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1 Grothendieck’s variational Hodge conjecture
Let S be a smooth quasi-projective scheme over a field k of characteristic zero,
and π : X → S a smooth projective morphism. Fix a point s ∈ S, and set
Xs := X ×S {s}.

In his thought-provoking paper [8] in 1966, Grothendieck formulated a con-
jecture now we call the Variational Hodge Conjecture (VHC), that predicts
when an algebraic cycle class on Xs lifts to a one on X in terms of the cycle
map

cl : CHp(Xs) → H2p
dR(Xs/κ(s)) = (R2pπ∗Ω•

X/S)s ⊗ κ(s). (1.1)

Variational Hodge Conjecture. For ξs ∈ CHp(Xs)Q, the following are equiv-
alent:

(i) cl(ξs) lifts to a flat section of R2pπ∗Ω•
X/S, i.e. a global section killed by the

Gauss-Manin connection ∇.

(ii) There exists a rational cycle class ξ ∈ CHp(X)Q such that cl(ξ|Xs) =
cl(ξs).

This conjecture is so powerful that, for example, the VHC for abelian schemes
X/S implies the Hodge Conjecture for abelian varieties [1].

However, it is probably not possible to deduce the Hodge Conjecture in
general from the VHC. The problem is that we can hardly find such a variety in
a smooth family that algebraic cycles on it can be controlled. If we can describe
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a condition when cycle classes on a degenerate fiber lift, this must be helpful,
because sometimes it is easier to construct cycles on a degenerate fiber.

In the next section, we propose such a condition, following Grothendieck’s
VHC.

2 The generalized variational Hodge conjecture
Let X be a smooth quasi-projective scheme over a field k of characteristic zero,
and Y a projective scheme over k with a closed immersion Y → X.

We want to describe a condition when cycle classes on Y lift to ones on X.
Since the cycle map (1.1) does not work for singular varieties, we replace it

by the Chern character

ch: K0(Y ) →
⊕

p

H2p
dR(Y/k). (2.1)

The target of (2.1) is the de Rham cohomology of Y [9] defined to be

Hq
dR(Y/k) := Hq(X̂, Ω̂•

X/k), (2.2)

where each ∧ is the formal completion along Y . This does not depend on the
embedding Y ↪→ X [9, Ch. II, Theorem 1.4].

The Chern character ([?]) is defined by the composite

Kr(Y ) !! HNr(Y ) !! HPr(Y ) &
⊕

p H2p−r
dR (Y/k). (2.3)

Here HN (resp. HP) is the negative (resp. periodic) cyclic homology. The first
map is the Goodwillie’s Chern character (for the definition see [3, 13]), the
second map is the canonical one, and the last isomorphism is by the Feigin-
Tsygan Theorem theorem [5].

We conjecture:

Conjecture A. For ξs ∈ K0(Y )Q, the following are equivalent:

(i) ch(ξs) ∈
⊕

p H2p
dR(Y/k) lifts to

⊕
p H2p

dR(X/k).

(ii) There exists ξ ∈ K0(X)Q such that ch(ξ|Y ) = ch(ξs).

In case Y is a fiber of a smooth family X → S as in §1, we can show that
the VHC is equivalent to Conjecture A, by Deligne’s théorème de la partie fixe
[4, §4.1].

3 Infinitesimal deformation
We formulate an infinitesimal version of Conjecture A.

Let k be a field of characteristic zero, S := Spec k[[t]], X a finite dimensional
quasi-compact regular scheme X over k, and Y a proper scheme over k with a

2
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closed immersion Y → X. Set Yn := Spec OX/In+1, where I is the OX -ideal
defining Y .

We define the de Rham cohomology of Y by

Hq
dR(Y/k) := Hq(X̂, Ω̂•

X/k), (3.1)

where each ∧ is the formal completion along Y . Again, the definition does not
depend on the embedding Y ↪→ X. This is a consequence of the generalized
version of the Feigin-Tsygan theorem [11].

We can also define the Chern character

ch: Kr(Y ) →
⊕

p

H2p−r
dR (Y/k) (3.2)

as above, thanks to the generalized Feigin-Tsygan theorem.
Set

Hq
dR(X̂/k) := Hq(X̂, Ω̂•

X/k), (3.3)

F rHq
dR(X̂/k) := image(Hq(X̂, Ω̂≥r

X/k) → Hq(X̂, Ω̂•
X/k)). (3.4)

Consider the diagram

Kr(X) !!

""

lim←−n
Kr(Yn) !! Kr(Y )

ch
""⊕

p H2p−r
dR (X̂/k) Φ

%
!! ⊕

p H2p−r
dR (Y/k).

(3.5)

We conjecture:

Conjecture B. Assume Y → X is the special fiber of a projective family X →
S := Spec k[[t1, . . . , tm]], i.e. Y = X ×S Spec k. Then, for ξ0 ∈ K0(Y )Q, the
following are equivalent:

(i) Φ−1(ch(ξ0)) is in
⊕

p F pH2p
dR(X̂/k).

(ii) There exists ξ̃ ∈ (lim←− K0(Yn))Q such that ch(ξ̃|Y ) = ch(ξ0).

(iii) There exists ξ ∈ K0(X)Q such that ch(ξ|Y ) = ch(ξ0).

In case X → S is smooth, Conjecture B is equivalent to the VHC [2, Ap-
pendix A].

In the general case (at least in the case of semistable degeneration), we still
have strong relations between Conjecture A and Conjecture B [10, Proposition
3.2.1].

3
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4 Formal deformation
We use the notation in §3.

Theorem 4.1. Suppose that k is algebraic over Q. Then, for ξ0 ∈ Kr(Y ), the
following are equivalent:

(i) Φ−1(ch(ξ0)) is in
⊕

p F pH2p−r
dR (X̂/k).

(ii) There exists ξ̃ ∈ lim←− Kr(Yn) such that ch(ξ̃|Y ) = ch(ξ0).

In particular, (i)⇔(ii) of Conjecture B holds under the assumption that k is
algebraic over Q.

Remark 4.2. In case Y → X is the special fiber of a smooth projective family
X → S := Spec k[[t1, . . . , tm]], Griffith-Green [7] and Morrow [12] proved the
theorem, and Bloch-Esnault-Kerz [2] did for general fields k under the Chow-
Künneth assumption. The general case was proved in [10].

Proof. Consider the commutative diagram

Kr(Yn) !!

""

Kr(Y ) !!

""

Kr−1(Yn, Y )

%
""

HNr(Yn) !! HNr(Y ) !! HNr−1(Yn, Y )

(4.1)

with exact rows, where the vertical maps are the Chern characters (3.2). The
right vertical map is an isomorphism by the theorem of Goodwillie [6]. By the
pro HKR theorem proved by Morrow in [11], we have a pro-isomorphism

lim←−
n

HNr(Yn) &
⊕

p

H2p−r(X̂, Ω̂≥p
X/k). (4.2)

By taking limits of (4.1) and using (4.2), we have a commutative diagram

lim←−n
Kr(Yn) !!

""

Kr(Y ) !!

""

ch
##

lim←−n
Kr−1(Yn, Y )

%
""

lim←−n
HNr(Yn) !!

%
""

HNr(Y ) !!

""

lim←− HNr−1(Yn, Y )

⊕
p H2p−r(X̂, Ω̂≥p

X/k) !! ⊕
p H2p−r

dR (Y/k) .

(4.3)

By our assumption that Y is proper, we can verify some Mittag-Leffer conditions
and show that the upper and middle rows are exact.

Recall that we have an isomorphism

HPr(Y ) &
⊕

p

H2p−r
dR (Y/k) (4.4)

4
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by the generalized Feigin-Tsygan theorem. By a simple diagram chase, it re-
mains to show the following:

Lemma 4.3. Every c ∈ ker(HNr(Y ) → HPr(Y )) lifts to Kr(Y ).

This is proved by using the fact that K inf := hofib(K → HN) satisfies cdh-
descent ([3]). For the detail of the proof, see [10]
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�Í�t " �w�I�\�“�O�”	Ô�ù�w
:�›�ß�Q�”�{ " �x�Ž�<�w�‘�O�t
¯�b�\�q�U�p�V�”�•

" = u(1 + i )"0 (1 $ i )1! "0 (a1 + ib1)"1 (a1 $ ib1)1! "1 ...(a! + ib! )"! (a! $ ib! )1! "! .
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���w�°
`�=�U���O�b�”�w�p�x�s�M�T�{

qj �› 3 �›�O�q�`�o 1 �q�ù�‰�p�K�” j 
j�è�t	–�^�M
É
:�q�b�”�¢ q0 := 1�£�{

�4�J 2.2 $$ =
! m

k=0 qk �›�¬�h�b�‘�O�s $ %Z[%] �w�x
:�x�z 6 ! 2m �x���O�b�” (%=
1+

#
! 3

2 )�{

���g 2.3 A2 	Í�p�� x2 + y2 =
! m

k=0 qk �w	*	Í�t�x�¸�S 6 ! 2m �w�¨� �:�U�K�”�{

3 �]�J

�]�J 1 (cf. [3], [4]) �K�” 2 �m�w�¨�  ! 1 �q ! 2 �U�‰���p�K�”�s�’�y�z�Ú�™�w n �t�0�`
�o uc(! 1, n) �q uc(! 2, n) �w�‹�x
¶�o�s�`�X�s�”�{�‘�l�o�z uc(! , n) �x�¨�  ! �w
Æ�!�”
�q�ˆ�s�b�\�q�U�p�V�”�w�p�z�f�w
Æ�!�”�›�;�M�o�¨� �›�à���p�V�”�\�q�U
ü�T�”�{
�^�’�t 2 �Í�i���Ø�t�S�M�o�z Z2 �• A2 �w���t universal concyclic�s 2 �Í�i�¨� �U��
�O�b�”�{	H�l�o�z�f�•�’�w�¨� �w
Æ�!�”�¢�7	–���w
R���w��	Ð�£�›�-�‰�b�”�\�q�p
�¤�‘�U
‡�‰���p�K�”�\�q�›�Ô�`�o�M�V�h�M�{

�]�J 2 (cf. [1]) 3 �Í�i R3 �w�•�Ø	Í�p�Ú�™�w
Y
T
: n �t�0�`�z n �x�w�¨� �:�›�è�”
�•�U���O�b�”�{�«�Q�y�z�• (4x $ 1)2 + (4 y)2 + (4 z $

&
2)2 = 17k + 2 �x�z�¸�S k + 1

�x�w�¨� �:�›�è�”�{�m�‡�“�z�\�w�Ë�J�t�0�`�o z = 0 �q�S�X�q�z�M���Ü�x (4x $
1)2 + (4 y)2 = 17k �q�s�”�{�\�•�x�z���g 1.1 �t�<�£�`�o�M�”�\�q�›�™�¯�`�z Z3 �x
universally consyclic�p�K�”�\�q�›�Ô�&�`�o�M�”�w�q�‰�Ì�t�z�Ú�™�w
Y
T
: n �t�0
�`�o uc(Z3, n) �w	Í�„�›�>���`�o�M�”�{�‘�l�o�z 2�Í�i���Ø�q�‰�7�s�7	–�ð�J�›�ß�Q
�”�\�q�U�p�V�”�{���™�w�]�J�x�z 3�Í�i�í�� Z3 �t�S�Z�”�Ó�é�¬�å�Ü�›�^
R�`�z�K�”
�F���›�_�m�Z�z���g�q�`�o�‹�X�\�q�p�K�”�{�'
Ý�q�`�o�x�z Z2 �q�‰�7�t n �w�‹�U 2
�ˆ�w�q�V�z�K�”�F��
Q�U�_�m�T�”�w�p�x�s�M�T�q�ß�Q�o�M�”�{

�]�J 3 (cf. [5]) 4�Í�i�t�S�M�o�z m �›�Ú�™�w
‡
Û�w
T
:�q�b�”�{�\�w�q�V�z�Ê�ç�Ü
�U m �p�K�”�¨� �Õ�«�Ä�ç�w
:�U
¶�o�‰�a�t�s�” 2 �m�w�¨�  L1 �q L2 �U�b�”�U�z�\
�w 2�m�w�¨�  L1 �q L2 �x
‡�‰���i�q�M�O�\�q�U
ü�T�l�o�M�”�{�\�w�\�q�› uc(L1, n)
�q uc(L2, n) �›�-�‰�b�”�\�q�p
‡�‰���p�K�”�\�q�›�Ô�`�h�M�{

�€�ß���Y
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On the Mazur-Tate reÞned conjecture of BSD type
� S � S � h

� �>
� T � c � q

�è�˜ (Kazuto Ota) !

���/�[	X�G�¶

� “ � A

�Š�Ø�x , �H 12�s
:�¶
ï�ù	�	��Z�€	B�q (2016�å 2 �D 29�Ô�™3�D 3 �Ô, �z�‚�“
�G�¶ ) �t�S�Z�”�¶	��w�è���w�Â�«�Ç�§�ç�è�Ù�”�Ä�p�K�” . �*���Â
¢�w�,�Š�Ä�ò
�q	� BSD�'
Ý�w	��Á�›���o�t
î	6�`�h�™�p , BSD�'
Ý�w����
[�q�_�s�d�” ,
Mazur-Tate �U���Ü�=�`�h BSD ��
^�µ�=�'
Ý�›	º�p�b�” . 	��A�L�x , �\�w�'

Ý�w�Š
:�t���b�”
æ
ü�›
z�±�$	��M�>���w�‹�q�p	Â�Ì�`�h�q�M�O�‹�w�p�K�” .

1. BSD �'
Ý
1.1. �*���Â
¢ ( �€�ß���Y [7])

�. K 	Í�w�*���Â
¢ E �q�x , �M���Ü

y2 + a1xy + a3y = x3 + a2x2 + a4x + a6 (ai ! K ) (1.1)

�t�Á�v���: " �›
Ç�Z�C�Q�o���[�^�•�”�ù�è�$�s
‡�›�Ÿ�E
:�Â
¢�p�K�” . �›�Ã�$�s�w�x ,
�\�•�U���Ï���›�‹�m�Â
¢�i�q�M�O�\�q�p�K�” . �m�‡�“ , K -���g�:
¶�.�w	B�ù

E(K ) := { (x, y) ! K 2; y2 + a1xy + a3y = x3 + a2x2 + a4x + a6} # {"}

�U�ž�”�Õ�ç���w�Ï���›�‹�m�¢�Á�v���: " �U�o�•�i�q�s�”�£ . �«�Q�y K �U
ó
É
:�. C �w
	Ô�ù , E(C) �t�x�¯�ï�Í�«�Ä�æ�”�Ú�ï�Ø�w�Ï���U�Ö�“ , 
ó
É�Ä�”�å�µ C/ ! (! $ C �x�¨
�  ) �t���Ï�����ˆ�p�‰���q�s�”�\�q�U�Œ�’�•�o�M�” .

�^�o , 
T
:�æ�$�t�µ�¯
��M�w�x , K �U���g
:�. Q, �K�”�M�x�f�w���v�Í�¦�G�.�w	Ô�ù
�p�K�” . �\�w�q�V , �Í�w���g�U�Œ�’�•�o�M�” :

���g 1.1 (cf. [7]). K �U Q�w���v�Í�¦�G�.�w�q�V , E(K ) �x���v
\
R�ž�”�Õ�ç�� , �m�‡�“ ,

E(K ) %= Z" r (E ) & E(K )tors .

�\�\�p , r (E) = rank( E(K )) ' 0�x
T
: , E(K )tors �x E(K ) �w�Ä�”�³�ã�ï�i
¶�.�U�s�b
���v�ž�”�Õ�ç���p�K�” .

�Ž�<�p�x , K = Q 	Í�w�*���Â
¢ E �›�{���b�” . �\�w�q�V , 	Í�w���g�‘�“ , E(Q) %=
Z" r (E ) & E(Q)tors �q	{�Z�” . ���v�ž�”�Õ�ç�� E(Q)tors �w�M�x Mazur�t�‘�l�o�ì
¶�t
ü�¨
�^�•�o�M�” (cf. [7, VIII, Theorem 7.5]). �°�M , �Š
: r (E) �w�M�x�‡�i�‡�i�˜�T�’�s�M�\�q
�U���X , �«�Q�y , Q 	Í�w�*���Â
¢�›�ˆ�T�`�h�q�V , r (E) �U�r�•�X�’�M�G�V�X�s�”�T�‹�˜
�T�l�o�M�s�M . �\�w�E
:�$�s�”�p�K�” r (E) �U�»�X�‚�V�\�q�t , �r
s�$�s L ��
: L(E, s)
�w	ü�”
ã�M�q�A�|�m�X�q�'
Ý�`�o�M�”�w�U�Í�t	\�‚�” (	� )BSD�'
Ý�p�K�” .

! e-mail: kazutoota@math.keio.ac.jp
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1.2. BSD �'
Ý

�‡�c , L ��
:�w���[�t
ž�A�s Hasse
Æ�!�” a! (E) ! Z �t�m�M�o
î	6�b�” . E �U Q 	Í�w�*
���Â
¢�p�K�”�q�M�O�\�q�T�’ , �&�p�s�!
:�!�õ�t�‘�“�M���Ü (1.1) �w��
:�U ai ! Z �q
�s�”�‘�O�t�p�V�” . �f�w�‘�O�s�M���Ü�p , discriminant " ! Z (�w
ˆ�0�‹ ) �U�7	–�w�‹
�w�›�{���b�” (cf. [7, VIII.8]). ( �Ž�< , Q 	Í�w�*���Â
¢�›�ß�Q�”�q�V�x	×�t�\�w�‘�O�s Z
��
:�w�M���Ü�›�{���b�”�\�q�q�b�” .) �\�w�q�V , �M���Ü (1.1) �›
É
: ! �t�0�` modulo !
�b�”�\�q�t�‘�“ F! 	Í�w�E
:�Â
¢�›�˜�” . �^�’�t ! ! " �w�q�V , �\�w�E
:�Â
¢�x
‡�›�Ÿ�q
�s�“ F! 	Í�w�*���Â
¢ E ( F! �›���Š�” . �\�•�w F! -���g�:
¶�.�w	B�ù�› E(F! ) �q�‹	{�X .
! ! " �w�q�V�w a! (E) ! Z �› a! (E) = ! + 1 ) # E(F! ) �p���[�b�” . E �w Hasse-WeilL ��

: L(E, s) �x�Í�w���w�Á�v
u�p���[�^�•�” :

L(E, s) =
!

! :
É
:

"
1 ) a! (E)! # s + "(! )! 1# 2s

## 1
=:

$

n$ 1

an

ns
. (1.2)

�\�\�p , ! ! " �s�’ , "(! ) = 1 �p�K�” (! |" �t�m�M�o�x [7, Appendix C.16]�€	° ). Hasse
�w���g |a! (E)| * 2

+
! �‘�“ , (1.2) �x Re(s) > 3/ 2 �s�” s ! C �t�0�`	)���b�”�\�q�U�˜

�T�” . �^�’�t , Wiles, Taylor-Wiles �’�t�‘�l�o�r�>�^�•�h�¤���i�•�'
Ý�t�‘�“ , L(E, s)
�x C 
¶�.�t�r
s
€���^�•�” . �›�t , s = 1 �p�w�µ�:�w�•
: ords=1 (L(E, s)) �U���[�^�•�” .
	� BSD�'
Ý�q�x�Í�w�'
Ý�p�K�” :

�'
Ý 1.2 (Birch, Swinnerton-Dyer). �s�Ü

r (E) = ord s=1 (L(E, s))

�U
R�“�q�m .

�^�’�t , s = 1 �p�w Taylor �2�‰�w	��A�ò lims% 1
"
L(E, s)/ (s ) 1)r (E )

#
�› # E(Q)tors �•

Tate-Shafarevich�� X (E/ Q) �w�•
:�q�M�l�h
:�æ�$
Æ�!�”�p�G	\�b�”�¬�Ü (full BSD �'

Ý) �‹�'
Ý�^�•�o�M�”�U�\�\�p�x	Ä�`�X	\�‚�s�M (cf. [7, Appendix C.16]).

2. BSD ��
^�µ�=�'
Ý
Mazur-Tate [4] �t�‘�l�o���Ü�=�^�•�h BSD ��
^�µ�=�'
Ý�x , Q 	Í�w�*���Â
¢ E �t�0�b
�” L(E, s) �› Mazur-Tate �i�q�M�O�����w�i�p�”�V�õ�Q , E �w
:�æ�$
Æ�!�”�q�A�|�m�Z
�”�'
Ý�p�K�” .

2.1. Mazur-Tate �i (cf. [4])


‡
Û
T
: S �t�0�` , GS = ( Z/S Z)& �q�S�X . �\�w�q�V , Mazur-Tate �i (#S)S !
%

S Q[GS]
�x�Í�›�¬�h�b (�G�ø�w
†�Ì�x�b�Y�< ):

1. �‹	� S �w Dirichlet �¦
ª $ : GS , C& �t�0�` , $ �› Q 
¢���t Q[GS] , C �t���Õ�b
�”�q ,

$(#S) = %S($)
L(E, $# 1, 1)

# ±
,

2. 
É
: ! �t�0�` , &S!/S : Q[GS! ] , Q[GS] �›�×
µ�s�ù�è�q�b�”�q , &S!/S (#S! ) �q #S �w
���t�x�Ì�Ô�$�s�����Ü�U�K�” .

3. �K�”
Y�w
T
: M �U���O�`�o , �Ú�™�w
‡
Û
T
: S �t�0�` M#S ! Z[GS].
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�\�\�p , ' S := exp(2&i/S ) �p , Dirichlet �¦
ª $ : GS , C& �t�0�` ,

¥ %S($) :=
&

a' GS
$(a)' a

S,

¥ L(E, $, s) :=
%

! !S:
É
: (1 ) a! (E)$(! )! # s + "(! )$(! )2! 1# 2s)# 1 =
&

(n,S )=1
an " (n)

ns .

�‡�h , # + , # # (���[�x [4, Chapter 1]�€	°�w�\�q ) �x	*�8�q�z�y�•�”
ó
É
:�p�Í�›�¬�h

�b : �Ú�™�wDirichlet �¦
ª $ �t�0�` ,
L(E, $, 1)

# ±
! Q(Im( $)). �\�\�p , 
Ö�ø ± �x $() 1) �w


Ö�ø�q�‰�a�‹�w�›�q�” .

�«�™ 2.1. Mazur-Tate �i�x p 
� L ��
:�w
^�µ�=�p�K�” . p 
� L ��
:�x , �‹	��U p �‚�V
�w Dirichlet �¦
ª $ �t�‘�”�ç�“�w�›	��‹ L(E, $# 1, 1)/ # ± �›
¶�o Ò�4�� Ó�b�”�‘�O�s p
�

�r
s�$��
:�q�`�o���[�^�•�”�U (�«�Q�y , p ! ap(E) �s�’

'

( lim-)
#pn /p n ! 1

Zp[Gpn ]

)

* ( Qp
%=

Zp[[T]]" p# 1 ( Qp �w�i�t�s�” ), �Ï
R�w�°�m�x { #pn } n �›�&�p�t modify �`�o�¢�o�£�Ã�v�›
�q�”�q�M�O�‹�w�p�K�” . p
� L ��
:�›	n�”�G�V�s�'
Ý�x , BSD�'
Ý�w
É�•�s�¨�Å�p�K�”
p 
� BSD�'
Ý�q , p 
� L ��
:�q #n$ 1E (Q(' pn )) �›�¨�é�ë�^�;���ˆ�p�A�|�m�Z�”� �’	�
�'
Ý�U�K�” . [4] �p�x , �\�•�’�w�'
Ý�w
æ
ü�$�s
^�µ�=�q�`�o , (#pn �i�Z�p�s�X ) �°
`�w
#S �t�0�`�o�'
Ý�U���Ü�=�^�•�h . �Š�Ø�p�{�O�w�x , �\�w�O�j p
� BSD�'
Ý�w
^�µ�=�t
�p�h�” BSD��
^�µ�=�'
Ý�p�K�” . �Í�w	–
…�p�x , �Š�è���t�S�Z�”	����g�t����
��M , 	�
BSD�'
Ý�w�¨�Å�t���`�o
†�Ì�b�” .

2.2. BSD ��
^�µ�=�'
Ý�w�¢�Š
:�t���b�”
æ
ü�w�£	��Á

S �›
‡
Û
T
:�q�` , Q �w
æ
ü�� R �› #S ! R[GS] �q�s�”�‘�O�t�q�” . I S �› R[GS] �w aug-
mentation � �Ã�ž�ç�q�b�” . �m�‡�“ I S = ker

"
R[GS] , R;

&
$' GS

a$( .,
&

$' GS
a$

#
.

�\�w�q�V , Mazur-Tate [4] �x #S �w�×�Ì�¦
ª�p�w�µ�:�w�•
:�U r (E) �Ž	Í�p�K�”�q�'
Ý
�`�h :

�'
Ý 2.2 (Mazur-Tate [4]). #S ! I r (E )
S .

�«�™ 2.3. �'
Ý 1.2�q�x�Ÿ�s�“ , �µ�:�w�•
:�U r (E) �‘�“�G�V�X�s�”�\�q�U�K�” , �m�‡�“
#S ! I r (E )+1

S �U�I�\�“�O�” . �«�Q�y , # GS ! R& �s�’ , I S = I 2
S = á á á.

3. 	��A�L
E �› Q 	Í�w�*���Â
¢�q�` , CM �›�‹�h�s�M�q�b�” (i.e. End(E) = Z, cf. [7]). �Ž�<�w 3�m
�w	Ú�E
¶�o�›�¬�h�b
É
: p�› �•�0
É
: �q�z�• :

1. p ! 6(ap(E) ) 1)"
%

! |! c! (c! �t�m�M�o�x [7, Appendix C.16]�€	° ),

2. Tate �C�� Tp(E) := lim-) n
E[pn] �T�’�X�”�¨�é�ë
¯�q Gal(Q/ Q) , Aut Zp (Tp(E))

�U
¶�ù (Q �x Q �w�E
:���A ),

3. p ' r (E).

�«�™ 3.1. Serre�w�A�L�›�;�M�”�q , �•�0
É
:�w�µ�S�U 1�p�K�”�\�q�U�˜�T�” .

�Ž�< , 
æ
ü�� R $ Q�› , 
‡�•�0
É
:�U R �p
¶�o�D�o �t�s�”�‘�O�t�q�” . 	��A�L�x�Í�p
�K�” :
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���g 3.2 ([5]). S �›�Í�w (/ ) �›�¬�h�b
É
: ! ! " �w square-free�s
u�q�b�” .

(/ ) �Ú�™�w�•�0
É
: p�t�0�` , E(F! )[p] %= { 0} , Z/p Z.

�\�w�q�V ,
#S ! I r (E )

S .

�«�™ 3.3. 1. (/ ) �›�¬�h�b ! �w�µ�S�x 0.997�Ž	Í�p�K�”�\�q�U Chebotarev�µ�S���g
�›�;�M�”�\�q�p�˜�T�” .

2. �¨	Å�$�t
æ
ü�� R �›	��l�h�U , E(Q)tors 0= { 0} �w�q�V�t�x , 
‡�•�0
É
:�w�x
:�x
���v�q�s�“ , (
:�‹�$�t ) �Ì�Ô�$�t R �›�q�”�\�q�U�p�V�” (cf. [5, Corollary 1.4]).

3. ���g 3.2�Ž
²�t�'
Ý 2.2�t�m�M�o�7�t�Œ�’�•�o�M�h�A�L�›���o�t	\�‚�” . ���o�w
�h�Š , p �›�•�0
É
:�q�b�” . #pn ! I r (E )

pn ( Zp �U, p ! ap(E) �w�q�V�x Kato[1] �w
�A�L�T�’ , p|ap(E) �w	Ô�ù�x , Kato[1], Kobayashi[2], Pollack[6]�w�A�L�T�’�‹�Z�” .
Kurihara[3] �x p ! ap(E) �w�q�V , Òµ = 0 �'
Ý Ó�›�>���`�h�O�Q�p , (S,") = 1 �s�”
S �t�0�` , #S ! I r (E )

S ( Zp �› (���‰���g�› ) 	Â�Ì�`�o�M�” . Tan[8]�x full BSD �'
Ý
�›�>���`�h�O�Q�p , �›���s S �t�0�` , #S ! I r (E )

S �›�Ô�`�o�M�” .

�'
Ý 2.2�x	� BSD�'
Ý�¢�'
Ý 1.2�£�w�¨�Å�i�l�h�U , full BSD �'
Ý�w�¨�Å�‹���Ü�=�^
�•�o�M�” . �\�•�t���`�o�˜�’�•�h�A�L�›	º�p�b�” .

Mazur-Tate [4]�x , Mazur-Tate �i�w	��A�ò ÷#S �› #S �w I r (E )
S /I r (E )+1

S �•�w
þ�q�`�o��
�[�` , �\�•�› , full BSD �'
Ý�w�‘�O�t X (E/ Q) �•�ô�^��
: , JS �p�G	\�b�”�'
Ý�›���Ü
�=�`�h . �\�\�p , JS �x�Í�p���[�^�•�”���v���p�K�” :

JS = coker
"
E(Q) ,

"
& ! |SE(F! )

#
&

"
&! |! E(Q! )/E 0(Q! )

##
.

���g 3.4 ([5]). p�›�•�0
É
:�q�` , S �› ! 1 1 modp�T�m (/ ) �›�¬�h�b ! �w square-free�s

u�q�b�” . �‹�` , ÷#S 010 modp(I r (E )

S /I r (E )+1
S ) �s�’ ,

X (E/ Q)[p] = JS[p] = 0.
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On Transcendence Theory with little history, new
results and open problems

Hyun Seok, Lee

December 27, 2015

Abstract

This talk will be dealt to a survey of transcendence theory, including
little history, the state of the art and some of the main conjectures, the
limits of the current methods and the obstacles which are preventing from
going further.

1 Introudction

DeÞnition 1.1. An algebraic number is a complex number which is a root of a
polynomial with rational coe!cients.

¥ For example
!

2, i =
!

" 1, the Golden Ration (1 +
!

5)/ 2, the roots of
unity e2!ia/b , the roots of the polynomial x5 " 6x + 3 = 0 are algebraic
numbers.

DeÞnition 1.2. A transcendental number is a complex number which is not
algebraic.

DeÞnition 1.3. Complex numbers! 1, á á á, ! n are algebraically dependent if
there exists a non-zero polynomialP(x1, á á á, xn ) in n variables with rational co-
e!cients such that P(! 1, á á á, ! n ) = 0 . Otherwise, they are calledalgebraically
independent .

The existence of transcendental numbers was proved in 1844 by J. Liouville who
gave explicit ad-hoc examples. The transcendence of constants from analysis is
harder; the Þrst result was achieved in 1873 by Ch. Hermite who proved the
transcendence ofe. In 1882, the proof by F. Lindemann of the transcendence
of " gave the Þnal (and negative) answer to the Greek problem of squaring the
circle. The transcendence of 2

!
2 and e! , which was included in HilbertÕs seventh

problem in 1900, was proved by GelÕfond and Schneider in 1934. During the
last century, this theory has been extensively developed, and these developments
gave rise to a number of deep applications. In spite of that, most questions are
still open. In this article we survey the state of the art on known results and
open problems.
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2 Irrationality

DeÞnition 2.1. Given a basis ofb # 2, a real number x is rational if and only
if its expansion in basisb is ultimately periodic.

Let b # 2 be an integer.

¥ «E. Borel (1909 and 1950) : theb-ary expansion of an algebraic irrational
numbers should satisfy some of the laws shared by almost all numbers
(with respect to LebesgueÕs measure).

¥ Remark. No number satisÞes all the laws which are shared by all numbers
outside of a set of measure zero, because the intersection of all these sets
of full measure is empty!

!

x " R

R\{ x} = $.

¥ More precise statement by B. Adamczewski and Y. Bugeaud.

Conjecture 2.1. ( «E. Borel). Let x be an irrational algebraic real number,b # 3
a positive integer anda an integer in the range0 % a % b" 1. Then the digit a
occurs at least once in theb-ary expansion ofx.

Corollary 2.1. Each given sequence of digits should occur inÞnitely often in
the b-ary expansion of any real irrational algebraic number. (consider powers of
b).

¥ An irrational algebraic number with a regular expansion in some basisb
should be transcendental.

¥ There is no explicitly known example of a triple (b, a, x), where b # 3 is
an integer, a is a digit in { 0, á á á, b " 1} and x is an algebraic irrational
number, for which one claim that the digit a occurs inÞnitely often in the
b-ary expansion ofx.

Conjecture 2.2 (The state of the art statement). A stronger conjecture is due
to Borel, is that algebraic irrational real numbers are normal, i.e., each sequence
of n digits in basis b should occur with the frequency1/bn , for all b and all n.

Theorem 2.1 (B. Adamczewski, Y. Bugeaud 2005 ; conjecture of A. Cob-
ham 1968). If the sequence of digits of a real numberx is produced by a Þnite
automaton, then x is either rational or else transcendental.

3 Irrationality of transcendental numbers

We will Þrst give known and unknown transcendence results

¥ Known:
e, ", log 2, e

!
2, e! , 2

!
2, !(1 / 4)
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¥ Not known :

e+ ", e", log", " e, !(1 / 5), #(3), Euler-Mascheroni constant

Conjecture 3.1. Is CatalanÕs constant

"

n # 1

(" 1)n

(2n + 1) 2 = 0 .9159655941772190150á á á

an irrational number?

¥ CatalnÕs constant is the value ats = 2 of the Dirichlet L -function L(s, $$ 4)
associated with the Kronecker character

$$ 4(n) =
#

n
4

$
=

%
&

'

0 if n is even,
1 if n & 1 (mod 4),

" 1 if n & 3 (mod 4).

¥ The Dirichlet L -function L(s, $$ 4) associated with the Kronecker char-
acter $$ 4 is the quotient of the Dedekind zeta function of Q(i ) and the
Riemann zeta function:

#Q( i ) (s) = L(s, $$ 4)#(s)

Theorem 3.1 (Basel Problem, Euler 1735). For any even integer value ofs # 2,
the number#(s) is a rational multiple of " s.

¥ #(2) = " 2/ 6, #(4) = " 4/ 90, #(6) = " 6/ 945, #(8) = " 8/ 9450á á á.

Theorem 3.2 (Ap«ery 1978). The number

#(3) =
"

n # 1

1
n3 = 1 .202056903159594285399738161511á á á

is irrational.

Conjecture 3.2. Is the number #(3)/" 3 irrational?

Conjecture 3.3. Is the number

#(5) =
"

n # 1

1
n5 = 1 .036927755143369926331365486457á á á

irrational.

Theorem 3.3 (Tanguy Rivoal, 2000). Let % > 0. For any su!ciently large
odd integer a, the dimension of the Q-vector space spanned by the numbers
1, #(3), #(5), á á á, #(a) is at least

1 " %
1 + log 2

loga.
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DeÞnition 3.1. Euler-Mascheroni constant deÞned by

& = lim
n %&

#
1 +

1
2

+
1
3

+ á á á+
1
n

" logn
$

Conjecture 3.4. Is it a rational number?

& =
&"

k=1

#
1
k

" log
#

1 +
1
k

$$
=

( &

1

#
1

[x]
"

1
x

$
dx = "

( 1

0

( 1

0

(1 " x)dxdy
(1 " xy) log(xy)

.

Theorem 3.4 (S.D. Adihikari, N. Saradha, T.N. Shorey and R. Tijdemann
2001). Let f : Z ' Q mod q and such that

S =
&"

n =1

f (n)
n

(1)

converges. ThenS = 0 or S /( Q. In the latter case we have

log |S " ! | # " cqq3q(d" df )q+3 max(h" , hf )

for any algebraic number! , where c is some computable absolute constant.

Corollary 3.1. Let q # 2 be an integer and$ non-principal Dirichlet character
mod q. Then L(1, $) is transcendental.

Theorem 3.5 ((N. Saradha, R. Tijdeman, 2003)). Let

T =
&"

n =0

(" 1)n (!n + ' )
(qn + s1)(qn + s2)

with !, ' ( Q, s1, s2 ( Z and |! | + |' | > 0. Let " 2q be irreducible overQ(!, ' )
and s1, s2 distinct integers such thatqn1 + s1, qn2 + s2 do not vanish for n # 0.
Assume that ! )= 0 if s1 & s2 (mod q). Then T is transcendental.

¥ For example,

&"

n =0

(" 1)n (2n + 1)
n2 + n + 1

=
32"

e
1
2 !

!
3 + e$ 1

2 !
!

3
,

&"

n =0

(" 1)n

n2 + 1
=

"
e2! " 1

+
" + 1

2
.

DeÞnition 3.2. The Fibonacci sequence(Fn )n # 0 is deÞned by

F0 = 0 , F1 = 1 , Fn = Fn $ 1 + Fn $ 2 (n # 2).

We note that the following series involving Fibonacci numbers

¥ The number
&"

n =1

1
Fn Fn +2

= 1

is rational.
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¥ While
&"

n =0

1
F2n

=
7 "

!
5

2
,

&"

n =1

(" 1)n

Fn Fn +1
=

1 "
!

5
2

,
&"

n =1

1
F2n $ 1 + 1

=

!
5

2

are irrational algebraic numbers.

¥ The numbers
&"

n =1

1
F 2i

n
, i = 1 , 2, 3,

&"

n =1

1
F2n $ 1

,
&"

n =1

(" 1)n

F 2
n

,
&"

n =1

n
F2n

,
&"

n =1

1
F2n +1

,
&"

n =1

1
F2n $ 1 + F2n +1

are all transcendentals.

¥ Each of the numbers
&"

n =1

1
Fn

,
&"

n =1

1
Fn + Fn +2

,
"

n # 1

1
F1F2 á á áFn

is irrational, but it is not known whether they are algebraic or transcen-
dental.

The Þrst challenge here is to formulate a conjectural statement which would
give a satisfactory description of the situation.

Theorem 3.6 (Iekata Shiokawa, Carsten Elsner and Shun Shimomura, 2006).
For * (s) > 0,

#F (s) =
"

n # 1

1
F s

n

#F (2), #F (4), #F (6) are algebraically independent.

4 Transcendental Numbers

Theorem 4.1 (Liouville, 1844). If ! is real and algebraic of degreed, then
there is a positive constantC(! ), i.e. depending only on! , such that for every
rational q

p ,
)
)
)
)! "

q
p

)
)
)
) >

C(! )
pd .

J. Liouville gave the Þrst example of transcendental numbers.

Corollary 4.1. ! :=
* &

n =1 10$ n ! is transcendental.

¥ Charles Hermite(1873): Transcendence ofe

¥ Ferdinand Lindemann(1882): Transcendence of"

Theorem 4.2 (Hermite-Lindemann, 1882). For any non-zero complex number
z, one at least of the two numbersz and ez is transcendental.
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Corollary 4.2. Transcendence oflog ! and of e# for ! and ' non-zero algebraic
complex numbers, providedlog ! )= 0

DeÞnition 4.1. A complex function is called transcendental if it is transcen-
dental over the ÞeldC(z), which means that the function z and f (z) are al-
gebraically independent: if P ( C[X, Y ] is a non-zero polynomial, then the
function P(z, f (z)) is not 0.

DeÞnition 4.2. A exceptional set deÞned by the transcendental functionf
given, that is the set

E(f ) = { ! ( Q : f (! ) ( Q}

Question 4.1 (Weierstrass). Is it true that a transcendental entire function f
takes usually transcendental values at algebraic point.

Example 4.1. 1. For f (z) = ez , there is a single exceptional point! alge-
braic with e" also algebraic, namely! = 0 .

2. For f (z) = eP (z) where P ( Z[z] is a non-constant polynomial, there are
Þnitely many exceptional points! , namely the roots ofP.

3. The exceptional set ofez + e1+ z is empty.

4. The exceptional set of functions likeez + e1+ z is empty (Lindemann-
Weierstrass).

5. The exceptional set of functions like2z or ei!z is Q, (GelÕfond and Schnei-
der)

Answers by Weierstrass (letter to Strauss in 1886), Strauss, St¬ackel, Faber,
van der Poorten, Gramain,

Theorem 4.3. If S is a countable subset ofC and T is a dense subset ofC,
there exist transcendental entire functionsf mapping S into T, as well as its
derivative.

Theorem 4.4 (van der Poorten). There are transcendental entire functionsf
such that D k f (! ) ( Q(! ) for all k # 0 and all algebraic! .

DeÞnition 4.3. An integer valued entire function is a function f , which is
analytic in C, and mapsN into Z, e.g. 2z is an integer valued entire function,
not a polynomial.

Question 4.2. Are there integer valued entire function growing slower than2z

without being a polynomial?

DeÞnition 4.4. Let f be a transcendental entire function inC. For R > 0 set

|f |R = sup
|z|= R

|f (z)|.
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Theorem 4.5 (G. P«olya, 1914). If f is not a polynomial and f (n) ( Z for
n ( Z# 0, then

lim sup
R %&

2$ R |f |R # 1.

Theorem 4.6 (A.O. GelÕfond 1929). Growth of entire functions mapping the
Gaussian integers into themselves. Newton interpolation series at the points in
Z[i ].

Theorem 4.7. An entire function f which is not a polynomial and satisÞes
f (a + bi) ( Z[i ] for all a + bi ( Z[i ] satisÞes

lim sup
R %&

1
R2 log |f |R # (.

Theorem 4.8 (F. Gramin, 1981). ( = !
2e = 0 .5888636748á á á

¥ This is best possible proved by D.W. Masser (1980).

Theorem 4.9 (A.O. GelÕfond, 1929). If e! is rational, then the function e!z

takes valuesQ(i ) when the argumentz is in Z[i ].

Theorem 4.10 (A.O. GelÕfond and Th. Schneider, 1934). Transcendence of
! # and of (log ! 1)/ (log ! 2) for algebraic !, ', ! 1 and ! 2.

Theorem 4.11 (A.O. GelÕfond, 1948). The two number 2
3! 2 and 2

3! 4 are al-
gebraically independent. More generally, if! is an algebraic number,! )= 0 ,
! )= 1 and if ' is an algebraic number of degreed # 3, then two at least of the
number

! # , ! # 2
, á á á, ! # d ! 1

are algebraically independent.

Theorem 4.12 (Six Exponentials). Let x1, á á á, xd be complex numbers which
are linearly independent overQ and let y1, á á á, yl also be complex numbers which
are linearly independent overQ. Assume dl > d + l. Then one at least of the
dl numbers

exp(xi yj ), (1 % i % d, 1 % j % l)

is transcendental.

¥ The theorem was Þrst explicitly stated and proved in its complete form in-
dependently by Serge Lang and Kanakanahalli Ramachandra in the 1960s.

¥ It is clear that the interesting case is d = 3, l = 2 (or d = 2, l = 3), and
this explains the name of result.

¥ One conjectures that the conclusion is still valid under the weaker hypoth-
esisdl # d + l (d = 2, l = 2).
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Theorem 4.13 (A. Baker, 1966). Let ! 1, á á á, ! n be non-zero algebraic numbers
for which log ! 1, á á á, log ! n , 2"i are linearly independent overQ. Then

' 1 log ! 1 + á á á+ ' n log ! n )= 0

for any algebraic numbers' 1, á á á, ' n that are not all zero.

Corollary 4.3. Transcendence of numbers like

' 1 log ! 1 + á á á+ ' n log ! n or e#0 ! #1
1 á á á! #n

n

for algebraics ! i Õs and' j Õs, e.g.2
!

2 á3
!

5 á5
!

7.

Theorem 4.14 (G.V. Chudnovsky, 1976). Algebraic independence of the num-
bers " and !(1 / 4), also algebraic independence of the numbers" and !(1 / 3).

Corollary 4.4. Transcendece of!(1 / 4) and !(1 / 3).

Theorem 4.15 (Yu. V. Nesternko, 1996). Algebraic independence of!(1 / 4), "
and e! , also algebraic independence of!(1 / 3), " and e!

!
3.

Corollary 4.5. The numbers" and e! are algebraically independent.

DeÞnition 4.5. Let # = Z) 1 + Z) 2 be a lattice in C. The canonical product
attached to # is the Weiersra§sigma function

* (z) = * ! (z) = z
+

$ " ! \{ 0}

#
1 "

z
)

$
e(z/$ )+( z2 / 2$ 2 ) .

¥ The number
* Z[i ](1/ 2) = 2 5/ 4" 1/ 2e!/ 8!(1 / 4)$ 2

is transcendental.

5 Conjectures

Conjecture 5.1 (Four Exponentials Conjecture). Let x1, x2 be twoQ-linearly
independent complex numbers andy1, y2 also two Q-linearly independent com-
plex numbers. Then one at least of the four numbers

ex 1 y1 , ex 1 y2 , ex 2 y1 , ex 2 y2

is transcendental.

DeÞnition 5.1. A period is a complex number whose real and imaginary parts
are values of absolutely convergent integrals of rational function with rational
coe!cients, over domains in Rn given by polynomial inequalities with rational
coe!cients.
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Example 5.1. Basic example of a period:

ez+2 !i = ez , 2i" =
(

|z|=1

dz
z

" =
((

x 2 + y2 ' 1
dxdy = 2

( 1

$ 1

,
1 " x2dx =

( 1

$ 1

dx
!

1 " x2
=

( &

$&

dx
1 " x2

Further examples

!
2 =

(

2x 2 # 1
dx and all algebraic numbers.

log 2 =
(

1<x< 2

dx
x

and all logarithms of algebraic numbers.

A product of periods is a period (subalgebra ofC), but 1/" is expected not to be
a period.

A widely-held belief, based on a judicious combination of experience, anal-
ogy, and wishful thinking, is the following

Conjecture 5.2 (Kontsevich-Zagier). If a period has two integral representa-
tions, then one can pass from one formula to another in which all functions and
domains of integration are algebraic with algebraic coe!cients.

In other words, we do not expect any miraculous conicidene of two integrals
of algebraic functions which will not be possible to prove using three simple
rules. This conjecture, which is similar in spirit to the Hodge conjecture, is
one of the central conjectures about algebraic independence and transcendental
numbers, and is related to many of the results and ideas of modern arithmetic
algebraic geometry and the theory of motives.

Conjecture 5.3 (Scahnuel). If x1, á á á, xn are Q-linearly independent complex
numbers, then n at least of the 2n numbers x1, á á á, xn , ex 1 , á á á, ex n are alge-
braically independent.

A simple geometric construction on the moduli spacesM 0,n of curves of
genus 0 withn ordered marked points is described which gives a common frame-
work for many irrationality proofs for zeta values. This construction yields
Ap«eryÕs approximations to#(2) and #(3), and for larger n, an inÞnite family of
small linear forms in multiple zeta values with an interesting algebraic structure.
It also contains a generalization of the linear forms used by Ball and Rivoal to
prove that inÞnitely many odd zeta values are irrational.

Theorem 5.1 (Francis Brown, 19 Dec 2014). For k, s1, á á á, sk positive integers
with s1 # 2, we sets = ( s1, á á á, sk ) and

#(s) =
"

n 1 >n 2 > ááá>n k # 1

1
ns1

1 á á ánsk
k

.
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The Q-vector spaceE spanned by the number#(s) is also a Q-algebra. For
n # 2, denote byEn the Q-subspace ofE spanned by the real numbers#(s) where
s has weights1 + á á á+ sk = n.
The number #(s1, á á á, sk ) s1 + á á á+ sk = n, where eachsi is 2 or 3, span En

over Q.
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Ohno-type relation for Þnite multiple zeta values

	–�• �º�Í�à�¢ Kojiro OYAMA �£

�Ý	-�G�¶�G�¶�Ã
:�g�¶
Î
:�g�¶
•�È

1 	‚��

��	O�¸�”�»�‹�¢ Multiple Zeta Value, MZV�£�q�x , ki ! N, k1 " 2 �t�0�`�o

! (k) = ! (k1, . . . , kr ) :=
!

m1> ááá>m r > 0

1

mk1
1 á á ámkr

r

! R

�p���[�^�•�”�î
:�p�K�” . ���s�x�f�w�¨�Å
ú�q�`�o , 
É
: p �›�{���`�o , MZV �w�è�› p �w	�

²�p�'�j
~�l�h���v�è

! p(k) = ! p(k1, . . . , kr ) :=
!

p>m 1> ááá>m r > 0

1

mk1
1 á á ámkr

r

mod p

�t�m�M�o�ß�Q�” .�¢���v�è�p�K�”�w�p , k1 " 1 �p�‘�M .� £ � \� •� xÒmodp multiple harmonic
sumÓ�q�z�y�• , Ho!man �• Zhao�s�t�‘�l�o�Z�€�^�•�o�M�h�0	Å�p�K�” . �f�`�o , �Ù�å Zagier
�U�{���^�•�h
É
: p �p�s�X , 
¶�o�w
É
: p �t�0�`�o�\�w�è�›�‰�Ì�t�ß�Q�”�î
Ê�ˆ�›��	•�`�h .
�Š�Ø�p�x , Zagier�w��	•�`�h�î
Ê�t�‘�l�o�)�Q�’�•�”���v��	O�¸�”�»�‹ (Finite Multiple Zeta
Value, FMZV) �t�m�M�o , �f�w���[�q�Í�i�'
Ý�t�m�M�o	º�p�`�h�O�Q�p , 	��A�L�t�m�M�o
†�Ì
�›�b�” .

1.1 ���[ , �Í�i�'
Ý

	B�ù A �›�Í�p���[�b�” .

A :=

"

#
$

p:
É
:

Z/p Z

%

&

' "

#
(

p:
É
:

Z/p Z

%

& = { (ap)p | ap ! Z/p Z} / # ,

�\�\�p (ap)p # (bp)p �x , �ô�‘���v�x�›	†�X
¶�o�w
É
: p �t�0�`�o ap = bp �U
R�q�b�”�\�q�›
�™�¯�b�” . A �x
R
ü�]�q�w���‰�t�‘�l�o�è�q
u�›�Ö�•�”�\�q�t�‘�“ , �×
µ�t���t�s�” . �‡�h ,
A �w�i�x (ap)p �w�‘�O�t	{�T�•�”�U , ���v�x�w ap �t�0�`�o�x���[�^�•�o�M�s�M	Ô�ù�U�K�” . �f
�w	Ô�ù�x�&�p�t���v�x�w ap �t�0�`�o�‹�›���Š�o�•�”�\�q�p , �‹�w���Š�M�t�‘�’�c�t (ap)p �x
���[�^�•�” . �^�’�t , �0�¯
¢�ø
þ

Q $ r %&' (r mod p)p ! A

�›�ß�Q�”�q , r �w
ü� �›�Â�“
~�”
É
:�x���v�x�`�T�s�M�\�q�T�’ , �\�w�ø
þ�x�o�ù	j�‰���p�K
�”�\�q�U	H�M , A �x Q �E
:�t�s�”�\�q�U�˜�T�” .

�\�w�q�V A �w�i�q�`�o , ���v��	O�¸�”�»�‹�x�Í�w�‘�O�t���[�^�•�” .
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���[ 1.1. �Ú�™�w� �ï�Ã�¿�«�µ k = ( k1, . . . , kr ) ! Nr �t�0�`�o , ���v��	O�¸�”�»�‹�›

! A (k) = ! A (k1, . . . , kr ) := ( ! p(k1, . . . , kr ))p ! A

�p���[�b�” .

� �ï�Ã�¿�«�µ k = ( k1, . . . , kr ) �t�0�`�o , wt(k) := k1 + á á á+ kr , dep(k) := r �›�f�•�g�•	O
�^ , 
��^�q�z�• . �‡�h , k ! �› k �w Ho!manÕs dual�q�M�M, �¤ ki �›�b�‚�o 1 + á á á+ 1 �w���p	{
�M�h�q�V�t , �§�ï�Ú�® , �¯�›�Ó�å�µ�®�´�¯�t , �Ó�å�µ�®�´�¯�›�§�ï�Ú�® , �¯�t	��“�õ�Q�h�q�V
�t�˜�’�•�”� �ï�Ã�¿�«�µ�›
¯�`�o�M�” . �«�Q�y ,

(k)! = (1 , . . . , 1), (2, 3, 1, 2)! = (1 , 2, 1, 3, 1)

�s�p�K�” . Ho!manÕs dual�q�i�w� �ï�Ã�¿�«�µ�x ,

wt( k) = wt( k! ), dep(k) + dep(k! ) = wt( k) + 1

�w�����t�K�” .
���v��	O�¸�”�»�‹�w�Á�” Q �Õ�«�Ä�ç�í���›�Í�w�‘�O�t���[�b�” .

ZA ,0 := Q, ZA ,k :=
!

k1+ ááá+ kr = k
r " 1,ki " 1

Q á! A (k1, . . . , kr )

ZA :=
#!

k=0

ZA ,k .

�›�t , ZA �x Q �E
:�q�s�l�o�M�” . �\�w�q�V , Zagier�t�‘�l�o�Í�w�Í�i�'
Ý�U�'
Ý�^�•�h .

�'
Ý 1.2 (Zagier [6]). 
:�» { dk} k" 0 �›

d0 = 1, d1 = 0, d2 = 1,

dk = dk$ 2 + dk$ 3 (k " 3)

�p���Š�h�q�V ,
dimQ ZA ,k = dk & dk$ 2.

�\�w�'
Ý�t���b�”�¶�`�M�A�L�q�`�o�Í�w���g�U�•�[�’�•�” :

���g 1.3 (Akagi-Hirose-Yasuda, Jarossay).

dimQ ZA ,k ( dk & dk$ 2.

�\�w���g�t�‘�“ , FMZV �t�x���X�w
¢�������Ü�U���O�b�”�\�q�U�˜�T�” .�¢	O�^ k �w� �ï
�Ã�¿�«�µ�U 2k$ 1 �i�Z�K�”�\�q�t�«�™�b�”�q , 	O�^ k �]�q�t , 	—�s�X�q�‹ 2k$ 1 & (dk & dk$ 2) �x
�w
¢�������Ü�U���O�b�”�\�q�U�t�Q�” .� £ � f� \� p, FMZV �w�����Ü�›�é�.�$�t�G	\�b�”�q�M
�O
É�•�i�U	O�A�s�ð�J�U�ß�Q�’�•�” .
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2 �E
:�$���Ü�=

�\�w
…�p�x , Ho!man[3] �t�‘�“�‹�Ö�^�•�h MZV �w�E
:�$���Ü�=�t�s�’�l�o , FMZV �w�E

:�$���Ü�=�›�æ�O .

2 �!
:
‡�D�õ���ò�Ü�� H := Q)x, y* �w
æ
ü�� H1 �›

H + H1 := Q + Hy

�q�S�X . �‡�h , �Ú�™�wword w ! H �t�0�`�o , w �w�Í
:�› w �w	O�^�q�z�• (|w| �q	{�X ). �×
µ

: k �t�0�`�o zk := xk$ 1y �q�S�V , Q-
¢���ø
þ ZA : H1 &' A �› ,

ZA (1) = (1) p, ZA (zk1 á á ázkr ) = ! A (k1, . . . , kr )

�› Q-
¢���t�¦�Á�`�h�‹�w�q�b�” .
H1 	Í�w
u , �¢�Ð�è
u�£�›�Í�w�F���q
Ò
¢��
Q�t�‘�“���[�b�” :

(i) �Ú�™�wword w ! H1 �0�` , w , 1 = 1 , w = w.
(ii) �Ú�™�wwords w1, w2 ! H1 �q m, n ! N �t�0�`

zmw1 , znw2 = zm(w1 , znw2) + zn(zmw1 , w2) + zm+ n(w1 , w2).

�Ð�è
u�q�‰�7�t , H 	Í�w
u X �¢�³�ß�¿�Ñ�ç
u�£�›�Í�w�F���q
Ò
¢��
Q�t�‘�“���[�b�” :
(i) �Ú�™�wword w ! H �t�0�` , w X 1 = 1 X w = w.
(ii) u1, u2 ! { x, y} �q�Ú�™�w words w1, w2 ! H �t�0�`

(u1w1) X (u2w2) = u1(w1 X u2w2) + u2(u1w1 X w2).

�����[�`�h�\�•�’�w
u�x , �A�ù�$�p�D�õ�s
u�p�K�”�\�q�U�Œ�’�•�o�M�” . (cf: [3, 8]). �‡�h ,
�\�•�’�w
u�x�Í�w
Q�í�›�¬�h�b :

�Ë�J 2.1 ([3, 5, 6]). �Ú�™�wwords w = zk1 á á ázkr , w%= zk!
1
á á ázk!

s
! H1 �t�0�`�o ,

(i) ZA (w , w%) = ZA (w)ZA (w%)

(ii) ZA (w X w%) = ( &1)|w|ZA (zkr á á ázk1 zk!
1
á á ázk!

s
).

�U
R�q�b�” .

3 	��A�L

3.1 Ohno-type relation

�Š�Ø�w	��A�L�x�Í�w�����Ü�p�K�” .

���g 3.1 (O. [7]). �Ú�™�w� �ï�Ã�¿�«�µ k ! Nr �q�Ú�™�w n ! N0 �t�0�`�o ,
!

e&Nr
0

wt( e)= n

! A (k + e) =
!

e! &Ns
0

wt( e! )= n

! A ((k ! + e%)! )

�U
R�q�b�” . �\�\�p , s = dep(k! ) �p�K�” .
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�\�w�����Ü�x , OhnoÕs relation�q�z�y�•�” MZV �w�����Ü�w FMZV 
[�q�`�o , Kaneko�t
�‘�l�o�'
Ý�^�•�h�‹�w�p�K�” . �‡�h , n = 1 �w	Ô�ù�x Ihara �U�Ú
€�-�‰�t�‘�“�Ô�`�o�M�” .

	��A�L�w	Â�Ì�¢	Ä�`�X�x [7] �›�€	°�^�•�h�M .�£�x n �t���b�”�<�ò�O�›�;�M�”�w�i�U , �f�w
�h�Š�t�x�Í�w�4�J�U
ž�A�t�s�” .

�4�J 3.2. �Ú�™�w� �ï�Ã�¿�«�µ k = ( k1, k2, . . . , kr ) ! Nr �q�Ú�™�w n ! N �t�0�`�o ,

min { n,r }!

i =0

"

)
)
)
#

(&1)i
!

! &{ 0,1} r

wt( ! )= i

!

e&Ns+ i
0

wt( e)= n$ i

! A
*
((k + ! )! + e)! +

%

,
,
,
&

= 0

�U
R�q�b�” . �\�\�p , s = dep(k! ) �p�K�” .

�\�w�4�J�×�.�x , �Ë�J 2.1�›�;�M�”�\�q�t�‘�l�o , �Í�w�Ë�J�T�’�˜�’�•�” .

�Ë�J 3.3 (Ihara-Kaneko-Zagier [4]). �Ú�™�wword w ! H1 �t�0�`�o ,

1
1 & yu

, w =
1

1 & yu
X " u(w)

�U
R�q�b�” . �\�\�p " u �x -H�¢ H �w�ì
‹�=�£�w�×�~�‰���p ,

" u(x) = x(1 + yu)$ 1, " u(y) = y + x(1 + yu)$ 1yu

�p�)�Q�’�•�” . �‡�h , u �x���Ü�$�Í�å�Ý�”�»�p�K�” .

3.2 Sum formula

	��A�L�w�›	��=�q�`�o�Í�w�����Ü�U�˜�’�•�” .

���g 3.4 (Saito-Wakabayashi [9]). 1 ( i ( r ( k & 1 �›�¬�h�b�Ú�™�w k, r, i ! N �t�0�`�o ,

!

k1+ ááá+ kr = k
" kj " 1,ki " 2

! A (k1, . . . , kr ) =( &1)i $ 1

..
k & 1
i & 1

/
+ ( &1)r

.
k & 1
r & i

//
Z(k) �y

�U
R�q�b�” .

�\�w���g�x , Sum formula�q�z�y�•�” MZV �w���Ê�s�����Ü�w FMZV 
[�q�`�o , i = 1 �w	Ô
�ù�U Kaneko�t�'
Ý�^�•�o�M�h�‹�w�p , Saito�q Wakabayashi�t�‘�l�o�°
`�w	Ô�ù�U	Â�Ì�^�•
�h . �‹	Z�M�O�t�m�M�o , �\�\�p�x	Ä�`�M�\�q�›	\�‚�s�M�U ,

k = (1 , . . . , 10 12 3
i $ 1

, 2, 1, . . . , 10 12 3
r $ i

), k ! = ( i, r + 1 & i )

�q�M�O� �ï�Ã�¿�«�µ�t�0�`�o , 	��A�L�›�-�‰�b�•�y�‘�M .
Sum formula�Ž�Ž�t�‹ , 	��A�L�w�›	��=�q�`�o�����Ü�U�?�T�˜�’�•�”�i�–�O�T .
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�Ú�Ä�é� �Å�w
Ê�ù�d�t�S�Z�”�Ä�”�æ�¿�«� �Ã�ž�ç�t�m�M�o

�ò�> �è	% (KAZUKI SHIBATA) ( �q�­�G�¶�g�¶
æ )

	B�ù E = { 1, . . . , d} �q (! "=) B = { B1, . . . , Bn} # 2E (# Bi = r ) �t�0�` , �Ž�<�w	Ú
�E�›�¬�h�b�q�V , M = ( E, B) �› �Ú�Ä�é� �Å �q�M�O.

¥ �Ú�™�wx $ Bi \ Bj (1 % i, j % n) �t�0�` , (Bi &{ y} ) \{ x} , (Bj &{ x} ) \{ y} $ B
�q�s�” y $ Bj \ Bi �U���O�b�” .

	B�ù B �w�i�w�\�q�›�Ú�Ä�é� �Å�w basis�q�z�| , r �› rank �q�M�O. �Ž�< , �Ú�Ä�é� 
�Å M �w bases�w	B�ù�› B(M ) �q
¯�b . �Í�t�Ú�Ä�é� �Å�t
Ç
5�b�”�Ä�”�æ�¿�«� �Ã�ž
�ç�›���[�b�” . K �›�.�q�` , K [X ] = K [x1, . . . , xn ] �› n �!
:���ò�Ü���q�b�” . 
��”
DM = { b1, . . . , bn} # Zd �›

bj =
!

l ! B j

el (1 % j % n)

�q���Š�” . �\�\�p , ej �x Rd �w�o�•�2
ª�Õ�«�Ä�ç�q�b�” . �‡�h , 
��” { b1, . . . , bn} �q
d ' n 
T
:�æ�» (b1, . . . , bn) �›�‰�°�¹�b�” . �\�w�q�V M �w�Ä�”�æ�¿�«� �Ã�ž�ç JM �›

JM =

"
u#

l=1

xj l (
u#

l=1

xkl

$
$
$
$
$

u!

l=1

(bj l ( bkl ) = 0

%

�q���[�b�” . �‡�h
R���� RM = K [X ]/J M �› M �w bases monomial ring[12]�q�z�• .
�\�w
R�����t�0�` , �Ž�<�w�\�q�U�Œ�’�•�o�M�” .

Proposition 0.1. �Ú�™�w�Ú�Ä�é� �Å M �t�0�` , bases monomial ringRM �x normal
�p�K�” . �›�t , RM �x Cohen-Macaulay�p�K�” . �\�\�p , RM �U normal �p�K�”�q�x

Z" 0DM = Q" 0DM ) ZDM

�›�ˆ�h�b�q�V�t�M�O . (Z" 0DM = {
& n

i =1 r i bi | r i $ Z" 0} , ZDM , Q" 0DM �‹�‰�7 .)

	B�ù GM �›

GM =

'
(()

((*
xi xj ( xkxl

$
$
$
$
$
$
$
$

! $ Bi \ Bj

" $ Bj \ Bi

Bk = ( Bi & { " } ) \ { ! }
Bl = ( Bj & { ! } ) \ { " }

+
((,

((-
# JM

�q���[�b�” . �Ú�Ä�é� �Å�w�Ä�”�æ�¿�«� �Ã�ž�ç�t���` , �Ž�<�w�'
Ý�U���O�b�” .

Conjecture 0.2. �Ú�™�w�Ú�Ä�é� �Å M �t�0�` ,

(a) GM �x JM �w
\
R�%�p�K�” ; [13, 11]
(b) GM �U JM �w�¬�è�Ò�Æ�”�,���q�s�”�o�ò�Ü	q	‚�U���O�b�” .

148



Conjecture 0.2(a)�x graphic matroid [1], rank% 3�w�Ú�Ä�é� �Å [5], sparse paving
matroid [3], strongly base orderable matroid [6]�w�q�V
R�“�q�j , Conjecture 0.2(b)
�x uniform matroid [10], rank % 2 �w�Ú�Ä�é� �Å [7, 2], M (K 4)-minor �›�‹�h�s�M
graphic matroid [2], lattice path matroid [8]�w�q�V
R�“�q�m�\�q�U�˜�T�l�o�M�” . �‡
�h , �Ž�<�w�'
Ý�x Conjecture 0.2�›	��Š�h�‹�w�q�s�l�o�M�”�U , �‡�i�°�r�>�p�K�” .

Conjecture 0.3. �Ú�™�w�Ú�Ä�é� �Å M �t�0�` ,
(a) JM �x 2 �Í
\
R�p�K�” ;
(b) JM �x 2 �Í�¬�è�Ò�Æ�”�,���›�‹�m .

Conca [4]�x transversal matroid�t�0�` , Conjecture 0.3(a)�U
R�“�q�m�\�q�›�Ô
�`�h .

�Š�è���p�x , 2 �m�w�Ú�Ä�é� �Å�›
Ê�ˆ�ù�˜�d�h�q�V�t�Ä�”�æ�¿�«� �Ã�ž�ç�w
\
R�%
�•�¬�è�Ò�Æ�”�,���U�r�w�‘�O�t�s�”�w�T�t�m�M�o�è���` , �f�w�A�L , �Ž�<�w���g�U
R
�“�q�m�\�q�›	º�p�b�” .

Theorem 0.4 ([9]). �Ú�Ä�é� �Å M �U P6, Q6, M (K 4), W 3-minor �›�‹�h�s�M�s�’
�y , JM �x 2 �Í�¬�è�Ò�Æ�”�,���›�‹�m .

References

[1] J. Blasiak, The toric ideal of a graphic matroid is generated by quadrics,Combinatorica, 28
(3) (2008), 283-297.

[2] S. Blum, Base-sortable matroids and Koszulness of semigroup rings,Europ. J. Combin., 22
(2001), 937-951.

[3] J. Bonin, Basis-exchange properties of sparse paving matroids,Adv. in Appl. Math. , 50 (2013),
6-15.

[4] A, Conca, Linear spaces, transversal polymatroids and ASL domain,J. Algebraic Comb., 25
(2007), 25-41.

[5] K. Kashiwabara, The toric ideal of a matroid of rank 3 is generated by quadrics,Electron. J.
Combin., 17 (2010), # R28.

[6] M. Laso«n and M. Micha!lek, On the toric ideal of a matroid, Adv. Math., 259 (2014), 1-12.
[7] H. Ohsugi and T. Hibi, Compressed polytopes, initial ideals and complete multipartite graphs,

Illinois J. Math. , 44 (2000), no. 2, 141-146.
[8] J. Schweig, Toric ideals of lattice path matroids and polymatroids,J. Pure Appl. Algebra, 215

(2011), no. 11, 2660-2665.
[9] K. Shibata, Toric ideals of series and parallel connections of matroids,J. Algebra Appl., in

press.
[10] B. Sturmfels, ÒGr¬obner bases and convex polytopes,Ó Amer. Math. Soc., Providence, RI, 1996.
[11] B. Sturmfels, Equations deÞning toric varieties,Proc. Sympos. Pure Math.62 (1997), 437-449.
[12] N. White, The basis monomial ring of a matroid, Adv. Math. 24 (1977), 292-297.
[13] N. White, A unique exchange property for bases,Linear Algebra Appl. 31 (1980), 81-91.

Kazuki Shibata, Department of Mathematics, College of Science, Rikkyo Uni-
versity, Toshima-ku, Tokyo 171-8501, Japan.

E-mail address: k-shibata@rikkyo.ac.jp

149



�y�/���w double Bruhat cell	Í�w

�«�å�µ�»�”�!
:�q�A	¥�,��

	Í�•�G�¶�g�»�¶�Z�€�J 
$�œ�™�8�]���Ë�å �Ú�q�- ���K (Yuki Kanakubo)

�G�ø

G �›�å�ï�« r �w C 	Í�w�y�/�$�E
:�� , B , B ! ! G �›�f�•�g�• , 	Í�~�¯ , �<�~�¯�æ�»
¶�.�q�b�” . B , B !

�x , �Ø�è�ç 
æ
ü���q�z�y�•�” . H := B " B ! �q�` , N , N ! �› unipotent radicals, W = Norm( H )/H �›

�ë� �ç ���q�b�” . �ë� �ç�� W �x , �o	m�¸�é { si } 1" i " r �t�‘�l�o
\
R�^�•�” . ! i �› i 
j�è�w�,�Š�¢�¤� �Ä ,

I = { 1, 2, á á á, r } �›�4�È	B�ù�q�b�” . �y�/�$�s�E
:���x , �Ž�<�w 4 	��¨�p�K�” :

�� G �Ã�Ÿ�ï�©�ï
$��

A SLr +1 (C) = { x # Mat r +1 (C)|det(x) = 1 } ¥
1

¥
2

á á á ¥
r $ 1

¥
r

B SO2r +1 (C) = { x # SL2r +1 (C)|tx áJ2r +1 áx = J2r +1 } ¥
1

¥
2

á á á ¥
r $ 1

¥!!
r

C Sp2r (C) = { x # SL2r (C)|tx áJ !
2r áx = J !

2r } ¥
1

¥
2

á á á ¥
r $ 1

¥""
r

D SO2r (C) = { x # SL2r (C)|tx áJ2r áx = J2r } ¥
1

¥
2

á á á ¥
r $ 2

¥!!!!!! r $ 1

¥
"""

"""

r

�\�\�t ,

JN :=

!

"
#

1
...

1

$

%
& , J !

2r =
'

Jr

$ Jr

(
.

�¤���w�Ã�Ÿ�ï�©�ï
$���t�0�` , �§�ç�»�ï�æ�» A = ( ai,j )i,j # I �›

ai,j =

)
*******+

*******,

2 if i = j,
$ 1 if ¥

i
¥
j

, ¥
i

¥!!
j

$ 2 if ¥
i

¥""
j

,

0 otherwise

�p���Š�” . �‡�h , D = diag( d1, á á á, dr ) �› , DA �U�0	¶�æ�»�q�s�”�‘�O�s
Y
T
:�0�¯�æ�»�q�b�” .
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1 Introduction

�E
:���x , ���Ï���w�Ö�l�h variety �p�K�” . �y�/�$�s�‹�w�q�`�o , 	Í�G�w A, B, C, D ���w 4 	��¨�U�K�” . �E


:���w unipotent radical N 	Í�w�2
ª�� C[N ] �x , �«�å�µ�»�”�E
: �q�M�O�E
:�Ï���›�Ë�m . �\�•�x , �«�å�µ�»�”

�!
: �q�z�y�•�”�›���s
\
R�i�›�Ë�m�E
:�p�K�“ , �f�w
\
R�i�t�«�è�b�”�\�q�t�‘�l�o
Ê�ù�d�æ�$�t�E
:�Ï���›

�Ð�‚�”�\�q�U�p�V�” . 	–�æ�»�Ü (�‡�h�x�f�•�›�°
`�=�`�h generalized minors)�x , C[N ] �w�«�å�µ�»�”�!
:�w

�°
æ�p�K�“ , �\�•�’�T�’���w�«�å�µ�»�”�!
:�› , �°���w�F���p�Í�‘�q�Ï
R�`�o�M�X�\�q�U�p�V�”�w�p�K�” .

�°�M , �E
:���U�)�Q�’�•�”�q , �f�w�æ�”���›�ß�Q�”�\�q�‹�p�V�” . �æ�”���w
Ó�'�A�W�� U(g) �›�ß�Q�”�q , �f

�w
æ
ü�� U(n) (n := Lie( N )) �t , Lusztig- 
R
ª	j�,�� �q�M�O�,���U�2�?�$�t�Ï
R�^�•�” [1]. �2
ª�� C[N ] �q

U(n) �x�“�M�t
Ò�0�����t�K�“ , 
R
ª	j�,���w
Ò�0���U , 
Œ�t	\�‚�h C[N ] �w�«�å�µ�»�”�!
:�t�°�•�b�” . �\�w

�‘�O�t�«�å�µ�»�”�E
:�x , �2
ª���t�S�Z�”	–�æ�»�Ü�• , �A�W���w
R
ª	j�,���w
Ò�0���w
Q�í�›�A�Å�$�t�Z�€�b

�”�h�Š�t , Fomin, Zelevinsky �†�¯�t�‘�l�o�‹�Ö�^�•�h [3]. Geiss, Leclerc, Schrer�w�~�¯�t�‘�”�æ�� [12] �p

�x , 
Ò�0
R
ª	j�,���w
Q�í�U , �«�å�µ�»�”�E
:�w�
�:�T�’�Z�€�^�•�o�M�” .

�Š�è���p�x , double Bruhat cell Gu,v := BuB " B ! vB ! (u, v # W ) �q�z�y�•�”�·�ç	Í�w�2
ª�� C[Gu,v ]

�›�ß�Q�” . [3] �w���$�w�æ�� [5] �p�x , C[Gu,v ] �w�«�å�µ�»�”�Ï���U�Ì�’�T�t�^�•�o�M�” . �7�Ù�w�f�‘�w�Z�€�p ,

C[Gu,v ] �t�S�Z�”�«�å�µ�»�”�!
:�p�K�”	–�æ�»�Ü (�K�”�M�x generalized minors)�q , �A	¥�,�� �q�w�����U�˜

�T�l�h . �A	¥�,���x , �”� ���w
¯�q�›
Ê�ˆ�ù�˜�d�æ�$�t�{�O�h�Š�t
&�j�¯�t�‘�l�o�‹�Ö�^�•�h [8] �‹�w�p , �à�ï

�¬
k�•�é�”�å�ï�o�ò�Ü�›�;�M�o
¯�Ô�^�•�” . [13] �p�x , A ���E
:��	Í�w	–�æ�»�Ü�›�2
ª�!�õ�`�o�˜�’�•�h�é�”

�å�ï���ò�Ü�U , �A	¥�,���›�é�”�å�ï�o�ò�Ü�p
¯�Ô�`�h�‹�w�w�è�t�s�”�\�q�›�Ô�`�h . �2
ª���t�S�Z�”�«�å�µ

�»�”�!
:�q , �A	¥�,���w�����U
C�_�^�•�h�q�M�O�\�q�p�K�” . �Š�è���p�x , �\�w�A�L�› B, C, D ���t�¦�Á�b�” .

�\�w�è�Ù�”�Ä�p�x , 2 
…�p�E
:���q�f�w�æ�”�� , 3 
…�p
Ó�'�A�W���w���[�›
î	6�` , �«�å�µ�»�”�E
:�›�«�p
†

�Ì�b�” . 4 
…�p�2
ª���w�«�å�µ�»�”�E
:�Ï���t���b�”�Ä�î�›	º�p�b�” . 5 
…�p�”� ���q�f�w
¯�q�æ , �f�`�o�A	¥

�,���t�m�M�o�w���[�›
î	6�` , 6 
…�p	��A�L�›�G	\�` , 7 
…�p�f�w�A�L�T�’�8�4�^�•�”� �;�t�m�M�o	\�‚�” . �s

�S, �Š�Z�€�x	Í�•�G�¶�w�¤�a	]	%�­	$�q�w�ž�‰�Z�€�p�K�” .

2 �E
:���q�æ�”��

�‡�c , �y�/�$�E
:���q�f�w�æ�”���t�m�M�o�¥�M	Z�f�O . �æ�”���w�E
:�$
Q�í�T�’ , �E
:���w�E
:�$
Q�í , �2�?

�$
Q�í�U
ü�T�”�w�p�K�l�h . �y�/�$�E
:�� G �t�0�` , �f�w�æ�”�� Lie(G) �x ,

Lie(G) := { X # Mat N (C)|exp(tX ) # G, (t # R)}

�p���Š�’�•�” . �\�•�x�Õ�«�Ä�ç�í���w�Ï���›�Ë�j , �Ë�t�Å�€
u [x, y] := xy $ yx �q�M�O���‰�p���a�o�M�” . �E


:���q�f�w�æ�”���x , 	�� �w�†� �w�‘�O�t�Z�€�^�•�” . �«�Q�y , SLr +1 (C) := { x # Mat r +1 (C)|det(x) = 1 }

�w�æ�”���x , slr +1 (C) = { x # Mat r +1 (C)|trace(x) = 0 } �p�K�”�U , �\�•�x { ei = Ei,i +1 , f i = Ei +1 ,i , hi =

Ei,i $ Ei +1 ,i +1 | i # I } �q�M�O�¢�æ�”���q�`�o�w�£
\
R�i�›�Ë�j , �Ž�<�w�����Ü�›�¬�h�b :

(1) [hi , hj ] = 0,

(2) [hi , ej ] = aij ej ,

(3) [hi , f j ] = $ aij f j ,

(4) [ei , f j ] = ! ij hj ,
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(5) i %= j �w�q�V , ad(ei )1! aij (ej ) = 0,

(6) i %= j �w�q�V , ad(f i )1! aij (f j ) = 0,

�\�\�t , Eij �x i �æ j �»�w�ˆ 1 �p , ���x 0 �w
Y�M�æ�», ad(x)(y) := [ x, y] �p�K�” . �b�”�q , �E
:�� SLr +1 (C) �w

(���q�`�o�w ) 
\
R�i�› , { exp(tei ), exp(tf i ), th i | i # I, t # C$=0 } �q�Ï
R�p�V�” :

exp(tei ) =
i th

!

"
"
"
"
#

. . .
1 t
0 1

. . .

$

%
%
%
%
&

, exp(tf i ) =
i th

!

"
"
"
"
#

. . .
1 0
t 1

. . .

$

%
%
%
%
&

, (1)

th i = diag(1 , . . . , 1,

i
%
t ,

i +1
%

t! 1, 1, . . . , 1).

�°
`�w�o	m�s�E
:�� G �t�0�`�o�‹�‰�7�p , �f�w�æ�”�� g := Lie( G) �x , 
Œ�w(1)-(6) �w�����Ü�›�¬�h�b
\
R

�i { ei , f i , hi | i # I } �›�Ë�j , { exp(tei ), exp(tf i ), th i | i # I, t # C$=0 } �U G �w���q�`�o�w
\
R�i�q�s�” . �\

�w�‘�O�t , �æ�”���w
\
R�i�T�’ , G �w�E
:�$�s
Q�í�›�‹�X�\�q�U�p�V�”�w�p�K�” . �Ë�t , G �w�2�?�¶�$�s
Q�í�‹

�‹�X�\�q�U�p�V�” . �‡�c , �Ž�<�w�‘�O�t G �›
‡�¦�è�t
ü�r�b�” :

G = &u,v # W Gu,v , Gu,v := BuB ' B ! vB ! .

Gu,v �x double Bruhat cell �q�z�y�•�”�·�ç�p�K�” . �o	m�¸�é { si } �›�;�M�o , u = si 1 á á ási n , v = sj 1 á á ásj m

�q�7�y
¯ �Ô�b�” . xi (t) := exp( tei ), yi (t) := exp( tf i ) �q�S�V, �ø
þ x i : H ( (C$=0 )n + m ) Gu,v �› ,

x i (a; t1, á á á, tn , tn +1 , á á á, tn + m ) = aáyi 1 (t1)yi 2 (t2) á á áyi n (tn )xj 1 (tn +1 )xj 2 (tn +2 ) á á áxj n + m (tn + m ) �p���Š�” .

�Ë�J 2.1. [2] x i �x , H ( (C$=0 )n + m �q Gu,v �w�K�” Zariski �‰	B�ù�w���w
Ò
Y���‰���›�)�Q�” .

�\�•�t�‘�“ , G �x H ( (C$=0 )n + m �›�7�“�ù�˜�d�h�‘�O�s�2�?�Ï���›�Ë�l�o�M�”�\�q�U�˜�T�” .

3 �2
ª���q�æ�”���w
Ó�'�A�W�� , �«�å�µ�»�”�E
:


²
…�p�x , �E
:���q�f�w�æ�”���w�����t�m�M�o	\�‚�h . �Í�x , �E
:���w�2
ª���q , �æ�”���w
Ó�'�A�W���w����

�t�m�M�o	\�‚�‘�O . �æ�”�� g �x , �Å�€
u�q�M�O�A�ù���›�¬�h�^�s�M
u�›�Ë�m�Õ�«�Ä�ç�í���p�K�l�h . �æ�”���w
¯

�q�›�ß�Q�”�q�V , g �U�A�ù���w
R�“�q�m
u�›�Ë�h�s�M �w�x�?�T�q
Æ�(�p�K�” . �f�w�h�Š , �æ�”���w
¯�q�›�ß�Q�”

�q�V�x , �E�˜�“�t 
Ó�'�A�W�� U(g) �›�ß�Q�”�\�q�U���M . �\�•�x , �Í�w�����Ü�›�¬�h�b
\
R�i { ei , f i , hi |i # I }

�›�Ë�m C 	Í�w�A�ù�E
:�p�K�” :

(1)Õhi hj = hj hi ,

(2)Õhi ej $ ej hi = aij ej ,

(3)Õhi f j $ f j hi = $ aij f j ,

(4)Õei f j $ f j ei = ! ij hj ,

(5)Õi %= j �w�q�V ,
1! aij-

k=0

($ 1)k

.
1 $ aij

k

/

e1! aij ! k
i ej ek

i = 0,

(6)Õi %= j �w�q�V ,
1! aij-

k=0

($ 1)k

.
1 $ aij

k

/

f 1! aij ! k
i f j f k

i = 0.
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�\�•�’�x , 
Œ�wg �w
\
R�i�w���w�����Ü (1)-(6) �t�S�M�o , [x, y] (x, y # g) �› , xy $ yx �p�”�V�õ�Q�h�‹�w

�p�K�” . �\�w�‘�O�t���[�b�”�q , �æ�”���w
¯�q�›�ß�Q�”�\�q�q , 
Ó�'�A�W���w
¯�q�›�ß�Q�”�\�q�x�‰�‹�t�s

�” . U(n) (resp. U(h), U! (n)) �› , { ei } i # I (resp. { hi } i # I , { f i } i # I ) �p
\
R�^�•�” U(g) �w
æ
ü�E
:�q�b�”�q ,

U(g) = U(n)U(h)U! (n) �q
ü�r�^�•�” . �2
ª�� C[N ] �q�A�W�� U(n) �x
Ò�0�����t�K�” .

C[N ] *= U&
gr (n) �• C[Gu,v ] �x , �«�å�µ�»�”�E
: �q�M�O�E
:�Ï���›�Ë�m . �\�•�x	s�8�«�å�µ�»�”�!
:�q�z�y

�•�”�M�X�m�T�w
\
R�i�T�’ , ���w
\
R�i�U�Í�‘�q�Ï
R�^�•�o�M�X , �q�M�O�E
:�Ï���p�K�” . �2
ª���t�S�M�o

�x , �Í
…�p���Š�” generalized minors�U	s�8�«�å�µ�»�”�!
:�q�s�” [5]. G �U A ���E
:���w	Ô�ù , generalized

minors �x�è	×�w	–�æ�»�Ü�t�°�•�b�” . �\�\�p�x�«�å�µ�»�”�E
:�w	Ä�`�M���[�x�d�c , �«�p
†�Ì�b�”�\�q�t�b�” .

�« 3.1. D i 1 i 2 ááái s ,j 1 j 2 áááj s �› , �æ�U { i 1, á á á, i s} , �»�U { j 1, á á á, j s} �p�4�È
Ç�Z�’�•�”	–�æ�»�Ü�q�b�” . G =

SL4(C) �q�b�” . u = s1s2s3s1s2s1 �t�0�` , �2
ª�� C[Gu,e ] �w C[D123,123, D12,12, D1,1, D234,123, D34,12, D4,1]

	Í�w
\
R�i�› , �~�m�w
\
R�i D2,1, D23,12, D3,1 �T�’�Í�‘�q�Ï
R�`�o�M�X�\�q�U�p�V�” . �«�Q�y ,

D13,12 =
D3,1D12,12 + D23,12D1,1

D2,1
, D24,12 =

D23,12D4,1 + D34,12D2,1

D3,1
,

D1,1D2,2D34,13 =
D34,12D2,1D123,123 + D234,123D3,1D12,12

D23,12

�q�M�O�‘�O�t , 	ý�`�M
\
R�i�›�~�m�^�”�\�q�U�p�V�” . �m�‡�“ , x1 = D2,1, x2 = D23,12, x3 = D3,1 �q�b

�”�q�V , Ó((xj )j $= i �q��
:�w�Ë�ò�è )/( xi )Ó�q�M�O���w	ý�h�s
\
R�i x'
i �U�Ï
R�p�V�”�w�p�K�” . x'

1 = D13,12,

x'
2 = D24,12, x'

3 = D24,12 �p�K�” . 
Ê (x1, x2, x3) �› �«�å�µ�»�” , x1, x2, x3, x'
1, x'

2, x'
3 �› �«�å�µ�»�”�!
: �q�z

�• . �¤�!
: xi �› x'
i �t�”�V�õ�Q�”�\�q�p , 	ý�h�t�«�å�µ�»�” (x'

1, x2, x3), (x1, x'
2, x3), (x1, x2, x'

3) �›�Ï
R�p�V

�” . �\�•�’�T�’ , �f�•�g�•�~�m�c�m , �‡�h	ý�h�s�«�å�µ�»�”�!
:�U�Ï
R�^�•�” . �\�w�‘�O�t�`�o , (x1, x2, x3) �T

�’�Í�‘�q	ý�h�s�«�å�µ�»�”�!
:�U�Ï
R�^�•�o�M�V , �f�w�‘�O�t�`�o�^�’�•�h
¶�o�w�«�å�µ�»�”�!
:�U , C[Gu,e ]

�w
\
R�i�q�s�” . �\�w�‘�O�s
\
R�i�›�Ë�m�E
:�w�\�q�› �«�å�µ�»�”�E
: �q�z�•�w�p�K�” . �›�t , 
Ê (x1, x2, x3)

�›	s�8�«�å�µ�»�”�q�z�• .

�«�Q�y G �U A ���E
:���w	Ô�ù , N �x�0�¯
R
ü�U
¶�o 1 �w	Í�~�¯�æ�»
¶�.�w�s�b���q�s�”�U , C[N ] �x N 	Í

�w
Y����
:�w	B�ù�s�w�p , �®	–�æ�»�Ü�¯�›���‰ . �\�•�x U(n) �t�S�Z�”�®
R
ª	j�,���¯�w
Ò�0���q�s�” . 
R
ª

	j�,���x , U(n) �t�S�M�o�2�?�$�t�Ï
R�^�•�”�,���p�K�”�U , �f�w
Ò�0���p�K�”	–�æ�»�Ü�x , �«�å�µ�»�”�!
:�q

�M�O
Ê�ù�d�æ�$�s
Q�í�›�Ë�m
\
R�i�s�w�p�K�” . G �U���w���w	Ô�ù�x , �Í
…�p���Š�” generalized minors�U

C[N ] �w
Ò�0
R
ª	j�,���q�s�” . �\�w�‘�O�t�«�å�µ�»�”�E
:�x , minors �•
R
ª	j�,���w
Ò�0���w
Q�í�›�w�°�$

�t�{�O�h�Š�t�‹�Ö�^�•�h . �Ž�<�p�x	Í�w�«�w�‘�O�t , �·�ç Gu,v 	Í�w �«�å�µ�»�”�!
:�›�{�O .

4 �2
ª���q generalized minor


²
…�p�‹	—�`	î�•�h , �2
ª���t�S�Z�”�«�å�µ�»�”�!
:�p�K�” generalized minors�›
î	6�b�” . �\�•�t�m�M�o

�x , [5] �U	Ä�`�M . G0 = N ! HN �q�S�V , x = [ x]! [x]0[x]+ , [x]! # N ! , [x]0 # H, [x]+ # N �q�G�b .

���[ 4.1. u, v # W , i # { 1, á á á, r } �t�0�` , generalized minor " u! i , v ! i �x , �‰
æ
ü	B�ù uG0v! 1 �•�w
M�v

�U, " u! i , v ! i (x) = ([ u! 1xv]0)! i �p�)�Q�’�•�” G 	Í�w
Y����
:�p�K�” .

�›�t G = SL r +1 (C) (A ���E
:�� ) �w�q�V , �\�•�x�è	×�w	–�æ�»�Ü�t�°�•�b�” . A ���w�ë� �ç���x , �0	¶��
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S r +1 �t�‰���t�s�“ , �¤�o	m�¸�é si �x , �“�õ (i, i + 1) �q�_�s�b�\�q�U�p�V�” . �\�w	Ô�ù , " u! i , v ! i �x , �æ�U

u{ 1, 2, á á á, i } , �»�U v{ 1, 2, á á á, i } �p�å�Õ�ç
Ç�^�•�”	–�æ�»�Ü�t�s�`�M .

�« 4.2. G = SL 4(C), u = s1s2, v = e �w�q�V , u{ 1, 2} = { 2, 3} , v{ 1, 2} = { 1, 2} �p�K�”�T�’ , x = ( xi,j ) # G

�t�0�` ,

" u ! i , ! i (x) = det
0
x2,1 x2,2

x3,1 x3,2

1
= x2,1x3,2 $ x2,2x3,1.


²
…�t�S�M�o , �2
ª�� C[Gu,v ] �x�«�å�µ�»�”�E
:�Ï���›�Ë�j , 	Í�G�w generalized minor�U�«�å�µ�»�”�!
:�q

�s�”�q	\�‚�h . ���s�x , v = e �w	Ô�ù�›�¤	ú�t�ß�Q�” . u = si 1 á á ási n �t�0�` , i := ( i 1, á á á, i n ) �› u �w reduced

word �q�M�O. k # { 1, 2, á á á, n} �t�0�` , u" k := si 1 á á ási k �q�S�X . �\�w�q�V ,

"( k; i )(x) := " u ! k ! i k , ! i k
(x) (1 + k + n)

�q�S�X�q , �\�•�’�U�2
ª�� C[Gu,e ] �w	s�8�«�å�µ�»�”�!
:�q�s�“ , ���w�«�å�µ�»�”�!
:�‹ , �\�•�’�T�’�Í�‘�q


\
R�^�•�”�w�p�K�” (�« 3.1). i �› u �w reduced word�q�b�”�q�V , �Ë�J 2.1 �w�ø
þ x i �x , H ( (C( )l (u ) �q ,

double Bruhat cell Gu,e �w Zariski �‰	B�ù�q�w���w
Ò
Y���‰���s�w�p�K�l�h . �î�x , �ø
þ x i �w���[�t	Z�o�X�”

yi (t) �› , x! i (t) := yi (t)" %
i (t ! 1) �t�!�Q�h�ø
þ

øx i (a; t1, á á á, tn ) = a áx! i 1 (t1)x! i 2 (t2) á á áx! i n (tn )

�‹ , H ( (C( )l (u ) �q , Gu,e �w Zariski �‰	B�ù�q�w���w
Ò
Y���‰���›�)�Q�” . �\�•�›�;�M�o�Í�w�‘�O�t���Š�” :

" G (k; i ) := "( k; i ) , øx i (2)

�« 4.3. G = SL 4(C) �q�` , w := s1s2s3s1s2 �› A ���ë� �ç���w�i , i = (1 , 2, 3, 1, 2) �›�f�w reduced word �q

�b�” . w" 2 = s1s2 �p�K�” . �\�w�q�V , �« 4.2 �p�¬�T�Š�h�q�S�“ ,

"(2; i ) = " w! 2 ! i , ! i (x) = " s1 s2 ! i , ! i (x) = x2,1x3,2 $ x2,2x3,1

�p�K�l�h . �°�M , (1) �t�‘�“ ,

x! i (t) =
i th

!

"
"
"
"
#

. . .
t ! 1 0
1 t

. . .

$

%
%
%
%
&

�p�K�”�T�’ , a = diag( a1, a2, a3, a4) # H �q�b�”�q ,

øxi (a; Y1,1, Y1,2, Y1,3, Y2,1, Y2,2) =

!

"
"
"
"
#

a1
1

Y1, 1 Y2, 1
0 0 0

a2

2
Y1, 1

Y1, 2
+ 1

Y2, 1

3
a2

Y1, 1 Y2, 1

Y1, 2 Y2, 2
0 0

a3 a3

2
Y1, 2

Y1, 3
+ Y2, 1

Y2, 2

3
a3

2
Y1, 2 Y2, 2

Y1, 3

3
0

0 a4 a4Y2,2 a4Y1,3

$

%
%
%
%
&

�‘�l�o ,

" G (k, i )(a; Y1,1, Y1,2, Y1,3, Y2,1, Y2,2) = a2a3

'
Y1,1

Y1,3
+

Y1,2

Y1,3Y2,1
+

1
Y2,2

(
. (3)

�« 4.4. G = Sp4(C) (C2 ���E
:�� ), u = s1s2s1s2 # W , i = (1 , 2, 1, 2) �t�0�` ,

" G (2; i )(a; Y1,1, Y1,2, Y2,1, Y2,2) = a(s1 s2 ! 2 )

.
Y 2

1,1

Y1,2
+ 2

Y1,1

Y2,1
+

Y1,2

Y 2
2,1

+
1

Y2,2

/

. (4)
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5 �”� ���w
¯�q�æ -�A	¥�,���q�o�ò�Ü
¯�Ô

�f�‘�w	����g�x , 
²
…�p���Š�h generalized minors�q , �A	¥�,���w�o�ò�Ü
¯�Ô�w�����›�æ�a�”�‹�w�p�K�” .

�A	¥�,���x�”� ���w
¯�q�æ�T�’
\�‡�•�h�“�æ�p�K�” . �\�•�’�t�m�M�o
î	6�b�” [8],[9].

5.1 �”� ��

g := Lie( G) �› G �w Lie �� , q �›
Æ���i�q�b�” . [n]q = qn ! q" n

q! q" 1 , [n]q! = [ n]q[n $ 1]q á á á[1]q �q�S�V ,

0
n
k

1

q
=

[n]q!
[n $ k]q![k]q!

�q�S�X . �”� �� Uq(g) �q�x , �Í�w�����Ü�›�¬�h�b
\
R�i { ei , f i , qh i |i # I } �›�Ë�m C(q) 	Í�w�A�ù�E
:�p�K�” :

(1)Ó qhi qh j = qhi + h j = qhj qh i ,

(2)Ó qhi ej q! h i = qaij ej ,

(3)Ó qhi f j q! h i = q! aij f j ,

(4)Ó ei f j $ f j ei = ! ij
qd i h i ! q" d i h i

qd i ! q" d i
,

(5)Ó i %= j �w�q�V ,
1! aij-

k=0

($ 1)k

4
1 $ aij

k

5

qd i

e1! aij ! k
i ej ek

i = 0,

(6)Ó i %= j �w�q�V ,
1! aij-

k=0

($ 1)k

4
1 $ aij

k

5

qd i

f 1! aij ! k
i f j f k

i = 0.

�¤�����Ü (1)Ó-(6)Ó�t�S�M�o , (qh �›�‚�V�ƒ
:�t�2�‰�`�o�T�’ ) q ) 1 �q�b�”�q , Sect.3�p	\�‚�h
Ó�'�A�W���w

�����Ü (1)Õ-(6)Õ�t�°�•�b�” . �”� ���x , Yang-Baxter �M���Ü

Ri (u)Ri +1 (u + v)Ri (v) = Ri +1 (v)Ri (u + v)Ri +1 (u), Ri (u) = 1 - á á á -

i,i +1
6789
R(u) - á á á - 1 (i = 1 , á á á, N )

�w�r�›�Ï
R�b�”�h�Š�t�‹�Ö�^�•�h . �Õ�«�Ä�ç�í�� V �t�0�` , �\�•�x V ) N +1 	Í�w�Í�å�Ý�”�»�”
Ç�V�w
¢���ø
þ

(�K�”�M�x�æ�» ) �w���w�M���Ü�p�K�“ , �\�w�M���Ü�w�r R(u) : V ) V �w�\�q�› R �æ�»�q�z�• . R �æ�»�U�°�m�Ï


R�^�•�”�q , �f�•�T�’�w�-�—�¶�t�S�Z�”�D�r�¨� �Û���• , �A�|�è , �W�ˆ�è�w
Æ�!�”�›�Ï
R�b�”�\�q�U�p�V�” .

�”� �� Uq(g) �q�f�w
¯�q V �T�’ , 
Ó�' R �æ�»�q�z�y�•�” Y-B �M���Ü�w�r�U�°�m�Ï
R�^�•�” . �m�‡�“ , �”� 

���w
¯�q�›�Ï
R�` , �f�w�Ï���›�Ð�‚�”�\�q�t�‘�l�o , �D�r�¨� �Û���•�A�|�è�w
Æ�!�”�›�^�“	Z�b�\�q�U�p�V�”

�w�p�K�” . �«�Q�y , Uq(sl2(C)) �w�×
µ
¯�q�q�M�O���o�s
¯�q�T�’ , �A�|�è�w
Æ�!�”�p�K�”�´�ã�”�ï�¶���ò�Ü�U

�˜�’�•�” . �‡�h , 
¯�q V �t�0�` , �Â�ï�¹�ç
u
¯�q V - V �›�^�”�q , �f�\�T�’��	O�A�|�è�w
Æ�!�”�U�˜�’�•�”�w

�p�K�” . �\�w�‘�O�s�Þ�½�Õ�”�³�ã�ï�w�‹�q , �”� ���q�f�w
¯�q�æ�x�Z�€�^�•�o�M�X�\�q�t�s�l�h .

�”� ���w
¯�q�x , �æ�”���w
¯�q�q�‰�7�t�ß�Q�”�\�q�U�p�V�”
æ
ü�U�K�” . �«�Q�y , ���v�Í�i�o	m�æ�”�� g �w

���v�Í�i�7�ÿ
¯�q V �x , �K�” # # P+ :=
:

i Z* 0! i �›�;�M�o ,

V =
;

µ " !, µ # P

Vµ , Vµ := { v # V |hi v = µ(hi )v (i # I )} ,

�q
ü�r�^�•�” . Vµ %= 0 �w�q�V , µ �›�¢�¤� �Ä , Vµ �›�¢�¤� �Ä�í���q�t�O . �\�w�q�V , V! �x�°�Í�i�p�K�“ , # �›

�7�ô�¢�¤� �Ä�q�M�O . �‰�a�7�ô�¢�¤� �Ä�›�Ë�m�7�ÿ
¯�q�x�“�M�t�‰���t�s�” . �m�‡�“ , �æ�”�� g �w���v�Í�i�7
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�ÿ
¯�q�x , P+ �p
ü�¨�^�•�”�w�p�K�” .

�\�•�x�”� ���t�S�M�o�‹�‰�7�p , Uq(g) �w���v�Í�i�7�ÿ
¯�q V �x ,

V =
;

µ" !, µ # P

Vµ , Vµ := { v # V |qhi v = qµ (h i ) v (i # I )} ,

�q
ü�r�^�• , P+ �p
ü�¨�^�•�” . �•�x�“ V! �x�°�Í�i�p , V! = C(q)v! �q	{�Z�” . v! # V �›�7�ô�¢�¤� �Ä�Õ�«

�Ä�ç�q�M�O . �f�\�p , �7�ô�¢�¤� �Ä # �›�Ë�m Uq(g) �w
¯�q�› V (#) �q�G�b . 
Œ�t	\�‚�h�‘�O�t , V (#) �w�Ï���• ,

�Â�ï�¹�ç
u�w�Ï���›�Ð�‚�h�M . �f�\�p�;�M�’�•�”�w�U , �Í
…�p	\�‚�” �A	¥�,�� �p�K�” .

5.2 �”� ���w
¯�q�æ , �A	¥�,��

�7�ô�¢�¤� �Ä # # P+ �›�Ë�m�7�ô�¢�¤� �Ä
¯�q V (#) �x , �A	¥�,�� B (#) �›�;�M�”�\�q�p , �Ï���U�Ì�’�T�t

�^�•�” . i (1 + i + r ), v # V (#)µ �t�0�` ,

v = v0 + f i v1 +
f 2

i

[2]!
v2 +

f 3
i

[3]!
v3 + á á á+

f N
i

[N ]!
vN , vj # ker ei " V (#)µ+ j" i

�q�°�™�t	{�Z�” . �f�\�p , V (#) 	Í�w�^�;
É ÷f i , ÷ei �› ,

÷f i v = f i v0 +
f 2

i

[2]!
v1 +

f 3
i

[3]!
v2 +

f 4
i

[4]!
v3 + á á á+

f N +1
i

[N + 1]!
vN ,

÷ei v = v1 + f i v2 +
f 2

i

[2]!
v3 +

f 3
i

[3]!
v4 + á á á+

f N ! 1
i

[N $ 1]!
vN

�p���Š�” . �\�•�’�› Kashiwara operators �q�z�• . �� , A0 := { g
h |g, h # C[q], h(0) %= 0 } ! C(q) �q�S�V ,

L (#) �› , { ÷f i 1 á á á÷f i s v! |s # Z* 0, 1 + i 1, á á á, i s + r } �p���Š�’�•�” , V (#) �w
æ
ü A0 �E
:�q�b�” . �f�\�p ,

L (#)/qL (#) �w C 	Í�w�,���›

B (#) := { ÷f i 1 á á á÷f i s v! + qL(#)|s # Z* 0, 1 + i 1, á á á, i s + r }

�p���[�b�” . �Õ�«�Ä�ç�í�� L (#)/qL (#) �x , V (#) �p q �› 0 �t�`�h�‘�O�s�í���q�s�l�o�S�“ , q �›�9�S�t�_�q�o

�o , B (#) �›�A	¥�,���q�z�• . �A	¥�,���w�i�x , �à�ï�¬
k�•�“ �s�r�w�7�‘�s
¯�Ô�M�O�›�Ë�j , �f�•�’�t�‘�l�o
¯

�q�w�Ï���•�Â�ï�¹�ç
u�w�-�‰�› , 
Ê�ù�d�æ�$�t�{�O�\�q�U�p�V�”�‘�O�t�s�” . �f�w�‘�O�s
¯�Ô�M�O�w�O�j , �o�ò

�Ü
¯�Ô �q�z�y�•�”�‹�w�U�K�” . �\�•�x , B (#) �w�i�›�!
: { Ys,i |s # Z, i # I } �w�é�”�å�ï�o�ò�Ü�p
¯�Ô�b�”�M

�O�p , Ci :=( 
ü� �w Y&,i �w�x
: )$ (
ü�<�w Y&,i �w�x
: ) �q�S�X�q�V ,
<

i Ci ! i �U�f�w�i�w�¢�¤� �Ä�›
¯�`�o�M

�” . �‡�h , Kashiwara operator �w�^�;�x , �é�”�å�ï�o�ò�Ü�w�»�Z�‰�p
¯�^�•�” . �o�ò�Ü
¯�Ô�w	Ä�`�M���[�w�“

�M�x , 
&�j�¯�w�æ�� [9] �›�€	°�`�o�M�h�i�V�h�M . �\�\�p�x�«�›	\�‚�” .

�« 5.1. G = SL 4(C) (A 3 ���E
:�� ) �q�b�” .


$ 1 �x , �A	¥�,�� B (! 2) �w�à�ï�¬
k
¯�Ô (�( ) �q�o�ò�Ü
¯�Ô (�È) �p�K�“ , 
¯�q V (! 2) �U 6 �Í�i�p , �¢�¤� �Ä

! 2, ! 1 + ! 3 $ ! 2, ! 3 $ ! 1, ! 1 $ ! 3, ! 2 $ ! 3 $ ! 1, $ ! 2 �w�¢�¤� �Ä�í���t
ü�r�^�•�”�\�q�›�Ô�`�o�M�” .

�« 4.3 �w " G (k; i ) �w�Ü (3) �t�q�•�”�ò�w	B�ù { Y1, 1

Y1, 3
, Y1, 2

Y1, 3 Y2, 1
, 1

Y2, 2
} �x , 	Í�G�w�A	¥�,�� B (! 2) �w�o�ò�Ü
¯

�Ô�w�°
æ�q�°�•�`�o�M�”�\�q�t�«�™�b�” . �\�w
æ
ü�x lower Demazure crystalB !
s1 s2 s3 s1 s2

(! 2) �q�z�y�•�” .

�m�‡�“ , generalized minor �t�2
ª�!�õ�›�ª�`�h�‹�w �w�ò�t , �A	¥�,���›�o�ò�Ü
¯�Ô�`�h�‹�w�U�q�•�h , �q�M

�O�\�q�p�K�” . �\�•�U�f�‘�w	��A�L�p�K�” . �Í
…�p	Ä�I�›	\�‚�” .
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Y0,2

Y0, 3 Y1, 1

Y1, 2

Y0, 3

Y2, 1

Y1, 1

Y1, 3

Y1, 2

Y1, 3 Y2, 1

1
Y2, 2

1
2

1
3

2
3

1
4

2
4

3
4

2

##

1

##

3 !!

3 !!

1

##
2 !!

2
##

1
##

3 !!

3 !!

1
##

2 !!


$ 1

�« 5.2. ���w���t�S�M�o�‹ , A ���E
:���w�« 5.1 �q�‰�7�w�q	Å�U�I�\�” . G = Sp4(C) (C2 ���E
:�� ) �q�b�” .

1
2

2$)
1
2

1$)
2
2

1$)
2
1

2$) 2
1

. (5)

Y0,2
2$)

Y 2
1,1

Y1,2

1$)
Y1,1

Y2,1

1$)
Y1,2

Y 2
2,1

2$)
1

Y2,2
. (6)

Diagram (5), (6) �x�f�•�g�• , �A	¥�,�� B (! 2) �w�à�ï�¬
k
¯�Ô , �o�ò�Ü
¯�Ô�p , 
¯�q V (! 2) �U�¢�¤� �Ä ! 2,

2! 1 $ ! 2, 0, ! 2 $ 2! 1, $ ! 2 �w�¢�¤� �Ä�í���t
ü�r�^�•�” 5 �Í�i
¯�q�p�K�”�\�q�›
¯�`�o�M�” . �« 4.4 �t

�S�Z�” (4) �t�q�•�”�ò�w	B�ù {
Y 2

1, 1

Y1, 2
, Y1, 1

Y2, 1
, Y1, 2

Y 2
2, 1

, 1
Y2, 2

} �x , 	Í�G�w�A	¥�,�� B (! 2) �w�o�ò�Ü
¯�Ô�w�°
æ�q�°

�•�`�o�M�” . �\�w
æ
ü�x lower Demazure crystalB !
s1 s2

(! 2) �p�K�” . �ò�w��
:�t , 2 �U�q�•�”�\�q�›	†�X�q ,

generalized minor " G (k; i ) �x , �A	¥�,���›�o�ò�Ü
¯�Ô�`�h�‹�w�w�è�p	{�X�\�q�U�p�V�” , �q�M�O�\�q�p�K�” .

	��A�L�›	\�‚�”
²�t , Demazure crystal �w���[�›	º�p�b�” .

���[ 5.3. v! (resp. v!
! ) �› , B (#) �w�7�ô (resp. �7�ÿ ) �¢�¤� �Ä�Õ�«�Ä�ç�q�b�” . �‡�c , Be(#) := { v! } (resp.

B !
e (#) := { v!

! } ) �q�S�X . �‡�h , w # W �t�0�` , si w < w �w�q�V ,

Bw (#) :=
= ÷f k

i b| k . 0, b # Bsi w (#), ÷ei b = 0
>

\ { 0} ,

B !
w (#) :=

=
÷ek

i b| k . 0, b # B !
si w (#), ÷f i b = 0

>
\ { 0}

�q���Š�” . Bw (#) �› Demazure crystal,B !
w (#) �› lower Demazure crystal�q�z�• .

6 Generalized minors�q�A	¥�,��

	����g�›	\�‚�‘�O . �¤ A, B, C, D ���y�/���t�S�M�o , �7�Õ�i�w reduced word�x�Í�p�)�Q�’�•�”�•

i 0 =

)
********+

********,

(1, 2, á á á, r
8 96 7

1 st cycle

, 1, 2, á á á, r $ 1
8 96 7

2 nd cycle

, á á á, 1, 2, 3
8 967

(r ! 2) th cycle

, 1, 2, 1) for Ar ,

(1, 2, á á á, r
8 96 7

1 st cycle

, 1, 2, á á á, r
8 96 7
2 nd cycle

á á á, 1, 2, á á á, r
8 96 7

r th cycle

) for Br , Cr ,

(1, 2, á á á, r
8 96 7

1 st cycle

, 1, 2, á á á, r
8 96 7
2 nd cycle

á á á, 1, 2, á á á, r
8 96 7
r ! 1 th cycle

) for Dr .

(7)
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u # W �› , �f�w reduced wordi �U, (7) �w i0 �w left factor �p
¯�˜�^�•�”�‹�w�q�b�” . A ���s�’ ,

i = (1 , á á á, r
8 96 7
1 st cycle

, 1, á á á, r $ 1
8 96 7

2 nd cycle

, á á á, 1, á á á, r $ m + 2
8 96 7

m ! 1 th cycle

, 1, á á á, d
8 96 7

m th cycle

) (8)

�q�M�O�� , B, C, D ���s�’ , i = (1 , á á á, r )m ! 1(1, á á á, d) �q�M�O���p�K�” . �‡�c�x A ���t���b�”�A�L�›	\�‚�‘

�O. �!
: Y �›�Í�w�‘�O�t�S�X :

Y = ( a; Y1,1, á á á, Y1,r , á á á, Ym ! 1,1, á á á, Ym ! 1,r ! m +2 , Ym, 1, á á á, Ym,d ).

���g 6.1. [13] i k �› , (8) �w i �w�(�T�’ k 
j�è�w
:�È�q�b�” . i k �x , m' th cycle �t���b�”�q�b�” . �\�w�q�V ,

" G (k; i )(Y ) = a(u ! k ! d )

!

"
#

-

b# B "
u ! k

(( m ! m #)! d )

µ(b)

$

%
& , (9)

�q�s�” . �\�\�t , B !
u ! k

((m $ m' )! d) �x B ((m $ m' )! d) �w lower Demazure crystal,µ �x B ((m $ m' )! d)

�w�K�”�o�ò�Ü
¯�Ô�p�K�” .

�« 5.1 �p	\�‚�h�è�“ , generalized minors�›�2
ª�!�õ�`�h�‹�w�U , (k, i �T�’�>�‡�” ) �A	¥�,���w�°
æ�›

�o�ò�Ü
¯�Ô�`�h�‹�w�w�è�t�s�” , �q�M�O�\�q�p�K�” . ���w���t�s�”�q , �\�w
Q�í�x m $ m' = 1 �w	Ô�ù

�x (��
:�›�Á�¹�b�•�y ) 
R�“�q�m , �q�M�O�w�U�Í�w���g�p�K�” . B, C, D ���t���b�”�A�L�›	\�‚�”�h�Š�t ,

Y = ( a; Y1,1, á á á, Y1,r , á á á, Ym ! 1,1, á á á, Ym ! 1,r , Ym, 1, á á á, Ym,d ) # H ( (C( )n �q�S�X .

���g 6.2. i k �x , i = ( i 1, á á á, i n ) �w (m $ 1)th cycle �t���b�”�q�b�” . �\�w�q�V ,

" G (k; i )(Y ) = a(u ! k ! d )

!

"
#

-

b# B "
u ! k

(! d )

cb µ(b)

$

%
& , (10)

�q�s�” . �\�\�t , B !
u ! k

(! d) �x B (! d) �w lower Demazure crystal,cb �x�K�”
Y
T
: , µ �x B (! d) �w�K�”�o�ò

�Ü
¯�Ô�p�K�” .

7 ���™�w�2�l


²
…�p	\�‚�h�A�L�x , �2
ª�� C[Gu,e ] �w
\
R�i�› , �A	¥�,���q�����n�Z�”�‹�w�p�K�l�h . �2
ª���w�g�æ�U , �«

�å�µ�»�”�E
:�•�æ�”���æ�s�r�q�µ
€�t���˜�l�o�M�”�\�q�x�7�t	\�‚�h . �2
ª���g�æ�›�A	¥�,���w�t�?�p�g�r�` ,

���È
ü�ú�t� �;�`�o�M�X�\�q�U�7	4�è
ª�p�K�” .

5 
…�p	º�p�`�h�o�ò�Ü
¯�Ô�x , �ž�Ñ�•� �ï�”� ���w
¯�q�w�¦
ª�p�K�” q-character �w�Z�€�w�¤�p
\�‡�•�h .

�\�w�¦
ª�x , �f�w
¯�q�U�r�w�‘�O�s�¢�¤� �Ä�í���t
ü�r�^�•�”�w�T , �f�`�o�¤�¢�¤� �Ä�í���w�Í�i�x�M�X�m�s

�w�T , �q�M�O	Ø�C�›�Ë�l�o�M�”�‹�w�p�K�” . �m�‡�“ , �)�Q�’�•�h
¯�q�w q-character �w explicit formula �U
ü

�T�•�y , �f�w
¯�q�í���w�Ï���U�Ì�’�T�t�s�”�w�p�K�” . Fundamental modules, KR-modules�q�M�O�7�ÿ
¯

�q�w�«�å�µ�U�K�”�U , �f�•�’�w q-character �w�¬�Ü�x , [10],[11]�s�r�p�Ð�‚�’�•�o�M�” . �›�t A, D, E ���w

fundamental modules�w q-characters �x , �K�”�A	¥�,���›�o�ò�Ü
¯�Ô�`�h�‹�w�w�è�t�s�”�\�q�U�Œ�’�•�o�M

�” [10]. �\�•�x , ���g 6.2 �p	\�‚�h " G (k; i ) �w
Q�í�q�¨�Å�`�o�M�” . �‡�h , generalized minors "G (k; i ) �U, ��

�o�s�4�È�w�!�õ�›�æ�O�\�q�p , q-characters �w
æ
ü�è �q�°�•�b�”�«�U�_�m�T�l�o�M�” . �«�Q�y A ���E
:���w
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	Í�w minor " G (k; i ) �x , �4�È�!�õ�›�b�”�\�q�p , �K�” A �� KR-module �w q-character �w
æ
ü�è�q�°�•�b�” .

�‘�“	Ä�`�X�t�O�q , A ���w KR-module �w q-character �x , �K�”�A	¥�,���›�o�ò�Ü
¯�Ô�`�h�‹�w�w�è�t�s�” .

�0�`�o " G (k; i ) �x , �f�w�º�w Demazure crystal �w
æ
ü�w�ˆ�›�
�`	Í�[�h�‹�w�t�s�l�o�M�”�w�p�K�” . �\�w�‘

�O�t�A	¥�,���w�
�:�t�q�m�q , minors �q q-character �w���È�U�_�Q�o�X�” . [6] �p�x , �ž�Ñ�•� �ï�”� ���w
¯�q

�w�‰���¨�U�s�b�¬�é�»�ï�Ã�Ÿ�”�«���›�;�M�o , ���v���«�å�µ�»�”�E
:�w�M�=�›�æ�l�o�M�” . �f�w�¤�p , �7�ÿ
¯�q

�U�«�å�µ�»�”�!
:�w�þ�Â�›�r�l�o�M�” . ���v���q�x , �«�å�µ�»�”�!
:�U���v�x�`�T�q�•�s�M�«�å�µ�»�”�E
:�w

�\�q�p�K�” . �«�Q�y , �2
ª�� C[(SL4(C))e,w 0 ] (w0 �x�ë� �ç���w�7�Õ�i ) �x���v���p�K�” . C[(SL4(C))e,w 0 ] �p

�x	s�8�«�å�µ�»�”�i�Z�p�s�X , 
¶�o�w�«�å�µ�»�”�!
:�U , Demazure crystal �›�o�ò�Ü
¯�Ô�`�h�‹�w�w�è�p	{�Z

�” . �f�`�o�f�w�!
:�h�j�x , �M�=�w�¤�p�q�•�h�7�ÿ
¯�q�w q-characters�q�¨�Å�`�o�M�”�Ä�U�¬�Ý�p�V�o�M�” .

�\�w�‘�O�t , Gu,e , �K�”�M�x Ge,v 	Í�w�2
ª���x�Z�€�U�`�•�b�X , �ž�Ñ�•� �ï�”� ���w�7�ÿ
¯�q�q�w�(�U�“�U

	ƒ�‘�t�_�m�T�“�•�Š�o�M�” . ���v���«�å�µ�»�”�E
:�w
ü�¨�x [4] �p�s�^�•�o�S�“ , ���X�w
Q�í�U�Ì�’�T�t�^�•

�o�M�”�U , �Á�v���t�m�M�o�x�°�r�Ì�s
æ
ü�U���M . �7�Ù�p�x , �M�=�›�;�M�o , �«�å�µ�»�”�E
:�w�¤�t Ó
ª	j�,�� Ó

�›�Ï
R�`�‘�O�q�M�O�Z�€�U�s�^�•�o�M�” [7]. �°
`�t , �2
ª�� C[Gu,e ] �x�Á�v���q�s�” . 	s�8�«�å�µ�»�”�Ž�Ž�w

�«�å�µ�»�”�!
:�‹�A	¥�,���q���È
Ç�Z , �«�å�µ�»�”�g�æ , �ž�Ñ�•� �ï�”� ���w
¯�q�æ�•�w� �;�›�è�¦�`�h�M .
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���v�.��
:�w�é�”�å�ï�ƒ
:�t�S�Z�”�Ã�Ÿ�¦�Ñ�•�ï�Ä�µ�Ù�Å

�G�; �•�Â (Tomohiro Ooto)! �y

�œ�þ�G�¶ 
:�g
ú�í�J�¶�Z�€�J
:�¶
•�È   
$�œ�™�8�]���Ë�å

� “ � A

�Ã�Ÿ�¦�Ñ�•�ï�Ä�µ�Ù�Å�x�|�î
:�›���g
:�p�r�w�X�’�M�‘�X�Ù�Å�p�V�”�T�›�,�Š�$�s
�ð�J�q�`�|�f�w�ð�J�w�¦�Á�•�¨�Å�t�m�M�o	��t�Ð�‚�”
ü�ú�p�K�”�}�\�w�Ù�Å�g�æ�x�|�Ò
�ý
:�æ�•�Ã�Ÿ�¦�Ñ�•�ï�Ä�µ�M���Ü�•�w� �;�U�K�“�y�X�T�’�Z�€�w�0	Å�q�s�l�o�V�h�}�Š
�Â�«�Ç�§�ç�è�Ù�”�Ä�p�x�|�î
:�t���b�”�Ã�Ÿ�¦�Ñ�•�ï�Ä�µ�Ù�Å�w
Œ�æ�Z�€�q�f�w� �;�t
�m�M�o	\�‚�”�}�f�w�™�|�î
:�w�¨�Å�q�`�o���v�.��
:�w�é�”�å�ï�ƒ
:�p�w�Ã�Ÿ�¦�Ñ�•�ï
�Ä�µ�Ù�Å�t�m�M�o�˜�’�•�h�A�L�›	º�p�b�”�}

1 �‹�Ö

�Ã�Ÿ�¦�Ñ�•�ï�Ä�µ�Ù�Å�x�|

�)�Q�’�•�h�î
: ! �›���g
:�p�r�w�X�’�M�‘�X�Ù�Å�p�V�”�T

�›�,�Š�$�s�ð�J�q�`�|�f�w�ð�J�w�¦�Á�•�¨�Å�t�m�M�o	��t�Ð�‚�”
ü�ú�p�K�”�}�‹�j�–�œ���g


:�w���µ
Q�T�’�|�M�X�’�p�‹ ! �q�w�)�U	–�^�M���g
:�x���O�b�”�}�`�T�`�|�\�w�)�w���“�M

(�‹�w�^�` ) �›�O�‡�X�!�Q�”�\�q�p�Ø
(�M�\�q�U�˜�T�l�o�X�”�}�f�\�p�|�\�w
…�p�x�f�w�‹�w

�^�`�t�m�M�o���o�s	Ô�ù�›�è�`�o� �Ý�”�´�›�ë�œ�p�‹�’�M�h�M�}

�‡�c�|�°�m�G�ø�›�‹�Ö�b�”�}�î
: x �t�0�`�o�| [x] := max { n ! Z | n " x} �q���Š�”�}�\

�w��
: [á] �x�¨�¢�µ�G�ø�q�‘�y�•�o�S�“�|�î
:�w
T
:
æ
ü�›	��“	Z�b��
:�p�K�”�}�«�Q�y�|

[3] = 3, [5.3] = 5, [# 6.25] = # 7�}
T
: q $= 0 �t�0�`�o�| |q! # [q!]| " 1 �s�w�p�†�%�› |q| �p�Â

�”�q�|
!
!
!
!! #

[q!]
q

!
!
!
! "

1
|q|

�U
R�“�q�m�}	H�l�o�|�î
:�x�Ù�Å���g
:�w
ü�<�p�Ù�Å�p�V�”�}�Í�t�| ! �U���g
: a/b �w�q�V

�t�m�M�o�ß�Q�”�}�\�w�q�V�| a/b �q�Ÿ�s�”���g
: p/q �t�0�`�o�|
!
!
!
!
a
b

#
p
q

!
!
!
! %

|aq# bp|
|bq|

%
1

|bq|

�U
R�“�q�m�}	Í�G�q�ù�˜�d�”�q�|���g
:�x�Ù�Å���g
:�w
ü�<�U�K�”�™�¯�7�‘�w�Ù�Å�q�s�”�}

�Í�t�ß�Q�”�‚�V�\�q�x�| ! �U�Á�g
:�w�q�V�w�Ù�Å�p�K�–�O�}�Á�g
:�t�m�M�o�x�Í�w�y�/�$

�s�A�L�U�K�”�}
! e-mail: ooto@math.tsukuba.ac.jp
  �ß 305-8577�µ	Ó�]�m�X�y�¢�1�&�F 1-1-1 �œ�þ�G�¶
:�g
ú�í�%
:�¶�¬
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���g 1.1 (Dirichlet, 1842). �î
: ! �›�Á�g
:�q�b�”�}�\�w�q�V�|�Í�›�¬�h�b���g
: p/q �U�Á


:�t���O�b�” :
!
!
!
!! #

p
q

!
!
!
! "

1
|q|2

.

���g 1.1�w	Â�Ì�x�|
K�Ê
å�j�g (n + 1 �Ë�w
K�› n �x�w
6�t�Ö�•�”�q�|	—�s�X�q�‹ 1 �x�w
6

�t�x 2 �Ë�Ž	Í�w
K�U�M�” ) �›�;�M�o	s�s�$�t	Â�Ì�p�V�”�}	Â�Ì�x�| [15, �H 1 	· ] �t	{�M�o�K

�”�}���g 1.1 �T�’�|�Á�g
:�x�Ù�Å���g
:�w
ü�<�w 2 	Ð�p�Ù�Å�p�V�”�}

�Ž	Í�w�\�q�T�’�|�Ù�Å���g
:�w
ü�<�w 2 	Ð�p�Ù�Å�p�V�•�y�Á�g
:�|�f�O�p�s�M
:�x���g
:

�q�s�”�}�m�‡�“�|���g
:�T�Á�g
:�T�›
Q���b�”�w�t�M���Ü (�s�Ü ) �p�s�X
Æ�s�Ü�U�–�Q�”�q

�\�–�U
‡	×�t�Ø
(�M�:�p�K�”�}

2 
…�p�x�|
Œ�„�r�°���[�p�–�l�h�7�‘�Ù�Å�w�“�æ�›���Ü�=�`�|�f�•�t���b�”
Œ�æ�Z�€�›	º

�p�b�”�}�Í�w 3 
…�p�x�|�Ò�ý
:�•�Ã�Ÿ�¦�Ñ�•�ï�Ä�µ�M���Ü�•�w�7�‘�Ù�Å�w� �;�t�m�M�o	\�‚

�”�} 4 
…�x�|���g
:�p�w�Ù�Å�›�°
`�=�`�h�E
:�$
:�•
T
:��
:���ò�Ü�p�w�Ù�Å�t�m�M�o	\�‚

�”�} 5 
…�p�x�|�î
:�p�s�X���w�. (���v�.��
:�w�é�”�å�ï�ƒ
:�. ) �w�Ù�Å�t�m�M�o���o�s	º�p

�›�æ�M�|���s�w	��A�L�›�C���b�”�}

2 �î
:�w���g
:�Ù�Å

�‡�c�x�|
²
…�p�°���[�i�l�h�î
:�w�7�‘�Ù�Å�›���[�b�”�}�î
: ! �t�0�`�o�|

0 <

!
!
!
!! #

p
q

!
!
!
! "

1
|q|w

�q�s�”���g
: p/q �U�Á
:�t���O�b�”�‘�O�s�î
: w �w	Í�v�› µ(! ) �q�`�|�\�•�› ! �w�Á�g
:�S

�q�‘�•�}�\�•�p�|���g
:�w
ü�<�q�M�O�‹�w�^�`�›�–�l�h�7�‘�Ù�Å�›���Ü�=�b�”�\�q�U�p�V�h�}

�Á�g
:�S�w�t�M�õ�Q�q�`�o�Í�U
R�q�b�”�\�q�U�Œ�’�•�o�M�”�}�Ž�<�›�¬�h�b�î
: w �w�<�v

�x µ(! ) �q�s�” : �K�”
Y�w�î
: C �U���O�`�o�| ! �q�Ÿ�s�”�b�‚�o�w���g
: p/q �t�0�`�o�|
!
!
!
!! #

p
q

!
!
!
! %

C
|q|w

�›�¬�h�b�}	H�l�o�|
²
…�T�’�î
: ! �t�0�`�o µ(! ) % 1�|���g
: a/b �t�0�`�o µ(a/b) = 1 �U


R�q�b�”�}�‡�h�|���g 1.1 �›�t�M�õ�Q�”�q�Í�w�‘�O�t�s�” :

���g 2.1 (Dirichlet, 1842). �Á�g
: ! ! R �t�0�`�o�| µ(! ) % 2�}

	H�l�o�|
²
…�w�7�™�w�M�t	\�‚�h���g
:�T�Á�g
:�w
Q���O�x�|

µ(! ) > 1 �s�’�y ! �x�Á�g
:�p�|�f�O�p�s�M�q�V (µ(! ) = 1) �| ! �x���g
:

�q�s�”�}


ó
É
: ! �x�| P(! ) = 0 �q�s�”
T
:��
:���ò�Ü P(X ) ! Z[X ] \ { 0} �U���O�b�”�q�V�E
:�$
:

�q�M�O�}
ó
É
:�p�E
:�$
:�q�s�”
:
¶�.�w	B�ù�› Q �q
¯�b�} ! �U�E
:�$
:�w�q�V�| P(! ) = 0
�q�s�” P(X ) ! Z[X ] \ { 0} �w�O�j�7	–�w�Í
:�› ! �w�Í
:�q�‘�|�| deg! �p
¯�b�}�‡�h�|�E
:

�$
:�p�s�M
ó
É
:�›�Ò�ý
:�q�‘�•�}�\�\�p�|�M�X�m�T�E
:�$
:�q�Ò�ý
:�w�«�›�•�[�”�}
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�« . ���g
:�x�Í
: 1 �w�E
:�$
:�}
&

2,
&

3,
&

5 �x�Í
: 2 �w�E
:�$
:�}�É� �Ð�ž
: e �q��	*�p "
�x�Ò�ý
:�}

Liouville �x�E
:�$
:�w�Á�g
:�S�w	Í�v�›�)�Q�h�}

���g 2.2 (Liouville [7, 8]) . �Í
: d �w�E
:�$
: ! ! R �t�0�`�o�| µ(! ) " d�}

Proof. ���w�Ã�Ÿ�¦�Ñ�•�ï�Ä�µ�Ù�Å�w���g�p�‹�f�O�i�U�|�\�w���g�w	Â�Ì�w�Ù� �ï�Ä�x 0 �p

�s�M
T
:�w
ˆ�0�‹�x 1 �Ž	Í�q�M�O�\�q�p�K�”�}

p/q �› ! �q�Ÿ�s�”���g
:�q�b�”�} |! # p/q| > 1 �w�q�V�x�|
!
!
!
!! #

p
q

!
!
!
! > 1 %

1
|q|d

�q�s�”�}�Í�t�| |! # p/q| " 1�w�q�V�›�ß�Q�”�} P(X ) =
" d

n=0 anX n ! Z[X ]\{ 0} �p P(! ) = 0
�s�”�‹�w�›�q�l�o�X�”�}�\�w���ò�Ü�› X = ! �‡�˜�“�p�Â�”�å�”�2�‰�b�”�q�|

P(X ) =
d#

n=0

P(n) (! )
n!

(X # ! )n

�q�s�”�} P (0) (! ) = 0 �t�«�™�b�”�q�|

!
!
!
!P

$
p
q

%!
!
!
! =

!
!
!
!
!

d#

n=1

P(n) (! )
n!

$
p
q

# !
%n

!
!
!
!
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"

!
!
!
!! #
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!
!
!
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!
!
!
!
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# !

!
!
!
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n" 1

"

!
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!
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p
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!
!
!
!

d#

n=1

|P (n) (! )|
n!

.

�‡�h�| 0 �p�s�M
T
:�w
ˆ�0�‹�x 1 �Ž	Í�s�w�p
!
!
!
!P

$
p
q
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!
!
! =

!
!
!
!
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n=0 anpnqd" n
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!
!
!
!
!

%
1

|q|d
.

�\�\�p�| C := min { 1, (
" d

n=1 |P (n) (! )|/n !)" 1} �q�S�X�}�b�”�q�| ! �q�Ÿ�s�”�Ú�™�w���g
: p/q
�t�0�`�o�|

!
!
!
!! #

p
q

!
!
!
! %

C
|q|d

�q�s�”�w�p�| µ(! ) " d �U�˜�’�•�”�}

Liouville �t�‘�l�o�˜�’�•�h d �q�M�O	Í�„�x�|�f�w�™ d/ 2 + 1 (Thue [18])�| 2
&

d (Siegel
[16])�|

&
2d (Dyson [6]) �q�Ë	ý�^�•�|�7	4�$�t Roth �w	��t�‘�l�o�>�£�U�m�M�h�}

���g 2.3 (Roth [12]). �î
: ! �U 2 �Í�Ž	Í�w�E
:�$
:�q�b�”�}�\�w�q�V�| µ(! ) " 2�}	H�l�o�|

���g 2.1 �q�ù�˜�d�”�q�|

µ(! ) = 2 .

���g 2.3�w	Â�Ì�U	{�M�o�K�”�è	{�q�`�o�x�| [15, �H 3 	· ] �U�•�[�’�•�”�}���g 2.3�w�0�î�›

�ß�Q�”�\�q�p�|�Í�w�Ò�ý
:
Q���U�˜�’�•�”�}

�% 2.4. �î
: ! �t�0�`�o�| µ(! ) > 2 �s�’�y ! �x�Ò�ý
:�}
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3 �î
:�w���g
:�Ù�Å�w� �;

�\�w
…�p�x�|�H 2 
…�p	\�‚�h���g�w� �;�t�m�M�o�2�m�T	º�p�b�”�}�‡�c�x�|�Ò�ý
:�æ�•�w

� �;�›	º�p�`�h�M�}

���g 3.1 (Mahler [9]). b�› 2 �Ž	Í�w
T
:�q�`�| k �› 3 �Ž	Í�w
T
:�q�b�”�}�\�w�q�V�|�Í�w�î


:�x�Ò�ý
: :

! =
##

n=0

1
bkn .

�«�™. Mahler �x Roth �w���g�›�;�M�s�M�M�O�p�Ô�`�h�U�|�\�\�p�x Roth �w���g�›�–�l�h	Â

�Ì�›�)�Q�”�}

Proof. �%2.4�‘�“�| µ(! ) > 2 �›�Ô�d�y�‘�M�}�f�w�h�Š�| ! �t�‘�M�Ù�Å�›�)�Q�”���g
:�›�Ï
R

�b�”�}
T
: m % 0 �t�0�`�o�|

! m :=
m#

n=0

1
bkn =

1 + bkm " km " 1
+ bkm " km " 2

+ á á á+ bkm " 1

bkm

�q���g
:�›���Š�”�}�\�w�q�V�|

|! # ! m | =

!
!
!
!
!

##

n= m+1

1
bkn

!
!
!
!
!

"
2

(bkm )k .

	H�l�o�| µ(! ) % k > 2 �q�s�”�h�Š ! �x�Ò�ý
:�q�s�”�}

���g 3.2 (Danilov [5]) . # > 1 �›�Á�g
:�q�b�”�}�\�w�q�V�|�Í�w�î
:�x�Ò�ý
: :

##

n=1

1
b[!n ]

.

�\�w���g�w	Â�Ì�‹�|���g 3.1�w	Â�Ì�q�‰�a�X�‘�M���g
:�Ù�Å�›�Ï
R�`�o�% 2.4�T�’�Ò�ý
Q

�›�Ô�b�q�M�O�M
��p�K�”�}�Í�t�|�Ã�Ÿ�¦�Ñ�•�ï�Ä�µ�M���Ü�•�w� �;�›�°�m	\�‚�”�}

���g 3.3 (Thue [18]). d �› 3 �Ž	Í�w
T
:�q�`�| F (X, Y ) ! Z[X, Y ] �›�7�ÿ�s d �Í
j�Í���ò�Ü

�q�b�”�}�‡�h�| k �›
T
:�q�b�”�}�\�w�q�V�|
Æ���M���Ü

F (X, Y ) = k (1)

�w
T
:�r (X, Y ) ! Z2 �x���v�x�`�T���O�`�s�M�}

�«�™. �\�w���g�x�|
²
…�p	º�p�`�h Roth �w���g�‘�“	��M Thue �w���g (µ(! ) " d/ 2 + 1) �›

�;�M�o Thue �×
��U	Â�Ì�`�h�}

�« . 2X 3 # Y 3 = 1 �w
T
:�r (X, Y ) ! Z2 �x���v�x�w�ˆ�}
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4 ���g
:�Ù�Å�w�°
`�=

�\�w
…�p�x�|�Á�g
:�S�w�“�æ�›�°
`�=�`�f�•�t�m�M�o�Œ�’�•�o�M�”�\�q�›	º�p�b�”�}�°
`

�=�›�b�”�h�Š�t�|�‡�c�x���ò�Ü�S�‘�|�E
:�$
:�w�ô�^�›���[�b�”�}
T
:��
:���ò�Ü P(X ) =
" d

n=0 anX n ! Z[X ] �t�0�`�o�| H (P) := max 0$ n$ d |an | �› P �w�ô�^�q�‘�•�}�E
:�$
: ! ! Q
�t�0�`�o�| ! �w�7	–���ò�Ü�› Q(X ) �q�S�X�}�m�‡�“�|�7�ÿ�T�m�j�•�$�p�7�ô�Í��
:�U
Y�q�s

�” Q(X ) ! Z[X ] \ { 0} �p Q(! ) = 0 �q�s�”�‹�w�›�q�l�o�X�”�}�E
:�$
:�t�0�`�o�|�7	–���ò

�Ü�x�
�°�m���O�b�”�\�q�t�«�™�b�”�}�\�w�q�V�| H (! ) := H (Q) �› ! �w�ô�^�q�‘�•�}�\�\�p�|

�E
:�$
:�w�ô�^�w���o�s�«�›	º�p�b�”�}

�« . p, q �›�“�M�t
É�s
Y�w
T
:�q�b�”�}�\�w�q�V�|���g
: p/q �w�7	–���ò�Ü�x qX # p �p�K

�“�|�f�w�ô�̂ �x H (p/q) = max { p, q} �q�s�”�}�‡�h�|
&

2 �w�7	–���ò�Ü�x X 2 # 2 �p�K�“�|�f

�w�ô�^�x H (
&

2) = 2 �q�s�”�}

�Á�g
:�S�x�|���g
:�w
ü�<�q�M�O�‹�w�^�`�p�7�‘�Ù�Å�›���[�`�o�M�h�}���S�x�|
Œ�„�r��

�[�`�h�ô�^�›�‹�w�^�`�t�`�o�7�‘�Ù�Å�›�Í�w�‘�O�t 2 �m���[�b�”�}
Y�w
T
: n �S�‘�|�î
: !
�t�0�`�o�|

0 < |P(! )| "
1

H (P)w , degP " n

�q�s�” P(X ) ! Z[X ] �U�Á
:�t���O�b�”�‘�O�s�î
: w �w	Í�v�› wn(! ) �q�S�X�}�‡�h�|

0 < |! # #| "
1

H (#)w! +1 , deg# " n

�q�s�” # ! Q �U�Á
:�t���O�b�”�‘�O�s�î
: w! �w	Í�v�› w!
n (! ) �q�S�X�}�\�•�’�Ë�m�w��
:

wn , w!
n �x Diophantine exponent�q�‘�y�•�o�M�”�}�Ú�™�w�î
: ! �t�0�`�o�| w1(! ) = w!

1(! ) =
µ(! ) + 1 �p�K�”�\�q�U�Œ�’�•�o�M�”�}	H�l�o�| Diophantine exponent wn, w!

n �x�Á�g
:�S µ
�w�“�æ�›�°
`�=�`�h�‹�w�p�K�”�}�\�w�q�V�|�Í�w 2 �m�w�ð�J�t�m�M�o�ß�Q�”�\�q�x�×
µ�s�\

�q�i�–�O�}

�ð�J 4.1. ! �›�î
:�| n �›
Y�w
T
:�q�b�”�}

(1) ! �U�E
:�$
:�w�q�V�| wn(! ) �q w!
n (! ) �w�‹�›�>���d�‘�}

(2) Diophantine exponent wn �q w!
n �x�Ÿ�s�”��
:�T�}�‹�`�f�O�s�’�y�|�r�w�X�’�M�Ÿ�s

�”�T�›�Ð�‚�‘�}

�ð�J (1) �t�m�M�o�| wn(! ), w!
n (! ) �w�‹�x�| ! �w�Í
:�q n �›�;�M�o
¯�d�”�\�q�U�Œ�’�•�o�M�”�}

���g 4.2. 
Y�w
T
: n �q d �Í�w�E
:�$
: ! ! R �t�0�`�o�|

wn(! ) = w!
n (! ) = min { n, d # 1} .

	Â�Ì�t�x�| Roth �w���g (���g 2.3) �w�ô�Í�i
[�p�K�”
æ
ü�í�����g�U�;�M�’�•�”�}
æ
ü�í

�����g�w	��Á�t�|	Â�Ì�t���`�o�x [13, Section VI] �t	{�T�•�o�M�”�}���g 4.2 �w�f�w���w
æ


ü�w	Â�Ì�t���`�o�x [2, Section 3.2,3.4]�t	{�M�o�K�”�}	H�l�o�|�ð�J (1) �x�r�>�^�•�o�M�”�}

�Í�x�ð�J (2) �t�m�M�o�Œ�’�•�o�M�”�A�L�›	\�‚�o�M�V�h�M�}��
: wn �q w!
n �w�)�w	Í�„�q

�<�„�t�m�M�o�x�Í�U�Œ�’�•�o�M�”�}
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���g 4.3 (Wirsing [19]). n �›
Y�w
T
:�q�`�| ! �›�î
:�q�b�”�}�\�w�q�V�|

0 " wn(! ) # w!
n(! ) " n # 1.

�)�w	Í�v�q�<�v�t�m�M�o�x	Í�G�w���g�T�’�˜�T�”�U�|�î�M�t�r�w�X�’�M�Ÿ�s�”�T�›�Ð�‚�”

�t�x�| $ ! [0, n # 1] �t�0�`�o wn(! ) # w!
n(! ) = $ �q�s�” ! ! R �w���O
Q�›�Ð�‚�”
ž�A�U�K�”�}

n = 2 �w�q�V�x�|�È
ü
:

a0 +
1

a1 +
1

a2 +
1

á á á

, (a0 ! Z, ai ! Z> 0 for i % 1)

�q�M�O�è	×�w 10
��2�‰�q�x�Ÿ�s�l�h�î
:�w
¯�G�O�t�|�f�w�g�æ�›�;�M�”�\�q�p�|��
: w2# w!
2

�w�‹�¬�x�>���^�•�o�M�”�}

���g 4.4 (Bugeaud [4]). ��
: w2 # w!
2 �w�‹�¬�x���à�� [0, 1] �p�K�”�}

n % 3 �t�0�`�o�x�|��
: wn # w!
n �w�‹�¬�x�ì
¶�t�>���^�•�o�M�s�M�U�Í�w
æ
ü�$�s�A�L�U

�Œ�’�•�o�M�”�}

���g 4.5 (Bugeaud [1]). ��
: w3 # w!
3 �w�‹�¬�x�à�� [0, 2) �›���‰�}

���g 4.6 (Bugeaud, Dujella [3]). n �› 4 �Ž	Í�w
T
:�q�b�”�}�\�w�q�V�|��
: wn # w!
n �w�‹

�¬�x�Í�w�à���›���‰ :
&
0,

n
2

+
n # 2

4(n # 1)

%

5 	��A�L

�\�w
…�p�x�|���v�.��
:�w�é�”�å�ï�ƒ
:�.�p�w�Ã�Ÿ�¦�Ñ�•�ï�Ä�µ�Ù�Å�t�m�M�o�î
:�q
z�±

�`�s�U�’�Ù�Å�w�“�æ�•
Œ�æ�Z�€�t�m�M�o	\�‚�”�}�f�w�™�|	��A�L�›	º�p�b�”�}�‡�c�x�^�æ�›

�2�‰�b�”�w�t
ž�A�s�G�ø�›�‹�Ö�b�”�} p �›
É
:�q�`�|
Y�w
T
: s �t�0�`�o q = ps �q�S�X�}�i

�w�x
:�U q �x�w�.�› Fq �p
¯�`�| Fq ��
:�w���ò�Ü���› Fq[T] �p
¯�b�}�f�`�o�| Fq[T] �w	Ž�.

�› Fq(T) �p
¯�b�}�m�‡�“�|

Fq(T) =
'

P(T)
Q(T)

!
!
!
!P(T), Q(T) ! Fq[T], Q(T) $= 0

(

�q�b�”�}�‡�h�| Fq ��
:�w�é�”�å�ï�ƒ
:�.�›

Fq((T " 1)) =

)
##

n= N

anT" n

!
!
!
!
!
an ! Fq, N ! Z, aN $= 0

*

' { 0}

�p
¯�b�}�\�\�p�| Fq ( Fq[T] ( Fq(T) ( Fq((T " 1)) �q�M�O�A�������U
R�“�q�m�}
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:�æ�p�x�`�y�`�y�Í�w�¨�Å�w�0� �›�–�l�h�Z�€�U�æ�˜�•�o�M�” :

Z )* Fq[T]

Q )* Fq(T)

R )* Fq((T " 1))

���s�w	��A�L�‹�f�O�M�l�h R �p
R�“�q�m�\�q�U Fq((T" 1)) �p�‹
R�“�q�m�T�r�O�T�›�Ð�‚�h

�Z�€�q�s�l�o�M�”�}

�Í�t�| 4 
…�p���[�`�h 2 �m�w Diophantine exponent�w�¨�Å�›���[�`�h�M�}�f�w�h�Š�t�|�‡

�c�x Fq((T " 1)) 	Í�t
ˆ�0�‹�›���Š���ò�Ü�•�E
:�$
:�w�ô�^�›���[�b�”�} ! =
" #

n= N anT" n !
Fq((T " 1)) \ { 0} �t�0�`�o�| |! | := q" N �|�‡�h 0 �t�0�`�o�| |0| := 0 �p Fq((T " 1)) 	Í�t
ˆ�0�‹

�›���Š�”�}�\�w
ˆ�0�‹�x�| Fq((T " 1)) �w�E
:���A Fq((T " 1)) �‡�p�°�™�$�t���Õ�p�V�”�\�q�U

�Œ�’�•�o�S�“�|�f�•�›�‡�h | á |�p
¯�b�}���ò�Ü P(X ) =
" d

n=0 anX n ! (Fq[T])[X ] �t�0�`

�o�| H (P) := max 0$ n$ d |an | �› P �w�ô�^�q�‘�•�}�E
:�$
: ! ! Fq(T) �t�0�`�o�| ! �w�7	–��

�ò�Ü�› Q(X ) �q�S�X�}�m�‡�“�| X �t���`�o�7�ÿ�T�m�j�•�$�s���ò�Ü Q(X ) =
" d

n=0 anX n !
(Fq[T])[X ] \ { 0} �p�| Q(! ) = 0 �T�m ad �U T �t���`�o�Þ�Ç�¿�«���ò�Ü�q�s�”�‹�w�›�q�l�o�X�”�}

�E
:�$
:�t�0�`�o�|�7	–���ò�Ü�x�
�°�m���O�b�”�\�q�t�«�™�b�”�}�\�w�q�V�| H (! ) := H (Q)
�› ! �w�ô�^�| deg! := degX Q �› ! �w�Í
:�q�‘�•�}


Y�w
T
: n �q ! ! Fq((T " 1)) �t�0�`�o�|

0 < |P(! )| " H (P)" w, degX P " n

�q�s�” P(X ) ! (Fq[T])[X ] �U�Á
:�t���O�b�”�‘�O�s�î
: w �w	Í�v�› wn(! ) �q�S�X�}�‡�h�|

0 < |! # #| " H (#)" w! " 1, deg# " n

�q�s�”�E
:�$
: # ! Fq(T) �U�Á
:�t���O�b�”�‘�O�s�î
: w! �w	Í�v�› w!
n (! ) �q�S�X�}�\�w�q

�V�|�Ú�™�w ! ! Fq((T " 1)) �t�0�`�o w1(! ) = w!
1(! ) �q�s�”�\�q�U�Œ�’�•�o�M�”�}�f�\�p�|�î


:�q�‰�a�‘�O�t�Í�w�ð�J�t�m�M�o�ß�Q�h�M :

�ð�J 5.1. n �›
Y�w
T
:�q�`�| ! ! Fq((T " 1)) �q�b�”�}

(1) ! �U�E
:�$
:�w�q�V�| wn(! ) �q w!
n (! ) �w�‹�›�>���d�‘�}

(2) Diophantine exponent wn �q w!
n �x�Ÿ�s�”��
:�T�}�‹�`�f�O�s�’�y�|�r�w�X�’�M�Ÿ�s

�”�T�›�Ð�‚�‘�}

�ð�J (1) �t���`�o�| Liouville �w���g (���g 2.2) �w�¨�Å�U
R�“�q�m�}

���g 5.2 (Mahler [10]). �Í
: d �w�E
:�$
: ! ! Fq((T " 1)) �t�0�`�o�| w1(! ) " d # 1�}

�̀ �T�̀ �| Roth �w���g (���g 2.3)�w�̈ �Å�x
R�q�̀ �s�M�\�q�U�Œ�’�•�o�M�”�}�m�‡�“�| w1(! ) > 1
�q�s�”�E
:�$
: ! ! Fq((T " 1)) �U���O�b�”�}�«�Q�y�| t �›
Y�w
T
:�| r = pt �q�`�| ! :=
" #

n=0 T" r n
! Fq((T " 1)) �q�S�X�}�\�w�q�V�| ! �x r �Í�w�E
:�$
:�p w1(! ) = r # 1 �q�s�”�\

�q�U�Œ�’�•�o�M�” ([10])�}
�\�w�\�q�T�’�|�î
:�t
z�‚�ð�J (1) �›�r�>�b�”�w�x�É�`�M�\�q�U�˜�T�”�}�ð�J (1) �w
æ
ü

�$�s�A�L�q�`�o�| w1 �w�E
:�$
:�p�w�‹�¬�t�m�M�o�x�Í�w�\�q�U�Œ�’�•�o�M�”�}
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���g 5.3 (Thakur [17], Schmidt [14]). ���g
: w > 1 �t�0�`�o�| w1(! ) = w �›�¬�h�b�E
:�$


: ! ! Fq((T " 1)) �U�Á
:�t���O�b�”�}

���s�|�\�w�A�L�›�¦�Á�b�”�\�q�U�p�V�h�w�p�C���b�”�}

���g 5.4. n �›
Y
T
:�q�`�| w > 2n # 1 �›���g
:�q�b�”�}�\�w�q�V�|�Í�w�s�Ü�›�¬�h�b�E
:

�$
: ! ! Fq((T " 1)) �U�Á
:�t���O�b�” :

w1(! ) = w!
1(! ) = á á á= wn(! ) = w!

n(! ) = w.

�Í�t�ð�J (2) �›�ß�Q�”�}��
: wn �q w!
n �w�)�w	Í�„�q�<�„�t�m�M�o�Í�›�Ô�b�\�q�U�p�V�h�}

���g 5.5 ([11]). n �›
Y
T
:�q�`�| ! ! Fq((T " 1)) �q�b�”�} k �› pk " n < p k+1 �›�¬�h�b
‡
Û


T
:�q�b�” . �\�w�q�V�|�Í�U
R�“�q�m :

0 " wn(! ) # w!
n(! ) " (pk # 1)w!

n (! ) + ( n + 1) pk # 2.

�^�’�t 1 " n < 2p �s�’�y�|�Í�w
Æ�s�Ü�U
R�“�q�m :

0 " wn(! ) # w!
n(! ) " n # 1.

R �q Fq((T" 1)) �p�x
ª
:�U 0 �q p �p�Ÿ�s�l�o�S�“�|�f�w�è�¹�p�°
`�w n �t�m�M�o���g 4.3
�w�¨�Å�›�Ô�b�\�q�U�p�V�s�T�l�h�}�`�T�`�|	–�^�M n �t�0�`�o�x�|
ª
: p �›���w�^�æ�›�;�M

�o���g 4.3�w�¨�Å�›�Ô�b�\�q�U�p�V�h�}

��
: wn # w!
n �w�‹�¬�t�m�M�o�Í�›�Ô�b�\�q�U�p�V�h�}

���g 5.6. n �› 2 �Ž	Í�w
T
:�q�b�”�}��
: wn # w!
n �w�‹�¬�x���à�� [0, 1] �›���‰�}

���g 5.5�| 5.6�T�’�| n = 2 �w�q�V��
: w2# w!
2 �w�‹�¬�U���à�� [0, 1] �q�>���p�V�h�w�p�|���g

4.4�w�¨�Å�U
R�q�b�”�}�‡�h�|�Ú�™�w
T
: n % 2�t�0�`�o�| wn(! ) $= w!
n(! ) �s�” ! ! Fq((T " 1))

�w���O
Q�U�˜�T�”�h�Š�| wn �q w!
n �x�Ÿ�s�”��
:�q�s�“�|�ð�J (2) �w
²
R
æ
ü�x�r�>�p�V�h�}
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Gorenstein Fano polytope arising from
order polytopes and chain polytopes

�T�i�y	¤
³ (Akiyoshi TSUCHIYA) ( �G�U�G�¶�G�¶�Ã	Ø�C�J�¶�Z�€�J )!

�Š�j�Ø�x�G�U�G�¶�w�Ô
z�¹�í�¯�q	¦�>�°�™�¯�q�w�ž�‰�Z�€ [3]�t�,�n�X .

1. 	j
‹
1.1. 
T�¤���Ø�.�q Ehrhart ���ò�Ü

P ! Rd �› d�Í�i
T�¤���Ø�. , �m�‡�“�¤�Ö�:�w�2
ª�U
¶�o
T
:�p�K�”�‘�O�s d�Í�i
�w�¤���Ø�.�q�b�” . 
T�¤���Ø�. P �U
Y�F �p�K�”�q�x , �Ú�™�w
T
: N > 0 �S�‘�|
�Ú�™�w a " N P # Zd �t�0�` , a = a1 + á á á+ aN �›�¬�h�b a1, . . . , aN " P # Zd �U
���O�b�”�q�V�›�M�O . �\�\�p N P = { N! | ! " P} �p�K�” .

�‡�h , 
T�¤���Ø�. P �U Fano �p�K�”�q�x , �f�w�º
æ�t���‡�•�”
T
:�:�U Rd �w�j
�:�w�ˆ�p�K�”�q�V�›�M�O . �^�’�t , Fano �s
T�¤���Ø�. P �U Gorenstein Fano �p
�K�”�q�x , �f�w
Ò�0���Ø�.

P " := { x " Rd | $x, y% &1 for all y " P}

�‹
T�p�K�”�q�V�›�M�O . �\�\�p , $x, y%�x Rd �w�è	×�w�º
u�p�K�” .

�Ú�™�w
Y
T
: n �t�m�M�o��
: i (P, n) �›

i (P, n) := |nP # Zd|

�p���[�b�” . �\�w�Ì , �Ž�<�U�Œ�’�•�o�M�” .

¥ i (P, n) �x , n �t���b�” d �Í���ò�Ü�p�K�“ , ��
:�ò�x	×�t�
�p�K�” .

¥ i (P, n) �w�7�ô�Í�w��
:�x P �w�è	×�w�.
u�q�°�•�b�” .

�\�w���ò�Ü i (P, n) �› P �w Ehrhart ���ò�Ü �q�z�• .

1.2. 	q	‚�¤���Ø�.�q�/�¤���Ø�.

P = { p1, . . . , pd} �› d �i�T�’�s�”
R	q	‚	B�ù�q�b�” . I ! P �U�Ù�·�¿�Ä� �Ã�ž�ç
�q�x , 	Ú�E Òa " I, b " P, b < a �s�’�y b " I Ó�›�¬�h�b�‹�w�›�M�O . P �w�Ù�·�¿�Ä
� �Ã�ž�ç
¶�.�w	B�ù�› J (P) �p
¯�b . �‡�h , A ! P �U
S�/ �q�x , A �w
¶�o�w�i�U P
�p
z�±
Æ�D�ó�s�‹�w�›�M�O . P �w
S�/
¶�.�w	B�ù�› A (P) �p
¯�b . �í	B�ù ' �x�Ù
�·�¿�Ä� �Ã�ž�ç�S�‘�|
S�/�q�ˆ�s�b .

�¤ I ! P �t�0�` , " (I ) :=
!

pi # I ei �q���Š�” (�\�\�p e1, . . . , ed �x Rd �w�o�•�2

ª�Õ�«�Ä�ç ). 
R	q	‚	B�ù P �T�’�Í�w 2	��¨�w
T�¤���Ø�.�U�Ï
R�p�V�” .

O(P) := conv( { " (I )|I " J (P)} )
! e-mail: a-tsuchiya@cr.math.sci.osaka-u.ac.jp
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C(P) := conv( { " (A)|I " A (P)} )

O(P) �› 	q	‚�¤���Ø�. , C(P) �› �/�¤���Ø�. �q�M�O. �\�w 2 	��¨�w
T�¤���Ø�.�w
Ehrhart ���ò�Ü�U�°�•�b�” , �m�‡�“

i (O(P), n) = i (C(P), n)

�U
R�“�q�m�\�q�U�Œ�’�•�o�M�” ([5]). �›�t , O(P) �q C(P) �w�.
u�x�°�•�b�” .

1.3. �Ä�”�æ�¿�«���q�Ä�”�æ�¿�«� �Ã�ž�ç

P ! Rd �› d�Í�i
T�¤���Ø�.�q�b�” . �\�w�q�V

K [P] := K [x! 1
1 á á áx! d

d t : (! 1, . . . , ! d) " P ] ! K [x1, . . . , xd, t]

�x P �t
Ç
5�b�” �Ä�”�æ�¿�«�� �q�M�O. �‡�h�\�w�Ä�”�æ�¿�«���w���[� �Ã�ž�ç I P �›
P �t
Ç
5�b�” �Ä�”�æ�¿�«� �Ã�ž�ç �q�M�O. P �U
Y�F�w�Ì , K [P] �w Hilbert ��
:�q ,
P �w Ehrhart ���ò�Ü i (P, n) �U�°�•�b�”�\�q�U�Œ�’�•�o�M�” .

2. 	q	‚�¤���Ø�.�q�/�¤���Ø�.�t
Ç
5�b�”
Y�F Gorenstein Fano �¤

���Ø�.
P = { p1, . . . , pd} , Q = { q1, . . . , qd} �› , �q�‹�t d �i�T�’�s�”
R	q	‚	B�ù�q�b�” . P
�q Q �t
Ç
5�b�”	q	‚�¤���Ø�.�q�/�¤���Ø�.�›
Ê�ˆ�ù�˜�d , �Í�w 3	��¨�w
T�¤���Ø
�.�›�Ï
R�b�” .

!( O(P), (O (Q)) := conv {O (P) ) ( (O(Q))}

!( O(P), (C (Q)) := conv {O (P) ) ( (C(Q))}

!( C(P), (C (Q)) := conv {C(P) ) ( (C(Q))}

�\�\�p
T�¤���Ø�. P ! Rd �t�0�`�o (P := {( ! " Rd|! " P} �p�K�” .
[d] = { 1, . . . , d} �w�”�õ # = i 1i 2 á á áid �U P �w
¢���¦�Á �p�K�”�q�x , pi a < p i b

�p�K�•�y i a < i b �›�¬�h�b�‹�w�›�M�O . P �q Q �U�ž�è�w
¢���¦�Á�›�Ë�m�\�q
�q , !( O(P), (O (Q)) �U
Y�F Gorenstein Fano�¤���Ø�.�q�s�”�\�q�x�‰�‹�p�K�”
�\�q�U�Œ�’�•�o�M�” ([1]). �‡�h , !( O(P), (C (Q)) �q !( C(P), (C (Q)) �U	×�t
Y�F
Gorenstein Fano�¤���Ø�.�p�K�”�\�q�‹ [2]�q [4]�p�Œ�’�•�o�M�” . �\�w�A�L�x�\�•
�’ 3	��¨�w
T�¤���Ø�.�t
Ç
5�b�”�Ä�”�æ�¿�«� �Ã�ž�ç�w�¬�è�Ò�Æ�”�,���›�-�‰�b
�”�\�q�p , �Ô�b�\�q�U�p�V�” .

3. 3 	��¨�w
Y�F Gorenstein Fano �¤���Ø�.�w Ehrhart ���ò�Ü
�¬�è�Ò�Æ�”�,���w���T�’�Ž�<�w���g�U�˜�’�•�” .

���g 1 P �q Q �› |P| = |Q| = d�q�s�”
R	q	‚	B�ù�q�b�” . �\�w�q�V ,

i (!( O(P), (C (Q)), n) = i (!( C(P), (C (Q)), n)
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�U
R�“�q�m . �›�t , !( O(P), (C (Q)) �q !( C(P), (C (Q)) �w�.
u�x�°�•�b�” .
�^�’�t P �q Q �U�ž�è�w
¢���¦�Á�›�Ë�m�q�V ,

i (!( O(P), (O (Q)), n) = i (!( O(P), (C (Q)), n) = i (!( C(P), (C (Q)), n)

�U
R�“�q�m . �›�t , !( O(P), (O (Q)), !( O(P), (C (Q)) �q !( C(P), (C (Q)) �w�.
u
�x�°�•�b�” .

4. 3 	��¨�w
Y�F Gorenstein Fano �¤���Ø�.�w smooth 
Q
P ! Rd �› d�Í�i Fano�¤���Ø�.�q�b�” . P �U Q-factorial �p�K�”�q�x ,P �U�o�.�$ , �m
�‡�“�¤�Ñ�•�·�¿�Ä�U�o�.�q�s�l�o�M�”�q�V�t�M�O . P �U smooth�p�K�”�q�x , �¤�Ñ�•
�·�¿�Ä�w�Ö�:�w	B�ù�U Zd �w Z �,���q�s�l�o�M�”�q�V�t�M�O . P �U smooth Fano�s
�’�y , Q-factorial �T�m Gorenstein�p�K�” .

3	��¨�w
Y�F Gorenstein Fano�¤���Ø�.�U , �M�msmooth�t�s�”�T�›�›�Ã
Ç�Z�”
�\�q�U�p�V�h .

���g 2 d * 2�t�0�`�o , P �q Q �› |P| = |Q| = d�q�s�”
R	q	‚	B�ù�q�b�” . P �q Q
�x�ž�è�w
¢���¦�Á�›�Ë�m�q�>���b�” . �\�w�q�V , �Í�x�‰�‹�q�s�” :

(i) !( O(P), (O (Q)) �x Q-factorial �p�K�” ;

(ii) !( O(P), (O (Q)) �x smooth�p�K�” ;

(iii) J (P) = {{ pi 1 } , { pi 1 , pi 2 } , . . . , { pi 1 , . . . , pi d }} �‡�h�x
J (P) = {{ pi 1 } , { pi 2 } , { pi 1 , pi 2 } , . . . , { pi 1 , . . . , pi d }} , �T�m
J (Q) = {{ qi 1 } , { qi 1 , qi 2 } , . . . , { qi 1 , . . . , qi d }} �‡�h�x
J (Q) = {{ qi 1 } , { qi 2 } , { qi 1 , qi 2 } , . . . , { qi 1 , . . . , qi d }} .

���g 3 d * 2�t�0�`�o , P �q Q �› |P| = |Q| = d�q�s�”
R	q	‚	B�ù�q�b�” . �\�w�q
�V, �Í�x�‰�‹�q�s�” :

(i) !( O(P), (C (Q)) �x Q-factorial �p�K�” ;

(ii) !( O(P), (C (Q)) �x smooth�p�K�” ;

(iii) J (P) = {{ pi 1 } , { pi 1 , pi 2 } , . . . , { pi 1 , . . . , pi d }} �‡�h�x
J (P) = {{ pi 1 } , { pi 2 } , { pi 1 , pi 2 } , . . . , { pi 1 , . . . , pi d }} , �T�m
A(Q) = {{ qi 1 } , { qi 2 } , . . . , { qi d }} �‡�h�x
A (Q) = {{ qi 1 } , { qi 2 } , . . . , { qi d } , { qi 1 , qi 2 }} ;

���g 4 d * 2�t�0�`�o , P �q Q �› |P| = |Q| = d�q�s�”
R	q	‚	B�ù�q�b�” . �\�w�q
�V, �Í�x�‰�‹�q�s�” :

(i) !( C(P), (C (Q)) �x Q-factorial �p�K�” ;

(ii) !( C(P), (C (Q)) �x smooth�p�K�” ;
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(iii) �Ú�™�wI 1, I 2 " A 2(P)(I 1 += I 2) �t���`�o I 1 # I 2 = ' �p�K�“ , �Ú�™�w J1, J2 "
A 2(Q)(J1 += J2) �t���`�o J1 # J2 = ' �p�K�“ , �Ú�™�wI " A 2(P) �q�Ú�™�w
J " A 2(Q) �t���`�o |I # J | += 1 �q�s�” .

5. 3 	��¨�w smooth Fano �¤���Ø�.�q unimodular �‰�‹
d �Í�i
T�¤���Ø�. P, Q ! Rd �t�m�M�o , P �q Q �U unimodular �‰�‹ �p�K�”�q�x ,
unimodular �æ�» U " Zd$ d �q
T
:�Õ�«�Ä�ç w " Zd �U���O�`�o , U �t�‘�“���[�^
�•�”
¢���ø
þ f U : Rd , Rd �›�;�M�o Q = f U(P) + w �q�p�V�”�Ì�t�t�O . �\�\�p
v " Rd �t�0�`�z f U (v) = vU �q���Š�” . unimodular�‰�‹�x
T�¤���Ø�.�w
ü�¨�t�–�˜
�•�o�S�“ , Gorenstein Fano�¤���Ø�.�S�‘�| smooth Fano�¤���Ø�.�x , unimodular
�‰�‹�s�‹�w�›	†�Z�y , �¤�Í�i�t���v�x�`�T���O�`�s�M�\�q�U�Œ�’�•�o�M�” .


R	q	‚	B�ù P �q Q �›�{���`�o , 3 	��¨�w Gorenstein Fano�¤���Ø�.�U�b�‚�o
smooth�q�s�”�q�V , �S�“�M�U unimodular �‰�‹�q�s�”�T�Ð�‚�h . �Ž�<�U�f�w�A�L
�p�K�” .

���g 5 d * 3 �t�0�`�o , P �q Q �› |P| = |Q| = d �q�s�”
R	q	‚	B�ù�q�b�” .
!( O(P), (O (Q)), !( O(P), (C (Q)) �q !( C(P), (C (Q)) �U�b�‚�o smooth�p�K�”
�q�>���b�” . �\�w�q�V , !( O(P), (O (Q)) �q !( C(P), (C (Q)) �x unimodular�‰�‹
�p�K�” . �`�T�` , !( O(P), (C (Q)) �x�\�•�’�q unimodular �‰�‹�q�s�’�s�M . �^�’
�t , P += Q�p�K�•�y , !( O(Q), (C (P)) �‹�‡�h smooth�p�K�“ , !( O(P), (C (Q)) �q
�x unimodular�‰�‹�q�s�’�s�M .

Remark 6 d = 2 �w�q�V�x , 3	��¨�w smooth Fano�¤���Ø�.�x�S�“�M unimodular
�‰�‹�q�s�” . �^�’�t 3	��¨�w Gorenstein Fano�¤���Ø�.�U�b�‚�o smooth�q�s�”�w
�x , P �q Q �U�Ž�<�w P1 �T P2 �w�M�c�•�T�t�s�”�q�V�p�K�” .

P1:

!

!

!

"""

pi d

pi 2

pi 1

P2:

!

!

!!

"""

pi d

pi 3

pi 2pi 1
!

!
!

!

"
"
"
"

�7�™�t , �\�•�’�w�A�L�T�’ , �Í�w�%�U�˜�’�•�” .

Corollary 7 �Ú�™�wd * 3�t�0�`�o , smooth Fano�¤���Ø�. P �q Q �p�Í�w	Ú�E�›
�¬�h�b�‹�w�U���O�b�” :

¥ P �q Q �x�‰�a Ehrhart ���ò�Ü�›�Ë�m .
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¥ P �q Q �x unimodular�‰�‹�p�x�s�M .
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Euler�w�Ë	O�¸�”�»�‹�w�¬�Ü�t�m�M�o

�j�> �“� �à Ryotaro HARADA
�Ê�y�0�G�¶�G�¶�Ã���i
:�g�J�¶�Z�€�J

k1, . . . , kn ! Z> 0 �p�K�“ , kn > 1 �p�K�”�¦
: (k1, . . . , kn ) �t�0�` , �Ž�<�t��

�[�^�•�”�î
:�› ��	O�¸�”�»�‹ (multiple zeta value) �q�M�O.

! (k1, . . . , kn ) :=
!

0<m 1 < ááá<m n

1
m1

k1 á á ámn
kn .

�‡�h , kn > 1 �q�s�”�¦
: (k1, . . . , kn ) �› 	)���¦
: (admissible index) �q

�‘�• .

��	O�¸�”�»�‹�x , 
T
:�æ , �A�|�è�g�æ , 
:�g
ú�g�¶�s�r�w
:�¶�w�7�‘�s
ü�ú

�q���È�`�o�M�”�\�q�U�Œ�’�•�o�M�” . ��	O�¸�”�»�‹�w�Z�€�x 18 
H�D�w Euler

�t�‘�”�Ë	O�¸�”�»�‹ (n = 2 �w��	O�¸�”�»�‹ ) �w�Z�€ ([E]) �t�‡�p
Î�”�q�^�•

�” . Euler �w�î�M�w�Z�€�º�0�t�m�M�o�x , (�\�w�æ�� [E] �U�å�Â�ï� �p	{�T�•�o

�M�”�h�Š�T ) 	Ä�`�X�Œ�’�•�o�M�s�M�‘�O�p�K�”�U , Euler �x�Ë	O�¸�”�»�‹�t�m

�M�o�w�����Ü�›�‹�X prima methodus, secunda methodus, tertia methodus

�w�~	��O�›�$�ˆ	Z�`�o�S�“ , �f�•�g�•�‘�“�Ž�<�w�µ�¯
��M�����Ü�›�_	Z�`�o

�M�” ;

Prima methodus:

! (a)! (b) = ! (a + b) + ! (a, b) + ! (b, a). (1)

Secunda methodus:

�y�y ! (a)! (b) " ! (a + b) =
a! 1!

i =0

(" 1)i
"

b+ i " 1
i

#
! (b+ i )! " (a " i )

+ ( " 1)a
b! 1!

j =0

"
a + j " 1

j

#
! " (a + j, b " j )

+
b! 1!

i =0

(" 1)i
"

a + i " 1
i

#
! (a + i )! " (b" i )

+ ( " 1)b
a! 1!

j =0

"
b+ j " 1

j

#
! " (b+ j, a " j ). (2)
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Tertia methodus:

! (a, b) =
a! 1!

i =0

(" 1)i
"

b+ i " 1
i

#$
! " (b+ i, a " i ) + ! (a " i, b + i ) + ! (a + b)

%

+ ( " 1)a
b! 1!

j =0

! " (a + j, b " j ). (3)

�Ž	Í�w�����Ü�t�S�M�o , ! " (a, b) �q�x	)���¦
:�p�s�M�¦
: (a, b) ( �b�s�˜�j b = 1

�w�­�”�µ ) �t�S�M�o , ! (a, b) �t�Ð�è
u�›�;�M�o
Y�F�= ([IKZ]) �›�ª�`�h R[T]

(T �x�!
: ) �w�i�w�\�q�p�K�” .

Euler �U�����Ü (1) �t�)�Q�h	Â�Ì�x
Y�`�M�°�M�p , �����Ü (2), (3) �w	Â�Ì�x

�k�µ�s
:�¶�w�
�:�T�’�ì
¶�q�x�t�Q�c , �^�æ�w�(�•�›�’�`�o�M�” . ���s�˜�’�•

�h�A�L�x , (2), (3) �t�m�M�o�w Euler �w	Â�Ì�›
:�¶�$�t
Y�p�=�`�h�\�q�p�K�” .

Theorem ([H]) . 
T
: a, b ! Z> 1 �t�0�` , �î�M�t�����Ü (2), (3) �U
R�“�q�m .

�^�’�t [H] �p�x�\�w�Ë�Ü�U
ó�³�ß�¿�Ñ�ç�����Ü�T�’�‹�T�•�”�\�q�U�Ô�^�•

�o�M�” .

�€�ß���Y

[E] Leonhard Euler, Meditationes circa singulare serierum genus, Novi

Comm. Acad. Sci. Petropol20 (1776), 140Ð186, reprinted in Opera Om-

nia ser. I, vol. 15, B. G. Teubner, Berlin (1927) 217Ð267.

[H] Ryotaro Harada, On EulerÕs formulae among double zeta values, in

preparation.

[IKZ] Kentaro Ihara, Masanobu Kaneko, and Don Zagier, Derivation and

double shu!e relations for multiple zeta values, Compos. Math., 142

(2) (2006), 307Ð338.
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É
:�q
É
:�w k 	Ð�w�è�t�m�M�o

�³�æ�$� (�Ê�y�0�G�¶�G�¶�Ã���i
:�g�J�¶�Z�€�J )! 1

Yuta Suzuki (Nagoya University)

1. Binary additive problems with prime numbers
1742�å , Goldbach�x�Í�w�'
Ý�›��	Z�`�‡�`�h :

�®4�Ž	Í�w�î
:�x�b�‚�o
É
: 2�m�w�è�p	{�Z�”�p�K�–�O .�¯

�\�•�x���Ô Goldbach �'
Ý �q�`�o�Œ�’�•�o�M�”
:�æ�w�y�/�$�°�r�>�ð�J�w�{�q�m�p�b .
20
H�D	s�„�‡�p�\�w Goldbach�'
Ý�t���`�o�Š�í�$�s
��2�x�K�“�‡�d�œ�p�`�h�U , 1923
�å�t Hardy-Littlewood [5] �x�Í�w�‘�O�s
´�Ù�Ü�›�‹	Z�b�” heuristics�›
C
¯�`�‡�`�h : �î

: n �t�0�`�o n ! " �w�q�V ,

R(n) # S (n)n. (1)

�h�i�`�\�\�p ,

R(n) :=
!

l+ m= n

!( l )!( m), S (n) :=
"

p|n

#
1 +

1
p $ 1

$ "

p!n

#
1 $

1
(p $ 1)2

$

�q�` , �Ž�™p�x
É
:�›
¯�b�\�q�q�`�‡�`�•�O . �Á�v
u S (n) �x �›�Ÿ�ƒ
: �q�z�y�•�‡�b . �\
�w R(n) �x�î
: n �›
É
: 2�m�w�è�p	{�V
¯�b
¯�`�M�w�x
:�› von Mangoldt��
:

!( n) :=

%
logp (n �U
É
: p�w�‚�V�w�Ì ),

0 (�f�•�Ž�Ž ).

�p	O�ˆ
Ç�Z�`�h�‹�w�q�ˆ�s�d�‡�b . �Ì�’�T�t S (n) % 1�s�w�p , �\�w
´�Ù�Ü�x Goldbach
�'
Ý�t
‡	×�t�§�M	Ø�C�›�)�Q�”�\�q�t�s�“�‡�b . �\�w Hardy-Littlewood [5] �w�ž� �Ã�ž
�›�–�O�\�q�p Chudakov [2], van der Corput [3], Estermann [4]�x� �q�t�Í�›�˜�‡�`�h :

Theorem 1 ( Chudakov [2], van der Corput [3], Estermann [4] ). X, A & 2�›�î
:�q
�b�” . �b�”�q , �ô�‘ ' XL " A �x�w�«�Ž�›	†�V�b�‚�o�w�î
: n ( (1, X ] �t�0�`�o

R(n) = S (n)n(1 + O(L" A )) (2)

�U
R�q�b�” . �h�i�`�\�\�p L := log X .

�b�s�˜�j , �®�„�q�œ�r�b�‚�o�w�¯�î
:�t�0�`�o Hardy-Littlewood �w
´�Ù�¬�Ü�U
R�q�b
�”�q�M�O�\�q�U
ü�T�l�h�˜�Z�p�b .

Hardy-Littlewood [5] �x	Í�G�A�L�›�‹�X�‘�O�s�ž� �Ã�ž�i�Z�p�s�X , 
É
:�w�C�O�$
Q�í
�t���b�”	ý�`�M�'
Ý�›�M�X�m�T��	Z�`�‡�`�h . �f�w�¤�w 1�m�›�_�o�ˆ�‡�b . �Ž�< , k & 2
�›�{���^�•�h�×
µ
:�q�`�‡�`�•�O . �×
µ
:�w	B�ù

Irr k :=
&

n ( N
'
' X k $ n : irreducible overZ

(

�›�ß�Q�‡�b . �b�”�q , Hardy-Littlewood [5, Conjecture H, L]�x�Í�›�'
Ý�`�‡�`�h 1:

�®	G
ü�G�V�M�×
µ
: n ( Irr k �x
É
:�q k 	Ð
:�w�è�p	{�Z�”�p�K�–�O .�¯

! 1 e-mail: m14021y@math.nagoya-u.ac.jp
1 Hardy-Littlewood [5] �x k = 2 , 3 �w	Ô�ù�`�T	\�‚�o�M�‡�d�œ�U , �\�\�p�x�™�å�w�¦�Á�›	\�‚�‡�`�h .
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�Š�è���p�x Hardy-Littlewood �'
Ý �q�t�l�h�’�\�w
É
:�q k 	Ð
:�w�è�t���b�”�'
Ý�w
�\�q�›�¦�b�q�`�‡�b . �›�t
´�Ù�Ü (1) �w�¨�Å�q�`�o

Rk(n) # S k(n)n1/k (n ( Irr k , n ! " )

�› Hardy-Littlewood �w�M�O�t	H�l�o�'
Ý�b�”�\�q�U�p�V�‡�b . �h�i�`�\�\�p ,

Rk(n) =
!

l+ mk = n

!( l ), S k(n) :=
"

p

#
1 $

! k(n, p) $ 1
p $ 1

$
,

! k(n, p) := #
&

x (mod p)
'
' xk ) n (mod p)

(

�q�`�‡�`�h . 	˜ , 	Ú�E n ( Irr k �x	Ú�E S k(n) *= 0 �q�‰�‹�p�K�”�\�q�t�«�™�`�‡�b . �\�w
�ð�J�t�0�`�o�‹ , Theorem 1�t�0� �b�”�A�L�U Miech [9]�¢ k = 2 �w	Ô�ù�£�q
’�> [7]�¢ k
�U�°
`�w	Ô�ù�£�t�‘�l�o�˜�’�•�o�M�‡�b�•

Theorem 2 (Miech [9], 
’�> [7, Theorem 5]). k & 2�›�×
µ
: , X, A & 2�›�î
:�q�b
�” . �ô�‘ ' XL " A �x�w�«�Ž�›	†�V�b�‚�o�w n ( (1, X ] + Irr k �t�0�`�o

Rk(n) = S k(n)n1/k (1 + O(L" A )) (3)

�U
R�q�b�” .

�î�x�\�w Hardy-Littlewood �'
Ý�w�›�Ÿ�ƒ
: S k(n) �w	)��
Q�x Goldbach�'
Ý�w	Ô�ù�q
z
�‚�o
‡	×�t	��“�{�M�U�É�`�X�s�“�‡�b . �î�M , �›�Ÿ�ƒ
: S k(n) �w	)��
Q�x�E
:�. Q(n1/k )
�w Dedekind zeta��
:�w�µ�:
ü
Í�q
��X�����`�o�M�‡�b .

�°�M Hua [6]�x
É
:�q
É
:�w k 	Ð�w�è�t�m�M�o�Z�€�›�•�Š�‡�`�h . �×
µ
:�w	B�ù

Hlocal
k := { n ( N | , p, (p $ 1)|k - n *) 1 (mod p) }

�›�‹�Ö�` , Hk := Hlocal
k + Irr k �q�S�V�‡�`�•�O . �b�”�q�Í�U�'
Ý�^�•�‡�b :

�®	G
ü�G�V�M�×
µ
: n ( Hk �x
É
:�q
É
:�w k 	Ð�w�è�p	{�Z�”�p�K�–�O .�¯

�\�w Hua �'
Ý �t�0�b�” Hardy-Littlewood ��
´�Ù�¬�Ü�x�Í�w�‘�O�t�s�“�‡�b :

R1,k (n) # S 1,k (n)n1/k (n ( Hk, n ! " ),

�h�i�`�\�\�p
R1,k (n) =

!

l+ mk = n

!( l )!( m),

S 1,k (n) :=
"

p|n

#
1 +

1
p $ 1

$ "

p!n

#
1 $

p(! k(n, p) $ 1) + 1
(p $ 1)2

$

�q�`�‡�`�h . �\�w	Ô�ù�‹	Ú�E n ( Hk �x	Ú�E S 1,k (n) *= 0 �q�‰�‹�t�s�”�\�q�U
ü�T�“�‡
�b . �\�w	Ô�ù�w Theorem 1�w�¨�Å�x Schwarz [16]�w�A�L�t
’�> [7]�w�A�L�›
Ê�ˆ�ù�˜�d
�•�y�˜�’�•�‡�b :

Theorem 3 (Schwarz [16],
’�> [7]). k & 2 �›�×
µ
: , X, A & 2 �›�î
:�q�b�” . �ô�‘
' XL " A �x�w�«�Ž�›	†�V , �b�‚�o�w n ( (1, X ] + Hk �t�0�`�o

R1,k (n) = S 1,k (n)n1/k (1 + O(L" A )) (4)

�U
R�q�b�” .

�Š�è���p�x , �\�w Hua�'
Ý�w Hardy-Littlewood ��
´�Ù�¬�Ü�›�y�à���¤�p�ß�o�`�‡�b .
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2. Hardy-Littlewood asymptotic formula in short intervals

²
…�w Theorem 1, 2, 3�w�®�y�à��
[�¯�›�ß�Q�‡�b . �b�s�˜�j , �®�r�w�X�’�M�y�M�à

�� (X, X + H ] �t�S�M�o�‹ , �„�q�œ�r�b�‚�o�w�×
µ
:�U Hardy-Littlewood ��
´�Ù�¬�Ü�›
�¬�h�b�q�t�Q�”�T�•�¯�q�M�O�ð�J�›�ß�Q�‡�b . �Ž�<�w�7�s�A�L�U�˜�’�•�o�M�‡�b :

Theorem 4 (�~�O [10], Perelli-Pintz [13]). X, H, A & 2, " > 0�›�î
:�q�b�”�q , 	Ú�E

X 1/ 3+ ! . H . X

�w�< , �ô�‘ ' HL " A �x�w�«�Ž�›	†�V�b�‚�o�w�î
: n ( (X, X + H ] �t�0�`�o
´�Ù�Ü (2)
�U
R�q�b�” .

Theorem 5 (�~�O [11], Perelli-Pintz [14], Perelli-Zaccagnini [15]).
k & 2�›�×
µ
:�q�` , X, H, A & 2, " > 0�›�î
:�q�b�” . �b�”�q	Ú�E

X 1" 1/k + ! . H . X

�w�< , �ô�‘ ' HL " A �x�w�«�Ž�›	†�V , �b�‚�o�w n ( (X, X + H ] + Irr k �t�0�`�o
´�Ù�Ü
(3) �U
R�q�b�” .

Theorem 6 (Liu-Zhan [8], Bauer [1]).
k & 2�›�×
µ
:�q�` , X, H, A & 2, " > 0�›�î
:�q�b�” . �b�”�q	Ú�E

X 1" 1/ 2k+ ! . H . X

�w�< , �ô�‘ ' HL " A �x�w�«�Ž�›	†�V , �b�‚�o�w n ( (X, X + H ] + Hk �t�0�`�o
´�Ù�Ü (4)
�U
R�q�b�” .

Remark 1. �\�\�p�x�r�w�A�L�‹ Ò
M�v�s�` Ó�w
¯�q��
: 2 �›�ß�Q�‡�`�h�U , �î�x�Í�å
�Ý�”�» Y �›�‹�Ö�`�o , 
M�v
Ç�V�w
¯�q��
: , �«�Q�y

R! (n) :=
!

l+ m= n
X " Y <l # X

m# Y

!( l)!( m)

�s�r�›�ß�Q�”�q H �w
c�“�›�¿�[�”�\�q�U�p�V�‡�b . �`�T�` , 
M�v
Ç�V�w
¯�q��
:�T�’�x

M�v�s�`�w
¯�q��
:�w	Ø�C�›�ì
¶�t
î�i�b�”�\�q�x�p�V�s�M�w�p , �\�\�p�x
M�v�s�`�w

¯�q��
:�t�v�l�o�é�›�b�”�\�q�t�`�‡�b .

3. Main result
���s , 
²
…�p	\�‚�h Bauer�t�‘�” Theorem 6�w�Ž�<�w�7�s�~
³�›�˜�‡�`�h :

Main Theorem. k & 2�›�×
µ
:�q�` , X, H, A & 2, " > 0�›�î
:�q�b�” . �b�”�q	Ú�E

X 1" 1/k + ! . H . X

�w�< , �ô�‘ ' HL " A �x�w�«�Ž�›	†�V , �b�‚�o�w n ( (X, X + H ] + Hk �t�0�`�o
´�Ù�Ü (4)
�U
R�q�b�” .

Remark 2. 
²
…�p
M�v�m�V�w
¯�q��
:�›�ß�Q�”�Ä�æ�¿�«�t�m�M�o	\�‚�‡�`�h . 
Œ�æ�Z
�€�w�r�w�M�O�‹�\�w�Ä�æ�¿�«�›
Ê�ˆ�ù�˜�d�”�\�q�U�D�ó�p�b�U , �Š�è���w�M�O�x
M�v�m
�V�w
¯�q��
:�t�x�&�;
Æ�D�ó�p�b . 	H�l�o , �\�w�~
³�x�K�X�‡�p 
M�v�s�` �w
¯�q��
:�›
�ß�Q�h	Ô�ù�w�ˆ�w�~
³�p�b .

2 R(n), Rk (n), R1,k (n) �w�‘�O�s Ò
¯�`�M�w�x
: Ó�›
:�Q�”��
:�w�\�q .
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Remark 3. �j�•�l�q�»�M�h�\�q�t , Main Theorem�p�w H �w�ˆ�Z�”
c�“�x Hardy-
Littlewood �'
Ý�t�S�Z�” Theorem 5�w
c�“�q�‰�a�t�s�l�o�M�‡�b .

�Š�è���p�x�\�w�~
³�w�M�O�t�m�M�o�C���`�h�M�q�¥�M�‡�b .

4. Hardy-Littlewood method
�ß�Q�o�M�”
´�Ù�Ü�w�¡�)�w 2	Ð���É

!

X<n # X + H
n$ Hk

'
' R1,k (n) $ S 1,k (n)n1/k

'
' 2

(5)

�w
°�A 3 �›�¼�ˆ�‡�b . �×�Ì�s
°�A

R1,k (n) ' X 1/k L

�s�M�`�x Hardy-Littlewood ��
´�Ù�¬�Ü (4) �q
z�±�`�o�_�•�y , �è
ª�q�s�”�w�x
!

X<n # X + H
n$ Hk

'
' R1,k (n) $ S 1,k (n)n1/k

'
' 2

' HX 2/k L " A

�q�M�O�‘�O�s���w
°�A�q�M�O�\�q�t�s�“�‡�b . Main Theorem�x�\�w���w
°�A�t Cheby-
shev
Æ�s�Ü�›�;�M�•�y�Ú�j�t�˜�’�•�‡�b . �×
µ
: k �t�0�`�o , �~�¯���ò�Ü�h�j

Sk(#) :=
!

nk # 2X

!( n)e(nk#)

�›�‹�Ö�`�‡�b 4. �b�”�q�C�O�$�¦
ª�w�Ú�¦
Q�‘�“

R1,k (n) =
) 1

0
S1(#)Sk(#)e($ n#)d#

�›�˜�‡�b . �f�\�p
u
ü
c�“�› major arcsM �S�‘�| minor arcsm�t
ü�Â�` 5, �¡�)�w 2	Ð
���É (5) �›

'
!

X<n # X + H
n$ Hk

'
'
'
'

)

M
S1(#)Sk(#)e($ n#)d# $ S 1,k (n)n1/k

'
'
'
'

2

+
!

X<n # X + H

'
'
'
'

)

m
S1(#)Sk(#)e($ n#)d#

'
'
'
'

2

�q
°�A�`�‡�b . 
²	��w major arcsM �t���b�”
æ
ü�x
ª	j�$�s�M�O�p�-�‰�p�V�o�`�‡�O
�w�p , �\�\�p�x	Ä�I�›	\�‚�‡�d�œ . �™	��w minor arcs m�t���b�”
æ
ü�›�ß�Q�‡�`�•�O .
	j
‹�q�`�o Sk(#) �›���[�b�”�è�› dyadic�t
ü�Â�`�o

Sk(#) =
!

X<n k # 2X

!( n)e(nk#)

�q�¥�Q�”�‘�O�t�`�o�S�V�‡�b .

3 �Š�p�x�\�\�p�›�Ÿ�ƒ
:�x�°�t
æ
ü�è�p�”�V�õ�Q�o�ß�Q�o , �™�t
’�> [7] �w�M�O�t�‘�l�o�ì
¶�s�›�Ÿ�ƒ
:
�t�Ú�b�^�À�U
ž�A�p�b�U , �\�\�p�x	²�t�`�‡�b .

4 �Š�p�x major arc 	Í�w�-�‰�w�h�Š�t , �è�w
c�“�›�&�p�s��
: B �›�;�M�o XL " kB < n k . X �q�M�O�‘
�O�t
M�v�`�s�Z�•�y�M�Z�‡�d�œ . �`�T�`�\�\�p�x���o�w�h�Š�t�è�›	��”�!
:�›�o�t	Í�T�’�H�Q�h�i�Z
�t�q�r�Š�‡�`�h .

5 �\�\�p major arcs M �q�x�~�¯���ò�Ü�w�Ù�Å�U�`�•�b�M
æ
ü�p�K�“ , M �w�/�)�w�ˆ�T�’	��A�ò�U�_�Q
�o�V�‡�b . �‡�h minor arcs m�q�x�o�•�à���w major arcs�Ž�Ž�w
æ
ü�p�K�“ , 	��A�ò�•�w�/�)�x	–�^�M
�q�8�4�^�•�‡�b .
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5. The minor arcs
�\�w minor arcs	Í�w
u
ü�w	��“�{�M�M�U Liu-Zhan [8]�• Bauer [1]�w
Œ�æ�Z�€�q�G�V

�X�§�O
æ
ü�p�b . 
¶�.�q�`�o�x , �~�O-Peneva [12]�w	��O�›�‘�“�ô�Í�w���ò�Ü�t�¦�Á�`
�o , �f�\�t Perelli-Pintz [13]�t�‘�”
Ò� 
É
:�'
Ý�s�M�`�x Goldbach�'
Ý�w	Ô�ù�w minor
arc
°�A�›�Ë�j���‰�\�q�p Main Theorem�t
ž�A�s minor arc
°�A�U�˜�’�•�‡�b .

�‡�c , �~�O -Peneva [12]�t	H�M Cesàro weight�›�b�;�`�o 2	Ð�›�‰�M�o
°�A�b�”�q ,
!

X<n # X + H

'
'
'
'

)

m
S1(#)Sk(#)e($ n#)d#

'
'
'
'

2

'
) 1

0

)

m
|S1(#)|2 |Sk(# + $)|2 FH ($) d# d$

�q�p�V�‡�b . �h�i�`�\�\�p FH (#) �x Fej«er�© 6

FH (#) :=
!

h

w(h)e(h#), w(h) := max
#

1 $
|h|
2H

, 0
$

�p�b . �\�\�p |Sk(# + $)|2 �w 2	Ð�›�‰�M�o , Sk(# + $) �w���[�›�¥�M	Z�` , �è�›
u
ü�w�Ž
�t	Z�`�‡�b . �b�”�q , von Mangoldt��
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Ò� 

É
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Ý�s�M�`�x Goldbach�'
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u
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ú�q�¥�Q�‡�b . �h�i�` , 
u
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�q�M�O�‘�O�s�”�›
°�A�b�•�y�‘�M�q�M�O�\�q�t�s�“�‡�b . �f�O�`�h�’�™�x H¬older
Æ�s
�Ü�›�–�l�o�~�¯���ò�Ü " k(#) �w�Í
:�›	Í�[�h�™�t Weyl �)
ü�›�;�M�•�y , �C�O�$�¦
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�q�M�O�è�w
°�A�t�<�£�p�V , Perelli-Pintz [13]�w�M�O�›�;�M�”�\�q�p Main Theorem�t

ž�A�s minor arc
°�A�›�˜�‡�b .

6 �Š�p�x H �U�×
µ
:�p�s�M�q�M�Z�‡�d�œ�U , H �›�×
µ
:�q�`�o�‹�°
`
Q�›�æ�˜�s�M�\�q�U�0�›�t
ü�T�“
�‡�b . X �t���`�o�‹�‰�7�p�b .
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Remark 4. Main Theorem�w H �w
c�“
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�U�r�w
æ
ü�T�’�>�‡�l�o�`�‡�O�w�T�›�_�o�ˆ�‡�b . �î�x�è (6) �w�Ì�:�p , �\�w H �•�w
M
�v�U
ž�A�t�s�l�o�M�”�\�q�U
ü�T�“�‡�b . �î�M , �è (6) �w�¤�p m1 = m2 �s�”�ò�h�j�w�/
�)�›�ß�Q�o�ˆ�”�q *

!

X<m k # 2X

1

+

á

* )

m
|S1(#)|2 d#

+

(7)

�q�s�“�‡�b . �\�\�p , �à�� (X, 2X ] �º�w k 	Ð
:�w�x
:�x / X 1/k �p , 
u
ü�w�M�x�K�”
Y�w
��
: C �t�‘�l�o ' XL " C �X�’�M�w
°�A�‡�p�`�T�8�4�p�V�s�M�w�p , (7) �x�A�Á X 1+1 /k

�X�’�M�w�”�›�/�)�b�”�\�q�t�s�“�‡�b . �\�•�U HX 2/k ���S�p�H�Q�’�•�”
ž�A�U�K�“�‡
�b�U , (7) �w�/�)�q
z�‚�”�q

X 1+1 /k ' HX 2/k =- X 1" 1/k ' H

�X�’�M�w
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�æ�”�Ú�ï�¸�”�»��
:�w�‹��
:�w a�:

	–�ú�é�y���° (Tomokazu ONOZUKA)
�Ê�y�0�G�¶�G�¶�Ã���i
:�g�J�¶�Z�€�J

1 Introduction

�æ�”�Ú�ï�¸�”�»��
: ! (s) �x�Í�w�Ü�p���[�^�•�”��
:�p�z
:�æ�t�S�Z�”	O�A�s��


:�w 1 �m�p�K�”�{

! (s) :=
!!

n=1

1
ns (! s > 1)

�\�w��
:�U	O�A�p�K�”�g���q�`�o�x�z ! (s) �q
É
:
ü
Í�w�����U�•�[�’�•�”�{
É
:


ü
Í�w�ð�J�x
T
:�æ�w�¤�p�‹	��A�s�Z�€�0	Å�q�`�o�\�•�‡�p�c�l�q	��“	Í�[�’�•�o

�V�h�{�\�w�ð�J�t�ž�»�¿�«�b�”�h�Š�w�“�é�q�`�o�æ�”�Ú�ï�¸�”�»��
:�U�–�˜�•�”�{

�f�`�o�f�w�¤�p�‹�æ�”�Ú�ï�¸�”�»��
:�w�µ�:�x	O�A�s�þ�Â�›�L�h�b�{�æ�”�Ú�ï�¸�”

�»��
:�w�µ�:�t�m�M�o�x�7�‘�s�'
Ý�U�K�”�U�z�¤�p�‹�°
j�G�V�s�'
Ý�q�`�o�æ�”�Ú

�ï�'
Ý�U�•�[�’�•�”�{�æ�”�Ú�ï�'
Ý�q�x�®�æ�”�Ú�ï�¸�”�»��
:�w
‡�×�Ì�s�µ�:�x
¶

�o�Ÿ�„
¢ ! s = 1 / 2 �w	Í�t�K�”�¯�q�M�O	��Á�p�K�“�z 1859�å�t�æ�”�Ú�ï�t�‘�“�'


Ý�^�•�h�U�°�i�t�r�>�t�¸�l�o�M�s�M�ð�J�p�K�”�{�f�w�h�Š�q�O�p�‹
‡�×�Ì�s�µ�:

�x�Z�€�^�•���Z�o�S�“�z�\�•�‡�p�t�7�‘�s�A�L�U���X�w
:�¶	��t�‘�l�o�˜�’�•�o�M

�”�{�f�w�¤�p�‹���Ê�s�A�L�q�`�o 1905�å�t von Mangoldt �t�‘�l�o�Ô�^�•�h�Í�w

Riemann-von Mangoldt �w�¬�Ü�U�K�”�{

N (T) =
T
2"

log
T
2"

"
T
2"

+ O(log T)

�\�\�p N (T) �q�x�æ�”�Ú�ï�¸�”�»��
: ! (s) �w
‡�×�Ì�s�µ�:�p 0 < # s < T �›�¬�h�b

�‹�w�w�x
:�p�K�”�{�\�w�¬�Ü�x 1913�å�t Landau[3] �t�‘�“�µ�:�T�’ a �:�t�°
`�=

�^�•�h�{�\�\�p��
: f (s) �w a �:�q�x f (s) = a �w�r�p���[�^�•�”�:�w�\�q�p�K�”�{

�›�t #a = $a + i%a �p ! (s) �w a �:�›
¯�b�\�q�q�b�”�{�\�w�G�ø�›�–�O�q Landau �w

�A�L�x�Í�w�‘�O�t	{�T�•�”�€

�Ú�™�wa $ C �t�0�`�o�Í�Ü�U
R�“�q�m�{

N (a; 1, T) :=
!

1<! a <T

1 =

"
###$

###%

T
2"

log
T
2"

"
T
2"

+ O(log T) (a %= 1)

T
2"

log
T
4"

"
T
2"

+ O(log T) (a = 1)

(1.1)

�Ë�t Landau[4] �x���w�°
`�=�‹�æ�l�h�{�f�w�°
`�=�q�x x > 1 �t�0�`�o�Í�w�Ü

�U
R�“�q�m�q�M�O�‹�w�p�K�”�{
!

0<! 0<T

x" 0 = " !( x)
T
2"

+ O(log T) (1.2)
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�h�i�` !( x) �x x �U
T
:�w�q�V von Mangoldt �w ! ��
:�p�z�f�O�p�s�Z�•�y 0 �q�s

�”��
:�q�b�”�{�\�w�Ü�p x = 1 �q�b�”�q�(�%�x N (T) �q�°�•�b�”�h�Š�z�K�”	��w�°


`�=�q�ˆ�s�d�”�{�¢�h�i�` Landau �w�A�L�x x > 1 �w�q�V�t�`�T
R�“�q�h�s�M�{�£�\

�w�A�L�x�Ë�t Steuding[7]�t�‘�“ a �:�t�°
`�=�^�•�o�M�”�{ Steuding�U�Ô�`�h�w�x

�Í�w	��Á�p�K�”�€


Y
: x %= 1 �t�0�`�o�Í�Ü�U
R�“�q�m�{
!

0<! a <T

x" a =
&

&(x) " x!
&

1
x

''
T
2"

+ O(T
1
2 + #) (1.3)

�h�i�` &(x) �x�Í�w Dirichlet �ƒ
:�w��
:�p�K�”�{

! "(s)
! (s) " a

=
!!

n=2

&(n)
ns

�æ�”�Ú�ï�¸�”�»��
:�w�µ�:�t���b�”���w���Ê�s�A�L�q�`�o�x 1914�å�w Bohr �q

Landau[2] �w�A�L�U�K�”�{
t�’�x�æ�”�Ú�ï�¸�”�»��
:�w
‡�×�Ì�s�µ�:�x�„�q�œ�r


¶�o�Ÿ�„
¢
Ç�Ù�t�K�”�\�q�›�Ô�`�h�{ Landau[3] �x�\�w�A�L�› a �:�t�‡�p�¦�Á�`�z

�æ�”�Ú�ï�'
Ý�›�>���b�•�y�æ�”�Ú�ï�¸�”�»��
:�w a �:�x�„�q�œ�r
¶�o�Ÿ�„
¢
Ç�Ù�t

�K�”�\�q�›�Ô�`�h�{�\�w�A�L�x�™�t Levinson[5]�t�‘�“�æ�”�Ú�ï�'
Ý�w�>���s�`�p

�‹
R�“�q�m�\�q�U�Ô�^�•�h�{
t�U�7	4�$�t�˜�h�A�L�x�Í�p�K�”�€

	G
ü�G�V�M T �q T1/ 2 & U & T �q a $ C �t�0�`�o�Í�Ü�U
R�“�q�m�{

N (1) (a; T, T + U) :=
!

T <! a <T + U
$a > 1/ 2+(log log T )2/ log T

1 = O
&

U logT
log logT

'
(1.4)

N (2) (a; T, T + U) :=
!

T <! a <T + U
$a < 1/ 2# (log log T )2/ log T

1 = O
&

U logT
log logT
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(1.5)

N (3) (a; T, T + U) :=
!

T <! a <T + U
1/ 2# (log log T )2/ log T <$ a < 1/ 2+(log log T )2/ log T

1

=
U
2"

logT + O
&

U logT
log logT

'
(1.6)

�\�\�‡�p�p	º�p�`�o�V�h�A�L�w�M�X�m�T�x�æ�”�Ú�ï�¸�”�»��
:�w�‹��
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`�=�^�•�o�M�”�{�\�•�T�’ ! (k) (s) �t�‘�“�æ�”�Ú�ï�¸�”�»��
:�w k �s
•
ü�›
¯�b�\�q

�q�` #(k)
a = $(k)

a + i%(k)
a �t�‘�“ ! (k) (s) �w a �:�›
¯�b�\�q�q�b�”�{ 1970�å�t Berndt[1]

�x Riemann-von Mangoldt �w�¬�Ü�› ! (k) (s) �t�¦�Á�`�Í�Ü�›�˜�h�¢ k ' 1�£�€

Nk(0; 0, T) :=
!
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1 =
T
2"

log
T
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"
T
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+ O(log T) (1.7)

�‡�h�Ü (1.4)-(1.6) �‹ Levinson�q Montgomery[6, Theorem 2]�t�‘�“ ! (k) (s) �t�°
`

�=�^�•�o�M�”�€
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2 	��A�L

���s	º�p�b�”	��A�L�x�\�\�‡�p�p	º�p�`�o�V�h�A�L�› ! (k) (s) �w a �:�t�°
`�=

�`�o�˜�’�•�h�‹�w�p�K�”�{�7	s�w	��A�L�x Landau �w�A�L (1.1) �q Berndt �w�A�L

(1.7) �w�°
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Theorem 2.1. 
Y�w
T
: k �q
ó
É
: a %= 0 �t�0�`�o�Í�Ü�U
R�“�q�m�{

Nk(a; 1, T) :=
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T
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log
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+ O(log T)
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j�è�w	��A�L�x Landau �w�A�L (1.2) �q Steuding�w�A�L (1.3) �w�°
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!
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x" ( k )
a

=

"
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T
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!
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!
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&
" 1

(log 2)k
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�7�™�w	��A�L�x Levinson�w�A�L (1.4)-(1.6) �w�°
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!
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1 = O
&

U logT
log logT

'
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k (a; T, T + U) :=

!
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1 = O
&

U logT
log logT

'

N (3)
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!
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’�Z�J�6 !

(KAWASAKI Naho)

� “ � A

��	O�¸�”�»�‹ (multiple zeta value,MZV) �t�x DrinfelÕd
u
ü�›�;�M�h
S
î

u
ü
¯�Ô�U�‘�X�Œ�’�•�o�M�”�U�|�7�Ù�|�f�•�q�x���w
u
ü
¯�Ô�U�•�Š�¯�t�‘�l
�o�‹�Ö�^�•�h�}�\�w�•�Š�¯�t�‘�”
u
ü
¯�Ô�x MZV �w q-�¨�Å�p�K�” q-MZV �•�w
�¦�Á�D�ó�p�K�”�\�q�U�˜�T�l�h�w�p�|�f�w�\�q�t�m�M�o	º�p�b�”�}�f�•�x	H�R
�T�’�Œ�’�•�o�M�” Jacksonq-
u
ü�›�;�M�h
u
ü
¯�Ô�q�x���U�Ÿ�s�”�‹�w�t�s�l
�o�M�”�}

1 q-��	O�¸�”�»�‹

1.1 MZSV �q�f�w
u
ü
¯�Ô

MZV �t�x DrinfelÕd
u
ü
¯�Ô�U�‘�X�Œ�’�•�o�M�”�U , �7�Ù , �f�•�›�¦�Á�`�h
u
ü
¯
�Ô�U�•�Š�¯�t�‘�l�o�‹�Ö�^�•�h ([3]). �‡�c�f�•�›	º�p�b�” .

DeÞnition 1.1. 
Y�w
T
: k1, k2, . . . , kn , �h�i�` k1 " 2, �t�0�`�o , ��	O�¸�”�»�µ�»�”
�‹ (MZSV) �›	)���ƒ
:

! ! (k1, k2, . . . , kn) =
!

m1! m2!ááá! mn > 0

1
m1

k1 m2
k2 á á ámn

kn

�p���[�b�” . �f�`�o , MZV �q�‰�7�t , �¾
:�w�è k1 + k2 + á á á+ kn =: k �› weight, �¾

:�w�x
: n �› depth �q�z�• .

Theorem 1.1 (�•�Š [3]). � �ï�Ã�¿�«�µ k = ( k1, k2, . . . , kn) # Nn �t�0�` ,

J (k) = { 0, k1, k1 + k2, . . . , k1 + á á á+ kn" 1} ,

D ! (k) =

"

(t1, t2, . . . , tk) # [0, 1]k
#
#
#
#
#

tj < t j +1 (j /# J (k), 1 $ j < k ),
t j > t j +1 (j # J (k), 1 $ j < k )

$

! �˜�N�ˆ�À�G�¶�G�¶�Ã�g�¶�Z�€�J	.�œ�]�� 2 �å
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�q�b�” . �\�w�q�V ,

! ! (k) =
%

D ! (k )
" " (1) (t1)" " (2) (t2) á á á" " (k) (tk) (k1 " 2)

�U
R�“�q�m . �h�i�` ,

" 0(t) =
dt
t

, " 1(t) =
dt

1 %t
,

�f�`�o ,

#(j ) =

"
0 (j %1 /# J (k), 1 $ j $ k),
1 (j %1 # J (k), 1 $ j $ k)

�q�b�” .

Example 1.1. k = (2 , 1, 2) �w�q�V ,

! ! (2, 1, 2) =
%

t1<t 2>t 3>t 4<t 5

dt1

1 %t1

dt2

t2

dt3

1 %t3

dt4

1 %t4

dt5

t5

�q�s�” . �î�M�t�È�%�›�-�‰�b�”�q ,
%t2

0

dt1

1 %t1
=

!

m! 1

%t2

0
t1

m" 1dt1 =
!

m! 1

t2
m

m
,

!

m! 1

1
m

%1

t3

t2
m" 1dt2 =

!

m! 1

1 %t3
m

m2
,

!

m! 1

1
m2

%1

t4

1 %t3
m

1 %t3
dt3 =

!

m! n! 1

1 %t4
n

m2n
,

!

m! n! 1

1
m2n

%t5

0

1 %t4
n

1 %t4
dt4 =

!

m! n! l ! 1

t5
l

m2nl
,

!

m! n! l ! 1

1
m2nl

%1

0
t5

l" 1dt5 =
!

m! n! l ! 1

1
m2nl 2

= ! ! (2, 1, 2)

�›�˜�” .

1.2 q-MZSV �q�f�w
u
ü
¯�Ô

���s , �\�w�•�Š�¯�t�‘�”
u
ü
¯�Ô�w q-MZV �•�w�¦�Á�›�˜�h . �\�•�x	H�R�T�’�Œ�’
�•�o�M�” Jacksonq-
u
ü�›�;�M�h
u
ü
¯�Ô�q�x���U�Ÿ�s�”�‹�w�t�s�l�o�M�” .

�×
µ
: n �t�0�`�o , q-integer [n] �›

[n] =
1 %qn

1 %q
�y (|q| < 1)

�q���[�b�” .
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DeÞnition 1.2. 
Y�w
T
: k1, k2, . . . , kn , �h�i�` k1 " 2, |q| < 1, �t�0�`�o , q-��	O
�¸�”�»�µ�»�”�‹ (q-MZSV) �›	)���ƒ
:

! !
q (k1, k2, . . . , kn) =

!

m1! m2!ááá! mn > 0

q(k1" 1)m1+( k2" 1)m2+ ááá+( kn " 1)mn

[m1]k1 [m2]k2 á á á[mn]kn

�p���[�b�” .

q-MZSV �t�S�M�o , q & 1 �q�b�”�q , MZSV �›�˜�”�\�q�U�p�V�” .

DeÞnition 1.3. Jacksonq-
u
ü�›

%a

0
f (t)dqt = (1 %q)

#!

n=0

aqnf (aqn) (a " 0)

�q���[�b�” . �f�`�o , �Ú�™�w
Y�w
: a, b(b " a " 0) �t�0�`�o ,

%b

a
f (t)dqt =

&%b

0
%

%a

0

'
f (t)dqt

�q���[�b�” .

���s , �•�Š�¯�w�A�L�p�K�”���g 1.1 ([3])�› q-�¨�Å�t�¦�Á�`�h�‹�w�›�˜�”�\�q�U�p
�V�h�w�p , �f�•�›	º�p�b�” .

Theorem 1.2. � �ï�Ã�¿�«�µ k = ( k1, k2, . . . , kn) �t�0�` ,

J (k) = { 0, k1, k1 + k2, . . . , k1 + á á á+ kn" 1} ,

D !
q(k) =

"

(t1, t2, . . . , tk) # [0, 1]k
#
#
#
#
#

tj < qt j +1 (j /# J (k), 1 $ j < k ),
t j > t j +1 (j # J (k), 1 $ j < k )

$

�q�b�” . �\�w�q�V ,

! !
q (k) =

%

D !
q (k )

" q,"(1) (t1)" q,"(2) (t2) á á á" q,"(k) (tk) (k1 " 2)

�U
R�“�q�m . �h�i�` ,

" q,0(t) =
dqt
t

, " q,1(t) =
dqt

1 %t
,

�f�`�o ,

#(j ) =

"
0 (j %1 /# J (k), 1 $ j $ k),
1 (j %1 # J (k), 1 $ j $ k)

�q�b�” .
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Example 1.2. k = (2 , 1, 3) �w�q�V , J (2, 1, 3) = { 0, 2, 3} �‘�“ ,

D !
q(2, 1, 3) =

"

(t1, t2, . . . , t6) # [0, 1]k
#
#
#
#
#

t1 < qt 2, t2 > t 3, t3 > t 4,
t4 < qt 5, t5 < qt 6

$

,

#(1) = 1 , #(2) = 0 , #(3) = 1 , #(4) = 1 , #(5) = 0 , #(6) = 0

�q�s�” . �`�h�U�l�o ,

! !
q (2, 1, 3) =

%1

0

dqt6

t6

%qt6

0

dqt5

t5

%qt5

0

dqt4

1 %t4

%1

t4

dqt3

1 %t3

%1

t3

dqt2

t2

%qt2

0

dqt1

1 %t1

�q�s�” . �î�M�t�È�%�›�-�‰�b�”�q ,

%qt2

0

dqt1

1 %t1
=

#!

m=1

%qt2

0
t1

m" 1dqt1 =
#!

m=1

(qt2)m

[m]

�q�s�” . �Í�t ,

#!

m=1

qm

[m]

%1

t3

t2
m" 1dqt2 =

#!

m=1

qm

[m]

&%1

0
t2

m" 1dqt2 %
%t3

0
t2

m" 1dqt2

'

�p�K�”�w�p ,

#!

m=1

qm

[m]

%1

t3

t2
m" 1dqt2 =

#!

m=1

qm

[m]2
(1 %t3

m)

�q�s�” . �‰�7�t�-�‰�`�o�M�X�q ,

#!

m=1

qm

[m]2

%1

t4

1 %t3
m

1 %t3
dqt3 =

#!

m=1

qm

[m]2

%1

t4

m!

n=1

t3
n" 1dqt3

=
!

m! n! 1

qm

[m]2

&
1

[n]
%

t4
n

[n]

'
,

!

m! n! 1

qm

[m]2[n]

%qt5

0

1 %t4
n

1 %t4
dqt4 =

!

m! n! 1

qm

[m]2[n]

%qt5

0

n!

l=1

t4
l" 1dqt4

=
!

m! n! l ! 1

qm(qt5)l

[m]2[n][l ]
,

!

m! n! l ! 1

qmql

[m]2[n][l ]

%qt6

0
t5

l" 1dqt5 =
!

m! n! l ! 1

qmql (qt6)l

[m]2[n][l ]2
,

!

m! n! l ! 1

qmq2l

[m]2[n][l ]2

%1

0
t6

l" 1dqt6 =
!

m! n! l ! 1

qmq2l

[m]2[n][l ]3
= ! !

q (2, 1, 3)

�›�˜�” .
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1.3 q-MZV �q�f�w
u
ü
¯�Ô


²
…�q�‰�7�w	��O�t�‘�“ , q-MZV �w
u
ü
¯�Ô�›�˜�”�\�q�U�p�V�” .

DeÞnition 1.4. 
Y�w
T
: k1, k2, . . . , kn , �h�i�` k1 " 2, |q| < 1 �t�0�`�o , q-��	O
�¸�”�»�‹ (q-MZV) �›	)���ƒ
:

! q(k1, k2, . . . , kn) =
!

m1>m 2> ááá>m n > 0

q(k1" 1)m1+( k2" 1)m2+ ááá+( kn " 1)mn

[m1]k1 [m2]k2 á á á[mn]kn

�p���[�b�” .

q-MZSV �w	Ô�ù�q�‰�7�t , q-MZV �t�S�M�o , q & 1 �q�b�”�q , MZV �›�˜�”�\�q�U
�p�V�” . ���g 1.2�t�S�M�o , D !

q(k) �›

Dq(k) =

"

(t1, t2, . . . , tk) # [0, 1]k
#
#
#
#
#

tj < qt j +1 (j /# J (k), 1 " j < k ),
t j < t j +1 (j # J (k), 1 " j < k )

$

�t�”�V�õ�Q�”�q , �Í�w���g�U�˜�’�•�” .

Theorem 1.3. � �ï�Ã�¿�«�µ k = ( k1, k2, . . . , kn) # Nn �t�0�` , ÷k = ( kn, kn" 1, . . . , k1)
�q�S�X�q , q-MZV �w
u
ü
¯�Ô

! q(k) =
%

D q(÷k )
" q,"(1) (t1)" q,"(2) (t2) á á á" q,"(k) (tk) (k1 " 2)

�U
R�“�q�m .

�\�w
u
ü
¯�Ô�x Bradley [1]�p�w q-MZV �w
u
ü
¯�Ô�q�����U�m�X�q�¥�˜�•�”�U , �q
�Ì�:�p�x�°�r�>�p�K�” .

Example 1.3. k = (2 , 1) �w�q�V ,

! q(2, 1) =
%

t1<t 2<qt 3

dqt1

1 %t1

dqt2

1 %t2

dqt3

t3

�q�s�” . �î�M�t�È�%�›�-�‰�b�”�q ,
%t2

0

dqt1

1 %t1
=

#!

m=1

%t2

0
t1

m" 1dqt1 =
#!

m=1

1
[m]

t2
m ,

#!

m=1

1
[m]

%qt3

0

t2
m

1 %t2
dqt2 =

#!

m=1

1
[m]

#!

n=1

%qt3

0
t2

m+ n" 1dqt2

=
#!

m=1

1
[m]

#!

n=1

qm+ n

[m + n]
t3

m+ n ,

#!

m=1

1
[m]

#!

n=1

qm+ n

[m + n]

%1

0
t3

m+ n" 1dqt3 =
#!

m=1

1
[m]

#!

n=1

qm+ n

[m + n]2
= ! q(2, 1)

�›�˜�” .
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Self-avoiding walk on random conductors

Yuki Chino!

Department of Mathematics
Hokkaido University

Joint work with Akira Sakai (Hokkaido University)  

Self-avoiding walk (SAW) is a statistical-mechanical model that the chemist
P. J. Froly Þrst introduced for studying the behavior of linear polymers [4, 5].
Now we have many rigorous results on SAW, especially ind > 4 due to the
lace expansion [1, 7]. However in two or three dimensions, there still remain
open problems [8]. In 1981, B. K. Chakrabarti and J. Kart«esz Þrst introduced
the random environment to SAW [2]. Our interest is to understand how the
random environment a!ects the behavior of the observables concerning SAW
around the critical point. In this talk, we will show the quenched critical
point is almost surely a constant and estimate upper and lower bounds.

Model and the results

Let Bd denote the set of nearest-neighbor bonds inZd, let "( x) be the set
of nearest-neighbor self-avoiding paths onZd from x. The self-avoiding walk
is the set of the trajectries of the walk that can not return the point once it
visited. We call this property self-avoidance constraint. By this property, we
can regard SAW paths as the statistical-mechanical model for linear poly-
mers. Denoting the length of! by |! | (i.e., |! | = n for ! = ( ! 0, . . . , ! n ))
and the energy cost of a bond between consecutive monomers byh " R, we
deÞne the susceptibility as

" h =
!

! ! !( x)

e" h|! |,

which is independent of the location of the reference pointx " Zd. Two
other key observables are the two-point function and the number of SAWs

! chino@math.sci.hokudai.ac.jp
  sakai@math.sci.hokudai.ac.jp
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of length n:

Gh(x) =
!

! ! !( o,x)

e" h|! |, c(n) =
!

! ! !( x)

1{| ! |= n} ,

whereo is the origin of Zd, 1{ááá } is the indicator function, and "( o, x) is the
set of nearest-neighbor self-avoiding paths onZd from o to x. Obviously,

" h =
!

x! Zd

Gh(x) =
#!

n=0

e" hn c(n).

Due to subadditivity of c(n), we can show that" h < # if and only if h >
logµ, whereµ is the connective constant for SAW [7]:

µ = lim
n$#

c(n)1/n = inf
n

c(n)1/n .

Therefore,h = log µ is the critical point of the susceptibility. Many rigorous
results on the behavior of these observables around the critical pointh =
logµ have been proven. However, there still remain many challenging open
problems in two and three dimensions. See [8] and the references therein.

Let X = { X b} b! Bd be a collection of i.i.d. bounded random variables
whose law and expectation are denoted byPX and EX , respectively. Sim-
ilarly to the homogeneous case, we deÞne the quenched susceptibility at
x " Zd:

ö" h,", X (x) =
!

! ! !( x)

e"
! | ! |

j =1 (h+ "X bj ) ,

where bj is the j -th bond of ! . Because of the inhomogeneity ofX , the
quenched susceptibility is not translation invariant and does depend on the
location of the reference pointx. We also deÞne the random media version
counterpart of the number of SAWsc(n) in random environment:

öc", X (x; n) =
!

! ! !( x)

e" "
! | ! |

j =1 X bj 1{| ! |= n} .

Therefore, we have

ö" h,", X (x) =
#!

n=0

e" hn öc", X (x; n).

Since ö" h,", X (x) is monotonic in h, we can deÞne the quenched critical point:

öhq
", X (x) = inf { h " R : ö" h,", X (x) < #} .
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We denote c(n) be the number of the homogeneous SAWs. By virtue
of the self-avoidance constraint on! and the i.i.d. property of X , we can
directly compute the annealed susceptibilityEX [ö" h,", X (x)]

EX [ö" h,", X (x)] =
#!

n=0

e" (h" log #" )nc(n),

where#" = EX [e" "X b]. Then the annealed critical point must be deÞned:

ha
" = log µ + log #" ,

so that EX [ö" h,", X (x)] < # if and only if h > h a
" . By JensenÕs inequality,

ha
" $ logµ %$EX [X b].

The following theorem is the main result of this talk.

Theorem 1. Let d $ 1 and $ $ 0. The quenched critical pointöhq
", X (x)

is PX -almost surely a constant that does not depend on the location of the
reference pointx " Zd. Moreover, by abbreviatingöhq

", X (x) as öhq
" , we have

logµ %$EX [X b] & öhq
" & ha

" , PX -almost surely.

For d = 1, in particular, the lower bound is an equality.

The key elements for the proof are the following:

¥ To prove that the quenched critical point isPX -a.s. a constant we show
translation invariance and ergodicity by following similar analysis to
that in H. Lacoin [6].

¥ The upper bound (generally called the annealed bound) is trivial. On
the other hand, the lower bound is derived from the second moment
estimate by using the Paley-Zygmund inequality.

In our main theorem, ford = 1, the lower bound is an equality. We want
to discuss what happens ind $ 2:

¥ In two dimension, H. Lacoin improve the upper bound by using frac-
tional moment method [6].

¥ In high dimensions, can we estimate the upper and lower bound more
sharply??
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q-PAINLEV «E EQUATION OF TYPE E(1)
6 ARISING FROM PAD «E APPROXIMATION

�Õ
Œ	2
� HIDEHITO NAGAO (�Ì
t�»�À�ô�s
•�ó�¶�Í )

Abstract. Pad«e �Ù�Å�q�z�y�•�”���g��
:�t�‘�”�Ù�Å�›� �;�`�o�| 2 �Š
¢��
•
ü�M���Ü�›�Ï


R�b�”�q�|�Ò�2�?
•
ü�M���Ü�t�s�”�\�q�U�y�X�T�’�Œ�’�•�o�M�”�}�^�’�t�|�f�w
‡
¢���=

�q�`�o�| Painlev«e �M���Ü�q�z�y�•�” 2 �Š
‡
¢��
•
ü�M���Ü�›�Ï
R�p�V�”�\�q�U�Œ�’�•�o�M

�”�}�7�Ù�t�s�l�o�|�f�w q �)
ü�$�m�„�=�q�`�o�| E(1)
6 �� a! ne Weyl���0	¶
Q�›�Ë�m q �)
ü

�$�m�„ Painlev«e�M���Ü�›�Ï
R�b�”�\�q�U�p�V�h�}�Š�è���p�x�|�\�w�A�L�t�m�M�o�C���b�”�}

1. Introduction

1.1. The background of (di! erential) Painlev«e equations. �y
19
H�D�¤�T�’ 20
H�D	s�„�t�T�Z�o , Paul Pailvev«e�t�‘�l�o
C�_�^�• ,�®�ˆ�X�›�Ÿ�:�x�Ã�t
�v�”�¯�q�M�O Pailvev«e
Q�›
‹�Q�h 2 �Š
‡
¢��	×
•
ü�M���Ü�q�`�o�Z�€�^�•�o�V�h . �®�ˆ�X
�›�Ÿ�:�¯�q�x , 
•
ü�M���Ü�w	s�8�‹�ð�J�w�r�t�q�•�”�›�Ÿ�:�w�•�”�U	s�8�‹�t�‘���b�”�›
�Ÿ�:�›�M�O . Pailvev«e���Ü�x PI �T�’ PVI �‡�p�w 6 	��¨�t
ü�¨�^�•�” .

PI : ! !! = 6! 2 + t,
PII : ! !! = 2! 3 + t! + ",

PIII : ! !! =
1
!

(! !)2 "
1
t
! ! +

1
t
("! 2 + #) + $! 3 +

%
!

,

PIV : ! !! =
1
2!

(! ! )2 +
3
2

! 3 + 4t! 2 + 2(t2 " " )! +
#
!

,

PV : ! !! =
! 1
2!

+
1

! " 1

"
(! !)2 "

1
t
! ! +

(! " 1)2

t2
!
"! +

#
!

"
+

$
t
! + %

! (! + 1)
! " 1

,

PVI : ! !! =
1
2

! 1
!

+
1

! " 1
+

1
! " t

"
(! ! )2 "

! 1
t

+
1

t " 1
+

1
! " t

"
! !

+
! (! " 1)(! " t)

t2(t " 1)2
!
" + #

t
! 2

+ $
t " 1

(! " 1)2
+ %

t(t " 1)
(! " t)2

"
.

�\�\�p , " , #, á á á�x
ó
É
:�Í�å�Ý�”�»�”�p�K�” .
�\�•�’ 6 	��¨�w Pailvev«e�M���Ü�t���b�”�@�=
$�Ü�›�Í�w�‘�O�t�s�”�}

PVI # PV# PIII

$ $
PIV # PII # PI.

�\�•�’ 6 	��¨�w Pailvev«e�M���Ü�x�°
`�$�t	s�s��
:�w
c�“�p�x�r�X�\�q�U�p�V�s�M�U ,
�Í�å�Ý�”�»�U�›	��s�‹�›�q�”�Ì�t�Ò�2�?���w�›	���
:�p
¯�^�•�”�r�U���O�b�” . ���t�‹�E

:��
:�|���g��
:�p
¯�^�•�”�r�s�r�›�Ë�m�}

Painlev«e�M���Ü�x�|�Ë�Û�ç�Ä�ï�—�¶�%�q�`�o
¯�q�p�V�|
¢���^�;
É (�å�¿�«�µ�~�Ö�ž�£�w
�†�q	Ú�E�q�`�o
¯�q�p�V�| B¬acklund�!�õ�q�`�o a! ne Weyl���0	¶
Q�›�Ë�m�s�r�|�D
u
ü
�%�q�`�o�w���X�w�‘�M
Q�í�›�Ë�m�}

2010Mathematics Subject ClassiÞcation.33D15, 34M55, 39A13, 41A21.
Key words and phrases.Pad«e method, Pad«e interpolation,q-Painlev«e equation.
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Remark 1. �å�¿�«�µ�~�Ö�ž�q�x�|�D
u
ü�%�w�g�æ�t�S�Z�”�;� �p�K�“�| 2 	��¨�w
¢���M��

�Ü�¢
¢���M���Ü�q�f�w�!���M���Ü�£�w�†�q	Ú�E�q�̀ �o�|�Ì��
C�2��
‡
¢���M���Ü�U�̃ �’�•

�”
Ê�p�K�”�}

1.2. The background of discrete Painlev«e equations. �y
�m�„ Painlev«e�M���Ü�x�|
•
ü Painlev«e�M���Ü�w�‘�M
Q�í�›�-���`�h�‡�‡�m�„�=�`�h�‹�w�p
�K�”�}�«�Q�y�|�m�„ Painlev«e
Q (�›�Ÿ�:���a���Š )�|�›	��r�| B¬acklund�!�õ�|�å�¿�«�µ�~�Ö
�ž�s�r�}�f�•�’�x�¦�G a! ne Weyl���0	¶
Q�t���È�`�h���g�Â�Ø�t�,�n�M�o
ü�¨�^�• [9]�|
�)
ü�»� �Ó�x�*���)
ü (e-), 	Ð�O�)
ü (q-)�|�C�O�)
ü (d-) �w 3 	��¨�U�K�” . q �)
ü Painlev«e
�M���Ü�x B¬acklund�!�õ�q�`�o�w a! ne Weyl���0	¶
Q�t�‘�“�| E(1)

8 ���T�’ D 6 ���‡�p
ü�¨
�^�•�|�@�=
$�Ü�x�Í�w�‘�O�t�s�”�}

Z
% $

E(1)
8 # E(1)

7 # E(1)
6 # D(1)

5
(q-PVI )

# A(1)
4

(q-PV)

# (A2 + A1)(1)

(q-PIV ,q-PIII )

# (A1 + A!
1)

(1)

(q-PII )

# A(1)
1

(q-PI)

D 6

1.3. The background of Pad«e method. �y
Pad«e�Ù�Å�›� �;�`�o Painlev«e�S�‘�| Garnier�M���Ü�›�Z�€�b�”���o�s�M�O [12] �U�K�”�}�f
�w�M�O�p�x�|�&�p�s Pad«e�Ù�Å�w�ð�J�›
ƒ���b�•�y�| Painlev«e(Garnier)�M���Ü�t�0�b�”�Ì��

C�2�M���Ü�|�å�¿�«�µ�~�Ö�ž�|�Ò�2�?���›	��r�w 3 �m�U�‰�Ì�t�˜�’�•�”�}�\�w�M�O�x Pad«e
�O�q�z�y�•�o�M�”�} Pad«e �O�x�\�•�‡�p�7�‘�s�m�„ Painlev«e �M���Ü [5] �t�&�;�^�•�o�M�”
[3, 6, 7, 8, 14]�}�Š�C���x [7] �t�,�n�X�}

2. Pad«e approximation method to caseq-E(1)
6

�y�Š	·�p�x�| Pad«e�Ù�Å�›� �;�`�o�| q�)
ü Painlev«e�M���Ü E(1)
6 ���w�Ì��
C�2�M���Ü�|�å�¿

�«�µ�~�Ö�ž�|�Ò�2�?���›	��r�›�‹�X�}

2.1. Pad«e approximation problem. �y�Í�å�Ý�”�»�” q, ai, bi & C, 0 < |q| < 1, m,n & Z' 0 �w
�q�V�|�&�p�s��
:

(2.1) Y(x) :=
(a1x,a2x,a3x)(

(b1x, b2x,b3x; q)(
,

a1a2a3qm

b1b2b3qn
= 1.

�›�)�Q�| Pad«e�Ù�Å�w�ð�J

(2.2) Y(x) )
Pm(x)
Qn(x)

(mod xm+n+1).

�›�ß�Q�”�}�\�\�p�|��
: Pm(x)�| Qn(x) �x�f�•�g�• m�| n �Í���ò�Ü�q�`�| q �Ù�¿�×�Ë�ï�Ú�”�x

(2.3) (a1, a2, á á á,ai) j :=
j" 1#

k=0

(1 " a1qk)(1 " a2qk) á á á(1 " aiqk).

�q�b�”�}
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2.2. Time evolution. �y
�Í�å�Ý�”�»�” ai, bi,m, n �›�³�Ñ�Ä�^�d�”�^�;
É T �›

(2.4) T : (a1, a2, a3, b1, b2, b3,m,n) # (qa1, a2, a3, qb1, b2, b3,m, n).

�›�b�”�}�‡�h�|�\�w�^�;
É T �x q �)
ü Painlev«e�M���Ü�w�Ì��
C�2�w�M�²�›�>���b�”�w�p�|
�Ì��
C�2�q�z�•�}

�°�Œ��
: y(x) �t�0�`�o�| y(x) = Pm(x), Y(x)Qn(x) �›�r�t�Ë�m�| 3 �ò�� y(x), y(qx), y(x) 
¢��
q �)
ü�M���Ü�› L2(x) �q�`�| 3 �ò�� y(x), y(x), y(x/ q) 
¢�� q �)
ü�M���Ü�› L3(x) �q�b�”�}�\�w
�q�V�|

Lemma 1. 
¢�� q �)
ü�M���Ü L2, L3 �x�Í�w�‘�O�t
¯�Ô�^�•�”�}

(2.5)
L2(x) : (1 " x f)y(x) " (1 " a2x)(1 " a3x)y(qx)

+
a2a3qmg

b1
(1 " b1x)(1 " x/ g)y(x) = 0,

(2.6)
L3(x) : w(1 " xf / q)y(x) +

a2a3qmg
b1

(1 " a1x)(1 " x/ qg)y(x)

" qm+n+1(1 " b2x/ q)(1 " b3x/ q)y(x/ q) = 0,

�\�\�p�| f , g, f ,w �x x �t�‘�’�s�M�!
:�p�K�“�|�G�ø F := T(F), F := T" 1(F) �q�b�”�}

Proof. L2, L3 �w���[�‘�“�|�Í�w x �w�Ã�s�Ü�U
R�“�q�m�}

L2(x) :

$$$$$$$$$$

y(x) y(qx) y(x)
Pm(x) Pm(qx) Pm(x)

Y(x)Qn(x) Y(qx)Qn(qx) Y(x)Qn(x)

$$$$$$$$$$
= 0,(2.7)

L3(x) :

$$$$$$$$$$

y(x) y(x) y(x/ q)
Pm(x) Pm(x) Pm(x/ q)

Y(x)Qn(x) Y(x)Qn(x) Y(x/ q)Qn(x/ q)

$$$$$$$$$$
= 0.(2.8)

�§�¹�å�½�æ�»�Ü�›�-�‰�b�•�y�| q �)
ü�M���Ü L2 (2.5),L3 (2.6)�U�˜�’�•�”�} !

�Ž�<�p�x�| L2, L3 (2.5), (2.6)�t�,�n�M�o�| q �)
ü Painlev«e�M���Ü E(1)
6 ���t�0�b�”�Ì��
C

�2�M���Ü�|�å�¿�«�µ�~�Ö�ž�|�Ò�2�?���›	��r�U�‹	Z�^�•�”�}

2.3. The q-Painlev«e equation. �y

Proposition 1. 2�!
: f , g�w�È�q 1�Š
‡
¢�� q�)
ü�M���Ü (1�!
:�w 2�Š
‡
¢�� q�)
ü�M���Ü )

(2.9) ( f g " 1)(f g " 1) =
b2

1

a2
2a

2
3q

m" n

( f " a2)( f " a3)( f " b2)( f " b3)
( f " a1)( f " b1)

,

(2.10) ( f g " 1)(f g " 1) = qa1b1
(g " 1/ a2)(g " 1/ a3)(g " 1/ b2)(g " 1/ b3)

(g " b1/ a2a3qm)(g " b1qn+1/ a2a3)
.

�˜�’�•�”�}�\�•�x q �)
ü Painlev«e�M���Ü E(1)
6 ���w�Ì��
C�2�M���Ü [5] �p�K�” .

Proof. q�)
ü
¢���M���Ü L2, L3 (2.5), (2.6)�w�†�q	Ú�E�q�`�o�|�!
: w �›���‡�s�M 2�!
: f , g
�w�M���Ü (2.9), (2.10)�U�˜�’�•�”�} !
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2.4. The Lax pair. �y

�°�Œ��
: y(x) �t�0�`�o�| y(x) = Pm(x),Y(x)Qn(x) �›�r�t�Ë�m 3 �ò�� y(qx), y(x), y(x/ q) �w

¢�� q �)
ü�M���Ü�› L1(x) �q�b�”�}�\�w�q�V�|

Proposition 2. 
¢�� q �)
ü�M���Ü L1 �x�Í�w�‘�O�t
¯�Ô�^�•�”�}

(2.11)

L1(x) :
(q " b1x)(q " b2x)(q " b3x)qm+n" 1

q " f x

%
y(x/ q) "

a1(q " a2x)(q " a3x)
b2b3qn(q " b1x)(gq" x)

y(x)
&

+
(1 " a1x)(1 " a2x)(1 " a3x)

1 " f x

%
y(qx) "

b2b3qn(1 " b1x)(g " x)
a1(1 " a2x)(1 " a3x)

y(x)
&

+
a1qm+1

b2b3g

%'
1 "

b2b3g
a1qm+1

( '
1 "

b2b3gqn

a1

(
+

x(1 " a2g)(1 " a3g)(1 " b2g)(1 " b3g)
(1 " f g)(gq" x)

&
y(x) = 0,

���m�w
¢�� q �)
ü�M���Ü L1, L2 (2.11), (2.5)�x�å�¿�«�µ�~�Ö�ž�p�K�“�| 2 * 2 �æ�»���å�¿�«

���Ü [10] �S�‘�|�µ�§�å�”���å�¿�«�µ�~�Ö�ž [3, 13] �q�s�A�p�K�”�}

Proof. q�)
ü�M���Ü L2(x), L2(x/ q), L3(x) (2.5), (2.6)�T�’ 2 �ò y(x), y(x/ q) �›	«�ˆ�b�•�y�| q
�)
ü�M���Ü L1 (2.11)�U�˜�’�•�”�} !

2.5. Special solutions.�y

Lemma 2 (Schur��
:�t�‘�”�¬�Ü [12]). �)�Q�’�•�h��
: Y(x) �t�0�`�o�| x = 0 �w�‡�˜�“�p

Taylor�2�‰

(2.12) Y(x) =
()

k=0

pkxk, p0 = 1, pi = 0 (i < 0),

�›�ß�Q�”�}�\�w�q�V�| Pad«e�Ù�Å�ð�J (2.2)�›�¬�h�b m,n �Í���ò�Ü Pm(x), Qn(x) �x�æ�»�Ü

(2.13) Pm(x) =
m)

i=0

s(mn,i)xi, Qn(x) =
n)

i=0

s((m+1)i ,mn" i )(" x)i,

�p
¯�Ô�^�•�”�}�\�\�p�| s! �x Jacobi-Trudi�¬�Ü s(! 1,ááá,! l ) = det(p! i " i+ j)l
i, j=1 �p���[�^�•�” Schur

��
:�p�K�”�}

Corollary 1 (Schur��
:�t�‘�”�¬�Ü 2 [12]). ���ò�Ü Pm(x)�| Qn(x) (2.13)�x�| 1 �m�w�æ�»�Ü�t

�Í�w�‘�O�t
¯�Ô�^�•�”�}

(2.14) Pm(x) = xms(mn+1)|pi#
* i

j=0 x" j pi" j
, Qn(x) = (" x)ns((m+1)n)|pi# pi " x" 1pi" 1.

Proposition 3. q �)
ü Painlev«e�M���Ü E(1)
6 ���w�Ì��
C�2�M���Ü (2.9), (2.10)�w�Ò�2�?���›	�

�r f , g �q�`�o�|�Í�w�‹�w�U�˜�’�•�”�}

(2.15)

1 " f / a1

1 " f / a2
=

a1
+ 3

i=1(1 " bi/ a1)

a2
+ 3

i=1(1 " bi/ a2)

Ta1(&m,n+1)T" 1
a1

(&m+1,n)

Ta2(&m,n+1)T" 1
a2

(&m+1,n)
,

1 " 1/ b2g
1 " 1/ b3g

=
b2

+ 3
i=2(1 " ai/ b2)

b3
+ 3

i=2(1 " ai/ b3)

T" 1
b2

(&m,n+1)Tb2(&m+1,n)

T" 1
b3

(&m,n+1)Tb3(&m+1,n)
,
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�\�\�p�|�æ�»�Ü &m,n = s(mn) �w�A
É pk �x�Í�p�)�Q�’�•�”�}

(2.16) pk =
bk

3

'
a3

b3

(

k

(q)k

k)

ki ' 0

!
q" k

"
k1+k2

!
a1
b1

"
k1

'
a2

b2

(

k2'
q" k+1b3

a3

(

k1+k2(q)k1(q)k2

'
b1

a3
q
(k1

'
b2

a3
q
(k2

.

�\�\�p�|�Í�å�Ý�”�»�” ai, bi �t�‘�”�b�‚�o�w�”�p�K�” F �t�0�`�o�| Tai (F) = F|ai# qai , T" 1
ai

(F) =
F|ai# ai / q �q�b�”�}�\�w�›	��r�x [3] �q�s�A�p�K�”�}

Proof. q�)
ü
¢���M���Ü L2, L3 (2.7), (2.8)�w y �w�§�¹�å�½�æ�»�Ü�t�S�M�o�| Pm(x), Qn(x) �t

�‘�l�o���[�^�•�” f , g �w�‹�x�| Schur��
:�t�‘�”�¬�Ü 2 (2.14)�›�;�M�•�y�˜�’�•�”�} !

Remark 2. �°
`�w (2.1)(2.16)�t���`�o [11] �p	\�‚�’�o�M�”�}

(2.17)
N+1#

i=1

(ai x)(

(bi x)(
=

()

k=0

pkxk = exp
! ()

k=1

N+1)

s=1

bk
s " ak

s

k(1 " qk)
xk

"
.

Remark 3. �A
É pk �x 2 �!
: q-Appel Lauricella�ƒ
:�w���v�è�p�K�”�U�|�!�õ b3 = qk" 1a1a2,
a3 = b1b2 �w�<�p�| big q-Jacobi���ò�Ü�q�z�y�•�” q-�Ò�2�?�ƒ
: 3' 2 �w���v�è�t	{�V�õ�Q�’

�•�”�}

Remark 4. [4] �t�‘�•�y�| Andrews�x�!�õ�¬�Ü q-Appell Lauricella��
: ' l
D �q q-�Ò�2�?��
:

k' l �w���w�!�õ�¬�Ü (l = 2 �w	Ô�ù [1] , 
Y�w
T
: l �w	Ô�ù [2]) �U�‹�M�h�}

(2.18) l+1' l

,
----.

a, b1 . . . , bl

c1, . . . , cl
, u

/
00001=

(au)(

(u)(

l#

k=1

(bk)(

(ck)(
' l

D(", # 1, . . . , #l, $; z1, . . . ,zl)

(2.19) k' l

,
----.

" 1, . . . , " k

#1, . . . , #l
, x

/
00001:=

()

s=0

(" 1, . . . , " k)s

(#1, . . . , #l, q)s

%
(" 1)sq(s

2)
&1+l" k

xs,

�\�\�p (s
2) := s(s" 1)/ 2.

(2.20) ' l
D(", # 1, . . . , #l, $; z1, . . . ,zl) :=

)

mi ' 0

(" )|m|(#1)m1 . . .(#l)ml

($)|m|(q)m1 . . .(q)ml

zm1
1 . . .zml

l ,

�\�\�p |m| := m1 + . . . + ml.

�\�w�!�õ�¬�Ü�w���v�w	Ô�ù�U 3 �t
ì�p�b�”�}

2.6. Main theorem. �y

Theorem 2.1. �&�p�s Pad«e�Ù�Å�ð�J (2.1), (2.2)�w
ƒ���t�‘�“�| q �)
ü Painlev«e�M���Ü E(1)
6

���t�0�b�”�Ì��
C�2�M���Ü (Proposition 1),�å�¿�«�µ�~�Ö�ž (Proposition 2),�Ò�2�?���›	�

�r (Proposition 3)�U 3 �m�‰�Ì�t�˜�’�•�”�}
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ON THE STOKES MATRICES OF THE tt ! -TODA EQUATION

STEFAN HOROCHOLYN (TOKYO METROPOLITAN UNIVERSITY)

Abstract. We derive a formula for the signature of the symmetrized Stokes
matrix S + ST for the tt ! -Toda equation. As a corollary, we verify a conjecture
of Cecotti-Vafa regarding when S+ ST is positive deÞnite, reminiscent of a for-
mula of Beukers and Heckmann for the generalized hypergeometric equation.
The condition S + ST > 0 is prominent in the work of Cecotti and Vafa on
the tt ! equation; we show that the Stokes matrices S satisfying this condition
are parameterized by a convex polytope.

1. Introduction

The tt ! equation is a system of nonlinear PDEs which appeared in the work
of Cecotti and Vafa [2] on the classiÞcation of supersymmetric Þeld theories in
physics. Dubrovin [3] showed that it admits an isomonodromic deformation in-
terpretation, as well as the standard zero-curvature formulation of harmonic map
theory. This leads to a Riemann-Hilbert correspondence between (local) solutions
and monodromy data of a meromorphic ODE. Clarifying this correspondence is a
subject of current research activity relating several Þelds of mathematics, including
Hodge theory and algebraic geometry.

There are very few examples where solutions can be found. A special case of
the tt ! equation, introduced by Cecotti and Vafa, and studied mathematically by
Guest-Its-Lin [4, 5] and Mochizuki [7], is the tt ! -Toda equation. This is, essentially,
the well-known Toda Þeld equation (2-dimensional Toda lattice), although even in
this case the existence of the solutions predicted by Cecotti and Vafa was proved
only recently (in the aforementioned references).

This article was motivated by the conjectures of Cecotti and Vafa regarding the
symmetrized Stokes matrixS + ST , in the case of thett ! -Toda equation. We shall
give a necessary and su!cient condition for S + ST to be positive deÞnite, and a
simple formula for the signature ofS + ST , reminiscent of a formula of Beukers and
Heckmann for the generalized hypergeometric equation [1].

Let us now state the tt ! -Toda equations and explain the relevant Stokes matrix.
The equations are:

(1.1) 2(wi )zz = ! e2(wi +1 " wi ) + e2(wi " wi ! 1 ) , wi : C! " R

subject to two further conditions:

(1) the Òanti-symmetryÓ condition:wi + wn " i = 0; and
(2) the radial condition: wi = wi (|z|).

We use the convention that wi = wi + n +1 for all i # Z. This system is the compat-
ibility condition for the linear system:

!
" z = (w z + 1

! W)" ,
" z = ( ! wz + ! WT )" ,
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where:

w = diag ( w0, . . . , wn ) , W =

"

#
#
#
#
#
$

ew1" w0

. . .

ewn" wn! 1

ew0" wn

%

&
&
&
&
&
'

.

If we write x = |z|, then the radial version of (1.1) is the compatibility condition
for a linear system, which may then be transformed to (see Equation 1.4 of [5]):

(1.2)

(
)

*

" " =
+

! 1
" 2 W ! 1

" xwx + x2WT
,

" ,

" x =
+

1
x" W + x" WT

,
" ,

where " = !
z .

The " -system (1.2) is a meromorphic linear ODE in the complex variable" , with
poles of order two at both" = 0 and " = $ . The Stokes matrices at these two poles
are equivalent, so we shall only consider the Stokes matrix at" = $ , and denote
it by S. By the general theory of isomonodromic deformations, Stokes matricesS
correspond to local solutions near 0 (i.e. deÞned on intervals of the form (0, #))
of the tt ! -Toda equation. Further details and explanation may be found in [4, 5],
where S is computed in terms of the asymptotic behaviour of the functionswi .

It was conjectured by Cecotti and Vafa, and conÞrmed in [4, 5, 6, 7], that the
condition S + ST > 0 implies that the corresponding local solution of thett ! -Toda
equation is globally deÞned onC! (i.e. such that # = $ ). It is, therefore, of
interest to describe the set of such Stokes matrices explicitly, and this is our Þrst
main result.

We show that they form a convex polytope described by simple explicit equations.
It follows from the previous references that a necessary and su!cient condition for
the local solution of the tt ! -Toda equation to be globally deÞned onC! is that
the eigenvalues of the monodromySS" T are unimodular. (Here, S" T denotes
the transpose ofS" 1.) For such Stokes matrices, we prove the following explicit
characterization of the signature ofS + ST , which we expect to be of use in future
investigations of the tt ! -Toda equation:

Theorem : Let $ = ( N+ , N" , N0) denote the signature triple ofS + ST , where
N+ , N" , and N0 are the number of positive, negative, and zero eigenvalues of
S + ST , respectively. Then$ is equal to the signature triple of the diagonal matrix:

diag ((! 1)n +1 p(%0), . . . , (! 1)n +1 p(%n )) .

Here, %0, . . . , %n are then+1 roots of xn +1 ! (! 1)n +1 , and the real polynomialp(x) is
the characteristic polynomial of a certain matrix R satisfying (! 1)n R n +1 = SS" T .

Corollary : S + ST > 0 i# (! 1)n +1 p(%k ) > 0 for all k.
Let us explain what this means in terms of solutions to thett ! -Toda equation.

(For ease of notation, we only describe the casen + 1 = 2 m.) It was shown in
[4, 5, 6, 7] that solutions wi : C! " R are in one-to-one correspondence with real
numbers &i satisfying &i ! &i " 1 % ! 2 for all i , where 2wi (z) & &i log |z| as |z| " 0.
The corresponding eigenvalues ofR are exp

-
± i#

n +1 (&j + 2 j + 1)
.
, 0 ' j ' m ! 1,

with
0 ' #

2m (&0 + 1) ' #
2m (&1 + 3) ' á á á ' #

2m (&m " 1 + 2m ! 1) ' % .
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The condition S+ ST > 0 means that these points must interlace with the (n +1) th

roots of unity, implying that:

0 < &0 + 1 < 2 < &1 + 3 < 4 < á á á< 2m ! 2 < &m " 1 + 2m ! 1 < 2m ,

and this means that 0< &j < 1 for all j = 0 , . . . , m ! 1.
Our second main result is a formula for the sign ofp(%k ) when the eigenvalues of

SS" T are unimodular and N0 = 0 (in the notation of the Theorem). If n + 1 = 2 m
or n + 1 = 2 m + 1, then this gives a characterization of the open subsets ofRm

corresponding to each possible signature pair (N+ , N" ) in terms of conÞgurations
of points on the unit circle which interlace with the roots %k of xn +1 ! (! 1)n +1 . To
prove this, we show that p(x) satisÞes the signed-palindromicity conditionp(x) =
(! x)n p( 1

x ), and hence, it may be uniquely factored as:

p(x) =
!

xm ÷p(x + 1
x ) , n + 1 = 2 m ,

(x ! 1)xm ÷p(x + 1
x ) , n + 1 = 2 m + 1 .

DeÞning the sequence{ ÷p[k ](x)} k of shifted polynomials by ÷p[0] (x) := ÷p(x + 2) and:

÷p[k ](x) :=

/
÷p(x + 2 cos k#

m ) , 1 ' k ' m , n + 1 = 2 m ,
÷p(x + 2 cos (2k" 1)#

2m +1 ) , 1 ' k ' m + 1 , n + 1 = 2 m + 1 ,

we prove the following, which amounts to a special case of Theorem 4.5 of [1]:
Proposition : If ' k is the number of sign changes in the sequence of non-zero
coe!cients of ÷p[k ](x), then:

sgn(p(%k )) =
!

(! 1)$k " k , n + 1 = 2 m ,
(! 1)$k +1 " (k+1) , n + 1 = 2 m + 1 .

Sincep(x) is the characteristic polynomial of R , and the entries ofR satisfy an
explicit relation with the entries of the Stokes matrix S, the proposition gives a
simple way to check positivity of S + ST .

All of the above results are Þrst proved for a conveniently deÞned, Òabstract
Stokes matrixÓ S. We then explain the precise relation between this Òabstract
Stokes matrixÓ, and the Stokes matrixS of (1.2).

References

[1] F. Beukers and G. Heckman, Monodromy for the hypergeometric function n Fn " 1 , Invent.
Math. 95 (1989), 325Ð354.

[2] S. Cecotti and C. Vafa, TopologicalÐanti-topological fusion , Nucl. Phys. B 367 (1991), 359Ð
461.

[3] B. Dubrovin, Geometry and integrability of topological-antitopological fusion , Comm. Math.
Phys. 152 (1993), 539Ð564.

[4] M. A. Guest, A. R. Its, and C.-S. Lin, Isomonodromy aspects of the tt ! equations of Cecotti
and Vafa I. Stokes data , Int. Math. Res. Notices 2015 (2015) 11745Ð11784.

[5] M. A. Guest, A. R. Its, and C.-S. Lin, Isomonodromy aspects of the tt ! equations of Cecotti
and Vafa II. Riemann-Hilbert problem , Commun. Math. Phys. 336 (2015) 337Ð380.

[6] M. A. Guest and C.-S. Lin, Nonlinear PDE aspects of the tt ! equations of Cecotti and Vafa ,
J. reine angew. Math. 689 (2014) 1Ð32.

[7] T. Mochizuki, Harmonic bundles and Toda lattices with opposite sign , preprint (arXiv:
1301.1718).

207



�¡
€�±� �Ä�w	Ý�6�t�‘���b�”�u�d�£�;�Ï�›�Ë�m�ì
¶
‡�0	¶�o	m
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�°�æ�y	ô�—�¢ Shingo Ichiki�£!, �$�{�y	m�¢ Jun Sato�£ , 
b
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�“�A

�u�d�£�;�Ï�›�Ë�m�ì
¶
‡�0	¶�o	m
	���a���¢ Totally asymmetric simple exclusion process with Langmuir kinetics; TASEP-
LK �£�t�m�M�o�ß�o�b�” . �›�t , �¡
€�±� �Ä�w	Ý�6�t�‘���`�o�u�d�£�è�”�Ä�U�Ÿ�s�” TASEP-LK �›�ß�Q�” . �f�`�o , �\�w�Û���w
‡��

�ç��	×	Ý�6�t�m�M�o���É	Ô�Ù�Å�›�;�M�o�r
s�b�” .

1 �x�a�Š�t


‡�0	¶�o	m
	���a���¢ Asymmetric simple exclusion process;
ASEP�£�q�x�|�°�Í�i�¨� 	Í�›
		†�.
u�®�L�›�Ë�l�h��
:�w�{

� �U
‡�0	¶�t�å�ï�¼�Ü�¢�¥�”�«�b�”�¬�p�a���Û���p�K�” . �›

�t , �{� �U�°�M�²�t�w�ˆ�ˆ�X�Û���x , �ì
¶
‡�0	¶�o	m
	���a��

�¢ Totally asymmetric simple exclusion process; TASEP �£�q

�z�y�•�o�M�” . �\�•�’�w�Û���x , 
‡���ç�w�-�—�¶�›�•�Š�q�b�”


ï�¿�M
ü�ú�p�Z�€�U�æ�˜�•�o�M�” . �›�t , 	��•
\
ú�s�r�w�×�~

�æ�ˆ�{� �%�t�_�’�•�”�q	Å�›
¯�q�b�”�Û���q�`�o�¿�X�;�M�’�•

�o�M�” [1].
�‡�h , 
$ 1 �w�‘�O�t , Langmuir kinetics �q�z�y�•�”�¨� 	Í

�w�Ú�™�w	Ô	t�p�u�d�£�U�D�ó�s�Ý�§�Ç�¶�Ü�›�Ë�m�Û���‹���Š�^

�•�o�M�” . �\�w�Û���p�x , �{� �x
²�M�w�±� �Ä�U�í�M�o�M�”�q

�V, �è�”�Ä p�¢�Ì�� dt �w���t�¬�p pdt�£�p
²�M�•�×�¿�Ó�b�” .
�‡�h , �{� �x�(�z�T�’�è�”�Ä ! �p�v�Ö�` , �È�z�T�’�è�”�Ä " �p

�v	Z�b�” . �s�S , �±� �Ä�U�í�M�o�M�•�y , �è�”�Ä #A �p�{� �U�±

� �Ä�t�u�£�` , �±� �Ä	Í�w�{� �x�è�”�Ä #D �p�d�m�b�” . �u�d

�£�;�Ï�›�Ë�m�ì
¶
‡�0	¶�o	m
	���a���¢ TASEP-LK �£�x , �¥�„

�w�v	Z�Ö�è�”�Ä�›�!�=�^�d�”�\�q�p , �ô�µ�S
ì�q�ÿ�µ�S
ì�›
ü

�m�b�”	¿�8�þ�w���O�s�r�µ�¯
��M�q	Å�U�Œ�’�•�o�M�” [2, 3].


$ 1 TASEP-LK �w�Û�Ü
$ .

�7�Ù , �¡
€�±� �Ä�w	Ý�6�t�‘���b�”�K�”�u�d�£�;�Ï�›�Ë�m�Û

���U�Z�€�^�•�o�M�” [4]. �Š�Ø�p�x , �\�w�Û���› , �¡
€�±� �Ä�w

	Ý�6�]�q�t�u�£�è�”�Ä�q�d�m�è�”�Ä�U�s�`�M	Ô�ù�t�m�M�o , �¤

�u�d�£�è�”�Ä�U�Ú�™�T�m� �q�t�‹�›	��”�\�q�U�p�V�”�‘�O�t�¦

�Á�b�” . �s�S , �Š�Ø�t�S�M�o Ò�u�d�£�è�”�Ä Ó�q�x , �¡
€�±� �Ä

�w	Ý�6�]�q�t�u�£�è�”�Ä�q�d�m�è�”�Ä�U�s�`�M	Ô�ù�t�;�M�”�‹

�w�q�b�” .

2 �¦�Á TASEP-LK

�¡
€�±� �Ä�w	Ý�6�t�‘���`�o�u�d�£�è�”�Ä�U�Ÿ�s�” TASEP-

LK �t�m�M�o
†�Ì�b�” . �f�`�o , ���É	Ô�Ù�Å�›�;�M�”�\�q�p , �µ

�S�Ó�é�Ñ�•� �ç�U�¬�h�b� 
•
ü�M���Ü�›�‹�X .

2.1 �Û��

�±� �Ä
: L �¢ L ! 3�£�w�°�Í�i�¨� �›�ß�Q�” . �±� �Ä i �p�x , �{

� �U�K�”	Ý�6�¢ $i = 1 �£, �‡�h�x�s�M	Ý�6�¢ $i = 0 �£�w�M�c�•�T

�›	��” . �\�\�p�x , �{� �x
²�M�w�±� �Ä�U�í�M�o�M�”�q�V , �è�”

�Ä 1 �p
²�M�•�×�¿�Ó�b�” . �f�`�o , �{� �x�(�z�T�’�è�”�Ä ! �p

�v�Ö�` , �È�z�T�’�è�”�Ä " �p�v	Z�b�” .

�Í�t , �u�d�£�;�Ï�t�m�M�o
†�Ì�b�” . �¡
€�b�”�†�±� �Ä�t�{

� �U�s�M	Ô�ù , 
$ 2�¢ a�£�w�q�S�“ , �{� �x�è�”�Ä #1 �p�u�d�£

�b�” . �¡
€�b�”�±� �Ä�w�r�j�’�T�°�M�t�{� �U�K�”	Ô�ù , 
$ 2
�¢ b�£�w�q�S�“ , �{� �x�è�”�Ä #2 �p�u�d�£�b�” . �¡
€�b�”�†�±

� �Ä�t�{� �U�K�”	Ô�ù , 
$ 2�¢ c�£�w�q�S�“ , �{� �x�è�”�Ä #3 �p

�u�d�£�b�” . �(�z�w�±� �Ä�p�x , 
$ 2�¢ d�£�w�q�S�“ , �(�z�T�’ 2

j�è�w�±� �Ä�t�{� �U�s�M	Ô�ù�x�è�”�Ä #1, �{� �U�K�”	Ô�ù�x

�è�”�Ä #2 �p�d�m�b�” . �‡�h , �È�z�w�±� �Ä�p�x , 
$ 2�¢ e�£�w�q

�S�“ , �È�z�T�’ 2 
j�è�w�±� �Ä�t�{� �U�s�M	Ô�ù�x�è�”�Ä #1,
�{� �U�K�”	Ô�ù�x�è�”�Ä #2 �p�u�£�b�” .

! �f�˜�G�¶�G�¶�Ã �»�¶�%�Z�€�J
  �f�˜�G�¶ 
Œ�z�J�¶�U	[�Z�€�·�ï�»�”
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$ 2 �¢ a�£�¡
€�b�”�†�±� �Ä�t�{� �U�s�M	Ô�ù . �¢ b�£

�¡
€�b�”�±� �Ä�w�r�j�’�T�°�M�t�{� �U�K�”	Ô�ù . �¢ c�£

�¡
€�b�”�†�±� �Ä�t�{� �U�K�”	Ô�ù . �¢ d�£�(�¥�„ . �¢ e�£

�È�¥�„ .

2.2 ���É	Ô�Ù�Å

�\�w�Û���w�µ�S�Ó�é�Ñ�•� �ç�t���b�”� 
•
ü�M���Ü�›�‹	Z�b

�” . �±� �Ä i �¢ 1 < i < L �£�w�{� �µ�S�w�8�4�‹�!�=�x�Í�w�‘�O

�t
¯�q�p�V�” .

d"$i #
dt

= "$i " 1(1 $ $i )# $ "$i (1 $ $i +1 )#

+ #1"(1 $ $i " 1)(1 $ $i )(1 $ $i +1 )#

+ #2"(1 $ $i " 1)(1 $ $i )$i +1 #

+ #2"$i " 1(1 $ $i )(1 $ $i +1 )#

+ #3"$i " 1(1 $ $i )$i +1 #

$ #1"(1 $ $i " 1)$i (1 $ $i +1 )#

$ #2"(1 $ $i " 1)$i $i +1 #

$ #2"$i " 1$i (1 $ $i +1 )# $ #3"$i " 1$i $i +1 #, (1)

�h � i � ` , "á#�x �8 �4 � ‹ � › 
 ¯ � ` �o �M� ” . �‡ �h , �† �z �w �± �   �Ä

�¢ i = 1 , L �£�x�Í�w�‘�O�t
¯�q�p�V�” .

d"$1#
dt

= ! "1 $ $1# $ "$1(1 $ $2)#

$ #1"$1(1 $ $2)# $ #2"$1$2#.

d"$L #
dt

= "$L " 1(1 $ $L )# $ " "$L #

+ #1"(1 $ $L " 1)(1 $ $L )#+ #2"$L " 1(1 $ $L )#.

�Í�t , �Ü�¢ 1�£�t�0�`�o , ���É	Ô�Ù�Å�t�|�v�.�—�¶�Ã�v�›	��”�\

�q�p�Í�w� 
•
ü�M���Ü�U�˜�’�•�” .

%&
%øt

+ (1 $ 2&)
%&
%x

= (1 $ 2&)

%
!
! 1(1 $ &)2 + 2! 2&(1 $ &) + ! 3&2

"
, (2)

�h � i � ` , ! j = #j L �¢ j = 1 , 2, 3�£ , t = L øt � t � | x = i
L

�¢ i = 1 , 2, á á á, L �£�q�b�” .

3 �r
s

�¦�Á TAESP-LK �w��	×	Ý�6�t�m�M�o�ß�o�b�” .

3.1 ��	×�r

�Ü�¢ 2�£�T�’��	×�r�›�‹�X . ��	×	Ý�6�p�x !"
! øt = 0 �q�”�X�\�q�U

�p�V�” . �\�w�\�q�T�’�Ú�j�t , �×�Ì�s�r &(x) = 1
2 �›�Ë�m�\�q

�U�˜�T�” . �‡�h , �Í�w
•
ü�M���Ü�›�r�X�\�q�p , �f�w���w�r�›�˜

�”�\�q�U�p�V�” .

d&
dx

= ! 1(1 $ &)2 + 2! 2&(1 $ &) + ! 3&2

= (! 1 $ 2! 2 + ! 3)&2 $ 2(! 1 $ ! 2)&+ ! 1. (3)

�\�\�p�x , ! 1 $ 2! 2 + ! 3 &= 0 �w	Ô�ù�›�ß�Q�” . �Ü�¢ 3�£�w
•


ü�M���Ü�x , ��
:��
:�p�K�”�\�q�T�’�Í�w�›	��r�›�Ë�m�\�q�U

�˜�T�” .

' ± =
! 1 $ ! 2 ±

#
! 2

2 $ ! 1! 3

! 1 $ 2! 2 + ! 3
.

�f�`�o , ! 2
2 $ ! 1! 3 > 0 �w�q�V , �›	��r ' := ' + , �(�¥�„	Ú�E

&(0) = ! �t�|�È�¥�„	Ú�E &(1) = 1 $ " �›�;�M�”�\�q�p , ��	×

	Ý�6�t�S�Z�”�(�Ù�c�r &L (x) �t�|�È�Ù�c�r &R (x) �U�Í�w�q�S

�“�˜�’�•�” .

&L (x) =
[a(! + ' ) + b]'e " (2 a# + b) x + ( a' + b)( ! $ ' )

[a(! + ' ) + b]e" (2 a# + b) x $ a(! $ ' )
,

&R (x) =
[a(1 $ " + ' ) + b]'e (2 a# + b)(1 " x ) + ( a' + b)(1 $ " $ ' )

[a(1 $ " + ' ) + b]e(2 a# + b)(1 " x ) $ a(1 $ " $ ' )
,

�h�i�` , a = ! 1 $ 2! 2 + ! 3 �t�| b = $ 2(! 1 $ ! 2) �q�b�” .
�s�S , ! 2

2 $ ! 1! 3 = 0 �w�q�V , 
Œ�æ�Z�€�w�Û���q�°�•�b�” [4].
�Í�t , �µ�S�Ó�é�Ñ�•� �ç�t�_�’�•�”	¿�8�þ�w�•�”�t�m�M�o�ß

�o�b�” . 	¿�8�þ�w���^ vS �x , �Í�w�Ü�p
¯�q�p�V�”�\�q�U�Œ�’�•

�o�M�” [5, 6].

vS =
&R (1 $ &R ) $ &L (1 $ &L )

&R $ &L
= 1 $ &L $ &R .

�‡�h , ��	×	Ý�6�›�ß�Q�o�M�”�\�q�T�’ , 	¿�8�þ�U�†���`�o�M�”

�q�>���b�” . �m�‡�“ , 	¿�8�þ�w���^ vS �› 0 �q�b�”�\�q�p , 	¿�8

�þ�w�•�”�t�S�M�o�(�Ù�c�r�q�È�Ù�c�r�w�����x�Í�w�‘�O�t�˜�’

�•�” .

&R (xS) = 1 $ &L (xS), (4)

�h�i�` , xS �x	¿�8�þ�w�•�”�q�b�” . 	¿�8�þ�w�•�”�x , &L (x),
&R (x) �t �| �Ü�¢ 4�£�T�’ �{ �Š�”�\ �q�U�p�V�” . � f �` �o " =
&R (xS) $ &L (xS) > 0 �t�| 0 < x S < 1 �q�s�”�q�V , 	¿�8�þ�x

���O�b�” .
�Ž	Í�T�’ , ��	×	Ý�6�t�S�Z�”�µ�S�Ó�é�Ñ�•� �ç�U�˜�’�•�” .

	¿�8�þ�U���O�b�”�q�V , �µ�S�Ó�é�Ñ�•� �ç�x�Í�w�‘�O�t�)�Q�’

�•�” .

&(x) =

$
&L (x) (0 < x < x S)

&R (x) ( xS < x < 1)

�‡�h , �f�w���w	Ô�ù�x�Í�w�‘�O�t
¯�q�^�•�” .

&(x) =

%
&'

&(

&L (x) (0 < x < x 1)
1
2 (x1 < x < x 2)

&R (x) ( x2 < x < 1)

x1 �t�| x2 �x�f�•�g�• &L (x1) = 1
2 �t�| &R (x2) = 1

2 �q�s

�”�•�”�p�K�” . �h�i�` , x1 < 0�¢ x2 > 1�£�w�q�V�x , &L (x)
�¢ &R (x)�£�U�s�M�q�b�” . �s�S , �†�¥�„�p�x�f�•�g�• , &(0) = !
�t�| &(1) = 1 $ " �q�s�” .

3.2 
ì
$�q�µ�S�Ó�é�Ñ�•� �ç

�é�.�«�q�`�o , ! 1 = 0 .3, ! 2 = 0 .4 �t�| ! 3 = 0 .2 �w�q�V�w
ì


$�t�|�¤
ì�t�S�Z�”�µ�S�Ó�é�Ñ�•� �ç�›�Ô�b .
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$ 3 ! 1 = 0 .3, ! 2 = 0 .4 �t�| ! 3 = 0 .2 �w�q�V�w
ì
$ .


$ 3 �x , ! 1 = 0 .3, ! 2 = 0 .4 �t�| ! 3 = 0 .2 �w�q�V�w
ì
$�p

�K�” . �\�w	Ô�ù , 7 �m�w
ì�t�à���b�”�\�q�U�p�V�” . �‡�c , 3 �m

�w�,�Š
ì�¢�ô�µ�S
ì�¢ H�£�~�ÿ�µ�S
ì�¢ L�£�~�7�G�v�”
ì�¢ M�£�£

�U�_�’�•�” . ÒHÓ�¢ ÒLÓ�£�p�x , �µ�S�U 1
2 �‘�“�ô�X�¢�ÿ�X�£�s

�” . �f�`�o , �µ�S�Ó�é�Ñ�•� �ç�x , &R �¢ &L �£�p
¯�q�^�•�” . �‡

�h , ÒMÓ�p�x , �µ�S�x 1
2 �q�s�” . �µ�S�U 1

2 �w�q�V�v�”�U�7�G�q

�s�”�\�q�T�’ , �7�G�v�”
ì�q�z�• . �Í�t , ÒSÓ�x , 	¿�8�þ�U�
��

�^�•�”
ì�›�Ô�`�o�M�” . �7�™�t , ���ù
ì�¢�7�G�v�”
ì�t�|�ô�µ

�S
ì�¢ MH �£�~�ÿ�µ�S
ì�t�|�7�G�v�”
ì�¢ LM �£�~�ÿ�µ�S
ì , �7�G

�v�”
ì�t�|�ô�µ�S
ì�¢ LMH �£�£�U�_�’�•�” . ÒMHÓ�¢ ÒLMÓ�£�w

�µ�S�Ó�é�Ñ�•� �ç�x , 1
2 �t�| &R �¢ &L �t�| 1

2 �£�p�Ï
R�^�•�” .

�‡�h ,ÒLMHÓ�w�µ�S�Ó�é�Ñ�•� �ç�x , &L , 1
2 �t�| &R �p
¯�q�^

�•�” . �s�S , 	¿�8�þ
ì�w�¥�„�x , 	¿�8�þ�w���O�q�•�”�›�ß�Q�”�\

�q�p�‹�X�\�q�U�p�V�” .
�^�’�t , 
$ 4 �p�x , ���É	Ô�Ù�Å�t�|�Þ�ï�Â�§�ç�é�³�Û�á�è�”

�³�ã�ï�t�‘�l�o�˜�’�•�h�¤
ì�t�S�Z�”�µ�S�Ó�é�Ñ�•� �ç�›�Ô�`

�o�M�” . �î
¢�x���É	Ô�Ù�Å�T�’ , �‡�h , �:
¢�x�Þ�ï�Â�§�ç�é�³

�Û�á�è�”�³�ã�ï�T�’�f�•�g�•�˜�’�•�h�µ�S�Ó�é�Ñ�•� �ç�p�K

�” . �\�w
$�T�’ , ���É	Ô�Ù�Å�t�‘�l�o�˜�’�•�h�µ�S�Ó�é�Ñ�•� 

�ç�U�Þ�ï�Â�§�ç�é�³�Û�á�è�”�³�ã�ï�w�A�L�q
^�S�‘�X�°�•�`�o

�M�”�\�q�U�˜�T�” .

4 �‡�q�Š

�Š�Ø�p�x , �¡
€�±� �Ä�w	Ý�6�t�‘���`�o�u�d�£�è�”�Ä�U�Ÿ�s�”

TASEP-LK �t�m�M�o�ß�o�`�h . �›�t , �¤�u�d�£�è�”�Ä�U�Ú�™

�T�m� �q�t�‹�›	��”�\�q�U�p�V�”�‘�O�t�Û���›�¦�Á�`�h . �f�`

�o , ���É	Ô�Ù�Å�›�;�M�”�\�q�p , 
ì
$�t�|��	×	Ý�6�w�µ�S�Ó�é

�Ñ�•� �ç�›�˜�”�\�q�t
R�­�`�h . �¡
€�±� �Ä�w	Ý�6�]�q�t�u�£

�è�”�Ä�t�|�d�m�è�”�Ä�f�•�g�•�U�Ú�™�T�m� �q�t�‹�U	��•�”�‘

�O�s	Ô�ù�•�î�M�w�q	Å�•�w� �;�s�r�t�m�M�o�x , ���™�w�]�J�p

�K�” .


$ 4 ! 1 = 0 .3, ! 2 = 0 .4 �t�| ! 3 = 0 .2 �w	Ô�ù�t�S

�Z�”�¤
ì�w�µ�S�Ó�é�Ñ�•� �ç .

�€�ß���Y
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�é�´�µ�Â�Ÿ�¿�«
R�Õ�b�”�x�.���t�0�`�o
�í��
‡�°�7
Q�U�)�Q�”�è�¹

�ì�j �H�G�à �¢ Kentaro Nagahara �£

�f�˜�»�À�G�¶�G�¶�Ã �g�»�¶�Z�€�J 
:�¶
•�È

e-mail: nagahara.k.ac@m.titech.ac.jp

1 Introduction

���¥�¿�o�w
��”�U�|�K�”	��w
\
ú�w�x�.
:�t�r�w�‘�O�t�è�¹�b�”�T�q�M�O�ð
�J�x�|�-
¶
\
ú�¶�t�S�M�o	O�A�s�ð�J�q�`�o�’�^�•�o�M�” [3]�}�Š�è���p�x�|

ï�¿�o�”�U�°���q�M�O
M�ÿ	Ú�E�w�<�p�|
\
ú�w�x�.
:�U�7�G�q�s�”�¿�o
��”
�x�é�.�$�t�r�w�‘�O�s���p�)�Q�’�•�”�w�T�|�q�M�O�ð�J�t�m�M�o�æ�c�”�\�q
�›�è�$�q�b�”�}

�•�Š�t�|�Š�Z�€�w
�� �t	î�•�”�h�Š�| Verhulst [6] �U��	•�`�h�Í�w�M���Ü
�›�_�o�ˆ�‘�O�}

d
dt

w(t) = w(t){ k ! w(t)}

�\�•�x�é�´�µ�Â�Ÿ�¿�«�M���Ü�q�z�y�•�”
\
ú�w
ÿ	é�›
¯�b
:�g�Þ�Ã�ç�p�|
�
�±�w�Á
M�v�s
R�Õ�x
Æ�D�ó�p�|
ÿ�C�p�x�•�U�o�·�=�`�|�7	4�$�t�x��	×�$�t
�s�”�q�M�O�ß�Q�M�›
S�é�^�d�o�M�”�}�\�\�p�| t " R+ �x�Ì���| w(t) " R �x

\
ú	��w�x�.
:�| k " [0, 1] # R �x�º�$�×
µ
ÿ�C�p�q�z�y�•�”��
:�p�|�f�w
\

ú�U
œ�O�$�t�Ë�l�o�M�”�7�G�w
_	é
ÿ�C�p�›
¯�`�o�M�”�}
	s�8�‹�U w(0) > 0 �›�¬�h�`�o�M�”�q�b�”�}�\�w�M���Ü�x�!
:
ü�m�%�p�K�“
�é�.�$�t�r�X�\�q�U�p�V�|

w(t) =
k

1 +
!

k
w(0)

! 1
"

e! kt

if (0 < k $ 1),

w(t) =
1

t +
1

w(0)

if (k = 0)

�q
¯�^�•�”�} 0 < k $ 1 �w�q�V�|�r�x w(t) % k (t % & ) �q�s�“�|�x�.
:�x k
�‡�p
ÿ	é�b�”�U�| k = 0 �w�q�V�|�r�x w(t) % 0 (t % & ) �q�s�“�|
\
ú���x
ˆ
�Ó�`�o�`�‡�O�} (k �x�°
`�t k " R �q�`�o�‹�‰�7�w�^�æ�U�p�V�”�U�|���s�x��
�o�w�h�Š�t 0 $ k $ 1 �q�`�o�{�l�h�} )

�Í�t�|
\
ú�U
\�	�¬�p�K�”���„�–�¬�º�›�å�ï�¼�Ü�t� �ˆ�b�”�\�q�›�ß�€
�t�Ö�•�”�}�h�i�`�|�\�w
\�	�¬�x���¥�U�°�7�p�x�s�X�|�º�$�×
µ
ÿ�C�p�U�í
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���!
: x �t�‘���b�”��
: k = m(x) �t�‘�l�o
¯�^�•�”�‹�w�q�b�”�}�t�M�õ�Q
�•�y�| m(x) �x	Ô	t x �t
\
ú�U
ÿ	é�b�”�w�t�&�`�h�¿�o�U�r�w���S�”�T�•�o
�M�”�T�›
¯�`�o�S�“�|�\�w��
: m(x) �›���¥�0�”�q�z�•�}�\�w m(x) �x
‡
Û�‹
Lebesgue�D����
:�p�K�“�|�Í�w	Ú�E�›�¬�h�b�‹�w�q�b�”�}

(M1) 0 $ m(x) $ 1 L -a.e.
(M2) 1

|! |

#
! m(x)dx = !.

�\�\�p�| m(x) �U 0 �t�Ù�M	Ô	t�x
\
ú�t�q�l�o	E�ˆ�t�X�M���¥�p�K�“�| m(x)
�U 1�t�Ù�M�q�\�–�x
\
ú�U	E�ˆ�•�b�M���¥�p�K�”�\�q�›
¯�`�o�M�”�}�‡�h�| !
�x
ï�¿�o�”�›
¯�b��
:�p�| 0 < ! < 1 �›�¬�h�b�}�b�s�˜�j�| m ' 0 in ! �q�M
�O�¿�o�U
¶�X�s�M	Ý�¯�|�‡�h�x m ' 1 in ! �q�M�O�¿�o�U�b�‚�o�w�–�¬�p�[

Ë�t�K�”	Ý�¯�x�ß�Q�s�M�‹�w�q�b�”�}�Ž�ñ�\�w ! �›�{���`�h	Ý�¯�›�ß�Q�”�}

�Ž	Í�w	Ý�¯�w�<�|	Ô	t x�|�Ì�� t �t�S�Z�”
\
ú	��w�x�.�µ�S
ü
Í vm,! (x, t )
�x�|�Í�w�í��
‡�°�7
Q�w�K�”
S� �¦�„�é�´�µ�Â�Ÿ�¿�«�M���Ü (�K�”�M�x Fisher-
KPP �M���Ü ) �q�z�y�•�”
:�g�Þ�Ã�ç�›�;�M�o
¯�^�•�” [5]�}

$
%%%&

%%%'

"v m,!

"t
= #2" vm,! + m(x)vm,! ! v2

m,! ((x, t ) " ! ( R+ ),
"v m,!

"n
= 0 ((x, t ) " " ! ( R+ ),

vm,! (x, 0) ) 0, vm,! (x, 0) *' 0
(
x " !

)
,

(1)

m " X :=
*

m " L" (!)

+
+
+
+0 $ m(x) $ 1,

1
|! |

,

!
m(x)dx = !

-
.

! # Rn �x
\
ú�w
\�	�¬�t�0� �`�|�È�’�T�s�¥�„ " ! �›�Ë�m�} (1) �w�H 2 �Ü�t
�K�” Neumann�¥�„	Ú�E�x�|
\
ú�U " ! �›�Ò�Q�o
\�	�¬ ! �w�Ž�t	Z�s�M�\�q
�›�™�¯�b�”�} n �x " ! 	Í�w�Ž�²�V�o�•�O
¢�Õ�«�Ä�ç�p�K�”�}�‡�h�| # > 0 �x

Y�w��
:�p�|�¦�„��
:�q�z�y�•�”
\�	�¬�º�›
\
ú�U� �ˆ�b�”���^�›
¯�b�Í�å
�Ý�”�»�p�K�”�} #�U�G�V�Z�•�y�|
\�	�¬�º�›
\
ú�U���M�µ�Ð�”�Å�p� �ˆ�`�| #
�U	–�^�Z�•�y
\
ú�x�—�M�µ�Ð�”�Å�p� �ˆ�b�”�\�q�t�0� �`�o�M�”�}	s�8	Ú�E
vm,! (x, 0) " C(!) �x�
���›�‰�•�`�h�Ì�:�p�w
\
ú�w
\�	�¬�º�p�w
ü
Í�›
¯�b�}
�‡�h�| X # L" (!) �x�|	Ú�E (M1),(M2) �›�¬�h�`�o�M�”��
: m(x) 
¶�.�›
¯
�`�o�M�”�}�s�S�| m(x) �U��
:�s�’�y�|�o�„�p	º�p�`�h�é�´�µ�Â�Ÿ�¿�«�M���Ü
�q�‰�7�w�-�‰�U�p�V�”�}

�\�\�p�| (1) �w
:�g�Þ�Ã�ç�p�G	\�̂ �•�”
\
ú�x�.���U
̂ �Ó (||vm,! (á, t)||L ! (!) %
0 (t % & )) �d�c
ÿ	é�p�V�”�T�r�O�T�U�ð�J�q�s�”�U�|�\�•�t�0�`�o�x�|
Cantrell-Cosner([1],[2])�t�‘�”�A�L�U�Œ�’�•�o�M�”�}
t�’�w�°�È�w�Z�€�A�L
�t�‘�“�| m " X �w�q�V�| (1) �t�x
‡�×�Ì�s
Y�‹��	×�r um,! " W 2,p(!) +
C1," (!) ( #p > 1) �U�°�™�$�t���O�`�|	s�8�‹ vm,! (x, 0) �t�‘���d�c t % &
�p�b�‚�o�w�r�U um,! (x) �t�°�7	)���b�”�\�q�U�Ô�^�•�o�M�”�}
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�\�w�A�L�›�;�M�o�|	G
ü�t�Ì�� t �U�&�a�`�h�™�w
\
ú�w�x�.
:�›�Ð�‚�”�h
�Š�| (1) �w��	×�r�U�¬�h�b
R
¢���*����� 
•
ü�M���Ü�›�¬�Ý�`�o�S�\�O�}

$
&

'

! #2" um,! = m(x)um,! ! u2
m,! (x " !),

"u m,!

"n
= 0 (x " " !)

(2)

�\�\�p�|�r um,! (x) �x���¥�0�” m(x)�|�¦�„��
: # �t�‘���b�”�\�q�t�«�™
�`�o�S�X�}

�\�•�›	!�Z�| W.Ding �’ 5 �Ê [3] �w�Z�€�t�‘�l�o Net-BeneÞt�q�z�y�•�”�Í
�w�”�U�‹�Ö�^�•�h�}

J (m, #) :=
,

!

.
um,! (x) ! Bm(x)2

/
dx

�h�i�` B �x
‡
Û�w��
:�q�b�”�} J (m, #) �x�|
\�	
:
#

! um,! (x)dx �T�’�¿�o
�
�”�t�T�T�”�¯�µ�Ä

#
! Bm(x)2dx �›�¾�M�h�‹�›
¯�`�o�M�”�}�b�s�˜�j�| J (m, #)

�w�‹�U�G�V�M�¿�o
��”�x�|
\
ú�w
\�	
:�U���X�s�“�|�T�m�¯�µ�Ä�w	—�s�M�¿
�o
��”�q�s�l�o�M�”�q�t�Q�”�}

�p�x�|�¿�o�w
ï�” ! �U�°���w�<�p�| J (m, #) �U�7�‹�G�V�X�s�”�¿�o
��”
m(x) �q�x�é�.�$�t�r�w�‘�O�s�¿�o
��”�s�w�i�–�O�T�}�\�•�x�| J (m, #) �w�G
�¬�$�7�G�=�r�q�s�” m$(x) " U �›�é�.�$�t�{�Š�”�ð�J�q�s�”�}

�ð�J�t�Ö�”
²�t�|�G�¬�$�7�G�=�r (global maximizer)�q�Á	t�$�7�G�=�r
(local maximizer)�t�m�M�o	\�‚�”�}���¥�0�” m(x) �w	B�ù X �º�w J (m, #) �w
	Í�v

Jsup := sup
m%X

J (m, #)

�t�0�`�| J (m$, #) = Jsup �›�¬�h�b m$ " X �w�\�q�›�G�¬�$�7�G�=�r�q�M�O�}
�\�\�p�|�¦�„��
: # �x
\
ú	��w
\�6�t�‘�l�o�>�‡�”�‹�p�K�“�|�\�\�p�x�{��
�^�•�o�M�”�}�‡�h�| ÷m(x) " X �t�0�`�|�K�” µ > 0 �U���O�`�|

,

!
|m(x) ! ÷m(x)|dx < µ

�›�¬�h�b�b�‚�o�w m " X �t�0�`�o�|

J (m, #) $ J ( ÷m, #)

�U
R�“�q�m�q�V�| ÷m(x) �›�Á	t�$�7�G�=�r�q�M�O�}�\�\�p�|�G�¬�$�7�G�=�r�x
�Á	t�$�7�G�=�r�w	Ú�E�‹�¬�h�`�o�M�”�\�q�t�«�™�b�”�} W.Ding �’ [3] �t�‘�l
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�o�|�b�‚�o�w B ) 0�| # > 0 �p�G�¬�$�7�G�=�r m$(x) " X �U���O�b�”�\�q�U
�Ô�^�•�o�M�”�}

�é�.�$��	Ý�t�m�M�o�‹ W.Ding �’ [3] �t�‘�l�o
æ
ü�$�t�r�t�U�˜�’�•�o�S
�“�| B ) 0 �U	G
ü�G�V�M	Ô�ù�t�x�| m(x) ' ! �U J (m, #) �w�G�¬�$�7�G�=�r�p
�K�”�\�q�U	Â�Ì�^�•�o�M�”�}�`�T�` B �U	–�^�M�q�V�x�| J (m, #) �w�‹�U (1) �w
��	×�r�w�í���!
: x �t�0�b�”
u
ü

#
! um,! (x)dx �t�G�V�X�‘���b�”�h�Š�r
s�U

�É�`�X�|�é�.�$�s��	Ý�x�˜�T�l�o�S�’�c�|�Z�€�w�t�œ�p�M�s�M
æ
ü�U���M�}

�f�\�p Ding �’�x [3] �t�S�M�o
:�‹�r
s�›�æ�M�| B = 0 �w�q�V�|�b�s�˜�j
J (m, #) =

#
! um,! (x)dx �w�q�V�| J (m, #) �w�G�¬�$�7�G�=�r�x bang-bang
Q�q

�z�y�•�”
Q�í�›�Ë�m�q�M�O�'
Ý�›�q�o�h�}�\�\�p�|���¥�0�” m(x) �U bang-
bang
Q�›�Ë�m�q�x�| m(x) �U Legbesgue�D��	B�ù E # ! 	Í�p m(x) = 1 �›�¬
�h�`�| ! \ E # ! 	Í�p m(x) = 0 �›�¬�h�b�\�q�›�M�O�}

�Š�è���p�x�| B = 0�| #�›�{���`�h�q�V�|���¥�0�” m(x) �›
•�ˆ�^�d�| m(x)
�U J (m) �w���y�:�q�s�”	Ú�E�›�Ð�‚�h�A�L�›�C���`�|�f�\�T�’�Ì�’�T�t�s�l
�h J (m) �w�G�¬�$�7�G�=�r�U�Ë�m	Ú�E�t�m�M�o	\�‚�”�}�Í�t�| ! = (0 , 1) �q
�`�|�\�•�‡�p�q�x�o�t���¥�0�” m(x) �›�{���`�| #�›�ˆ�T�b�\�q�›�ß�Q�”�}�ß
�Q�”���¥�0�” m(x) �U bang-bang
Q�›�Ë�m	Ô�ù�t�|�›�Ÿ�Ã�v�ð�J�w�r�q
z�±
�b�”�\�q�t�‘�“

#
! u(x)dx �w�¦�„��
: # = 0 �p�w
´�Ù�2�‰�U�˜�’�•�h�\�q�›


†�Ì�`�|�\�•�’�›�;�M�h
C�2�$�s�^�æ�›�C�Q�o
C
¯�`�h�M�q�¥�O�}

2 �G�¬�$�7�G�=�r�w
Q�í

���g 2.1. m$(x) " X �›�G�¬�$�7�G�=�r�q�b�”�}�\�w�q�V�|

ess sup
x%!

m$(x) = 1 ,

or

ess inf
x%!

m$(x) = 0 .

�U
R�“�q�m�}

	Â�Ì . �“�t�›
†�Ì�b�”�}�‡�c�| X 0 # X �›�Í�w�‘�O�t���[�b�”�}

X 0 :=
*

m " L" (!)

+
+
+
+0 < m (x) < 1,

1
|! |

,

!
m(x)dx = !

-
.

#m0(x) " X 0 �t�0�`�| µ > 0�| g " L " (!);
#

! gdx = 0 �›�| m := m0 + µg " X 0

�q�s�”�‘�O�t�q�”�}�\�w m �t�0�`�o���‡�” (2) �w�r u(x) �x�|
,

!
u(x)dx =

,

!
u0(x)dx + µ

,

!
u1(x)dx + o(µ)
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�w���t
´�Ù�2�‰�b�”�\�q�U�p�V�”�}�\�\�p�| u0(x) �t�| u1(x) �x�|�f�•�g�•�Í
�w�M���Ü�w�r�p�K�”�}

$
&

'

! #2" u0 = m(x)u0 ! u2
0 (x " !),

"u 0

"n
= 0 (x " " !)

(3)

$
&

'

! #2" u1 = ( m(x) ! 2u0)u1 + gu0 (x " !),
"u 1

"n
= 0 (x " " !)

(4)

�\�\�p�|�H�°�!
ü
#

! u1(x)dx �t�«�è�b�”�q�|
,

!
u1(x)dx = 0 , m0 ' !

�›�Ô�b�\�q�U�p�V�”�}�Ë�t�| m0 ' ! �x
#

! udx �w�G�¬�$�7	–�=�r�p�K�”�\�q
�‹�Ô�^�•�|�`�h�U�l�o���g�w�A�æ�U�‹�T�•�”�}

3 J (m, #) �w #�t�0�b�”
´�Ù�2�‰

�M���Ü (2) �T�’�|�Í�w�A�L�U�‹�T�•�”�}

#2
,

!

|- u|2

u2
dx =

,

!
mdx !

,

!
udx.

���g 2.1�‘�“�‹	Ä�`�M�G�¬�$�7�G�=�r m$(x) �w��	Ý�›�Ð�‚�”�h�Š�t�x�|�\�w
�(�%�U�7�G�q�s�”�‘�O�s m$ " X �›�s�b�\�q�U	O�A�q�s�”�U�|�f�w�r
s�x�0
�›�p�x�s�M�}�`�T�`�| m �U C1 �ƒ�q�>���`�h	Ô�ù�|

,

!
|- u|2dx <

,

!
|- m|2dx

�q�s�”�\�q�U�Œ�’�•�o�M�” [4]�}�̀ �h�U�l�o m(x) �w�¯
��w���É�q u(x) �w�¯
�
�w���É�x	O�A�s�����›�Ë�l�o�M�”�\�q�U�•�Q�”�}�f�\�p�| Ding �’ [3] �w�'
Ý
�›�‹�q�t�|���¥�0�” m(x) �U
Æ�È���p�x�K�”�U�7�‹�!�=�U�9�`�M bang-bang

Q�›�Ë�m�q�V�w J (m, #) �t�m�M�o	Ä�`�X�Ð�‚�‘�O�q�ß�Q�h�}�Ž�ñ�|�Í�w	Ý�¯
�›�ß�Q�”�}

! = (0 , a) �q�`�|���¥�0�” m1(x) �›�Í�w�‘�O�t���[�b�”�}

m1(x) =

0
0 (x " (0, x0)) ,

1 (x " (x0, a)),

�\�w�Ì�| J (m1, #) �w #�t���b�”
´�Ù�2�‰�›�Ð�‚�h�A�L�|�Í�w�Ü�›�˜�h�}
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���g 3.1.

J (m1, #) = ! + C1#+ C2K 6(sin
$
12

)
1
x6

0
#7 + o(#7), (5)

C1 :=
1

2
.

3 !
!

3 !
1

3 + 2
.

3
"

,

C2 := 12
1

2
.

3
! 1

3
.

3 +
.

3 !
!

4
.

3 +
9
5

""

�\�\�p�| ! �x m1(x) �w���[�T�’ ! = a ! x0 �p�K�”�}

	Â�Ì . �“�t�›
†�Ì�b�”�} m1(x) �w���[�T�’�|�M���Ü (2) �w�r u �x�Í�›�¬�h�b�}

! #2uxx = ! u2, 0 < x < x 0, ux(0) = 0 ,

! #2uxx = u ! u2, x0 < x < a, u x(a) = 0 .

�‡�h�|�j�:�p C1 �ƒ�t
€���b�”	Ú�E�t�‘�“�|

u(x0+) = u(x0! ), ux (x0+) = ux(x0! ),

�q�s�”�}�\�\�p�|�!
:�!�õ�q�j�:�p
€���b�”	Ú�E�t�‘�“�|�M���Ü�› (0, x0)�|
(x0, a) �p
ü�Z�o�ß�Q�”�q�|�M���Ü (2) �w�r u �›�r�X�\�q�x�Í�w�È�q
•
ü�M��
�Ü�›�r�X�\�q�t�<�£�^�•�”�}

$
%%%%&

%%%%'

! uA
xx = ! (uA )2, x "

2
!

x0

#
, 0

3
,

uA
x

2
!

x0

#

3
= 0, uA

x (0) =

4
2
3

(%3 ! &3),

uA
2

!
x0

#

3
= &, uA (0) = %, uAx (x) ) 0.

(6)

$
%%%%%%&

%%%%%%'

! uB
xx = ( uB ) ! (uB )2, x "

!
0,

1 ! x0

#

"
,

uB
x

!
1 ! x0

#

"
= 0, uB

x (0) =

4
2
3

(%3 ! &3),

uB

!
1 ! x0

#

"
= ', u B (0) = %, uBx (x) ) 0..

(7)

�\�\�p�| uA (x) �x (0, x0) 	Í�p�w�r u(x)�| uB (x) �x (x0, a) 	Í�p�w�r u(x) �›
¯
�b�}�^�’�t�| & := u(0)�| ' := u(a)�| %:= u(x0+) = u(x0! ) �q�ÿ���b�”�}
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�M���Ü�T�’�| (0, a) 	Í�p ux > 0 �U�Ô�^�•�”�}�^�’�t�| (6)�| (7) �w�H 1 �Ü�w
�†�%�t�f�•�g�• uA

x �| uB
x �›�»�Z�o�†�%�›
u
ü�b�”�q�|�Í�w�-���”�U�˜�’�•�”�}

duA

dx
=

4
2
3

((uA )3 ! &3)
2

x "
5
!

x0

#
, 0

6 3
, (8)

duB

dx
=

7
2
3

!
(uB )3 !

3
2

(uB )2 ! ' 3 +
3
2

' 2

" 2
x "

8
0,

1 ! x0

#

93
(9)

�‡�h�| Liang-Lou[4]�w�A�L�T�’�|

& % 0 (# % 0), (10)

' % 1 (# % 0) (11)

�U	H�O�}�`�h�U�l�o�| # % 0 �q�`�h�q�V�|�-���”�x

duA

dx
=

4
2
3

(
(uA )3

)
(x " (!& , 0]), (12)

duB

dx
=

7
2
3

!
(uB )3 !

3
2

(uB )2 +
1
2

"
(x " [0, & )) (13)

�q�s�”�}�\�w�-���”�T�’�˜�’�•�”�r uA , uB �U�Ã�v�ð�J�w�r�t
ì�p�`�|�é�.�$
�t�r�X�\�q�U�p�V�”�}

�Í�t�|�Ã�v�ð�J�w�r�q�¦�„��
: # �U�q�o�‹	–�^�M�q�V�w�r�q�›
z�±�b�”
�\�q�t�‘�“�| J (m1, #) �w
´�Ù�2�‰�›�˜�”�\�q�›�ß�Q�”�}�-���” (8)�| (9) �›�;
�M�o�|�Í�t	\�‚�”�����Ü�›�˜�”�\�q�U�p�V�”�}

7
2&
.

3

x0

#
= 2K (sin

$
12

) ! sn! 1

:

;
;
;
<

=>
>
>
>
? 1 !

:

<

%
&

! (1 +
.

3)
%
&

! 1 +
.

3

@

A

2

, sin
$
12

@

B
B
B
A

(14)

tanh
!

1 ! x0

2#

"
< 1 !

1
4

(1 ! ' ) < 1 (15)

�\�\�p�|

K (k) :=
, 1

0

1
C

(1 ! ( 2)(1 ! k2( 2)
d( (0 $ k < 1)

�x�|�H�°	��ì
¶�*��
u
ü�q�z�y�•�”�<
: k �t���b�”��
:�p�K�“�| k % 1 �w�q
�V�| K (k) % & �q�s�”�}�‡�h�|

sn! 1(y, k) :=
, y

0

1
C

(1 ! ( 2)(1 ! k2( 2)
d( (! 1 $ y $ 1)
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�x�| Jacobi�w�*����
:�w�O�j�| sn��
:�q�z�y�•�”��
:�w�o��
:�p�K�”�}
�\�w (14)�| (15)�|�S�‘�| &�| ' �w 0 �Í�¦�”�¼�” (10)�| (11) �T�’�|�Í�w�‘�O�t &
�w
´�Ù�2�‰�|�t�| ' �w
°�A�›	Z�b�\�q�U�p�V�”�}

& =
2
.

3
x2

0
K 2(sin

$
12

)#2 + o(#2), (16)

1 ! 16
e! 1" x 0

!

1 + e! 1" x 0
!

< ' < 1. (17)

�\�w
°�A�›�;�M�o�|�µ�­�”�ç�!�õ�™�w�M���Ü�w�r�w
u
ü�q�w���t�|

1
#

, 1

0
u(x)dx =

, 0

! x0/!
uA (x)dx +

, (1! x0)/!

0
uB (x)dx =: I A + I B (18)

�U
R�“�q�m�\�q�t�«�è�`�| I A �| I B �t�m�M�o�-�‰�b�”�}
�\�•�’�w
u
ü�›�é�.�$�t�æ�O�w�x�è	×���É�p�K�”�U�|�«�Q�y I A �t�m�M�o�|�!

:�!�õ

d
dx

uA (x) =
d
dy

uA (y)

�›�ª�b�q�|
‡
u
ü��
:�U�Ã�v�M���Ü�w�r�p�|
u
ü�à���t #�w�è�¹�U�q�•�”�‘
�O�t�p�V�”�}	H�l�o�-���” (12)�| uA (y) �w�é�.
¯�Ô�|�t�| & �w
´�Ù�2�‰ (16)
�‹�ù�˜�d�o�ß�€�b�”�q�|

I A =
.

6#
, "

! (#3! " 3)" 1/ 6

1
t2

D

1 +

D
24

.
3

x6
0

K 6(sin
$
12

) + o(1)

E

t6

E ! 1/ 3

dt (# % 0)

�q	{�X�\�q�U�p�V�”�}�\�\�T�’ ' �w
°�A (17) �›�–�M�m�m�|�Ë�t�-�‰�›
��Š�”
�\�q�t�‘�“�|

I A =
1

2
.

3 ! CA, 6
1
x6

0
#6 + o(#6) (# % 0), (19)

CA, 6 := 12
1

2
.

3
!

9
5

!
.

3
"

K 6(sin
$
12

)

�›�˜�”�\�q�U�p�V�”�} I B �t�m�M�o�‹�|�!
:�!�õ

d
dx

uB (x) =
d
dy

uB (y)

�›�ª�`�|�-���” (13)�|�t�| ' �w
°�A (17) �›�;�M�”�\�q�p�|

I B =
1 ! x0

#
!

!
3 !

1
3 + 2

.
3
"

+ CB, 6
1
x6

0
#6 + o(#6) (# % 0), (20)
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CB, 6 := 12
.

2(3 !
.

3)K 6(sin
$
12

)

�›�Ô�b�\�q�U�p�V�”�}�‘�l�o�|�¤�ò�w�2�‰ (19)�| (20) �›�
�`�ù�˜�d�| (18) �t
�«�™�b�”�q�| (5) �›�˜�”�\�q�U�p�V�”�}

4 
:�‹�r
s

�Š�è���p�x�| J (m, #) �›�7�G�t�b�”���¥�0�” m$ �›�é�.�$�t�Ð�‚�”�h�Š�|�ù�è�¯

��O�›�î
÷�`�o�f�w�r
s�›�¼�ˆ�h�\�q�›
C
¯�b�”�}�ù�è�¯
��O�q�x�| J (m, #)
�w m �t���b�”�H�°�!
ü�›�Ð�‚�| J (m, #) �U
ÿ�C�b�”�M�²�t m �›	.
Y�b�”�U�O
�p�K�”�}�\�w�Ì�|	.
Y�`�h m �U X �t�Ö�”�‘�O�t�Ð
T�›�`�s�X�o�x�s�’�s�M�}
�`�T�`�|�’�æ�s�U�’�ù�è�¯
��O�›�î
÷�`�o�‹
:�‹�r
s�p
ü�T�”�\�q�x���y�:
�w��	Ý�w�ˆ�p�|�7�&
M�š�›�M�V�s�“�Ð�‚�”�\�q�x
Æ�D�ó�p�K�”�}�g�æ�$�s
C
�2�q���æ�`�o�Z�€�›
��Š�h�M�}

�Š�è���p�x�|�Ž�<�t	\�‚�” X $ �w�r�w�‘�O�s���¥�0�”�T�’�µ�»�”�Ä�`�o�‹�|
J (m, #) �U
ÿ�C�b�”�M�²�t���¥�0�”�›	.
Y�b�”�ž�ç�°�æ�¶�Ü�›�î
÷�b�”�\�q
�›�ß�Q�|�\�•�t
R�­�`�h�\�q�›
C
¯�b�”�} X �º�p�w	r�g�t�m�M�o�‹�|�è���p
	î�•�h�M�}

�«�•�\�w�·�«�³�ã�ï�p�x�|�¦�„��
: #�x�ˆ�T�^�s�M�h�Š�| J (m, #) �› J (m)
�q
¯�G�b�”�}

�Ë�J 4.1.

X $ :=
*

m " L" (!)

+
+
+
+

1
|! |

,

!
m(x)dx = !

-

�q�b�”�}�Ú�™�w	s�8	Ú�E m0 " X $ �t�0�`�|	.
Y�” mn " X $ �›�Í�w�‘�O�t��
�Š�”�q�| J (m) �w
ÿ�G�»�t�s�”�}

mn = mn! 1 + µln! 1 (/ n " N )

�h�i�`�|
µ : su!ciently small ,

ln! 1 " L " (!) = un! 1p1,n! 1 + p2,n! 1 (/ n " N )

�p�K�”�}�\�\�p�|
un! 1 = u(mn! 1),
p1,n! 1 �x�Í�w�M���Ü�w�r

$
&

'

! #2" p1,n! 1 ! (mn! 1 ! 2un! 1)p1,n! 1 = 1 x " !
"p1,n! 1

"n
= 0 x " " !

(21)
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p2,n! 1 �x�Í�p�)�Q�’�•�”��
:�p�K�”�}

p2,n! 1 =
! 1
|! |

,

!
(un! 1p1,n! 1 ! 2mn! 1B )dx.

�€�ß���Y
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Regular multiplicity ergodic actions of compact quantum

groups

�z
’ �Š�Y�ˆ (Megumi KITAGAWA)
�S�¡�w
+	•� �G�¶�G�¶�Ã 
������=
Ñ
R�J�¶�Z�€�J �g�¶
•�È

1 �¯�ï�Í�«�Ä�”� ��

Woronowicz �t�‘�”�¯�ï�Í�«�Ä�”� ���q�x�z�o�•�$ C! �� A �q�z�(
u�q�z�y�•�” A �T�’ A �‰�œ

�w minimal �Â�ï�¹�ç
u�•�w�o�•�$ * 	j�‰���ø
þ !: A ! A " A �w
Ê (A, !) �p

¥ (1) (! " !)! = ( ! " !)!

¥ (2) (A " 1)!( A) = span{ (a " 1)!( b): a, b# A} , (1 " A)!( A) = span{ (1 " a)!( b): a, b#

A} �x�f�•�g�• A " A �p���µ

�›�ˆ�h�b�‹�w�w�\�q�p�K�”�{ A �›�¯�ï�Í�«�Ä�”� �� G 	Í�w��
:���q�ˆ�s�`�o C(G) �q�‹	{�X�{

A �U�D�õ C! ���w�q�V�x�î�M�t�¯�ï�Í�«�Ä�”� ���x�z
Ó�è�w�™�¯�p�w�¯�ï�Í�«�Ä�� G �t���`�o

(C(G), !) �w���›�`�o�M�”�{

�¯�ï�Í�«�Ä�”� ���t�x�z Haar 	Ý�6�q�z�y�•�”	Ý�6 h: C(G) ! C �U�h�i�{�q�m���O�b�”�{�\�w h

�x�z a # C(G) �t�0�`
(! " h)!( a) = ( h " !)!( a) = h(a) á1

�›�ˆ�h�b�{

�¯�ï�Í�«�Ä�”� �� G �w�zHilbert �í�� H 	Í�w�â�Ç�»�æ
¯�q�q�x�z multiplier �� M (K (H ) " C(G))

�w�â�Ç�»�æ U �p�z (! " !)( U) = U12U13 �›�¬�h�b�‹�w�w�\�q�p�K�”�{ L 2(G) �p�z Haar 	Ý�6 h �T�’

���‡�” C(G) �w GNS
¯�q�›
¯�b�{ a # C(G) �t�0�`�o "( a) �q	{�M�o L 2(G) �w�Õ�«�Ä�ç�q�ˆ�s�b�{

C(G) $ B (H0) �q�s�l�o�M�”�q�V�z a # C(G), " # H0 �t�0�`�o W ("( a) " " ) = !( a)("(1) " " )

�t�‘�l�o���‡�” G �w L 2(G) 	Í�w�È
Y��
¯�q W �U�h�i�{�q�m�K�”�{

2 Regular multiplicity ergodic actions

�¯�ï�Í�«�Ä�”� �� G �w�m�„
Ò�0�”� ���› öG �q	{�X�{ G �w�z von Neumann�� M �•�w�¤�ç�°�”

�Å�^�;�q�x�z
Æ�ˆ�:���U�µ�§�å�”�w�ˆ�T�’�s�”�‘�O�s�‹�w�w�\�q�p�K�”�{ # �›�¤�ç�°�”�Å�^�;�q�b

�”�q�V�z�Í�w	Ú�E�x�‰�‹�p�K�”�{
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¥ G �w�7�ÿ
¯�q $ # öG �t�0�`�o�z�µ�Ö�«�Ä�ç
æ
ü�í�� M ! �w	O
ó�S�x dim$ �q�s�”�{

¥ �Ú�™�w�7�ÿ
¯�q $ # öG �x M �º�t�â�Ç�»�æ�{���æ�»�›�‹�m�{

¥ W ! crossed product�x (I �� ) �¼� �p�K�”�{

¥ C! crossed product�x Hilbert �í��	Í�w�¯�ï�Í�«�Ä�^�;
É�T�’�s�” C! ���q�‰���p�K�”�{

�\�w�\�q�T�’�z G �w regular multiplicity ergodic action �w
ü�¨�› öG �w�¯�±� �«�ç�w�t�?�p�æ�O

�\�q�U�p�V�”�{

3 öG �w�¯�±� �«�ç

%�› G �w�È
Y��
¯�q�q�`�o�z R(G) �› %(G) �p
\
R�^�•�” von Neumann���q�b�”�{ G �U
Ó�è�w

�¯�ï�Í�«�Ä���w	Ô�ù�t�x R(G) 	Í�w�(
u &G : R(G) ! R(G) " R(G) �x &G (%(g) = %(g) " %(g) �›

�¦�Á�`�o�˜�’�•�”�{ (R(G) " R(G) �x R(G) �‰�œ�wvon Neumann���w�Â�ï�¹�ç
u�›
¯�b�{ ) �â�Ç

�»�æ ' # R(G) " R(G) �p�z�¯�±� �«�ç	Ú�E�Ü

(&G " !(' ))( ' " 1) = ( ! " &G (' ))(1 " ' )

�›�ˆ�h�b�‹�w�› öG �w�¯�±� �«�ç�q�M�O�{�~�h�m�w�¯�±� �«�ç ', ' " �U cohomologous�q�x�z�â�Ç

�»�æ ( # R(G) �U���O�`�o�z ' " = &G (( ! )' (( " ( ) �q�s�”�\�q�p�K�“�z�\�w�‰�‹�����t�‘�”�‰�‹�¨

�w	B�ù�› H 2( öG) �q	{�X�{

öG �w�¯�±� �«�ç ' �t�0�`�o�z #g = Ad) (g) �q�S�X�{ ) �x G �w L 2(G) 	Í�w�(
Y��
¯�q�›
¯�b�{

�b�”�q�\�•�x�z öG �w
Y�� ' 
¯�q�w bicommutant �•�w�z G �w full multiplicity ergodic action �›

���Š�”�{�Ë�t�z G �w�b�‚�o�w full multiplicity ergodic action �x�\�w�‘�O�t�`�o�¾�V�I�\�^�•�z�f

�w�q�V�w�¯�±� �«�ç�x�°�™�$�t���‡�”�{�`�h�U�l�o�z full multiplicity ergodic action �w�‰�‹�¨�q

H 2( öG) �q�w���t�×
µ�s�0� �›�ß�Q�’�•�”�{

4 �¯�±� �«�ç
¯�q�t�0�b�” L1 ���q C%��

C!
" ( öG) �›�z L 1 ���w envelopingC! ���q�`�o���Š�”�{

�‡�c L 1
" ( öG) �› R(G)! �m�‡�“ R(G) �w predual �p�z�è	×�w Banach �í���w�Ï���›�Ë�m�U
u�x

&* ' +, x ( = &* " +, &G (x)' ( (*, + # R(G)! , x # R(G)) �p�)�Q�’�•�z�0�ù�x *   = #* ! �p�)�Q�’

�•�”�‹�w�q�b�”�{�b�”�q�z L 1
" ( öG) �x�o�•�$ Banach %���q�s�”�{

L 1
" ( öG) �w %
¯�q�q�z öG �w ' 
¯�q�q�w�����t�m�M�o�z�Í�w�A�L�U�˜�’�•�”�{ ' �› öG �w
Y�F�=�^�•

�h�¯�±� �«�ç�q�b�”�q�V�z * # L 1
" ( öG), " # B (H )! �t�0�`�o

&$(* ), " ( = &W, " " * (

�q�M�O�����t�‘�l�o�z L 1
" ( öG) �w unital %
¯�q�q�z öG �w H �•�w ' 
¯�q�q�w�
�0�
�0� �U�p�V�”�{�\

�w�\�q�w	Â�Ì�p�
	ú�s�w�x�z öG �w
Y�� ' 
¯�q�q L 1
" ( öG) 	Í�w canonical trace �q�w�����› GNS �Ï
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R�›�–�l�o�Ð�‚�”�\�q�p�K�”�{ G �w L 1
" ( öG) �•�w�^�;�t�m�M�o�w�°
`�$�s�Ä�î�T�’�z L 1

" ( öG) 	Í�w�§

�î�s trace T r �U���[�^�•�”�\�q�U�˜�T�”�{

$" �› T r �t�0�`�o GNS �Ï
R�›�&�;�b�”�\�q�p�˜�’�•�” L 1
" ( öG) �w
¯�q�q�b�”�{�\�w $" �x�×
µ

�t Hilbert �í�� L 2(G) 	Í�t�î�q�p�V�”�{�b�”�q�z öG �w L 2(G) 	Í�w
Y�� ' 
¯�q�q�z &$" (* ), " ( =

&W, " " * ( �t�‘�l�o�0� �b�” L 1
" ( öG) �w L 2(G) �•�w
¯�q $" �x�z G �w B (L 2(G)) �•�w�^�; Ad) (g)

�t�0�`�o�‰�!�s
¯�q�p�K�“�z�^�’�t T r �x L 2(G) �t�S�Z�”��
:��
: 1 �T�’���‡�”�æ�»��
:�p�K�”

�\�q�T�’�z $" �x L 1
" ( öG) �w�§�î�s
¯�q�q�s�”�{

G �U�è	×�w�¯�ï�Í�«�Ä���w	Ô�ù�z�\�w�‘�O�t�`�o�˜�’�•�h L 1
" ( öG) �w	Ø�C�T�’�z�¯�±� �«�ç ' �q

,' �q�w�����t�m�M�o�z�Ž�<�w�\�q�U�˜�T�”�{�¯�±� �«�ç ' �t���b�”�Í�w	Ú�E�x�‰�‹�p�K�”�{

¥ ' �x�0	¶�$�z�m�‡�“ ,' = '

¥ ' �x�×�Ì

¥ L 1
" ( öG) �x�D�õ

¥ $" ( öG)"" �x�D�õ

�f�`�o�z $" ( öG)"" �q $#" ( öG)"" �x B (L 2(G)) �t�S�M�o�“�M�t commutant �t�s�l�o�M�”�{

�7�™�t L 1
" ( öG) �w envelopingC! �� C!

" ( öG) �w
Q�í�›�‡�q�Š�”�{

¥ G �w L 1
" ( öG) �•�w�^�;�x�z C!

" ( öG) 	Í�w�§�È���s�^�;�t�¦�Á�^�•�”�{

¥ 
Y��
¯�q pi" �x C!
" ( öG) 	Í�p�§�î�p�K�“�z C!

" ( öG) �x $" ( öG)"" �w�Ê�ç�Ü�t�m�M�o�È���s C! ��

�q�s�”�{

¥ C!
" ( öG) ! G = K (K �x�¯�ï�Í�«�Ä�^�;
É�w�s�b���›
¯�b�{ )

¥ C!
" ( öG) �x�©���s C! ���p�K�”�{�°
`�w�”� �� G �w	Ô�ù�t�x G �U�(	H	q
Q�›�ˆ�h�b�q�V

C!
" ( öG) �x�©���q�s�”�{

5 �«

G = SU(2) �w	Ô�ù�z #: SU(2) ! Aut (M ) �›�z SU(2) �w�7�ÿ
¯�q $ �w�¯�Ð�”�U	—�s�X�q�‹�
�m

���‡�•�”�‘�O�s�¤�ç�°�”�Å�^�;�q�b�”�q�z M ! L # (G) �U�˜�T�”�{�m�‡�“ SU(2) �x
‡�×�Ì�s full

multiplicity ergodic action �›�‹�h�s�M�{�\�w�\�q�x�z $ �t�0�`�o #g(M ) = M$ (g) �q�s�”�â�Ç�»

�æ�{���æ�» M �U�z M =

!
a b

) b! a!

"

�q�s�”�\�q�T�’�^�æ�p�V�”�{

G = SU(3) �• G = SU(2) * SU(2) �w	Ô�ù�z�f�w�b�‚�o�w full multiplicity ergodic action �x�z

�Ã�G�Ä�”�å�µ�T�’� �‹�^�•�”�{
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Zd �±�Ò�³�Ñ�Ä�t�S�Z�” Brudno �w���g


Í�>�y�* ! �y (�z�‚�“�G�¶ )

�“�A

Brudno �w���g�q�x�z�•
ì�—�¶�%�w�¤�ç�°�”�Å�$���S�t�S�M�o�z�f�w Kolmogorov-Sinai �¤

�ï�Ä�é�Ð�” (KS �¤�ï�Ä�é�Ð�” ) �q�z Kolmogorov 
ó�v�S�w�“�æ�t�,�n�M�o���[�^�•�”�®�J�“
ó

�v�S�¯�U�„�q�œ�r�M�h�”�q�\�–�°�•�b�”�\�q�›	��Á�b�”���g�p�K�”�{�Š�Ø�p�x�•
ì�—�¶�%�q�`

�o�›�t�G�ø�—�¶�%�w	Ô�ù�›�ß�Q�z Zd-action �w Brudno �w���g�›	º�p�b�”�{�‡�h�z�f�w� �;�q

�`�o�z Kolmogorov 
ó�v�S�›�;�M�o d �Í�i Ising �Þ�Ã�ç�w�y�—��
:�›
¯�d�”�\�q�›�ˆ�”�{�Š�Z

�€�x�•�Ê�Z
’�6�¯ (�z�‚�“�G�¶ ) �q�w�ž�‰�Z�€�t�,�n�X�{

Keywords. BrudnoÕs theorem, Kolmogorov-Sinai entropy, Kolmogorov complexity,

subshifts, Zd-action, pressure.

1 �x�a�Š�t

A. A. Brudno �x�z�•
ì�—�¶�%�w�:�U
³�X�®�J�“
ó�v�S�¯�› Kolmogorov 
ó�v�S�w�ß�Q�›�;�M�o

���[�`�z�f�w�®�J�“
ó�v�S� �̄q KS �¤�ï�Ä�é�Ð�”�w�‰�s
Q�›�Ì�’�T�t�`�h [2, THEOREM 3.1]�{�Š

�Ø�p�x�z�°
`�w�•
ì�—�¶�%�p�x�s�X�z�‘�“�{�M�•�b�M�G�ø�—�¶�%�w�±�Ò�³�Ñ�Ä�›�ß�Q�z�f�w	Ô�ù�w

Brudno �w���g�›�ß�Q�”�{�Ž�<�z�o�t Brudno �w���g�q�M�l�h	Ô�ù�z�G�ø�—�¶�%�w�±�Ò�³�Ñ�Ä�t�S

�Z�” Brudno �w���g�›�¦�b�\�q�t�b�”�{�‡�h�z [2] �t�S�M�o�³�Ñ�Ä�w�^�;�x 1 �Í�i�p�K�l�h�U�z�Š

�Ø�p�x d �Í�i�w�³�Ñ�Ä�^�;�›�{�O�{ Zd-action �t Brudno �w���g�›�¦�Á�`�‘�O�q�M�O
æ
ü�$�s�¼

�ˆ�q�`�o [8] �U�K�”�{ S. G. Simpson�x Zd-action �w�G�ø�—�¶�%�t�S�M�o�z�®�J�“
ó�v�S�¯�q�•
ì

�¤�ï�Ä�é�Ð�”�U�°�•�b�”�›���s�:�w���O�›�Ô�`�h [8]�{�f�‘�x�z [3] �t�S�M�o�z�¤�ç�°�”�Å�$���S�t

�0�`�o�z�„�q�œ�r�M�h�”�q�\�–�®�J�“
ó�v�S�¯�q KS �¤�ï�Ä�é�Ð�”�U�s�`�M�\�q�›�Ô�`�z Brudno

�w���g�› Zd-action �•�q�¦�Á�`�h�{ Zd-action �t�¦�Á�`�h�\�q�t�‘�“�z
ú�g�$�t�µ�¯�w�K�” d �Í�i

Ising �Þ�Ã�ç�w�y�—��
:�› Brudno �w���g�›�;�M�o
¯�q�b�”�\�q�U�p�V�”�{

�Ž�<�z Section 2�p�z�¤�ç�°�”�Å�g�æ�z�ž�ç�°�æ�¶�Ü�$	Ø�C�g�æ�z�G�ø�—�¶�%�T�’	����g�t
ž�A

�s�7	–�v�w	j
‹�›�`�z Section 3�p	����g�q�f�w� �;�›	\�‚�”�{

! E-mail: t-fuda@math.sci.hokudai.ac.jp
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2 	j
‹

�Š�Ø�›�è�`�o N = { 1, 2, á á á }, Z = {á á á, ! 2, ! 1, 0, 1, 2, á á á }, Z+ = { 0, 1, 2, á á á }�q�`�z d " N

�›�Ú�™�t�{���b�”�{�^�’�t�z G := Zd or G := Zd
+ �q�`�z�Ú�™�w n " N �t�0�`�o

! n := { g = ( gi )d
i =1 " G : #i " { 1, á á á, d} , |gi | < n }

�q���[�b�”�{ | á |�t�‘�l�o	B�ù�w�ñ�S�›
¯�b�\�q�t�b�”�q�z�Ì�’�T�t

|! n | =

!
(2n ! 1)d (G = Zd),
nd (G = Zd

+ ),

�p�K�”�{

2.1 �¤�ç�°�”�Å�g�æ

���[ 2.1�¢�-���—�¶�%�£ (X, B , µ) �›�¬�p�í���q�b�”�{ X 	Í�w�ø
þ�w�� T = ( Tg)g! G �U�Í�w	Ú�E

�›�¬�h�b�q�b�”�•

1. T �x�� G �w X 	Í�w�D���s�^�;�{ (i.e. �Ú�™�wg " G �t�0�`�o Tg : X $ X �x�D���p�K�“�z

T0 = I X �T�m #g, g" " G, T g+ g!
= Tg %Tg!

)

2. µ �x T-
Æ�!�{ (i.e. #g " G, #A " B , µ(T# gA) = µ(A))

�\�w�q�V�z�›�m
Ê (X, B , µ, T) �›�-���—�¶�%�q�M�O�{

�-���—�¶�% (X, B , µ, T) �t�0�`�o�z I µ (T) := { A " B : #g " G, µ(T# gA & A) = 0 } �q�b�”�{

I µ (T) �w�i�› T-
Æ�! (mod µ) 	B�ù�q�M�O�{

���[ 2.2�¢�¤�ç�°�”�Å
Q�£ (X, B , µ, T) �›�-���—�¶�%�q�b�”�{�\�w�q�V�z�Ú�™�w A " I µ (T) �t�0

�`�o�z µ(A) = 0 �‡�h�x µ(A) = 1 �U
R�“�q�m�q�V�z (X, B , µ, T) �x�¤�ç�°�”�Å�$�p�K�”�q�M�O�{

���[ 2.3�¢ µ-
ü�Â�£ (X, B , µ) �›�¬�p�í���q�b�”�{�D���s	B�ù�� ! = { Ai : i " I } ' B �x�Í�w	Ú

�E�›�¬�h�b�q�V X �w µ-
ü�Â�p�K�”�q�M�O�•

µ(Ai ( Aj ) = 0 ( i )= j ), µ

"

X \
#

i ! I

Ai

$

= 0 and µ(Ai ) > 0 (#i " I ).

�`�h�U�l�o�z X �w µ-
ü�Â ! �x�ô�‘�D�‰�p�K�”�{�›�t�z |I | < * �p�K�”�q�V�z ! �x���v µ-
ü�Â�p�K

�”�q�M�O�{ !, " �› X �w µ-
ü�Â�p�K�”�q�b�”�{�\�w�q�V�z ! �q " �w�I
ü�›

! + " := { A ( B : A " !, B " ", µ (A ( B ) > 0} .

�q���[�b�”�{ ! + " �‹ µ-
ü�Â�p�K�”�{
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���[ 2.4�¢ µ-
ü�Â�w	Ø�C�”�q�¤�ï�Ä�é�Ð�”�£ (X, B , µ) �›�¬�p�í���q�`�z ! �› X �w µ-
ü�Â�p�K�”

�q�b�”�{�\�w�q�V�z ! �w	Ø�C�”�q�x�Í�Ü�p���[�^�•�”�D����
:�w�\�q�p�K�”�•

I ! (x) := !
%

A ! !

log2 µ(A) á1A (x).

! �w�¤�ï�Ä�é�Ð�”�q�x�Í�Ü�p���[�^�•�”���É	Ø�C�”�w�\�q�p�K�”�•

H (! ) :=
&

X
I (! )dµ =

%

A ! !

#(µ(A)) .

�\�\�p # : [0, * ) $ R �x�Í�Ü�p���[�^�•�”��
:�p�K�”�•

#(t) :=

!
! t log2 t (t > 0),
0 (t = 0) .

�\�\�p�x Kolmogorov 
ó�v
Q�w�g�æ�q�w
T�ù
Q�›�ß�€�`�z�0
:�w���› 2 �t�`�o�M�”�{

���[ 2.5�¢
ü�Â�t���b�”�-���—�¶�%�w�¤�ï�Ä�é�Ð�”�£ (X, B , µ, T) �›�-���—�¶�%�q�`�z ! �› X �w

µ-
ü�Â�q�b�”�{�¤ g " G �t�0�`�o�z T# g! := { T# gA : A " ! } �q�`�z���v
æ
ü	B�ù ! ' G �t�0

�`�o�z ! ! :=
'

g! G T# g! �q���[�b�”�{�-���—�¶�% (X, B , µ, T) �w
ü�Â ! �t���b�”�¤�ï�Ä�é�Ð�”

h(µ, !, T) �›�Í�Ü�p���[�b�” $�•

h(µ, !, T) := inf
n> 0

1
|! n |

H (! ! n ) = lim
n %&

1
|! n |

H (! ! n ).

���[ 2.6�¢ Kolmogorov-Sinai �¤�ï�Ä�é�Ð�”�£ �-���—�¶�% (X, B , µ, T) �w Kolmogorov-Sinai

entropy �¤�ï�Ä�é�Ð�” (KS �¤�ï�Ä�é�Ð�” ) �›�Í�Ü�p���[�b�”�•

hT (µ) := sup { h(µ, !, T) : ! is a µ-partition with H (! ) < *} .

���[ 2.7�¢ µ-
\
R
ü�Â�£ (X, B , µ, T) �›�-���—�¶�%�q�b�”�{ ! G = B mod µ �U
R�“�q�m�q�V�z µ-


ü�Â ! �› µ-
\
R
ü�Â�p�K�”�q�M�O�{

���g 2.8�¢ Kolmogorov-Sinai �£ (X, B , µ, T) �›�-���—�¶�%�q�`�z ! �› µ-
\
R
ü�Â�q�b�”�{�\�w

�q�V�z H (! ) < * �s�’�y hT (µ) = h(µ, !, T) �U
R�“�q�m�{

Proof. See [4].

���[ 2.9�¢�•
ì�—�¶�%�£ 
Ê�ˆ (X, T) �x�Í�w	Ú�E�›�¬�h�b�q�V�z�•
ì�—�¶�%�p�K�”�q�M�O�•

1. X �x�¯�ï�Í�«�Ä�‘�m�=�D�ó�í���p�K�”�{

2. T = ( Tg)g! G �x X 	Í�w G �w�È���s�^�;�p�K�”�{ (i.e. �Ú�™�wg " G �t�0�`�o Tg : X $ X

�x�È���p�K�“�z T0 = I X �T�m #g, g" " G, T g+ g!
= Tg %Tg!

)

! �Ë�m�è�w�s�ø�x���g�q�`�o�‹�V	Z�^�•�”�{	Ä�`�X�x [4] �›�€	°�d�‘�{
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�•
ì�—�¶�% (X, T) �t�0�`�o�z B (X ) �› X �w Borel $-�E
:�q�b�”�{ T �x X 	Í�w G �w�D���s�^�;

�p�‹�K�”�\�q�t�«�™�{�^�’�t�z Borel-�D���í�� (X, B (X )) �t�0�`�o�z M (X ) �› (X, B (X )) 	Í�w�b

�‚�o�w�¬�p���S�T�’�s�”	B�ù�z M (X, T) �› (X, B (X )) 	Í�w�b�‚�o�w T-
Æ�!�s�¬�p���S�T�’�s�”	B

�ù�z EM (X, T) �› (X, B (X )) 	Í�w�b�‚�o�w�¤�ç�°�”�Å�$�¬�p���S�T�’�s�”	B�ù�q�b�”�{ T-
Æ�!�s

�¬�p���S�w���O�x�Í�w���g�t�‘�“�-	Ë�^�•�”�{

���g 2.10�¢ Krylov-Bogolubov �£ (X, T) �› �• 
ì �—�¶�%�q�b�” �{�\ �w�q�V�z X )= , �s � ’ �y

M (X, T) )= , �p�K�”�{

Proof. See [4].

µ " M (X, T) �s�’�y (X, B (X ), µ, T) �x�Ì�’�T�t�-���—�¶�%�p�K�”�{

���[ 2.11�¢	Í
R�È����
:�£ Y �›�•
ì�í���q�b�”�q�V�z

USC(Y) := { f : Y $ [!* , * ) : #c " R, { y " Y : f (y) < c } is open} ,

�q���[�`�z USC(Y) �w�i�›	Í
R�È����
:�q�M�O�{

���[ 2.12�¢�y�—�z�•
ì�¤�ï�Ä�é�Ð�”�z���ç	Ý�6�£ (X, T) �›�•
ì�—�¶�%�q�`�z %" USC(X ), inf % >

!* �q�b�”�{�\�w�q�V�z %�w�y�—�›�Í�Ü�p���[�b�”�•

p(%) := sup
µ! M (X, T )

(hT (µ) + µ(%))

�h�i�`�z µ(%) :=
(

X %(x)dµ(x) �p�K�”�{���S & " M (X, T) �x�z�Í�Ü�›�¬�h�b�q�V %" USC(X )

�t���b�”���ç	Ý�6�p�K�”�q�M�O�•
p(%) = hT (&) + &(%).

�›�t p(0) = sup M (X, T ) hT (µ) �›�•
ì�—�¶�% (X, T) �w�•
ì�¤�ï�Ä�é�Ð�”�q�z�•�{

���g 2.13�¢�¤�ç�°�”�Å
ü�r�£ (X, T) �›�•
ì�—�¶�%�q�b�”�{�¤ µ " M (X, T) �t�0�`�o�z M (X, T)

	Í�w���S ' �U�
�°�m���O�`�z

1. �Ú�™�w���„�D����
: f : X $ R �t�0�`�o�z

&

X
f (x)dµ(x) =

&

EM (X, T )

) &

X
f (x)d&(x)

*
d' (&),

2. ' (EM (X, T)) = 1.

� Ú � ™ � w � D � � 	 B � ùA " B (X ) � t � 0 � ` � o µ(A) =
(

EM (X, T ) &(A)d' (&) � p � K � ” � T � ’ � z µ =
(

EM (X, T ) &d' (&) �q
¯�`�z�\�•�› µ �w�¤�ç�°�”�Å
ü�r�q�z�•�{

Proof. See [4, 7, 9].
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���g 2.14�¢ Jacobs �£ (X, T) �›�•
ì�—�¶�%�q�b�”�{ µ " M (X, T) �t�0�`�o�f�w�¤�ç�°�”�Å
ü�r

�› µ =
(

EM (X, T ) &d' (&) �q�b�”�q�V�z�Í�U
R�“�q�m�•

hT (µ) =
&

EM (X, T )
hT (&)d' (&).

Proof. See [4, 9].

2.2 Kolmogorov
ó�v
Q

A �›�í�p�s�M���v	B�ù�q�b�”�{�°
`
Q�›�æ�O�\�q�s�X A := { 0, 1, á á á, N } (N " Z+ ) �q�`�o�‘

�M�{ A 	Í�w�b�‚�o�w���v�G�ø�»�›

A$ :=
&#

n =0

An = { (, 0, 1, á á á, N, 00, 01, á á á, 0N, 10, á á á, 1N, á á á, NN, 000, á á á }

�q���[�b�”�{�\�\�p�z A0 = { ( } �p�K�“�z ( �x�í�»�›
¯�b�q�b�”�{�Í�w
¶�o�ù I A " % " : A$ $ ) () "

{ Z+ , Z} ) �›�;�M�o�z A$ �q Z+ �‡�h�x Z �›�‰�°�¹�b�”�\�q�t�b�”�{

I A " % Z+ (x) :=

+
,-

,.

n # 1%

k=0

(N + 1) k +
n%

k=1

ak (N + 1) n # k , x = a1a2 á á áan " An (n " N),

0, x = (,

I A " % Z(x) := !
/
I A " % Z+ (x)

0

�\�\�p�z�Ú�™�w n " Z+ �t�0�`�o ! (n) := ( ! 1)n +1 - n +1
2 . �p�K�”�{�h�q�Q�y�z A = { 0, 1} �w	Ô�ù

�x�Í�w�‘�O�t�s�”�•

x ( 0 1 00 01 10 11 000 001 á á á

I { 0,1} " % Z+ (x) 0 1 2 3 4 5 6 7 8 á á á

x ( 0 1 00 01 10 11 000 001 á á á

I { 0,1} " % Z(x) 0 1 ! 1 2 ! 2 3 ! 3 4 ! 4 á á á

���o�w�h�Š�z I "% A " := I # 1
A " % " . �q�b�”�{

�Ë�m�w�G�ø�»�›�m�s�[�”�ø
þ A$ / A$ 0 (x, y) 1$ xy " A$ �›�È
€�q�M�O�{�G�ø�» x " A$ �w�Õ

�^�› l (x) �p
¯�b�{�Ì�’�T�t�z�Ú�™�w x, y " A$ �t�0�`�o l (xy) = l(x) + l(y) �p�K�”�{

x, y " A$ �t�0�`�o�z�K�” z " A$ �U���O�`�o y = xz �p�K�”�q�V�z x �x y �w
€�„�  (preÞx) �p�K

�”�q�M�O�{
æ
ü	B�ù A ' A$ �x�z�Ú�™�w�i x " A �t�0�`�o�z A \ { x} �w�i�U x �w
€�„� �t�s�’�s

�M�q�V�z preÞx-free�p�K�”�q�M�O�{ x " A$ �t�0�`�o

øx := 1 á á á11 234
l (x )

0x

�q�b�”�{ l (øx) = 2 l(x) + 1 �p�K�”�{
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A1, A2 �›�í�p�s�M���v	B�ù�q�b�”�{ D ' A$
1 �t�0�`�o�ø
þ f : D $ A$

2 �›�ß�Q�”�{ D ! A$
1 �p

�K�”�q�V�z f �›
æ
ü��
:�q�M�M�z f : A$
1 ! A$

2 �q�T�X�\�q�t�b�”�{ D = A$
1 �p�K�”�q�V�z f �›
¶�¬

��
:�q�M�O�{
æ
ü��
: * : A$
1 ! A$

2 �x�z�K�”�½�á�”�æ�ï�¬�Ú�³�ï M �t�‘�l�o�-�‰�^�•�”�q�V�z�6

�<�$�p�K�”�q�M�O�{
æ
ü�6�<��
: * : A$
1 ! A$

2 �w���[�¬ dom(* ) �U preÞx-free�p�K�”�q�V�z * �›


æ
ü�6�< preÞx��
:�q�M�O�{

* : { 0, 1} $ ! A$ �›
æ
ü�6�< preÞx��
:�q�b�”�{�\�w�q�V�z�Ú�™�w x " A$ �t�0�`�o�z x �w * �t

���b�”
ó�v�S K # (x) �›

K # (x) :=

!
min{ l(p) : p " * # 1(x)} , (* # 1(x) )= , ),
* (* # 1(x) = , )

�t�‘�l�o���[�b�”�{�^�’�t�z�b�‚�o�w
æ
ü�6�< preÞx ��
: %: { 0, 1} $ ! A$ �t�0�`�o�z�K�”��
:

c#,$ " R �U���O�`�o�z
#x " A$, K # (x) 2 K $ (x) + c#,$

�U
R�“�q�m�q�V�z * �x additively optimal �p�K�”�q�M�O�{

���g 2.15 additively optimal �s
æ
ü�6�< preÞx��
:�U���O�b�”�{

Proof. See [5].

additively optimal �s
æ
ü�6�< preÞx��
:�x
¶�ù�p�K�”�{

���[ 2.16 �&�p�s additively optimal �s
æ
ü�6�< preÞx ��
: * : { 0, 1} $ ! A$ �›�°�m�{���b�”�{

�\�w�q�V�z x " A$ �w preÞx Kolmogorov complexity �›�Í�w�‘�O�t���[�b�”�•

K (x) := K # (x).

2.3 Zd �±�Ò�³�Ñ�Ä

" �›�í�p�s�M���v	B�ù�q�`�z # := " G �q�b�”�{ " �w�m�„�•
ì�w
u�•
ì�t�‘�l�o # �t�•
ì�›�)�Q

�”�q�z�½�¯�Ê�Ñ�w���g�t�‘�“�z # �x�¯�ï�Í�«�Ä�•
ì�í���t�s�”�\�q�U�˜�T�”�{�\�w�•
ì�x�z�Ú�™

�w + = ( +g)g! G , +" = ( +"
g)g! G " # �t�0�`�o�z�Í�w�‘�O�t���Š�’�•�”�‘�m d �U
\
R�b�”�•
ì�p�‹

�K�”�•
d(+, + ") := 2 # n (%,%! ) , n(+, + ") := sup { n " N : #g " ! n , +g = +"

g} .

�`�h�U�l�o�z # �x�¯�ï�Í�«�Ä�‘�m�í���p�K�”�{�Ú�™�w n " N �q�Ú�™�w s " " ! n �t�0�`�o�z s �w�³�æ

�ï�¼�”	B�ù�› [[s]] := { + " # : + " ! n = s} �q���Š�”�{ [[s]] �x�‰�T�m��	B�ù�p�K�”�{�Ú�™�w n " N

�t�0�`�o�z Cn �› " ! n 	Í�w�³�æ�ï�¼�”	B�ù�w��

Cn := { [[s]] : s " " ! n }

�q�`�z C :=
5

n Cn �q�b�”�{ C �x Borel $-�E
: B (#) �›
\
R�b�”�{�Í�t�z

" ! " :=
&#

n =0

" ! n
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�q�S�X�{�\�\�p�z " ! 0 := { ( } �p�K�“�z�Ú�™�w n " N �t�0�`�o�z " ! n := { (+g)g! ! n : #g " ! n , +g "

" } �p�K�”�{�Ú�™�w
æ
ü	B�ù V ' " ! " �t�0�`�o�z [[V ]] :=
5

s! V [[s]] �q�b�”�{

�ø
þ $g : # $ # �› g " G �t�‘�”�³�Ñ�Ä�z�m�‡�“�z�Ú�™�w + = ( +g)g! G �t�0�`�o ($g+)i := +i + g

�p�K�”�‹�w�q�b�”�{ $ := ( $g)g! G �q�b�”�q�z $ �x # 	Í�w G �w�È���s�^�;�p�K�“�z�`�h�U�l�o�z

(# , $) �x�•
ì�—�¶�%�p�K�”�{ $ : G / # 0 (g, +) 1$ $g(+) " # �p�K�”�\�q�t�«�™�{

�í�p�s�M
æ
ü	B�ù S ' # �x�z�³�Ñ�Ä
Æ�! (i.e. #g " G, $g(S) = S) �T�m S �U���p�K�”�q�V�z�±

�Ò�³�Ñ�Ä�p�K�”�q�M�O�{ S ' # �U�±�Ò�³�Ñ�Ä�p�K�”�q�V�z (S, $ " (G / S)) �x�•
ì�—�¶�%�p�K�”�{

� � 
 : f : G $ Z+ �x�z
æ
ü�6�< preÞx �� 
 : * : { 0, 1} $ $ { 0, 1} $ �U�� �O�` �o�z�Ú�™�w

(x1, á á á, xd) " G �t�0�`�o�Í�w�‘�O�t�T�Z�”�q�V�z�-�‰�D�ó�p�K�”�q�M�O�•

f (x1, á á á, xd) = ( I { 0,1} " % Z+ %* )
6

I "%{ 0,1} " (x1) á á áI "%{ 0,1} " (xd# 1)I "%{ 0,1} " (xd)
7

�h�i�`�z

) =

!
Z, G = Zd,
Z+ , G = Zd

+ .


¶�o�ù�s�-�‰�D�ó��
: f : G $ Z+ �p�z�Ú�™�w n " N �t�0�`�o�z

f (! n ) = { 0, 1, á á á, |! n | ! 1}

�p�K�”�‘�O�s�‹�w�›�°�m�{���`�z�ø
þ G: " ! " $ " $ �›�Í�w�‘�O�t���[�b�”�•

G(s) :=

!
sf # 1 (0) á á ásf # 1 ( |! n |# 1) , s = ( sg)g! ! n " " ! n (n " N),
(, s = (.

s " " ! " �w preÞx Kolmogorov complexity �›

K(s) := K (G(s))

�q���[�b�”�{

���[ 2.17�¢ Kolmogorov complexity density �£ �Ú�™�w+ " # �t�0�`�o�z upper Kolmogorov

complexity density �q lower Kolmogorov complexity density �›�f�•�g�•

K (+) := lim sup
n %&

K(+ " ! n )
|! n |

, K (+) := lim inf
n %&

K(+ " ! n )
|! n |

�q���[�b�”�{�‹�` K (+) = K (+) �p�K�”�q�V�z�\�w�”�›�o�t K (+) �q
¯�b�{

�«�™ 2.18 K (+) �q K (+) �x�z preÞx Kolmogorov complexity �›���[�b�”�M�t�;�M�” additively

optimal �s
æ
ü�6�< preÞx��
: * �q G �w
¬�|�M�t�‘���`�s�M�{
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3 	����g�q�f�w� �;

�Ž	Í�w	j
‹�w�‹�q�z	����g�›	\�‚�”�{ " �›�í�p�s�M���v	B�ù�q�`�z S ' # (:= " G ) �›�±�Ò�³�Ñ

�Ä�q�b�”�{�^�’�t�z # 	Í�w G �w�³�Ñ�Ä�^�; $ �w S �•�w
M�v�› , �q�b�”�{�\�w�q�V�z (S, , ) �x�•
ì

�—�¶�%�p�K�”�{

���g 3.1�¢ BrudnoÕs theorem for Zd (or Zd
+ ) subshifts �£ µ " EM (S, , ) �s�’�y�z�Í�U
R�“

�q�m�•
K (+) = h&(µ), µ-a.e.+ " S. (3.1)

	Â�Ì�x	²�t�b�”�{	Ä�I�x [3] �›�€	°�d�‘�{

�« 3.2�¢ Bernoulli �³�Ñ�Ä�£ Zd �‡�h�x Zd
+ �³�Ñ�Ä�í���›�z�Ž
²�q�‰�a�G�ø (# , $) �p
¯�b�{�\�w

�q�V�z " 	Í�w�¬�p
ü
Í q = ( qi : i " ") �t�0� �b�” B (#) 	Í�w Bernoulli ���S�› µ := q' G �q�b�”�{

�\�w�q�V µ �x�¤�ç�°�”�Å�$�p�K�“�z h' (µ) =
8

i ! " #(qi ) �p�K�”�T�’�z���g 3.1 �‘�“ µ-a.e. + " #

�t�0�`�o�Í�U
R�“�q�m�•
K (+) =

%

i ! "

#(qi ).

���g 3.3 µ " M (S, , ) �s�’�y�z�Í�U
R�“�q�m�•

h&(µ) = µ(K ). (3.2)

Proof. µ =
(

EM (S,&) &d' (&) �›�¤�ç�°�”�Å
ü�r�q�b�”�q�z���g 2.13�z���g 2.14�z���g 3.1 �‘�“�z

&

S
K (+)dµ(+) =

&

EM (S,&)

) &

S
K (+)d&(+)

*
d' (&) =

&

EM (S,&)
h&(&)d' (&) = h&(µ).

���g 3.3 �q�y�—�w���[�‘�“�z�y�—�w K �›�;�M�h
¯�Ô�Ü�U�˜�’�•�”�{

���g 3.4 % " USC(S), inf % > !* �q�b�”�{�\�w�q�V�z %�w�y�—�x�Í�w�‘�O�t
¯�b�\�q�U�p

�V�”�•
p(%) = sup

µ! M (S,&)
µ(K + %).

�›�t�z�•
ì�¤�ï�Ä�é�Ð�”�x supµ ! M (S,&) µ(K ) �p�K�”�{ µ " M (S, , ) �U %�t�0�b�”���ç	Ý�6�p�K�”

�q�b�”�q�z
p(%) = µ(K + %)

�U
R�“�q�m�{
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�« 3.5�¢ d �Í�i Ising �Þ�Ã�ç�£ d " N�z " := { +1 , ! 1} �q�b�”�{�\�\�p�z " �w�i +1 , ! 1 �x�z�f�•

�g�• G := Zd 	Í�w�®�¨� �>�.�¯�w�¤�:�t�S�Z�”�®	Í�²�V�µ�Ð�ï��̄z�®�<�²�V�µ�Ð�ï�¯�›
¯�`�o�M�”�{

# := " G �›
��•�í���z T �› # 	Í�w G �w�³�Ñ�Ä�^�;�q�b�”�{ d �Í�i Ising �Þ�Ã�ç�t�0�`�o�z�Á	t�¤

�É�ç�ª�”��
: %: # $ R �›�Í�w�‘�O�t���[�b�”�•

%(+) := ! "

9

: !
d%

j =1

(+0+ej + +0+# ej ) ! B+ 0

;

< , + " # .

�\�\�p�z 0 := (0 , á á á, 0), ej := (0 , á á á,
j th
1 , á á á, 0) " G �p�K�“�z !

8 d
j =1 (+0+ej + +0+# ej ) �x�¡


€�µ�Ð�ï���w
ì�“�^�;�z ! B+ 0 �x�¨� �: 0 �w�µ�Ð�ï	Í�w�Ó	Ô B " R �w�®�L�z " 3 0 �x�o�9�S

�›�f�•�g�•
¯�b�{ %�t�0�b�”���ç	Ý�6 µ �U���O�`�z���g 3.4 �›�;�M�”�q�\�w µ �t�0�`�o�y�—�x

p(%) = µ(K + %) �q�s�”�{

�€�ß���Y
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�°
`�=�^�•�h�³�á�»�ç�«�Ë�Û�ç�Ä�Ç�ž�ï�t�0�b�”

�{���‹�w
‡���O


X
Ô�«�� (Kyohei ITAKURA)

��•�G�¶�G�¶�Ã�g�¶�Z�€�J 
:�¶
•�È

1 �‹�Ö

�è	×�w�³�á�»�ç�«�Ë�Û�ç�Ä�Ç�ž�ï�x�Í�w�‘�O�t
¯�^�•�”�}

H = p2 ! E áx + q(x) on L 2(Rn ).

�\�\�p�| p = ! i " = ( ! i !
!x 1

, . . . , ! i !
!x n

) �p�K�“�| 0 #= E $ Rn �x�°�7�s�?	Ô�t�0� �b�”���Õ�«�Ä

�ç�p�K�”�} ! E áx �›�³�á�»�ç�«�Ù�Â�ï�³�ß�ç�q�z�•�} q �x
•�ˆ�ò�p�K�”�} q �U�K�”�™�¯�p p2 ! E áx

�‘�“�‹	–�^�M�q�M�O	Ú�E�w�<�p�|	Í	\�w H �U�{���‹�›�‹�h�s�M�\�q�x�‘�X�Œ�’�•�o�M�”�Ä�î�p�K

�”�}���s�x�|�³�á�»�ç�«�Ù�Â�ï�³�ß�ç�w
æ
ü�›�°
`�=�`�h�Ë�Û�ç�Ä�Ç�ž�ï�›�ß�Q�h�q�V�t�˜�’�•

�h�|�{���‹�w
‡���O�t�m�M�o	\�‚�”�}

2 �>���q�A�L

V �›�î
:�‹��
:�q�`�o�|
¶�Ë�Û�ç�Ä�Ç�ž�ï H �›�Í�w�‘�O�t���Š�”�}

H = p2 + V on L 2(Rn ).

�^�’�t�| V �t�0�`�o�Ž�<�w	Ú�E�›�>���b�”�} 0 < ! < 1 �q�`�o

(A) V = V1 + V2 �q
ü�r�p�V�o�| V1 $ L 2
loc (Rn ) �p�K�“�|�K�” h $ Rn �U���O�`�o�| V1 % ! (háx)"

+

�U
R�“�q�m�}�^�’�t�| V2 $ L p(Rn ) + L ! (Rn ) �p�K�“�| p �x n % 4 �w�q�V p > n
2 �q�`�| n & 3

�w�q�V p = 2 �q�b�”�}�\�\�p�| x+ = max { x, 0} �q�M�O�G�ø�›�;�M�h�}

(B) (A) �q�‰�a p �t�0�`�o�| V $ L p
loc (Rn ) �U
R�“�q�m�}

(C) V �x�Í�›�¬�h�b�‘�O�s�Ò��
:���w�‹��
:�›�Ë�m�} (A) �q�‰�a h �t�0�̀ �o�| !| háx|1" " (há" V (x))

�U���„�T�m�|�K�” ", R > 0 �U���O�`�o�| h áx % R �t�0�`�o�| !| h áx|1" " (h á " V (x)) % " �U


R�“�q�m�}

�\�•�’�w	Ú�E�x V1 �q�`�o�Í�w�‹�w�›
Ý���`�o���Š�o�M�”�}

V1(x) =

!
"

#
(! E áx)" (E áx < 0),

! (E áx)" (E áx % 0).
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�\�•�x�|�³�á�»�ç�«�Ù�Â�ï�³�ß�ç�w�Ê�› ! �t�”�V�õ�Q�h�‹�w�t
ì�p�`�|�\�w�™�¯�p�|�³�á�»�ç

�«�Ù�Â�ï�³�ß�ç�w�°
`�=�q�s�l�o�M�”�}�Ñ�•�æ�µ�~�å�ð�Ÿ�ï�w���g�t�‘�“ (�«�Q�y [RS II] �›�€

	° )�| H �x	Ú�E (A) �w�<�p�×�~�ž�þ�t�s�”�}	Ú�E (B) �x�°�™
€��
Q�›�-	Â�b�”�h�Š�t
ž�A�p�K�”

([ABG], [H], [JK], [SchS] �›�€	° )�}�‡�h�|	Ú�E (C) �x�Ú�¦�!�õ�›�;�M�”�\�q�p�Í�w	Ú�E (C#) �t���i

�^�•�”�}

(C#) V �x�Í�›�¬�h�b�‘�O�s�Ò��
:���w�‹��
:�›�Ë�m�} !| x1|1" " !V (x )
!x 1

�U���„�T�m�|�K�” ", R > 0

�U���O�`�o�| x1 % R �t�0�`�o�| !| x1|1" " !V (x )
!x 1

% " �U
R�“�q�m�}

�Ž�<�U�|�˜�’�•�h	��A�L�p�K�”�}

���g 2.1 H = p2 + V �q�`�| V �x	Ú�E (A), (B), (C) �›�¬�h�b�q�b�”�}�f�w�q�V�| H �x�{���‹�›

�‹�h�s�M�}

���g 2.1 �x�Ž�<�w 2 �m�w�Ë�J�›
Ê�ˆ�ù�˜�d�”�\�q�p�Ô�^�•�”�}

�Ë�J 2.2 H �U�{����
: # �›�‹�m�q�b�”�q�|�Ú�™�w a % 0 �t�0�`�o ea(x 1 )+ # $ L 2(Rn ) �U
R�“�q�m�}

�Ë�J 2.3 �Ú�™�wa % 0 �t�0�`�o ea(x 1 )+ # $ L 2(Rn ) �U
R�“�q�m�‘�O�s H �w�{����
: # �x���O�`

�s�M�}

3 �Ë�J�w	Â�Ì�w�ž�¢�Ä�å� �ï

�‡�c�|�Ë�J 2.2, �Ë�J 2.3 �w	Â�Ì�t�;�M�”��
:�•�G�O�›�‹�Ö�b�”�}�s�Š�’�T�s��
: W (x1) �›

W (x1) =

!
"

#
x1 ! R ! 1

2 (x1 % R + 1) ,

0 (x1 & R)

�p�| 0 & W, 0 & W # & 1, 0 & W ##�U
R�“�q�m�‘�O�t���Š�”�}�Ë�J 2.2, �Ë�J 2.3 �›	Â�Ì�b�”�h�Š�t

�x�|�¦
:�w�Ê�w (x1)+ �›	Í�G�w W (x1) �t�”�V�õ�Q�h�‹�w�t�m�M�o�Ô�d�y�‘�M�}�‡�h�|�‹�O�°�m�s

�Š�’�T�s��
: F (x1) �›

F (x1) =

!
"

#
(x1 ! R)2" " (x1 % R + 1) ,

0 (x1 & R)

�p�| 0 & F, F #, F ##�U
R�“�q�m�‘�O�t���Š�”�}�Ë�J 2.2 �w	Â�Ì�t�x
��g�O�›�;�M�”�}�m�‡�“�K�”

a > 0 �U���O�`�o�|

eaW # /$ L 2

�›�>���̀ �o�Ã	l�›�‹�X�}�Ë�J 1.2�w	Â�Ì�w�¤�p�|�\�w a �x�{���̀ �o�ß�Q�”�}�\�\�p�| aW(x1), F (x1) �›

���„�s��
:�p�Ù�Å�b�”�\�q�›�ß�Q�”�} t, s > 2R+2 �s�” t, s �t�0�`�o�s�Š�’�T�s��
: Wt (x1), Fs(x1)

�›�Í�w�‘�O�t���Š�”�}�‡�c Wt (x1) �x

Wt (x1) =

!
"

#
aW(x1) (x1 & t),

at (x1 % 2t)
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�T�m�| W (k)
t (x1) = O(t" k+1 ) (k % 1), W ##

t (x1) & 0 (x1 % R + 1) , 0 & W #
t & aW# �›�¬�h�`�|

Fs(x1) �x

Fs(x1) =

!
"

#
F (x1) (x1 & s),

s2" " (x1 % 2s)

�T�m�| F (k )
s (x1) = O(s" k+2 " " ) (k % 1), 0 & F #

s & F #, F ##
s (x1)F #(x1) ! F #

s(x1)F ##(x1) & 0 (x1 %

R + 1) �›�¬�h�b�} t, s ' ( �w�q�V�| Wt , Fs �U�f�•�g�• aW, F �t�¤�:	)���`�o�M�”�\�q�x�b�Y�t

�˜�T�”�}�‡�h�| Wt �›�;�M�”�q

) eW t # ) ' ( (t ' ( )

�U
R�“�q�l�o�M�”�\�q�t�«�™�`�o�S�X�}�\�\�p�| # t = eW t #
$eW t # $ �q���Š�| *A+t = *#t , A# t +�q�M�O�G

�O�›�;�M�”�}�^�’�t�|

AF =
1
2

(F #p1 + p1F #)

�q���Š�”�}�‡�h�|�s�Š�’�T�s��
: G �t�0�`�o #G = eG # �q�`�| *A+G = *#G , A# G + �q�b�”�}�\�w

�q�V�|�Í�w 2 �m�w�4�J�U
R�“�q�m�}

�4�J 3.1 G, J �›�s�Š�’�T�s��
:�q�`�| #G $ D ([H, A J ]) , D (H ) , D (AJ ) , D (AG ) �q�b�”�}�^�’

�t�| G �x���„�s�‹��
:�›�Ë�m�q�b�”�}�f�w�q�V�Í�w�s�Ü�U
R�“�q�m�}

*i [H, A J ]+G = ! 4Re*AJ AG +G ! 2*J #G#G##+G .

�4�J 3.2 u $ D (H ) �q�`�| *B +u = *u, Bu+�q	{�X�\�q�t�b�”�}�f�w�q�V�Í�U
R�“�q�m�}

*i [H, A Fs ]+u ' * i [H, A F ]+u (s ' ( ).

�\�\�p�x�|�\�w 2 �m�w�4�J�w	Â�Ì�x	²�t�b�” ([Sig] �w�Ë�J 2.2, �Ë�J 2.4 �›�€	° )�}

�Ë�J 2.2 �w	Â�Ì�w�ž�¢�Ä�å� �ï�}

�‡�c�|�K�” c > 0 �U���O�`�o�|	G
ü�G�V�M t > 0 �t�0�`�o

*i [H, A F ]+t % c (1)

�U
R�“�q�m�\�q�›�Ô�b�}�\�•�t�x�|�¦�õ� �›�Ú
€�-�‰�b�”�\�q�t�‘�“�˜�’�•�”�Í�w�Ü�›�;�M�”�}

*i [H, A F ]+t = *! F #V #+ 2p1F ##p1 !
1
2

F (4) +t .

�°�M�p�|�Í�U
R�“�q�m�\�q�›�Ô�b�}

*i [H, A F ]+t & o(1) ( t ' ( ).

�\�w
°�A�x�| J = Fs, G = Wt �q�`�o�4�J 3.1 �q�4�J 3.2 �›�;�M�”�\�q�p�Ô�b�\�q�U�p�V�”�}�`�T

�`�\�•�x (1) �q�Ã	l�b�”�} !
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�Ë�J 2.3 �w	Â�Ì�w�ž�¢�Ä�å� �ï�}

�Ë�J 2.3 �‹
��g�O�›�;�M�o�Ô�b�}�m�‡�“�| # �› H �w�{����
:�q�`�o�Ã	l�›�‹�X�}�Ë�J 2.2 �‘�“�|

# �x�Ú�™�w a % 0 �t�0�`�o eaW # $ L 2 �p�K�”�}�f�\�p�|�Í�å�Ý�”�»�q�`�o t �w�E�˜�“�t a �›�;�M

�o�| #a = eaW #
$eaW # $ �q���Š�| *A+a = *#a, A# a+�q�M�O�G�O�›�;�M�”�}�‡�c�|�Ë�J 2.2 �w�q�V�q�‰�7

�t�¦�õ� �›�Ú
€�-�‰�b�”�\�q�p�Í�w
°�A�›�‹�X�}

*i [H, A F ]+a % c (- c > 0). (2)

�°�M�p�| J = F, G = aW �q�`�o�4�J 3.1 �›�;�M�”�\�q�p�|�Í�w
°�A�›�‹�X�}

*i [H, A F ]+a & o(1) (a ' ( ).

�`�T�`�\�•�x (2) �q�Ã	l�b�”�} !

�€�ß���Y
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‡
¢���þ�ˆ�M���Ü�t�0�b�”	s�8�‹�ð�J�w�r
s

	��± �«�� (Kyouhei Wakasa)

�z�‚�“�G�¶�G�¶�Ã�g�¶�Z�€�Ã
:�¶
æ�ó , �Ô�Š�¶	[	ü�µ�q�›���Z�€�» PD
e-mail : wakasa@math.sci.hokudai.ac.jp

1 	‚�æ

�Í�w
‡
¢���þ�ˆ�M���Ü�t�0�b�”	s�8�‹�ð�J�›�ß�Q�” .
!

! 2
t u ! ! xu = |u|p, in R n " [0, # ),

u(x, 0) = f (x), ! tu(x, 0) = g(x), for x $ R n,
(1)

�\�\�p , n % 1 �x�í���Í�i , u = u(x, t ) �x�°�Œ��
: , f, g $ C!
0 (R n), p > 1 �p�K�” .

�\�w	s�8�‹�ð�J�t�m�M�o , 	–�^�M	s�8�‹ (f, g ) �›�)�Q�h	Ô�ù�w�Ì���G�¬�r�w���O�q

‡���O�t���b�”�Z�€�x , �í�� 3 �Í�i�t�S�Z�” John [10] �w�A�L�›�•�‡�“�q�b�” . �f�•�x ,
p > 1 +

&
2 (���Ÿ�„ ) �s�’�y , 	G
ü	–�^�M (f, g ) �t�0�`�o (1) �w�r�x�Ì���G�¬�$�t���O�` ,

1 < p < 1 +
&

2 (�¼�Ÿ�„ ) �s�’�y , (1) �w�r�x�Ì���G�¬�$�t�x���O�`�s�M�q�M�O�‹�w�p�K
�” . p = 1 +

&
2 (�Ÿ�„ ) �w�q�V�x , Schae"er [22]�t�‘�“�r�U�Ì���G�¬�$�t���O�`�s�M�\�q

�U�Ô�^�•�o�M�” . John�w�Z�€�Ž�ñ , ���w�í���Í�i�t�S�M�o (1) �w�M���Ü�›�r
s�b�”	��“
Ê
�ˆ�U�7�‘�s�Z�€	��t�‘�l�o�æ�˜�•�h . �f�w�¤�p Strauss [25]�x�Í�w�'
Ý�›�q�o�h . �f�•�x ,

�®n % 2, p0(n) �› 2 �Í�M���Ü (n ! 1)p2 ! (n + 1) p ! 2 = 0 �w
Y���q�b�”�q�V , p > p0(n)
�s�’�y	G
ü	–�^�M	s�8�‹�t�0�`�o�r�x�Ì���G�¬�$�t���O�` , ���M , 1 < p ' p0(n) �s�’�y
�r�x�Ì���G�¬�$�t�x���O�`�s�M .�¯�q�M�O�‹�w�p�K�” . �\�w�'
Ý�x , �í�� 2 �Í�i�t�S�M�o ,
Glassey [7], [8],�í�� 4 �Í�i�Ž	Í�w�ô�Í�i�í���p�x , Sideris [23], Rammaha [21], Georgiev
& Lindblad & Sogge [5], Yordanov & Zhang [29], Zhou [34]�’�t�‘�l�o�r�>�^�•�h . �q�O
�p�x�\�w�'
Ý�x�„�…�r�>�^�•�o�M�” . �í���
�Í�i�w	Ô�ù�x , Kato [11] �t�‘�l�o�b�‚�o�w
p > 1 �t�0�`�o�Ì���G�¬�r�U���O�`�s�M�\�q�U�Ô�^�•�o�M�” . Strauss�t�‘�”�'
Ý�›�r�>�b
�”�Z�€�q���æ�`�o , (1) �w�r�w�7�G���O�Ì�� (Lifespan) �w
°�A�›�˜�”�Z�€�‹�æ�˜�•�h . 	Ä
�`�X�x , Lindblad [18], Zhou [31], [32], [33], Lindblad & Sogge [20], Takamura & Wakasa
[27], Takamura [26]�’�›�€	°�w�\�q .

1990�å�E�™
R�T�’ 2000�å�E
²
R�t�T�Z�o , �Í�w�‘�O�s
ì�“�^�;�®�L�›�ß�€�`�h
‡
¢��
�þ�ˆ�M���Ü�% (p-q �%) �w�;�Ï�›�g�r�b�”	��“
Ê�ˆ�U�7�‘�s�Z�€	��t�‘�l�o�æ�˜�•�h .

!
! 2

t u ! ! xu = |v|p, in R n " [0, # ),
! 2

t v ! ! xv = |u|q, in R n " [0, # ),
(2)

�\�\�p , p, q > 1 �q�b�” . Del Santo & Georgiev & Mitidieri [3] �x , (2) �w�Ì���G�¬�r�w��
�O�q
‡���O�U�Í�w�Â
¢�p�>���^�•�”�\�q�›�Ô�`�h . �b�s�˜�j ,

F (p, q, n) = max
!

q+ 2 + p" 1

pq! 1
,

p + 2 + q" 1

pq! 1

"
!

n ! 1
2

,
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�q�S�X�q , F (p, q, n) < 0 �s�’�y , 	G
ü	–�^�M	s�8�‹�t�0�`�o (2) �w�r�x�Ì���G�¬�$�t��
�O�` , F (p, q, n) > 0 �s�’�y , �r�x�Ì���G�¬�$�t�x���O�`�s�M�q�M�O�‹�w�p�K�” . �f�w�™ ,
F (p, q, n) = 0 �w	Ô�ù�x , �í�� 3 �Í�i�t�S�M�o , Del Santo & E.Mitidieri [4], �ô�Í�i�í���t
�S�M�o , Kurokawa & Takamura & Wakasa [15]�U (2) �w�r�U�Ì���G�¬�$�t���O�`�s�M�\
�q�›�Ô�`�h . �Ë�t , �o� �M���Ü�w	Ô�ù�q�‰�7�t , �r�w�7�G���O�Ì���w�7�&�s
°�A�›�˜�”�Z�€
�U, Kubo & Ohta [12], Agemi & Kurokawa & Takamura [1], Kurokawa & Takamura [14],
Georgiev & Takamura & Zhou [6], Kurokawa & Takamura & Wakasa [15]�’�t�‘�l�o�æ
�˜�•�h .

�Ù�å�w�Z�€�ˆ�²�q�`�o�x , �Ž
æ	s�8�‹�¥�„�‹�ð�J�• , ���q�p�x�s�M�-�”�›�‹�m�í���p
�w Strauss�'
Ý�w�r�>�›�æ�O�Z�€�U�Æ
C�t�æ�˜�•�o�M�” . �›�t , �™	��w�Z�€�t�m�M�o�x�Ò
�å�¿�«�×�”�ç�w�g�æ�t�q�•�” , �³�á�ð�•�ç�À�³�ç�Ä�Ì�í�•�§�”�Ì�í�s�U�ß�Q�’�•�o�M�” .
�\�•�’�w�Z�€�t�m�M�o�x , �è���¤�t	Ä�I�›	\�‚�”�\�q�q�b�” . �Ž
æ�ð�J�t���`�o�x , �«�Q
�y , Hidano & Metcalfe & Smith & Sogge & Zhou [9], Zhou & Han [35], Li & Wang [17],
Zha & Zhou [30], Lai & Y.Zhou [16]�›�€	°�w�\�q . �‡�h , �³�á�ð�•�ç�À�³�ç�Ä�Ì�í�•�§�”
�Ì�í �t�S�Z�”�r
s�t�m�M�o�x , Catania & Georgiev [2], Lindblad & Metcalfe & Sogge &
Tohaneanu & Wang [19]�›�€�ß���Y�q�`�o�•�[�o�S�X .

2 	��A�L

�\�\�p�x , �è��	��t�‘�”�A�L [28] �›	º�p�b�”�\�q�q�b�” . �Í�w	O�ˆ�m�V
‡
¢���ò�›�‹�m�þ
�ˆ�M���Ü�t�0�b�”	s�8�‹�ð�J�›�ß�Q�” .

#
$

%
! 2

t u ! ! 2
x u =

|u|p" 1u
(1 + x2)(1+ a)/ 2

in R " [0, # ),

u(x, 0) = "f (x), ! tu(x, 0) = "g(x), x $ R,
(3)

�\�\�p , (f, g ) $ C2(R) " C1(R), " > 0 �x	G
ü	–�^�M�Í�å�Ý�”�» , a % ! 1, p > 1 �q�b
�” . (3) �w�M���Ü�x , �³�á�ð�•�ç�À�³�ç�Ä�Ì�í�t�S�Z�” (1) �w�Ä� �Þ�Ã�ç�q�`�o�ß�Q�’�•
�” . a = ! 1 �w�q�V�x , 
²�p	\�‚�h�‘�O�t [11] �t�‘�“ , �b�‚�o�w p > 1 �t�0�`�o�r�U�Ì���G
�¬�$�t���O�`�s�M�\�q�U�˜�T�l�o�M�” . Kubo & Osaka & Yazici [13]�x , p > 1, pa > 1 �p ,
	s�8�‹�U�-��
:�T�m " �U	G
ü	–�^�Z�•�y , (3) �w�r�x�Ì���G�¬�$�t���O�` , p > 1, a % ! 1
�p , f ( 0, g(x) % 0 () x $ R),

&!
!/ 2 g(y)dy > 0 (0 < # < 1) �›�ˆ�h�b	s�8�‹�t�0�`�o�x ,

(3) �w�r�U�Ì���G�¬�$�t�x���O�`�s�M�\�q�›�Ô�`�h . �›�t , (3) �w�r�w�7�G���O�Ì���› T"

�q
¯�d�y , T" ' C"" p2
�q�s�”�\�q�‹�Ô�`�h . �\�\�p , C > 0 �x " �t�‘�’�s�M��
:�p�K�” .

�`�T�`�s�U�’ , �\�w
°�A�x	—�s�X�q�‹ a = ! 1 �w�q�V�t�x�7�&�p�x�s�M�\�q�U
ü�T�l�o�M
�” . �î�M , a = ! 1 �w�q�V�x , �7�G���O�Ì���U T" ' C"" (p" 1)/ 2 if

&
R g(x)dx *= 0 �p
°�A�^�•

�”�\�q�U Zhou [31]�t�‘�l�o�Ì�’�T�t�^�•�o�M�”�T�’�p�K�” . 	H�l�o , �f�‘�w�è�$�x Zhou
[31] �w�A�L�› a % ! 1 �w�q�V�t�¦�Á�b�”�\�q�U�è�$�q�s�” . �f�‘�x�Ž�<�w�A�L�›�˜�h .

Theorem 1 (K.Wakasa [28]) a % ! 1, p > 1 �q�b�” . f ( 0 �p , g $ C1(R) �x , g(x) %
0(*( 0) ) x $ R,

&1
" 1 g(y)dy > 0. �›�ˆ�h�b�q�b�” . �\�w�q�V�K�”
Y��
: " 0 = "0(g, a, p),

C = C(g, a, p) �U���O�`�o , 0 < " ' "0 �t�0�`�o

T" '

#
$

%

C"" (p" 1)/ (1" a) if ! 1 ' a < 0,
$" 1(C"" (p" 1)) if a = 0,
C"" (p" 1) if a > 0,

(4)
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�U
R�q�b�” . �\�\�p , $(s) = s log(2 + s) for s % 0 �p�K�” .

Theorem 2 (K.Wakasa[28]) a % ! 1, p > 1 �q�b�” . f $ C2(R), g $ C1(R) �x ,
+f +L ! (R ) < # , +g+L 1(R ) < # �›�ˆ�h�b�q�b�” . �\�w�q�V , �K�”
Y��
: c = c(f, g, a, p) �U
���O�`�o ,

T" %

#
$

%

c"" (p" 1)/ (1" a) if ! 1 ' a < 0,
$" 1(c"" (p" 1)) if a = 0,
c"" (p" 1) if a > 0,

(5)

�U
R�q�b�” .

	Â�Ì�w�¤�p�d�q�s�”�Ä�î�x , �ž�Í�Ù�Å�O�w�H�
�ˆ�Š�w
°�A�Ü�U , 1 �Í�i�þ�ˆ�M���Ü�w�r�w

¯�q�¬�Ü�w�›
Q�›�,�t�~�‘�p�V�h�\�q�t�K�” . �‡�h , 	s�8�‹�U�-��
:�p�K�”	Ô�ù�‹�r�w�7
�G���O�Ì���w
°�A�›�˜�”�\�q�U�p�V�” . �\�w�\�q�t�m�M�o�x , �è���¤�t	Ä�I�›	\�‚�”�\�q
�q�b�” .
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�¤��	Þ�ˆ���ˆ�q
€����
:

�Ù�º�y�3� �à (Konnai Shotaro) (
��•�G�¶�~�g )!

1. �‹�Ö
�7�ÿ�s Fuchs���M���Ü�x , addition �q middle convolution�q�z�y�•�”
â�^�›���v�s�ª�b
�\�q�t�‘�l�o�®�,�Š��� �̄w Schlesinger���M���Ü�w�«�å�µ�t�<�£�b�”�{�\�•�x�f�w�o�‹
R
�q�` , �7�ÿ�s Fuchs���x�0� �b�”�®�,�Š���¯�w�%�T�’ addition �q middle convolution�›
���v�s���“�&�b�\�q�p�Ï
R�p�V�”�{�°
`�t , �È�q�%�w middle convolution�t�‘�l�o�p�V
�” Schlesinger���M���Ü�x�®�”�´�!�õ�t�‘�”
Æ��
Q�›�’�`�o���‡�l�o�S�“ , �i�w�M���Ü�T
�’�p�V�”�M���Ü�w�é�.�$�s���›�'
Ý�b�”�\�q�x�†�r�p�V�s�M�{�f�w�h�Š , 
ž�A�s middle
convolution�w�s
:�U���M�„�r�|�M���Ü�›	Í	��X�Ï
R�b�”�\�q�x�É�`�X�s�l�o�X�”�{�`
�T�` , �{�O�0	Å�›�G�q�-��
•
ü�M���Ü�t�v���b�•�y�| middle convolution �t�‘�”
•
ü�M
���Ü�w�Ï
R�•�|�r�w�Ï
R�›�K�”���S
ª	j�=�b�”�b�”�\�q�U�p�V�” . �è���p�x�\�w�\�q
�›	º�p�` , �f�w
€���ð�J�•�w� �;�t�m�M�o	\�‚�”�{

2. �M���Ü�w�Ï
R
Schlesinger��	×
•
ü�M���Ü

d
dx

Y =
r!

k=1

Ak

x ! tk
Y (Ak " Mat( n; C)) (1)

�w�y
:�æ�»�w
Ê�› A = ( A1, . . . , Ar ) �p
¯�b�{ r �x�w�Í�å�Ý�”�»�w
Ê a = ( a1, . . . , ar ) "
Cr �t�0�`�o ,

adda (A ) = ( A1 + a1, . . . , Ar + ar ) (2)

�› A �w addition �q�z�•�{ A �w middle convolution�x�Í�w�‘�O�t 3�ˆ�Š�p���[�^�•�”�{

�H 1 �ˆ�Š (	Þ���ˆ ). Schlesinger���M���Ü�w�y
:�æ�»�w
Ê A �t�0�` , nr # nr �æ�»�w
Ê�y

B = ( B1, . . . , Br ); Bk =

"

#
O

A1 á á á Ak + µ á á á Ar

O

$

% (k = 1, . . . , r ) (3)

�q Schlesinger���M���Ü d
dx Z =

& r
k=1

B k
x" tk

Z �›�0� �^�d�”
â�^�› cµ(A ) = B �p
¯�` , A
�w	Þ���ˆ�q�z�•�{

�H 2 �ˆ�Š (K ���ÿ ). �y
:�æ�» Ak (k = 1, . . . , r ) �w�Š
:�› nk �q�b�” . �¤ Ak �›

Ak = PkQk; Pk " Mat( n, nk; C), Qk " Mat( nk, n; C) (4)

�q
ü�r�` , �Ò�é�¿�«�æ�» Q �›

Q =

"

#
Q1

. . .
Qr

$

% " Mat( 'n, nr ; C) ( 'n =
r!

k=1

nk) (5)

! e-mail: konnai@math.kobe-u.ac..jp
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�p���[�b�”�q , QBk = 'BkQ �›�¬�h�b 'Bk " Mat( 'n; C) �U�°�™�t���‡�” . �\�w 'B =
( 'B1, . . . , 'Br ) �q Schlesinger���M���Ü d

dx
'Z =

& r
k=1

!B k
x" tk

'Z �› B �w K ���ÿ�q�z�•�{

�H 3 �ˆ�Š (L ���ÿ ). 'B =
& r

k=1
'Bk �w�Š
:�› (n �q�b�” . �\�•�› 2�m�w�æ�»�w
u

'B = P0Q0; P0 " Mat( 'n, (n; C), Q0 " Mat( (n, 'n; C) (6)

�t
ü�r�b�”�{�\�w�q�V Q0
'Bk = (BkQ0 (k = 1, . . . , r ) �›�¬�h�b�æ�»�w
Ê (B = ( (B1, . . . , (Br )

�q Schlesinger���M���Ü d
dx

(Z =
& r

k=1
"B k

x" tk
(Z �U�°�™�t���‡�”�{�\�w�°�È�w
â�̂ �› mcµ(A ) =

(B �p
¯�` , A �w middle convolution �q�z�•�{
�Ž�<�p�x A �t�0� �b�” Schlesinger���M���Ü�x , �� (n1, . . . , nr ) �w�G�q�-���M���Ü�p

�K�l�o , �Ò�é�¿�«�æ�» A = ( Aij )r
i,j =1 �›�;�M�o

(x ! T)
d

dx
Y = AY ; T = diag( t1I n1 , . . . , tr I nr ) (7)

�q
¯�^�•�”	Ô�ù�›�ß�Q�”�{�\�w�q�V�Í�w���g�U
R�q�b�”�{

���g 1. �G�q�-���M���Ü (x ! T) d
dx Y = AY �t�S�M�o , 1�x�w�4�È k " { 1, . . . , r } �›
¬

�| , Ker(Akk + c) = 0 , Ker(Akk ! ! ) = 0 �q�>���b�”�{�\�w�q�V

A mc = add(0,...,!,..., 0) $ mc" ! " c $ add(0,...,c,..., 0)(A ) = ( Amc
1 , . . . , Amc

r ) (8)

�x , �Í�w�æ�» Amc �w���Š�”�G�q�-���M���Ü (x ! T) d
dx W = AmcW �q�‰�‹�p�K�”�{

Amc =

"

)
)
)
)
)
)
)
)
)
)
)
)
#

A1k(Akk + c)(Akk ! ! )" 1 (! + c)"1

Aij ! (! + c)#ij
...

... Aij

Ak" 1,k (Akk + c)(Akk ! ! )" 1 (! + c)"k" 1

Ak1 . . . Ak,k " 1 Akk 0 Ak,k +1 . . . Akr

$1 . . . $k" 1 0 ! $ k+1 . . . $r

Ak+1 ,k (Akk + c)(Akk ! ! )" 1 (! + c)"k+1

Aij
...

... Aij ! (! + c)#ij

Ark (Akk + c)(Akk ! ! )" 1 (! + c)"r

$

*
*
*
*
*
*
*
*
*
*
*
*
%

(9)
�\�\�p "i " Mat( ni , nk; C), $j " Mat( nk, nj ; C) �x�Í�w�����Ü�›�¬�h�b�‹�w�q�b�”�{

" i $j = Aij ! ! ! Aik (Akk ! ! )" 1Akj (i, j = 1, . . . , r, i, j %= k) (10)

�\�\�‡�p�w�é�x�E
:�$�s
â�^�t�‘�l�o Schlesinger���M���Ü�T�’	ý�`�M Schlesinger��
�M���Ü�›�^�l�h�t�b�W�s�M�{�`�T�` , �î�M�t�x�\�•�’�w�A�L�x�M���Ü�w�r�t�‡�p�^�æ�w
�0	Å�›�¦�Á�b�”�\�q�U�p�V�”�{�^�’�t , �G�q�-���M���Ü�p�x�G�q�-
ª	j�r�æ�»�q�M�O�r
�æ�»�›�b�;�`�o
€����
:�t���b�”�é�J�t� �;�b�”�\�q�U�p�V , �i�w�G�q�-���M���Ü (7)
�w
€����
:�q���g 1�w�G�q�-���M���Ü (9) �w
€����
:�w���w�����Ü�›�é�.�$�t�G	\�b�”
�\�q�U�D�ó�p�K�”�{�Ž�<�p�\�w�\�q�t�m�M�o	\�‚�”�{
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3. �G�q�-
ª	j�r�æ�»�q
€��
�Ž�< ,D = C\{ t1, . . . , tr } 	Í�w�G�q�-���M���Ü (7) �w A �q Akk �w�{���‹�x
T
:�)�›�Ë�h�s
�M�q�b�”�{�\�w�q�V ,(7) �w�r�q�`�o�¤�›�Ÿ�:�w	*�“�w�•�ˆ�›
¯�b

! (k) = F (k) (x)(x ! tk)A k , F (k) (x) " Mat( n; Otk ), F (k) (tk) = I n , (11)

�q�M�O���›�`�h�r�w�,�Š�æ�»�U	��•�”�{�\�w ! (k) (x) �›

! (k) (x) = (! (k)
1 , . . . , ! (k)

r ), ! (k)
j (x) " Mat( n, nj ; O( 'D)), (12)

�q
ü�Z ,! (k)
k �›	B�Š�h�r�›

!( x) = (! (1)
1 , . . . , ! (r )

r ) (13)

�q�S�V , �G�q�-
ª	j�r�æ�»�q�z�•�{�G�q�-
ª	j�r�æ�»�x�Í�w�‘�O�t�„�…�°
`�$�s�>���w
�<�p�r�w�,�Š�æ�»�q�s�”�{

���g 2. �G�q�-���M���Ü (7) �t�0�`�Í�›�>���b�”�{
(1):�Ò�é�¿�«�0�¯�A
É Akk (k = 1, . . . , r ) �w�{���‹�x
‡
T
: ,
(2):A �w�{���‹�x
Û
T
:�›�q�’�s�M
(3):Akk (k = 1, . . . , r ) �q A �w�{���‹�x 0�›	†�X
T
:�)�›�Ë�h�s�M
�\�w�q�V�G�q�-
ª	j�r�æ�»�x�r�w�,�Š�æ�»�{

�°
`�t , �G�q�-���M���Ü�w�r ! (j ) (x) �q ! (k)
k (x) �w�����x x = tk �t�S�M�o
Y���s�r�›

H (k)
j (x) �q�”�X�q , 
€����
: Ckj �›�;�M�o

! (j )
j (x) = ! (k)

k (x)Ckj + H (k)
j (x) (14)

�q
¯�b�\�q�U�p�V�”�{ %1, . . . , %r �›�f�•�g�• x = t1, . . . , x = tr �w	*�“�›�s�” D 	Í�w�Â

¢�q�`�z�f�w�G�q�-
ª	j�r�æ�»�t�0�b�”�r
s
€���U

%k! (x) = !( x)Mk (15)

�q
¯�^�•�”�q�b�”�{�b�”�q�z (14) �T�’ Mk (k = 1, . . . , r ) �x

M k =

"

)
)
)
)
)
)
#

1
. . .

(e(Akk ) ! 1)Ck1 á á á e(Akk ) á á á (e(Akk ! 1)Ckr
. . .

1

$

*
*
*
*
*
*
%

, e(Akk ) = e2"iA kk (16)

�q���?�t
¯�Ô�^�•�”�{
�G�q�-���M���Ü (9) �w�G�q�-
ª	j�r�æ�»�› ! mc(x), %j ! mc(x) = ! mc(x)M mc

j �q�b�”�{
�\�w�q�V M mc

j �x�G�q�-���M���Ü (9) �w���t�ù�˜�d�o�Í�w�‘�O�t
¯�b�\�q�U�p�V�”�{

M j =

"

)
)
)
)
)
)
#

1
. . .

(e(Ajj ! ! ! c) ! 1)Cmc
k1 á á á e(Ajj ) á á á (e(Ajj ! 1)Cmc

kr
. . .

1

$

*
*
*
*
*
*
%

, (j %= k)

(17)
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�\�\�p Cik = ( Ci (k1), Ci (k2)),

M mc
k =

"

)
)
)
)
)
)
)
)
)
#

1
. . .

(e(Akk ) ! 1)Cmc
(k1)1 á á á e(Akk ) 0 á á á (e(Akk ! 1)Cmc

(k1)r

(e(Akk ) ! 1)Cmc
(k2)1 á á á 0 e(! ) á á á (e(Akk ! 1)Cmc

(k2)r
. . .

1

$

*
*
*
*
*
*
*
*
*
%

(18)

Mk �q M mc
k �w�����x convolution�›�&���`�o�{�Š�”�\�q�U�p�V�”�{

Dx = C\{ t1, . . . , tr , x} �q�` ,p0 " D x �w &1(Dx, p0) �w
\
R�i ' 1, . . . , ' r , ' x �›�I�: p0

�q�`�h u = t1, . . . , tr , x �w	*�“�›�s�”�Â
¢�w�×�Þ�Ä�Ð�”�¨�q�b�”�{�\�w�q�V�Í�å�Ý�”�»
µ " C �t�0�` Euler �!�õ�› nr # n �w�Ò�é�¿�«�æ�»

I µ
L k

!( x) =
+ ,

L k

(x ! u)µ!( u)
du

u ! t i

- r

i =1

(k = 1, . . . , r ) (19)

�q�`�o���Š�”�{�\�\�p Lk �x u ���Ø Dx 	Í�w
u
ü�Ï�p Lk = L[tk , x] = ' " 1
x ' " 1

k ' x ' k �p��
�‡�”�Ï�{ convolution�›�ª�`�h�M���Ü (3) �w�r�x�\�w Euler�!�õ�t�‘�l�o�î�q�b�”�\�q�U
�p�V�z�Í�U
R�q�b�”�{

���g 3. �Ž�<�w 3�m�w	Ú�E
(i) :µ " C\ Z
(ii) :Ak(k = 1, . . . , r ) �w�Ÿ�s�”�{���‹�x
T
:�)�›�Ë�h�s�M�{
(iii) :Ak(k = 1, . . . , r ),A# ! µ = ! (A1 + . . . + Ar ) ! µ �x Z> 0 �w�{���‹�›�Ë�h�s�M�{
�w
R�q�›�>���b�”�{�\�w�q�V

I µ!( x) =
.
I µ

L 1
!( x), . . . , I µ

L r
!( x)

/
(20)

�x convolution�›�ª�`�h�M���Ü (3) �w�r�w�,�Š�æ�»�{

I µ !( x) �x�r�w�,�Š�æ�»�p�K�”�U , �î�M�x�†�r�G�q�-
ª	j�r�æ�»�q�!�˜�’�c�&�p�s�Ò
�é�¿�«�0�¯�æ�»�›�»�Z�o�•�”�\�q�p�Š�p�t�G�q�-
ª	j�r�æ�»�t�b�”�\�q�U�p�V�”�{

���g 4.
I µ !( x)R" 1, R = ( R1, . . . , Rr ) (21)

�x (3) �w�G�q�-
ª	j�r�æ�»�{�\�\�p

Ri = 'B (Aii , ! ! ! c + 1) , (i %= k)

Rk = 'B (Akk + c,! ! ! c + 1)
(22)

�p�Í�p���‡�” 'B �x�æ�»�‹�w�Õ�”�»��
:�p

'B (A, µ) := ( e(A) ! 1)(e(µ) ! 1)
, 1

0
uA" 1(1! u)µ" 1du, A " Mat( n; C), µ " C. (23)

���g 4 �›�b�;�`�z I µ !( x) �›	Í	��X���ÿ�`�o�•�”�\�q�p�G�q�-���M���Ü (9) �w�G�q�-

ª	j�r�æ�»�U�Ï
R�^�•�z
€����
:�w���t
R�q�b�”
´�=�Ü�U�‹	Z�^�•�”�{
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���g 5. (	����g ) �G�q�-���M���Ü (7) �w
€����
: Cij ,(i, j = 1, . . . , r ) �q�G�q�-���M���Ü
(9) �w
€����
: Cmc

ij ,(i, j = 1, . . . , (k1), . . . , r ) ���t�x�Í�w�����Ü�U
R�q�b�”�{

Cmc
ij =

0
1112

1113

+
ti ! tk

t j ! tk

- ! + c e( " 1
2 (! + c))"( ! + c ! Aii )

"( ! Aii )
Cij

"( Ajj ! ! ! c + 1)
"( Ajj + 1)

(j < i ; i, j %= k)

+
ti ! tk

t j ! tk

- ! + c e( 1
2(! + c))"( ! + c ! Aii )

"( ! Aii )
Cij

"( Ajj ! ! ! c + 1)
"( Ajj + 1)

(i < j ; i, j %= k),

(24)

Cmc
i (k1) =

0
112

113

(ti ! tk)! + ce( 1
2(! + c))

"( ! + c ! Aii )
"( ! Aii )

Cik
"( Akk ! ! )
"( Akk + c)

(i < k )

(t i ! tk)! + ce( " 1
2 (! + c))

"( ! + c ! Aii )
"( ! Aii )

Cik
"( Akk ! ! )
"( Akk + c)

(k < i )
(25)

Cmc
(k1)j =

0
112

113

! e( " 1
2 (! + c))( t j ! tk )" ! " c "(1 + ! ! Akk )

"(1 ! Akk ! c)
Ckj

"( Ajj ! ! ! c + 1)
"( Ajj + 1)

(j < k )

! e( 1
2(! + c))( t j ! tk )" ! " c "(1 + ! ! Akk )

"(1 ! Akk ! c)
Ckj

"( Ajj ! ! ! c + 1)
"( Ajj + 1)

(k < j )

(26)

�€�ß���Y
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�Ø�”�µ	Ô�q
ì�“�^�;�b�”�”� �%�w�Û���w

�,��	Ý�6�t�0�b�”	V�@�S�w
°�A


§
’�G	% (Daiju Funakawa)!

�z�‚�“�G�¶
$�œ�]�� 3 �å

�²�“�A�³

�Î�ç�Õ�ç�Ä�í��	Í�w
•�ˆ�w�Ö�l�h�×�~�ž�þ�^�;
É�t�m�M�o , �,��	Ý�6�t�0�b�”	V�6�S�›	Í�T�’
°�A�b�” . �^�’�t�Ø�”�µ	Ô�q


ì�“�^�;�b�”�”� �%�w�Û���›���[�` , �\�w�Û���U�×�~�ž�þ�p�,��	Ý�6�›�Ë�m�\�q , �,��	Ý�6�t�0�b�”	V�6�S�w	Í�T�’�w
°�A

�›�)�Q�” .

1 �Þ�½�Õ�”�³�ã�ï�t�|	����g

1.1 �Þ�½�Õ�”�³�ã�ï

�y�Š�Z�€�x�Ý	-�G�¶�w�•�a�¯�U 2005�å�t�æ�l�h�Z�€ [H1] �w�°
`�=�p�K�” . 	Ô�w�”� �æ�t�S�M�o�,��	Ý�6�w���O
Q�›�t

�t�b�”�\�q , �t�|�,��	Ý�6�t�S�Z�”	V�@�S�›�{�Š�”�\�q�x	O�A�s�Z�€�w�°�m�q�s�l�o�M�” . �,��	Ý�6�w���O�‡�h�x
‡���O�w

	Â�Ì�x [AH, AHH1, GLL] �s�r�p�7�‘�s	��O�U�˜�’�•�o�V�h . �,��	Ý�6�t�S�Z�”	V�@�S�t�m�M�o�‹�M�X�m�T�-�‰�M�O�x�K�”

�U, �°
`�æ�x
:	—�s�M . �Ñ�£�ç�Û�¦�ï�›�ß�€�`�s�M	Ô�ù�w�Ë�Û�ç�Ä�Ç�ž�ï�t�m�M�o�,��	Ý�6�t�S�Z�”	V�6�S�›�-�‰�b�”�M ,


Z��
:
u
ü
¯�Ô�›�–�;�`�-�‰�b�”�M�O�‹�K�” . �`�T�` , �Ñ�£�ç�Û�¦�ï�›�ß�€�`�h	Ô�ù , �q�ˆ�Š�p�x
Z��
:
u
ü
¯�Ô�›�–�l�o

�,��	Ý�6�t�0�b�”	V�6�S�›�-�‰�b�”�\�q�U	Z�R�s�M . �\�w	Ô�ù�w�°�m�w�r�>�q�`�o [H1] �t�‘�l�o�y
•�ˆ�ò�U
‡
•�ˆ�ò�t�0

�`�o
ì�0���„�s	Ô�ù�x�,��	Ý�6�t�S�Z�”	V�@�S�›	Í�T�’
°�A�b�”�M�O�U�˜�’�•�h . �f�`�o , �Š�Z�€�t�‘�“
ì�“�^�;�ò�U
‡
•

�ˆ�ò�t�0�`�o
ì�0���„�p�s�M	Ô�ù�t�‹ , �,��	Ý�6�t�S�Z�”	V�6�S�U	Í�T�’
°�A�p�V�”�\�q�U�˜�’�•�h . �\�w�Z�€�x	ý�ª�Ç�$

�­	$�q�w�ž�‰�Z�€�p�K�” . �Š�è���p�x�Š�Z�€�w� �;�«�q�`�o�Ø�”�µ	Ô�q
ì�“�^�;�b�”�”� �%�w�Û���›���[�` , �,��	Ý�6�w	V

�6�S�›	Í�T�’�w
°�A�t�m�M�o
C
¯�b�” . �y�y

1.2 	����g

�y�Š�´�p�x�Î�ç�Õ�ç�Ä�í�� H 	Í�w
¢���^�;
É T �w���[�¬�› D(T) �p
¯�b�\�q�q�b�” . �‡�h , T �w�µ�Ö�«�Ä�ç�› ! (T) �p
¯

�` , T �U�<�t���„�s	Ô�ù , T �w�µ�Ö�«�Ä�ç	B�ù ! (T) �w�<�v�› T �w�7�ÿ�¤�É�ç�ª�”�q�z�| , E0(T) �q	{�X :E0(T) := inf ! (T).
�^�’�t ker(T " E0(T)) ! {0} �w	Ô�ù ,T �x�,��	Ý�6�›�Ë�m�q�t�M , dim ker(T " E0(T)) �› T �w�,��	Ý�6�t�0�b�”	V�6�S�q�z�| ,
m(T) �p
¯�b :m(T) := dim ker(T " E0(T)). �‡�h , H �T�’ ker(T " E0(T)) �•�w
Y�ù�è�^�;
É�› PT �p���[�b�” .

�y�Î�ç�Õ�ç�Ä�í�� H 	Í�w
‡
Û�s�×�~�ž�þ�^�;
É A0, A1, á á á, An n = 1, 2, á á á�t�0�`�o A0 #
! n

j=1 Aj �p�K�”�\�q�› ,
$n

j=1D(A1/ 2
j ) %D(A1/ 2

0 ) �p�K�“ , �Í�w
Æ�s�Ü�U
R�“�q�m�\�q�q���[�b�” : �y

�y &A1/ 2
0 ", A1/ 2

0 " ' (
n"

j=1

&A1/ 2
j ", A1/ 2

j " ' " ) $ n
j=1D(A1/ 2

j ).�y

! E-mail:funakawa@math.sci.hokudai.ac.jp
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H0 �› H 	Í�w�<�t���„�s�×�~�ž�þ�^�;
É�q�` ,HI �› H 	Í�w�0	¶�^�;
É�q�b�” . �‡�h , �\�w 2 �m�w�^�;
É�w�è

H := H0 + HI

�x�<�t���„�s�×�~�ž�þ�^�;
É�p�K�”�q�b�” . �\�\�p , H �w���[�¬�x D(H) := D(H0) $ D(HI) �q���[�b�” .

�‡�h , �Ž�<�w 3 	Ú�E (�>�� 1�™�>�� 3) �›�>���b�” .
�>�� 1 (i)H0 �q H �x�,��	Ý�6�›�Ë�j , m(H0) < * �p�K�” .

(ii)H 	Í�w
‡
Û�×�~�ž�þ�^�;
É L �p

I # L + PH0

�q�s�”�‹�w�U���O�b�” .
(K, ! , µ) �› ! " ���v�s���S�í���q�` , # �› K 	Í�w
‡
Û�s ! �D����
:�p 0 < # (k) < * , µ" a.e.k ) K �›�¬�h�b�‹�w�q�b�” . �‡

�h , �¤ s ) R �t�0�`�o X := L2(K, dµ) �w
æ
ü�í��

Xs := { f ) X |
#

K
# (k)s| f (k)|2dµ(k) < *} , s ) R.

�›���[�b�” . �‡�h , H 	Í�w���µ�s��
¢���^�;
É�w�� {A( f )| f ) X} �U���O�` , �¤ f ) X �t�0�`�o D(L1/ 2) %D(A( f )) �q , �Ú�™�w

" ) D(L1/ 2) �t�0�`�o

A(z f + wg)" = z! A( f )" + w! A(g)", f ) X, z,w ) C

�›�¬�h�b�q�b�” . �\�\�p z! �x z ) C �w
ó
É�ž�þ�›
¯�b . �^�’�t�Í�w
¢���^�;
É�›���[�b�”�•

A0( f, t) := e" itH0A( f )e+itH0, t ) R, f ) X

�>�� 2 (i) �K�” $ ) (0, 1] �q %+ 0 �t�m�M�o , �Ú�™�w f ) X" %�t�0�`�o A( f ) �x H$
0 �t�0�`�o
ì�0���„�p�K�” .

(ii)H$
0 �w

 D �U���O�`�o , �Ú�™�w f ) X" %�t�0�`�o D 	Í�p s-limt,* A( f )eitH0 = 0 �U
R�q�b�” .

(iii) �K�”���µ�s
æ
ü�í�� Y %X" %	Í�w�Ú�™�w f ) Y �q�Ú�™�w t ) R �t�m�M�o , (H0,A0( f, t)) �x D(H) 	Í�t	��¦�õ� 

[H0, A0( f, t)]D(H)
w �›�Ë�j , [H0, A0( f, t)]D(H)

w �x D(H) 	Í�p t �t�m�M�o�§�È���p�K�” .

(iv) �¤ " ) D(H) �q f ) Y �t�0�`�o A0( f, t) �x t �t�m�M�o�§
•
ü�D�ó�p�K�“ ,

dA0( f, t)"
dt

= " i[H0, A0( f, t)]D(H)
w ", t ) R.

(v) �Ú�™�wt ) R, f ) Y �t �0�` �o (HI, A0( f, t)) �x D(H) 	 Í �p	 � � ¦ �õ �   � › �Ë� j , �Ú�™�w" ) D(H) � t �0�` �o

[HI, A0( f, t)]D(H)
W " �x t �t�m�M�o�§�È���p�K�” . �^�’�t µ-a.e.k ) K �t�0�`�o D(T(k)! ) $ D(T(k)) - D(H) �›�¬�h

�b H 	Í�w���µ�s
¢���^�;
É T(k) �U���O�` , �Ž�<�›�¬�h�b�•

(a) �Ú�™�w", & ) D(H) �q f ) Y �t�0�`�o
$

K
|f (k)&&,T(k)" '|dµ(k) < * �›�¬�h�` , �Ú�™�wt ) R �t�0�`�o�Ž�<�U
R�q

�b�” :

&&,[HI, A0( f, t)]D(H)
W " ' =

#

K
ei# (k) f (k)! &&,T(k)" ' dµ(k).

(b) �Ú�™�w' ) PHH �q f ) Y �t�0�`�o�Ž�<�U
R�q�b�” .
#

K
|f (k)|# " n(k).T(k)' .dµ(k) < * , n = 0, 1

(c) ���µ�s
æ
ü�í�� Y0 %Y �U���O�`�o�Ú�™�w " ) D, f ) Y0 �q ' ) PHH �t�0�`�o�Í�U
R�q�b�” :
# *

0

%%%%

#

K
f (k)! &", eis(H" E0(H)+# (k)T(k)' ' dµ(k)

%%%%ds< * .

�>�� 3 X 	Í�w
Y�F�Ú�¦�% {en}n �p en ) Y, n ) N �q�s�”�‹�w�q ( 0 ) [0, 1) �U���O�`�o�Í�›�¬�h�b :

sup
' ) D(L1/ 2)$PHH , . ' .=1

&
. L1/ 2' . 2 "

*"

n=1

. A(en)' . 2
'

( ( 0.
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���g 1(A.Arai and D.Funakawa 2015)�>�� 1-3 �›�>���b�” . �‡�h , (K, ! ) 	Í�w
‡
Û��
: f1, f2 �U���O�`�o f1 + # " 1 f2 ) X �q

) := . f1 + # " 1 f2. 2 < 1 " ( 0,

.T(k)! " . ( f1(k). (H " E0(H) + # (k))" . + f2(k). " . , µ " a.e.k ) K

�U
R�q�b�”�q�>���b�” . �\�w�q�V (i)(ii) �U
R�q�b�” :
(i) �Ú�™�w' ) PHH �x PH0H �q overlap�b�” .
(ii)

dimD(L1/ 2) $ PHH (
1

1 " ) " ( 0
m(H0)

�^�’�t ) + ( 0 < 1
m(H0)+1 �q PHH %D(L1/ 2) �›�>���b�” . �\�w�q�V

(iii)

m(H) (
1

1 " ) " ( 0
m(H0)

�U
R�q�b�” . �›�t m(H0) = 1, ) + ( 0 < 1/ 2 �w	Ô�ù m(H) = 1 �p�K�” .

2 �«�• QB �Þ�Ã�ç

2.1 �Ø�¹�ï�Ñ�¥�¿�«�í���q QB �Þ�Ã�ç�w���[

���g 1 �›�–�M , 	Ô�w�”� �æ�w�Û���w	V�@�S�›	Í�T�’
°�A�`�o�ˆ�” . �f�w�h�Š�t , �Ñ�¥�¿�«�í���q�z�y�•�”�Î�ç�Õ�ç�Ä�í��

�q , �Ñ�¥�¿�«�í��	Í�w	O�A�s
¢���^�;
É�t�m�M�o���[�›�)�Q�” . W �›�D
ü�s�Î�ç�Õ�ç�Ä�í���q�b�” . �\�w�Ì , �Í�w�‘�O�t�`�o

�Ø�¹�ï�Ñ�¥�¿�«�í���›���Š�” :

Fb(W) := / *
n=0 0n

s W = {" = (" (n))n | " (n) ) 0 n
sW, n = 0, 1, á á á }.

�\�\�p , 0n
s �x n 	O�0	¶�Â�ï�¹�ç
u�›
¯�b . �¤ f ) W �t�0�`�o , �Ø�¹�ï�Ñ�¥�¿�«�í��	Í�p�^�;�b�”
\
R�^�;
É�›�Í�p���[�b�” .

D(a( f )! ) := {" ) Fb(W)|
*"

n=0

. (a( f )! " )(n). 2 < *}

(a( f )! " )(n) = an" 1( f )! " (n" 1)

an( f )! " (n) =
1

n + 1Sn( f 0 " (n)).

�\�\�p , Sn �x 0nW 	Í�w�0	¶�=�^�;
É�p�K�” . 
\
R�^�; a( f )! �x���^�;
É�p�K�“ , 
\
R�^�;
É�w�ž�þ�p�Ø�¹�ï�Ñ�¥�¿�«�í��	Í

�w	«�Ó�^�;
É�›���[�b�”�•

a( f )" := (a( f )! )! " .


¢���^�;
É T, S �t�0�`�o , �¦�õ�  [T,S] �› [T, S] := TS " S T �q���[�b�” . �‡�h , �Ø�¹�ï�Ñ�¥�¿�«�í���w���µ�s
æ
ü�í���q

�`�o�Í�w���v�{� 
æ
ü�í���›���Š�”�•

Fb,0(W) := {" ) Fb(W)| �K�” N ) N �U���O�`�o , �Ú�™�wn > N �t�0�`�o " (n) = 0}.

�\�w�q�V , 
\
R�~	«�Ó�^�;
É�x�Í�w
Y	j�¦�õ�����q�z�y�•�”	O�A�s�����›�¬�h�b�•

[a( f ), a(g)! ] = &f, g' , [a( f ), a(g)] = [a( f )! , a(g)! ] = 0 onFb,0.

�³�”�¨�ç�w	Ô�w�^�;
É�q�z�y�•�”�Ø�¹�ï�Ñ�¥�¿�«�í��	Í�w
¢���^�;
É�x�Í�p���[�^�•�”�•

' ( f ) :=
1
1

2
(a( f ) + a( f )! ).

�\�w�^�;
É�x�D���^�;
É�p�K�“ , ���A�›	��l�h�^�;
É�›�‰�a ' ( f ) �p	{�X�\�q�q�b�” .' ( f ) �x�×�~�ž�þ�^�;
É�p�K�” .

250



�‡�h , W 	Í�w
‡
Û�p�o�ù�s�×�~�ž�þ�^�;
É T �t�0�`�o , �Ø�¹�ï�Ñ�¥�¿�«�í��	Í�p�^�;�b�”�H 2 �”� �=�^�;
É�›�Í�p���[

�b�”�•

D(d#b(T)) := {" ) Fb(W)|
*"

n=0

.d#b(T)(n)" (n). 2 < *} ,

d#b(T)(n)" (n) :=
n"

j=1

(I 0 á á á 0T 0 á á á 0I)" (n),

d#b(T)(0) := 0.

�\�w�q�V , �H 2 �”� �=�^�;
É d#b(T) �x�×�~�ž�þ�p�K�“ , �‡�h E0(d#b(T)) = 0 �q�s�” . �›�t d#b(T) �w�,��	Ý�6�x�Ø�¹�ï

�Ñ�¥�¿�«
��í�q�z�y�•�”�Í�w�‚�«�Ä�ç�p�K�”�•

$ b := (1, 0, 0, á á á) ) Fb(W).

� Í � t � Î �ç �Õ�ç�Ä�í � � H �› 	 � � ” . � { �   �w�¤�É�ç�ª � ” � › 
 ¯ �b�^ � ; 
É�q�` �o H 	Í � t �‡�X�<� t � � � „ �s �×�~�ž�þ�^ � ; 
É

A �›	 � �” . �‡�h , H 	Í�p�‡�X
‡
Û�s�×�~�ž�þ�^�; 
É Bj, j = 1,2,3,4 �›	 � �” . �‡�h , Rd 	Í �Ø�è�ç�D�� �s� � 
 : # QB �p

0 < # QB(k) < * , a.e.k ) Rd �›�¬�h�b�‹�w�›	��” . �\�w # QB �t�‘�” L2(Rd) 	Í�w�»�Z�‰�^�;
É�›�‰�a�G�ø # QB �p	{�X . �^�’�t

L2(Rd) 	Í�w��
: * �›	��” .
�Ž	Í�w���[�T�’ , �Ø�”�µ	Ô�q
ì�“�^�;�b�”�”� �%�w�Û���q�`�o F := H 0 Fb(L2(Rd)) �p�‡�X QB �Þ�Ã�ç�›�Í�p���[�b�”�•

HQB := A 0 I + I 0 d#b(# QB) +
4"

j=1

gj Bj 0 ' (* ) j .

�\�\�p gj ) R �x�A�ù��
:�q�z�y�•�”�î
:�p�K�“ , �›�t g4 > 0 �›�¬�h�b�‹�w�q�b�” . �Ž�< , HQB
0 := A 0 I + I 0 d#b(# ),

Hint :=
!

gj H j , H j := Bj 0 ' (* ) j j = 1, 2,3,4 �q�`�o���g 1 �›�–�M , QB �Þ�Ã�ç�w	V�@�S�›	Í�T�’
°�A�b�” .

2.2 	����g

QB �Þ�Ã�ç�t�0�`�o�Í�›�>���b�”�•

(QB.1) �¤ j = 1,2,3,4 �t�0�`�o , BJ �x A �q�§�D�õ�p�K�” . �b�s�˜�j , BJ �w�µ�Ö�«�Ä�ç���S�q A �w�µ�Ö�«�Ä�ç���S�x�D�õ�p

�K�” .
(QB.2) * ) D(# QB) $ D(# " 1/ 2

QB ).
R+ := {g ) R | g > 0} �q�b�” .
���g 2

(QB.1),(QB.2)�›�>���b�” . �\�w�Ì , 
¶�o�w (g1, g2, g3, g4) ) R3 2 R+ �t�0�`�o HQB �x D(HQB) = D(HQB
0 ) $ D(H4) 	Í�w�×�~

�ž�þ�^�;
É�p�K�” .

(QB.3) # QB �x�Í �w (1) �q (2) �› �¬�h�b . (1) 	B�ù K# QB := {k ) Rd|# QB(k) = 0} �w�ç�Õ�”�¬� � �S�x 0 �p�K�” . �‡�h ,
# QB ) C* (Rd\ KQB) �U
R�q�b�” . (2) �ç�Õ�”�¬���S 0 �w
æ
ü	B�ù K %Rd �U���O�` , �Í�›�¬�h�b :

# QB ) C* (Rd\ K),
+#QB

+kn
(k) ! 0, n = 1, á á á, d, k = (k1, á á á, kd) ) Rd\ K.

(QB.3) �w�«�q�`�o�Í�w��
:�U�K�” . Rd 	Í�w��
: # QB �› # QB(k) = |k2 + m2|p, p > 0, m + 0 �q���[�b�” . �\

�w�Ì , m = 0 �w	Ô�ù�x K# QB = {0}, K = 3d
n=1{(k1, á á á, kd) ) Rd|kn = 0} �q�s�“ , m > 0 �w	Ô�ù�x K# QB = ' ,

K = 3d
n=1{(k1, á á á, kd) ) Rd|kn = 0} �q�s�” .

(QB.4) A �x�¯�ï�Í�«�Ä�è�º�ç�ð�£�ï�Ä�›�Ë�m .
�\�w�Ì , �›�t��
: , > 0 �U���O�` , 0 < , < ! (A)\{ E0(A)} " E0(A) �›�¬�h�b .

(QB.5) * ) D(# " 1
QB).

(QB.6) * �x kj ) R, j = 1, á á á,d �t�m�M�o
•
ü�D�ó�p�K�” .
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(QB.7)
#

Rd

%%%%
(+j* (k))
# QB(k)

%%%%
2

+
%%%%(+j# QB(k))

* (k)
# QB(k)2

%%%%
2
dk < * .

�\�\�p , +j := +
+kj

�p�K�” .

(QB.8) * �w�F�x���„�p�K�” .
�y

���g 3

(QB.1)-(QB.8)�›�>���b�” . �\�w�Ì , �Ú�™�w(g1, g2, g3, g4) ) R3 2 R+ �t�0�`�o HQB �x�,��	Ý�6�›�Ë�m .

�«�™�•�,��	Ý�6�w���O
Q�x�A�ù��
:�t
M�v�›�»�Z�•�y�>�� (QB.3)-(QB.8)�›�Y�l�q�n�’�b�\�q�U�p�V�” .
(QB.9) * ) C2(Rd).
(QB.10) |g3| = O(g1+$

4 ) $ > 0.
�y

���g 4

(QB.1)-(QB.10)�›�>���b�” . �\�w�Ì	G
ü	–�^�s�A�ù��
: |gj | j = 1, 2, 3, 4, �t�0�`�o , �Í�U
R�q�b�” .

m(HQB) ( m(A).

�›�t A �w�,��	Ý�6�t�S�Z�”	V�@�S�U 1 �p�K�”�Ì�t�x , 	G
ü	–�^�s�A�ù��
: |gj | j = 1,2, 3, 4 �t�0�`�o HQB
0 �w�,��	Ý�6�t�S

�Z�”	V�@�S�‹ 1 �p�K�” .
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Remarks on KatoÕs inequality when !pu is a measure

Toshio Horiuchi, Xiaojing Liu

December 25, 2015

1 Introduction

Let ! be a bounded domain of R N (N ! 1). In this article, we shall study KatoÕs inequality
when " pu is a measure. By "pu we denote a ap-Laplace operator:

" pu = div ( |" u|p! 2" u), (1.1)

where 1< p < # and " u = ( !u/!x 1, !u/!x 2, . . . , !u/!x N ).

The classical KatoÕs inequality for a Laplacian asserts that given any functionu $ L 1
loc (!)

such that " u $ L 1
loc (!), then " u+ is a Radon measure and the following holds:

" u+ ! " [u" 0]" u in D #(!) , (1.2)

whereu+ = max[ u, 0]. A similar inequality holds when " u is replaced by " pu under additional
assumptions on distributional derivatives of u $ L 1

loc (!) (see e.g. [7, 8, 10] ).
Our main result ( see Theorem 2.1 and Corollary 2.1 below) further extends KatoÕs inequality

involving " p to the case where "pu $ M (!), where M (!) denotes the space of Radon measures
on !. In other words, µ $ M (!) if and only if , for every # %%!, there exists C! > 0 such
that |

!
! $ dµ| & C! ||$||L ! , for any $ $ C$

c (#).
We begin with recalling that for any µ $ M (!) can be uniquely decomposed as a sum of

two Radon measures on ! (see e.g. [4, 6]) :µ = µd + µc, where
"
#$

#%

µd(A) = 0 for any Borel measurable setA % ! such that Cp(A, !) = 0 ,

|µc|(! \ F ) = 0 for some Borel measurable setF % ! such that Cp(F, !) = 0 .

(1.3)

Here by Cp(K, !) we denote a p-capacity of a Borel setK relative to ! (for the precise deÞnition
see DeÞnition 2.3 in¤2). We note that (µd)+ = ( µ+ )d and (µc)+ = ( µ+ )c hold by the deÞnition.

Then we recall an admissible class of functions for the strong maximum principle in [10]:

DeÞnition 1.1. (Admissible class in W 1,p"

loc (!)) Let 1 < p < # and p% = max(1 , p ' 1). A
function u $ W 1,p"

loc (!) is said to be admissible if and only if" pu $ M (!) and there exists a
sequence{ un } $

n =1 % W 1,p
loc (!) ( L $ (!) such that:

1. un ) u a.e. in ! , un ) u in W 1,p"

loc (!) as n ) # .

2. " pun $ L 1
loc (!) ( n = 1 , 2, á á á) and

sup
n

|" pun |(#) < # for every # %%! . (1.4)

1
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Proposition 1.1. 1. Assume that a function u $ W 1,p"

loc (!) is admissible. Then u+ =
max[u, 0] and u! = max[ ' u, 0] are also admissible.

2. Assume thatp = 2 . Then a function u $ W 1,1
loc (!) is admissible if " u $ M (!) .

3. A function u $ W 1,p
0 (!) is admissible if " pu $ M (!) .

2 Main results

Theorem 2.1. Let N ! 1, 1 < p < # and ! be a bounded domain ofR N . Let # be a C1

convex function such that0 & # # < # on R . Let u $ L 1
loc (!) if p = 2 and let u $ W 1,p"

loc (!) if
p *= 2 . Assume that " pu $ M (!) . Moreover if p *= 2 , assume thatu is admissible in the sense
of DeÞnition 1.1. Then we have

" p#( u) ! # #(u)p! 1(" pu)d ' || # #||L ! (R ) (" pu)!
c in D #(!) . (2.1)

From this theorem it follows that we have:

Corollary 2.1. Assume the same assumptions in Theorem 2.1. Then it holds that

" p(u+ ) ! " [u" 0] (" pu)d ' (" pu)!
c in D #(!) , (2.2)

" p|u| ! sgn(u)(" pu)d ' | " pu|c in D #(!) , (2.3)

where sgn(t) = 1 for t > 0, sgn(t) = ' 1 for t < 0, and sgn(0) = 0.

Theorem 2.2. ( Inverse maximum principle ) Let N ! 1, 1 < p < # and let ! be a
bounded domain ofR N . Let u $ L 1

loc (!) if p = 2 and let u $ W 1,p"

loc (!) if p *= 2 . Assume that
u ! 0 a.e. in ! and " pu $ M (!) . Moreover if p *= 2 , assume thatu is admissible in the sense
of DeÞnition 1.1. Then we have

(' " pu)c ! 0 in ! . (2.4)

Example 1. Let u = |x|" for %= ( p ' N )/ (p ' 1).

1. u satisÞes
" pu = %|%|p! 2cN &,

where & denotes a Dirac mass andcN denotes the surface area of theN -dimensional
unit ball B1. It is easy to see that |" u| $ L 1

loc (!) if and only if p > 2 ' 1/N . When
1 < p & 2 ' 1/N holds, we can consideru as a renormalized solution. We recall that if
p & 2 ' 1/N , then we cannot expect the solution of an equation of the form" pu = f (a
Radon measure) to be inW 1,1

loc (!) . For the detail, see e.g. [1, 2, 5, 11, 12].

2. If 2 ' 1/N & p & N , then (' " p(u+ )) c = ( ' " pu)+
c = ' %|%|p! 2cN & ! 0. If p > N , then

(' " p(u+ )) c = ( ' " pu)+
c = 0 and " p(u+ ) ! " [u" 0] (" pu)d = %|%|p! 2cN &! 0.

3. When p > 2 ' 1/N , u is admissible in W 1,p"
(B1). In fact, u = |x|" is approximated by a

sequence of admissible functionsv" (n ) = |x|" (n ) $ L 1(B1) where %(n) = %+ 1 / (n(p ' 1))
(n = 1 , 2, á á á). Then, in the sense of measures we have

" pv" (n ) =
1
n

|%(n)|p! 2%(n)|x|1/n ! N ) " pu as n ) # .

Therefore there exits a sequence{ n" (n ) } such that{ n" (n ) } ) # as n ) # and a sequence
of molliÞcation { (v" (n ) )

n ! ( n )
# } satisÞes the conditions in DeÞnition 1.1

2
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3 Lemmas

Let us describe lemmas which are useful for the proof of the main results. Givenk > 0, we
denote by Tk :R ) R a truncation function

Tk (s) :=

"
#$

#%

k if s ! k,
s if ' k < s < k ,
' k if s & ' k.

(3.1)

SinceTk |R + is concave, we have the following lemma in the spirit of the standardL 1-version of
KatoÕs inequality (see [9]).

Lemma 1. Assume that v $ W 1,p
loc (!) , " pv $ L 1

loc (!) and v ! 0 a.e. in ! . Then, for any
k ! 0 we have

" p(Tk (v)) & tk (v)" pv in D #(!) , (3.2)

where the function tk : R + ) R is given by

tk (s) :=

&
1 if 0 & s & k,
0 if s > k.

Lemma 2. Let N ! 1, 1 < p < # , p *= 2 and ! be a bounded domain ofR N . Let # be aC1

convex function such that0 & # # < # on R . Let u $ W 1,p"

loc (!) . Assume that u is admissible
in the sense of DeÞnition 1.1. Then we have the followings:

1. Tk (u) $ W 1,p
loc (!) for every k > 0. Moreover, given # %%## %%! , there exist positive

constant C such that
'

!
|" Tk (u)|p & Ck

( '

! #
|" pu| +

'

! #
|" u|p! 1

)
, (3.3)

where positive constantC are independent on eachu.

2. If u ! 0 a.e. in ! , then " p(Tk (u)) is a Radon measure for everyk > 0 and we have

" p(Tk (u)) & (" pu)+ in ! . (3.4)

The next lemma is seen in [3]; Theorem 2.1.

Lemma 3. Let 1 < p < # . Let ' $ M (!) . Then ' $ L 1(!) + W ! 1,p#
(!) if and only if ' is a

di!use measure. Here p# = p/ (p ' 1) and W ! 1,p#
(!) is the dual space ofW 1,p

0 (!) .

When p = 2, the next lemma is seen in [4]; Lemma 2.1.

Lemma 4. Assume that' $ M (!) is a di!use measure with respect top-capacity ( i.e. ' c = 0 ).
Let { vn } be a sequence inL $ (!) ( W 1,p

0 (!) such that ||vn ||$ & C and vn ) v weakly in
W 1,p

0 (!) . Then
vn ) v in L 1

loc (!; d' ).

Equivalently, there exists a subsequence{ vn k } converging tov |' |-a.e. in ! . Here L 1
loc (!; d' ) =

{ f :
!

! |f | d' < # , +# %%! }

Without loss of generality in the proof of Theorem 2.1, we may assume that #$ C2(R ),
0 & # # & 1 and ###has compact support inR . Since # is convex and ## is uniformly bounded,
we see that both limit lim t &±$ # #(t) exist. Then we prepare the following lemma.

Lemma 5. Assume u $ W 1,p"

loc (!) is admissible. Let $ $ C$
0 (!) . Let # be a C2 convex

function such that supp ###has compact support and

sup
t ' R

(# #(t)) p! 2# ##(t) < # . (3.5)

Then # #(un )p! 1$ ) # #(u)p! 1$ weakly in W 1,p
0 (!) as n ) # .

3
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Zero-point of continuous closed 1-form and

Lusternik-Schnirelman type Category

�I�� �°�[ Kazuyoshi Watanabe (�f�z�G�¶�g�¶�Z�€�J
:�¶
•�È )!

1 Introduction

closed 1-form�x Novikov �g�æ�s�r�M�–�M�–�s���Ø�T�’�Z�€�^�•�o�S�“ , �q�O�p�x Symplectic �2�?�s�r


:�¶�w�7�‘�s
ü�ú�p� �;�^�•�o�M�” . 2002 �å�t�x M.Farber �t�‘�“ closed 1-form �t�0�b�” Lusternik-

Schnirelmann ���g�æ�U�Z�€�^�•�h . Lusternik-Schnirelmann category �q�x�•
ì�í���t�0�`�o�?�•�w�D	V�s

open set�p
ƒ
ô�p�V�”�T�q�M�O�”�p�K�” . �y�/�$�s Lusternik-Schnirelmann �g�æ�x���7�.�w category �U�s�Š

�’�T�s��
:�w�›�Ÿ�:�w�x
:�w�<�„�t�s�l�o�M�”�U , 1-form �t�h�M�b�” Lusternik-Schnirelmann �g�æ�x 1-form

�w�µ�:�w�x
:�i�Z�p�s�X , �×�Þ�«�æ�Ç�¿�«�±� �«�ç�q�M�O���7�.	Í�w�—�¶�%�t���b�”	Ø�C�‹�)�Q�” . �¯�×�Þ�é

�´�”�«�å�µ�t�����b�” category �›���[�b�”�h�Š�t Farber �x�•
ì�í��	Í�w closed 1-form�›���[�`�h . �\�•�›

�È���$�s closed 1-form�q�z�•�\�q�t�b�” . �\�w�è�Ù�”�Ä�p�x�È���$�s closed 1-form�t�|�¯�×�Þ�é�´�”�«�å

�µ�t�����`�h Lusternik-Schnierelmann Category�t���b�”�A�ÿ�›	\�‚ , ���7�.�t�v�’�c CW-complex 	Í�p

�È���$�s closed 1-form�w�µ�:�›�&
~�t���Š�”�\�q�p
²	\�w Lusternik-Schnirelmann category�t���b�”���g

�U
R�q�b�”�\�q�›	º�p�b�” .

2 Continuous closed 1-form

X �› CW-complex �q�>���b�” . �‡�c closed 1-form�›�°
`�=�`�h , Ò�È���$�s closed 1-formÒ�t�m�M�o	\

�‚�” .

DeÞnition 1. X 	Í �w�È�� �$�s closed 1-form �y ! �q�x U = { U} �› X �w�‰
ƒ
ô�q�` �o�È�� � î � � 
 :

f U : U ! R �w
Ê { f U } U !U �p�Í�›�¬�h�b�‹�w�q���[�b�” : �Ú�™�w
Ê U, V " U �t�0�`�o ,

f U |U " V # f V |U " V : U $ V ! R (1)

�U�Á	t��
:��
:�t�s�l�o�M�”

���m�w 1-forms{ f U } U !U , { gV } V !V �U 1-form �q�`�o�°�•�b�”�q�x { f U , gV } U !U ,V !V �U�6�| X 	Í�w�È���$

�s closed 1-form�t�s�l�o�M�”�q���[�b�” . �Ú�™�wX 	Í�w�È����
: f : X ! R �x�‰
ƒ
ô�q�`�o U = { X } �›

�q�l�o closed 1-form�q�`�o�K�’�˜�^�•�” . �f�•�› �3�5 �q�K�’�˜�b .

! = { f U } U !U �›�È���$�s closed 1-form�q�`�o , " : [0, 1] ! X �› X 	Í�w�È���$�s�“�q�b�” . [0, 1] �w�I
ü

t0 = 0 < t 1 < ... < t N = 1 �› , �Ú�™�wi �t�0�`�o " [t i , t i +1 ] �U�°�m�w�‰	B�ù Ui " U �t���‡�•�”�‘�O�t�q�” . �\

! email:kazuyoshi.watanabe.q5@dc.tohoku.ac.jp
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�w�q�V , �“ " �t�
�l�h�È���$�s closed 1-form! �w
u
ü�›�Í�w�‘�O�t���Š�” .

!

!
! =

N # 1"

i =1

[f Ui (" (t i +1 )) # f Ui (" (t i ))] (2)

�\�w
u
ü�x�I
ü�•�‰
ƒ
ô�w	��“�M�t�‘�’�s�M .

Lemma 1. X 	Í�w�•�:�q	4�:�U�‰�a�“ " , " $ �t�0�`�o , �†	��U�¥�„�t�m�M�o , �×�Þ�Ä�Ð�¿�«�p�K�”�s�’ , �È��

�$�s closed 1-form�w�f�•�g�•�w�“�t�
�l�h
u
ü�w�‹�x�°�•�b�”

3 Category with respect to a cohomology class

Lusternik-Schnirelmann category �x�M�T�t�•
ì�í � � �U
ó�v�T�›�Ô�b�”�p�K�l�h . �y�Ž�<�w���[�x�f�w

category �› 1-form �w�K�’�˜�b�M�²�t�r�•�i�Z
ó�v�T�›�Ô�b�”�q�`�o�¦�Á�`�h�‹�w�p�K�” .

DeÞnition 2. X �›���v���w CW-complex �q�`�o , # " H 1(X ; R ) �›�¯�×�Þ�é�´�”�«�å�µ�q�b�” . cat(X, #)

�›�Ú�™�w�×
µ
: N > 0 �t�0�`�o�m�W�›�¬�h�b�‰
ƒ
ô�U���O�b�”�‘�O�s�7	–�w
T
: k �q�b�” .

X = F %F1 % á á á %Fk , (3)

(a) j = 1 , ..., k �t�0�` , �A���ø
þ Fj ! X �x�f�•�g�• null-homotopic.

(b) �K�”�×�Þ�Ä�Ð�” ht : F ! X (t " [0, 1]) �U�K�l�o�Í�›�¬�h�b :

h0 �x�A���ø
þ F ! X �p�K�“ , �Ú�™�wF 	Í�w�: x " F �t�0�`�o
#

! x
! & # N �U
R�“�q�m . �\�\�p ! �x #

�›�K�’�˜�b�È���$�s closed 1-form�q�`�o , �‡�h " x (t) = ht (x) �p�K�” .

Remark

�y�/�$�s Lusternik-Schnirelmann category�q�w
z�±�›�b�” . �°
`�t�x�Í�U
R�q�b�” .

cat(X, #) & cat(X ) (4)

�\�\�p cat(X ) �x Lusternik-Schnirelmann category�›�K�’�˜�b .

�‡�h , �¯�×�Þ�é�´�”�U 0 �w�Ì , �†	��x�°�•�b�” .

cat(X, 0) = cat( X ) (5)

4 The Estimate of the number of zeros

�\�\�p�x , �È���$�s closed 1-form�w�µ�:�›���Š�” . 1-form �w���Š�”�—�¶�%�›�b�;�`�o , �µ�:�›���Š�h�M .

DeÞnition 3. ! = { f U } U !U �› X 	Í�w�È���$�s closed 1-form�q�b�” . ! �w�¯
��$�s�v�•�q�x , X 	Í�w�È��

�$�s�v�• $ t �p U # (Fix( $t ) $ U) 	Í , f U �x�v�•�t�
�l�o�±�[�o�Ð�n	—�t�s�l�o�M�”�\�q�p�K�” .

�‡�h , ! �w�Ú�™�w�¯
��$�s�v�•�t�0�`�o , �: p " X �U�{���:�t�s�l�o�M�”�q�V , �: p �x ! �w�µ�:�p�K�” , �q

�M�O.
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�y�/�$�s Lusternik-Schnirelman category�w�g�æ�p�x category�U�È�’�T�s��
:�w�Ÿ�„�:�w�<�„�t�s�l�o�M

�h . 1-form �t���b�”	Ô�ù , �—�¶�%�U�›	��s	Ý�¯�p�K�•�y , �µ�:�w�<�„�t�s�l�o�M�”�\�q�U�˜�T�” . �‡�c�{���:

�q category �w�����›	\�‚�” .

Theorem 1. X �›���v���w CW-complex �q�` , ! �› X 	Í�w # " H 1(X ; R ) �›�K�’�˜�b�È���$�s closed

1-form �q�b�” . $ �› ! �w�¯
��$�s�v�•�q�`�o�{���:�U 0 < k < ' �x�K�”�q�b�” . �\�w�q�V k & cat(X, #) �s

�’�y , $ �x�×�Þ�«�æ�Ç�¿�«�±� �«�ç�›�Ë�m .

�×�Þ�«�æ�Ç�¿�«�±� �«�ç�q�x�v�•�w�J
{�w�» " 1(t), " 2, ..., " n (t) �U�K�l�o i = 1 , ..., n # 1 �t�0�`�o�Í�w�Ü�U


R�“�q�m�‹�w�w�\�q�p�K�” .

lim
t % + &

" i (t) = pi +1 = lim
t %#&

" i +1 (t), lim
t % + &

" n (t) = p1 = lim
t %#&

" 1(t). (6)

�µ�:�w���[�‘�“ , �Í�U�˜�T�” .


$ 1 Homoclinic cycle

Corollary 1. X �›���v���w CW-complex �q�` , ! �› X 	Í�w # " H 1(X ; R ) �›�K�’�˜�b�È���$�s closed

1-form �q�b�” .

(1) ! �U���v�x�w�µ�: p1, .., pk �›�‹�m�q�b�” . �‹�` k < cat(X, #) �s�’�y , p1, .., pk �›�{���:�q�b�”�‘�O�s

! �w�¯
��$�s�v�•�x�×�Þ�«�æ�Ç�¿�«�±� �«�ç�›�Ë�m .

(2) ! �U�×�Þ�«�æ�Ç�¿�«�±� �«�ç�›�Ë�h�s�M�‘�O�s�¯
��$�s�v�•�›�‹�m�q�b�”�q , ! �x	—�s�X�q�‹ cat(X, #)

�x�w�µ�:�›�Ë�m .

5 Examples

�È���$�s closed 1-form�q category �w�-�‰�«�›�•�[�” .

	�
:���w���Â�Ø T1 �q�f�•�w�@�›�°�m�m�•�`�h�‘�O�s�‹�w T2 �›�ß�Q , 
$�w�‘�O�t�@�t�0�`�o�s�”�‘�O�t

1-form �›�q�” . �b�”�q , T1 �w�M�x�È�’�T�s���7�.�q�s�“ , 1-form �x�È�’�T�s�‹�w�q�`�o�q�•�” . �°�M T2 �t�0

�`�o�x , ���7�.�p�x�s�X , 1-form �x�È���$�s closed 1-form�q�`�o�K�’�˜�b�\�q�U�p�V�” . �m�‡�“ , Farber �¯

�w�M�O�p�x d%1 �›���”�\�q�U�p�V�o�‹ , d%2 �›�ˆ�”�\�q�x�p�V�s�M . �i�U , �\�\�p	\�‚�h�M�O�t�‘�“ , d%2 �w�µ

�:�‹���[�^�•�”�\�q�U�p�V , �x
:�‹���”�\�q�U�p�V�” .

�\�\�p T1 	Í�p , d%1 �w�µ�:�w�x
:�x 2 �x�p�K�“ , cat(T1, [d%1]) = 1 �p�K�” .

�‡�h , T2 	Í�p , d%2 �w�µ�:�w�x
:�x 1 �x�p�K�“ , cat(T2, [d%2]) = 1 �p�K�” .
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$ 2 T1 
$ 3 T2
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�‰�! ÿCech-de Rham�g�æ�q�f�w� �;

�{�T �· (Ko FUJISAWA) !

1 	‚

���7�.�w�•
ì
Æ�!�”�›�Ð�‚�”�°�m�w�“�é�q�`�o de Rham�¯�×�Þ�é�´�”�q�z�y�•�”�‹�w�U�K�” . �b�s�˜�j M

�› C! ���7�.�q�b�”�q�V , �f�w	Í�w p �Í
•
ü���Ü
¶�.�› ! p(M ) �q�`�Ž
•
ü d �›�ß�Q�”�q d2 = 0 �U
R�“�q�j ,

�\�•�‘�“ de Rham�¯�×�Þ�é�´�”
H " (M ) = Ker d/ Imd

�U���[�^�•�” . �\�•�x
z�±�$�Õ�»�s�-�‰�p���7�.�w
Æ�!�”�›�{�Š�’�•�O�”�0	Å�p�x�K�”�U , �‡�i�Ø�ï�à�æ�`�o

�M�”�:�U�K�” . �h�q�Q�y E ! M �›�Õ�«�Ä�ç���q�b�”�q�V , �f�w	Í�w
•
ü���Ü�w�Ñ�•� �Ì�”
u
ü�x�è	×�Ñ�•

� �Ì�”�M�²�t���`�o�¯�ï�Í�«�Ä�s�F�›�Ë�m
ž�A�U�K�” . �\�•�p�x , �h�q�Q�y Thom �¨�s�r�›�ß�Q�”	Ô�ù , �f�•

�›�E
¯�b�”
•
ü���Ü�U�¢�&�p�s
Y�F�=�t�‘�“�£�Ü�q�`�o�Ø�ï�à�æ�`�o�`�‡�M�U�j�p , �›
Q�¨�•	��‘�w
Æ�!�”�›

�Õ�»�s�-�‰�p�‹	Z�b�”�w�t
Æ�²�V�p�K�” . �\�•�’�w�=�:�›�r	«�b�”�°�m�M�O�q�`�o
!�Z�q�$�­	$�w ÿCech-de

Rham �g�æ�U�K�” . �Š�Ø�p�x�\�w ÿCech-de Rham�g�æ�›�f�w�‰�!
[�•�¦�Á�`�h�‹�w�z�b�s�˜�j Lie ���w�^�;

�U�)�Q�’�•�h�í���t�0�`�o���[�^�•�”
Æ�!�”�p�K�”�‰�!�¯�×�Þ�é�´�”�•�¦�Á�`�h�g�æ�t�m�M�o���o�t
†�Ì�b�”

�¢�è	×�w ÿCech-de Rham�g�æ�x���U�×�Ì�t�^�;�b�”�›	��s	Ô�ù�i�q�¥�Q�”�\�q�t�«�™�`�o�S�X�£

2 Cartan
ó�.�t�‘�”�‰�!�¯�×�Þ�é�´�”�w���[

G �›�¯�ï�Í�«�Ä Lie �� , �f�w Lie ���› g M �› G-���7�.�q�b�” . �\�w�q�V Lie �� g �t�x G �w
5
P�^�;

Adg : g ! g �U�K�“ , �‡�h de Rham
ó�. ! " (M ) �t�x g# 1 " G �t�‘�”�(� �ˆ L # 1
g �T�’� �‹�^�•�”�¾�V�í�`

g" := ( L g! 1 )" : ! " (M ) ! ! " (M ) �t�‘�l�o�^�;�b�” .

���[ 2.1 M 	Í�w�‰�!
•
ü���Ü�q�x�|���ò�Ü�ø
þ ! : g ! ! " (M ) �p�Í�w
$�Ü�U�D�õ�q�s�”�‹�w�›�M�O�•

g ! !!

Ad g

""

! " (M )

g"

""
g !

!!! " (M )

�\�•�x ! "
G (M ) := ( S(g" ) # ! " (M ))G �¢ S(g" ) �x g" �w�0	¶�E
: , �‹�`�X�x g 	Í�w���ò�Ü���£�w�i�q�ˆ�s�^�• ,

�Í�w�‘�O�t�`�o DGA �›�s�b :

deg! = 2( ���ò�Ü�Í
: ) + ( 
•
ü���Ü�w�Í
: )

deq! (X ) = d! (X ) $ "X ! (X ) (X " g)

! �z�‚�“�G�¶�G�¶�Ã�g�¶�Ã
:�¶
•�È s143035@math.sci.hokudai.ac.jp
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�\�\�p "X �x�Õ�«�Ä�ç	Ô X M = d
dt |t =0 exp($ tX ) �t�‘�”�º
æ
•
ü�p�K�” .

���[ 2.2 (! "
G (M ), deq) �› Cartan 
ó�.�q�z�| , �f�w�¯�×�Þ�é�´�”

H "
G (M ) = ker deq/ Imdeq

�› M �w�‰�! de Rham�¯�×�Þ�é�´�”�q�z�•

3 �‰�! ÿCech-de Rham�¯�×�Þ�é�´�”

���o�w�h�Š�¢�‡�h� �;�w�h�Š�£ G-���7�. M �U 2 �m�w G-
Æ�!�s�‰	B�ù�t�‘�”
ƒ
ô U = { U0, U1} �›�Ë�m�‹�w

�q�b�” .

���[ 3.1 M �w
ƒ
ô U �t�0�`�o

! r
G (U) = ! r (U0) %! r (U1) %! r # 1(U0 & U1)

Deq : ! r
G (U) ! ! r +1

G (U), (#0, #1, #01) '! (deq#0, deq#1, #1 $ #0 $ deq#01)

�›�ß�Q�”�q , (! "
G (U), Deq) �x
ó�.�›�s�` , �\�•�› ÿCech Cartan 
ó�.�q�z�• . �‡�h�f�w�¯�×�Þ�é�´�”�› H "

G (U)

�q	{�V , U �t���b�”�‰�! ÿCech-de Rham�¯�×�Þ�é�´�”�q�z�• .

���g 3.2 �×
µ�s	j�‰�� r : ! r
G (M ) ! ! r

G (U0) %! r
G (U1) �x�Í�w�¯�×�Þ�é�´�”�w�‰���›� �‹�b�” :

H r
G (M ) $! H r

G (U)

�\�•�x U �t	H���b�”�‰�! 1 �w
ü�Â�›�;�M�o	Â�Ì�^�•�” . �‰�! ÿCech-de Rham�¯�×�Þ�é�´�”�›�;�M�•�y�×
µ

�t�‰�!
ì�0 de Rham�¯�×�Þ�é�´�”�U���[�^�•�” :

���[ 3.3 (! "
G (U), Deq) �w
æ
ü
ó�.�q�`�o

! r
G (U, U0) = { # = ( #0, #1, #01) " ! r

G (U) | #0 = 0 }

�›�ß�Q , �\�w�¯�×�Þ�é�´�”�› H "
G (U, U0) �q	{�V , �‰�!
ì�0 de Rham�¯�×�Þ�é�´�”�q�z�•

���[ 3.4 $ : E ! M �› G-�‰�! r �Í�i�Õ�«�Ä�ç���q�b�”�¢�b�s�˜�j���U���ø
þ�q�`�o�^�;�`�o�M�”�Õ�«�Ä

�ç���£ . �\�w�q�V E �w G-
ƒ
ô W = { W0, W1} �› W0 = E \ M, W 1 = E �q���Š�” . �‡�h�K�” G-
Æ�!�s

Riemann �-�”�t���b�” E �w

$1 : T1 ! M �›���o�• r -�•�� , $01 : T01 ! M �›�o�• (r $ 1)-�•�Ø��

�›�ß�Q�”�¢�h�i�` T01 �x T1 �w�¥�„�w�²�V�q�o�£ . �\�w�q�V�Ñ�•� �Ì�”
u
ü $" �›�Í�w�‘�O�t���Š�” :

$" : ! p
G (W, W0) ! ! p# r

G (M ), ! = (0 , ! 1, ! 01) '! $" ! := ( $1)" ! 1 + ( $01)" ! 01

�\�\�p ($1)" �S�‘�| ($01)" �x�è	×�w�Ñ�•� �Ì�”
u
ü�p�K�”

���g 3.5 �Ñ�•� �Ì�”
u
ü $" : ! p
G (W, W0) ! ! p# r

G (M ) �x�¯�×�Þ�é�´�”�w	j�‰���›� �‹�b�” :

$" : H p
G (W, W0) ! H p# r

G (M )
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���g 3.6 �Í�w %E
eq " H r

G (W, W0) �›�‰�! Thom �¨�q�z�•�•

$" : H r
G (W, W0) ! H 0

G (M ), $" %E
eq = 1

�\�•�x�Í�w�‘�O�s�‰�! ÿCech-de Rham�¯�±� �«�ç�p�E
¯�^�•�” :

(0, $" &eq, $ %eq) " ! r
G (W, W0)

�\�\�p &eq �x M 	Í�w deq-���‰�! r -���Ü�¢�‰�! Euler �¨�£ , %eq �x E \ M 	Í�w�‰�! (r $ 1)-���Ü�¢�‰�!�¯���Ü�£

�p�Ž�<�w�s�Ü�›�¬�h�b
deq%eq = $ $" &eq on E \ M, $ ($01)" %eq = 1

4 �‰�!�›
Q�¨�q�f�w�Á	t�=

3 	·�p�x�‰�! Thom �¨�w
z�±�$�Ì�Ô�$�s�¯�±� �«�ç�w
¯�Ô�›�_�h�U , �\�w	·�p�x�‰�! Chern-Weil �g�æ�q
!

�Z�g�æ�›�b�;�`�o�‰�! Thom �¨�w�‰�! top Chern �¨�w�Á	t�=�t�‘�”���Ü�=�t�m�M�o�æ�a�” . �\�•�x�Õ�»�s
•


u�w�-�‰�p�¬�T�Š�”�\�q�U�p�V , Mathai-Quillen �’�t�‘�”�Ñ�£�ç�Û�¦�ï
u
ü�•�Ò�0	¶
Q�w�t�?�›�&���`�h�‰�!

Thom ���Ü�w
¯�Ô�q
z�‚�o
B�”	s�s�$�p�K�” . �Ž�<�p�x $ : E ! M �› G-�‰�! r -�Í�i�Õ�«�Ä�ç���q�` , E �t�‹

�›�Ë�m
•
ü���Ü ! " (M, E ) �t�x�×
µ�s G �^�;�U�)�Q�’�•�o�M�”�q�b�” .

���[ 4.1 
€�� ( : ! " (M, E ) ! ! " +1 (M, E ) �p

g á ( = ( á g

�›�¬�h�b�‹�w�› G-
Æ�!
€���q�z�• .

���[ 4.2 G-
Æ�!
€�� ( �t�0�`

(( eq! )(X ) := ( ( $ "X )! (X ) ! " S(g" ) # ! " (M, E )

�› G-�‰�!
€���q�z�|�|�\�w�q�V

( eq : ! "
G (M, E ) ! ! " +1

G (M, E )

�q�s�“ , �‡�h K eq(X ) = ( ( eq)(X )2 + L E
X �› G-�‰�!�Â�p�q�z�• . �\�\�p L E

X �x ! 0
G (M, E ) �•�w G �^�;�T�’

� �‹�^�•�”�Á�v	–�!�õ�p , �\�w�q�V�×
µ�t K eq " ! 2
G (M, End (E)) �q�ˆ�s�d�” .

���[ 4.3 
Æ�!���ò�Ü ' : M (r, C) ! C �t�0�`�o G-�‰�!�›
Q�¨�U

' (E )eq = [ ' (( eq)] := [ ' (K eq)] " H "
G (M )

�p���‡�”

�\�•�x�è	×�w Chern-Weil �g�æ�q�‰�7�t Bott �w di"erence form �›�;�M�o�‰�!
€���w	��“�M�t�‘�’�c���[�^�•

�”�\�q�U�˜�T�” .

���[ 4.4 $ : E ! M 	Í�w�‰�!
€�� ( eq �t�0�`�‰�! Chern ���Ü�›

c" (( eq) := det( I r +

)
$ 1

2$
K eq) = 1 + ci

eq(( eq) + á á á+ cl
eq(( eq)
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�p���Š , �f�w�¯�×�Þ�é�´�”�¨

c"
eq(E ) = 1 + c1

eq(E ) + á á á+ cl
eq(E ) " H "

G (M )

�›�‰�! Chern �¨�q�z�•

�\�•�’�w�‰�!�›
Q�¨�x�è	×�w�‰�!�¯�×�Þ�é�´�”�w�i�q�`�o���Š�’�•�h�U , �Í�t�‰�! ÿCech-de Rham�¯�×�Þ�é

�´�”�t�S�Z�”�‰�!�›
Q�¨�t�m�M�o�ß�Q�” .

U = { U0, U1} �› M �w G-
ƒ
ô�q�` , ( 0
eq �› E |U0 	Í�w G-�‰�!
€�� , ( 1

eq �› E |U1 	Í�w G-�‰�!
€���q�b�” .

�\�w�q�V�‰�!
€�� ÷( eq = (1 $ t)( 0
eq + t( 1

eq : E * R ! M * R �q�×
µ�s�ù�è ( : M * [0, 1] ! M �t�0�`�o

Bott �w di"erence form �›
' (( 0

eq( 1
eq) := ( " ' ( ÷( eq) " ! "

G (U0 & U1)

�q���Š�”�q , �\�•�x
Deq' (( 0

eq, ( 1
eq) = ' (( 1

eq) $ ' (( 0
eq)

�›�¬�h�b . �\�•�‘�“
' (( "

eq) = ( ' (( 0
eq), ' (( 1

eq), ' (( 0
eq, ( 1

eq)) " ! G (U)

�x Deq-���p�‰�! ÿCech de Rham�¯�±� �«�ç�›���Š�”

���g 4.5 �‰�� r : H r
G (M ) $! H r

G (U) �t�‘�“�| ' (E )eq = [ ' (( "
eq)]�}

�\�w���g�‘�“ [' (( "
eq)] �x�‰�! ÿCech-de Rham�¯�×�Þ�é�´�”�t�S�Z�”�‰�!�›
Q�¨�q�z�•�t
ì� �`�M�‹�w�p�K

�”�\�q�U�˜�T�” . �‡�h [' (( "
eq)] �x
€���w
Ê�w	��“�M�t�‘�’�c�t���‡�” .

�Í�t�‰�!�›
Q�¨�w�Á	t�=�t�m�M�o���o�t
†�Ì�b�” :

S + M �› G-
Æ�!� � 
æ
ü�� �7� . �q�` , U0 = M \ S, U1 �› S �w G-
Æ�!�s�‰�Ù�c�q�b�” . � \ �w�q�V

U = { U0, U1} �x M �w G-
ƒ
ô�q�s�“ , �\�w�q�V�y�ì
¶�%�»

0 ! ! "
G (U, U0) ! ! "

G (U) ! ! "
G (U0) ! 0

�T�’� �‹�^�•�”�¯�×�Þ�é�´�”�w�ì
¶�%�»

á á á ! H "
G (M, M \ S) ! H "

G (M ) ! H "
G (M \ S) ! á á á

�U�K�” . �\�w�q�V�K�”�2�?�¶�$�s�g���p�›
Q�¨ ' G (E )eq " H "
G (M )(= H "

G (U)) �U H "
G (M \ S) �p	«�Ó�b�”�q

�V�U�K�“ , �\�w�q�V�%�»�w�ì
¶
Q�‘�“ H "
G (M, M \ S)(= H "

G (U, U0)) �t ' (E )eq �t�0� �b�”�i�U�K�”�U , �°
`

�t�\�•�x�°�™�p�x�s�M . �`�T�`�î�x�›
Q�¨�U
•
ü���Ü�w�è�Õ�ç�p	«�Ó�`�o�M�”	Ô�ù�t�x�0� �b�”�i�U�°�™�t��

�‡�” . �\�•�›�›
Q�¨ ' G (E )eq �w�Á	t�=�q�z�• . �f�w�›���s	Ô�ù�q�`�o�Í�w	Ý�¯�›�ß�Q�” .

G-�‰�!�Õ�«�Ä�ç�� $ : E ! M �t�0�` W = { W0, W1} �› 3 	·�q�‰�7�t�`�o���Š�” . �\�w�q�V�0�¯
~�…

s! : E ! $" E

�›�ß�Q�” . �‡�h D 0
eq �› s! -trivial �s $" E �w W0 	Í�w�‰�!
€�� , D 1

eq �› $" E �w W1 	Í�w�‰�!
€���q�b�” . �\�w

�q�V cr ($" E, s! )eq �›
cr (D "

eq) = (0 , cr (D 1
eq), cr (D 0

eq, D 1
eq)) " ! 2r

G (W, W0)

�p�E
¯�^�•�”�¯�×�Þ�é�´�”�¨�q�b�” .
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���g 4.6 	Í�w
ƒ���w�‹�q , �Í�w�s�Ü�U
R�“�q�m .

cl ($" E, s! )eq = %E
eq

�«�™ 4.7 �h�q�Q�y�\�w�s�Ü�› 1 �:�U���í���w	Ô�ù , �b�s�˜�j�Õ�«�Ä�ç�� $ : Cl ! { 0} �w	Ô�ù�p�ß�Q�”�q D 0
eq

�• D 1
eq �x�é�.�$�t�)�Q�”�\�q�p�z�Ú
€�-�‰�p	Í�w�s�Ü�›�¬�T�Š�”�\�q�U�p�V�” .
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Ricci �¹�æ�Ä�ï�q�f�w	��‘�w�°
`�=�t�m�M�o

�^�ú�y�* (Homare TADANO) !

� “ � A

In this note, stimulated by M. Fern«andez-L«opez and E. Garc«õa-R«õo, we shall
give an upper diameter bound for compact shrinking Ricci solitons in terms
of the range of the scalar curvature. As an application, we shall provide
a new su!cient condition for four-dimensional compact shrinking Ricci
solitons to satisfy the HitchinÐThorpe inequality. We shall also consider
some generalizations of Ricci solitons and give corresponding theorems.

1. Ricci �¹�æ�Ä�ï

�Ù�å , Ricci �Ñ�é�”�x���7�.	Í�w
ª	j�$�-�”�w�Ï
R�t�S�M�o�G�V�s
R�­�›	)�Š , 
•
ü
�2�?�¶�t�S�Z�”	��A�s�“�é�q�`�o�f�w�•�•�›�¬�q�`�h . Ricci �¹�æ�Ä�ï�x Hamilton [19]
�t�‘�l�o�‹�Ö�^�• , Perelman [29, 30, 31]�t�‘�” Poincar«e�'
Ý�w	Â�Ì�t�S�M�o	O�A�s
�þ�Â�›�L�h�`�h . Ricci �¹�æ�Ä�ï�x Ricci �Ñ�é�”�w�×�~
ì�Å�r�t�0� �b�”�:�p	O�A�s�Z
�€�0	Å�p�K�“ , �g�æ
ú�g�¶�t�S�Z�”�Ò�m�g�æ�w���º�T�’�‹�Æ
C�t�Ð�‚�’�•�o�M�” [14].

DeÞnition 1.1. �È�’�T�s�ì
‹ Riemann ���7�. (M, g) �U Ricci �¹�æ�Ä�ï �p�K�”�q�x ,
M 	Í�w�È�’�T�s�Õ�«�Ä�ç	Ô X ! X(M ) �q�î
: ! ! R �U���O�`�o

(1.2) Ricg +
1
2

L X g = !g

�U
R�“�q�m�q�V�t�M�O . �\�\�p Ricg �x (M, g) 	Í�w Ricci �Â�p�Â�ï�¹�ç�p�K�“ , L X �x
�Õ�«�Ä�ç	Ô X �t�‘�” Lie 
•
ü�›
¯�b . X �U Killing �Õ�«�Ä�ç	Ô�s�’ , Ricci �¹�æ�Ä�ï
�x Einstein ���7�.�p�K�” . �\�w	Ô�ù , Ricci �¹�æ�Ä�ï�x �×�Ì �p�K�”�q�M�O . Ricci �¹�æ
�Ä�ï (M, g) �x ! > 0, ! = 0, ! < 0 �w�q�V , ���‘ shrinking , steady , expanding �p
�K�”�q�M�O . �‹�` , X �U M 	Í�w�È�’�T�s
5
: f : M " R �w�¯
��Õ�«�Ä�ç	Ô�›�;�M�o
X = # f �q	{�Z�”�s�’�y , Ricci �¹�æ�Ä�ï�x �¯
� Ricci �¹�æ�Ä�ï �p�K�”�q�M�O . f �›
�Õ�«�Ä�ç	Ô X �w�Ù�Â�ï�³�ß�ç
5
:�q�M�O . �\�w�q�V Ricci �¹�æ�Ä�ï�w�Ü (1.2) �x

(1.3) Ricg + Hessf = !g

�q	{�Z�” . �\�\�p Hessf �x f : M " R �w�Ô�¿�³�ž�ï�›
¯�b . �Ù�Â�ï�³�ß�ç
5
: f �U
��
:�s�’�y�¯
� Ricci �¹�æ�Ä�ï (M, g) �x�×�Ì�p�K�” .

Example1.4. �¯
� Ricci �¹�æ�Ä�ï�w�/���«�x
ª	j�$���q�-�”�›
‹�Q�h Euclid �í�� Rn

�p�K�“ , Gaussian �¹�æ�Ä�ï �q�z�y�•�” . �\�\�p
5
: f : Rn " R �x�Ê�ç�Ü�›�;�M�o
f (x ) = 1

2|x |2 �p�)�Q�’�•�” . �\�•�x
‡�¯�ï�Í�«�Ä�s shrinking Ricci �¹�æ�Ä�ï�p�K�” .

�H 12�s 
:�¶
ï�ù	�	��Z�€	B�q (2016�å 2 �D 29�ÔÐ2016�å 3 �D 3�Ô, �� �z�‚�“�G�¶ ) �C��	B
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�©�”�ë�”�Å�• Ricci �Ñ�é�” , Ricci �¹�æ�Ä�ï , Ricci almost �¹�æ�Ä�ï , QuasiÐEinstein���7�. , �Ú��
°�A ,
Myers �w���g , HitchinÐThorpe 
Æ�s�Ü
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�°�M , �¯�ï�Í�«�Ä���7�.	Í�w
‡�×�Ì�s Ricci �¹�æ�Ä�ï�x 4�Í�i�Ž	Í�w shrinking �¯
�
Ricci �¹�æ�Ä�ï�p�K�”�\�q�U�Œ�’�•�o�S�“ [7], �f�w�é�.�«�x (M, g) �U K¬ahler ���7�.�w
	Ô�ù�t	–�¯ [22], Cao [6], Wang-Zhu [43]�’�U�Ï
R�`�o�M�” . Ricci �¹�æ�Ä�ï (M, g) �U
�)�Q�’�•�”�q , �Ì�� t �t�‘���b�”�Õ�«�Ä�ç	Ô Yt := $ 1

2!t X �t�‘�“
\
R�^�•�”�Ñ�é�” " t

�p g �›�¾�V�í�`�o�˜�’�•�” M 	Í�w Riemann �-�” g(t) = $ 2!t" !
t g �x Ricci �Ñ�é�”

#g
#t

(t) = $ 2 Ricg(t)

�w�r�t�s�” . Ricci �¹�æ�Ä�ï�x Ricci �Ñ�é�”�w�×�~
ì�Å�r�t�0� �` , �\�w�Ñ�é�”�w�›�Ÿ
�:�Þ�Ã�ç�q�`�o�q�•�”�i�Z�p�s�X , LiÐYauÐHamilton
Æ�s�Ü�w�Z�€�t�S�M�o�‹	O�A�s
�þ�Â�›���a�” [7, 10, 20]. Perelman [29, 30, 31]�t�‘�” Poincar«e�'
Ý�w�r�>�t�S�M�o
Ricci �¹�æ�Ä�ï�U�¤	ú�$�s�þ�Â�›�L�h�`�o�Ž�ñ , ���X�w
:�¶	��w�«�è�›	B�Š�o�M�” .

2. �¯�ï�Í�«�Ä
Q�q�Ú��
°�A

�Š�Ø�›�è�`�o
¶�o�w���7�.�x�È�A�p�È�’�T�p�K�“ , �¥�„�›�Ë�h�s�M�q�>���b�” . �ì
‹
Riemann ���7�.�t�0�`�o�f�w�¯�ï�Í�«�Ä
Q�•�Ú���›�Ð�‚�”�\�q�x�,�Š�$�s�ð�J�w�°�m
�p�K�“ , �Í�w Myers �w���g�U���Ê�p�K�”�•

Theorem 2.1 (Myers [28]). Let (M, g) be an n-dimensional complete Riemannian
manifold. If there exists some positive constant! > 0 such thatRicg ! !g , then (M, g)
is compact with Þnite fundamental group. Moreover,

diam(M, g) " $

!
n $ 1

!
.

�‡�h , �¯�ï�Í�«�Ä
Q�t���`�o�x�Í�w Ambrose�w���g�U�‘�X�Œ�’�•�o�M�”�•

Theorem 2.2 (Ambrose [1]). Let (M, g) be a complete Riemannian manifold. Suppose
that there exists some pointp ! M for which every geodesic%: [0, %) " M emanating
from p satisÞes " "

0
Ricg( ú%(s), ú%(s))ds = + %.

Then (M, g) is compact.

�ì
‹ Riemann ���7�. (M, g) �q M 	Í�w�Õ�«�Ä�ç	Ô X ! X(M ) �t�0�`�o

RicX := Ric g +
1
2

L X g, Ricf := Ric g + Hessf

�q�S�V , �\�•�’�› BakryÐ«Emery Ricci �Â�p�q�z�• . Ricci �¹�æ�Ä�ï�x Einstein ���7�.
�w�°
`�=�p�K�”�T�’ Myers �w���g�w�‘�O�s�,�Š�$�s
Q�í�U Ricci �¹�æ�Ä�ï�t�0�`�o�¦
�Á	Z�R�s�M�T�ß�Q�”�\�q�x�×
µ�p�K�” . 
µ�`�»�’ BakryÐ«Emery Ricci �Â�p�w
Y�‹
Q�x
Ricci �¹�æ�Ä�ï�w�¯�ï�Í�«�Ä
Q�›�‹�T�s�M . �î�M , Example 1.4�p�•�[�h Gaussian�¹�æ
�Ä�ï�x shrinking �p�K�”�U
‡�¯�ï�Í�«�Ä�p�K�” . Shrinking Ricci �¹�æ�Ä�ï�w�¯�ï�Í�«�Ä

Q�x�f�w�Õ�«�Ä�ç	Ô�w�Ê�ç�Ü�w���„
Q�t�‘�l�o�›�Ã
Ç�Z�’�•�” . �î�M , �Í�U
R�“�q�m�•

Theorem 2.3 (Fern«andez-L«opez and Garc«õa-R«õo [12]). Let (M, g) be a complete Rie-
mannian manifold satisfyingRicX ! !g for some vector ÞeldX ! X(M ) and positive
constant ! > 0. Then M is compact if and only if |X | is bounded onM .
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�°�M , Theorem 2.2�w�°
`�=�q�`�o�Í�U
R�“�q�m�•

Theorem 2.4 ([37]). Let (M, g) be a complete Riemannian manifold. Suppose that
there exists some pointp ! M for which every geodesic%: [0, %) " M emanating
from p satisÞes " "

0
RicX ( ú%(s), ú%(s))ds = + %

and |X | " C for some non-negative constantC ! 0. Then (M, g) is compact.

Remark 2.5. Theorem 2.4�x�Õ�«�Ä�ç	Ô X �U�¯
��Õ�«�Ä�ç	Ô�w	Ô�ù�t Zhang [45]�t
�‘�l�o�Ô�^�•�o�M�” . Theorem 2.3�x Theorem 2.4�T�’�Ú�j�t	H�O .

BakryÐ«Emery Ricci �Â�p�U
Y�‹�w	Ô�ù , �0� �b�”�Õ�«�Ä�ç	Ô�w�Ù�Â�ï�³�ß�ç
5
:�U��
�„�p�K�”�T�¢�x�Õ�«�Ä�ç	Ô�w�Ê�ç�Ü�U���„�p�K�•�y , �Í�w Myers ���w���g�U
R�“�q�m�•

Theorem 2.6 (WeiÐWylie [44]). Let (M, g) be ann-dimensional complete Riemannian
manifold satisfying Ricf ! !g for some positive constant! > 0. If |f | " k for some
non-negative constantk ! 0, then (M, g) is compact. Moreover,

(2.7) diam(M, g) " $

!
n $ 1

!
+

4k
#

(n $ 1)!
.

Theorem 2.8 (Limoncu [24]). Let (M, g) be ann-dimensional complete Riemannian
manifold satisfyingRicX ! !g for some positive constant! > 0. If |X | " k for some
non-negative constantk ! 0, then (M, g) is compact. Moreover,

(2.9) diam(M, g) "
$
!

$
k

&
2

+

!
k2

2
+ ( n $ 1)!

%

.

Remark 2.10. Theorem 2.6�t�| 2.8 �t�S�M�o k = 0 �q�b�•�y , �\�•�’�x Theorem 2.1
�t�<�£�^�•�” . �7�Ù , Limoncu [25, 24]�w�^�æ�›	.
Y�b�”�\�q�p (2.7), (2.9) �›�~�‘�`�h
�Ú��
°�A�U���‘ [35, 36]�p�)�Q�’�•�h .

�Ù�å , ���X�w
:�¶	��U Ricci �¹�æ�Ä�ï�t�0�b�”�Ú��
°�A�›�)�Q�o�M�” . �›�t , 
‡�×�Ì�s
�¯�ï�Í�«�Ä Ricci �¹�æ�Ä�ï�t�0�b�”�<�T�’�w�°�7�s�Ú��
°�A�x Witten �å�Ó�å�³�ž�ï�w
�H�°�{���‹�w�<�„
°�A�q�w���È�p�Ë�æ Ð�$�ú [16] �t�‘�l�o�)�Q�’�• , �f�w�™ , AndrewsÐNi
[2], ChuÐHu [11],�Ë�æÐLiÐLi [15]�’�t�‘�l�o�~�‘�^�•�h�•

Theorem 2.11 (FutakiÐLiÐLi [15]). Let (M, g) be ann-dimensional non-trivial com-
pact shrinking Ricci soliton satisfying(1.3). Then

diam(M, g) !
2(

&
2 $ 1)$
&

!
.

�°�M , Fern«andez-L«opez�q Garc«õa-R«õo [13]�x�¯�ï�Í�«�Ä Ricci �¹�æ�Ä�ï�t�0�b�”�<
�T�’�w�Ú��
°�A�› Ricci �Â�p�q�µ�§�å�”�Â�p�›�;�M�o�)�Q�h�•

Theorem 2.12 (Fern«andez-L«opez and Garc«õa-R«õo [13]). Let (M, g) be ann-dimensional
compact shrinking Ricci soliton satisfying(1.3). Then

diam(M, g) ! max

& '
Rmax $ n!
! (C $ ! )

,

'
Rmax $ n!
! (! $ c)

, 2

'
Rmax $ n!
! (C $ c)

(

.
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�`�` , �Š�Ø�›�è�`�o

C := max
v# T M

{ Ricg(v, v) : |v| = 1} , c := min
v# T M

{ Ricg(v, v) : |v| = 1}

�x���‘ (M, g) �w�o�•�•��	Í�w Ricci �Â�ï�¹�ç�w�7�G�‹�t�|�7	–�‹�›
¯�` ,

Rmax = max
M

R, Rmin = min
M

R

�x���‘�µ�§�å�”�Â�p R �w M 	Í�w�7�G�‹�t�|�7	–�‹�›
¯�b . ���[�T�’ cg " Ricg " Cg
�U
R�“�q�m . Theorem 2.6�›	!�Z�o Fern«andez-L«opez�q Garc«õa-R«õo [13]�x�¯�ï�Í�«�Ä
Ricci �¹�æ�Ä�ï�w	Í�T�’�w�Ú��
°�A�x�µ�§�å�”�Â�p�w	ü
ï�›�;�M�o�)�Q�’�•�”�i�–�O�q
�'
Ý�`�h . �Í�w�Ú��
°�A�x�\�w�'
Ý�t�0�b�”�à���$�s�t�Q�›�)�Q�”�•

Theorem 2.13 ([36]). Let (M, g) be ann-dimensional compact shrinking Ricci soliton
satisfying (1.3). Then

(2.14) diam(M, g) "
1
!

)
2
#

Rmax $ Rmin +
#

4(Rmax $ Rmin ) + ( n $ 1)!$ 2
*

.

Remark 2.15. Theorem 2.13�t�S�M�o Ricci �¹�æ�Ä�ï�U���µ�§�å�”�Â�p�›�Ë�o�y , Ricci
�¹�æ�Ä�ï�x Einstein ���7�.�t�s�“ , �Ú��
°�A (2.14) �x Myers [28]�t�‘�l�o�Ô�^�•�h
Y
�w Einstein ��
:�›�Ë�m Einstein ���7�.�t�0�b�”�Ú��
°�A�t�<�£�^�•�” .

3. HitchinÐThorpe 
Æ�s�Ü�•�w� �;

Hitchin [21] �q Thorpe [39] �x 4 �Í�i�¯�ï�Í�«�Ä���7�. (M, g) �U Einstein �-�”�›�•
�0�b�•�y , M �w Euler 
: &(M ) �q
Ö�ù ' (M ) �x
Æ�s�Ü

(3.1) 2&(M ) ! 3|' (M )|

�›�¬�h�b�\�q�›�Ô�`�h . �t�M�õ�Q�•�y , �\�w
Æ�s�Ü�›�¬�h�^�u 4 �Í�i�¯�ï�Í�«�Ä���7
�.�x Einstein �-�”�›�•�0�`�s�M . (3.1) �› HitchinÐThorpe 
Æ�s�Ü�q�M�O. (3.1) �x
Einstein �-�”�w���O�t�0�b�”	Ë�•�›�)�Q�”�U , �o�t (3.1) �›�¬�h�b�t�‹�Æ�’�c Einstein
�-�”�›�•�0�`�s�M�Á�v�x�w 4 �Í�i���7�.�U LeBrun [23] �t�‘�l�o�Ï
R�^�•�o�M�” .

Ricci �¹�æ�Ä�ï�x Einstein ���7�.�w�×
µ�s�°
`�=�p�K�”�T�’ , 4 �Í�i�¯�ï�Í�«�Ä Ricci
�¹�æ�Ä�ï�w���O�t�0�b�”	Ë�•�U�'
Ý�^�•�” . Ma [26] �x�µ�§�å�”�Â�p�t���b�”	Ú�E�w�<
�p 4 �Í�i�¯�ï�Í�«�Ä Ricci �¹�æ�Ä�ï�t�0�b�” HitchinÐThorpe 
Æ�s�Ü�›�Ô�`�h�•

Theorem 3.2 (Ma [26]). Let (M, g) be a four-dimensional compact shrinking Ricci
soliton satisfying(1.3). If the scalar curvatureR satisÞes

(3.3)
"

M
R2 " 24! 2vol(M, g),

then the soliton(M, g) satisÞes the Hitchin-Thorpe inequality2&(M ) ! 3|' (M )|.

�‡�h , Fern«andez-L«opez�q Garc«õa-R«õo [13]�x Theorem 2.12�›� �;�`�o , �¯�ï�Í�«�Ä
Ricci �¹�æ�Ä�ï�t�0�b�” 	Í�T�’ �w�Ú��
°�A�›�>���b�”�\�q�p�‰�7�w	G
ü	Ú�E�›�)�Q�h�•
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Theorem 3.4 (Fern«andez-L«opez and Garc«õa-R«õo [13]). Let (M, g) be a four-dimensional
compact shrinking Ricci soliton satisfying(1.3). If

diam(M, g) " max

& !
2

C $ !
,

!
2

! $ c
, 2

!
2

C $ c

(

,

then the soliton satisÞes the HitchinÐThorpe inequality2&(M ) ! 3|' (M )|.

�°�M , Theorem 2.13�›� �;�`�o , �¯�ï�Í�«�Ä Ricci �¹�æ�Ä�ï�t�0�b�” �<�T�’ �w�Ú��

°�A�›�>���b�”�\�q�p	ý�h�s	G
ü	Ú�E�›�)�Q�”�\�q�U	Z�R�”�•

Theorem 3.5 ([36]). Let (M, g) be a four-dimensional compact shrinking Ricci soliton
satisfying (1.3). If

(3.6)

!
Rmax $ Rmin

! 2
(16 + 6$2) " diam(M, g),

then the soliton satisÞes the HitchinÐThorpe inequality2&(M ) ! 3|' (M )|.

Remark 3.7. Theorem 3.5�t�S�M�o Ricci �¹�æ�Ä�ï�U���µ�§�å�”�Â�p�›�Ë�o�y , Ricci
�¹�æ�Ä�ï�x Einstein ���7�.�t�s�“ (3.6) �x�×�ˆ�$�t�¬�h�^�• , Hitchin [21] �q Thorpe
[39] �t�‘�l�o�Ô�^�•�h Einstein ���7�.�t�0�b�” HitchinÐThorpe 
Æ�s�Ü�t�<�£�^�•�” .

4. 	��‘�w�°
`�=

�Ù�å�w Ricci �Ñ�é�”�t�| Ricci �¹�æ�Ä�ï�w
C�2�›
�� �t , ���X�w
:�¶	��U�f�•�’�w
�°
`�=�›�ß�Q�o�M�” . �\�w	·�p�x , �f�•�’�w�°
`�=�w�O�j Ricci almost �¹�æ�Ä�ï�q
quasiÐEinstein���7�.�t	¯�:�›�p�o�” .

4.1. Ricci almost �¹�æ�Ä�ï

Ricci almost �¹�æ�Ä�ï�x PigolaÐRigoliÐRimoldiÐSetti [32]�t�‘�l�o�‹�Ö�^�•�h .

DeÞnition 4.1. �È�’�T�s�ì
‹ Riemann ���7�. (M, g) �U Ricci almost �¹�æ�Ä�ï �p�K
�”�q�x , M 	Í�w�È�’�T�s�Õ�«�Ä�ç	Ô X ! X(M ) �q
5
: ! ! C " (M ) �U���O�`�o

(4.2) Ricg +
1
2

L X g = !g

�U
R�“�q�m�q�V�t�M�O . X �U Killing �Õ�«�Ä�ç	Ô�p dim M ! 3 �s�’ , Ricci almost �¹�æ
�Ä�ï�x Einstein ���7�.�p�K�” . �\�w	Ô�ù , Ricci almost �¹�æ�Ä�ï�x �×�Ì �p�K�”�q�M�O .
Ricci almost �¹�æ�Ä�ï (M, g) �x ! > 0, ! = 0, ! < 0 �w�q�V , ���‘ shrinking , steady ,
expanding �p�K�”�q�M�O . �‹�` , X �U M 	Í�w�È�’�T�s
5
: f : M " R �w�¯
��Õ�«�Ä
�ç	Ô�›�;�M�o X = # f �q	{�Z�”�s�’�y , Ricci almost �¹�æ�Ä�ï�x �¯
� Ricci almost
�¹�æ�Ä�ï �p�K�”�q�M�O . f �›�Õ�«�Ä�ç	Ô X �w�Ù�Â�ï�³�ß�ç
5
:�q�M�O . �\�w�q�V Ricci
almost �¹�æ�Ä�ï�w�Ü (4.2) �x�Í�w�Ü�t�<�£�^�•�”�•

(4.3) Ricg + Hessf = !g.
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¶�o�w�-
:�Í�i�o�•�•�Ø�x
‡�×�Ì�s�¯
� Ricci almost �¹�æ�Ä�ï�w�Ï���›�•�0�b�”�\
�q�U�Œ�’�•�o�M�” [17]. 
5
: ! ! C " (M ) �U��
:�s�’�y , Ricci almost �¹�æ�Ä�ï�x Ricci
�¹�æ�Ä�ï�p�K�” . �Ù�å , ���X�w
:�¶	��U Ricci �¹�æ�Ä�ï�t�0� �b�”�g�æ�› Ricci almost
�¹�æ�Ä�ï�t�0�`�o�¦�Á�`�o�M�” . �«�Q�y , Perelman �w�A�L [29] �T�’�¯�ï�Í�«�Ä���7
�.	Í�w Ricci �¹�æ�Ä�ï�x�¯
� Ricci �¹�æ�Ä�ï�p�K�”�U , BarrosÐBatistaÐRibeiro Jr. [4]
�x�¯�ï�Í�«�Ä���7�.	Í�w Ricci slmost �¹�æ�Ä�ï�U���µ�§�å�”�Â�p�›�Ë�o�y , �¯
� Ricci
almost �¹�æ�Ä�ï�t�s�”�\�q�›�Ô�`�h . �°�M , Sharma�w�A�L [34] �t�‘�l�o�ì
‹ K -
€	î
���7�.	Í�w�¯
� Ricci �¹�æ�Ä�ï�x�$�‘�æ ÐEinstein���7�.�t�s�”�U , Ghosh [17]�x�¯�ï
�Í�«�Ä K -
€	î���7�.	Í�w�¯
� Ricci almost �¹�æ�Ä�ï�x�o�•�•�Ø�t�s�Õ�‰���s�$�‘�æ��
�7�.�t�s�”�\�q�›�Ô�`�h . �s�S , K¬ahler ���7�.	Í�w�¯
� Ricci almost �¹�æ�Ä�ï�x�¯
�
Ricci �¹�æ�Ä�ï�p�K�”�\�q�U�Œ�’�•�o�M�” [27]. Ricci almost�¹�æ�Ä�ï�x Ricci �¹�æ�Ä�ï
�w�×
µ�s�°
`�=�p�K�”�T�’ , Ricci �¹�æ�Ä�ï�w	Ô�ù�q�‰�7�t 4 �Í�i�¯�ï�Í�«�Ä Ricci �¹
�æ�Ä�ï�w���O�t�0�b�”	Ë�•�U�'
Ý�^�•�” . BrasilÐCostaÐRibeiro Jr. [5]�x�Í�›�Ô�`�h�•

Theorem 4.4 (BrasilÐCostaÐRibeiro Jr. [5]). Let (M, g) be a four-dimensional com-
pact gradient Ricci almost soliton with positive scalar curvature satisfying(4.3). If the
scalar curvature satisÞes "

M
R2dµ " 6

"

M
!Rdµ,

then the soliton(M, g) satisÞes the HitchinÐThorpe inequality2&(M ) ! 3|' (M )|.

Chen �w�A�L [9] �t�‘�“ , �ì
‹ Riemann ���7�.	Í�w shrinking Ricci �¹�æ�Ä�ï�w�µ�§
�å�”�Â�p�x
‡
Û�p�K�”�T�’ , Ricci almost �¹�æ�Ä�ï�U Ricci �¹�æ�Ä�ï�t�<�£�^�•�”�q�V ,
Theorem 4.4�x Ma [26] �t�‘�” Theorem 3.2�t�°�•�b�” .

Riemann �2�?�¶�t�S�Z�”�7�‹	O�A�s�ð�J�w�°�m�x , Riemann ���7�.�U�r�w�‘�O�s	Ú
�E�<�p�•�Ø�t�s�Õ�‰���T�Ð�‚�”�\�q�p�K�” . BrasilÐCostaÐRibeiro Jr. [5]�x 4 �Í�i�w�¯
�ï�Í�«�Ä�¯
� Ricci almost �¹�æ�Ä�ï�U S4 �q�s�Õ�‰���p�K�”�h�Š�w	G
ü	Ú�E�›�)�Q�h�•

Theorem 4.5 (BrasilÐCostaÐRibeiro Jr. [5]). Let (M, g) be a four-dimensional com-
pact gradient Ricci almost soliton with positive scalar curvature satisfying(4.3). If the
scalar curvature satisÞes

"

M
R2dµ " 6

"

M
!Rdµ $ 192$2,

then the soliton is isometric to the standard sphereS4.

�›�t Ricci almost �¹�æ�Ä�ï�U Ricci �¹�æ�Ä�ï�t�<�£�^�•�”�q�V , Theorem 4.5�x 4 �Í
�i�w�¯�ï�Í�«�Ä Ricci �¹�æ�Ä�ï�U S4 �q�s�Õ�‰���p�K�”�h�Š�w	G
ü	Ú�E�›�)�Q�”�•

Theorem 4.6 (BrasilÐCostaÐRibeiro Jr. [5]). Let (M, g) be a four-dimensional com-
pact shrinking Ricci soliton satisfying(1.3). If the scalar curvature satisÞes

(4.7)
"

M
R2dµ " 24! 2vol(M, g) $ 192$2,

then the soliton is isometric to the standard sphereS4.

�Í�t , Ricci �¹�æ�Ä�ï�w���w�°
̀ �=�q�̀ �o CaseÐShuÐWei [8]�U�‹�Ö�̀ �h quasiÐEinstein
���7�.�t�m�M�o	\�‚�” .

275



4.2. QuasiÐEinstein ���7�.

�ì
‹ Riemann ���7�. (M, g) 	Í�w�Õ�«�Ä�ç	Ô X ! X(M ) �q
5
: f ! C " (M ) �t�0�`�o

Ricm
X := Ric g +

1
2

L X g $
1
m

X ! ' X ! Ricm
f := Ric g + Hessf $

1
m

df ' df

�q�S�V , �\�•�’�› mÐBakryÐ«Emery Ricci �Â�p�q�z�• . �\�\�p X ! �x X �w
Ò�0�p�K�” .

DeÞnition 4.8. �È�’�T�s�ì
‹ Riemann ���7�. (M, g) �U quasiÐEinstein ���7�. �p�K
�”�q�x , M 	Í�w�È�’�T�s
5
: f : M " R �q 0 < m " % �U���O�`�o

(4.9) Ricm
f = !g

�U
R�“�q�m�q�V�t�M�O . f �U��
:
5
:�s�’ , quasiÐEinstein���7�.�x Einstein ���7�.�p�K
�” . �\�w	Ô�ù , quasiÐEinstein���7�.�x �×�Ì �p�K�”�q�M�O . m = % �s�’ , quasiÐEinstein
���7�.�x Ricci �¹�æ�Ä�ï�p�K�” . QuasiÐEinstein���7�. (M, g) �x ! > 0, ! = 0, ! < 0
�w�q�V , ���‘ shrinking , steady , expanding �p�K�”�q�M�O .

QuasiÐEinstein���7�.�x Riemann ���7�.�w�Ú
u	Í�t Einstein �-�”�›�Ï
R�b�”	Í�p
	O�A�s�þ�Â�›�L�h�b . �î�M , �Ú�™�Í�i�w Riemann ���7�. (M, g) �q m �Í�i�w Riemann
���7�. (N, h) �t�0�`�o�f�w�Ú
u

(M ( N, øg) :=
+

M ( N, g ) exp
+

$
2f
m

,
h

,

�U Einstein ���7�.�t�s�”�w�x (M, g) �U (4.9) �›�¬�h�b quasiÐEinstein���7�.�p�K�“
�T�m (N, h) �U Einstein ���7�.�p�K�”�q�V�t�v�” [3]. QuasiÐEinstein���7�.�w�é�.�«
�x Wang [41] �U�Ï
R�`�o�M�” . Ricci almost �¹�æ�Ä�ï�q�‰�7�t���X�w
:�¶	��U quasiÐ
Einstein ���7�.�w
Q�í�›�Ð�‚�o�M�” . �«�Q�y , Ricci �¹�æ�Ä�ï�q�‰�7�t�¯�ï�Í�«�Ä���7�.
	Í�w steady �‡�h�x expanding�s quasiÐEinstein���7�.�x�×�Ì�p�K�” [40]. �‡�h , 3 �Í
�i�Ž�<�w shrinking Ricci �¹�æ�Ä�ï�x�×�Ì�p�K�”�U , 2 �Í�i�w shrinking quasiÐEinstein
���7�.�x�×�Ì�p�K�” [8]. �ì
‹ K -
€	î���7�.	Í�w�¯
� Ricci �¹�æ�Ä�ï�x�$�‘�æ ÐEinstein
���7�.�t�s�”�U , �‰�7�w�Ä�î�x�ì
‹ K -
€	î���7�.	Í�w quasiÐEinstein���7�.�t�0�`�o
�‹
R�“�q�m [18]. �s�S , K¬ahler ���7�.	Í�w quasiÐEinstein���7�.�x�×�Ì�p�K�” [8].

mÐBakryÐ«Emery Ricci �Â�p�t�0� �`�o , �Í�w MyersÐAmbrose���w���g�U
R�“�q�m�•

Theorem 4.10 (Limoncu [24]). Let (M, g) be ann-dimensional complete Riemannian
manifold satisfying Ricm

X ! !g for some positive constant! > 0, where m ! (0, %).
Then (M, g) is compact. Moreover,

diam(M, g) "
$

&
!

&
n $ 1 + m.

Remark 4.11. Theorem 4.10�x�Õ�«�Ä�ç	Ô X �U�¯
��Õ�«�Ä�ç	Ô�w	Ô�ù�t Qian [33] �t
�‘�l�o�Ô�^�•�o�M�” .

Theorem 4.12 ([37]). Let (M, g) be a complete Riemannian manifold. Suppose that
there exists some pointp ! M for which every geodesic%: [0, %) " M emanating
from p satisÞes " "

0
Ricm

X ( ú%(s), ú%(s))ds = + %,

wherem ! (0, %). Then (M, g) is compact.
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Theorem 2.12�p�)�Q�’�•�h�¯�ï�Í�«�Ä�s Ricci �¹�æ�Ä�ï�t�0�b�”�<�T�’�w�Ú��
°�A
�› quasiÐEinstein���7�.�t�¦�Á�b�”�\�q�p , �¯�ï�Í�«�Ä�s quasiÐEinstein���7�.�t�0
�b�”�<�T�’�w�Ú��
°�A�›�)�Q�”�\�q�U	Z�R�”�•

Theorem 4.13 ([38]). Let (M, g) be ann-dimensional non-trivial compact shrinking
quasi-Einstein manifold satisfying(4.9) with Þnite m > 1. Then

diam2(M, g) ! max
-

m(m $ 1)
(m $ 1)(! $ c) + Rmax $ Rmin

log
+

Rmax + ( m $ n)!
m!

,
,

m
C $ !

log
+

Rmax + ( m $ n)!
m!

,
,

4m(m $ 1)
(m $ 1)(C $ c) + Rmax $ Rmin

log
+

Rmax + ( m $ n)!
m!

, .
.

�°�M , �¯�ï�Í�«�Ä�s quasiÐEinstein���7�.�t�0�b�”�<�T�’�w�°�7�s�Ú��
°�A�x Wang
[42] �t�‘�l�o�)�Q�’�•�h�•

Theorem 4.14 (Wang [42]). Let (M, g) be an n-dimensional non-trivial compact
shrinking quasi-Einstein manifold satisfying(4.9) with Þnite m ! 1. Then

(4.15) diam(M, g) !
1

&
!

.

Theorem 4.14�x
‡�×�Ì�s quasiÐEinstein���7�.�q Einstein ���7�.�w���t���:���g
�›�)�Q�” . �î�M , �¯�ï�Í�«�Ä�s quasiÐEinstein���7�.�U (4.15) �›�¬�h�^�s�Z�•�y , �\�w
�‘�O�s���7�.�x Einstein ���7�.�p�s�Z�•�y�s�’�s�M . �°�M , Theorem 4.13�›�;�M�”�\
�q�p , quasiÐEinstein���7�.�t�0�b�”�Í�w���:���g�›�)�Q�”�\�q�U	Z�R�”�•

Theorem 4.16 ([38]). Let (M, g) be ann-dimensional compact shrinking quasi-Einstein
manifold satisfying (4.9) with Þnite m > 1. Then (M, g) is trivial if and only if the
one of the following conditions holds:

(1) Ricg !

/

0 1 $
m(m $ 1) log

)
Rmax +( m$ n)!

m!

*
$ (n$ 1)" 2(Rmax $ Rmin )

!

m(m $ 1) log
)

Rmax +( m$ n)!
m!

*
+ ( n $ 1)(m $ 1)$2

1

2 !g ,

(2) cg " Ricg "
+

! +
cm

(n $ 1)$2
log

+
Rmax + ( m $ n)!

m!

,,
g for somec > 0,

(3) cg " Ricg "
++

1 +
4m(m $ 1)
(n $ 1)$2

log
+

Rmax + ( m $ n)!
m!

,,
c $ Rmax + Rmin

,
g for

somec > 0.

�‡�h , quasiÐEinstein���7�.�t�0�b�” HitchinÐThorpe
Æ�s�Ü�t���`�o , �Í�U
R�“�q�m�•

Theorem 4.17 ([38]). Let (M, g) be a four-dimensional compact shrinking quasi-
Einstein manifold satisfying(4.9) with Þnite m > 1. If the scalar curvature satisÞes

(4.18)
"

M
R2dµ " 6!

m $ 2
m + 2

"

M
Rdµ +

72! 2

m + 2
vol(M, g),

then the manifold(M, g) satisÞes the HitchinÐThorpe inequality2&(M ) ! 3|' (M )|.
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Remark4.19. Theorem 4.17�t�S�M�o , m = % �q�b�”�q quasiÐEinstein���7�.�x Ricci
�¹�æ�Ä�ï�t�s�“ (4.18) �x Ma �t�‘�l�o�)�Q�’�•�h Ricci �¹�æ�Ä�ï�U HitchinÐThorpe

Æ�s�Ü�›�¬�h�b�h�Š�w	G
ü	Ú�E (3.3) �t�<�£�^�•�” .

�‡�h , Theorem 4.6�› quasiÐEinstein���7�.�t�¦�Á�b�”�\�q�p , �Í�›�˜�”�•

Theorem 4.20 ([38]). Let (M, g) be a four-dimensional compact shrinking quasi-
Einstein manifold satisfying(4.9) with Þnite m > 1. If the scalar curvature satisÞes

(4.21)
"

M
R2dµ " 6!

m $ 2
m + 2

"

M
Rdµ +

72! 2

m + 2
vol(M, g) $ 192$2 m $ 1

m + 2
,

then the manifold(M, g) must be isometric to the standard sphereS4.

Remark4.22. Theorem 4.20�t�S�M�o , m = % �q�b�”�q quasiÐEinstein���7�.�x Ricci
�¹�æ�Ä�ï�t�s�“ (4.21) �x BrasilÐCostaÐRibeiro Jr. [5]�t�‘�l�o�)�Q�’�•�h Ricci �¹�æ
�Ä�ï�U S4 �q�s�Õ�‰���p�K�”�h�Š�w	G
ü	Ú�E (4.7) �t�<�£�^�•�” .

�€�ß���Y

[1] W. Ambrose, A theorem of Myers, Duke Math. J. 24 (1957), 345Ð348.
[2] B. Andrews and L. Ni, Eigenvalue comparison on Bakry-Emery manifolds, Comm. Partial Dif-

ferential Equations 37 (2012), 2081Ð2092.
[3] A. L. Besse, ÒEinstein manifoldsÓ, Springer, New York, 1987.
[4] A. Barros, R. Batista, E. Ribeiro Jr., Compact almost Ricci solitons with constant scalar curva-

ture are gradient, Monatsh. Math. 174 (2014), 29Ð39.
[5] A. Brasil, E. Costa and E. Ribeiro Jr., Hitchin-Thorpe inequality and Kaehler metrics for compact

almost Ricci soliton, Ann. Mat. Pura Appl. (4) 193 (2014), 1851Ð1860.
[6] H.-D. Cao, Existence of gradient K¬ahler-Ricci solitons, Elliptic and Parabolic Methods in Ge-

ometry (Minneapolis, MN, 1994), 1Ð16, A. K. Peters (ed.), Wellesley, MA, 1996.
[7] , Recent progress on Ricci solitons, Recent advances in geometric analysis, 1Ð38, Adv. Lect.

Math. (ALM), 11, Int. Press, Somerville, MA, 2010.
[8] J. Case, Y.-J. Shu and G. Wei,Rigidity of quasi-Einstein metrics, Di". Geom. Appl. 29 (2011),

93Ð100.
[9] B.-L. Chen, Strong uniquenes of the Ricci ßow, J. Di"erential Geom. 82 (2009), 363Ð382.

[10] B. Chow, P. Lu and L. Ni, ÒHamiltonÕs Ricci ßowÓ, Graduate Studies in Mathematics, 77, Amer.
Math. Soc., Providence, RI; Science Press, New York, 2006.

[11] Y. Chu and Z. Hu, Lower bound estimates of the Þrst eigenvalue for thef -Laplacian and their
applications, Q. J. Math. 64 (2013), 1023Ð1041.

[12] M. Fern«andez-L«opez and E. Garc«õa-R«õo,A remark on compact Ricci solitons, Math. Ann. 340
(2008), 893Ð896.

[13] , Diameter bounds and Hitchin-Thorpe inequalities for compact Ricci solitons, Q. J. Math.
61 (2010), 319Ð327.

[14] D. Friedan, Nonlinear models in 2 + ! dimensions, Ann. Phys. 163 (1985), 318Ð419.
[15] A. Futaki, H. Li and X.-D. Li, On the Þrst eigenvalue of the Witten-Laplacian and the diameter

of compact shrinking solitons, Ann. Global Anal. Geom. 44 (2013), 105Ð114.
[16] A. Futaki and Y. Sano, Lower diameter bounds for compact shrinking Ricci solitons, Asian J.

Math. 17 (2013), 17Ð32.
[17] A. Ghosh, Certain contact metrics as Ricci almost solitons, Results Math. 65 (2014), 81Ð94.
[18] , Quasi-Einstein contact metric manifolds, Glasgow Math. J. 57 (2015), 569Ð577.
[19] R. Hamilton, The Ricci ßow on surfaces, Mathematics and general relativity (Santa Cruz, CA,

1986), 237Ð262, Contemp. Math., 71, Amer. Math. Soc., Providence, RI, 1988.

278



[20] , The formation of singularities in the Ricci ßow, Surveys in di"erential geometry, Vol. II
(Cambridge, MA, 1993), 7Ð136, Int. Press, Cambridge, MA, 1995.

[21] N. Hitchin, Compact four-dimensional Einstein manifolds, J. Di"erential Geom. 9 (1974), 435Ð
442.

[22] N. Koiso, On rotationally symmetric HamiltonÕs equation for K¬ahler-Einstein metrics, Recent
topics in di"erential and analytic geometry, 327-337, Adv. Stud. Pure Math., 18-I, Academic
Press, Boston, MA, 1990.

[23] C. LeBrun, Four-manifolds without Einstein metrics, Math. Res. Lett. 3 (1996), 133Ð147.
[24] M. Limoncu, ModiÞcations of the Ricci tensor and applications, Arch. Math. (Basel) 95 (2010),

191Ð199.
[25] , The Bakry-Emery Ricci tensor and its applications to some compactness theorems, Math.

Z. 271 (2012), 715Ð722.
[26] L. Ma, Remarks on compact Ricci solitons of dimension four, C. R. Acad. Sci. Paris, Ser. I351

(2013), 817Ð823.
[27] G. Maschler, Almost soliton duality, Adv. Geom. 15 (2015), 159-166.
[28] S. B. Myers, Riemannian manifolds with positive mean curvature, Duke Math. J. 8 (1941),

401Ð404.
[29] G. Perelman, The entropy formula for the Ricci ßow and its geometric applications,

arXiv:math/0211159
[30] , Ricci ßow with surgery on three-manifolds, arXiv:math/0303109
[31] , Finite extinction time for the solutions to the Ricci ßow on certain three-manifolds,

arXiv:math/0307245
[32] S. Pigola, M. Rigoli, M. Rimoldi and A. G. Setti, Ricci almost solitons, Ann. Sc. Norm. Super.

Pisa Cl. Sci. (5), Vol. X (2011), 757Ð799.
[33] Z. Qian, Estimates for weighted volumes and applications, Q. J. Math. 48 (1997), 235Ð242.
[34] R. Sharma, Certain results on K -contact and (k, µ)-contact manifolds, J. Geom. 89 (2008),

138Ð147.
[35] H. Tadano, Remark on a diameter bound for complete Riemannian manifolds with positive Bakry-

«Emery Ricci curvature, Di". Geom. Appl. 44 (2016), 136Ð143.
[36] , An upper diameter bound for compact Ricci solitons with applications to the Hitchin-

Thorpe inequality, arXiv:1504.05384
[37] , Some Ambrose and Galloway type theorems via modiÞed Ricci curvature, Preprint, 2015.
[38] , Diameter bounds, gap theorems and Hitchin-Thorpe inequalities for compact quasi-

Einstein manifolds, Preprint, 2015.
[39] J. Thorpe, Some remarks on the Gauss-Bonnet formula, J. Math. Mech. 18 (1969), 779Ð786.
[40] L. F. Wang, Rigid properties of quasi-Einstein metrics, Proc. Amer. Math. Soc. 139 (2011),

3679Ð3689.
[41] , On noncompact " -quasi Einstein metrics, PaciÞc. J. Math. 254 (2011), 449Ð464.
[42] , Diameter estimate for compact quasi-Einstein metrics, Math. Z. 273 (2013), 801Ð809.
[43] X.-J. Wang and X. Zhu, K¬ahler-Ricci solitons on toric manifolds with positive Þrst Chern class,

Adv. Math. 188 (2004), 87-103.
[44] G. Wei and W. Wylie, Comparison geometry for the Bakry-Emery Ricci tensor, J. Di"erential

Geom. 83 (2009), 377Ð405.
[45] S. Zhang, A theorem of Ambrose for Bakry-Emery Ricci tensor, Ann. Global Anal. Geom. 45

(2014), 233Ð238.

279



Oriented graph �w
‡�0	¶
Q�t�m�M�o

�$�› �3�� (Shohei Satake) (�Ê�y�0�G�¶�G�¶�Ã	Ø�C�J�¶�Z�€�J )!

�Š�Z�€�x
��•�G�¶�w�’ 
Y�Q	d�­	$ , �¤
æ�G�¶�w
��- �m�°�­	$�q�w�ž�‰�Z�€�p�K�” .
�y�°
`�t�)�Q�’�•�h�¬�å�Ñ�s�r�w
:�¶�$�Ï���w�0	¶
Q�w�ô�^�x�f�w
¶�×�~�‰�����w�•

:�p���’�•�” . �Š�è���p�x�¬�å�Ñ�q�²�V
Ç�Z�^�•�h�¬�å�Ñ�t�£�è�b�” . ( �Á�² ) �¬�å�Ñ �q
�x	B�ù V �q , E !

! V
2

"
1 �w
Ê�p
¯�^�•�”�Ï���p�K�“ , �²�V
Ç�Z�^�•�h�¬�å�Ñ �q�x	B�ù V

�q (u, v) " E # (v, u) /" E �›�ˆ�h�b E ! V 2 �w
Ê�p
¯�^�•�”�Ï���p�K�” . �‡�h V �w�A
É
�› �Ö�: , E �w�A
É�› �%�q�M�M, �)�Q�’�•�h�Á�²�‡�h�x�²�V
Ç�Z�^�•�h�¬�å�Ñ H �t�m�M�o
�Ö�:	B�ù , �%	B�ù�›�f�•�g�• V(H ), E(H ) �p
¯�b�\�q�t�b�” 2.
�y�¬�å�Ñ G �t�S�M�o�x { u, v} " E(G) $# { u! , v! } " E(G) �›�ˆ�h�b V(G) 	Í�w�”�õ
! �› G �w�×�~�‰�� �q�M�M, G �w
¶�×�~�‰�����› Aut( G) �p
¯�b 3. �f�w�™�¯�p , �¬�å�Ñ G
�t�m�M�o |Aut( G)| > 1�p�K�”�q�V , G �x �0	¶ �p�K�”�q�M�M , �f�O�p�s�M�q�V G �x 
‡�0	¶
�p�K�”�q�M�O . �i�U�\�w	��S�p�x , 
‡�0	¶�s 2 �m�w�¬�å�Ñ G, G" �U�)�Q�’�•�h�q�V , �†
	��›
z�±�b�”�\�q�x�p�V�s�M . �p�x�r�w�‘�O�t�`�o�¬�å�Ñ�w Ò
‡�0	¶
Q Ó�›���•�y�‘�M
�w�i�–�O�T . �\�w�ð�J�t�7	s�t�r�t�›�)�Q�h�w�U 1963�å�w Erdýos, R«enyi�w�æ�� [4]�p�K
�” . [4] �p�x
‡�0	¶�s���v�¬�å�Ñ G �t�0�`�o , �%�›�&�p�t�å�C�‡�h�x	†�ˆ�`�o�K�”�0	¶
�s�¬�å�Ñ�t�!���b�”
â�^ symmetrization �›�ß�Q , �¤ symmetrization�t�T�T�˜�l�h�%
�w
:�w�7	–�‹�› A(G) �q�‘�| , �f�•�› G �w
‡�0	¶
Q�w	��S�q�`�h . �h�i�` , G �U�0	¶�p
�K�”�q�V A(G) = 0 �q�` , G �U K 1 �p�K�”�q�V�t�x A(G) = % �q���[�b�” . �‡�c A(G) �t
�m�M�o�Ž�<�w���g�U�‹�T�•�” .

���g 1 (Erdýos-R«enyi [4]). n & 2�q�` , G �› n �Ö�:�T�’�s�”�¬�å�Ñ�q�b�” . �\�w�q�V

A(G) ' [
n ( 1

2
].

�i�U�\�w	Í�„�›�a
R�b�”�¬�å�Ñ�›�_�m�Z�”�w�x�0�›�p�x�s�M . �f�\�p [4] �x , 	G
ü�G
�V�s n �t�m�M�o�x�f�w A(G) �U	Í�„�t�Ù�M�‹�›�‹�m�‘�O�s n �Ö�:�¬�å�Ñ G �w���O
Q�›
Erdýos-R«enyi �å�ï�¼�Ü�¬�å�Ñ �w	��O�›�;�M�o�Ô�`�o�M�” . �«�Q�y , 
Q�í P �›�‹�m�¬�å�Ñ
�w���O
Q�›�Ô�`�h�M�q�`�‘�O . n �:	B�ù�t�0�` , �f�w�¤ 2�:
æ
ü	B�ù�t�0�`�o , �%�›�¬�p
1/2 �p
¬�•�¼�æ�›� �q�t�æ�l�o , �å�ï�¼�Ü�t n �Ö�:�¬�å�Ñ�›
\
R�b�” . �f�w�‘�O�s�¬�å�Ñ
�› Erdýos-R«enyi�å�ï�¼�Ü�¬�å�Ñ , �‡�h�x�o�t �å�ï�¼�Ü�¬�å�Ñ �q�z�| , �å�ï�¼�Ü�¬�å�Ñ
¶�.
�w	B�ù�› G(n, 1/ 2) �p
¯�b . �\�w�q�V�t�¬�p P[{ G " G (n, 1/ 2) | G �x P �›�ˆ�h�^�s�M } ]
�U 1Ò�‘�“	–�^�M Ó�\�q�›�Ô�d�y , 	t�l�w�¬�å�Ñ�w���O
Q�›�Ô�b�\�q�U�p�V�” . �‘�“	Ä�`
�X�x [3, Chapter 11]�s�›�€	°�^�•�h�M .

�‡�h , [4]�p�x�D�‰�Á�v�¬�å�Ñ�w�0	¶
Q�t�m�M�o�‹	\�‚�’�•�o�S�“ , �D�‰�Á�v�å�ï�¼�Ü
�¬�å�Ñ �x�¬�p 1�p Rado �¬�å�Ñ R �q�z�y�•�”�¬�å�Ñ�t�‰���t�s�”�\�q�U�Ô�^�•�o�M�” .
R �q�x�Ž�<�w���[�›�¬�h�b�D�‰�Á�v�¬�å�Ñ�p�K�” .

! �ß 464-8601�Ê�y�0�¢
•	��à
Æ�Ý�Ê �Ê�y�0�G�¶�G�¶�Ã	Ø�C�J�¶�Z�€�J�-�‰�;
:�g�J�¶
•�È
e-mail: satake.shohei@f.mbox.nagoya-u.ac.jp

1
! V

2

"
�p V �w 2�:
æ
ü	B�ù
¶�.�›
¯�b .

2 �f�w���w�¬�å�Ñ�g�æ�w�;� �t�m�M�o�x Diestel �w�­�J	{ [3] �s�›�€	°�^�•�h�M .
3 �²�V
Ç�Z�^�•�h�¬�å�Ñ�t�m�M�o�‹�‰�7�t���[�^�•�” .
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(*) �Ú�™�w�“�M�t�¦�˜�’�s�M���v�w�Ö�:
æ
ü	B�ù U, V �t�0�`�o , U �w�b�‚�o�w�Ö�:�q
�w���t�%�U�K�“ , V �w�b�‚�o�w�Ö�:�q�w���t�%�›�‹�h�s�M�‘�O�s�Ö�: z /" U ) V
�U���O�b�” .

�\�w���[�›�¬�h�b�¬�å�Ñ�x�‰���›	†�M�o�°�™�p�K�”�\�q�U��
î�æ�O�›�;�M�o�Ô�^�•�” .
�f�w�^�æ�T�’�Í�w�Ä�î�U
R�“�q�m .

���g 2 (cf. Cameron [1], Erdýos-R«enyi [4]). R �x�0	¶�p�K�“ , �^�’�t |Aut( R)| = 2#0 .

�\�w�Ä�î�T�’ R �x�ô�M�0	¶
Q�›�‹�m�¬�å�Ñ�p�K�”�\�q�U�˜�T�” . R �x
:�¶�$�t
‡	×
�t�µ�¯
��M�¬�å�Ñ�p�K�“ , �f�w���w R �w
Q�í�t�m�M�o�‹���X�w�Þ�Ã�ç�g�æ�•
Ê�ù�d�æ�w
�Z�€	��t�‘�l�o�Ð�‚�’�•�o�M�” .
�y�\�O�`�h
‡�0	¶
Q�t���b�”�ð�J�t�m�M�o�x , �‹�j�–�œ�7�‘�s�ž�Ó�é�”�½�U�ß�Q�’�•�”
�U, �Š�è���p�x , Erdýos, R«enyi�w�“�Ä�t�£�è�` , �f�w�²�V�n�Z�^�•�h�¬�å�Ñ�t���b�”�¨
�Å ([5], [6])�›�)�Q�” . �Ž�< , ���Z�w�S�f�•�U�s�M�v�“ , �²�V
Ç�Z�^�•�h�¬�å�Ñ�›�o	m�t
Ò�¬�å�Ñ Ó�q	{�X�\�q�t�b�” . �‡�c , 
‡�0	¶�s���v�¬�å�Ñ D �t�0�`�o�%�w	†�ˆ , �å�C�‡�h
�x�%�w�²�V�w�!�Ë�›�æ�l�o�K�”�0	¶�s�¬�å�Ñ�t�!���b�”
â�^�› D �w symmetrization
�q�‘�| , A(D) �›�f�w�T�T�˜�l�h�%�w
:�w�7	–�‹�q���[�b�” . �‡�c A(D) �t�m�M�o�Ž�<�w
	Í�„�U�˜�’�•�h .

���g 3 (S-Sawa-Jimbo [5]). n & 3�q�` , D �› n �Ö�:�T�’�s�”�¬�å�Ñ�q�b�” . �\�w�q�V

A(D) ' [
2n + 1

3
].

�²�V
Ç�Z�^�•�h�¬�å�Ñ�w	Ô�ù�p�‹�Á�²�w	Ô�ù�q�‰�7 , 	Í�„�›�a
R�b�”�¬�å�Ñ�›�_�m
�Z�”�w�x���É�p�K�” . �f�\�p�Í�w���g�p�\�w	Í�„�U
´�Ù�$�t�7�‘�p�K�”�\�q�› Erdýos-
R«enyi�å�ï�¼�Ü (oriented) �¬�å�Ñ�w	��O�›�;�M�o�Ô�b . �è���p�x	Â�Ì�w�ž� �Ã�ž�›���?
�t	\�‚�”�'���p�K�” .

���g 4 (S-Sawa-Jimbo-Enomoto [5]). �Ú�™�w" > 0�t�0�`�o , �K�”�×
µ
: n0(") �U�K�l
�o , �Ú�™�wn > n 0(") �t�m�M�o A(D) > 2

3n(1 ( ") �p�K�”�‘�O�s n �Ö�:�¬�å�Ñ D �U���O
�b�” .

�‡�h�D�‰�Á�v�¬�å�Ñ�t�m�M�o�w�0	¶
Q�t���b�”�A�L�‹�˜�’�•�h . �D�‰�Á�v�å�ï�¼�Ü
(oriented) �¬�å�Ñ�x random oriented graph RO (cf. [2]) �q�‘�y�•�”�¬�å�Ñ�q�¬�p 1
�p�‰���t�s�” .

(*) �Ú�™�w�“�M�t�¦�˜�’�s�M���v�w�Ö�:
æ
ü	B�ù U, V, W�t�0�`�o , U �w�b�‚�o�w�Ö
�:�T�’ z �t�²�T�O�%�U�K�“ , V �w�b�‚�o�w�Ö�:�t z �T�’�²�T�O�%�U�K�“ , W �w�b�‚
�o�w�Ö�:�q z �w���t�%�›�‹�h�s�M�‘�O�s�Ö�: z /" U ) V ) W �U���O�b�” .

�\�w���[�›�ˆ�h�b�¬�å�Ñ�x R �q�‰�7�t�`�o , �‰���›	†�M�o�°�™�p�K�”�\�q�U�Ô�^�•�” .
�\�w RO �t�m�M�o�Í�w���g�U
R�“�q�m .

���g 5 (S-Sawa-Jimbo [5]). RO �x�0	¶�p�K�” . �^�’�t |Aut( RO)| = 2#0 .

�è���p�x , �\�w���g�w	Â�Ì�›�M�X�m�T�w�M�O�p�)�Q�” . �‡�h , �Ì���w�•�b�v�“ , RO �w
�¬�å�Ñ�g�æ�$
Q�í�• Aut( RO) �w
Q�í�t�m�M�o�‹�^�æ�`�h�M .
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�y���g 4�w	Â�Ì�t�m�M�o , �ÿ�Š
™�ô
Œ
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�Ä�é�Ð�§�ç�2�?�¶�q�Þ�Ê�Å�é�Û�”�!�õ

�•�Š ���J�y Yuto Yamamoto (�f�˜�G�¶�G�¶�Ã
:�g�J�¶�Z�€�J )!

1. �“�A
�Ä�é�Ð�§�ç�2�?�¶�x�|�è	×�w�C�O�›���m�w
:�w max�›�q�”
â�^�t�|	Ð�O�›�è	×�w�C�O
+ �t	��“�õ�Q�o�˜�’�•�” max-plus�E
:	Í�w�E
:�2�?�¶�p�K�”�}�\�w max�q plus�w���‰
�x�|�è	×�w���‰ + , ! �w�K�”	��w�Ã�v�¢�Ä�é�Ð�§�ç�Ã�v�£�q�`�o�q�•�”�U�|
ó
É�E
:��
�7�.�t�f�w�Ã�v�›�ª�b�q�|�f�w���7�.�w Ò���¨ Ó�U�q�•�”�}�\�w Ò���¨ Ó�U�|�Ä�é�Ð�§�ç
�2�?�¶�w	��s�Z�€�0	Å�p�K�”�Ä�é�Ð�§�ç���7�.�p�K�”�}

�Ä�é�Ð�§�ç���7�.�x�|�Ã�v�›	��”
²�w�i�w���7�.�t���b�”�7�‘�s	Ø�C�›�Ë�l�o�M�”
�\�q�U�Œ�’�•�o�M�”�}�«�Q�y Itenberg�| Khazarkov�| Mikhalkin �| Zharkov[1]�t�‘�l�o�‹
�Ö�^�•�h�Ä�é�Ð�§�ç�×�Þ�é�´�”�›�;�M�•�y�|�Ä�é�Ð�§�ç���7�.�w
Ê�ˆ�ù�˜�d�$�s�Ã�”
�»�T�’�|�i�w
ó
É���7�.�w Hodge
:�›�s
î�p�V�”�\�q�U�Œ�•�’�•�o�M�” [4]�}�®�Ä�é�Ð�§
�ç���7�.�T�’�|�i�w���7�.�w	Ø�C�›�r�\�‡�p�¾�V	Z�d�”�T�•�¯�q�M�O�ð�M�U�|�Ä�é�Ð
�§�ç�2�?�¶�t�S�Z�”�¤	ú�$�s�]�J�w�°�m�q�s�l�o�M�”�}

�Ä�é�Ð�§�ç���7�.�x�¢�K�”	��w�ž�Ñ�•� �ï�Ï���›�Ë�m�£���Ø
ó�.�p�K�“�|�,�Š�$�t
�Ä�é�Ð�§�ç���7�.�U�Ë�m	Ø�C�x�|
Ê�ˆ�ù�˜�d�$�s�‹�w�t�v�’�•�”�}�‡�h�|�Ä�é�Ð�§�ç
�=�t�‘�l�o�˜�’�•�”�Ä�é�Ð�§�ç���7�.�w�Í�i�x�|�î�Í�i�p�i�w���7�.�w�Í�i�w
R
ü�t
�s�”�}�f�w�h�Š�|�Ä�é�Ð�§�ç�Ã�v�›	��”�a���p�T�s�“�w	Ø�C�›�ú�o�o�`�‡�l�o�M�”�\
�q�t�s�”�}�`�T�`�|�o�t�f�w�Ï���U
Ê�ˆ�ù�˜�d�$�p�o	m�p�K�”�‚�t�Ä�é�Ð�§�ç���7�.
�w	��“�{�M�x
z�±�$���o�p�|�7�‘�s�”�›�é�.�$�t�-�‰�b�”�\�q�›�D�ó�t�b�”�}

�Š�è���p�x�|�Ä�é�Ð�§�ç���7�.�q�i�w���7�.�w�Ä�é�Ð�§�ç�Ã�v	*�“�w�Þ�Ê�Å�é�Û�”
�q�w�����t�m�M�o	\�‚�”�} [6]�t�S�M�o�|�Ä�”�æ�¿�«�Ò�Â�Ø�w	Ô�ù�t�|�f�•�w�Ä�é�Ð�§
�ç�=�t�‘�l�o�˜�’�•�”�Ä�é�Ð�§�ç���7�.�›�;�M�o�|�i�w���7�.�w�2�?�¶�$�Þ�Ê�Å�é�Û�”
�w�é�.�$�s�G	\�›�)�Q�h�}�›�t�|�°�Í�i�w	Ô�ù�t�x�Þ�Ê�Å�é�Û�”�U���7�.�w�¯�×�Þ�é
�´�”�t�r�w�‘�O�t�^�;�b�”�w�T�‹�-�‰�D�ó�p�K�”�}�é�.�«�›�{�M�s�U�’�\�w�A�L�›	º
�p�b�”�}

2. �Ä�é�Ð�§�ç�2�?�¶
max-plus�E
: (T, " , # ) �x�Í�w�‘�O�t���[�^�•�”�} T := R $ {%&} �q�`�o�|�\�•�t�C
�O" �|	Ð�O # �›

a " b := max { a, b} , a # b := a + b�y (a, b' T) (2.1)

�p�)�Q�”�} (T, " , # ) �x�A�ù�O���•�¦�õ�O���›�¬�h�b�U�|�C�O " �t���`�o�o�i�U
ž�c�`
�‹���O�`�s�M�}�f�w�h�Š�|�\�•�x���t�x�s�’�c
R���q�z�y�•�”�}

�Ä�é�Ð�§�ç�2�?�¶�t�S�Z�”���ò�Ü�x�|�Í�w���w��
: F : Rn+1 ( R �q�`�o���[�^�•�”�}

F (X 1, . . . , Xn+1 ) =
!

m" A

am # X m1
1 # á á á #X mn +1

n+1

= max
m" A

{ am + m1X 1 + á á á+ mn+1 X n+1 }
(2.2)

! e-mail: yuto@ms.u-tokyo.ac.jp
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�\�\�p�| n ' N, ai ' R �p�| A �x Zn+1 �w���v
æ
ü	B�ù�q�b�”�}�¤ am # X m1
1 #á á á#X mn +1

n+1

�U�o�ò�Ü�p�K�“�|�f�•�’�x�b�‚�o Rn+1 	Í�w�°�Í��
:�p�K�”�}�f�`�o�|
¶�o�w�o�ò�Ü�w
max�›	��l�o�˜�’�•�” F �x Rn+1 	Í�w�<�t�¤�s�à
ü
¢����
:�›���Š�”�}

�‡�h�|�Ä�é�Ð�§�ç���ò�Ü F �U���Š�”�Ò�Â�Ø V(F ) ) Rn+1 �x�|�Í�p���[�^�•�”�}

V(F ) =
"

X ' Rn+1
#
#* p += * q ' A, s.t . F (X ) = ap + p áX = aq + qáX

$
. (2.3)

�\�\�p�| p áX �x p1X 1 + á á á+ pn+1 X n+1 �›
¯�b�} qáX �‹�‰�7�p�K�”�}
�Ä�é�Ð�§�ç�2�?�¶�q
ó
É�E
:�2�?�¶�w���w�����›�ß�Q�”	Í�p�;�M�”�/���$�s�0	Å�x�|

	)�� Puiseux�ƒ
:�.�•	)�� Laurent �ƒ
:�.	Í�w���ò�Ü�p�K�”�}�\�\�p�x�|	)�� Laurent
�ƒ
:�. K := C{ t} �›�;�M�”�}�\�•�x�Í�w
ª	j�$�s
‡�ž�ç�©�Ý�Ã�µ
Ç�‹�›�Ë�m�}

val : K %( Z $ {%&} , k =
%

j " Z

cj t j ,( % min { j ' Z | cj += 0} . (2.4)

K 	Í�w Laurent ���ò�Ü f =
&

m" A kmxm ' K [x±
1 , á á á, x±

n+1 ] �w�Ä�é�Ð�§�ç�=�q�x�|�Í�Ü
�p�)�Q�’�•�”�Ä�é�Ð�§�ç���ò�Ü trop( f ) : Rn+1 ( R �p�K�”�}

trop( f )(X 1, á á á, X n+1 ) := max
m" A

{ val(km) + m1X 1 + á á á+ mn+1 X n+1 } . (2.5)

�Ä�é�Ð�§�ç�=�t�‘�l�o�˜�’�•�”�Ò�Â�Ø�q�i�w
ó
É�E
:�Ò�Â�Ø�w���t�x�|�Í�w�‘�O�s��
���U�K�”�}�‡�c�|	G
ü�G�V�M�î
: R ' R> 0 �›�q�“�{���b�”�} f R ' C[x±

1 , á á á, x±
n+1 ] �› f

�w t �t 1/R �›�E�Ö�`�o�˜�’�•�” C	Í�w Laurent ���ò�Ü�q�b�”�}�^�’�t�| LogR : (C! )n+1 (
Rn+1 �›

(x1, . . . , xn+1 ) ,( (logR |x1|, . . . , logR |xn+1 |) (2.6)

�q�`�| A R := LogR ({ x ' (C! )n+1 | f R(x) = 0 } ) �q�S�X�}

Theorem 2.1. ([3, 5]) R ( & �w�Ã�v�w�<�p�| A R �x�| V (trop( f )) �t Hausdor! 	)��
�b�”�}

�\�\�p�| Rn+1 �w
æ
ü	B�ù�w Hausdor! 	)���x�|�Í�w Hausdor! �‘�m�t�‘�l�o���[�^
�•�”�}

d(X, Y ) := max
'

sup
x" X

d(x, Y ), sup
y" Y

d(X, y )
(

, (X, Y ) Rn+1 ) (2.7)

Example 2.2. K 	Í�w���ò�Ü f �U�Í�p�)�Q�’�•�”	Ô�ù�›�ß�Q�”�}

f (x1, x2) = x2
2 + x2

)
x3

1 + t# 2x2
1 + t# 2x1 + t# 1

*
+ 1. (2.8)

�\�w�q�V f �w�Ä�é�Ð�§�ç�=�x�|

trop( f )(X 1, X 2) = max { 2X 2, 3X 1 + X 2, 2X 1 + X 2 + 2, X 1 + X 2 + 2, X 2 + 1, 0} (2.9)

�q�s�”�}
$ 2.1�w� 
¢
æ�x�| trop( f ) �t�‘�l�o���Š�’�•�”�Ä�é�Ð�§�ç�Ò�Â�Ø V(trop( F ))
�›�Ô�`�o�M�”�}�‡�h�| A R �x
$ 2.2�w�ƒ	í�w�–�¬�w�‘�O�t�s�”�}
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$ 2.1: (2.8)�w	Ô�ù�w V(trop( f )) 
$ 2.2: (2.8)�w	Ô�ù�w A R

3. 
ƒ��
K := C{ t} �›	)�� Laurent �ƒ
:�.�q�b�”�} n ' N�›�×
µ
:�q�`�| M �›�Š
: n+1 �w�×�� Z -
�C���q�b�”�}�‡�h�| MR := M - Z R�q�`�| " ) MR �›�¤�¨� ���Ø�.�q�b�”�} A := �ö . M
�q�S�X�}�^�’�t�| f =

&
m" A kmxm ' K [x±

1 , á á á, x±
n+1 ] �› K 	Í�w n + 1 �!
: Laurent ��

�ò�Ü�q�b�”�}�h�i�`�|
¶�o�w m ' A �t�0�`�o km += 0 �p�K�”�q�>���b�”�}	G
ü�G�V
�M�î
: R ' R> 0 �›�q�“�{���b�”�} S1

R := { z ' C | |z| = R} �q�S�X�} q ' S1
R �t�0�`�o�|

f q ' C[x±
1 , á á á, x±

n+1 ] �› f �w t �t 1/q �›�E�Ö�`�o�˜�’�•�” C 	Í�w���ò�Ü�q�b�”�} (C! )n+1

�p�w f q �w�µ�:	B�ù�›�&�p�t�¯�ï�Í�«�Ä�=�`�h�‹�w�› Vq �q�b�”�} { Vq} q" S1
R

�w q = & 	*
�“�w�Þ�Ê�Å�é�Û�”�!�õ�t�m�M�o�ß�Q�”�}

�Þ�Ê�Å�é�Û�”�›�ß�Q�”	Í�p�Š�í�$�p�x�s�M�U�|�\�\�p�w�¯�ï�Í�«�Ä�=�t�m�M�o
Y�¬�t
	\�‚�”�q�| F �› " �t�0�b�”
Y�F
”�q�`�|�f�•�w�â�Ç�Þ�´�á�å�”�s�I
ü F $�›�q�”�} X F !

�› F $�t���b�” C 	Í�w�Ä�”�æ�¿�«���7�.�q�b�”�} Vq ) X F ! �› f q �t�‘�l�o���Š�’�•�” X F !

�º�w�Ä�”�æ�¿�«�Ò�Â�Ø�q�`�o�ß�Q�”�}

4. �°�Í�i�w	Ô�ù�w�Þ�Ê�Å�é�Û�”
�Ò�Â�Ø�U�°�Í�i�w	Ô�ù (n = 1) �t�v�l�o	��A�L�›	º�p�b�”�}�°
`�w�Í�i n �p�w�Þ�Ê�Å�é
�Û�”�!�õ�t�m�M�o�x�| [6] �p	\�‚�o�M�”�} { ! i } i =1 ,...d �› V(trop( f )) �w���„�s�%
¶�.�w	B
�ù�q�b�”�}�¤�% ! i �t�x�|�Í�w�‘�O�t�`�o�f�w�Õ�^ L i ' R> 0 �›���[�b�”�\�q�U�p�V�”�}
" i 1, " i 2 ' Rn+1 �› ! i �w�z�:�q�̀ �|�j�•�$�s�Õ�«�Ä�ç Vi ' Zn+1 �›�;�M�o " i 1%" i 2 = li Vi (l i '
R> 0) �q	{�Z�”�q�b�”�}�\�w�q�V�| ! i �w�Õ�^�› L i := li �q���[�b�”�}�‡�h�| Ci (i = 1, . . . d)
�›�¤ ! i �t�0� �b�” Vq= R 	Í�w�o	m���Â
¢�q�`�| Ti : Vq= R ( Vq= R �› Ci �t�
�l�h Dehn�‡
�“�q�b�”�}

Theorem 4.1. ([6, Corollary 1.1.]) n = 1 �w	Ô�ù�| { Vq} q" S1
R

�w�Þ�Ê�Å�é�Û�”�!�õ�x�|
TL 1

1 / á á á /TL d
d �t�‘�l�o�)�Q�’�•�”�}

285



�\�•�x�|�Ô�Š
:�¶�q 2010�å�S	3�B
ï�ù
ü�J�q�w� 
Œ�¯�t�‘�”�'�h�›���è�� [2] �t�S
�M�o�|�'
Ý�q�`�o	\�‚�’�•�o�M�”�}

5. �é�.�«
�6�| (2.8) �w�«�›�ß�Q�”�}�\�w�q�V�|

f q(x1, x2) = x2
2 + x2

)
x3

1 + q2x2
1 + q2x1 + q1

*
+ 1. (5.1)


$ 5�t�Ô�b�‘�O�t�| ! i (i = 1 . . . 7) �› V(trop( F )) �w�%�q�`�| Ci �› ! i �t�0� �b�” Vq= R 	Í
�w�o	m���Â
¢�q�b�”�}�(�w
$�w
�� �t�K�”�¨� �x�| Z2 ) R2 �›�Ô�b�}


$ 5.1: (2.8)�w	Ô�ù�w�Ä�é�Ð�§�ç�Ò�Â�Ø V(trop( f )) �q�Ä�”�æ�¿�«�Ò�Â�Ø Vq

�¤ ! i �w�Õ�^ L i �x�|�f�w�%�w	Í�t�K�”�¨� �w
:�›
:�Q�”�\�q�p�|

L1 = 2, L2 = 4, L3 = 12, L4 = L5 = 1, L6 = L7 = 2 (5.2)

�q�˜�T�“�| Theorem 4.1�T�’ { V} q" S1
R

�w�Þ�Ê�Å�é�Û�”�!�õ�U

T2
1 / T4

2 / T12
3 / T4 / T5 / T2

6 / T2
7 (5.3)

�t�‘�l�o�)�Q�’�•�”�\�q�U
ü�T�”�}

�€�ß���Y
[1] I. Itenberg, L. Khazarkov, G. Mikhalkin, and I. Zharkov. Tropical homology, In prepara-

tion.

[2] � 
Œ	û�p�|
ó
É
u
ü vs �Ä�é�Ð�§�ç
u
ü�|�Ô�Š
:�¶�q 2010�å�S	3�B
ï�ù
ü�J�q�'�h�›���è
���| http://mathsoc.jp/videos/2010shuuki.html, 2010.

[3] Grigory Mikhalkin, Decomposition into pairs-of-pants for complex algebraic hypersurfaces,
Topology 43 (2004), no. 5, 1035-1065.
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Right-angled Artin group�w�Ë�ï�Å�ç�.���•�w�’�Š��
�ˆ�t���`�o

�q�ú���g�ó (Erika KUNO) ( �f�˜�»�À�G�¶ )!

�Š�Ø�p�x , H = Hg,n �›	�
: g ! 0, marked pointn ! 0�x
Ç�V�w�È�A�¯�ï�Í�«�Ä�²�V

Ç�Z�D�ó�Ë�ï�Å�ç�.�q�` , �f�w�¥�„ !H �›	�
: g ! 0, marked point n ! 0�x
Ç�V�w�È
�A�¯�ï�Í�«�Ä�²�V
Ç�Z�D�ó�Â�Ø S = Sg,n �q�_�s�b .

1. �‹�Ö
2012�å�t Koberda [2] �U�¬�å�Ñ ! �U S �w�Â
¢�¬�å�Ñ C(S) �w full subgraph �p�K�”�s
�’�y ! 	Í�w right-angled Artin group A(!) �x S �w�ø
þ�¨�� Mod(S) �w
æ
ü���t�s�”
�\�q�›�Ô�`�h . �Ë�t 2013�å�t Kim-Koberda [1] �U S �w
ó�v�S�U 2 �Ž�<�w�q�V	Í�G�w�o
�U
R�“�q�m , �b�s�˜�j A(!) �U Mod(S) �w
æ
ü���t�s�”�q�V ! �x C(S) �w full subgraph
�t�s�”�\�q�›�Ô�` , S �w
ó�v�S�U n ! 4 �w�q�V�t�¤ n �t�0�`�o�¬�å�Ñ !( n) �p A(!( n))
�x Mod(S) �w
æ
ü���t�s�”�U !( n) �x C(S) �w full subgraph �t�s�’�s�M�‹�w�›�Ï
R�`
�h . H �w�Ë�ï�Å�ç�.�� Mod(H ) �x S �w�ø
þ�¨�� Mod(S) �w
æ
ü���p�K�“ , H �w��
X
�¬�å�Ñ D(H ) �•�w�^�;�U�K�” . �Š�Ø�p�x , �Ë�ï�Å�ç�.���q��
X�¬�å�Ñ�t�0�`�o�‰�7�w�\
�q�›�ß�Q�˜�’�•�h�A�L�t�m�M�o�C���b�” .

2. 	j
‹
2.1. �¬�å�Ñ

�Š�Ø�p�x�¬�å�Ñ ! �q�x 1 �Í�i���v�o�.�¬�å�Ñ�›�¦�b�\�q�q�b�” . V(!) �› ! �w�Ö�:	B
�ù , E(!) �› ! �w�%	B�ù�q�b�” . �Ë�t�¬�å�Ñ�x�ç�”�Ó�•��	O�%�›�Ë�h�s�M�q�b�” .

���[ 2.1. X " V(!) �t�0�` , X �t�‘�” ! �w full subgraph �‡�h�x X �t�‘�” � �‹
æ

ü�¬�å�Ñ " �q�x , " �w�Ö�:	B�ù�› X �q�` , " �w�%	B�ù�› X �º�t�†�z�:�›�Ë�m ! �w�%

¶�.�q�`�o���Š�’�•�h�¬�å�Ñ�w�\�q�p�K�” .

! �w�Ö�: v �w ! �º�w link �q�x v �q�%�p�A�y�•�”�Ö�:
¶�.�w	B�ù�w�\�q�p�K�” . �‡
�h , n �x�w�Ö�:	Í�w�ì
¶�¬�å�Ñ K �q�x K �w�¤�Ö�:�U K �w�f�w���w
¶�o�w�Ö�:�q�%�p
�A�y�•�”�¬�å�Ñ�p�K�” . ! �w� �‹
æ
ü�¬�å�Ñ�p�ì
¶�¬�å�Ñ�p�K�”�‹�w�› clique �q�M�O.

���[ 2.2. 
Y�w
T
: N �t�0�`�o ! �U N -thick stars �›�Ë�m�q�x , ! �w�¤�Ö�: v �w link
�U�Ÿ�s�” 2�m�w N # 1 �x�w�Ö�:	Í�w clique �›���‰�\�q�p�K�” .

2.2. �Ë�ï�Å�ç�.

	�
: g ! 0 �w�Ë�ï�Å�ç�. Hg �q�x 3�Í�i�•�.�t g �x�w 1-�Ë�ï�Å�ç D 2 $ I �›�7�“�ù�˜
�d�”�\�q�p�˜�’�•�” 3 �Í�i���7�.�p�K�” . �`�` , D 2 �x 2 �Í�i��
X�p I �x�à���p�K�” .
Hg �w�¥�„ !H g �x	�
: g �w�È�A�²�V
Ç�Z�D�ó���Â�Ø Sg �q�s�” . 	�
: g ! 0, marked
point n ! 0�x
Ç�V�w�Ë�ï�Å�ç�. H = Hg,n �q�x , !H g 	Í�w n �x�w�:�t�Ê
² p1, p2, á á á,
pn �›
Ç�Z�”�\�q�p�˜�’�•�” 3�Í�i���7�.�p�K�” . H �w�¥�„ !H �›	�
: g ! 0, marked
point n ! 0�x
Ç�V�w�È�A�¯�ï�Í�«�Ä�²�V
Ç�Z�D�ó�Â�Ø S = Sg,n �q�_�s�b . H �º�w��

X d �U H �t �{���t �’�Š���‡�•�”�q�x , d �w�º
æ�x H �w�º
æ�t , d �w�¥�„�x H �w�¥�„�t

! �ß 152-8551�f�˜�N�è���à�G�,�• 2-12-1�y�f�˜�»�À�G�¶�G�¶�Ã�g�»�¶�Z�€�J 
:�¶
•�È
e-mail: kuno.e.aa@m.titech.ac.jp
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�’�Š���‡�•�”�\�q�p�K�” . H �º�t�{���t�’�Š���‡�•�h��
X d �U �Š�í�$ �p�K�”�q�x , d
�x !H 	Í�w��
X�w�¥�„�t�s�’�s�X , �T�m !H 	Í�w 1�m�w marked point �t�ž� �¹�Ä�Ð�¿
�«�t�s�’�s�M�\�q�p�K�” . �Š�Ø�p�x ��
X �q�x H �t�{���t�’�Š���‡�•�h�Š�í�$�s��
X�›
�¦�b�\�q�q�b�” .

���[ 2.3. �Ë�ï�Å�ç�. H 	Í�w multi-disk �q�x H �º�w�“�M�t�¦�˜�’�s�X�ž� �¹�Ä�Ð�¿�«
�p�s�M�M�X�m�T�w��
X�w�è	B�ù�w�\�q�p�K�” . H �w
ó�v�S�› " (H ) = max { 3g# 3+ n, 0}
�q���Š�” . �\�•�x H �º�w multi-disk �w
R
ü
:�w�7�G�t�°�•�b�” . 
R
ü
:�U 3g # 3 + n
�p�K�” multi-disk �› maximal multi-disk �q�M�O (�«�x
$ 1).


$ 1: Hg,n �º�w maximal multi-disk �w�« .

S 	Í�w multi-curve �›���[ 2.3 �w H �º�w��
X�› S �º�w�Š�í�$�o	m���Â
¢�t�!�Q
�”�\�q�p���Š�” . S �w
ó�v�S�x " (H ) = max { 3g # 3 + n, 0} �p�K�“ H �w
ó�v�S�q�°�•
�b�” .

���[ 2.4. H �w ��
X�¬�å�Ñ D(H ) �q�x , ��
X�w�ž� �¹�Ä�Ð�”�¨�›�Ö�:�q�` , 2�m�w�Ö�:
�x�f�•�’�t�0� �b�”��
X�w�ž� �¹�Ä�Ð�”�¨�w�¤�p�#�…�$�t�¦�˜�’�s�M�E
¯�i�w
Ê�U
¬
�‚�”�q�V�t�%�p�A�y�•�”�q���Š�”�\�q�t�‘�l�o�p�V�”�¬�å�Ñ�w�\�q�p�K�” (�«�x
$ 2).


$ 2: H1,5 �w disk graph �w�« .

S �w �Â
¢�¬�å�Ñ C(S) �x���[ 2.4 �w��
X�w�ž� �¹�Ä�Ð�”�¨�›�Š�í�$�o	m���Â
¢�w�ž
� �¹�Ä�Ð�”�¨�t�!�Q�”�\�q�p���Š�’�•�”�¬�å�Ñ�p�K�” .
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���[ 2.5. H �w�Ë�ï�Å�ç�.�� Mod(H ) �q�x H 	Í�w�²�V�›�-�m
•
ü�‰
ì�ø
þ�w�ž� �¹
�Ä�Ð�”�¨�p H 	Í�w marked point �w	B�ù�›�-�m�‹�w
¶�.�t�ø
þ�w�ù
R�›���‰�q�`�o��
�Ï���›�Ö�•�h�‹�w�p�K�” . H �º�w��
X d �t�
�l�h disk twist #d �q�x d �t�
�l�o H �›

~�“�f�w�"���› 2$ �È�t�s�8�^�d�6�| d �p H �›�7�“�ù�˜�d�”�q�M�O
â�^�p�˜�’�•�”
•

ü�‰
ì�ø
þ�w�\�q�p�K�” (
$ 3 �›�_�‘ ). Mod(H ) �w�i %�U multi-disk twist �p�K�”
�q�x , %�U�M�X�m�T�w�“�M�t�¦�˜�’�s�X�ž� �¹�Ä�Ð�¿�«�p�s�M��
X�t�
�l�h disk twist
(�w�§	Ð ) �›�ù
R�`�h�‹�w�›�E
¯�i�t�Ë�m�\�q�p�K�” .


$ 3: disk twist �w�« .

S �w�ø
þ�¨�� Mod(S) �x���[ 2.5 �w H 	Í�w�²�V�›�-�m
•
ü�‰
ì�ø
þ�› S 	Í�w�²�V
�›�-�m
•
ü�‰
ì�ø
þ�t�!�Q�”�\�q�p���[�^�•�”���p�K�” . Mod(H ) �x Mod(S) �w
æ
ü
���t�s�” .

2.3. Right-angled Artin group

���[ 2.6. ���v�¬�å�Ñ ! 	Í�w right-angled Artin group A(!) �q�x�Ž�<�w
¯�Ô�T�’
�)�Q�’�•�”���v
\
R���w�\�q�p�K�” :

A(!) = %V(!) | [vi , vj ] = 1 & { vi , vj } ' E(!) ( .

�« (Right-angled Artin group)

(1) 
$ 4 (a) �x , %v, w | [v, w] = 1( )= Z $ Z �q�s�” , �`�` Z �x
T
:
¶�.�w	B�ù�p�K�” .

(2) 
$ 4 (b) �x , %v, w | *( )= F2 �q�s�” , �`�` F2 �x�Š
: 2 �w�×�����p�K�” .

(3) 
$ 4 (c) �x , %v, w, x, y | [v, x] = [ v, y] = [ w, x] = [ w, y] = 1( )= F2 $ F2 �q�s�” .

(4) 
$ 4 (d) �x , %v, w, x, y | [v, w] = [ x, y] = 1( )= (Z $ Z) + (Z $ Z) �q�s�” .


$ 4: �¬�å�Ñ�T�’ right-angled Artin group �›���Š�”�« .

���[ 2.7. A(!) �T�’ Mod(H ) �•�w�’�Š���ˆ (�o�ù	j�‰�� ) f �U
ª	j�$ �p�K�”�q�x�Ž�<
�w 2�m�w	Ú�E�›�¬�h�b�\�q�p�K�” .

290



(i) �ø
þ f �x ! �w�¤�Ö�:�› multi-disk twist �t�O�m�b .

(ii) �¬�å�Ñ ! �w�Ÿ�s�” 2�m�w�Ö�: u �q v �t�0�`�o , f (u) �w support �x f (v) �w support
�t���‡�•�s�M . �`�` multi-disk twist �w support �q�x�f�w multi-disk twist �t��
�‡�•�”�¤ disk twist �›�ª�b��
X�w
Y���Ù�c�w�è	B�ù�w�\�q�p�K�” .

3. 	��A�L
���g 3.1. ! �U D(H ) �w� �‹
æ
ü�¬�å�Ñ�p�K�”�s�’�y A(!) �x Mod(H ) �w
æ
ü���t
�s�” .

���g 3.2. H �w
ó�v�S�U 0 �‡�h�x 1 �p�K�”�q�b�”�q , A(!) �U Mod(H ) �w
æ
ü���s�’
�y ! �x D(H ) �w� �‹
æ
ü�¬�å�Ñ�t�s�” . H �w
ó�v�S�U 2 �p A(!) �T�’ Mod(H ) �•�w

ª	j�$�s�’�Š���ˆ�U���O�b�”�q�b�”�q ! �x D(H ) �w� �‹
æ
ü�¬�å�Ñ�t�s�” .

���g 3.3. ! 0 �›
$ 5�w�¬�å�Ñ�q�b�” . H = H0,7, H1,5 �t�0�`�o A(! 0) �x Mod(H ) �w
æ

ü���t�s�”�U ! 0 �x D(H ) �w� �‹
æ
ü�¬�å�Ñ�t�s�’�s�M .


$ 5: �¬�å�Ñ ! 0.

���g 3.4. H �›
ó�v�S�U N �w�Ú�™�w�Ë�ï�Å�ç�.�q�b�” . ! �U N -thick stars �›�Ë�j
A(!) �T�’ Mod(H ) �•�w
ª	j�$�s�’�Š���ˆ�U���O�b�”�s�’�y ! �x D(H ) �w� �‹
æ
ü�¬
�å�Ñ�t�s�” .

	��Ù
�Z�€	B�q�®�H 12� s 
 :� ¶
 ï� ù	 �	 �� Z� €	 B� q� �̄ p� w� è� �� w� ;� q� ›� )� Q� o� X� i� ^� l� h� á� æ� •
�»�w�M�‘�t�x	ú�‘�“�ò	�
��`	Í�[�‡�b . �‡�h , �Ô���T�’�Z�€�t���b�”�\�q�p	×�t
��¤�›
�!�`�o�X�i�^�“ , �Š�Z�€�t�S�M�o�‹�¸�á�t�]�¦�‹�›�`�o�X�i�^�l�h�f�˜�»�À�G�¶�w���{
�q�f
Œ
\�t�x�ò	��`�o�•�ˆ�‡�d�œ�{�f�`�o , �¸�‘	•� �G�¶�w�Á�Þ
£
Œ
\�q�f�˜�g�J�G�¶
�w�•
I
�
Œ
\�t�x�Ë�ï�Å�ç�.���•��
X�¬�å�Ñ�t���`�o�G�!���ù�s	•�t�›�M�h�i�V�G�V
�s�¶�|�q�s�“�‡�`�h�\�q�›�~�Š�o�°�X�š�±
��`	Í�[�‡�b .

�€�ß���Y
[1] S. Kim and T. Koberda, Right-angled Artin groups and Þnite subgraphs of curve graphs,

to appear in Osaka Journal of Mathematics, available at arXiv:1310.4850v2 [math.GT].

[2] T. Koberda, Right-angled Artin groups and a generalized isomorphism problem for
Þnitely generated subgroups of mapping class groups, Geom. Funct. Anal. 22 (2012),
no. 6, 1541Ð1590.
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�²�V
Ç�Z
Æ�D�ó�Â�Ø�w�ø
þ�¨���w
¯�Ô�t�m�M�o

�G	ÿ�y�o	Ó (Genki Omori) (�f�˜�»�À�G�¶ )!

1. �‹�Ö
�y Ng,n �›	�
: g�|�¥�„
R
ü n �w�È�A�s�²�V
Ç�Z
Æ�D�ó�¯�ï�Í�«�Ä�Â�Ø�| ! g,n �›	�
: g�|
�¥�„
R
ü n �w�È�A�s�²�V
Ç�Z�D�ó�¯�ï�Í�«�Ä�Â�Ø�q�b�”�} S �› Ng,n �‹�`�X�x ! g,n �q�`
�h�Ì�t�| M (S) �› S �w�ø
þ�¨���|�b�s�˜�j S �w�¥�„	Í�Ã�s�$�s�×�~
•
ü�‰
ì�ø
þ�w�¥�„
�›�{���b�”�ž� �¹�Ä�Ð�”�¨�T�’�s�”���q�b�”�}�h�i�`�| S �U�²�V
Ç�Z�D�ó�s	Ô�ù�x�²�V
�›�-�m�ø
þ�¨�w�ˆ�›�ß�Q�”�\�q�t�b�”�} M (! g,n) �w���v
¯�Ô�x�| Hatcher-Thurston [3]�|
Wajnryb [7]�| Harer [2]�s�r�t�‘�l�o�{�Š�’�•�o�M�”�} Gervais [1]�x�f�•�’�w���v
¯�Ô
�›�;�M�o M (! g,n) �w�Á�v
¯�Ô�›�{�Š�o�S�“�|�Ë�t�| Luo [4]�U�f�w Gervais �w
¯�Ô�›	{
�V�õ�Q�o�‘�“�o	m�=�^�•�h�Á�v
¯�Ô�›�)�Q�o�M�”�}

�°�M�| Paris-Szepietowski [5]�t�‘�l�o n �U 0�T 1�w�Ì�t M (Ng,n) �w���v
¯�Ô�U�{�Š�’
�•�o�S�“�|�Ë�t Stukow [6]�x�f�w
¯�Ô�›	{�V�õ�Q�|
\
R�%�U Dehn twist �q Y-�‰
ì�ø
þ
�T�’�s�”���v
¯�Ô�›�)�Q�o�M�”�}�Š�Ø�p�x n �U 0�T 1�w�Ì�w M (Ng,n) �w�o	m�s�Á�v
¯
�Ô�t�m�M�o	º�p�b�”�}

2. 	j
‹
S 	Í�w
Ò���s�o	m���Â
¢ c�t�0�`�| tc ! M (S) �›�| c�t�
�l�o S �›
~�“�‰�V�|�f�w�"�M
�w�¥�„�› 360�S�È�t�ç�“�6�|�7�“�ù�d�”�Ä�p�˜�’�•�” S 	Í�w
•
ü�‰
ì�ø
þ�q�`�| c �t
�
�l�h�È	� Dehn twist �q�z�•�}�h�i�`�| S �U�²�V
Ç�Z
Æ�D�ó�s	Ô�ù�t�x�¤ c�w
Y���Ù
�c N (c) �t�²�V�› 1�m�Ö�•�”�Ä�p�È	� Dehn twist tc �›���[�b�”�¢
$ 1�€	°�£�}


$ 1: S 	Í�w
Ò���s�o	m���Â
¢ c�t�
�l�h�È	� Dehn twist tc�}

Ng,n 	Í�w�o���s�o	m���Â
¢ µ �q�o	m���Â
¢ ! �t�0�`�o�| Yµ,! ! M (Ng,n) �›�| µ �w
Y��
�Ù�c�p�K�” M¬obius�w�3�› ! �t�
�l�o�
	*�^�d�”�Ä�p�˜�’�•�” Ng,n 	Í�w
•
ü�‰
ì�ø
þ�q
�`�| Crosscap pushing map�q�z�•�}�›�t ! �U
Ò���s�Ì�| Yµ,! �› Y-�‰
ì�ø
þ�q�z�•�}�‡
�h�| Yµ,! �x�| Òµ �w
Y���Ù�c�p�K�” M¬obius�w�3�› 1�:�q�ˆ�s�` Ó�|�f�w
â�̂ �t�‘�l�o ! �T
�’�˜�’�•�” Ng" 1,n 	Í�w�,�:
Ç�V�o	m�ç�”�Ó ! �q	j�‰���ø
þ " µ : #1(Ng" 1,n ) " M (Ng,n)
�t�‘�l�o�| Yµ,! = " µ(! ) �q	{�Z�”�Ä�t�«�™�b�”�}

�Ž�<�| Dehn twists �q Yµ,! �h�j�q�w���w�����Ü�t�m�M�o	º�p�b�”�}

(0) S 	Í�p��
X	��`�X�x M¬obius �w�3�›�Á�”�o	m���Â
¢ c�t�0�`�| tc = 1 �}

(I) �Ò�è� �Å�����Ü�•

�Š�Z�€�x�J�Z
… (�]�J
j�ø :15J10066)�w	•
R�›	!�Z�h�‹�w�p�K�”�{
! e-mail: omori.g.aa@m.titech.ac.jp
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¥ f ! M (S) �t�0�`�| f t cf " 1 = t" f

f (c) �}�h�i�`�| f |N (c) : N (c) " N (f (c)) �U�²
�V�›�-�m�Ì�x $f = 1�|�-�h�s�M�Ì�x $f = # 1�q�b�”�}

¥ f ! M (Ng,n) �t�0�`�| fYµ,! f " 1 = Y
" !,f ( ! )

f (µ),f (! ) �}�h�i�`�| f (! ) �w�²�V�q ! �w
�²�V�T�’� �‹�^�•�” f (! ) �w�²�V�U�s�`�M�Ì�x $!,f (! ) = 1 �|�s�`�X�s�M�Ì�x
$!,f (! ) = # 1�q�b�”�}

(II) 2-�½�£� �ï�����Ü�•

$ 2�w�‘�O�s�o	m���Â
¢ c1�| c2�| %�t�0�`�| (tc1 tc2 )6 = t#�}�h�i�`�|�\�w tc1 �| tc2 �|
t# �w
Y�w�²�V�x N (c1 $ c2) �w�²�V�T�’� �‹�^�•�”�‹�w�q�b�”�}

(III) �å�ï�»�ï�����Ü�•

$ 3 �w�‘�O�s�o	m���Â
¢ ! i (i = 1, 2, 3)�| %i (i = 1, 2, 3, 4) �t�0�`�| t ! 1 t ! 2 t ! 3 =
t#1 t#2 t#3 t#4 �}�h�i�̀ �|�\�w t! 1 �| t ! 2 �| t ! 3 �| t#1 �| t#2 �| t#3 �| t#4 �w
Y�w�²�V�x N (! 1 $ ! 2)
�w�²�V�T�’� �‹�^�•�”�‹�w�q�b�”�}

(IV) ! �| &�| !& ! #1(Ng" 1,n ) �U�o	m�s�ç�”�Ó�p�E
¯�^�•�”�Ì�| " µ(!& ) = " µ(! )" µ(&)�}
(V) ! �U�o���s�o	m���Â
¢�p�K�”�Ì�| Yµ,! = t" 1

#1
t" 2
#2

�}�h�i�`�| %1 %%2 �x N (µ $ ! ) �w�¥
�„�t�s�”�‹�w�p�| $1 �q $2 �x�f�•�g�• 1�T # 1�p�K�”�¢
$ 4�€	°�£�}


$ 2: 2-�½�£� �ï�����Ü�}

$ 3: �å�ï�»�ï�����Ü�}


$ 4: ! �| NNg,n (%1)�| NNg,n (%2) �w�²�V�U	Í
$�w�‘�O�s�Ì�| Yµ,! = t#1 t" 1
#2

�q�s�”�}�\�\
�p�|
$�¤�w�·�¹�x�‰��
X�›
H�M�o	Z�R�”�¥�„�w�0�§�:�w�‰�°�¹�›�™�¯�b�”�}

Gervais [1]�q Luo [4]�U�)�Q�h M (! g,n) �w�Á�v
¯�Ô�x�|�Ž�<�w�‹�w�p�K�”�}

���g 2.1 (Gervais, Luo). g & 0�| n & 0�t�0�`�| M (! g,n) �w
¯�Ô�x�Ž�<�p�)�Q�’�•�”�}

\
R�%�• { tc | c�• ! g,n	Í�w�o	m���Â
¢ }
�����Ü�• (0)�| (I )�| (II )�| (III )�}
�h�i�`�|�Ò�è� �Å�����Ü�x tdtct" 1

d = t
" t d
td (c) �w���p�T�m |c ' d| �U 0�T 1�w�‹�w�p	G
ü�}
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3. 	��A�L
Stukow [6]�w���v
¯�Ô�t Gervais [1]�w�^�æ�›�&�;�b�”�\�q�t�‘�l�o�Í�w�A�L�U�˜�’�•�”�}

���g 3.1. g & 3�T�m n ! { 0, 1} �|	��`�X�x (g, n) = (2 , 1) �t�0�`�| M (Ng,n) �w
¯�Ô�x�Ž
�<�p�)�Q�’�•�”�}

\
R�%�• { tc | c�• Ng,n	Í�w
Ò���s�o	m���Â
¢ }

${ Yµ,! | µ�• Ng,n	Í�w�o���s�o	m���Â
¢�| ! �• Ng,n	Í�w�o	m���Â
¢ }
�����Ü�• (0)�| (I )�| (II )�| (III )�| (IV )�| (V)�}

�«�™ 3.2. �����Ü (I )�| (IV ) �› Dehn twist �q Y-�‰
ì�ø
þ�w
u�p	{�V�Ú�b�Ä�p�|���g 3.1
�w�����Ü (V) �x
Æ�A�t�s�”�}

�«�™ 3.3. M (N2) �x���v���p�K�“�|�Ë�t M (N1)�| M (N1,1) �x�×�Ì�s���t�s�”�}

�€�ß���Y
[1] S. Gervais, Presentation and central extensions of mapping class groups, Trans. Amer.
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STRICTLY CONVEX WULFF SHAPES
AND C1 CONVEX INTEGRANDS

HUHE HAN

Abstract. Let ! : Sn ! R+ be a continuous function and let W! be the Wul!
shape associated with ! . We show that Wul! shape W! is strictly convex if
and only if convex integrand of W! is of class C1. We also show that if the
boundary of W! is a C1 submanifold, then ! must be the convex integrand of
W! .

1. Introduction

Let n be a positive integer. Given a continuous function! : Sn ! R+ where
Sn " Rn +1 is the unit sphere andR+ is the set consisting of positive real numbers,
the Wul! shape associated with ! , denoted by W! , is the following intersection

W! =
!

" ! Sn

! !," .

Here, ! !," is the following half-space:

! !," = { x # Rn +1 | x á" $ ! (" )} .

Figure 1. A Wul" shape W! .

By deÞnition, the Wul" shape W! is a convex body such that the origin ofRn +1

is an interior point of W! . The notion of Wul" shape was Þrst introduced by G.
Wul" in [9]. Let Id : Rn +1 ! Rn +1 % {1} be the map deÞned byId (x) = ( x, 1).
Denote the point (0, . . . , 0, 1) # Rn +2 by N . The set Sn +1 & H (&N ) is denoted by

2010 Mathematics Subject ClassiÞcation. 52A20, 52A55, 82D25.
Key words and phrases. Wul! shape, dual Wul! shape, strictly convex, convex integrand,

support function.
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Sn +1
N, + . Let #N : Sn +1

N, + ! Rn +1 %{1} be the central projection relative to N , namely,
#N is deÞned as follows for anyP = ( P1, . . . , Pn +1 , Pn +2 ) # Sn +1

N, + (see Figure 2):

#N (P1, . . . , Pn +1 , Pn +2 ) =
"

P1

Pn +2
, . . . ,

Pn +1

Pn +2
, 1

#
.

Figure 2. The central projection #N .

Next, we consider the mapping #N : Sn +1 & {± N } ! Sn +1
N, + (see Figure 3),

deÞned by

# N (P) =
1

$
1 & (N áP)2

(N & (N áP)P).

The mapping # N was introduced in [5], has the following intriguing properties:

Figure 3. P á# N (P) = 0.

(1) For any P # Sn +1 & {± N } , the equality P á# N (P) = 0 holds,
(2) for any P # Sn +1 & {± N } , the property # N (P) # RN + RP holds,
(3) for any P # Sn +1 & {± N } , the property N á# N (P) > 0 holds,
(4) the restriction # N |Sn +1

N, + "{ N } : Sn +1
N, + & { N } ! Sn +1

N, + & { N } is a C# di"eo-
morphism.

For any point P # Sn +1 , let H (P) be the closed hemisphere centered atP,
namely,

H (P) = { Q # Sn +1 |P áQ ' 0} ,
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where the dot in the center stands for the scalar product of two vectorsP, Q # Rn +2 .
For any non-empty subset%W " Sn +1 , the spherical polar set of %W , denoted by %W $,
is deÞned as follows:

%W $ =
!

P ! !W

H (P).

for details on spherical polar set, see for instance [1, 6]

Proposition 1 ([6]). Let ! : Sn ! R+ be a continuous function. Let graph(! ) =
{ (", ! (" )) # Rn +1 & { 0} | " # Sn } , where (", ! (" )) is the polar plot expression for a
point of Rn +1 & { 0} . Then, W! is characterized as follows:

W! = Id " 1 ( #N

&'
# N ( #" 1

N ( Id (graph(! ))
( $

)
.

Proposition 2 ([6]). For any Wul! shape W! , the following set, too, is a Wul!
shape:

Id " 1 ( #N

&'
#" 1

N ( Id (W! )
( $

)
.

DeÞnition 1 ([6]). Let W! be a Wul" shape. The Wul" shape given in Proposition
2 is called the dual Wul! shape of W! .

A Wul" shape W! said to be self-dual Wul! shape if the equality W! = Id " 1 (

#N

&'
#" 1

N ( Id (W! )
( $

)
holds, for details on self-dual Wul" shapes, see for instance

[4].

The mapping inv : Rn +1 & { 0} ! Rn +1 & { 0} , deÞned as follows, is called the
inversion with respect to the origin of Rn +1 .

inv( ", r ) =
"

&",
1
r

#
.

Let ! ! be the boundary of the convex hull of inv(graph(! )). If the equality ! ! =
inv(graph( ! )) is satisÞed, then! is called aconvex integrand. The notion of convex
integrand was Þrstly introduced by J. Taylor in [8].

2. Main Results

Theorem 1 ([2]). Let W " Rn +1 be a convex body containing the origin ofRn +1

as an interior point of W . Then, W is strictly convex if and only if its convex
integrand ! W is of classC1.

Theorem 2 ([3]). Let ! : Sn ! R+ be a continuous function and letW! be the
Wul! shape associated with! . Suppose that the boundary ofW! is a C1 submani-
fold. Then, ! must be the convex integrand ofW! .

3. Applications of Theorem 1

Since the boundary of the convex hull of aC1 closed submanifold is aC1 closed
submanifold (for instance, see [7, 10]), as a corollary of Theorem 1, we have the
following:

Corollary 1 ([2]). Let ! : Sn ! R+ be a function of classC1. Then, W! is strictly
convex.

In particular, we have the following:
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Corollary 2 ([6], Theorem 1.3). Let ! : Sn ! R+ be a function of classC1. Then,
W! is never a polytope.

On the other hand, the converse of Corollary 1 does not hold in general (see Figure
4).

Figure 4. A strictly convex Wul" shape W! having non smooth
support function ! .

Combining Theorem 1 and Proposition 1 yields the following:

Corollary 3 ([2]). A Wul! shape in Rn +1 is strictly convex if and only if the
boundary of its dual Wul! shape is C1 di!eomorphic to Sn .

In particular, we have the following:

Corollary 4 ([2]). A Wul! shape in Rn +1 is strictly convex and its boundary is
C1 di!eomorphic to Sn if and only if its dual Wul! shape is strictly convex and the
boundary of it is C1 di!eomorphic to Sn .

It is interesting to compare Corollary 4 and the following proposition:

Proposition 3 ([6]). A Wul! shape in Rn +1 is a polytope if and only if its dual
Wul! shape is a polytope.

Finally, we give an application of Theorem 1 from the view point of pedal.

DeÞnition 2 ([2]). Let p (resp., F : Sn ! Rn +1 ) be a point of Rn +1 (resp., a C1

embedding). Then, thepedal ofF (Sn ) relative to p is the mapping G : Sn ! Rn +1

which maps " # Sn to the nearest point in the tangent hyperplane to F (Sn ) at
F (" ) from the given point p.

Let W be a Wul" shape in Rn +1 . Suppose that$W is C1 di"eomorphic to Sn .
Then, $W may be regarded as the graph of a certainC1 embeddingF : Sn ! Rn +1 ,
and ! W is exactly the pedal of$W relative to the origin. Theorem 1 gives a su$cient
condition for the pedal of $W relative to the origin to be smooth:

Corollary 5 ([2]). Suppose that a Wul! shapeW in Rn +1 is strictly convex and
its boundary is C1 di!eomorphic to Sn . Then, the pedal of$W relative to the any
interior point of W is of classC1.
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TOPOLOGICAL CLASSIFICATION OF MAP GERMS USING REEB
GRAPHS

ERICA BOIZAN BATISTA

1. Introduction

The classiÞcation problem of singular points ofC! map germs is one of the most impor-
tant problems in Singularity theory. The classical classiÞcation is done viaA-equivalence,
where we takeC! -di!eomorphism germs in the source and the target. However, this is
a di"cult problem and it presents a lot of rigidity. Then it seems natural to investigate
the classiÞcation of map germs up to weaker equivalence relations. Here we consider
topological equivalence orC0-A -equivalence, where the changes of coordinates are home-
omorphisms instead ofC! -di!eomorphisms.

This work is devoted to the topological classiÞcation ofC! map germs fromR3 to R2

which are Þnitely determined. The topological structure of a Þnitely determined map
germ f : (R3, 0) ! (R2, 0) is determined by the so-called link off (cf. [6]). The link
of f is obtained by taking a small enough representativef : U " R3 ! R2 and the
intersection of its image with a small enough sphereS1

! centered at the origin in R2.
When f has isolated zeros (i.e.,f " 1(0) = { 0} ), the link is a stable map! : S2 ! S1 and
f is topologically equivalent to the cone of! . As a consequence, two Þnitely determined
map germsf, g : (R3, 0) ! (R2, 0) are topologically equivalent if their associated links are
topologically equivalent.

2. Finite determinacy and the link of a map germ

Two C! map germs f, g : (R3, 0) ! (R2, 0) are A-equivalent if there exist C! -
di!eomorphism germs " : (R3, 0) ! (R3, 0) and # : (R2, 0) ! (R2, 0) such that f =
# # g # " . If #, " are homeomorphisms instead ofC! -di!eomorphisms, then we say that
f and g are topologically equivalent(or C0-A -equivalent).

For simplicity, we will write just di!eomorphism instead of C! -di!eomorphism.
We say that f : (R3, 0) ! (R2, 0) is k-determined if for any map germg with the same

k-jet, we have that g is A-equivalent to f . We say that f is Þnitely determined if it is
k-determined for somek.

Let f : U ! R2 be a C! map, whereU " R3 is an open subset. We denote by
S(f ) = { p $ U | Jf (p) does not have rank 2} the singular set of f , where Jf (p) is the
Jacobian matrix of f . We also denote thediscriminant set of f by #( f ) = f (S(f )).

Let f : (R3, 0) ! (R2, 0) be a Þnitely determined map germ. Then there exists a
representativef : U " R3 ! R2 such that

i) S(f ) %f " 1(0) = { 0} ,
ii) the restriction f |U & { 0} has only deÞnite and indeÞnite simple fold singularities.

If f is Þnitely determined, then its discriminant #(f ) is a plane curve with an isolated
singularity at the origin. The number of half branches of #(f ) will play a crucial role in

Key words and phrases.topological equivalence, classiÞcation, link, Reeb graph.
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the analysis of the Reeb graph associated to link off and consequently, in the topological
classiÞcation off .

Denote by J r (n, p) the r -jet space from (Rn, 0) to (Rp, 0). For positive integers r
and s with s ' r , let $s

r : J s(n, p) ! J r (n, p) be the canonical projection deÞned by
$s

r (j sf (0)) = j r f (0). For a positive number% >0 we set

D n
" = { x $ Rn | ( x( 2 ) %} , B n

" = { x $ Rn | ( x( 2 < %} and Sn" 1
" = { x $ Rn | ( x( 2 = %} .

We denoteD n, B n and Sn" 1 the standard disk, ball and sphere of radius 1, respectively.
T. Fukuda has proved the following cone structure theorem in his papers [5, 6]:

Theorem 2.1. For any semialgebraic subsetW of J r (n, p), there exist an integers (s '
r ) depending only onn, p and r , and there exists a closed semialgebraic subset$ W of
($s

r )" 1(W) having codimension' 1 such that for anyC! map f : Rn ! Rp with j sf (0)
belonging to($s

r )" 1(W) \ $ W we have the following properties:

(A) The case f " 1(0) = { 0} : there is %0 > 0 such that for any number%with 0 <
%) %0 we have:

(A-i) the set ÷Sn" 1
" = f " 1(Sp" 1

" ) is a C! submanifold without boundary which is
di!eomorphic to the standard unit sphereSn" 1.

(A-ii) The restricted mapf | ÷Sn" 1
" : ÷Sn" 1

" ! Sp" 1
" is topologically stable (C! stable if

(n, p) is a nice pair in MatherÕs sense).
(A-iii) If ÷D n" 1

" = f " 1(D p" 1
" ), then the restricted mapf | ÷D n" 1

" : ÷D n" 1
" ! D p

" is topo-
logically equivalent to the cone off | ÷Sn" 1

" .

(B) The case f " 1(0) *= { 0} : there exist a positive number%0 and a strictly increas-
ing C! function &: [0, %0] ! [0, + ) with &(0) = 0 such that for every%and &with
0 < %) %0 and 0 < & ) &(%) we have:

(B-i) f " 1(0) %Sn" 1
" is an (n & p& 1)-dimensional manifold and it is di!eomorphic

to f " 1(0) %Sn" 1
"0

.
(B-ii) D n

" %f " 1(Sp" 1
! ) is a C! manifold, in general with boundary and it is di!eo-

morphic to D n
"0

%f " 1(Sp" 1
! ("0) ).

(B-iii) the restriction f |D n
" %f " 1(Sp" 1

! ) : D n
" %f " 1(Sp" 1

! ) ! Sp" 1
! is a topologically

stable map (C! stable if (n, p) is a nice pair in MatherÕs sense) and its topo-
logical class is independent of%and &.

Assuming that f is r -determined for somer and taking W = { j r f (0)} , we can apply
Theorem 2.1 to obtain a representative off satisfying (A) or (B), depending on iff " 1(0) =
{ 0} or f " 1(0) *= { 0} . Note that when n ) p we always havef " 1(0) = { 0} but when n > p
we may have the two possibilities.

DeÞnition 2.2. Let f : (R3, 0) ! (R2, 0) be a Þnitely determined map germ such that
f " 1(0) = { 0} . We say that the stable mapf | ÷S2

" : ÷S2
" ! S1

" is the link of f , wheref is a
representative that satisÞes the FukudaÕs conditions (A) of Theorem 2.1 adapted for case
n = 3 and p = 2.

Corollary 2.3. Two Þnitely determined map germsf, g : (R3, 0) ! (R2, 0) with f " 1(0) =
{ 0} = g" 1(0) are topologically equivalent if their associated links are topologically equiva-
lent.
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3. The generalized Reeb graph

The Reeb graph was introduced by Reeb in [7] and it is well known that it is a complete
topological invariant for Morse functions fromS2 to R (see [1]).

Proposition 3.1. Let ! : S2 ! S1 be a stable map. Then! is not a regular map.

Given a continuous mapf : X ! Y between topological spaces, we consider the
following equivalence relation onX : x , y - f (x) = f (y) and x and y are in the same
connected component off " 1(f (x)).

Proposition 3.2. Let ! : S2 ! S1 be a stable map. Then the quotient spaceS2/ ,
admits the structure of a connected graph in the following way:

(1) the vertices are the connected components of level curves! " 1(v), wherev $ S1 is
a critical value;

(2) each edge is formed by points that correspond to connected components of level
curves! " 1(v), wherev $ S1 is a regular value.

Each vertex of the graph can be of three topological types, depending on if the connected
component has a maximum/minimum critical point, a saddle point or just regular points.

Let v1, . . . , vr $ S1 be the critical values of! . We choose a base pointv0 $ S1 and an
orientation. We can reorder the critical values such thatv0 ) v1 < . . . < v r and we label
each vertex with the indexi $ { 1, . . . , r } , if it corresponds to the critical valuevi .

DeÞnition 3.3. The graph given byS2/ , together with the the labels of the vertices,
as previously deÞned, is said to be thegeneralized Reeb graphassociated to! : S2 ! S1.

For simplicity, from now on we will just call Reeb graph to the generalized Reeb graph,
unless otherwise speciÞed.

Proposition 3.4. Let ! : S2 ! S1 be a stable map. Then the Reeb graph of! is a tree.

Let !, & : S2 ! S1 be two stable maps. Let %# and %! be their respective Reeb graphs.
Consider the induced quotient maps ø! : %# ! S1

# and ø& : %! ! S1
! , whereS1

#, S1
! denote

S1 with the graph structure whose vertices are the critical values of!, & respectively.

DeÞnition 3.5. An isomorphism between two graphs %1 and %2 is a bijection f from
V(%1) to V(%2) such that two verticesv and w are adjacent in %1 if and only if f (v) and
f (w) are adjacent in %2, whereV(%i ) = { vertices of %i } .

DeÞnition 3.6. We say that %# is equivalent to%! and we denote it by %# , %! , if there
exist graph isomorphismsj : %# ! %! and l : S1

# ! S1
! , such that the following diagram

is commutative:
V#

ø#|V!&&&! # #

j |V!

!
!
"

!
!
" l |! !

V!

ø! |V"&&&! # !

where V# = { vertices of %#} , V! = { vertices of %! } and # # and # ! are their respective
discriminant sets.

Theorem 3.7. Let !, & : S2 ! S1 be two stable maps. If! and & are topologically
equivalent then their respective Reeb graphs are equivalent.
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The above theorem allows us to extend the deÞnition of Reeb graph forC0-stable maps
between topological spheres.

Theorem 3.8. Let !, & : S2 ! S1 be two stable maps such that%# , %! . Then ! is
A -equivalent to&.

Corollary 3.9. Let !, & : S2 ! S1 be two stable maps. Then the following statements are
equivalent:

(1) !, & are A-equivalent,
(2) !, & are topologically equivalent,
(3) %# , %! .

Theorem 3.10. Let f, g : (R3, 0) ! (R2, 0) be two Þnitely determined map germs such
that f " 1(0) = { 0} = g" 1(0). If f and g are topologically equivalent then the Reeb graphs
of their links are equivalent.

Again, Theorem 3.10 together with Corollary 2.3 and Theorem 3.8 show that the Reeb
graph is a complete topological invariant for map germs from with isolated zeros.

Corollary 3.11. Let f, g : (R3, 0) ! (R2, 0) be Þnitely determined map germs such that
f " 1(0) = { 0} = g" 1(0). Then the following statements are equivalent:

(1) f, g are topologically equivalent,
(2) the Reeb graphs of the links off, g are equivalent,
(3) the links of f, g are topologically equivalent.
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þ ! �›�0�ù�q�M�O . �h�i�` , ! " 1 �x ! �w
ó
É�ž�þ�›
¯�b .

���[ 3 (involutive algebra). �í�p�s�M	B�ù A �U�Í�w
Q�í�›�¬�h�b�q�V , 	B�ù A �x invo-
lutive algebra�p�K�”�q�M�O .

1. A �U algebra�p�K�” .

2. A �t�0�ù ! �U���[�^�•�o�M�” .

���[ 4 (�F (support)). 	B�ù X = { c0, c1, . . . , cn} �U�K�“ , µ = a0c0 + a1c1 + a2c2 + á á á+
ancn(ai # C, ci # X ) �t�0�`�o , µ �w�F (support) �›
¯�b supp(µ) �›

supp(µ) := { cj ; aj $= 0}

�q���[�b�” .

�©�”�ë�”�Å�•�Ë� �Í�”�� , �¬�å�Ñ
! e-mail: a153302@student.nara-edu.ac.jp
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2.2. ���v�Ë� �Í�”���w�¬�g


z�±�w�h�Š�t���v���w���[�›�‡�c�Ž�<�t�Ô�b .

���[ 5 (���v�� ). ���v	B�ù G = { g0, g1, g2, . . . , gn} �t�0�̀ �o , �Ë�ò���‰ %: G&G " G �U
���[�^�•�o�S�“ , �Ž�<�w	Ú�E�›�¬�h�b�q�b�” . �\�w�q�V , G = ( G, %) �›���q�M�O .

¥ gi %gj = gk # G ( ���‰�t���`�o���a�o�M�” ).

¥ g # G �t�0�`�o , g %e = e%g = g�q�s�” e # G �w���O .

¥ g # G �t�0�`�o , g %g" 1 = g" 1 %g = e�q�s�” g" 1 # G �w���O .

¥ gi , gj , gk # G �t�0�`�o , gi %(gj %gk) = ( gi %gj ) %gk �U
R�q .

�f�`�o , ���v�Ë� �Í�”���x�Í�w�‘�O�t���[�^�•�o�M�” .

���[ 6 (���v�Ë� �Í�”�� , Generalized fusion rule algebra).
���v	B�ù K := { c0, c1, . . . , cn} �t�0�`�o ,

CK := { µ =
n!

k=0

akck, ak # C}

�q�S�X . �Í�w�Ë�m�w���‰ , convolution %: CK & CK " CK , involution ' : CK " CK
�U�K�“ , K := ( K, CK, %, ' ) �U�Í�w	Ú�E�›�¬�h�b�q�b�” . �\�w�q�V K := ( K, CK, %, ' )
�›�Ë� �Í�”���q�M�O .

1. CK �x�A�ù�o�›�¬�h�b involutive algebra�p�K�” .

2. ci %cj =
n!

k=0

ak
ij ck

3. c0 �x�o�•�i

4. c!
i = cj ( c0 # supp(ci %cj )

5. ak
ij # R+ ,

n!

k=0

ak
ij = 1

�‡�h , �7�™�w	Ú�E�› ak
ij # Z+ �t�”�V�õ�Q�h�q�V , K �› Generalized fusion rule algebra�q

�M�M�›�t , F �q
¯�b . �h�i�` , R+ := { r |r # R, r ) 0} , Z+ := { m|m # Z, m ) 0} �p
�K�” .

�« 1. �\�w���[�x , �Ë� �Í�”���x���v���q�x�Ÿ�s�“ , 	B�ù K �º�t�x���‰�x���[�^�•�o
�S�’�c , CK �º�p�w���‰�›�ß�Q�”�q�M�O�\�q�›�™�¯�`�o�M�” . �‡�h , �¬�g�w 2, 3, 4 �x�f
�•�g�• , ���v���w�¬�g�t�S�Z�” , ���‰�t���`�o���a�o�M�”�T�r�O�T , �o�•�i�w���O
Q , �o
�i�w���O
Q�t�0� �`�o�M�” .

�« 2. �Ë� �Í�”�� K �x�Š�R (K, CK, %, ' ) �w�›�m
Ê�p�Ï
R�^�•�”�U , �G	\�›	²�t�`�o ,
K = { c0, c1, c2} �U�Ë� �Í�”���p�K�” . �q�M�l�h���p�G�b�\�q�U�K�” .

�\�\�p , �Ë� �Í�”���U���w�¦�Á�t�s�l�o�M�”�\�q�›�¬�T�Š�” .
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���g 1 (���v���x�Ë� �Í�”���p�K�” ). �Ú�™�w���v���x���v�Ë� �Í�”���p�K�” .

	Â�Ì . �� G = ( G , á) �›�ß�Q�” . �h�i�` G �x , G = { g0, g1, . . . , gn} �q�` g0 �x G �w�o
�•�i . �^�’�t , gi , gj # CG �t�0�`�o , convolution %�›

gi %gj := gi ágj = gk (0 * k * n)

�q���Š�” . �̂ �’�t , involution ' �› , (gi )! := ( gi )" 1 �q�b�” . �\�•�‘�“ , G = ( G, CG, %, ' ) �U
�Ë� �Í�”���w�¬�g�›�¬�h�`�o�M�”�\�q�›�¬�Ý�b�” .

1. CG �x�A�ù�o�›�¬�h�b involutive algebra�p�K�”�\�q�t�m�M�o .
�\�•�x CG �w���[ , ���U�A�ù�o�›�¬�h�b�\�q�T�’�¬�T�Š�’�•�” .

2. gi %gj =
n!

k=0

ak
ij gk �t�m�M�o

gi %gj = gi ágj = gk (0 * k * n)

�q�s�” . �‡�h ,

gk = 0 & g0 + 0 & g1 + á á á+ 0 & gk" 1 + 1 & gk + 0 & gk+1 + á á á+ 0 & gn

�q
¯�^�•�”�w�p , �¬�h�`�o�M�”�\�q�U�˜�T�” .

3. g0 �x�o�•�i . �\�•�x G �U���p�K�”�\�q�T�’�Ì�’�T�p�K�” .

4. g!
i = gj ( g0 # supp(gi %gj ) �t�m�M�o

(a) + �t�m�M�o
gi %gj = gk (0 * k * n) �q
¯�^�•�”�\�q�t�«�™�`�o	Â�Ì�›�æ�O .

g0 # supp(gi %gj )

, g0 # supp(gk)

, g0 # { gk}

, g0 = gk

, g0 = gi ágj

, g" 1
i = gj

, g!
i = gj

(b) , �t�m�M�o
�\�•�x , 	Í�G�w�^�æ�x
Î�l�o�M�X�\�q�U�D�ó�p�K�”�h�Š , 
R�q�`�o�M�”�\�q
�U�˜�T�” .

5. ak
ij # R+ ,

n!

k=0

ak
ij = 1 �t�m�M�o

gk = 0 & g0 + 0 & g1 + á á á+ 0 & gk" 1 + 1 & gk + 0 & gk+1 + á á á+ 0 & gn �p�K�“ , �f
�w��
:�w�è�U�Ì�’�T�t 1�p�K�”�T�’ , �\�w�¬�g�‹�¬�h�`�o�M�o�”

�Ž	Í�›�‹�l�o , ���v���U���v�Ë� �Í�”���p�K�”�\�q�U	Â�Ì�p�V�h .
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3. �¬�å�Ñ�T�’�Ë� �Í�”���w�Ï
R
�Ë� �Í�”���›�Ï
R�b�”�M�O�x
ó
:���O�b�” . �f�w�¤�p�‹
z�±�$�o	m�s�M�O�p�K�” , �¡
€
�æ�»�›�;�M�o�Ï
R�b�”�\�q�t�m�M�o	\�‚�” . �f�w�h�Š�w	j
‹�›�M�X�m�T�æ�O .

���[ 7 (�¡
€�æ�» ). �Ö�:
:�U n �w�¬�å�Ñ G�t�0�`�o , �Ö�: vi �q vj �›�A�•�%�w
:�› aij �q
�`�h�q�V , aij �›�A
É�q�b�” n & n �æ�» A(G) = ( aij ) �› G �w�¡
€�æ�»�q�M�O . ���²�¬�å
�Ñ�w	Ô�ù�x , aij �x�•�: vi , 	4�: vj �›�Ë�m�€�w�x
:�q�b�” .

�« 3. �\�w���[�T�’�‹�˜�T�”�‘�O�t , �¡
€�æ�»�x�¬�å�Ñ G�w�Ö�:�w�å�Õ�ç�w�m�Z�M�t�‘
���`�o�M�” .

3.1. 
Y n �¯���w�¬�å�Ñ�w	Ô�ù

�˜�’�•�o�M�”�A�L�x�Í�w�è�“�p�K�” .

���g 2 (
Y m �¯���w�¬�å�Ñ�t
Ç
5�`�h�Ë� �Í�”�� ). 
Y m �¯�� Dm �w�¡
€�æ�»�T�’�˜�’
�•�”�Ë� �Í�”���› K(Dm) �q�b�” . K(Dm) �w�•
:�x - m

2 . + 1 �p�K�” . �‡�h , �f�w�Ï���Ü
�x
Y 2m (m = 1, 2, 3. . . , n) �¯���w	Ô�ù�x , �Í�w�Ü (1) �w�‘�O�t�s�“ ,

ci cj = cj ci =
1
2

c|i " j | +
1
2

ci + j (1 * i , j * n ! 1)

cnci = ci cn = cn" i (i = 1, 2, . . . , n)
(1)


Y 2m + 1 ( m = 1, 2, 3. . . , n) �¯���w	Ô�ù�x , �Í�w�Ü (2) �w�‘�O�t�s�” .

ci cj = cj ci =
1
2

c|i " j | +
1
2

ci + j (1 * i , j * n ! 1)

cnci = ci cn =
1
2

c|n+1 " j | +
1
2

c|m" j | (i = 1, 2, . . . , n)
(2)

�\�w�Ë� �Í�”���›�Ï
R�`�h�M�O�x�Í�w�è�“�p�K�” .

1. �¬�å�Ñ�T�’�¡
€�æ�» Y1 �›
\
R�b�” .

2. �¡
€�æ�»�T�’ , Generalized fusion rule algebra�›�˜�” .

3. �f�w Generalized fusion rule algebra�w�¤�i�›�Í�i��
:�p�Â�” .

�s�S , �Í�i��
:�w���[�x�Ž�<�w�‘�O�s�‹�w�t�s�” .

���[ 8 (�Í�i��
: ). Generalized fusion rule algebraF �t�0�`�o , d : F " R+ �q�s�”	j
�‰���ø
þ�›�Í�i��
:�q�M�O . �h�i�` , F �w�o�•�i e�t�0�`�o�x , d(e) = 1 �p�K�” .

�Í�t , �M�X�m�T�w�«�›�Ô�b .

3.2. 
Y�~�¯���w�Á�²�¬�å�Ñ

�7�‹�o	m�s
Y�~�¯���w�Á�²�¬�å�Ñ�t�m�M�o�ß�Q�” . �‡�c , 	�	q 1�›�î�æ�b�” . �¡
€�æ�»
�w���[�‘�“ ,

Y1 =

"

#
$

0 1 1
1 0 1
1 1 0

%

&
'

Y 2
1 =

"

#
$

0 1 1
1 0 1
1 1 0

%

&
'

"

#
$

0 1 1
1 0 1
1 1 0

%

&
' =

"

#
$

2 1 1
1 2 1
1 1 2

%

&
' = 2Y0 + Y1
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$ 1: 
Y�~�¯���w�Á�²�¬�å�Ñ

�‘�l�o , F := { Y0, Y1} �q�b�”�q , �\�•�x Generalized fusion rule algebra�t�s�” . �f�w
�Ï���Ü�x�Í�w�‘�O�t�s�” .

Y 2
1 = 2Y0 + Y1, Y0Y1 = Y1Y0 = Y1

�Í�t , 	�	q 2�›�î�æ�b�” . ���˜�’�•�h , Y 2
1 = 2Y0 + Y1 �w�†�%�›�ø
þ d�p�ø�b . �Í�i��
:

�w���[�‘�“ , d(Y0) = 1 �p�K�”�T�’ , �{�Š�h�M�Í�i��
: ( �w�‹ ) d(Y1) �› x �q�S�X .

d(Y 2
1 ) = d(2Y0 + Y1)

�ø
þ d �U	j�‰���p�K�”�\�q�‘�“ , d(Y1) = ! 1, 2. �ø
þ d �w�‹�¬�U R+ �p�K�”�\�q�T�’ ,
d(Y1) = 2. �Í�t	�	q 3�›�î�æ�b�” . �m�‡�“ , 	B�ù F �w�¤�i�›�Í�i��
: ( �w�‹ ) �p�Â�” . �`
�h�U�l�o , �¤�i�x�Í�w�‘�O�t�s�” .

c0 :=
1

d(Y0)
Y0 = Y0, c1 :=

1
d(Y1)

Y1 =
1
2

Y1

�f�`�o , 	�	q 2�p�˜�’�•�h�����Ü�›�;�M�”�q ,

c2
1 =

1
2

Y1
1
2

Y1 =
1
4

Y 2
1 =

1
4

(2Y0 + Y1) =
1
2

Y0 +
1
4

Y1 =
1
2

c0 +
1
2

c1

�`�h�U�l�o , K := { c0, c1} �q�b�”�q , �\�•�x�•
: 2�w�Ë� �Í�”���p�K�“ , K /= Z 1
2
(2) �p

�K�” . �f�`�o , �f�w�Ï���Ü�x ,

c2
1 =

1
2

c0 +
1
2

c1, c0c1 = c1c0 = c1

�p�K�” . �h�i�` , Zq(2) �q�x , �•
:�U 2�w�Ë� �Í�”���p�K�“ , �Ž�<�w�Ï���Ü�›�‹�m�‹�w�p
�K�” .

c2
1 = qc0 + (1 ! q)c1 (0 < q * 1)

�\�•�U
Y�~�¯���w�Á�²�¬�å�Ñ�T�’�˜�’�•�”�Ë� �Í�”���p�K�” .

3.3. �ì
¶�¬�å�Ñ K n

�‡�c , ���[�›	\�‚�” . �s�S , �<�w
$ 2�t�Ô�b�w�x , n = 5, 6�w	Ô�ù�p�K�” .

���[ 9 (�ì
¶�¬�å�Ñ ). �ì
¶�¬�å�Ñ�q�x , n �x�w�Ö�:�›�“�M�t�b�‚�o�%�p�A�œ�i�¬�å�Ñ�p
�K�“ , K n �q
¯�b .

�\�•�‘�“ , �Í�w���g�›	Â�Ì�b�” .
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$ 2: �ì
¶�¬�å�Ñ K 5, K 6

���g 3 (�ì
¶�¬�å�Ñ K n �t
Ç
5�`�h�Ë� �Í�”�� ). �ì
¶�¬�å�Ñ K n �T�’ , �Ë� �Í�”���U�˜
�’�• , K = { c0, c1} /= Z 1

n ! 1
(2) �q�s�” . �f�`�o�f�w�Ï���Ü�x�Ž�<�w�‘�O�t�s�” .

c2
1 =

1
n ! 1

c0 +
(

1 !
1

n ! 1

)
c1, c1c0 = c0c1 = c1

	Â�Ì . �\�w�q�V , �¬�å�Ñ�x , �b�‚�o�w�Ö�:�U�×
ü�×
��Ž�Ž�q�x�
�Š�c�m
€���^�•�o�M�”
�w�p , �¡
€�æ�» Y1 �x�0�¯
R
ü�U 0�p�K�“ , �f�•�Ž�Ž�w
R
ü�x 1�q�s�” . �`�h�U�l�o , Y 2

1

�x , �0�¯
R
ü�U n ! 1, �f�•�Ž�Ž�w
R
ü�x�b�‚�o n ! 2�q�s�” . �m�‡�“ ,

Y 2
1 = ( n ! 1)Y0 + ( n ! 2)Y1 (3)

�w�����U
R�“�q�m . �`�h�U�l�o , F := { Y0, Y1} �q�b�”�q�\�•�x Generalized fusion rule
algebra�q�s�” . �\�\�T�’�Í�i��
:�›�;�M�o�Ë� �Í�”���›�Ï
R�b�” . d(Y1) = x # R+ �q
�S�X . �Ü (3) �‘�“ , d(Y1) = n ! 1�q�s�” . �f�`�o ,

c0 :=
1

d(Y0)
Y0 = Y0, c1 :=

1
d(Y1)

Y1 =
1

(n ! 1)
Y1

�q�` , c2
1 �›�-�‰�b�” .

c2
1 =

1
(n ! 1)2

Y 2
1 =

1
(n ! 1)2

((n ! 1)Y0 + ( n ! 2)Y1)

=
1

(n ! 1)2
((n ! 1)c0 + ( n ! 1)(n ! 2)c1)

=
1

(n ! 1)
(c0 + ( n ! 2)c1)

=
1

n ! 1
c0 +

n ! 2
n ! 1

c1

=
1

n ! 1
c0 +

(
1 !

1
n ! 1

)
c1

�‘�l�o , K := { c0, c1} �q�b�”�q , �\�•�x�Ë� �Í�”���q�s�“ , K /= Z 1
n ! 1

(2) �p�K�” . �f�w
�Ï���Ü�x ,

c2
1 =

1
n ! 1

c0 +
(

1 !
1

n ! 1

)
c1, c1c0 = c0c1 = c1

�p�K�” . �Ž	Í�t�‘�“���g�U�Ô�^�•�h .
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3.4. An ���w�Ã�Ÿ�ï�©�ï
$���t
Ç
5�`�h�Ë� �Í�”��

�Í�t , An �Ã�Ÿ�ï�©�ï
$���T�’�˜�’�•�”�Ë� �Í�”���›	\�‚�” . An �Ã�Ÿ�ï�©�ï
$���w���[
�x�Ž�<�w�è�“�p�K�” .

���[ 10 (An �Ã�Ÿ�ï�©�ï
$�� ). n �x�w�Ö�:�q n ! 1�Š�w�%�›�Ú�/	Ý�t�È�A�^�d�h�¬�å�Ñ
�› An ���Ã�Ÿ�ï�©�ï
$���q�M�O .

3.5. A3 ���Ã�Ÿ�ï�©�ï
$��


$ 3: A3 ���Ã�Ÿ�ï�©�ï
$��

�\�•�‡�p�q�‰�7�t�ß�Q�”�q

Y1 =

"

#
$

0 1 0
1 0 1
0 1 0

%

&
' , Y2

1 =

"

#
$

0 1 0
1 0 1
0 1 0

%

&
'

"

#
$

0 1 0
1 0 1
0 1 0

%

&
' =

"

#
$

1 0 1
0 2 0
1 0 1

%

&
'

�\�\�p , Y2 �›�Í�w�‘�O�t���[�b�” .

Y2 =

"

#
$

0 0 1
0 1 0
1 0 0

%

&
'

�b�”�q , Y 2
1 = Y0 + Y2 �q�s�” . �f�`�o , Y 2

2 = Y0 �p�K�”�T�’ , �Ž	Í�w�A�L�›�‡�q�Š�”�q ,

¯ 1�›�˜�” .


¯ 1: A3 ���Ã�Ÿ�ï�©�ï
$���t
Ç
5�`�h Fusion rule algebra�w���‰
¯

Y0 Y1 Y2

Y0 Y0 Y1 Y2

Y1 Y1 Y0 + Y2 Y1

Y2 Y2 Y1 Y0

�`�h�U�l�o , F := { Y0, Y1, Y2} �q���[�b�•�y , �\�•�x Generalized fusion rule algebra�p
�K�” . �\�\�T�’�Ë� �Í�”���›�Ï
R�b�” . �\�•�‡�p�q�‰�a�‘�O�t�b�”�\�q�‹�p�V�”�U , �Í
�i��
:�w�{�Š�M�t�x
ó
:�K�”�h�Š , ���s�x�¡
€�æ�» Y1 �w�7�G�{���‹ ! max �w�{���Õ�«�Ä
�ç�›�b�;�`�o�Ï
R�b�” .

det(Y1 ! !E ) = ! ! 3 ! (! ! ! ! ) = ! (
*

2 + ! )(
*

2 ! ! )

�`�h�U�l�o ,

! max =
*

2
(

= 2 cos
1

3 + 1
"

)
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�p�K�” . �\�•�‘�“�\�w�{���‹�t�0�b�”�{���Õ�«�Ä�ç�›�{�Š�”�q , x �x , �Ú�™��
: t # R\{ 0}
�›�;�M�o ,

x =

"

#
$

x
y
z

%

&
' = t

"

#
$

1*
2

1

%

&
'

�q�s�” . �\�\�p ,

c0 :=
1
x

Y0 = Y0, c1 :=
1
y

Y1 =
1

*
2

Y1, c2 :=
1
z

Y2 = Y2

�q�b�” . �\�•�’�t�0�`�o , c2
1 �• c2

2 �s�r�›�-�‰�b�”�q ,

c2
1 =

1
2

Y 2
1 =

1
2

(Y0 + Y2) =
1
2

(c0 + c1) =
1
2

c0 +
1
2

c1

c1c2 =
1

*
2

Y1Y2 =
1

*
2

Y1 = c1, c2c1 = Y2
1

*
2

Y1 =
1

*
2

Y2Y1 = c1, c2
2 = Y 2

2 = Y0 = c0

�U�˜�’�•�” . �`�h�U�l�o , K := { c0, c1, c2} �q�b�”�q , �\�•�x�Ë� �Í�”���q�s�“ , �Ï���Ü
�›�‡�q�Š�”�q , �Í�w
¯ 2�w�‘�O�t�s�” .


¯ 2: A3 ���Ã�Ÿ�ï�©�ï
$���t
Ç
5�`�h�Ë� �Í�”�� �w���‰
¯

c0 c1 c2

c0 c0 c1 c2

c1 c1
1
2c0 + 1

2c1 c1

c2 c2 c1 c0

�\�•�U , A3 ���Ã�Ÿ�ï�©�ï
$���T�’�˜�’�•�”�Ë� �Í�”���p�K�” .

4. �S�˜�“�t
���s�x�Ë� �Í�”���›�Ï
R�b�”�M�O�t	¯�:�›�p�o�o	\�‚�o�V�h . �^�’�t , �f�w�Ï
R�M�O�t
�m�M�o�‹	��t�¡
€�æ�»�t�m�M�o	\�‚�o�V�h . �`�h�U�l�o , ���™�w�]�J�q�`�o�Ë� �Í�”��
�T�’�¬�å�Ñ�›�Ï
R�b�”�M�O�w�¬�q�p�K�l�h�“ , �Ë� �Í�”���U�˜�’�•�”�¬�å�Ñ�q�f�O�p�s
�M�¬�å�Ñ�w�2�?�¶�$�™�¯�›�Ì�’�T�t�b�”�\�q�p�K�l�h�“�U�•�[�’�•�” .
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�“�A ��

�ô�ú���û�ž �Q�v�
�)�ä�î�S�ð�²�S�H�å�A�%�$�R �'�¤���Ÿ�‹ �(�S �
�4�2�6�ü�¾�š�&�£�™���S

���L�Þ�8 �'�Ð�F���%�;���9�ü�Â���6�*�—�'�U� �"�
�6�T�� �'���/�S���L�Þ�8�' �¤���Ÿ�‹

�#���' ���F���%�;�����$�'�3���%�W�_�F�E�&�6�—���6 �'���9�Î�4���&���6���#�(�S�ü�À

�¥�'�h�*�%�����"�
�6�ü�ô�'�Ì�1�ƒ�¯�9�k�ï���6�d�"�?�*�"�
�6�T  

�� �ü�À�¥�&�����!�S Eigenvector sensitivity analysis�(�S�ô�ú���û�ž�'�Ÿ�‹���y�t���‰�À�9

�O�‰���6�W�_�F�E�&�f�
�6�¶�M�9�¦�A���&�0�w���6���/�&�ý���4�7�6�T �Õ�����"�(�S��

�'�Å�é�9� �����&�Æ�´���6���#�"�S�ª�	�ò�F�°�'�˜���ü�ô���L�'�¤���‰�À�9�O�‰���6�W

�_�F�E���û�ž�Š�>�&�è���!�$�'�3���%���F�R�H�b�a�9�
���'���9�Î�4���&�����T   

 

 

�
�} 
��  


*� �¬�p�æ�»�Þ�Ã�ç ��

�È�
���÷�%�„�\�M�^�(�S �ö�À�X�?�N�^  x �#�È�
���÷�%�„  P ���4�Þ�Â���7�6�\�M�^�"�Q�³

�Q�U�R�R�S�ü�À�¥�&�����!�(�S �ü�ô���L�' �I�:�O�[�?�E �Q�r�e�S���L�‰�À�R �9 �¦�A���& �.

�7���6�Í�é�'�U� �#���!���4�7�!���6  (e.g. [4, 6, 7]).  

xt+1 =Pxt � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��� � � � � � � � �� � � � � � � � � � � ���  (1) 

�� �á�Ô�S�#�Õ�S�ë�$�S�C�a�B�%�$�S�ü�ê�’�'�…�Ó�9�J���!�
�‰���6���#�%���œ�5�&�¦��

�����-�-�ü�ê���6�ü�ô�9�˜���ü�ô�#�����T�˜���ü�ô �(�S�m���&���F�Q�œ�5�R�9�¬ �6 ���l
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�G�x�&�
�6���/�S �
�6���F�€�&�ü�¾���6�ü�ô���'���Â�Q �r�e�S ���L�Þ�8�R�(�S�y���'��

�'���F�•�Ò�A�&�3���!�&�ø���7�6�T�v�
�) �S25 �y�t���ü�¾�"���6���F�&�S�� A �� 10 �y

�t�S�� B �� 2 �y�t�S�� C �� 8 �y�t �£�™���!���6�•�”�9���
�6�T���'�Ð�S���F�'�ö�À�(�S

�� A�S�� B�S�� C �#�(�š�Q�ü�ô���£�™���%���R�'�W� �'�•�”�����
�4�7�6�T ���������!�S

���'���L�Þ�8�( �S�ö�À�X�?�N�^  x �9�ý���!  

xt =

proportion of species A

proportion of species B

proportion of species C

proportion of vacant

!

"

#
#
#
#
#

$

%

&
&
&
&
&

=

10 / 25
2 / 25
8/ 25
5/ 25

!

"

#
#
#
#

$

%

&
&
&
&

=

0.4
0.08
0.32
0.2

!

"

#
#
#
#

$

%

&
&
&
&

          (2) 

�# �
�4�8�� ���#���"���6 �T  

�� �È�
���÷�%�„  P �(�S�ö �À�X�?�N�^  x ���Ð�F t ���4�Ð�F t + 1 �+�Ÿ�‹�����Ð�S���'�!�¸

�"�ü�����W�_�F�E�9���÷�#���!�&�ø���6 �T �†�7 �' �v �'�� A �&���� �� �S�Ð�F t �& 10 �y�t

�'�� A ���•�Ò���!�������F �� �S�Ð�F t + 1 �&�(�S 4 �y�t �����'�-�-���F�9�•�Ò�� �S3 �y�t

���� B �&���É�� �S2 �y�t ���� C �&���É�� �S1 �y�t�� �â�n���(�š�#�%�����#���6�T���'�Ð�S

�� A ���� A �'�-�-�"�
�5�����6���÷  pAA, �� A ���� B (or �� C) �&���É���6���÷  pBA (pCA), 

�� A �'�â�n ���6���÷  pVA �( �S���7���7�S  

P¥A =

pAA
pBA
pCA
pVA

!

"

#
#
#
#
#
#

$

%

&
&
&
&
&
&

=

4/10
3/10
2 /10
1/10

!

"

#
#
#
#

$

%

&
&
&
&

=

0.4
0.3
0.2
0.1

!

"

#
#
#
#

$

%

&
&
&
&

�� � � � � � � � � � � � � � � � � � � � � � �(3) 

�#�%�6�T�� B, �� C, �(�š�&�G���!�0�•�ß�&�È�
���÷�9�ç�/ �6���#���"�� �S���7���7�' �È

�
 ���÷�(�È�
���÷�%�„�'�“�„�&�.�7���7�6 �Z  

P =

pAA pAB pAC pAV
pBA pBB pBC pBV
pCA pCB pCC pCV
pVA pVB pVC pVV

!

"

#
#
#
#
#
##

$

%

&
&
&
&
&
&&

.                     (4) 

�� ��
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�&�J�H�F�O�W�F�D�U�P�S���T�F�O�T�J�U�J�W�J�U�Z���B�O�B�M�Z�T�J�T��

�I�:�O�[�?�E�'�õ�½�9�0�w���6�Í�é�'�U� �&�S�È�
���÷�%�„�'�˜�Ò�z�,�Ø���
�6 [1]�T ��

�v�
�)�S�Ž�c���"�Þ�Â���7�6�y�t���&�©���!�È�
���÷�%�„�\�M�^�9�<�ý �����•�” �S�È�


���÷�%�„�'�Ñ�¡�˜�Ò�z�( �y�t�� �‰�À�'�õ�½�"�
�6 �y�t���Â�E�÷ �9�
�4�8���T �������S � � � �

�}�7�����3���%�Z�^�A�U�9�D�›�'�È�
���÷�%�„�\�M�^�"�(�S �È�
���÷�%�„�'�Ñ�¡�˜�Ò�z

�(�º���U�&�%�6���#���4�S�˜�Ò�z�,�Ø���4���L�‰�À�'�õ�½�9�0�w���6���# �( �"���%���T

�����"�S�ü�–�&�‘�»�,�Ø�Q �y�t���Â�E�÷�� �Ð���F ���&���%�6�Ð�S���'�®���&�©���!�=�b

�#�%�6�W�_�F�E�9 �Ê�‰�,�Ø �&�3�5 �È�¦���6�Í�é �R�'�Ý�¼�9�X�b�E�&�S ���L�Þ�8�9�
�4�8

�� �ö�À�X�?�N�^  x �'�¤���® �&�©���!�¿�²�ƒ�Ø�9�%�����#�"�S���L �Þ�8 �' �¤���F�' �Ÿ�‰�&

�©���!�?�*�%�W�_�F�E�9�È�¦���6���#�9�1�.���T  

�� �-���(�Ï�#���'�V�¤���& �����!�S ���L�‰�À�&�©���6 �¤�� �'�ˆ�Ù�9�È�¦���6���/�&�S�Ï

�'���L�Þ�8  xspring�# , �Ï�' ���L�Þ�8�9 �ü�Â ���6�•�'�È�
���÷�%�„  Pwinter �9�œ�ñ�#���S ���L

�Þ�8�'�¤���Ÿ�‹�&�©���6�È�
���÷�%�„�'�“�*���'�§�f�÷ �9�È�¦ ���6�\�M�^�9�u�Â���� �Z  

xautumn ! xspring " pij
summer ! pij

winter( )
i, j

# $u
$pij

P  ,� � � � � � � � � � � � � � � � � � (5) 

�����"�S  

P  = Psummer +Pwinter( ) 2  � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �(6) 

�"�
�6�T���'�Ð�S pij �(�È�
���÷�%�„  P �'�“�*���"�
�6�T�-���S ! u/! pij �(�S P�� �'�˜�Ò�X�?

�N�^�'�¿�² �9�
���T  

�� �˜�Ò�X�?�N�^�'�¿�²�(�S�E�@�b�^�‹���7���˜�Ò�X�?�N�^�¿�²�ƒ�Ø�&�3���!���‚���6��

�#���"���6  [1, 4, 6]. P�� �'�Ñ�¡�˜�Ò�z�&�©���6�˜�Ò�X�?�N�^�9  u1 �#���S pij �9�Ÿ�‹������

�Ð�'  u1 �'�¿�²�(�r�e�'�³�&�3�5�È�¦�"���6�Z  

! u1

u1

! pij

=uj
(1) vi

(m)

! 1 " ! m

um
m#1

s

$ " u1

! uk

! pijk

$ . � � � � � � � � � � � � � � � �� � � � � �(7) 

���'�Ð�S uj
(1) �(  u1 �'  j �����'�*���S vi

(m)

 �(�)���•�·�"�Þ�Â���7�6�­�˜�Ò�X�?�N�^�'  

 i �����'�*���S�����!�S ! m �(  m �����'�˜�Ò�z�9�
���T   
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�� �Z�^�A�U�9�D�'�Ý�¼�d�S �³ (6) �&���Ç�S �³  (7) �9�<�ý���6���#�(�"�� ���S  pij �'�Ÿ�‹�(�S

�„  j �'�p�'���,�!�'�*���'�Ÿ�‹�&�3���!�'�{���7�6�º�*���
�6�T �'�{ �'�o�Í �(�)�Ì �
�6

�� [1]�S�Õ�����"�(�ã�v�'�{  (proportional compensation) �9�ý�� �S�Ñ���� �%�³ �9 �S 

d u1

u1

dpij

=

! u1

u1

! pij

+

! u1

u1

! pmjm" i

s

#
$pmj

1$ pij � � � � � �

m! i � � � � � � � � � � � � � � � � � � (8) 

�# ���� [1, 4]. 

 

 

���}�ú�Ž�Ã�” �»  

2002 Ð 2014�±�'�Ï�#���&�S�Œ�ë�:�×�=�'�X�ë�« 25�ª�	�&�/�������æ�i�Í�µ�•  (�� 100cm,  

�à 50cm�R �&�����!�S�˜�¦�3�Ú�ó�'���e�&�‚�ø���6 �˜���ü�ô �9�.�C�����T �ª�	�ò�F�°�"

�(�S�c�"�&�S�ì�å�Ð�F�'�;�����ô�ú�� �%�û�ž�Š�> �9�ü�Â���6���#�����4�7�!���6 [2, 5]�T

���'���/�S �æ�i�Í�µ�• �"�( �d�=���4 25cm ���#�&�W� �' �P���Q�V�_�J�?�R�&�ƒ���! �ü�ô

�3�Ú �9�%���� �T�¹�4�7�� �M�b�H�( �S�|�•���X���Q�=�H�:�`�U�D�K�Y�S �T�]�S�Q�S �U�?�_

�U�P�]�S�Z�K�\�S �?�_�Q�>�a�O�a�G�; �R�# �c�±�ü �ü�ô�S� �±�ü�ü�ô�S�(�š�'�Y� �'�<�L

�B�]�b�&�ƒ�N�����T   

�� �Ï�#���'�Ð�F�È�
�M�b�H�& Multistate Dynamic Occupancy Model [3]�9�<�ý���S�+�¨�2�®

�9���Á�����Ï�#���'�ö�À�X�?�N�^  xspring, xautumn�#�S���'�F�'�È�
�"�
�6�È�
���÷�%�„  

Psummer, Pwinter �9�È�¦�����T  

 

 

���} �A�L  

���L�'�¤���‰�À �&�©���!�?�*�%�W�_�F�E �( �ô�ú�� �û�ž �Š�>�&�è���! �9�����&�Ÿ�‹���!��

�5 �S���ü�ô �� �(�š�+ �Ü�.�q�� ���‡�~���( �S�ô�ú���û�ž�Ö�s�� �Ñ�0�•�����û�ž�e�&�����!

�?�*�S���ü�ô���â�n���(�š�+�Ã�6���Ë�j���(�S �ô�ú���û�ž�Ö�s�� �g���²�' �û�ž�e�&����

�!�?�*�S ���ü�ô�����F�9�•�Ò�������6���£�����S���3�*�� i ����  j �&���É���6�����l���(�S

�ô�ú���û�ž�Ö�s�� �g���²�	���1���% �û�ž�e�&�����!�?�* �S�"�
�6���#���Î�4���#�%�����T  
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Recognition problem of map-germs and applications

�¢�ø
þ�j�w�Ý�Ý�ð�J�q�f�w� �;�£

�C�?�>�$� �Õ

Yutaro Kabata
�z�‚�“�G�¶�G�¶�Ã�g�¶�Ã
:�¶
•�È

1 Introduction

�f�‘�U
ú�.�¢�Â�Ø�£�›�Ë�Š�”�Ì�z�f�\�t�x�×
µ�t R2 ! R2 �w�ø
þ�w�›�Ÿ�:�U� �²�q�`

�o�q�•�”�{�›�t�Â�Ø�w�Ú
¢�q�w
€	î�x�Â�Ø�w�ù�è�w�Á	t�$�s�›�Ÿ�:���t�‘�“���”�\�q�U�p

�V�z�›�Ÿ�:�g�æ�x�Â�Ø�w�Á	t�g�æ�w���®�s�À�”�ç�p�K�” [1, 2, 4, 5, 12]�{

�Ù�µ�»�”�p�x�‡�c R2 �T�’ R2 �•�w�D
•
ü�ø
þ�w�›�Ÿ�:�¢�ø
þ�j�£�w A-���w�¶	��t�‘

�”���›�s
Q���O�›�)�Q�”�{�Í�t
Q���O�›�;�M�o�´�£�É�æ�¿�«�s�Â�Ø�w�ë�ï�Í�å�Ý�”�»�”

���w�¤	ú�ù�è�t�q�•�”�›�Ÿ�:�w
ü�¨�t�0�b�”�A�L�›	º�p�b�”�{�‡�h�z�Â�Ø�w Monge form

�t���b�”	Ú�E�Ü�U	Í�G�w�›�Ÿ�:�w
ü�¨�a���w
í�ˆ
ú�q�`�o�˜�’�•�”�U�z�f�•�t�,�n�M�o

�˜�’�•�h�Â�Ø�w Monge form �w�´�£�¿�Ä�w�ù�è�!�õ�t�‘�”
ü�¨�z�t�|�f�w BDE (binary

di!erential equation) �w�Ä�Ù�é�´�§�ç�s�•
ì���w
ü�¨�q�w�����‹	º�p�b�”�}

�Š�Ø�p�x�z�›�t�ø
þ�j�w
Q���O�t�m�M�o	Ä�`�X
†�Ì�`�z�f�w� �;�t�m�M�o�x�“�A�w�ˆ�›


†�Ì�b�”�{	Ä�I�t�m�M�o�x [5, 12]�›�€�ß�^�•�h�M�{

2 ClassiÞcation and Recognition

�Ù�µ�»�”�t�|�Š�Ø�p�x�D
•
ü�ø
þ�j f : R2, 0 ! R2, 0 �p corank (df )0 = 1 �p�K�”�‹

�w�¢�Ž�<�p�x�z corank1 �ø
þ�j�q�z�•�£�›	��s�0	Å�q�`�z�\�•�w A-�‰�‹�t�‘�”�‰�‹�¨�›

�ß�Q�”�{ �s�S�z�Ë�m�w�D
•
ü�ø
þ�j�U A-�‰�‹�q�x�¹�”�µ�q�»�”�®�¿�Ä�w�Á	t�2
ª�!�õ�U

���O�`�o�“�M�t� �“�ù�O�\�q�p�K�”�{ corank1 �ø
þ�j R2, 0 ! R2, 0 �p A e-cod" 4 �q�s

�”�‹�w�w A-�‰�‹�¨�‘�”
ü�¨�U J. H. Rieger �t�‘�l�o�)�Q�’�•�o�M�” [8]�¢
¯�
�£�{�¢�s�S�z
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A e-cod" r �w�ø
þ�j�q�x�ø
þ�� R2 # Rr ! R2 �t�°
`�$�t�q�•�” A -�›�Ÿ�:�›�™�¯�b�”�£�{

�p�x�z�Ú�™�t�)�Q�’�•�h�ø
þ�j�w A-���x�r�w�‘�O�t
Q���p�V�”�p�K�–�O�T�•�®�)�Q�’

�•�h�ø
þ�j�U�æ�µ�Ä�w�O�j�w�M�c�•�w�‰�‹�¨�t���b�”�T�›�>���b�”
Q���O�›�)�Q�‘�q�M�O

�ð�J�x�Ý�Ý�ð�J�q�z�y�•�î�x�×�Ì�p�x�s�M [4]�{�è	×�z�)�Q�’�•�h�ø
þ�j�U�r�w�‰�‹�¨�t

���b�”�T�›�>���b�”�t�x�z�Â� �å�”�2�‰�w�ÿ�Í�w�ò�T�’	q�t�é�.�$�s�2
ª�!�õ�›�_�m�Z�o


T�g�`�o�M�X�z�q�M�O�a���›�•�‡�s�Z�•�y�M�Z�s�M�{�\�w�a���x
‡	×�t
e�v�p�K�“�z�›�t


‡
•�ó�H�t�q�l�o�x
ü�¨�w�A�L�›� �;�`�‘�O�q�b�”�q�V�w���q�s�”�p�K�–�O�{�^�’�t�x�z

Rieger �w
ü�¨�x�E
:�$�s	��O�t�,�n�M�o�M�”�w�p�z Rieger �w�æ�µ�Ä�q�f�w	Â�Ì�T�’�x�¤

�‰�‹�¨�w�2�?�J�¶�$�s�™�¯�‹�_�M�i�`�É�M�{�Í
…�p�x�$�Ï�¯�w A e-�(�Í�i 1 �w�ø
þ�j�w
Q

���O [10] �›�¦�Á�`�h�ø
þ�j�w�´�£�¿�Ä�è�Õ�ç�p�w�%�w�$�s
Q���O�›	º�p�`�z�‡�h�Â� �å�”

�2�‰�w��
:�›�;�M�h A-���w
Q���O�t�m�M�o�‹�t�t�b�”�{

3 SajiÕs criteria and the generalization

�$�Ï�¯�w
Q���O�x�z�Ž�<�p���[�^�•�” ! (discriminant function) �q " (null vector Þled)

�q�M�O�2�?�¶�$�s�G�ø�t�‘�l�o�G	\�^�•�”�{ ! �x ! (x, y) := ! ( f 1 ,f 2 )
! (x 1 ,x 2 ) (f = ( f 1, f 2)) �q�`

�o�z " �x f �w�›�Ÿ�:	B�ù�¢ ! = 0 �£	Í�p df �w kernel �›�Á�”�‘�O�s�Õ�«�Ä�ç	Ô�q�`�o�z�f

�•�g�•���[�b�”�{�\�•�’�›�;�M�o�‘�“�ô�Í�w corank1�ø
þ�j R2, 0 ! R2, 0 �›�Í�w�‘�O�t

�´�£�¿�Ä�è�Õ�ç�p
Q���b�”�\�q�U�p�V�”�{

���g 3.1 
¯ 3 �t�S�M�o�H�
�»�è�t�S�Z�”�´�£�¿�Ä�w���x�H���»�è�w	Ú�E�t�‘�l�o
Q���p

�V�”�{

�s�S A e-�(�Í�i 2 �Ž	Í�w A-���w
Q���t�x�^�’�t	Ú�E�U
ž�A�p�K�”�{�\�\�p�x�Í�w

Butterßy �q�z�y�•�” corank1 �ø
þ�j�z�S�‘�|�f�w�@�=���¢
¯�t�S�Z�”
j�ø�q
ª	j���x�f

�•�g�• 6 : (x, xy + y5 ± y7)�z 7 : (x, xy + y5) �q	{�T�•�”�£�w�›�Ã
Ç�Z�›�«�q�`�o�_�o�ˆ

�‘�O [5]�{
! "

1. j 5 f (0) ! A 5 (x, xy + y5) "# d! (0) $= 0 , "! (0) = " 2! (0) = " 3! (0) = 0 , " 4 ! (0) $= 0 .
2. �^�’�t	Í�w	Ú�E�U�K�”�q�V f = ( x, xy + y5 +

!
i + j ! 6 aij x i yj ) �q
¯�b�\�q�U�p�V�z

# f := a07 % 5
8 a2

06 $= 0 "# f ! A (x, xy + y5 ± y7), # f = 0 "# f ! A (x, xy + y5)

# $

	Í�w 1. �p�x�z�2
ª�!�õ�t�‘�l�o f �w�j�:�p�w 5-�´�£�¿�Ä j 5f (0)�¢ 5 �Í�‡�p�w�Â� �å�”

�2�‰�£�U (x, xy + y5) �q�s�”�\�q�t�0�`�o�z�2
ª�!�õ�p
Æ�!�t�s�”�‘�O�s�2�?�¶�$�s

�›�Ã
Ç�Z�›�$�Ï�¯�w�‘�O�t " �q ! �›�;�M�o�)�Q�o�M�”�{�`�T�`�s�U�’�\�•�i�Z�p�x
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Specified jet [8] A -type [9] Criteria [10, 11, 5]

regular : ( x, y ) 1 ! (0) != 0 �¢ we may assume ! (0) = 0 in the following �£

fold : ( x, y 2 ) 2 "! (0) != 0
cusp : ( x, xy + y 3 ) 3 d! (0) != 0 , "! (0) = 0 , " 2 ! (0) != 0

I 2 : ( x, y 3 ± x 2 y ) 4±
2 d! (0) = 0 , det H ! (0) != 0 , " 2 ! (0) != 0

I " : ( x, y 3 ) 4±
k ( k # 3) d! (0) = 0 , rk H ! (0) = 1 , " 2 ! (0) != 0

II 4 : ( x, xy + y 4 ) 5 d! (0) != 0 , "! (0) = " 2 ! (0) = 0 , " 3 ! (0) != 0
II 5 : ( x, xy + y 5 ) 6 , 7 d! (0) != 0 , "! (0) = " 2 ! (0) = " 3 ! (0) = 0 , " 4 ! (0) != 0
II 6 : ( x, xy + y 6 ) 8 , 9 d! (0) != 0 , "! (0) = á á á= " 4 ! (0) = 0 , " 5 ! (0) != 0
II 7 : ( x, xy + y 7 ) 10 d! (0) != 0 , "! (0) = á á á= " 4 ! (0) = " 5 ! (0) = 0 , " 6 ! (0) != 0

III " : ( x, xy 2 + y 4 ) 11 2k +1 d! (0) = 0 , det H ! (0) < 0 , " 2 ! (0) = 0 , " 3 ! (0) != 0

IV 1 : ( x, xy 2 + y 5 ) 12 , 13 , (14) d! (0) = 0 , det H ! (0) < 0 , " 2 ! (0) = " 3 ! (0) = 0 , " 4 ! (0) != 0
IV 2 : ( x, xy 2 + y 6 ) 15 d! (0) = 0 , det H ! (0) < 0 , " 2 ! (0) = á á á= " 4 ! (0) = 0 , " 5 ! (0) != 0

V 1 : ( x, x 2 y + y 4 ) 16 , 17 d! (0) = 0 , rk H ! (0) = 1 , " 2 ! (0) = 0 , " 3 ! (0) != 0

V 2 : ( x, x 2 y + Axy 3 ) 18 d! (0) = 0 , rk H ! (0) = 1 , " 2 ! (0) = " 3 ! (0) = 0

V I : ( x, y 4 + #x 2 y 2 + Ax 3 y ) 19 d! (0) = 0 , rk H ! (0) = 0 , " 3 ! (0) != 0


¯ 1 ClassiÞcations and criteria: �H���»�è�x�0� �b�” A e �(�Í�i 4 �Ž�<�w A -���¢ [8]
�›�€	°�£�›�™�¯�`�o�S�“�z���»�è�t�S�M�o H ! �x ! �w Hesse�æ�»�›
¯�b�{

butterßy( x, xy + y5 ± y7) �q�f�w�@�=�% (x, xy + y5) �›�à���b�”�\�q�x�p�V�s�M�{�f�‘�x

2. �p�_�h�‘�O�t�é�.�$�t�2
ª�›�q�l�h�Ì�w�Â� �å�”�2�‰�w��
:�p	{�T�•�”
Q���Ü�›
ž�A

�q�b�”�w�p�K�”�{���w corank1�ø
þ�j�¢ 2 " A e-cod" 4�£�‹�‰�7�t�z

1. " �q ! �t�‘�l�o�´�£�¿�Ä�U�›�Ã
Ç�Z�’�•�z

2. �Â� �å�”�2�‰�w��
:�t�‘�l�o�¤ A -���U�>���^�•�”

�q�M�O���p�G	\�^�•�” [5]�{

4 Application to central projections of the surface

�f�‘�w
Q���O�w� �;�q�`�o�z�Â�Ø�w�¤	ú�ù�è�t�q�•�”�›�Ÿ�:�w
ü�¨�›	º�p�b�”�{ #p :

R3 $ { p} ! RP2 �›�z x �› x $ p �p
\
R�^�•�”�Ú
¢�t�0� �^�d�”�‘�O�s�×
µ�s�ù�è�q�`�h

�Ì�z R3 �º�w�Â�Ø M �w�: p(%R3 $ M ) �T�’�w�¤	ú�ù�è $p �x $p := #p|M : M ! RP2

�q���[�^�•�”�{�µ�¯
��M�\�q�t�´�£�É�æ�¿�«�s�Â�Ø�w�¤	ú�ù�è�t�x A e-cod= 3 �w�›�Ÿ�:

�w�O�j�w���m�¢ 8, 12, 16�£�U�q�•�s�M�\�q�U Arnold �q Platonova �t�‘�l�o�Ô�^�•�o�M�”

[1, 6, 7]�{
t�’�x Rieger�q�x�Ÿ�s�”�q	Ô�p�Â�Ø�w�¤	ú�ù�è�t�q�•�”�›�Ÿ�:�w
ü�¨�›�æ�l�o

�M�”�h�Š�z Rieger �w�æ�µ�Ä�q�Â�Ø�w�¤	ú�ù�è�t�°
`�t�q�•�”�›�Ÿ�:�q�w�����x�Ì�’�T�p

�x�s�M�{�è��	��x
²
…�w
Q���O�›�;�M�o�z Rieger�w
ü�¨�w�q	Ô�T�’ Arnold �q Platonova

�t�‘�”�A�L�w�6	Â�Ì�›�)�Q�h�{�f�w�a���p�z
Q���O�w " k ! (0) �q�M�O�”�q %f �w�‘�O�t	{

�Z�”�”�q�w�§�M�p�z�›�Ÿ�:�U�¤	ú�ù�è�t�´�£�É�æ�¿�«�t�q�•�”�T�r�O�T�U�>���b�”�\�q�›

�¬�T�Š�h�{
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�^�’�t�‰�7�w	��O�p�z 1-�Í�å�Ý�”�»�”�Â�Ø���w�¤	ú�ù�è�t�°
`�t�q�•�”�›�Ÿ�:�w
ü�¨�‹

�æ�M�zArnold �q Platonova �w�A�L�w�°
`�=�›�)�Q�h�{

5 Application to the classiÞcation of jets of Monge forms

�Ž�ñ�p�x R3 = { [x; y; z; 1]} �q�`�o RP3 �w�‰
æ
ü	B�ù�q�ˆ�s�b�{ R3 �º�w�È�’�T�s�Â�Ø

�x�Ú�™�w�:�p Monge form �w�Â� �å�”�2�‰�t�‘�“	{�Z�”�{�Ù�µ�»�”�t�|�Š�Ø�w��	ú�x�Â

�Ø�w�Á	t�g�æ�s�w�p�z�j�: 0 �p Monge form z = f (x, y) =
!

ij aij xi yj �t�‘�“���‡�”�Â

�Ø�¢�j�£ M �›�ß�Q�”�¢ M = { (x, y, f (x, y)) } �£�{


²
…�w�Â�Ø�w�¤	ú�ù�è�t�S�Z�”�›�Ÿ�:
ü�¨�t�S�M�o�z	Í�w Mong form �w�´�£�¿�Ä�í��

�¢���ò�Ü�í���K�”�M�x���v�x�w aij �w
Ê�U�s�b�í���£�w�µ�Ä�å�Â�Ÿ�Ñ�Ÿ�­�”�³�ã�ï�U�×
µ

�t�˜�’�•�”�{�m�‡�“�z M �w�¤	ú�ù�è�w�ø
þ�j�U�j�:�p�K�”���t�s�”�q�M�O	Ú�E�x Monge

form �w�Â� �å�”�2�‰�w��
: aij �t���b�”	Ú�E�Ü�›
\�ˆ	Z�b�q�M�O�\�q�p�K�”�{

�\�\�p�˜�’�•�h�µ�Ä�å�Â�Ÿ�Ñ�Ÿ�­�”�³�ã�ï�t�S�Z�”�¤ stratum �w�ù�è�!�õ�t�‘�”���?�s


ª	j���U�Š�Ù�µ�»�”�p	º�p�^�•�”�¢ [12] �‹�€	°�£�{�h�i�`�z�´�£�É�æ�¿�«�s�Â�Ø�w Monge

form �t���b�”�A�L�x Platonova [7] �t�‘�“�)�Q�’�•�o�M�h�‹�w�p�z�f�•�›�Í�å�Ý�”�»�”��

�t�¦�Á�`�h�q�M�O�w�U�¶	��s�w	ý�`�M�A�L�p�K�”�q�M�O�\�q�›�«�™�`�o�S�X�{

�Š�Ù�µ�»�”�p�x�7�™�t�z�˜�’�•�h
ª	j���U
¯�b�Â�Ø�w�j�:�t�S�Z�”
´�Ù�Â
¢�›���[�b�”

BDE
f yy dy2 + 2 f xy dxdy + f xx dx2 = 0 .

�q [3, 13]�s�r�t�S�Z�” BDE �w�s�Ä�Ù�é�´�§�ç�s
ü�¨�q�w
z�±�›	º�p�b�”�{
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Ruelle-Perron-Frovenius�w���g�t�‘�” Gibbs���S�w���O	Â�Ì

���/�[	X�G�¶�G�¶�Ã�,
Å�g�»�¶
•�È�y�ð�>�y�ª�6�y Mao Shinoda

1 Introduction

We study the Ruelle Perron Frobenius theorem, which are deÞned for continuous functions on
the space,

! +
n = { 1, . . . , n} N, of sequencesx = { xi } !

i =0 of 1 to n. The operators act on the
Banach spaceC(

! +
n ) of continuous functions on

! +
n with the sup ! ! ! = sup{| ! (x)| : x "

! +
n } .

The set M (
! +

n , " ) denotes the set of all " -invariant Borel probability measures. For H¬older
continuous function ! , there is a unique measure called equilibrium state for! , which attains
the supremum in the Variational Principle

P(! ) = sup
"

hµ +
#

!dµ : µ " M (
! +

n , " )
$

where P(! ) is the pressure of! and hµ is the entropy of the µ.
The Ruelle Perron Frobenius theoem says the Ruell Perron Frobenius operators for H¬older

continuous functions have the eigenfunctionh and the eigenmeasure# with the same positive
eigenvalue$. This is an extension of the Perron Frobenius theorem to the inÞnite dimensional
spaceC(

! +
n ). The theorem is important since the unique equilibrium state for a H¬older contin-

uous function is given by the eigenfunction and the eigenmeasure of the Ruelle Perron Frobenius
operator for ! .

2 DeÞnition of Symbolic Dynamical System

Endow
! +

n = { 1, . . . , n} with the product topology of the discrete topology of { 1, . . . , n} . We
can deÞne a metric which coincides with the topology. Take%" (0, 1). DeÞne a metricd! on
! +

n by

d! (x, y) =

%
0 if x = y,

%N otherwise,

where N = min { i # 0 : xi $= yi } . Observe that
! +

n is a compact metric space. LetB(
! +

n )
denote the set of all Borel sets of

! +
n and the set

[x0, . . . , xm" 1] = { y "
! +

n : xi = yi for all i = 0 , . . . , m %1}
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is called a cylinder set starting 0 with length m. Note that the set of all cylinder sets is a basis
of the topology of

! +
n .

DeÞne a continuous map" :
! +

n &
! +

n by " ({ xi } !
i =0 ) = " ({ xi +1 } !

i =0 ), which is called the
shift map.

µ " M (
! +

n ) is " -invariant if

µ(" " 1B ) = µ(B )

for all B " B (X ). The set M (
! +

n , " ) denotes the set of all" -invariant measures on
! +

n . For
! " C(

! +
n ) and k " N deÞne

vark ! = sup{! ! (x) %! (y)! : xi = yi for 0 ' # i ' k}

and deÞne

F = { ! " C(
! +

n ) : $b > 0, $& " (0, 1), vark ! ' b&k for #k # 0} .

Then ! " F is H¬older continuous with regard to d! , i.e., there is C > 0 and ' " (0, 1] such that

! ! (x) %! (y)! ' Cd! (x, y)"

for all x, y "
! +

n . The set F is the set of all H¬older continuous functions.
We can introduce weak*-topology on the dual spaceC(

! +
n )% of the Banach spaceC(

! +
n ) to

M (
! +

n ) by the Riesz Representaion Theorem. Forµ " M (
! +

n ), deÞneFµ " C(
! +

n )%by

Fµ(! ) =
#

!dµ

for every ! " C(
! +

n ). Then, by the Riesz Representation Theorem, this correspondence becomes
a bijection betweenM (

! +
n ) and { F " C(

! +
n )%: F is linear, normalized, continuous and positive} ,

a subset ofC(
! +

n )%. We induce the weak*-topology onC(
! +

n )% to M (
! +

n ) by this correspon-
dence. Note that M (

! +
n ) and M (

! +
n , " ) are non-empty and compact in weak*-topology.

3 The existence and the uniqueness of equilibrium states

For any H¬older continuous function there is a unique Gibbs measure, which gives quantitative
information on the measure of cylinder sets. The Gibbs measures for H¬older continuous functions
are also the unique equilibrium state.

DeÞnition 3.1 Gibbs measures[2]
Let ! be a continuous function on

! +
n . A measure µ " M (

! +
n ) is called a Gibbs measure for!

if there are c1, c2 > 0 and P " R such that

c1 '
µ([x0, . . . , xm" 1])

exp(%mP +
! m" 1

k=0 ! (" kx))
' c2

for all x "
! +

n and m # 1.
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if µ is a Gibbs measure for a H¬older continuous function, the valueP in the above deÞni-
tion is actually the pressure for ! . We deÞne the Ruelle Perron Frobenius operators whose
eigenfunctions and eigenmeasures are used to construct Gibbs measures.

DeÞnition 3.2 Ruelle Perron Frobenius operator[2]
For ! " C(

! +
n ) deÞne an operatorL = L # : C(

! +
n ) & C(

! +
n ) by

L f (x) =
&

y&$! 1x

e#(y) f (y)

for every f " C(
! +

n ) where x "
! +

n .

The dual operator L %: M (
! +

n ) & M (
! +

n ) is

L %#(f ) =
#

L fd#

for every # " M (
! +

n ) where f " C(
! +

n ).

We have the following theorem.

Theorem 1 Ruelle Perron Frobenius Theorem [2, Theorem 1.7.]
Suppose! " F . Then there are $ > 0, h " C(

! +
n ) with h > 0 and # " M (

! +
n ) such that

L h = $h, L %µ = $µ, #(h) = 1 , (3.3)

and

! $" m L m g %#(g)h! & 0 as n & ( (3.4)

for every g " C(
! +

n ).

This theorem can be considered as the extension of the Perron Frobenius Theorem. The
theorem says that for a d ) d matrix B = ( bij ) with positive entries there are right and left
eigenvectors with the same positive eigenvalue$ such that thier elements are all positive. DeÞne
a linear functional T : C(

! +
n ) & R by T(g) = #(g). Note that the space C(

! +
n ) can be

decomposed into the eigenspaceE($) of $ and Ker(T). (3.4) implies $ is the spectral radius of
L .

We can get a Gibbs measure, which is actually an equilibrium state, for a H¬older continuous
function. Let ! " F . We get $ > 0, h " C(

! +
n ) and # " M (

! +
n ) as in the above theorem.

DeÞneµ " M (
! +

n ) by

µ(f ) = #(hf ) =
#

f (x)h(x)d# (3.5)

for all f " C(
! +

n ). The measureµ becomes" -invariant and the unique Gibbs measure for! .
The measureµ is also the unique equilibrium state for ! .
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Theorem 2 The existence and uniqueness of Gibbs measures [2, Theorem 1.2. and Theorem
1.22]
Suppose! " F . Then there is a unique Gibbs measureµ with the constant

P = P(! ).

Theorem 3 The existence and uniqueness of equilibrium states [2, Theorem 1.22.]
Suppose! " F . Then the Gibbs measureµ# for ! is the unique equilibrium state for! , i.e.,

hµ! +
#

! dµ # = P(! ).

4 Phase transition

In the previous section we saw the case where uniqueness of equilibrium states holds. On
the other hand, it is not clear whether uniqueness holds for continuous functions which is not
H¬older continuous. Indeed there are examples of functions which have more than two equilibrium
states.[3] The coexistence of multiple equilibrium states is called a phase transition with the
analogy of the statistical mechanics.

It is interesting to Þnd functions which have more than two equilibrium states and the condition
on functions that phase transition happens. It is also interesting to search how common phase
transition happens, which means whether functions with more than two equilibrium states are
dense in the set of all continuous functions.
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��” P( ! R3 �›�˜�h�}�\�w�Ì�| 2 �m�w�³�æ

�§�¨�å�µ�t�ž�è�b�”�2�?�Ï���|���j�¨�å�µ�w�y	V�!���t�0�`�o
Æ�!�s�2�?�Ï���›�
�Q�h�M�}�´�¬�²

�¬�Í�”�³�µ�Â�ï�Ä�C���›�ß�Q�”�q�|�\�w�2�?�Ï���›�
�Q�”�\�q�x	Z�R�”�U�|�\�w	��O�x�¤�í���t�S

�Z�”�×�Þ�é�´�”���w�Í�”�³�µ�Â�ï�µ�›�
�Q�o�x�M�s�M�}�\�w�Ì�%�»�w�Í�”�³�µ�Â�ï�µ�q�í���w�Í�”

�³�µ�Â�ï�µ�›�‰�Ì�t�
�Q�”	��O�q�`�o�ß�Q�’�•�h�w�U�|�Í�w�D�õ���  (CommutativeLadder, CL)

���Í�”�³�µ�Â�ï�Ä�C���p�K�”�}�‡�c�i�w�j� 
��” P �t�0�`�o�| 2 �m�w�•
ì�í�� Xr =
"

p$P
Br(p)�¢�h

�i�`�| Br (p) �x�: p �›�¤	ú�q�`�h
R�� r �w�•�.�£�| Xs =
"

p$P
Bs(p) �›�q�“�|	ý�`�M�j� 
��” P( �t�0�`

�o�‹�‰�7�t 2 �m�w�•
ì�í�� Wr =
"

p($P(
Br (p()�| Ws =

"

p($P(
Bs(p() �›�q�”�q�|�Í�w�D�õ
$�Ü�U���‡�”�}

H(Xs) H(Xs. Ws) H(Ws)

H(Xr) H(Xr . Wr) H(Wr)

�\�w
$�Ü�› CL ���Í�”�³�µ�Â�ï�Ä�C���q�z�|�|	N�M�²�x�Ñ�Ÿ�ç�»�”�w
:�U 2 �w�Í�”�³�µ�Â�ï�Ä�×�Þ

�é�´�”���t�s�l�o�S�“�|�#�M�²�x�Ì�%�»�Ã�”�»�w
:�U 2 �w�´�¬�²�¬�C���t�s�l�o�M�”�}	H�l�o�\�w

	ý�`�M�Í�”�³�µ�Â�ï�Ä�C���x�|�Ì�%�»�Ã�”�»�t�ž�è�b�”�2�?�Ï���›�ß�Q�m�m�|�f�w�2�?�Ï���w�N�Ú


Q�~�Í�”�³�µ�Â�ï�µ�›�ß�Q�”�\�q�U	Z�R�”�}
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4 �D�õ���  (CL) ���Í�”�³�µ�Â�ï�Ä�C��

CL ���Í�”�³�µ�Â�ï�Ä�C���x�°
`�t�Í�w�‘�O�t���[�^�•�”�}

���[ . 	Í�ˆ�q�<�ˆ�p�‰�a�#�M�²�w�²�V
Ç�Z )n �›�)�Q�h�j

L()n) =

1(

'
2(

'
3(

' ááá
n" 1(

'
n(

'

1
'

2
'

3
' ááá

n" 1
'

n
'

�›�D�õ����� �Ã�ž�ç I �p�Â�l�h�E
: CL()n) = KL()n)/ I �›�Õ�^ n �w�D�õ��� �q�z�•�}�f�`�o�\�w�E


: CL()n) �w
¯�q

M =

M1( M2( M3( ááá Mn" 1( Mn(

M1 M2 M3 ááá Mn" 1 Mn

h1( h2( h3( hn" 1(

h1

' 1 !
h2

' 2 !
h3

' 3

hn" 1

' n" 1 ! ' n (6)

�›�Õ�^ n �w CL ���Í�”�³�µ�Â�ï�Ä�C���q�z�•�}

[4] �p�x�| CL()n) �x n , 4 �w�q�V�²�V�n�Z )n �t�‘�’�c	×�t���v���q�s�“�| n > 4 �p�x�°
`�t�x�Á�v

���q�s�”�\�q�U�Ô�^�•�o�S�“�| Auslander-Reiten�j�›�;�M�|�Í�”�³�µ�Â�ï�Ä
$�› Auslander-Reiten

�j�w�Ö�:	B�ù	Í�w��
:�q�`�o�°
`�=	Z�R�”�\�q�U�Ô�^�•�o�M�”�}�\�\�p�°
`�t�|�E
: A �t�0�`

�o�f�w Auslander-Reiten�j�q�x�|�Ö�:	B�ù * 0 �›
¶�o�w�Ú�7�ÿ
¯�q�w�‰���¨�p�)�Q�|�‡�h�‰��

�¨ [M], [N] $ * 0 �t�0�`�o�7�ÿ�ù *3M # N �U���O�b�”�q�V * 1 �º�w�% [M] # [N] �›�0� �^�d�h�j

* (A) = ( * 0, * 1) �w�\�q�p�K�”�}�Õ�^ n , 4 �w�D�õ��� �t�0�b�” Auslander-Reiten�j�x�æ�� [4] �t
¶

�o�æ�µ�Ä�ž�¿�Ó�^�•�o�M�”�}
$ 1 �t�x�°�«�q�`�o�| [4] �p�³�æ�§�w�r
s�t�–�˜�•�h CL ���Í�”�³�µ

�Â�ï�Ä�C�� CL( f b)
' ' '

' ' '

(7)

�w	Ô�ù�w Auslander-Reiten�j�›�L�d�o�M�”�}�\�\�p�¤�Ö�:�t�•�”�b�”�7�ÿ�s�‰���¨ [I ] �x�Í�i�Õ�«

�Ä�ç dimI �›�;�M�o
¯�Ô�`�o�S�“�|�«�Q�y�7�ÿ
¯�q

K 0 K

K K K

�w�Í�i�Õ�«�Ä�ç�x
101
111 �p
¯�`�o�M�”�}

*3 �Í�w 2 �m�w	Ú�E�›�¬�h�b�q�V f : M # N �›�7�ÿ�ù�q�M�O�• (i) f �x�è�Ä�å�«�³�ã�ï�p�‹
~�…�p�‹�s�M�} (ii) �Ú�™�w
ü�r

f = f1 ' f2 �t�0�`�o�| f1 �x�è�Ä�å�«�³�ã�ï�‹�`�X�x f2 �x
~�…�t�s�”�}
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011
011

100
000

000
110

001
001

110
000

011
010

111
011

100
110

001
111

000
001

010
000

010
010

121
010

111
000

111
010

000
010

111
121

111
111

101
111

000
111

011
000

110
010

111
110

001
011

100
111

000
100

110
110

001
000

000
011

100
100


$ 1 CL( f b) �w Auslander-Reiten�j

�‘�l�o���v���w�D�õ���  CL()n) �w Auslander-Reiten�j�› * = ( * 0, * 1) �p
¯�b�q�| CL()n) �w�Ú�™

�w
¯�q M �x�|�Ö�:	B�ù * 0 �p�)�Q�’�•�”�Ú�7�ÿ
¯�q�›�;�M�o�°�™�t
ü�r

M *=
!

[I ]$* 0

I k[I ] , �¢ k[I ] $ Z- 0�•	O
ó�S�£

�^�•�”�}

5 	��A�L

�Š�Z�€�p�x�| CL ���Í�”�³�µ�Â�ï�Ä�C���›�æ�»�p
¯�Ô�b�”�\�q�t�‘�l�o�|���v���w CL ���Í�”�³

�µ�Â�ï�Ä�C�� (6) �w�Ú�7�ÿ
ü�r�ž�ç�°�æ�¶�Ü�›���t�=�`�h�}

�°
`�t�|�j Q �w
¯�q V = ( Va, f! ) �q W = ( Wa,g! ) �w���w�ù + = { +a : Va # Wa} a$Q0
: V # W �›

Wa Wb

Va Vb

g!

f!

+a +b! (/ ! : a # b $ Q1) (8)

�›�¬�h�b�‹�w�q���Š�”�q�| Q �w
¯�q
¶�.�›�0	Å�q�`�h
¯�q�w�M rep(Q) �U���[�^�•�”�}

�Ë�t�|�M rep(Q) �w�ù
¶�.�›�0	Å�q�b�”�M Arr(rep(Q)) �›�ß�Q�”�\�q�U	Z�R�”�}�\�w	ý�h�s�M

Arr(rep(Q)) �w�ù�x�0	Å +1 : V1 # W1 �q +2 : V2 # W2 �t�0�`�|

, = ( , V, , W) : +1 # +2�|

V2 W2

V1 W1

+2

+1

, V , W! (9)

�q���Š�”�}

�Ž 	 Í �w � ° 
 ` �æ �x � j Q � › �E 
 : KQ/ I �t 	� �“ �8 �Q �o �‹ 
R �“ �q �m �}�\ �w �‘ �O �t �` �o �� �‡ �” �M

rep(CL()n)) �q Arr(An()n)) �w���t�x�M�‰�� F : rep(CL()n)) *= Arr(An()n)) �U�×
µ�t���‡�”�w�p�|

CL ���Í�”�³�µ�Â�ï�Ä�C���›�M An()n) �w�ù�q�`�o�{�O�\�q�U	Z�R�”�}���j�| M $ rep(CL()n)) �w�Ú
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�7�ÿ
ü�r�›�{�Š�”�ð�J�x�|�ù F(M) = + : V # W �w
ª	j���›�{�Š�”�ð�J�t�<�£�^�•�”�}�Ë�t�\�w +

�x�Ž�<	\�‚�”�‘�O�t�|�æ�»�w���p���o�t�{�O�\�q�U	Z�R�”�}

�Ú�™�wV = ( Vi, f! ) $ rep(An()n)) �x�| (4) �w�‘�O�t

- V : V *=
!

1, b, d, n

I [b,d]mb,d , (mb,d $ N0�•	O
ó�S ) (10)

�q
ü�r�^�•�h�}�\�w�‰���›�è�`�o�| + : V # W �›

. = - W+- " 1
V :

!

1, a, b, n

I [a,b]ma,b #
!

1, c, d, n

I [c,d]m
(
c,d (11)

�q	{�V�Ú�b�\�q�U	Z�R�”�}�Ë�t�| . �›�æ�»

. =
#
. (c,d)

(a,b)

$
�| . (c,d)

(a,b) : I [a,b]ma,b # I [c,d]m
(
c,d , (12)

. (c,d)
(a,b) = [ gi, j ]�| gi, j : I [a,b] # I [c,d]�| (1 , i , ma,b,1 , j , mc,d) (13)

�q
¯�Ô�b�”�\�q�U	Z�R�”�}�°
`�t�| I [a,b] �T�’ I [c,d] �•�w�ù�w	B�ù HomKAn()n)(I [a,b], I [c,d]) �w

�. K 	Í�w�Õ�«�Ä�ç�í���q�`�o�w�Í�i�x 0 �‹�`�X�x 1 �p�K�”�}	H�l�o�|�\�w�Í�i�U�j�•�O�r 1 �w

�q�V�| 0 �p�s�M�ù f (c,d)
(a,b) : I [a,b] # I [c,d] �U���O�`�|�Ú�™�w i, j �t�m�M�o�K�” mi, j $ K �U���O�`�o�|

gi, j = mi, j f (c,d)
(a,b) �q	{�Z�”�}���j . �x

. =
#
. (c,d)

(a,b)

$
=

#
F(c,d)

(a,b) f (c,d)
(a,b)

$
�| (F(c,d)

(a,b) �x��
: K �w�æ�») (14)

�q	{�Z�”�}�h�i�`�| dimK HomKAn()n)(I [a,b], I [c,d]) = 0 �w	Ô�ù�x f (c,d)
(a,b) = 0 �q���Š�”�}	H�l�o�\�w

�æ�»�x�|�›���w
R
ü�x	×�t 0 �t�s�”�q�M�O�›�Ã�›�Ë�m�}

�K�q�x�\�w�æ�»�›
ª	j���t�Ú�d�y�‘�M�U�|�\�w�æ�»�x�è	×�w��
: K �w�æ�»�q�§�l�o
R
ü�t�ù

f (c,d)
(a,b) �›���‰�h�Š�|�î�æ	Z�R�”�æ�»�w�,�Š�!���U f (c,d)

(a,b) �t�‘�l�o
M�v�^�•�”�}�«�q�`�o�j (7) �T�’��

�‡�” CL( f b) ���Í�”�³�µ�Â�ï�Ä�C���w�Ú�7�ÿ
ü�r�›�ß�Q�‘�O�}���| A3( f b) �w Auslander-Reiten�j

* (A3( f b)) �x (15) �p�K�”�}�h�i�`�Ž�<�| I [b,d] �• (b,d) �› b:d �q�t�G�b�”�}

* (A3( f b)) =

1:2 3:3

2:2 1:3

2:3 1:1

f 1:3
1:2f 1:2

2:2

f 2:3
2:2

f 3:3
1:3

f 1:1
1:3f 1:3

2:3

(15)
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�\�w	Ô�ù�| (14) �w
¯�G�x�°
`�t�Ž�<�w�‘�O�t	{�Z�”�}

. =

F1:1
1:1 f 1:1

1:1 F1:1
1:2 f 1:1

1:2 0 F1:1
1:3 f 1:1

1:3 0 0

0 F1:2
1:2 f 1:2

1:2 F1:2
2:2 f 1:2

2:2 0 0 0

0 0 F2:2
2:2 f 2:2

2:2 0 0 0

0 F1:3
1:2 f 1:3

1:2 F1:3
2:2 f 1:3

2:2 F1:3
1:3 f 1:3

1:3 F1:3
2:3 f 1:3

2:3 0

0 0 F2:3
2:2 f 2:3

2:2 0 F2:3
2:3 f 2:3

2:3 0

0 0 0 F3:3
1:3 f 3:3

1:3 F3:3
2:3 f 3:3

2:3 F3:3
3:3 f 3:3

3:3

%

&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
'

(

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
*

1:1

1:2

2:2

1:3

2:3

3:3

1:1 1:2 2:2 1:3 2:3 3:3

(16)

�\�\�p�| 0 �q�s�l�o�M�”
R
ü�x
¶�o dimK HomKAn()n)(a:b,c:d) = 0 �›�¬�h�b�\�q�U�¬�T�Š�’�•�”�}

�«�Q�y ' : 1:1# 1:2 �x�|

K K 0

K 0 0

idK

' 1 ' 2 ' 3 �| ' = ( ' 1, ' 2, ' 3) (17)

�p�K�”�}�Ì�’�T�t ' 2 = ' 3 = 0 �p�K�“�|�‡�h
$�Ü�w�D�õ
Q�‘�“�| ' 1 = 0 �p�s�X�o�x�s�’�s�M�}	H�l

�o ' = 0 �q�s�”�}

�Ž�< f c:d
a:b �x	²�t�b�”�}

�M rep(An()n)) �w�‰���ù�‹�|�æ�»�w
¯�G�p�x . �q�‰�7�t�|�›���w
R
ü�U
ž�c 0 �t�s�”�q�M�O
M�v

�›	!�Z�”�}�æ�» . �w�»�w�,�Š�!���x�|�M rep(An()n)) �w�‰���ù�t�‘�l�o�)�Q�’�•�”�æ�»

R=

R1:1
1:1 R1:1

1:2 0 R1:1
1:3 0 0

0 R1:2
1:2 R1:2

2:2 0 0 0

0 0 R2:2
2:2 0 0 0

0 R1:3
1:2 R1:3

2:2 R1:3
1:3 R1:3

2:3 0

0 0 R2:3
2:2 0 R2:3

2:3 0

0 0 0 R3:3
1:3 R3:3

2:3 R3:3
3:3

%

&
&
&
&
&
&
&
&
&
&
&
&
&
&
&
'

(

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
*

1:1

1:2

2:2

1:3

2:3

3:3

1:1 1:2 2:2 1:3 2:3 3:3

(18)

�› . �t�È�T�’�»�Z�”�\�q�t�‘�l�o�î�æ�^�•�”�}�«�Q�y . R�w (2:2,1:2) 
R
ü�x (F1:2
1:2 R1:2

2:2+ F1:2
2:2 R2:2

2:2)

�s�w�p�| R �›�&�p�t	��•�y (F1:2
1:2 ) �w
R
ü�› (F1:2

2:2 ) �w
R
ü�t�
�b�\�q�U	Z�R�”�}�`�T�`�o�t�| . R �w

(1:2,1:2) 
R
ü�x (F1:2
1:2 R1:2

1:2) �s�w�p�| (F1:2
2:2 ) �w
R
ü�› (F1:2

1:2 ) �w
R
ü�t�
�b�\�q�x	Z�R�s�M�}�æ�w�,

�Š�!���‹�‰�7�w
M�v�›	!�Z�”�}

�Š�Z�€�p�x�\�w
M�v�^�•�h�,�Š�!���›�;�M�|
¶�o�w	–�æ�» Fc:d
a:b �›
ª	j��

#
E 0
0 0

$
�| (E �x�o�•�æ�»�£ (19)
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�t�!�õ�b�”�V�Å�¯�”�Å�›�^
R�`�h�}�\�w�7	4�$�s	Z�—�U CL ���w�Ú�7�ÿ
R
ü�›�)�Q�”�\�q�x�|

Auslander-Reiten�j (CL( f b) �w	Ô�ù�x
$ 15) �p�¬�Ý	Z�R�”�}

6 �‡�q�Š

�Š�Z�€�p�x�| CL ���Í�”�³�µ�Â�ï�Ä�C���›�æ�»�w���t�”�V�õ�Q�”�\�q�t�‘�“�|	H�R�‘�“���(�s�Ú

�7�ÿ
ü�r�w�ž�ç�°�æ�¶�Ü�›�Ï
R�`�h�}�‡�h�\�w�ž�ç�°�æ�¶�Ü�x�´�¬�²�¬�C���w�Ú�7�ÿ
ü�r�›�>���`

�o�M�”�w�p�|�´�¬�²�¬�C���w�Ú�7�ÿ
ü�r�ž�ç�°�æ�¶�Ü�U�~�‘�^�•�”�q�|�\�w�ž�ç�°�æ�¶�Ü�‹�×�ˆ�$

�t�~�‘�^�•�”�b�:�U�K�”�}�Ë�t�\�w�V�Å�¯�”�Å�x�0�›�t���»�=	Z�R�”�w�p�|�«�å�µ�»�”�Ú�³�ï�t�‘

�”�Ï�¿�¬�Ã�”�»�w�r
s�t�&�`�o�M�”�}

�€�ß���Y
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�Á	t Hardy�í���w�i�›�Ž�—�ò�q�b�”

Rivière���M���Ü�w	��r�w
Y��
Q

�ú�a 
8�™�¢ Takafumi Nojima�£

�f�˜�»�À�G�¶	.�œ�]�� 2 �å

1 �‹�Ö

�Š�Ø�p	\�‚�”�A�L�q
Œ�æ�Z�€�w
†�Ì�w�• , �)�Q�’�•�h��
: f �t�‘�” Poisson�M���Ü

! ! u = f (1.1)

�w W 1,2-	��r u �w
Y��
Q�t�m�M�o�ß�Q�‘�O . �\�\�p W k,p �x Sobolev�í���p�K�“ , �4�Q

�È k, p �x�f�•�g�•	��M�™�¯�p�w
•
ü�D�ó�s
:�q	�
•
ü�w p 	Ð�D
u
ü
Q�›�™�¯�b�” . ��

�x�M���Ü�q Sobolev�í���w���[�¬�x�^�„�r	O�A�p�x�s�M�w�p�G	\�›	²�t�`�h . f �w�D
u


ü
Q�x u �w
Y��
Q�t�è�¹�›�)�Q�” . �«�Q�y f �U L 2
loc-��
:�¢�Á	t 2 	Ð�D
u
ü��
:�£�w

	Ô�ù�x�)
ü�O�t�‘�“ u �w�ô�Š�w	�
•
ü�D�ó
Q�U�Ô�d , u �U W 2,2
loc -��
:�q
ü�T�” . �‡�h ,

Calder«on-Zygmund�w�›�Ÿ
u
ü�æ�t�‘�“ 1 < p < " �w	Ô�ù

f �U L p
loc-��
:�s�’�y u �x W 2,p

loc -��
: (1.2)

�s�”�Ä�U
ü�T�” [3, Chapter 9]. �°�M�p p = 1 �w�q�V�t�x (1.2) �x
R�“�q�h�s�M�Ä�U
ü

�T�l�o�M�” . �Í�w�‘�O�s
S�«�U�•�[�’�•�” .

�« 1.1 (p = 1 �w�q�V (1.2) 
Æ
R�q�w�«). B1 �› R2 �w�o�•��
k�q�` , f 0 # W 1,2 (B1) $

C!
!
B1 \{ 0}

"
�› f 0(x) := log log

!
e|x|" 1

"
�q�`�o���Š�” . x # B1\{ 0} �t�0�`�o f 0 �w
•


ü�x

%f 0(x) = !
x

|x|2 log (e|x|" 1)
, ! f 0(x) = !

1

{| x| log (e|x|" 1)} 2 = !|% f 0(x)|2

�q�s�”�Ä�U�-�‰�t�‘�“�{�Š�’�•�” . �‡�h Gauss�w
C�„���g�›�–�O�Ä�p , �Ò��
:�w�™�¯�p

! ! f 0 = |%f 0|2 in B1
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�U
R�“�q�m�q
ü�T�” . f := |%f 0|2, u := f 0 �q�”�Z�y u # W 1,2 (B1) �p�M���Ü

! ! u = f in B1

�w	��r�q�s�l�o�M�” . �`�T�` u &#W 2,1
!
B1/ 2

"
�p�K�” . �î�M

|%2u(x)| '
1

2|x|2 log (e|x|" 1)

�U B1 \{ 0} 	Í�p
R�“�q�m�\�q�T�’

#

B 1/ 2

|%2u|dx '
#

B 1/ 2

1
2|x|2 log (e|x|" 1)

dx

= 2 !
#

(0 ,1/ 2)

1
2r 2 log (er" 1)

rdr = + " .

�\�w�‘�O�t (1.2) �x p = 1 �p�x
R�q�`�s�M . �`�T�` , �›	��s
¯�Ô�›�Ë�m L 1-��
: f �t

�Ü�l�o�ß�Q�”�q , (1.2) �w p = 1 �w�q�V�t
ì�p�b�”�A�L�U�Ô�d�”	Ô�ù�U�K�” . �Í�x div-curl

lemma �q�z�y�•�”���g�w�°
æ�p�K�” . 	Â�Ì�x [5] �›�€	°�d�‘ .

�Ë�J 1.2. B1 �› R2 �w�o�•��
k�q�` , f 1, f 2 # W 1,2 (B1) �q�b�” . �\�w�q�V , �M���Ü

! ! u = det ( %f 1,%f 2) (1.3)

�w W 1,2-	��r u �t�m�M�o , u # W 2,1
loc (B1) �p�K�” .

(1.3) �w�È�%�t�m�M�o , f 1, f 2 # W 1,2 (B1) �s�w�p

det (%f 1,%f 2) =
"f 1

"x 1
á
"f 2

"x 2
!

"f 2

"x 1
á
"f 1

"x 2
# L 1 (B1) .

�`�T�` , �f�•�Ž	Í�w�D
u
ü
Q�x�°
`�t�x�l�Š�s�M . �f�w�• , �« 1.1 �p�_�h�‘�O�t Caldel«on-

Zygmund �g�æ�T�’�x u # W 2,1
loc (B1) �q�x
ü�T�’�s�M . �f�•�t�‹�T�T�˜�’�c	��r�w
Y��
Q

�U	Í�U�”�w�x , (1.3) �w�È�%�U�à�¯�Ï�ž�ï�q�M�O�›	��s
¯�Ô�›�Ë�l�o�M�”�•�p�K�” .

�Ë�J 1.2 �x�® Caldel«on-Zygmund�g�æ�›�&�;�`�o	��r�w
Y��
Q�›�Ð�‚�”�Ä�x	Z�R�s�X�o

�‹ , (1.3) �w�‘�O�t�M���Ü�U�›	��s
¯�Ô�›�Ë�m�q�V�x , 	��r�w
Y��
Q�U	Í�U�”�¯�Ä�›�™�¯�b

�”�U , �f�•�p�x���t�r�w�‘�O�s�M���Ü�w�›	��s
¯�Ô�U�K�”�i�–�O�T .

2007�å�t�M���Ü�w	��r�w
Y��
Q�U	Í�U�”	ý�h�s
¯�Ô�U
C�_�^�•�h [7]. 
C�_	��p�K�”

Rivière �t�j�s�ˆ , �f�w
¯�Ô�›�Ë�m�M���Ü�›
ï	¶�`�o Rivière ���M���Ü�q�z�• . �Š�Ø�w	��A

�L�x Rivière ���M���Ü�t�����b�”�‹�w�p�K�” . �Í�w�H 2 
…�p�x Rivière ���M���Ü�t�m�M�o


†�Ì�›�b�” . 
Œ�æ�Z�€�q	��A�L�t�m�M�o�x�H 3 
…�t�G�b .
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2 Rivière���M���Ü

m ' 2, B1 �› R2 �w�o�•��
k , so(m) �› m �Í
S�0	¶�æ�»
¶�.�w	B�ù�q�b�” . �‡�h ,

" = (" i,j )1# i,j # m # L 2
!
B1; so(m) ( ) 1R2

"
�q�b�” . �b�s�˜�j ,

" i,j # L 2 !
B1; R2"

, " j,i = ! " i,j

�q�b�” . m-�È�q� 
•
ü�M���Ü

! ! ui =
m$

j =1

*" i,j , %uj +R2 in B1 (i = 1 , 2, á á á, m) (2.1)

�›�ß�Q�‘�O . (2.1) �w�È�%�› (" .%u)i �q�S�X . �b�”�q (2.1) �x

! ! u = " .%u in B1 (2.2)

�q	{�V
¯�d�” . (2.2) �› Rivière ���M���Ü�q�z�• .

�«�™ 2.1. (2.1) �w�È�%�›�\�w�‘�O�t�”�M�h�w�x , ���Ü�$�t m �Í
Y�M�æ�»�q�»�Õ�«�Ä�ç�w

�æ�»�w
u�q�_�q�o�h�•�p�K�” .

(2.2) �w	��r u # W 1,2 (B1; Rm ) �U�)�Q�’�•�h�q�`�o , �f�w
Y��
Q�›�ß�Q�‘�O . �‡�c ,

(2.2) �w�È�%�x L 1 (B1; Rm ) �t���b�Ä�U�Ú�j�t
ü�T�” . �`�T�` �°
`�æ�T�’�x�f�•�Ž	Í�w�D


u
ü
Q�x
ü�T�’�c , 	��r u �w�ô�Š�w	�
•
ü�D�ó
Q�x
ü�T�’�s�M . �`�T�` Rivière �x " �w
S

�0	¶
Q�q�M�O�Ï���U u �w
Y��
Q�›	Í�[�”�\�q�›�_
H�V , �Í�w���g�›	Â�Ì�`�h .

���g 2.2 ([7]). B1 �› R2 �w�o�•��
k , m ' 2, 1 , p < 2, " # L 2
!
B1; so(m) ( ) 1R2

"

�q�b�” . �\�w�q�V�K�” #= #(m, p) > 0 �U���O�`�o , ||" ||L 2 (B 1 ) , # �U
R�“�q�m�s�’�y

! ! u = " .%u in B1

�w	��r u # W 1,2 (B1; Rm ) �x W 2,p
!
B1/ 2; Rm

"
�t���b . �^�’�t�K�” C = C(m, p) > 0

�U���O�`�o , �Í�w�‘�O�t
°�A�p�V�” .

||u||W 2,p (B 1/ 2 ) , C||u||L 1 (B 1 ) .

���g 2.2 �q
ƒ
ô�w�^�æ�t�‘�“ u # W 2,p
loc (B1; Rm ) �q
ü�T�” .
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3 	��A�L�q���È�b�”
Œ�æ�Z�€

�G�ø�x�H 2 
…�q�‰�a�q�b�” . Rivière ���M���Ü (2.2) �w�È�%�t�Ž�—�ò f �›�C�Q�h�M���Ü

! ! u = " .%u + f in B1 (3.1)

�q , (3.1) �w	��r u # W 1,2 (B1; Rm ) �t�m�M�o�ß�Q�” . (3.1) �t�S�M�o " - O in B1 �q�b

�”�q m-�È�q Poisson�M���Ü�s�w�p , f �w���b�”��
:�í���t� �a�o�˜�’�•�” (3.1) �w	��r�w


Q�í�x , Poisson�M���Ü�w	Ô�ù�t�¨�Å�b�”�q�'
Ý�^�•�” . (3.1) �w	��r u �w
Y��
Q�t���`�o

�Ž�<�w
Œ�æ�Z�€�U�K�” . 	��r�»�w�¯�ï�Í�«�Ä
Q�w�Z�€ , �Ð�è�ø
þ�• Dirac �Ð�è�ø
þ�•�w� 

�;�t�m�M�o�x [2, 4, 7, 8, 9, 10, 11]�s�r�›�€	°�d�‘ .

áf # L logL(B1; Rm ) �s�’�y u # W 2,1
loc (B1; Rm ) [11]

áf # L p(B1; Rm ) (1 < p < 2) �s�’�y u # W 2,p
loc (B1; Rm ) [11]

áf # L 2(B1; Rm ) �s�’�y u # W 2,2
loc (B1; Rm ) �x
Æ
R�q . f - 0�w	Ô�ù�p
S�«�U�•�[�’�•�” .

[9, Chapter 4.3].

�\�\�p

L logL (B1) :=
%

f # L 1 (B1)
&
&||f ||L log L (B 1 ) < "

'
,

||f ||L log L (B 1 ) :=
#

B 1

|f | log
(

e+ |f |á||f ||" 1
L 1 (B 1 )

)
dx

�q�`�o�M�” .
!
L logL (B1) , ||á||L log L (B 1 )

"
�x Banach �í���q�s�”�Ä�U�Œ�’�•�o�S�“�¢ [6,

Theorem 3], [9, Chapter 2.7.2]�£ , �‡�h Lebesgue�í���q L logL (B1) �w���t�x

L p (B1) (p > 1)
conti.
$. L logL (B1)

conti.
$. L 1 (B1) (3.2)

�s�”�A�������U�K�”�Ä�‹�Œ�’�•�o�M�” .

(3.1) �w	��r�w W 2,1-
Y��
Q�t�m�M�o�x f # L 1 (B1; Rm ) �w	Ô�ù�x�« 1.1 �p�_�h�‘�O�t

�°
`�t�x�˜�’�•�s�M . �¢ " - O in B1 �q�b�”�q (3.1) �x Poisson�M���Ü�q�s�”�•�£ �°�M

�p L logL (B1; Rm ) �q�M�O L 1 (B1; Rm ) �‘�“	—�`�i�Z�‘�M��
:�í���t���b�” f �›�)�Q�h

	Ô�ù�x	��r u �x u # W 2,1
loc (B1; Rm ) �t���b�”�Ä�U	Í	\�w
Œ�æ�Z�€�p
Q�Ì�`�o�M�” .

�f�\�p�Š�Ø�p�x�Ž�—�ò f �w���b�”��
:�í���q�`�o , �Ë�t L 1 (B1; Rm ) �t�Ù�M�Á	t Hardy

�í�� h1 (B1; Rm ) �›�)�Q�o�‹	��r�w W 2,1-
Y��
Q�U�˜�’�•�”�T�r�O�T�›�ß�o�b�” .

�Á	t Hardy �í���x�Í�p���[�^�•�”��
:�í���p�K�” .

h1
! (B1) :=

*
f # L 1 (B1)

&
&
&||f ||h1

! (B 1 ) := ||mB 1 ,! [f ]||L 1 (B 1 ) < "
+

.
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�\�\�p�¤ f # L 1 (B1),
,

R2 %dx&= 0 �s�” %# C!
c (B1) , t > 0 �t�0�`�o ,

%t (x) := t" 2%(x/t ) ,

mB 1 ,! [f ] : B1 / x 0. sup{| %t 1 f (x)| | 0 < t < 1 ! | x|} # R

�q�S�M�h .
!
h1

! (B1) , ||á||h1
! (B 1 )

"
�x Banach �í���q�s�” [1]. ���[�t�‘�”�q ||á||h1

! (B 1 ) �x

%�w	��“�M�t�‘���b�”�U , �Ê�ç�Ü�‰�‹�t�s�”�q�M�O�™�¯�p�‰�a Banach �í���›�)�Q�” . �f

�w�• , h1 (B1) , ||á||h1 (B 1 ) �s�r�q %�›	²�t�`�o
¯�G�b�” . Lebesgue�í�� , L logL (B1) �q

h1 (B1) �w���t�x

L logL (B1)
conti.
$. h1 (B1)

conti.
$. L 1 (B1)

�s�”�A�������U�K�” . (3.2) �q�K�˜�d�”�q�Í�w�A�������U
ü�T�” .

L p (B1) (p > 1)
conti.
$. L logL (B1)

conti.
$. h1 (B1)

conti.
$. L 1 (B1)

h1(B1) �x
ˆ�0�‹�›	��”�Ä�t���`�o���a�o�M�s�M�¢ L ! (B1) �q�w
u�›	��”
â�^�t�m�M�o

�‹���a�o�M�s�M�£�w�p , �f�w�:�p L logL(B1) �q	Ý�¯�U�Ÿ�s�l�o�M�” . �°�È�w
Œ�æ�Z�€�p

�x�M�c�•�‹�®�Ž�—�ò�w���b�”��
:�í���U
ˆ�0�‹�›	��”���‰�t�m�M�o���a�o�M�”�¯�q�M�O
Q

�í�›�;�M�o	��r�w
Y��
Q�w	Â�Ì�›�æ�s�l�o�M�” . �f�•�•�Q�Ž�—�ò�U�Á	t Hardy �í���t��

�b	Ô�ù�x
Œ�æ�Z�€�w	��O�›�&�;�b�”�Ä�U�p�V�s�M . �f�\�p�²�x���w�M
��›�q�o�o�ð�J�:�›

�s
†�` , �Í�w�A�L�›�˜�h .

	 � �A �L 3.1. B1 �› R2 �w �o � • � � 
 k , m ' 2, " # L 2
!
B1; so(m) ( ) 1R2

"
, f #

h1 (B1; Rm ) �q�b�” . �\�w�q�V

! ! u = " .%u + f in B1

�w	��r u # W 1,2 (B1; Rm ) �x W 2,1 (B1; Rm ) �t���b . �^�’�t�K�” C = C(m) > 0 �U��

�O�`�o ,
||%2u||L 1 (B 1 ) , C

%
||%u||L 2 (B 1 ) + ||f ||h1 (B 1 )

'

�q
°�A�p�V�” .
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� �´�ï�¬�Û���w�¬�p�2�?�$
¯�q�t�‘�”


ì�8� �~�Ÿ�„�q	Å�w�r
s

�z�‚�“�G�¶�y�G�¶�Ã

�g�¶�Ã�y
:�¶
•�È


R�>�y�›�¢ Satoshi HANDA�£

1 �‹�Ö

1.1 
�� 

�y
+�x 0 � Æ � p� Z� “� x� a� Š� o
 «� •� q	 Ý� 6� ›� !� Q� |100�Æ �p
ø�…�`�x�a�Š�o
+	à�>�•�q	Ý�6�›�!�Q�”�}�\�w�‘

�O�t�²�h�j�w
��w�s�“�t�x�|�K�”�9�S�›�¥�t�`�o�|
Q�í�w�Ÿ�s�l�h	Ý�6�¢
ì�£�t� �“�!�˜�”�|�M�˜�•�”�®
ì�8

� �q	Å�¯�q�M�˜�•�”
ú�g�q	Å�U���X�ˆ�’�•�”�}�f�w�¥�q�s�”�9�S�x�®�Ÿ�„�:�¯�q�M�˜�•�”�}���w
ì�8� �q	Å�q

�`�o�x�|�.�x	×�9�t�S�M�o�|�°�S�Ó	Ô�›�T�Z�h�™�|�Ó	Ô�›
~�”�q�|�f�w�Ó	Ô�w�è�¹�›�-�m�¢�×
C�Ó�=�U���O�b

�”�£�U�| 770�Æ �q�M�O�9�S�›�Ò�Q�”�q�|�Ó	Ô�w�è�¹�›�-�m�\�q�U�p�V�s�X�s�”�|�q�M�O�q	Å�U���Ê�p�K�”�}�\

�•�x�|�§�Ó
Q
ì�T�’	×�Ó
Q
ì�t� �“�!�˜�”�q�M�O
ì�8� �q	Å�p�K�“�|�f�w�Ÿ�„�:�x�©�á�æ�”�9�S�q�`�o�‘�X�Œ

�’�•�o�M�”�}�‡�h�|�Ÿ�„�:�w	*�%�p�x�|	~�‘�w
ú�g�”�U�›�Ÿ�$�s	ü�”
ã�M�›�b�”�q�M�O�®�Ÿ�„�q	Å�¯�U�ˆ�’�•

�”�}�\�•�’�Ÿ�„�:�w���O�•	~�‘�w�Ÿ�„�q	Å�x�|�î�g�$�t�
���^�•�o�M�”�}�\�w�î�g�$�Ä�î�›�g�æ�$�t
†�Ì�`�‘

�O�q�|�w�-�—�¶�t�,�n�M�h
:�g�Û���U�|�f�•�g�•�w
ì�8� �q	Å�t� �a�o�|�ß�Š�^�•�o�V�h�}�›�t�|�§�Ó
Q�.�w

�w�-�—�¶�Û���U�| 1920�å�t�Å� �À�w
ú�g�¶	��ð�Ÿ�ç�Ô�ç�Ü�~�è�ï�À�t�‘�l�o�ß�Š�^�•�h�}�f�w�Û���x�|�è�ï

�À�w�¶
\�p�K�”�¤�ç�ï�µ�Ä�~� �´�ï�¬�U�f�w�Z�€�›�æ�l�h�\�q�T�’�|�®� �´�ï�¬�Û���¯�q�M�˜�•�|�q�O�t�M�h

�”�‡�p�|���X�w
ú�g�¶	��~
:�¶	��U�Z�€�›���Z�o�M�”�}

1.2 �è�$

� �´�ï�¬�Û���t���b�”�°�r�>�ð�J�w�{�q�m�t�| 1-arm �¦
: ! �q�t�˜�•�”�Ÿ�„�¦
:�w�>���w�ð�J�U�K�”�}��

�[�s�w	Ä�I�x�™�p	\�‚�”�\�q�q�b�”�}�\�w 1-arm �¦
: ! �x�|� �´�ï�¬�Û���t�S�M�o�x 1 �p�K�”�q�M�O�'
Ý�U

�^�•�o�M�”�U�| 1 �q�M�O	Í�v
°�A�‹�<�v
°�A�‹�Ô�^�•�o�M�s�M�}���s�x�|�f�w	Í�v
°�A�t�m�M�o�Z�€�b�”�\�q

�›�è�$�q�`�h�}�A�L�q�`�o�x�| 1 �q�M�O	Í�v
°�A�›�k�µ�t�˜�”�\�q�x�p�V�o�M�s�M�q	Ý�p�K�”�U�|	H�R�w�Ë� 

�Í�”�µ�­�”�æ�ï�¬
Æ�s�Ü�T�’�˜�’�•�”	Í�v
°�A�›	—�`�i�Z�~�‘�b�”�\�q�U�p�V�h�}	Â�Ì�t�x�|�å�ï�¼�Ü�§�è�ï

�Ä
¯�q�q�‘�y�•�”�¬�p�2�?�$�s
¯�q�›�;�M�”�}�Ž�<�p�x�|� �´�ï�¬�Û���›�µ�Ð�ï�%�w�t�?�p���[�`�|�f�w�™�|

�¬�p�2�?�$
¯�q�p�K�”�å�ï�¼�Ü�§�è�ï�Ä
¯�q�›	º�p�`�|�7�™�t�| 1-arm �¦
:�w���[�•	Í�v
°�A�t�m�M�o�‡�q

�Š�”�}
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2 � �´�ï�¬�Û���w���[�q�å�ï�¼�Ü�§�è�ï�Ä
¯�q

2.1 � �´�ï�¬�Û���w���[�q�,�Š�$�s�Ä�î

! 	Í�w�¤�¨� �: x �t�|�µ�Ð�ï�!
:�q�t�˜�•�”�¬�p�!
: " x ! { +1 , " 1} �›���[�b�”�} +1 �x�¨� �: x 	Í�w�µ

�Ð�ï�U	Í�²�V�w	Ý�6�t�K�”�\�q�›
¯�q�`�| " 1 �x�<�²�V�w	Ý�6�t�K�”�\�q�›
¯�q�`�o�M�”�¢
$ 1 �€	°�£�}�¨� �:

	Í�w�µ�Ð�ï�w
Ê�› " = { " x } x ! ! �p
¯�`�|�µ�Ð�ï
��•�q�z�•�}�‡�h�µ�Ð�ï
��•
¶�.�w	B�ù�› S! �q	{�X�\�q�t

�b�”�}�‡�h�| B! �x�| ! �w�Ë�:�w
Ê�ˆ�ù�˜�d
¶�.�›
¯�`�|�f�w
Ê�ˆ�ù�˜�d�›�Ø�ï�Å�q�M�O�}�\�w�µ�Ð�ï�!
:�h

�j�t�¬�p���S�›�)�Q�”�U�|�\�\�p�x�w�-�—�¶�p�‘�X�;�M�’�•�”�§�Ê�Ç�§�ç
ü
Í�¢�ª�Ò�µ
ü
Í�q�‹�M�˜�•�”�£�›

�;�M�”�}�f�w�¬�p���S�›�;�M�o�|�µ�Ð�ï�!
:�h�j�w
u " A =
!

x ! A " x �w�8�4�‹�›�Ž�<�w�7�t���[�b�”�}

#" A $
BC
!; !,h =

"

" ! S!

" A e" !H h (" ) / Z (#, h).

�\�\�p # ! R+ �x�|�o�9�S�›
¯�b�Í�å�Ý�”�»�p�K�”�}�F�¨�=��
:�t
ì�p�b�”
ü�<�› Z (#, h) �q	{�V�|
ü
���
:

�q�z�•�}�¦
:
æ
ü�t�K�” Hh (" ) �x�|�µ�Ð�ï
��• " �w	Ý�6�t�S�Z�”�¤�É�ç�ª�”�›
¯�b�Ë�Û�ç�Ä�Ç�ž�ï�q�M�˜�•

�”�”�p�K�“�|

Hh (" ) = "
"

{ x,y }! B!

Jx,y " x " y " h
"

x ! !

" x

�q���[�^�•�”�}�\�\�p�| h ! R �x�|�ß�Q�o�M�”�%�t�T�Z�o�M�”�Ž
æ�Ó	Ô�w�G�V�^�›
¯�b�Í�å�Ý�”�»�p�K�”�}

Jx,y �x
ì�“�^�;��
:�q�M�˜�•�”�|���m�w�µ�Ð�ï�w���w
ì�“�^�;�w�G�V�^�›
¯�b��
:�p�K�”�}���æ� �ˆ
Æ�!
Q

�¢��
��0	¶
Q�£ (Jx,y = Jo,y " x ) �q�§�Ó
Q (Jx,y % 0) �›�>���`�o�S�X�}�‡�h�|�Ž
æ�Ó	Ô�U�T�T�l�o�M�s�M�q�V�w

�Ë�Û�ç�Ä�Ç�ž�ï H0(" ) �›�o�t�| H (" ) �q
¯�b�\�q�t�b�”�}

�Í�t�|�¥�„	Ú�E�t�m�M�o	\�‚�”�}�Ë�Û�ç�Ä�Ç�ž�ï Hh (" ) �›�;�M�o���[�^�•�h� �´�ï�¬�Û���x�|�×���¥�„

	Ú�E�›�‹�m�q�M�˜�•�”�}�^�’�t�| ! �w�Ž
æ�¥�„�U +1 �w�µ�Ð�ï�p�“�‡�•�o�M�”	Ý�¯�›�ß�Q�h�Ë�Û�ç�Ä�Ç�ž�ï

H +
h (" )�|�m�‡�“�|

H +
h (" ) = Hh (" ) "

"

x ! ! ,y /! !

Jx,y " x

�›�;�M�h�q�V�›�|�Ó�å�µ�¥�„	Ú�E�q�M�O�}

�q���[�b�”�} BC �q�M�O�w�x�|�¥�„	Ú�E�›
¯�`�| free�| + �p�f�•�g�•
¯�b�\�q�t�b�”�}

�×
C�Ó�= ms(#) �›�|

ms(#) = lim
h#0

lim
! $ Zd

#
1

|! |

"

x ! !

" x $
BC

!; !,h

= á á á= #" o$+
Zd ;!

�q���Š�”�} ms(#) �x�|�Ó	Ô�›�Á�X�`�h�K�q�t�Ó
Q�U�r�O�s�”�T�›
¯�`�o�M�”�}�î�M�t�x�|�ô�9
ì�¢�o�9�S # �U

	–�^�M�q�V�£�p�x�|�\�w�‹�x 0 �p�K�“�|�ÿ�9
ì (�o�9�S # �U�G�V�M�q�V ) �p�x�|
Y�t�‹�j�K�U�”�¢
$ 2 �€	°�£�}

�\�•�x�ä�3�’�W�q�µ�Ð�ï�w� �—�q	Å�w�Ì�å�ï�µ�t�‘�”�‹�w�q�r	
�p�V�”�}�\�w�¥�è�t
ì�p�b�”�w�U�Ÿ�„�:�p�K

�”�}
�� �p�‹	\�‚�h�‘�O�t�|�°
`�t�9�S�s�r�w�Í�å�Ý�»�”�›�!�=�^�d�h�q�V�t�|�K�”�‹�›�¥�t
ú�í�w
Q�í�U��


u�t�!�=�b�”�q	Å�›
ì�8� �q�M�O�}� �´�ï�¬�Û���t�S�M�o�|�f�w
Q�í�›
¯�b
ú�g�”�w�{�q�m�U�|	Í�G�p���[�`

�h�×
C�Ó�=�p�K�”�}� �´�ï�¬�Û���t�S�M�o�Ÿ�„�:�x�|�f�w�×
C�Ó�=�›�;�M�o�Í�w�‘�O�t���[�^�•�”�}

#c = inf { # % 0 | ms(#) > 0} .
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# < # c �›�ô�9
ì�q�M�M�| # > # c �›�ÿ�9
ì�q�M�O�}���[�T�’�ô�9
ì�p�x�×
C�Ó�=�x 0 �p�K�“�|�ÿ�9
ì�p�x
Y�t

�‹�j�K�U�”�}�›�t�7�Ù
€�¨� �Û���t�S�M�o�x�| d % 2 �p #c �U 0 �p�‹ + & �p�‹�s�M���v�s�‹�t�s�”�\�q�U�Œ�’

�•�o�S�“�|
ì�8� �w���O�U�A�æ�n�Z�’�•�”�}�‡�h�Ÿ�„�:�w�Ú	Í�•�Ù�c�p�x�|�f�•�’�w
ú�g�”�U�ˆ�$�s�›�Ÿ
Q�›

�Ô�b�}�\�w�‘�O�s	ü�”
ã�M�›�°
`�$�t�Ÿ�„�q	Å�q�z�•�}�f�w�ˆ�¦
:�h�j�›�Ÿ�„�¦
:�q�z�•�}�Ÿ�„�:�x�ß�Q�o�M

�”
ú�g�%�w�I�T�M���[�t�‘�l�o�!�˜�”�U�|�Ÿ�„�¦
:�x�f�O�M�l�h	Ä�I�t�‘�’�c�|�Í�i�•�0	¶
Q�i�Z�p�>�‡�”�‹

�w�q	ô�a�’�•�o�M�”�}�f�w�h�Š�|
ú�g�%�x�Ÿ�„�¦
:�t�‘�l�o
ü�¨�p�V�”�q�^�•�o�S�“�|� �´�ï�¬�Û���t�S�M�o

�‹�|�f�w�Ÿ�„�¦
:�›�{�Š�”�\�q�x	O�A�p�K�“�|�G�V�s�è�$�q�s�l�o�M�”�}�Í�w
…�p 1-arm �¦
:�q�z�y�•�”�Ÿ

�„�¦
:�›�)�Q�”�}


$ 1 �¤�¨� �:	Í�w�µ�Ð�ï�!
:�w�²�V

$ 2 � �´�ï�¬�Û���w�Ÿ�„�q	Å

2.2 �å�ï�¼�Ü�§�è�ï�Ä
¯�q�q�o
˜�w� �`�8�Q�4�J�w�<�A

Proposition 2.1 (�å�ï�¼�Ü�§�è�ï�Ä
¯�q [3]).

#" A $
+
! =

"

n ! Z
B! !{ g }
+

#n %!= A

w(n )
÷Z (#)

.

�‡�c�|�\�w�Ë�J�t	Z�o�X�”�G�ø�s�›
†�Ì�b�”�}
‡
Û
T
:�w
Ê n = { nb} b! B! ! ZB!
+ �›�®�§�è�ï�Ä
��•�¯�q�M

�M�| nb �›�Ø�ï�Å b 	Í�w�®�§�è�ï�Ä�¯�q�M�O�} $n �x�¨� �:�w	B�ù�p�|�®�o
˜�¯�q�z�y�•�|�Ž�<�w�‘�O�t���[�^

�•�”�}

$n = { z ! ! |
"

b&z

nb �x�-
: } .

�\�\�p w(n ) =
#

b! B!

(#Jb)n b

nb!
�›	O�ˆ�q�z�•�} g /! Zd �x�|�°�”�µ�Ä�±� �Ä�q�t�˜�•�”�:�p�|�K�”�™�¯ ! �w�Ž
æ

�¥�„�›�°�:�q�ˆ�h�:�p�K�“�|�º
æ�¥�„�w�:�x g �q�w���t�‹�Ø�ï�Å�U�K�“�|�f�\�t�‹�§�è�ï�Ä�U�~�’�•�o�M�”�}

	Í�G�w�Ë�J�t�S�Z�”�È�%�w�Ü�w
¯�q�›�®�å�ï�¼�Ü�§�è�ï�Ä
¯�q� �̄q�M�O�}�›�t�|�Í
…�p���[�b�” 1-arm �¦
:�›

���[�b�”�M�t�;�M�’�•�” #" o$+
r �q�M�O�|�®
R�� r �w d �Í�i�•	Í�w�Ÿ�„�:�Ú	Í�t�S�Z�”�Ó�å�µ�¥�„	Ú�E�w�‹�q�p

�w�°�:��
:�w�8�4�‹�¯�›�å�ï�¼�Ü�§�è�ï�Ä
¯�q�b�”�q�Í�w�‘�O�t�s�“�|�‡�h�<
$ 3 �w�‘�O�t�s�”�}

#" o$+
! c ,r =

"

n ! Z
BB r !{ g }
+

#n %B r = { o}

w(n )
÷Z (#)

.


z�M
¢�x�-
:�w
¢�p�|
h�M
¢�x 0 �p�s�M�î
:�w
¢�›
¯�`�o�M�”�}�o
˜�U Br �w�¤�p�x o �i�Z�s�w�p�|
z�M
¢�p

o �q�¥�„�t�0� �b�” g �U�m�s�U�’�s�Z�•�y�s�’�s�M�}�\�w�å�ï�¼�Ü�§�è�ï�Ä
¯�q�w�‹	Z�x�|�§�Ê�Ç�§�ç
ü
Í�t

�S�Z�”�¬�p�w	O�ˆ�t
ì�p�b�”�|�¦
:��
:�w
æ
ü�›�Â� �å�”�2�‰�b�”�\�q�t�‘�”�}
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$ 3 ! ! o"+
! c ,r �t�0�b�”�å�ï�¼�Ü�§�è�ï�Ä
¯�q

�7�™�t�|�å�ï�¼�Ü�§�è�ï�Ä
¯�q�t�S�M�o	O�A�s�s�Ü�›	º�p�`�o�S�X�}�\�•�x�|
¶�.�w�¬�å�Ñ�›
æ
ü�¬�å�Ñ�•�q


ü�Z�”	Ô�ù�w
:�|�q�M�O
Ê�ˆ�ù�˜�d�æ�$�s�s�Ü�q�`�o�|	Â�Ì�^�•�”�}

Proposition 2.2 (�o
˜�w� �`�8�Q�4�J�w�<�A [3]).

"

m ! Z
B! !{ g }
+

#m = A

"

n ! Z
B! !{ g }
+ |B

#n = { x,y }

w(m )w(n ) =
"

m ! Z
B! !{ g }
+

#m = A '{ x,y }

"

n ! Z
B! !{ g }
+ |B

#n = !

w(m )w(n )1{ x '(
m + n

y in B} .

�\�\�p�| Z
B! !{ g }
+ |B �x B �º�w�Ø�ï�Å	Í�p�w�ˆ 0 �p�s�M�‹�›�q�”�§�è�ï�Ä
¶�.�w	B�ù�q�b�”�} ) �x	B�ù�w�0

	¶�)�p�K�”�}�Ä	Å { x '(
m + n

y in B} �x�|�¨� �: x, y �U B �º�w�Ø�ï�Å�p�| m + n �w�§�è�ï�Ä�è�U 0 �p�s�M�‹�w

�›�–�l�o�m�s�U�”�q�M�O�Ä	Å�›
¯�`�o�M�”�}�Ë�m�w�µ�Ð�ï�!
:�h�j�w�8�4�‹�w
u�›�ß�Q�”�q�V�t�|�f�•�’�›�§

�è�ï�Ä
¯�q�p	{�X�q�Ë�m�w�§�è�ï�Ä�U
¯�•�|�f�•�›�Ü�!���b�”�M�t�þ�q�m�s�Ü�p�K�”�}�«�Q�y�|�Ž�<�w�‘�O�s

�‹�w�U�K�”�}

(#" o$+
r )2 =

"

m ! Z
BB r !{ g }
+

#m %B r = { o}

"

n ! Z
BB r !{ g }
+

#n %B r = { o}

w(m )w(n )
÷Z (#)2

=
"

m ! Z
BB r !{ g }
+

#m %B r = !

"

n ! Z
BB r !{ g }
+

#n %B r = !

w(m )w(n )
÷Z (#)2

1{ o '(
m + n

g} .

3 1-arm�¦
: ! �w	Í�v
°�A

3.1 �Ÿ�„�¦
:�w���[

�‡�c�|�Ÿ�„�¦
: ! > 0 �x�Í�w�‘�O�t���[�^�•�”�}

#" o$+
! c ,r * r " $.

�\�\�p�|�Ÿ�„�:�Ú	Í�p�K�”�\�q�t�«�™�b�”�}�×
C�Ó�=�w�Ü�›�ˆ�”�q�| r ( & �t
ì�p�b�”�‹�w�p�K�”�\�q�U
ü

�”�}�Ÿ�„�:�Ú	Í�w�×
C�Ó�=�w�‹�x 0 �p�K�“�|�Ÿ�„�:�p�È���p�K�”�\�q�U�Œ�’�•�o�M�”�}�m�‡�“�|�\�w�Ÿ�„�¦
:

�x�| r �U�G�V�X�s�l�o�M�X�q�V�|
R�� r �w d �Í�i�•	Í�w #c �Ú	Í�p�w�×
C�Ó�=�x r �w�r�w�X�’�M�w�ˆ�p 0 �t�n


0�b�”�T�›
¯�b�¦
:�p�K�”�}

3.2 	����g�q�'
Ý

Theorem 3.1. �y

d > 4 �t�S�Z�”� �´�ï�¬�Û���t�0�`�o�| 1-arm �¦
: ! �w���O�q #" o" x $free

Zd * (|x| + 1)2" d �›�>���b�”�}�\�w�q

�V�| ! , d" 3
2 �p�K�”�}�›�t�| d = 5 �t�S�M�o�x�| ! , 1 �p�K�”�}
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Conjecture 3.2. �y

d > 4 �t�S�Z�”� �´�ï�¬�Û���t�0�`�o�| 1-arm �¦
: ! �w���O�q #" o" x $free

Zd * (|x| + 1)2" d �›�>���b�”�}�\�w�q

�V�| ! , 1 �p�K�”�}

�Í�”�¯�è�”�³�ã�ï�q�M�O���w�Û���p�w 1-arm �¦
: ! pc �U�| d > 6 �t�S�M�o 2 �p�K�”�\�q�U�k�µ�t�Ô�^�•�o�S

�“ [1]�|� �´�ï�¬�Û���p�‹�|�0� �b�” 1-arm �¦
:�›�>���`�‘�O�q�M�O�\�q�U�7�G�w�è
ª�q�s�l�o�M�”�}� �´�ï

�¬�Û���p�x d > 4 �t�S�M�o 1 �p�K�”�\�q�U	ô�a�’�•�o�M�”�w�p�|�‡�c�x�|	Í�T�’�w
°�A�i�Z�p�‹�‹	Z�`�‘�O�q

�M�O�¼�ˆ�p�K�”�}�Ë� �Í�”�µ�­�”�æ�ï�¬
Æ�s�Ü�¢�7�™�t�L�d�o�S�X�£�q�M�O
Æ�s�Ü�T�’�| d > 4 �p�x ! , d" 2
2

�p�K�”�q�M�O�\�q�U�Œ�’�•�o�M�”�}�\�\�t�| d �q�`�o 4 + % (% >0) �›�M�•�o�ˆ�”�q�| ! , 1 + %
2 �p�K�”�\�q�U

�Ô�^�•�”�w�i�U�| % >0 �p�K�”�T�’�| 1 �‘�“�‹
��t�G�V�M�D�ó
Q�U
		†�p�V�s�M�}	H�l�o�|�f�w�D�ó
Q�›
		†�p

�V�| 1 �Ž�<�p�K�”�q�M�O�\�q�Ô�b�i�Z�p�‹�G�V�s
��2�s�w�p�K�”�}�\�•�‡�p�t�˜�’�•�h�A�L�q�`�o�x�| d > 4

�t�S�M�o�x ! , d" 3
2 �p�K�”�q�M�O�| ! , 1 �t
z�‚�”�q
‡	×�t	��M�‹�w�t�s�l�o�M�”�U�|	Í	\�w�Ë� �Í�”�µ�­�”

�æ�ï�¬
Æ�s�Ü�T�’�˜�’�•�”�A�L�‘�“�‹�| 1
2 �i�Z
^�S�U�‘�X�s�l�o�M�”�}�°
`�w d > 4 �w	Ô�ù�x�|�Ô�b�\�q�U�p

�V�s�T�l�h�w�p�| Conjecture �q�`�o�M�”�}�<�T�’�w
°�A ! % 1 �t�m�M�o�‹�|	•�R�$�s�]�J�p�K�“�|�\�•�U�r

�>�^�•�”�q�|�Ÿ�„�¦
: ! �U d > 4 �p 1 �p�K�”�\�q�U�ì
¶�r�>�^�•�”�w�p�K�”�}	Â�Ì�t���`�o�x�|�K�”�µ�Ð�ï�!


:�’�w�8�4�‹�w
u�›�ß�Q�|�f�•�’�›�å�ï�¼�Ü�§�è�ï�Ä
¯�q�`�|�o
˜�w� �`�8�Q�4�J�w�<�A�s�›�;�M�o�|
Æ�s�Ü


°�A�›�`�|�6�|�µ�Ð�ï�%�w
¯�q�t�í�b�\�q�p�s�^�•�”�}

Theorem 3.3 (�Ë� �Í�”�µ�­�”�æ�ï�¬
Æ�s�Ü [2]). �y

d �Í�i�w���v�è�ï�´�w� �´�ï�¬�Û���x�Í�w
Æ�s�Ü�›�¬�h�b�}

d " 2 + & % 2!.

d > 4 �t�S�M�o & = 0 �p�K�”�q�M�O�Ä�î�›�;�M�”�q�| ! , d" 2
2 �U�˜�’�•�”�}

�€�ß���Y
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Transmuted Logistic II distribution

Glauber M «arcio Silveira Pereira 1

Carlos Alberto Ribeiro Diniz 1

Abstract

A generalization of the generalized inverse Logistic II distribution so-called transmuted gen-

eralized inverse Logistic II distribution is proposed and studied. The studies we have done:

calculate the Þrst and second time, set the survival function, risk function and a study of statis-

tical order.

Keywords: transmuted, logistic II distribution, heavy-tailed distribution, asymmetry pa-

rameter.

Introduction

The models are an important tool for estimating the behavior of some population. However,

in many cases, they show some problems of adjustment with the data. The Logistics II model

describes a similar curve with normal, symmetrical model, but with a correction in tails. It

has interesting applications in modeling chronic obstructive respiratory disease, geological is-

sues, Hemolytic Uremic Syndrome Data (HUS), physical-chemical phenomena, psychological

issues, the survival time of patients diagnosed with leukemia, and weight gain data. [2] In this

paper we built a model transmuted Logistics II. In order to improve the model data that already

known to have heavy tails characteristic of more asymmetrically. A transmuted a transforma-

tion model is made in a model in order to generalize it. This model has a parameter more, the

asymmetry parameter.

Logistic II Model

The probability density function (pdf) of the logistic II distribution is given by:

f (x;µ, ! ) =
exp

!
!

" x! µ
! )

#$

!
"
1+ exp

!
!

" x! µ
!

#$#2 (1)

at wherex " R+ , µ " R e ! " R+ .

We have the cdf of logistic II distribution:

F(x;µ, ! ) =
! x

! "

exp
!

!
" t! µ

!

#$

!
"
1+ exp

!
!

" t! µ
!

#$#2dt =
1

1+ exp
!

!
" x! µ

! )
#$ (2)

1Federal University of S÷ao Carlos (UFSCar). e-mail:glauber@gmail.com
1
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Transmuted Model

This section explains how the transmuted model is constructed of any existing model, and

F1 a model of the distribution function known andf2 to the new model. The new model is

deÞned by the following transformation: [1]

F2(x) = ( 1+ #)F1(x) ! #F1(x)2 (3)

which on differentiation yields,

f2(x) = f1(x)[(1+ #) ! 2#F1(x)] (4)

for # " [! 1,1] where f1(x) e f2(x) are the pdfs ofF1(x) andF2(x).

Transmuted Logistic II Model

In this section we use the results shown in the previous section in the logistic II model and

thus create a new model. Applying equation 2 the equation 4 deÞne the density function:

FTL2(x;µ, ! ,#) =
1

1+ exp
!

!
" x! µ

!

#$

%

(1+ #) !
#

"
1+ exp

!
!

" x! µ
!

#$#

&

Also we deÞne the probability density function of the logistic model transmuted II:

fTL2(x;µ, ! ,#) =
exp

!
!

" x! µ
!

#$

!
"
1+ exp

!
!

" x! µ
!

#$#2

'

(1+ #) !
2#

1+ exp
!

!
" x! µ

!

#$

(

for # " [! 1,1].
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The Þrst and second Þgures above are some examples of distribution functions and pdf

for some values of#. The third Þgure shows the asymmetry in cases where comparing two

constants and their respective opposite to zero and constant, if there is symmetry in the model.

Regardless of the valuesµ and! we can standardize this model as a random variableZ =
X ! µ

!
# TLog2(Z) to facilitate the bills. Thus we have the distribution function:

FTL2(z) =
1

1+ exp{ ! z}

)
(1+ #) !

#
1+ exp{ ! z}

*

and

fTL2(z) =
exp{ ! z}

(1+ exp{ ! z} )2

+
(1+ #) !

2#
1+ exp{ ! z}

,
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Y���Â�Ø	Í�w�Ñ�é�ï�»�ç�q
€	î�D�2�Ø

(Osculating developable surfaces of regular surfaces along frontals)

�Š�� 	]�°

HONDA ShunÕichi
�z�‚�“�G�¶�G�¶�Ã�g�¶�Ã
:�¶
•�È

1 �“�A


Y���Â�Ø	Í�w
Y���Â
¢�x�¼�ç�Ò�”�î (Darboux frame) �›�;�M�o�|�f�w
Q�í�U�¿�X�Œ�’�•�o�M�”�}

�`�T�`�|�Â
¢�U�›�Ÿ�:�›�Ë�m	Ô�ù�x�\�w�v�“�p�x�s�M�}�Š�è���p�x�|�â�”�«�æ�¿�Å���Ø R2 	Í�w�Ñ

�é�ï�»�ç�¢ [2]�£�›�°
̀ �=�̀ �h
Y���Â�Ø M 	Í�w�Ñ�é�ï�»�ç�›���[�`�| [3] �t�S�Z�”
Y���Â�Ø M 	Í�w


Y���Â
¢�t�
�l�h
€	î�D�2�Ø�w�°
`�=�q�`�o�|
Y���Â�Ø M 	Í�w�Ñ�é�ï�»�ç�t�
�l�h
€	î�D�2�Ø�›

���[�`�|�f�w
Q�í�›	º�p�b�”�}�f�w�M�|�® [4] �t�S�Z�”�î
Ç�V�Â
¢�¯�t�|�® [5] �t�S�Z�”�•�Ø�ç�´�ß

�ï�Å�ç�Â
¢�¯�w�g�æ�›� �;�b�”�}�s�S�|�Š�è���x
˜�0	*�°�¯�¢�z�‚�“�G�¶�£�|�ô�®�m�N�¯�¢�è�`�»

�À�G�¶�£�q�w�ž�‰�Z�€�t�,�n�X�}

2 
Y���Â�Ø	Í�w�Ñ�é�ï�»�ç

I �›�‰�à���‡�h�x R�| U �›�‰�–�¬�‡�h�x R2 �q�b�”�}�’�Š���ˆ X : U ! M, (u, v) "! X (u, v)

�t�0�`�o�| M = X (U) �›
Y���Â�Ø�q�z�•�}�^�’�t�|
Y���q�x�v�’�s�M���Ø�Â
¢ ! : I ! U, t "!

(u(t), v(t)) �t�0�`�|�í���Â
¢
! = X # ! : I ! M $ R3

�›�ß�Q�”�}
Y���Â�Ø�w�o�•�O
¢�Õ�«�Ä�ç�› ! 	Í�t
M�v�`�h�‹�w�›

n ! (t) =
X u %X v

|X u %X v |
# ! (t)

�q�b�”�}�‡�h�|�o�•
€�� T1M �›

T1M = { (x , y ) & M %Tx M | |y | = 1 } $ M %S2

�q�b�”�}

���[ 2.1�¢�o�•
€�� T1M 	Í�w�ç�´�ß�ï�Å�ç�Â
¢�£ �ø
þ (!, " ) : I ! T1M �U�Ú�™�w t & I �t�0�`

�o (!, " )! (t)# = 0 �›�¬�h�b�q�V�| (!, " ) �›
Y���Â�Ø M 	Í�w �ç�´�ß�ï�Å�ç�Â
¢ �q�z�•�}�\�\�p�| #

�x�o�•
€�� T1M 	Í�w
ª	j
€	î�
�Í���Ü�p�K�”�}	Í�G�w	Ú�E�x�Ú�™�w t & I �t�0�`�o ú! (t) á" (t) = 0

�›�¬�h�b�\�q�q�‰�‹�p�K�”�}�^�’�t�| (!, " ) �U�x�Š���ˆ�w�q�V (!, " ) �›
Y���Â�Ø M 	Í�w �ç�´�ß�ï

�Å�ç�x�Š���ˆ �q�z�•�}
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���[ 2.2�¢
Y���Â�Ø M 	Í�w�Ñ�é�ï�»�ç�£ 
Y���Â�Ø M 	Í�w�Â
¢ ! : I ! M �t�0�`�o�|�K�”

" : I ! S2 �U���O�`�o (!, " ) : I ! T1M $ M %S2 �U�ç�´�ß�ï�Å�ç�Â
¢�p�K�”�q�V�| ! �›
Y���Â

�Ø M 	Í�w �Ñ�é�ï�»�ç �q�z�•�}�^�’�t�| (!, " ) �U�ç�´�ß�ï�Å�ç�x�Š���ˆ�w�q�V ! �›
Y���Â�Ø M 	Í

�w�Ñ�é�ï�Ä �q�z�•�}

�«�™ 2.3 (!, " ) : I ! T1M $ M % S2 �U�ç�´�ß�ï�Å�ç�Â
¢�p�K�”�\�q�q�| (!, n ! , " ) : I !

M %S2 %S2 �U�î
Ç�V�Â
¢�¢
Ç�å���| [4]�£�p�K�”�\�q�x�‰�‹�p�K�”�}�Ž�<�p�x�| (!, n ! , " ) �U�î
Ç

�V�Â
¢�p�K�”�q�`�o�^�æ�›�2�‰�b�”�}

3 
€	î�D�2�Ø

�î
Ç�V�Â
¢ (!, n ! , " ) : I ! M %S2 %S2 �w�Â�p�› ($, m, n, %) �¢
Ç�å���| [4]�£�|�•�Ø�ç�´�ß�ï

�Å�ç�Â
¢ (n ! , " n ) : I ! S2 %S2 �w�Â�p�› (mn , nn ) �q�b�”�¢
Ç�å���| [5]�£�}

�\�w�q�V�| µ (t) := n ! (t) %" (t) �t�| µ n (t) := n ! (t) %" n (t) �q�b�”�q�|�î
Ç�V�Â
¢ (!, n ! , " )

�w�î { n ! (t), " (t), µ (t)} �q�•�Ø�ç�´�ß�ï�Å�ç�Â
¢ (n ! , " n ) �w�î { n ! (t), " n (t), µ n (t)} �t�0�`�o�|

�È�’�T�s��
: # : I ! R �U���O�`�o�Ž�<�w�����›�¬�h�b�•

!

"
n ! (t)
" n (t)
µ n (t)

#

$ =

!

"
1 0 0
0 cos#(t) ' sin#(t)
0 sin#(t) cos#(t)

#

$

!

"
n ! (t)
" (t)
µ (t)

#

$ .

���[ 3.1�¢
€	î�D�2�Ø�£ 
Y���Â�Ø M 	Í�w�Ñ�é�ï�»�ç ! �t�
�l�h (Osculating developable sur-

face) �› OD! : I %R ! R3,
OD! (t, &) = ! (t) + &"n (t)

�q�b�”�}

���[�‘�“ OD! �x
¢	ë�Ø�p�K�”�U�| det( ú! (t), " n (t), ú" n (t)) = 0 �‘�“�| OD! �x�D�2�Ø�p�K�”�¢
Ç

�å���£�}�°�M�| (t0, 0) �U OD! �w
Y���:�p�K�”�q�b�”�}�\�w�q�V�| (t0, 0) �t�S�M�o OD! �w�O
¢�Õ

�«�Ä�ç�x X �w�O
¢�Õ�«�Ä�ç n ! �q�‰�a�M�²�›�Ë�m�}�\�•�’�w
Q�í�‘�“�| OD! �›
Y���Â�Ø	Í�w�Ñ

�é�ï�»�ç�t�
�l�h
€	î�D�2�Ø�q�z�•�}

�Ž�<�p OD! �q�Ú�¦�ù�è�¢�¤	ú�ù�è�£�¢
Ç�å���£�q�w�����›�)�Q�”�•

���g 3.2 	Í�G�w
ƒ���w�<�| n ! �w
Y���:�U���µ�p�K�”�q�b�”�}�\�w�q�V�|�Ž�<�U
R�“�q�m�•

(A) �Ž�<�x�‰�‹�p�K�”�•

(1) OD! �x�ª�Ø�p�K�”�|

(2) nn (t) ( 0�|

(3) ! �x�Ú�¦�ù�è�t���b�”� �²�<
¢�p�K�”�}

(B ) nn (t) )= 0 �q�b�”�}�\�w�q�V�|�Ž�<�x�‰�‹�p�K�”�•

(4) OD! �x
3�Ø�p�K�”�|

(5) %(t) sin #(t) + d
dt

%
" ( t ) cos #( t )

n n ( t )

&
( 0,

(6) ! �x�¤	ú�ù�è�t���b�”� �²�<
¢�p�K�”�}

�« 3.3 ���Ø�Â
¢ ! : R ! R2, t "! (t3, ' t2) �q
Y���Â�Ø X : R2 ! R3, (u, v) "! (u, v, (u2 + v3)2)

�w�ù
R ! = X #! (t) = ( t3, ' t2, 0) �›�ß�Q�”�}�\�w�q�V�| ! �x M = X (R2) 	Í�w�Ñ�é�ï�»�ç�p�K�”�}
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�^�’�t
€	î�D�2�Ø�x OD! (t, &) = ( t3, ' t2 + &,0) �p�)�Q�’�•�”�} nn (t) ( 0 �‘�“�| OD! (R %R)

�x�ª�Ø�p�K�”�¢
$�
�£�}


$ 1 
$ 2 
$ 3

���g 3.4 M $ R3 �›�D�2�Ø�q�b�”�}�\ �w�q�V�| M �w
Y��
æ
ü	Í�w�Â
¢ ! �t �0�`�o�|�K�”

" n : I ! S2 �U���O�`�o�| (n ! , " n ) : I ! S2 %S2 �x�•�Ø�ç�´�ß�ï�Å�ç�Â
¢�p�K�”�}�^�’�t�| n !

�w
Y���:�U���µ�s�q�V�| OD! (I %R) $ M �U
R�“�q�m�}


‡�ª�Ø�$�s OD! �w�›�Ÿ�:�x�Ž�<�p�›�Ã
Ç�Z�’�•�”�•

���g 3.5 �î
Ç�V�Â
¢ (!, n ! , " ) : I ! M %S2 %S2 �w�Â�p�› ($, m, n, %) �|�•�Ø�ç�´�ß�ï�Å�ç�Â


¢ (n ! , " n ) : I ! S2 %S2 �w�Â�p�› (mn , nn ) �q�b�”�}�\�w�q�V�|
‡�ª�Ø�$�s OD! �t�0�`�o�|�Ž

�<�U
R�“�q�m�•

(1) OD! (t0, &0) �U
Y���:�p�K�”�h�Š�w
ž�A	G
ü	Ú�E�x�|

%(t0) cos#(t0) + &0nn (t0) )= 0

�U
R�“�q�m�\�q�p�K�”�}

(A) ( t0, &0) �› mn (t0) )= 0 �›�¬�h�b OD! �w�›�Ÿ�:�q�b�”�}�\�w�q�V�|�Ž�<�U
R�“�q�m�•

(2) OD! �U (t0, &0) �t�S�M�o�§�µ�Ó	Ý�Â�Ø c �t�Á	t
•
ü�‰
ì�p�K�”�h�Š�w
ž�A	G
ü	Ú�E�x�|

%(t0) sin #(t0) +
d
dt

'
%(t0) cos#(t0)

nn (t0)

(
)= 0

�U
R�“�q�m�\�q�p�K�”�}

(3) OD! �U (t0, &0) �t�S�M�o�À�Ì�Ý�w
Œ sw �t�Á	t
•
ü�‰
ì�p�K�”�h�Š�w
ž�A	G
ü	Ú�E�x�|

%(t0) sin #(t0) +
d
dt

'
%(t0) cos#(t0)

nn (t0)

(
= 0 ,

d
dt

'
%(t0) sin #(t0) +

d
dt

'
%(t0) cos#(t0)

nn (t0)

((
)= 0

�U
R�“�q�m�\�q�p�K�”�}

(B ) ( t0, &0) �› mn (t0) = 0 �›�¬�h�b OD! �w�›�Ÿ�:�q�b�”�}�\�w�q�V�|�Ž�<�U
R�“�q�m�•

(4) OD! �U (t0, &0) �t�S�M�o�§�µ�Ó	Ý�¦�%�g�  cc �t�Á	t
•
ü�‰
ì�p�K�”�h�Š�w
ž�A	G
ü	Ú

�E�x�| úmn (t0) )= 0 �T�m

%(t0) sin #(t0) +
d
dt

'
%(t0) cos#(t0)

nn (t0)

(
)= 0

�U
R�“�q�m�\�q�p�K�”�}

�y�\�\�p�|�§�µ�Ó	Ý�Â�Ø c �x c(u, v) = ( u, v2, v3)�|�À�Ì�Ý�w
Œ sw �x sw(u, v) = (3 u4 + u2v, 4u3 +

2uv, v)�|�§�µ�Ó	Ý�¦�%�g�  cc �x cc(u, v) = ( u, uv3, v2) �p�K�”�}
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�« 3.6 �í���Â
¢ ! : [0, 2' ) ! S2,

! (t) =

)
3
4

cost '
1
4

cos 3t,
3
4

sin t '
1
4

sin 3t,

*
3

2
cost

*

�x S2 	Í�w�Ñ�é�ï�»�ç�p�K�”�¢
$���£�}�î�M�| ! �w
Ò�0 " : [0, 2' ) ! S2 �x

" (t) =

)
3
4

sin t +
1
4

sin 3t, '
3
4

cost '
1
4

cos 3t, '

*
3

2
sin t

*

�p�K�”�}�\�w�q�V�|
€	î�D�2�Ø OD! �x & = tan t (t )= 0 , $
2 , ', 3

2 ) �p�§�µ�Ó	Ý�Â�Ø�| (0, 0), (', 0)

�p�§�µ�Ó	Ý�¦�%�g� �p�K�”�¢
$���£�}


Ç�å


Ç�å�� �î
Ç�V�Â
¢ ([4])

I �›�à���‡�h�x R �q�b�”�}

���[ 3.7�¢�î
Ç�V�Â
¢�£ �ø
þ (!, " 1, " 2) : I ! R3 %S2 %S2 �U�Í�w���m�w	Ú�E�›�¬�h�b�q�V �î
Ç

�V�Â
¢ (framed curve) �q�z�•�•

(1) ú! (t) á" 1(t) = 0 , (2) ú! (t) á" 2(t) = 0 , (3) " 1(t) á" 2(t) = 0 .

�›�t�| ( ú!, ú" 1, ú" 2) )= (0 , 0, 0) �›�¬�h�b�q�V�| (!, " 1, " 2) �› �î
Ç�V�x�Š���ˆ (framed immersion) �q

�z�•�}

� î 
Ç�V�Â
¢ (!, " 1, " 2) : I ! R3 % S2 % S2 �t �0�` �o� | µ (t) := " 1(t) % " 2(t) �q�b�” �q� |

{ " 1(t), " 2(t), µ (t)} �x ! (t) �t�
�O
Y�w�î�p�|
!

"
ú" 1(t)
ú" 2(t)
úµ (t)

#

$ =

!

"
0 $(t) m(t)

' $(t) 0 n(t)
' m(t) ' n(t) 0

#

$

!

"
" 1(t)
" 2(t)
µ (t)

#

$ ú! (t) = %(t)µ (t)

�›�¬�h�b�}�\�w�q�V�|

$(t) = ú" 1(t) á" 2(t), m(t) = ú" 1(t) áµ (t), n(t) = ú" 2(t) áµ (t), %(t) = ú! (t) áµ (t)

�p�K�”�}�\�w��
:�w
Ê ($, m, n, %) : I ! R4 �› �î
Ç�V�Â
¢�w�Â�p �q�z�•�}�î
Ç�V�Â
¢�w�Â�p�x�|�Í

�å�Ý�”�»�w�q�“�M�t�‘���b�”�}

�y���m�w�î
Ç�V�Â
¢ (!, " 1, " 2), (+!, +" 1, +" 2) : I ! R %S2 %S2 �t�0�`�o�|�K�”�s�8 X & SO(3) �t

�|���æ� �ˆ x & R3 �U���O�`�o�|

(a) +! (t) = X (! (t)) + x , (b) +" 1(t) = X (" 1(t)) , (c) +" 2(t) = X (" 2(t))

�›�¬�h�b�q�V�|���m�w�î
Ç�V�Â
¢ (!, " 1, " 2) �q (+!, +" 1, ,nu2) �x �ù�‰�p�K�” �q�t�O�}

���g 3.8�¢�î
Ç�V�Â
¢�w���O�£ [4] ($, m, n, %) : I ! R4 �›�È�’�T�s�ø
þ�q�b�”�}�\�w�q�V�|�î
Ç

�V�Â
¢ (!, " 1, " 2) : I ! R3 %S2 %S2 �p�| ($, m, n, %) �›�Â�p�q�b�”�‹�w�U���O�b�”�}

���g 3.9�¢�î
Ç�V�Â
¢�w�°�™
Q�£ ���m�w�î
Ç�V�Â
¢ (!, " 1, " 2), (+!, +" 1, +" 2) : I ! R3 %S2 %S2 �t

�0�`�o�|�\�•�’�w�Â�p�U�°�•�b�”�q�b�”�}�\�w�q�V�|���m�w�î
Ç�V�Â
¢ (!, " 1, " 2) �q (+!, +" 1, +" 2) �x

�ù�‰�p�K�”�}
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Ç�å�� �•�Ø�ç�´�ß�ï�Å�ç�Â
¢ ([5])

���[ 3.10�¢�•�Ø�ç�´�ß�ï�Å�ç�Â
¢�£ �ø
þ (!, " ) : I ! S2 %S2 �U�Í�w���m�w	Ú�E�›�¬�h�b�q�V �•

�Ø�ç�´�ß�ï�Å�ç�Â
¢ (spherical Legendre curve)�q�z�•�•

(1) ! (t) á" (t) = 0 , (2) ú! (t) á" = 0 .

�›�t�| ( ú!, ú" ) )= (0 , 0) �›�¬�h�b�q�V�| (!, " ) �› �•�Ø�ç�´�ß�ï�Å�ç�x�Š���ˆ (spherical Legendre

immersion) �q�z�•�}

�• �Ø�ç�´ �ß�ï �Å�ç�Â
¢ (!, " ) : I ! S2 % S2 �t �0�` �o� | µ (t) := ! (t) % " (t) �q�b�” �q� |

{ ! (t), " (t), µ (t)} �x ! (t) �t�
�O
Y�w�î�p�|

!

"
ú! (t)
ú" (t)
úµ (t)

#

$ =

!

"
0 0 m(t)
0 0 n(t)

' m(t) ' n(t) 0

#

$

�›�¬�h�b�}�\�w�q�V�|
m(t) = ú! (t) áµ (t), n(t) = ú" (t) áµ (t)

�p�K�”�}�\�w��
:�w
Ê (m, n) : I ! R2 �› �•�Ø�ç�´�ß�ï�Å�ç�Â
¢�w�Â�p �q�z�•�}�•�Ø�ç�´�ß�ï�Å�ç

�Â
¢�w�Â�p�x�|�Í�å�Ý�”�»�w	��“�M�t�‘���b�”�}

���m�w�•�Ø�ç�´�ß�ï�Å�ç�Â
¢ (!, " ), (+!, +" ) : I ! S2 %S2 �t�0�`�o�|�K�”�s�8 X & SO(3) �U

���O�`�o�|
(a) +! (t) = A(! (t)) , (b) +" (t) = A(" (t))

�›�¬�h�b�q�V�|���m�w�•�Ø�ç�´�ß�ï�Å�ç�Â
¢ (!, " ) �q (+!, +" ) �x �ù�‰�p�K�” �q�t�O�}

���g 3.11�¢�•�Ø�ç�´�ß�ï�Å�ç�Â
¢�w���O�£ (m, n) : I ! R2 �›�È�’�T�s�ø
þ�q�b�”�}�\�w�q�V�|

�•�Ø�ç�´�ß�ï�Å�ç�Â
¢ (!, " ) : I ! S2 %S2 �p�| (m, n) �›�Â�p�q�b�”�‹�w�U���O�b�”�}

���g 3.12�¢�•�Ø�ç�´�ß�ï�Å�ç�Â
¢�£ ���m�w�•�Ø�ç�´�ß�ï�Å�ç�Â
¢ (!, " ), (+!, +" ) : I ! S2 %S2 �t

�0�`�o�|�\�•�’�w�Â�p�U�°�•�b�”�q�b�”�}�\�w�q�V�|���m�w�•�Ø�ç�´�ß�ï�Å�ç�Â
¢ (!, " ) �q (+!, +" )

�x�ù�‰�p�K�”�}


Ç�å�� 
¢	ë�Ø�q�D�2�Ø

�í���Â
¢ ! (t) �q�f�w�Í�å�Ý�”�» t �t�‘���b�”�µ�p�s�M�Õ�«�Ä�ç ( (t) �S�‘�|�Í�å�Ý�”�» & �t

�‘�l�o
F (t, &) = ! (t) + &((t)

�q
¯�^�•�”�Â�Ø�› 
¢	ë�Ø (ruled surface) �q�z�•�} ! �› �‹
¢ (base curve)�| ( �› 	j�Â
¢ (director

curve) �q�z�|�| t �›�{���b�”�]�q�t�˜�’�•�”�Ú
¢ ! (t) + ( (t) �› �<
¢ (ruling) �q�z�•�}�¨�¢�µ�Â�p

�U	×�t 0 �p�K�”�‘�O�s
¢	ë�Ø�› �D�2�Ø (developable surface)�q�z�•�}
¢	ë�Ø F (t, &) �U�D�2�Ø�p

�K�”�\�q�w
ž�A	G
ü	Ú�E�x�|�Ú�™�w t & I �t�0�`�o�|

det( ú!, ( (t), ú( (t)) = 0
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�U
R�“�q�m�\�q�p�K�”�}�‹
¢ ( �›
Y�F�=�`�| +( (t) = ( (t)/ |( (t)| �q�b�”�}
ú+( (t) ( 0 �p�K�”�q

�V�| F (t, &) �x �ª�Ø (cylinder) �p�K�”�q�t�O�}�‡�h�|
ú+( (t) )= 0 �p�K�”�q�V�| F (t, &) �x 
‡�ª�Ø�$

(non-cylindrical) �p�K�”�q�M�O�} F (t, &) �U
‡�ª�Ø�$�p�K�”�q�V�|

! (t) '
ú! (t) áú+( (t)
ú+( (t) áú+( (t)

+( (t)

�p
¯�Ô�^�•�”�Â
¢�› ���Å
¢ (striction curve) �q�z�|�}
¢	ë�Ø�w�›�Ÿ�:�x���Å
¢	Í�t�q�•�”�\�q�U

�Œ�’�•�o�M�”�}���Å
¢�U���:�p�K�”�q�V�| F (t, &) �x 
3�Ø (cone) �p�K�”�q�t�O�}


Ç�å�� � �²�<
¢

M $ R3 �›
Y���Â�Ø�| n �› M 	Í�w�o�•�O
¢�Õ�«�Ä�ç	Ô�q�b�”�}�o�•�Õ�«�Ä�ç k & S2 �t�0�`

�o�| k �M�²�•�w �Ú�¦�ù�è�w� �²�<
¢ �x

{ p & M | n (p) ák = 0 }

�p�)�Q�’�•�”�}�\�•�x k �M�²�•�w�Ú�¦�ù�è�w�›�Ÿ	B�ù�p�K�”�}

�°�M�|���: c & R3 �t�0�`�o�| c �t�0�b�” �¤	ú�ù�è�w� �²�<
¢ �x

{ p & M | (p ' c) án (p) = 0 }

�p�)�Q�’�•�”�}�\�•�x c �t�0�b�”�¤	ú�ù�è�w�›�Ÿ	B�ù�p�K�”�}� �²�<
¢�w�“�æ�x�é
þ�g�æ�t�S�M

�o	O�A�s�þ�Â�›�r�l�o�M�”�¢ [1]�£�}

�€�ß���Y
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�ç�”�Ä�%�w�¤�ç�Ë�ç�Ä���ò�Ü�q�f�w�µ�:

�•�> ���_�¢ Yumi Yamada�£
�•���G�¶ �•�¬�­�­���=�¶
æ �•�¬�­�­���=�¶�J

1 �‹�Ö

���[ 1.1 ( �ƒ
:�2�‰ )

! = !(" �|S; z)

=
!

! ! !

zlS (! )

=
"!

k=0

! (k)zk

! Z[[z]]

�h�i�`�| ! (k) �x { " ! " |lS(" ) = k} �›�¬�h�b�i�w
:�›
¯�b�}

���[ 1.2 ( �,�Š�$�s���m�w�ç�”�Ä�¨�  An �| Bn �| Cn�| Dn)

An =

"

(x1, �œ, xn+1 ) ! Zn+1 �›
n+1!

i =1

xi = 0

#

" R(An) =
$

± (ei # ej ) �› 1 $ i < j $ n + 1
%

Bn = Zn

" R(Bn) =
$

± ei �› 1 $ i $ n
%

% R(Dn)

Cn =

"

(x1, �œ, xn) ! Zn �›
n!

i =1

xi & 0 (mod2)

#

" R(Cn) =
$

± 2ei �› 1 $ i $ n
%

% R(Dn)

Dn =

"

(x1, �œ, xn) ! Zn �›
n!

i =1

xi & 0 (mod2)

#

" R(Dn) =
$

± ei ± ej �› 1 $ i < j $ n
%
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���g 1.1 ( 	Í�G�w
Ê�¢ " , R�£�w�ƒ
:�2�‰ )

!( An, R; z) = (1 # z)# n
n!

i =0

&
n
i

' 2

zi

!( Bn, R; z) = (1 # z)# n

(
n!

i =0

&
2n + 1

2i

'
zi # 2nz(1 + z)n# 1

)

!( Cn, R; z) = (1 # z)# n
n!

i =0

&
2n
2i

'
zi

!( Dn, R; z) = (1 # z)# n

(
n!

i =0

&
2n
2i

'
zi # 2nz(1 + z)n# 2

)

2 �¤�ç�Ë�ç�Ä���ò�Ü

K �›���v�Í�i�w�î�Õ�«�Ä�ç�í�� V �w�¨�  " �t�S�Z�”�¤���Ø�.�q�b�”�}
K o �› K �w�º
æ�w�¨� �:�w
:�| #K �› K �w�¥�„�w�:�w
:�q�b�”�q�| k ' 1
�t�0�`�o�|

kK ( " �w�i�w
:�› EK (k)

k
o

K ( " �w�i�w
:�› E o
K (k)

#(kK ) ( " �w�i�w
:�› E !
K (k)

�q
¯�`�|�\�•�›�;�M�o�¤�ç�Ë�ç�Ä�ƒ
:�›�Ž�<�w�‘�O�t���[�b�”�}

���[ 2.1 ( �¤�ç�Ë�ç�Ä�ƒ
: )

$K (z) =
"!

k=0

EK (k)zk =
PK (z)

(1 # z)d+1

$o
K

(z) =
"!

k=0

E o
K

(k)zk =
P o

K
(z)

(1 # z)d+1

$!
K

(z) =
"!

k=0

E !
K

(k)zk = $K (z) # $o
K

(z)

�Í�t�| K �U	Í�G�w�‘�O�s�Í�i d�w
T�¤���Ø�.�q�`�h�q�V�w�›�Ã�›�‡�q�Š�”�}
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���g 2.1 ( �¤�ç�Ë�ç�Ä )
(i) EK (k) �x�Í
:�U d �p�K�” k �t���b�”���ò�Ü�p�K�“�| EK (0) = 1

(ii) k ' 1 �t�0�`�o�|
EK (# k) = ( # 1)dE o

K
(k)

(iii) �‰�7�t�| k ' 1 �t�0�`�o�|

EK ! (# k) = ( # 1)d+1 E !
K

(k)

(iv) K �U�å�Û�É�”�»�”�s�’�y�| PK

*
1
z

+
= zdPK (z)

(v) ���ò�Ü EK (k) �w	���
:�x V olret (K )

(vi) ���ò�Ü EK (k) �w kd# 1 �w��
:�w 2 
��x V olret (#K )

�h�i�`�| V ol(K ) =
,

disk(") V olret (K )�}

�ƒ
:�2�‰�q�¤�ç�Ë�ç�Ä�ƒ
:�w���t�x

!( ", R ; z)
1 # z

= $K (z)

�q�M�O�����U�K�“�|�f�•�g�•�w
æ
ü	B�ù R �›�¤�t�A�‰�\�q�t�‘�l�o�q�•�”

T�¤���Ø�.�t���b�”�¤�ç�Ë�ç�Ä���ò�Ü�›�Ž�<�w�‘�O�t�‹�X�\�q�U�p�V�”�}

���g 2.2 ( �¤�ç�Ë�ç�Ä���ò�Ü )

An�w	Ô�ù�• EK (k) =
n!

i =0

&
n
i

' 2&
k # i + n

n

'

Bn�w	Ô�ù�• EK (k) =
&

k + n
n

'
+

n!

i =1

" &
2n + 1

2i

'
# 2n

&
n # 1
i # 1

' # &
k # i + n

n

'

Cn�w	Ô�ù�• EK (k) =
n!

i =0

&
2n
2i

'&
k # i + n

n

'

Dn�w	Ô�ù�• EK (k) =
&

k + n
n

'
+

n!

i =1

" &
2n
2i

'
# 2n

&
n # 2
i # 1

' # &
k # i + n

n

'

�‡�h�|���m�w�ç�”�Ä�¨�  An �| Bn �| Cn�| Dn �t�S�Z�” V ol(K ) �q V olret (#K )
�x�Ž�<�w�‘�O�t���‡�”�}
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�Ë�J 2.1 (V ol(K ), V olret (K ))

An�w	Ô�ù�• V ol(K ) =

)
n + 1(2n)!

(n!)3
=

)
n + 1
n!

&
2n
n

'

V olret (#K ) =
1

(n # 1)!

&
2n
n

'

Bn�w	Ô�ù�• V ol(K ) =
2n(2n # n)

n!

V olret (#K ) =
22n# 1

(n # 1)!

Cn�w	Ô�ù�• V ol(K ) =
4n

n!

V olret (#K ) =
22n# 1

(n # 1)!

Dn�w	Ô�ù�• V ol(K ) =
2n(2n # n)

n!

V olret (#K ) =
2n# 1

(n # 1)!
(2n # n)

�›�t�| An �| Cn�| Dn �w�q�V

V olret (#K )
V olret (K )

= n

�‰�7�t Bn �t�0�`�o�|

V olret (#K (Bn))
V olret (K (Bn))

< n (n ' 3)

lim
n$"

1
n

V olret (#K (Bn))
V olret (K (Bn))

=
1
2

�p�K�”�}

3 �7�‘�s�›
Q

	Í�G�w 4 �m�w�ç�”�Ä�%�w�¤�ç�Ë�ç�Ä���ò�Ü�t���`�o�|�‹�`�?�T�`�’�w
�›�Ã�U�K�”�w�s�’�y�| n �Í�i�t�S�Z�”�¤�ç�Ë�ç�Ä���ò�Ü�U�'���p�V�”�w�p
�x�s�M�T�q�ß�Q�|�î�M�t	Í�G�w���m�w�ç�”�Ä�%�w�ƒ
:�2�‰�|�¤�ç�Ë�ç�Ä
�ƒ
:�|�f�`�o�¤�ç�Ë�ç�Ä���ò�Ü�›�Ó�é�¬�å�Ü�›�–�l�o�2�‰�`�o�ˆ�h�}�b
�”�q�|�M�X�m�T�w�›
Q�›�_�m�Z�”�\�q�U�p�V�h�}
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���g 3.1
An�|Cn ���ç�”�Ä�%�t�S�M�o�|�f�•�g�•�w R �›�¤�t�A�œ�i�‹�w�› K �q�`
�h�q�V�|�f�w�¤�ç�Ë�ç�Ä���ò�Ü�w���w�î
æ�x�b�‚�o # 1

2 �t�s�”�}

���g 3.2
4�m�w�ç�”�Ä�%�t�0�`�o�¤�ç�Ë�ç�Ä�ƒ
:�q�ƒ
:�2�‰�w�¤��
:�›
É
:�p�Â�l
�o�M�X�q�|
ü
:�q
T
:�w���|�t�O��
Q�U�K�”�}

4 �A� 

�7�™�t�|���s�x���m�w�,�Š�$�s�ç�”�Ä�¨�  An �| Bn �| Cn�| Dn �t���b�”
�Z�€�U	��i�l�h�U�|���t�‹�7�‘�s�›�Ã�•�O��
Q�U�K�”�‘�O�i�}�f�•�›�_
�m�Z�”�q�ž�t�| Zn �w�¤�ç�Ë�ç�Ä���ò�Ü�t�m�M�o�w�Z�€�›
��Š�o�M�V�h�M
�q�ß�Q�o�M�”�}

�€�ß���Y
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