b, XoT, ZOUIGEMED T, Wi (3) 2R TIX. B89 (b, by) D
PSS, Y EDIEEARRZ: HGM OB Th %,

FfkDO7 70 —F1, A< Fn /) Iy ZEREEIINS 7 7 AR L CED RS
Ths, HGM DEH T 25 7z D 12id, Wi iR OWHRINZER O EH 0 HE O £fiE
SRR L 2, 2D, 2N NOREI T 5 O BERIE LN & s
. HGM 137 et o a2 b BVWCTw %, X DEEL W HGM DS DWW T
X, [7] 2SI N0,

2 ZHEOHEH»EDLERR
(1) Ty K1 by, bo] LORIEE R LD, 2Dl E LT, Hil

d
P:{JJGRdZELUJ]Z‘FZ;JZO,:LS]S”} (4)

i=1

LoD

d
1 1
ERMEAR TS L EER D, TITL ay,bj(1<i<d 1<j<n)3EHETS,
7. aTay 2 (4,)) T ET B dxnidl, bTRI ndDXZ b (by,....b,)" 2%
TZEIIT S,
5y (5) DBUERTHIC HGM Z I T % 7o, i

o(a,b) = /Rd (27r1)d/2 exp (—% Zx?) HH <Z a;;T; + bj) dx (6)

= 7=1 =1

ICDOWTEZS, ZI7T, ay, b (1<i<d, 1<j<n) 3BT, alday; % (i,7) BT
ET5dxnfidl, bIZRE nDRTZ bV (by,....b,)" 2T, T (1) OHITIEEE
bi, by IC K BT 25 L T 7eds, BBl p(a,b) DKL (j=1,...,n) I X 28703
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EDXHNHEIEAIDP? ZNEHET 20123, ZHEOHAEHLERICET %
FERDBEIC R B,

fH DO, Lk P I3 BOME2CH D, ZHk P Z2ERT 2 AERICIIIUE
RODWHFELRVWET S, ZIE P 2 EHRT 3 85ARGEA0E T 22

d
HjI:{IGRdIZELZ’jIZ’—i—BjZO} (1§]§n)

=1

LB, LR PIABET 2 Hh R AR (abstract simplicial complex) & &,

.F:{JC{LZ“WMIFVQ#@}
Jj€J
TERINLIHAMEGDOILZE ),

%R P I 2 REAEM L, Edelsbrunner [2] 12 & > TH 2 & 1Lz kRS

A (inclusion-exclusion identity)

JeF jeJ

OHIcHN G, T I T, H(x) E Heaviside iz £ L T3, T4bb,

)1 (z>0)
H@y_{0($<®

TH 5, @ARER(7) OEAIZLIEE P OERKBTH D, FHADEEIZMSEHED
ERHBERL TSI LIERET 5,

WRRER (7) T, 28T A =% 6, DIFFEE ST 503, Zifitk P oo fziE i
HorGE, T A=F a, b ITEBEIZMZATHERXIRD D, Thbb, XOEH
DIRSLT B [4):

EE 1 (K). itk P BOMEICHZETEH, TOLEE, KT A=F (4,D) €
R x R™ DERE U SFEAEL T, fEED (a,b,2) € U x REICX LT, 3l

fiH(jémwf%?>ZE:II(H(iéwﬂM+@>—1)

j=1 i=1 JeF jed i=1

NI AV RVAON
I 512, ZHIER PO BDOMEICH D 560E, FHEDOERKEIR L THFRERDOL
AMF o2, ZDO8A. LIk P IS 2 SR EARER FIcX 3 2 85658 % B 7:

TDIE
Fyp={FeF|JCF} (JeF)

WX o TERINIMMRBIKERTH S, J e FICHILTIHDT 7 4 V' EHEINT A —
% (a,b) e R"" x R & J € FIIRNL T, #FHIZ

d
V(J,a,b): {xeRd ’ Zawdh—'—b]:()(j c J)}

=1
ELTCED B, KO O [5]:

2PRENICED &, LHE P P—ROMEICH B &3, BRETKDLE LI BT 7Ry P BEEET,
ED7 72y SO DBZRESD d— kRGO 5 2 E2E ), EMERERIE [4] 231,
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W 1 (K). ZHEP I OMEICHZ DD ET D, Stk PICABET 2 Sk
DI T e Flox LT, &

d d
H H (Z a;r; + l;j> = Z H (H (Z QijT; + Ej) - 1) (8)
JEMNJ i=1 FeFjyjeF\J i=1

DMEED x € V(J,a,b) ITOWTHE D LD,

%tk P 03— MROAMEICH % & &, MIRBEER F ol P Oicid—x—xii
D5, FX(8) DAL, BNV (J,a,b) BICHIR T UL MRHEEERDIT T I
BT HHDERKETD 5,

IRT A =H (a,0) ICBEE AT 5E S AR D 2o [5]

T 2 (K). %k Pz oMECH2bDE L, Je FET3, 8T X—% (a,b) €
R&>" x R" D& 530F U EOEED R (a,b) €U & x € V(J,a,b) IR LT, HX

IT = (i%xﬁbj) => ]I (H <i aijxﬁbj) —~ 1)

JEMNJ i=1 FeFyjeF\J i=1

DIRALT B,

3 IEREXRDOHD

il T 7 R R % T B o(a,b) DEE D (7 = 1,...,n) I X By %K
D5, HL, K (6) TIFE T X— 901@iﬁ%@@%ﬂ%:kb1?6# ZITik
X (4) DT X =% (a,b) DIEFFIC L HER LRV, EHLICED, KT X =% (a,b) D
b5 U BT

go(a,b):/RdWeXp<—%;:ﬁ>ZH (fijla,b,x)) —1)dx 9)

FeF jeFr

DI SED, HL. fi(a,b,x) = Zle aijTi + by LBV,
MRERERDIG T € FIgR LT,

g’ (a,b) =0 e p(a,b) (81;] = (H 01)].) , O, = 8%) (10)

Jj€J
LHEL, B U ETD g/ (a,b) DIEICDWTER T 5. X (9) DAADEKHDMI % 51
B3 ERX%215%:

WE L Fer L, (9 (Xl anay)  WIEMET 3. O,

i,jEF

@fo/?em)<—%§:1%)Ilfﬂ—fﬂmaxﬂd$
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N AV RVAON
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R x R™ D& %365 U DAL L T

1 1 d 2
J b) = —3 21T | | H j , b, d 11
g°(a.0) (2m)4/2\/]acs(a)]| /V(J,a,b) ’ jem\J e boputd -

DMERED (a,b) € U THD LD,

Proof. 3 (9) £ 0.
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FeF jEF

LB n MIEL XD I

1 / _lyd g2 F\J
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4 {ZERRBEE
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ZFG]—" HjeF (H(fj(aa b7 IE)) - 1) O)ﬁf:— ?ﬁﬁﬁ*%ﬁ%*&b %

!
exp (~2 50, 72) S s Tyer (H(fya,b,2)) — 1) DT T B AR 2 ) 5

!

o(a,b) Dl T TRz KD 5

ZDEE, ERTRVWHERDM - T TR ZEZE L T0wE I LICHERT S, W
SRS OB TR, NEREREOBTIIERI N TR, 2070, ik
ET&@?@@Z’P%%&&% MK TR WISATH, R E AT FHIck->THE
BB EHEZ DI EDARBICR 5720 TH S, %E. Schwartz HIEKETlE 7 <. (gt
B2 A 2 D13, EEEE L OEPERKEOB I ANz 570 TH %,
flifin 7o, A (1) DT Z VT, FHROME 2T %, 3 (1) DF7IE Heaviside

Bz v 5 &

(b1, be) = \/% /Rexp (—%ﬁ) H(x —by)H(by — x)dx
EET S, SHGEHRDP EFC BB WRRTH D720

@@hm):;%iémm(—;ﬁ)Uﬂx—my—H@—bﬂMx
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LI RREER D, B (2, by, bs) = H(x —by) — H(w — by) DB E L Cilize T
W HfERXRE2EZ 5, i SlEE %

LS, 2TTH(a) dT NI EEZE L., Heaviside BB H (z) & TV L S(2) |

Xo(bh 52)

Xl(bb 52) :

Xz(bth) =

= X<x7b1762)a

_ X _

= 8_61 = —6<Qf — bl),
Ix

T2R/R =§(z) 27, B8 ad(z) =0& D,

Ix1

Mo _
or X1 — X2,

ox1

___—0’

ox
X2

ob;
aXz

___—07

ox

by

Mo _
b, X1,
(x - bl)Xl =0,
Ix2 .
My

o _

by X2

ox1

= =0

0bs ’
(x —by)x2 =10

285, 2026, qi(bi,be) :=exp(—2?/2) x;(b1,b2) (j =0,1,2) EEL &,

ox
gy

dqo

D +2q = —q1 — qo,
oq
+aq — = =0,
BT
gy
PR —_— — O
+ xqo Dby ,

ox

DBRoNLH, BT D L

0

8#!0 +xq0 = —q1 — o,
i

(.’L' - bl)ql = Oa

(z —by)g2 =0

900 _
(%1 qi1,
(.T - bl)Ql - 07

g0
2 _
oby ’

910 _

3b1 qi1,

Oq N Iq1

(%1 - O +51Q17

g2

2

oby ’

990 _
b, q2,
Iq
2y
Oby ’
(.Z' — bg)C]Q =0

94 _

6()2 q2,

oq

L

0bs ’

gy B 0o

6_62 = 8_I + baqa,

E% %, gi(bi, b)) = (2m) 7Y% [ qj (b1, bo)dz (j = 0,1,2) DT,

990 _

b, g1,
dg1 o

(%1 - b1g17
dg2
am_a

99
0bs
A
0bs
992
0bsy

BELNBH, JIUER (2) 1ofle 5 72\,

FIREDEFEL 2 R (9) DABIICHEL T KOEM %15 (4],
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= g2,

0,
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TE 4 (K). B g/ (a,b) (J € F) 2 (10) TED S &, 05 DB, ROMITT
BBz 727,

n

0u,9” =Y a0 09’ (1<i<d, 1<j<n,JeF) (12)
k=1
@g*:f“” (jeJe, JeF), (13)
Za (bg +Z&M Z) (]GJ,JE.F) (14)
keJ leje

22T (f@)ier By apla) = (Sl awar)  OWHAITH 2.
1,]€

i%l‘fﬂ@@ﬁpi‘f@ﬂ@@iof?ﬁéhf Wy % & E R WIBIC
ZEITHERT 5,

BB (2, by, bo) D72 T R R D> & BiEK g, (b, by) D 7o T AR %
Ko BEEIE, DIMBEOGEE LTRA S Z EDHES, RS, ¢z, by, by) D7
T SRR D & B g, (by, be) D72 TG TRRAR 2 K& ZikmIE, WIET 5 DN
DR x 1B 2Nt OFGmRICHEL SN S, D &) LBlRDOHEHRD 5 KD
MBS D [4]:

EE 5 (K). Doy Tag,bj(i=1,...,d,j=1,...,n) ZEE LT 3 LHEAREDOMF
MFEORTEZ LT, TmmgUEJU:;ofiﬁémaDwMﬁ%u%%”?%
Ty ROTLTHERIND (D) O MEEE N LiEL

(8‘11'3' — Zaik&,k@bj> gJ (1 <1< d, 1< j <n, J e f),

k=1
0,97 — g’ (je e, JeF),
n d
(b; + a;;aix0)g” (j€J, JeF).
k=1 i=1
CDLEE, BIMBEM = (D)1 /N iZdw /) 2y 7 Ths, 612, MDFR/ Iy
77V 7E F OICDMEENEL W\,

5 n_l_;\-h—.—-—.%ﬁ

C E TR AR 2 v y@%Pﬁﬁ%f%%%Q\ﬁﬁb%n—d+1
TF {Jcld+1]]|J#[d+1]} £%25EI1C, P OIERMEROBERRIC HGM %

WAL THS,
28T R =5 (a,b) IS LT, ~(t) = (alt),b(t) %

a(t)y=a, b(t)=t (0<t<1).

ko TEDDE, t=0DLZ, ¢/(a(t),b(t)) IZ

gJ<a(0)7b(0)) = { |a1J(&)| (|J| = d)
0 (else)
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L%, BB gt) = (¢7(a(t),b(t))ser itz THMy HERIZ, T4 LV EB ISR
D5NBT-HHCGM EHEETH 5,

${$Pd7Qd?§f
P dpert| mTEZ00i<a),
—rp =g+ >0 [
- Y4 >0(1<i<d)
=<{zeR" e =
Qd { ’ _xl_._md+w>0

TED D, N5 DHEARDIERERZ HCM TRHHE L 72l L FHERR 2 £ 1,2 1277,
ZEDD, F12121F, TV TANRIETRO L EAEROMES R, TV THln
ETE, SEBEMETERARICHE D 1,000,000 # DY >~ ZTIOVBHEAENICES 7-H#HE&%
Kbz,

F1TlE, HGM 2V TALREDOEL S D HES, [FHMERZEHE T2 2 LI
L Tw3, L L, HEROMEMIEF /N { 7252 Tld, HGM IZIEHRER O fE
DFHEITHEIL T BDICH LT, EVFALaiEDfIdRKL Twa,

d HGM time of HGM(s) MC

2 0.285205 0.00 0.2849
3 0.251995 0.00 0.2493
4 0.241744 0.01 0.2429
5 0.242724 0.02 0.2428
6 0.250219 0.09 0.2394
7 0.261920 0.32 0.2572
8 0.276510 1.04 0.2787
9 0.293138 3.15 0.2859
10 0.311198 9.51 0.3072

Table 1: The probability content of P,

d HGM time of HGM(s) MC

2 5.1758e-02 0.00 5.1917e-02
3 7.0235e-03 0.00 7.0850e-03
4 6.3101e-04 0.00 6.0400e-04
5 3.9722e-05 0.02 5.5000e-05
6 1.8042e-06 0.10 3.0000e-06
7 5.9878e-08 0.30 0.0000e+00
8 1.4799e-09 0.85 0.0000e+00
9 1.1393e-11 2.25 0.0000e+00
10 1.2861e-11 5.74 0.0000e+00

Table 2: The probability content of Qg4
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Y- X EROEALR

FUPH IR 22 R 2 e BB 22 A e K
LR IR 1 4R
FAIA FRERHE

Kentaro Okamoto

1 Introduction

HRES X :={1,2,...,n} L ZDLOHCAM 0 € Aut(X) ~ S, 5., NEROE—IEH M
MDEDIZEHETE 3,

(o (8) == exp{mi::1 7ééFi’;ﬁE"'m)Sm}’

ZIZ7T, Fix(e™):={zecX|oMmx=a} BTHREATH L, TOX—-XEHIZRD & 5 75 ME
ZRioTWA ZEMHHNTWS ([9)]).
Rl 1.1. (1) Cycle(o) EWTo € S, DHDHEWIIERY 1 7 V2kOELG%EFK L, P € Cycle(o)
CHUTIUP) TEDH A ZVDOREIZRTILILTE, ZDLE () IXRD LS A 17—
FKrzedbo:
1
G = 1 TP

PeCycle(o)

(2) pn : Sn — GL,(Z) Z RO EBRERIR L T5, ZD L E ((s) IFRD & S5 2475 AF R %
HD-

(o(5) = det(I, — pp(o)s) ™t
(3) (o (8) 1FIRD & 5 EABER 2729
Co(s) = sgn(o)(=5)""C(1/s),

ZZT.sgn:S, —{+1}FoDFTxKT,
(4) {p(e™®) 1E. V=~V FROELZHZT, DX, ((e7%) DITRTDOMIZDONT

Re(s) = 0.
LMD AIRVASN
ZDESIT, NFERY—REE G (s) IREUKIZH L TERS NS TTX VN - E—9EH &
FEFIZHEMUZEEZE->TWVWS, UL, 773V b - ¥—XEHL s=11280 2%z
DREADAL R CEEPHMR, L¥al—x—72E) BB WS HEEL O, —AT
ZDONERY—ZEB () ICBVTIE. ZATHEL 2 EIZ 720, RKIFE TR SHREEOTIC

Lo TEEZNERY - X E, HAMBEOY — XA~ — B, JHUOMWEL KD LD
MEMGES %, T U CHAMOAAIRMER 2 AZ RO 2 HiE T,

*Kyushu University, e-mail:k-okamoto@math.kyushu-u.ac.jp
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2 HAHiEEE E— 9B
FFIFMAKEICOWTHIZE 2D D (FEMIX [3],[8],[12] 221,

EE 2.1, MAMHEEZRO LS IZED D,

B, = (0i(i = 1,2,...,n— 1) | 005 = gj0i(|i — j| > 2),040i110; = 0i4100i:1(i = 1,2,...,n — 2)).
Iz n REAHBEE 20D,

BRIt o 1d. Figure 1O XS ICi FEHE i + 1 BHOMORETH D LT 5 ([3]). 7z, #ft
ERIZORIFEZL2ET S, 61T, Figure 2D X5 IZHIAMOD L2 T2 00 EH5bEs 2
LIZE-oTTEMAHZMAMD G VW, c DA% G L HEIZLIZT 2,

1 i i+l n

\
\

Figure 1: £t o; Figure 2: o DS

DUR, MHAKREEIC BT 2 -EAHIHZ WL Dl R B,
(1) BB 2H 7, : B, — S, ZIXD XS ITED 5,

(i) = (1,7 + 1).

(2) 0 €BLITH U, my(0) €Sy BRI nDYA IV THDLE, GIEMEOHICKS,
(3) MiAilt o € B, BWERITEMNT 0 = 0jl0? -0 RINZD L E, HAMER:: B, — Z
ZIRTED B,

g(o):=e1+ex+ - +ep.

DL ZE, elo) %, Ao D IBEF &\,
RUZARFZE TS £ — X BEBUZ DO W TRIBIZHIET 5,

EE 2.2. HORI (G, p, V) DEZONTWVWDREE, JLge GIIRL, ROBEKEEZEZ 5,
((s,9; p) = det(I — p(g)s) ™"
Iz geGD, REpICHHET 32— 9B LT,

ZHIZED, F1HETEBELZNFRY — X G (s) ITWFRRES, DEBED p, IS S
Y —REHBTHELEZDILNTESL, DFD, €S, ITHL

CU(S) = C(Sv g, pn)

ERTIENTEE, ZORIZER LT, MHAMBEORED S ¥ — X2 MRS 5,
F I AMEED H AN O HR LRI TH % Burau REZENT 5,

% 2.3. MIAHHEEB, DL 0; 12BI L TEM B, 2IRD & 5 ICEHT 5,

ﬁwwn:i4@<1;qé>@g44€ammy (2.1)

ZZTA = Z[g ] (ZBREDO—ZER Laurent ZIHAER) T 5, B, &, MHHEED Burau R\
&L,
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Z D Burau X ZHWT, Ao € B, IZBHT 2 —XBEABERD LS IZEET 5,
C(S, a; Bn,q) = det(In - Bn,q(g)s)_l' (2'2)

N, BEFIFEOHRLE 5, A OY — X (EMEIZIZH AN o € B, ® Burau REIZAS
g 2¥—XE%) THD, £/2, Burau REIIBWT, ¢i21 2RAT D L EBRKRBIZRDZ L
"o, MAMEED Burau &R & IFREEOEIHRRIL & OFIZITIRD & 5 BEBRBK D Lo TW5S,

B, %y QL. (A)

wnl Jqﬁl (2.3)
S, —— GL,(Z)
Z O Ao, MRA N

gl_% C(sv g, Bn,q) = C(sa Wﬂ(a)vpn) = Cﬂn(a) (8) (24)

WYL, Ao € B, DY —XBBUL, NFERE-ZEBD ¢ LR TH D LA 5,

3 HAoE—sEHROHEME

FAFRED ¥ — X EBUIIRDHE % B D,

EE 3.1. (1) MAfto € B, TR LT, IRD &5 2BEBEXPEL D LD,
C(5,05 Bng) = sg0g(0) " (=5)"C(1/5,07; Bryg)-

Z I T, sgny (o) :=det(fBnq(0)) & T 5,
(2) MAFDOHE 6 BEETHTH S (0F 0 m(0) € S, PRI n DA IV THDB) & &,
C(8,0;0nq) D s=11TETEHEBIRTHEASND,

[nl]qA&(Q)_l-

Z 2T As(q) IZKETH 6 1ZB19 5 Alexander ZIHATH 0, [n], 1% ¢- BT, MDEHITED B,

Res (5,03 Bn,g) = =

(3) q I XEHEFH FOBMNME LD (Z0eEqike®@eR) RIND) THY, ¢ DIRAN
RERXRNO| < 27/n 2L TWBERET S, ZOLEEREOMAM o c B, BT 5¥—XH
B —~ v PHOBELZNT-T, 2D, ((e7%0;Png) PTRTOMIZEIL TR D N D,

Re(s) = 0.

MRERAR (2.4) EEEL 3160 h 5 L 51T, (2.2) TEHR I NizMAMO Y — X BB I#R
Y= RE((5) D gERTH Y, ZLOEBLEMEL2E D, 61T, HFERY—XBBUCIER
oEE LT, fAaMoY—2B8Es = 1ITBT 288 EUCHD) AEERENZ, Z
NIEE 1 BTRRZE ST, RBEBRIZF LU TERINET TV ME—XBEBED s =118 5
BT, RBEOARZEDPBENSMEIINET 26D EEZS5ND,
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BAF. 71755 — X B8 L Burau REUCANBES 2 flARMO Y — X BEHDHKEZ 5 2 5,

Y2 HFRE— 2 EK \ FHLAED ¥ — X B
JG o€ Aut(X) ~ S, o€ B,
B o F. m o0 - m
REBIEEOR CO'(S) = eXp{mzl# lxm(a )Sm} (s, 03 Bn,q) = eXp{mzltrﬂ ZZ(U )Sm}
175 AR (o (s) = det(I, — pn(o)s)™t ((8,0; Bnq) = det(I, — Bnq(o)s) ™
PGS S Co(s) = sgn(0)(=5)"Co(1/5) | (5,05 Bnq) = sgng(0) ' (=5)"¢(1/s,07"; Bnyg)

s=11ZBF 5 R:els Co(s) = —% R:els C(8,05Bnq) = —[nl}Aa(q)_l
=< Y TEOHH BT % 1= (0] < E) OB B 5.

4 Jones ZIEN & £ — Y B

FHI3ETIE, ¥ — X E Alexander ZIHAD DR D 2R TE /2, ZOETIEFEOCHDM %
ZIEHAREETH S, Jones ZIHA L Y — XD OLEND 2EZTHD,

B 4.1 V22K AL T 5, G Jng: By — GL(VE™) 2. ERITo; € B, ICH LT,

1
0 ¢
1 1—g¢q
1

TEDD, Tz HAMEEDIonesKIF 2 \\WH, ZD& X,
=)
o= .

qf%(nfs(a)fl) R on
Jo(q) = thr(dn,q(a) )

WS ZIEAZED D (ZNFLTHERNIZR D), ZHUSHAKOE 6 DAZEIZZ D, JonesZIEL
W,

WIZ, ZD Jones ®RIFZF-> T — XM AEEE L. Jones ZIHAP., Alexander ZIHA L D
BfREZEZTWL, TTREHOY —XEBOEZE IR, A o € B, D Jones RIIZAFHET
HY—REEIRD LS IZED B,

C(s,0;Fn,q) := det(Ion —qu(a)s)_l
XI5, ZOX¥—XEBD “EBIH” & LT, ROBEEEED S,

Ce(s,03In,q) := det(Izn — Jnq(o) ")

()

95, 2O E, Jones ZHAIZZI DX —XBEBEZHNTIRO LS IZERT I N TE S,

Jnglo) =15V g ® [P

LT,

(Y
(Y
o)

N X

d ~ ~ n l n— g)—
T 108G(5,033ng)| = 0(Qng(0) 17" = 2TV (L4 ) o (g).
s=0

N T, BARIIZ Jones REUIAIBET 5 £ — X BEE & Burau ZEUIMBET 5 ¥ — X B D% %
/9 %, Jones X Birman 52 & 5T, REMIZIRDOBEBRAPRINTWS ([4)),
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ol 4.1. 3RO A o € By 12 LT, IRHE D LD,
<<t870—; 53,q)€(t2570;53,q)
(1—s)(1—13s) '

ZDIZEN5, 3MOFMAMIZEL T, Jones BEUZMBET 5 £ — X BB Burau £ ik
DY —REHEMH>TERED Z b nd, —HOMAMM o € B, IZBT 520 &5 ABRNIT4E
HThO < bhroTWhholz, RIFETIE, “¢MERE” LW L DEHWS Z & Tl %4
Mg E S22 2 e TER ([10].,

T 4.2. W, 2 AFEE U, TORIEE {f1, fo,..., fa} £ T 5. W iZBHT 257V IVREE

[e.e]
T(W,) = @ Wi
m=0

95, 2Ok E g-AERE %
N\ aWo) = TWo)/{(fi @ fi+af; @ i1 <i<j<n), fi® fi(1 <i<n)
TED D,
g-AMEAREUZ

/\Q(Wn) = /\];(Wn)

k=0

ERITZEeNTED, 2770,
NEOW0) = (i Ao A fi U< in <o < <n) | fi A Sy = afy AJii < G) fi A fi = 0)

ThHhbd, IHIT, g2 —qZ2RALEZEHED%E

NaWn) =\ —a(Wn)
LELZLIZT B, WE. Burau ¥ %
Bn.q : Bn — GL(W,,)
ETBHEE, IRMBED LD,
FIB 4.1, A-MBEOYERBIE 6, : VO — A\ (W,) BEEL. FEED o € B, I L, ROMRA
yen Dy A(W,)
3040 | Fasnate)
yen Dy A (W)
XA B, T Ty Agfng 1E Burau B2 S HRICEE 2 KB TH 5.
THIT, B E(0<k<n)IZELTH Burau RE» SIROKRHAPHRIZEE 5,

NeBng By — GL(T\f;(Wn)).

ZD&SEENPS, ZRMOY —XBEBIZET 2 ROARDBE SNz,
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EIE 4.2, (FEOMAM o € B, \IZB U TIRHMBAL D LD,

n

Ct(37 g, Jn,q) = H C(tks, ag; KSBn,q)

k=0

A7 5 1% Jones ZIRDFHATE, 724641 Alexander ZIHAIZ 3K T 5 Burau ZE D
ATRINTWVD, Jones KL L Burau ZELDOBMRZ ¥ — X B2 8 U CHR T & 2 IE5 Bl
FENARTH B,

BB, fERERNPS,

~ ~ 1
((s,0; /\gﬁn,q) = (5,05 Ny Bng) = 1=

C(sa g3 Kéﬁn,q) = ((Sv o5 Kg_lﬂn,q) = C(S, o, Bn,q)

LIRBIENDOND, n=3DG, THA4213MEL1 ORARNZ—HT 5,

5 RE

RELDX —ZBIE (5,05 AEBnq) DEABARIEZBONT VR, ZOARERD I LW HE—
DETH D, 61T, AffE Jones ZIHA & DRHEX, Melvin-Morton F48 ([13]) ® ¥ — X
BaHWZHEEH, b — 7 AFECH D Jones ZIHADHIEMZ2GEHS Z 0¥ — X fli>oTT
ELDTRHBVHPLHFL TS, &7, Mg - 122G E0Y - XEBE HERE X
B e OBIEEH S I LTV E W,
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AN 72 iR 2 b O/ Nal T O 43 %H &
BT DO\ T*

MR AR EBEBL AT 7E R B

#/7  BK (Yuta Ogata)
1 Introduction

PE R —E dhi (CMC #iff)) & v R v EOBANEFLTH D, CMC i DGR %
DWFEITE S 5T TE %, 1866 4FiC, K. T. Weierstrass 12 & H R? Wi —EZF ik
o (ENdh) 1onf LT, BB ARK (Proposition 2.1) 2352 64/, 7. R® Nl
v achvn—EMmicBI L Tk, J. Dorfmeister & F. Pedit, H. Wu 2 k> T, 7l 0E% &
Z H o 7GR (DPW ¥ [3]) BRIz, BIfE, CMC Mo kId 12— 27 ) v 2200
i cml, V—=rEHEet 3 —< v EEELR ETHEINEA TV DS,

—J7. DPFH AR Z &> CMC iy &, A4A62%CEATY S 2 ERRISNT
D, H. Wente ([10)) IZ k> THRINZa 87 F CMC i DIEHHZE] (Wente b — 7 A
Fig2) bID7 7R CEHEENT VS, £/, SHDT—<Th 2 THHINZHEERZ & Dbk
[fi; & A. Enneper % L. P. Eisenhart, J. C. C. Nitsche % & DSEATH%E ([4], [5], [7) ek D, ¥

O EEREDSEAE L. . Catenoid. Enneper Hilfi. Bonnet HIfICIR S 2 & 23815 T 3
AFHHETIE, Liouville TR H L2236 AR Z iR 2 & DUl o278 0 BIEEH
&\%m%®ﬁﬁmﬁ%mowf%$?%OQD

2 Preliminaries
S % R2 NOHESIRE L. X 5 (u,0) — X(u,0) € RS Z3UHE% &SR = T2
I =e*(du® +dv?) for w:¥ —R.
ZDEE, LT D "Weierstrass DRBIAR ) 236N T35,

Proposition 2.1 (Weierstrass O&HAR [9]). (FE O HUEES 2t il 13, T O HOAK
Thzons

X (u,v) = Re {/(1 _R2i(1 4 B2), 2h)ndz] (2.1)

72720, 2 =u+iv, hAABBRIPE, ndz b0 1 XEDTER, £72. ZOFHREERT L N(u,v)
\&. Weierstrass 7—7% (h,n) 2T,

I = e*(du® + dv®) = (1 + |h|*)?|n](du® + dv?), (2.2)
h+h i(h—h) |h*>-1
N = 2.
<1+|h|2’1+|h|2’1+|h|2 (23)

Liths s,
* 2 DRFYEIR. Joseph Cho K (FIFR%E) & DILFEIFIZE ([2]) 2L 2D TH 2,
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Remark 2.1. — DOt Z KT 2%, Weierstrass 7—7% (h,n) \F—RENIZRE 21T
Fv, BIZIE, Catenoid 2T % 720D Weierstrass 7—% & LT, (€%, e™?) 23—V,
(tanh(Z),cosh®(2)) % ETH Kk,

F7o, BFRINTR (e, FHITZ ) Ml DNEERERR) & WX 2 0o iR
JEBIC AT & 5 2 LIS T 5,
Fact 2.1. BUEERERID & &, Weierstrass 7—7% (h,n) \ZIZDUT DBIRASR Y 32D ¢

n= hi for constant a € R\{0}.

RFHHHTIE, RTIRX=F w0 DAT— VAR Ta=5 LT 5:
1
oL E, BERERE O (2720 TR Z2BR<) oniEs RN (Gauss HTER)

73 Liouville SR & %22 %,
Aw—e 2 = 0. (2.5)
DI, (u,v) ZBEREREE L, HHZHITH 2 TFH) 2y GRineiED 5,

3 Abresch’s method for Liouville equation
ZIh o DRz Z & O, 2BE L e, 9. TR THIS LT B
REHBRTELC

Proposition 3.1 ([4], [5], [7]). Py #lizEt 2 & Sz, P, Catenoid. Enneper
[fl, Bonnet AR 2,

Fig. 1: *Ffil, Catenoid, Enneper Hiii, Bonnet HiTf (left to right)

45



Proposition 3.1 DFEINCBI L, SefT%E [4], [5], [7] THbHN T 2 FHEE TOrthogonal systems
of cycles) EMEN 2 DT TNTOHEICE IS DHDTH 5,

Fact 3.1 ([4], [5], [7)).
AN TR AR AR RS 3k )
= MRS © 728 7 b OVBIE, 2 RICERIE S2 N PRI R 7 P LB 3,
(ie. O DM LEEB )

ZOFEIE, T M. L. Leite 12 & =T 3 XJt Lorentz 22N ORI OB 41 B IGH S 4
Tw3 ([6])s L22L. M. L. Leite DRFFET OB S5 TV> 5 K 91, Lorentz 42N D FCA Hh ifi
DYy, BT FOVEE 2 Kool H2 NOR 7 PVIZ 22 0 | JERICHEME 2 0 b 381 72 5
Tw3 (THy DERVPEDLLD),

—77i. R® W TP ih3iait 2 & > PN F Thv—@ilif, o478i3, U. Abresch
Ik o TS N, TBRESEVFET 5 ([1]). HOWMEDD LENCHER I 1z TWente ~—F
21 b IDHFIIASTED, E 512 Delaunay Bl (CMC [I#RHE) RHHEIN S 700 F > (B
® Bécklund Z#4) 7 SO SO TFICE FN T 5 (Fig.2), U. Abresch (3R 75 =0
BMRTH D, #dZ DBz v DRI Z2 iR 2 b O P IRsF c v —E il 23
MBS%E FOTHTE 2 2 L 2R L, NN EEZIT- 72,

Fig. 2: Wente I —7 A, Delaunay Hilfi (Unduloid), FEHIFY Y7L > (left to right)

ZOFETIZ, FHNAEEZE SO/ IS L, U. Abresch OfENTI T EEZ VW5, £
TR, MU DS 2 R # 2 D70 D5 % w(u,v) Zfi> TR T2 LLATD X9
25,

Lemma 3.1 ([2]). X (u,v) % BERERZ b Ot/ & L, GHEZ T = e* (du® +dv?) £ T 5,
ZOLEE, UTHRILT 5,

w F7 D EERER DS Y
= v RO
= Wy + Wewy = 0. (3.1)

Lo T, PR AR 2 b DN O R 8IE . 30 (2.5) & (3.1) &2t T w(u,v) 25
DFUF L

. 3.2
Waup + Wywy =0 (82)

{ Aw—e 20 =0
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El_l{_\}
il

Lemma 3.2 ([2]). X (u,v) 23Rz & DR/ & L
ZDLEE, LLFPHKALT %,

% I = e (du®+dv?) £ %,

X (u,v) ARV 725 dh 3R 2 b SN

w(t,v) = log (1 + f(u)? +g(v)2> 7

Ju(u) +go(v)
where
flu) = cﬂ%ﬁ? sinh(v/a? — f2u), g(v):= Bf—QQ sinh(\/3% — a?v)
for constants a, B € R such that o+ 5 > 0.
Z® Lemma 3.2 12 & O, MHTINIEDRRO NS,

Theorem 3.1 (VY7 fi=RER 2 b O/ O T8 [2]). P Z =R 2 & Sl
HIZEHHERBITH 2 T 721X, Lemma 3.2 THZ 6N 55RO w(u,v) Z b DRI 4
%5, ¥, BEOMABIIER o, e R,a+ >0 DEOHGICED, UTOHEHERICK > TllD
ftanz :

o

e D, D : w(u,v) ¥ v HANEHIINZZ DY u T A TR\, Bonnet Hif,
o @ w(u,v) v HIANI—E T u FHNZFAN TR, Catenoid,

e @ w(u,v) F u,v ITANZFII T2\, Enneper .,

o O, D" ¢ w(u,v) V& u HENFIIZ DS v N T2\, Bonnet #TE.,

o @ w(u,v) 1F u JTHINT—E T v AN TR\, Catenoid,
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4 Explicit Weierstrass data and Walter’s method

A TIZ U. Abresch D 71 TR % 1T 5 7258, MR OIS B\ TEEIZ 24 5 D5,
Weierstrass 7— 7% (h,n) TH 5, COT—F Z2HDOF5 2 Lac&Eiu, REAX Tl 2k
72,87 X =5 FRDMFS 5 (Proposition 2.1), BIFETIE, TR R Z S O HhsRHs
Eohv—EMA, OMEZSEZIILEZDT, ZOETH "Wente F — 5 2D BRI 285 X —
Y Fn) KD R. Walter DFE ([8]) 2. Pz =Rt 2 & Sk LS 3 %, R.
Walter (&, A T2V Wente b —7 A2 Tl EMERZ B DOFMEL, Z OHIONE % IEH
ELTRI A= RRZRD, COFEERIGHT 2 & T, FlITROWEA I iRt %2
b OM/NHIANC A LTH Tl PEET LI E2mR LT

Lemma 4.1 ([2]). X (u,v) Z 35 Z Ot/ & L, GHE%Z T = e (du?® +dv?) LT 5,
wy Z0  (resp. w, #0)

= DANZW7TERT PV vy(resp. vo) D37 72—DHET 5 ¢

(m(u,v),v1) = (my(u,v),v1) =0 (resp. (n(u,v),va) = (ny(u,v),va) =0)

7220, () RRNOWNE, m(u,v) := X, X Xyu (resp. n(u,v) := X, X X4y )o 2D vy (resp. vo)
z T, LIRS,

Z® Lemma 4.1 2 L TLLT D Weierstrass 7 — 7 233 541 5,

Theorem 4.1 (‘PRI Z iR % b D/ O Weierstrass 77— % CEHIZER <) [2]). “FHEIM
R 2 b Ot D Weierstrass 77— (h,n) IZL T THZ 605 ¢

(o + B) tanh (%\/M(U-I-W)) 1
Ja - s ) = e ) (41)

7L, a,BlE. o,BER,a+6>0ERDEH,

h(u,v) =

Corollary 4.1 (CFiify7Z izt 2 & DU o2 ). X (4.1) 130 u,0 DT X —F BT
a=cos(f), B=sin(d) (-5 << 3F) LIEBLTES, TDLE,

(cos(0) + sin(0)) tanh (% cos(20)(u + w)) 1

h(u,v) = cos(20) o n(u,v) = P (1, v) — ihy (u,v)

(4.2)

Z D Weierstrass T—2 1 0 1B L., HiTHH., ZDT7—% ZHTHIHOEBIEIME S5,

5 Summary

FATIHREDFE R TH 5 Proposition 3.1 2>5, Corollary 4.1 12H 5 & 9 7 HhE O ETEHREDEHAE L
Bl RO I v, EE X CHIS TV Catenoid D Weierstrass 7— % (h, 1) = (e%,e77)
&, Enneper HIHID (h,n) = (2,1) DD T — % QM S o 2 DIREICE S, LaL,
SRlOFEFIZ K D, Catenoid & Enneper Hilfi, Bonnet Hhil: THHERFRAFHINTH 2, L)
WEZRSTEFEWTE S ZEDEIITE 2, FHHDOKEIZ, ED L) IcInsDffiiinEh &9
MY IR = a VRGP ERTENILEEAIT VS,
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Compact Stein surfaces as branched coverings of D*
with same branch sets

K¥ B (Takahiro Oba) (HE T KRY)*

wm =
Loi & Piergallini IZ X > T, 4 XJubkEH3a > 37 | Stein HIAITH 5 Z &
&, IE7 LA FARETA & WHEN S HhiE T3 % 4 Rt D o Byl
HETHLI LA THL I LRI, L L, Steinfii&DiE7L A F
RTINS T IR 2 F D IER I N TR Wn 2 L%, AT, IE7
LA PRt & 2 ol By d 2 g ooy A E U TdH % %3, Stein
MG R % L) BB 20 5.

CTy=]
1. B=

Stein kA & 1d CV 1270 8= D IEANCHID AR T X BEELEE (W, J) D Z
ETH%, ERED Stein ZREMBIE TICH R T D 7 08— i % ES PP & W
I B FEEMERIE f - W — R 2FF>, /U K Stein #iEIX, #3E 2 KILD Stein
iRtk (W, J) oD a vy F ERMNEWILRETHD, 2O LD X R W L
DIRBLBELHAEE f DH 2V 7L NNES f([—o0,¢) E LTHEETES 4K
TEREED Z ETH 2. EEMGEDOHIKI»S, av 87 b Stein #hTH DA M 221
BEFEZHGEZEIEEL CBbns, L L, Eliashberg[El] & Gompf[Gol IZ & 3,
av87 b Stein IO NV RV DRDEMAER, Z DNV PRz XA T % Kirby
MADHE /it E, Mo Twas Z &3k, P Th, Loi & Piergallini[LP],
Akbulut & Ozbagci[AO|IZ X %, 237 | Stein Bl & Lefschetz 7 7 A 7N —22[E] D
D XIREIRZ R L 22 fESGEED 3 >~ 287 b Stein HHEOIFRICERAICHV S N TE
7z. T 2T, Lefschetz 7 7 A »N—22[0] & 1%, Wiz 7 7 4 N— &9 % 2 Kool D? I
D7 7AN—ZMET, /- P EHAIZRE7 74 N—L LTEL. Loi & Piergallini
5IFE 61T, ¥ 87 b Stein #iH & 7L A FIREINE O XIGEIFRICO VTS [LP]ILE
WTRLTWS, 51X, 4 ReEkiEL a8 b Stein AIOMGEZ KO & &,
IE7 VA RRmE ot 2 g o 2 ch 5 Z L IFFETH L Z L xR L.
7L A FRITHNE, 704 FE/ Fr I —F v — FERRZE LI MAAHRM 2N T
BETIWA 77T, 7V A PRz 7222827 & Stein BAIOWIZEIZEZE DA S
ROIZEAERIN TR,

ZIT, XROEIHIRMEEZEZ S 1 IE7 LA FREAICOWT, 20 ETHlET %
W 2O BEZ - ZIL, 26 DEE/DIHE IO FEMETH D, 2> Stein #
EBMHEL 2 DEE 2 51E7 VA MR BEET 22, ARTIE, ZOMVOFH
ENREZE U TEBIIHR L 72 7L A4 FRTEOBI 2 {4 5. &k, kL2
DD GHRIZT R TS ERET 5.

AWFZE L RHIE FUERS: 15J05214) DK EZ 72 b DTH 5.
* T 152-8551 HAUARH AR 2 — 12 — 1
e-mail: oba.t.ac@m.titech.ac.jp
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2. DEWEE T L NRBE
D% CWHNOBEMNMMEELETS. BIR g, pp ZRDEIICED S

@ D—=D:z— 22

Po =@ Xid: D x D" =D x D"
MM MM %287k n RIGEREE L, S5 p: M- M 22002 &7 5.

Sy == {x € Mrank(T,p) < n}, N == p(S,), N 1= p~ (N),

L7 L &, Bl giE 2R L 9 ICED %

EE2.1. 5 p: M — M H» N BT 25080 d OBSENIEHE (simple branched
covering) TH % L X, p WU T OS2 TLEETH S

1. pJM =N :M—~N — M — N ZEHEDRE d DHETH 5 ;

2. N IZRRIIG 2 DI LHEKTH % ;

3 ALED z e N & p(x) e N DAY T, ROFEM %77

o xS, DEZE, p BREFHMIFAMNEHRTH S,

o €S, DEE JEENEE (U,8) & (U,p) HEELT, RORIA% AHI
5 ~
(U,UNN) —2—= (D x D"20x D" ?)

| B

(U,UNN) —— (D x D"2 0 x D"72).

P

Eo N DIt E2DIKEES (branch value set) & k3.

RIZT7 LA FREHANCOWTOEE 2T 5. X DiELWiiHIE [Ru], [Ka2, Chapter
16, 17], [APZ, Section 3] 1CH 2 DTSW L CTIHE 72\», D Di ZEHER L0 X 2K
SHMMRE T 5,

E#& 2.2. DIx D3 lc7an— $4bb SNIDI x D3) =05 %7 &5 ITH
AF NI S, X E m DT LA MIREE (braided surface) TH % L 13, & 15
5% pr1: D} x D3 — D} ® S ~OHIRDBIKEL m OB WAHETH 2 HDE T,

1: Hurwitz £ A 7 L
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L]
L]
i—1
o; !
i+l—/
i+ 2 <
L]
L]
m

X 2: BEHEAEETT 05 € By, X 3: 48 6 IS I ETA—T7 VA X 1,

ap 2R OD? DREL, Qs = {a1,a0,...,a} & pg = pr1|S DITBAEES &
T8, (V1,7 0%) ZRZWT ap ZHEERETEV—TLDMHPAEHHE TS
v, v2, sk} & T (D?\Qs, ag) DEBERT, & i 13 a; DHAZHAR, B y1y0 -y B3
OD? IZMEZEZIADTEHREIEY 7 THD. ZDEIE (1,7, ...,7) & m(D?\Qs, ap)
® Hurwitz £ A7 » (Hurwitz generating system) &\ 9 ([¥1). m X7 L
1 K% (braid group) B,, Z m DM ZM#E D, DERERE (mapping class
group) M,, LFRI—#LTHEZ 3. I 2 CTEGRER M,, L%, D, ©HCHSHHEE
@@747FE—%@%ﬁﬁ?ﬁ@:kf%%ﬁ%&a74?%t & m HORD»S
%58EE2ROLD LT Z). FEEE B, OEMENERIG o; (X2) ITHL, M, DK §;
W) BF/IN—=T7YVA X (right-handed half-twist) (XI3) Z WG ¥ 5 2 & TS
NoDE—HBFSNS. DQ( Yi=prit(a) EBLE, ZOLE EEBDR ac D\ Qs
DWW, Dia)NS =ps'a)={mm} THZ. 2O L6, &y K> T—AT
5L, mEDKRD W & LT M, ¥ B, DG B; BRSNS, TOXHIICLTEES
HEFTY pg - i (D?\ Qs,a0) = By, S D7 LA RE/ ROX— (braid monodromy)
EWES 7, M (ps(n) ps(2), -5 ps()) = (B, Ba, -, Bk) DTES SDTLA K
B/ FRI—LWRZ LTS, WE, ps PVHMIDEHEECHL 2 06, KilcD
W, 5 w; € By, & € {1} DEEL T, ps(y) = w; tojw; EFF 5T L35S
NTWw3, 7L A FHREhE S 23IE (positive) TH 5 E1E, TRXTD i ITXFL, g =+1
ThHorLEZV)., JITRER7VA FREED»5 7V A FE/ Fa =2/ L 722,
W bD k) Rillz 5 A EEICZNZ T LA FE/ Fui—L3 2714 PRl
HHERTE 2 2 LICHIE L TH < (BI21Z, [Kal, LEMMA 3] % R X),

p: X = D} x D3~ D* ZIE7 LA FiRA S Eoyled 2 Mpliohgim e 55, 2
DEZE, f:=priop: X — D? |X Lefschetz 7 7 1 /\—22ff] (Lefschetz fibration)
&) BARIZ 7 % (Lefschetz 7 7 A 23X —2E[HIC DT, Bl 21 [Go, Chapter 8] &£
e X). f ORRMEEARL Qs IET—FL, f D7 74 5=1F fY(ag) = p~H(D3(ap)) T
H 5 (K4). plp~'(D3(ag)) : p 1 (D3(ag)) — D3(ag) 35 N D3(ag) L7l d % 5yl
THLZEICHERELTEBL., X4, fOE/FRI—IFSDITLAFE/ FRrI—
DEL LIFTH B, KB, HFHA—7 VA 2 DK S LIFI34AT Dehn VA XA FTH S
CLEDMERTE A, FEL <X [LP, Proposition 1] 22 L TIHE 72\,

3. EfER

D? x D} DM E 2R T 2 1Ch 7 VHilZE 1 D525, ¢: % — D* ZRH
d DHHIYBHEE L T 5. FAEES Q, DBEEZ m £F 5. EDXIICTLAF
Bt By, %GR M, EFR—BIL, B € B, KNLEEBIL%E hy € M, LHL.
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X D3 D3(ao)

e~

S
Obobi)/v
b A

F—

A 2
: D?

plp~*(D3(ao))
: pr
PN I

e ?
a D
0

4: FHEDOREIWIEEAX, DI x D3R, ZOHDRILf, ps DRREZERT.

hg € M, $721% 8 € B,, 2% ¢ ICBAL S5 LIS AEE (liftable) TH 2 & 1%, 5
GBRH:YX -2 L, [h]=hs 5580 RMEE h: D> — D> BSFEL, goH =hogq
ZiizedEER2 W), L, 2ITD M, 2B, 1%, DI Dm R»roks Q, %
ETHIEMBRFE L TEZA TS,

i 3.1. S C DI x D} ziIE7Vv A FRfhmie L, 207V A FE/ Fus—%
(Bi, Bay -, Br) &5 5. ap® OD2 DIEEL, q:% — D3(ag) C D2x D2 % SN D2(ap)
Fored 208 d DWMBTBEE TS, bL, & 6 2S¢ KBLES LT ARER S
i, S kIS % D? x D3 ~ D* OXE d OHMITERE p: X — D* BFFEL,
plp~ (D3(ag)) =q TH 5.

AEFHDOWINE. by € OD3(ag) 2 & D, m(D3(ag) \ S, (ag, b)) IR L, Hurwitz > A
T (21,09, 1) ZHLS . FEZNTITE, KRB p (DY S, (ag, b)) — &4 Diq
DHFEE/ F1 2 — p, : m(D3(ag) \ S, (ap,bo)) = Gq HEZF S Z L ZREIX L\,
2L, pZWET/ FRI—L$5 D LOTBENPERTES. 2L, 6, & d
RNARET D 5. m(D*\ S, (ag,bo)) 13, ¢ : (D3(ag) \ S, (ag,bo)) < (D*\ S, (ag, b)) %
CUEFGBRE LT L F| 1(n), (1), ..., te(zy,) TEESN, ZRIELTH SO7L
AFE/ PR I—0oitHTEL I VSN TS ([Fo, p. 133], [Ru, Proposition
4.1)). #i%, 7VLAFE/ FuI—D&EID ¢ KL TR hIJiTch s Lz
AT, p BHRTE 5 2 &zl kv, O

EIE 3.2 ([Ob)). Nz 2l hOMEEOBERKE TS, TDEE, IE7LA PRl S
D?x D BMFEL, S ZoWfafea &3 2 MoBsE p . X — D' (i=1,2,...,N)
TRENWT-THDOVFET 5 ¢
1. 7 p, ORI ETHETH 5,
2. X1, X0, ..., Xy BHWIZHOFETH 3 ;
3. Wi p; ICHBET 2 X; b Stein &% J;, L3258, i#4j DEE
L J 3R EREY 2 TRO,

AEFHOBE (N =2 DL E). 8 R7 LA FH#E Bs DIG, B, Ba, 85,84, 85 ZX5 D X9
WCEFERT D, 2720, K5 oWl 51%, By & Mg ZE—fHL7E E, & B, € Bg
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(‘!3 QE 261333 )! (‘(' /f'g'; * )7

X 5: h/)’n" hg‘,)ej\/lg%éli}ﬂw‘%?}l&t

o 20
/

—
-
[ X ]
-

q1 qo
Q

Q

[ X ]
k2

[ N ]
-

~ ] ~— o —| 8 —~ —] — o —| .
-y -

6: BT g1, g0

WHRIET 2 Mg DI, HFEN=T7 VA A Z2ERT2MERLTS. [E7LA4 PR
B S %, 7VA FE/ Fu =28 (81,58, 8,51,85) THHODELTERT 5.
Q¢ 0 X — D3(ag) %, RI6TRINDZKE 5 OHMOBHEEET S (7LAF
ﬁl,ﬁg,ﬂ3,ﬂ4,ﬁ5 @Eleiﬁ’ﬂf;:?%ﬁ'{%, %%@%mi*&% qd1, 42 @?ﬁ%%/ Fa g ‘_%(/i [Ob
Theorem 1.1] DFEHZ SIS K. ) b1, B, B3, B4, Bs 1& qu, g0 WCBILFFS LIFWBETH 5
CEDHBICHEDPD B ENTES, Lo THiIESL LD, & ¢ X L HH I
WEp X, > D* BEZE 5.

X1 & Xy DM FHTH S 2 L 2R, I35 ps O EE S X; LD Lefschetz
7 7 AN=2E] priop;, BEUIZDHEIR L L“Cf%'ﬁ%ﬂ% 0X;, DA ="V 7 V53D
BHRZHOCTRT I ENTES.

p1,p2 PHEZF D Stein WG Jy, J, D35 Z L%, H 1 Chern HiZEHETA I L
T 5. X; LD Lefschetz 7 7 A N—22lDOE#HD & Kirby KX ZH#id 2 &3 TE,
ZDORAD 5 Chern BHZFHET A I ENTES. FHEE, (X1, /1) #0,a(X, /o) =0
%, J,Jy, BMAEFEY 7 THIUL Chern FHIZ—HT 2. XoT, Ji, LIigFEL
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vy 7T, O

RZICHR%E 1 OBNT 5, EE32ICEWTER 0(D? x D) ICHZATTAS, &
T, A1 3RITLERRE M LD ¢ 23S (contact structure) TH % & 13,
M LD 1XATER aDHFEL, € = Ker(a) 222 M DHEIZEAL anda >0 L5
LEZRVY), ZoOLE, fil (M) 2EMZERIN (contact manifold) &9, B
Btk (M, ¢) ohoFmfEAH L 2ERRIEME (transverse link) TH 5 &1, %
Mo e LIZBWT, T,LHE ICHMiNTh 2i8AHTH 5. Bl RE, W%
AHIZOWTEDFEL W LiE, HIZIFX[OS, Section 4], [Ge] Z& ML TIHZ 72\,

0(D? x D3) =~ S* OEMENEEMRGE (g 1I2D\WT, 7 LA FIRET OB SR
BAHICRS> TS, 518, EHI2DFHICE TR I N7z 287 |k Stein I
M7t (X1, 1), .., (Xo, Jo) &, IO 2 MG H IZ T A Y P EY 7 Th
WEIITHEEINTVS. WU TORBHFLNS.

%33. N %22 EofEoARKET S, 20L&, EHENEARESEZ R 3 Zoukk
1 S OHORIMIIEAH L MFEEL, L 270 8EE &3 2 Eiliog® p, - M; — S3
(i=1,2,...,N) TRZi7zTHDVEET S ¢
1. I8 py ORI ETHLETH %;
2. My, My, ..., My FEIZHFRETSH % ;
3. WA p \CNBET 2 M, LoBfiNEGE R & LT 5L, i£j oI E L
& IET7AY PEY 7 ThHV,
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EHR AR T AT e R B A2 B
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AFHEHTIE, AZABRRBLRAED SRR 2 89 M LGk 200 &, MR
AMRERT 2 R ONTRED ARSI X 2 06 OB OIGHEICZ > WTEZ 5, AT
arXiv:1504.07548[1] Ic 3o <,
1 P
1.1 FAEEPRREZERE (VPP)
FIARHERD 1 DHDOTETH 2 A RARBERAF IO THEAT

dXILGRF : xt — 2!t 2t 2t e CI 3 p AL R r iz — r(z) st. r(z!™!) =r(z!) e CP %
Fiol 9%, FOnARAZRMRNREL KA (IVPP)[2](3][4] &ix. n RIS MRk,

{mECd‘F(”)(m)—m:O, F(m)(m)—m#(),mgn} (1)
ThHo>T, SNPAERDADT =645 bDE V),

{ xcC? ‘ v (r(x) =0 } . Y™ op:Ct i (2)

IVPP i IVPP &8 & ME 2 DUF 0 34 MR % £ [2][3][4).

IVPP @M d ZXUEHER F 0 p HALEBZFFOET B, p>d/2 Wi TLE, HBn>21THL
T n FMERBEMRD TVPP /AR RS & tud, O m > 2 W LT m MRS K
PRI BRI AR BR IR /TVPP L1378 5 70\,
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IVPP M B R0 LB A2 > T\ 2, Bl JEATRR 2 BT 3 Julia 4
& [6) HEESRNLEES (DEESR) 12X > TR 51 20T, IVPP EM K ) IVPP/Julia 4
DFFEE Julia 6 /IVPP OFFE & IRRIANA L, HUISRD “P 29813,

TR B ITVPP/ Julia &% R0 & E GRS IS TH 5.

e IVPP 20989 2 2 & C “WiEath & 32?7 L R) RELBMODOEZITEIT 2 LEZA6NS,
PLEASIVPP 25T 28t TH %,

IVPP 23 LEC DR B EWEE 2> D12 IVPP 28 “EfHES” 2RI 6THhb, L LE
o, INFETOMETIE, IVPP @ “NR. HIL ZD ‘B RSN T I hdrot, AFEETIE
IVPP O DEEEIC O WTHE T 5,

1.2 BiEAERX (RE)

RIZ, RFEFRD2HOHDTETH 3. FIRABERUOWTHENT 3,

n MR AER (RE) L&, GHRTH-> T EREOPMIRICO>VT n AR L 22 bDE V) [7][8].
DUF o il as@ s vt v 3 7],

e 21 RE :

e 5HMRE:
X , Y=z =29 X, YeC (4)

n M RE (ZZERICEI L, 222 n i “HEATHY 123§ 5,

Kio. IVPP % fo%5 6%, G% n N IVPP ICHIRYT 2 9C o MW RE &4 2 [9], B, VPP
DHSME. RE ORAFIRE LTHEASN LEALNG,

IVPP D5y ~ RE OREARTEIRK

ZDOBIRD S IVPP DRI O BT OEELREEN S5, Hb, DTPICHES 7 —2I128WT, RE 1
Mo %ER [5) OfE %2 FE . IVPP O IE 2 OEE KL TW2DTH 5,

MZTARFELTIZIVPP DB %2 522703 ZLIZOWTHENT 5,
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2 22RJt Mobius BEfR

AFELTIE 2 K76 Mobius G4z v Tk 2179 [10],

2.1 B

l—-y 1—2
Foq: X)Y):=
2d (l‘,y)‘—)( ) ) (l‘ll"yly)’ xvye(c

r:=r(z,y) =y

2.3 IVPP

(5) D IVPP O—f&ald BUT DERIC 5% [10],

(”>r)—r+tan( ) m=1, n=34,...

WS ODEARIICEC EMTDRRICR 5,

A ) =none, YA(r)=3+r, YD@E)=1+r, etc...

1 2% Mébius 5% (5) ® IVPP
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2.4 IVPP DB

(5) D3 IVPP (zy+3=0) hoROEEZ ¢ THEEWS T2 DI ToRRIZEZ 515,
3 3+z 1—-x r—3 1+ 3
(x’_x)%<1—x’33+$)_><1+x’3x—3)_><x’_x> ©)

HEPIZETHD IVPP LD B3N TH 2HBZ D25,

ZOIVPP O (z HIAD) RATIEF (9) 12 & = —c0 ZRAT 2 HCH2HHKS, BB, (5) @3
FYIIVPP @ (x F1AD) B4y (Csi)e,i=1,2,3 1%, UTORKRICEZ N5,

(031)-T = (_007 _1)’ (032)10 = [_17 1)7 (033)I = [1,00) (10)

Ca1 5 Oy 5 Csg 5 Cy (11)

ETHRE 2 fioT (5) D3MMIVPP 2 “¥ A4 U7 §2HBHKS, ZNIMTOMKICER
505,

2 (5) @3%?}] IVPP @fﬁﬁ, 031 : ﬂ:‘, 032 : %37 C33 : ﬁ
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2.5

(5) D IVPP ORH DHEEIZDWNT

AffiTld (5) D IVPP ORI R OMEEIC O W GEmT %, 3. (5) 2L by MCHIRYT 2 &
UT0o58%213%,

<H

fit>

T—r
1—2a’

. COBEBUIBIT ORI G, WIS Mobius BB E L THE CH K S,

(1)-m(3) w=(h ) (1) (3)een

« M a2 PRSI

(1) =(V ) (0) (7)) ==

DLz (12) FL T ofkicAhs s,

(5)-(5 2)(3) e (1) (5)n

T, BT LAZLE,

r— X =

z, X eC

_ M

S—)\_, A eC

RESET, B (5) ld (14) B EORT —VESE 55,

2w Z =5z, 2, Z€e€C

COFEEIE (14) ® (&2TD) IVPP BHALEHK B ICL>THERA 6N HEZFKL T 5,

D,(s)~s"—-1=0

AL (5) B3 (14) O n AW IVPP OB, C/Z, L 5HliTH 5 H05h 5,

+ C/Z3

! U

¥ Gifs!
X3 3HHIVPP X4 C/32Z
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M EoiEw & 0. n AWM IVPP OFRITD x HADER ¢, 13, LTTEZENS,
(1= sn)(1+ 57

S LA Sl A =0,1,..., 18
o s " " 18)
22T sy, & n RAPLEADRETH 5,
Hio, 2 BRICBI 28R d, 1. UTTHERoN5,
m ™ AT \™
dm::_\/;\/?(/\++ =)+ (A = A2) m=0,1,...,n (19)

VIO AT — (A=A
INSOARIE, BTFORIC, G (14) % m B# DK L 2GR, (12) ~31 SRS HCH 2 Fos

ﬂé%o
1 —r\" A0 1
(4 7)) —o(%F o )o
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- —#(AT—/\T) AT AT
ZIZTOIIEMoNafTIlE B, ¢ AADORZOERIZ 212 —c0 ZRATZ2HTHESNS, Th

7% (18) %135 HHETH 5,

REIOFMHIC, IVPP DS OBERICOWT, b9 1 2088 EfNLwv, &2 id, IVPP D5y
DEREHZ BB 212 —00 Z#IRA L7z, T3UZ “Rl o DFEECT 2080 5 T L 727 LIRS
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i
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On the Riemann-Hilbert correspondence for unit F-crystals

KNIEEH (Sachio OHKAWA)

FORBOH i3 3 48

1 EA

HrULYIZ Riemann-Hilbert M)t & 1%, AR ORI L T2z oREEZ €/ Fu I —KH
R ORI TR DIAEZ [ 9 . 1980 FEARICHIE & Mebkhout 1&, #HELHRK X 12Xt
L, Riemann-Hilbert )% ar€ena Y —@)EHIT T 2 2 v 7 7% Dx-MEEOERDED 5
ORE DY (Dx) & akEn Y —JF@H K TEE % C-HIB2MICiE% R B OB 2E D 2 5
kKM DY(X,C) & o= fAEFfE

D, (Dx) = DY(X,C)

LT (i) ERMh L7z, 22X Dy i X Lo TERAZO R TROETH D, HiZD
BONEIE X Lo REET TR 2R 2 R>. —77 THIKATREE & IZRTR Ok
ETH Y, BEDEONRIIARM AN TH 5. ZOBEFEIZ 2T v Y —Himo# s
SHIEAEKE b D, DY (Dx) 1213 Grothendieck D 6 DDWH f., f*, fi, £, @, Hom 2%
ERIN, F7—sarEuny—gwzal)eisatreny—fmr52%. 22T fiF
BRLREOHTH 2. —77 DYX,C) 3R aren Y —fHz UMM arEn Y —HoD
PeflA % 5-2 % . f)H-Mebkhout 12 & % Riemann-Hilbert XD 3 L \WIHE 1%, M DI
HANZICEFE I 415 Grothendieck D 6 DDA E AN E R L I L TH 5.
BamkficB W Tbfcs haren Y —BimL 206 ORI O ML I N TE 7.
Emerton-Kisin (& [EK2] 12> THIJE-Mebkhout |2 & % Riemann-Hilbert Rt IEFEEIC
B 28R L 72, 5 D% 1E Emerton-Kisin DfEFO—#%2 MLl b DTH
5. LT, 2HiIcBWTEEDOMIED TR & 7 5 72 Emerton-Kisin D59 % fE UKL,
FLEHOMEOTIEICOWTIBRS. SHITBWTHEED 03] 1B 2EREZHNT 2.

2 unit F-crystal ICX{9 % Riemann-Hilbert X/

% 9 Emerton-Kisin 12 & 2 #5258 [EK2] Z2EEH§ 2. #X [EK2] FKHTH 2203, o HE
WX DGR [EKL] bdH b2 Lz hiFTEL.

kR p > 0 DR, W R 20 WittBLE 2. W, 2FBLW/p"W £ T3, X 215
DI Wp-AX—Ab, Dx % X LOWDEHEZED L TERDIE & 9% . Emerton-Kisin |3

1
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X LOWATERFE L “X @w, kDt 7 a X=7 2D X ~NORINERL Lif B
’a’:ﬁb‘b[]zf BROME Dpx #BA LTz, Dpx d—MICIIIEAHL Ox-REZ % L, £7A%
BERDRENER Dx — Dpx DT 5. Berthelot 12 & 2 Bl D-IMEEOBER (& <127
U=y 2T O ZIGHT 2 L, 7= 2k 55| ER LT

F* : (left Dx-modules) — (left Dx-modules)
Z X ERIIICERT 22 ENTE 3.

Remark 2.1. ZOBFOMKICHIN 7 0 _R=T R Fxg, ) D X ~OFH LT OFEE D>
THEIR . FAICIo 7 7 0 X2y 26 BIPCHERL 72 Dx-MEEDSRD &9 L
) DDRERDOEETH 5.

COBETF P2V S, K Dex-IBE M ZRD XS IR T 2 2 ks, lis ) 72
Dpx-IMEE M52 % 2 13 Dx-IHEM & Dx-#E 744 (RH&EH R : FFM — M
DMELEZ5Z L LFEETHS.

Definition 2.2. /& Dp x -II#E M %3 locally finitely generated unit & &, M OREESH g D3
FRICH D, & SIFATIC M DEEE: Ox 3MEE M ¢ M THRZH Dr x @0, M — M
DEHELDDDDVFET S L&) . locally finitely generated unit Dy x -MIFERAZ

ZE’DFX SMBED 72 T D thick E57B % 727 .

X)Wy \X S 2 D-MBEOBOFIR 2 TS 5. “flE Df, (Drx)° 2, A En Y —JF
734 C locally finitely generated unit TH 0, 2> Ox- ﬂﬂﬁ@?‘ﬁﬁg & LT Tor XA R &
50D T Db(DF,X) Fe B E L TCEET S. Db(DFX) 13 DFVX—jJI]ﬁ@
BEPED 2EKETH 5.

[: X > Y ZBoDEW,-AFX—L2DHOH LT 5. Emerton-Kisin (3R LE LD D-
HNRED PRI L 72 56T, GBS TF

[+ Df)fgu(DF,X)O - Df)fgu(DF,Y)o

WREITF
' Ditgu(DEy)® = Dl (D x)°
BIOTF vV ILHE
@65 * Ditgu(Prx)° % Dijg(Pr.x)° = Difgy (Drx)°
ZRERR L 72,

Emerton-Kisin Dfiff%8 T Df’fgu(DF’y)o EXDIY =Y A EO=fMEZHET 5.
Db (Xat, Z/p"7) % X LD L/ p" Z-MBED G IREA T Z D 2 5 € v 2 —HHHRELATHE TH>
D Z/p"Z-MEEE LT Tor KILER E 22 b DD AT DY(Xg, Z/p"Z) DFSHEHIIE & 3

5. KCHIOENTVS X9, 8 f: X — YV ISR L CTHElA 2 &6 S EERET

fi: D%(Xat, Z/p"Z) — D2y (Yar, Z/p"Z),
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Wi R T
1 DY (Ya, Z/p"Z) — Dlye(Xr, Z/p"7Z.)

BXOT v
@ pnz + Dot (Yer, Z/p"Z) x Dy (Yer, Z/p"Z) — Diyy(XeiZ/p"Z)

DEZRIND.

XZWoDE W, -AX—0ET5. 1x: Xge = X ZHALYA PO ET S, 22T X
I¥ Zariski A4 P2 LT, ZOWR Drx,, = m5Drx IFHRIC Xg LD Ox, -REEHT. =
=TS D, ZMEO[HE

% : D5 (Drx) = Db (Drx,,)

218%. M e Df, (Drx)° 1ICHL T

Solx (M) = RHomp,, , (7x (M), Ox,,)[dx].
LB L. ZOMNIGIE AR T

Solx : Di,(Drx)° — Dbiy(Xet, Z/p"Z)
% E® % [EK2, Proposition 16.1.7]. —/#Z, £ € D’ (Xe, Z/p"Z) IR L T

Mx (£) = mx.RHomg 7 (L, Ox,,)|dx]-
LB TOMIBIZRZERETF

Mx : D2y(Xe, Z/p"Z) = Diyy (Drx ).

>

ZED L. DL EOF S OO T T, [EK2] ®EA5H [EK2, Corollary 16.2.6] &R D & 9 12
FLHLILEBHRKS.

Theorem 2.3. X #6027 W,-AX—b T 5. ZORBITF Soly 1 My ZH#EIZRED
=11 [& o [Fl i
D} (Drx)° = Diy(Xat, Z/p"Z)

ZED D, E5I Soly L TOWEZ T, My 22T HXIE L 72 REDEL D SLo28
Bigd5.)

(1) BT Soly (— @6, —) = Solx (=) @y ny Solx (=) [dx] BHHET 2. 2 T dx
T X O W, LoMHNXIuZET.

2)f : X 2 Y ZIEO2RW,-AX =DM T2, 2ok, BAFNZFR f~1oSoly =
Solx o f' DMFLET 5.

B) f: X =Y ZWSk W,-AF¥ —LDMED allowable § & T 5. Z DI, BIFH%FH
B fyoSolx = Soly o fy WHAET 5. T ZICAX—LDHD allowable & 1%, HDIAA L
B BFEDERTHEITLI L2 V).
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EHOMBEOEE LIRS, X % k EOREEHA L T 2. Emerton-Kisin O¥Ew1E W,
LW e R B P/W, R ORBEERRIE X/ k12 LR, Faoiciffsesiss &
NTHW3EIFEZA R\, 423612, ZABEDFE

fogu(DRP)o - Dgtf(Pét; Z/an>

ICHET 2453413 P O p ~NDIRIG X 5 5BRICREIND. 2D 06 b EADMR
SRBEHRE Xk ICDOR K BT TEE 5 XETH S (Grothendieck D7 V) A ¥ )L D EHH).
%Z 2 TH5 13 Emerton-Kisin OBE% W, FEEOIAARTRER k-2 ¥ —AICPLRL 7. 22T
THEERRIE 2% k- A X — L X 3W,, FEOIARTRE L X, OB W,-AF¥ —4 P LD
AB X — PTUTORRZTHICT 2L ETLI LR V.

X———P

]

Speck —— SpecW,,.

HE D7 X912, k LOMEREIRBEIRIEIT W, FEOIARTRETH 5. E>T, d 5 2%
T, Wy, B DAARRE L ARBERRII T ICIET 7 A% T

3 IR

WHZE DA DO R IE W, FELOAARATRE B RRR X /K 12/ L €, 2D Do E %
EHETDHIETHD. FHRIMEOEHLDOIES S BRLFEICL Y ZOREZTERL 2. 2
CICHIR O & 1%, HELHKRAROEHHOIAAR X — PIcXL, X Lo Dol s P L
DD-MFETZOEN X ICEEND DD TEIFARICEFRETHZ Z L2 FET 2.

X %W, FHEOAATRER b-AX—LE L, B2 W,-AX—L P LHOIAR X — P
BL%. ZOWMEMBECpx & “AD X ICEENS” DY (Drp)° DMRY 6 7% % Feiifr
BELTERTS.

Remark 3.1. 5 X 3 PICBIAHEGLEIIBRO R WI L2TEET L. &M BB X I8
FN27 FIEHEC IR 3 h ' n o — 2 MeCEMLT 2 BE2H 328, & CCIREET 5.

ROEMD D-MEFDOE 2 ERT 2#TH 5.

Theorem 3.2. f : P — Q ZI o7 W,-AX — L2 DHDEAW S 728, HOIAA
i1: X >Plig: X = QTfoip=i 27z TdbDNEZLoN/ET 5. DK, NEERET
F £ Z=AE O [FE

=

f+ 3CP,X —)CQ7X (3.1)
ZIEDS.

COEBIZE ST X 2 W, FHOAARTRER k- A X — LI T 5 D-INEEDBEIZ LT D X
ICERTNUIERVWE DN S,
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Definition 3.3. X % W,, MHDIARTHELR k- A X —L LT 5. HAHOLH W,-A ¥ —
LPANOMDIAKZ X — P2, il D, (X/W,)° % Cpx TEHRT 2. ZOE
FITEH 3.21C K> THDIAAR X — P OHLY J51Z up to natural isomorphism T X 575\,
X &z W, FHDIARTRER k-2 F — L L L, AN S92 7% W,- A ¥ — L P ADOILOAA

i:X = P%Z—2t%. BT Solx : Diy, (X/W,)° — DYy (Xa, Z/p"Z) % &I

Solp

—1
CP,X = D{)fgu(X/Wn)o - lefgu(DRP)o - Dgtf(Péta Z/an) Z—> DZC)tf(Xéta Z/an)

TEFRTS. COEHRIZMHOAA: X > PO FITESHWI EDRE 3.
—HZ, BATF oA
n T n M o
Db (Xet, Z/p"Z) “> Dbyy(Pey, Z/p"Z) —5 Dy (Dp,p)
REZ DL, COREMNRIECpx ICEEND LR E, LT My : DY (Xe, Z/p"Z) —

D&&me%dhx%%%.:@%%%@@ﬁ&LX¥+P®WDﬁKi6&m:&ﬁ
RS, PO T DD NT, FRFERIILAT DO X HICdhiR2 2 Lk 5.

Theorem 3.4. X # W,, P ®OIAAT[RER k- AF =L T 5. ZDRFSoly 1 My % #Eifi
2D = AR O FE

Solx : Dty (X/Wy)* = Dl¢(Xer, Z/p"Z) (3.2)
ZEDD.

f: X >Y W, FHOIAAARER k-AX—LDMO LT 5. ik b HARKRITIET,
Di (X /W) i UTIERBET £y, WRBAT 7, 7> VAR ok ZBORARITL 55 0E
TERMET B 2 LK S,

Theorem 3.5. f: X - Y % W, LMOAAAEER k- A X —L2DHOHNET 5.
(1) BT R Soly (— @' —) = Solx (=) &7,y Solx (=) DBHFET 5.
(2) BAF M2 FAL f~1 o Soly = Solx o f' DMFET 5.
(3) BAFM &AL £, o Soly = Solx o fy BEFTET 5.

e )
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for unit F-crystals, Geometric aspects of Dwork theory. Vol. I, II, Walter de Gruyter
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WIS 7RBEDOERMEDEREAEIS T T7DME
IC K2R F

iR A * (Shuhei TSUJIE)
Bl EPNE NS L S B R S E 2

S
N7 NVEBOBREOBFImOER D ZBFHEE & VS, Stanley (335 5TED

o, BEECRETHZEFR/UL FEHETHE A, OEREOEMTIFICONT
BT 5. FHRGIBEAZOBILATE OXARRTH 2.

1 BYEicE

BYFEEE (hyperplane arrangement) & (&, ¢ &It Euclid 22 R OBFEDOH
REDEXFODZETH D, AETE, BFHEEEIETNTHOH (central) BHD, D

ENRERZELBYTE (RRTT 1 DOHDERE) OBREDEXDDHAZEZS.
ORI FEAEE FIODRN TR WEBTHEE

{21,...,20} & (R DEEEL, S=Rlzy,...,20 £F3. SIFR LOZBEXEHK
2UNS5BBETHS. Der(S) TR LOZERANRY MNUSLEDRT S MEEERT.

Der(S) = {0: S — S: Ri&H | 0(fg) = f0(g) + 0(f)g (Vf,g€ S)}.

* E-mail: tsujie@math.sci.hokudai.ac.jp
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RRz828FYHEH BHZ2FR1IRRK ay € E* DEREETH . ay BEHEZ
FRWT—BHNICEEX 3. BYHEEE A ICKU, BT NUSEENS1RS S e
(logarithmic derivation module) D(A) ZELFTE® 3.

D(A) :={0 € Der(5) | 0(an) € agS (VH € A)}.

Znid, AICBT28BTHICA>TCZEANY NUSEEDBITIEETHSD. DA D
B SMETHDEE, ABERH (free) THDEWS, ADBEHTHNIE, DA) &
BERIINSBRIDEE (01,...,00) ZHD. (deghy,...,deghy) = A DIEF (exponents)
EWS,

BYHREE AICBIT D2V ONOBTFHORLD2EDRIESEIRZRT. Inz
A DRXE (intersection lattice) &W\W, L(A) TKTY.

um:{ﬂﬂ

HeB

BQA}, Xx<vy¥xovy

BTHELE & ZDRXXRDOH

XK L(A) DRATE gy H ORRTE A OBEE (rank) &V, rank A TKRY
BYHEE A N@8Af#E (supersolvable) TH2 &ld, RN L(A) HBAIfETH D &
ZlcWS, BUMRKROERKRIE I I TRENGWD, BFEEEEBOBHREICDOWTIEIUT
DR ITHH 5.

Theorem 1.1 (Bjorner-Edelman-Ziegler [1, Theorem 4.3]). BYHEE A HEBAET
HdIEE, HAELEDT

A=A D4 12 ---DA
NEELT, UTOREZFE LT ZEIIRIETH S.

(1) rank A; =4 (1 <i<r).
(2) EBD H H € A; (H# H') IcXLT, H' € A BEELT, HNH' C H".
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S5, —MRICLITOEEMNKDILD.
Theorem 1.2 (Jambu-Terao [4, Theorem 4.2]). BFHILE A NEAIE THNITEH
TH .

COEBDEEF—MRICIFRIZLEL, TbsE, BRLENBABRTRVWETEREN T
EY 3.

2 UZ70E
G = (Vg Eg) & (AOESNSRZEHMT ST, DED

Vo ={1,....0},
EGQ{{273}|Z]€VG7 17&]}7

E9%. U777 GIExdU, ' Z 7EE (graphical arrangement) Ag ZU T TESH 3.
A = {{zi —x; =0} | {i,j} € Eg}.

fef2U, a € RY)* €L, {a =0} ={veR |alw) =0} ELTW2, VSTRE
A ORI E BREDRH DT ICDOVWTERSHIC, W OIDERIZEET 5.

Definition 2.1. G O ( EDOERDIER T (vi,...,v,) D' perfect elimination or-
dering TH2 & F, EFED=D#1i,j <k (i #j) IcHLT,

{i7k}’ {]7 k} S EG = {Za]} S EG

MAEDIIDEZICWLS,

perfect elimination ordering Dl

Definition 2.2. G » chordal THd & ld, G DIEEORS 4 U EDY A 7 I)ILHTK

(chord) ZHDE=ICWS,

chordal graph & chordless cycle D
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G DERT 7 S = (Vs, Eg) BeEEEDY 77 (induced subgraph) T#H 5 &I
Es = {{17]} € Eg | Zaj € VS}

DEDIZDEEFICWDS, ERNSHSHTIFH DD, chordal graph IFRE 4 A LDT A
IIWNZFERR T Z7ELTHRBVWEWVWSEILFEER DT Z 7 (forbidden induced
subgraph) IC&2FH DT ZHD.

Theorem 2.3 (Fulkerson-Gross [3, Section 7], Stanley [6, Corollary 4.10], Edelman-
Reiner [2, Theorem 3.3]). T &[E1E.

(1) G & perfect elimination ordering %Z& 6 2.
(2) G & chordal T#H 3.
(3) Ag IFEBRIETH 5.
(4) Ag IFEHTH® 3.
COFEEBISOMNDED, FI7T7MEBEDY ZRICHEWTIFBOENE & BRMEIFEEIC
o> TW3,

3 v 7Z7KE

G = (Vg,EG)%g'fI@] \\\\\\ mNSIRBEMITZTEL, ’%—-'fgqiﬁ Vg—>2R T& i lCDW
TWE)| <o Z@mlcddbDZES. # (G,Y) ITRNULT, ¢ 7 F7EE (y-graphical
arrangement) Ag , ZUTTED S,

Acy = {{z =01} U {{zi —z; = 0} [ {i,5} € Ec}
U{{zi=az} |1 <i<lacd(i)}.

2ZT, {z,21,..., 2} & (R OBETHD. v VI 7MB Agy & 777 G D&
EBRICEHROBRES (EHLHRT) £2HTH, TNESERKICKHIGT 2BFEE Y
SIE Aq ICHFMNABbDTHZ (12U, ARTIEEREICESRNG Do, #il
U, #EREBY@E {z =0} 2(FFMRTN3S).
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{1} {1,2}

W T T7EEDH (2 =1 ANDHIER)

Definition 3.1. (G,¢) ICXU, G O ( EOIERDIEFAIT (v1,...,v,) D* weighted
elimination ordering T3 & (&, LITZMET & EITWLS.

(1) (v1,...,ve) I& perfect elimination ordering.
(2) i <j, {i,j} € Ec = ¢(i) 2 ¥(j).

Theorem 3.2 (Stanley [7, Theorem 6] Mu-Stanley [5, Theorem 1, 2]). XTI ENE.

(1) (G,v) IF weighted elimination ordering %z 2.
(2) Ag,y IFEBAIETH S,

— R ICEBARREEEIFBHEBDT, (G,) bt weighted elimination ordering % ® TIZ,
Agy IFEHTH S ENA NS, Stanley FTZTRBOEEERAKIC, v VI T7EE
DY ZAeBWTHBARIEE BREREEICE > TWSDTRBRWLWAEFREUT

4 EHER
FREREIUTOED TH S,
Theorem 4.1 (Suyama-T [8]). L{TIEEE.

(1) (G,%) & weighted elimination ordering %Z& 6 .
(2) Ag .y |SEBIHE,
(3) Ag,y IFBEH.

AERRIE, (G, ) DY weighted elimination ordering =62 Z & DEIEFEEH T T 7 I
KBFHOITZANWTITo e, UTICHIRRZERNS.

HEHMETS5T (G,0) 5185, HIEFES P &£ LT R OBRBHESR2EN 5B DE
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EFEEZ NS, (G o) E ¢ V7 7RBOERICAVWTW D ER—DHDTHS.
P LOIEREMMIZTT 7 (G, 1) KX L TH, weighted elimination ordering % RIERIC
&I GD&E v v NEIERN (unimodal) THD &, HDic{l,...,k} I'&F
ELT, () < <) =+ > > Y(ug) EBBEEZICWVWS, P IRBEIER & IR
5FW\WDT, WBARAREAITHNFEET D20EUNEWN, ULieh>T, G DT {u,v} HEIE
MTHBEE, Y(u) & P(v) DELERAIEETH D I & ZRKT 5.

Theorem 4.2 (Suyama-T [8]). MU TFIZFEME.

(1) (G,v) l& weighted elimination ordering Z=® 2.
(2) G I& chordal, hD G DEEDEIIEIENTH 3.

UTeh¥> T, BIEFERR T ST ERS AU LEDOY A VIV EFFRIENBEE WA S, K
BRICIFE > LB I EDTE D,

Proposition 4.3 (Suyama-T [8]). JFEIENZEIXUTDEDEL SN EET.

(1) & p(u) & P(v) I$HBAAE,

<2> v1 V2 v3 o Vgp—2  Vg—1 Vg
k=352 (v1) > p(v2) = - = h(vp—1) < (vg).

BFEREDMRERICLD, INSDEICHITT 2 ¢ VI 7EBIFEHRTHRWI &
DS, £27T, BU Ag .y DEETHNIE G & chordal T, HD G DIERDEIFEIE
MTHBDZENAHS. LIch>T, (G,¢) IF weighted elimination ordering Z 6 DD
TERBRIIES.

e, BHY T TEE Agy U, D(Agy) DEEZEFRNICHERL .

Theorem 4.4 (Suyama-T [8]). ¢ 77 7EE Ag,y 1& weighted elimination ordering
(v1,...,0) ZHDET D, x; ZIHR v; ICHST DERET S, CDEE,

0 0
Op = szﬁ_xz + Sr
i=1

b= 2, (H () ][ <xiaz>) o (1sh<0)

1€Cxi, \JEEk acy(vg)
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& D(Ag,y) BEEZRY. 1cfEL,

Cop={i|k<i<{t HD G DE vjvj, v Vi
Ecp={j[1<j<k, {Uj,vk} € Eg}.
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» 5B DIEA Hodge WS D3 FHZER O 3 X7 MMEIZDWT

BH E# (Kuroda Masamichi) * JL#EERZRT P BZ%EET B8

BE

DRI IG, FILEEH K, HH=ETFRIZE D, EE Hodge HH&ED 3 HHZEM D O Z O H ARIHEE Aut(D)
DA RET 12X 228 T\D @ b v KGR MEDBHER I Wz, ZhiE TIiT LT, H)
BEHT7 7YY ESZ, BEWEDEM Dy O T IZL2EER N\ Dy & LTHEZ 5Nz, REHTIE, 2
MDEA Hodge MG D HEHEMIZOWT, 203287 MuORE 2 BARICHEN TS, £/, 203>
N MuE ) FE =R R & EARD S 72 B O GIT EVa51 P13 HDWVIE, Alexeev KiT
SEMBREY 25740 AP13 L OBERIZOVWTORERL AN

1 FL®HIC

A VO =R C L ERR L 25722 5 P RE M (C, L) ® GIT €V a7 4 P13 iZDWTHI%E%T>
T/, [Ku TRECRO ZOOMENE SN, —DHIE, 8l (C, L) OREMDZELEIFE S A, GIT £
VaTA P ilhobNDMOBMERREGMEERE L. ZDHIZ, ZOEYVaTA Pigk Alexeev KiZ
FOMR I NI ZEMREY 2 T4 AP 3 LOMICHZWAHER f: P13 — AP 3 252, TOWEE#HN
7z, 22T, APy 3 @2, SERSR R RO SRR C & C OREAZES RWEMR L 225754 (C,L) OE
VagA4Thb. ORI, INSTODEV 2T A OMOEEEZ RS-0, P xP2OHETa—7 v T
5 AP 3, P13 ~NOHRARGHEERME L. 512205 D05 KL FOXEHES f OBFRE G A 7-.

RETl, 2OEY T4 P13 &d5EOEA Hodge #iE D MHAEM O a v 87 MLl O IR DS
EiToCTE7. R =R E &, F EHENIZKO2EM L 257454 (B, L) 2KD 7% 3RS &
B Pl3 C Pig DFMIH LT, —kaxEBY— HY (E\ (ENL),Z) Diié Hodge 2% 252 LT
P35, »5MOES Hodge MiED R EZEM D %€/ Fu I — T THl - 7222 T\D ~ 0 &5 4
P> T\DWEEZ. Pz DavxXs MLELT P 23d 0, I\D O3> 37 Muk UTHEMEK, &
WEEN K, AA = FERICE DRI N ba A XVEs 3287 MET\Dy DR 65NTWS DT, FMEHD
INS5DIA VNI MEDBERANDHERE BRI T 52T, P1g £ T\Dy EOHKELEZ D205 D
DO FIETH 5. FR&REH S, ZOFMGHROBERANOIIRIFIEH R DT, ELHEKIZLT APy 3 D
DG AP 3 05 T\D ~"DEH ¢ : AP 5 — T\D 2L T, ZOBEHROFERANDIIREZ X 5. KB, W
HIGM §: AP 3 — D\Dx (RT3 2 LA TE 5 (FH 3.1). ZOMAHEEE [Ku] THEK L 7= XU E
Gig f: Py — APy 3 2 bE 228 T, Py & [\Dyg OS5 A5 I L NTES (EH 4.1).

BT, AEERT\D 202 vy MET\Dy 22K 2 5. BERTE, 54 ¢ AP 3 —
D\D % BRI IC S 2, ¢ 2 AEEE S ¢ : AP 3 — D\Ds [ZHBET 5. BT, [Ku] OfREADET,
P13 & APy 3 £ T\Ds OMfRELZ 5.

* E-mail: m-kuroda@math.sci.hokudai.ac.jp
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2 SDEEET\D &0/ MET\Dg
EFEBUKC ETER B, B Hodge MEDHR A = (HO, W, (V) ez s (hp’q)p,qez) ERTREET 5

o Hy =761+ Zeos + Zes + Zey.
e Wik Hyp:=R®z Hy EOBKRT 4V L —a VTIRTEESHD ¢

Wo=0C Wi =Rey +Rey C Wy :HO,R~
o () (FFB RAEMBEER gV x gtV 5 R T, Hw e Z THULT, w MEHLSHFRE 2D, w
NHERZSBENFRERD2E DT, REWMEZTHDOET S :
1
5"
o Wil =2 pOl =pt0=1ThHb, ZhSUNDH (p,q) ITHLT, hPI =027 5.

<el27 6/1>1 =1, <6/3, el3>2 = <6217 eii>2 =1, <62/37 eil>2 =

BL, Hw e ZiZ/LT, gV = W, /Wy_1 &L, €], €, (resp. €}, €)) % e1, ea (resp. e3, eq) D gr}’
(resp. gr¥¥) B BHL T 5. 22T, B A OEE Hodge i D43 MHZEM D & IZBUF D=2 D5AM: % iz
T Hoc:=C®z Hy EOWAS 74V L —Yay FRERORTELETHS :

(1) EED p, q € Z T LT, dim (Fp (grmq) JFPHl (gr;ﬁq)) = hP4,

(2) EED p, q, w €ZTp+q>w &7z TLDITHUT, () & FP (grly) x F7 (gry)) IZHIRT 2 &%
A T

(3) EEDp, g w €EZTp+q=w&iZTLDLLED 0 TRz € FP (grld) N Fa(grll) i34 L T,

Pz, T)y > 0.

AL, F(grh)) R FickoTiFBI N gry e =C®rgry LOWHT7ANVIL—YavThs. EOZMA
(1) & (2) Wi7=d Hyc LOWDT7 1V b —vay FekokdHEaz D n<.

AR, H 2 E¥EFHIE TS, &7 € HE 2z, 20 € CITHU, Hyc EOBH74 NV L —Yay
F=F(1,21,20) ZIRTED S :

0:F2CFl:C(T€1+62)+C(21€1+63)+C(2261+64)CF():Hovc.

D E HBEEIZED, D={F(1,21,22) | T € H, 21,21 € C} BF SN, HEMNTL kIR L U TORE
D~HxC?2Eoh5. BT, ZORAMTH T 3.

WIZE/ FEI—BT 2 W eBATE HyDZ LOHCHAR g T, $RTO w € ZIZTHLT gr¥(g) :
griV = gt () CEATIEDRUDLRTREG, 55, Grui={g€CGz gt} =1 "weZ)} &L,
HweZIZTNUT, Gy (grl)) &M (HoNWy) / (HoNWy—1), () CBT25 G, 295, 20L&

I 1 0 ay as

O 1 ag ayq 4
Gz = 10 a1, a2,03,a4 € Z p ~ 717, (1)
o 0 1

A € SLQ(Z), Ay € Gy (grgv)

I a1 as
I'= GZ = Al as Qa4
0 Ao

a1,0a2,0a3, 04 sz }
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AESNG. (1) ORMEBAM TS S, £,

GZ(grgV)—<{(1) :i], [_01 _01], {_01 _01]>~63><Z/QZ

LB bbhD. Gr, 2G0T OB, Ty 2XTEDS

1 a a1 as
0 1 ags Q4
GZ,u C Fl = 1 0 a,a1,02,0a3,04 € 7
0 0 1
A Zl ZS
crI'y = i 04 A1 ESLQ(Z),al,ag,ag,a4 ey CI.
0 0 1
ZZTC, =Gz & DICERIZERAT A0, THIIIRTHEZ NS ¢
I'x D— D, (9,F(1,21,22)) — g - F(7, 21, 22) = F(7', 21, 25),
+b
IS
T SR ——k

!/ /

[ %] =[ Zgta—or

g o - ] 457,
Al a1 as
’fﬂb,g: a9 ay Grt‘:b,/h:
0] Ay
Y, RO ARERE RS
Gz, ,\D —— r\D —  T\D — \D

l l l | @

D (grlV) —— T\D (grlV) —— IH\D (grl’) —— I"\D (gr}")

¢ Z ] €SLy(Z) L F 5. ZOFMICKZHEMEEZS
C

2z, D () B ((HO AWL) / (Ho N Wo), ()1, (hp’q)pﬂ:l) O Hodge HEEDHEERTH b, DG
BISKEERE2 5 Ch 5. F7z, T (vesp. Ty, I') 1% Aut(Hy) — Aut(gr}”) 12 &% I'y (vesp. 'y, ') DR TH
5. ZOrE HEBRGHEIZLD, MAFOLND ¢

D (g}V) =H, r’lz[(l) ?}:Z, Iy =T = SLy(Z).

X5z, EOEAIZE D,
DAD (gr") = Z\H — A% = {ge C||q| < 1},
7 mod Z — exp(2mit),
I\D (gr1”) =T"\D (gr}") = SLo(Z)\H — C,
7 mod SLy(Z) — j(T)
RSB, j(7) 1Z j-AERTHS. 51, IBBSND @

Gz \D =72\ (HxC?) = | | (B- xE,), E.:=C/(Z+1Z),
TEH

I\D =T\ (ExC*) = |J (C/¢* xC/qg"),

qeEAX
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To\D =T\ (K xC?) =] (C/¢" xC/q"), j=j <1logq) :

, 2ms
jeC
1
T\D =T\ (# x C?) = [ G2\ (C/¢” x C/q"), j=1 (mlog q) » G =G (gr}).
jec

22T (B xE) 5 HOT77A8—E, xE & | (C/¢" xC/¢") - A DT 74 13—C/q" x
TEH qeEAX
C/q” 1&[FR

E, x E; =5 C/q* x C/q?,
(21 mod Z + 7Z, 2o mod Z + 7Z) — (exp(2miz1) mod ¢”, exp(2miz2) mod ¢”)

CH—-#ENs. ZOFA—HOTT, G ® C/q” x C/¢" ~OEHNFEI NS :

H j:%[lewaD([wflw;ﬂ,[wz]), 3)
[—01 *01_-<[w1],[w2]):<[w51]7[w1—1])7 (4)
[_01 31_'([wﬂ’[w]):([wﬁ],[wgll)- (5)

BAEE D, (2) RO AR S

U B xE) —— | (C/d" xC/¢") —— | (C/d" x C/q") —— | G2\ (C/q" x C/q")

TEH qEAX jec jec
H S A% —_— C _ C
LUF, @22 T\D = ] G2\ (C/q” x C/q") ® a3 MMeaHT 5.
jeC

IEEFIRES, FUBE N K, A= FRICE D, SEZEF T\D O M1 XVEs 3 v X7 MEDBHEER I iz
([KNU09], [KNU11], [KNU13]). 2R Tizxt LT, #y)Rg 7 7> ¥ 252, #EWEOZEM Dy O T 12
FBBEEMT\Dys &L THEZ 6Nz, Do id D & S S HHEAFIHETRODONZDT, #lh Y 2HKT 5
ZENRARENLRMETH L. 2T, ROFIETHEKLTWL

FIg1 Iy icdLT, ke Y, 2#kd 5.
FIE2 Y:={Ad(y)o:=v07 ' |yeT,0€ 5} &LT, I'\Dy 23HT 5.

WL ORDIHFEDEHEDSMBDB. A=Q, R, CITHLT, g4 := Lie(Ga) £ T 5. ZhiF

ETO w, 2,y LT, (gry (X)(2), y)w + (2, g1y (X)(9))w = 0
ARG, gp DEAES o VEEHTH S LI, RO -DORMAEE LTI L2V

{XGEndA(HOVA) ETOw HLT, X(Wy) C W, THY, }

(1) 0 DETOTEREETH Y, (LD N, N' € 0 13U, Hop ORIFEMYE LT NN = N'N b5,
(2) o BHRERTHS. ThbL, HRMED 0 DIE Ny, ..., N, BEELT, 0 = Y7 ReoN; £75.

LM (2) DN g DuTEND L E, 0 BHBEEFH WS, HEH o © Hyp ~DIEH? W IZEIL
T admissible TH % & &, o % admissible TH 3 &5 (FEMi% [KNU11], 1.1.2 2 k).
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Ny, , N, € gr ZEWVIZA AL HEZE L L L, F%Doird s, IRD=ZDD%MER-T & &,
(Nla“-aNn;F) IEEWEEZERKT DLW

1. 8 Z?=1 R>oN; @ Hor ~DYEHD W IZBIL T admissible TH 5.
2. % j LAEE®D pe 2K LT, N,FP C Fr-! %77

3. y; ERso WA RENVEE, exp Zzyj )FeD’E(ﬁﬁf’T

j=1

INLDRMEHM o =37 | RooN; £ 74V ML= a3y FIZOAMIET 20T, Tho DRMZHTT L
E M (0, F) BESWEEERT 5L H V.
o EEEHETE. DOUNES Z &, HDF € Z IZHUTRDEME 4L L5 BEHIDL &, o-HEH
BTHBEWND :

4. Z =exp(oc) F TH%. HU, oc ld gc BT D 0 O CHAIERIEETH 5.
5. (0, F) XEBHHE AT 5.

ZDES%M (0,7) ZREBENE LIS, ff4. 5. F—DDF € Z THOVTE, 2TDO F e Z THY L
DI LITHEREE £

F7 7D e, AROEMA (1) & (2) 2Ty — T RAHRERHI SR DIETHRVWEATHD. 22
T, BEH o Py —TThdLidon(—0)=0%WTILr2VD :

(1) ceS o, cD7zA AL D ITHEEND.
(2) 0, 0" € L RILEOHMEROLEET S, 5 F e DBEIELT, (0,F) & (o, F) FEBEHE % 5
T5%85 0=0 TH5.

77y D IEHLT,
Dy, :={(0,7) : HEHE |0 € X}

YFB. ZOEE, AARMDRAAR D C Dy, F s ({0}, F) BEET 5.
H77 YD L Gy OHATT WEAT 5213, MOZM 1. 2iliT a0

L FEDOy el LEED 0 € S IZNULT, Ad(y)o :=yoy™! € T %77
Y e T HEST 245, T id Dy \CIRCHERTS :
I'x Dy, = Dy, (v,(0.Z)) = v (0,2) == (Ad(7)0,7Z).
FOZEM L TIAT, IROEME2. 23L& L e T RMIEBETI LW

2. 0 €S B5IE HED o Ol aN ORITHI 3. fBL, a € Rag TH Y, N i exp(N) € T 277
o DILTH 5.

ZDEE IRMBEDNLD.

EIE 2.1 (Thm. 2.5.5, [KNU11]). S 2% 77> &L, I 2 3 L@ ¥ET S Gy OHARELTE. Zok
&, (iMHZE[H T\ Dy \& Hausdorff T®H 5.
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21 FE1: X, DEK
T, 6B ETEAH T TV Y ZIRTEDS -

ZJ1 = {{O}aa—%,m (n,m € Z’j - 1’2’3’4)}’

T 2 3.
Opom = R>0Nnm, 05 = R>0Npm + R>0Nny1,m, 050 = R>0Nnm + R>0Npm+1,

U:t’m = RZONn,m + RZON’VL—‘,-l,m + IRZO]\Inﬂn+l + RZONn+1,m+1;
01 n m
00 0 O

Nom = 00 0 O
00 0 O

IOLE, ROTHERNIESNG :

I'\D= |J (C/¢"xC/q") < T1\Dg, =T1\DU (PL/(0 ~ o0) x PL/(0 ~ 0))
geAX

1 1

A% — A
LT, AMOMEDEHRD 0 e ADT77AN—1F 0, 0 ZA—HLTHSND PL D PL/(0 ~ o)
DI 7AN—FTHD. £72,0€ ADT 74— PL/(0 ~ o0) x PL/(0 ~ 00) DJE (wy,ws) € C* x
C*(resp. (0 = oco,ws) € (0 = 00) x CX, (w1,0 = 00) € CX x (0 = 0), (0 = 00,0 = 00)) XHEEHE
(0(1)70,F((C,z1,22)) (resp. (ag’o,F((C,(C,zQ)), (US”O,F((C,zl,(C)), (aé’O,F((C,(C,(C))) DFEIZHIBL T WS,
HU, exp(2miz;) =w; (j=1,2) TH5.

22 FE2: X DEZE I'\Dy OEFHE
S={Ad(y)o=qoy ' |y€ET1,0 €%} £ T2, S BT LMSEATIHT 7 THY, RO AR
"ELND
'\D = U G2\ (C/¢" x C/q") — T\Dg=T\DU (PL/(0 ~ o0) x PL/(0 ~ 0)) / ~
jecC
4 3
C — P

22T, AMOHDERD j = 00 € PLIZHIT ST 74 18— (PL/(0 ~ 00) x PL/(0 ~ 0)) / ~ I,

(P&/(0 ~ 00) x P&/(0 ~ 00)) / ~ = Ga\ (C* x C)
U((0=00) x C*UC* x (0 =00)) / ~
U(0=o00)x (0=00)

LAMTESD. ZOLE Gy 1 CX x CF 12 (3), (4), (5) LBIZMRIL, (0 = 00) x CX UCX x (0 =
00) 1B BAMBIRIE (02,0 = 00) ~ (0 = co,wz) ~ (0=o00,w;') TEDS. ZITW =
(0=00) x CX*UC* x (0=00))/ ~U(0=00) X (0=00) &L, W %[

W=C"/(z~2")U(0=00) 3P, [2]>2z+2"

TP T 5.
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3 Alexeev DEV 2154 AP35 & DLE

ETHE L7 T\Dy & V. Alexeev KIZ & D [A02] IZBWTHEREINZ%EMEY 271 %M AP13 LD
HWE 535, APy s 1175 %, $HEE FO SII C & C OREAEIES A WEE L 2574 54 (C, L)
DEV2T714Thb. B2, £ (C,L) € AP35 iZH 5o CIFIRE=IKIR, ZATE, BB
D DEME kAR, &5 VIS SRR O WTh e TH D, AP 5 R IEREZRIENR C & Z B
DB EM L DN S AP 3 ODHENEEL TS, AP 3 D&M (C,L) 12, ZDEE Hodge #i&
(HY(C\(CNL)),W,F) 5385 Z2T, p%EMI\D ~OEEIEE 5. BRIIZIE, KO XS IE
AMETE L. EEDOR (C,L) € AP 3 2 LT, CI3IRRZIRMFRTH Y, CNL FIHRL L Z/RDT,
5T7€EHMFIELT, C~E, =C/(Z+7Z) £7%0, CNL~{[z],[22],[-21 — 22|} CE; £»F5. ZD
L% APy 55 T\D ~DEHEERTHD S -

¢: AP, 3 — I\D, (C,L)v+— [F(7,2,22)].

COGBOBERNDIEEZEZ S, AP13 O (C,L) T, C W EH ZRdh#kTdH 256, Y 7252 E R
(Yo :y1 1 y2) ZHWT

C:yy — v = 3yoyry2

ENTB. K wePLITHL, C D% py = (—3w: —3w? 1w — 1) TEDD L, pp =poo = (0:0:1) A¥
FEHMRTHY, C={pw | w e CX}U{py = poo} L% 5. fLED pu,, Pw, € C\ { FEfir } IZHL T,

Puw; © Py 1= Py & pw2%i@élﬁfﬁ7ﬁt CLOBE=RN = Plwywy)=1
Pwy - Pwy = P10 (pwl Opw2) = D1 °P(wiwy)~t = Pwiws (6)

YEBE,(6)ITED O\ { SEHIA ) ICEBMEAYE S D, BRI CX S O\ { KEHIA ), w s po BMESH
3. LIx C O EES VDT, CNL = {pwl7pw2,p(wlw2)—1} LB ZoLE,

¢ (C,L) — (w1, wz) mod Gy € Ga\ (C* x C*) C (P¢/(0 ~ 00) x PL/(0 ~ 0)) / ~
45 TNFERTRTH Y, ARLUEEHLERTRETDH L. T SITIRHPEY LD ¢

EHE 3.1. ¢ INAHER ¢: AP 3 — I\Ds THRTES. ZOLE, ¢ DESESIE Weea = {(C,L) €
AP 5| C 3} ~PLTHY, ¢! OREFEGEI W ~PL TH 5.

A 1T [Ku) 1280\ T, SHEEHETAN O =R & B 5 R 5 P RERMO GIT €V a 74 Pz Ok
Efior. ZOETHE [Kul (K51 28R L SHOMEOBRIZOVWTRAS. £, [Ku] I 813 355 2 il
RS, HU, [Ku] TIHEEA 2, 3 TROWREEAK k ETHEZ Tz,

PZ = Proj(Clzg,z1,22]) ED —RFRZERX 2K Clrg,z1,22]1 OMHZERAE V &L, P(V) =
Proj(Sym(V)), P(S3V) := Proj(Sym(S3V)) & §5. ZhZzh, P2 NOLTOEME, 2T =Rillifk» 5
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%578 RKLTWS. PGL(3) ® P2 NOHRBIEANS, 77 4 N—=FP(S3V) x P(V) ~NOEMDFHEX
N5, ZOEMAICEBWLERMEE (P(SPV) xP(V))™ @ GIT-#i% Py &35 :

(P(S*V) x P(V))™ — (P(S®*V) x P(V))™ //PGL(3) =: Py

RZERMITIROETEWEZTHTHZ : CRRPEHIP O ZELE DT, LIZCIEENT, L 1XC DR
WEBST, LId CIZ=FTHELUZRV. KUz, C I3 R =R, = A7, B ik LT dv)
FEE =R, RE SO WT A TH S (I [Ku) 0FE =22 218 &),

Py 3 OBPHEET C PRAZIKIMRE 2D EDE Weysp & U, APy 3 OUHEAT LB CICZEHETHET
2H50% Wp £352, WIhd PLEFAMTHZZ D00, WAHGE f: Pr3— APy 3 T f DX 5%E
B Wensp, [~ OEAEEN Wr L RBLOHESNS (B [Ku] OFNEE B X).

TODEVaTA AP 3 ¥ Py OMEEFARND R/, X = SQ13 xP(V)=PLxP2 DH570—7 v
TS APz, P13 ~NOHARBREHEEME L. 22T, SQ1 3 EHFNAKIZED [Na99] I8 W THE S
72 Hesse D =IRHFRDEY 251 THS. X DU Hesse D=k C LERR L 2575054

C: po(xy + 23 + 23) = 3puiwori20, L2 boxo + bizy + byxy = 0 (7)

ERIET 20T, X O—MBOE»S AP13 25\ & P NOEBRBEE DM, C B=fAKE7RL, D L1
C DR EMD L EIZ AP 3, P13 ~"OEBHEPERTEST, LY CIC=ZEHTETLLEIL Py ~OEHK
MEHRBTERY. INSDELRPEBTELRVIRAEEGIIEENDIRADHEYILED T a2HE2 5L, T
24 AP 3 5\ Prs ORUCIRT 2 Z 203005, fito T, GHEPTEETERVEHES Z M
WU Ta—T Y TEITHI LT, PINEEH»S NS DIBRADEGZER TS Z A RS, EE miH
DEZTERLVIBHESETLIZRATH—T Y 72175 2L THONIAF—L X 15 APy 3 ~DE
0: X = AP 3 BHKTE, E512, X TBUABHDEHTE RV RS OME % Mz =1 70—
Ty TERTIZLTHEONDIAF—L X 5 Py ~"OEHY: X —» Py WK TE 2. i, Zho0E
BOMEDOML TS AP1g & P13 ® (V) EEXFS NS, MAT, 2005 L ETHEL 72 WEHEE
Be OMIZIZROBFER D 5. 7 ZHED, p 2EED=ZRT0—7 v T2 $5 &, RO RAFET S :

X L) P1’3

d K
X %2 AP,
gl
X
ZOYE oI (Wr) & (Wensp) &% p DL L PISNESTH S (FEIE [Ku) DR EESHE X).
FREICLT, X D52 780—=7 v 775 I\Ds ~NOHRBRELEEMRT 2 ZehWTES. ETHRZ X D
—fED DS AP 3 ~NDERE, S5IT ¢ LEART DI LTI\ Dy ~NOEEPNEEL DM, CH=EMARKOL
& T\Dys "OEEPEHTERN. ZOGEPTEHTERVENERTEEND HADHYLED ) iz
25, Mind 2550 T\Dy OFRUZNEET B L hibrs.
LR, BRI R k% 52 5 (AP 3 ~DEBIZOWTIE, [Ku| L 27 < A UMKTH ). fiiHD7:
», X D7 774 VEES U = Spec ((C [s,t,u,ﬁ}), s =1bg/ba, t ="0b1/by, u= po/p1 THEZ5. i
DT 774 VHEGTERRKIIHMEKTES. AP 3 ~DERIE (s =0,u =0)U (t =0,u =0) TOAEHET
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&9, I\ Dy ~"OEH/IE (u=0) TEHTERW. £F, T\Ds ~OEH%E U\ (0,0,0) iZH:3ET 5. U D
(s,t,u) IZXfI59 Bl

C:u(xd + 23 +23) = 3vgw120, L:sx0+1tx) + 22 =0 (8)

IZBWT, yo = To, y1 = —21, Yo = —uxz £ 52, C:yf —yf —udyd = Byoyrye, L:syo—tyr —uy2 =0
LB, 2 Tu— 0 UTHOoNBMBOME (Co, Ly) T DL,

Co : Yy — Yt = 3yovrya, Lo:syo —ty1 =0

LB, Co BAEHZIIERTH D, Lo 13 Co O po = poo = (0:0: 1) 2BBDT, AP, 5 KIE&EN
NS #ﬁv CO NLy= {pt/sap07poo} tﬁ@fﬁ st 7é 0D %7

U (s,t,0)— [(0— oo,zﬂ eW C (PL/(0 ~ 00) x PL/(0 ~ 00)) / ~

NEES. DELD, “oDHMEH

0:U— AP13, fOELSEEG=(s=u=0)U(t=u=0),
g:U—T\Dxy, ¢gDERES={0,0,00}=(s=u=0N{t=u=0)

T, u#0IlPBVWTg=0gop tRD2EDMNESNT.

WIZ, U Z2FRETC7u0=Ty 7L, Tz n U U <. U Dk g DIEEZ#ERT . U X
Z0DT7 7 7A VRS U, UL, Uy rok2d7 774 VHEZRD, &4 DRIFTEERIE (s/u, t/u,u),
(s,t/s,u/s), (s/t,t,u/t) THB. U] LT, p%

o oty { T IO T, € AP

TEHTD. ZOBIE B)IZBWVWTzg=yo, 11 =y1, T2 =uys ELZEDTHS. ZDOL & CIFIFRE=IX
HifRD 2 WV ITFEH SRR DT, U] ETg% g:=dop TEDD I ENTE S, [AkkIC, Uy LTI, (8) 2
BWCxg=19p, 71 =Y1, To =58y L L72ED o DHBELTEET S :

sttt { - A ) =S o
IR U IZETLENES (O—8)(t =u=0) DHREHM (t/s = u/s =0) TODAERTELVWHIHERIZ
BoTWB. —J,u/fs A0 DL O IFERRE=RMIRZDT, (u/s #0) ETgR g=dop TEDB I &
MTELD ufs =0, THbE, u=0DREMRIBNT, g FEHRTERVOT, L& FEKICEY R %%
Z5.DFED, (DITBVTyy =20, y1 = —21, Y2 = —(u/s)ze &L T, u/s — 0 & T2 LMK

Ch 28 — 2} = 3202120, Liy: 20 — (t/5)21 =0
»EoND. o T,
t
U > (s,t/s,0) — KO— oo,sﬂ €W C (P&/(0 ~ 00) x PL/(0 ~ 00)) / ~

MEED, g: Uy > T\Ds 2EHTHIENTED. U ITBVWTHRAMKIZERT DI LT, U LB B3N
EE (D) (s =u=0) DMEM (s/t = u/t =0) TOAEZTERVEHEE S p & U} LOGH g %K
TEHIENTES. FIZ, g KL TEARERMENTET NS,
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PR, FRRIZ o D U IZB T2 EAEE (t/s =u/s =0)U (s/t =u/t =0) 2T =T v T%4T>
T, RERRHEITS> 22T, X D70 =T v Th o AP 3 ~NOGE% BARICHEET 2 Z 2 W TE 5 (FE,
HLoEOTH—T v ST o ORESEWEPTE S, 36 [Ku] 2R &).

X oMo T 774 VHAEATEABOBETCAESMBHENTELDT, ~FIZTu—T v 7$52L7T, X
D—[Ta—=7 v 7 X 5 T\Dy ~NDEfg: X' :»T\Dg & X' OZ[{ 70 =7 v 7 X 55 APy 3 ~D
o X — APy 3 Z BRI T 2 20 TE 5.

UEDHERZE DD LMMELND @

EE 4.1. RO KXIPFHET S @

ZDEE,

o [ DIFEELIE Weysp 2P, [ OESEST Wr ~PLETH D,

o ¢ DEAELIE Wieq = PL, o7 OHETERE W ~PL THY,

o o LY (Wr) & (Weusp) BENENZ[MTE—T v 7 p OHFLEHISEETH D,
® Ty 03 (gp’l(Wmd)) =g Y (W) TH5.
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Orthogonal decompositions of integral trace forms of certain algebraic

number fields via Bezoutians

KA 75— (Shuichi OTAKE) - ViR K 2% 3L B T2

LE

BIRERAREUR K %7 OBEER L2k, BHEA Q L0 trace BEMED 2 ZKIEAMNMEL TE Y, K @ trace
form B\ & integral trace form XIEIENS. KR TIX, K PHSEP, H 2D trinomial 75 E £ 25412, %
@ integral trace form O FHEIEEL Z LOBERHER, p EBEEER Z, LOBEICEHT 28R EMNT 5.

1 Introduction
K 2GR REAL L, K D Q Lom/MEHA% f(z) £95; K ~Q[z]/(f(x)). 20L&, B
Trg: KxK—=Q; (a,f) = traceK/Q(a,B)

¥ K _E® symmetric Q-bilinear form 2EH 25, ZnE K H 5\ f O trace form &MU, symmetric Q-bilinear
form space (K, Trg)q) & Trx 72id Try R ILITTDH. £/, Trg g 2 K OBEUER O ITHIRT B &, b L—
A DVEE D S EIFTHEBEEL Z 12H5 Z 2 B0 0, O 10 symmetric Z-bilinear form trg o 7€ & %. Zhz K
HB\WIE f O integral trace form & IFT, symmetric Z-bilinear form module (O, trg/q) % trx /i3 try &K
B, try @ Zy ~DRBELKRZ tre, Ehldtry, &RT.

—f&IZ, trace form & %\ & integral trace form DA ZRAFZEIL, O. Taussky [?] B oIE -7z INTED, *
D Conner-Perlis [?] % Serre [?] %2 X 0, BRZEWHBED# L%, Galois cohomology & DR#A* 5 Galois DM
BANDIGHEN RN, BIE L TOMBEDEHH M DT 6Nz, $% < H5 (integral) trace form IZBIE T 25E#HD 5 5,
AFTHE S BEIZROHDTH 5.

Problem 1.1 symmetric Q (Z)-bilinear form ® 5 %, (integral) trace form 2 SE L2 D22 THRET &, F721d,
2T (integral) trace form % BARKIZFHEE XK.

AROHMI, [?], 7] IHEDE, M4{RD integral trace form &, » 2FED trinomial #* 5 & £ % integral trace
form 2L, 2D Z LOERDEE, p ERBIR Z, LOFMEROBARN LR E2BN 2T THS.

BB SO%EME L TH L ([7] 21). R ZBAMA#EEE U, (X1, 51), (X2, B2) % symmetric R-bilinear form
module &3 5. (X1,81) & (Xa,82) » symmetric R-bilinear form module & UCRHE & 45 & & (X1,61) ~r
(Xa,B2) (£721FHIT X; ~p Xo) &KL, (X1,61) & (Xa,82) D (symmetric R-bilinear form module & L T®D) &
Mz (X1,01) @ (X2, B2) (723 HIT X7 @ Xo) ERT. KT, 0 A EDEEH m € Zxo IZH L, m x (X1, 61) (£/IF
BIZmx X1) T, (X1,581) O m HOEMEXKT;

X1®---0Xy m>1,

~—————
mX(Xl,ﬁl):mXXl = m

(0) m = 0.

?7\’&1, (Xhﬁl) bt (Xg,ﬁg) 0)7_’\/\/}1/%?% (Xhﬁl) ® (X27,82) (if:ti%&l X1 ®X2) t%&j_ if:7 R'féﬁé&@ nxn
HEMTH M 2 U, M 25%ES 5 R™ 1D symmetric R-bilinear form module % (M), & XTHD & L, GT5OMH
D7, (a) X1 := ([a]) @ X1 (Va € R) £B<L. KT, G, H TUFDOZEM%ERT;

o= ([ 4], = (1)),
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2 Relationships between (integral) trace forms and Bezoutian forms

fi(@), fo(z) € Rlz] 2 R EOZIHR L U, n > max{deg f1,deg fa} 7= T BHE n iZxt L,

By (f1, f2) = fl(x)ﬁ(yi_y Z o’y Tt € Rlz,yl,

My(fy, f2) = [aijlicij<n
LBL. ZDEE, M,(f1, f2) & R BEONFTHI & A2, R* LD symmetric R-bilinear form 2 &€H 5. Z D
symmetric R-bilinear form % f; & fo ® Bezoutian form (Bezout ® ZiXJER) L BN, A&, M, (f1) := My, (f1, f1)
(f1 13 fL DIEA M) &K T . Bezoutian form (Bezout DY) ITBIL T, AR [?], Krein-Naimark [?] 12
BN D L. AR TRARSFERIZET, IROEHIZ L D (integral) trace form % Bezoutian form & 72 Z &1
FofonsERTHE I EFERLTEL.

i,j=1

Theorem 2.1 K = Q(0) % n XORBUKL L, 0 ® Q LOBNSHEA%E f(z) LB ZDLE, Trg ~g (My(f))g-
TIT, 0 BB LT f(z) € Za) L LTBL E, trg g (My(f)), L7322 OOBEHEMIE, 1,0, -,
0 A K ORIERSTIETHD. FUD, ZORMAPRD LD L ER, try 2, (Ma(f)),, TH2.

3 Main results for cyclotomic fields

LA, 1 DA n FeR G, 1AL, tr, = trge,) B <. —MER %S 2 e A<, n AMBEUR 51 4 THRT W2 LK
TS, 72, I THEE {0,1) 0 r HOERZ, i) = (i1,i9, - ,iy) TIT) OEFEOTLEETHIDET S,

Theorem 3.1 n % 3 LA LD E U, ZDORRSEE n = 2°p] ps? -+ -per & L, n =piips?---por &HK.

(i) e=0DE X,

tr, ~7 @ - b—l“"an“” X<l

itmer(r) m=1

(N
(v

X0 =@ e (I] v om -2+ —1)/2 x H.

(i) e>20r%,

s {(261>(<1>@<—1>@(2e2— 1) x H), . n =1,
Bicr 100 () Zm=tim (n/2) [Ty i) Vel 0/ > 1.
ZZT,
Y(l(r) <1> @ 23 2 H pfn 71 P, — z e l)XH

RIZ, trpp o= trgee,), PEMERICBT 2R 2B R 5. TD7H, BLF T ¢(x) T Buler’s totient function %,
Dy, THAMEQ(() DHBIRE TNENKRT DO TS, £z, p ZARME T B0, £HO p R 0 € Z) 1THL,

17 ac (25)27
Ug,p = 7
Up, a¢( )
EBL. ZIZT,u, Fp BEEUCEAHERE LRI EOEEDS> S, /NOE0%2KRT. A, p=2 ORX, ugs
(a €Z5) %MD ESIZEHET 5;

Uq,2 =

~N Ut W =
IS}
m
ot

—_ = =
N

WX X NX
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Theorem 3.2 p 2&FMEL TS, £/, n &2 3UEOBEEL n=pn (e>0,ptn) KT

(1) e=0D&E,
trnp 2z, (p(n) = 1) x (1) @ (up, p).
(2) e>1DLE,
tnp =z, (P77 (1 X (1) @ (ua, ) &) (2 X (1)) & (Ua, p))-

zzT,

n' >1, Dy, n >1

(_1)1+(pefl_1)/2 n =1 (_1)(1)571(1)_2)_1)/2 o1
ay = D ’ 9 an = R ,
)

ny =@ )p =1, ny = )P (p—2)—1.
Theorem 3.3 n % 3 LA LOEKE U, ZDORRLSHEE n = 2°p] ps? - per & U, n/ =plips? - por & B

(1) e=0mEx,
trn2 ~z, (@ (~1)=m=rimn [ pir))e((p(n) —27)/2 x H).
imer m=1
(2) e>2mr %,
o e mene et -y xm), =1,
2 2 (2, & (—1) 20 @ (p(n) — 27D /2 x H), ' > 1.

(v
(v
A

Zn= @ ()=t I] o)
iMer m=1
4 Main results for certain trinomial extensions

P, (z) := 2" + nkla® + 1 A FOME (P.1), (P.2), (P.3) £#7= 3 trinomial &3 3;

(P.1) 1<s<n D ged(n,s)=1.
(P2) k,leZ P> n DRERRKL | DRRBTLH 5.
(P3) 1 & d:=1+4(=1)""Yn—s)"*k"(ls)* IFEAHRTF R0,

o, n(s)=2s+1 &BE, & ZRDESIZEET B;

ZIT, 8 22%61, -2V y FOHERENS
To="mn, T = 5/7
Tm—1 = qm—-1Tm + Tm+1 (O < T'm+1 < Tm, 1 S m S UJ), Tw = quTw+1 (rw+1 = 1)
BRI IEER g & vy DPENG. S =108 &, gg=n—1,ry=12BZ&rT5.
Theorem 4.1 n % LR DO&M 2 ITEREDOEBEE U, n BHFE8L S I1E,
o — s{—(n—s)k}=kl  n(s) <mn, b (n—s)k n(s) <n,
0~ s'{—(n—8)kl}9 'k n(s) >n, 0

am = (—m-1)"bm-1, bm =am—1 (1 <m<w-1),

ag s’ =1,
do = —Qu—2b,—2 s >2,ry 1 =1yt 1,7y Odda
Qyy—1 %Z/LU\%
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LB ZorE,
tI'pn ~7 <7’L> ©® <—7’Ll>(X0 D ng X H)

(y
(y
A

do 1 . :
Xo = <[ 1 (1d)/do}> et ”0_{%_2;;2 szcdn
(d) n : even, . .

I, trp, & Z, ECHREIRLTHONS trp, , DIEERICET E2HEREBRS. LT, EED r € Z, ITHL,
vp(r) Tr D pEfEEZRTEDOL TS, £/, ZHR f(z) € Qz] TNL, d(f) T f OHHARZRTLIDLT 5.
Theorem 4.2 p Z&FHFEME L, n =prn,, d =pdy, | = pl, (e = vp(n),eq = vp(d), g1 = vp(l)) ERT.

(1) ptlhoptdors,
trp, p ~z, (n—1) x (1) © (ugp,)p)-

(2) pti»2p|ldDL ¥,
trp, p >z, (p)(ug ) ® (0 —2) x (1) ® (ug p)).

zzT,
, ndyl/dy n:odd, (=1)(=D/2pn=1dy1"=2  p : odd,
do = . dy = (n—2)/2, n—1jn—2 .
—nd,l  n:even, (-1) n" 1 n : even.
(3) pllor¥,
6P, p 22, (P57 (tn, p) @ (071 (0 = 2) X (1) ® (uay p))-
ZZT

J {(—1)(”_1)/2712_1(11;_1 n : odd,
=

(—=)"/2nn=tdln—t n : even.
Theorem 4.3 n =2"ngy, | = 2°tl5 (g, = va(n),e; = v2(l)) £HBX.

(1) 2tnoex,
o N (Uno2)®G®(n—3)/2xH  2fkl,n=3or21kl, s =2,
P2 78 () @ (29) (n —1)/2 x H)  Zhbsh.
2) 2|nors,
trp,,2 27, (2°7) (s 2) © (271 ((uppatz 2) ® (0 = 2)/2 x H).
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M3 R D BRI IR D FERERIZ DWW T

W =6 (Koji Yamagata)*

B =

G2 1 DR TME T 5. HSKRQ(C,) DERRETSRDEEIRDVZ[C, +
Gl ThsrZelxL<AonTVWS, ARTIEEMNSLEAOKEERZ Hv
7= Z OFSROBGEHZ AT 5. 512, HOMMKRORKELBMEADHBIRD
FHEB N T 5.

1. EA
1.1. READEEIR

FITHANLSEDOEHRZ2ELE TS, K2RBHKLTE. KOtadrdHba,...,am €
ZIZXD am+a o™ 4 ta,ata, =085 E, aBREMEHRL VS, K
BT 2 MNBIN BB ERORSIIHEREZ L, IThe K OBEIRE WS,

KDa®dQ Lotz oW, . oW (e =a, n=[K:Q])&&L, {wy,...,w.}
K OBEIROZ FORKEL T2, 20 E, KOHRIRIUK)Zd(K) = Aw, ..., w,)?
TERETS. 2L, Aw,...,w,) = det((w)’), ) TH 2.
1.2. A2 ADEHRIR

M ARDRBENZE L CIIEANZU T ORI ST W5,
16, cQZ1IDOFBnRIBLETZ2E, MMRQ(C) DEBERIZZC] TH 5.
REHLIIRER, ROYHIRDFHREHWT, nBEBRFOGEICRESTL I LI2LD
AEHE T WD (BIZIE [Wa]). — T, Lineburg (ZFEBAREMEOFERZ TS 712,
ZIG) T THR Y MNRTHD I L2 BEHRT I LIC & 0 EMH 1 ORIGEH % 5 2 72 [Lii].
1.3. HOEDRKRERDEDELHIR

AR BT B EFERIL [Lii] 12 51T B Liineburg ® /i3 % AR D K IR ME Q¢ +
COVICHEAT 228 TH B [YY].
T 2 MAERORKERIEQ, + ¢, ') DEBIRIXZIC, + (| TH 5.

FEFL2 ORERDFEH & U TIXM RO BEEIRIZIRE T 250 [Wa] X, RO &
S ERED Hd % FI N B 3 [Li] 238 5.

2. Liineburg M 755D A DA D AEE DA DiE
2.1. #{§

T 2 O MFFIHIZ BB 75 Chebyshev AP EM N L HAOWE D, Zh 5 OH/H
AR CKEERIZDOVWTIRR S,

* T 466-8555 FAIR A BT HAMIK AR & d R TRRT KB LATER
e-mail: 264176250stn.nitech.ac. jp
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2.1.1. EM2%ZIEA & Chebyshev %IER
3 0,(0)ZnMNZHAL TS, £/, n <3THL, ¢ +TDQ ER/NEHEA
ZU,(r) 2L, EAPZERN LTS,

E&E 4 FFMbEI N5 158, 258, 535, 2545 ChebyshevZHAC,, S, V,,, W, €
Zir) iR %7z 3 KD ITEERT S -

sin nd
Cn(2cosf) = 2cosnb, S,(2cosh) = e
A Iz L,
_ cosnf/2 _ sinnf/2
Va(2cosf) = cos02 W, (2cosf) = Sn6/2

#i7 5 (Chebyshev ZEK D)
Cl(x) = nS,(x),

nW,(z) — V,(x) nV,(x) — Wn(x)

Vi) = Wi =
BE 6 Z2HN2" —10Q LR FOIIIRD L 5127 5.
2" =1 =[] ®ul).
din

Liineburg O HiEBRHASMAD B RKERSARIEFATE 2 DIE, EMDLHAIZODVWTDH
A6 & AR L N DD D L D72 TH 5.

#H78 7 [Y13] Chebyshev ZIHAD Q EEEHIN T2 #IZIRD K 512705

Co(z)= ] Wul@), Sulx)= ] Val),

dn, n/d:odd 2<d|2n
Va(z) = [ Taalz), Walz) = [] Pal).
1<d|n 1<d|n

2.1.2. RN & HIFI
EFE 8 ZHA f(v) = ao(r —an) - (v — an), g(x) = bo(z = B1) -+ (& = f) IEH L,
[, g DIIEI Res(f, g) & Res(f, 9) = ag'by [T1=, [Tj2 (i — B;) TREFET 5.
EHEI9 TE=vIRZHA f(z) = (z— 1) (z — ap) DFIBIR Disce(f) % Disc(f) =
Hi<j(ai — Oéj)2 fi%ﬁj—é

Chebyshev ZIHADKAE R L HET 2 HW S &, EMDZHADKHEX Res(0,,7,,)
DEIENTEZ[Y15]. o241 7T 5.
i 10 (EE2ZEADKER) n,m > 31T L,

P (m | n DR NRERpDREIIRSTND L F);

1 (Z DAfl).

|Res(V,,, ¥,,,)| = {

94



M0 2 HADKIEARDFHAE S [Tm, Fe, GD, Le, Lo, Lii] iZBWTHRINTWVS.
frRE 11

¢(m)

pz (m|nOn/mbPpRECHZ>TNDEE (pIFFER));
1 (% DAth).

Res(®,,, ®,,) = {

%72, Disc(f) = (—=1)"~D2Res(f, f') ThH B 15, MHE5s LHEET 2H21E, £
PSERDHHAIFETE S,

M 12 (EASZEROHURIR)

(m—1)2m 21 (n=2" m>2D& );
mpmf(m+1)pm7171 Mz
. 2 n=7p"hrn=2" (plIHFFREL D& F);
Disc(V,,(z)) = p oo ( p " (p ) )
n 2
— (% DAth).
HZ:l piz(l’i_l)

FEM 5% HADHHIAE Lehmer (2 & > THARRARAETEEHRE I N TV S [Le|.
2B, ML EHAOHHRIZIRD & 512745 (Fl 21X [Wa)).
9

Disc(®,,) = (—1)%"/2 :
T, PP/

2.2. FEIE 2 DFIFERA DB

¥, 0=+ K=Q0), R=Z[0)|295. R¥WEHATHZZ L ERTZDIT,
RWPTTHXFYIMNETHEIILZRT. RBPTTIFYMNRETH S Z LIMEREDMBKRA T
TP CRIZXHL, TORAL R, = (R\ P)'RM¥EEEAHERTH S Z & L EMET
H5. pL=PNZIZEVEBpEED5.

i) ptnoe& @mEI2LD, ZOLEEMPZLEAY, OHHINIEp TEH D EINL
W, koT, 0,1 3F, LTHMZEATHEDT, UFOHENEHATE 3.

78 13 [Lii] 0 2R EHE L, f(2) 20D Q LOR/NZIHAL T 5. p2FEiL
U, PCZ]2#BKAFTIVTPNL=pLeiliddDET 5. ud) e PTIREMN
RNTHBDE=Y VR LBEEEZHRZ u(x) 2EL. ZDOLE, f=puh+pgeHhl=s
IR g(2), h(z) € Zl2) EIET . T 512, 1,9, hDF, ETHBRF 27221
iE, Z[0) DR A T TV PIZ & B RFLIZEESRAEERTH 5.

(i) p|nDEE n=mp® (ptm,e>0)&T5. Rp DIAKAT T IV PRp HIHA

TTNTHBIeamREELw. M7 &l 10 DEDZHAOKE DM Z2H WS
ZET, Uy(x) = U, (2)?0) 4 pg(z) &2 i3 ZARBD L IHER g(x) BEIEL, g(0) DR
DHEILTHEZENRIND. e =—gf) e RebL L,

p=",00")ccR (1)

ThH5. v(r)20+PD(Z+P)/P=F, LOBRNLIHAL T DL, v(x)ldV,(z) 2T,
FOZEAE UTEOYS., £oT, v(z)ld ¥, (2)2E Y 50T,

Ui (2) = v(2)H(z) + pG(x) (2)
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72T ZARRSER H(z),G(z) BIEET 5. ()12 (2) 2RALEHT 2 Z 2T,
p=v(0)oy +p?PIB ZiiT-T ROT oy, fL D e N5, (2) DFAD p il ARELD p %
RATBEZ 2D BT, EEOEEEIZHLT

p=v(0)a; +p**)' B,

Wiz 9 qp, B DIFAEDR DD S, RFFWILIZTRTOHREAS 77NV OHEHSZEL W
DT, FIREERp/v(0)Rp DT=72—DDHEA T 7V PRp/v(0)Rp & Rp/v()Rp DR E
ZERFETH L. £oT, pV e v(0)L 2 AT IEOBEN BFET D, ¢(p°) >2 Tho
ZDTH(pe) >N Ekdihdb. £oT, p=v(d)a; +p?PV3 c v(O)LTH B0 5,

PRP = pRp + V(Q)Rp = I/(Q)RP

14 (ADRORAEBIEOHBIR) EH2L0, {1,..., 6" HEQCG + ¢ )
DEBIRDZ LOFEIETH 206, d(Q(¢, + (1)) = Disc(¥,,) TH 5.
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i, M E RO O R E N — B S AETH D Muro [4] 127 HH
& = fE BT O & 5 25 0fa e UTHRE L.

EE 4 (T.0)ESAEEL, WX Loy le g Zgof=0MDhog=0
BT T EOMRE TR, £, Wl X - Cr LW % fRADRS
ZMRINE L, a:Cr =Y Zg=aociZlilz3H, 0:XW - Z% hoa=boq%
Wi d5. Z0rE FHEZMU TN TERT 5.

{h, g, f}=b+hoJ(EWY)+T(EX,Z)o (Xf).
AL, J(A B) i ADS BANOHEROELETHS.

o LB LS5, 2-BOfl e UTHERDE Ch(o) BT 5508, Frift
SNAHZER OB & FRRIZEDFE M- K(&) 1Y 7 MEF L2 =MRHO
M2MYITEDD I LItk ZAE (K(o),%) 745, ([1].) FEHETI, HEk
D 2-FE LA F I HERO T ZAB LOH S A HEE U TRk L 7.
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SFONTZH LT 5. FHKIZ, V(g V) : X1 VX, =Y ZEHOEEEIZELD g
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LT V(g Vo) o(—fiV ) A=0DDhoV(g V) =080, FAED
NLD.

{h, gj, jij} ={h, V(g1 V g2), (=f1V f2)A}.

P F R II LB 2 R BEE L 7 50, 5% E D & 5 kB %2R 5
FEE L5, BEOHEE TR 72 AT —€ 1 NI U T [3] THARKELR L D
BOAREINTZ. TNOD 5 AF—EA FRECP Stanley-Reisner BRAWERL X 115 53,
Z D EDOIFEOREIZHN U T/ F B 2 @A UM S E 2 e d 2 0r5
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1 Grothendieck’s variational Hodge conjecture

Let S be a smooth quasi-projective scheme over a field k of characteristic zero,
and m: X — S a smooth projective morphism. Fix a point s € S, and set
Xs =X Xs {S}

In his thought-provoking paper [8] in 1966, Grothendieck formulated a con-
jecture now we call the Variational Hodge Conjecture (VHC), that predicts
when an algebraic cycle class on X lifts to a one on X in terms of the cycle
map

cl: CHP(X,) — HR(X,/K(s)) = (R*m.Q%4)s @ k(s). (1.1)

Variational Hodge Conjecture. For ¢, € CHP(X;)q, the following are equiv-
alent:

(i) cl(&s) lifts to a flat section of R2p7r*93</5, i.e. a global section killed by the
Gauss-Manin connection V.

(i) There ezists a rational cycle class £ € CHP(X)qg such that cl(§|x,) =
cl(€s)-

This conjecture is so powerful that, for example, the VHC for abelian schemes
X/S implies the Hodge Conjecture for abelian varieties [1].

However, it is probably not possible to deduce the Hodge Conjecture in
general from the VHC. The problem is that we can hardly find such a variety in
a smooth family that algebraic cycles on it can be controlled. If we can describe
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a condition when cycle classes on a degenerate fiber lift, this must be helpful,
because sometimes it is easier to construct cycles on a degenerate fiber.
In the next section, we propose such a condition, following Grothendieck’s

VHC.

2 The generalized variational Hodge conjecture

Let X be a smooth quasi-projective scheme over a field k of characteristic zero,
and Y a projective scheme over k with a closed immersion ¥ — X.
We want to describe a condition when cycle classes on Y lift to ones on X.
Since the cycle map (1.1) does not work for singular varieties, we replace it
by the Chern character

ch: Ko(Y) — @D HIR(Y/E). (2.1)

The target of (2.1) is the de Rham cohomology of Y [9] defined to be
Hip (Y/k) == HY(X, 0% 1), (2.2)

where each ” is the formal completion along Y. This does not depend on the
embedding ¥ — X [9, Ch. II, Theorem 1.4].
The Chern character ([?]) is defined by the composite

K. (Y)—=HN,(Y)—=HP,.(Y) ~ @, H;% " (Y/k). (2.3)

Here HN (resp. HP) is the negative (resp. periodic) cyclic homology. The first
map is the Goodwillie’s Chern character (for the definition see [3, 13]), the
second map is the canonical one, and the last isomorphism is by the Feigin-
Tsygan Theorem theorem [5].

We conjecture:

Conjecture A. For &, € Ko(Y)q, the following are equivalent:
(i) ch(&,) € @, HIL(Y/k) lifts to @, Hap (X/k).
(i) There exists £ € Ko(X)qg such that ch(£]y) = ch(&s).

In case Y is a fiber of a smooth family X — S as in §1, we can show that
the VHC is equivalent to Conjecture A, by Deligne’s théoreme de la partie fixe
[4, §4.1].

3 Infinitesimal deformation
We formulate an infinitesimal version of Conjecture A.

Let k be a field of characteristic zero, S := Spec k[[t]], X a finite dimensional
quasi-compact regular scheme X over k, and Y a proper scheme over k£ with a
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closed immersion ¥ — X. Set Y,, := Spec OX/I”‘H, where I is the Ox-ideal
defining Y.
We define the de Rham cohomology of Y by

i (V/R) = H(X, Q% ). (3.1)

where each " is the formal completion along Y. Again, the definition does not
depend on the embedding Y — X. This is a consequence of the generalized
version of the Feigin-Tsygan theorem [11].

We can also define the Chern character

ch: K.(Y) » @ HY " (Y/k) (3.2)

P

as above, thanks to the generalized Feigin-Tsygan theorem.

Set
Hip (X /k) == HY(X, 0% 1), (3:3)
F"Hip (X /k) = image(HY(X, 057,) = HI(X, Q% 1))- (3.4)

Consider the diagram

K (X) ———lim K.(Y,) —— K,(Y) (3.5)
@, i (X /k) 2 @, HiE " (Y/k).

We conjecture:

Conjecture B. Assume Y — X is the special fiber of a projective family X —
S = Speck[[t1,...,tm]], i.e. Y = X xg Speck. Then, for & € Ko(Y)q, the
following are equivalent:

(i) ®1(ch(&)) is in @, FPHyh (X /k).
(ii) There exists € € (@KO(YR))Q such that ch(€]y) = ch(&).
(iii) There exists £ € Ko(X)g such that ch(E|y) = ch(&o).

In case X — S is smooth, Conjecture B is equivalent to the VHC [2, Ap-
pendix A].

In the general case (at least in the case of semistable degeneration), we still
have strong relations between Conjecture A and Conjecture B [10, Proposition
3.2.1].
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4 Formal deformation

We use the notation in §3.

Theorem 4.1. Suppose that k is algebraic over Q. Then, for & € K, (Y), the
following are equivalent:

(i) ®1(ch(&)) is in @, FPH3h (X /k).
(ii) There exists € € h&lK,.(KL) such that ch(€]y) = ch(&).

In particular, (i)& (ii) of Conjecture B holds under the assumption that k is
algebraic over Q.

Remark 4.2. In case Y — X is the special fiber of a smooth projective family
X — S := Speckl[[t1,...,tm]], Griffith-Green [7] and Morrow [12] proved the
theorem, and Bloch-Esnault-Kerz [2] did for general fields k under the Chow-
Kiinneth assumption. The general case was proved in [10].

Proof. Consider the commutative diagram

Ko (Yy) — K (Y) —— K, 1 (Y, Y) (4.1)

- |

HN,(Y;,) ——HN,(Y) ——=HN,_1(Y,,,Y)
with exact rows, where the vertical maps are the Chern characters (3.2). The

right vertical map is an isomorphism by the theorem of Goodwillie [6]. By the
pro HKR theorem proved by Morrow in [11], we have a pro-isomorphism

ImHN,.(Y,) ~ @ B> " (X, Q37,). (4.2)
n P

By taking limits of (4.1) and using (4.2), we have a commutative diagram

@n KT(Y;l) KT(Y) mn Kr—l(y;ny) (43)

| N

\L ~ \L ” ch
/

@, (X, 030,) — @, H2 " (Y/k)

By our assumption that Y is proper, we can verify some Mittag-Leffer conditions
and show that the upper and middle rows are exact.
Recall that we have an isomorphism

HP,(Y) ~ D Hip ™" (Y/k) (4.4)
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by the generalized Feigin-Tsygan theorem. By a simple diagram chase, it re-
mains to show the following:

Lemma 4.3. Every c € ker(HN,.(Y) — HP,.(Y))) lifts to K, (Y').

This is proved by using the fact that K™ := hofib(KX — HN) satisfies cdh-

descent ([3]). For the detail of the proof, see [10] O
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A FRAE DB BUEFERE & necklace ring D
BROEBZFFDOILIZHET 2 H5

TN KR F RGBT
H# iz (Tomoyuki Tamura)

i

ARBOEZBAR EOFRRTEREARE, TOXRTFYYLVHERHAOKEORER2EL
N.Metropolis(1983) A & A U 7z necklace ring Dt % —DESH 5. AR T3R5 O 5 E 2K
MTHodI e, WELETWAERDEZ S DI & OEMEN 2B, FHZ AT YV VKRB DD B
BOERECRld ks Z e 2HHT 5. F7/220 & 5 2R% £ necklace ring Dt DIFIEIZ DWW TR
5.

1 BEA
L1 ATV VIIRKREOERORBBEROHE

GREBRIETS. GO C LERIKGEER p: G — GL(V) B35 5N, (EEOFEIER i =0,1,2, ...
R URRT VY VBEEL Alp: G — GLN'(V)) MERED g€ G & vn,..., v; €V IERLIRTHEE 3.

A p(g)(vr A=+ Awg) = (plg)vr) A=+ A (p(g)vi).

ZORRT VY VERBIOBEOFHA L L U T, Grothendieck A% 1956 fEIZEFE L 72 A-ring & IFIXN 5 7]
HIROWEZ WD FENGFET 5. G OHBEBEROES%2 OF(G) &35 L, CF(GQ) IZIHEI X 2 Mk -
Fik - AN T —12& Y Q-algebra DREEE RS, & 51Z¥RD Adams operation %2 & 5 7 A-ring D&MD
—RIZE#RINS.

Y (f)g) = f(g") (L.1)

BL f:G—=C,gecG,nidARKELTE. ZLT x 2 GOXRBEV 0EELTI2, KRF VY LVERER
AY(V) OFERELIE x % A-ring & L T®D M-operation IZ &> TH L7724 N(x) THD I LHBHMo5NT WS ([Kny)
p.84).

ARBORIGHIZB W TREOEELZMS Z L 32O, DE O RBOHEEZR S Z L LAETH 5.
IHIERRT VY NEEBOMERR S Z 2 1%, BOXRBE R(G) ® M\ring & L TOMEEH S ETHEET
brrEoN5.

BT VY IVERBOBEELZ EDO XS ICUTEHET 52, &5 MEIE Knutson #° [Knu] (2 THRIE L 7=.
Boorman[Bo] ¥ 1975 FIZ W #EE T, Bryden[Bry| #8 1999 127 1 WVEE W (B,,), W(D,,) T, ZHZ 1 A-ring

ARIFAMEERZIZE T 558 12 MBEREE FMAERDOT 7=V L R-+THB.
Keyword: finite group; representation theory; character theory; A-ring; exterior powers representations; necklace ring
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EUTDAEBITLERNT WS, 7z, 1995 F1Z Osse [Os] BT X7 Ml ) — OB EIZE I 2 REMD
Aring & UCOREO T 247> TWw5b. LU Yau i [Yau] p.171 12T, Osse D I > 87 MdifE ) —fHICE
I BEEE ) DA RBEDGEVRRBILTH 5 BRTWVWSE. ZD X5, KRF UV ILERBEOKELZ KD 5
MR EIERZ2BVRHP I N T VRV DTIER W EEZ SN S.

1.2 3B E necklace ring =W FE

A X Z DR F N B KT, T DR

M) =D N0, M)(9) =D N9 (9€G)
1=0 =0

WEBA U7, ZOREBIZDVWTRART VY VEREOEE D SIROKRLEPHSNT VWS, m =dimcV & F
3,
')

(~t)) (9eG)

2 (0(g) = det(ln + plg)t) = exp (3 -3

PO SED. AHU, AT5 Iy, 13 1 Xm OBAATHITH D, THIFEBRIHN 1 THIEBBD—DTH 5.

Example 1.1. GR# G PERES X ITFHLTWS L 95, ZNIZE s TEHEINDEMETIOEEZE
X &BLE MERD ge GITHL

x(9) = [Fix(g), Fix(g) :={z € X | gz =« for any g € G}
LHBZEBHISNTVWEDT,

A00(9) = exp (3 ~EROL )

‘ 2
i=1

R AN

WHAIINZFTRART VY IVERBEOEE %, Knutson OFEFR %2 Nl U, 1983 412 N.Metropolis &
Rota IZ & o TEZ X 117z necklace ring % W THIZEL T & 7=,

1983 4, N.Metropolis & Rota & [Met] 28T, Witt ring Ofi#f % HH & U necklace ring D&% &
AU7z. R %Ry L7z & R E necklace ring Nr(R) lJIRD X S IZEHSI NS, £HL LT RN TH
D, 2L ROTOMRIIOEAERTHL. HUARTIZFEE L N26 RANDEHEAROELSL TS ZLT
a,B € Nr(R) £ L= & JIHE “ty,” I ., I HIRD & 5 1TEHI NS,

a+nr B(n) = a(n) + B(n), a-nBn)= Y (i,5)a(i)B()). (1.2)
[i,5]=n
AU n lZERETE. SSTERBOBERE i, 5 U [i, 5] 1$T DB/NAESE (i, ) 13T DRAANE %
KT L5,
Z @ necklace ring * HRHEORBFOEE LA RO &SI 5. 9, £AEDOTHE R 12X U universal
Aring & A(R) &9 5. ZOESIFIME “+2”7 L FIE AP EZRI N7 Aring D — DT, Grothendieck (2
Lo TEAINA. T 512 R A binomial ring (Adams operations 232 CTIEEFEEH L 425 & 57 A-ring D
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BEREOLD) THBLE KD f e AR) IKHL, a € Nr(R) HiH—DFTEL,

o0

o =110~ (pH® (1.3)

i=1
LELZEMNTES ([Yau] Section 5.6). Z DRSO %E En, : A(R) — Nr(R) 57
O f(t) L LTRRT v VY VBRI OO B A\ (x) € AMap(G,C)) £ 95 &, ZRT vV IVEERE
DafEE KD BEIXZ D Enr-(M(x)) € Nr(Map(G,C)) 2R BEANE LD 5.
A Z O x PWEBBUETREL, DX VEED g€ GITHU x(g9) MWEBETH D X5 BT L 2
DGR Z Gz, AREOWRIIRDH 2 B TARO ERER K OGO 2R 20 D¥EMZT>. £ UTH
JELFATIZTC, IROFERZ RN,

o G 2 HMREE, e & G D exponent (2T DILDNMED H/NAEFE), x & ARG (BRI O BEFI Tl
BENBEE), a = En.(M(x)) T2, E3|TE x BPWEREUETH D Z &, \i(x) B2 TERBUETH
528, an)(g) WRETEHTHLILERT. Il nteholdan) =03l LAETHD
Z & %m$ (Theorem 3.2). K12 a WERDAEZFED ({n | a(n) # 0} < co) T EWRI N, BB
Ae(x) WERBOE Cilid ks Z & 2539,

THIT, g€ GIZHETBIREB N(X)(9) PEOVDBRVWBOMTIHARTEL2HAEVHE I L E2RT
(Theorem 3.3).

o HATTIE, AR G x Gy DHARIZOWTEZS. £7, Gy DRI x1 & Gy DIAEIEEE xo 225
EHRIND G x Gy DIFFEFERE xixe (x1x2((91,92)) == x1(91)x2(92)) IZBWT M(xaxz2)((91,92)) =
A1) (g1) -a Mi(x2)(g2) EPREND Z & &3 (Proposition 4.1). ¥ 522D & E xq, xo HWWEHIE
fBlETHL LT 5y, WlEBMR Ey, THTI T, £0%KD 5 7-DIZERDE % K2 necklace ring
DFEOEPEDESIZREINZDEWVWSHEIZES. ZhDORLFD—D2& LT, #H#& L Frobenius
operation([Met]) %\ 2 ¥i 7272 ¥ % Q-algebra T % A[#ii R Ol & » H 7z (Proposition 4.5).

BB, ARIZBEWTIIE S AREEORIIZ 2 TEBRBE LOARKTRI L U, AIHERIZ DWW TR TTOF
TEZES 5.

2 %fi
ZDETIE, ERRZ2BARDIZHERTLEFZEHRT 5. HLU, AR Tl necklace ring & ghost ring %% ®
operation DAIZHE M EFL L. ARBEDORII® A-ring (2 DWW T [Knu), [Yau] 22 I iz,

2.1 necklace ring & ghost ring

Z OHiTIE necklace ring ¥ ghost ring DE#H %175 . 7L <& [Yau] Section 2, £ L < I& Section 5.6 %
I NIV R 2R iR OB 5.

A(R) & BURM MR THSH L 5% R DRARKET5 | BRIk 5T 5. A(R) 1Mk
BOFEZMEL T DL D7 Aring ODFEENERINDG. F/2, RA Aring Lo BB N, : R — AR)
A-homomorphsim (B¥ERHELITH D A\-operation & 3 5 54) TH 2D I LITHEREL 2.

R 10 necklace ring Nv(R) i §1.2 ThR7 X 512, B N — R ORHIZ (1.2) O & 5 72565 % DT Tt
BREARLIZHDTHS. R LD ghost ring Gh(R) 13%EH & LT Nr(R) 125 L <, component wise IZ& %
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HAECHHE L AR L7725 DTH 5.
G ¢ Nr(R) — Gh(R) %, ¢(a)(n) = 3, da(d) LEHT 5. AL, a € Nr(R), n 2 HREL T 5.
ZDLE RD Q-algebra 2 51X, AT ADKIEARZHWS LEEDOHRE n XL

a(n) = = 3" u(5)9(a)(d)

d|n

235, HL, BB p 3 AT ABBTHS. G 2 A(R) » Gh(R) &, Yo 2(f)@)(—t) = —tf'f~' %
729 L 2ITEHT D (f € A(R)). R Aring TH 5 & &, Adams operation DEFHEN SEED r € R 1T
XU

zo A(r)(n) = P"(r)

DL DD, BAR 2, ¢ IFHICRERIBIGEMHRTH D, Q-algebra R SIERHHTH 5.

R 7% binomial ring T# % & I Z-torsion-free Td - T, Adams operation ¢ WETHEHEGH LB LS
2 Aring DREEARF OB DL EHT D, TOLE RO r € RITHL, IE (1+10)" = Y02, ()t »ESH
AREL 2 5. BBARROES Z ¥ Q-algebra (& binomial ring TH 5. £72ZD& & LED f € A(R) ITHf
U (1.3) i3 a € Nr(R) #7=E—2HET 5. ZORISEEE Exy : A(R) — Nr(R) LEHET 5. 2h
HEHHTHY, 2=¢o Ex, DY LD, A, BRAMEHTHS.

2.2 Truncated operations & Frobenius operations

RIZ, necklace ring & ghost ring 2 2% X #15 Truncated operations & Frobenius operations {Z 2\ T

BARD.
Definition 2.1. EED BHARE r 12X U, r-th Truncated operation

T, : Nr(R) = Nr(R), T,:Gh(R) — Gh(R)
ERDEDIZEHT D AMTED a € Nr(R), 8 € Gh(R), BAE n XL,

a(n) (@(fr|n)

0 e IO =8,

T (a)(n) := {

Truncated operation \FEYEFREIGHRTH 21ED, T, 0Ty = Ty sy, Tr 0 p = po T, YRV LD, AR H
2 HBRD A % L D necklace ring Dyt 1E (U)o, Im(T,) Dite UTERIND Z & 2RHIZHER L2\,
¥XIZ Frobenius operation IZ DWW TR 3%,

Definition 2.2. RO EARE r 12X U, r-th Frobenius operation
F,: Nr(R) = Nr(R), F,:Gh(R) = Gh(R)

ERDE S IZEHT S EED o € Nr(R),B € Gh(R), BB n 1Zx L,
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necklace ring 12 $1} 5 Frobenius operation l& N.Metropolis [Met] {Z & - T, necklace ring & &HE T
MAashTwa. fii)i, ghost ring (23 1F % Frobenius operation (% A-ring ®DHIZH 1T 5, H£E& RN (04
HEMIZ 4> B 1)-ring D operator & @ U T, Adams operation 7* S A-ring D&% EDH B AHIZHVWSEN DS,
Frobenius operation & FFRICERMERBGEHRTH D, F. o Fy = Fg,¢0 F, = F. 0 ¢ B D LD, FEHI [Var]
EZEI N,

3 ERERTD1: BHIEIEZE E necklace ring

G 2 EWE, CF(G) & G OFMBAKL 35, §1.1 THIRAZN, CF(G) (IXEIT & Bk - Fik - 27
7 —12 & D Q-algebra O#EEZFFH, X 51T (1.1) 2§72 7 Adams operation %D & 572 A-ring OREED
—REILEBIND. TLTC x 2 GOREV OEL 758, KT VY IVEKREOREIX N () TH 5.

COETIHINETOUEfEZHAWT, AROFHEREZRRS. 9, FHREROE L L5 BBUEREEIZOWTE
#95.

Definition 3.1. x € CF(G) 1& G DEEEIEOEBBHM TH 5 & &, KA$EHE (virtual character) TdH
B\, AR x BEBHEIEETH D L1, [ERED g€ GITHU x(g) WERTHZ LT 5.

AR, e 2 G ® exponent(2TDuOMBOER/NAEE), x % G DI, a = Ex,.(M(X)) £ T 5.
Theorem 3.2 ([Ta]). XD 3 &AM TH 5.

(1) x FEBEREETH 5.
(2) AEREDERE TR U N () 1TEBBUEIRETH 5.
(3) EEDOHEAT N & ge GIZHL a(n)(g) FBHTH 5.

22T, a(n) € CF(Q) T UERAIRETIZAVWI LIZERLZV. E5ITIRD 25:XFAETH 3.

(1) x FBBIEHEETH 5.
(4) a € Im(T,) H D LD,

Rz x PWEEBUEIRE R Sl nte A2 ERE n IZH U a(n) =0 L7225 DT, IRDSEL D SLD.

A0 = [T = (=pH@
dle

IHZE D, BEUEOEENRZNRT VY VERI DR %28 U TERD A % £ D necklace ring DIt & X
INBZEenbhrot.

FEHH OBENS IS, BEHUEFEIED Adams operation (2 X AR DIITHS. DF 0, x WEKEIFETHD Z L
pF(x) = pFe) (x) PMEEDO BRI k I UKD 2 Z e AAETH 2 Z & 2V 5 ([Ta]). (1),(2),(3)
& A-ring ® Adams operation #% \-homomorphism T& % Z & & Z »* binomial ring T&h % HEZIEFHT
5. (4) TV TIHEBEBEREDOREO I 95 ¢(a) = 20 M(x) € Im(T,) TH S Z &% H WAL, Truncated
operations V5 ¢ THRIFEINDZ L (T,op=¢oT,) KVRTIENTES.

g € GITBT BRI N\ (x)(g9) KD WTIRERIRZ AR H (ZHIRT 554 Resh, : OF(G) — CF(H)
5 A-homomorphism T#H 5 Z & & HA\W 5 L IRHEK D 31D,
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Theorem 3.3 ([Ta]). KA x 2’5 g € G KV ERINEKEHE (g) ETEBETHE LT DL, (T
BOARBE n 12U a(n)(g) € ZWKY LD, Eny(N(X)(9)) € Im(Tp(y)) YLD, HL O(g) > 1 1%
g€ GORBTHL. FIZIRODAZES.
009 = [T = (=ph@e.
dlO(g)

AERHD FidHE G = (g),Res& (x) £ UT Theorem 3.2 Z i\ 5. K[EEE (g) D exponent i O(g) TH 5. .

Example 3.4. n IAMENES X ={1,2,...,n} CHRIMEHALTWAHEEE2E R 5. ZOBEBRIDH
Bg oy LB L,
M(0(e) = [J(1 = (=07

285, L, 0= 0y---0; &, EWCERCEFRBOBIZ ML TN ED LTS, Z LT |oy] X FM
LLTOREE T3,

4 FERZD2: BEEICOWT

B 2 ERHE O BBUATERL & necklace ring DFIEDF R AFEIDWTERT S, £ 7, HREHEORHEIZE W
T, BEKO SRR Z RS,

Proposition 4.1. G1,Gy ZHREE, x1,x2 ZZNTN G, Gy DIRMERIEL 5. Gy x Gy DIRIFEIE
x1x2 & xix2((91,92)) == x1(g1)x2(92)(g1 € G1,92 € G2) LEET D &,

Ae(xax2)((g1,92)) = Ae(x1)(91) -a Ae(x2)(g2) (4.1)
N ARVASN

FRZ x1 2Y Gy DRBL py DIEEE, xo 7Y Go DRI py DIEELTD L, x1x2 & BEREH G x Gy DXRB
pL® ps DIBETH 5.

FEBA O 5 $H1 il 2  BA B4R ¢ o En, T L, Adams operation % ¥ 9 5.

ERMEEORNT v VY VKRB OIEOBBEBIZZ 0L S BB TRIT I e TES. 22T, X (4.1) Dl
2B En, THET L, ROAERS.

Enr(M(x1x2) (91, 92))) = Enr(Ae(x1)(91)) *Nr Enr(Ae(x2)(92)) (4.2)

Z 2T, IRARFERE v, xo DVEBUEIRIE TH B LIKEL, (4.2) DEBEEIRLZWE TS, ZWMFHETEN

EREE G x Go OEEBUEFRIE x1x2 122WT, BTV VIVEEBIOREOREREM S Z e TE S,

DL E, (42) DABIZH B =D DREEIE Theorem 3.3 £ TN E N Im(To(y,)), Im(To(y,)) PIT
DMTHD. ZDOHEADEHEIT necklace ring DREDERICEODVWTCEHET LI LN TES. T I TH,
Truncation operations DRIZET 2 = DDLDED A €U ADKEE/AR & Frobenius operation % A\ 7zl
DEFLHEZEMNT S

DR SEX CF(G) ® C DAM 5T Q-algebra THNIXED XS BAMMIRTH > THH D LD, HIb,
R % Q-algebra, o, € Nr(R) & U,a,b,r ZHRE LT E. 22T, Ty(a) Ny Tr(B)(r) ICHULERREF SN
nid, R=C,a = En:(A(X))(91), 8 = Enr(Ae(x2)(92),a = ( 1),b=0(g2) BT E L\

9, ZOFHED r = [a,b] DEEICRETRS Z & 2BRA
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Lemma 4.2. T, (o) Ny Ty(8) € Im(Tjop) BSOSO, BB 1 [a,b] S T, (a) -nr To(B)(r) =0 TH 5.

FEAIE Truncated operations DMEENSEHLL ZENTES. 2D D6, 1| [a,b] DHEICHZRITIE
W ebrs.

Lemma 4.3. r | [a,b] £ §5. ZDEE, Ty(a) -~y To(8)(r) = Ta,r) (@) N To,r) (B) (1) B SZD.

FERRIE R % T, TR V. 20L& ERIT [(a,1), (b,r)] =1 B DLDDT, r = [a,b] DELEITHZ
T WZ e hbhrs.

Remark 4.4. Lemma 4.2 ¥ Lemma 4.3 %, ZDFEHIZ R »% Q-algebra TH 2 Z & 2 EGHEL RN L 2iE
BLUTEBL. 2O DB EDAMEITH > THH Y LD,

22T, Ta(a) -ne Th(B)([a, b)) KT 5.

Proposition 4.5. R % Q-algebra £ 3 5. «,8 € Nr(R) £ U,a,b Z AR LT 5. a,b DERNEBIS %
a = pit ...pzk,b:pﬁl ...p}i’“(si,ti >0) &L E,

Si _ S; _ Si
alznpi7 GQ_Hpi77 a3_Hpiv

i35;>14 i;8;=t; i35 <t;
by = I | P by = | I i’ bs = H p;’
158 >t; i58:=t; 138 <t;

EZB< . 4%&: a = a1a2a3,b: b1b2b3 fﬁ)é :@:‘:%‘{XFEJZDQO

To(@) e B0 (o) = = 3 (52) Favin (@)(0) P, (9) b0,
dzlasz

4%5: ag = bQ =1 @E%Li,
Ta(@) -nr Ty(B)([a, b]) = Fa, () (as) Fo, (8)(b1)

MDD,

AERI OB, 3l %

6™ 0 0(Tu(0) e TN ([a.]) = 2 3 w(12D) oo (@)@ 0 1(B) @)

- [(;:b] Z ,u([a(’ib])q&(a)((a?d))qb(ﬂ)((b,d))

L ZE U, ghost ring 1281} % Truncated operation, Frobenius operation 2 AWTFHET S5 Z L TEL Z &
MTE5.

F.(a), F.(B) D% HANHIEL, 2D ag = by =1 THIX, Tu(a) N Tp(8)([a, b]) (22T Frobenius
operation & W2 INBA DR INTVWE I LIZh5.

Z DFER % (4.2) THW 31213 necklace ring DIt En(A(x1)(91)), Enr(At(x2)(g2)) % Frobenius oper-
ation TH UG ZM B BENRDH DH, ZHUZDWTIZIROMEH K D LD,

Proposition 4.6. G # GREE, x 2 G ORAEEE L T2 2, EEOHRB L 125U Ex-(M:(x)(g%)) =
Fio 0 Enr(Ae(X)(9)) 28D 325,
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FEHAIE Frobenius operation & G ¢ O AN 5385, ZOMBIZE W T y WEHEEETH D Z L
EMELIZURW.
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Juyzl bry NI =27 DOREETREE UTEEHTE S
NE VAL IER DR T

P W (Ito Takaaki)
BRI BT 22 SR SO i A R i 18 AR JUIERAE 2 4F

HES

JaYz s sty bT— 2 O TREIE, SEERBIZOVWTO haEALVZEHATRI NS, HIT,
26N aEANVSEHAN 0 Yz hxy MU — 7 ORKESE TR & U TEBITE 5 (realizable &
W) 72012lE, £7 term extendability &N 2542729 Z L BBETH 5. term extendability
ERDO MO EAINVZHERNCIIHM S T 72 MM 22N TE, 9 7OZEERH T, NEEIILVELIH
A realizable TH %72 DBE+FEKMENBRR SN S,

1 EH
1.1 MAEHIVEE
R 2FHEEROELELTE5. R LD 2 ODHE ©,® 2, KDL DITEHT 5.
a®b=max{a,b}, a®@b=a+b.

INo% MOEAIVERLIER. bR EALVEHEIZ RU{—oo} KWHRARIIES N, (RU{—cc}, ®,®) &5
Y. FIDHALILIE —oco, FDHEALILIX 0 TH .
FEEAVEETRINSZHAZ FOEANLZERE W S.

1.2 Az hxy ho—7

7OV MRy D=2, BiBERER >0 DL DEEDOEZT VDI L TH D, BIEER, Tk
DETDEEZ T RTRIATPRS TRV EHATELRVWSDET S, a7 bxy b7 =2, Y170
va—bhy bBERERWERS T 7 LTRIIENTESL, 22T, BRI 7NYa— My ek
BWEIE vg 2 vp = - = vg (B> 2) RB{LED path I U, vg — v, BB arrow BFEELRVWI L&
T5.

DR, 7ayzs baxy b= DEEDESE {1,...,n} &T5. SIEXE i (TFIAFR; BPEE->T
W5 2T 5. t; & time cost IR, 2 TOEEEKZ D ETIIrL5R/NORM %2 RET 7B LR, &
MR TR, t,...,t, IEDOVWTOMAEANLNZEATRESLZEBHOSNT WS,
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///

B 1: ey bxy hT—7

Example 1.1. @1 TXEIN3 70V 2 btxvy M7 —27 ORER TR,

f(tl,...,t7):max{t1 —|—t2+t4—|—t6—|—t7,t1 +t2 —|—t5—|—t7,t3+t5—|—t7}
=L ®ttiRteDtr) D (L1 @ty @t Dtr) B (t3 Vts Qt7)

AN

1.3 R%ERA

Juyzs brxy b -2 0OREETHRBEUTEBRTES oAV EIHA%Z R $IRRX (realizable
polynomial) &\ 5. IROMEIE, EE,P ST SIZEINS.

Proposition 1.2. R ZIHAZ, LLFD (1)-(3) %73 :

(1) EHEOHREUZ 0 (i.e. FDOHALT),
(2) BEBIZOWVWT 1IRK,
(3) EDHBAMDIEZE D H] 5700,

LnL, H5 baEAVEERD (1)-(3) 2= LTWTH, TR RLZEATH B LIFW SRV, (1)-(3) %
723 bu A NLIEN%, P %18 (prerealizable polynomial) & IR, Hil 21X, (t @t2) B (L2 @t3) D (t3Rt1)
ZPZHATH LM REZHATHRNWI LRI ND.

2 HER

ZOHTI, BHEOHAEL ST YA VHEZ KT,
AWETIE, G2 oz PLZEAN RELZERLRE-ODEMIZOVTHEN, TTUTOBELME257-.
Proposition 2.1. RZIHRX f(t) = f(t1,...,tn) I&, term extendability L WEN 5L FOME % FED:

{1,...,n} DEEDOEHDEE T = {ir,..., i} LU, TED g, i € T IZOWTH, H2 f(t) DEHPHFEL
Tty ty, THIVYINDZROE, ty, -1y, TEHIOYING f(t) ODEDPFET 2] DD LD,

% 2T, term extendability 22 bR I N ZIHAIIK > T R ZEADOREOT 2N, LTOEH % FE
L7z,

Theorem 2.2. t1,...,t, 2ZME T3 P ZHKNT,term extendability %F2>d DEDES L, {1,...,n}
EIEHAESGLTIRWEM S S 7 2ROEE L OMIZIE, 2B FEET S,
2ODHM IS TNABMTHEI L &, FET52200 baEHLVLHANRERD ANEZ 2HWT -7
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52 LIIAETH 5.

FINDEFIFLLT DMWY TH 5:

PZIEX - Wil 77« PZIEKX f(tr,...,t,) ORU, HEEEZ {1,...,n} LU, HDHED t;t; THI
DUINB L E & j BUATHARET I 72 mIE5.

i o7 - PN {1,...,n} 2IEMEALTIHMI I 71280, P ZHENX

oot (f:fib, t = th)

IR N R iel
BN EE5.
ZIT, MRICER TSI TDI )= 2E, WS ODRDTHEPSRIZESTH > T, 0 2 THAMIZEHE AR

FHETZ2LODZLTH B,

Theorem 2.3. term extendability 2> d IRbBEHNVLZHAN T OV 7 b2y T — 2 OBRMEE TH
M LTHONEZDDOMREFFEME, HNT2HMT T 7I2HEHARAIFILEL T, RO %[
ZeThb:

(0) BEEES 2 2 THRUE, AR5,

(1) AT BMIE c,...,ca DAdBT, c1 <...<cq BDIERZFD,

(2) 3TH v1,ve,v3 DD ¢j cj 0 DEE, 01 & vy, v2 & vy BBHEL, ¢; <c¢j < RO, v & vg 13
BT 5.

Example 2.4. MR YAV LER f(t) = t1tats + tatsts + tatste + tstr 1% term extendability Z#D. f(t)
RS 2HM7 7 72 D& 51245, ZHICH U3 DL RRtar 5225, T 2.3 O&MfE2 T
U, f) W RZEATHDZ W nnd. FEEE ft) ER4TRINEZ TR Y27 by NT— 7 ORFESET
Rl & L CHEBTE 5.
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[1] eidergott, B., Olsder, G. J., and van der Woude, J. ,Max Plus at Work: Modeling and Analysis
of Synchronized Systems: a Course on Max-plus Algebra and its Applications, Princeton Series in
Applied Mathematics, Princeton University Press, 2005.

[2] obayashi, M. and Odagiri, S., Tropical geometry of PERT, Journal of Math-for-Industry, Vol. 5
(2013B-8), pp. 145-149.. and Odagiri, S., Tropical geometry of PERT, Journal of Math-for-Industry,
Vol. 5 (2013B-8), pp. 145-149.

[3] omita, E., Tanaka, A. and Takahashi, H., The worst-case time complexity for generating all maximal
cliques and computational experiments (An invited paper in the Special Issue on COCOON 2004).
Theoretical Computer Science 363, 2842 (2006).
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LW+ ARE

Bse X (Ryota Hayasaka) *
e KR

B =

EARTZ2IZB VT LR EBEn I LT T EndoK 1R %285 &
S RIS B (cf. [1]). ZFl n=3,4,5,...,10 1 LT T E nflOK K%
WD MDR/NEREEZRD D TU T T LEER LUz, T S5ITARAKTIZBEVNTD
FIRRIR B & T o7z, FRTIH. TNETNOKTDFRED Z DAL E (F/MNID
PED2F) DEPZTN SN SB SN EH, SBROPER LT OVTHENT
5FETH D,

1 EA
DTRTIE. ACR2Z 2RI T LT 5,

EFE 11 FEEEnIIHL, A ECTEHORKTRZES K5 RHBFET S L
E. A % universally concyclic &\ 9,

EFE 1.2 EBEEnIZHLU, uc(A,n) Z A Lol TFRZES XD 2MHOHT
FEVBNTHLHOFED 2]/DME T 2,

EE 1.1 (cf. [1]) FpHp =1 (mod4), p¥ = 1 (mod 8) 27z & &, M
(4 — 12+ Ay =p" D EIZIETE L+ 1 HOK T RBFET 5,

% 1.1 (cf [1]) EEDOERBE TN LT, TE n @O T R% 85 FH EOM
F1ET 5, D% D Z? I universally concyclic TH 5,

IR 1.1 (cf. 1)) n=3,4,5,.., 101K LT, B &5 EnlOITR%ZM85 MO
INEBED 2 e RER X

Sla, ME11 22 CEZEEIZH LT, nflOKFEZ2E5 XS 2HOHR/N
MRED2FEPRETEEOD T T LEERLZ,

*email: €128021@st.yamagata-u.ac.jp
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2 FER

UFDERPENSDEZRLIZEDTH B,

uc(A,3) | uc(A,4) | uc(A,5) | uc(A,6) uc(A, 7) uc(A, 8)
72 || 52/232 | 1/2 | 5%/2%32 | 52/22 |5ix13%17/24112| 5/2
uc(A,9) uc(A, 10) uc(A, 16) uc(A, 32)
52%13%/2x 3% | 51/22 5% 13/2 5%13%17/2

48 2.1 ( ZIFEDEKR LT 5, ZOW, 72 ET2A2HOKTFR2ES L DM
D —BACDPIFET 5 D TIER WD,

EIE 2.1 FHp=1 (mod 4) IZH L. p=a®+b* Z2i729 & 5 0K a, b BFIE,

FEH211E, 7V —D 2 HHIEM XN BEGRIZB T D EL L EH T
»H5,

ZZT.p 4% UTCLILERAITHEIZBHIZNIVWHERE TS (72720, py =
1)

W 2.1 ww =2 [y 272 & 57w € Z[i) DI 242 {EAFAET 5.,

BEER EHL21 7z~ —D 2V RER L D, RO p; U Tpy =a) +0] %
(F'ﬁf:j_c]: 572}:(1]',19]' - Zﬁ)ﬁﬁjéo J:OT\

pj = (a; +ibj)(a; — iby).

ZIT. a;+ibj & a;—ib \$Z[]) ETHRTTH S Z LITHER, 2=12+12 &
D2=(1+1i)(1—1i). >T.
)4 l
ww =2 [ o= @ +i)(1—4) [ [(ar + ibi)(ax — iby).
k=0 k=0

RIZwDEID I BGEDOHREZEAD, wFBLFTD X SITRT I LN TES :

w=u(l+9)1—0)""(ar + b)) (a1 — i) " . (ae + ibe)“ (ap — ibe) T

(u==1,4+i,¢,=0,1(n=0,1,....0) )

(141d) & (1 —4) IFFEH L BMOMASEDHEAF LRDT, wDEI D S 255D
BIZ(14+i) & (1—)I3MKEFELTVRVWI LIZERE, /oT, wDEI D 5255
DE 22 1T LT = o [E{FAET B,
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O

EE 2.2 (20— 1)2+ (2y — 1)? = 2 [T, px P EITIE, T 242 O 15078
55,

BEBE W21 &0, X2+ Y2 =20, px Bii72T (X,Y) € Z2 13 272 fAfF4E T
52 MDD,

X2 Y? = 0,1 (mod 4) 22 2[[i_opx = 2 (mod 4) THZDT, X? +V? =
Mok 51 X2 =122Y2 =1 (mod4) THS, THILINE, X =
POY =1 (mod2) THDILZEERLTWS, #-oT, 2z —1)2+(2y—1)* =
2 [y o 2723 (z,y) € 2> DBUZL.

l
'X2+Y2:2Hpk,

k=0
2r—1=-1=1(=X) (mod 2),
2y—1=-1=1(=Y) (mod 2)

BT (X,Y) e Z2OBMEEL WV, HoT, 22 —-1)2+ 2y —1)2=2[_yrr %
W72 T 5 (2, y) € 72 DBULT E 22 lAF/ES B,

0

%21 (ZIFEADEKRETSH, ZOF, 722 ETCTE2PHOMKFREZES XS 7%
i, (@—3)2+@w—3) =1l LTRTZENTE S,

iz e, NAKT A TN UEREER 21757,

2

FE 2.1 (1,0),(1, %) e R2 THEKRSNWBHKTF A ZRNAKTLIRR, A4, & LTE
—d—

fd 2.1 (cf. [2]) AT Ay 1F universally concyclic TH %,

AT A T L TH, FE L LRARRMEZZEZ 72, LFOXRPZTNL D
HzRL7ZbDTH D,

uc(A,3) | uc(A,4) uc(A,5) uc(A, 6) uc(A,7)
A || 1/3 7/22 | x13%/112 | 1 | 7% 13% 194 43/3 % 117
uc(A,8) | uc(A,9) | uc(A, 10) uc(A, 12) uc(A, 24)
7x13/2% | T%/3 74 /22 7 7% 13
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¥ 22 mEIEAOEKELTEH, ZOK, Ay ET6x2"HDOKFRZEDL LSRR
MO —BAEBTEFEIET 5 D TIXR WD,

G E3REELTILAATHS jBHICNS WERET S (o= 1),

B 2.2 77 =[[|_,qx 2729 KD 7% 1 € Z[¢] DEAEUIZ. 6« 2m AFEET S (¢ =
1+\/—73)
2 o

T 2.3 Ay ETH 22+ 2 =[[Lgqx DA EITIETE 6« 2™ DI H 5,

3 e

SRRE 1 (cf [3],[4]) BB 220D T A & My DR THZ751E, FEDn I L
Tuc(Ar,n) & uc(Ay,n) DIEIFETEHELL LS, £oT, uc(A,n) 3 FADALER
LHRTILNTELDT, TOAERZHNVTHKFZKATEDL I LD 5,
T HIZ2RIEFEHITHENWT, Z2 X Ay DAIZ universal concyclic 72 2 IRIGHE T 237
9%, EoT, TNSDKTFOALR (BuNHOEED2R) 23R TLI LT
HaDPIEFMTHD I EE2RLUTWVEZN,

AR 2 (cf. [1]) 3RIER® OB ECTEEDIEREH n 126 U, n O 1%l 5
RBGEAET B, BIZIE, BR (4o — 12+ (dy)? + (42 — V22 = 17F 4+ 21%, TELk+1
DK FRZES, DX, ZOMEICNLT 2 = 0&B< e, AERXZX 4o -
12+ (4y)? = 17Tk &2, ZhiE, EELICFBELTWSZ e 2EKL, Z3 1k
universally consyclic TH 5 Z & ZRBLTWAD L [FEKHIZ, EEDEREE n 12X
UCuc(Z3n)® ERZPREL TS, £o T, 2RGCFH & Ak R/NEHEEZ & X
5ZEMNTES, SHROMEIL, ST Z2 BT 2707 I LEERL, 5
BAIZ RO, €HEe UTEL I L THD, FHRE LTI, Z2 LEBRIZn DED2
BOLE, HEHBAMENRRONZDTIERVWNALEEZTWS,

R 3 (cf. B)ARITIZTENVT, mZ2EREDOIFADERLT L, TDLE, JIVA
Bm ThHAIETRI MVOEPETHRUIZRE2DDT Ly & Ly BT 508, Z
D2DODWF Ly & Ly 3 FEREZ L NS Z AP oT 0D, 2D L% uc(Ly,n)
Cuc(Ly,n) 25tHT 2 Z L THFABMTH D Z L E2RLEZW,

£ Rk

(1] mJE 2, [EEBUS F DRIFE AT
< http : //infoshako.sk.tsukuba.ac.jp/ hachi/COS/combin.jp/maebaray8.pdf >,
7 2% AH 2015/12/25
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2] A E— =] 2, [On a property of 2-dimensional integral Euclidean
latticel ,Journal of Number Theory 132 (2012), no.3,371-378.

3] IR ZE— =Kk 2, ['Toy models for D.H. Lehmer’s conjecture II | ,Jour-
nal of the Mathematical Society of Japan (Impact Factor: 0.62). 01/20009;
62(3).

[4] =HLlEM] FIxsa K 2, [New invariants for integral lattice

[5] J.H. Conway and N.J.A. Sloane, [Four-dimensional lattices with the same
theta series] , International Mathematics Research Notices (Impact Factor:
1.1). 01/1992, no. 4, 93-96.
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On the Mazur-Tate refined conjecture of BSD type

BB 3L

sk
KH fIffE  (Kazuto Ota)*

B AR

H‘%g_

W =
AR, 5812 MBCER G A FUZEES (2016 £ 2 H 290 H~3 H 3 H, Jifgii
KV IZB I BEFZEDHRHDT 7 = h VL K— b Th 5. HEHROFATIH
L 59 BSD PR FIRZ i HUCHEE L 2% T, BSD THOBERIK & Rid 3,
Mazur-Tate 23E XL L 72 BSD BUGHL FREZHENT 5. ERRIE, 207
ROPEBUBET 2870 2 IS W RED D E T L 72 L) b DTH 5.

1. BSD ¥
1.1. 5B (BEH [7])
R K EoREMEE &%, i

Y2 4+ ayxy +asy = 20+ asx® +agx +ag (a; € K) (1.1)

PRI R oo 2 TN Z TER I N2 H 2 IERF AR TH 5. R D,
INDESEZ b ORI L vy 2t TH B, 0oF D, K-HHEEEKROES

E(K) :={(z,y) € K* y* + a1zy + azy = 2° + a2 + ayx + ag} U {00}

D37 — VO Z DD (ENE R co 23T E %2 2) . Bl 213 K DEFEBIKRC D
Yitr, E(C)IZiday 7 b Y —< VHDOHEERAD, #58+F—7 A C/A (A C Cl3t
T ICHREEAACHBL L 2 2 2 RIS N T S,

ST, BEGRIVICHIRE DX, K BWEMEBARQ, & 5\ 132 DFRIILRAEDGE
ThHb. ZOLE RDOEBEDPANSNT VS

EE 1.1 (cf. [7]). K2QDOHEBXRIERAED L E, B(K) IFERAEEL T —VHE, 2% D,
E(K) = 7°"®) @ B(K)ors.

22T, r(E) = rank(E(K)) > 01355, E(K )iors 1& E(K) D F —3 3 ¥ IRA kb 7
HGR7 —_NLEETH 5.

DIFTi, K = Q oMt E 2EE T 5. oL, hoEMiD), BQ)
78" ) @ B(Q)ors £ FH T 5. BRT —_NVEE E(Q)iors DFT1E Mazur 12 X > CTHEAIT S
ST 5 (cf. [7, VIIL, Theorem 7.5]). —77, B8lr(E) DSTIEEHEL DL R WT L
D% Bl ZE, Q LM EZEIN L7 & r(B)DBENL SVWREL RS0 bb
o Ty, ZORBNEETH 2 r(E) DESRNEZ LI, BTN LB L(E, s)
DI EFER D EFHRL T2 DRITIBR S (59)BSD PHETH 5.

*e-mail: kazutoota@math.keio.ac. jp
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1.2. BSD ¥#
£, LEBDERICHI L Hasse MR ay(F) € ZIZOWTHEET 5. ED3Q LOFF
Mt TH 2 &) 2o, WY AERZEHIC X ) HEK (1.1) OfRED e, € Z L
%5 X)ICTES. 2D K ) LITEAT, discriminant A € Z (DFRHE) D3/ D b
DZ[EET S (cf. [7, VIILE]). (AT, Q LOMEHh#R2EZ 2 L ZI3HFICZIDLIRZ
RBONEREZFEETE2IEETE) 2ok &, R (1.1) ZF L2 L modulo ¢
THIEICEDF, LORBUFREEZH2. S5ICHADEE, ZORBUFRIZIERR &
70D F, Lo EQF, 280 %. ZhOF-GHESKOESE E(F,) &£ bHEL.
(TADEEDaE) € Z% ay(E) =(+1—#E(F,) TE#T 5. ED Hasse-Weil L
HL(E,s) 3RDIGOMRHTERI N 5.

L(E,s) = 1— alE) +e(0)=2) 7 = 3 I 1.2

<>&1;ﬁ< (E) 4 e(0)0) Zn (12)

CIZTUIARG, ¢(f) =1TdH s ((|AITDWTIE [7, Appendix C.16] Zlf). Hasse
DEH |a,(E)| < 2V0 & D, (1.2) 13 Re(s) > 3/2%% s € CICNLIET 22 &30
22%. 512, Wiles, Taylor-Wiles 612 & > TR I N7 ENAILTFEICE D, L(E, s)
X C RIS LS. FIZ, s = 1 TOFERDMEL orde—y (L(E, 5)) DERI NS,
59 BSD P E IZRDFHTH %

F18 1.2 (Birch, Swinnerton-Dyer). 3
r(F) = ords—1(L(E, s))

NI ARVASS

X512, s = 1 TD Taylor BFAD T B lim,_,y (L(E, s)/(s — 1)) 2 #E(Q)sors ¥
Tate-Shafarevich B II1(E /Q) DA% & o 7 BGERINAZ R TRt 3 2 A (full BSD ¥
)L PHINTV T T TIEFL CIBXZw (cf. |7, Appendix C.16]).

2. BSD BEZ(LFE
Mazur-Tate [4] 12 & > TEF LS 7 BSD BUEEF LTI, Q LotgHih#t £ 12xd
% L(E,s) % Mazur-Tate JL & V) FEEROILTES A, E DEGRIVAZEER L FEO DT
5TRHTH 5.
2.1. Mazur-Tate 7T (cf. [4])
FEFERSITN L, Gs = (Z/SZ)* LB . D E E, Mazur-Tate Tt (0s)s € [[§ Q[Gs]
ZR 7z 7§ (Rl OB C):

1. 3EF S D Dirichlet 888 y : Gg — C I L, y Z Q#IEIC Q[Gs] — CITIERE T

%L,
L(E,x 11
x(ts) = s 1,

2. ?ff%ﬁg 0:5(3[‘[4, ng/s . Q[ng] — @[Gs] ’E Q%tﬁ%ﬁt%ﬁ& ?Z) é’., ng/s((gsg) &. 95 D
RN BRI 2 BARR D3 % .

3. BDIEDRER M MBEHEL T, [EREOIFATER S 1T L Moy € Z[Gs).
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Z 2T, (s :=exp(2mi/S) T, Dirichlet f5#% y : Gg — C*IZXf L,
o Ts5(X) = D ueas X(a)CE,
o L(E,x,s) = [Tyggm (1 — a(E)x () + e(0)x(0)202) " = > (n,8)=1 anifgn)-
7, QF, Q" (L[4, Chapter 1] 2D 2 &) IZAI L FEIEN 5 EREBTR % i 7z
L(E,x,1
T fEE D Dirichlet 5 y IZXf L, % € Q(Im(x)). 2IT, fFo+idx(-1)D
fFatAlCbozt s,

ER 2.1. Mazur-Tate Juld p i L A OKELTH 5. pite L BEIE, EF23pRE
? Dirichlet I x 12 & 2420 ORRME L(E, x 1, 1)/QF 22 CTHilt]l 32 X 9 % pitk

FENTIVBIEL L L CERI N DD (AR, pta,(E) &S lim  Z,[Gp] | ® Q, =

Tpn /pn—1

Z TN © Q, DILIC % %), BERD—D1% {00}, &4 IC modify LT () MRR%
EBEV)BDTHS. pitt LBBZ K5 KE 5T, BSD PRORIN L TH %
piEBSD PR L pitt LEAKE U1 F (Q(Gn)) Z 70 7 EHIAA THE DT 2 5 1
TRDRH 5. [4] TlE, TS DTFEOEITINLEEE LT, (O ZFT%) — KD
05 1IN L T FREAML S e, KRTHRK ) DI, 2D 9 6 pitt BSD FRDIFE(LIC
7% BSDRUEEMNM T TH 5. RO/NMITIE, AGEIC I 1T % FEBICBIRIR G, 59
BSD FARIDBLUCBEI L T 5.

2.2. BSD®#FZLFERD (FEHICEAT BHAD) Eik

SZEIFAFBLEL, QDT R%Z 0s € RG] L %25 X)L 5. Is% R[Gs] D aug-
mentation £ 77NV EFT . DED Ig=ker (R[Gs] = Ry Y e, o0 = D peq, o) -
Z DL &, Mazur-Tate [4] 13 05 D HHIEETOE R OMED r(E) A ETH % &P
L7z

F18 2.2 (Mazur-Tate [4]). 05 € Ig(E).

IR 2.3, PH12 L IEEAD, BEOMED H(E) LW KEL B ENHD, DED
s € LTSI D S 2. BlZIE, #Gs € R* %55, [g =13 = .

3. EfgR
E%QLofEMiifte L, CMZ b7:72\»wE T 2 (ie. End(E) =Z, cf. [7]). L TD 3D
DT 2MmT R p Z AR L W5

L pt6(ap(E) —1)AT[ace (cel2DWTIE[T7, Appendix C.16] ZH),

2. Tate MIFE T,(E) = lim E[pr] 55 %70 7 £Bl Gal(Q/Q) — Autz, (T,(E))
D344t (Q 13 Q DB,
3. p>r(E).
AR 3.1. Serre DFERZH 0% & FRERDEEB1TH L Z b5,

DN, S0BRR CQ%, ETABLZBP R TETHHICRD L HITE 5. FERIFKRT
H5:
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EIE 3.2 ([5]). SZRD (x) Z2lite THEBAt A D square-free 5T L T 5.
(x) EEOIFHERELp XL, E(F,)[p) = {0},Z/pZ.

coLE,
QSEIQ(E).

ER 3.3, 1L (x) 2T DEEIR 0.997 L 1 TH % Z & D% Chebotarev %5 EEE
ZHWLZETOR%

2. FHRMNCERTER R 2> 7228, E(Q)ors # {0} D & 12U, FEFFA R L DOIEBUL
ABIREZRD, (BUERN)BHRINIC R2 &5 2 ED3TE S (cf. |5, Corollary 1.4]).

3. AEHE 3.2 DU P 2.2 122w ThEIC %n%m“cwf:%ﬁ%%ﬁéﬁa‘éc:‘ﬂma L2
Te®, p%#@?ﬁ?*ﬁ(&@‘% O € In R Ly, M3, pta,(E)DESIIE Kato[l] D
fRD 5 | pla,(E) D¥frld, Kato[l], Kobayashi|2], Pollack[6] DD & EIT 5.
Kurihara|3] 1% pfap( JDEE, “p=0TFTRZIRELLI AT, (S,A)=1%3%
SIZHL, 05 € IZP @ Z, % (G E %) FEH LT 2. Tan[8]1F full BSD FAH
RRELZD AT, B SIENL, 0s e 1P 2RLTW3

THH2.2 i§5 BSD%M (PH1.2) a)iéﬁ{xffofcrbs‘, full BSD PR DM & &=k &
NTWw3., L THEsNEEZENT

Mazur-Tate [4] \, Mazur-Tate JTLOD T 2IH 95 ’a_" s D ILE ) T Aopf b LCE
#ZL, 2%, full BSD PO XL 9 I I(E/Q) & S B, Jo Tidihd 2 PRZ ER
L7, 22T, JRBRTERINLIEREETH %!

Jg = coker (E(Q) = (DysE(F)) © (©gaB(Qe)/Eo(Qy))) -

EEE 3.4 ([5]) p%%:@;ﬁﬁ&k L, S 75? f =1 mOdpi)x-f) (*) %{ﬁ%f:?‘é@ Square-free 7’;&?
BET . b L, 05 2 0mod p(1g™ /1) 5,

II(E/Q)[p] = Jslp] = 0.
SE 3k

[1] K. KaT0, p-adic Hodge theory and values of zeta functions of modular forms, Cohomolo-
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W—WIER A AW T LiefWk & F D FEE %
I = Lie fREUZH O IATe 51k

% B Gkl (Nagatoshi SASANO)
TR R« 74T « A o F ARV WFFERT!

Abstract
FIRI LRI ATHE Lie (REL OF OB IRIN G- 2 biviz & & | Lie {3k EOX—kEA %
fioT, ZNLEMOMEEE LTHD LS 2 RE LRI X Lie (WEEHKT 22N TES. 2
OMERZ IS LT E RS M VZE] & RBO & Lie (REOBMRICOWTHELET 5.

1 FX

=D,z 0n ZREAST ONIEHLIE C EOFRYOTHH Lie (WL LIS, 5L, g DE
Lie f%#% go X O DRI (go,ad, g1) BEFHND. 2D L X, go 1TARKITHFIATHE Lie RETH Y,
(ad, g1) BT AERTH S, & blc, ZORBIMEIIY FEREFETS 2 & Rabh
THEY, 2GR E N7 V2RI RS E X7 FVZER & TR TS (PV of
parabolic type, [2] ZH}). KEEH 2 ST 2 T 00U, WEATT B AL A RO - Lie Uiz THL
WiATe] T LD REDEYARIIE X7 SAVEMTH D, BRI X7 b V22T Lie 18
BeoME EEE L TV D O THNT LT <, £72, H. Rubenthaler |2 X - C Dynkin KJE % 7258
ERENRE STV ([2, pp.137-140] ).

— 5T, FAE OGN MVERIT THWAICR ) ZERBITW5D. T, R E
A7 MVERBGRO T & LT ERICHRRICERI ATHE Lie & £ DR RIRAN 52 btz &
X, IhnE ATy ZENTED X RRE RIS Lie REUIHFET DDA 5 0. Kfa
TIEZOBWIH L, BENRGEEZ 525, T7bb, 52 b A BRK T AT HE Lie {4k Lo
M=K REEI & LT, 2o OffiEE 2 O oG L L TET X 5 2> & Lie REDFIET
% Z & & (AHE Theorem 2.3 Z2H7).

2 BREMNGEOMBEZTNICMRET 2RO S Lie RE

KEIONBEOFERNCOWTIE, [4] B8R SN2V, £, AECIEABRK T ATEE Lie {AE% %
DFEEEFRIEBEZW DD, ZH DI OV THEMRICET A REREI PN TV RN L2 LTk
ORKFOWTEDH DN, £, ROBBEERTHZENLIE LD S.

Definition 2.1 (®-548). g Z A RKICHEFITEE Lie (REL, (p, V) & g DFRKILEEL By % g LD
HABAERRALE R — A2 &5 5. WO (g,p,V, Bo) Ik L, # 5 @, : V @ Hom(V,C) — g

le-mail: n-sasano@imi.kyushu-u.ac.jp

AWFJEIE JST CREST WFERUE 17 2 2V BERF: OREEE L KRB OFEHT | OBREZ T D Th 5.
2R 113, 52 Bo([a,b], ¢) = Bola, [b,c]) MERED a,b,c € g ik LTI 5 = & 55 5. AIRKEMif e Lie 14
BT T IERAERI PR LR — IR A RO Z L 3A BTV ([1, Chapter 1. §6.4. Proposition 5] ZH).
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EROFERZL > TEET D -
Bo(a, ®,(v © ¢)) = (p(a)v, 9). (2.1)

7l l,aeg,veV, ¢ € Hom(V,C) TH-T, {--)I1LV & Hom(V,C) OR]D HIRZ: pairing & 7=
T. DG S, ZWUSH (g, p, V, By) D O-5 LS. O- G g-MBEDOHERIBEL THL H 5.

D3 0IZ WEFRTH DD, O-5441% well-defined TH 5. FEEE, Lie [V g NERKRITTH
5L M= By BIFIBETH D &0 9 &0 D g & Hom(g,C) 13 b (a— By(b,a)) &
IRNETR—HTEDLM, veV, ¢ € Hom(V,C) NHEE 5544 (a — (p(a)v, ¢)) € Hom(g, C) (2%}
ST 5L LT R,(v®¢) € gNERTED. £z, By WAL THD LW IREIL -5 g-INEE
DOWRAITH D Z L ZFHT HDICHWLND. Wi, —MIZ, X—REX By DELY 2% 2L
-G LT D, L L, M—RIEXEHI & T2 2 & TIREOH RKITHIKI ATHE Lie A3 g LY
ZORJVICHK L, g &V @ Hom(V,C) DMINC g-MBEDYHERBINIFET D Z &Ny noTz.

Definition 2.2 (FE¥#ERY72PU-OfH). G5 1E Definition 2.1 Db DEZDEEM S . p HNEFENDO5%
AT, VI3 0 TRWAEITLEFFRnE &, USH# (g,p,V, By) ITIREMGZM D (standard
quadruplet) &5 9.

ZDEFRITELET D Lie R OCZORBUCK T D [HEKRES ) 28R T2720080THS.
A BRI TTAFI FTEE Lie I OV OSERATRIRBL A IR & Lie REUTHLD AT, &5 O MEE EE
T5HEE, THITHEER RO TROWARZETTAFELRWZ &2 RE LT —MEITkbhin. £
L C, B 72 U SHLIS ST DR D ERDAFEO EEFLO—>TH 5.

Theorem 2.3 (MU-DFRIZATEET 2 Lie AER). EEHERZ2IUSH (g, p, V, Bo) IZ%F L, (—MRICIZMERRK
TED) WEHOE Lie W3 L(g, p, V, Bo) = @,z Vn T, &IF

Vi ~Hom(V,C), Vo~g, ViV, (a-MEEE LT)

EiT-T O ORFET S, ZnEmOH (g,p,V, Bo) IZfIBET % Lie R L ES. ED g MEED
RO T, fRS7 L(g,p,V,Bo) = @hey Ve @ bracket B [-,-] - Voy x Vi = V5 13 @, -
V @Hom(V,C) —» g LR—HTX 5.

7 3C [4, Theorem 2.11) TIXMU-SHLIZAHET 5 Lie 43k %2 BARMNCHER 35 2 & T2 OFEHA &
LCW5%. 7=, [3] Tit H. Rubenthaler (2 X » TREEDHEREAFEE STV, HOEHIL V. Kac
WL AT REICH LD TH D, 0 IRTRN, 2 2 TIIMHEEOREITE LTV N &
WCHEE LTV & v, 5% Y, Theorem 2.3 12 K » TEE DK AHE Lie A O D524 1)
FHLRUWE O E Lie (REITHEODIAEND Z LMo 723, HDIALNARETH 5 Z & L RELOBEY
EVETERMR TH 5. FRHEZR U SR & ZAUATBET 5 Lie REBOHI TRERN R b DELITNIZ D%
J5.

Example 2.4 (/b — 7). EEOARKICHEM Lie A3 g X O @ Killing B30 K (23 L, U5
# (g,ad, g, Kg) ITEER RS/ TH 5. UKL T D kE> & Lie 3% L(g, ad, g, Ky) 13—
REClt,t g ZRAMTH .

Example 2.5 (FRKICF-HA Lie W), g = @,y 0n Z KBTI DAV B Lie 3L L,
Ky % g Lo Killing B &9 5. 22T, g DE Lie RELOZ DEH (go, ad, g1) (T RAEE
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By MVEREZHET S 2 LICEE SNV, 8T, A8 LERBLLE, Ky O gy X go ~DHIIE
M6 72 5 K (go, ad, g1, Kg |goxgo) IEIEUER RIS TH 1, ZHUCKIET 2 K> & Lie A3
L(go,ad,gl,Kg lgoxgo) (T g ICATH S,

(2, & HAEHER 22U -DH (g, p, V, Bo) (26595 Lie REDSHRKITT TH D & &, ZOM-241%
@@ﬁ&fﬁ%ﬂmwgmﬁbw SN DR SN D . Thb b, BRI R N VZER &
fEFITTHE Lie 3%k g MO Z D EBL (p, V) TH - T, L(g, p,V, By) ZARIKITIZT 5 & 9 72 By 3 EAE

THLOTHD, EVISNHFHLHES.

3 MWHYEAY FILERERMDE Lie RE

AR OFE R AL N7 MVERMGR~NCAT 22 2B 2 X5, -7 MVERMGRO—BGmIco
VT [6] 72 & %, AEIOWEDFEMICOWTIE [5] B8RS 2U. BB 2,310 K - TR0 FTHE Lie
RE L O DOFERFHIRB (BEEMICEER 72 <) RE> & Lie REUCHOIAE N D Z LW ho
Ty, RIS R MV OB RO % Lie REUTHLDIAAT & &, ZIF IO Lie 03K
I EDE I BEENRRONDDIEA D D ZOMWICKTT AEBROERTHY , KO H H—o

DEMRTHD.

Theorem 3.1. G Z @522 K /T REREHE, (p, V) & G DFERFKNRELL T 5. Lie(G) Z G O Lie
RE, (dp, V) & (p, V) OWBERBET D, 20L&, (G,p, V) BIEE~Z MZERMTH DO D
WAy S RE, IRISKALT 2 K 9 72 Lie(G) EOIFIBRIERHRAZE R —KIEA By BMFETH 2 & T
H5

e IU-DHH (Lie(G),dp,V, By) IFEMENTH V, ZHUCxhiind % Lie % L(Lie(G),dp, V, By) =
@neanli, adv:V_1—>V07£’$§T ﬁ‘éioiﬁvevl ’E%O

b, WSO RAOPITHETIH X Lie (HO MM TR 2 L AT
5. 2 LC, ZHAEISHTIUE (G X GLn, p® AL,V © C) OGO = SMOBENEE (G, p, V) O
TR TE 5.

Lemma 3.2. GL,, ® n KITHIRT FLZER C* ~DO BRI FEB A2 Ay TET. Theorem 3.1 Dit =
DF, Z2M (G X GLp,pR A,V @C") PBIIERY MZEMTH DD DOMEA35EMHE, IRT
EF I NDHT hILZER]

Storsin) = 4(B1- . ) € (Hom(V,O)" | (v5,d5) =0 (1 <ipj <m), 3 @, (0p @ ) = 0}
k=1
{0} E7RBED vy, . v €V IMEET B L ThA. 12721, &, 1Z (Lie(G), dp, V, Bo)
D -G,
ZOWMBEOEHEOIS I RITET 5 I LEROJFEN] Th5.

Theorem 3.3 (R LZH). m :=dimV >n &9 5. Theorem 3.1 D5 D F, (G X GLp,p®
ALV @C) BIEA~Y MVZEMTH D Z & DMEASGEME, (G X GLy—n, p* @ A1, Hom(V,C) @
Cm=n) BE N7 MVEMIZRD 2 EThS.
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FEIE Lemma 3.2 615505008, Z 2 TS 28 <51 E0 5. £, (GXGLp, p@A1, VR
C) WEIETH D EREL, Lemma 3.2 25T Sy, vy =10} THDE IR vy, 0, €V &
L%, ZLT, Vo7 hVZER Cop +--- 4+ Co, CV EEARZT S Hom(V,C) @ (m —n) Rt
oy PVEME LD, SOIZEDOEE 1, .. hmn & ETUE, Sy, ) = {0} E72D.

Z OFEINIFEES RS DER T 2R ATRE T H 2551 Ll CE Zevy, SR LZEH (castling
transformation) I% G 23— OBIERBEAEDOTGEITALT D13, Z OFEMSCAEIIZ DUV TiX [6, p.37,
Proposition 7] ZZ M S 72w, F7IZ, [6] TIHER LA Z AW TRENEER TH L K o 2 E A~
7 MVERIOSFEN G2 BT 5.

4 SHROFRE

BRI IR ST, R OBIIE Y FVZERIN RIS & Lie REL BRI H D 2 L W oyinoTe. K
THAIT LT BEER I T R B~ 7 N VR B DYEIRIZ 72 D DT 1273, e RODIEWITERAZ IR~ 7
HOR LB N E S0 Th 5. SR LA TITIERIM 2 & O EEAWE BTSN D M, Y
B DEGR UAEN F 72 C /e b E 3RO 72, — 05, 2T Lo E-> X Lie {AEE HIRK T £ T
TR T AUR TR U AT IR T Lie (REGR O TIE TX 2720, B2 M ZE DN
O T Lie fRAEGH CRUR T 2 LHIFF LTV 5D. FRiC, B~ M V2ERI o EAIE 2 Lie A%
DSHETRIRTX D0 E ) Mg, BIRENFERETH 5.

F72, Example 2.5 (2 X o TIEHER 22 PU-SHICATBET 5 Lie REDI A BRI SC - Hifl Lie (3D 7 7
REETWND ZENSND. TlE, 77 4~ Lie REC—M D Kac-Moody Lie REAEH A TWDHT7E
59 h. ZOMBEISHT HZITELE SN TWARWD, 3 TILRIE ORI OV TR L2
EEZTND.
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On Transcendence Theory with little history, new
results and open problems

Hyun Seok, Lee
December 27, 2015

Abstract

This talk will be dealt to a survey of transcendence theory, including
little history, the state of the art and some of the main conjectures, the
limits of the current methods and the obstacles which are preventing from
going further.

1 Introudction

Definition 1.1. An algebraic number is a complex number which is a root of a
polynomial with rational coefficients.

e For example v/2, i = /=1, the Golden Ration (1 + /5)/2, the roots of
unity e2™%/% the roots of the polynomial 2°> — 6z + 3 = 0 are algebraic
numbers.

Definition 1.2. A transcendental number is a complex number which is not
algebraic.

Definition 1.3. Complex numbers ay,- - - , o, are algebraically dependent if
there exists a non-zero polynomial P(x1,- -+ ,xy,) in n variables with rational co-
efficients such that P(aq, - -+ , ) = 0. Otherwise, they are called algebraically
independent.

The existence of transcendental numbers was proved in 1844 by J. Liouville who
gave explicit ad-hoc examples. The transcendence of constants from analysis is
harder; the first result was achieved in 1873 by Ch. Hermite who proved the
transcendence of e. In 1882, the proof by F. Lindemann of the transcendence
of 7 gave the final (and negative) answer to the Greek problem of squaring the
circle. The transcendence of 2V2 and e™, which was included in Hilbert’s seventh
problem in 1900, was proved by Gel’fond and Schneider in 1934. During the
last century, this theory has been extensively developed, and these developments
gave rise to a number of deep applications. In spite of that, most questions are
still open. In this article we survey the state of the art on known results and
open problems.
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2 Irrationality

Definition 2.1. Given a basis of b > 2, a real number x is rational if and only
if its expansion in basis b is ultimately periodic.

Let b > 2 be an integer.

e L. Borel (1909 and 1950) : the b-ary expansion of an algebraic irrational
numbers should satisfy some of the laws shared by almost all numbers
(with respect to Lebesgue’s measure).

e Remark. No number satisfies all the laws which are shared by all numbers
outside of a set of measure zero, because the intersection of all these sets
of full measure is empty!

[ R\{z} = 0.

z€eR

e More precise statement by B. Adameczewski and Y. Bugeaud.

Conjecture 2.1. (E’ Borel). Let x be an irrational algebraic real number, b > 3
a positive integer and a an integer in the range 0 < a < b— 1. Then the digit a
occurs at least once in the b-ary expansion of x.

Corollary 2.1. Fach given sequence of digits should occur infinitely often in
the b-ary expansion of any real irrational algebraic number. (consider powers of

b).

e An irrational algebraic number with a regular expansion in some basis b
should be transcendental.

e There is no explicitly known example of a triple (b, a,x), where b > 3 is
an integer, a is a digit in {0,--- ,b — 1} and = is an algebraic irrational
number, for which one claim that the digit a occurs infinitely often in the
b-ary expansion of z.

Conjecture 2.2 (The state of the art statement). A stronger conjecture is due
to Borel, is that algebraic irrational real numbers are normal, i.e., each sequence
of n digits in basis b should occur with the frequency 1/b™, for all b and all n.

Theorem 2.1 (B. Adamczewski, Y. Bugeaud 2005 ; conjecture of A. Cob-
ham 1968). If the sequence of digits of a real number x is produced by a finite
automaton, then x is either rational or else transcendental.

3 Irrationality of transcendental numbers

We will first give known and unknown transcendence results

e Known:
e, m log2, eV2 e, 2V2 T'(1/4)
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e Not known :

e+, emlogm, ¢ T'(1/5), ((3), Euler-Mascheroni constant
Conjecture 3.1. Is Catalan’s constant

> (2(_7)2 = 0.9159655941772190150 - - -

an irrational number?

e Cataln’s constant is the value at s = 2 of the Dirichlet L-function L(s, x_4)
associated with the Kronecker character

it = (5

e The Dirichlet L-function L(s,x_4) associated with the Kronecker char-
acter x_4 is the quotient of the Dedekind zeta function of Q(i) and the
Riemann zeta function:

Coiy(s) = L(s, x-4)C(s)

= 1 ifn=1 (mod4),

> 0 if n is even,
-1 if n=3 (mod 4).

Theorem 3.1 (Basel Problem, Euler 1735). For any even integer value of s > 2,
the number ((s) is a rational multiple of 7*.

o ((2) =72%/6, C(4) = 7*/90, ((6) = 76/945, ¢(8) = 7®/9450 - - -.
Theorem 3.2 (Apéry 1978). The number
¢(3) = Z LB = 1.202056903159594285399738161511 - - -
n>1
1s irrational.
Conjecture 3.2. Is the number ((3)/7° irrational?

Conjecture 3.3. Is the number

1
¢(b) = Z — = 1.036927755143369926331365486457 - - -

no
n>1
irrational.

Theorem 3.3 (Tanguy Rivoal, 2000). Let € > 0. For any sufficiently large
odd integer a, the dimension of the Q-vector space spanned by the numbers

1,¢(3),¢(5),- -+ ,¢(a) is at least
1—¢€

—— loga.
1+ log2 o8
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Definition 3.1. Fuler-Mascheroni constant defined by

. 11 1
y=lim (1+ 5+ o+ +— —logn
n

n—00 2 3

Conjecture 3.4. Is it a rational number?

7:i<i—log<1+;>):/l ([] )dm_ // 1i;yxlizdiy)

Theorem 3.4 (S]l Adihikari, N. Saradha, T.N. Shorey and R. Tijdemann
2001). Let f:Z — Q mod g and such that

5=y I 0
n=1
converges. Then S =0 or S ¢ Q. In the latter case we have
log |S — a| > —c1¢*!(dady) " max(he, hy)
for any algebraic number o, where ¢ is some computable absolute constant.

Corollary 3.1. Let ¢ > 2 be an integer and x non-principal Dirichlet character
mod q. Then L(1,x) is transcendental.

Theorem 3.5 ((N. Saradha, R. Tijdeman, 2003)). Let

1)"(an
- Z(q( )" (an + B)

n+ s1)(qgn + s2)

with o, B € Q, s1,82 € Z and |a| + |B] > 0. Let ®o, be irreducible over Q(a, )
and s1, 8o distinct integers such that gni + s1, qna + so do not vanish for n > 0.
Assume that o # 0 if s1 = s2 (mod q). Then T is transcendental.

e For example,

i (-D)"2n+1) Z T+1
n2+n+1 ﬂf+e—§ﬂf n2+1 62“—1 2
n=0
Definition 3.2. The Fibonacci sequence (Fy,)n>0 is defined by

F():O, F1 :1, F7L=Fn_1+Fn_2 (n22)

We note that the following series involving Fibonacci numbers

e The number

ad 1
;FF

is rational.



i 1 7-vV6 (=D 145 i 1 5
P 2 Y FFu 2 PR+l 2

are irrational algebraic numbers.

e The numbers

o0 o0

3

n=1"" =1 n=1 g n=1

are all transcendentals.
e Each of the numbers

>~ 4 0o ) )

b
Pt n>1

is irrational, but it is not known whether they are algebraic or transcen-
dental.

The first challenge here is to formulate a conjectural statement which would
give a satisfactory description of the situation.

Theorem 3.6 (Iekata Shiokawa, Carsten Elsner and Shun Shimomura, 2006).

For R(s) > 0,
()=

n>1""

Cr(2),Cr(4),Cr(6) are algebraically independent.

4 Transcendental Numbers

Theorem 4.1 (Liouville, 1844). If « is real and algebraic of degree d, then
there is a positive constant C(a), i.e. depending only on a, such that for every
rational %,
C(o)

pt

‘a—q‘>
p

J. Liouville gave the first example of transcendental numbers.

Corollary 4.1. o :=Y°7 10~ is transcendental.

n=1

e Charles Hermite(1873): Transcendence of e

e Ferdinand Lindemann(1882): Transcendence of 7

Theorem 4.2 (Hermite-Lindemann, 1882). For any non-zero complex number
z, one at least of the two numbers z and €* is transcendental.
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Corollary 4.2. Transcendence oflog o and of €® for o and 8 non-zero algebraic
complex numbers, provided log v # 0

Definition 4.1. A complex function is called transcendental if it is transcen-
dental over the field C(z), which means that the function z and f(z) are al-
gebraically independent: if P € C[X,Y] is a non-zero polynomial, then the
function P(z, f(2)) is not 0.

Definition 4.2. A exceptional set defined by the transcendental function f
given, that is the set

E(f)={aeQ: f(a) € Q}

Question 4.1 (Weierstrass). Is it true that a transcendental entire function f
takes usually transcendental values at algebraic point.

Example 4.1. 1. For f(z) = €®, there is a single exceptional point « alge-
braic with e* also algebraic, namely oo = 0.

2. For f(z) = eP®) where P € Z[2] is a non-constant polynomial, there are
finitely many exceptional points o, namely the roots of P.
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3. The exceptional set of e* + e is empty.

. The exceptional set of functions like e* + el?
4 P

Weierstrass).

is empty (Lindemann-

5. The exceptional set of functions like 2° or €™ is Q, (Gel’fond and Schnei-
der)

Answers by Weierstrass (letter to Strauss in 1886), Strauss, Stéckel, Faber,
van der Poorten, Gramain,

Theorem 4.3. If S is a countable subset of C and T is a dense subset of C,
there exist transcendental entire functions f mapping S into T, as well as its
derivative.

Theorem 4.4 (van der Poorten). There are transcendental entire functions f
such that D* f(a) € Q() for all k > 0 and all algebraic o.

Definition 4.3. An integer valued entire function is a function f, which is
analytic in C, and maps N into Z, e.g. 2% is an integer valued entire function,
not a polynomial.

Question 4.2. Are there integer valued entire function growing slower than 2*
without being a polynomial?

Definition 4.4. Let f be a transcendental entire function in C. For R > 0 set

|flr = sup [f(2)]

|z|=R
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Theorem 4.5 (G. Pélya, 1914). If f is not a polynomial and f(n) € Z for
n € Zxo, then
limsup 2~ 7| f|r > 1.

R—o0

Theorem 4.6 (A.O. Gel’fond 1929). Growth of entire functions mapping the
Gaussian integers into themselves. Newton interpolation series at the points in

Z[i).

Theorem 4.7. An entire function f which is not a polynomial and satisfies
fla+bi) € Z[i] for all a + bi € Z[i] satisfies

1
li 1 > 6.
msup og|flr >

Theorem 4.8 (F. Gramin, 1981). § = - = 0.5888636748 - - -

e This is best possible proved by D.W. Masser (1980).

Theorem 4.9 (A.O. Gel'fond, 1929). If €™ is rational, then the function e™
takes values Q(i) when the argument z is in Z][i].

Theorem 4.10 (A.O. Gel’fond and Th. Schneider, 1934). Transcendence of
a? and of (logay)/(log ) for algebraic o, 3,1 and a.

Theorem 4.11 (A.O. Gel’fond, 1948). The two number 2V2 and 2V are al-
gebraically independent. More generally, if o is an algebraic number, a # 0,
a # 1 and if B is an algebraic number of degree d > 3, then two at least of the
number

aﬁ? aﬁz’ ) aﬁd71
are algebraically independent.
Theorem 4.12 (Six Exponentials). Let z1,--- ,zq be complex numbers which
are linearly independent over Q and let y1,- -+ ,y; also be complex numbers which

are linearly independent over Q. Assume dl > d+ 1. Then one at least of the
dl numbers
exp(zy;), (1<i<d, 1<j<I)

is transcendental.

e The theorem was first explicitly stated and proved in its complete form in-
dependently by Serge Lang and Kanakanahalli Ramachandra in the 1960s.

e It is clear that the interesting case is d =3,1 =2 (or d = 2, ] = 3), and
this explains the name of result.

e One conjectures that the conclusion is still valid under the weaker hypoth-
esisdl >d+1(d=2,1=2).
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Theorem 4.13 (A. Baker, 1966). Let aq,-- - , o, be non-zero algebraic numbers
for which log ay, - - - ,log oy, 2mi are linearly independent over Q. Then

Brlogay + -+ By logan, #0
for any algebraic numbers By, --- , Bn that are not all zero.

Corollary 4.3. Transcendence of numbers like

Brlogay + -+ Buloga, or e®aft - ol

for algebraics a;’s and B;’s, e.g. 2v2.3Vv5 . 5v7,

Theorem 4.14 (G.V. Chudnovsky, 1976). Algebraic independence of the num-
bers m and I'(1/4), also algebraic independence of the numbers m and I'(1/3).

Corollary 4.4. Transcendece of I'(1/4) and T'(1/3).

Theorem 4.15 (Yu. V. Nesternko, 1996). Algebraic independence of T'(1/4),x
and €™, also algebraic independence of T'(1/3),m and e™v3,

Corollary 4.5. The numbers m and €™ are algebraically independent.

Definition 4.5. Let Q = Zwy + Zws be a lattice in C. The canonical product
attached to Q is the Weiersrafisigma function

o(z)=oax) == ] <1—Z>e<z/w>+<z2/2w2>.
weN\{0} w

e The number
o (1/2) = 28/4712em/8(1/4) 2

is transcendental.

5 Conjectures

Conjecture 5.1 (Four Exponentials Conjecture). Let z1,x2 be two Q-linearly
independent complex numbers and y1,y2 also two Q-linearly independent com-
plex numbers. Then one at least of the four numbers

em1y1’ e$1?/27 ew2y1’ ex’zyz

is transcendental.

Definition 5.1. A period is a complex number whose real and imaginary parts
are values of absolutely convergent integrals of rational function with rational
coefficients, over domains in R™ given by polynomial inequalities with rational
coefficients.
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Example 5.1. Basic example of a period:

; . dz
ez+27m _ ez7 %N = / hied
\

zl=1 #

= drdy =2 V1—a2de =
" //2+y2<1 v / e / \/17x2 / 1—1172

Further examples

V2 = dx and all algebraic numbers.
222>1

d

log2 = / Y nd all logarithms of algebraic numbers.
1<a<2 T

A product of periods is a period (subalgebra of C), but 1/7 is expected not to be

a period.

A widely-held belief, based on a judicious combination of experience, anal-
ogy, and wishful thinking, is the following

Conjecture 5.2 (Kontsevich-Zagier). If a period has two integral representa-
tions, then one can pass from one formula to another in which all functions and
domains of integration are algebraic with algebraic coefficients.

In other words, we do not expect any miraculous conicidene of two integrals
of algebraic functions which will not be possible to prove using three simple
rules. This conjecture, which is similar in spirit to the Hodge conjecture, is
one of the central conjectures about algebraic independence and transcendental
numbers, and is related to many of the results and ideas of modern arithmetic
algebraic geometry and the theory of motives.

Conjecture 5.3 (Scahnuel). If z1, - ,z, are Q-linearly independent complex
numbers, then n at least of the 2n numbers x1, -+ ,T,, *1,--- €™ are alge-

braically independent.

A simple geometric construction on the moduli spaces My, of curves of
genus 0 with n ordered marked points is described which gives a common frame-
work for many irrationality proofs for zeta values. This construction yields
Apéry’s approximations to ¢(2) and ¢(3), and for larger n, an infinite family of
small linear forms in multiple zeta values with an interesting algebraic structure.
It also contains a generalization of the linear forms used by Ball and Rivoal to
prove that infinitely many odd zeta values are irrational.

Theorem 5.1 (Francis Brown, 19 Dec 2014). For k, s, -+ , sk positive integers
with s1 > 2, we set s = (s1,---,Sk) and

C(s) = > ﬁ

ny>ng > >np>1 1
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The Q-vector space & spanned by the number ((s) is also a Q-algebra. For
n > 2, denote by &, the Q-subspace of € spanned by the real numbers ((s) where
s has weight s1 + -+ - + s = n.

The number ((s1, -+ ,8k) $1 + -+ + Sk = n, where each s; is 2 or 8, span &,
over Q.
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Ohno-type relation for finite multiple zeta values

/N ZRIRER (Kojiro OYAMA)
JUM R K2 BB 2 R B S E I

1 FX

%Y — Xl (Multiple Zeta Value, MZV) &%, k; € N,k > 212/ LT

1

C(k) = C(kr,... k) = —(————€R
TEHRINDEHRTHS. SHEIEZTOHELY L LT, £, p #EEL T, MZV DHI%Z p DT
HICH B - 72 G BRA

G = Gl k)= Y e modp

pemy>>me>0 T Sy
WZOWTHEZS. (BERMTHAHDT, ky > 1 TRWV.) ZHi “mod p multiple harmonic
sum” & FEEI, Hoffman X° Zhao 12 K > THIFEINTWAR{RTH 5. £ U T, JTLE Zagier
DEEINZFZ R p TR, ETOFRBpITH U TZDOMEFEIRIZHE Z 2 P0AZIRIEL 72
ARG TIE, Zagier DFEIF U 72 HAHIZ K > TH A 6 NS EREL EL — Xl (Finite Multiple Zeta
Value, FMZV) IZ2\WTC, ZDEHR L IRTTRUZDOWTRENA L2 AT, EREFRIZ DWW TH
295,

1.1 E%, RiTTE

HEHEAZRTEETS.

(H Z/pZ) / (@ Z/pZ) = {(ap)p | ap € Z/pZ}/~,
p: R p:FEE

ZZT (ap), ~ (by), &, MAARMEZRS 2TOERpITH LT a,=b, VLT DI L%
HEKd 5. ARFED T eOEBEIZE > THIEEE ANDZ LI2&0, HRIZERIZZR S, £,
ADTEF (a,), D& S IZHEPNDBH, HRFED 0, TN L TIIEBINTWARWVEAND S, %
DEE TS IZHBRMEAD a, 1T U THEEZEDTX 2 Z L T, HOEDHITHKS 312 (a,), 1F
EHIND. 517, WAMRE A

A:

Q>r+—— (rmodp), € A

EHEZDL, r DT REDYBFEBIIERIEL P2 W2 &9 6, ZOEMHITHEHNHERRITH
2NN, AIZQREUZR D Z DD,
IDEEADTE LT, BRZEY - XEIZRO LS IZEHEIND.
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& 1.1 TEDOA VT v I Ak = (ki,.... k) e NI LT, GRZEY - XH%

Calk) = Calkr, .- k) = (Golkn, .. k), € A
TEHKT 5.

ATV I Ak = (ki,.... k) T UT, wt(k) : =k + -+ k., dep(k) :==r ZZNZTNE
BRI LR, 72, kY % k D Hoffman’s dual & W\, Kk 29I RT14---+ 1D TE
WhEeEIZ, v T, ) 27X T+, 759A T+ Ay~ [ IR /-8 &
BN A VT I AERLTWS. HlZIX,

(k)v =(1,...,1), (2,3,1, Q)V =(1,2,1,3,1)
%TH5. Hoffman’s dual £ 5cD1 VT v 7 ik,
wt(k) = wt(k"), dep(k) + dep(k"’) = wt(k) + 1

DOERIZH 5.
HIRZEY — ZEDES QR MLEMEZRD LS IZEHTS.

Zao=Q Zar= > Q-Calkr,.... k)

ki+-+kr=k
r>1,k;>1

ZA = ZZA’k'
k=0
FRZ, Zy 13 QRE > TWE. 2D & &, Zagier IZ & » TIRDWR T PR T NI
F18 1.2 (Zagier [6]). B {dy}i>0 &

dy=1,dy =0,dy =1,
dp = dg_o + dj_3 (k > 3)

TEDE &,
dim@ ZA,k = dk — dk_g.

ZOFHICETEELWFERE UTIROEMDEE T 5N 5.
EIE 1.3 (Akagi-Hirose-Yasuda, Jarossay).
dimQ Z.A,k S dk - dk_g.

ZOEMIZED, FMZV 1213 < OB VBFET 2 Lo n b, (EX kDA YV
TYIANRN DB LITERETH L, I kT 2IZ, D & ® 28 — (dy — dp_o)
DIFEBEBRADIEFEETEIENEZD.) FI T, FMZV OBBRRZ2 BAWIZEER T 5 2 W
S BZANEVNEELRMENEZEZ 5N D,
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2 HKHEHENL

Z DHiTIX, Hoffman[3] 12 & D EA I N7z MZV OREUKE LI 5 5T, FMZV O
BHEALZITS.
2 ZRIEM L THAER 6 = Qz,y) DEBNER H! %

HOH =Q+9Hy

EHL . F AED word w € HITH U T, w DREE w DEI LIER (jw| 2EL). HRA
BEIZHUT gy =2y B E, QMEER Z,4: 96 — A %,

ZA1) = V)p,  Zalzk, -~ 2,) = Calkr, ... kr)

Z Q-fPICHEE L7 D e T 5.

Ot LM « GENE) ZROBA EAERIEEIZ LV EHET 5:
(i) EEDword w € H' WL, wxl=1%w=w.
(il) fEFED words wy,wy € H' & m,n € NITH L

ZmW1 ¥ ZpWa = Zy (W1 % 2,W32) + Zp(Zmw1 * W) 4 Zyn (W1 * w3).

PR E FERRIZ, H EOE m (T vy 7IUE) ZROBIAIE BEEEIC LD EET 5!
(i) EED word w € HIZTH L, wml =1mw = w.
(i) uy,ug € {x,y} EAEIED words wy, wy € HITXH L

(ulwl) il (u2w2) = U1 (w1 1 U2w2) + UQ(’LLlU)l il ’LUQ).

SREHLZ mewﬁﬁ:#Am?ﬂmtﬁfﬁéztﬁmemrmé.@q&&yit,
05 ORUTIROMHE &7 3
i 2.1 ([3, 5, 6]). fERED words w = 2, -+ 2, W' = 2y - 2z, € HUTHUT,

() Za(w*w') = Za(w)Za(w')
(11) ZA(U)H_[U)/) = (—1)|w|Z_A(ZkT s Zklzkll cee Zk’s)-

ANDAVAC IS

3 IR
3.1 Ohno-type relation
AR D EFERIFIROBEBRATH 5.

EE 3.1 (0.[7). FBOAVFy 7 Ake N EEDn e Ny T LT,

S ke = > (kY +e)

ecNg e’eN§
wt(e):n wt(e/):n

DENLT D, 22T, s=depk’) TH5.
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Z OF#HRIE, Ohno’s relation & FEIXIL 5 MZV OB D FMZV ik & LU T, Kaneko 12
otof%*ﬁéami%@w)é 72, n=10%41% Thara PVEEHFEIZL DAL TWVWS.
FAEROI GELL IR [T 23 BEINAEV) Zn BT 2R MEEZ WS DR, 0
7= DI TR DFHEVN BB/ 5.

W& 3.2. TEDA VT v I Ak = (k,ko,... k) EN EEEDn e NIZX LT,

min{n,r}
> Y Y (KN +e)) [ =0
i=0 N[O} een:t

wt(X)=i wt(e):n—i
MHALT D, 22T, s=depk’) TH5.
COMEEKI, ME21AZHWSZEIZE T, ROMENPSHESNDS.

8 3.3 (Thara-Kaneko-Zagier [4]). fEED word w € H' I/ L T

1 1
* W =
1 —yu 1 —yu

w Ay, (w)

WIS B, 22T AR H (9 D5EL) OECFEET,
Ayz)=z1+yu)™", Auly)=y+z(1+yu) 'yu

TEZOoNS. 72, ulFBERNTA—-RTH 5.

3.2 Sum formula
FREROFHFA L U TIROBBRANRE S NS,
I 3.4 (Saito-Wakabayashi [9]). 1 <i<r <k—1 Zl7z3ERED k,ri e NIZH LT,

> cathn k) =0 () (P20 5w

k1++k"r:k
Vi >1,k;>2

ANDAVAC NS

Z OEHIX, Sum formula & IEENS MZV ODEZLZBEBRO FMZVRE LT, i =1 D%
&7 Kaneko IZ PR E T \W/2H DT, Saito & Wakabayashi (2 & > CT—f# DG EHEEH X 1
o BHUAEIZOWT, 2 TREELWT L AR WA,

k=(1,...,1,2,1,...,1), k¥=(i,r+1—1)

EWIA VT AR UT, ERREE2HETIER V.
Sum formula AN 5, ERERORRLE U TBEBRAPMNE NS5 D D,
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T hOA4 ROHERICEIFZ =YY I4FTT7ILIZDWVWT

46 FIH (KAZUKI SHIBATA) (STHUKFELE)

EAEE={1,....d} £ (0 AB={DBy,...,B,} C2F (#B; =7r) iz, AT D%
a3 E M= (E,B)Z<bOq4 R,

o D s e B\B, (1<i,j<n)iZ¥L, (B.U{y)\{z}, (B;u{z})\{y} € B

HBEBDTDOZLZY NOA RD basis LW, r % rank & \N5. AR, ¥ hao
R M @D bases DEEG%Z B(M) &£, iz baA FIZMNETE M=V v 71T 7
VaEEHRTD. Kahe L, K[X] = Klzy,...,2,) 2 n BHZHARE T5. BiE
DM:{bl,,bn}CZd%

bj=>Y e (1<j<n)

ZGBJ'

LEDD. ZIT, e IERDENEER T ML 5. £/, Bl {by,...,b,} &
d x nFHLTH (by,...,b,) ZFA—HHTE. ZOLEMDR=YYIATTIV Jy %

Ju = <ijz - Hmkz Z(bjz - bkl) = 0>
I=1 I=1 =1
CEFRT D, B Ry = K[X]/Jy &2 M @ bases monomial ring [12] & X,
COREBBIINL, MFOZ RSN T WS,

Proposition 0.1. {EE®~ b+ F M IZx U, bases monomial ring Ry, 1% normal
THbD. FiZ, Ry 1% Cohen-Macaulay TH 5. T Z T, Ry 2 normal TH 5 & 1%

ZEODM — QEOIDM ﬂ ZDM
7207}7-:@—& %6: " 5 . (ZZODM = {Z?:I T’Z'bi | T € Zzo}, ZDM,QZODM %Iﬁl%)
K65 0u %

OéEBi\Bj

= i Ly — LT BEBJ\BZ

BT TIE B= (Bu{ep) \fay (7
B = (B;U{a})\ {3}

EEERTDH. MO ROV I T 7L, LFOFEIFIET 5.

Conjecture 0.2. {EED~ b1 K M IZX U,

(@) Gus 1 Jyy DERZTH 5, [13, 11]
(b) Gas B3 Jyy DL T F —HIE & 70 B BIERIEFEAAAET B .
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Conjecture 0.2(a) i graphic matroid [1], rank < 3D~ b B K [5], sparse paving
matroid [3], strongly base orderable matroid [6] ® & & & D 2.5, Conjecture 0.2(b)
'¥ uniform matroid [10], rank < 2D~ bB A K [7, 2], M(Ky)-minor 2 H 7272\
graphic matroid [2], lattice path matroid [8] D & EM D VD Z &b >TWVWD. £
7z, LR D F 41X Conjecture 0.2 255D 72HD L7 > TWEMN, FERMILTH 5.

Conjecture 0.3. fLTED~ b1 K MIZX L,
(@) Jy FZ2IREKTH 5,
(b) Sy k2T VT F—REK%2E D,

Conca [4] IF transversal matroid IZXf U, Conjecture 0.3(a) 230 2D Z & &R
L7z,

AHHTIE, 2207 huA REMAGDELZLZIZ b=V Y 74T T7IVDERR
TV TF=RENREDISIZRZDPMIDONTHH L, T DFER, DU OB DL
DIIDZ L EMMNT S,

Theorem 0.4 ([9]). ¥ b T A K M » Ps, Qs, M(K,), W3-minor & H 7272\ 72 5
W, Iy &2V T F—REK%2 D,
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HHEED double Bruhat cell ED
7T AR —ZRE ALK

EERFE TR R 4 @ AR Al (Yuki Kanakubo)

Eoke)

G277 r®oCLOHBWRERE, B, B- Cc Grxxhth, L=A T2A75eked5. B, B~
X, KLV st emiEns. H:= BNB~ &L, N, N~ % unipotent radicals, W = Norm(H)/H %
TANBEET B, TAVEEW L, BEEIM {si}icic, CE o TEKSNS. A 2 i FHOEAY TA K,
I={1,2,- 1} RFEE LT 5. HIKARERE, UTFO 4 FHTH 5

B G Fq4 vk UK
A SL,11(C) = {z € Mat,;1(C)|det(x) = 1} ° . . °
1 2 r—1 T
B  SO2,+1(C)={x € SL2r+1(C)\tﬂf “Jorgr - = Jorya} ° ° oe—=—oe
1 2 r—1 T
C Spy,(C) = {z € SLo,(C) 'z - J5,. - & = J5,} . o e—— o
1 2 r—1 T

[ )
D SO2T((C):{./,UGSLQT((C)‘%C'JQT'QE:JQT} Py ° .%_1

1 2 F— .

r

iz,
1
_ Jr
Iy = s J2T:(_J )
1

FEROT 4 VR VI U, DIV R UATH A = (a;)ijer &

2 if i =7,
-1 lf L4 o, o—=——09
B i joi J
YT g o —==0
i J
0 otherwise

CEDS. £, D = diag(di, - ,d,) &, DA BKETH £ 25 & 5 2 EEBEHF15 £ T 5.
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1 Introduction

REBUEE, BERED A o 7z variety TH S, HHlRH 0L LT, LD A, B, C, DD 4 FE H 5. 1
BHED unipotent radical N LD EEEEE C[N] 1&, 7 29— W REME2FKD. ZhiF, /525 —
B L ITIEN DR R BT 2R ORBTH O, TOERITITIEET 5 Z 22 & > THAE RIS %
FRDZeNTEL. MIAIA (7N % —{L L 72 generalized minors) 1, C[N] D2 5 A X —Z8D
—ETHD, Ihohoinr T AR —ZHE, —EOHATRLZ LEBEL TV Z BN TEE2DTHS.

— 5, REFERGAoND L, D) —BE2EZ2ILHTES. V-ROTEARKR U(g) 2FEA DL, *
DB U(n) (n:= Lie(N)) (2, Lusztig-F¥REER &\ 5 HEVRMANICHER S 1 5 [1). g C[N] &
U(n) & EWIZAOSBIGRIZ S 0, PEHEILR OB E DS, 2Rz C[N] D27 F AR —ZEHIZ—HTDH. 2D
£51227 7 2% —REUL, BEEERIZB 1T 2/MTHIRX, EHEER O P ERHERL K O U E O VEE 2 Wi prsed
5% 7-®IZ, Fomin, Zelevinsky M KIZ & > TEA X7z [3]. Geiss, Leclerc, Schrer ® = [KiZ & 553 [12] T
(&, RO EAZHERE DM DS, 7 7 ARX —REDBILE» SIS N T WS,

ARG T, double Bruhat cell G := BuBN B vB~ (u,v € W) LIFXN 5 )L Lo R C(G*Y)
2E 2 5. [3] OFMOM [5] T, C[GYY] D2 FARX—HEEDH S PIZENT WD, FoED K% DT,
CIG“ | IB1T B2 7 AR —ZTH H/NMTFIN (B 5\ IF generalized minors) &, ERER L OBFKEADH
Mol R, BFHOREZMAGDERIICHED ZOITHERIZE > TEAINAL 8] DT, v~
JBPn—7 VEFEAEHVWTRRINS. [13] TIE, A BIREEE Eo/NMTHIR 2 BIELEBL TR LNz —
I VEHAD, MEREEED - VHIHATRRALZEDODOMIZHE I L 2R U712, BERIZSIT52 7 X
R—BRE, MEEEOBBREFERINZE WS 2L ThD. AHEHTIE, ZOKEE B, C, D BIZILET 5.

ZOVR—FTIE, 28 TCREMEE ZD Y — B, 3HICHEARROERZZEE L, 7 7 AR —REEHITH
5. AHITHEERD 2 5 AR —RBEEEICET 2 FE 2N T 5. b HiTR L TOXRTH, T LU TR
BRIZOWTOEREZEEH L, 6 HiTEMERZARL, 7THTZOMELSHEFEINDGHAIZDOVWTHRRS. 74
B, ARIE LB RFZOHBEREEZ E ORFEIMETH 5.

2 REEE) &
T, HMUARBHLE Z0) —BIZOVWTEVWEZS. U —RONREMEED S, RBEEONEMEE, %M
HIMEE D 05 DTH - 7. HEBIRERE G I3 L, 2D U —B Lie(G) 13,
Lie(GQ) := {X € Maty(C)lexp(tX) € G, (t € R)}
TEDONS. THEFARY MVERIOEGE 2R D, B [,y == oy —yz WO HAETHLTWS. &
B z0) —BRIX, HigOMmio L S5 1T ns. HlAi, SL41(C) := {x € Mat,1(C)|det(z) = 1}

DY ““ﬁ%‘i, 5[r+1((C) = {l‘ S Mat,«+1((C)|trace(x) = O} ’C%é#, ZlE {61' = Ei,i+1, fz = Ei+1,i7 hz =
Ei,i - Ei+1,i+1| ) S I} Zh‘ '5 (U “‘ﬁ%(‘i bf@) ﬁimﬁ%j%%, LXT@BE{%ﬁ%{ﬁ%_T

(1) [hi,hy] =0,

(2) [hi, e5] = aije;,
(3) [his 5] = —asj £,
(4) les, f3] = dijhy,
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(5) i #j DL E, ad(e;)' i (e;) =0,
(6) i#j D&E, ad(fi) "9 (f;) =0,

ZZIE, By i 4T AI0A 1T, Ml 0 OEHF, ad(z)(y) = [z,y] THB. T5 &, {RERESL,41(C) O
(B2 LTO) ot %, {exp(te;), exp(tfi), thi|ie I, t € Cho} LMK TE %:

Z‘th

exp(te;) = 1 , exp(tf;) = ‘

O =

i+1
he e vy
t" = diag(1,...,1,¢,67,1,...,1).

— MO HA R ARBEE G IS U TEFEBRT, 2DV —8 g := Lie(Q) 1&, %D (1)-(6) DBIHRR % 72 3745
gt {ei, fi, hi| i € I} 2555, {exp(te;), exp(tf;), thi|i e I, t € Cxo} G DREL LTOERLE 2D, T
D&, V—BROEETH,H S, G ORBNBNEZEL ZENATELDTH S, HIT, G DRMFENEMEES
BLZENTES. £, UFDLDIC G 2HELRHITHFET 5.

G=U,,ewG"’, G“:=BuBUB vB.

G™" ¥ double Bruhat cell £IFIEND LIV TH 5. HMFEM {s;} ZHOT, u=s; -5, vV ==5 5.
ERERRT D, xi(t) = exp(te:), yi(t) = exp(tf;) LB E, B x; :+ H x (Cypo)"t™ — G %,
Xi(a; t1> e ;tnu tn+17 e 7tn+m) - a'yil (tl)yzg (t2) e yin (tn)le (tn+1)xj2 (tn+2) et xjner (thrm) Tﬁ&bé

SE 2.1. 2] x; 12, H x (Co)"™*™ ¥ G D% Zariski BIESORIOBERNFM % 52 5

ZRIZED, G H x (Cpo)™™™ 2D AR 72 & 5 R BTHER R > TWB Z L 22 5.

3 EFRE-ROEBERER 755 -

RIEICIE, REREE Z DV —BROBRIZ DO W TR A2, KiE, RBEEO EREER &, ) —BR M WAk B 0 B R
ZOWTHARE S, UV —F g i, FHlBE WO KGR 27z I R WHER DR PLVEMTH o7z, ) —BROE
FAEZEZDLE, g WEAUDOHRYIMIDBEFLRVDIIMANPERMHETHL. TDH, V-—ROKHAEEZEZ S
LEIX ROVICEBEBR U(g) 2525 2 W%\, T, ROBERRZ M7 HEKIT {e;, fi, hili € I}
D C LOKENRETH5:

(1)
(2)
(3)" hif; — fihi = —aij fj,
(4)" eifj — fiei = dijhy,

1—a,ij

1—a;; Ca—
(5)’ 27&] @kgv Z (_1)k ( kaj> 6; I k@jef =0,
k=0

1—a;; B
myi¢j®a%,§j«4f<lk%J

k=0

" hihy = hshs,

hiej — ejhi = aijej,

7aij7k
£ R =,
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hol, ko g DERTOBOEKR (1)-(6) TBWT, [2,y] (v,y € g) %, vy —yr TEHESMI-HD
ThB IOEIEETHE, V-HOERA LIS L L, WRAKEOERAEZ 52 LRI
%. U(n) (resp. U(h), U™ (n)) %, {e;}icr (vesp. {hiticr, {fiticr) CEMS N2 U(g) DHINB LT DL,
U(g) =UMmU(H)U~(n) NS N5, HEREER C[N] & B Un) I3 BIRICH 5.

CIN] = Uy.(n) ® C[G*"] i, 7528 —HKBL VI REMEEZFD. TN 2 52X - LT
NBENLDOPDERKILH) S, MOERITLHRL EEEINTHL, VWO REBFEETH S, BIERIZEWNT
%, REICED S generalized minors B3I 7 7 AR - L 725 [5]. G 5 A BREE DA, generalized
minors (FEH O/NMTHRIZ—T 5. TITIEZ FAZ—RBOFELWVERIZET, HITHIATEZ 2129 5.

B 8.1 Divsyos g, %y G578 {inye e vis}s BUB {ryee 1 jo} THRFRD 5B MIARE T 5. G =
SL4(C) &9 5. u= 515253515251 (2 U, FEEEER C[G™¢] D C[D123,123, D12,12, D1,1, D234,123, D34,12, D4 1]
J:o)étﬁﬁ%f, =204t D271, D23712, D371 MORLZ ERERLTW ZENTE 5. WU?J:J:,

D3 1D12,12 + Da3 12D 1
)

Doy3.19D41 + D3a12D2 1
)
D1

Doy 12 =
' D3 4

D312 =

D34.12D2,1D123,123 + D234,123D3,1 D12.12
Do3 12

D11D22D34,13 =

EWVWS IS, HULWERIGE =ZDMFES 28N TES. DEV, 2y = Doy, @3 = Dagio, w3 = D3y &5
B e &, 7 ((x))j2 SR IHM) /()" &S TEDH TR EKIC o) DR TE DD TH S, xf = D139,
xh = Doy 12, 2% = Dog 120 THB. Ml (x1,22,23) 2T TRY —, 11, X2, T3, T}, b, 25 I T AT —EHLIT
B BB x; B ool TEEMA DI LT, MITY T AR — (2], 22, x3), (21,2h,23), (x1,22,25) ZHKTE
5. Zhons, TNENZDTD, W72 0 AR —BHIPERINDE. TDX5I1ZLT, (21,22, 23) B
SRZ EHIZIRD T AR—BRDEREINTVE, ZOISICLTESNZRTD Y 7 AX—EHN, C[GH°]
DEBTE S, ZOXIBEBRTCERFORBOI L2V R9—RKRELMIDTHS. Friz, Ml (21,22, 23)
EAIMZ 5 AR —LIER.

BZIE G A BREBEDOGEE, N INAKIRET 1 O E=ATF2E0 I L350, CIN] &N k
DEHBEBOELZDT, UMIFIR] 280, Zhid Uh) KB 5 DREEERLE ] OSCHE L 25, iE
HEEKIE, Un) BV TEMNICHER I NI RETH D, TONMETH 5/MTIIRIE, 77 AR —-EKE
WO AEMmNRMEE 2R OER RO TH S, G WO DGEEI, REITED S generalized minors 3
C[N] ORI EEHERL L 72 5. ZD K 51227 7 A X —ARBUE, minors X AEUEELE D AU E DM % i — 1
WD 72D AI N, IR TR EDHID LS IZ, ¥V GYY LD 7T AR—EHELED.

4 PEEFERR & generalized minor

HiEfice A Uiz, BEIERIZB T 527 7 AR - TH 5 generalized minors 2 E T 5. ZHITDWT
&, 5] MLV, Go=N"HN 28 E, x = [z]_[z|o]x]s, [z]- € N7, [z]o € H, [z]y € N &FT.

EE 4.1 u, veW,ie {1, - ,r} T, generalized minor Ay, va, &, FBSHEE uGov™! ~OHIR
D, Aup,. on, () = ([ulazv)g) THEASND G LOTFHIEKTH 3.

FHZ G = SL,11(C) (A BUREE) O & &, TRIBBHO/NMIFIRIZ—T 5. A BO T A VB, HHREE
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Spp1 ICFBLZZR D ) BHKEIM s, X, H¥ (4,i+ 1) ERBRTILHNTES. ZOHAH, Aua,, or, &, 74
u{l,2,--- i}, FID30{1,2,--- i} TIT N ENL/NMFFIRIZFL .

Bl 4.2. G =8SL4(C), u=s5152, v=eDEE, u{l,2} ={2,3}, v{1,2} = {1,2} THE52 5,z = (z;,;) € G
WXL,

x2.1 €22
Aup,, A, (x) = det = T9,1%3,2 — T2,2%3,1-
3,1 Z3,2

HIEIZ B\ T, BB C[G™Y] 132 7 A& —REMEE 2 R D, LD generalized minor 7327 7 2 X —Z84( &
BBEBR., SEIE, v=e DFEEFNIERD. u=1s; s, AU, 1:= (i1, - ,in) & u D reduced
word £\WD. ke {1,2,--- ,n} T U, u<g =84, -85, £BL. ZDEE,

Ak i) (2) = Augpn,, Ay, (2) (L<E<n)

LB Y, S s AR C[Gh] DRI 2 5 AR —BRE R, DS 5 AR —ZME, TNSH SR
ERENEZDTHS (B13.1). i% u D reduced word & § 5 & &, @ 2.1 DG x; 1%, H x (C)H) &,
double Bruhat cell G%¢ ® Zariski Bl & & ORIOMEAFRIEIZDTH - 72, EiL, BB x; DEZIZHETL 3
yi(t) %, x_i(t) == yi(H)a) (t71) TEZ =G4

Xi(asty, - tn) =a-w_ g (t1)r_4,(t2) - 24, (tn)
b, H x (C)MW) & Gwe O Zariski FItEA £ OBOMERIAM 252 5. ZhEHWTRO XS ITED %:
A (k;1) == A(k;i) o %4 (2)

il 4.3. G =SL4(C) & L, w:= 8182838182 & ABITANVEEDIE, i =(1,2,3,1,2) &% D reduced word &
5. wey =515 THD. ZDLE, Y42 TN DEED,

A(2;1) = Awoons, 1:(T) = Agysons, A (T) = T21732 — T22731

Thot. —H, (1) ILkD,

THBH 5, a=diag(ar,as,a3,a4) € H LT DL,

1
! Y1,1Y21 0 0 0
Y11 1 Yi,1Ya1
B as ( = 4 A9 o 0 0
7i(a;Y1,1, V1,0, Y13, Y21, Y2 0) = e Yo T YiaYas
as as <Y1:3 + Y2:2) as < 3,/1,3’ ) 0
aq 1Y 2 asY1 3
Lo T,
. Yia Yo 1
AC(k,i)(a;Y11,Y12, Y13, Yo 1, Ya0) = azaz (Y + AN + vo ) (3)
1.3 1,3Y21 2,2

5 4.4. G = Sp,(C) (Co BIREEE), u = sysas1s0 € W, i=(1,2,1,2) IZX L,

Y2 Y; Y; 1
A%(21)(a; Y11, Y12, Yo, Ya2) = alssede) [ Bl polbl 24— ) 4
(2;1)(a;Y1,1,Y1,2,Y21,Y22) = a Vi + Yo + Y22,1 + Yos (4)
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b ETFEHOXREMR-HEREEEBRAKRT

T4 OEXEHIL, i TED 2 generalized minors &, i FILEDHEIHEAKROBEBKREZHRLI2HDTH 5.
KR FHORBGR» S EENMETHD. TholzdOWTHEHET S [8],[9).

5.1 =F&

71. —n

g:=Lie(G) & G @ Lie B, ¢ & Mt L T5. ]y = L=, [n],! = ]yl — 1], [1], £ B,

b =

Y5 BB UL (0) 213, ROBERE W2 THRITE (e, fi, i € I} 50 C(q) EOMARIKTHS:

(1)7 qhighs = ghiths — ghaghs,
(2)77 qhiejqfhi — q“”ej,

(3) ¢ fiqgh =g f;,

(4)

dhs -
" o f. — fio =4, L 7q
4 ezf] fjel_élj promper A

1—a;j
1—a;; i
(@”i#j@t%,}j(lﬁ[ aﬂ e i ek =0,
k=0 k qdi

l1—a;;

1— Qg5 a;
6) i#jorE Y (-1)F [ § J] F T sl =,
k=0 qdi
FEFBR (1)7-(6) 12BWVT, (¢" Z#RESHEECEFAL T S) ¢ = 1 2T 5L, Sect.3 THRA - @AIEERD
AR (1)-(6) it —7 5. & T#EE, Yang-Baxter A2
i+l

~ =

DIRERERT B7-DICBEAI N, X7 FVEBVIZRHU, 2 VONHL EDRT A — & —{f & OB G
(52 \VIxA78) ofID SRR TH Y, ZOSHBEROM R(u) : V =V OZ L% RAITHIZIER. RAITHIHR DO
I ND &, TN SHEHIFITE T DA RS BEOH, SAHDALEREMET 2 N TES.

BTRE Uy(g) L ZORBV » 5, I8 R T L ITIEN 5 Y-B ABRRAOMA—SHKIN5. D0, &7
HORBEER L, TOBEEHRD ZLIZE > T, K THEPHECEOAREEZEREOHT LA TES
DTH 5. FIZIE, Uy(sly(C)) DEARBLL WS iR EE LS, HUOHOARLRTH S Y 3 — ¥ XL HAN
Bonsd. £, REVICHL, TV VLVBERHEVQV 252, 22056 2EEVCHOAREERE SN D
THD. ZOEIBREFR—Varvode, BETHEZORIARIMAINL TN I LITho7.

BFHOKREIL, V-—BHOKRBELAKICEZDZZ LN TEIUHOM»H 5. HlAIE, ARIGTHEMY —B g D
HERRTHRIRBLV &, 5 A € PT =@, ZsoA; 2FVT,

V= @@ Vi Vi:={veVlhv=pnlhv(icl)}
n<\, peP

ERREIND. V, A0DEE, p 2V ITA MV, 2V IA MEMEZS. ZOLE, V3 IE—RTTHY, \ %
BE7IA MWD, HURSY T4 MEREOBHRIUIEWICHEEIZ RS, DF 0, VY —5 g OARRTEE
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HRBLL, PT CTHEEINEDTH 5.
ZNEFETEHIBWTH KT, U (g) DEBRRICENIRE V X
V= @ Vs V, = {v e V|ghv=¢""y (i € I},
H<A, pepP

EafRE N, PT THEINSE. RIEFD V) IE—RIET, V) = C(q)va cEITE vy eV EREVIA MRS
PLeWws, 22T, mE7IA M ERD U,(g) DRELZ V(N L5lT. RITdR7ZE502, V() OREEX,
FUVNEOHEEEZFARZWD. ZZITHOON DD, RETRERRIZBEREEKTH 5.

5.2 EFHOXRIER, BREE

B IA N A€ P R fOREY T4 FEB V(N &, SREE B\ 2HV5 2 LT, MEAH S hIC
ENB. i (1<i<r),ve V(N KL,

f2 f3 i
=wvo + fiv1 + =5 vg+ -+ “—vn, v; € ker e, NV(A o
v =g + fiv1 Pl [3] [ ]!vN V; er e (AN ptjos

rBiz#IIE. 22T, V() LOEHE f;, & %,

N i
f fz [2] [3]] [4}! e [N-i-l]!UN
2 3 N-—1
e;v =v1 + fivg + [J;i]!’l}g + [J;’:]!m 4+t []& 1]!1)1\7

TEDS. T4 5% Kashiwara operators LIF5. 5, A := {{]g,h € C[g], h(0) # 0} C C(q) £ BE,
L\ %, {fi, - fioals € Zso, 1 <iiy,--- iy <7} TEDOND, V(N) OEH Ay ke T5. 22T,
LM\ /qL(\) ® C Lg%

B\ = {fi, -+ fiox +aL(\)|s € Zsg, 1 <y, -+ iy <7}

TEHTD. X7 MVZER] L(N)/qL(M\) X, VIA) Tq% 0IZU7& S RZERER>TED, g ZIREICRIT

B(\) 2#REE LR, MEEEOICIE, ¥ 7 BRE R OMA REBRFEERD, TN6ITL TR
ﬁ@%m@fvaﬁwﬁﬁ%,ﬁéﬁﬁ%k& ZEMTELEIIIRE. ZDEIBRERFEDS B, HIF
ARTEMPENDZEDDDH L. TNk, B(\) Due BB {Ysils €Z, i € I} D —F VHRIHATERT 5K
BT, G =(DFDY,,; D) —(ARD Y, D) LB LE, Y, CA BEDITDT A b2RLTW
5. F7z, Kashiwara operator DfEfIL, 0 —F VEIHAOHIIETERI NS, BIHEAKRROFEL WEZED(
FHiE, MIREKDOWX 9] 22BUTWAEEERY. 22Tl RRS.

5l 5.1. G = SLy(C) (Az BIREHE) 29 5.
B 11, KRR B(Ag) OY v 7 BFR (£) L RIHAFR (4) TH Y, KELV(Ay) 6 RILT, VT A b
Ao, A+ A3 — Ao, Ag — A, Ay —Ag, Ap — Az — Ay, — A DU A MERIZDMRINDZ L Z/RLTWVS.
Bl 4.3 D A%(k;1) OR (3) KBINAHOKE {$, =K, J) i, LROMSIEE B(A,) O REAK
RO—HE—HLTWD Z LITHERT 5. 2O lower Demazure crystal B, ..., (A2) EIFIENS.
2% b, generalized minor |[CEEEBRARELAEODEIL, FREEABEARTLEZEOIENE, &0
SILTHE. INDVHEXOEMRTH L. KETHMZRNRSD.
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1
— Yo,2
2
2 2
1 3 1 YO,Sg/l,l 3 Y11
3 4 Y12 Y13
1 1 1 1
2 3 2 2 Yo.s 3 Y70 2 1
3 4 Ya1 Y1,3Y2,1 Y0

M1

Bl 5.2. fBOEUZHNVTH, A BRBREOH 5.1 L ARKOHEIEZ 5. G = Spy(C) (Co MR ¥ 5.

B ®

Vo, 2 Y11 1 Y11 1 Yig o
02— 5= — o — o5 — 5
Yi2 Yo Y3 Y22

Diagram (5), (6) & Z N EH, FEFILE B(Ay) DY ¥ 7 #n, BEAKRT, BH V() B IA b Ay,
201 — A2, 0, Ay —2Aq, — Ao DV T A MEMIZAMBEINS 5 RILRIHTHEI L ERL TS, il 4412
BII5 (4) KHNZHEDES Y“, Bl S v} B EROBBEE B(A;) OMHRZRO L~
HLTW5S. DA IE lower Demazure crystal le52 (Ay) THB. HOBREUZ, 2 B BNB L 2R &,

generalized minor A% (k;i) i, MREHEEE2 HEHARRLUZEDOOMTEL ZENTES, LWVWHILTHS.

(6)

FAERZ BB H11Z, Demazure crystal DEHEZFENT 5.

£ 5.3. vy (resp. vy ) %, B(\) O (vesp. BfK) VLA MRZ ML ET B, £, B()) := {va\} (resp.
B (N) :={v, }) &BL. E,w e WIZHL, ssw<w DL E,

Bu(\) == {fFo|k >0, b€ Byu(N), &b=0}\ {0},

By (\):={é&b|k>0,be B;,(\), fib=0}\{0}

U}

LEDB. By(N) % Demazure crystal, B, (A\) % lower Demazure crystal & FE3.

6 Generalized minors & #EGEEE

FEHEZBRELS. £ A B, C, D HHHEEIIBWT, REITLD reduced word IZXTHAZ 6N 5 :

(1,2, ,r, 1,2, =1, 1,2,3 ,1,2,1) for A,,
—_———— ——oo ——
1 st cycle 2 nd cycle (r—2) th cycle
o (1,27"',7",].72,"',7’"',1,2,"',7") fOI'BT, C’r‘a 7
1p = S——— ——— N—— ( )
1 st cycle 2 nd cycle r th cycle
(1,2,"',7",1,2,"'77""',1,2,"',7‘) fOI'DT.
S——— —— SN——
1 st cycle 2 nd cycle r—1 th cycle
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u €W %, Z®D reduced word i 2%, (7) D iy D left factor TRHOINDZHL DL T 5. A B s,

1=(1,~--,T,1,~-~,7“—1,-~-,1,-~-,7"—m+2,1,-~-,d) (8)
—— ———
1 st cycle 2 nd cycle m—1 th cycle m th cycle

WO, B, C,D#IZRS i= (1, ,r)" (1, d) 2O ETHS. £91E A BICETAREEZBRR K
5. BRY 2ROLSITBL:

Y = (a’;Yl,].;"' a}/].,’r‘)"' amel,la" : 7Ym71,7‘7m+2aym,17' o 7Ym,d)'

EHE 6.1. [13)ir %, (8) DiDANS Kk HHOBMT LT 5. ip 1&, m' theycle KIET 2T 5. ZOL &,

A% (k;1)(Y) = alvseta) > ud) | . (9)
beBi_, (m—m")Aa)
&%, 22T, B ((m —m/)Ag) i& B((m —m')Aq) ® lower Demazure crystal, p & B((m —m')Ag)
DHHHPIFAKRTH 5.

Bl 5.1 T R72i@ Y, generalized minors & JEFEEM L 72 & DAY, (k, i #oRE D) KimILED %z
BIEARRLUZEDODOMICRS, WO ZeThb. foflizkhse, ZOMEBEIm -—m' = 1054
(R ZEATE) KDZD, EWIORROEHTHS. B, C, D HMIZHTHHERERRS-dIT,
Y=Y, Y Y11, s Y10, Y1, Yima) € Hx (C)™ 28K

EE 6.2, i 1%, i= (i1, ,in) D (m—Dthcycle KETHLT5. ZDLE,

AC (i) (Y) = =00 [ ST g ) | (10)

bEBu_, (Aa)

L%, Z2IT, B, (Ag) & B(Ag) @ lower Demazure crystal, ¢ (38 2 ERE, p 1& B(Aq) D 5 HIA
AKRTHS.

7 SERORE

BT TR R 755 1L, EARER C[G™°) DRIt %, fEMIEE BRI 23D TH o 72, FBEEROBRA, 7
T AR —REP ) =B & L BB D > TWE Z L IZBEITBR R 7. FEAEEREE R % kS LK O S 5ECH L,
BIEAEIISH LTV 2V REHETH 5.

5 MiTHNAUZBERRRIZ, 7774 VETHORI DR TH S g-character DIfFZEDOHTHEENT-.
ZOHEEX, TOREDPED LD RV TA FERIZHRINZ DM, ZLTET A MEBDORIGIFWL D74
DD, LWHERER>TWREDTHB. 2FD, X 65N7RKEID g-character @ explicit formula »343>
PR, T DRI OREDH S 225D TH 5. Fundamental modules, KR-modules & \» 5 BEf) 3
B0 25 AMB %M, Z15D qcharacter DARE, [10],[11] 5 X THASNTWS. Kz A, D, E Mo
fundamental modules @ q-characters (%, & 2 #EMBEEZ PHARR L2 OO R B Z L BHIS T
% [10]. T4, EHE 6.2 TR AC (k1) OME LML T W5, 7=, generalized minors A% (k; ) 7%, fl
BARTOEMEITS Z & T, g-characters DA & —BT2HIB R Oh>TW5S. FlZIX A BARBEED
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E® minor A% (k;i) 1%, RFEHBETSH LT, HS A B KR-module ® g-character DIEHFI & —HT 5.
FOFELLLES L, A MDD KR-module ® g-character 1, # % fEffEE 2 BIHARRLZHDOHNIIR 5.
LT AY(k;i) 1%, ZDHNO Demazure crystal DA OAELL EF2HDIZR>TVWEDTHD. ZD &
DT HE R DBURIZYLD &, minors & g-character DBEENR R AT 5. [6] T, 77 7 1 Y EFHORE
DEBMEN TR T 1 = IHEHWT, BRI 7 22 —REOELLEIT>TW5E. TOHT, BZRE
MW TAR—EROZREZH>TWD., FREE X, 757 AR —-BHEPARMELPBENZNY 5 AZ—RED
ZeTHhD. HlAIX, FBEEE C[(SLy(C))ew0] (wo &7 1 VB ORET) XARETH 5. C[(SLy(C))ve] T
WA 9 AR =721 Thl, &TDI I AR—=EHM, Demazure crystal % BIEAEXRLZE DO TEY
5. FLTZEDOEHBI, BULO R THNZBENERIID g-characters LU TWAHEPHEETEZ TV 5.

ZDOEDIT, GWe, HDWVIE GOV EOEBERIIFENI LT, 77 74 VETHOBHRE L OB 0
MEAZEODPOIHROT VDS, ARE Y 72X —REDODHIE 4] THRINTED, ZLOWHEEFHS»ZI N
TWAM, ERAIZ DWW TR LD D%\, Bk T, Bz HWT, 77 2 X —RE D7 FEHERL R
ERLL & 5 2\ S BFEARE SN TS (7], —C, KB ClGwe] IRERA Y 72 5. 2 5 2 % —BSko
I AR —EREAERIEE L BEMNT, 27 AR, T 714 VETHOREGIANDIGHEBHE LV,

S5 3R
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AR RE OO —F VU BT 5T+ A4 7 7 > b A5ELL

K& #5h (Tomohiro Ooto)*
PR BRI R St (LA R A

B =

TAZT 7y bAGERIE, EREEEERETEDL SWRLIELSTE %0 %2 H AN
ML L, ZOMEOIEXHLUZOWTRIZHARSHETHS. ZOELIHHRIL, B
BEGR®T A A7 7Y P AFRAANDORHARD D H Ao ROIRE > TERZ, K
FO =NV UR—=NTIE, EBIZETET 4477 2 b RO EITHE L OISR
DWTHRS., ZDH, EHOFEUL U TERMRBOT - ViicoT 1 A7 7
N ZERUZ DWW TR S NEREHN T 5.

1 EA
F 4 A7 7 b AELLE,
R SNEEH ¢ 2AEKTEDL 5WEEMTE 3%

ZHAWZRMEE U, ZORMEOILRPHLUI OVWTEIZFHARSIAHETHL. £HHAHM
BOFEMENS, W HTH E LDOEINSVABBIERET S, LrL, ZOEDHID
(DX L) %S ELLERBZETHEVWI bR oTL B, 22T, ZOHTIEZOED
U DWTHHRLRBEZELTA A—YZFATEH S5V,

£9, —DORBEEATS. EMIIHLUT, 2] =max{n € Z|n <z} LEDD. T
DR [ IFATAE T XENTE D, EHOBBH 20 &K THS. HlZIE,
3] =3,[5.3] = 5,[—6.25] = —7. B q#£0IZHLT, |¢f —[¢€]] <1HDTHL% |q| TE
&,

DD SED. fo T, FEBULELEHBEDO DR TEBTE 5. KIZ, (PEHEEa/bDE &
WZDOWTEZRD., ZDLE, a/b L RIRDZEHE p/q IR L T,

a_p‘2|aq—bp| ZL

b ¢ |bq] |bq

MDD, EEeAbED L, FHBILELERBO DN H 5 HkKBOEL L7425,
RIZEZBREZ LIE, EPMHBOL ZDELMTHA S, HEHEBUIZ DWW TITIRD LK
BAERD D 5.

*e-mail: ooto@math.tsukuba.ac.jp
T 305-8577 ZIRIE D IFHKEAR 1-1-1 AL BEUERBUE
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EIE 1.1 (Dirichlet, 1842). R & 2 MK L 5. ZD L&, RENITHER p/q Wi
BITAFET 5
P 1
‘5 JSMV

EHE 1.1 OFEIIE, W B (n + 1 PO E nflOFIZAND &, Dl d 1HEOH
IZIE 2 PIPA BN D) 2 FHWTHIFEMIZEEIITE 5. GEHIE, [15, 851 ®E] ITHEVTH
5. BH1120, HBEBULEOEHREDOARO 2 FTHELTES.

PEDZ eho, EREREDOSEED 2 FTHELT S NIXMIAL, £ 5 TROVWEITEIEK
L5, DF 0, AHBOEHEEDEHET ZD0ICHER (FR) THRAAERXDNMH 2D L
ZADVIEREIZHHAWMTH 5.

2fiTIE, BIFERERTH - - EELOBMEZEAL, BT 517055 % /A
NI 5. D IHTIE, BEEPT 14772 b AHRERANDREEBOIGHIZDWTHRA
5. 4ffild, BHETOELE —MAL U 72 REEECC B BURES HA T DU DWW TR A
%. 5HiTIE, FETRLHOE (BRARED T — T VHREBUR) OEBUZ DWW TRHE AR
217\, SROFEEREZRET 5.

2 RBOFEHLEM
T, WIMCRERE > EROREGENEEHT 5. FETHLT,

1

p
oefe-2]
‘ q| ~ lqlv

LR B A p/q BEBITAET 5 & O REB w O ERZ u(é) & U, Ik & O
AR INT, BHBONELE WS LDX L Ao HmRIAMEZERLT R Z N TE .
MEHBEDE VI L UTIRBENLT A RSN T WS, U R2i72TES w D TR
Z () &% HEEDERCPEFIELT, BRI ITRTOEEB p/qizxt LT,

F_p'2<7

ql ~ |q|v

2729, fEoC, M OEBLITHUT p(E) > 1, HEEa/bIZH LT pla/b) =14
AL g 5., 72, TH11Z2EWVWHBZIB2 RO LS 124 5:

FEH 2.1 (Dirichlet, 1842). MEFIE ¢ € RIZH LT, u(é) > 2.
> T, RO R D IR 72 A B I O HE I,
w(€) > 17251 IFMIET, TOTHRVEE (u(E) =1), & IFHEK

245,

BHRBEINL, P(§) =0 L 2 BEURBZ A P(X) € Z[X]\ {0} BFET 5 & S REEK
EWS. EEBTREBIEE 2 5B EkofEe %z Q L RT. ¢ PREMBDLE, P(E) =0
7% P(X) € ZIX)\ {0} @5 bHR/NDIRE%E £ DIRE L L, deg TEY. 7z, RE
MR TR W B e £ 8. 22T, WL ODREINE L BB ORI 2217 5.
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5. AEBITIRECL DORBISE. V2,3, V5 IZE 2 ORBIEL. 21T e LHER T
(BT

Liouville (3ARERE D FEELEE D ER % 5 Z 7=,
EIE 2.2 (Liouville [7, 8]). K& d DREME ¢ €c RIZH LT, p(€) <d.

Proof. DT 447 7> N AEBOEMTEZ 57720, ZOEMOFHD KL > ML 0T
RWER O EIF 1A EE WS 22 ThHD.
p/q% E LRBDIEHBETS. ¢ —p/g >1 DL X
-=|>1>
k ‘ = Jql?
LIRBRIT, |E—plg S1DEEEREZRD. P(X) =" a, X" € Z[X]\{0} TP(£) =0
BEHEDEL ST S, ZOZHAZ X =TT —F— BT 5L,

(n)
px) =3 PO (g

n!

b, POE =01ciET 5L,

) - 79k 1
S‘f ppjLastl]

n= 1

F77, 0 THRWEROMSEIX 1 L BT

(2|
q
22T, C=min{l, (X0, |PM©)|/n) "} 2B, THL, ¢ LRRBILEOERE p/q
L,

1
lq|¢”

d _
Zn:() anpnqd n
qd

>

q| ~ |q?
YIRBEDT, pE) <dhEsNBD. O

‘5_p'>0

Liouville iZ &> THE SNz d & \WD BRI, D% d/2 + 1 (Thue [18]), 2v/d (Siegel
[16]), v2d (Dyson [6]) & X 41, FHAEMIZ Roth DFIT & o TIREMR DV,

EIE 2.3 (Roth [12]). FHE A2 R EORBIE L T2, ZDeE, uE) <2. #-T,
EH 21 L AEbES L,

u() = 2.

EFR 2.3 DFFHNENTH BMEFEL LTIE, [15, 3| 25T 515, T 2.3 Oxii%
EABILT, ROBEBHEIFONS.

2.4 EBEITRUT, ué) > 27%61F & ITEHIEK.
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3 ERHBOAEHBELDILHA

ZOHiTIE, E2MiTRREEHOIGHIZOWTEODMENT S, £91%, BEEGH~D
I 2 AF A U720,

EIE 3.1 (Mahler [9]). b % 2 A EOBEK L L, k23U EOBHLTE. Z0LE, ROE
BUF B ML

1
£=) i
n=0
SEE. Mahler 13 Roth D@# 2 AW WHIETRUZD, T Z Tk Roth O % {#i- 7-GF

Hze5Z5.

Proof. 224 &0, p(€)>2%2RmBIXR. D72, CIZRWVEME S 2 5 HEBE K
5. BHm>01IZxdLT,

km_km—Q

1 140 F 4 TR L
Em =) g = o

CHEBAEEDS., ZOLE,

|€ ém‘ n:§m+1 bkn — (bkm)k
BT, wl) >k >227%5720 IFBBE LR, O

£ 3.2 (Danilov [5]). a > 1 ZEHE L TH. ZD& &, ROFEHITEBL:

[e.9]

1
2 e

n=1

ZOEMOIHIAY, T 3.1 DHHHEFE U < BEWABBGTIZ R LU TR 2.4 72 & @ik
ERTEWVWDSHETHD. I, TA4AT7 7Y PAJBERANDIGHZ —DhR %,

EIE 3.3 (Thue [18]). d 2 3L LD L U, F(X,Y) € Z[X,Y] & BEHI7% d IRFFIRZ HA
95, Fiz, kEBERETE. ZorE, REAER

FX,Y) =k (1)
DEER (X,Y) € Z2 \ZARME L HFAEL 2\,

FR. ZOEHIE, #iffiTH L7z Roth OEM K D 55\ Thue DEM (u(€) <d/2+1) %
AT Thue HEMEERH L 7=.

Bl. 2X3 — Y3 =1 OBEE (X,Y) € 22 \FHRMED A.
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4 REBGEEO—KIE

ZOfiTl, MHEBEOMSE BILL TN OVWTHIONT WS Z L2 HNT 5. —i%
bz 57012, FTRZHAS IORBEDOES 2ELT 5. BERBLZHEA P(X) =
Sy an X" € ZIX] T LT, H(P) := maxocn<d |an| % P OEE & &3, KRB Q
LT, EDRNZEAE Q(X) &8LK. DF D, BN DFIAN THREIRRBDNIE & 72
5Q(X)ezZ[XI\{0}TQE)=022bD%L->TL 5. REWBIIRLT, T/NEIH
RNIFME—DFET LI LICHERETD. Z0LE, HE =HQ) 2 ED@EmI L IR 22T,
REEE D & S DGR 2 HE N 5.

Bl. pq B EWVIZEREOEKLTE., 20L&, HHEp/q DENZEHAIZ ¢X —p TH
b, TOEIIX H(p/q) = max{p,q} £725. F/=, V2OENZHEAIZ X2 -2ThY, %
DEIITHWV2)=2,%k5.

I, AHEBOSRE VWS EDI U THREELZERZL TW-., SEIX, LiFEE
HZLEZEIZBDILIZUTHREELMZRO LS IZ2DOEHET L. EOEK n B L UOFER ¢
L,

0<[PE©) < deg P < n

1
H(P)»’
&% P(X) € Z|X) WEBUZHFIET 5 £ D BE B w D ER%Z w,(¢) £ BL. £z,

0<[§—al < dega <n

1

7% a € QPEBUCFAET 2 XD RE B w* O ER%Z wi(6) £BL. s =20
wp, w} 1% Diophantine exponent & K IXNT WS, [EEDFEE L ITH LT, wi(€) = wi(€) =
p)+1THBIENMENTWS. fif> T, Diophantine exponent wy,, w} (T MEIEE 1
DR E —BLL7ZEDTHD. ZDOLE, RO2DDMBIZDOVWTERS I LIFARRT
EEA 5.

B 4.1. £ 2FH, n 2 EOBK LT 5.
(1) EPREBIBD L &, w,(€) & wi(é) DiEEREE L.

(2) Diophantine exponent w,, & w} &R ». HLEILHIE, LD HWVWERR
LI FHAN K.

MR (1) 1I22WT, w, (&), wr (&) DL, DB E n ZAVWTRES ZEDBHISNT VWS,
EE 4.2. EOBH N & dIXROREIEE e RIZHLT,
wn () = w}j(€) = min{n,d — 1},

AEAIZIE, Roth DR (EBE 2.3) DEIRICIRTH 2 WD ZEMEHBH NSNS, s
EH D F ik K OFEIZEA L T [13, Section VI IZE{EMANT WS, EH 4.2 DF DD
Y DFFHIZBE U Tl [2, Section 3.2,3.4] IZEHWTHB. fE->T, RE (1) IFERINT NS,

RITRIE (2) IOV THIONTWAREREZBRRNTWE V. B w, & w) DD ERE
THRIZDWTIEHIRDBR SN T WS,
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EIE 4.3 (Wirsing [19]). n Z EQOEHE L, (2FEHELTL. ZDLE,
0< wn() —wi() <n— 1.

ZD EREE FRIZOWTIE EEHDOEH NS 050, EBIZEDL SWERLREZNEZHFHRDS
i, e [0,n—1ITH U T w,(€) —wi(€) =6 L7325 ¢ € R DIFAEM 2 TN Z BEHNH 5.
n=20& X%, HEHK

apg+ ———, (ag € Z,a; € Zsp for i > 1)

1
ay +
1
ag + —

NS EHED 10 EREH & X > 7B ORGIEK/ T OEGRE WS Z & T, B w, —w3
DIEIRITREZXI N T WS,

EE 4.4 (Bugeaud [4]). BB we — wi OEIZEAXE [0,1] TH 5.

n > 31U TUE, B w, —w OERIZZERICIE SN TORWHIRD RS2 AE R H
MohTnwb.

EIE 4.5 (Bugeaud [1]). B w3 — w} OMEIIZIXH [0,2) 2 & .

EHE 4.6 (Bugeaud, Dujella [3]). n Z 4 A LD LT 5. ZDrE, B w, —w OfE
IR D X[ % &
n n—2
[Q2+4m—10

5 FHER

ZOHITIE, ARMMREOO T VIR TOT « A7 7 v b ZEBUZ DWW T ER & LR
U S BLOBES R BITIHZEIC DWW TR RS, 2Dk, FHEREZMNT L. 3 dER%
BT B DITBBERFE S EEAT S, paFEBL L, EOBBsITHLTeg=p* B, L
DIEEAD g DR ZE Fy TRU, Fy RBDEHAEZ F,[T) TEY. £UT, F[T] DRgE
% F, (T) TEY. DFD,

Fy(T) = {gg;'mmm € F,[T], Q(T) # o}

L¥5. £, FRE0O0—5 Pk E

EEGT_W)=:{§:CMT_”
n=N

TEY. 2T, Fy CF [T CF(T) CF,((T71)) &\ S AEBIRAEK D VLD,

a, € Fy, N €Z, aN;éO}U{O}
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BT U IE U IRIROFL OIS % > =B AY TN T WV 5

Z s T[T
Q +— Fy(T)
R +— F((T7)

SEDEHEREZ S Vo R THO DI ENF,(TY) TEHEOLONE S kiR
WL in>T\\W5.

RIZ, 4fiTEFE L7 2 DD Diophantine exponent D2 EHZ L 72\, TD=HIZ, F
FTIEF,(T71)) izt iz @D L HAPRBWBORE I 2 EHT . €= 0 va,T "€
F,(T7"N)\{0} LT, [¢]:=¢ N, £720HLT, |0]:=0TF,(T7")) ki
ZEDD. ZOMIHE, F,(T71)) oREESF,(T1) ETERICERETESZ e
HonTsh, Thkrk k| | TERT. 2HR P(X) = Y0 a4, X" € (F,[T])[X] =5 L
T, H(P):=maxocn<d|an] % P DEE & k. REIBE € F (T) T LT, ¢ DRNE
HRAZ Q(X) 8K, 2%0, X BTN DBRBAERSZER Q(X) =% a. X" €
(F,[THIX]\{0} T, Q&) =012 ag B TIZHLTE=Y 7S HAL 555D % L >TL 5.
REEBUZT U T, B NSHAZM—DFEE TSI L ITHERT 5. 20L&, H(¢) = H(Q)
ZEDEZ, degé i =degy Q & £ DIIE KA.

O N & & cF,(T7)) LT,

0<[PE)<H(P)™, degxP<n
L7235 P(X) € (Fy[T))[X] BEBIZAFET 5 X5 4FE B w D ERE w, (&) & B, £,
0<|¢—a|<H(@)™ ! dega<n

IR RENE o € Fy(T) BEBUZIFET 5 £ 5 RE B w* O ER%Z wi(6) B, Zok
E, EEDEeF, (T H) I LT wi (&) =wi(é) LB IeMHSNTWS., £IT, &
BEF U LS ITROMEEIZDOWTHE A2\

MR8 5.1. n 2 EQO®K L L, cF,(T71) &9 5.
(1) EPREMED L F, wy(E) & wpi(§) DiEZPEYR XK.

(2) Diophantine exponent w,, & w} (FFR 5. HLEI RO, LD 50K
LN L.

@ (1) (2B L T, Liouville DEH (EHE 2.2) DAL D 37D
EXE 5.2 (Mahler [10]). ¥REd DREIIEE € F,(TH)) I LT, wi(€) <d-—1.

UL, Roth OERE (FHE 2.3) DFELUIENL L AW Z EAHISNT WS, DED, wi(€) > 1
LB REIIEL € € F,(TY) BWEIET 5. BIXIE, t ZIEOBE, r = pt 2L, € =
ST EeF, (T Y)) B, ZOEE, EldrROMRBIBTw(§) =r—12452
EFISNTWS ([10]).

ZDZ o, FRUTHARME (1) 2T 20RBHEE LW L2305, ME (1) D
AR E U T, w ORBIE TOEIRIZ OWTIZIRDO Z LR S NT WS,
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EI 5.3 (Thakur [17], Schmidt [14]). AEE w > 1IZH LT, wi(€) = w &7z TR
BEeF,((T7Y) »IEIZFAES 5.

SEl, ZOMEREZIET DI ENTEZOTHRET 5.

EE 5.4 n2EBHL L, w>2n— 128K T5. Z0rE, ROFEXZH-TRE
W € € F,((T7Y)) BMEBUZTFAET 5.

WIZHIEE (2) 2 Z 2 5. B w, & w: DD ERE FRIZOWTIRERT I ENTE .

EE 5.5 ([11]). n ZEEEL L, ¢ F,(T7Y) &35, k%&p* <n<pht! 29I A
BEETE, Z0LE, B LD:

0 < wn(€) —wi(§) < (P* = (&) + (n+ 1)p* - 2.
THIT1<n<2p 5, IRORFEXD D NLD:
0 <wn(§) —wp(§) <n—1

R & F,(T7Y) T 0L p TRE-TED, TORETHDOn IZDOWTEM4.3
DELERT ZEMTERP o7, UL, MW n T U TIE, B8 pFEO#EmREZ AW
TEMA3DOHMZRT I ENTE .

B w,, — wE DIEBIZ DWW TIRERT ZE N TE /2.

EE 5.6. n 2 2l LOBK LTS, BB w, — w: OEBUIEAXH [0,1] Z&D.
EHL5.5, 5.6005, n=20% T we—w) DEEAHKH [0, 1] LIETE DT, EH

4.4 DFERAENLT 5. £z, RO > 21T LT, w,(€) £ wi(&) b e F,(T71))
DIFIEVEDR DN T2, w, & w) FRGDEBE 0D, HE (2) DR IR TE .
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Gorenstein Fano polytope arising from
order polytopes and chain polytopes

+# B (Akiyoshi TSUCHIYA) (KKK RFBEIEHRE FAFZERL)
ARIFEFHERIRK T D H 222 K &M — 8K & D[S (3] 125D <.

1. #{fF
1.1. ENZE{&K & Ehrhart ZIE
P C R? % dIRTTEMZHAR, DF D RIEMDOBIENE TEBTH D LS 7 dIkT

DMMZHRE T 5. BNZEK P PERTHS L1 (TEOBEH N >0 LY
EED ac NPNZIZx U, a=a, +---+ay &2fi7z9 ay,...,ay € PNZI A
FHETZ2LE%20WS. ZZTNP={Na|acP} TH5.

F 72, BNZIEK P 23Fano TH 5 &I, TDHEBIZE TN B EEUINRIDJFE
MDATHDH L E%2 NS, X512, Fano ML MK P 5 Gorenstein Fano T
H B EE, T DR HEIK

PV = {xeR?|(x,y) <1foralyec P}
LEBTHHLEEWVD. ZIT, x,y) X R OBHONETH 5.
EEDEEE n 1ZOWTHEEG(P,n) %
i(P,n) := |[nP NZ°

TEHTS. ZOK, LFHAHSNTWVWS.

o i(P,n) &, n BT 2 d RFZHEATH , EHUHITEIZ1I TH 5.

o i(P,n) DEEIRDREIL P OEH OEEE —8T 5.
ZO%HEKX i(P,n) % P ® Ehrhart I8 & IEI.
1.2. [BEFOEEAE & SHOSEE
P={pi,....,pa} 2d SR YEFELELTE. IC P PREY N FTI
ik, &M aclbbe Pb<ablidbel” 2iiiz3£D% VWS, PORLY b
1FTNVEROESE J(P) THRT. £72, ACPHPREL X, ADETDOILH,NP
THBATEZRDDEZ VD, POREEEOESEZ A(P) TR, ZHES 0 I
Yy MM TFT7IVEBLOKEE AT,

BICPIINU, p(I) =3, e LEDSB(ZITey,...,eq & R DHALHE
AR 7 MV, EEFRES P SR 2FEEOE ML AL ERTE 5.

O(P) := conv({p(I)|I € T(P)})

*e-mail: a-tsuchiya@cr.math.sci.osaka-u.ac.jp
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C(P) := conv({p(A)[I € A(P)})

O(P) zlEF % EE, C(P) 2 HOZEE L WD . 20 2 OB NZ HiKD
Ehrhart ZIHAD—23 5, DF D

i(O(P),n) = i(C(P),n)

MDD Z EDBHENT WS ([5]). KT, O(P) & C(P) DEMIZ—ET 5.
1.3. h=V v IBRERN=V Y IA4TTI
PCRIZARTCEEMNEZHIKE TS, ZDEE

K[P] = K[z -+ x5 : (aq,...,aq) € P | C K[z1,...,24,1]

EPIZAETZ b= v BREWVWS . IO NV Y IBROERANT TV Ip %
PIZMBEST B M=)y 04T T7ILE WD . PRIEHORE, K[P]® Hilbert B% &,
P @D Ehrhart ZIHA (P, n) B—HT 5 LS5 NT WS,

2. [EFOZmER & SEMZEIARICAREY % 1E#R Gorenstein Fano ™

ZHEK
P={pi,....,pa}, Q={q1, .. qa} &, £HITd SR 5FErEGLTS. P
& QTN BNEF % Hifk & BN Z iR 2 M A G D, IRD 3O LM
Rz kT 5.

[(O(P), =0(Q)) := conv{O(P) U =(0(Q))}

[(O(P), =C(Q)) := conv{O(P) U —(C(Q))}

[(C(P), =C(Q)) := conv{C(P) U —(C(Q))}
ZZTEMZHEEP CRUZHLT P ={-acRiacP}ThH5.
d ={1,...,d} DEM 0 =iyiy---ig B° P DRWILERTH 5 &1, pi, < pi,
THNL iy < iy ZHW7ZTHDZEVS. P & Q WH@EDOKIPILRZF>Z &
&, T(O(P),—0(Q)) WIEH Gorenstein Fano MZ ik 725 Z LIX[AMETH 5
ZeNHoNTWS ([1]). 72, T(O(P),—C(Q)) & T(C(P), —C(Q)) AVHE 1T E#
Gorenstein Fano MW HATH S Z & d 2] L[4 THSNTWS. ZOFERIZIN
5 3FBEOBEMNBHRIINETZ2 N —V v 24 TTNDIT VL T F—HEEFHT
BILT, R ILNTES.

3. 3TEIEDIER Gorenstein Fano % mH{A® Ehrhart 218X,
VT F—RIEDENOSUTOEMMBESNS.
FE1PLQZE|IP=|Q =d2Bd EHFELAELTE. ZDLE,

—
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WD SLD. B, T(O(P), —C(Q)) £ T(C(P), —C(Q)) DKM IZ—5T 5.
IHIZP & Q PHEOKIEIEZ RO L &,

B T, BT, T(O(P), —0(Q)), T(O(P), —C(Q)) & T(C(P), —C(Q)) DIKH
—Hd 5.

4. 3FEFEDIER Gorenstein Fano MZ E{AD smooth £
P C R % diRyt Fano MZ A L § 5. P HQ-factorial TH 5 & 1k, P H3HAKIK, D
FORT 7y RDBURE R STVWBLE EZIZWVWS . PhAsmooth ThHd L, %77
Yy NOTHMOEENZIDZEEL > TWAS E EI1Z\WS . P Aismooth Fano 72
51X, Q-factorial 2> Gorenstein TH 5.

3 FEEE D IE# Gorenstein Fano MZ HAKDY, VD smooth 1278 5 5> % KU1 5
ZEMWTE.

T2 d>2126 LT, P Q%|P|=|Q=de i EFEALTS. PLQ
FHEDKEHL IR Z D LIRET 5. 2D L & IRIFFAE L 725!

(i) T(O(P), —O(Q)) I& Q-factorial TH 5

(ii) [(O(P), —0(Q)) I&smooth T&H % ;

(i) T(P) = {{pi} i pio}s - APis - pig 72
j(P> = {{pu} {plz} {p117p12}7'"7{pi17"'7pid}}7 M
JQ) = {{a} g a0} A, @}y 72
J(@Q) = {{a} {a}: {qzl,qm} R P g

T3 d>2126 LT, PLQ%|P|=|Q|=deid EpELGLTE. 20
EPRY S mﬁzné

(i) T(O(P),—C(Q)) i¥ Q-factorial TH %;
(ii) T(O(P),—C(Q)) Esmooth TH %;

(iii) J(P) = {{pi, }, {pisvin}ty - Avir, -5 piy} E721E
J(P) =i} Api} Api pio}s - Apirs - i3}, 22
AQ) = Haint{ant, e}t 721

( ) {{Qil},{%g},--'a{Qid}>{Qi17Qi2}}§

EE 4d>21268 LT, PEQ%|P|=|Q=deBd ¥ HrEGLTE. 0L
& RITFAME S 725

(i) T(C(P),—C(Q)) & Q-factorial TH %;
(ii) T(C(P),—C(Q)) 1% smooth TH 5;
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(iil) (LD, b € A(P) (L £ L) CEUTLNL =0 TH Y, fLHED Jy, Jp €
Je ALQ)ICEALT | INJ| #1875,

5. 31&%H D smooth Fano ™% HE{4 & unimodular [E{&
dRTTENMZHEAE P, Q Cc RUIZDWT, P & QA unimodular F{ETH % & I,
unimodular {75 U € Z¥4 L EEHNR T M w € ZEPEHELT, UL X D EHEX
NAEMEER fu RIS RIEHNTQ = fy(P)+w & TEBHFIZES. ZZT
v € RUZX U, fy(v) = vU £EDH S . unimodular [FIfEIZEE M2 HRD 3B fH
N TH D, Gorenstein Fano M2 HAA S & Fsmooth Fano "% ik, unimodular
A7 D% RIFIE, BIRTCIZERBEUNMFEL RN LRI o N TNV,

PIEFPES P &£ Q ZEEL T, 3FEHD Gorenstein Fano MZ HKN T X T
smooth & 725 & &, BH A unimodular FfE & 72 5 iR 7z, LA Z DGR
Thsb.

EE5d>3IIHLT, PEQZEIP = |Q =dehd EFrELGLT 3.
L(O(P),—0(Q)), T(O(P),—C(Q)) & T(C(P),—C(Q)) »F X T smooth TH %
CIRETS. ZDEE T(O(P),-0(Q)) & T'(C(P),—C(Q)) & unimodular [FlfE
TH5b. L»L, T(OP),—C(Q)) FZN5 & unimodular [AfEE 72 5780, 5
2, P#£QTHNX, T'(OQ),—C(P)) HF7- smooth TH b, T'(O(P),-C(Q)) &
1 unimodular [FfE & 7% & 72\,

Remark 6 d =2 D& X, 3F%D smooth Fano MZ HAKIL B B\ unimodular
[ & 725 . X 512 3FEFHD Gorenstein Fano M2 A DY 3 R T smooth & 725 D
X, PEQMBUTDP,DPP,DWTNDII 0B ETHD.

Pll PQI

pidT pldI

Disy

Diy Diy
BRI, 205 DRERNS, IROZRDEFLNS.

Corollary 7 fEED d > 31Zxf L T, smooth Fano MZHAP & Q TIRDSM %
723 DNEET S

e P & Q IlZ[F U Ehrhart ZIHA %2 £ D.

172



e P & Q lFunimodular FfETIZZR .
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[1] T. Hibi and K. Matsuda, Quadratic Grobner bases of twinned order polytopes,
arXiv:1505.04289.

[2] T. Hibi, K. Matsuda and A. Tsuchiya, Quadratic Grobner bases arising from
partially ordered sets, Math. Scand., to appear.

[3] T. Hibi, K. Matsuda and A. Tsuchiya, Gorenstein Fano polytopes arising from
order polytopes and chain polytopes, arXiv:1507.03221.

[4] H. Ohsugi and T. Hibi, Reverse lexicographic squarefree initial ideals and Goren-
stein Fano polytopes, arXiv:1410.4786.

[5] R. P. Stanley, Two poset polytopes, Disc. Comput. Geom. 1 (1986), 9-23.
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Euler D —EYX —XfEDOAFKIZDWT

JRH FEAES Ryotaro HARADA
#i BRFERZ B % o B R 2 2R

ki,....kn € Zso THY, ky > 1 THIHE (k1. .., k) (THU, BANITE
FINDFEHELEEL—F{E (multiple zeta value) £\ 5.
1
C(htyonkn) = Y

E
m 1... m
O<mi<-<mg, @t n

7z, ky > 1 ERBIE (k1,..., k,) ZINRIEH (admissible index) &
L3

LZEY — 2 EIL, BEGH, #50 HER, B R & OBUIE O < 2575
EHEL TV ZEMHHNT WS, FEY—ZEDWHIEIR 18 HHLD Euler
L&D EHEY &l (n =2 DZEY —X{H) O ([E]) ICETHD LI N
% . Euler DEBEDHIEANFIZDOWTIE, (ZDiwX [E] 73‘77‘/unf£7)‘7ﬂf
WB 7200 FHEULASLNTWARNE S THDH, Euler IZ—FEX —XfHIC
WTORfFRA % E < prima methodus, secunda methodus, tertia methodus
D=FHFEEHHAHLUTEY, Theh k) DIFOERFECEFRAZ R LT
APSE

Prima methodus:
((a)¢(b) = ¢(a+b) + ((a,b) +((b,a). (1)

Secunda methodus:

5 ( 1)<<b+z'><*<a—z'>

(@Ct) ~Cla+ ) =Y
z:O
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Tertia methodus:

o bti—1 _
C(a,b) =) (=1)* : ¢*(b+i,a—1i)+¢(a—1i,b+1i)+((a+b)
S (" |
b—1
+(=D*) (a+4,b—j). (3)
=0

PAEDBIFRRIZBENT, ¢*(a,b) L IFDEHIEBTHRNE (a,0) (THRDE b =1
D —A) IZHEWT, ((a,b) ([ZHHMEEZ AW TIESML (IKZ]) Z1EL 7~ R[T)
(T IFEH) DD L THD.

Euler 2SBRR (1) 125 2 23X E LW — 5T, BIRR (2), (3) DEEIE
B BBF OB O RELBERT, HiORZKZL TWS. SHELN
FHKERIZ, (2), (3) IZD2WT D Euler DFEHZ BAMIZIELLLZZ L THS.

Theorem ([H]). ¥ a,b € Z-1 (XU, FEEIZBRN (2), (3) 2V 32D,

X5 [H] TRIO-RBEY vy 7GRN S EMND 2 LRI N
T3,

S 3Rk

[E] Leonhard Euler, Meditationes circa singulare serierum genus, Novi
Comm. Acad. Sci. Petropol 20 (1776), 140-186, reprinted in Opera Om-
nia ser. I, vol. 15, B. G. Teubner, Berlin (1927) 217-267.

[H] Ryotaro Harada, On Euler’s formulae among double zeta wvalues, in

preparation.

[IKZ] Kentaro Ihara, Masanobu Kaneko, and Don Zagier, Derivation and
double shuffle relations for multiple zeta values, Compos. Math., 142
(2) (2006), 307-338.
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EREEBDEEONNIOWT

FaARKER (F i BRER G S OB R AR
Yuta Suzuki (Nagoya University)

1. Binary additive problems with prime numbers
17424F, Goldbach [ XD PHZFEH L £ L 72!
"4 L EDOEEIE T R THELE2DOMTHIT L TH A ) .
Z 1% H Goldbach FH & L THIS 1T 2 B BN AR ITED O L 5T T,
20 HACHIIA £ T Z @ Goldbach FAUCE L TAENZERIZH D THATL 7228, 1923
12 Hardy-Littlewood [5] (&R D K 9 Zii\Z EHI$ % heuristics ZFER L £ L 7: i
BnlcHLTn— o0& &,
R(n) ~ &(n)n. (1)

72721 22T,

R(n):= > ADA(m), &(n):=]] (1 + ﬁ) g (1 N ﬁ)

l+m=n pln

EL, DgpldFEB 2RI ILLELEL &Y. WEES(n) IMGFER B EFIENET. C
D R(n) \3ME8in 2 F B2 DO THEETELITOMEEZ von Mangoldt BI%L
An) = { logp (nDSFEE p DX EDIR),
' 0 (Z0lt).

THAMFILZODEALREET. HOPITS(n) > 174D T, ZDMHLRIE Goldbach
FRUSIEF IR OERZ 52 5 2 £12k D £9. 2O Hardy-Littlewood [5| D74 77
Zffi 9 T & T Chudakov [2], van der Corput [3], Estermann [4] (FMVAICKRZFFF L 72
Theorem 1 ( Chudakov [2], van der Corput [3], Estermann [4] ). X, A > 2 29 &
T2, 9T2¢ BAK< XL MADHIN ZERE TR TOMEIn € (1, X]ITH LT

R(n) = &(n)n(1+ O(L™*)) (2)
WIRLT 2. 7272122 TL = log X.
Tbb, NFEAETRTO; HEIX L T Hardy-Littlewood DML T
H5EN) I EBTPoTDITTY.

Hardy-Littlewood [5] 1% FRCHEIRZE L &) 27 A T 7721 TH L FRONIENIEE
KT 3H L PRHZOCODIRBLELZ. 20001292 TAHAET. DT, k> 2
ZIEEINT-HARBELEL 9. HARAROES

Irr, := { neN ’ X* — n : irreducible over Z }
ZZZ %79, 5% &, Hardy-Littlewood [5, Conjecture H, L] I3XZ2 PHEL £ L7

T RECHARE N € Irr, 1ZFBEE L FEBONTETLZITH A .

*l e-mail: m14021y@math.nagoya-u.ac. jp
Hardy-Littlewood [5] i& k = 2,3 DA L DR T WL ERAD, T TRIBEREDOIIRZIBNE L 7.
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AiH# T3 Hardy-Littlewood R E S5 7: 6 2R E k FBEONICEHT 2 FHD
CERETELET. FRaimaX (1) oM E LT
Ri(n) ~ Si(n)n'’*  (n € Irry, n — 00)
% Hardy-Littlewood D FHEICfE> TPRTH I ENTEET. 2L I I T,
R = 3 A0, &= [T (1- A2 ).

l+mk=n P p—1
pr(n,p) == # { = (mod p) | 2" = n (mod p) }
ELFE L7 M, &&ffn e lrr, 135G (n) £0 LRETHL I LICHERLET. 20D
fREIC A LT d, Theorem LITWIEY 24550 Miech [9] (k =2D34) &I [7] (&
P—RDEGE) ILL>THRONTHET
Theorem 2 (Miech [9], JIIH [7, Theorem 5)). k > 22 HARE, X, A > 2%2FKLET
5. mA< XLTMADHNZRETXTDn e (1, X]NIrr, IZH LT
Ri(n) = S(n)n'/*(1+ O(L™*)) (3)
DIRALT 5.
5213 2 @ Hardy-Littlewood PAHOR S S, (n) DICRMEIE Goldbach FEDY;E & L
NCIEFIHD BODHEL < D) F9. FHBE, RIS, (n) DIRMEIZARE R Q(nl/F)
? Dedekind zeta BIEBDZFE Fo5Am E R CBRL T 7.
—Ji Hua [6] 1ZFBH & EBD EFROANCOWLTIIEZIEO E L7z, HABOES

H .= {neN|V¥p, (p—Dk=n#1 (modp)}
ZEAL Hy =H NIrry, EBEFEL L. THERVBTFHINET:
"o REOCHAE N € H, 3FBEZHDEFEONTEITEZTHA I .,
Z @O Hua TR0 % Hardy-Littlewood BT AU R D K H 1272 ) £
Ry ;(n) ~ 61716(71)711/’C (n € Hg, n — 00),

rrELICT
Rig(n)= Y _ ADA(m),
I+mk=n
- 1 plpr(n,p) —1) +1
Six(n) = g (1 T ﬁ) g (1 B (p—1)? >

ELFELZ ZOGAL5Mn e Hy, 354G u(n) #0 ERMEICZR 2 2 L3500 %
T, ZDEED Theorem 1 DFMUIE Schwarz [16] DFEHIC)IH [7] DFERZ AL OE
o nx7:

Theorem 3 (Schwarz [16], JIIH [7]). k > 22 AR, X, A > 22 FEHET 5. |@4
< XL AMHOBINZRE, TXTDn e (1, X]NH, IR LT

Ry(n) = &1 x(n)n'/ (1 + O(L™)) (4)
DIRNLT 5.
AGEETIX, 2 D Hua P Hardy-Littlewood BRI AN 2 X TEL L £ 7.
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2. Hardy-Littlewood asymptotic formula in short intervals

Hifffid Theorem 1, 2, 3 @ TR, 2F2 7. T4bb, TEDLSVEWLKX
(X, X + HIIZBWTH, 1ZEAETXRTOHAED Hardy-Littlewood BT A2 %
W7z FEEA20?) EVIHIMEZEZET. LFTOKEGHRABFSNTHFT:
Theorem 4 (=37 [10], Perelli-Pintz [13]). X, H, A >2,e > 02K L T2 & &

Xl/3+€ < H < X

DT, Er2< HL A HOBN %2R E TRXRTOMEBn € (X, X + H) ISR L THRE (2)
DIRILT 5.
Theorem 5 (=i [11], Perelli-Pintz [14], Perelli-Zaccagnini [15]).

E>2%HRMEL, X, HA>2e>0%2FHET 2. T2 LM

Xl—l/k-l—e < H < X

DT, mc< HL-MEADHIN ZERE, TXTDn e (X, X + H] N Irr, 18 L CliE
(3) DIRALT 5.
Theorem 6 (Liu-Zhan [8], Bauer [1]).

E>2%HRBEL, X, HA>2e>0%2FHKET S, 75 LM

X171/2/€+5 < H < X
DT, Ex< HL-AHOHINZERE, $XTDn e (X, X + H] NH; IR L THRE (4)
DIRNLT 5.
Remark 1. 22 TIZ EDRERS “HlfR7Z L7 ORBBIE > 2FE X £ L7203, FidN7
A—=FY 2B AL T, HlPRA S OELBBE, #1213
R'(n):= > A)A(m)

l+m=n
X-Y<I<X
m<Y

nEREZLEHOHPHEZIETZZENTEET. LaL, HllRAE0REBEED S X
HlR 72 L ORBEBEABOERZ5E2IEILT A2 2 I TER VDT, 22 TRFIRZ LD
FHIBABICIRB> Takz T35 2 L ICL £ 7.

3. Main result
4], Hiffii T X7z Bauer (2 & % Theorem 6 DLL N DR UGE S F L 72

Main Theorem. k> 2%ZHAKE L, X, HA>2 > 0% L T5. 5 %04
Xl—l/k‘-i-a S H S X

DT, ELx< HLAHOHINZERE, $XTDn e (X, X + H] NH IR L THRE (4)

N RYAC Y

Remark 2. Fififii CHIR > 2 ORBAEKZEZ 5 ) v 7120 TR E L. SEBT0f

TDEDHEDLZD M) v 7 ZflAacbE 5 2 EDMRETT DY, AFHEHD /1L IZHIED

S ORBBABUCILEAATEETY. o T, 2OWEIZH < T THIRZ L 0REE %

BTG EHDARDLETT.

2R(n), Re(n), Ryx(n) D& 9 7 “R LT OB 2BA2MHD L.

178



Remark 3. 5 ko> & #E W/ Z &£1Z, Main Theorem TD H DHEjlT % HiPHlE Hardy-
Littlewood FAHIZ E1F % Theorem 5 D& EF U IZZ%>TWET.

R TIE ZDOUED HIEIZOWTHRE Lz E B nE T,

4. Hardy-Littlewood method
E 2T LR DA D 2 Fe 14y
S | Rukl(n) - Sp(n)ntt]? (5)

X<n<X+H
neHy

DI 3 %2 5l £ 9. A 70 BEA
Rix(n) < XYkL
7%\ L d Hardy-Littlewood BIE AT (4) & HBE L THAURE, HIEE %22 D13
S Ria(n) = Supln)n” < HXYrLA

X<n<X+H
neHy

EV) X)) RIBOFHII & v T EIZ4 D £ 9. Main Theorem (& 2 DEDFH I Cheby-
shev AERXZHVWIUTESL ICESNE T BABEICNL T, =AZHEALL

= Z Anenka

nk<2X
BRI £ 42 & MBSO X b
Rix(n /ﬁi 1S (@)e(=na)da

2 FET. 2 2 THEIHIPH%Z major arcs M E L X' minor arcs m ITH| L 5, 3AZD 23
i (5) %

2

>

X<n<X+H
neHy

D

/ S1(a)Sk(a)e(—na)da

& EFMi U % 9. B3 D major arcs MBS 230 IFBHERN 2T CRETETL £ 9
DT, T TIkFEMZILEREEA. fﬁ%@ minor arcs m BT A EEZLEL £ 9.
Hefi & LT Si(a) ZEFKT %M % dyadic 1277 LT

Sk(a) = Z A(n)e(n*a

X<nk<2X

/zm S1(a)Sk(a)e(—na)da — 617k(n)n1/k

2

ERZBKH)ICLTEEET.

SARMG Z ZCREEMBUE — B I CE SR Z TH 2T, BRIIH [7) DRI X > TR R R
WCHETEREBLETTA, T2 TIREML £7.

4R 13 major arc EOFIHE D7 DI, MOHPAZE Y2 EH B 2T XL ™" <pf < X L) &
JICHIR L Z Ui EF€A. L L 2 2 TRIEHRD7ZDICHZ IS 2502 I B Sl 2727207
WEEDE LT

5Z T CTmajor arcs M & IF=MLHADERDIL LT VIS TH D, MOEFLGDAD 6 FEIEANL Z
CTE 9. 7 minor arcs m & IXHAX[ED major arcs DUADH S TH D, FEIHADFH LTI 0
EHIREINET.
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5. The minor arcs

Z @ minor arcs _EDETDHLY #7523 Lin-Zhan [8] % Bauer [1] DTt & K&
CHE) iBJJ’CT 2k LTix, Z-Peneva [12] DFiE% £ D mRXOLIHAIHRR L
T, Z ZIZ Perelli-Pintz [13] 12 & 2 MFFE T 7%\ L 1E Goldbach PR DA D minor
arc ﬁ%ﬁﬁ’?ﬁ?% iATr Z & T Main Theorem (24272 minor arc aFAlis 3 6 1L 7.

%97, =i-Peneva [12] IZfi > Cesaro weight Z FIJH L T2 5z fil\V CHHi T % & |

> |/ Si@suale(-na)da < / [ 181@P Sela + B Fu() dads

X<n<X+H

ETEET. 72720 22T Fy(a)ld Fejér % ®
Fy(a) = Zw(h)e(ha), w(h) ;= max (1 — % O)

h
*m“ 22T |Sua+ B D2REGT, Sila+ B) DEFEEBOILL, ME ROt
WHILET. 95&, von Mangoldtfs'gﬁfl/\ %f’t@lognfi‘fl]x_fbi’)pkf

< L7 ZZ —mk) /]Sl - —mb)a)da

X<m m§<2X
ZEFET. B L 20X MG F AT, REBIIT - BB TERD LFEIZES
Mzl Dk FERITTELRNCE SR 72, L) TEZERLTVET. M(6) IFNT
FET 720 L Goldbach PR DA D minor arc E O D1

2
/ |S1(a)|” e(—na)da
X<n<X+H

DEMYERZET. 72720, By 12 & B IMENREIC E — 1 REGIEXAD AN S
TWVW3DT, ZOEET iGoldbaeh?*ﬁm @F%%%@iiﬁﬁwé:aiﬁﬂéi
J@/u ZIThRALDWeylZ 2 HOoNBBIC LT, ZHADOXREEZ N5 L%
HEIcLE7. ST, M(6) I Cauchy—SchwarzT%‘?Ji%ﬁo’C2%@%%1”?07&%01@
F?Q%%Faﬁ%i? T35 EARE

/ / 1S1()*|S1(B)]? i (a — B)dad,
> Z m} — mj)e((mf —m5)a)

X<mhmk<ax
EWI) X AREZIMETHIERWE W) 2 IR D £3. 29 Lk 5K Holder A%
X2 flio TEAMLIHA O (o) DREZ BT 78812 Weyl 297 % Flwauld, IIREWIEE D
EF' WCHDLTHERDOREZ IRICETHEETZENTEET. 9 L TCminor arcs EDFE

53 Dl 13 )
/ |S1(a)|” e(—ha)da
1<h<H

&) FID R It 25 T &, Perelli-Pintz [13] D /5% V> % Z & T Main Theorem 12
WVEE 7% minor arc fEli 24 F 7.

(6)

CARMIE HDBARBTH G E VT EEAN, HZHRE L THBIEZ KD ARV EREZITTDD
F9. XL THRRTT.

180



Remark 4. Main Theorem @ H D i [
lel/kJrE < H < X

DEDEFHRES>TLE) DRI THAET. EIFM (6) DIRFHRT, 2D H D
RIBENC 2> T B 2 D00 5. EEE, M (6) DFTmy =my R 5L DH

LoEZTHDE
( > 1>~</|sl<a>|2da> @

D FET. 22T, K (X,2X]| D kFEOMEEIE < XVET, oD HIEH 5 1ED
EMCITE > T XL 50Ol T L2MRFTE RV T, (7) I3f5/H Xk
(OLWVORZHFEGETZIEICADET. TN HXYFEETIZoN206ENH D
T, (1) DHFL LR &

X1+1/k < H X2k — Xl—l/k; < H
CHVDOTHIRRIZ (6) DR TONE 52 2% K> TLESTVEDIFTT.

SE W
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) —= ¥ — BB DOERED a il

/NP K— (Tomokazu ONOZUKA)
SRR B TR IR

1 Introduction

V==X =B ((s) IRDATEFRS N2 BIET, Bifwlc &1 2 HE
BD1OTH D,

C(s) = ni (Rs > 1)

COBBDEETH HBH E LTI, ((5) EEENMOERBZET oD, FH
A DOREIFEEGR O TH FRLRIIZENRE LTINETT > LD RiFon<
e, COMBICT Yy 7 920DEERLELTY —~v - HE»HbN S,
ZLTZDOHTHY =2 v ¥ — B OFRIFHERELKHZ LT, V-~ ¥ —
FERIBDFERIZOWTUIRAL LT ENH 505, PTH—FRELTFHELTY —=
YYREPEFeNS, V- rTREIE T —~ v —YEBOIFAALEZERITA
THIRM Rs = 12D LIcH 25, L) FRTHD, 1859 FICY —2 Itk D ¥
RINTDPRZNTERICE > TR VHETH %, ZD7DBHETHIEHILRER
BRI T TR D, 2N E TIMRA BRERDZ S oA F I L > TRs v
%, ZOHRTHHALARE LT 1905 4EIC von Mangoldt IZ & > TRI N7 KD
Riemann-von Mangoldt DA 3H %,
N(T) = %bg 25 - 22 +O(logT)
ZIZTN(T) L3V —=r =3B ((s) DIEFAWARFERTO < Ss < T &z §
OO TH %, ZDARIF 1913 4E1 Landau[3] 12 & D FELD S o s L
SN, TITHBf(s)Daild f(s) =aDETERINIFEDIETH S,
FHZ pa=Ba+i7a TCS) DamizRIIELET S, ZOFEZMI & Landau D
FARIERD K ) ITEIND |
fERD a € CIZR L TRADLD 2D,

T T T
2ﬂlg%—vaO(IogT) (a#1)
N(@1,T)= > 1= (1.1)
1<ye<T T T T
e “log— — — +0(logT) (a=1)
27 47 2w

912 Landaufd] GRlO—ALbfTFo7, 20 LE e > 11T LTROR
B D E VT bDTH B,

S —A(:):)% + O(log T) (1.2)

0<y0<T
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72720 A(z) 13 2 23BEHD & ZF von Mangoldt D A BT, %9 THRIFNIL0 &%
2B ET%, COXTor=1L32LEAIENT) E—ET2D, HHHED—
Wi & AZed %, (72721 Landau DfERIZ 2 > 1D EZIZ LK Vi 7%\n,) Z
DFERIZHEIT Steuding[7] 12 X D a RIT—ILI LTV %, Steuding 23753 L 72 D13
RDERTH % ;

E& z # 112 L TREDIRD 7D,

> oaf= <a(ac) —zA < )) % +O(T2+) (1.3)

0<ya<T

7272 L a(z) 13X D Dirichlet DR TH %,

¢'(s) o a(n)
(s)—a ; ns

V==Y HEOFERIBT 2B OA4 AR E L TIE 1914 4£0 Bohr &
Landau(2] DRI H 5, o3 —~wr£— 75555(@;"5@%7&?5 FEALE
ETHRMNLICH 5 2 £ 2R L7z, Landau[3] 1& 2 @F%’E a KIZE TR L,
V=2 v PRZETIURY —2 v =Y BB a 1 ikhk%fﬁﬁﬁﬁLu
HBIERMRLT, ZORIRIZEIT Levinson[5] | JZ b V=2 FPHEORERLT
DD T EDIR I NI, ORIV ATRIIRTH 5 5

FHRECT ETY2<U LTt aeCltitLTRADBLY D,

UlogT
N (a; T, T = 1= 14
(@T.T+0) Z O<loglogT) (1.4)
T<yo<T+U
Ba>1/2+(loglog T)?/log T
UlogT
N®(g:T.T — 1= 1.
(@ T,T+0) > O<10g1og:r> (1.5)
T<’Ya<T+U
Ba<1/2—(loglog T)?/log T
NO(a; T, T +U) := > 1
T<v<TH+U

1/2—(loglog T")%/log T<fBa<1/2+(loglog T')?/log T
= %logT +0 <lggllooggz’_;’) (1.6)
ZETTHNL TELFBERD L ONIFY) —~ v ¥ — Y BEEOEBEIC £ T—
ﬂ:gmw%o _m 5 (M (s) Iz kb Y —2 X — YD kM % 5T 2 &
EL A = B 4y sk ¢W(s) D a ik FT I L LT B, 1970 4EIC Berndt[1]
/¥ Riemann-von Mangoldt DRRE (W (s) IR LR E2 "R (B> 1) ;
T

T T
Np(0;0,7):= Y 1= o log— = o+ O(logT) (1.7)

O<vék><T

% 73 (1.4)-(1.6) b Levinson & Montgomery[6, Theorem 2] 12 & H ¢F)(s) Ic—fil
ftantws;

ngl)((); 0,T)+ N;EZ)(O; 0,7):= Z 1< 6 TloglogT

o<y <T
1887 —1/2|>6
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2 IR

SHFEAT 2 EMRIZZ ZETTHAL TELERE (W (s) D a Ik
LTROoNAbDTH S, BHDOEREIZ Landau DFER (1.1) & Berndt DfEHHE
(1.7) D—BALIZ 4722 b DTH 5,

Theorem 2.1. IEDFEH k EWFEH a # 0128 L TRADEK D 320,

T T T
Ni(a;1,T) = Z 1= %bg% ~ 5 +O(logT)
1<'yék)<T

2 FH D ERFIE Landau OFGHE (1.2) & Steuding DFEHR (1.3) —ft b & % -
T3 (7272 L Steuding DFERICOVTIE 2 > 1 DDA ML L T\ 3)

Theorem 2.2. x > 1 £33, IEOEEE EEFEE o 126 L TRADD 2D,

Z xpflk)

(k)

1<vq '<T
(T (—1)k+D) . .
2 O e (logno)* " logny - logm)* + Olog ) (a #0),
>0
nQ,...,n;>2
T=ng---ng
= T -1 I+1 . .
m Z (W) (logno) +1<1og ny---logny)® 4+ O(logT) (a=0)
>0 &
no>2
Ny, >3
x:no...nl/21+1

R D LRI Levinson DFGH (1.4)-(1.6) D— k(L TH 5,

Theorem 2.3. k Z1IED¥EE, o > 1/2 %298, o 2EEHET S, TORKEFLT
ET*<U S TITRLUTRADIKD D,

1 UlogT
N a7, T+U) = 3 1:O<loglogT>
T<y P <T+U
ék)>1/2+(10g logT)%/log T
2 UlogT
N2(a; T, T+ U) := 3 1:O<loglogT>

T<'y,(1k)<T+U
8% <1/2—(loglog T)?/ log T

N,E3)(a;T,T+U) = Z 1

T<AF <r+U
1/2—(loglog T)?/ log Tgﬁff) <1/2+(loglogT)?/log T

U UlogT
= —logT +0 | ———
or 8 * <log log T)
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% EY — R AR — D ¢ P DR FRIZD
WT

JTIRE SERE *
(KAWASAKI Naho)

B =

% EH Y — ZfH (multiple zeta value, MZV) {Z1& Drinfel’d Fi4 % F\ 7z )18
BARRPESHONTWED, Wik, W& IFNOBARRMBILUARKIZEL -
TEAINZ., ZONARKIZLBEZPRRIEMZV O ¢-FHLLTH 5 ¢-MZV ~D
HERFRECTH 2 Z L DD 272D T, ZTOZ LIZDWVWTHNT S, Thidpek
MOHH SN T WS Jackson ¢-FEA %2 WA RRE IV EL LB DIZH -
TW5.

1 ¢-ZBE—41E

1.1 MZSV & ZDEAERT

MZV 2% Drinfel' d D FRB L K FSNTWB W, Folt, TN 2 KR L 720 &
RVIMARIZE > TEAINT ([3]). T ENEBENT 5.

Definition 1.1. IEQOFEE ki ko, ... Ky, 72720k > 2, IZRHULT, ZEHEY—XAX—
fE (MZSV) % AR

C(k kg k) = > !

mlklkaQ . e mnkn
my2>mo > 2>2mp>0

TEFTS. LT, MZV L[ABRIZ, BIEDOM ky + ko + -+ + k,, =: k % weight, 5l
BDMEEn % depth & FEI,

Theorem 1.1 (WA [3]). 1 T v 7 Ak = (ki ka,..., k) € NV IZH U,

JOK) = {0,k1, k4 ke Krt oo+ o}

tj <ty (j & J(k), 1 <j<k),
D*(k) = (it k) € 0,107 7 0
(k) {(1 2 k) €[0,1] ti>tin (jedk), 1<j<k)

* R PESERE R E BB A S RHE 3R 2 47

186



Y¥L ZoeE,

(k) = / ()w6<1>(t1)w6(2>(t2)"'ws(m(tk) (k1 > 2)
*(k
MDD, 72721,
dt dt
wo(t) = 77 wl(t> - 1_¢
Z LT,
5(j) =4 QU —1g k), 1<j<h),
P71 -1€dk), 1<j<k)
95,

Example 1.1. k= (2,1,2) D& &,

212 = [
t1<te>tz>ta<ts 1

L%, EBRICALZFFET S &,

/t2 dty

Z /t{” Ldt,

m>1
1—1t3™
Z 2 / p dt?’
m>1 m
b1 ta"
Z m2 1 — t4 4
m>n>1
1 1
> / t5t N dt
m?2nl J,
m>n>1>1

1.2 ¢-MZSV & ZDENRT

Sl ZOWAKIZ X B ERD ¢-MZV NDHLIR %2 57
NTW3 Jackson -T2 WA RREIFEVPELRLHDITHR-oTNS.

EARE n 12X U T, g-integer [n] &

LHERTD.

dty dty dts dty dts

—ty ty L —t3 1 —ty t5

Z / £t =
m>1 m>1
1 —1t3™
Do
m>1
> o
m2n
m>n>1
> -
m2nl ’
m>n>1>1

1 *
Z T *(2,1,2)

m>n>1>1

(Il <1)
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Definition 1.2. IEDQEEE Ky, ky, ... k,, 72720 k1 > 2, |q| < 1, ITH LT, ¢-% &
¥ R AR —{f (¢-MZSV) % IR EL

q(k171)m1+(k271)m2+---+(kn71)mn

Gk ko, k) = 3

k
mi>ma > >my >0 [ma]™ [mo] !

R my)]

TEHT D.
¢MZSVIZBEWT, g =123 5L MISV 2852 LN TE 5.
Definition 1.3. Jackson ¢-f&7 %

/0 Wt = (-9 S g flag") (a2 0)

LEHT D, TLUT, [EEDIEDH a,b(b>a > 0) 12 LT,

/ )iyt = ( / "~ / ) Ft)d,t

Sl IWARKOKERTH B EH 1.1 ([3]) % ¢-FLUHEEL 725 D2 /R 5 Z &M T
DT, TNEMMNT S,

CEETD.

Theorem 1.2. 1> T v 7 Ak = (ky, ko, ... k,) 2% U,

J(k) = {Oﬂklak1+k2a~"7kl+"'+kn—1}a

ti <qtir G ¢ J(k), 1<35<k),
D*(K) = ti1,t0,...,1 6071’C J J
2 (k) {<12 DEOI s (e, 1<) <k

Y55 ZorE,

G (k) = / )wq,a(l)(h)wq,a(z)(tz) e Weee)(te) (k1 > 2)
D (k

a(

B0, 727U,

wao(t) = 5 wei(t) = 1jt 7
ZLT,
5(1):{ 0(G-1¢Jk), 1<j<k)
1(G—1eJk), 1<j<k)
295,
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Example 1.2. k= (2,1,3) D& ¥, J(2,1,3) = {0,2,3} & v,

Y

* t1 < qto,ty > t3,t3 > 14,
Dq(271>3) = (tl,tz,...,tﬁ) c [()7 1]k 1< qt2, 1l 3,03 4
ty < qts,t5 < qtg

5(1)=1, 6(2)=0, 6(3)=1, 6(4) =1, 6(5) =0, §(6) =

Y75, LizhioT,

“(2,1,3) / dyte /qtﬁdt /% dyts /1 d,ts /1 dyts /qt2 dyti
T L=ty )y, 1=ts )y, ta Jo 1-t4

L%, EBRICHEOZGFET S &,

at2 ] ¢ o0 qt2 > m
T AP 7
LB, IRIZ
mZ:l % /t: ty" Aty = 221 % ( /0 ty" gty — /0 ’ tgmldqza)

ThH5DT,

i d /1 ta"  dyts iﬂ(l—tgm)

= m] )i, = [m]?
L%, FICEHEL TV &,

1—tg™ SN G N
Z / =g, G = = [m]2 t4;t3 dats

L e T "N
2 [m]?[n]/o [og, = [mP[n]/o 2t dgts

m>n>1 m>n>1 =1
_ q"(qts)
et GO O U
m .l qte m .l l
7 / bty — 7" (qrta)2 |
= mPn]ll Jo sy M n]ll]
m 2l 1 m 2l
q"q / -1 q"q
tdld ty = = *(2,1,3
2 P, e = 2 g~ G LY
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1.3 ¢-MZV & ZDEDERT
HiET & FRRD FIEIZ L D, ¢-MZV DD RRE/DI I ENTE S,

Definition 1.4. IEDQBEE Ky, ko, ... ky, 72720 k1 > 2, ¢l < 1ITH LT, ¢-%&E
¥ — XAl (¢-MZV) % PUARHEL

(k1—1)mi+(ka—1)mo+-~+(kn—1)mp

Calkr, ko, k) = 3 q

mi>mo > >mp >0

ka kn

] o] - [

TEFET S.

¢-MZSV O L RBEZ, ¢ MZVIZBWT, ¢ —» 1 2328, MZV 2752 Z &4
TED. EH121280T, Dik) %

D,(k) = {(tl,tQ,...,tk)e[o,u’“

< atpn (5 ¢ J(K), 1> j < k),
<t (€ J(k), 1> < k)

WWEESMMZ 2 L, MOEHEIFONDG.
Theorem 1.3. 1 > 7 v 27 Ak = (ky, ka, ... ky) € N IZH U, k = (ky, kn_1, ..., k1)
LEL &, ¢-MZV OFERFR
k) = /  Wes()(t)wyse) (ta) -+ - wWosey (te) (K1 > 2)
Dy (k)
NI A RVASS

Z D FRIE Bradley [1) TD ¢-MZV O FR BB DOL L Bbn s )3, B
R TIRIERTH 5.

Example 1.3. k= (2,1) D& &,

1) - / dity dyts dts
o t1<ta2<qts3 1- tl 1— t2 t3

b, EBICHELEHET S &,

/t2 W i/tthldt —Z ! o™
o 1_t1 — o 1 qll — [m]Q )

m=1

- 1 - 1 - ot m+n—1
Z /0 1—t2dqt2 - ZWZ/O t dyts

m= 1 m:l[

Z%Z qm /t3m+n—1dqt3 _ Z%]Z[q 7 - G(2,1)

m:l n=1 m=1 [

2195,
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Self-avoiding walk on random conductors

Yuki Chino*
Department of Mathematics
Hokkaido University

Joint work with Akira Sakai (Hokkaido University)T

Self-avoiding walk (SAW) is a statistical-mechanical model that the chemist

P. J. Froly first introduced for studying the behavior of linear polymers [4, 5].
Now we have many rigorous results on SAW, especially in d > 4 due to the
lace expansion [1, 7]. However in two or three dimensions, there still remain
open problems [8]. In 1981, B. K. Chakrabarti and J. Kartész first introduced
the random environment to SAW [2]. Our interest is to understand how the
random environment affects the behavior of the observables concerning SAW
around the critical point. In this talk, we will show the quenched critical
point is almost surely a constant and estimate upper and lower bounds.

Model and the results

Let B? denote the set of nearest-neighbor bonds in Z¢, let Q(z) be the set
of nearest-neighbor self-avoiding paths on Z¢ from z. The self-avoiding walk
is the set of the trajectries of the walk that can not return the point once it
visited. We call this property self-avoidance constraint. By this property, we
can regard SAW paths as the statistical-mechanical model for linear poly-
mers. Denoting the length of w by |w| (i.e., |w| = n for w = (wo,...,wn))
and the energy cost of a bond between consecutive monomers by h € R, we
define the susceptibility as

Xh = Z €7h|W|7

weN(z)

which is independent of the location of the reference point x € Z?. Two
other key observables are the two-point function and the number of SAWs

*chino@math.sci.hokudai.ac. jp
Ysakai@math.sci.hokudai.ac.jp
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of length n:

Gu(x)= > e, = D Luem,

we(o,x) we(z)

where o is the origin of Z¢, 1.y is the indicator function, and Q(o, ) is the
set of nearest-neighbor self-avoiding paths on Z? from o to z. Obviously,

Xh = Z Gh(x) = Z e "me(n)

x€Z4

Due to subadditivity of ¢(n), we can show that x, < oo if and only if h >
log 11, where p is the connective constant for SAW [7]:
p= lim ¢(n)"/™ = inf ¢(n)'/".
n—oo n

Therefore, h = log p is the critical point of the susceptibility. Many rigorous
results on the behavior of these observables around the critical point h =
log i1 have been proven. However, there still remain many challenging open
problems in two and three dimensions. See [8] and the references therein.

Let X = {X;}pepe be a collection of i.i.d. bounded random variables
whose law and expectation are denoted by Px and Ex, respectively. Sim-

ilarly to the homogeneous case, we define the quenched susceptibility at
r € 7%

_ \W|
px() = 3 e Trhan),
we(zx)

where b; is the j-th bond of w. Because of the inhomogeneity of X, the
quenched susceptibility is not translation invariant and does depend on the
location of the reference point . We also define the random media version
counterpart of the number of SAWs ¢(n) in random environment:

Jw]
Cox(min) = Y e Pom g,
weN(z)

Therefore, we have

Xn,6.x (2 Ze " x(z;n).

Since Xpp x () is monotonic in h, we can define the quenched critical point:

h x(z) = inf{h € R: Y 5.x(x) < oo}
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We denote ¢(n) be the number of the homogeneous SAWs. By virtue
of the self-avoidance constraint on w and the i.i.d. property of X, we can
directly compute the annealed susceptibility Ex [Xn.s.x ()]

o0

EX [)A(h,,&X (.T)] = Z 6—(’1—103; Aﬁ)nc(n)’
n=0

where \g = Ex[e#**]. Then the annealed critical point must be defined:
h = log j1 + log Mg,
so that Ex [\np.x ()] < oo if and only if h > h}. By Jensen’s inequality,
hi > log i — BEx[X5).
The following theorem is the main result of this talk.

Theorem 1. Let d > 1 and > 0. The quenched critical point ﬁgx(x)
is Px-almost surely a constant that does not depend on the location of the
reference point x € Z%. Moreover, by abbreviating h%,x(w) as hqﬁ, we have

log u — BEx[X,) < ﬁg < hj, Px -almost surely.
For d =1, in particular, the lower bound is an equality.

The key elements for the proof are the following:

e To prove that the quenched critical point is Px-a.s. a constant we show
translation invariance and ergodicity by following similar analysis to
that in H. Lacoin [6].

e The upper bound (generally called the annealed bound) is trivial. On
the other hand, the lower bound is derived from the second moment
estimate by using the Paley-Zygmund inequality.

In our main theorem, for d = 1, the lower bound is an equality. We want
to discuss what happens in d > 2:

e In two dimension, H. Lacoin improve the upper bound by using frac-
tional moment method [6].

e In high dimensions, can we estimate the upper and lower bound more
sharply??
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g-PAINLEVE EQUATION OF TYPE E.” ARISING FROM PADE APPROXIMATION

£ 75 A\ HIDEHITO NAGAO (HHf3 T. 345 S B 2245

ABSTRACT. Padé 3Tl & MEEN 2 HEERHEUC X 2z IS LT, 2 BiBn A%
T2 E, RNy TR ZEES Lo NTWDS, X612, ZDIERIEL
& LT, Painlevé i &IN5 2 BEIERUE M TRAZ R TE 2 2 L6 T
5, LI >T, 20 qEaNEsite LT, Ef,)l) T affine Weyl BEX PRI 2 £ D g 7257
IBERL Painlevé STTEXZHER T 5 & L TE 7, AFHTIE, TORBICOVTHET 5.

1. INTRODUCTION

1.1. The background of (differential) Painlevé equations.
19 AR D 5 20 tHACHIEEIZ 221 T, Paul Pailvevé 12 X - THE X4, TH)  FrE SR IZ
IR, &\ ) Pailvevé M2 i A 72 2 BEIERUE R O iR & LTiE S T & . TE<
Rt &3, oy iR o B E o iR 12 Bl 2 R S R O ALE DS WIIIE IR 3 5
%z 09 . Pailvevé F2EUE P 225 Py £TO 6 FBHICHHI NS,

Pi: A" =64 +1,

Py: A7 :2/l3+t/l+a,

o, 11 Y
Py : 17" =—-) —;/1 +?(a//l +6) +yAl + —,

A A

1 3 B
Py A" =—U)P+ = B +422+2(2 —a)d + =
v 2/1( )"+ 5 + +2( a)d + T

et = (e - s S e ) LoD
! 1 11 1
P =5 (34 g O G Y

A -1 -1 (a t tt— 1 1t — 1)).

Ai—1p AR tYO T o

ZITC,a,B, - BHEBRAIA - —TdH 5.
25 6 HED Pailvevé TR T 2BUKAZ KD X 51 3,
Pyi—Py— Py
NN

Pry—Py —Py.

N5 6 fHEHD Pailvevé Fi AT — MR WIZERI B O #iPH TIEMEC 2 L3 TE RS,
I8N R = DR A % & B RS RMTL O RIRBI B TR I N A MBFET 5. filic R
BBH, HHB B CRIN G RR LR Fio,

Painlevé /ifEE, NIV MU R E L TEHTE, BIBERHZE (Y 7 A - 7)) D
MGtk L LCHRITE, Bicklund £¥2 & L T affine Weyl #EFMEZ FFo 74 &, AIEES
HELTDEL DRWIHEZ RO,

2010 Mathematics Subject Classification. 33D15, 34M55, 39A13, 41A21.
Key words and phrases. Padé method, Padé interpolation, g-Painlevé equation.
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Remark1l. 7 v 7 2 «- X7 L%, WEDROBEImIIBITL2HETH D, 2HEOHRIZ R
A (BT L 2 0B HRER) oML U<, REFERIEGETEAIE SN
LTH B,

1.2. The background of discrete Painlevé equations.

B Painlevé 7R3N, #8457 Painlevé TR D RIE 2 /A L 72 £ FEEHULL 72 b DT
b5, Wz, BEEPainlevé M FrEAEEAC A D), Fifkf#, Biacklund B, J v 7 & -+ X
TiE., ZNSIXHLK affine Weyl fEX A 12 B U 7= 5 BRI I LD T B S 1 9],
28 A TIIEHET (e-), BIEETT (q-), NEREST (d-) D 3TEEDIDH 5. g 757 Painlevé
/i Bicklund 2542 & L T O affine Weyl BEFRIEIC X 0, EY Bl 5 Dg B E THH
SN, BRI RD X H 1Tk D,

Z
/! N\
E;l) —)Egl) _)Eél) N Dgl) N AELI) N (A2 +A1)(1) _)(Al +A/1)(1) — A(ll) D6
q-Pvp  @-Pv  @-Pw.g-Pup q-Pm q-Pp

1.3. The background of Padé method.
Padé Jifl% I3 L C Painlevé £ X X Garnier T2 R T A2 5 (121 3H %, %
DFETIE, #2247 Padé WA RIE % 3¢E 7 40F, Painlevé(Garnier) /72129 2 IRpfid]
FESIER, 7v 7R X7, BRAARRED 3 ODFEIFIE S NS, D J5ikI3 Padé
B EMIZIN T 5, Padé 13 2 1L E THEA 2 BEHL Painlevé HRER S IC@EH I N 3
[3,6,7,8, 14]. ARWEIE [7]1HD <.

, 1
2. PADE APPROXIMATION METHOD TO CASE C[-Eé )

ARFTIE, PadéEA%JEH LT, ¢ 7257 Painlevé S EV RO RsHIF IR R, 7 v
IR e X7, AR IR 2 <

2.1. Padé approximation problem. /N7 X—%—g a,,b;e C,0< gl <1,mn € Zsyg D
EE, WYL

(arx, arx, a3 x)c ajamazq"
(b]X, bzx, b3x; q)oo’ b1b2b3q” ’

2.1 Y(x):=

Z 5.2, Padé Tl fikE

— Pm(X) m+n+1

(2.2) Y(x) = 0,0) (mod x’ ).

BFEZDH, T, BEP,(x), Q) xZNFitm, n REEXE L, g Ry ENVYe—IF
j-1

(2.3) (a1, a2, a); = | | = arg)(1 = axg) - (1 - aig).
k=0

LT3,
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2.2. Time evolution.

WNIRXA—=F—qa,.bymn%z>7 FIELEHZT %
(24) T: (alaa29 a3abl’ b29 b3a m, n) - (qab a, as, qbb bZa b3» m, n)

3%, £, ZOMEHET X g #% Painlevé SRR O RBIFE D 1A% RET 3 DT,
IRFREIFE I & 58,

RABIEL y(x) ISR LT, y(x) = Pou(x), Y(x)Q,(x) ZFRICFFD, 3T y(x), y(gx), y(x) B4
g 20 IR E Ly(x) & L, 3HEM y(x), y(x), y(x/q) #E g 220 X %Z Lix) £ T5%., 2D
EE,

Lemma 1. #/F q 205753 Ly, Ly 13RXD X ) IR RSN 5,
Ly(x) : (1 = xf)y(x) = (1 — ax)(1 — asx)y(qx)

2.5) ”
+ %(1 — bix)(1 - x/g)y(x) = 0,
06 Ly(x) : w(l — Xf/q)y(x) + %(1 — ax)(1 - x/qg)¥(x)

—q"" (1 = byx/q)(1 = bsx/q)y(x/q) = 0,
22T, fig fowlEx IS RWERTHY, HEF =TF), F:=T'(F) £¥ 2.

Proof. Ly, Ly DEF LD, KD x DIEEXDIKD 2D,

y(x) y(gx) y(x)
2.7) Ly(x):| Pp(x) P,u(gx) P.(x) |=0,
Y(X)0,u(x) Y(gx)Q0u(gx) Y(x)Q0,(x)
y(x) y(x) y(x/q)
(2.8) Ly(x) : | Pn(x) P, (x) P.(x/q) |=0.
Y(0)0,(x) Y(0)0,(x) Y(x/q)Q0,(x/q)

B 7 FIIREFRT UL, ¢ ESHRA L (25), s 2.6) 615, O

LUFCUE, Lo, Ly (2.5), 2.6) ICHED VT, ¢ 757 Painlevé i ELV B3 2 e 56
BAHRK, 7v 7R - X7, HRAREREE SN S,

2.3. The g-Painlevé equation.
Proposition 1. 2 2% f, g DN 1 FEIERRIE g 720 7R3\ (1 228D 2 BEFERRIE q 7250 /i E0)
bl (f —a)(f — a)(f = ba)(f — b3)

2.9 -1 1) = 1
(2.9) (fe-D(fg-D g TEPNTET
010 (e (Fe— 1) = qagp, &= 18 = Vas)g = bz~ 1/b3)

(g — bi/axazq™)(g — big"*! | aza;3)
Fois, 2 g 757 Painlevé 1T E(61) MoRFRE X 5] TH 5.

Proof. q Z5TRIETEE Ly, Ly (2.5), (2.6) DMINVIGEFE LT, ZHEwZ2EE RV 2L f,g
DR (2.9), 2.10) 3F 6515, O
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2.4. The Lax pair.

ARABAEL y(x0) 12X LT, y(x) = Pou(x), Y(0)Q,(x) Z fRIZHED 3 T y(gx), y(x), y(x/q) D
W q 20 A% Li(x) £33, 2ot &,

Proposition 2. ) ¢ 25 iR L 1ZRD X HITRRI NS,
2.11)
(q = b1x)(q = bax)(q = b3x)g"""!

a1(q — axx)(q — azx)
L : -
1 q-fx [y (x/9) byb3q"(q — b1 x)(gq — x)y (x)]
(I —ax)(1 = ax)(1 — azx) byb3q"(1 — by x)(g — x)
" 1= fx [ g - a1 — a0l —azx) ]
. ag™! [(1 B ffrji)(l _ b2b3gq”) L X~ ax8){ — asg)(1 — bag)(1 - b3g)]y(x) _o,
1

b2b3g (1 _fg)(gq_x)
20D q 22 R L, Ly (2.11), (2.5) 13T v 7 A « X7THY, 2x2/758 5 v 7
BR[N] BEIIAA T =Ty 7 A - X7 [3,13] L&fliTH 5.

ap

Proof. q 725371 Ly(x), Ly(x/q), L3(x) (2.5), (2.6) 2> 5 2 JH y(x), y(x/q) ZWHET X, ¢
O HRAL Q1) oS, o

2.5. Special solutions.

Lemma 2 (Schur BIEUZ X 2 230 [12]). 526N 7BAB Y(x) I LT, x=0DFHhHT
Taylor B

(2.12) YW =) pt, po=1, pi=0 (i<0),
k=0
2HEZb, TOEE, Padé TP (2.2) 2725 mon R P,(x), Q.(x) 13475150
(2.13) Pux) = D" SerX's Q) = ) Simetyamrn(—1),
i=0 i=0

TERRNIND, TIT, syldJacobi-Trudi N sy, ... 0y = det(pﬂ,._,-ﬂ)ﬁ’j:l TREFEI NS Schur
BIfcdH 5.

Corollary 1 (Schur B9 X 2252 [12]). ZHEA P, (x), 0.(x) (2.13) 1%, I >Dfr5lRIc
RDLHICFRRIINS,

(214) Pm(x) = XmS(rn”*')lpi—»Z§-=o xIpij Qn(X) = (_x)nS((M+1)")|p;‘—>pi—x"l7i71'

Proposition 3. g 747 Painlevé JiT2Z Eél) W ORI (2.9), (2.10) DR BIRIE
ff fe b LT, ROLDBPBFESND,

1= flay _ ai [T, (1 = bi/ay) Tay@nne )T T )

I- f/a2 ay Hle(l - bi/az) Taz(Tm,n+l)Ta_21(Tm+l,n),

1= 1/bg by [1s(1 = ai/bs) Ty, Tonns) T, T 1.)

L= 1/bsg by [T3(1 = ai/b3) Ty Tonne ) Ty Tmetn)”

(2.15)
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22T, IR 1y = sy DB po WK CEHASND,

as —k a a
bk - ar _=
3(b3)k k (‘1 )k1+k2(bl)k1(b2)k2 (b1 )kl (b2 )kz
—q —q] -
as as

(2.16) Pi =
@ b
k ki>0 (qa—33 k1+k2(Q)kl(q)k2

22T, NIRX=F —a, b IR B TR TDRERTH S FITN LT, T,(F) = Floyoga T, (F) =
Flosay £ 5%, C @ﬁ%@@ 3 [3] LFHiTH 5.

Proof. q =5 R Ly, Ly 2.7), 2.8) Dy DAY 7 F(TFIRUITE T, Pu(x), Qu(x) IZ
o TEEIND f,g DfEIE, Schur BAIZ X 22X 2 2.14) ZH UGS on s, o

Remark 2. —f¥® (2.1)(2.16) ICBIL T [11] TBRRS TV 2

N+1 oo N+1

(@iX)oo
2.17) | (Z;)m Zpkx = exp ZZ g k)

k=1 s=1

Remark 3. #35 p, 13 2 28 g-Appel Lauricella /D HRIITH 2 03, Z¥ib; = ¢ 'aa,,
az = bb, D NT, big g-Jacobi I & WX 5 -t ATHEL 30, DERANCE EHZ 5
ns,

Remark 4. [4] 12 X h&i Andrews VT 25N - Appell Lauricella BA% !, & q-HRATEIEL

w1 DI DLW (1 = &1, E@*%zm A [2]) DSBS T,
by..., b - bi)oo
(2.18) l+1‘Pl( @ 7 ! ,M) = (au) (6r) l( @B BLY s 21)
Clrevvs € (U)o k=1 (c k)oo
ap, ... (ay,... a/k)Y @)1 k
2.19 1)’q\2
@19 “’)’[ﬁl, ) Z(ﬁl,.. B, DY)
22T :=s(s=1)/2.
(220) ‘;DZD(anBI’- N ,,31,7;21,- N ,Zl) = Z (a')lml(ﬂl)m .- -(ﬁl)m; mo Ilnl,

= Dl @Dy - (D
ZZTClmli=m+...+my.

CDENADHRDGEDI 3 1IN T 5,
2.6. Main theorem.

Theorem 2.1. 347 Padé SLRRIE (2.1), (2.2) DFEIC XD, g 757 Painlevé JiFEX EY)
Bzxtd 2 Rl FE R A REX (Proposition 1), 7 v 7 A « X7 (Proposition 2), #83%[RIFFE
fi#t (Proposition 3) 5 3 DFAIIRFIZIAS 541 5,
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ON THE STOKES MATRICES OF THE ¢t*-TODA EQUATION

STEFAN HOROCHOLYN (TOKYO METROPOLITAN UNIVERSITY)

ABSTRACT. We derive a formula for the signature of the symmetrized Stokes
matrix S+87T for the tt*-Toda equation. As a corollary, we verify a conjecture
of Cecotti-Vafa regarding when S+S7 is positive definite, reminiscent of a for-
mula of Beukers and Heckmann for the generalized hypergeometric equation.
The condition S + ST > 0 is prominent in the work of Cecotti and Vafa on
the tt* equation; we show that the Stokes matrices S satisfying this condition
are parameterized by a convex polytope.

1. INTRODUCTION

The tt* equation is a system of nonlinear PDEs which appeared in the work
of Cecotti and Vafa [2] on the classification of supersymmetric field theories in
physics. Dubrovin [3] showed that it admits an isomonodromic deformation in-
terpretation, as well as the standard zero-curvature formulation of harmonic map
theory. This leads to a Riemann-Hilbert correspondence between (local) solutions
and monodromy data of a meromorphic ODE. Clarifying this correspondence is a
subject of current research activity relating several fields of mathematics, including
Hodge theory and algebraic geometry.

There are very few examples where solutions can be found. A special case of
the tt* equation, introduced by Cecotti and Vafa, and studied mathematically by
Guest-Its-Lin [4, 5] and Mochizuki [7], is the tt*-Toda equation. This is, essentially,
the well-known Toda field equation (2-dimensional Toda lattice), although even in
this case the existence of the solutions predicted by Cecotti and Vafa was proved
only recently (in the aforementioned references).

This article was motivated by the conjectures of Cecotti and Vafa regarding the
symmetrized Stokes matrix S + ST, in the case of the tt*-Toda equation. We shall
give a necessary and sufficient condition for S + ST to be positive definite, and a
simple formula for the signature of S+ ST, reminiscent of a formula of Beukers and
Heckmann for the generalized hypergeometric equation [1].

Let us now state the tt*-Toda equations and explain the relevant Stokes matrix.
The equations are:

(1.1) 2(w;)z = —e2Wirnmwi) L 2Wimwiz1) gy CF 5 R
subject to two further conditions:

(1) the “anti-symmetry” condition: w; + w,—; = 0; and

(2) the radial condition: w; = w;(|z]).

We use the convention that w; = w;1 41 for all ¢ € Z. This system is the compat-
ibility condition for the linear system:

U, = (w.tiw)w,
\Ilg = (—WE—F)\WT)\I/ )
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where:

w1—w
eWt 0

w = diag (wo, ..., wp) , W=

ewn Wn—1

ewg—/w n

If we write = |z|, then the radial version of (1.1) is the compatibility condition
for a linear system, which may then be transformed to (see Equation 1.4 of [5]):

U, = —C%W — %xwm + $2WT) v

(1.2)
v, — ;fcw+zch) v,
where ( = %

The ¢-system (1.2) is a meromorphic linear ODE in the complex variable ¢, with
poles of order two at both { = 0 and ( = co. The Stokes matrices at these two poles
are equivalent, so we shall only consider the Stokes matrix at ( = oo, and denote
it by S. By the general theory of isomonodromic deformations, Stokes matrices S
correspond to local solutions near 0 (i.e. defined on intervals of the form (0,¢))
of the tt*-Toda equation. Further details and explanation may be found in [4, 5],
where S is computed in terms of the asymptotic behaviour of the functions w;.

It was conjectured by Cecotti and Vafa, and confirmed in [4, 5, 6, 7], that the
condition S + ST > 0 implies that the corresponding local solution of the tt*-Toda
equation is globally defined on C* (i.e. such that e = o0). It is, therefore, of
interest to describe the set of such Stokes matrices explicitly, and this is our first
main result.

We show that they form a convex polytope described by simple explicit equations.
It follows from the previous references that a necessary and sufficient condition for
the local solution of the tt*-Toda equation to be globally defined on C* is that
the eigenvalues of the monodromy SS™T are unimodular. (Here, S~T denotes
the transpose of S71.) For such Stokes matrices, we prove the following explicit
characterization of the signature of S + ST, which we expect to be of use in future
investigations of the tt*-Toda equation:

Theorem: Let 0 = (N, N_, Ny) denote the signature triple of S + ST, where
Ny, N_, and Ny are the number of positive, negative, and zero eigenvalues of
S+ ST, respectively. Then o is equal to the signature triple of the diagonal matriz:

diag ((—=1)" ' p(mo),. .., (=1)" p(r,)) .

Here, g, ..., 7, are the n+1 roots of x™ 1 —(—=1)"*1 and the real polynomial p(x) is
the characteristic polynomial of a certain matriz R satisfying (—1)"R"! = Ss—T.

Corollary: S+ ST > 0 iff (=1)"*!p(ny) > 0 for all k.

Let us explain what this means in terms of solutions to the ¢¢t*-Toda equation.
(For ease of notation, we only describe the case n +1 = 2m.) It was shown in
[4, 5, 6, 7] that solutions w; : C* — R are in one-to-one correspondence with real
numbers «; satisfying v; — v;—1 > —2 for all i, where 2w;(2) ~ ~; log|z| as |z] = 0.
The corresponding eigenvalues of R are emp( + nijrrl (v +25+ 1)), 0<j3<m-1,
with

0< E=(+1)<EM+3) < < FE(fmo1+2m—1) <.

2m
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The condition S+S87T > 0 means that these points must interlace with the (n+1)*®
roots of unity, implying that:

0<1+1<2<+3<4<--<2m—=2<Yp_1+2m—-1<2m

and this means that 0 <y; <1forall 7 =0,...,m — 1.

Our second main result is a formula for the sign of p(7) when the eigenvalues of
SS8~T are unimodular and Ny = 0 (in the notation of the Theorem). If n+1 = 2m
or n+ 1 = 2m + 1, then this gives a characterization of the open subsets of R™
corresponding to each possible signature pair (N4, N_) in terms of configurations
of points on the unit circle which interlace with the roots 7y, of 2" — (—1)"*1. To
prove this, we show that p(z) satisfies the signed-palindromicity condition p(x) =
(—z)"p(L), and hence, it may be uniquely factored as:

p(x):{ xm;ﬁ(er%), n+1=2m,
(z—l)xm[)(x—i-%) , n+1=2m+1.

Defining the sequence {p!*!(x)}; of shifted polynomials by pl% (x) := p(x + 2) and:

4] () = ple+2cos ™), 1<k<m,n+1=2m,
P (z) = ﬁ(m+2005(221;1—+1;n)7 1<k<m+1,n+1=2m+1,

we prove the following, which amounts to a special case of Theorem 4.5 of [1]:
Proposition: If vy is the number of sign changes in the sequence of non-zero

coefficients of pi*l(z), then:

(—)7=%, ot 1=2m,
sgn(p(my)) = (=)=t oy 1 =2m 4 1.

Since p(z) is the characteristic polynomial of R, and the entries of R satisfy an
explicit relation with the entries of the Stokes matrix S, the proposition gives a
simple way to check positivity of S + ST.

All of the above results are first proved for a conveniently defined, “abstract
Stokes matrix” S. We then explain the precise relation between this “abstract
Stokes matrix”, and the Stokes matrix S of (1.2).
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BEzY 1 b DARAE|

HRAF 9 B U Bt Bk & R D Se e JE R B i At s A

—K fZ%& (Shingo Ichiki) ¥ {E@E i (Jun Sato) I PEEk 5% (Katsuhiro Nishinari) '

W it 5 M % R D se IR IR LM BEMEAE (Totally asymmetric simple exclusion process with Langmuir kinetics; TASEP-
LK) IZ2DWTHRT 5. Rz, BHEY 1 b OREBITEKIE L TRBIE L — A543 TASEP-LK 252 5. 2L T, 2O OIEE

e FARTEIZ DWW TG 2 F W TIRIT 5.

1 JZU®HIZ

FEXI R H A PEERE (Asymmetric simple exclusion process;
ASEP) &id, —R7IEKT L2 HERAESIR 2R - 22 B0k
TOENICT VY E LT 4 — 0T HHERBEBETHE.
12, RS — NS D AE) < AL, 58 IR R B A Bk A e R
(Totally asymmetric simple exclusion process; TASEP) &
XN TWS., I s OB, IEEERE NF 2RO L T2
A WA B Tz T b T\W5D, R, X AP R EDH D
EEER T RICRONSBRERBTHEE L LTLSHWS N
W3 [1].

72, X 1 ® & 52, Langmuir kinetics & XN 35T E
DEZE DG CHBE L A BER A 1 = A L2 RO & R X
TV, ZOBRTIE, R FERTAOY A1 AW T VS L
&, L— 1 p (Kl dt OICHER pdt) THIHANK Y 7T 5.
Fo, M EW»S L — b a TRAL, A5 — K 3T
WHT 2. &b, 1 bV TWIUE, L — b wa TRFDY

WZEE L, 1 b EOR XLV — b wp THIBES 5. IR
B & RO S R I PR R HEERE (TASEP-LK) 3, H5t
DOF|EALV — N E2ZLIEE T, GEBEEHCREEMZ 5
Wt 3 B PRI DR 72 CBIREE WA B S T w B (2, 3.

Langmuir Kinetics

R

[N
o [ [0 o

o[ @ —

-

1 TASEP-LK O#AX.

B, B b OARTBIZARAT T 2 b 2 IR A5 B & R5 D A
BRI NTWS [4]. ARiTIE, 2o E2 BEES 1 b0
REZLIZEAEL — b BEEL — F2FELWEEII2VT, &
RS L — M AYER A DHNICEZIND Z e RN TE B & 512k
KT 5. BB, KRB WT “EBE L — N 2, BT A b
OREZ LIZIFEEL — b B — MAFELWHAICHAVS S
Dr9 5.

2 #L5k TASEP-LK

BEEEY 1 b DARIBITIRAE L TIRIBE L — h 23572 5 TASEP-
LK Z2WTHs 5. LT, FHEELE2MAWEZ 2T, &
i n R g O N i Y ¥ A v -

2.1 fEAY

YA KL (L>3) O—Wiuikk+%2FE25. ¥4 b T, ki
FRHLIRIE (1, = 1), THRIFHBRWVIRE (5, =0) OVWTh
EEE. ZZTE, KT EIADY A BN TWEEE, L —
N1 THifARY 75, Z LT, MFEERPSLV—ba T
WAL, Ao L — b B TiiHd 5.

PAZ, RIBE BRI D W CEHIIHT 5. BREET 25 1 MITHE
FHRWGEE, B2 (a) DEBY, RFIFL— b w TEREE
T2, BETIZV I DL~ HICKFRH 554, X 2
D) DEBY KTV — b wy TRBIET 2. BT 2l
A MR FRHEG5E, K2 (c) DB, KFiEL—b ws T
EhiET 5. EOY 1 T, K2 (d) OB b, Ehhd 2
BHOY A MR TR WEEIZL — b wy, BT2H 28581
L—b wy CHBET 5. 7z, AV 1 T, K2 (e) D&
B, AEPS 2FEHDOT A MR TR WEAIZL — b w,

RFHHBHAEIEL — b wo THRAET 5.
[ 0] 1 (@] | el
i—1 14 i+1 i—1 14 2+1 i—-1 4 1+1
I w1 I w3 I
e oo | | @@ D00
i—1 i i+1 i—1 i i+1 i—-14 i+1 i—-1 4 i+1
(@) (b) (c)
O ° °
T Y S
o | 00 [ [C]

(d) (e)

* HRERFERT B LR WER
PR JEm R AT gE 2 v & —
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B2 (a) BEEEST ZWY A MTRFLRWEE.
BT 2 A b DB SR —HITKTFRH 256
BT oMY A MR T2 D 555
PSR R

(b)
. (o)
(d) £8i5t. (e)

2.2 SE¥EELL

OB OBE ST T 7 A VIZET AR HER B
.91 i (1<i< L) ORTFBEOMHFHEEIZIRD &>
IZRBITE 5.

d(m)
dt

= (rica(l = m)) —
+ w1
+ we

(ri(1 = Tig1))
(T =7i—)(1 = 1) (1 = Tig1))
(X =7ica)(L = 7)Tign)

+w2(ri—1(1 = 7)(1 — Tig1))

+ w1 (1 — 7)) Tit1)
(
(
(

—wi{(1 = 1i—1)7:(1 = Tig1))
—wa({(l— 7= 1)Tm+1>
—wol(Tic17i(1 = Tig1)) — wa{Tic1TiTit1), (1)

FEL, () REIREEERELTV S,
(i=1,L) ZXD &> IZEKBTE 3.

e, MDY A b

d{m)

T a(l —71) — (11 (1 — 12))
—wi{T1(1 = 72)) — wa(T172).
d<thL> = (rp-1(1 = 72)) — B(T1)
+wi{(1 = 71-1)(1 = 72)) + w2(rr—1(1 — 7).
12, X (1) TR U T, BRI OFRAK T 22 MR R % BB Z

& TROMWHA ARAPEOND.

dp

0
8t+(1_2)

op _
oz
X |Qu1(1 = p)® +2Q2p(1 — p) + Q3p? |,

=(1-2p)

()

f:fib, Qj = ij (] = 1,2,3) ) t = LE&U‘LE = %
(i1=1,2,---,L) &35,
3 MY
#LE TAESP-LK OEHEIREBIZDOWTHELET 5.
3.1 EH A
R (2) BOEHMEES. EHRETIH L =0 @ ZeH
TE2. ZOZLehoEBI, HARME p(x ) %:I%ro 3
Nhnd. it,(k@ﬁ&ﬁﬁ&i%ﬁfp ZeT %@4‘@@&%
BENTES.

dp

= (1= p)* +2Qp(1 — p) + Qsp”
= (Ql — QQQ + Qg)p2 — 2(91

dx

—Q)p+h. (3)

::"C&i Q1 — 205 + Q3 7& 0DFEEHEZD. A (3) D
DHER, EBRBTH D Z e 5ROk E KO Z 2N
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bHirbd
T -y Yo
5:‘: N Q1 — 205 + Q3 ’
FUT, 08 — s >0 D8 & WK ¢ = &y, EBEREAE

p(0) = a ROEEREMSE p(1) =1 -8 2AVWDZ LT, EH

RIEIZ B B TR pr(z) R OAHBEEM pr(z) BRD L 5
NSNS,
(z) = (e &) Fblge” P 4 (a4 b)(a — )
P = a(a 1+ €) + bl @agte —a(a—¢)
_ a1 =B+ + etV 4 (af +b)(1 - B =€)
pr(z) =

[a(l =B+ &) + be@Er 00— —a(l - § - ¢)

f:ffb,a=Q172Q2+Q3 &‘Urb:*2(91792) 95,
BB, 02— Qs =0 D E, FATHEOBM  —5T 3 [4].
W, BET a7 7 VA S NAEHEFEDMEIZDWTH

RBe 5, HBROEX vs 1E, IROXNTRITEZHZLPH 6N
TWw3 [5, 6].
1—pr)—p(l—
s = pr(l —pr) —pr(l —pr) _ 1= i — pr.
PR — PL

72, EHREEZZEZTVWBEI S, HBENLZELTWDS
CIRETS. DF 0, HRFOHEE vg 2 02 T5I LT, HE

PEDREIZ B W TR & A EEREDOBIRIZIRD & 512155
Nnbd.

pr(rs) =1 — pr(zs), (4)
72720, s BEBEOMEEL T5. HEROMEL, pu(z),

pr(z) RORK (1) HoRDBZENTES. ZLTA =

pR(ars,)—pL(a:s)>O&UO<:€S<1:‘:ﬁétéc TR 1%
FHET 5.
EDS, EBHREBIZBIIA2EET O T 74 H 15 %Ehé

BRPFET DL E, BETO 7 7 VIR LS ITE R
ns.

(0<z<zs)
(zs <z <1)

ole) = {W)

pr(7)

F, ZDOMDLGEIZRD LI ITRBE I N 5.

(0<z <)
(71 < x < x2)
(r2 <z <1)

pr(x)
plr) =91 3
pr()

1 B 22 BENZEN pr(z1) = 2 RO pr(ze) = L &7
BRETHS. £EL, a1 <0 (12> 1) DL FE, pu(x)
(pr(z) BARVET S, &5, BHERTEZAZN, p0) = a
RO p(l)=1— 8 £755.

3.2 MNMEEETOT7 71

BAAFIE LT, 0 =03, Q0 =04 KU Q3 =02D& D
MEOEMHCBIIEBETO 7 71V ERT.
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L LM M
Br- LMH
MH
S
E H

3 Q1=03, Q=04 KT Qs =02DL XDHIX.

31, Q01 =03, Q=04 K0 Q =020, TOMHXT
b5, ZOHE, TODMHIZKHT S eNTES. 9,30
DHEAM (HEEME (H) - KEEHE (L) - &XRiEME (M)
RRoENE. “H” (“L”) T, %E&f%ﬁ% Fom< (&) %
5. ZLC, BETO0 7 740V, pr (pL) THREEINS. X
Pz, M TUE, B L e B, BEN L O SHRENEAL
BB NS, BRREM LRI, RIZ, “S” Ik, BB
ENBMHERLTWS. BEIC, BEH (BRRREHLOEE
A (MH) - (KA RAREME (LM) - (K5, KK
REMACEZEEM (LMH)) AR S51h5. “MH” (“LM”) ®
BETO T 7 AV, % B pr (pr KO %) THiiE N 5.
72, “LMH” O#E T 07 7 1 VI, pr, 3 R pr TR
N3, op, BERAHOBERIL, BREOTFMHL MEE2EZ D Z
ETEIZENTES.

THIT, M4 T, EEBEBROEYTAVEY I a b —
varviZkoTHEONEEHIIBIABETO T vV ERL
T3, ERTFHEEEU» S, £/, SfiEE YT rm >
Iab—YarvhrsEThTnfGonzEE 70774V Th
5. ZORPS, PRI L - THRONEE IO T 71
AMREVFHLOYIal—YavORREBERLS —HLT
W3 ZEDbrb.

4 T

ARETIX, BEREY 1 D OIRFBIIKIZL TGS L — R AYEZ B
TASEP-LK 2 2OWTEE L. iz, KRBEL — bR
MOMSIITEZID Z e N TED LS ICHEBIZHHER L. Z L
T, G EME WS Z 2T, HE RO EERED®HE o
Ty ANEEDZ LTI Uz, B 1 b ORIED L IR
L — b BROWBEL — b 2N FNAMERE D DPSLITMEA N B &

[
—
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1 1
o2 o
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0.2 a=08, 3=08 0.2 a=04, =08
GU 02 04 06 08 1 00 02 04 06 08 1
i <4
1 1
=i S ool LMH
(d) P g : (h) 02|
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T
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I BEMOEE T T 71,
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AYAT 4y VRRT DEMGREICT LT
ZEF—HMUENSZ 2R

KJE HEREE (KENTARO NAGAHARA)
HOR TR RN BT ARl s
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1 Introduction

BREEFRORED, HL5HEOEYDOMARBIZED LS ITHEST DI WI[H
L, REEYZIIBWTEERMEE L TEINTWS [3]. KF#EHTI,
REPRED—E & WO HIRSEMDO T T, EYOMEBD LR L 7 2 EJHRAE
FEEIZED LS B TEZONEDD, LWHSMBEICOWTHwT S L
ZHINET 5.

BDOIZ, KFFEOERITMN S 728, Verhulst [6] AMIE L 721k D FHFER
ZRTALD.

d
Sult) = w(t){k - w(t)}

N YRAT 4y 7 ARANCIIEN S EY O E R THEET LT, A
ORI 2 R RIE AT HET, WMRIEPATHILL, BRIIZIXEFEIIC
BRBHELWIEBER S ERMEETWS, 22T, t e Ry, wt) e R
W OMEEE, ke [0,1] C RIZNIEREINE L IFFIEN ST, D%
YiisEER IR > TV A IR DBEIEINE 2R L TV 5.

FIHMEDY w(0) > 0 272 L TWd &35, ZOHBRNIEHIMRTHD
HARKKZ S T &N TE,

w(t) = . it (0<k<1),
1+ (m—1> e—kt
w(t) = ——— if (k=0)
t—i—m

ERIND. 0<k<1DEE, fRlTw(t) = k(t—o0) &b, EAELKILE
ETHIHT 5D, k=00 &, T w(t) —»0(t — o) &7 0, EYFEILH
MUTUES. (KiF—H&IZEkeREUTEHHAKDEGRNTE S, SHILMHE
BOEZOIZ0<kE<1&UTHE-7. )

RIZ, EYIPERRTH 26 RHEENE TV X LIIBETSHZ L 2EE
WZANS. 72720, ZOEBBITEREN—TIIR <, NNBEREINR)ZE
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M 2 TRAFT 2Bk =m(x) ICk-oTRINDEDL TS, SV
X, m(z) (Z5FT o ([ZEYDIEIET 5 DICHE L - EIEN L OREE» N T
WENEERLTED, ZOBBm(r) 2BREARE LIS, 2O m(x) FIEALHE
Lebesgue AIHIATH D, ROFEMGZHZTHD LT 5.

(M1) 0<m(x) <1 L-ae.

(M2) ﬁ Jom(z)dz = 0.
22T, m(z) WOITEWGATZEYIZ L o TEAIZKWERETH D, m(o)
MLSEWE ZHIIEMPMEAPTVERETH L 2 2R L TWD. £z, §
FREREZRTEHRT, 0<d<1Ziizd. 9205, m=0inQ &\
SEIFEAERVREL, E2Em =110 Q &0 EFEI TN TOMHETE
BIZHBRMIFEZ R VEDE TS, IO ZEELZRINEZZ 5.

BEORIROT, B 2, ¢ 12513 3 MO KB v, (z, 1)
H, WO D B B SUSHIT Y A5 v 2 R (% 5\ I Fisher-
KPP ARR) LIFEN 25T F L2 AVTRS IS [5).

ag?a = &?AUp e + m(2)Ume — 02 . ((2,1) € A X RY),
3;f:0 ((z,t) € 9Q x Ry), (1)
Une(2,0) 2 0, Vme(w,0) £ 0 (x €0),

me X = {m e L“(Q)’O < m(z) <1, l%’/gm(x)dx - 5}.

Q C R"IFAEYOERBIZHIG L, #oraER o0 2>, (1) D& 2R
H 5 Neumann BE5 M1, WA 00 22 CTHEEE Q oMW &
ZREKT S, nldoQ oMM EBAERNZ MVTHDB. £72, e > 01
EDOET, MR IRIEN 2 E RSN EZEY P BEIT AR 2R TS
A=RTHD. e PRKZIFN, EERBAZEYRHFENALY— NTEEL, ¢
DNS T NIEEDTEVWA Y — N TRBEIT A Z 2 icxdin L TWwWab. FIHSM:
Ve (2,0) € C(Q) 1B Z BAME L 72 s TO A DERIEAN TO R E2 KT
£, X C L2Q)1F, e (M1),(M2) 237 LT 288 m(z) 24k %E %
LTWa. 228, m(z) BWEBZSIE, BETHENLEZOY AT 1y 7 KX
EARRDEIEMNTE 5.

ZZT, (1) OBFRLE TV TLb X 45 EMMERBEDFGIE (| |0 e (-, 1) Lo ) —
0 (t - o)) BTHIMTEZ LS MBI L 255, ZhITkL T,
Cantrell-Cosner([1],[2]) IZ X B FERPH SN T WS, S O —HDAFFEHER
&0, me XDrE, (1) ITIFFFEAHBEMEEH MR u,. € WH(Q) N
CLe(Q) (p > 1) B—RINZAFEL, HIHE 0, (2,0) ITERFET ¢ -
TIRTDIED Uy o () IT—FRPRT B Z EARINT NS,
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ZDFEREHWNT, +ﬁk%ﬁtﬁ@ﬂbt%@i%@ﬂwﬁ%ﬁNét
b, (1) DEFE M7= 3 PR B MRS R 2R L TB 2

Otime _ 0 (z € 09) @

{A’” = (e~ (€ Q).

on

ZZT, fBume(r) FEBREAE m(x), IHBERE c ITKFT 5 2 LITIER
LTHL.

I z3l¥, W.Ding & 54 [3] DAFSEIZ & o T Net-Benefit & IFIX1 51K
DEPEAI N,

J(m,e):= /Q [t - (2) — Bm(z)?] dx

tthi#ﬁ@mﬁt?étmn@m A SREL [ wm e (x)da > & BRI

BB AR [ Bm(r)de ZWIEERLTWS. T4bb, J(m,e)
@4@%%%»@)@@3% I, EVMOLERENL LD, PDOIAANDOALRNVE
FREELR->-TWVWBEEER 5.

TlE, BROME S B—EDFT, J(im,e) Db KEL &5 EHIE
m(z) L IFEERIIZ LD & S B EEIERDEZS 5. ZhE, J(m,e) DK
SRR KA L 72D m*(z) € U &2 BARIIZ RO 2L 72 5.

FIEIZ A B HTIZ, KRISERKRILAE (global maximizer) & J&jFfr ik KA i
(local maximizer) IZDWTiRR 5. AR m(z) DES X AD J(m,e) D
EBR

Jsup 1= sup J(m,e)
meX

XU, J(m*e) = Jap 2723 m* € X DI & % RKEBRR KL E WS,
Z 2T, BB e \ZEYEOERRIZE S TIESMTHY, T2 TIREE
INTWS. £72, m(z) e X IZHL, 2 pu>0DEEL,

/]m x)|dr < p

T I_RTOme X IZHLT,
J(m,e) < J(im,e)

MDD &, m(z) ZRAMERREEE WD, 22T, RERKRILHREIX
IR KALIR DS B 372 L TW\WA Z LR T 5. W.Ding 5 [3] i & -
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T, IXRTDB >0, ¢>0 TRENRARILMEEm*(x) € X DIFET DI &N
RENTWVWS

E%mﬁ%kOmT%WDmyaHK&@T%%%K%%ﬁ%%MTB
D, B>0B+AREVEEICE, m(z) =028 J(m,e) DRIBKTRA/LHET
%5 EAGFHE T WA, b#bBﬂ$ébk%ﬁ,ﬂm@WMMND®

FRDZERIZIL 2 1SS BB [ i e (2)do ITRE HAFT B 7= DA A3
%ﬁb <, BEREZRIERIZDP>TE LT, Eﬁjw)&/um\t,cm%ﬁﬁvbi‘%m.

% Z T Ding 5l B] IZBWTHUEMNT 217\, B=0D& &, J4bb
J(m,e) = [ ume(x)de DEE, J(m,e) DRIBIRRLHIX bang-bang ¥ &
N 2MEZF O WS PR-EZ TR, 22T, BEARE m(x) » bang-
bang Y& Ff2 & 1%, m(x) A Legbesgue (RS E C Q ETm(z) =1 %
72U, Q\ECQ ETm(x)=0%fz3d Il x5,

AT, B=0, c #EELL %, BEERm(s) 2 EHXE, m()
B8 J(m) OISR L 72 5 5 R HARTAERERE L, ZI0SH5AITH -
7= J(m) D KR KA D ST DWW TIRAS. RIT, Q= (0,1) &
U, CHETERSIEEER m) 2HEL, c2BhT e sER5. %
za%ﬁﬁgm(mwmgm%@%%o% Iz, IR O & L
THZ LI [ u(r)de OIEERE e = 0 COWLERINE Sl & %
ﬁ%b,QMb%%m#%E%E%ﬁ%MKT%%L#mtm1

2 KEBHRKELHEOME
EE 2.1. m*(z) € X z KRBT KILHEE T5. ZDL &,

esssupm”(z) = 1,
e

or

essinf m*(x) = 0.
e

S ARVASH
FERR. BEIRZ AT 5. 9, XoC X ZIRD LD ITEHT 5.
Xo = {mELOO(Q)‘O<m |Q|/m dx—é}

"mo(z) € Xo 2L, p>0, ge L*(Q); [,g9de=0%, m:=mo+pug € Xo
LB EDITLB. ZOMIZHUTEE S (2) D u(z) I,

[ﬁ@mxzzﬁd@m+u[ﬁﬂ@m+qm
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DVHLERET 2 2 EMNTES. 22T, uo(e) B w(z) 13, ZHENR
DHBERDIRTH .

{882AUO =m(x)ug —ui (v € ), )
o 0 (x € 00)

—e?Auy = (m(x) — 2ug)ur + guy  (z € Q), A
%ﬁ—n (x € 09) @

(v
(v
al

—25 [qu(x)de IZTIEHT 2 &,

/ul(:v)dx:O@mozé
Q

ZRTIENTES. BT, my=013 [,ude DRIENER/MEETH S Z &
HEREIN, Ud-o CTEHE ORI ENINS. O

3 J(m,e)De X9 2 HEhH0 R
FHER (2) 15, ROEEAEINE.

2
2 |V1;| dx:/mdat—/ud:c.
o u Q

EH 2.1 K0 BFEL WKBRRKRME m* (v) DIRZEFRS 720121, Z0
FEANRREL D E D am* € X 2T I EVEEL R DD, £ OMNTITE
BT Ww. L, mBCHREIREL 7255,

/|Vu|2dx</|Vm] dx

ERBIEDHOSNT VS [4]. L7zdi>Tm(z) DABLDFEY & u(x) DA
D i%gaﬁa%%hoﬂ\é Mz 5. £Z T, Ding 5 [3] DFH
Zd 2T, RERE m(r) PAER TIED 50555 ZEA P L W\ bang-bang
HERDOLED J(m,e) TOVWTHULSHARNE S FE R, DI, RORH
EERD.

5
lﬂI

Q=(0,a) & U, BHEER mi(0) 2RO &5 IEHT 2.
):{0 (z € (0,20)),

1 (z € (x9,a)),
Z D, J(my,e) D e 2B SHNLERZ TR, ROXZG7.

my(x
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EIE 3.1.

1
J(ml,éT) :(5+016—|—02K6(Sin 171——2)?57"‘0(57), (5)
0

szvgzz—(3—V3+2%§,
Cy =12 2v§<vg;§+xf¥—(y§+§>)

ZIZT, dlEm(z) DEENPSI=a—20 TH 5.

SEER. OIS % BT 5. my(o) DEHDS, FHFER (2) O« 3R E M7= T.

—Uyy = —u?, 0<z <30, uL(0)=0,
—Uyy =u — 1, mo<T<a, ugla)=0.
7, FHETOYIZERT ML D,

w(xo+) = u(zo—), Us(Tot) = ugx(xo—),

L%, ZIT, BEEMBEFUITHERT 542D, HEAXZ (0,20),
(z0,a) THWTHEZD L, HEA(2) Offu 2 < 2 IXIROESI D FifE
K2 e it@Eshs.

_U’fx = _<UA)27 S (_%70) )
2
wt (<) =0, wt(0)= /50 0¥ (6)
ut (<2) = wh(0) =7 (@) >0
( 1_
_ufx - (uB) - (uB)27 VIS (07 €x0> )
1-— 2
uf () =00 wP0)=/Z (7 - o), (™)
€ 3
v (° ) =8, WF(0)=7 uf@)20
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FHREAD S, (0,a) ETu, >00RIND. 51T, (6), (7)DFE1RD
M ZNZn s, of 2 THLZRS 5L, ROBEEIRSND.

O eeb2a). o

T s (e eepiz]) o

% 7z, Liang-Lou[4] DFEERDN 5,

a—0 (e—0), (10)
g—=1 (6—=0) (11)

PHREDS. UThoT, e 202 L2 E, REER
w2,
e EItas el (2
da”® (2 g 3, 5, 1
%_\/g (@p-f@p+3)  wepo) 03

L%, ZOREEPS/OSN B u ul PBRIEOMITHEY L, BRI
IZfES ZEMTES.

WK,@@ﬁ%®%tMﬁ%ﬁeﬁtf%mémt%@%t%%ﬁ?é
2D, J(my,e) DENERZE2 2 2E2 5. #1EFR (), (9) 2H
mf WIZBRRBEBRRNE/E N TES.

¥ 2
200 T .m _1 a_(l—i_\/g) .m
—— =2K(sin —) —sn - S5— | ,sin— (14)
V3¢ 12 T 143 12

o

1—5(]0 1
tanh( ) ><1_Z(1_ﬁ><1 (15)

£

(
(
5

¢ (0<k<1)

1
1
K =
) /0\/(1—52)(1—k2£2)
SRR LTSN B Bk BT 2B THY, ko 1Dk
E, K(k) > oo %%, %1,

d¢ (-1<y<1)

Y 1
‘/0 V(I - €)1 - k22
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1%, Jacobi DFEHBEHD 55, sn BB LTINS BEBOFEELTH 5.
ZD(14), (15), BLVa, FDORA—X—(10), (11) 26, RO LS IZa
Ok ER, KO OFHIiZ ST LN TES.

2
a= ;:)—K2<Sln %)5 + o(g?), (16)
6_1—:)20
- 16— —— <fB<1 (17)
1+e =

Z DFli &2 FHWT, A7 — VAR GRADMEDORED & DRI,

1 1 0 (1—x0)/e

—/ u(z)dr = / u(x)dz +/ uP(x)de =: Iy + Ip (18)
0 0

€ —20/6

MDD Z EIZIFERL, [4, IgIZOWTEHET 5.
IS DRES % BARPNZIT S DILEFERETH 50, HIZIE 1,120 T, &
B ; ;
A —A
@) = W)

S &, JERD BB GREROM T, BORKMIZ e DFENHNS X
SIZTED., fto THRIFE (12), ut(y) DEKRER, RO o OHHLER (16)
LAELETERET S L,

. ~1/3
Iy = \/65/ 12 (1 + (24\/_K6(sm E) + 0(1)) t6> dt (e —0)

e(y3—aB)-1/6 t .%’0

EHELIENTES. 2 IHh0 0 OFHM(17) Z2fiwD>D, HIZFHRZ

&0,
/ 1
= 2\/_ — CA’6$_8€6 + 0(66) (5 — 0); (19)
9 6/ . T
Cag:=121/2V3 E V3 ) K (smﬁ)

ERDHIENTES. [3ID0TH, BHEH

d g, _ d_g

L () = d—yu (v)

ZHEL, RAFE (13), KO B OFHM (17) #H\W5 Z & T,

=120 - (3 V34 2v8) 4+ Caage H o) (e o0) (@0)
0

3
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C§£::12V§®——V§ﬂ(%$n{%)

ERTIENTES., £oT, RHEDER (19), (20) 2R LEDYE, (18)I1C
HETLE, b)2GHIlLNTES.
O

4  PUERRHT

AFHTIE, J(m,e) ZRAITT EBEAR m* % BAIIZHHAR S 720, Ss
Boikz L T DM ik AT 2 L 2 REKT 5. MEARELIE, J(m,e)
DOmIZBETEE—EREHTNR, J(m,e) BT 2 HHIT m ZEIET 58k
ThHb. ZOF, BIELIZmMPB X IZABEDIZHEE LS TERS R,
UL, B o alilihz 2 U CHBUEMITTO D5 Z L ITEHE S
DIRD AT, Bz WZROFRD Z L IFAARETH L. Himh 7z s
BT U T2 D72\,

ARFHTIE, UTICRRS X; DED LS REBERENSAX—MLTH,
J(m,e) BB 2 B BRIERRABIET STV T ) AL 2 EET LI L
BEZ, TWIHNI L2 2 RKKTEH. X NTORBIZOWTSE, ##ET
filtdv 7=\,

F:ZDvryarTid, IR e Z#3»I W, J(m,e) % J(m)
LKL 5.

foRE 4.1.

sz{memeﬂ%LLm@mxzé}

VI 5. ALEDOHIRM me € X5 12U, BERm, € X; 2RO & 5 15E
BHBE, J(m) DEAFICER B,

My = My_1 + ply_1 (V0 € N)
=72 L,
w2 sufficiently small,
lho1 € L7(Q) = up_1p1n—1 + P21 (Vn € N)
Thbd. ZIZT,

Up—1 = U(Myp_1),

Pin-1 ci‘(ﬁ_\’@ 73*%5%@@@

21
apl,n—l _ O = 89 ( )

{52Apl,n1 — (Mp-1 = 2Up1)P1n-1=1 2€Q

on
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Pon1 WIRTEZONDZEHMTHS.

—1
Pon—1 = T~ (Un—lpl,n—1 - 2mn—1B)d$-
€2 Jo

S Xk

1]

2]

R. S. Cantrell and C. Cosner, Diffusive logistic equations with indefinite
weights: population models in a disrupted envronments, Proc. Roy. Soc.
Edinburgh, 112A (1989), 293-318.

R. S. Cantrell and C. Cosner, Spatial Ecology via Reaction-Diffusion

Equations, Series in Mathematical and Computational Biology, John
Wiley and Sons, Chichester, UK, 2003,
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Regular multiplicity ergodic actions of compact quantum

groups

LN & <& (Megumi KITAGAWA)
BARDIKLARFAREGE NESUCAIEBH AR PRAE RS

1 OvIX\YU hEFEE

Woronowicz Ik 2 a v "7 FaEfHEE I, BN C R A &, RELWENDS Ao ANt
? minimal 7 ¥ YV VAN D BAL P HERBIEHR A A - A A Dl (A,A) T

e (1) (A®)A=(1®A)A
e (2) (A®1)A(A) = span{(a®@1)A(b):a,b e A}, (1@ A)A(A) = span{(1® a)A(b):a,b €
Ay lFZzhZin A® A TH%

BT HODDILETHS, A2V 7 EFHG LOBEIREALZLTOG) £HHEHL,
A C* B L ZIXFEEICa v 7 PR, HEOBEKRTOa Y7 FEGITEL T
(C(G),A) DIEE LT3,

a7 FEFRECE, Haar RE LTINS IRE h: C(G) - COBIEVEDHFEET S, TDh

X, a € C(G) IR L
(t®@h)A(a) = (h®@t)A(a) = h(a) - 1

AT T,

a2y 7 FEFHG O, Hilbert 22 H Lo a=% Y XH & 13, multiplier B8 M (K (H)®C(G))
D2=FY U T, 1@A)U) =UpUiz ZiitzTdbDDI L ThHh%, L?>(G) T, Haar {REh 5
FE2 C(G) D ANS EBEHET. ac C(G) N LT Aa) EFNT L2(G) D=7 A EHET,
C(G) C B(Hp) £7%>TWw3 L ZE, acC(GQ), £ € Hy T LTW(Ala) ® &) = Aa)(A(1) ®E)
CE->TEES GD LAG) LOGERIERR W 2372025 5,

2 Regular multiplicity ergodic actions

a2y FRTEEG OBEBOCHE TR G L, G D, von Neumann B2 M ~AD T )L 3 —
FYER & 1d. ABSERDBAD T —DAPEREEXIBEDDIETHS, aZzT VI —FEHET
2L E,. ROZMZFAMETH 5,
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o GOWEIFEB m € GITH LT, AR PVIRS%E M, ORBIE dimr &% 5,

o THEOEME me Gld M Nic1=% )V EHTIZ O,

e W* crossed product ¥ (I ) KT TH %,

e O* crossed product 1% Hilbert 22l b a v %7 MEHFED» 642 C* BREFAEITH 5,

DI DS, GO regular multiplicity ergodic action D4y#%E G DAY A4 7 LD ELEETITH
ZLNTES,

3 Goavao)

p% GORIEAIRIL LT, R(G) % p(G) THEERI NS von Neumann Bt & T 5, G 235@ED
2357 FEOBAITIE R(G) EORK 60 R(G) — R(G) @ R(G) 11 5¢(p(g) = plg) @ plg) %
IRELTRoN5, (R(G)® R(G) 13 R(G) [A+:d von Neumann D7 vV VEZET, ) 2=
%V we RG)® R(G) T, a¥A 7 EHENL

(O @ v(w))(w® 1) = (1 ®dg(w))(1 @ w)

RHBETHDR GDAFAL 7LV EVI, 5FODAF A 7L w,w D5 cohomologous & IF, L=
) veRG) BWHFELT, W =0 wver) s LTHDH, ZOFRMERRIC X 2 FEH
DEAE H2(G) LEL,

GDavA 7N wlcH LT, ay = AdA\(g) 8. M G D LX(G) LoEEMZERZET,
T2 L2, G DOFA w FEB® bicommutant ~®. G ® full multiplicity ergodic action %
ED D, HIZ, GDTRTO full multiplicity ergodic action (2D X HIZLTH S I N, %
DEZDAVA I NVIF—ENIZEE 5, L7d3> T, full multiplicity ergodic action D [FIfE¥H &
H2(G) L ORI ARBNIEZEZ 503,

4 AYAVIKRBICNTS LIIRE C 1R

C*(G) %. L' Bi® enveloping C* Bit L TED 3,

£9 LL(G) 2 R(G), DY R(G) ® predual T, 3l D Banach 22 0§ % 55 23 1%
(potp,z) = (¢ @Y, 0 (z)w >(¢ Y € R(G)s,x € R(G)) THABN, WEiE ¢f = ap* THZS
N30T, T2, LL(G) IFHAH Banach « Bl e 7 5,

LL(G) D« BHE, G D wEKBLEDBRICOWT, ROFERMBBEOND, w % G OIESLEN
a4 oneTsLE, pc LL(G),E € B(H), ok LT

(m(9),8) = (W, £© )

LI BRIC X o T LL(G) @ unital « #BlE, GO H~D w ZBLED I N 1 MIERTES,
D EDIHTIFLADIE, G DIFH w £#BlE LL(G) LD canonical trace & DEIfE% GNS %
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REfH>THRLZETH D, G D LLG) ~DIERIZOWTORIAHE,» S, LL(G) Lok
F7e trace Tr DERINDL Z LD 5

T, % Tr iR LT GNS%HZ%@HN% LofBeons LU(G) o&BlET 2, 20 n, FARK
i< Hilbert %2/ L2(G) RICHEBTE 2, T2L, G0 LXG) LoIEM w #BE | (1,(9),€) =
<W§®¢) ko THIBT 2 LL(G) @ L2(G) ~DEE 7, 1Z. G D B(L*(G)) ~DfEH Ad)(g)
I L CHERERTH ). S 512 Tr id L2(G) KB 2 @5 1 5 E £ 27K TH 2
WS, m, 13 LL(G) DRFELEERE S,

GISEHD AV A2 FREOBA, Tk LTEsNL LL(G) OfE1S, ad A 7L w k
ow EDBERIZOWT, LTDZ &b h 5, av A 7L w BT 2RXROEMIEAMTH 5,

w TR, 2FD cw=w
ESEL!

LL(G) 13l

7o (G) 1T

2L T, mo(GQ) E meu(@) 12 B(LA(G)) 12 B THAC commutant (2725 T2 5,
BRI LL(G) @ enveloping C* B2 C*(GQ) oMEZ £ LD %,

e G D LL(G) ~fEfliz, Cx(Q) Lo ik i ns,

EHIEHR piy, & C5(G) ETHIETH Y. C5(G) & 7, (G) D/ L Az wTilifiz C* B
L5,

c*(é:) NG =K (Kidav7 MlZEORTRZET, )

CH(G) KM% C* BiTh 3, ~MOBRTEH G OBAEICIE G BRIENANEZ AT L =
CH(G) 3 E 75 5,

5 Bl

G =SU(2) D%fr. a:SU(2) — Aut(M) 2. SU(2) DEEIEB n D2 =Pkl EtH 12
BENDLIBINVIT—FNEHET R L, M = L®(G) Bbd 5, 2% hH SU(2) IZIEAMZ full
multiplicity ergodic action Z b 727\, TDZ EIE, mICHL T ay(M)=Mn(g) L5225

. b
Y EAFTA M 55, M = ‘; ) enzzepomEmTE B,
—b* a

G=5SU(3) % G=58U(2) x SU(2) D56, ZDF T full multiplicity ergodic action I3,

MR b =2 A0 oHEI N5,

223



[NT11] Sergey Neshveyev and Lars Tuset, On second cohomology of duals of compact groups,
Internat. J. Math. 22 (2011), no. 9, 1231-1260.

[NT13] Sergey Neshveyev and Lars Tuset, Compact quantum groups and their representa-
tion categories, Cours Spécialisés [Specialized Courses], vol. 20, Société Mathématique de
France, Paris, 2013.

[TomO08] Reiji Tomatsu, Compact quantum ergodic systems, J. Funct. Anal. 254 (2008), no. 1,
1-83.

[Was88a] Antony Wassermann, Ergodic actions of compact groups on operator algebras. II.
Classification of full multiplicity ergodic actions, Canad. J. Math. 40 (1988), no. 6, 1482—
1527.

[Was88b] Antony Wassermann, Coactions and Yang-Bazter equations for ergodic actions and
subfactors, Operator algebras and applications, Vol. 2, London Math. Soc. Lecture Note
Ser., vol. 136, Cambridge Univ. Press, Cambridge, 1988, pp. 203-236.

224



7Y% 737 NCH T3 Brudno DEE

Al fice (A#ERY)

=

Brudno @EH &1, MAHIYERD T 2= FIFHIEIZE VT, %D Kolmogorov-Sinai T
virE— (KSxT¥lrut—) L, Kolmogorov HHME ORI VL TERI NS TiEE
MERE ) DPIZEAE VLA T2 LE2FRTIEHTH S, AFETIIMMHNIEREL
THICRS ¥R A& %% A4, Z%action ® Brudno DEZMENT 2, £/, 2D L
L C. Kolmogorov B#EE % FH\>T d &It Ising ETFVDIEHEEEEE L 2 L2 A5, Kiff
3/ IRERK (IWEERYE) L oIEDZEICE-D <,

Keywords. Brudno’s theorem, Kolmogorov-Sinai entropy, Kolmogorov complexity,

subshifts, Z%-action, pressure.

1 F0&IC

A. A. Brudno (&, 712200 < THEEMERE ) % Kolmogorov LD 2 %2 T
EFL, 20 THEEME, & KS =Y buE—o%HEE205 52 L7 [2, THEOREM 3.1], &
MTE, —ROMMHNERTIEI R, KV TVIETHEROY 7> 7 P 2EZ ZOHED
Brudno &M %2%E 2 %, DU, HIZ Brudno DEH L Vo 76, S5 12ROV 77 Mgk
\7% Brudno OEHZET I LICT 2, 72, 2 ICBVTY 7 FOfEHIZ 1 RoLTH - 708, A
T3 dXRmmny 7 MMEMA%ZE S, Z%-action I Brudno DEIZIRL & 5 £\ I I %
HELT[8] 2H 3, S. G. Simpson 1& Z-action DFLHF HERICE T, THEEMENE, &M
IV uE—P T 2R ROFEEEZR L (8], Fexlk, [3]IcBWT, L3 — FIHIEIC
LT, FEAEVLZEZS THEEME ) L KSZYy e E—2%LWwI & %2/" L, Brudno
DEH % 7Z3-action N EJEIE L 7z, Z-action ICIFIR L7 2 LIk ), YHEINICEIRD H 5 d Kot
Ising € 7 VOB % Brudno DEHZH W TERET A Z L3 T&E 5,

DR, Section 2 T, T)L3— NG, 703V X LMWERMER. 05 %R0 6 BEBICHE
7/ NROHEf %2 L, Section 3 TEEI L ZDICH %2R %,

* E-mail: t-fuda@math.sci.hokudai.ac.jp
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2 *E

ARiEBLTN={1,2,---}, Z={-,-2,-1,0,1,2,---}, Zy ={0,1,2,---} L L. de N
EEBICHEET %, &5, G:=Z%or G := Zjl_ L. FBDneNIZRNLT

A= {g=(9)s € G:Vie (L, d}|gil <n}

EEET D, | | Ik THEADREZLRT I LITTE L, HoMIC

fea-1t (G =29,
[An] = {nd (G:Zi)7

T%éo

21 IT)LOJ—REmRm

EE 2.1 (RANZER) (X, B,p) 2MREMET 2, X FOBROET = (T9)4ec DRDSAE
T ET s

1. TGO X LonufllZzfiH, (e fEED ge GIZHLTTI: X — X IFH[HITH D |
TO =Ix > Vg,¢ € G,T9t9 =T9o Tgl)
2. pld T-A2, (le Vge G,VA € B, u(T 9A) = u(A))

ZorE, WO (X, B, 10, T) BEIAERE VS,

BRI R (X, B, 1, T) 1A LT, 9,(T) = {A € B :Vge G uT9AAA) =0} LT3,
3,(T) D% T-AK (mod p) BEEHEVI,

& 2.2 (TILT—RHE) (X, B,4,7) 2EBHHNERETE, ZOLE, LED Ac T, (T) Icxt
LT, w(A) =0 F72F pu(A) =12 H 2L &, (X, 8,0, T) FTVI—=FHWTHL LV,

EE 2.3 (-8 (X, B,p) ZMERERME T2, AMBEAT o ={A; i€} CB IBRDE
hziii7- L& X D u-nETHB L) ¢

iel
L7 T, X O p-08 o 3EAAETH S, FiZ, [I|<ocoTHDEZ, aldFR p-7HITH
2809, a,B2 XD u-mETHLET S, TOLEE, ok BOMIE

aVp:={ANB:Aca,Bep uAnB) >0}

LEHET D, aVB b u-m#ETh S,
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T 2.4 (-PEOBREELTY MOE—) (X,B,p) ZHEREMEL, a% X O p-2#ETH 2
ET5, TOEE, a DHREE IR TERSINSHEEDOZ ETH S -
Io(z) := =) logy p(A) - 1a(2).
Aca

aDIZY bRE—LRBRATERINZEHEREDZ L TH S

(o) = [ Ta)du= 3 plu(d)).

Aca
ZIZTp:[0,00) = RIFKATERSINLBEKTH S :
—tlog,t (t > 0),
t) =

et {0 (t=0).
Z 2 Clx Kolmogorov MDD B &L DEEAGHEZHZEL . NBDEZ 2 1L Tw5,
& 2.5 (PDEICREIZFAAZROIYAOE-) (X, B,u,7) ZRHUNFERLEL, aZ X D
pwaEHET S, FgeGIINLT, T9a:={T"9A:Aca} &L, ARFITEAG A C G iTx

LT\MV:VﬁGTWa&%%?%O%ﬂﬁ?%@&%wﬂj@%ﬁaK%?%IVFUE—
h(p,a,T) ZXRATERT 2" :

1
h(p,a,T) := inf

Any 3
inf \An\H(a )= lim

E# 2.6 (Kolmogorov-Sinai T ~OE—) fREISIER (X, B, 4, T) ® Kolmogorov-Sinai
entropy ¥ R tE— (KS £ F R E—) EXATEET 5 -

ha(p) = sup{h(p, o, T) : a is a p-partition with H(a) < oo}.

T 2.7 (ERHE) (X, B, 0 T) 2EHI¥FET 2, of =B mod u A LD L F -
2l o % RS TH S E v,

£ 2.8 (Kolmogorov-Sinai) (X, B, u,T) ZRHNAEREL, aZ p-BRFEETE, D
L&, H(a) < oo %61 ha(p) = h(p, o, T) DIED 2D,

Proof. See [4]. |
T 2.9 (MMEAHFER) MA (X, T) BROFEMEHTLEE, MMHNERTHL LWV ¢

1. X dFay 7 B seZEE<d %,
2. T=(T94ec 13 X LD GO ETH S, (e THDgeGIIHLTTI: X - X
FHEFETHY, TO=Ix 2O Vg,g € G,TIT =T90T9)

* COHOBHIREME LCESHING, LI 4] 2BHE L,
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A I%E%R (X, T) ISR LT, B(X) %2 X O Borel o-fW3 9%, Tk X Lo G onflzEH
THH I IR, & 512, Borel- WHIZERH (X, B(X)) e LT, M(X) % (X,B(X)) ko
RCOMEEREED S 7% 2E6. M(X,T) % (X, B(X)) LOTRTO T-RELMRHED S 75 54
& EM(X,T) % (X,B(X)) LOTRTOIIL I — FIHERNED S 4 2 A LT 5, T ALK

RMEDFELEIIROEIIC L DRSNS,

EIE 2.10 (Krylov-Bogolubov) (X,7) Zfiflh%#2%ET2, D&, X # 0 %o id
M(X,T)#0Th 3,

Proof. See [4]. |
peMX,T) 5ol (X, B(X),p0,T) BHASPIRMIFRTSH 5.,

EFE 2.11 (E¥EGRREY) Y 2HEMET2 LS,
USC(Y):={f:Y = [-o0,00) :Vce R{y € Y : f(y) < ¢} is open},
EEFEL, USC(Y) otz Al e v ),

EFE 2.12 (EH. BT hOE— FERE) (X, 7) 26MHN%RE L € USC(X), infop >
—0 9%, TOLE, Y DENERATERT S :

p(¥) = sup (hg(p)+ pu())

HEM(X,T)

R L. u@) = [y (@)du(z) TH 2B, BEv e M(X,T) & XAZM7T L& ¢ e USC(X)
BT 2 FEHRRRETH D L)
p(¥) = hy(v) +v ().

R p(0) = suppy(x,o) ho(p) ZHAHTIFR (X, T) OFAHT > b rE— LIRS,

EE 2.13 (T)LT—R2E) (X,7) 2flh¥% e 35, Fpue M(X,T) LT, M(X,7)
DML p 23ME—DFEL .

L. EEOHAFAMBE f - X — RICHL T,

[ f@ante) = [ Mm{ | @it | an),

EEOMHES A EB(X) 2R LT IUJ(A) = fEM(X,i]‘) I/(A)dp(l/) THBENH. o=
fEM(X,‘I) vdp(v) EEL. & p DI T — Fofif WS,

2. p(EM(X,T)) = 1.

Proof. See [4, 7, 9].
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EE 2.14 (Jacobs) (X,7) 2R T5, pe M(X,T) I L TZDT)IT— Nyl
% 1= [onsem vdp(v) ETBEE RHIKH VD

o) = | i, B

Proof. See [4, 9.

2.2 Kolmogorov #2#E

ARZECHROHIRES LT, 2SR e h A= {0,1,-- N} (N€Zy) ELTE
Vo A EOTRTOHREEIE

A* = J A" ={\0,1,-++ ,N,00,01,-- ,0N, 10, ,IN, - ,NN,000, - - }
n=0

LERT S, SCT A=A} THD AN BB ERTET S, ROBMS [y A* -t (F e
(2., 2) #FAVT, A* L Z, 713 Z #F 8332 Lot 3,

n—1 n

Z(N+ Dk + Zak(]\f +1)" % 2 =aas--a, € A" (n €N),
Lassz, (2) =\ i k=1

0, T = A,

Lnz(x) == o (Las sz, ()

ZIT fEED n e Zy KWHLTa(n) = (-1)"" 2] Ths, LEziX, A={0,1} DHH
ERDE )T D :

T A0 1 00 01 10 11 000 001
Ioiysz, () |0 1 2 3 4 5 6 7 8
z A0 1 00 0l 10 11 000 001
Ioapsz(z) [0 1 -1 2 -2 3 -3 4 —4
MDD, Liae =10, T 5,

TODFEINE DR BEHR A* x A* 3 (z,y) = zy € A* BHEEEL VI, G5z e AF DR
Sz l(z) TRY, oz, fEED z,y € A* TN L Tl(zy) =U(z) +1(y) TH 5,

r,y EA*ITRHLT, b z€e A*DPHFHEL Ty =22z TH 5D & E, z 3y DEIHEE (prefix) TH
L0, MAEAACA X, EBDITr € AL T, A\ {2} DILH » ODEFGEIC K 6 7%
W E,| prefix-free TH B EWVH, € A ITHL T

r:=1---10x
——
I(z)

L%, (7)) =2() +1Th s,
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Ar Ay TR GHREA LT, DC A ICRLTERL f:D — AL 525, DC AT
HHEE, fREFEBEDD, fr AT~ A EZEIRTE, D=AF THDLE, [ 22
BIf v, HaB g AT~ A5 IE, BB Fa—V v ey MICkoTitRSh 2 L&,
JHNTH B LI, T FHRBIE ¢« AF ~ A5 DEEIH dom(¢) B° prefix-free TH B L Z, ¢ %
B FH R prefix BIBLE V9,

¢ : {0, 1} ~ A* 285 prefix BB ET5, ZOLE, EED 2z e AXITHL T, 2D ¢ I
B9 2 M Ky(2) %

min{l(p) : p € ¢~ (x)}, (o7 (x) #0),
Ky(z) = {OO {ip) (2)} §¢Ex; _@;
KXo TEET S, 61T, TXRTOET A prefix BI% ¢« {0, 1} ~ A* 1T LT, H2EHK

Copp € R 237 L T,
Vo € A%, Kg(x) < Ky(x) + chy

DD LD E E| ¢ IF additively optimal TH % &9,
EIE 2.15 additively optimal 757 Fiat prefix BADSEFEET %,

Proof. See [5].
additively optimal %53 P prefix BIEUI 25 TH %,

E#& 2.16 #2474 additively optimal % #8570 P4 prefix BI% ¢ : {0,1}* ~ A* Z—2D[EET %,
ZDEE, e A" D prefix Kolmogorov complexity # XD & ) IZEEKT 5 :
K(z) = Ky(x).

23 Z¢YTYT N

S EETRVHREA L L, Q:=%C LT %, ¥ OB ORIC X > T Q I E 5
2L, FA7OEMICED, QUEa v s FRHEHIC RS Ehbh S, C ORIz, B
D w = (Wy)geaw' = (W)gec € QITRL T, KDk I D 545 HlE d DR T 5T H

b5
d(w,w’) =27 p(w,w') =sup{n eN:Vg € Apywyg =w)}.

LE3o T, Qiday 7 MR ch 2, MEOneEN EEED s € 4 LT, s DT
VLT [s] ={weQ:w ]| A, =s} EEDD, [s] FH»OHEATHL, FREDnEN
IZRLT, @, %2 2 L) v ¥ —BEHDIR

Cp = {[s] : s € £}
L. €:=,€C, £9%, €& Borel o-fRE B(Q) 24T 5, KIT,

T = G Shn
n=0
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EBL, 22T M= (A} THY . EED n e NITH LT, T4 := {(wy)gen, : Vg € Ap,wy €
S} Ch s, EROBAEAV C DA LT [V] = U,er [s] €7 %0

FRot: Q- Q%2geGILEBY 7 b 2FD EED w = (wg)geq ICANL T (09w); := witqg
THr2HDET D, 0:=(09)geq T DL, 013 Q LD G oEfEBEHTHY, LT,
(Q,0) FAMHIERTH S, 0:GXx QD (g,w) = 09 (w) €N THDI LITHERE,

RCHRGIENES S C QI ¥ 7 FRZE (e, Vg € G,09(S) = S) 20 S BHITHB L E, ¥
FLTRTHBENI, SCQBYTLT L THBEE, (S0 (G xS)) BEMIFRTH 2.

BI% f : G — Zy 1. &5 fw prefix B8 ¢ : {0,1}* — {0,1}* 2’FEL T, fEED
(1, ,1q) EGIRHLTRDEICHIFZ L E, FIHETETHS L) :

f(wy,-  2q) = (I0,13+ >z, © ) (Iﬁ—>{o,1}*($1) : "Iﬁ—>{0,1}*(xdfl)lﬁe{o,l}*(xd»
7. G=74
=Nz, G-z
+ — Ly
SRR EER f G — Z, T, fTEDO n e NIZH L T,
f(An) = {0717"' 7‘An‘ _1}

TH2EIBbD%EOMEFEL, BRG: XM - T ZRDOXHICEHET S :

G(s) e d SO SN - 8= Sg)gen, € B4 (n €N),
() :=
A, s= A

s € ¥ @ prefix Kolmogorov complexity %

LEHRT B,

E#& 2.17 (Kolmogorov complexity density) EE®D w € QITh L T, upper Kolmogorov
complexity density & lower Kolmogorov complexity density % Z #1Z 1

K(w) := limsup M K(w) := liminf M

n—00 |An| ’ n—oo An|
LEFTZ, bLK(w)=Kw) TH2LE, ZOREHIC K(w) ERT,

FE 2.18 K(w) & K(w) &, prefix Kolmogorov complexity % &7 % B > % additively
optimal 757 Fih prefix BI% ¢ & G DIEOTTITKAE L %\,
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3 EFEEEZDNH

MDD S L, FEMZDBRS, L 2ETAVEREALL, SCQ (=XC) 2477
FET2, 61, QEDOGDE7 Millo D S ~DHlfR%E ¢ L35, DL E, (S,¢) IFHHH
NHERTH B,

¥ 3.1 (Brudno’s theorem for Z? (or Z%) subshifts) p€ EM(S,<) %5 1F, XKHUY
AVASRH
K(w) = he(p), p-aewe€S. (3.1)

AEWIREIET %, BRI (3] & B X,

%] 3.2 (Bernoulli ¥ 7 k) Z? $713 24 + 7 b2EM%E, DA LURES (Q0) TET, 20
LE, Y LOMEMMIiqg= (¢ :i € X) ICHNIET % B(Q) £ Bernoulli MEZ 1= ¢*¢ LT3,
CDEE pEINVIT=FITHY, ho(p) = icn (@) THZD6, TH31 LD pae we
R L TRDIRD VD
K(w) = ZSD(%)-
=S

EE 3.3 peM(S ) BoiE, XMWY
he(1) = (). (32)

Proof. = fEM(S,g) vdp(v) Z )V I — Pyt §2 &, @B 2.13, @ 2.14, EH 3.1 X0,
[ x@ute) = [ { / fK(w)du(w)} a0 = [ hdple) = )
S EM(S,s) S EM(S,s)

EBL 3.3 LIENDEERL D, D K 2HeiErArmons,

EHE 3.4 ¢p € USC(S), infth > —c0 £ T 5, TDEZE, Y DIETNEIRDEHITEKT &N T
ERAI

p(Y) = sup pu(X+1).
HEM(S,s)

BHZ, R 0 — 1 Sup,e 5,0 1K) TH Do 1€ M(S,<) 75 ¢ 1T 3 FHHRETH %
LT,
p(Y) = WX +9)

N AVRYASN
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Bl 3.5 (d Ryt Ising ETI) deN, T:={+1,-1} £ §2%, 2IT, XDm+1,-11F, Zh
NG =7 Lo TTrARAE ofiicsr s TERAEAEY ) TTREAEY ) 2R L Tw35,
Q:=%C Z2@MEMH, T2 QLo Goy7 MEHET 2, d Xt Ising €7V LT, Rfx
FNF BB Qv RERD K HICERT S ¢

d
Y(w):=—-06|— Z(wowej +wow—¢;) = Bwo |, weQ.
j=1

ith
22T, 0:=(0,---,0),¢; := (0, - ,]i 0,00 EGTHD, —ijl(wowej + wow—; ) 1Bk
A VHOMENEN., —Bwe BETFH 0 DAY LS B € R O%E, 5> 0 3R E
EZENZENRT, L TN 5 VHEREE p DEEL, B34 Z2H0B L2 p o LTHENIZ

p(¥) = p(K+¢) %%,
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233



— AL I NI 2N INI N F T I HT S
[ A il D IELEAE

WEZSFE (Kyohei ITAKURA)
PR R2ER A GE AR B B I

1 EA
WHEDOY 2 Z NI NIV T VERD L ICEREND,
H=p>-FE-z+q(x) on L*R").

SIT, p= iV = (migh o —igks) THY, 0£F e R B HaBHICNET 58~ b
NThD, —E-aksadNs£F v v VLR, q BEEETH S, q 0% BEKT P2 — E-a
FOBNSVBECIFEAFDOTT, Lo H BEAfEZ b7 »Z L3I N TR EHHETH
%L, G, vad VI RT e VDOEaE BRI LISV T U EEZLEZIEON
72, BEBEEDIFFLEIZOWTIERS,

2 REEHER

V ZEBMEREEE LT, ENINET Y HERDEIICED S,
H=p>+V on L*(R").

oI, VICHLTUTOZEMFZRET S, 0<a<lilT

(A) V=Vi+V EFETET, Vi € LL (R") THY, $2he R*"BFELT, Vi > —(h-2)3
DD, E5IC, Vo€ PR +LORY) THY, plEn>4DLEp>2LL, n<3
DEEp=2%,T5%, ZTIT, vy =max{x,0} EWVI)idTZ M7,

(B) (A) LML plcN LT, Vel (R") DD IZD,

loc

(C) VidXziifi7-§ & 9 @B OEBE 2 R, (A) EEL RIS LT, —|h-z['~*(h-VV (z))
DEFRDPD, $56R>0DBFELT, h-x> RIZHLT, —|h-z|'~*(h-VV(z)) > 5D
PARYASH

INGDEMEV, ELTROHDZEL TED TV 5,

o) {(—E-x)a (E-z <0),
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N, YaZNTRT U NDINE o ICESWWEZAZDBDICHYL, ZOEKT, Ya¥ L
IRTVvIeND bl oTws, 77VA 774 vOEBEICKD (HIZIE RS T 2%
W), H I3 (A) o P THCHZRICAR S, & (B) 3 —EERMEZ RS 2 7 DI HETH 5
([ABG], [H], [JK], [SchS] # &), %7z, &M (C) FEREHEZ W2 2 & TROEM: (C) 1ISEIT
INnb,

(C) VxR &7 & 9 SEBIBON O MBI RO, —|a1 ' LD a0, H5 5, R>0
PHFELT, o > RISHLT, —[o 10208 > 5 A3 Y 10,

LUT2, o TfbRTH 5.

FE 21 H=p>+V EL, VIEEM (A), (B), (C) 27T Ld%. 20L&, HIXEAEZE
b7,

FH 21U TD 2 00MmERZHAGLE LI ETREING.
i 2.2 HDWEAR Y 2520 L T2 L, TEDa> 01N L Tet@ty € L2(R™) DL 32D,

B 2.3 LD a > 01K LT e¥®)tyh € L2(R™) B DD X ) % H OREHBEE  13FEL
0,

3 MEDIARRDFIINTAY
F9, fnd 2.2, i 2.3 OFFHICH W 2B80RE 2B AT 5. OB W () %2
_p_1
W(acl)Z{gc1 fime mzftel)

T, 0<W,0<W <1, 0< W 2IRD oK S ICED B, Ml 2.2, @i 2.3 23T 2701
X, BBBDOMND (1) 2 LELD W(r) ICESHEZ D DICOWTREIF L, £/, b)) —2k
D & KB F () %

0 (x1 < R)

T, OS< F, F F" DD K ICED S, i 2.2 OFEHICIZEHEZHVWS, 20 H 3
a>0DHELT,

ean/} ¢ L2

ZRE L THEZEL . 1.2 DEHOHT, Z0aZEELTEZS. 22T, aW(zy), F(o) %
AL TEMT 2 L 2EZ D, t,5>2R+2%5 ¢, s 1SN L Thd S0 %I W, (21), Fs(x1)

Wi(zy) = aW(zy) (z1 <t),
at (x1 > 2t)
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o, W (z) = O+ (k> 1), W/(z1) <0 (v > R+1), 0< W/ <aW %71,

FS(.’El) =
F <s),
Fu() = (1) (21 < 9)
§27  (rp > 2s)
o, F(z) = O(s™H+2=) (k> 1), 0< F! < F', F/(21)F'(21) — F/(21)F" (1) <0 (21 >
R+1) 277, t,s—>ooDEE, Wy, F, BZNZHaW, FICKEIELTw3 2 LTI

brs, £, Wy zHVE
le™ep — oo (t — oo)
PRI TS S IR L THL. SIT, ¢ = fwriy LED, (A) = (b, Ay) £V I

ErHws, 5, )
AF = §(F/P1 +p F)
EEDD, Fio, BOOLBEBGIINL Tyg=eY L, (A)g = g, AYg) £T5. 2D
LE, RD2ODMHEDINL Y IO
-t

WE 3.1 G, JE22000RBKEL, Yo e D(H,A')NDH)ND(A')ND(A%) LT3

I, GRAERBEEBEROET S, 2D L ERDEXDIID LD,
(i[H,A'])a = —4Re(A7 A% ¢ — 2(J'G'G")¢q.

HE3.2uecDH)EL, (B)y=(u,Bu) £HSZLIZTE, 2D L IR V.

(i[H, A" ])y — (i[H, A" ]}y (s — 00).

22T, SO 2 0DMBEDIENIZENT 5 ([Sig) O 2.2, il 2.4 2 BIH),
e 2.2 DAFFAD 7 VN1 >,
FT, B2 c>0MVHEELT, +AREVE>0IIHNLT
(i[H,A"]); > ¢ (1)

i, T EEREHET A LIk Yo s koRX 23,

BIK D VD 2 EERT
@MLAﬁﬁz(—FW”+manl—§FW%.

AT, KRB DT ERRT,
(i[H, AT]); < o(1) (t — o0).

ZOFMIE, J=F, G=W, £ LTHiE31 t#HiE322HVE L TRTIENTES, L

Lanid (1) EFET 5. O
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iRE 2.3 DEEFDT TR T >

@li23 bIHEE MG TRT. D%, ¢ % H OEARKE LTHBEEE. @i X,
YIIMTEED a> 01N LT eWyp e L2 THD, 22T, NIA—FLLTtDROHDIT a2
T, = ol EED, (A = (o, Aby) B0 REEMCD, £, @220k F LAk
ST R R B & TROFME S

(G[H,AF])y > ¢ (3c>0). (2)
— T, J=F,G=aW ELTH#E31ZH2Z LT, XOFHli%E<,
(i[H, A™))a < 0(1) (a — o0).

L2l 23Ut (2) EFET 2. O

& Xk

[ABG] Amrein, W.O., Berthier, A.M., Georgescu,V.: LP-inequalities for the Laplacian and
unique continuation. Ann. Inst. Fourier,Grenoble 31, 153-168 (1981)

[H] Hoérmander, L.: Uniqueness theorems for second order elliptic differential equations.
Commun. Part. Diff. Eqns. 8, 21-64 (1983)

[JK]  Jerrison, D., Kenig, C.(with an Appendix by Stein,E.M.): Unique continuation and ab-
sence of positive eigenvalues for Schrodinger operators. Ann. Math. 121, 463-494 (1985)

[RS]  Reed, M., Simon, B.: Methods of modern mathematical physics II and IV, New York:
Academic Press 1975 and 1978

[SchS] Schechter, M., Simon, B.: Unique continuation for Schrédinger operators with un-
bounded potentials. J. Math. Anal. Appl. 77, 482-492 (1980)

[Sig]  Sigal, IM.: Stark Effect in multielectron Systems: Non-Existence of Bound States.
Commun. Math. Phys. 122, 1-22 (1989)
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FEmR B R )y 5 R 223 2 K R R i oD A

i Bk ZRF (Kyouhei Wakasa)

ALHEE K F R F BB AT S e BUE AR, HARZE AR I SR A 95 B PD

e-mail : wakasa@math.sci.hokudai.ac.jp

1 R
IR D FERF AL B RN N T 2 P) M EREZ2 & 2 5.

O*u — Ayu = |uP, in R™ x [0, 00), (1)
u(z,0) = f(z), du(x,0) = g(x), for x € R",

2T, n>1 3Z2EMRIT, u=u(z,t) ZRFEL, f,gc CCR"),p>1ThH5.

Z OYPBREREIZ DO WT, NS WHIHME (f,9) %5 X 7256 ORISR O 1F4E &
FHAFAEIC BT 581, 22 3IRotIZE 1T 5 John [10] DFERZBE D & 95, i,
p> 1+ V2 (BES) 51, THNE W (F,9) 12/ LT (1) OREIZFFEAIRIKICETE L,
1 <p<1++V2(BEESR 2o1F, (1) OIFRHASEAICIIFEELRZVE WS HDTH
5. p=1++2 (HE5H) ®& =%, Schaeffer [22] 12 & 0 DR KIZANAFAEL RN T &
PRINTWS. John OIFFELARE, D ZZEIRIGIZENWT (1) DI % M9 % H D #
ADEA IR 1T & > TiTb 7z, £ DHT Strauss [25] 1 FIRDO FZ L TR, 21iF,
n>2 po(n) Z2RARRN (n—1p> —(n+1)p—2=0 DIEWETBEE, p> py(n)
72 o \X 3N WHTHIME IS U TR IR KIS AEAE U, M, 1 < p < po(n) 2o IE
FRIIHS R RIBIZIZFEE L2\ E WD EDTH D, ZO PRI, =M 2R TIZBWVWT,
Glassey (7], [8], Z2[H] 4 IRJGLA LD @EIRITZE M T, Sideris [23], Rammaha [21], Georgiev
& Lindblad & Sogge [5], Yordanov & Zhang [29], Zhou [34] 52 & > TR N7z, BfE
T ZOFRITIZIFMR I N T WD, 22/l 1 e H &, Kato [11] IZ&>TTRTO
p > 1IZR U CTHRREIRISIEDPFE LR W Z L AVREI N T WA, Strauss 12 & 5 FREZ RS
LS LT U T, (1) OO RRIFERE (Lifespan) OFFliz 5258 ITb N7z, &
U < i, Lindblad [18], Zhou [31], [32], [33], Lindblad & Sogge [20], Takamura & Wakasa
27], Takamura [26] 5 Z S D Z &.

1990 AR D S 2000 FARBTEITH T T, IRD & S RHEAEHRIR 2 Z R U 7 IRl
BETREAR (p-g &) OB 2 BRSO flADRR A IR EIZ & > TiFbhve.

Ofu— Ayu = vf’, in R™x [0, 00), )
Ofv — Ayv=|ul?, in R"x[0,00),
ZZT,pgq>1&79%. Del Santo & Georgiev & Mitidieri [3] (&, (2) DRI Df7
1L L EFEDMRDIMIRTIRESIND Z L 2R LT, Tabb,

q+2+p! p+2+q1}_n—1
pg—1 7 pg—1 2

F(p,q,n) ZmaX{
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t£<t,mn%) <0 B5E, FONIWHIHHEICR LT (2) OBIXERERM KIS IZ(F

fEL, F(p,q,n) > 63:%i%ﬁkﬁ%kiﬁfb&mtma%@f%é Z D,
F(p,q,n) = 0 DIGEIX, 22H 3IRTIZBWT, Del Santo & E.Mitidieri [4], miRICZE[H 2

BT, Kurokawa &: Takamura & Wakasa [15] Y (2) DD RN FEEL RN T
& ’Eﬂ“bt. T, BMGRREA DG L RIRRIT, RO B RAF LR H 0 fo 72 1A 2 15 5 W 5T
7%, Kubo & Ohta [12], Agemi & Kurokawa & Takamura [1], Kurokawa & Takamura [14],
Georgiev & Takamura & Zhou [6], Kurokawa & Takamura & Wakasa [15] &2 & - T{T
bz

EAE DR A & U TE, AMEBRIIES FUERE S, SFIHTIR7Z2WEt & 2 © DZER T
@Suw%%ﬁwm&%ﬁimnﬁﬁﬁcﬁbﬂfwé*ﬁ;%%@m%mowfﬁf
T I R—IVOMERIIENDG, a T 7LV IV MRER I —REEPREZONTNS,
IS DG DWTI, GEHHIZHMZ IR RS Z 2 295, SRBEICE L TIE, filx
I¥, Hidano & Metcalfe & Smith & Sogge & Zhou [9], Zhou & Han [35], Li & Wang [17],
Zha & Zhou [30], Lai & Y.Zhou [16] 22D L. 7=, ¥ a T 7)Y )b MFZEX J1 —
K22 (2B 1T 2N IZ DWW T, Catania & Georgiev [2], Lindblad & Metcalfe & Sogge &
Tohaneanu & Wang [19] %ﬁ%ﬁﬁkr‘: LTEIFTEL.

2 FHER

ZIZTIE, slHE I K DFER [28) 2MN T 222 2T 5. IRDEAD EZIEMRAIHEZ £ DK
AR 2V HIEEEZZ X 5.

(1 + $2)(1+a)/2 (3)

2 2 JulP~tu .
Oiu— O0ju=———- in R x[0,00),
{ u(z,0) =ef(x), dwu(x,0) =cg(x), = €R,

ZZT,(f,g) € C*(R) x CYR), e > 0 lZF+D/NSWNRTRA—=K a>-1,p>1&7
5. ()@ﬁ&ﬁi Tag LYYV MRZEIZEITS (1) DM ETILELTEZ LN
5.a=—-1DLEIF BITHRRZEIICT 1] ITLD, TRTDp > 11T U THRIIRRHK
BRNZFAEL RN Z?’J‘Z’Di)‘/)f\/‘é Kubo & Osaka&Yazml [13] 1X,p > 1, pa > 1 T,
PIHEDN TG EEE D D ¢ /N TN, (3) OFRIZIRFFEIRKIRINIZZEL, p> 1,0 > —1
T, f=0,9(x) >0 (Vz € R) f5 L, 9y dy >0(0<6 < 1) ZA M LTI
(@@%ﬁ%ﬁﬁﬁ%kiﬁfb&m_t%rbt.%L()@%@Wﬁﬁfﬁﬁ%T
EREE T < Ce™ &RBILERLE. ZIZT,C >0 e IWRSBRVWERTH 3.
UL Lo, ZOFHGEADR<Ed a=~1 0)(‘:% EERE TR W 200> T
5. R, a——l D& ZNE, BRAAERRDY T, < Ce=P=V/2if [ g(x)de # 0 THHli S+
% Z & H¥Zhou [31] { J:o’CElef)‘ INTVWENPSTHS. > T, Fxk DHMIZ Zhou
[31) DFER%Z a > -1 DEZITHIRT 2 Z L WHW L 5. HAIFUTOMRZE-.

Theorem 1 (K.Wakasa [28]) a > —1,p>1 &9 5. f=0 T, ge C'(R) I, g(x) >
0(# 0) Vz € R, f g(y)dy > 0. ’E&t?&@‘é DL EDHBIEE g = eo(g,a,p),
C=C(g,a,p) ﬁ‘ﬁfbf 0<e<g ITXHLT

Ce==D/0=a) 4 _1<a<0,
T. <

. wspﬂ)ﬁaza (4)
Ce=(=1) if a > 0,
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MIALT B, 2T, ¢(s) =slog(2+s) fors >0 TH5.

Theorem 2 (K.Wakasa[28]) a > —1,p > 1 &95. f e C*R), g € C'R) I3,
| fllzemy < 00, [lglloim)y <00 ZATTETDH. ZDLE, HLIEEM c = c(f,g,a,p) B
FAEL T,
ce=(P=D/0=a) 4if _1<q<0,
T.> < ¢ Heem® ) ifa=0, (5)
ce~(P=1) if a > 0,

DKL B

FEHAD hTHEL 72 B HEI, BUCELUEDS 1 BB OGN, 1 ok E HRE A DD
KEAAORM 2 RICWRTE 222 1Zd b, T, VIENGEBTH 256 HOK
KR OFMZBFLZENTES. ZOZ LIZOWTIE, #EPIZEME2 RS 2k
N N
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H B A A & B AR
A FARER (Konnai Shotaro) — (fF K% - H)*

1. A

BERY 72 Fuchs B4 5 FE 201, addition & middle convolution & WX 5 $#4E % A BR[AfE 9
T2z &koT THEAR] @ Schlesinger B AFEAD 7 7 ATIRET 5, THIXEDHE K
S U, BRI 72 Fuchs BTN IR 95 T3EARL | D&MD 5 addition & middle convolution %
ARREHEDRT Z & THKTE 5, —MRIZ, #IR2D middle convolution (2 & > T TE
% Schlesinger B AFERNIZ T — VEMUZ L2 AREMZE LU TEZ > TE D, D AR
5 TELHBEADEARNLE A2 PHT LI LI3FRETER, TD7, HEL middle
convolution D[EE AL MFEE, HERZ LR HER T LIF#H L 2>T<5%, L
U, D 5% KALRBIM S AR RE 31X, middle convolution 12 & 243 /5
FADOHE®, RONKE D SREHFENTETLILNTES. SETIIIOZ L
AU, £ OERMEANDIGHIZ D WTHR RS,

2. ARADEK
Schlesinger B 7 R

iY = Z Akt Y (Ar € Mat(n;C)) (1)

DEBUTIIDMEZ A= (Ay,...,A) TEI, rfdONNFZA=-ZDMa = (a1,...,a,) €
CrizHLT,
addg(A) = (A1 +ay,..., A +a,) (2)

% A @ addition & FEXR, A D middle convolution lZZRD X S IZ3EBETCERI NS,
55 1 BfE (BiAA). Schlesinger B AR DO HEBATHI DR AIZH U, nr x nr {75 DH
O

B=(B),...,B); Bp= (Al"' Ap+p - z&> (k=1,....r) (3
O

¥ Schlesinger B AfER L7 = 37| ﬁ’;kZ ERNIGTEL5EER ¢ (A) = BTXL, A
DEAAH LI,

%25&"%([( %ﬁ{g) %ﬁ?ﬁ‘ﬁ”z‘lk (k’: 1,...,7’)@5%%&% Nk C‘:j—é %‘ Ak 7&

A = PeQr;  Pr € Mat(n,ny; C), Qr € Mat(ng,n;C) (4)

ERRL, Ty 2175 Q %

1 r
Q= ( ) € Mat(7i,nr; C) (=Y ny) (5)
Q:

*e-mail: konnai@math.kobe-u.ac..jp
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TEHT B L, QB = ByQ %2i7=7F By, € Mat(m;C) 2~ HIZEE%. ZOB =
(Bi,...,B,) & Schlesinger AR L7 =3 Le7% B O K fli# L IEZ,

r—tg

B 3ERBE (LifY). B=Y,_, B, OWlE 7 L 55, Tk 20075 O

B =PRQy; Pyec Mat(,n;C), Qy € Mat(,7; C) (6)
RS B, ZDLEQuBy = BiQo(k=1,...,r) &ili7=3175IDOM B = (By,..., B,)
& Schlesinger B R A d%Z\ = ﬁ—’;@??ﬁg%ﬂiﬁi %, ZO—HOEMEE me,(A) =
BT% L, A ® middle convolution & IFE3%,
AR TIE A X9 5 Schlesinger BUARERIE, B (ny,...,n,) DRARESGEAT
HoT, 70y 7135 A= (A5, 2T

(x — T)%Y = AY; T = diag(tiln,, ..., t-1,) (7)

LREINDGEEEZERD, TOL ERODTEHMPRILT 5,
EE 1. RARBARR (2 -T)LY = AV IZBWT, 1ADHRT ke {1,...,r} &
O, Ker(Ag, +¢) =0, Ker(4p, — p) =0 LIKET B, ZDLE

A" =add,. .0 omc_,_coaddp, .. .0(A) = (A", ..., A7) (8)

&, ROLTH] Ame DFED 2 RARELGRER (2 — T)LW = AmW LFRETH 5,

A(Are + ) (A — )™t (p+0)&

Ai]‘ — (p + C)(Sij . Aij
Ap—1k(Apk 4 ) (A — p) 7" (p+ ©)&s
Ame _ Apr oo Apgr Apg 0 Apgyr - Apr
moooe Mk-1 0 P M1 oo T

A1 k(Agk + ) (A — p) 7t (p+ )&k
Aij :

. Az’j - (P + C)5z'j
Are(Ape + ) (A —p) 1 (p+ )6

(9)
Z Z T ¢ € Mat(ng, ng; C), n; € Mat(ng, nj; C) 1 ZROBEBAZHTHD LT 5,

fmj = Aij —p— Aik(Akk - P)flAkj (iaj =1,...,m14,] ?é k) (10)

Z 2 £ TOFEFMNBH 2 EAEIZ X - T Schlesinger B G FE XA 5 %1 L\ Schlesinger
FRRZESIZTERY, UL, EBIZIZZNS OFRIZHERADMIZ X THRD
WNREPRT DI ENTED, 610, RARE AR TIERAREHERRITH &0 D fif
1151 R U CERREBUCET 285 EICIGHT 2 2 W TE, TORARIGREA (7)
DEHARE L T 1 DO RARE AR (9) DB OB OBIR A %2 BARWIZER T 5
ZENHEETH D, LR TIDILIZDOVWTHRRD,
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3. RARZHEMRITH & &
AR, D =C\{ts,...,t,} FORABILFAGREAX(T) D A & Ay, OEEEIFEEGEZ R
WETE, ZDLE ()DL U TERBELDM Y DZE) %2 KT

pk) — F(k)(x)(:v — tk)A’“, F(k)(x) € Mat(n; Oy, ), F(k)(tk) =1,, (11)
WS R UIZROREARTHLRENS, ZOUHE (1) %

T (2) = (0, 9®), 0 (2) € Mat(n, ny; O(D)), (12)

Y el e
U(z) = (O, . w0y (13)

LB E RAREERRAITH L W5, RALEEEMRITINZRD & 5 1TIRIE— R 2 E D
N CHROERTIE 25,

EIE 2. KARBARER () TR URERET 5,

(1):7 vy 7 MEE Ay (k=1,...,r) DEAEIZIEEL,
(2):A DEIEMEITEERE & 5700

(3):Ap (k=1,...,r) & ADEEMHEIZ0 2R BECE 2 R - 7
oL E j(ﬁd%i%ﬁi RS T AR D FEART T,

— T RARE AR OM OO (2) & UF) (1) OBRIE 2 = ), 12 B W TIEI A fiR %
HP () 2L & BRIy 2 VT
U (2) = U (2)Cry + HP () (14)

J

ERTZENTESL, v,...,m 2ZNThar=t,...,.2 =t DA %E[AZD EDHf
fre Uy £ DORAREHERITHN NS 5 gt Hefe

YW (@) = W (x) M (15)
ERINDELTD, $HL, (4)Oo M, (k=1,...,r) &
1

Mk = (6(Akk) - I)Ckl . 6<Akk) ce (e(Akk - 1)Ckr (Akk) QMAM (16)

1

CHRICRREI NG,
RARBTTRER (9) DRALERERATIZ U(2), 7,0 (2) = U (2) M & T B,
D E MM IFRAREAGERX (9) DIRIZAEDETRD LS IZKRT I LNTE S,

1

M; =1 (e(A4j; —p—c)=1)CH -+ e(4j;) -+ (e(4;;, —DCPe |, (j #k)
(17)
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ZZTCy = (Ci(m), Ci(k:Z))7

1

(e(A) = DCGED - e(Aw) 0 - (e(Am — 1)CRY),

Mmc —
g (e(Aw) — 1)Clgy, - 0 e(p) -+ (e(Aw — 1)CFs5,

(18)

My, & M DR IE convolution ZfEH L TRD B Z &M TE B,

D, = C\{t1,...,tr, 2} £ U,py € D, D 7Y(Dy,po) DHELIC s . ..,y p ZRERL po
EUl7zu=ty,... t,xDEAL ZREZHEOFE N —FHE TS, TDEENTA—X
p € CIZX U Euler 2% nr x n ® 70 v 7174

Jﬁwu):(éfx—mmwm mL)T (k=1,...,r) (19)

u — ti i=1

LUTEDD, ZITLduFiD, EOBMET L, = Lity, 7] = o tay 'azap TE
£ 58, convolution Z fifi U 72 T2 (3) DL Z D Euler £#Z & > THEIT 2 Z &8
TE, RIPWALT 5,

EE 3. BLFD3DD5AM

(i).p € C\Z

(ii):Ap(k = 1,...,r) DRI D EHEIFBEEZ R0,

(i) :Ap(k =1,...,7), A — = —(A1 + ... + A) — plX Zooy DEAEZFEZI20,
DRI ZRET B, ZDEE

1"W(x) = (14, 9(a), .., If, () (20)

\& convolution % i U 7= JiF2 5N (3) D D FEALTA,

I () 3R DIERITHT D 203, EBR I & RAGGEERITH L D 5T Y 752 T
0y 75175 2 T TP 5 2 & TRYIZRAREEMATIIZ T 5 LA TE 5,

T 4.
I"v(z)R™, R=(Ry,...,R) (21)

& (3) D RAGRIERERRATH], 22T

Rk = E(Akk—FC, —p—C—Fl)
TRTEE % BIITHMED N — X BT
1
E(A,,u) = (e(A)—l)(e(,u)—l)/ w1 —u)*tdu, A€ Mat(n;C), peC. (23)
0
EHAZFMAL, 1MV (z) % ERELHL T2 Z & TRARIAGRER (9) DK AL
FEHEfRATHI DS RE R S . BER R DO I RN T 2 b R B H S B,
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B 5. (EEB) RAGRBIARER (7) OB Ciy, (i, 5 = 1,.. . r) ERARBL AR
(9) DEERLARELCme (6,5 = 1,..., (K1), ..., r) BITIZRDOBEBRRDERALT 5,

ti—t\ Ce(Fp+e)(p+c—Au) , T(Aj;—p—c+1) L
me (tj - tk) ['(—As) Cu I'(Aj +1) U<iij#h)
o t—t ptc e(%(p—f—c))F(p—f-C—An‘) F(Ajj —p—C+1) . L
(t] - Z,Z) [(—Au) Ci A, T (i< Jii g # k)
(24)
I R e e -
i(k1) = c— A _
(1= oG+ )P e I (<)
(3 o+ o)l ) RO, ) )
Clityy = _ I
(26)
S 3R
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R— A BT 28 ROERD
LRG0 9 2l 1B B2 D FFAilh

fiRJITKHEH (Daiju Funakawa)*

AL E R AR 3 4R

(BE2E)

LA S EOEF DA 5 72 B CHRIEAZICOWT, HEREISHT SMEE 2 L SFHiiT 5. T oich -2
MHEFHT28TFROBMEZERL, ZOBENE CHETEERREBEZRDZ &, BEREBIZN T 2MEEE D L) S O FEf
2HZ5.

1 EFR—Y 3 VRUOEFEE
1.1 EFRXR—2 3V

AHWFZEIEIUMI R D B B K AS 2005 4EI124T - 720158 [H1] O— b TH 2. HOETHIZEVWTHEREOEEM %2 S
T2, RORERBIZBIIDMBEE2RD L Z L IFEERMED D LR >T W5, HEREOEL F 2 IXIEGFED
AEH1IE [AH, AHHI, GLL] 72 ¥ TR 4 R TR SN T E 7. BEREBIZB T A HREIZOWTH WL D0 E KD 5
P, — R IFBAD V. TV IF U EEELAVEEDONIN DT VT WTHERIEIZ S T BB 2 3 E T B 5,
NEBREORREFH UG T2 AEEHE. UL, 7o VI A VEFEE LSS, BB CIINMEERSER 2o
BERBIIN T 2HERE 2GS 5 Z LSRRV, ZOBAD—DOffk e LT [HIJ &> T  HEENEAIERBIE I
U CTHINE R R GEITRERBIZB U 2R E 2 L2 SiHliT 2 HENE SNz, 2 LT, ARSI & 0 HEMEAEL?IEE
B U TR AR TRWEEICE, BIERBIZE 1 2MEREDN L2 SFHIiTE 2 2 e 23 o Nz, T OMSIEH H il
e ORFEMETH 5. RKEHTIIANEDORHABE UTR— 25 L HEMMHT 2 8 7RO %2 8% L, I REOH
REEZE LS OFHIIZ DOWTHEKT 5.

12 FEHE

AT VAL MM H EOBIBIERE T OEFHEEE D(T) THRT 2295, £/, T DAXRT MLE o(T) T
U.T WTFERBIGE, T DARY MVES o(T) DFREZ T ORAET X IVE — LI, Eo(T) £E L Eo(T) := inf o(T).
X 512 ker(T — Eo(T)) # {0} DIGET IZHEREE D L E W, dimker(T — Eo(T)) % T DILEIRIBIZ T 2 ML 2 RO,
m(T) TEIT:m(T) := dimker(T — Eo(T)). £7=,H 55 ker(T — Eo(T)) ~DIESEEHFZEE Py TEHET 5.

VL bR H EOHEE R E CIRIEAE A A Ay n = 1,2, IWRHLT A < 31 A; THDEI L%,
m;le(A;./z) C DAY TH Y, XKOFRERDK D TDOZ L LEHT B:

(A, AP0y < D (A Ay e DAY,

=

* E-mail:funakawa@math.sci.hokudai.ac.jp
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Hy % H LOTFICESRLEHCHRIEHZELE UH &2 H LONMMERFZ L T5. 72, 2D 2 DDIEHZED
H :=H, + H,

B FICAREACHEEHZETH B LT 5. 22T, H DERSIL DH) := D(Hy) N D(H,) £ E5T 5.
F72, AN D 3 & (INE 1~KE 3) 2IKET 5.
RE1 ()Hy & H ZHEREEZFS, m(H) < 0 Th 5.
()H EoIF FaracEIEHRE LT

I<L+Py,

B EHEDONEFET S,
(K,Z,u) %2 o— BRAZMEZEME U, w % K EOI AL ATHIBEKT 0 < wk) < oo, u—aeke K 235D 95, %
72, % s e RICH U T X := LX(K, du) D452

X, ={feX] f k)| f ()P duk) < o), s €R.
K

REHTS. £72, H LORERBEBHAEFZOBE (AIf € X} PEAEL, & f e X IZH LT DL'?) ¢ DA(f)) & AEHED
¥ e DILV?) iz LT

Alf +wo = ZA( W + WA@Y, feX, zweC
723895, 22T ke COEENBERT. SSITMOBMPEMKZLEHT S
Ao(f, 1) = e ™A(fet™o teR, feX

RE2 ()2 ae(0,1]1EB20ICDNT ALRED feXp lTH LT AY) & H IS L THIAERTH 2.

(iDHS D& D BEIEL T EHD f e X p T LT D ET s-lim, o A(f)e™0 = 0 BT 5.
(i) HDFABRLEDIEM Y c Xy LOMEED feY LERED 1t e RITDOWT, (HpAo(f, 1) 1& D(H) LIZ§R 1
[Ho, Ao(f, D12 %555 [Hy, Ao(f, D15 1& D(H) ETt 12D WTHERTH 5.
(V) &Yy eDH) & FeYIZHLT A(f, D) 1k t 12DV ATRETH 1,

dAo(f 0 _

dt

WMAEDteR, feYTHUT (H,Af,D) & DIH) ETHXMT25, 1O ¢ € DH) LT
[Hy, Ao(f, D12y 1 1 12 DWW TR T H 2. & 512 paek € K 128 LT DT(K)*) N D(T(k) > D(H) % 7
T H EORBRIIEIERE Tk BPEHEL, AN 2T

@) (ERED g,y € DIH) & f € Y IZH LT [ 1f 0, TRWIduk) < oo &7z U, FERD 1 € R IZH LTI
T 5:

—i[Ho, Ao(f, D12y, teR.

(0 [H, Ao(f, 01 ) = fK ¢ f(ky (¢, T(kypydpuk).
L) EED e PyH L feY ITHUTUTAKILIT 2.
fK lf ()™ WNIT () @lldu(k) < 0o, n=0,1
() BRI ZM Yy Y BFHELTERD Y e D, fe Yy & ¢ € Ppd IR U TRDBKLT 5
fo i fK SO (@, ED O () g)dpa(h)ds < oo,

RE3 X LOERERR{e), Te €Y, neNERDEDE g €[0,1) BFFEL TR ZE 727

$eD(L)NPY I, (Igll=1

sup  (IL"26IP = ) lIA@e)dI?) < e,
n=1
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EHE 1(A.Arai and D Funakawa 2015) {/E 1-3 2{KE T 5. £72,(K,2) EOIF AR A, L PFEELT fi+wlheX &

y=llfi+o AP <1-g,
IT®) Il < AONH — Eo(H) + w)W + LI, p—a.ek € K

WAL T B EIRET 5. ZD & & ()(i) DT 5:
() EED ¢ € PyH 1 Py, H & overlap 5.

(ii)
dim D(L"*) N Py < m(Hy)
1-y-eg
X5 y+g< MH—L)H E PyH C DL 2 KETS. 20L&
(iii)
m(H) < m(Ho)
l-y—-g

DAL B R m(Ho) = 1,y + 80 < 1/2 DB B mH) =1 TH 5.

2 ffl:QB EFTIL

21 RYVI7xvIZEEE QB ETIDESE

EH ] 2V, GOBFROBERONRE Z LA STIL THAS. TDEDIT, 74 v 72 EIFENS e IL )L b 22
EL T Ay I EOEERIAERZIZOWTEREZ G525 WERHADRLLR)L MERE T3, 2O, KDL S5I1ZLT
RY VT Hxy r%MeEdb:

FoW) := @2, & W = (¥ = (), | P” e W, n=0,1,--}.

ZITC,QFEnENMT VYNEERT . & feWIIHULT, RV 74y 7Z2W ECEAT A EREHZZIRTEET 5.

D(a(f)") :={¥ € Fr(W)| Z @) P < oo}
n=0

@(f)" )" = ap (fy ¥
a, ()P = Vn+ 18 ,(f @ ¥™).

ZZT,8, 13 @W LORMLERZTH 5. AfEH a(f) BEWEHZETH O, ERIEHRZROLETRY 7 4 v 722k
DHEBIEMREEET S ¢

a(f)H¥ = (a(f)")"¥.

WICERHZET,S TR LT, T [T,S]1 % [T,.S]1:=TS -ST LEHTD. £/, RV V7 x v 7 BB OB LI 2EM L
U CTIRDA BRI ZEM%EED B ¢

Foo(W) := {¥ € Ty(W)| 5 N e N BFAEL T, {EED n > N 2 LTP® = 0).
ZOEE ER - HIBERARIIROIEESBEREEN S EBEE A MGEEZT
la(f),a(@)'] = {f.8), la(f),a(@)] = la(f)",a(g)'] =0 on Fyp.

V—HNDGOIERAZLIRIEND R VT 4w 780 FOMIVIERZEIZIRTCERINS ¢«
aﬁ:%wﬂmmu
ZOEARIIAEAFERZETH Y, HAZW > 2EAZZFAL ¢o(f) TELZ L T2 .4(f) FHCHERIEHEZETH 5.
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F-W ELOEATHNLZEEOHBRIERZT IZHLT, RV v 74y 7 2E ETEAT 5% 2 BE{LIEAZ2IRTES
95 :

D(dIy(T)) == {¥ € Fr(W)| Z [T (7)™ < co),

n=0

ALy (T) Y™ <= Z(l ® - ®T® & P",
=

dry(M© := 0.

DY E E 2 RTAMERE ATLT) BECEETH Y, £72 Ey(dTy(T)) = 0 &7 5. 1z dTy(T) OREIREIZRY v
Tk IEEEIHENBRDRI MLTHS

Qp :=(1,0,0,---) € Fp(W).

WIZe V)L 2EM H 2SR TFOI A NVF—2RIMFARL LT H LB FIcERA2E S HEIEMAR
A%RWS. £/, H ET@FALREACEEIEMAEB, j = 1,2,3,4 285, £72, R ERVIVATHIZ B wes T
0 < wop(k) < 0, aek e RI N7 TEDERID. 2D wep 12&D L2RY) EOMIFEIEHFZEEFAUGLE wep THL. 51T
L*(RY) LB A 25,

UEDEHLIS, R—AG AT I2ETFROBR Y LT T = H® Ty(L2RY)) TEHL QB EF LV EIRTEET S :

4
Hos = A® 1+ 1@ dTy(wos) + ) 8;B;® ¢(1)'.
j=1

TITg eRIFMAFEHMEIFENIERTH D, BT g >0 2T EDOLT S, UF, HY = A0 +1® dlh(w),
Hiy =Y g;Hj, H;:=B;®@ ¢ j=1,2,3,4 L UTEH 1 2\, QB E T NVOMHRE R L 55T 5.

22 TEHE

QB ETNMZH L TIRERET S :

QB.) & j=1,2,3,4 1K UT,B) I ALMAMTHS. TiHbbH, By DART MLHIEE A DARY MVHIE XA T
»H5.

(QB.2) 1 € D(wgs) N D(wgy?).

R,:={geR|g>0} &9 5.

FIE2
(QB.1),(QB.2) Z{KET 5. ZDH, 2T D (g1,8,83,84) € R X R, 12X LT Hog 1% D(Hog) = D(H®) N D(Hy) EOEC
HEBIEHZETH B,
(QB3) wop XD (1) ¥ (2) &illi7=F. (1) A& Koy, = {k € Rlwgp(k) = 0} DIVR—FHEIX 0 THD. %7z,
wop € C¥(RN\Kgp) MWIKALT 5. (2) M _—2HIE 0 DEAHES K c RO BFAEL, kT4

o md Owqs d
wop € C*(RI\K), a—kn(k);eo, n=1,-.,d, k=, - kg) € RINK.

(QB3) Dl L TXKOMBAH 5. R EOBIB wes % wesk) = K +m?P,p>0,m >0 EEHETS. Z
DE, m =0 DBEE Koy, = (0L, K = U (i, k) € Rk, = 0} 720, m > 0 DEFAF Koy, = ¢,

K=U" {(ky,- - k) € Rk, = 0) £ 725,

wWQB

QB4) AlFa v X7 LY ATz NERD.

Z DO, FHTER 6 > 0 HMELEL, 0 < § < a(A)\Eo(A)} — Eo(A) &= 7.
(QB.5) 1 € D(wgp).
(QB.6) LiFkjeER, j=1,-+ ,dIZDOVTHATRETH 5.
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(QB.7)

(0;4(k)) 2
wWQB (k)

A(k)

2
dk .
went? ]

| +|(0 woutin
RA

IIT,0;= 5 THD.
(QB.8) 1 DHIFEHRTHS.

TE3
(QB.1)-(QB.8) #{KE T 5. Z DI, TR D (g1,82,83,84) € RP X R, IZK U T Hop IFILEIRAEE FFD.

T RO AR RS A BT HIR %2 B 1UERE (QB.3)-(QB.B) 2 <o LS T I LN TES.
(QB.Y9) 1€ C*RY).
(QB.10) |g3] = O(g;*™) a > 0.

EIE 4
(QB.1)-(QB.10) 2T 5. Z DB/ E ik G ER gl j = 1,2,3,4, IS U T, IRA LT B

m(HQB) < m(A)

FHZ A DSEERIEIZ B T BHHRED | ThBHHTIE, TN S 2 aER gl /= 1,2,3,4 T8 LT HY® OHEREICS
FBHERESL 1 ThHD.
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Remarks on Kato’s inequality when A,u is a measure
Toshio Horiuchi, Xiaojing Liu

December 25, 2015

1 Introduction

Let  be a bounded domain of RN (N > 1). In this article, we shall study Kato’s inequality
when Apu is a measure. By A,u we denote a a p-Laplace operator:

Apu = div (|VulP~2Vu), (1.1)
where 1 < p < oo and Vu = (Qu/dz1,0u/0xs,...,0u/dzN).

The classical Kato’s inequality for a Laplacian asserts that given any function u € Llloc(Q)
such that Au € L{ (Q), then Au™ is a Radon measure and the following holds:

loc
Aut > x> Au in D'(2), (1.2)

where u™ = max[u, 0]. A similar inequality holds when Aw is replaced by A,u under additional
assumptions on distributional derivatives of u € L, () (see e.g. [7, 8, 10] ).

Our main result ( see Theorem 2.1 and Corollary 2.1 below) further extends Kato’s inequality
involving A, to the case where Apu € M(2), where M (€2) denotes the space of Radon measures
on . In other words, p € M(Q) if and only if , for every w CC €2, there exists C,, > 0 such
that | [, ¢ du| < Colp||re, for any ¢ € C°(w).

We begin with recalling that for any u € M() can be uniquely decomposed as a sum of
two Radon measures on 2 (see e.g. [4, 6]) : = pg + e, Where

pa(A) =0 for any Borel measurable set A C € such that Cp(4,Q) =0,
(1.3)
lpe|(2\ F) =0 for some Borel measurable set F' C Q such that C,(F, Q) = 0.

Here by C, (K, ) we denote a p-capacity of a Borel set K relative to Q (for the precise definition
see Definition 2.3 in §2). We note that (uqg)™ = (u*)q and ()™ = (u). hold by the definition.
Then we recall an admissible class of functions for the strong maximum principle in [10]:
Definition 1.1. (Admissible class in VV&)C’) (Q)) Let 1 < p < oo and p* =max(l,p—1). A

function u € I/Vﬁ)f (Q) is said to be admissible if and only if Apu € M(Q) and there ezists a
sequence {u, }22, C W.bP(Q) N L>=(Q) such that:

loc

. . 1.p*
1. up —w ace in ), u, —uin WP (Q) as n — oco.

2. Dpun € Li () (n=1,2,---) and

loc

sup [Apup|(w) < 0o for every w CC Q. (1.4)
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Proposition 1.1. 1. Assume that a function u € WI})’C’)* () is admissible. Then u®™ =
max[u, 0] and v~ = max[—u, 0] are also admissible.

2. Assume that p=2. Then a function u € W,-!(Q) is admissible if Au € M(Q).

3. A function u € Wy (Q) is admissible if Ayu € M(S).

2 Main results

Theorem 2.1. Let N > 1,1 < p < oo and Q be a bounded domain of RN. Let ® be a C*
convex function such that 0 < ® < oo on R. Let u € L () if p=2 and let u € whe' (Q () of

loc

p # 2. Assume that Apu € M(Q). Moreover if p # 2, assume that u is admissible in the sense
of Definition 1.1. Then we have

Ap®(u) = @' ()P~ (Apu)a — ||| 1=y (Dpu)s  in D'(Q). (2.1)
From this theorem it follows that we have:
Corollary 2.1. Assume the same assumptions in Theorem 2.1. Then it holds that
Ap(u") = Xz (Apu)a — (Apu),  in D'(Q), (2.2)
Aplul > sgn(u)(Apu)g — |Apul. in D'(Q),
where sgn(t) =1 fort >0, sgn(t) = —1 for t <0, and sgn(0) = 0.

Theorem 2.2. ( Inverse maximum principle ) Let N > 1, 1 < p < oo and let Q be a

bounded domain of RN. Letu € LL (Q) if p=2 and let u € Wli)’cp*(Q) if p # 2. Assume that
u>0 ae inQand Apu € M(Q). Moreover if p # 2, assume that u is admissible in the sense
of Definition 1.1. Then we have

(—Apu)e >0 in Q. (2.4)
Example 1. Let u = |z|* fora=(p—N)/(p—1).

1. u satisfies
Apu = a|a\p72cN5,

where § denotes a Dirac mass and cy denotes the surface area of the N-dimensional
unit ball By. It is easy to see that |Vu| € L, .(Q) if and only if p > 2 — 1/N. When
1 <p<2—1/N holds, we can consider u as a renormalized solution. We recall that if
p < 2—1/N, then we cannot expect the solution of an equation of the form Ayu = f (a
Radon measure) to be in Wl})’cl(ﬂ) For the detail, see e.g. [1, 2, 5, 11, 12].

2. If2—1/N <p <N, then (—A,(u")). = (—Apu)f = —alaP~2cyd > 0. If p > N, then
(=Ap(uh))e = (=Apu)f =0 and Ap(u®) = Xuz0)(Apw)a = ala|P~2eyd > 0.

3. When p >2—1/N, u is admissible in WP (By). In fact, u = |x|* is approzimated by a
(

sequence Of admissible functions vy, = |z|*™) € LY(By) where a(n) = o+ 1/(n(p — 1))
(n=1,2,--+). Then, in the sense of measures we have

1
Apla(n) = g|a(n)|p_2a(n)‘x|1/n_]v — Apu as n — oo.

Therefore there exits a sequence {ny )} such that {ny,)} — oo asn — oo and a sequence
of mollification {(va(n))ﬁa“‘)} satisfies the conditions in Definition 1.1
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3 Lemmas

Let us describe lemmas which are useful for the proof of the main results. Given k£ > 0, we
denote by T:R — R a truncation function

k if s>k,
Ti(s) =4 s if —k<s<k, (3.1)
—k if s<—k.

Since Ty |r, is concave, we have the following lemma in the spirit of the standard L'-version of
Kato’s inequality (see [9]).

Lemma 1. Assume that v € Wi)’f(Q), Ay € LL () and v > 0 a.e. in Q. Then, for any
k > 0 we have
Ap(T(v)) < tr(v)Apv  in D'(), (3.2)

where the function ty, : Ry — R is given by

1 if0<s<k,
tk(s) = .
0 if s>k

Lemma 2. Let N > 1,1 < p < oo, p#2 and Q be a bounded domain of RN. Let ® be a C*
convex function such that 0 < ® < oo on R. Let u € WLP (Q). Assume that u is admissible
in the sense of Definition 1.1. Then we have the followings:

1. Ty(u) € WEP(Q) for every k > 0. Moreover, given w CC w' CC €, there exist positive
constant C' such that

[ivnr<er( [ au+ [ wa). 33
w w’ w’
where positive constant C are independent on each u.
2. Ifu>0 ae. inQ, then Ay(Tx(u)) is a Radon measure for every k > 0 and we have
Ap(Ty(u)) < (Apu)™ in €. (3.4)

The next lemma is seen in [3]; Theorem 2.1.

Lemma 3. Let 1 <p < oo. Let v e M(Q). Then v € LY(Q) + W12 (Q) if and only if v is a
diffuse measure. Here p' = p/(p—1) and W% (Q) is the dual space of Wy'*(€2).

When p = 2, the next lemma is seen in [4]; Lemma 2.1.

Lemma 4. Assume thatv € M(Q) is a diffuse measure with respect to p-capacity (i.e. v, =0).
Let {v,} be a sequence in L®(Q) N Wy P(Q) such that ||[vn|lee < C and v, — v weakly in
WyP (). Then

vp — v in L, (Q;dv).
Equivalently, there exists a subsequence {vy, } converging to v |v|-a.e. in Q. Here L],
{f: [, 1fldv < co,Yw CC Q}

Without loss of generality in the proof of Theorem 2.1, we may assume that ® € C?(R),
0 < @& <1 and ®” has compact support in R. Since ® is convex and ®’ is uniformly bounded,
we see that both limit lim;_, 4 . ®'(¢) exist. Then we prepare the following lemma.

Lemma 5. Assume u € Wl’p*(Q) is admissible. Let ¢ € C§°(2). Let ® be a C? convex

loc
function such that supp ®” has compact support and

(Q;dv) =

sup(®'(1))P~2®" (t) < . (3.5)
teR

Then @ (u, )P~ Lo — @ (u)P~ o weakly in WP (Q) as n — oo.
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Zero-point of continuous closed 1-form and

Lusternik-Schnirelman type Category

W% —7% Kazuyoshi Watanabe (ALK ZEBR-AIFFERIESA T )

1 Introduction

closed 1-form & Novikov EifiZe £\ 5 0 A L2 HlH 2 S WL S L TE D, BIE TIE Symplectic 7 &
BEORA WA IN TV, 2002 FI2iE M.Farber 12 & D closed 1-form 2% § % Lusternik-
Schnirelmann B 2FSE X 4172, Lusternik-Schnirelmann category & (& A7AHZ2RII X L T4 o W] 7
openset THETE 20 L VI BTH 5. HLWZ Lusternik-Schnirelmann M 13 % HEIED category 237 &
5 i BB O R RS OB D T FUC 7 > TV 328, 1-form 1272V >F % Lusternik-Schnirelmann ¥l 1-form
DERDOWBIEZTTHRL, FEZV =y 794 7L E0I) SHE LD N¥RICET2EROE5 A 2. arEn
D=7 7 AHRT B category ZEFRT B 7201 Farber (307720 D closed 1-form Z2E&H L 72. Zh %
HHEN 7 closed 1-form EFERZ EI12T 5. 2OV AR — M TlEEFN% closed 1-form RUY¥arEny—7 7
ZIZBAf% L 72 Lusternik-Schnierelmann Category (ZBH9 2 #iy %2 ib R, LHEARICHR 5 97 CW-complex £ T
B 72 closed 1-form D25 M 2 WYNICE D % 2 & THIXR D Lusternik-Schnirelmann category 2 B$ % @ #l
DRALT B Z L EBFENT B,

2 Continuous closed 1-form

X % CW-complex &{RET 5. F7 closed 1-form #—M L L 7, “HHFE 7% closed 1-form“i2 > Tk
5.

Definition 1. X DM % closed 1-form w &3 U = {U} % X OF#E L L Gl FEEK
fU U —-ROM {fU}UEZ/{ TREW-THDEERT S AEOM Uuveld CC;@LT,

fulvev = fvluav :UNV = R (1)
DIRATEBEIC 2% > T %

220 1-forms{ fu tveu, {gv}vey 23 1-form & LTS % L3 {fu,9vveuvey DO X LMK
7% closed 1-form IR > T3 EERT 2. FEDO X FowGERE [ X - REHEEL LU ={X} %
&> Tclosed 1-form ELTHobHINS. 2Nz df LHobT.

w = {fvtveu ZHEHMN % closed 1-form & LT, v:[0,1] - X % X LouifiiiiEs 325, (0,1 oo
to=0<t1 <..<tny=1% fFERED i I LT y[t;, ti1] D—D2DEAG U, ceU IZEFEFNDL LHICLS. Z

* email:kazuyoshi.watanabe.q5@dc.tohoku.ac.jp
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D EE, By IR 7N 7% closed 1-formw DT ZRD L) IZED B.

N-1

/ w =3 o (0(tis1)) — for (4(8))] @)

=1

Z DRSS CBBE DI D FITik & 22w,

Lemma 1. X FOIREEMKEDBFELCE v, v/ IS LT, MEPTESIZOWT, FE MY 7 TH B 7% 5, Hif
7% closed 1-form DZNFNDWEICH > 7B DEIZ—KT 3

3 Category with respect to a cohomology class

Lusternik-Schnirelmann category (& V> 2 I HHZRE 23 MD 2 R IR TH -7, DLTOERIZZD
category % l-form D dH 6 b T HEIC ENL T EME» 2R ITREE L TIHRLAZLDTH 3.

Definition 2. X ZHRMD CW-compler £ LT, £ € HY(X;R)ZaFEuY—7 7 2L T 5. cat(X,§)
ZEBOHARBN > 0 1IN L TOE 27 SHRBEIAET 2 L) R/ OBE L 5.

X=FUF U---UFp, (3)

(a)j =1,. kL, @EEHR F; — X 13ZNZ 1 null-homotopic.

(b) BBHERE— by F— X (te[0,1]) Bbo>TREMT:

ho WEEEREF » X ThY, (EEDF LoMe e FISHLT [ w< —NARDILD. JITwike
%o 6 b K% closed 1-form &£ LT, £72 v,(t) = hy(z) TH 5.

Remark
Hi#ify7 Lusternik-Schnirelmann category & DK% 2. —MITIZRDLT 5.

cat(X, &) < cat(X) (4)

Z 2T cat(X) & Lusternik-Schnirelmann category Z2® 5507 .
/o, absEnY =230 O, HIZ—KT 3.

cat(X,0) = cat(X) (5)

4 The Estimate of the number of zeros
Z 2T, RN 7 closed 1-form DFEREED 5. 1-form DED 3 N2 % FH L T, BEHEZED 0.

Definition 3. w = {fylvey # X LD closed 1-form &3 5. w DA L I1X, X Lo
M7 ot T U — (Fix(ph) NU) L, fu i ERAUSH > TREHRFED IR >T0wE I ETH 2.

¥, w DEROABMN AR LT, Ap e X PEERICZ->TVEEE, Rpliw DERTHS, &
VI,
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B HLfY 7 Lusternik-Schnirelman category DTl category 23 6 2> B DEE R SO T RIC % > T
7z. 1-form ICBHT 254, JIERDRRIRM THIUZ, BEOTHRICE S TWBE I Ehba s, ETHEEM
& category DEARZ IR 2.

Theorem 1. X ZHRMD CW-complez £ L, w % X ED ¢ € HY(X;R) b 5 b THELfEMN 7% closed
I-form £ T 5. p %2 w DAMNETNE LTHERP0<k<cocfiiddET5. ZOEE Lk <cat(X,€) &
S5, pl3FREI V= 734 I V2D,

FEZY =y 7% A 70 EFRNDPIRDT] 1 (1), Y2, ..oy Y (t) 23D > Ti=1,....,n — LI L TRDOHXDS
BONVDLDDIZ ETH B.

lim () =pis1 = lm 9i41(t), Um ya(t) =p1= lim 7(t). (6)

t——+oo
FRDERLD, Rd3Dh 5.

P

P, P,

1 Homoclinic cycle

Corollary 1. X ZHRAE D CW-complez £ L, w % X LD ¢ € HY(X;R) % & 6 b THlfEN 7% closed
1-form £ 9 5.

(1) w DEBRBEDZER p1,..pr Zd DT 2. L E<cat(X,€) %61E, pr,...pr ZEERET 2 L9 7%
w DABLNZRNIEIFE IV =y 794 7V EFFD.

(2 BFET ) =9 7 ¥4 2 N2 B L5 BARIATNZ b D LT3 &, w P& LD cat(X, )
RDFERZFD.

5 Examples

HHEN 7 closed 1-form & category DFHENIZH5T 5.

B2 OPHME Ty £ 2D RE—DODOHXL LI RO T 252, KO X H /RIS LTHS X9
lform % &%, §2&, T DFIZWEO»LREMRIALE LD, I-form ZWFE2HRbDELTENS. —FH T ITK
LT, RT3 <, 1-form 1385E 7% closed 1-form & LCHH6HT I EBTES. D% D, Farber K
DAETIE dO; ZRND T ENTETH, diy ZAD I EIXTER . 2, 22 THRRAFHEITED, db, D3
ROERBINDE I EDVTE, HBEDBME L TES.

IITT kT, db OFROMBIL2MHTH Y, cat(Ty,[do1]) =1 TH 5.

¥/, Ty BT, dby DFEROMWEEIE 1ETH D, cat(Ty, [db2]) =1 TH 5.
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Providence, RI 2004.
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[/% Cech-de Rham Bl & 2 D )i

R #F (Ko FUJISAWA)*

1 B

SRR DAL EZFARSZ —DODHEE L L Cde Rham 23 E0 Y — L EN25DBH 5. T4bb M
O SRELET 2L E, 2D LD p XMHTEREEE QP (M) & LMY d 2#E 25 L d> =0 KD b,
N & D de Rham axEBRY —

H*(M) = Kerd/Imd

DEREIND. THIBHEBIRY LR CEHREDOAERZRD 6N ) 2R TIEH 0%, $7ZF YU LT
WERDHD. IEZIFXE > MZX7MVHETELEE, 20 LOWMDTERD 7 7 4 N I3HEHE 7 7
AN=FAEAL Ta vy 7 M aBZ2RO>0HENH 5. T, & 21X Thom e E2E2 254, 21
ZRERT 2B GELLZIEFAMIZED) XELTHRYPYY LTL F02E T, FEFECHEL O LR
RYGAHTHET 2DICAAETHS. NSDORMEMIET 22k e L CHEH LRI D Cech-de
Rham #ii23d 5. AfiTlk 2 D Cech-de Rham #iiz 2 DRZRAER L 72 b D, T4b b Lie HEOEH
DEZ SN L CTERINIALRTHAFAL I FER Y —~JRR L 7B DWW CRBLICFHIHT 2
(GE# D Cech-de Rham B HED AN T 2 Rk ABAL LB Z 2 2 LICHERL THL)

2 Cartan #BFIC L BRAZEIREAI —DES

GZravxz b Liel, 20 Lie Rz g M %2 G-HHELETE. ZDEZ Lie B g ild G DREEEA
Adg :g — g H% Y, £7 de Rham Bk Q*(M) 1213 g7 e Gtk 2 EBE) L' HoFEIN 25 ERL
0= Ly )™ Q4 (M) = Q*(M) 12 X > CHET 5.

THE 21 M LOREMAHR LIE, SHERGE o g — O (M) TRORRDTHE 22 bDE VI

g —= Q" (M)

T

Q?Q*(M)
ThUE Q5 (M) = (S(g*) @ Q (M) (S(g*) 1& g* DXRFMREL, b LI g FOSTHAB) otk AakIh,
RDEIHIIZLTDGA #7%7:

dega = 2(ZIHAKEL) + (MITERDKEK)
deqga(X) = da(X) —txa(X) (X €9)

* JEEE R AR LB B R E R s143035@math.sci.hokudai.ac.jp
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TITux ERZ PV Xy = 4 | _gexp(—tX) KX BNEMITH 2.
EE 2.2 (Q,(M),dey) % Cartan K LWL, ZOarEn Y —
HE (M) = kerde, /Imd,,

# M DZ de Rham a s Eay— LIER

3 [Z Cech-de Rham JREAY—

flHD 70 (FRIGHDZD) G-ZE M 252 20D G-AELRHESICX 2B U = {Uy, U} 2F2bD
£9%.

EE3L MOBEUITKRLT
QLU) = Q" (Uy) @ Q" (Uh) @ Q" YUy N UL)
Deq : QuU) = QETU), (60,61, 601) > (degbos degérs &1 — &0 — degor)

BEZDE, (Q5U), Dey) 3% 2 L, Z0% Cech Cartan A LIS, 20 arEny—% HE(U)
L#E U BT A% Cech-de Rham 3 A€ 1P — EIEA.

TE 32 HARMER r: QL(M) — QL(Uy) @ Q5 (Uy) BXRDarEa Y -0z FHET 5.
Hg (M) = He(U)

SR U BT 2 IRZ 1 058l Z VTS 3. {2 Cech-de Rham a1y —2HwiudHR
IZFIZEMEX de Rham 2 A F 0y —NEHEINS:

E& 33 (W U),D.,) DKL LT
QG U, Upy) = {& = (&0,&1,601) € QaU) | & = 0}
BEL COAREUT—% HAU,Up) L8 %, MZHIH de Rham 2 4E 17— &IP3

EE34 7 FE > M%ZGREr XTI PVEET S (THOLLHEDPIHRERE L TEHLTCWERY
}DFE) . :@&%E@G-*&'%W:{Wo,Wl}%WOZE\M, leEk_ﬁ&)% ifc%% G-Z:Etf
Riemann FHEICBI$T2 E D

w1 Ty — M B r-BRE, 7oy Tor — M ZHA7 (r — 1)-BRIAR
B#EZDL (EL T BT OBEROME L) . ZOLE7 7 AN—TET 1, ZRDEHICED B
et QEOW, Wo) = QL (M), a= (0,00, a01) — T := (1) + (T01) 01
22T (m)s BE (m01)s EBHD 7 7 A N3 TH S
EE 35 774NN —FD m  QLOW,Wy) = Q% "(M) ldatEn Y — O ZFLET 5.

Ty © Hg(W7 W()) — Hng(M)
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EE 3.6 XD YL € HL(W, W) %A% Thom ML IT.5 :
T HE (W, Wo) — HG (M), mapl =1
ZHUERD X ) K[iZE Cech-de Rham a4 4 7 L TRESN5:
(0,7 €eq, —theq) € Qe(W, Wo)

Z Il Teeq i M LD deg-FHRZ r-ToX (FAZ Euler ) | theq 1¥ E\ M EORZ (r —1)- T30 (RZMAHN)
T %Rz 77
deqheq = =T €cqg on E\ M, —(m01)s%eq =1

4 REFHEEZORMIE

3 #TIZ[MZ Thom D IR 2394 7 VL DFRZE B d3, ZD#ETIZHZ Chern-Weil #ii & il
iR 2 FH U THZ Thom FHDMHZ top Chern HOJEAT LI X 2 ERLICOWTHWL 5. ZUER Y 2%
BoRIE > 5 Z £ 23TE, Mathai-Quillen 512X % 7 =)L 3 4 U IEPHMIRED S1EEFEH L 2 HE
Thom FERDER & LR THLWIHENTH S, UTFTE7: FE—- M % G-AZE r-Rug_X7 FVRE L, E I2{H
ZROWMIIEA QF (M, E) IKIZARE GIEIBGEZoNnTw5 LT 5.

EE 41 BV Q(ME) - QOH(ME) T
g:-V=V-yg
Ziie T H D& G-ALEERT LS.
EE 4.2 G-AEEHE VITHL
(Veqa)(X) :=(V = 1x)a(X) o € S(g") @ (M, E)
% G-FEEHR LY, ZoL &
Veg: Q5(M,E) — Q5 (M, E)

LD, E7 Keg(X) = (Veo)(X)? + LE % G-RZMER LTS, 22T LY 3 QU(M, E) ~0 G fEHD» 5
FU XN MPNERT, 20 L FARKIE K,y € Q4(M, End(E)) £ #7545,

B 43 FESIR 6: M(r,C) - C It LT G-FAR g
¢(E)eq = [(rb(veq)] = [Qb(Keq)} € H;}(M)
TEE S

Z 1UTEHE D Chern-Weil Piléi & [FEIC Bott @ difference form % F\ CRIZEHGDOHL) FITHK S T EZ S 1L
52 D5,

EEK 44 7 FE— M LORZER Ve, 128 LAZ Chern JEA 2

v—1 )
c*(Veq) = det(I, + ?Keq) =1+cey(Veg) +---+ Cleq(veq)
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TED, ZOatrEnY —H

G E) =14l (E)+ -+ (E) € H5(M)

# A% Chern #H & FES

ChS ORZRMEIGERORZ AR E0 Y —DIn s LTED 5N 7hs, KIZiZ Cech-de Rham 2 A€ 0
Il BIT BFEEREHICOWTE R S.

U={UpUi} % MO GHEEL, VO, % Ely, Lo G-HEES:, V., % Ely, Lo G-REER:T 2
DL EFAEENE Veg = (1 - )V +tVL t ExR — M xR EHABHEE p: M x [0,1] - M ICHLT
Bott @ difference form %

S(VegVeq) = ped(Veq) € 25U NTL)

LiED D L, iU
Deq¢(v2qa Viq) = d)(viq) - ¢>(ng)

. TnkD
¢(V:q) = (¢(V2q)7 ¢(véq)7 ¢(V2q7 véq)) € QG(Z’{)

13 D,-PATHZ Cech de Rham 244 7 L% 5EDH 5
E 45 R r: HL(M) S HLU) ICED, ¢(E)eq = [6(VE,)].

ZOEBEDY [p(V},)] 1A% Cech-de Rham 2 F €1 ¥ — 281 5 WARHEH EPRISHIEL Wb DO TH
52 eibh b, 1 [¢(V,)] FEROMOEY IS FICEE 5.

KA FAEREE O R > W T HEICHIHT %

S C M% GAZEHMBASHEEEL, Ug = M\ S, U1 % SO GAERMEHFELETS. oL &
U={Up U1} 3 M D GHELRY, 2DL ERTLERT

0= Q5U, Up) = Q5U) = Q5(Us) = 0
P EFASNG 3 HE DL —D5ERRI
o= HE (M, M\ S) = HAY(M) — HE(M\ S) — ---

DB, DL EDDEMAN LA TR ¢ (F)ey € HL(M)(= HE(U)) %Y HL(M \ S) THET 2 &
EVHY, COLERINOREENLY HE(M, M\ S)(= HE(U,Up)) 12 ¢(E)eq WCRIET 2T0035H 53, —fi
IZZUE—E TR, L LERRMEEIEOERD L L THB L TR 385G T 2 08 —BICE
£, INEREBUE ¢q(E)o DRAML LS. 2R RSA L L TRORNEEZS.

G-REXZ PV T E— MWL W={W,, Wi} 2 3ELHEARICLTEDS. TDL ZxHUIN
spn B —n'E

EZL. Fi ng % sa-trivial 2z ¢ E © Wy Lo EZE#E, Déq orEOW, LoRZEERETS. 2D

EEC(MT'E,SA)eq
¢"(D},) = (0,¢"(Dy,), ¢ (Dgy, D},)) € QF (W, Wo)

eq’

TREINZaFETQS—HHLET 3.
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EHE 46 FOREDSL &, ROEXPHY L.

cl(W*E,sA)Eq = wf;

ER 47 L2 Z0%HA% 1 RPEEMOBE, ThbERY PR C — {0} DBATEZS L DY,
% Dl BRI G 25 2 T, HBGHHT LOSREMI D2 2 LATES.

SE 3R

[1] Nicole Berline, Ezra Getzler, and Michele Vergne. Heat kernels and Dirac operators. Springer Science
& Business Media, 1992.

[2] Tatsuo Suwa. Complex analytic geometry, in preparation. World Scientific.

[3] Tatsuo Suwa. Indices of vector fields and residues of singular holomorphic foliations. Actualités
Mathématiques, 1998.
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Ricci VU b+ v & ZDfd4 DO—A Iz DWW T

HE & (Homare TADANO)*

B! B

In this note, stimulated by M. Fernandez-Loépez and E. Garcia-Rio, we shall
give an upper diameter bound for compact shrinking Ricci solitons in terms
of the range of the scalar curvature. As an application, we shall provide
a new sufficient condition for four-dimensional compact shrinking Ricci
solitons to satisfy the Hitchin—Thorpe inequality. We shall also consider
some generalizations of Ricci solitons and give corresponding theorems.

1. Ricci VY k>

UTAE Ricei 7 B — 3L HRRAE L OERHERGHE ORERIC B W TR E L2 I, oy
BAAICE T 2 FHEER & L TZ oML 2 iENZ L 7. Ricei V'Y b 13 Hamilton [19]
IZ K > TEAIN, Perelman [29, 30, 31] 12 X % Poincaré FRDFEHIZE W THEE L
B#Z Y7 L. Ricei ¥V F ¥ & Ricei 7 2 — @ H AR IS 2 s CEE LR
FXNRTH D, BERYIPEIC B T 2 8RO R & DIGFICFHNS T 5 [14].
Definition 1.1. # & 272 5¢f Riemann %8k (M, g) 7% Ricei VU kY TH 5 L3,
M EOWODRRT7 PV X e X(M) EFEHANER PIEFEELT

1
(1.2) Ric, +§£Xg = \g

DD ILDE ZIZWH . T IT Rie, 13 (M, g) £ Ricei T YL THD, Ly 1F
X7 MV X 12X % Lie %227, X 28 Killing X7 F V7% 6, Ricei YV F ¥
\x Einstein ZHEETH L. ZDEE, Ricci VU b vid BB TH 5B &9 . Riccd VY
FY (M,g) & A >0,A=0,\A<0D&ZE, H~% shrinking, steady, expanding T
HHEV). DL, XM LOEOSLHBEE f: M — R DAY M VvEz2HwT
X =Vf £FIF5%56IL Riccd VYV Fvid Qi Ricci VI KY THE LV, f %
RZMVEG X ORT V2 VEEE V). TDEE Ricdd VY Frox (1.2) 1&

(1.3) Ric, + Hess f = Ag
EEITE. ZZCTHessfId f-MasRDODANYITPVERT. KTy v VKB f
ER 7 51X AR Ricci Y'Y P ¥ (M, g) ZFHHTS 5.

Ezxample 1.4. AJBC Ricci ¥V V b > QMG EEHRERSEH G R % i 2 72 Euclid Z2[H] R
THY, Gaussian VU N> EEINE. ZZTHREf R - RIE/ VAZHWT
f(x) =3l THAGNS. Z4UddEa > 37 b7k shrinking Ricei Y U F ¥ TH 5.

5512 0] oA TS (2016 422 H 29 H-2016 423 H 3 H, §Y At Koy) @54
2010 Mathematics Subject Classification: Primary 53C21, Secondary 53C20, 53C25
¥ —7—F :Ricci 77—, Ricci YV k¥, Ricci almost ¥V + ¥, Quasi-Einstein %5, EEEHET,
Myers O%EH, Hitchin-Thorpe %2
* T 560-0043 KPR B REARILET 1 % 15 KBRS ABER AT R

e-mail: h-tadano@cr.math.sci.osaka-u.ac.jp
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—J5, av 7 bR EDOIEEMZ Ricei YU b I3 4RIGEL ED shrinking AT
Ricci VY F ¥ TH B I EDHIGNLTED [7], ZDEMAGZE (M, g) »% Kihler ZHkiED
B2/ [22], Cao [6], Wang-Zhu [43] & 23K L T 5. Ricci Y VU b v (M, g) 23
Hzons & K]t IKKETIRZ MUY, = -2 X ICXDAERINE 70— ¢

oMt

Tg Z5|IZRLTUESNS M ED Riemann gl g(t) = —2M\tp;g (& Ricci 70—
Jg
ot

DRI 72 5. Ricei ¥V F viE Ricei 70— HOHBPRICHIEL, 207 10—

RETINELTHNS 21T T% <, Li-Yau Hamilton AEXDZEICEWTHEHE L

B ZH L % [7, 10, 20]. Perelman [29, 30, 31] 12 & % Poincaré FHHDERIZE T

Ricci V' U b ¥ SN &E 2 07 LU, 2 0B FEDTHEHEZED T D,

(t) = -2 Ricg(t)

2. OV /X7 M & BREHM

Az L TR TOLIRKILERE THS L TH Y, HARAER 2w ERET 5. 5
Riemann ZHRIFICH LTZ D a v %7 MEPERZHRS 2 L IZEARNLFED—D
ThHh, XD Myers DEMPELTH S -

Theorem 2.1 (Myers [28]). Let (M, g) be an n-dimensional complete Riemannian
manifold. If there exists some positive constant X > 0 such that Ric, > g, then (M, g)
is compact with finite fundamental group. Moreover,

n—1
A
F7z, av 7 MEIZBIL TEXRD Ambrose DEHB L CHISNT W5 @

Theorem 2.2 (Ambrose [1]). Let (M, g) be a complete Riemannian manifold. Suppose

diam(M,g) < 7

that there exists some point p € M for which every geodesic v : [0,00) — M emanating
from p satisfies

/ Ric, (3(s), 4(s))ds = +o0.
0
Then (M, g) is compact.
SE0# Riemann ZAkIE (M, g) & M EOXRT PV X € X(M) I LT

1
Ricy := Ric, —|—§£Xg, Ricy := Ricgy + Hess f

LB E, Ih5 % Bakry-Emery Ricei HI# &S Ricei Y U F i3 Binstein %8k
D—HALTH 50>6 Myers DEHD X 9 BRI L MEE DY Ricei VU b iaxf LTHA
WK VWEZ S 2 EIZARTH 5. ARALES Bakry-Emery Ricci ¥ o IEfEM: I3
Ricci VYU b v D a v X7 MEZED 7, FEEE Example 1.4 TZF 7z Gaussian V' Y
I 13 shrinking TH 50392 287 FTdH 5. Shrinking Ricci Y'Y brD a7 k
MZZDXRT7 bAVBD 0V LDOFREIC X > TRHEANT S5 FEEE, RO LD -

Theorem 2.3 (Ferndndez-Lépez and Garcia-Rio [12]). Let (M, g) be a complete Rie-
mannian manifold satisfying Ricx > Ag for some vector field X € X(M) and positive
constant X > 0. Then M is compact if and only if | X| is bounded on M.
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—77, Theorem 2.2 D—f L & L TRDELD 2D

Theorem 2.4 ([37]). Let (M,g) be a complete Riemannian manifold. Suppose that
there exists some point p € M for which every geodesic 7y : [0,00) — M emanating
from p satisfies

/ Ricx (§(s),%(s))ds = +o0
0
and | X| < C for some non-negative constant C' > 0. Then (M, g) is compact.

Remark 2.5. Theorem 2.4 (ZX7 VI X DYAFLR T VB DOBEIZ Zhang [45] (1
X o TRINTW 3. Theorem 2.3 (& Theorem 2.4 2> 5 [EHIZHED

Bakry-Emery Ricci HIERDBSIEHEDBA, SIET 227 FABO KR T v v VEEDYE
RTH 20 XIIRT7 FAVED ) )V ADBERTHIUL, XD Myers BIDEBEDR Y 37D ¢

Theorem 2.6 (Wei-Wylie [44]). Let (M, g) be an n-dimensional complete Riemannian
manifold satisfying Ricy > Mg for some positive constant X > 0. If |f| < k for some
non-negative constant k > 0, then (M, g) is compact. Moreover,

(2.7) diam(M, g) < my [z \/ﬁ

Theorem 2.8 (Limoncu [24]). Let (M, g) be an n-dimensional complete Riemannian

manifold satisfying Ricx > Ag for some positive constant A > 0. If | X| < k for some
non-negative constant k > 0, then (M, g) is compact. Moreover,

(2.9) diam(M, g) < — (— + \/— (n—1) )

Remark 2.10. Theorem 2.6 X 2.8 IZEBWT k=0 &9, 2415 1% Theorem 2.1
IZHFE 4% . /I, Limoncu [25, 24] Difam 2 BT 5 2 & T (2.7), (29) ZHE L%
EREFHTT 23 H 4 [35, 36] THZ L7,

WA, %  DREEEDI Riced VY b AT 2 EERHE 2 52 T 5. Rric, JEABZ
287 b Ricel Y U bR 5 T H 6 O—RAESRFHGIE Witten 7 7727 v D
A MED T FLEH & OBE T RS [16] IC k> THZ 61, Z D, Andrews—Ni
[2], Chu-Hu [11], =A-Li-Li [15] 6Ic k> THRE I N % ¢
Theorem 2.11 (Futaki-Li-Li [15]). Let (M, g) be an n-dimensional non-trivial com-
pact shrinking Ricci soliton satisfying (1.3). Then

2(v2 — )7
—77, Ferndndez-Lépez & Garcfa-Rio [13] 132737 b Ricei YV F VT 5T
06 DELEFHTT 2 Ricei ¥ & A A 7 —hEZHWTH A !

Theorem 2.12 (Ferndndez-Lépez and Garcia-Rio [13]). Let (M, g) be an n-dimensional
compact shrinking Ricci soliton satisfying (1.3). Then

Rmax - ’fl)\ Rmax - n>\ Rmax - n)\
diam(M, g) > max{\/Mc_)\) ,\/ MO =) ,2\/ NC =0 }
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diam(M, g) >




HL, AKfEz#EL <

C = ggﬁ{Ricg(U,v) ol =1}, = UrEnTi%{Ricg(v,v) vl =1}

ZHL (M, g) DHEAERE ED Riccd 7 ¥ VYV VORKER OV RAMEZ £ L,
Ry =max R, Ry, =minR
M M

FHAZAA T —WE R D M FOmKEIORMEZERT. EEDS cg < Ric, < Cg
DK D 32D, Theorem 2.6 % 31F T Ferndndez-Lépez & Garcfa-Rio [13] 132 ¥ /37 b
Ricci VU b v @ bip b OEEHIE A A 7 — iR ORKRIEZHTEA 605759 &
THEL 7. ROEFEHENIZ IO PRI T2 HENREA 2525 ¢

Theorem 2.13 ([36]). Let (M, g) be an n-dimensional compact shrinking Ricci soliton
satisfying (1.3). Then

(2.14)  diam(M, g) < % (2\/Rmax — Ruin + V/4(Ruax — Runin) + (n — 1))\7r2> :

Remark 2.15. Theorem 2.13 12T Ricci Y VU b ¥ EA A 7 —#i#E 2 FTIX, Ricci
VY k13 Einstein ZRAIC742 D | EEERHE (2.14) (2 Myers [28] IC &k > TS NkiE
D Einstein E# % > Einstein RIS AT 2 IEREFHIIC /S I 1L 5.

3. Hitchin-Thorpe AZERXADIHAH

Hitchin [21] & Thorpe [39] 1& 4 KJua ¥ /%7 P LhkiK (M, g) % Einstein 3158 % 7F
HTNUX, M D Euler # x(M) /G 7(M) 13AFK

(3.1) 2x(M) = 3|7 (M)

iz T ERR LT, BRZ UL, ZOAREAZ I 4 Xota v 87 b Sk
&3 Einstein gtEZFFA L 7%\, (3.1) 2 Hitchin-Thorpe AR E Vw9 . (3.1) IF
Einstein sHEDFEEICNT 2 EEE 5 2 25, I (3.1) 272 312 b9 5 3 Einstein
AFRZTAE L R LIRME D 4 Zou% kDY LeBrun [23] ICX > TR I N T 5.

Ricci ¥V F ~ 1% Einstein ZAED HAR L TH 2026, 4 Xjta v %7 b+ Ricai
VU b VORI T 2 EENTRI NS, Ma [26] 132 7 —@hFKICBIT 2540
T4 Xjua v 87 F Ricci YV b v IZxd % Hitchin-Thorpe A3 2R L 7 ¢

Theorem 3.2 (Ma [26]). Let (M, g) be a four-dimensional compact shrinking Ricci
soliton satisfying (1.3). If the scalar curvature R satisfies

(3.3) / R? < 24X\*vol(M, g),
M

then the soliton (M, g) satisfies the Hitchin-Thorpe inequality 2x (M) = 3|7 (M)|.

% 72, Fernandez-Lépez & Garcia-Rio [13] 1% Theorem 2.12 Z)JGH L T, 287
Ricci VU b cxtd 2 Lo OEFHiZRES 5 2 & THRkO &2 5 27
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Theorem 3.4 (Fernandez-Lépez and Garcia-Rio [13]). Let (M, g) be a four-dimensional
compact shrinking Ricci soliton satisfying (1.3). If

2 2 2
1 <
dlam(M,g)\max{\/c_)\,\/)\_cﬂ\/c_c},

then the soliton satisfies the Hitchin—Thorpe inequality 2x (M) = 3|7 (M)].

—J7, Theorem 2.13 ZJGH LT, 2237 F Ricci YV b IINT 2 T 6 OELE
M2 IRET 5 2 & TH oStz 5 2% 2 L3RS .

Theorem 3.5 ([36]). Let (M, g) be a four-dimensional compact shrinking Ricci soliton
satisfying (1.3). If

(3.6) \/Eéﬁigﬁéﬂ(uy+6wafgdmnmﬂmg%

then the soliton satisfies the Hitchin—Thorpe inequality 2x (M) = 3|7 (M)|.

Remark 3.7. Theorem 3.5 IZE T Ricci YV bV 2EA D 7 —Hi¥ % i TIE, Ricci
Y U kv 13 Einstein A7 D (3.6) 13 HEIRYICHI 72 S 41, Hitchin [21] & Thorpe
[39] 12 & > TR I N7 Einstein ZRRAICHT$ % Hitchin-Thorpe AMERIThE S 5.

4. BRZ D—&1L

WD Ricci 72 —K W Ricci VY F Y OFEBEZERIZ, L DEFAEDPZNED
—ffL2EZ TR ZOETIE, Z05D— &M®7%ImmathVUFV&
quasi-Einstein ZHEARICHER 2 Y4 T3.

4.1. Ricci almost V''J k¥
Ricci almost ¥ Y b ~1& Pigola-Rigoli-Rimoldi-Setti [32] IZ X > TEHA I 7.

Definition 4.1. 1 5 2272 580f Riemann ZAk{E (M, g) 7% Ricci almost VU b TH
ZEiE, M EOWSHERT M X € X(M) LB N € C(M) MELT

1
(4.2) Ricg +§£Xg =\g

DD D E ZFIZWY) . X 23 Killing X7 VST dim M > 3 % 6, Ricci almost ¥V Y
I v iZ Einstein ZHIKTH 5. 2 DEH, Ricci almost YU Fvid BB THS L),
Ricci almost YU by (M, g) 1ZA>0,A=0,A<0 D& F, H% shrinking, steady,
expanding TH2EVI). b L, X DM LOWODLREE f: M — R QALY b
NEGEHGT X =Vf EFEHIT 5% 61F, Ricei almost VU F v iE BAEC Ricci almost
VUKNY THZEN). fZRT MUV X ORT Vv VEEE VS . 2D E E Ricc
almost YU b v D (4.2) ZXOAXITEI NS ¢

(4.3) Ricy + Hess f = Ag.
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AT DAL ITHALBRIN 3 HBH 2 A B Ricei almost ¥ U + v DG ZFART 5
EMHSNTW S [17]. BB\ € C°(M) EE % 61F, Ricci almost ¥ U F ¥ 13 Riccei
VY b TH D FE, % DEFED Riced VU ISHIGT % HEE% Ricei almost
VY R L THRRL T3S, fl 21, Perelman Difi§HE [29] 206 a v 87 % kk
& LD Ricci ¥V F Y IFARL Ricei ¥V F ¥ TH %23, Barros-Batista-Ribeiro Jr. [4]
a2 %7 LR LD Ricci slmost VU b Y ANE A A 7 — i Z £, AR Ricci
almost Y U b 274 % Z &%/ L 7. —J7, Sharma DR [34] 1T X o> THfid K-Ff
kiR EDO AL Ricci V) b v 3% R-Einstein ZHAIC 7% 2 23, Ghosh [17] 1&a v
N7 b K-EMERRA O AR Ricei almost VY Y b S HABRIANC R R e 4 K
RIS 2 2 2R L7z, %8, Kihler ZHR{EA LD AR Ricei almost Y Y+ > I3 A AL
Ricci YV Py TH B I LR HITW 5 [27]. Ricci almost ¥ Y b 13 Ricei VY b ¥
DHR—BULTH %725, Ricci VU b ¥ DA EFRIC 4 Xota ¥ 287 b Riccd Y
U bV DRI 2 [EEI P I35 . Brasil-Costa—Ribeiro Jr. [5] (FX &R L 7% ¢

Theorem 4.4 (Brasil-Costa—Ribeiro Jr. [5]). Let (M, g) be a four-dimensional com-

pact gradient Ricci almost soliton with positive scalar curvature satisfying (4.3). If the

/ R%*du <6 / ARdj,
M M

then the soliton (M, g) satisfies the Hitchin—Thorpe inequality 2x(M) = 3|T(M)|.

Chen D#EHE [9] 1IZ X D, 58f Riemann ZHkA D shrinking Ricci ¥ U F VDR 7
7 —HRITIEFEATH 57> 5, Ricci almost ¥V F 23 Ricei VY P VICEINSG L F,
Theorem 4.4 13 Ma [26] |2 X % Theorem 3.2 IZ—37 5.

Riemann EMFICE T 2 D EBELMED —DIF, Riemann A ED X 9 705k
N CTERIANCER AR 2 2 & TH 5. Brasil-CostaRibeiro Jr. [5] (& 4 XIuD 2
> 237 P AR Ricei almost Y U b v 38 §* EERFAMTH 27001052527

Theorem 4.5 (Brasil-Costa—Ribeiro Jr. [5]). Let (M, g) be a four-dimensional com-
pact gradient Ricci almost soliton with positive scalar curvature satisfying (4.3). If the

scalar curvature satisfies

scalar curvature satisfies
/ R%*dju <6 / ARdy — 19272,
M M
then the soliton is isometric to the standard sphere S*.

F#1Z Ricci almost Y U k¥ %3 Ricci YV b v IZ)qE S5 & &, Theorem 4.5 13 4 X
LD a7 b Ricad VY by st EFERAMTSH 270Dt 05 M2 5 X5 ¢
Theorem 4.6 (Brasil-Costa—Ribeiro Jr. [5]). Let (M, g) be a four-dimensional com-

pact shrinking Ricci soliton satisfying (1.3). If the scalar curvature satisfies
(4.7) / R?dp < 24)\*vol(M, g) — 19272,
M

then the soliton is isometric to the standard sphere S*.

RIZ, Ricei Y U by DRIDO—fL & LT Case-Shu-Wei [8] 23E A L 7z quasi-Einstein
SREIZ DV TIRR B
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4.2. Quasi-Einstein ZR{K
520 Riemann A (M, g) EORZ bV X € X(M) L f € C°(M) 2L T

1 1 1
Ricy := Ricy +-Lxg — — X" ® X*  Ric} := Ric, + Hess f — —df @ df
2 m m

LEE, 25 % m Bakry Emery Ricci lIFREMES. 22T X* 13 X OWNTH 3.

Definition 4.8. 1 & 2>72 580 Riemann k& (M, g) 7% quasi-Einstein Z8{K TH
513, M EDOWSHLBREE f: M >R E0<m< oo BWHIELT

(4.9) Ric}" = Ag

DD LD & FITWY) . f DNEBIKEZ: 5, quasi-Einstein k41 Einstein (A TH
% . ZDO%fr, quasi-Einstein 21X BEE TH 5 £ 9. m = oo % 5, quasi-Einstein
%R Ricei YV F ¥ TH 5. Quasi-Einstein LK (M, g) 1Z X > 0,12 =0,A<0
D & &, H4 shrinking, steady, expanding TH 5 L9,

Quasi-Einstein %413 Riemann ZHRADER 1IC Einstein FHE2Z KT 2 LT
HER 2 7§ FEE, EERILD Riemann ZHRIE (M, g) & m KILD Riemann
LRkR (N, h) 128 L T2 Dk

(M x N,g) := (M X N, g ® exp (—%) h)

D3 Einstein ZRRIFIC72 2 DIE (M, g) 23 (4.9) 27279 quasi-Einstein kA TH D
2> (N, h) ¥ Einstein Z8ETH % £ ZIZR S [3]. Quasi-Einstein ZHkEk D B 44
I& Wang [41] 238K L T 5. Ricci almost ¥ Y b v EFIBRICE  DEEEHE DS quasi—
Einstein ZHRIEDMWEE 2 IR T\ 5. #Hil 21X, Ricei V'V b v EFEEICa 87 b LREE
LD steady %713 expanding 7% quasi-Einstein ZFIZHHTH 5 [40]. 72, 3 X
JGLL T @ shrinking Ricci YV b Y IZHHTH %23, 2 XITD shrinking quasi-Einstein
ZRRIZHHTH 2 [8]. el K-BZ Rk LD AR Ricci ¥ Y+ v 134 R-Einstein
GRRIRIC 72 2038, [ARED FIFLL TN K-Bfih %A 1D quasi-Einstein A0 LT
b DAL [18]. 728, Kihler kA LD quasi-Einstein 2RI IZHHTSH % [8].

m-Bakry-Emery Ricci HIERIZHIE L T, XD Myers-Ambrose BIDEBAL D 37
Theorem 4.10 (Limoncu [24]). Let (M, g) be an n-dimensional complete Riemannian

manifold satisfying Ric'y > Ag for some positive constant X > 0, where m € (0,00).
Then (M, g) is compact. Moreover,

diam(M, g) < %\/n —1+m.

Remark 4.11. Theorem 4.10 1¥X7 bV X DABIN 7 VB OEAIC Qian [33] 12
EoTURINTW 3.

Theorem 4.12 ([37]). Let (M, g) be a complete Riemannian manifold. Suppose that
there exists some point p € M for which every geodesic 7y : [0,00) — M emanating
from p satisfies

/0 " RiCE(3(s), 3(s))ds = +oc,

where m € (0,00). Then (M, g) is compact.
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Theorem 2.12 THZ 672287 F g Ricei VY Y b ISHT 5 ) 5 DEREREHT
% quasi-Einstein ZHRRICHEERT 2 2 & C, 287 % quasi-Einstein kA2 %}
5 M6 DERHiZ 5 A5 2 EDHIKS -

Theorem 4.13 ([38]). Let (M, g) be an n-dimensional non-trivial compact shrinking
quasi-Einstein manifold satisfying (4.9) with finite m > 1. Then
m(m — 1) Riax + (m —n)A
log :
(m - 1)()‘ - C) + Rmax - Rmin mA
mo Rpax + (m —n)A
c—x % mA |
4m(m — 1) Ruyax + (m —n)A
log .
(m - 1)(0 - C) + Rmax - Rmin mA

—J5, a7 b 7% quasi-Einstein ZERIRISN T 2 ) 5 O— R EREFH I Wang

[42] IC&k->THEAGNT

Theorem 4.14 (Wang [42]). Let (M,g) be an n-dimensional non-trivial compact
shrinking quasi-FEinstein manifold satisfying (4.9) with finite m > 1. Then
> 1
= \/X

Theorem 4.14 1ZFEAMHZ quasi-Einstein Zk{A& & Einstein Z kA 12 [ B B
#5256, FEE a7 b g quasi-Einstein 28D (4.15) 27z I 2 F1UX, 2D
X 9 % RRIE Einstein ZRIA T2 1UX 7% & 72\>. —J5, Theorem 4.13 Z 2% Z
& T, quasi-Einstein KIS T 2 XROMEIREH %2 5.2 5 2 EBHK 3 -

Theorem 4.16 ([38]). Let (M, g) be an n-dimensional compact shrinking quasi- Einstein
manifold satisfying (4.9) with finite m > 1. Then (M, g) is trivial if and only if the
one of the following conditions holds:

m(m _ 1) ].Og (Rmax—i-(m—n))\) _ (n_l)WQ(R)r\nax—Rmin)

mA

diam?(M, g) > max{

(4.15) diam (M, g)

(1) Ric, > | 1— A,
m(m — 1) log (W) + (n—1)(m — 1)n?
(2) cg < Ricy < ()\ + #log (Rmax j:g;\l — n))\)) g for some ¢ > 0,

_ dm(m — 1) Riax + (m —n)A
(3) ngRng < ((1+m10g< Y C_Rmax+Rmin 9f07“

some ¢ > 0.
% 72, quasi-Einstein I A 2 Hitchin-Thorpe AERUBI L T, RO D 7D

Theorem 4.17 ([38]). Let (M,g) be a four-dimensional compact shrinking quasi-
Finstein manifold satisfying (4.9) with finite m > 1. If the scalar curvature satisfies

m—2 T2)\2
4.1 2dy < 6A——— d (M
(4.18) Aﬁ%u 67n+2Af%“+m+2m< . 9);

then the manifold (M, g) satisfies the Hitchin—Thorpe inequality 2x (M) = 3|7(M)].

277



Remark 4.19. Theorem 4.17 IZE VT, m = oo & T % & quasi-Einstein kA1 Ricci
VY FUIZ%Y (4.18) 1 Ma ITX > THZ 607 Riced ¥V b ¥23 Hitchin-Thorpe
AEXZ W72 T 720 D5t (3.3) a3 N 5.

% 7z, Theorem 4.6 % quasi-Einstein ZHEFICHART 5 2 & T, X255 ¢

Theorem 4.20 ([38]). Let (M,g) be a four-dimensional compact shrinking quasi-
Finstein manifold satisfying (4.9) with finite m > 1. If the scalar curvature satisfies

m— 2 7202 m— 1
4.21 R*dy < 6A—— | Rd 1(M, g) — 19272 ,
(4.21) /M 1 m+2/M poot 5 vol(M, g) U

then the manifold (M, g) must be isometric to the standard sphere S*.

Remark 4.22. Theorem 4.20 IZB T, m = oo & T % & quasi-Einstein ZHk{A&I Ricci
V) b I D (4.21) 13 Brasil-Costa-Ribeiro Jr. [5] I &> THZ 67z Ricei VY
Pyt St LERAMTH 270D+ (4.7) IWREIND,
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Oriented graph MIEXFFRMEIZDWT
P B (Shohei Satake) (% 2R KK BRI EHI SR

ARRGEEAIA RFDEE EEHEZR, PERF DML H—2U% & ORI TH 5.

—fMRIZEZ 6N T 77 EDOFRIREGE DNFRED & X 132 D2 H ARBRE DAL
BTHloNsg. KEHETIEZ I 7emEMIEINEZT I 7IZEHT L. (BA) 57
FEAVE, EC (V) OMTERINIMETHY, MERITISNELTFITLRESRY
& (u,v) EE= (v,u) § Ex AT ECV?OMTRINIMEETHD. £V DEHE
ZIEM, EOBEZEZDE VN, BEZ N EZIEMEMNITEINEZT T T HIZDOWT
SRS, WEEG2 TN TNV (H), E(H) TRT Z L2952

757 GIzBWTIE{u,v} € B(G) < {u”,v°} € B(G) 2A7-9 V(G) Lo EH
cx GORZRAE LV, GOLHAHEMHEZ Aut(G) TKT 3. ZOEWKT, /977G
IZOWT|Au(G)| > 1 THd e &, GERMTH D LWV, 5 TRWE E GIIIENTR
TH5HEVD. ENRZORETI, EAFRZ 2007 I 7 G, G'HE5E26N-e &
Faltigd 52 2IETERV. TRED LS IZLTT I 70 “FERFE 2 INIX LW
DA D0, ZOMEIZERAN L % 5 2 72D 531963 D Erdds, Rényi DFC [4] TH
5. 4] TIRIERFRRAR S T 7 GIZR U T, W& EYSIENME 72 IZRE L Tdh 215
T TIZEWT 5 #AF symmetrization % X, 4 symmetrization {2 22034 - 7234
DBDOIm/NMEE AG) & KO, % GOIERITMEDOREL Uz, 72720, GAFRT
HHLEAG) =02L,GHPEK THIHLZIZIFAG) =0 b EHETS. £TAG) I
DWTHUFOEHNENND.

EIE 1 (Erdds-Rényi 4]). n>2& L, GEnHEANORE7577LT5. ZDLE

n—1
2 )

EBRZDERZERST DT 721D 2DIESTIE LW, £ITHAE, oK
ERnIZOVWTIEZED AG) P EFUTIEWMEZ D X5 nTHR T 7 7 G DFEEN %
ErdSs-Rényi 2 V4 LT 5 7DFEEZHAVTRLTWS. il iX HEP2HD0 57
DEEMEZRLUIZWE L LD, nfERIIRL, TOE 2SS ELIIR LT, L2 HER
12 CEIRMTEMNIIIT > T, IV R LMInlERT 7 72 EKTS. T X575 7
% Erdés-Rényi 7 v B LT 57, £13BIIS VY LT Z 7R, TV R LT T 74k
DHEL%G(n,1/2) THRT. Z0L FIZHR PG € G(n,1/2) | GIEP &A= E 2\ )]
N1IEDNIW Z 2R ITED S S 7DOEENZ2RTIENTES. KL
<IE[3, Chapter 11] 5 %2 SRS N7z,

E72, 4] CRABREES S 7ONFMEICOWTHEBRRENTE Y, TEERS V4 A
T2 73MELR1TRado 777 REMIENE T T ZIZABIZR 2 Z LRI NTVWS,
REFMUTOEHZM-THAHMER S 7 7ThH 5.

A(G) <

* T 464-8601 B TREK A £ B R RFB R AU iR S SRR - Sk
e-mail: satake.shohei@f .mbox.nagoya-u.ac.jp

L(h) TV 02 iin A ekE RS

2Zofto 7S 7 BERO HFEIZ DWW T Diestel D#RNE 3] F 2 BRI 1z 0.

SEMFEINIZT T T OVTHRAKIIERI NS,
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(*) EREDOHEWIZZ DL O W WERDIEFIAEEG U, VI LU T, UDTRTOIHR L
DRNZARH D, VOTARTOHER[EOMIZHEEDZRVWESRER 2 ¢ UUV
WFAES 5.

COEHELRWT VT 7IEAMEZRWT -ETH 2 Z e PEEMILZHVWTREING.
Z DR SIRDBEFENE D LD,
EI 2 (cf. Cameron [1], Erd6s-Rényi [4]). RIFHFETH D, T 512 |Aut(R)| = 2.

ZDHEENS RIFEWRTMEEZ2E D757 THLZ Wb d. RIFBEMZIET
WCHIFERNT T 7 ThH D, ZOMD ROMWEIZOWTHL K OETIVHEGRCMAEmD
MEHIZL>THRLNT WS,

S UTdERFREIZEE T AMBEIZDOWTIE, 8B AAMA T Ta—F DB X 55
A3, AR Tl Erdds, Rényi DAEFICEH L, TOMEDTINET T 7 BT 58
L (5], [6])) 252 5. AR, BELOBZNNR WD MEITI NI T 7% B
“To7eELZEIZT A FT, ERTRRERS T 7 DT L TUDRE, BIE -
XLDEEDEEZIT> THIEINMET T 7IZEKT 28E% D D symmetrization
XV, AD) 2 X DI O o TUDOBDEB/MEL EFET 5. 3 AD)IZDOWTITD
ERPE SN,

MEMNTFINZT T T7DGETHRAOEG LMK LAZERTS7 772/ D
FEDIIREETHD. T I TROERTI O ERMPWHEMIZRRETH S Z & % Erdss-
Rényi 7 > & L (oriented) 7' 7 7 DFEEZFHWTRT . GEETIIZEHD 7 1 77 % i
CHBNRDFETH D
EIH 4 (S-Sawa-Jimbo-Enomoto [5]). fEED e > 012 LT, 2 HRE no(e) d -
T, EEDn > ng(e) ITDPWTAD) > 2n(1 —€) THB LI nHNT T 7 D HBFE
5.

EABRER 2T 7 IZDOWTORNMMEICET SRR Ao N, WEMERS >V & L
(oriented) 277 7 ld random oriented graph RO (cf. [2]) & KI¥Nd 7 F 7 LifE# 1
THRIZ2 5.

() FEOHEWIZ DS R WARDOEARAESG U, V,WIZR LT, UDTXTDIH
MRS ZIZEPRDADBH D,V OITRTOHEMIZ 25 EPRSUARH D, W DT AR
TOEME DRI ZE72RVWEIRIEM 2 ¢ UUV UW DMFET 5.

CDEHEEATZTTIZIEZREAMKIZILT, AMEZRVWT—ETHEI P RINDS.
ZDROIZDWVWTIRDERME D LD,
EIE 5 (S-Sawa-Jimbo [5]). ROIINMTH 5. X 51T |Aut(RO)| = 2™,

BT, CORBOINE N ORDOHETER S, £, BEOFTRY, ROD
55 7 BEHIWEE® Aut(RO) DMEIZ D \WT H 3 L7z .
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A DN OWT, AL LENP SZ<DTATT7 EIHER WS X L

RLE L BT R
S& 3k

1]

P. J. Cameron. The random graph, in : “The mathematics of Paul Erdés 117, R. L. Graham,
J. Nesetril, S. Butler ed., Algorithms and Combinatorics 14, Springer, Berlin, 1997, 333-
351.

R. Diestel, I. Leader, A. Scott, S. Thomassé. Partitions and orientations of the Rado
graph. Trans. Amer. Math. Soc. 359 (2007), 2395-2405.

R. Diestel. Graph theory. Fourth ed. Graduate Texts in Mathematics, 173. Springer,
Heidelberg, 2010.

P. Erdés, A. Rényi. Asymmetric graphs. Acta Math. Acad. Sci. Hungar. 14 (1963), 295—
315.

S. Satake, M. Sawa, and M. Jimbo. Erdés-Rényi Theory for Asymmetric Digraphs.
preprint.

S. Satake, M. Sawa, and M. Jimbo. 2 Z 7 OIENFREIZEE T % Erdés-Rényi D EH & % D
AW 27 Z 7 ~DHLEE (Japanese). To appear in RIMS Kokyuroku.
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fa A INEAFELE ) Fo I —ZH

A &% Yuto Yamamoto (BRI KZRFEBELRIZMI LR *

1. &

Y AVERMEE, @ ONEE 2 DDBD max & & DEAEIC, FikzEE QML
+IZHLD #1 2 TS 5 15 max-plus (U EDOREGRMFTH S, Z D max & plus DIHE
i, WEOHEE + x DHBFEOMEE (Mo EHIVIGE) & L THNED, EHER/EE
PRAKIZZE DGR Z S &, ZDOLRIRD “Bi&” BN D. ZO “Bi& 2, barhin
BMZDERMERNRTH L A EINVEHRIETH S.

h O R IVE RN, MR Z RS BT TT D SRR T DA BRIl E R > T\ 5
ZePHIoNTWS. HlZ X Ttenberg, Khazarkov, Mikhalkin, Zharkov[1](Z &> T
AXhbpEhliEnY—2H0NIE, FREHLERREOHAS YRR T —
Riro, JGOERLIEKD Hodge a2 RIETE LI VNN SNTWS 4. ThaXEh
WEIRRIN S, TCDSFIADEHRE EZETHEHEEZN? ] LWVWSWY, Y
TV B AL RRED —D > T W5,

MO ERIVERRRIE (BEFEDT 7 74 UHE2FFD) ZHERTH D, HARWIZ
N a AN RREDFEOIFMRIE, MAGLENREDIZRONS. £/2, baEal
fBIZ &> TROND b EEANEZRIRDIRITIE, FEIRITETIEDZRRIRDIRITD Y4312
B, ZTDH, PO CANGREZINSBETPZ D DFEREZETCTLE->TWSZ
iz B, Lo L, WZZOMENHAG LR THEMTH 502 b o ¥ AILL MR
DELY PSR T, BRx B2 BARRIZEHE T2 8 2 A[6I27 5.

AFHTIE, PRUEANLVSRIKE TGOS HIED b a EAOUVERRE D D€/ Fu X —
EDOBBRIZDOVWTHBRS. [6]1I2BWT, b=V v ZBEIEIDOEEIZ, o haeh
WMEIZ X > THEONS N EINEEEEZFIWT, TOZREADRMFENE ) Fo I —
DERN R R ARG 272, 2, —RDBEITIZE/ Fa -4 Ekoakren
V—IZEDESIEHATAO0EHEMRETH L. BEHI RN S Z DFER %
N 5.

2. hOEAIILEME
max-plus fRE (T, ®, 0) FIRD IS ITERINS. T:=RU{-c0} & LT, Z2UIM
Ho, Froz

a®b:=max{a,b}, aGb:=a+b (a,beT) (2.1)
THA. (T, ®,0) 3 EEC R HER 257295, MEe 2B L T’ uBs L

HEELRW. T, ZTHEFBRIZIEFRS THREREEIEENS.
NEEAIVERMZIIE T2 2EANE, ROEOBEKF: R 5 RELTEREINS.

F(X1,... . Xop)) =P an 0 X" @0 X0
meA (2.2)
= ITSSX {am +miXq+ - +mpp1 Xn}

*e-mail: yuto@ms.u-tokyo.ac. jp
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ZZT, neNqg€eRT, ARZTOERENEEL TS, Ka, 0 X" O 0X,!
NHIERTH O, TNSETARTR! Eo—EHTHS. LT, ETOHIEAD
max ZH > THEOND FIFR EO MM ARRKOfRMERZED 5.

£7-, buCAVLZERFAED BB V(F) C R, RTEHI 5.

VIF)={XeR"™ | Ip#FgcAst. FX)=a,+p- X =a,+q-X}. (23)

ZZT, p- XiEpXi+ 4 ppi Xp 2R9. ¢ XEFEKTH 5.

N o ALl e EERRECRZOM DGR E E X 5 ETHW S MBI 20 R,
IR Puiseux fZUA R PR Laurent #ABUK EOLIHATH 5. Z 2 Tlk, PUK Laurent
BAR K = C{t} W5, ZHUTIROEHERZRIET IV F A T A% FFD.

val: K — Z U {—o0}, k:ZCjtjt—)—min{jEZ|cj7éO}. (2.4)

jez

K LD Lawrent ZIHR f = 3", kpa™ € Kot -+ 2y, | ® b EAIUbE i, RRA
THEZo6N% brEANVEZIEA trop(f): R*™™ - RTH 5.

trop(f) (X, -+, Xpy1) 1= I’ggf {val(km) +mi Xy + -+ mp1 Xoga b (2.5)

¥ AL & > THES N2 T & TcOEERBGBIMEORIIZ %, RO & > 78
BABB. £, FHKZVERRER 2L VEET S, freClat, - 22, % f
DHZ1/RERALTESNSC LD Lawrent ZHA L 5. & 512, Logp: (C)"H —
RnJrl ;E

(@1, Tng1) = (logg |z1], ... logg [2n1]) (2.6)

&L, Agr:=Logg ({z € (C)"* | fr(z) =0}) &BXK.

Theorem 2.1. ([3, 5]) R — oo DMIRD N T, Agix, V(trop(f)) {Z Hausdorff P
ERAR

Z 2T, R O EE D Hausdorff I (X, RD Hausdorff BEEfIZ & > CTREFE X
ns.

d(X,Y) := max {Sup d(z,Y),supd(X, y)} . (X,Y cR™ (2.7)

zeX yey

Example 2.2. K FOZEKX f BIRTEHERZ OGN GEE2FEZ 5.
fl@1,20) = a3 + a0 (af +t 227 + %2 +t7) + 1. (2.8)
ZDEE fONaEAVLIE,
tI‘Op(f)(Xl,XQ) = max {QXQ, 3X1 + XQ, 2X1 + X2 + 2, X1 + Xz + 2,X2 + 1, O} (29)

L85, 2.1 DK, trop(f)IZ&>TEDSNS buCAIVEIE V (trop(F))
ERLUTWDS. X7z, Apl3X 2.2 DIKEDFEBD & 512785.
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Y

X 2.1: (2.8) DIHAD V (trop(f)) X 2.2: (2.8) DHED Ap

3. B%E

. BXE
K := C{t} ZUR Laurent {5k & 5. ne Nz HAKE L, M ZEHEn+1DHH Z-
IEE 95, £/, Mr =M@zR&L, AC Mg Z2"&TFZHEKE TS, A:=ANM
EBL TS5, f=3caknt™ € Koy, -+ 25 ,] % K EDn+ 1 Z# Laurent %
HAET 5., 72720, ®BTOm € AT LTk, #0THDEIRETSH. T KRE
WEBRe RROZLEVERETS. Sy ={2€C||z|=R} &£BL. ge SLIINLT,
fo €Clat, a2 fDOHIZ1/qERALTHLONEC EOZHA LT 5. (C)"H!
TO f OFEREGZHEHIIIL NI MULZB DRV, 2T 5. {Vi}eq Dg= o0
DDE/ FEI-ZHIZOWTHEAS.

T/ FBI—%2FEZA5 LTARERNTIEZRWA, 22 TDAY T MUZDOWTIERMHIZ
HwRBE, FrAIINTL2ERBEL, Thoa=eas—RMlaFztd. Xz
EFIZEHTECLED M=V IERIKLETS. V,C X% f[ITLX>TEDOND Xi
WO b=V vy ZiElhiie LTEZS.

/kjﬁ@i% DT/ KOI—

t%ﬁ#~&m@ Bn=1)ICR>TERREMNTS. —KDOEILn TDE/ KR
I—EHIZONWTIE, [6] THRARTWS. {p;}ic1.qa & V(trop(f)) DAL REDOE
BT 5. Blp i, MOEIIZUTZDES L, cROEEHRT DI LHNTES.
Vi1, Vo € RV % p, DY & U, FEER R MLV, € ZME 2 W T vy —vn = LVi(l; €
R>) 2 E LTS, ZOLE, pOEIZL, = LEHTS. £/, Ci=1,...d)
25 p CRIGT B Veg EOFMPAMRE U, T): Vg — V=g % C; \Zi# > 72 Dehn ##
D&d 5.

Theorem 4.1. ([6, Corollary 1.1.]) n = 1 DA, {Vatiesy PE/ FHS — 2543
TlLlo---onLd Z&oTEHEZLNS.
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N, HARES QMOEWW*SQ\ﬂé®%%&ﬁiéﬁ@%%%ﬁpHUS
WT, PR2LTAERSNTWS

5. B&fpI
BUQ2)ollzEx5. ZOLE,

fo(z1,20) = 23 + 29 (23 + ¢*2F + w1 + ¢') + 1. (5.1)

B51mT &5, pli=1...7) % V(trop(F)) DLE L, C; % p 2T 5 V_p |
ORI T 5. EOMOERIZHBHTIE, 72 C R2 &R

Q

w

B 5.1: (2.8) DHAD b1 ¥ AV V(trop(f)) & b—Y v 7 @IIE

Bp DEILIX, TOUD EIZHEEFOREHA S LT,
Liy=2 Ly=4, L3=12, Ly=L;=1, Lg=L;=2 (5.2)
&bHMY, Theorem 4155 {V}eqr DT/ FH I —ZHH
T?oT)oTy?oTyoTs0Tg 0T (5.3)
IZE->THEZONDZ LRGN 5.
S Xk

[1] I. Itenberg, L. Khazarkov, G. Mikhalkin, and I. Zharkov. Tropical homology, In prepara-
tion.

2] ERES, HEMD vs bu YAV, HABFS 2010 FEMREREG 2RI BERGE
##, http://mathsoc.jp/videos/2010shuuki.html, 2010.

[3] Grigory Mikhalkin, Decomposition into pairs-of-pants for complex algebraic hypersurfaces,
Topology 43 (2004), no. 5, 1035-1065.
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[4] G. Mikhalkin and I. Zharkov. Tropical eigenwave and intermediate jacobians, In Homolog-
ical Mirror Symmetry and Tropical Geometry, volume 15 of Lecture Notes of the Unione
Matematica Italiana, pages 309-349. 2014.

[5] Hans Rullgérd, Polynomial amoebas and converity, Preprint, Stockholm University, 2001.

[6] Yuto Yamamoto, Geometric monodromy around the tropical limit, arXiv:1509.00175.
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Right-angled Artin group M\ > RIOVAREEAN D 6D A
AT LT

SIS IS (Erika KUNO) (SR T3 A %)

AWTIE, H=H,, 2 g > 0, marked point n > 0flifl & DHEFEa 87 b A&
I AREN Y FOUIRE U, 2 DB OH 2T g > 0, marked point n > 0ffff & D
fEa N7 MEIEATATREIE S =S, ERAT.

1. A

2012 4F1Z Koberda [2] 28727 7 T 2% S Ofi#is 7 7 C(S) @ full subgraph TH % 74
51X T Ed right-angled Artin group A(T) & S OGHIERE Mod(S) DI FEEIZR S
Z 2 &R U FHIZ 2013442 Kim-Koberda [1] 5% S OEHMEEN 2 L FD & & Eiiow
DD LD, B A(T) 23 Mod(S) DEIREIZZR 5 L & T iE C(S) @ full subgraph
2B ZeERL, S DEMENR n >4 DL ZZE n 1L TZ T 7 I'(n) T AT (n))
1Z Mod(S) DIBAEEIZZ2 523 T'(n) 1& C(S) @ full subgraph 1272 57205 D Z#ERL L
7z. H DNV RVERRE Mod(H) 1& S OBGHERE Mod(S) OHAHETH Y, H DR
257 DH) ~DIEf»H 5. AFETIE, N> RVEBEE PR S T 7123 U TREEBRD Z
ERBZRONTHERIZOVWTHET 5.

2. i
2.1. 572

ARTIEZ 70 ek 1 A REART S 725322295, V() 2 T OIHEAE
G, ED) 2T OUELSGLT L. BILT T 73V —TRLELEFF-RVWET 5.

EE 2.1. X VD) IZHL, X 125 T @ full subgraph F721% X 12 & 2558
PDTZT7 N EIX ADHEESEZ X U, A DBESLEEZ X NICHESEZRED T OU
ERELULTEDONIZT T TDZELTH 5.

L OEMA v DT AD link &ix v EUTHEIENSHEAEIKOEEDZ L THS. F

BIENS 757 TH5. T OFEHN T 77 TRET T 7 THSH5HD% clique £\ .

EF 2.2. FOBE N 12/ LT T H N-thick stars 2Fi2 & 13, I ORIER v D link
NEL52D0D N — 1 HADOHF ED clique 25L& TH S,

2.2. NV R)UIE

RS g > 0 DY KUK H, &3 3UGLEHRIKIZ g D 18> RV D> x I 2150 &b
THILTROND 3WTEHIETHS. AL, D X 2UcHKT I BKHTH 5.
Hy, OBEF OH, \3FEEL g OERE & 1) aTaePiim S, 7%, T g > 0, marked
point n > 0fEFF E DNV FIVKH = Hy,, &1, 0H, ED nflDRIZHHT pr, pa, -,
Pn ENFBILTHROND 3IRTLEHKIETH 2. H OB OH %M g > 0, marked
point n > 0fEff & DR 2 > 87 Mal & A ggiim S = S, L /ed. H ADOM
W d 2 HIZEBICHDAENS &I, d ODNERIE H ONERIZ, d DEFIE H OESIZ

* T 152-8551 HEUHP H BRKRR 1 2-12-1 BT RRZRFGH TR B HIK
e-mail: kuno.e.aa@m.titech.ac.jp
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HHIAENDZ ETHD. HWNIZEABIZHOAENZHRK d 7 XEW THDE L1, d
X 0H EOMDOERIZ/ 572K, 2D 0H ED12® marked point {274 Y FEw
ZIZIRSBRNI ETHD. ARTIEARE X H ICEAICHEDA = AREN %
fegzr 95,

EF 2.3. N MUK H EO multi-disk £ 1% H AOEWIRD SR TAY hEy 2
TROVWL DOPOMRDOFEADZ L THD. H DEME% ((H) = max{3g—3+n,0}
CREDD. ZNE H NO multi-disk DEAEORKIZ—ET 5. KA 3g—3+n
T % multi-disk % maximal multi-disk &5 (FlIXX 1).

1: H,, WO maximal multi-disk D4

S E® multi-curve Z%E# 2.3 O H NOMKZ S HNOARE N BHEA IR IZ 2 2
L TEDD. S ODEMEIL ¢(H) = max{3g —3+n,0} THH H OEHEL K
3 5.

EFE 2.4. HDO BRI Z7 DH) &I, HROT A Y FE—HHEZTHRE L, 2 DDTHK
FZENSIZHIET DHRDT A Y b ¥ =D TREWRIIZ D 5 KT D AYE
RBEZIZATHEIEINDG LEDDZLIZL->TTEEH7 77D ThHS (XX 2).

2: Hy5 @ disk graph OHi.

S D MKRTZ7 C(S) IFEE 2.4 DHWRD T AV b & —FH%2 RE R RAMEAdIRD 7
AV NE—HIIEZDZELTEDOND T T T TH .
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EFE 2.5. H DY R)UEEE Mod(H) &k H EOME 2R OMARMEHRDOT A Y
MY —3T H E®D marked point DEGZRDEDRIRIZEHO G ZHE & U TH
WGz ANTZHEDTHD. HNDOMHM d 1Zih - 72 disk twist §; £ 1E d 12> T H %
Yo ZDFfl% 2r AIZEEESEHET d T H 20 E8bE3 L W BETHE SN DM
DEMEHRDOZ L THS (K3 2R L) Mod(H) DIt ¢ »¥ multi-disk twist TH 5
i, ¢ VLK ODRDEWIRDLHRL TA Y MY 7 TRWHRKIZIR - 72 disk twist
(DRFE) 2EHK LI DERELIFREODZLTHSD.

3: disk twist DH.

S DEREEEE Mod(S) IXEF 2.5 O H LD E 2 EOMAFRMESE S Lo
EROWMARMEBRIZEZZ L TERINLIHTH L. Mod(H) 1& Mod(S) DI
Mz 5.

2.3. Right-angled Artin group

£ 2.6. AR 77 I' ED right-angled Artin group A(I') £ IZLAFORRN S
XN AREROZ & THS:

AL) = (VL) | [vi, vj] = 1 {vi v} € E(T)).
Bl (Right-angled Artin group)
(1) B4 (a) 1, (0 | [,0] = 1) 2ZxZ &85, AL Z ZEEEKOEATH S
(2) B4 (b) 1, (0w |0) = Fy &55, AL Fy REL 2 OEHBETH 5.
(3) B4 (c) W, (0,0, 2,y | [v,2] = [0,y] = [w,2] = [w,y] = 1) 2 Fy x Fy 2725

(4) 4 () &, (v,w,z,y | [v,w]=[z,y] =1) 2 (ZxZ)*x (ZXZ) £i25.
v x v X
s on X L]
v w v w
() (b) (c) (d

4: 7'F 7715 right-angled Artin group % %€ % .

N—r

EFE 2.7. AT) 25 Mod(H) ~DMDIAA (BHHERT) f WEEMTH D L IEBTF
D2DODFMERTTILTHS.
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(i) BB f 13 T OEEAZ multi-disk twist 125 D7

(ii) 727 OG5 2DDHM u & v T UT, f(u) D support i f(v) D support
WZE EF N7, fHU multi-disk twist @ support & 1&% D multi-disk twist (25
EFNB % disk twist 2T RO EAEFEORMESDI L TH 5.

3. FHER

T 3.1. I » D(H) OFEHS 777 THh50I1E AT) 1 Mod(H) DEBHEEZ
85,

EIE 3.2. H DEMEN 0 £7213 1 THHET5&, AT) » Mod(H) DIAEER S
X T 1 D(H) OFEHRD T T 71275, H OEHMEED 2 T AT) 225 Mod(H) ~D
PEHER R D IAADFIET 5T 5L T ik D(H) OFEHR T 7 71275,

EI 3.3. Ty 2 505789 %. H=Hyz, Hi5 2 LT A(ly) t& Mod(H) O
DEEZIRB D3 Ty & D(H) OiFEER T T 71278567200,

a d
h
g q
b c
I'y
5: 7‘57 Fo.

EIE 3.4. H 2EHEN N ODEEDNY RIVEE$5. T DY N-thick stars &b
AT) 25 Mod(H) ~DEHERLILDIAARPIFIET 270 61X T 1& D(H) OiFEHY 7
AN

A

et s TH 1200 BEEREH TMRESR] TOMEOKE 25X T EE o #EEE
BOHZIZIEOE 0EE R L EFES. 72, HEPSWHRICET L Z e THICE R 2
LT EZE D, AFEICBWTH TEIZZHRESR LT EE o R T¥ERFDEE
ABESEIIIEH U TOAEEA, T LT, BRLTFRFEORIBIEEA & R K
D BEMEHE G2 13NV ROVIREER 2T 7 ICB U CREBRBRPIE 2 W E ERE
BRECERDFLEZIL 2RO TESMHLBL LT ET.

£ 3Rk
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1 2 o1 S AR T O BSRBE D R R I DN T

K#%  JEIK (Genki Omori) (HIET.EKRT)*

1. EA

N, 2 8 g, BiStED n OGRS N7 M, X, 288 g,
B n OEREZR M E M gEa o8 Ml $5. SEN,, BLIEE,, &L
KT, M(S) % S OBE4HERE, 3740bb S D5 HEFRZLH Al RMHGHR D5
ZEETDHTAY PE—HEHNPORIMLE TS, 2720, SHMSAT ARG G 1EmE
EROGHBHEDAEEZEZ LI LIZTH. M(E,,) DERFK/RIX, Hatcher-Thurston [3],
Wajnryb [7], Harer 2] 722X > TROLENT WS, Gervais [1] 1EZ N 5 DHPREKR
ZHWTM(Z,,) DIERFREZRDTH D, HIZ, Luo [4] A% D Gervais DER%E H
SHA TR B NZMBRREZEATNS.

—7, Paris-Szepietowski [5] 1 &> Tnd307 1 DRHIZ M(N,,,) DERFRHKD 5
NTH Y, HIZStukow [6] 1FZDRRZFHESHA, AR Dehn twist & Y-[RIFHE A
MORBERKREGATVD. AFETIER D051 DRED M(N,,,) O il fEEE
RIZDWTHINT 5.

2. %Ef

S EOBI 7 AR AR c I L, t. e M(S) %, clZihoTSZYOHE, TDORS
DS % 360 EA IRV UMD S8 HTROND S LOWARAMEEHRE L, i
> 724 F Dehn twist EFER. 72720, S WA S IFAARERIGEIZIEE c DIERLL
BN () 1T E 2 1D ANSHTHTF Dehn twist t. ZEFET S (X 12H) .

1: S _E XUl 7 BAd B AR ¢ 129 - 7245 F Dehn twist t,.

Ny L DB 72 BAHPH EhAR 10 & BB o [T U T, Y,o € M(N,,) %, pDIER]
5 TdH 5 Mobius D% alZii> T 1 EAIE2HTHEONDS N,, LOMAFRMHE G L
U, Crosscap pushing map &FES. KHZ o DRI, Y, , 2 Y-[FIHEGH LIPS £
7z, Yoo ld, “puDIERLERETH 5 Mobius Dii % 1 EARLY, ZOEEIZE > Tad
S5FO5NDE N, 1, EORELAME ML —Ta LHRBEGR Y, 1 (N,10) = M(N,,)
IZ&oT, YVia=1,(a) b EFFEHIERT 5.

LAF, Dehn twists &Y, 725 & OB OBHRRIZOWTHENT 5.

(0) S ETHMA U < 12 Mobius D & ik % B c l2x U, t. = 1.
I) 7L NBEFRA -

R SRR (B 2:15010066) DYk A 213 -5 D TH 5,

*e-mail: omori.g.aa@m.titech.ac. jp
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o fEMS)ITRU, ftof P =17, 7L, flxe : N(e) = N(f(c) A
& 2 RO isf =1, BR7EZWRZe, = -1 t’é‘%
o f € M(Ny,) T, fcjl—y%$@ =1L, fla)DfEL ad
EES A ;a%é%bé flo) DIAIEPELU WX e po) = 1, FLU RV
Ea,f(a) = —1 Kj—%)
() 2-7 = 1 VBEIFRA -
X 2D & 5 R BMBAMAR 1, o, SITRU, (tote,)® =ts. 72720, TDte, te,
ts DIEDMEINEN (c; Ucy) DRENSFEINDEBD LT 5.
() 7> & vEFREK:
B 3D &S HMEAMAR ; (i = 1,2,3), 6 (i = 1,2,3,4) ITH U, totagta; =
ts tsotssts,e 72720, T Dty tays tags tsr tsy tsy ts, PIEDMAIZ TN (ayUas)
DEEHLFEINLZEDELT 5.
(V) @, B, af € m(Ny 1,) DIV —TTRES DD, %(aﬁ) V(@)1 (B).
(V) a#t D R B 16 Yo =512, 72720, 8 L0, BN (U ) DES
FUTHBBHDT, el F3ZNETN10-1Thd (M4HR) .

=

X 2: 2-F = 1 AR,

4 a, Ny,,(61), Nn,,(02) DEIEDHERDE S BEE, YV, o =t5t; &85, 22
T, B OxEHIBIME RN THER 2 B O R O R —#l % Zkd 5.

Gervais [1] & Luo [4] 35272 M(Z,,) DIERFRIE, UTFOHLDTH 5.

EH 2.1 (Gervais, Luo). ¢ >0, n> 012X L, M(X,,) DRRIFLLFTHEASNS.
R : {te | ¢ By, L O HAGEA AR }

IR 2 (0), (1), (X), (dI).

72U, TlA RREBRRE b, =t OFETHD cnd| 091D HDTHA.

293



3. EfER
Stukow [6] DARFRIZ Gervais [1] DiFamZHH T 5 Z L IZ K> TIROFERPF S NS,

E¥E 3.1. g >372ne{0,1}, #HLLIX(g9,n) = (2, 1)L, M(N,,)DFRRIZ
TThEaon5.
BRGR  {t, | et Nyp b ORI 72 BfEEA BhR }
U{Ya | gt 2 Ny, EOBMZRBHIEHIER, o @ N, LD FHEET TR }
BAGRA 2 (0), (1), (@), (M), (), (V).

SR 3.2, BB (1), (V)% Dehn twist & Y-FME&EOBCE X ETHT, £H 3.1
DEMGER (V) R REI 7 5.

SR 3.3. M(N,) BHMEBETH D, FIZM(N), M(Ny,) ZEBIREIC 23
SE 3k
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STRICTLY CONVEX WULFF SHAPES
AND C! CONVEX INTEGRANDS

HUHE HAN

ABSTRACT. Lety:S™ — R4 be a continuous function and let W, be the Wulff
shape associated with v. We show that Wulff shape W, is strictly convex if
and only if convex integrand of W, is of class C'. We also show that if the
boundary of Wy is a C' submanifold, then v must be the convex integrand of
W,.

1. INTRODUCTION

Let n be a positive integer. Given a continuous function v : §™ — Ry where
S™ C R™*! is the unit sphere and R is the set consisting of positive real numbers,
the Wulff shape associated with -y, denoted by W,, is the following intersection

W, = (] Tye.

oeSn

Here, I, ¢ is the following half-space:

Do={zeR"™ |z.0<~(0)}.

Lyo Ny,

_ F"/ﬂz

FIGURE 1. A Wulff shape W,.

By definition, the Wulff shape W, is a convex body such that the origin of R"*!
is an interior point of W,. The notion of Wulff shape was first introduced by G.
Waulff in [9]. Let Id : R*** — R+ x {1} be the map defined by Id(z) = (x,1).
Denote the point (0,...,0,1) € R"*2 by N. The set S"*! — H(—N) is denoted by

2010 Mathematics Subject Classification. 52A20, 52A55, 82D25.
Key words and phrases. Wulff shape, dual Wulff shape, strictly convex, convex integrand,
support function.
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S}(,Jﬂ Let ay : SIT\L,Jrl — R™*1 x {1} be the central projection relative to N, namely,

+
ay is defined as follows for any P = (P1,..., Poy1, Pay2) € S}(,t& (see Figure 2):
Py Py
Pi ... Py, Poig) = 1),
an (Pr, ..., Pot1, Poy2) <Pn+2 Prio >
Rn+1 % {1}
Al ~an(P)

FI1GURE 2. The central projection ay.

Next, we consider the mapping Wy : S"*! — {£N} — S]’\L,ﬂ (see Figure 3),
defined by
1

V1— (N-P)?

The mapping ¥ was introduced in [5], has the following intriguing properties:

Uy (P) = (N~ (N-P)P).

N
P

Sn+l

FIGURE 3. P-¥N(P)=0.

(1) For any P € S™*! — {£ N}, the equality P - ¥ (P) = 0 holds,
(2) for any P € S"*1 — {£ N}, the property ¥y (P) € RN + RP holds,
(3) for any P € S"*! — {£ N}, the property N - ¥y (P) > 0 holds,
(4) the restriction \I’N|S};T+1—{N} : S]’\‘,Jﬁi —{N} — S}\Lfﬁ: — {N} is a O diffeo-
morphism.
For any point P € S™*! let H(P) be the closed hemisphere centered at P,
namely,

H(P)={Qe s""|P-Q >0},
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where the dot in the center stands for the scalar product of two vectors P, Q) € R’iz.
For any non-empty subset W C S™*+1, the spherical polar set of W, denoted by W°,
is defined as follows: .
we = () H(P).
PEW
for details on spherical polar set, see for instance [1, 6]

Proposition 1 ([6]). Let v :S™ — Ry be a continuous function. Let graph(y) =
{(0,7(0)) € R"™ — {0} | 6 € S™}, where (0,7(0)) is the polar plot expression for a
point of R"™1 — {0}. Then, W, is characterized as follows:

W, =Id"oay ((\IIN oay'old (graph('y)))o) .
Proposition 2 ([6]). For any Wulff shape Wy, the following set, too, is a Wulff
shape:
Id toay ((oz]_vl old (Wﬁ,))o) .

Definition 1 ([6]). Let W.,, be a Wulff shape. The Wulff shape given in Proposition
2 is called the dual Wulff shape of W,.

A Wulff shape W, said to be self-dual Wulff shape if the equality W., = Id~! o

an ((o@l old (WV))O) holds, for details on self-dual Wulff shapes, see for instance
[4].

The mapping inv : R**1 — {0} — R**! — {0}, defined as follows, is called the
inversion with respect to the origin of R™+1.

v (0, r) = (—9, i) .

Let I', be the boundary of the convex hull of inv(graph(v)). If the equality 'y, =
inv(graph(y)) is satisfied, then v is called a convez integrand. The notion of convex
integrand was firstly introduced by J. Taylor in [8].

2. MAIN RESULTS

Theorem 1 ([2]). Let W C R"™! be a convex body containing the origin of R+
as an interior point of W. Then, W is strictly convez if and only if its convex
integrand 7y, is of class C*1.

Theorem 2 ([3]). Let v : 8™ — Ry be a continuous function and let W, be the
Wulff shape associated with . Suppose that the boundary of W, is a C* submani-
fold. Then, v must be the convex integrand of W,.

3. APPLICATIONS OF THEOREM 1

Since the boundary of the convex hull of a C! closed submanifold is a C! closed
submanifold (for instance, see [7, 10]), as a corollary of Theorem 1, we have the
following:

Corollary 1 ([2]). Letvy:S™ — Ry be a function of class C*. Then, W, is strictly
convez.

In particular, we have the following;:
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Corollary 2 ([6], Theorem 1.3). Let~y : S™ — Ry be a function of class C*. Then,
W, is never a polytope.

On the other hand, the converse of Corollary 1 does not hold in general (see Figure

4).

graph(convex integrand of W, )

graph(y)

FIGURE 4. A strictly convex Wulff shape W, having non smooth
support function .

Combining Theorem 1 and Proposition 1 yields the following:

Corollary 3 ([2]). A Wulff shape in R"! is strictly convex if and only if the
boundary of its dual Wulff shape is C diffeomorphic to S™.

In particular, we have the following;:

Corollary 4 ([2]). A Wulff shape in R™! is strictly convex and its boundary is
C! diffeomorphic to S™ if and only if its dual Wulff shape is strictly convex and the
boundary of it is Ct diffeomorphic to S™.

It is interesting to compare Corollary 4 and the following proposition:

Proposition 3 ([6]). A Wulff shape in R"*1 is a polytope if and only if its dual
Wulff shape is a polytope.

Finally, we give an application of Theorem 1 from the view point of pedal.

Definition 2 ([2]). Let p (resp., F': S — R"*1) be a point of R"*! (resp., a C*
embedding). Then, the pedal of F(S™) relative to p is the mapping G : S™ — R+
which maps 6 € S™ to the nearest point in the tangent hyperplane to F(S™) at
F(0) from the given point p.

Let W be a Wulff shape in R?T!. Suppose that OW is C' diffeomorphic to S™.
Then, OW may be regarded as the graph of a certain C' embedding F : S™ — R**+1,
and 7,, is exactly the pedal of OW relative to the origin. Theorem 1 gives a sufficient
condition for the pedal of OW relative to the origin to be smooth:

Corollary 5 ([2]). Suppose that a Wulff shape W in R™ 1 is strictly convex and
its boundary is C' diffeomorphic to S™. Then, the pedal of OW relative to the any
interior point of W is of class C*.
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TOPOLOGICAL CLASSIFICATION OF MAP GERMS USING REEB
GRAPHS

ERICA BOIZAN BATISTA

1. INTRODUCTION

The classification problem of singular points of C*° map germs is one of the most impor-
tant problems in Singularity theory. The classical classification is done via A-equivalence,
where we take C*°-diffeomorphism germs in the source and the target. However, this is
a difficult problem and it presents a lot of rigidity. Then it seems natural to investigate
the classification of map germs up to weaker equivalence relations. Here we consider
topological equivalence or C°-A-equivalence, where the changes of coordinates are home-
omorphisms instead of C'*°-diffeomorphisms.

This work is devoted to the topological classification of C°° map germs from R3 to R?
which are finitely determined. The topological structure of a finitely determined map
germ f : (R30) — (R%0) is determined by the so-called link of f (cf. [6]). The link
of f is obtained by taking a small enough representative f : U C R® — R? and the
intersection of its image with a small enough sphere S} centered at the origin in R
When f has isolated zeros (i.e., f71(0) = {0}), the link is a stable map v : S* — S! and
f is topologically equivalent to the cone of 7. As a consequence, two finitely determined
map germs f, g : (R?,0) — (R?,0) are topologically equivalent if their associated links are
topologically equivalent.

2. FINITE DETERMINACY AND THE LINK OF A MAP GERM

Two C* map germs f,g : (R?0) — (R2,0) are A-equivalent if there exist C-
diffeomorphism germs v : (R?,0) — (R?0) and ¢ : (R%,0) — (R%0) such that f =
pogo. If ¢, ¢ are homeomorphisms instead of C'*°-diffeomorphisms, then we say that
f and g are topologically equivalent (or C°-A-equivalent).

For simplicity, we will write just diffeomorphism instead of C'*°-diffeomorphism.

We say that f: (R3,0) — (R?,0) is k-determined if for any map germ g with the same
k-jet, we have that g is A-equivalent to f. We say that f is finitely determined if it is
k-determined for some k.

Let f : U — R? be a C* map, where U C R3 is an open subset. We denote by
S(f) ={p € U|Jf(p) does not have rank 2} the singular set of f, where Jf(p) is the
Jacobian matrix of f. We also denote the discriminant set of f by A(f) = f(S(f)).

Let f : (R30) — (R%0) be a finitely determined map germ. Then there exists a
representative f : U C R® — R? such that

i) S(f)n f(0) = {0},
ii) the restriction f|U — {0} has only definite and indefinite simple fold singularities.

If f is finitely determined, then its discriminant A(f) is a plane curve with an isolated
singularity at the origin. The number of half branches of A(f) will play a crucial role in

Key words and phrases. topological equivalence, classification, link, Reeb graph.
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the analysis of the Reeb graph associated to link of f and consequently, in the topological
classification of f.

Denote by J"(n,p) the r-jet space from (R",0) to (RP,0). For positive integers r
and s with s > r, let ¥ : J*(n,p) — J"(n,p) be the canonical projection defined by
m2(5°f(0)) = 7" f(0). For a positive number € > 0 we set

D} ={z eR"[|z|* <}, B! ={z e R"[||z]* <e}and 577" ={z e R"[|lz* =¢}.

We denote D™, B™ and S™~! the standard disk, ball and sphere of radius 1, respectively.
T. Fukuda has proved the following cone structure theorem in his papers [5, 6]:

Theorem 2.1. For any semialgebraic subset W of J"(n,p), there exist an integer s (s >
r) depending only on n,p and r, and there ezists a closed semialgebraic subset Yy of
(7)Y (W) having codimension > 1 such that for any C*° map f : R™ — RP with j°f(0)

belonging to (72)~1 (W) \ Bw we have the following properties:
(A) The case f~1(0) = {0}: there is ¢g > 0 such that for any number ¢ with 0 <
e < €9 we have:

(A-i) the set ST = f~1(SP7Y) is a C™ submanifold without boundary which is
diffeomorphic to the standard unit sphere S™1.
(A-ii) The restricted map f|S?': S*~' — SP=1 is topologically stable (C* stable if
(n,p) is a nice pair in Mather’s sense).
(A-iii) If D=1 = f~Y(DP~Y), then the restricted map f|D?~': D' — DP is topo-
logically equivalent to the cone of f|§§_1.

(B) The case f~1(0) # {0}: there exist a positive number €y and a strictly increas-
ing C™ function § : [0, €] — [0, 00) with 6(0) = 0 such that for every € and & with
0<e<e and 0 <6 < d(e) we have:

(B-i) f71(0)N St is an (n — p — 1)-dimensional manifold and it is diffeomorphic
to f~1(0)N.SEL
(B-ii) D' N ffl(S’g_l) is a C* manifold, in general with boundary and it is diffeo-
morphic to D N fﬁl(Sg(_E;)).
(B-iii) the restriction fID* N f~1(S2™") : DP N f7Y(SP™Y) — SV is a topologically
stable map (C> stable if (n,p) is a nice pair in Mather’s sense) and its topo-
logical class is independent of € and J.

Assuming that f is r-determined for some r and taking W = {j"f(0)}, we can apply
Theorem 2.1 to obtain a representative of f satisfying (A) or (B), depending on if f~1(0) =
{0} or f71(0) # {0}. Note that when n < p we always have f~'(0) = {0} but when n > p
we may have the two possibilities.

Definition 2.2. Let f : (R?0) — (R?0) be a finitely determined map germ such that
£71(0) = {0}. We say that the stable map f|S?: S? — S! is the link of f, where f is a
representative that satisfies the Fukuda’s conditions (A) of Theorem 2.1 adapted for case
n=3and p=2.

Corollary 2.3. Two finitely determined map germs f, g : (R3,0) — (R?,0) with f~1(0) =
{0} = ¢71(0) are topologically equivalent if their associated links are topologically equiva-
lent.
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3. THE GENERALIZED REEB GRAPH

The Reeb graph was introduced by Reeb in [7] and it is well known that it is a complete
topological invariant for Morse functions from S? to R (see [1]).

Proposition 3.1. Let v : S? — S! be a stable map. Then v is not a reqular map.

Given a continuous map f : X — Y between topological spaces, we consider the
following equivalence relation on X: =z ~ y < f(x) = f(y) and x and y are in the same
connected component of f~!(f(x)).

Proposition 3.2. Let v : S?* — S! be a stable map. Then the quotient space S*/ ~
admits the structure of a connected graph in the following way:

(1) the vertices are the connected components of level curves v~ (v), where v € S' is
a critical value;

(2) each edge is formed by points that correspond to connected components of level
curves y~(v), where v € S* is a reqular value.

Each vertex of the graph can be of three topological types, depending on if the connected
component has a maximum/minimum critical point, a saddle point or just regular points.

Let vy,...,v, € S! be the critical values of 7. We choose a base point vy € S! and an
orientation. We can reorder the critical values such that vg < vy < ... < v, and we label
each vertex with the index i € {1,...,r}, if it corresponds to the critical value v;.

Definition 3.3. The graph given by S?/ ~ together with the the labels of the vertices,
as previously defined, is said to be the generalized Reeb graph associated to «y : S — S1.

For simplicity, from now on we will just call Reeb graph to the generalized Reeb graph,
unless otherwise specified.

Proposition 3.4. Let v: 8% — S! be a stable map. Then the Reeb graph of 7 is a tree.

Let 7,0 : S* — S* be two stable maps. Let I, and ['s be their respective Reeb graphs.
Consider the induced quotient maps 7 : I'y — S} and ¢ : I's — Sy, where SJ,S; denote
S1 with the graph structure whose vertices are the critical values of v, § respectively.

Definition 3.5. An isomorphism between two graphs I'; and I'y is a bijection f from
V(T'1) to V(I'g) such that two vertices v and w are adjacent in I'; if and only if f(v) and
f(w) are adjacent in I'y, where V(I';) = {vertices of I';}.

Definition 3.6. We say that I, is equivalent to I's and we denote it by I',, ~ T's, if there
exist graph isomorphisms j : I'y — I's and [ : S% — S}, such that the following diagram
is commutative:

3V
v, 2 A

jlvyl lllAw

5|V
%%Ag

where V, = {vertices of I';}, V5 = {vertices of I's} and A, and A; are their respective
discriminant sets.

Theorem 3.7. Let 7,5 : S? — S! be two stable maps. If v and § are topologically
equivalent then their respective Reeb graphs are equivalent.
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The above theorem allows us to extend the definition of Reeb graph for C°-stable maps
between topological spheres.

Theorem 3.8. Let v,0 : S* — S be two stable maps such that I, ~ T's. Then =y is
A-equivalent to 9.

Corollary 3.9. Letv,6 : S? — St be two stable maps. Then the following statements are
equivalent:

(1) 7,6 are A-equivalent,
(2) 7,0 are topologically equivalent,
(3) T, ~ .

Theorem 3.10. Let f, g : (R30) — (R20) be two finitely determined map germs such
that f71(0) = {0} = g~ %(0). If f and g are topologically equivalent then the Reeb graphs
of their links are equivalent.

Again, Theorem 3.10 together with Corollary 2.3 and Theorem 3.8 show that the Reeb
graph is a complete topological invariant for map germs from with isolated zeros.

Corollary 3.11. Let f,g: (R3,0) — (R%0) be finitely determined map germs such that
f710) = {0} = g71(0). Then the following statements are equivalent:

(1) f, g are topologically equivalent,
(2) the Reeb graphs of the links of f, g are equivalent,
(3) the links of f, g are topologically equivalent.
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7T T U 72N A N —FE
B FFE (Shohei OYANOKI) (FE#HE KF AT HE)*

B =

HEANTNS—BE2 X, ARBEERILRLZDOTH S, 72, 75 7 L%, THN
DEALUDEENSRIHDI L THD. RIIFETIE, 77 705 i
757 EORBI B EEZHWTANA N2 HKTHZ e 2iTo72. 77,
AN ST T T RT3 2 L 1T 7. ABHE T, ARREEE AR
AN—FEE DENZDWTIHRAR, ARl Z LR RAE, 75 TSN 8=
AR T 2 HIEIZOVWTIRR S,

1. (LU ®IC

AIRBEAILE L 220 —2 2 LT, ARAT S—BNGFEET B, ZONA SR—FHOE
HIZOWTHRA, BREESANA A—RETH D I EDAHAEITS. LT, W OHhDH
R %58 L TANA NS—BEDRERL HIEIZ DWW TR B,

2. BRNANR=FEE
2.1. EB5 D#fr
FT, BRANAAAR—FHIDOVWTIHRRD 7-DICHBERFL B DEREZITD.
EF 1 (algebra). ZETRWEG ADPIROWE 2723 L &, 5 AldalgebraTh 5 &
W,
1. AlZC EDONRZ MVETH 5.
2. ABEMERSINTVS.

3. ANDEBEIZHN U T, 2R %2727
EE 2 (NE—). algebra AT LT, B —% - A—> AL9d5. a,be A,\NeClZ
XU T
(a+b)"=a +b, (Aa)"=X'ta", (ab)" =ba, (a7) =a
iz E B - 2RGE WD, 0, VHENDOERILZEERT.

£ 3 (involutive algebra). ZZTRWEG ADPROME 27~ 9 & &, 4 Al invo-
lutive algebra TH 5 &\ 9.

1. AMalgebra TH 5.
2. AITRE —DERINTVS.
EE 4 (B (support)). BEX = {co,c1,...,cn} DBV, 11 = ageo + ayey +agey + -+ +
ancnla; € C,c; € X) IR LT, p ®F (support) %K supp(p) %
supp(p) = {¢; ; a; # 0}

LHEET D,

F—T—=RN:NANR=FE 57
*e-mail: a153302@student .nara-edu.ac. jp
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2.2. BR/NA IN—EDNIE
D7D ICERHEOEHEZ FTUTITRT.

T 5 (AMRE). ARES G =1{90,91,02, -, g} WX LT, ZIHEHE o : GG — G N
EHBINTEY, LTORM2N-TLTE. Z0OLE, G=(G,0) 2L\,

¢ giogi=g,€G (HREIZBEULTHLTWS).

geEGIZNULT, goe=cog=gLihbec GDIIE.

geEGIZNUT, gogl=glog=elibg!ecGDFIE.

9i, 9j» 9 € GIZHUT, g;0 (g5 091) = (g5 0 g) 0 g HKAL.

ZTUT, RN N=BHIIRD IS ITEEINT WS,

EE 6 (AR NA /X—Ff, Generalized fusion rule algebra).
BRES K :={co,c1,...,c JITH LT,

CK :={u= Zakck, a, € C}

k=0

EBL . MDZDDHEERA, convolution o : CK x CK — CK, involution * : CK — CK
BHY, K = (K,CK,o,%) WXDEMEHET LTS, ZOL¥ K = (K,CK,o,*)
A A - AR

1. CK IF# &3 %729 involutive algebra TdH 5.

n
_ E k
2. C;oCj = aijCk
k=0

4. ¢f =c¢j & ¢ € supp(c; o ¢j)
n
k kE _
5. aj; € RY, Zaij =1
k=0

X, REDFRMZ o, € ZHIZEEMA 72 £ E, K % Generalized fusion rule algebra &
WWRHZ, FERT. 72720, RY .= {r|r e R,r > 0}, Z* := {m/m € Z,m > 0} T
bH5.

L ZOERIE, A S—BHIARBELFRL D, A K NICEERRE#INT
B5T,CK NTOHHAAEZZEZDEWH L 2ERLTWS, 72, NHD 2,34 1¥%
NEN, BRBOARIZE T2, HEIZELTHUTWA N E S b, BALTOEN, ¥
TCDEFEHEMIZHIG L TWS.,

E 2. NANS—BE K IIAEK (K,CK,0,%) DD TR I NG, @dds &AL T,
K ={co,c1,c} PNAN—HTHD. LWL THTILDVDH5.

2T, NANRN—HDPHDIRIZIR > TWVWB I L Z2HEND B,
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EE 1 (ARBEEREINAN—HTH D). (EROFREEFHERNA N-HTDH 5.

BERR. BE G = (G, ) 2FZX5. 212U G ¥, G={90,91,-- 9.} &L go 1T G DH
Aot 512, g, g; € CG IZX LT, convolution o %

giogi:=9i-9;=gr (0<k <n)
LREDD. I HIZ, involution x &, (¢;)* = (¢;) 1 &T5. TN&D,G = (G,CG,o0,%) N
NANR—FHDORNIEZTGZ LTS Z L 2HERT 5.
1. CG IIAEHH %729 involutive algebra TH 5 Z £ IZDWNWT.
INIECGDESR, HVWHGHEEZMZTI LN olNPDOND.

2. giog; = afjgk IZDOWT
k=0

9i°9i=9i-9;=9r (0<k<n)
DA T
Gp=0xg0+0xgi+--+0xge1+1xXg+0Xgp1+---+0Xg,
EREINDZDT, 2L TWBI e bns.
3. gl HAIIL. TNIEGHPHTHLIIENOHONTHS.
4. gf =g; < go € supp(gi 0 gj) IZDOWT
(a) <22\ T

giogi=gr (0<k<n)&RINDILIZHEREL TEEHZEITD.

go € supp(g; © g;)
=go € supp(gi)
=go € {gr}
=90 = Gk
=90 = Gi " 9j
=g, =9
=9; = 9;
(b) =IZD2WVWT
ZhlE, ERHOERIZMo TV ZEAHRETH 5720, FZLTWD I &
Mo b.

5. af; € RT, Zaf} =11Z2WnT
k=0

G =0xgo+0xgr+-4+0Xgp1+1Xgp+0Xgpi1+---+0xg, THH, T
DRBOHDHAS DI THENS, ZOREEH-ZLTWTS

PiE%dH o T, BRHEPERNA SN—HTH L Z L DFEHHTE 72, O
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3. U 7B NAIR—EEDERK
NA N—FER LT 5 HIRIZERGEET 2. ZOhTH RN AIETH 5, Bk
THlEFHWTHIR T 5 Z L I2DWTIBR B, ZD72DDHE[HZ W DT 5.

DGEE, ay 1FIER v, B v, ZROIMOMERE 5.
F 3. ZOEENSE LMD KD, BEATINES T T GDIHMD T )LD DU FITHK
FLTW3.
3.1. EnAEDIZ 7 DIFE
BONTWARERIZIROBEY TH 5.
T 2 (IEmAKDT T 7ML 721 3=#E). IEm A D, DBETFI» 5155
NBENAN—F% K(D,,) £55. K(Dy,) DRLEIZ 2] +1THB. £/, ZTDOHIER
ZIE2m (m=1,2,3... . n) ARDOHEIE, ROX (1) DL HI127RD,

1 1

iCj = CjC = 5Cli—j| + 5Ciy; (1 <1, 7<n—1
Citj = €6 = 50 j|—|-20+j( i,7<n-—1) )
CnCi = CiCp = Cni (1=1,2,...,n)
E2m+1 (m=1,23....n)AROHGIE, ROKX2)DEIITK5.
1
C¢Cj:CjCi:§C‘i,j|+§Ci+j (lél,jén—l)
1 1 (2)
CnCi = CiCp, = §C|n+1_j‘ + §c|m_j‘ (1=1,2,...,n)

ZONAN—FEZE R L 72 HIEFROBD TH 5.
1. 77 7 oBEEEATH Y, 2RSS,
2. BEEEAT5]7° 5, Generalized fusion rule algebra #155.

3. % @ Generalized fusion rule algebra D7t % IRICEATHE| 5.
BB, MBI OERIIUTDO LS b DITR 5.
EFE 8 (RIuBEN). Generalized fusion rule algebra FIZX LT, d: F — Rt &7 54
FIRG&REZIRTEBE NS, 2720, FOREM el L TIE, de)=1Th5.
RIZ, WL D DOHl %R
3.2. E=AKOERT 7

ROBMARE=AKOENS S 72O\ TERS. £, FIEH12FE79 5. BT
DEHZELD,

el = = )
—_ O = = O
O R = O
)
=

1 2 11
1l=112 1|=2Y+Y,
0 11 2
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2 € » 3

1: [E=MIEOHEA ST 7

£oT, F:={Yy, Y1} &35 &, TNIX Generalized fusion rule algebra (2725, £ D
FERIZIRD & 51274 5.
YE=2Yp+Y:, )Yi=Y1Y,=Y,

Wz, FIE2 % FETT 5. SEoNz, Y2 =2Y,+ Y, Ofiid%EMd TEY. IR
DEHRLD,dYy) =1 THE05, ROFZWIRGEEEB(DfE) dV) 22 £ BK.

d(Yy') = d(2Yo + Y1)

BRADVERETHEZ L LD, dY)) = —1,2. BBRIDMERLERY THDZ b5,
dY1) =2. IRICFIH3 2 FETT 5. D0, BEFOELE2 R (DOfE) TE#l5. L
72035 T, BITIFIRD LS 1T 5.

1 1 1

=—Y9=Y = ——=Y] = Y]
Co d(Yb) 0 0, G d(Yl) 1 5 1
ZUT, FlH2 CHEONZEBAZHWS &,
1.1 1 1 1 1 1 1
2—— — = — — = — —
] = 2Y12Y1 4Y 4(2YO—|—Y1) 2Y()+4Y1 200+201

L7zDio T, K = {cp,c1} £T5&, THIFNB2DNA N—FFTHD, K X Z1(2) T
b5, LT, zOkERIX
, 1 1

] = 500 + 5017 CoC1 = C1Cp = C1

THD. 72720, 2,2) &%, fi2DNAN=FTH Y, LTOHEEXEZEDHDT
»H5.

N

d=qeo+(1—qa (0<qg<1)
INDEZAEOER T T TIPS/ ONENAN—FETH S,
3.3. B2V 77 K,
9, EHBEEBRDL. B, TOR2IZRTDIE, n=56DF5TH5.

EE9 (BRI 77). %e7 778, nflOHFAZHEWZINTUATHEALSZ 7T
»HY, K, KT.

INEY, ROEHZFE T 5.
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3 4 3 4

2: %%75 7 K5, K6

TR 3 (528 T T K, B 721 S—E). 588205 7 K, 705, N S—REL
SN, K={cpa} X2 (2)2%5. TLTZOMEREATO LS 1245,

1
C%: Co—|—(1—

C1, C1Cyp = CpC1 = (1
n—1

n—1

DT, BT Y, BRAKRAP0TH Y, TN OEDIE1 2725, ULieh> T, V3
X, NARD AN — 1, TNUADEDET R Tn—-2L7%5. DFD,

YE=(n—1)Yo+ (n—2)%; (3)

DR D LD, ULzdio T, F = {Y,, Y1} &35 & Z ik Generalized fusion rule
algebra &705. Z I HRTBEBZH VTS N2 EKT 5. dY)) =2 € RT &
L. KXB) &0, dV)=n—-1&7%45. ZL T,

1 1 1
CO-:MYOZYO, CI':MYIZWYI
L, d%slHET 5.
2 _ 1 2 _ 1 n— n—
1
= 1)2((71 —Deg+(n—1)(n—2)c)

- L o+ (n—2)er)

5T, K= {e,a} £T2E, TRENAAA—BEEBRY K221 (2) THE. TD
e

: L ov(1- 2
Ci = C — C C1Co = CpC1 = C
1 10 n—1 1, 1€0 0¢1 1

TH5. Eizk v EHIRI NI, O
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3.4. A, DT 4 VX VEMIATBEL 7=/ 1 /X —FF

WIZ, Ay T4 YV F VIR SBONENAN=FEE2RRE. A, T4 VF VEEDOESE
ZATFDEY TH 5.

EFE 10 (A, 71 I VEIE). nflDEME n — 1 ROz EFRIGER{SE-7F 7
AT X UEBENS.

3.5. AsBl7 4 X VEHF

3 AT vk UHE

INETLERIZERAD L

010 010\ /010 101
vi=|10 1], Y= 01|10 1f=f020
010 010/\0o 10 101
T, Yo 2RO LD IZEET S,
001
Yo=10 1 0
100

TR, Y2=Y )+ Yo, &b . ZLT, Y2 =Y, THE05, LLOERE2ZLDHE L,
x1%2185.

xR 1: A3BIT 1 > % VIR U 72 Fusion rule algebra O 5.2%

% [v
Yol Yo | Y1 Y,
Yi|lVi|Yo+Y, | 1)
Yo | Ya | 1 Yo

U7ho T, Fi={Yy, Y, Yo} EEFETNIX, Z1id Generalized fusion rule algebra T
b5, ZINONAN—FEHKTE. INETLHUEIITTEILHTELN, X
TLEAE D KD FTITIIEERD 5 72, S NIBEREATH Y, DERKREEE N e PEA N B
W RIFHL THKT 5.

det(Y; — AE) = =X — (=2 = A) = AV2+ M) (V2 = )\

L72h3- T,

1
Amaz = \/5 (: 20083+17T>
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Thd. ZN&E) ZOEEMIINTBEERT M EkDD & ol LREERt € R\{0}
ZHWT,

T 1
x=\|y| =t \/5
z 1
Y15, I,
1 1 1 1
co:=—Yy=Yy, c1:=-Y1=—F2Y), g:=-Yo =Y}
T Yy \/§ z
ET5. INHIIRNULT, EXEREREHT L L,
1 1 1 1 1
ci = §Y12 = §(Y0 +Y;) = 5(00 +a) = ECO + 501
1 1
creg = —=Y1Yo = —Y] = ¢y, cae; = —YYi=c, g=Y =Yy =q
V2 V2 f f

NREoND. URoT, K= {cyc1,0) £TDE, ZHIINANR—FELR D, fEEA
HEEDBE, RDK2DE DTS,

R 2 A3BIT 1 VX VRIITABEL 72N N = OB R

| lefe o]
Co |l co | 1 Co
Cq C1 %Co + %Cl C1
Co Cy | C1 Co
INh, A3 7 I UBEPORBONDINAN—FTHS.

4. EhH Y IZ

SENINA N =B E R T B HIEICEREZ Y T TRRTE 2. X612, TR AIEIZ
DWTH EITEEEATHIZDOWTIRRTE 2. Lo T, :/@v‘l@a%ik ULCNATN—FE
MET T 7 %MERT 5 HEOHWLTH 720, NA XN EONET T 7L %S5 Tk
WT'T T DRMANEREZHSNIZTEZETHo- 0 DEIT 5N 5.
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Eigenvector sensitivity analysis [C& 3
EYBEEDZEENREZRENT DO RDREBABICD o BB /Y —

GFRme !, A E— 7, B

Yuki KANAMORI', Keiichi FUKAYA?®, Takashi NODA’
VARHETE KRR BREERV R

R A SR SR T

SAeHEE KRR M EREBR SRR S

MR

WELIBRBE (I 2 IXRIR, 1L, Bk L) OFHEMZ, 50 5ERMICHEEL,
BHERE ORI S W Z AR T 2ENDO 1 > Th b, T0izh, BEMEDOEEHZLL
EXDEMBIBENNED L )R T uw RTENTHO0EH LTS Z i, ARk
FOEBERABNTHLEMOELHH A THT D5 ETEETHD.

A RBZ2IZ BT, Eigenvector sensitivity analysis (%, #ELAYER B D 2L M E AR REENBE %
BET 57 nt RCE 2 58 E EEMICGHET 2720V bLD. AFETIE, 2
DFEEZTRIIRT 2 2 & T, AR OEE LWL DTS2 BE+ 5 7
B ZARREARIR > TED K ) RZEMANT = ZRmTONEH 6T LT,

=1
1. B2

HEBHERITIIETIL
HERBFERATHIE T L, KRB b x EHEBMEITH P OERENEET LT (X
(1)), AREZICEBNTL, EWBEOL A FI7 2 (LT, BESR) 2EEMICR
WTHHEO1L 2L LTHLNTWD (eg. [4,6,7)]).
x,, =Px, (1)
BIAR, WA, WEE, VIRl EEROPMERCTBEIT 2 Z & REICES
LTeEEAET M EFEEHE VS . BEEMIE, BE0csEm GBE) 22555

E-mail: kana.yuki@ees.hokudai.ac.jp
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BRIZH D720, HDHEMNICTERT HEMFEOME (LLT, FEEMEE) 1%, HxofE
DZEMEAEIZL > TRIAIND. BIZIE, 25 EENPAELETE D4/, FEA D 10 F
R, BB 228K, FCBSMEAEFEL CWDIEAEEEZXD. ZOKE, ZEHORRET,
FEA, FiB, fi C E#H (EIRGFIELRW) OD4DSDLEEREZZ LS. LR - T,
T OFEMIEL, BB b x ZHVT

proportion of species A 10/25 04

< = proportion of species B | | 2/25 | | 0.08 @
proportion of species C 8/25 0.32
proportion of vacant 5/25 0.2

EHLDLTENTED.

HEREMERITH] PIE, REERZ FL x 3R ¢ 2D 1+ 1 ~BL L2y, Z0E%
THELEZT e A ZiRE LTERBT S, iROflof AICER L, K¢ 1 10 fEE
OFEANEAE L TWZZERIS, B e+ 1 12iE, 4@ERZzoFEEME2 5F L, 3[EIK
AFE B ICEHE L, 2 EIRNFE CIZEH L, 1 BRI L E o7 b3 5. Z D,
FEADRFADFEETH VKT DWER paa, FEADFEB (or FEC) I[ZEHET DHEFE pea (Pca),
A DT DHHER poa IE, THLEN,

P
AA 4710 04
P
e 72 20 | 2
Pca :
1/10 0.1
Pya

L%, HB, HC, HRHIZE L THRBRICHERBMER 2RO D Z N TE, ThThoHt
BeRITHERBHERITIOFFNCFER SN D -

Paa PaB Pac Pav
Pa PBB PBC PBV | @
Pca Pce Pcc Pcv
Pyg Pyp Pyc Pyy
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Eigenvector sensitivity analysis

BAF 7 AOREERFET 25 071E0 1 21, HEBRERITH O B AT 235 H[1].
Bl 21X, H—F TR S D BRI L CTHEBERITYIET VA2 Lo e, HR
WeRATHN O e KEA I E AR B ORI CTh D AR ER LD b DT, LaL,
Feik L7z & 9 e~ a 7@ O HEBHERITYIE 7V ClE, HEBHERITYI O R KEA1E
I 1LICRDZEns, BERMEMITNOHEBRORELTMT 5 Z LIXTE R,
Z 2T, EMERICIENT (EREER R RS R 22 AN B DR, Z 2RI L TH—
LR D7 A EEATIC LV HEET D5 OMEEN—RIC, BEBEEHOD
FTIRRENZ bv x OFFIEIS L TREST 2179 2 L T, HEMEDOFHFOLH)IC
KLU TEERT Y AZHET D2 & ailHriz.

FPFIIHR LMD 2 FHITB T, HEBRBICXIT2FHOMNRLHET H7-01, F
OFESEME X" L, FOREMEZ AR T 2L OHBREFEITS] PV 2 UL L, BHE
HIE DB I T D HERBRITII O ERZDO T EREMET D2ET V2 ERR LT

autumn _ spnng ~ summer winter au
PU Dy

o —P", 5)

i

[y
(Y
A

Pi- (Psummer 4 Priner ) /2 (6)

Thd. ZOR, pIHBHETY POFEFETHL. £, ouwop;ix, PTOEEG~RY
I VDR & 7R Y.

EAHX7 VORI, AT — LI EA XY MVERESITIC L > THEIET 2 2
EMNTED [1,4,6] PTORKEAMEICHTHEA7 brvdk uw b L, py 2 ZbSEi
KD wy ODIEEIILL FTORICL WV HEETE D

I'll (1)
aptj m#l Eplj

:@ﬁ,@Wimmjﬁaw%%,W”i@+A kTR SN D EEA XY LD
iZBHOER, ZLT, AL mEBEHOEFEEZRT.
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~ba 7EgEHOEE b, X6) 1IcEEE, X (7)) AT A LIETET, py 02X
B j OMOFT X TOEFZDOEAIC L > THIESNDLENH L. fEOH T ITEE S 5
23[1], ARHWFFE CTILILFIMifE (proportional compensation) % V>, Fi&y7e%,

u, u, u,
o o) 5w =P :
= + m#i (8)
dpu aplj Z apm] l_py
& L72[L, 4].
2. BHNT—H

2002 - 2014 DO F & R, ALVEE G O 5 Y 25 S HEICERE L 72 K AT IEIX. (1t 100cm,
B 50cm)  IZFBWTC, EEMAROE FICHE T 5 EE LY Z ik Lz, HEWRET C
, I, RAKEFR] OFE WA B R BRE AR A AT A Z E MBI TV 52, 5].

ZDI=0, KAFEX T EEND 25ecm ZL2450mE (Fuav ) [2H0TEY
WMEEITo. Honler—#i%, BLEESHE (FXAUVTUVYR, B, 770
7Y, RVE, JanXF YY) EEAAY), ZEALY, o 85D h T
TY =L,

F & KO FEHER 7 — & (2 Multistate Dynamic Occupancy Model [3]% 3 ] L, #2545
BEE LR LKOREER Y koL xPie xm L 2 D OHERS T b D HEBERIT A
P Py 2 HEE LT

3. BR

FEEOFEBRRICK L THEER Y 1 A IWHRBRE AR H - CEENICEL Tk
D, OEMPRHAELLT S TIMA” 1%, WHERBRE RN Kb B LW FIZk T
HE, QEMHNIRET LE#IA~R D “BEL” 1%, PEEREREDPREORE FiZlWn
THEY, @EWNZEMZ A Lkt 2 o, BLOME i 2l j ICEIRT D “Bg” 1%
YRR SRAEDN PR E ~ TSR R BREE FICBWTHEE, THLHZERHLN LR T,
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Recognition problem of map-germs and applications

(BTEDORBIE L 2 D)nH)

TNZE FH K RA
Yutaro Kabata
AGEE R R GE B A He B IR

1 Introduction

Tz 3tk (i) 2Bk 2, 2 JITIFHARIC R? —» R?2 OGRORREHE & L
THN S, FrCHEOER & ORI ONE ORI R R RARIC X Dl 2 2 T
T, RGO RGO G R Y — Vv Th 5 [1, 2, 4, 5, 12],

FAY—TIEE T R? 226 R2 NOWHHBEHROFEN (GHRE) O ABMOFEEHICK
LA HEEE 52 %, RICHEEZHCTS 22 )y 2 hiiio7 v 35 X —4% —
DD ICEN 2 R R OSSN T 2R 2N T 5, 7. #ifd Monge form
ISR 2 &R LR R A O FMBEORIEM L L TR o2, ZiuciEonT
1% 5 L7zl D Monge form O = v ~ ORFFELEHIC X 508, KU Z D BDE (binary
differential equation) @ kX1 2 AN ZBAAHE D E E DBIR BN T 5.

AfETld, FICEGFOHEBEICOWTEEL CHH L. ZDJEHIZ O W TIED A%
BT %, Fflic OV TIE 5, 12] 22EF I N\,

2 Classification and Recognition

RAY —RORFETIE I ESRIE f: R20 — R%,0 T corank (df)o =1 ThH 2 b
D (LATTlE, corankl BARIFEWELR) # TN REL, 2D A-FfEIC X 2 FEEH%
EZD, BB, ZOOWMIERED A-FELIZY —RA LY —7 v DR LS
FELTHWIIBY A 2L TH D, corankl BRI R?,0 — R?,0 T A.cod< 4 & 72
2500 A-FEE X 255858 J. H. Rieger k> THEZ6NTWS [8] (F1), (K,
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Ae-cod< r DEMRLE L IZEMGE R? x R™ — R2 12— MIcEN 2 A-FREZ2ERT2),

T3, ERICEZONEEHRED ATMIED I I ICHETELTHALID? 15415
NEEBREPVA D) LOWTHORERICET 202 ET 2 EE 252 X w9
R | R & WX N FE HH TR v [4], d@H, 52 o GBI E o FfEEIC
BT 20%WET Ik, T4 7 —EBEOERDIE D & NI BRI 72 JEEE A% B
BT, E0I)EEZE U T R, ZoBBIZIERICEMETH D ﬁ*
FEHMRICE > TRDHOREZICHL L) ETELEDEEL 2 THAHIH, IHIC
Rieger D EIFRENN 2 FIEICHE D VT 0B DT, Rieger DY A & ZDFEHD 5 %
[FEEE DRI R B D L2 Ly, RETTIEIRIRD A-RKTT 1 DEARZFDH
TEVE [10] ZIBEL2BHEDOY = v b LV TORMKN R HEEZHNAL, £7274 77—
B DR Z e ABOHEEICOVWTHOFERT %,

3 Saji's criteria and the generalization

PR RDOHEEIZ, U TEEREI L5 \(discriminant function) & n(null vector ﬁled)
£ BITEN BRIk > TEEE NS, A Mz, y) = 5228 (f = (1, f2)) &
T3 f ORESES W=0) ETdf Dkernel ZiE% X9 %7 bLELT, Z
NEFNEHKET S, INSZHOTEDERD corank] BREER?,0 - R2,0 2RD X 51
Pxy PLLVTHIET B 2 ENTE S,

EHE 31 RIICBVWTHIVNBEICE TS =y FOBRUIH 3FHDSEMFIC X > THET
g5,

BE A-RXIG2 M EDO ARMOHEIIT I S ICEMEDPBETH L, T TIERD
Butterfly & #4115 corankl B43F, B X 02 DR{ME (RiCET 2HES LEHEFIEZ
NZNG6: (v,zy+vy° £y 7: (x,oy+y°) &F1ND) OFEATEHIE L TRTA
£ 5]

L §5F(0) ~ 45 (z,2y +y°) <= dA(0) # 0, nA(0) = n*A(0) = n>A(0) =0, 7n*A(0) # 0.
api=aor — 30k # 0= f ~a (x 2y +v° £y7), oy =0<= f~a (z,2y+9°)

Eo 1. Tl BEERICEX ST fORBRTDS5-Yzy F 5°f0) GRETDOTA 77—
JBEE) 2% (z,zy +95) £ 2 2 LT LT, BRI TAEICR 2 X ) &MWL
BN ZEBRROE)ITn E X ZHOWTEZTWS, L2LADNs INZIT TR
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Specified jet [8] | A-type [9] | Criteria [10, 11, 5]

regular : (x, y) 1 A(0) # 0 (we may assume A(0) = 0 in the following)

fold : (x, y2) 2 nA(0) # 0

cusp : (:c,zy+y3) 3 dX(0) # 0, nX(0) :O,'q2>\(0) # 0

Ig : (z,y° + 22y) PES dX(0) = 0, det Hy (0) # 0, n2A(0) # 0

Is : (x,y3) 4% (k> 3) | dx(0) = 0,TkH, (0) = 1,72A(0) # 0

11y : (2, oy + y?9) 5 dX(0) # 0,nA(0) = n2A(0) = 0,73 A(0) #0

II5 : (z, xy + ) 6,7 dX(0) # 0, nA(0) = 12X (0) = n3X(0) = 0, n*A(0) # 0

IIg : (z, zy + ¥%) 8,9 dX(0) # 0,nA(0) = - - - = n%A(0) = 0,75 (0) £ 0

IT7 : (z,zy +y7) 10 dX(0) # 0,7A(0) = - - = % X(0) = #5X(0) = 0,75X(0) # 0
Il : (z,xy? + y%) Tlog41 dX(0) = 0,det Hy (0) < 0,n2X(0) = 0, 75A(0) # 0

vy : (z, 2y + y2) 12,13, (14) | dA(0) = 0,det Hy (0) < 0, n2A(0) = n3A(0) = 0, n*A(0) # 0
IVy : (x, zy? + y5) 15 dX(0) = 0,det Hy (0) < 0,72X(0) = --- = n%X(0) = 0,7%°X(0) #£ 0
Vi (z, 22y + yh) 16, 17 dx(0) = 0, TKkH, (0) = 1, 72X (0) = 0, n3A(0) # 0

Vo i (z, 22y + Azy3) 18 dx(0) = 0,TKH, (0) = 1,72 X(0) = n3A(0) = 0

VI (z,y? + az?y? + Az3y) | 19 dXx(0) = 0,TKH, (0) = 0,73A(0) #£0

# 1 Classifications and criteria: % 2SI HIZRIET 2 A RRIT 4 LT D AT ([8]
) ZRKLTED., 3FIHICE VT Hy & A D Hesse {15l 2%,

butterfly (z, zy +v° £y7) & Z DBILR (z, 2y +9°) ZXBT 2 2 L IFTE R, KLlT
2. THRX I ICEEMICEREE & oD T A4 7 —BEHEOREcHE» N HEXZ HE
ET5DTH D, D corankl EIF (2 < A.-cod< 4) HFEERIC,

1.n &EXNICE>TY =y MRS & i,
2. 74 7 — BRI L > THK A TBPRESIND

LS TgcibE g [5),

4 Application to central projections of the surface

FA DHEEDIGH & LT, Mo LAFICBEN 2 REROTEZMNT 5, ) :
R3—{p} = RP? %, 2% o —p CERINZERIHEIE D L) BEAARRME L L
IKF, R3 WO M DR p(e R — M) 26 OHDLEEE ¢, 13 ¢, = mp|p : M — RP?
LEFRIND, BIRELW LY 22 v 7 il O ICIE A-cod= 3 DR
DIHIBLD 3D (8,12,16) P72 & 2% Arnold & Platonova IZ X2 TRENTW 3
1, 6, 7], %5 & Rieger & (357 2 8 CHIE O H LA ICHN 2 R R E O E 21T T
W37, Rieger DY A kLI O HLEEIC—RICHN 2R 8 L OBIRIZH S 2T
X7\, FREE IZRTET OHEEZ T, Rieger DD 575 Arnold & Platonova
ISk BRI E 5 2 7, 2 0T, HEED nfA0) EVIRE af DX ICHE
2 EEDENT, FREPFLEHICY 22y ZICHNLZ D E ) »BPRET L L %
e 7z,
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I SICHBRDOFIET, 187 X =% — RO H LI —RICHHN 2 R RE DS EHD
fT\v>, Arnold & Platonova OSSR —#kf % 5 2 7=,

5 Application to the classification of jets of Monge forms

DIECIE R? = {[z;y;2; 1]} £ LT RP? OBESEA L A% T, RS N o 2722 il
LR D 5T Monge form D74 7 —EBHICL D EITF S, FRAY —KOKREDEE L il
WO AT 7 O T, R 0 T Monge form 2z = f(z,y) = 30, aija'y? IS & DIEX 2 i
m CGF) Mz%22% (M ={(z,y, f(z,y) Do

Hiffi O O DI I BT 2 RER S HICE W T, D Mong form DY = v 2]
(ZHEAZEM D 2 CITERME D a;; DM TZEM) DA T T4 7 47— a vHHR
BRonsd, 20, M OHLHEOGEEENFERTH 2817 5 £ v ) 5&fF13 Monge
form 7 A 7 —EFADRE a;; ICBHT 2R MX 2 LB T EV) 2L TH S,

SITHRONEALT T4 7 47— a VIZB T 545 stratum OFHEAIC X 2 E %
FREE IR R A Y — TN SN s ([12) b)), 72 L. ¥ =%V v 7 %D Monge
form IZB9 2558 13 Platonova [7] ICX D A6 TV b DT, N2 /7 A —F —f#
SRR L7 &0 ) OBEFEEDH L LHIRTH 2 L) ZE2HERLTEL,

ARERAY —TRRREIC, 136 NBEEENETHO K RIS T 2ina itz €27 %
BDE

fyydy2 + 2 fyydrdy + frzdz® = 0.

E[3,13] LK 2 BDE D% AR P A NASEHEOWEEZANT 5,
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Ruelle-Perron-Frovenius D ¥ IZ & % Gibbs Il O {Z1EGERH

BEER AR PR EBEM T8N &M 5F  Mao Shinoda

1 Introduction

We study the Ruelle Perron Frobenius theorem, which are defined for continuous functions on
the space, .7 = {1,...,n}Y, of sequences z = {x;}3°, of 1 to n. The operators act on the
Banach space C'(3_") of continuous functions on 3" with the sup ||¢| = sup{|¢(z)| : z € 3}
The set M(>.,0) denotes the set of all o-invariant Borel probability measures. For Holder
continuous function ¢, there is a unique measure called equilibrium state for ¢ , which attains
the supremum in the Variational Principle

P(¢) = sup{hu +/¢du L€ M( La)}

where P(¢) is the pressure of ¢ and h,, is the entropy of the p.

The Ruelle Perron Frobenius theoem says the Ruell Perron Frobenius operators for Holder
continuous functions have the eigenfunction h and the eigenmeasure v with the same positive
eigenvalue A. This is an extension of the Perron Frobenius theorem to the infinite dimensional
space C' (Z:{) The theorem is important since the unique equilibrium state for a Holder contin-
uous function is given by the eigenfunction and the eigenmeasure of the Ruelle Perron Frobenius
operator for ¢.

2 Definition of Symbolic Dynamical System

Endow Y/ = {1,...,n} with the product topology of the discrete topology of {1,...,n}. We
can define a metric which coincides with the topology. Take 8 € (0,1). Define a metric dg on

S by

x? - . -
by BN otherwise,

where N = min{i > 0 : x; # y;}. Observe that > " is a compact metric space. Let B(3))
denote the set of all Borel sets of Zg and the set

[0,y xma] ={y €S ta;=y; foralli=0,...,m—1}
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is called a cylinder set starting 0 with length m. Note that the set of all cylinder sets is a basis
of the topology of Zg
Define a continuous map o : SF — St by o({2:}22,) = o({zi11}32,), which is called the
shift map.
p e M3 is o-invariant if
w0~ B) = u(B)

for all B € B(X). The set M (Y., ) denotes the set of all o-invariant measures on Y . For
¢ € C(XF) and k € N define

vargg = sup{||(z) — (y)|| - @i = y; for 0 <" i <k}
and define
F={pecC> ) : ?>0, 2ac(0,1), vargp < ba* for Yk > 0}.
Then ¢ € F is Holder continuous with regard to dg, i.e., there is C' > 0 and v € (0, 1] such that
lp(z) — oyl < Cdp(z,y)”

for all z,y € S°F. The set F is the set of all Holder continuous functions.
We can introduce weak*-topology on the dual space C(3_,)* of the Banach space C(3)) to
M(3>)) by the Riesz Representaion Theorem. For p € M(32)), define F, € C(3°1)* by

Fu(0) = [ oau

for every ¢ € C (Z;:) Then, by the Riesz Representation Theorem, this correspondence becomes

a bijection between M (>_") and {F € C(3_)* : F is linear, normalized, continuous and positive},
a subset of C(3°7)*. We induce the weak*-topology on C(3"F)* to M(3_F) by this correspon-
dence. Note that M (Z:) and M (z:{, o) are non-empty and compact in weak*-topology.

3 The existence and the uniqueness of equilibrium states

For any Holder continuous function there is a unique Gibbs measure, which gives quantitative
information on the measure of cylinder sets. The Gibbs measures for Hélder continuous functions

are also the unique equilibrium state.

Definition 3.1 Gibbs measures[2]
Let ¢ be a continuous function on Z:{ A measure p € M(Z:) is called a Gibbs measure for ¢
if there are c1, co > 0 and P € R such that

g Mo )
exp(—mP + 3 ;75 ¢(o¥z))
forallz €37 andm > 1.
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if u is a Gibbs measure for a Holder continuous function, the value P in the above defini-
tion is actually the pressure for ¢. We define the Ruelle Perron Frobenius operators whose

eigenfunctions and eigenmeasures are used to construct Gibbs measures.

Definition 3.2 Ruelle Perron Frobenius operator[2]
For ¢ € C(3)) define an operator £ = L,: chH =t by

Lfz)= Y Wy

yeolz

for every f € O(32F) where z € Y.

The dual operator £*: M(3F) — M(31) is
Lv(f)= /Efdu

for every v € M(3_) where f € C(32)).

We have the following theorem.

Theorem 1 Ruelle Perron Frobenius Theorem [2, Theorem 1.7.]
Suppose ¢ € F. Then there are X >0, h € C(3 ) with h > 0 and v € M(3_}) such that

Lh=Xh, L=, v(h)=1, (3.3)
and
IA"™"L™"g —v(g)h]| =0 as n— oo (3.4)
for every g € C(321).

This theorem can be considered as the extension of the Perron Frobenius Theorem. The
theorem says that for a d x d matrix B = (b;;) with positive entries there are right and left
eigenvectors with the same positive eigenvalue A such that thier elements are all positive. Define
a linear functional 7' : C(3°F) — R by T(g) = v(g). Note that the space C(3.)) can be
decomposed into the eigenspace E(A) of A and Ker(7'). (3.4) implies A is the spectral radius of
L.

We can get a Gibbs measure, which is actually an equilibrium state, for a Holder continuous
function. Let ¢ € F. We get A > 0, h € C(3.) and v € M(3_)) as in the above theorem.
Define € M(32) by

Mﬁzumnz/#uM@mV (3.5)

for all f € C(3.). The measure y becomes o-invariant and the unique Gibbs measure for ¢.
The measure g is also the unique equilibrium state for ¢.
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Theorem 2 The existence and uniqueness of Gibbs measures [2, Theorem 1.2. and Theorem
1.22]
Suppose ¢ € F. Then there is a unique Gibbs measure p with the constant

P=P(¢).

Theorem 3 The existence and uniqueness of equilibrium states [2, Theorem 1.22.]
Suppose ¢ € F. Then the Gibbs measure iy for ¢ is the unique equilibrium state for ¢, i.e.,

o + [ 0 dno = P(6).

4 Phase transition

In the previous section we saw the case where uniqueness of equilibrium states holds. On
the other hand, it is not clear whether uniqueness holds for continuous functions which is not
Holder continuous. Indeed there are examples of functions which have more than two equilibrium
states.[3] The coexistence of multiple equilibrium states is called a phase transition with the
analogy of the statistical mechanics.

It is interesting to find functions which have more than two equilibrium states and the condition
on functions that phase transition happens. It is also interesting to search how common phase
transition happens, which means whether functions with more than two equilibrium states are

dense in the set of all continuous functions.

S 3R
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FFHIRTE F> 72 T 72
R—3 AT ¥ b AT Y —REOEHI R

1N 78 (Hiroshi Takeuchi) *
HFEF%E#E : Emerson Gaw Escolar, %2 A, FEh {55

EE

DA T — 7 T T, EF— BT OTFEIIGZ D780, STFITR=v A5 vk
M7 EORRIINAHIN T — F BT O FIEPREIN T E ., RFATIE, PTHF T —v R
7V FIMBEOEBKI R E N E LT, BUEN 7 AD T — & EHTICIGH 40T 3 Alfp 71
W=y AT v FIMEOEB S HZ, THIREZ O LIBT3 X LI X > TR
L7,

1 UENT—FBITROCEAMADER

Pt T — & fibrc ik, ARSI cE 26N 57— PCRY IS LT, ZohMbE%
HRBMER LS EZoNS, BIZIE, Br¥—F v b7 —27 OYENE [6] PHERIEICET 2
IERRRT [S] 2SI ENTw 3, b5 A5A P IZEIREATH S 26, HiffiickeEn Yy —#%
EZTHEKRD S 2R 3T A%, 2 2CHHNT — ¥ @ cid, ARAEI»S 7 4L b
L—ya U EDORME TN X ={X;: BRAEGEERD L CIZMMHEZER | X cXo C--C X, ) 21
KL, ZDRMAET I LT KRB g REER Y —KTF H=H,(—,K) 2{FHZE 3 L&
{ATbis (ARSGID S GREAEEKRD 7 4 L L=y a V2T 2 5k ELTIE, TL7 7
A% Vietoris-Rips k7% £ Kk {flibn s [3]) ¢

H(X): HX)) = H(Xz) — - — H(X,) (1)

() 2= ATV PFERY—REES, ZHFHX) DILB7 4V L —2aryNz jiEAR
(Hﬁﬁﬁ%bfw%ﬁfﬁﬁ%%&% EDHR, 525N OB (robust) A fZHHA
HEMNT 2 2 LR S, RO TEXRSAR (quiver) DXRIGmZHV2Z LT, 2o ()
ﬁiga SEBEIAIRT 2 2 LR, ZHUCK o TR=Y ATV PRI EDR VLR T WERES
32 EDHRS.
7, ZOMOEEGHZEHRCT, S=—Y A7y rREY —HEEL BT LT L
K2, ZohTd, KFEOWENRTH 2 w1 S —> 257 > Mk, RRI7—% D

* HALRARZEGEBATZERE (T 980-0845 A THH HEX A LE 6 - 3, E-mail: hiroshi.takeuchi.s6 @dc.tohoku.ac.jp)
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RAERFER Y —#EHO 2 LK S, HIZIEESC [4] TSRS —> A5 v MInEEE
WV, TUAHN TR (SI0) DIERETH Y v FEEEDRFHESEE R I L TR D, 5% 2 0nfil
BT RIS —> 25 v MINBEZ o 72 7 — Y BT ORELSHHEI N TV S, ZoMEEz2ikoeed %
NS5 EEHEMNIRT 208035 203, FATMETHONTL 20T LT Y X4 [4] 3
DWREHECTIRETH 2. AWIETIEIONET L) R L%, (THOREHER % ko 2 I E X
5 i koTfEigihL 7=,

2 RROKRE

it 0= (Q0,01) L1, THAEALD Q) THIMUDEAD 0 THALNEMIT 77D LT
H5, MODEMac QS beQy DL acQ % o:a—bTET, REMNaD»S b~
DEI (DM (a|ay...op|b) X, ay DRI a T oy DIERD D, 2D o DIERE 0o DIRM
(i=1,...0— D)DELLADT oy,...,00 55260 %, ZOLE, il 0ok L-COBEAR
KQ 7%, QNOETOETRSG NS R FVERIZ, HEDOEK

(alay---au|b)(c|Br-Puld)=0pclalar- P Pnl|d)
(Spld 7 v Ry H—DFT NI FS)

o sEEEE AN D E L TEE S, 2 2TRER (|Q],|01| < =) 2294 7 V% §i7
BOMRDAEBZEZ D, FIIRRM EREEDEL VE w; OFIER

k
p = ZC,’W,’, cieK

i=1

% Q OB EMEY, BROEED {pr,...,ps} PERBKQ ITEKT 24 F7 L% (pyr,...,ps) &
/<.

1 Q DEBLM = (My, @n)acop.aco, & V& HIEE a € Qo \HIRIIEA 2 VIR M, %#1D YT,
B o a— b IHIEER @y My — M, ZEHID U TIbDTHS, £HATTNI={(p1,...,p5) D}
ED LA =KQ/I DEIM = (My, @a)acy.aco, 1&, M Q DERBETH > THBIR pj = Xicijwi
LT @p, = XicijPu,; =0 27T bDTLEAGNS2, Z2To, Filiw=(ala--0y|b)
It L TR BARDEIR @ = Qo 00 g, ZTEWRT B, BIZIE, RO
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o —— O

QS

I

=
o— —> o0
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GRS LD Lol
LERID, AFTNIN{0} DBAE, MOEREARKOERIAL bDTH 3.,
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D, BI% p = 16 — Bo 2D 3B KQ/T DFH

My -2
M= ‘PBT %T 3
Oy

M —— M,
ILBVTIE Qs0y — Qg =0 DIKD L, (3) BN E %25, 2D &) IREDEEZ X

ANET2L) BRI OEERA T TN ZAHBHEA T 7L EERZ LICT 5,
REA=KQ/I DEBM = (My, Qa)acoyaco, £ M = (M, 0h)ac0yaco, PEMEI MeM

1%, BHMae Qa7 PNVEBM, oM, 2E 04T, Kl a:a— b ITHIEER ¢q® @y M, &

My, — My OM;, 28| ) 4 T7bDTH %,
REA=KQ/Il DERELM 13, M=N&N L H2EEOBEMTHBICH L THEIZN=0bLIF
N =0°%t7%2%EEEMENE S, Krull-Schmidt DEIC X % &, EEOERB M IZE 2RO
EMMEW, @ @W, IR ZRT—RICOBERS ZEnHonTws, fiiQ b L CIRE

AL, EEREBRO R 2 FARHOEEDARIEATH 2 L SHMMUTH 5 L v, 2)TRLEE

FEPRTY & W53
A, DR EIX, RDX I % n HOTERD n— 1 HOUTHEEIN BT 727D ETHD -

2 n
[e) le)

An(Ty): 6 s
ZIT, +—lF—bLlF+— Z2RL, ZNZFNUES f,b (forward & backward) ZHE L
TEUTIE, A, B £,b Dn—1HDF 1, TEE S, Gabriel DEM [7] 12X % &, A, DM

HORY
M: M, M, e/ M,
X, TERERY 7 X
b %&H d %H
I[b,d]: 0« 0 K K K 0 30
(K +— K 1348 THZEE4)
DA
M = @ I[b,d]mb>d, (mbd €Z>p - E?‘EE) 4)
1<b<d<n
NR— AF v FrRETY B,

ELTHBZERWCT—RICOBTETH 2 2 RSN TV
A, Biff oW o E neThio7: 1, = ff-- f DR EGAETH Y, KRR H(X,) THEL
H(Xgy1) CHET 2 F3E0 P —HOEPILZEIRL Tw3, A=Y ATV FFERY D&
R (4) D OEE DL EER

Dy ={(b,d)|1<b<d<n, (b,d) ZEELm,% b}
EAN—Y ATV FRIEMES, ZOFRRBHRRENCOLDRTL, R=2 27 bhEu Y —HOIG
B W TIHBICFE T3,
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MORBGRIC X > TIRESI NI — AT v bARERY —#E OS—=Y A7 ¥ PIBEEMES) 1,
AT — & FEMT OB 2 IS 2 2 L ick o7z, BIZIEY VNI E 74— LT 4 v DX
I, KRR T—% L L TR t TOMMZER Y, DI YY), ... . Yr 35261 Tw 384 (B2
KAt TOY Y RIVEDIBER Y, £T5), TN BITIE7 4L L —a vy 2RI 2005,

Y —— YUY, > Yy < cee C Yr_ 1 UYr «—— Yr
(— REEER)

WHEET 58— A F v Mt

H(Y]) *}H(Y]UY2) (*H(Yz) > >H(YT_]UYT) (*H(YT) ®))

ZEMERSRET 2 2 LT, KR Y, ... Yr O CHRET 2 M HNREE T 2 2 L2 AHEIC
%5,

A, BIRR—S 25 VRS 7F 7 (3= 25 b)) ML v, @2l 2IEL0ELT
& RIEMEI AR T L T) RLDBEZ 5N T0E, P77 VMBHERRY T — 5 24k H Z L 23HR
B S HARW I S—2 2T v MR DT, BENEZ AN THRESGE S T0 5,

3 VUNATRICKBMUMERNT —F BT\ DR o 3 FE BRI

BRI T =8 L LTRD K ) B ZEZTHE). PV AHT A S0, DFETFEE P C R 35
A6NTVE, ZOHI7AZREMELSETH L CETEE P Cc R 257, ZOK, 2203
AN T AIGET 2 RS, B 6 AT A DEMZEIGICN U TAZE LB EE 2 R A 7o v», 7
TR—V ATV M EEZS L, TORMEEZHIZ 2 2 LIZHKRED, ZOFHEIFFZEME
2R —HDONN=— ATV AZRZTEVRRY, ZORRRINDS—2 2T v R L ZEED/8—
VATV AZFARICIZ S FIEE LTEZSNDD, ROAH#aE T (Commutative Ladder, CL)
ﬂN—VX%VFMﬁfﬁé.ifﬁ@ﬁ?%ﬁPhﬁLf,20@&@%%&:L¥Mm(t

pE
72U, By(p) 3M p 2l LB r OERIR), Xy= UBs(p) & D, HLVETFEE P ICHL

peP

THHEMKIC 2 2Dz W, = U B.(p)), Wy= U Bs(p)) L % &, ROAHARIAIE X 5.
[),GP, [),EPI

H(XY) E— H(XYUWY) A H(Ws)

[ [ [

H(X,) —— H(X,UW,) +— H(W,)

CoOMH %z CL B S —> 27 PIEEE MDY, MEHGTANIE 7 4 VE —DEB 2 D= ATV P FE
oY —#HI% > TE D, BAIERRIT =8 OB 2 O V7 TIMEHC k> Tw 5, fEoTID
L= 27 ¥ MNEHZ, BRRHIT— 7 I8 2 & MEZ £ 200, % OBk D B
Ve = RAT Vv RA%EZL T EBHEKS.
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4 TgRET (CL) BUR—2 X7 > MingE
CLAIS—2 25 v PINERZ—RICRD kI ICERI NS,

E&E. LB TERCTHAUMAAOR SN 1, 25 2 70

L(t,) = T
1

o —— O
Ow — O
ox — O

% AHAEAGRA 77V I TEl o 72 RE& CL(1,) = KL(1,) /I % B & n DTS- L MES, 2 L T2 ofk
¥ CL(7,) DFEH

hyr hyr hyr h,
Mll <—> le M3/ _1 <—> M
= %T O %T O %T P T Q %T (0)
M, i M, 2 cee n 1 <—> M

ZEZXInd CLES—Y 25 MINEEE RS,

[4] Tl&, CL(7,) 13 n<4 D EZME DT 7, IS TEICHRME 2D, n>4 TIE—HRICITMER
BE% 5 I LDVRENTED, Auslander-Reiten fifiz >, /$—3 27~ X% Auslander-Reiten
MROTERES LKL LTk 2 2RI nTnsd, 22— fkic, REAICRL
CT# ® Auslander-Reiten fii & 1%, JHNEAT) #2TOEMNEHROEBE L 2, F 7 FHHA
$ [M],[N] € To 120t LTRSS M — N DT 2 £ & Ty WOl [M] — [N] &2 W6 S & 7
[(A)=(To, 1) DI ETHB., KBS n<4 DI % Auslander-Reiten fii I35 [4] 1242
TYVARLTy 783 Tws, M1icid—Fle LT, [4 T ADMfricfibis CL IR, \—2 2
5> MIEE CL(fb)

J
|

(N

oO—— 0

o o
O [0}
DYt D Auslander-Reiten i 2 i T\ 3, I CTKIERICHLIE T 2 BER 2 FRIBHE [1] 120X 27
RV diml ZHWTRRLTED, fﬁJmiE%n':@i%iﬁ

,z i

.
T

|
Ll

DRIERT F U 1) TEL T2,

BRD2ODEMZMTTEE fM—-NZERHE) tOFIFL S 72 a>yTHUWITH RV, (i) EEO R
f=fiof b ITHLT, fLridVFZ 272 avyb L fH I3RS,
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/011\ /000\ /110\ /001\
110 011 111 100 001 000
000 /010 /011 /110 /111 /001
010 010 121 111 111 000 111 111 101 000
000 010010000010 010 121 111 > 111 111
\011/ \110/ \111/ \001/ \100/ \000
000 010\ /110\ /011\ /111\ /100
110 001 000 100
110 000 011 100

1 CL(fb) ® Auslander-Reiten fifé

X o CTHBEIO M1 CL(1,) @ Auslander-Reiten fifi% I' = (I'0,I')) TET &, CL(1,) DIEE
DRI M &, HIEEA T T2 603 EBEZRBZ v TR

M= @ Ikm, (k[l] €Z>o - HEE)

[f]ely

S5,

5 E#ER

AW T, CLEIS—2 25 v MBEZTHITERT 2 2 LIk > T, AR CL B -3
AT ¥ MINEE (6) DERERI T V3 X L% gL L 7z,

—HZ, L Q DEBLY = (Vi fa) & W = (Wa,80) DIIDH ¢ = {942 Vi = Waloeg,: V = W %
W, —5% 5 W,
%] O «»J (Vo a—be Q) (8)

v, ey,

EWETODOLEDS L, O DRBAHENR L L7 RBOM rep(Q) HERSN S,
HIZ, [ rep(Q) DK ENR L T 2 Arr(rep(Q)) 52 5 2 L3RS, ZOHik i IE
Arr(rep(Q)) DHFHINGR ¢1: Vi =Wy & ¢p: Vo — Wy ITHFL,

% L W

v=(w,¥w): ¢ — ¢, ‘VVT O V/WT )
vi w

LEDD.

DLEo—idmid it Q 28 KQ/I WD A THMY D, COXHICLTEE SHE
rep(CL(1,)) & Arr(A,(t,)) OFNCIZBE R F: rep(CL(1,)) = Arr(A,(7,)) 2YHAICE £ 5 DT,
CL B S—> 27 > FINEEEE A, (1,) D& E LTS 2 Lok 2. WL, M erep(CL(1,)) DIE
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BRI % SR 2 BRI, S F(M) =¢:V — W O Z Ko 2 MEIRES NS, HIZZ0 ¢
FDUTHER 2 X 9 ic, OBk 2 L3k 5,
EEDV = (Vi, fo) €rep(An(T,)) 1&, @) DX
Ve @ Ib.d"™d, (mpa€No: EHEE) (10)

1<b<d<n

EafEInt., CORMEZELT, ¢: VW%

d=nwony': @ b —» @ Ilc,d"ea (11)

1<a<b<n 1<c<d<n

EEFET I LKL, HIT, ® 21141

c,d c,d m m’.
D= [@Embﬂ, ) 1la,b]"s — I[c,d]"4, (12)
@) = [l gij 1lab] > Mled), (1<i<mp, 1 < j<meg) (13)

RPN D EDHRD, —BUS, Ta,b] 5 I[c,d] ~DHDES Homgy, () (I[a,b],1]c,d]) D
K EOXRZ FLVEBELTORIGIFOBLLIE1THS, >T, ZORTLABL LI E 1D
LE, OTHROM 0] Tab] = Ie,d) BFEL, EED i,j 1200 TH S my; € K BFELT,
gij=mijfiey LT D, WL @&

} = [F((af’b")) f((;f))], (Foy 13678 K 0F751) (14)
LW B, 2FL, dimgHomgy, (q,) (Ia,b] I[e,d]) =0 D8t £ =0 LiEn 5. fEoTIO
1500, FEEDHITIZHIZ 0187 % &) Ra R,

H LR IO ZEFEERICER TRV, ZOFINILETE DR K D175 L& > TR ICH
fo maptn, FHKRTAORALI f00) 1K ko THIRE 0B, e LTl (7) 255
£% CL(fb) B —2 A7 v PIREDEBR IR 2 EZ X 9. 4, As(fb) D Auslander-Reiten fiit
T(As(fb)) 1& (15) TH B, %L LUT, Ib,d] % (b,d) % b:d EWGELT 5,

1:2 3:3
1:3
2:3 1:1

L(A3(fb)) = 2.9 (15)
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ZDEE, (14) DEZIE MU T X HicFE T 3,

~ 1:1 1:2 2:2 1:3 2:3 3:3 _
LR B 2 Y e o S VIR Ot £ SR 0
1:2 0  FR5fl5 Bsfi; 0 0 0
2:2 0 0 FE2 (22 0 0 0
b= 2:2 f2.2 (16)
1:3 0 F5fl5 Bs5fhs F3A5 Fihi 0
2:3 0 0  FE5fm 0 E5f5 0
3:3 0 0 0 F5M3 B3G5 Fifis

I, 0Eo TV BATIEAET dimKHomKAn(Tn)(a:b,c:d) =0 % TILEDEEIrDOLNS,
Wz @: 1:1 — 1:2 1%,

K%, ke 0
%T %T %T’ ¢ = (¢1,02,03) A7)

K—0+——20
Ths. HoPICp=0=0ThH, FLKAOWHELD, ¢ =0ThS TUILSKWV, fE-o
To=0%t%k5%,
PUF fod (34805 5.
rep(An(7,)) DA S, FTHIOERILTIE & L FAMIC, FREDKIHHT 01272 & v ) HlR
225, 475 & DFIDIAZE L, B rep(A,(t,)) DRBIGIC X > TEZ 5N 5175

1.1 1.2 22 1:3 23 3:3

EL|ORED R 0 RE 00
1:2 0 RI2 RZ 0 0 0
22 0 0 REZ O 0 O
R= ~ (18)
130 R R R R0
23 0 0 RE 0 RE 0
. 3:3 3:3 3:3
33 0 0 0 R1:3 R2:3 R3:3

B QIAD» ST S EICk o THEITING, HIZIE PR D (2:2,1:2) R 1E (FFRY3 + FLFRS3)
ROT, REEMICHIUL (FF) Oy % (FF) OBRSICRT 2 ks, L Lz, ®R D
(1:2,1:2) 47 (FIZRIZ) DT, (FF) OB % (FLF) OB IR 2 Lidkawy, frokk
KT b MRk DOHIR % 21 2.
AT Z ORIR S N SEAL %2 v, & TOMTH F % BEEy
[ E 0

£ 0 } | (E ) (19)
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ICZHA S 2B 2 — F2AER L 72, C ORI LA CL o EBERKRS 2 525 2 L3,
Auslander-Reiten fiii (CL(fb) ®¥5&r1&K 15) ThEZRHIK 5.

6 F&oH

AW TIX, CLEI A= 27 v M2 TAIOWICESH A 22 L2k b, kX b fEfERE
W IRDO TN ) ZLEZHER L7z, £720 703V RLIE2 7 Z B EEER i3 %2 8 L
TWEDT, P IMBEOERNDZEET V) ALDHBEIND L, ZO7LVITY AL HEIN
ISR ENZAEDDH 5, HICZ O a— FRAB IR DT, 7528 —<s itk
LY 7T =8 DHTICEL T\» 5,

W

2 SRR
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JEFr Hardy ZEfl D ez EE $ 5
Riviere B 5F2 20D 95 f# o 1 Al M:

B 42 (Takafumi Nojima)
FOR TRERFE LB 2 £

1 ZA
AT B HER & S TR DD Ry, 52 5 7B f 12 & % Poisson SR
—Au=f (1.1)

O W2 g8f# u OIEHMEIZDOWTHE X XS, 22T WFP 1k Sobolev ZHITH b, A
Fkp FZENEFNTHOEIERTOMA TREFE & 5T D p MM EZEKRT 5. 5
X AFEA & Sobolev ZEDEFIK I I IZLEETIER VDO TRLRZ B L. f OAE
A w OFERIMICEEE 525, HlZE f A LA B (}EJ'FFF 2 A E D BEED) D
BOEENEICED u OEEOEMATEEN RS, u 2 W2 5. i,
Calderén-Zygmund OFFEBEIFHIZED 1 <p < oo DHGE

f a8 LA BEs 51w ik WP Bk (1.2)

loc

5 HENS S [3, Chapter 9. — AT p=1 D& EITIX (1.2) KD L2 VERH
Mo TWD. D &S BEBIHEIT oS,

Bl 1.1 (p=1D&E (1.2) REIOH]). By 2 R?2 O¥M#EE L, fo € WH2(B)) N
C> (B1\{0}) % fo(z) :=1loglog (e|z|™!) & LTEDS. x € B;\{0} 12X LT fo DM
Gale

T 1 _
|2 log (e|z| 1) {|z|log (e|z|-1)}*
L BHEIEEIZL VRO SND. T Gauss DFEHUEI % (> FC, MK EKT

Vio(z) = - =V fo(z)[?

Afolz) = -

—Afo = |Vf0|2 iIl B1
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WD SZO L BIB. fi= Vol ui=fo BEFE uwe WH2(B;) THER
—Au:f in Bl

DYEFE 2> TS, LU ug W2 (By)p) Thd. EE

1
2
>
Vol 2 S og (eleT D)

2 By \{0} ETHD DI EHS

1
\V2u|dac2/ —dx
/31,2 By, 2|x[?1og (elz|~1)

1
=9 — _prdr = .
F/(o,l/z) 2r2log (er—1) rar = e

ZOESIZ(1.2) ik p=1TIEHRZLARW. UL, FikaRRz2/k> LB f
Ko THEADE, (1.2) D p=1 DL ZIHETIRRIRELLEVH S, KL div-curl
lemma LIFITNDEHDO—ITH 5. GEHIL 5] 2L L.

8 1.2. B; % R? OHAIBE L, f1, foe W2 (B)) &35, 2ok &, HEX
—Au = det (Vf1,V fa) (1.3)
D WG u (22T, ue W2L(B,) Th 3.
(1.3) OFBIZDNWT, f1, fo € WH2(By) DT

Of1 0fz  0fy Ofi
0x1 8:62 le 0o
UL, ZNAEDOARESMEIZ—MRITITED N, T DA, 1.1 TR &L 512 Caldeldn-
Zygmund FF#A 513 u € WTL(By) EEAh 5720, ZHITH 00 5 RO EHIME
DENRBDIE, (1.3) DFAARYILT Ve WO KRR ERERF>TWAATH S,

i 1.2 (& [Caldelén-Zygmund BEmZ 8 H U C o O ERIMEZ PR 5 HITH kR < T
B, (1.3) DLW HBERAPRRARRERD & &, WO IERIMED 25| HEREKT
B0, FNTIIMIZ E D & 5 /iR RDRIRRR R D 5725 5 D,

2007 FEIZ AR ROFMREDERIMEDR LRS- R EBRmPRR I N (7). BARETHS
Riviere 125744, T DF Rz HiD AR ZMIRL T Riviere AR L IS, AFED i
B3 Riviere B ARERICERT 2D TH B, IROFE 2 Hi Tl Riviere B AFERIZDOWT
BHZ S 5. SEITIZE E ERERIC DWW TR 3 HilCil .

det (Vf1,Vfo) = cL'(B).
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2 Riviere A AEER

m > 2, B, & R OEAFME, so(m) & m WRKHIGASEOEE LT 5. £
Q= (Qi,j)lgi,jgm € L2 (31;50 (m) (9 A1R2) L35, j_fd:;b%,

EEZES. (21) 04L% (V) £BL. T2 (21) &
—Au = Q.Vu in By (2.2)
LHEERES. (2.2) & Riviere AR & 5.

SR 2.1, (2.1) DALEZD &S ICENEOE, RIS m KEHTR LIRS R Lo
FHORE R TEAETHS.

(2.2) OFMR v e W2 (B, R™) 526N/ LT, TOEAMMEEZEZ LS. 7,
(2.2) DFUIE LY (B R™) @S HEAES 05, Ll —#Hd Sk zhll o
B DD 6T, 55f# u OO RS FTREVEIX S22 5w, LA L Riviere 1% Q DK
WFRE & WS HEED v DIERIMEZ EIF 52 e 2 RIRE IROEHEZGEH L 72.

T 2.2 ([7]). By & R? OBAMM#E, m>2, 1<p<2, Qe L?(By;s0(m) @ A'R?)
Y55 ZDLEDDB e=c(m,p) >0 PFIELT, ||Q]|2(py) < € DI LD% S

—Au=Q.Vu in By

DR u € W2 (B;R™) 1 W2P (Byo; R™) BT, 251255 C = C(m,p) > 0
BIEAEL T, D & S 123l T & .

||U||W2,p(31/2) < Cllullz1(B,)-

EH 22 LWEOHMIED ue WP

loc
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3 ERREFEETHHRITMR

LB 2/ LA U &9 5. Riviere MAGRERK (2.2) OALITHANIE [ Z2I0A 7GR
—Au=QVu+ f in By (3.1)

il

&, (3.1) O ue WH2 (B, R™) I220WTHEZS. 3.1)IXBEWVWT Q=0 in B &7
% & m-i#37 Poisson HRERLD T, f OJE T BB AEMIZIG U TRLS NS (3.1) DFEED
PEE X, Poisson HRADLEIZHLT 5 & PRI NS, (3.1) OfE v OEAIMEIZBELT
AR DATIZEN D 5. SRS D 3 > oo MEDSE, ARG E X Dirac R GHEAN DG
HIZDWTIX[2, 4,7, 8,9, 10, 11] R 2 2HE L.

- f € Llog L(B1;R™) %51 u € Wiy (Bi;R™) [11]
- f e LP(B;R™) (1<p<2) A5 ue WP (B;R™) [11]

loc
- f € LA(By;R™) 51 u € W22 (B R™) IZRKL. f = 0DBETREDET S5,
[9, Chapter 4.3].

ZZT
Llog L (By) := {f € L' (B) | Ifllzos 2cm0) < o0}
s = [ 171108 (e + 171171 ) do
1

ELTW5, (LlOgL (Bl) 5 H'HLlogL(Bl)) ¥ Banach %ﬁﬂﬁt 7&:5%75)%[]5)%(8 U] ([6,
Theorem 3], [9, Chapter 2.7.2]) , £7z Lebesgue ZZfii& Llog L (By) ORI

conti. conti.

L’ (By) (p>1) = LlogL(B,) < L"(B) (3.2)

RHAEHBRMRHLIHEEHOSNT NS,

(3.1) oFfED W2LIEHIMIZDOWTIX f € LY (B;R™) OB&IEHI 1.1 TRZL D1
—iziFF oLy, (Q=0 in By £35& (3.1) IX Poisson FfERNE 5 %) —F
T Llog L (By;R™) £\ 5 LY (By;R™) 0 AL B WERZEMIZEST 2 f 2527
B EEI u 3w e WL (B R™) BT 558 R0 EGHATHIL TV 5.

% 2 CAMTIRAIE f QRS 2MEZEm e LT, Bic L1 (B R™) 1S8R Hardy
2 Bl (B;R™) 25X THHEMD WELEMMIESNE N E S hkZET 5.

JEFT Hardy ZZMIZIR CRE RS N5 BIBZEHTH 5.

By (B1) = { £ € L' (B1) | 1 fllny sy 1= llms, ol lllaamy < o0}
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ZIZTH fe L' (By), [gode #0745 ¢ CP(B1), t >0 ITxHLT,

bi(x) == t"2¢ (x/t),
mp,,olf] i Bi 2 x—=sup{|o:* f(x)| |0<t<1l—Jz|} €R

BV (hy (31),||'||h;(31)) I% Banach B8l & 725 [1]. E#IZX DL 1 1ns By B
¢ DI FIHIEST B0, 7V AEMEIZR S &5 EKRTH U Banach 2Efil2 5.2 5. %
DRy, W' (B1), ||-|ln ) BEE ¢ 2EMELTHILT 5. Lebesgue %, Llog L (By) &
W (By) ORIz

conti. conti.

LlogL(By) = h'(By) = L'(B))

% HAGHEERND 5. (3.2) LhbH B L IROAEEURNHH B,

conti. conti. conti.

LP (By) (p>1) <= LlogL(B,) < h'(B) < L"(B)

hY(By) (FHMHE A2 B FICB L T TWy ( L°(By) & O &S EIEIZDWT
LT TWARV) DT, DT Llog L(By) LRV EL > TWE. —HDMITH%ET
BTNy A NHDES 2 BIEER O EZ IS HEIZ OWTEH L TWS ] L nwH
BxHAOCTHMBOERMMEOIH%21T2>TWa. TN XA FEDEHT Hardy 220-IZ)E
THEIIRITMEOFEEZBEH T 2ENTE RV, T I TR DS EH% LT CRIEM %
]38 U, IRDFER % -

EHR 3.1, B & R? OBMHE, m > 2, Q € L?(By;s0(m)@A'R?), f €

—Au=Q.Vu+ f in By

DR u € WL2 (B;R™) & W2 (B R™) KBY. T518H55 C = C(m) > 0 WHF
LT,
IV2ull L3,y < C{IIVullL2z,) + I Fllni (s, }

£ AT % 5.
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A2 v THREAIDMER MR X 5
MRS - SR DT
JemE Ry K

BAERE  BeEEIR
HH 8 (Satoshi HANDA)

1 BA
1.1 Bx

AKiZ0°CTHDIZFL D TOKNEREERZZZ, 100°C THELIZL & TKELAANEIREEZEZ S, 20k
ICH B DOHDREIDITIE, HEMMELEICL T, MHEORL-ZRE () KBILD2, wbw2 Tk
BHR, L wbN2YHBRPL S AGNS, ZOBERZIRER RS Lvbhs, BIOMHESREES
LT, $RIFFEIRICE VT, —ElG2» T, Whetls L, ZoWsowErit> (ARKLSHET
%) B, T0°C EWIHMEZIBZ S L, MBOMEZROZILEWTERS LS, LLIHIBHRBEHATHS.
E, BRIEMEMHD S EREMEHICE D ZED 2 L IO MHBEBBRTH D, ZOEEAMEF ) —HELE L TR
ENTVS, 7, MRMORATE, #x OVENRENLIRIEECEZ T2 Lv) THRBER, A 60
2. NSNS OIERHE A OIRBRIE, EBRNCBHIS N Twa, KBRS Z HEGICH L X
9 &, Bat AT EED W I HERER DS, 2N NOMEBEBBIRIIET T, BRINTE L, Fig, BEEMEERD
A SRS, 1920 4EIC F A Y OYBREE T 4 L~V L - LUy VIC k> TEREINT, 2o, LY
VDEETHEINV AL « APV IBZOMIEERIT LI DS, APV IER, Luwbh, BEICWE
55T, &L YR - BeeE R R Tw 5,

1.2 BM

APV BRI T 2 RFRFTEDO O & 212, l-arm 8 p &L SN BHEFELOREDORELH 5. &
HHEOHMIBRTERSE L LTS, 2O lam$EBMp 3, APV I7EEICEVWTIELTHS Lwv) PR
INTVEH, 1 8w ERHES TR SRS Twaw, SlliE, Zo ERFHICOWTHET 3 2 &
ZHME L, FEHRELTUE, 1 &) ERFHliZEZ RS 2 LI TETUARVWIIRTH 23, koA
=R =) v IAREAD S F o5 ERGHGZ D L 2T RRET 2 2 EnTEL, GEHICE, JvFahLy
FERBLE XIENBMERBMNERIEZH VS, DFTR, APV I/FEZ2AEYROFETERL, 205,
MERBMNEBICH 2 7 v ¥ LA v PRBEZMGNL, RiZIC, l-arm IHROERPL RGO W TE &
D5,
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2 AVVIEROERET VI LALY MR
21 AYVIEBDERELERNLESR

A OB TR 21, AEVERESONIMERLER 0, € {+1, -1} ZEET S, +1 13K TRz DR
EvB EEOREICHZ I EARBIL, -1 3 THEOREBICHZILE2RILTVE (K1SH), KR
FoAEVDifflE 0 = {0, }ren TRL, AEVENL LS, FRAEVEMAEDOESREZ Sy EFH T LI
T5. £7, Ba ld, AR OfAGDLEREZRL, ZoMAGbEZR Y FEV), TOAEVERKTE

LICHERIEZ G52 505, 2 CRBEINI¥TRCHVO N D ) = ANDMi (X7 A0 bvwbihg) %
V2, ZoOMERNELZ T, AEYERL LD o =[], 4 00 OWIRHEZ AT ORICERT 2.

(0 ngn = 3 ohe P /78 h).

oESA

ZITHEeERT I, WREZRT IX—FTH5, BILEBITHYST 2082 Z(8,h) EFHE, JTHEEI%L
LS, RBERTICH B Hy(o) 1&, RAEVEN. o DREBICEIT 22 VF—2RIT NIV =T Evbi
28THD,

Z Jz,y0a0y —hZaw
{z,y}€BA zEA

EEHRIND, TIT, heRIE, ZZT03RIPTTCOINTUGEDOREIERTNNTIA—FTH 2,
oy BHAERERE DL, 2O00RAE Y DBOHAEFNOREIZRTERTH 5. PATBEHALN
(ERTRNE) (Joy = Joy—u) EBBENE (J, > 0) ZIREL TEL, £z, WS> TRV EEZD
NIN =TV Hy(o) ZHiC, H(o) £FET LT3,

K, BAFHEICOOTERE, NIV b=7 Y Hy(o) ZHOTERI LA P v 7BANLL, HRBER
FEEboOLwbhd, 50T, A DIBERD +1 DAEYTHENTLIRNEEZEZ NN =TV
Hi (o), D%,

H+( Z Iz y0
zEA,YEA

ERHOWILER, 77 ABRENE V).

LEFKT S, BC L) DIF, BERSFMEEZEL, free, + TENZNRTILITT S,

HFEwAL mq(B) %,

= lim li == (g, )7,
mq(ﬂ) }iILI(}ALHZld ‘A| I;\Ux o <O-O>Zd;,@

LED D, me(f) &, BHHRMEC Licd LICHIEDE SRR R L T2, EEICIE, mii GERE 8 5
NEVEE) TIE, ZOffIZ0THY, KR R B 2IKREWEE) T, EIbbH25 (K2 2H).
CHIEMES ELE AV OMNBIRON T VAL 2D D LRINTE 2, ZOBHICHYT 200N TH
%, HERTOARRL LI, RICRERE DT XY -2 BN L 12, boiEEICWEOWEE
BICELT 2R ZMEBR L VI, APV IBIcE LT, 20WE2RTYHEOO LD, LRl TERL
LHEHLTH B, A Py IEEICB TR AL, ZOARMILE O TRO K ) ICEERINS

=inf{8 >0 | ms(B8) > 0}.
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B < Bz E v, B> p 2K &), EEY S Bl TIRAFERAAIZ 0 TH Y, KT
bLHDD, IR TREEICE W TE, d>2 T M0 TH +oo THRVWHRLMEICKRSZ Z EDHS
NTEH, HEBOFESKGR I T S6N5, FAEHNOE LREFETIE, 20 o OYHESEN LR RIE2
RY. DL BIRDERZ IR LW 2 ORHER b 2 SRR L WS, BRI AT
YR DMMPVGERIC K > TED 208, WFHREIZZ ) v o IR S, KITPTELZ T TRE S b
DEFLONT VS, 207, WHREHEMEBICL>THETEZ LINTED, APV FEBIZEWT
b, ZORFHEBZRD L LIZHETHY, REHZHMNER>TW S, ROHIT l-arm fHEE WX 26

SRR 252 5.

f3Bce gt

4 8
12 ISEBEE
i v
i §

Pl

X

d ¥
xEe
IRRR

i
!
1
'

- ——
-
-

o

Y 5 o~ ARH &
M1 BEFEEDAE VERDOME W2 45y R o A 4

22 SVYLALY MRBREBROBULEZBEDIRE

Proposition 2.1 (7 V¥ &5 L v FREL[3)]).

= Y U

Eau{g}
'neZJr

onNA=A

$7, ZOMEICHT 255237 2. FABKOM n = {n}es, € 250 2 THL Y ML Ew
W, np ZRYE L ED THLY M) 09, On ZBTHOEET, TRE, EEN, UTO LI ICEERSZ
nas.

On={z2€A| an FEEL

b>z

- = _ (B‘]b)nb AN d - = 5o 2 ¥
cotwn) = [] - £ WAL, g¢Zls, ToAPIA b EFDNBAT, HHEK A O
b-

bEBA
Bz —HEAETHY, WEERDOEIZ g LOMICHORY FHBHY, Z2I0b ALY FBLb6NTWVS,

LEoOGEICE T 2HAOROERE TS5V aALy FER v, B, REITERT S 1-arm 5%
EBT 2GS (0,) L9, REEr O d ROtk ORI Rtk ) 2 779 ABREED b LT
D—HEBOMEE, 27 ALY PEBTAERDEI TR, L TR3OLI RS,

o= Y g

B
n€Z+BTU{g}
onNB,={o}

ORI TR T, HFOMZ 0 TRLEEOBERL Twd, R B, DR TIX 0o T 7HDT, KRoT
o EBFUCHIDT % g B0oRDe 2T UIE SR\, ZOT7 VY LAV Yy FREOERIZ, A = AV
B 2MHEROBEACHMUT 2, BEBEKO®ITET A 7—BT2Z 10k 3,
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X3 (ao) S CRT BTy AL RS

RIS, 7y FLhLy PREICEWTEEREAZHNL TEC. I, 20777285377 7~¢
|

TFEEEDE, LwIiflatabeimagERe LT, EHIND,

Proposition 2.2 (FRO L 2 MHED K [3]).

Z Z w(m)w(n) = Z Z w(m)w(n)l{xmy in B}.

B
men MY ez Ao, mez NI pezthoY |,

Sm A dn—{:c y} om=AN{z,y} (?n—

22T, I B BAORY FETOR0THGER L2 ALY FEKOEA LTS, A BEEGOR
BAETHL. FR{r < yin B}, HFNz,y B BADEYFT, m+n DALY MAIB0 TR LD
BHEOTORVBZLEVIFERERL TS, ZODAEVERLLOMMHEDOREEZ 2 L &I, 2% D
LY FPRETHSCE DDA L v bk, Zhe AL T 2BICRZOEATH S, HIZIE, LTk k
LOWDH .

e w(mw(n) _ w(myw(n)
(< O>r) Z Z Z(ﬂ)Q Z Z Z(ﬂ)Q 1{ ﬁg}

meZ]iBrU{y} neZiBrU{g} meZiBrU{y} nGZ]iBTU{g}
OmNB,={o} dnNB,.={o} OmNB,=0 OnNB,=g

3 l-arm 18% p O _LFRETA
3.1 ERFIBEHDESR
9, B p > 01RO K I ICEHRI NS,

+
(0o)g, <177

22T, HRAEETHE I EICHERET S, ARUBLOXZAZ L, 1 — 0 ITHLTEHDTHZ I L0507
%, WFUSRE Lo HAEWALOMIZ 0 TH D, HFRRTHEEETH S I LRGN TWS, DF D), ORI
i, rRELS o T EE, L r O dRITER ED B, B ETOBAFREEIEZ r DEDL SWBDRT 0 12K
HT2haRITELHTH 2.

32 EEELFE

Theorem 3.1.
d>41ZBF 24Py 7BERICH LT, T-arm 888 p DIFAEL (0,04)50 < (|| V1) 4 ZKET 2, ok
F, p< 2 Ths. R, d=5ICBVTE, p<1TH3.
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Conjecture 3.2.
d>4 1B 242y 7BRICH LT, T-arm 888 p DIFAEL (0,04)50 < (|z| V1) 4 ZKET 2, ok
& p<1TH3,

N—alb—ay ) HOERITO l-arm 8 ppe 25, d > 6I1CBWVT2THS I EDWHEITHRINTE
D [1], ALY I7ERTYS, WIET 2 larm 2 REL L) L v) TERRRKOABELL>TWwS, [PV
JEHRITIEd>4ICBWT 1 THLIEDBELONTVEDT, £, L2502 chERL X9 &
WCIRATHZ, N SR =) VY IAER (RBEICEETEL) L0IFRELrS, d>4Tlkp< 42
THHEV)TEDPALGNT VRS, 21T, dELTd+e (e>0)2VNTADE, p<14+5THHI LN
MEINDDED, e>0TH2056, 1 XD BEICKEOAMEIRTE RV, iE>T, ZOHREMEZ PR T
E, IUTTHZLEVL) ZERTRITORERESZOTHS, INFTRESNAMBRELTUL, d>4
KBL TR p< L3 ThHBEV, p< LIRS EIEHICHOLDIC B> TR B, Lo g =27 —
VY IRERDSRONBHRLD L, $ RURERRS BoT02, D d >4 DHAEIE, BT LT
ED>7-DT, Conjecture & LT3, TH6DFIp > 1120 TH, FERNAFETHY, st
mInz L, BWHRERp B d>4T1THE I ENRFEMRINLIDTH S, AL T, HEAEVE
BoDWFHEDEZEZ, 2oz 7 ¥ LaaLy PRIL, FROB LS ZMEO MRSz v, A%
iz L, HOAEYRORBUIR T I ETAhEINS,

Theorem 3.3 (/"4 /8S—RA 7 =) v 7 L%EX [2]).
dRTLDHERL v DA P v FEREIZROAREXZ 2T

d—2+n>2p.

d>4KBVTn=0ThHrLVIFEEMCE L, p< L2 PHONS,

SE 3R

[1] G. Kozma and A. Nachmias. Arm exponents in high dimensional percolation. J. Amer. Math. Soc.
24 (2011): 375-4009.

[2] H. Tasaki. Hyperscaling Inequalities for Percolation. Commun. Math. Phys. 113 (1987): 49-65.

[3] HHIFF WEBH, Ji [ B EERFRRRKROBOR. L HikAatt (2015)
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Transmuted Logistic II distribution

Glauber Mircio Silveira Pereira !

Carlos Alberto Ribeiro Diniz !

Abstract

A generalization of the generalized inverse Logistic II distribution so-called transmuted gen-
eralized inverse Logistic II distribution is proposed and studied. The studies we have done:
calculate the first and second time, set the survival function, risk function and a study of statis-
tical order.

Keywords: transmuted, logistic II distribution, heavy-tailed distribution, asymmetry pa-

rameter.
Introduction

The models are an important tool for estimating the behavior of some population. However,
in many cases, they show some problems of adjustment with the data. The Logistics II model
describes a similar curve with normal, symmetrical model, but with a correction in tails. It
has interesting applications in modeling chronic obstructive respiratory disease, geological is-
sues, Hemolytic Uremic Syndrome Data (HUS), physical-chemical phenomena, psychological
issues, the survival time of patients diagnosed with leukemia, and weight gain data. [2] In this
paper we built a model transmuted Logistics II. In order to improve the model data that already
known to have heavy tails characteristic of more asymmetrically. A transmuted a transforma-
tion model is made in a model in order to generalize it. This model has a parameter more, the

asymmetry parameter.
Logistic II Model

The probability density function (pdf) of the logistic II distribution is given by:

exp{— ("))}

fOeu,8) = (1)
5(1+exp{—(4)})°
atwherexc RT,uc RedcR*.
We have the cdf of logistic II distribution:
oo{- ()}, o

F(x;“’s):/_w8(1+exp{—(%’l)})2 texp{=(59))

IFederal University of Sao Carlos (UFSCar). e-mail: glauber@ gmail.com
1
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Transmuted Model

This section explains how the transmuted model is constructed of any existing model, and
F1 a model of the distribution function known and f; to the new model. The new model is

defined by the following transformation: [1]

F(x) = (1 +A)F(x) — MF (x)? (3)
which on differentiation yields,

fa(x) = 1)1 +A) = 24F (x)] )
for A € [—1,1] where fi(x) e f>(x) are the pdfs of Fj(x) and F>(x).
Transmuted Logistic I Model

In this section we use the results shown in the previous section in the logistic II model and

thus create a new model. Applying equation 2 the equation 4 define the density function:

1 A ]
1+exp{— (")} (1+exp{-(5")})

Also we define the probability density function of the logistic model transmuted II:

o exp{— (55%)} — 21
e G e )

forA e [—1,1].

FTLZ(X;:U7677\’> = (1 +7\’) -

Fix0,1 &lambda)=1-+&lambda, /1 +e (-2 -Erlamb da; 1 +e-0™2)

F F ) T L T
-4 = o 2 4
X

[—— lamhda=0 — - lambda=1/7 lamhda=2/3 — — Curve 4
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0,1 Elamb da)=1hE&lamb da)* e -0 L e -0 - (2% E lamb da) * e -0 L e -0

E . .
_6 4 -2 1]

X
| — &lambda, =0 — — &lambda, = 117 &lambda, = 2/3 — - &lambda, = 1

0,1 &lambdag=(l-+elambdag® e -1 +e AN D-2 € lambda® e 0L+ D)

g -4 -2 0 2 b

X
[— lambda=0 — lambda=1 lambda =23 —— lambda = -1 —— lambda = -2/3

The first and second figures above are some examples of distribution functions and pdf
for some values of A. The third figure shows the asymmetry in cases where comparing two
constants and their respective opposite to zero and constant, if there is symmetry in the model.
Regardless of the values u and & we can standardize this model as a random variable Z =
}%1 ~ TLog2(Z) to facilitate the bills. Thus we have the distribution function:

1 A
= Trexp{—2) [“““)‘ 1+exp{—z}}

~exp{—z} _L
friz(z) = (1+exp{—z})2 {(1+M 1+eXP{—Z}}

Fria(z)

and
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FHIghE Eo 7 a v &)L & i a] i

(Osculating developable surfaces of regular surfaces along frontals)

REZ fB—
HONDA Shun’ichi
AL E R TR B B e A - A

1 B=E

IERIE B ERIERARIZ XV 7 —F¢ (Darboux frame) 2 HH\WT, ZOMWENLALH SN TV,
UL, Hifg2RRAE2 R OHEIXZORD TRV, ARETIE, 2—2 Yy FER R? B
oy &)L ([2]) &b U=ERdm M EovaryxLeEE#L, (3] e 2EAhE M Lo
TERTHRARIZ G - 7 BT R O —ffb & UC, ERIHHE M B 70 > Z)VIZiR - 7= Bl al R %
EHL, TOWMEZMNTE. TOE, T4] 2812 &Eiikk KO T B 28kmLY v
v RVl OHGRZISHT 5. 4B, REEHIZREE K Ry, @lfiK (LT
FERF) L OHFERFLEITHED <.

2 FRHIffEmto7OY4I)L

I KM EZIE R, U Z2HEEEZIEIR? &35, HOAA X : U = M, (u,v) = X (u,v)
LT, M= X(U) 2 ERHE LR, X512, EAE RS AW EREdR y: I — Ut —
(u(t),v(t)) ZxF U, Zeffif

y=Xo7:I— MCcCR3
EHZDL. ERIHHEIOBAERN S bVE v BIZHIBRL7ZE D%
X, xX, _
ny(t) = X0 % X| o7(1)
5. F7, BAER TIM %
oM = {(z,y) € M x TxM | |y| =1} € M x S?
L9 5.

EE 21 (BAERTIM EOLY vy RIVERR) B& (v,v): I - ThWM DPMEED t € T IZxHL
T (7, v)* ()0 =0 Zifi7zd & &, (y,v) ZEERIHE M EOLNT vV RIVEIRRE TS, 22T, 0
EHAIEER T M EORHERH 1 RN TH D, EROFMIIMEED t e TIZHLTA(t)v(t) =0
T I L LABTHS. X512, (1,0) BEDRBDE X (v,v) ZEAME M EOLS vy
RIVIZERAH & IEE.
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EF 2.2 (ERfiE M tooor4)) ERidhE M Eofi v : I - M XL T, 5%
vil =82 BEELT (v, v): I > TyM C M x S2HVy% v R TH 5 L &, v % EA
M EO72OVHIERR. 51T, (y,v) BT Y Y RVIEOIRAAD L & ~ ZIEAIHE M E
D7OY kIR,

FE 23 (yw) I = TiM C MxS?PZLVyy Yy RLVHifRThsZ L L, (v,ny,v) I —
M x S? x S% H3peft & iy ((HERA, [4) THEZ2ZLEFAMETHS. LUTTIE, (v,n,,v) DA
S TH B L LTz BT 5.

3 EMAEE

P SRR (v, m4,0) 1 T — M x S? x S? O#iRE ((,m,n,a) ((JEA, [4]), BFKELVY v~
ROVEIER (1, vp) : T — S? x §? O#EE (my,,n,) &35 (($8B, [5]).

ZDEE, pt):=n,(t) xvt) KO p,(t) :=n,(t) x v,(t) &35 &, PefdEdifR (v, n,,v)
DFE {n (1), v(t), p(t)} EEREIL D ¥ > RIVEER (ny, v,) OFE {0, (t),vn(t), m, (1)} 1ZH LT,
BONEBEE 0 : T — R PIFEL TN OBRZ 729

n,(t) 10 0 n, (1)
( Un (1) ) = ( 0 cosf(t) —sinf(t) ) ( v(t) )
@, (t) 0 sinf(t) cos6(t) w(t)

£ 3.1 (EMoEm) EAdhm M Eo vy XL 4 12 - 72 (Osculating developable sur-

face) & OD., : I x R — R3,
OD,(t, A) = ~(t) + A (t)

b

FEHELD OD, K TH 255, det(3(1), va(t),in(t)) =0 £, OD, ITREETH S (i
#C). —4, (t,0) #* OD, DIEEHIRTHZB LTS, ZDLE, (t,0) IZBWVWT 0D, DIEFHEN
7#%@@X®EﬁNﬁbwnwtﬁUE@%%O.:m%®%EiD,ODV%E%EEL®7
O ZOVIZIR - 7= Bl R & RS

PAFT OD, Y ERHH (FFig) ((18kD) LoBMfKE 525 -

EIE 32 LEOREDT, n, DEAEPHETHLLTE. 20L&, AFPKD LD :
()UTiHﬁT%%
(1) OD, 13kEETH 5,
(2) n ()=0
(3) 7y EEREIIC B 3 MSEHR T 5 5.
(B) np(t) £0 £33, 20k %, UFRAMTHS :
(4) OD,, I3HHTH 5,
(5) a()sind(t) + 4 (2G5 ) =0
(6) ~ Xt DI S 2 MR T o 5.
Bl 3.3 “FHiph#R Y R — R% ¢t (¢3, —2) L EAEhE X : R? — R3, (u,v) = (u,v, (u? +v3)?)
DE Y= Xoy(t) = (t3,—t2,0) 2EZx 5. ZDLE, vy I M=X[R?) LO7avXLVThH5.
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& SITEMAERIX OD,(t,\) = (%, —12 + \,0) THASNB. n,() =0 &Y, OD,(R x R)
BHEECTHS (K1),

ZwaN
/IIIA\V

.‘\4
#
ey

1 X 2 X 3

T34 M CR 20BHeT5. ZOrE, M OEAEHS O v izl T, 5
vp i I — 82 BFIELT, (ny,vy) I — S? x S? FERELY ¥ v VIR TH S, 51T, n,
DEAEAFFE DL Z, OD,(I x R) C M H3K D 7.

MM OD., OREIILNT TR T 65 -

T 35 Fft &R (v,n,v) T = M x 5% x S? Oz (¢,m,n,«) , BRELY ¥ > RVl
B (ny,vn) : I — S? x S? O#RE (my,n,) 5. Z0LE, EHEINZE OD, LT, MU
R D LD -
(1) OD,Y(t(),)\()) b‘EEU/ﬁ:fﬁ)éf:&b@%g—Fﬁ%ﬁ:ci’
a(to) cos B(to) + Aonn(to) # 0
DM DNDI L ThHD.
(A) (to, Xo) & my(to) # 0 Zifi7zd OD, DRE[ME TS, ZD&E, AFPHO LD :
(2) ODy D (tg, \o) (ZBWTHATRIME ¢ (ZJHFMAFRMHTH % 720 DBEF73 50411,
) d (a(ty)cosB(ty)
a(to) s1n0(t0) + a (W 75 0
DEONDZ L THS.
(3) OD., # (to,\o) ICBVWTYNADRE sw IZRFMAFHTSH 572 DBEAD5M1,
. d (alty)cosb(to)\ _, d . d (a(ty) cosb(to)
a(to)sinO(ty) + o <—nn(t0) =0, p a(to)sinO(ty) + i\ #0
MO DZ L THD.
(B) (to,\o) & my(to) =0 Zji729 OD, DRRFET S, ZOLE, IFAEDID :
(4) ODy 77 (tg, Ao) I2BWTHATREZEXIMEF cc IZRFHAFRMETH % 72D D BB I35
3, mn(to) £0 m»D
) d (a(ty)cosB(ty)
a(to) sinf(to) + T <—nn(t0) #0
MDD L THD.
22T, H AR ¢ 1 c(u,v) = (u,v?,03), YNADRE sw X sw(u,v) = (3ut+u?v, 4ud+
2uv,v), HATRZEXIET cc ik ce(u,v) = (u,uv3,v?) TH 5.
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Bl 3.6 “ZEfdhER v : [0,27) — S?,

3 1 3 1 3
~(t) = <4 cost — 7508 3t, 1 sint — 1 sin 3t, \Qf cos t>

28?2 EovuyaLuTthsd (M2). FEEE, v OB v:0,27) — S? &

3 1 3 1 3
v(t) = (4 sint + 1 sin 3t, ~1 cost — 1 cos 3t, —\2[ sint)

Thd. ZOLE, EMAEE OD, 1 X =tant (t #£0,%,7,3) THZ IR, (0,0),(,0)
THATREXEFTHS (H3).

o 8%
fFERA Prft = BAR ((4)

I #XMZEFZIER &35,
37 (AR BUE (v, 01,0) : T — RS x §% x S UKD 3 DDRME T & =Rt
X BR#R (framed curve) LIEE :

(1) 4(t) - va(t) = 0, (2) 4(t) - v2(t) = 0, (3) 11(t) - v2(t) = 0.

BHT, (4,00, i0) # (0,0,0) 27T & %, (v,01,00) 2R ZZHRAH (framed immersion) &
W38,

Peft E @R (v,v1,10) + T — R3 x S22 x SZ AT/ ULT, p(t) = n(t) x ) t32L,
{vi(t), va(t), p(t)} 1 ~(2) 12 S EDFT,

1 (t) 0 Lt)  m(t) v (t)
nl) | = -0 0w || w® | 1@ =abwe
Alt) —m(t) —n(t) 0 ult)

-9, ZOrE,
U(t) = 11 (t) - va(t), m(t) = () - u(t), n(t) = v2(t) - p(t), at) =(t) - ()

Thb. ZOMBOM (¢,m,n,a): I — R 2B EHBOMELILR. HAEdhirodh®E, S
TA=RZDE D HITHFET S.

2 OO)*%’fﬁ‘%Hjﬂf{[’??% (")/,I/l,VQ), (§,§1752) I - R x 52 X 52 L:;ﬁbf, HBHMEEE X € SO(?)) 4
OV E) ¢ € R3 RFEEL T,

(a) 7(t) = X (v(1)) + z, (b) 11(t) = X (v1(t)), (c) va(t) = X (v2(t))

Zhi7z gL , 29@*’%{#%&]%@ (’)/,Vl,VQ) et (?,fﬁl,ﬁﬂg) IIERETHBLED.

EIE 3.8 (BT EHMIROEE) [4] ((,m,n,a): I — R 251 REHRE TS ZorE, Pff
SHIRR (y,v1,102) : I - R3x S22 x S2 T, ({,m,n,a) ZMELTIELOLBEET 5.

EIE 3.9 (BT EZRO—EM) 2 DOFA iR (v,v1,10), (F,01,02) : T — R3 x §% x §2 (T
HUT, ZNSDOMERR—-KT2LT5. Z0rE, 2O008MEHRR (v,v1,1n) & (7,01,0) &
AFRITH 5.
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{F4% B BKEILY v >~ RILBER (5)

EZ 3.10 EREILY v > RILBIR) G4 (v,v) : T — S? x S? PIRD 2 DM %723 & Bk
EILY v > RIVBEHR (spherical Legendre curve) &IES :

iz, (4,0) # (0,0) 2§23 &Z, (v,v) ZEKEIL Y v~ RILIEHIAH (spherical Legendre

immersion) & W3,

REVY v > RVHEAR (v,v) : T — S?2 x S22 LT, u(t) = ~@) xvt) &35,
(D), (1), (D)) & (1) 12305 EDRET,

79, ZDeE,

Thbd. ZOBEBOM (m,n): I — R? 2EEILY v+ >~ RIVEIROME L IE.R. BRELVY v > N
HIFROHRIL, T A= KDY HITHFT 5.

2 DDIRE N Y ¥ ¥ VIR (v,0),(3,0) : T — 52 x S2 12X LT, H3HiE X € SO(3)
HFIEL T,

Eililz3 L%, 200KRMELY v Y KVHE (v,v) & (7,7) REATHS L35,

EIHE 3.11 (BREILY v NILHEIRDEE) (m,n) I — R?2 2o hREHBET5. Z0L %,
BT v ¥ ROVHIER (v,v) 1 T — S2 x S22 T, (m,n) 2HHRL T2ELEOMRFET 5.

T 3.12 GREILY v RILERER) 2 DOERMEIL Y v ¥ RIVEER (v,v), (F,7) : T — S? x §% (2
HUT, ZNoDHEN—KTELTE. Z0LE, 2200RMILY Y > NVl (v,v) & (7,7)
BAFRTH 5.

8% C #RfHE & AT R

ZEEHIAR v(t) EZDNTA =R tAHKIFT BETHRVARZ ML () BEUNRTA =X N (Z

£oT
F(t,A) = ~(t) + A&(t)

LRI NN ZAFEE (ruled surface) EIER. v ZEHR (base curve), £ % MR (director
curve) LIFCY, t ZEET D T LIFONDER y(t) + £(t) ZBHR (ruling) LIFR. HV A%
MHIZ 0 TH 5 LS 2#H8M 2 . EE (developable surface) &IES. KRFRIET F (¢, \) 2YA]&EH T
DB LDBEFIFME, ERDO e IZTNHLT,

det(¥,£(t), (1)) = 0
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MED DI L THB. B R ERMLL, &) = CW/IEW)] LT 5. £t) =0 THBE

&, F(t,\) 3@ (cylinder) THBHEES. 7, {(t) 0 THDH L E, F(t,)\) FEFEM
(non-cylindrical) TH2 & \W5. F(t,\) PIHAENTH S & &,

04

) - €

THRRE NS R Z FEIERR (striction curve) & IFECY. KRR O R R AUIMEIR LicBing Z &
RISNT\W 3. FHERAEATHS L X, F(t,\) IZ8E (cone) THB LSS,

v(t) —

fH5% D EmEREHIR

M C R3 #FHIghE, n 2 M EOBAERERZ MLV T35, BARZ MLV ke S? TR L
T, k ARANDOBERFFOMEFIRIZ

{peM|n(p) k=0}

THZL6NS., THE k HHEANDERKNEDOREEAETDH 5.
—J, R ce R IZHLT, ciTxd 2HhDOHFAHOMIBRIE

{peM]|(p—-c) n(p) =0}

THEAOND., 0 c TN HZHLNEORREEATH S, M RHROBIEIIBEIEIZ B W
THEHELKH ZH>TWS ([1]).
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I—RZROIILNII NZIER EFDESR

A #H R (Yumi Yamada)
(B K5 MBS b s & b F R

1 BA
EFE 1.1 (HRBUER)
X=X, S;z2)
_ Zzls(v)
vyel
= Za(k)zk
k=0
€ Z[[7]]

772U, o(k)id {y € Dlis(y) = k) 2T TO8E KT

EE 1.2 (EAWZ4DD)V— EF A, B,, C,, D,)

n+1
A, = {(:m, e Tpyy) € ZMTH le — 0}
=1

D R(A,) ={£(ei—¢;) | 1<i<j<n+1}
B, =27"

D R(B {iel|1<z<n} U R(D,)
C’n:{(xl,", n) EZ" | Zazl—o mod2}

D R(C {j:2ez|1<z<n} U R(D,)

Dn:{(xl,' ,Tn) € Z" | Z%—O mod2}

=1
DR(D,)={xe;te; [ 1<i<j<n}
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EIE 1.1 (B0 (T, R) DRBURR )

5(Bn, Riz) = (1—2)™" (Z; (271;; 1) 20— 2nz(1 + z)n_1>

1=

3

S(Dp Ryz) =(1—2)" ( ' 227;> 2t —2nz(1+ z)nZ)
2 IJ)LNILMZIER

K ZERIRITGCDERT MIVEBV OF T I28IF 5 N2 HEkE 5.
K% K ODNEOKF O, 0K 2% K DBEFROEOKRETEE, E>1
W2 U T,

KK NTOEORE Ex (k)
KK NTOTROBE E.
K (k)

ILK)NTOTOH%E E,
K(k)

EHRL, TNEHVTIANLMNEEEZDTO LS IZEH#ZT B,

EE 2.1 (T VIL MEE)

on(0) = P! =
- P (2)
5K@*:Z£E%%Vk_(1—zwﬂ

Iz, KD EERD &SRRt d DEEMZ KL U2 S ORI Z L H 5.
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T 2.1 (ZIUIL L)
() Ex (k) 13X ED d TH B k12T 2%EATH Y, Er(0)=1

(ii)k > 1IZx LT,
Ex(—k) = (~1)'E, ()

(iii) FRRIZ, k> 1T LT,

Ero(—k) = (=)™ E, (k)
@@Kﬁasﬁ—a—ﬁeﬁ,a4g:mﬁk@
(v) ZHHR E (k) O ERBUL Vol (K)

(vi) ZIER Ex (k) D k' ORED 2 51 Vol (0K)

772U, Vol(K) = /disk(T)V ol (K).

SRR L LNV M ORIz

2(v, R; 2)
1—=z

EWVWISERLEDH D, TNETNOHPES REZMIEBL I IZLoTEH NS
BMZHERIZET 2T ANV NEHEAZLTO LD IZEL Z 2N TE 3.

EIE 2.2 (T)UIL MZIHA)

AMD%@WEK%):§i<jY(k_2+n)

=0

moma s = () 3 () = ()

cone nan-£(2)( 1)

D, D : Eye(k) = (k}tn) +;{(227Z) ‘2”(7;:12)}(k_;+n>

%72, 42DV — MET- A, By, Coy Dpl2B 3 Vol(K) & Volyu(9K)
BT &S ICEE 5.

= ek(2)
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®8 2.1 (Vol(K),Vol,u(K))

A DB Vol(K) =

Vn+1(2n)!  Vn+1/2n
i

VdMQMj:(nilﬂ<zO

27(2" — n)

n!
22n—1

(n—1)!

B, D& Vol(K) =

VOlret (GK) =

4TL
"l

VOlret (3K) =

CDBE Vol(K)
22n—1
(n—1)!
(2" — 1)

n!
2n71
(n—1)!

D, D& Vol(K) =

Volet(0K) = (2" —n)

Kz, A, C,, D,D& &

VOlret (aK)
VOlret (K)

=n
ElRRIZ B, 126 LT,

Vol,et (0K (By))
Vol,et(K(By))
lim 1Vol,a(0K(By)) 1

n—soon Vol (K(B)) 2

n(n > 3)

TH5.

3 FRAREEMN

ERD4DDN—=FRDT IV R LIEAZEALT, S LMALLSD
W H 2 D751, niRTiZBIF 2TV M ZEADXTFHTELDT
W EZ, EBIZETZDA4ODNL— N ZROBER, TIUL N
W, T UTCTTIAUNILVNEIEAEZ 707 502> TEALTAL., T
5, WSOPDORMEZRDIFBZ LN TE .
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EHE 3.1
Ay, CBIV—= R RIZBWVWT, TNEND RZ2MIZAAKEDEZ K &L
2l &, ZOINNL P LEADROFERIZTRT -1 1225,

I 3.2
4OD)— FRIZH LTI L NEE & SRR O &85 % £ TH
T &, DL BEROWITEAELH B,

4 f5EE

BBz, SEZ4 >0EAKM LV — & A, B, C,, D,IZT53
WD T2 o 72h%, MIZERRA REEOEAER D 2 L5772, Thvz R’
DI B LT, ZP DTNV M EZIHKNZ DWW T O ZED TV E
EEZTWD,

S
1] BB G R T &, KT oA HECE, HAMRL

[2] Paul R.Scott, The Fracination of the Elementary, ‘ Hannah Neumann
Memorial Lecture ’ presented at ICME 5 in Adelaide,South Australia,in
August,1984

3] A%z, TEMEMaEH, Ya TV Vv H— - 72T 5 — o R

[4] R.Bacher, P.De La Harpe & B.Venkov, Sries de Croissance
et Polynomes D'Ehrhart Associs aux Rseaux de Racines,
Ann.Inst.Fourier,Grenoble49,3(1999)
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W A1, 234
—AK fE&, 208
g 228, 113
At 5, 100
K& &5k, 160
KNI 25, 67
KHT FIffE, 122
KA1 75—, 89
K& HE#, 50
RAR WK, 292
Rl A fAEE, 37
T FBAK, 44
/NP K —, 182
BIAK HIPE, 304
AN ZERER, 143
| Pk

AL A, 150
AR i, 315

INZEEM HEARH, 320

J11 8% K 21
JIE 27, 186
A & <&, 221
AP EPA 288
S E, 79
AN BHE, 28
TN FIORER, 243
B R, 11
1T

e % By Bk, 129
et FHF, 280
fiEH JiFH, 325
S5 AR, 148
AR HEA, 176
m51T

TN 1, 329
HEF & 270
HA Bz, 105
TH HE, 195
R N 72
+4 W3, 169

| Pty
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ERE #HA, 199
AN ERER, 211
BPEy 425k, 338
m/\{T

IR SER, 117
JRH ERER, 174
i WA, 295
FH 1E, 344
FEMIR EHEA, 300
I gz, 3
JRER %) 265
A H ik, 225
AT KRS, 248
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m<iT

I FE5A, 97
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A 162, 283
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