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Explanatory Notes

In the latter part of his life Tanaka devoted himself to the investigation of geometry and
integration of the systems of differential equations which are involutive and of finite type,
especially those of ordinary differential equations.

Intending to publish a book on these subjects, he had been accumulating manuscripts.
In 1989 when he delivered a report to JSPS for the scientific grant that he had received,
he included to it the manuscript which would form the first part of the book with the title
“Geometric Theory of Systems of Ordinary Differential Equations, I ”. He thereby wrote
a detailed introduction which explains the results so far obtained and showed the scope
of the book to be accomplished. The endeavor for the book was continued and especially
accelerated in his last years. When he passed away on the 4 March 2011, there was left a
volume of manuscript on his desk.

The present issue is to publish his manuscript unifying the first half already published
as the report to JSPS and the second half left on his desk, thus might realize what he first
intended. The second half of the manuscript gives detailed proofs of almost all what he
summarized in the introduction of the report. The subjects which were reported but are not
included in the present issue are (I1I13) and (IV) of the introduction.

Our project to publish the manuscript actually started in the summer of 2012, when
we visited Tanaka’s house and were introduced by Mrs. Tanaka to the study where Tanaka
had used to work to find a great volume of manuscript left on the desk. There agreed
Mrs. Tanaka and us all to publish the manuscript in an appropriate form. Since a few parts
of the manuscript were incomplete for forming a book, we decided to put the manuscript on
a web site after reforming it in TpXformat. The work of making TEX-version was performed
by the member listed below. The work, however, needed an unexpectedly long time, and we
finally finished it in October of 2016. In February 2017 we talked with staffs of Department of
Mathematics, Hokkaido University, and on their suggestion we decided to publish this work
as one of Hokkaido University Technical Report Series in Mathematics.

This work is published in two volumes:

1. TgX-version of manuscripts
2. Copy of the original manuscripts

The TgX-version is edited to make a single-book containing two parts: Part I treats
geometry of the systems of differential equations which are involutive and of finite type, in
particular geometry of the systems of ordinary differential equations, and Part II treats the
integration problems derived from two remarkable classes of systems of ordinary differential
equations of the second order. The materials that were already included in the report to
JSPS were Introduction, Chapter I, Chapter II , Appendix A of Part I, and Bibliography.
The other part of the book has not been published in any form.



In making the TEX-version we intended that it should be identical with the original
manuscript as far as possible. However, some differences were inevitable. The following is
the list of the changes that we made.

e Correction of apparent mistakes
e Adjustment of unclearly assigned section-numbers (see below)
e Some change of formats due to technical restriction of TEXstyle.

On the other hand, the original manuscripts contain both sections written in English and
in Japanese, and we transformed them as they were, without translation. Also, there were
some sections where only notes were left. Those sections seem to be completed with Tanaka’s
published papers (see below).

We now would like to describe more detailed remarks (for Part 1 only). In the following,
I, IT, etc. represents chapter number; for example, I11.2 means Chapter 111, Section 2 and 2.5
means Section 2, Subsection 5, etc..

1. The contents of Introduction, Chapters I and II, Appendix A and Bibliography were
first published as the report for Grant-in-aid for Scientific Research No. 62540001
(1988) “Geometric Theory of Systems of Ordinary Differential Equations”.

2. Section III.1 contains only notes; see [20], [31].

. In Chapter III, the subsections 2.5, 2.6, 3.3, 3.4, 3.5 are written in Japanese.

4. In Chapter III, there are two subsections in the manuscripts numbered 1.3. So,
considering the contents, we moved one to 2.6.

5. There are two subsections numbered 3.4 in the manuscripts. We renumbered them

3.4 and 3.5.

Section IV.1 contains only notes; see [20].

The most part of Chapter V is written in Japanese.

8. For Chapter V two series of manuscripts have been left; one contains four sections
V.1 to V.4 and the other consists of V.1 only. Considering the contents of them, we
put the latter as the second section of the former. The first three lines, however, were
moved to the beginning of the chapter. Thus, Chapter V in TEX-version consists of
five sections.

9. In V.3, the section numbers II1.8 to III.11 are quoted, but they do not exist. It is
likely that they correspond to V.2 to V.5, and we add footnotes there. We guess
that the numbering of chapters and sections were changed during the preparation
of manuscripts.

10. Chapter VII contains only one section and Subsection 1.4 has no contents. The
original manuscript contains several pages of formulas after Subsection 1.5, but
they were omitted in TEX-version. This chapter is written in Japanese.

11. Originally there was only a bibliography attached to the report to JSPS and no
bibliography corresponding to the citations referred in the manuscript often only
by author names. We therefore added References by inferring the corresponding
papers.

w

o

This project was achieved through the collaboration of the following people:

Y. Agaoka, E. Kaneda, K. Kiso, K. Kiyohara, T. Morimoto, Y. Nakanishi,
K. Sugahara, C. Tsukamoto, K. Yamaguchi, T. Yatsui.

The major part of technical matters in TEXformat was covered by T. Yatsui.
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Introduction

For around ten years we have worked on geometric theory of systems of ordinary differen-
tial equations, and obtained many results on the geometry as well as the geometric integration
of these systems, which will be published as a book in the near future.

This report just corresponds to the first two chapters of the book, and is concerned with
the following geometries:

(1) The geometry of pseudo-projective structures of order 2 of bidegree (n,r), which
formulates the geometry of involutive systems of partial differential equations of the second

order ) )
0“y" a k b dy

Here, (n,r) is a given pair of integers with 1 < r < n — 1, and the indices 1, j, k range over
the integers 1,...,r, and the indices a, b over the integers 1,...,n —r.

(2) The geometry of generalized pseudo-projective structures of bidegree (n,r), which
formulates the geometry of involutive and “generic” systems of partial differential equations

of the second order ) ,
o7y" a k b Ay
OxtdxI = Jij ((x )7 (y )a (W )

P (.00 (25)) =0

For rigorous formulations of these structures or rather differential equations see §2 in
Chapter I. Here we only remark the following : A generalized pseudo-projective structure X
of bidegree (n,r) on an n-dimensional manifold M is a pair formed by a fibred submanifold R
of J(M,r) and a differential system E of rank r on R which satisfy certain conditions, where
J(M,r) is the Grassmann bundle of r-dimensional contact elements to M. Then a pseudo-
projective structure of order 2 of bidegree (n,r) on M simply means a generalized pseudo-
projective structure X’ of bidegree (n,r) on M such that R is an open fibred submanifold of
J(M,r). It is shown that there is naturally associated to every projective structure ® on an
n-dimensional manifold M a pseudo-projective structure X (®) of bidegree (n,1).

Remark. Let (k,n,r) be a triplet of integers with £ =2 3 and 1 < r < n —1. Let us consider
the geometry of involutive systems of partial differential equations of the k-th order

oy . o iy
Orit .. Oxik = Jiy.ig <($J)a(y )seees <M> ,> ,

where the indices i1,...,7,J1,..., range over the integers 1,...,r, the indices a,b over the
integers 1,...,n — r, and the index [ over the integers 1,...,k — 1. In the classical fashion
the isomorphism in the geometry is considered with respect to point transformations of the
space of the variables z,y%, if k = 2 or k = 3, r £ n — 2, and with respect to contact
transformations of the same space otherwise. Then we remark that the geometry can be
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formulated as the geometry of pseudo-projective structures of order k of bidegree (n, ), being
a kind of generalized pseudo-projective structure. Thus we have seen that the generalized
pseudo-projective structures constitute a considerably large class of differential equations.

In §3 of Chapter I we introduce the notion of a (generalized) pseudo-projective system.
First of all a generalized pseudo-projective system is defined to be a triplet formed by a
manifold R and two differential systems, F and F', on it which satisfy the following conditions:

(i) (R, E,F) is a pseudo-product manifold. Namely £ N F = 0, and both E and F' are
completely integrable.
(ii) The system D(= E + F') is not reduced to the zero system, and is non-degenerate.
(iii) The full derived system of D coincides with the tangent bundle T'(R).

Next, a pseudo-projective system (by which we here mean that of order 2 of bide-
gree (n,r)) is defined to be a generalized pseudo-projective system (R, FE,F) such that
rank(T(R)/D) =n —r, rank E = r, rank F' = r(n — r).

Let us consider a (generalized) pseudo-projective structure X on a manifold M which is
expressed by the pair (R, F). Let F' be the vertical tangent bundle of R. Then the triplet
(R, E, F) turns out to be a (generalized) pseudo-projective system, which is called associated.
Furthermore it is shown that (from the local view-point) the geometry of (generalized) pseudo-
projective structures may be represented by the geometry of (generalized) pseudo-projective
systems.

Now, a pseudo-product manifold is an abstraction of a submanifold R of a product man-
ifold M x N equipped with the induced structure (E, F') from the product structure. Since
the conditions (ii) and (iii) above are genericness conditions on the system D, we therefore
see that a generalized pseudo-projective system essentially means a generic submanifold or a
generic relation in a product manifold. This reminds us of the axiomatic projective geometry,
i.e., the geometry of relations R in product sets M x N satisfying the so-called axioms of
projective geometry. Accordingly we have known that the geometry of generalized pseudo-
projective systems well inherits the basic thought in the axiomatic projective geometry.

Let us now consider a generalized pseudo-projective triplet (M, N, R), which is a rigorous
formulation of a generic relation R in a product manifold M x N. As we have seen, there
is associated to the relation R the generalized pseudo-projective system (R, E, F). By the
non-degeneracy assumption on the system D(= E + F) it follows that there is naturally
associated to the relation R two kinds of generalized pseudo-projective structure, X on M
and X* on N, which are called the dual of each other. This fact assures the existence of the
dual X'* of any generalized pseudo-projective structure X.

661 and 2 in Chapter II are concerned with the prolongations of generalized pseudo-
projective systems. Let (R, E, F') be a generalized pseudo-projective system, and assume that
the system D(= E + F) is regular in the sense that the k-th derived system D=1 of D is a
subbundle of T'(R) for each k = 1. Then there is associated to every point z € R the symbol
algebra T(z) of D at z, which means the graded Lie algebra t(z) = ) g,(x) with the natural

p<0
bracket operation, where g,(z) = DP(z)/DPT!(z). We have g_1(z) = D(z) = E(z) + F(x)
(direct sum), and both E(z) and F(x) are abelian subalgebras of t(x). Then the triplet £(z)
formed by ¥(z), E(z) and F(x) is called the symbol algebra of (R, E,F) at x.

The symbol algebra £(z) can be easily abstracted to yield the notion of an abstract
symbol algebra of generalized pseudo-projective system or a non-degenerate pseudo-product
FGLA. Let £ be a model (abstract) symbol algebra of generalized pseudo-projective system.
Then it is prolonged to a transitive graded Lie algebra &, and this is shown to be necessarily
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of finite dimension. Now, a generalized pseudo-projective system (R, E, F') is called of type
£, if the symbol algebra £(x) of the system at each x € R is isomorphic to £. Then it is
shown that through a prolongation process the geometry of generalized pseudo-projective
system of type £ may be represented by the geometry of a class of manifolds with absolute
parallelism (cf. Theorem 1.7 in Chapter II).

Besides these we study some global problems on generalized pseudo-projective structures,
etc. In §2 of Chapter I we show that there is naturally associated to every generalized pseudo-
projective structure X’ on a manifold M the “arithmetic distance” p(p,q) in M. In paragraph
§3.7 of Chapter I we moreover propose some global problems on compact pseudo-projective
triplets of order 2.

For the rest of the introduction we shall explain our main results which have been hitherto
obtained and are not included in the text of this report.

(I) Let £ and & be as above, and let g = ) g,, be the expression of &. Assume that g is
P

simple. Then there is naturally associated to & a homogeneous space G/ G such that the

Lie algebra of G (resp. of G(0)) is g (resp. g = 3" g,). Then we have the following
p=0

Theorem 1. There is naturally associated to every generalized pseudo-projective system
(R, E,F) of type £ a normal Cartan connection I' of model space G/G(O) on R. Furthermore
I' can be constructed by elementary operations, i.e., rational operations, differentiations and
the tnverse function theorem regarded as operations.

Note that the connection I is expressed by the pair of a principal fibre bundle P over the
base space R with structure group GO and a g-valued 1-form w on P called the connection
form. For the normality condition see [20].

Theorem 1 can be derived from the main theorem there. It should be noted that the
same existence theorem, a variant of Theorem 1, can be also obtained in the case where g
is not semi-simple and & satisfies certain additional conditions. These conditions include a
condition assuring the existence of harmonic theory in the complex {C9(®),0} associated
with &, the notation being as in [20].

(IT) First of all we remark that the geometry of pseudo-projective structure of order k
of bidegree (n,r) may be represented by the geometry of pseudo-projective systems of order
k of bidegree (n,r), being a kind of generalized pseudo-projective system. (This has been
already remarked in the case where k = 2.)

Let us consider a pseudo-projective system (R, E, F') of order k of bidegree (n,r). Then
it is shown that the symbol algebras £(z) of the system at any points x € R are mutually
isomorphic, and essentially depend on the triplet (k,n,7). Thus we may speak of the model
symbol algebra £ of pseudo-projective system of order k of bidegree (n,r). Then it is shown
that the prolongation & of £ is as follows:

(a) If k =2, then the underlying Lie algebra g of & is isomorphic to the simple Lie algebra
sl(n +1,R), and & takes the following form: g = i Op-
(b) If k =3 and r = n — 1, then g is isomorphic to thé)zi;rzlple Lie algebra sp(n,R), and &
takes the following form: g = i Op-
=
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1
(c) Otherwise g is not semi-simple, and & takes the following form g = ) g,. Further-
p=—k

more @ satisfies the additional conditions mentioned above.

By Theorem 1 and its variant we therefore obtain the following

Theorem 2. There is naturally associated to every pseudo-projective system (R, E,F) of
order k of bidegree (n,r) a normal connection I' of model space G/G(O) on R. Furthermore
I' can be constructed by rational operations and differentiations.

Now, there are naturally associated to & two kinds of homogeneous spaces, G /A(O) and
G/BWO), together with G/G® such that G = A©) N BO), Hence G/G® may be identified
with a submanifold of G/A(® x G/B©. Then it is shown that the triplet (G/A® G/B©),
G/ G(O)) gives a generalized pseudo-projective triplet, and that the generalized pseudo-pro-
jective system associated with the relation G/ GO is a pseudo-projective system of order k
of bidegree (n,r), which is called standard. It follows that the generalized pseudo-projective
structure Xy on G/A(©) associated with the relation G/G® is a pseudo-projective structure
of order k of bidegree (n,r), which is also called standard. Then we notice that the standard
structure Xy can be locally expressed by the system 9y /0z ... dz' = 0 or precisely by the
associated system of the second order, and that the standard structure X together with the
triplet (G/A® G/B© G/G©) may be characterized in terms of the projective geometry.
In more detail we have the following.

(a) The case where k = 2. Let P" be the n-dimensional projective space. Then A may be
characterized as the differential equation defining the r-dimensional projective subspaces of
P, Incidentally we denote by 3(P™,r) the Grassmann manifold of r-dimensional projective
subspaces of P, and defined a relation in the product manifold P x X(P™,r) by

R={(p,a) eP" xE(P"r)[pCa}.

We also denote by G the group of projective transformations of P". Then we have the
following natural identifications:

G=3G, G/A9=p" G/BO =x@E"r),
G/GO) = R = J(P",r).

(b) The case where k = 3 and » = n — 1. Let us consider the (2n — 1)-dimensional
projective space P?"~! with the standard contact structure. Then Xy may be characterized
as the differential equation defining the Lagrangean projective subspaces of P?7~1,

(c) The case where k = 3, r < n—2or k =2 4. Let L be the universal line bundle over the r-
dimensional projective space P", and set V = R"*! and W = R"". Let us consider the vector
bundle H = W& L~ %=1 over P, where L~*~1 denotes the (k —1)-th power of the dual L~
of L. Set S = W ® S*~1(V*), where S*~1(V*) stands for the (k — 1)-th symmetric product
of the dual space V* of V. As is well known, there is a unique natural injective linear map
0 of S into the space of cross sections of H. These being prepared, Ay may be characterized
as the differential equation defining the cross sections 6(a) (o € S) of H. Incidentally the
group G is naturally isomorphic to a certain subgroup of the affine transformation group
AF(S) of S containing the translations, and this group may be characterized as the group
of fibre-preserving transformations of H which naturally induce transformations on the cross
sections 6(«).

(ITI) A profound study has been made of systems of ordinary differential equations of the
second order.



(IT1.1) Let X be a pseudo-projective structure of order 2 of bidegree (n,1), and let
(R,E,F) be the associated pseudo-projective system of order 2 of bidegree (n,1). Fur-
thermore let I' be the normal connection on R associated with (R, E, F'). In the following
we assume that n = 3. For the graded Lie algebra & and the connection I' we shall use the

notations as in [20].
5

The curvature K of the connection I' is decomposed as follows: K = > KP, and hence
p=0
5
the harmonic part HK of K as follows: HK = Y. HKP. Calculating the spaces HP?(&) of

p=0
harmonic forms, we see that K0 =0, K'! = HK', and HK = K' + HK?. Since HK gives a
fundamental system of invariants, it follows that both the invariants K' and HK? vanish, if
and only if the equation X is equivalent to the standard equation AXjp.
Now, X is said to be of the first restricted type, if the invariant H K? vanishes, and of the
second restricted type, if the invariant K vanishes. Then we have the following

Theorem 3. (1) X is of the first restricted type, if and only if X is equivalent to the
differential equation X (D) of geodesics associated with a projective structure © on an
n-dimensional manifold M.

(2) X is of the second restricted type, if and only if the dual X* of X is equivalent to the
differential equation Y (®) associated with an Ma-structure ® on a 2(n—1)-dimensional
manifold N.

Here, M, means the algebra Ms(R) of square matrices of degree 2, and an Mpy-structure
is a kind of geometric structure analogous to a quaternion structure. More precisely, let N
be a manifold, and consider the algebra End(7,(N)) of endomorphisms of the tangent vector
space To(N) to N at each point &« € N. Then an almost Ms-structure on N is an assignment
® which assigns to every point o € N a subalgebra @, of End(7,(/NV)) isomorphic to My(R)
and which is differentiable in a suitable sense. It can be shown that if N admits an almost!
My-structure, N is necessarily of even dimension. Clearly an almost! Ms-structure on a 2-
dimensional manifold is a trivial structure. Now, an almost Ms-structure ® on N is called an
My-structure, either if dim N > 6, and there is an affine connection V (without torsion)! on
N which leaves ® parallel or if dim N = 4, and there is an affine connection V on N which
leaves ® parallel and of which the curvature satisfies certain conditions. It should be noted
that the complexification N¢ of a real analytic quaternion manifold N is endowed with an
My-structure in the complex analytic category, provided dim N = 8.

Example. Let f(t!,..., 1" 2) be any function of the n—2 variables t!, ..., "2, where n > 3.
Let us consider the following system X of ordinary differential equations of the second order:
d2ya
d2yn—1 Clyl dyn—2
fe =1 ()

Then X is of the second restricted type, and it is equivalent to the standard system d?y’/dz? =
0(1<i<n-—1),ifand only if f(t!,...,t"2) is a polynomial of the variables ¢!, ..., "2 of
degree at most 2.

1Editor’s note: Added by the editor.



Introduction 9

Finally let (R, E, F') be a pseudo-projective system of order 2 of bidegree (n,1), and let
P be the principal fibre bundle of the associated connection I'. Then we remark that the
curvature K of I' may be represented by n + 1 homogeneous polynomials of n — 1 variables
of degree 3 with functions on P as coefficients. In particular it follows that if n = 3, the
invariant H K? may be represented by a homogeneous polynomial F of two variables of degree
4, and the curvature K by F and two homogeneous polynomials, G and H, of two variables of
degree 3. This fact plays an important role in the classification problem for pseudo-projective
systems of order 2 of bidegree (3,1) which will be explained in (II1.3).

(IT1.2) Let X, (R, E,F) and I" be as in (III.1). We preserve the assumption that n = 3.
Now, let a be the sheaf of germs of local infinitesimal automorphisms of (R, E, F'), being a
sheaf of Lie algebras. Since (R, E, F) admits the connection I', it follows that each stalk a(x)
of a is of finite dimension or more precisely dima(z) < dimg = n? + 2n. From now on we
assume that dim a(x) is locally constant. Note that this assumption is automatically satisfied
in the real or complex analytic category.

Theorem 4. Assume that X is of the second restricted type. Then the integration of X at
any point x € R can be carried out by quadratures and the integrations of Lie’s differential
equations associated with the simple components of the Lie algebra a(x).

For example Lie’s differential equation associated with the simple Lie algebra s[(2,R) is
the Riccati equation

d
= = ao(@) + ar(w)y + az(x)y”

As an immediate consequence of the theorem we have the following

Corollary. If a(x) = {0}, then the integration of X at x can be carried out by elementary
operations.

Theorem 4 compares with Elie Cartan’s theorems for certain classes of single ordinary
differential equations of the second and third order. (See [4].)

Clearly the integration of X is reduced to the integration of the system FE of rank 1. Let
us consider the triplet (G/A©®), G/B© G/G©). Then the proof of Theorem 4 is based on
the following geometric facts:

(i) There is naturally associated to the normal connection I' of model space G/G(®) a
transverse Ma-structure @ on the foliated manifold (R, E), and in turn there is associated
to ® a normal transverse connection I of model space G/B(® on (R, E). Furthermore both
® and T can be constructed by rational operations and differentiations, from which follows
that T can be constructed from X by the same operations.

(ii) The stalk a(z) of a is naturally isomorphic to the stalk a(x) of the reduced sheaf a
of germs of local infinitesimal automorphisms of I'. Here, & means the quotient sheaf a/€,
where @ is the sheaf of germs of local infinitesimal automorphisms of I, and & is the sheaf of
germs of local cross sections of F, being a subsheaf of ideals of a.

Note that these facts have been inspired by (2) of Theorem 3.
Finally we add the following

Theorem 4'. Assume that a is transitive at a point x € R, i.e., Ty(R) ={ X, | X € a(x) }.
Then the integration of X at x can be carried out by quadratures and the integrations of Lie’s
differential equations associated with the simple components of a(x).
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This fact is a consequence of a general theorem on the equivalence of linear group struc-
tures of finite type. Accordingly the proofs of Theorems 4 and 4’ are essentially different.

(IT1.3) The final explanation in (III) is concerned with the (local) classification problem
for the systems of ordinary differential equations of the second order for two independent
variables. Clearly the problem is reduced (locally) to classify the pseudo-projective systems
of order 2 of bidegree (3,1). In the following these systems will be simply called pseudo-
projective systems. Moreover everything will be considered in the complex analytic category.

Let R be a pseudo-projective system, and let us consider the invariants K' and HK?.
From now on the underlying manifold R of R is assumed to be connected. Then R is called
of class (A), if K =0, of class (B), if HK? = 0, and of class (C), if K # 0 and HK? # 0.

Let a be the sheaf of germs of local infinitesimal automorphisms of R. As we have
remarked, the dimension of each stalk a(z) of a is constant, whence the stalks a(z) are
mutually isomorphic as Lie algebras. This being said, a(R) denotes a model Lie algebra
isomorphic to a(x). Now, R is said to be transitive, if a is transitive at each z € R, and to
be intransitive, otherwise.

For each € R we denote by a’(z) the isotropy subalgebra of a(z): a(z) = { X € a(x) |
Xz =0}. We have

dim(a(x)/a’(z)) £ dim R = 5.
Then we consider the following conditions on the system R:

(i) dima®(x) =1 at each x € R,
(i) dima’(x) is constant, and dim(a(z)/a’(x)) = 5 or 4. In other words, either a is
transitive or all the orbits of a are of codimension 1.

(A) We have completely classified the pseudo-projective systems of class (A) satisfying
conditions (i) and (ii). In more detail we have obtained the following:

(1) These systems are classified into 7 transitive systems R’ and 8 intransitive systems
R".

(2) The dimensions of the Lie algebras a(R’) for the transitive systems R are 15, 9, 8, 7,
6, 6, 6, and the dimensions of the Lie algebras a(R”) for the intransitive systems R” are 6,
5,55 5 5, 5, 5.

(3) The transitive system R’ with dima(R’) = 7 is parameterized by an arbitrary con-
stant, the intransitive system R” with dim a(R”) = 6 by an arbitrary function f(¢t) (£ 0) of
one variable ¢, and three of the intransitive systems R” with dim a(R"”) = 5 by arbitrary con-
stants. Furthermore one of the intransitive systems R” with dim a(R”) = 5 is parameterized
by the solutions of the single ordinary differential equation

Aff" — 24 20f + 9t +36 = 0,
and another of the same systems by the solutions of the ordinary differential equation

FPH27f(f +3t) =0 with f#0, —%@.

Now, let R be a pseudo-projective system of class (A), and assume that R is not locally
equivalent to any one of the 15(=7+8) classified systems. Then it is shown that dim a(R) < 5.

(B) Let R be a pseudo-projective system of class (B). Then we proved that dima(R) < 8,
and classified the system R with dima(R) = 8 or 7. The result shows that there is a unique
system in either case, and it is transitive. Furthermore the system R’ with dima(R’) = 7 is
parameterized by an arbitrary constant.

(C) Let R be a pseudo-projective system of class (C). Then we proved that dima(R) = 7,
and that there is a unique system R’ with dima(R’) = 7, and it is transitive.
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Let us now consider a pseudo-projective structure X', and let R be the associated pseudo-
projective system. By Theorems 4 and 4’ combined with the results above we have the
following:

(1) If dima(R) = 15, then X is of class (A), and can be locally expressed by the system
Py dPyr
dez?  dz?
Furthermore the Lie algebra a(R) is isomorphic to the simple Lie algebra sl(4, C), and hence
the integration of X can be carried out by the integration of the generalized Riccati equation
of degree 4, i.e., Lie’s differential equation associated with sl(4, C).
(2) If dima(R) < 15, we have dima(R) < 9. If dima(R) =9, then X is of class (A), and
can be locally expressed by the system
d*y, _0 Py 1 (dy1>3

de?2 7 dx?2 3 \ dw
(Compare the system given in Example, (II1.1).) Furthermore the semi-simple part of a(R)
is isomorphic to the simple Lie algebra sl(2, C), and hence the integration of X' can be carried
out by quadratures and the integration of the Riccati equation.
(3) If dim a(R) = 8, there occur the following two cases: (i) X is of class (A), and can be
locally expressed by the system

Py _ o P dy (dyp) dy
dxz? T dx? der \ dx Y20 '

Furthermore a(R) is isomorphic to the simple Lie algebra s((3,C), and hence the integration
of X can be carried out by the integration of the generalized Riccati equation of degree 3.
(ii) X is of class (B), and can be locally expressed by the system
d?y d?ys 2 dy1
— =0, — == —x— ).
dx? dx? 3 \N dx
Furthermore a(R) is solvable, and hence the integration of X' can be carried out by quadra-
tures.

And so forth.

(IV) In physics it is known that the differential equation of the orbits of rays in the space-
time or generally in an indefinite Riemannian space is a conformal invariant, and hence the
equation is naturally associated with the conformal structure on the space. In our frame-
work of the geometry of generalized pseudo-projective systems, we have obtained a thorough
generalization of an indefinite conformal structure as well as the associated equation of the
orbits of rays. Indeed we have introduced the notions of a pseudo-conformal structure R of
degree n and a co-pseudo-conformal structure R of degree n, both defined on n-dimensional
manifolds M (n = 3), which have the following properties (1) ~ (5).

(1) A pseudo-conformal structure R of degree n on M is a fibred submanifold of codi-
mension 1 of J(M, 1), the Grassmann bundle of 1-dimensional contact elements to M. Hence
it may be regarded as a differential equation for 1-dimensional submanifolds of M, and can
be locally expressed by a single ordinary differential equation of the first order:

(e (8)) -0

Here and in the following the indices ¢ and j range over the integers 1,...,n — 1. Note that
a pseudo-conformal structure may be regarded as a generalization of the light cone or the
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Monge cone in an indefinite conformal structure, while a co-pseudo-conformal structure as a
generalization of the co-light cone.

(2) A co-pseudo-conformal structure R of degree n on M is a fibred submanifold of
codimension 1 of J(M,n — 1), the Grassmann bundle of contact elements of codimension 1
to M. Hence it may be regarded as a differential equation for submanifolds of codimension
1 of M, and can be expressed by a single partial differential equation of the first order:

(w0 (2)-

It should be noted that a co-pseudo-conformal structure R is “generic” among the fibred
submanifolds of codimension 1 of J(M,n — 1), while a pseudo-conformal structure is not
generic at all.

(3) There is a natural one-to-one correspondence between the pseudo-conformal structures
R of degree n on M and the co-pseudo-conformal structures R of degree n on M, and the
correspondences R — R and R — R are kinds of Bécklund transformation. Furthermore if
R corresponds to R, then there is a natural fibre-preserving diffeomorphism dz of R onto R
which induces the identity transformation of M.

(4) Let R be a pseudo-conformal structure of degree n on M, and R the associated co-
pseudo-conformal structure of degree n on M. Let D’ be the contact system of R, and let E be
the Cauchy characteristic system of D', which is a subbundle of D’ of rank 1. We now denote
by E the pull-back of E to R by 51}1. Then the pair X formed by R and E gives a generalized
pseudo-projective structure on M, and hence may be regarded as a differential equation for
1-dimensional submanifolds of M, which can be expressed by a system of ordinary differential

equations of the following form:

(e () -

The equation X just generalizes the equation of the orbits of rays associated with an indefinite
conformal structure.

(5) Let F' be the vertical tangent bundle of the fibred manifold R. Then the system
(R, E, F) gives a generalized pseudo-projective system, which can be abstracted to yield the
notion of a pseudo-conformal system of degree n. Thus the geometry of the equations X may
be represented by the geometry of pseudo-conformal systems of degree n. Then it follows from
Theorem 1 that there is naturally associated to every pseudo-conformal system (R, E, F') of
degree n a normal Cartan connection I' of R. We notice that the model symbol algebra £
admits the index 7 (2 < 2r < n) as an invariant, and that the prolongation & of £ takes the

3
form g = ) g,, and g is isomorphic to the simple Lie algebra so(r + 1,n —r + 1).

=3

At thig point we mention that the geometry of the equations X, to a considerable extent,

resembles the geometry of systems of ordinary differential equations of the second order.
Therefore most results in the latter geometry are expected to find their counterparts in
the former geometry. For example we shall have the notion of a contact Ms-structure in
connection with the dual X* of X, which will correspond to the notion of an Ms-structure.
Finally we add that the dual (R, F, E) of a pseudo-conformal system (R, E,F') of degree
3 means a pseudo-projective system of order 3 of bidegree (2,1), which implies that the
geometry of pseudo-conformal structures of degree 3 is closely related to the geometry of
single ordinary differential equations of the third order.
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CHAPTER 1

On certain classes of systems of differential equations of the second order and

pseudo-product manifolds

81. Preliminaries — Differential systems and the Grassmann bundles —

1.1. General remarks on terminologies and notations.
(a) As usual R denotes the field of real numbers, and C the field of complex numbers.
(b) Let M be a manifold. As usual T, (M) denotes the tangent vector space to M at

x € M, and T(M) the tangent vector bundle of M: T(M) = |J T.(M). T*(M) denotes the
xeM
cotangent bundle of M: T*(M) = |J Tx(M), T;;(M) being the dual space of T, (M). Let
zeM
© be a map of a manifold M to a manifold M’. ¢, denotes the differential of ¢, which is a

bundle homomorphism of T'(M) to T'(M'). Given a differential form w’ on M’, p*w’ denotes
the pull-back of w’ by ¢.

(c) Let E be a vector bundle over a manifold M. For x € M, E(z) or E, denotes the
fibre of FE at x. rank F denotes the fibre dimension of E: rank F = dim E(z). Given an open
set U of M, T'(U, E) denotes the space of all local cross sections of E defined on U.

(d) Let &€ be a sheaf over a manifold M. For x € M, £(x) or &, denotes the stalk of £ at
x. Given an open set U of M, I'(U, E) denotes the space of local cross sections of £ defined
on U. Let E be a vector bundle over a manifold M, and £ the sheaf of germs of local cross
sections of E. Then a germ of a stalk £(z) will be often confounded with a local cross section
s of F defined on a neighborhood of x which represents the germ.

(e) An imbedding of a manifold M to a manifold M’ is an injective immersion ¢ of M
to M’ which gives a homeomorphism of M onto the image p(M). As usual a submanifold of
a manifold M’ is a manifold M such that M is a subset of M’, and the inclusion map ¢ of
M to M’ is an immersion. An imbedded submanifold of M’ is a submanifold M of M’ such
that ¢ is an imbedding, i.e., the topology of M coincides with the relative topology.

(f) Let m be a map of a manifold R to a manifold M. Then R is called a fibred manifold
over M with projection 7, if the following conditions are satisfied: (i) 7 is surjective, and (ii)
7 is a submersion, i.e., the differential m, of m maps T;(R) onto Ty, (M) for each x € R.
Let R be a fibred manifold over M with projection 7. Let R’ be a submanifold of R, and 7’
the restriction of 7 to R’. Then R’ is called a fibred submanifold of R, if R’ becomes a fibred
manifold over M with projection 7’.

(g) A local diffeomorphism of a manifold M to a manifold M’ is a diffeomorphism ¢
of an open set of M onto an open set of M’. Given a point (zg,z() of M x M’, a local
diffeomorphism of M to M’ at (zg, () is a local diffeomorphism ¢ of M to M’ such that xg
is in the domain of ¢ and p(zo) = .

1.2. Differential systems.
(A) Differential systems. A differential system on a manifold R is a subbundle D of the
tangent vector bundle T'(R) of R.

Let D be a differential system on a manifold R. Set ¢ = rank(7'(R)/D), and let z¢ be
any point of R. Then there are 1-forms 6% (1 < a < o) defined on a neighborhood O of zg

14
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such that D is defined there by the system of Pfaffian equations:
0% =0,

that is, the restriction D|O of D to O consists of all X € T'(O) such that §*(X) = 0. Note
that 8% are automatically linearly independent at each point of O.

Let R and R’ be two manifolds, and let (D;)icr and (D));es be finite families of differential
systems on them respectively. Then an isomorphism of (R, (D;)) to (R', (D})) is a diffeomor-
phism ¢ of R onto R’ such that its differential ¢, maps D; onto D} for each i. We remark
that the notion of isomorphism naturally gives rise to the notions of local isomorphism, of
(local) automorphism, and of (local) infinitesimal automorphism:

A local isomorphism of (R, (D;)) to (R, (D})) is a diffeomorphism ¢ of an open set O of
R onto an open set O’ of R’ which gives an isomorphism of (O, (D;|0)) to (O’, (D}|0’)). Let
(20, xp) be a point of R x R'. A local isomorphism of (R, (D;)) to (R, (D})) at (zo,z() is a
local diffeomorphism ¢ of R to R at (xo,z() which gives a local isomorphism of (R, (D;))
to (R, (D})). A (local) automorphism of (R, (D;)) is a (local) isomorphism of (R, (D;)) to
itself. A (local) infinitesimal automorphism of (R, (D;)) is a (local) vector field X on R such
that for any local 1-parameter group (¢¢) of local transformations of R generated by X, each
¢¢ gives a local automorphism of (R, (D;)). It is easy to see that a local vector field X is a
(local) infinitesimal automorphism of (R, (D;)), if and only if for any ¢ and any local cross
section Y of D; the bracket [X,Y] is a local cross section of D;.

In this book we shall be concerned with various kinds of manifolds with family of differ-
ential systems, e.g., product manifolds, pseudo-product manifolds and (generalized) pseudo-
projective systems.

Finally let ¢ be a map of a manifold R to a manifold R’, and let D’ be a differential
system on R'. Let us consider the inverse image ¢, '(D’) of D’ by the differential ¢,. Set
D = ¢, }(D"), and D(z) = DN T,(R) for each z € R. Then D(z) is a subspace of Ty(R),
and D = |JD(z). Now let 2y be any point of R, and suppose that D’ is defined, on a

x

neighborhood O’ of ¢(xg), by a system of Pfaffian equations: 6 = 0 (1 < a < o), where
o = rank(T(R')/D’). Then D is defined, on ¢ ~(0’), by the system of Pfaffian equations:
SO*GIG — 0

Thus D is, so to speak, a differential system possibly with singularities, which is called
the pull-back of D’ by ¢. Especially the pull-back of the zero differential system, 0, on R’
by ¢ means the kernel of the differential ¢,, and we prefer to use this last terminology.
Furthermore, if R is a submanifold of R/, and ¢ is the inclusion map of R to R/, D is

particularly called the pull-back of D’ to R.

(B) The torsion of a differential system. Let R be a manifold, and let D be a differential
system on it. Let x be any point of R. As is easily verified, there is a unique skew-symmetric
bilinear map 7, of D(z) x D(x) to T'(x)/D(x) such that

Vx(Xx’ Y:c) = w([Xa Y]Z‘)u

where T' = T(R), w is the projection of T onto T'/D, and X and Y are any local cross
sections of D defined on a neighborhood of x. The bilinear map ~, thus obtained is called
the torsion of D at x.

Now let z¢ be any point of R, and suppose that D is defined, on a neighborhood of zg,
by a system of Pfaffian equations: 8% =0 (1 < a < 0), where o = rank(T(R)/D). Let O be
a sufficiently small neighborhood of zg, and take 1-forms w® (1 <4 < p) on O such that the
1-forms 6% and w’ are linearly independent at each point z € O, where p = rank D. Then
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there are unique functions TZ‘; (1 =4,5 < p) on O such that TZ‘; = —T% and

= ]i?

a — 1 a , 1 j 1 o
de _EZTijw A w? (mod 6°,...,67).
17]

It is easy to see that

0 (12 (X, ) = —d8*(X,Y) = — 3 T () ' (X) o (V),

where z is any point of O, and X and Y are any vectors of D(z).

By definition the system D is completely integrable, if for any local cross sections X and
Y of D (with the same domain) the bracket [X,Y] is likewise a cross section of D. Clearly
D is completely integrable, if and only if the torsion ~, vanishes at each =z € R.

The system D is called non-degenerate, if the torsion ~, is non-degenerate at each x € R,
i.e., the condition “z € R, X € D(z), and v,(X,Y) =0 for all Y € D(z)” implies X = 0. In
particular D is called a contact structure on R, if D is non-degenerate, rank(T(R)/D) = 1,
and dim R > 1. A manifold R equipped with a contact structure D is called a contact
manifold. Note that a contact manifold is necessarily odd dimensional.

(C) Integral manifolds and integral elements of a differential system. Let R be a
manifold, and let D be a differential system on it. An integral manifold of D is a connected
submanifold N of R such that T,;(N) C D(x) at each z € N. In particular if D is completely
integrable, an integral manifold of D will always mean that of the maximal dimension, unless
otherwise stated.

If N is an integral manifold of D, and «x is a point of N, the torsion v, of D at = clearly
vanishes on the tangent space T,,(N). Now, let z be a contact element to R at a point z.
Then z is called an integral element of D, if z is a subspace of D(z), and the torsion 7,
vanishes on z.

(D) Completely integrable systems. Let R be a manifold, and let E be a completely
integrable (differential) system on it. A first integral of E is a function f defined on an open
set O of R which satisfies the following differential equation:

Xf=0 forany X € E(x) and any = € O.

Let 9 be any point of R. Then the famous Frobenius’ theorem states that there are first
integrals f* (1 < a < o) of E defined on a neighborhood of xy such that the differentials
df* are linearly independent at x, where o = rank(7T'(R)/E). The system (f%) is called a
fundamental system of first integrals of E at xg.

Let R be a fibred manifold over a manifold M with projection 7. Let V denote the kernel
of the differential 7, : V = 771(0). Clearly V is a subbundle of T(R), and is completely
integrable, which is called the wvertical tangent bundle of the fibred manifold R.

Let R and E be as in the outset. We denote by R/E the set of all (maximal) integral
manifolds of E, and by 7 the projection of R onto R/E. Now, R is said to be regular
with respect to E, if the set R/E becomes naturally a manifold or more precisely if R/E is
equipped with a differentiable structure so that (i) R becomes a fibred manifold over R/E
with projection 7, and (ii) the vertical tangent bundle of this fibred manifold coincides with E.
Note that there is at most one differentiable structure on R/FE satisfying the first condition,
and that if R satisfies the second axiom of countability the first condition implies the second.

Finally we add the following
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Lemma 1.1. Let R be a manifold, and let (E;) be a finite family of completely integrable
systems on it. Then every point xg of R has a neighborhood O which is reqular with respect
to E; for each 1.

This fact follows easily from Frobenius’ theorem and Lemma 1.2 below.
For any positive number & we denote by S"~!(¢) the sphere of the standard n-dimensional
Fuclidean space R” of radius ¢ centered at the origin o.

Lemma 1.2. Let ¢ be any local transformation of R™ at (o0,0), i.e., such that o is in the
domain of ¢ and p(0) = o. If ¢ is sufficiently small, then the image p(S™" 1(g)) of S 1(e)
by ¢ becomes a convex hypersurface of R™.

Indeed it can be shown that if ¢ is sufficiently small, the second fundamental form of the
hypersurface ¢(S™1(g)) of R” becomes definite everywhere, meaning that ¢(S""1(¢)) is a
convex hypersurface of R™.

(E) The Cauchy characteristic system of a differential system. Let R be a manifold,
and let D be a differential system on it. For each = € R we denote by E(z) the null space of
the torsion v, of D at x:

Ez)={X e D(z)|7(X,Y)=0 forallY € D(x)},
and set £ = |JE(x). It is clear that E is a subbundle of T'(R), if and only if dim E(x) is

x
constant. We now assert that E is completely integrable, provided F is a subbundle of T'(R).
Indeed let x be any point of R. Let X and Y be any local cross sections of E defined on
a neighborhood of x, and Z any local cross section of D defined on a neighborhood of x.
Clearly [X,Y]s, [X, Z]; and [Y, Z], are all in D(z). Since

[[Xv Y],Z] = [[Xv Z],Y] + [Xa [K Z]]a

it follows that
'Yz([Xa Y]ma Zx) = 'Ym([Xa Z]ma Y:Jc) + 'Yx(X:Jca [Y7 Z]x) =0,
showing that [X,Y], € E(z). This proves our assertion.
Thus E is, so to speak, a completely integrable system possibly with singularities, which
is denoted by ch(D), and is called the Cauchy characteristic system of D.
Now, assume that E is a subbundle of T'(R), and that R is regular with respect to E.
Set M = R/FE, and let 7 be the projection of R onto M.

Lemma 1.3 (E Cartan). There is a unique differential system D on M such that the given

system D is the pull-back of D by m: D = n;Y(D). Furthermore the system D is non-
degenerate.

Proof. We first recall that a local vector field X on R is a local infinitesimal automorphism
of (R, D), if and only if for any local cross section Y of D, [X,Y] is a local cross section of
D. Then we see that a local vector field X on R is a local cross section of F, if and only
if it is at once a local cross section of D and a local infinitesimal automorphism of (R, D).
Now, let £ be the sheaf of all germs of local cross sections X of E, which becomes naturally
a sheaf of Lie algebras. Clearly each fibre N of the fibred manifold R over M is an orbit of
ETy(N)=E(x)={X,| X €&(x)} for each x € N.

Let I" be the pseudo-group of local transformations of R generated by &€ (cf. [15]). For any
local cross section X of £ let (¢;) be any local 1-parameter group of local transformations of
R generated by X. Then I' is generated by the local transformations of the form ¢;. From the
observations above we easily obtain the following: (i) Every ¢ € I' is a local automorphism
of (R, D), (ii) I leaves each fibre of R invariant, i.e., if ¢ € I', and x is a point in the domain
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of ¢, then the two points = and ¢(x) are in the same fibre of R, and (iii) I" acts transitively
on each fibre of R, i.e., if z and 2’ are two points in the same fibre of R, then there is p € T’
such that 2’ = ¢(z). It is now easy to see that there is a unique differential system D on M
such that D = 77 1(D), proving the first assertion.

Clearly the differential 7, : T(R) — T(M) naturally induces a bundle homomorphism,
say 7, of T(R)/D onto T(M)/D, which gives an isomorphism of T}, (R) /D(x) onto Ty, (M)/
D(n(z)) for each x € R. Now, let = be any point of R, and let us consider the torsion 7, of
D at z as well as the torsion ¥, of D at m(x). Then we can easily show that

ﬁw(x)(ﬂ*(X)vw*(Y)) = W*(’YIE(Xa Y))a X, Y e D(x)a

from which follows immediately that ;(,) is non-degenerate. Hence the system D is non-
degenerate, proving the second assertion. O

(F) The derived systems of a differential system. Let R be a manifold. For simplicity

we denote by T the tangent bundle T(R) of R. We also denote by O the sheaf of germs
of local functions on R, which is a sheaf of rings. Furthermore we denote by 7 the sheaf
of germs of local vector fields on R or of local cross sections of T', which is a sheaf of Lie
algebras, and is a module over O or an O-module.

Now, let D be a differential system on R. We denote by D the sheaf of germs of local
cross sections of D, which is an O-submodule of the O-module 7. Let x be any point of R.
For any integer p < 0 we define a subspace DP(z) of T (x) inductively as follows:

D (2) = D(a),
DP(z) = [DPT(z), D(z)] + DP(x) for p £ —2.

We then set DP = | JDP(z). Clearly DP are O-submodules of 7, and

T>---D2DP>...2D 25D =D,
We can easily prove the following
Lemma 1.4. [DP(x),DI(z)] C DPT9(x).

For each x € R let us now consider the natural map of 7 (z) onto T'(x), i.e., the map
which maps every X € T(z) to X, € T(z). Then we denote by DP(x) the image of DP(z) by
the natural map, and set DP = | DP(x). Clearly we have

€T

TD"-DDPD"-DD_ZDD_IZD-

Moreover it is clear that DP becomes a subbundle of 7', if and only if dim DP(z) is constant.
Thus D? is a differential system possibly with singularities. For any positive integer k the
system D%~ will be called the k-th derived system of D, and the sheaf D~*~1 the k-th
derived sheaf of D.

Let us now consider the torsion v, of D at any point x € R. Then we remark that the
factor space D~2(z)/D(x) is the subspace of T'(x)/D(z) spanned by the vectors v,(X,Y),
where X,Y € D(x).

Now, we denote by D~ the union |J DP, which is an O-submodule of 7. For each
p<0

x € R we also denote by D~°°(z) the image of D~°°(z) by the natural map of 7 (z) onto
T(z), and set D~ = |JD~*°(x). By Lemma 1.4 we see that D™°(x) is a subalgebra of

the Lie algebra T (z). Moreover it is clear that D™° becomes a subbundle of T'(R), if and
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only if dim D™%°(z) is constant. Thus D~ is a completely integrable system possibly with
singularities. The system D~ will be called the full derived system of D, and the sheaf
D~ the full derived sheaf of D.

For example consider the case where D is a contact structure. Then it is clear that the
first derived system of D coincides with 7: T = D~ = D2,

1.3. The Grassmann bundles. Let V be an n-dimensional vector space. Then Gr(V,r)
will denote the Grassmann manifold of r-dimensional subspaces of V', which is a compact,
connected manifold of dimension r(n — 7).

Now, let (n,r) be a pair of integers with 1 < r < n — 1. Let M be an n-dimensional
manifold. We denote by J(M,r) the subset of all r-dimensional contact elements to M or in
other words,

J(M,r) = Gr(T,(M),r).

We then denote by 7 the natural map of J(M,r) onto M: n(z) =p, if z € Gr(Tp(M),r). As
is easily seen, J(M,r) is a fibre bundle over the base space M with projection m (associated
with the frame bundle of M), which is called the Grassmann bundle of r-dimensional contact
elements to M. Note that J(M,1) and J(M,n—1) may be regarded as the projective bundles
associated with the vector bundles T'(M) and T (M) respectively.

In the following the indices ¢, j range over the integers 1,...,r, and the indices a, b over
the integers 1,...,n —r.

Let zy be any point of J(M,r), and let (z*,y%) be any coordinate system of M at 7(z)
such that the differentials dz’ are linearly independent, restricted to the contact element z.
Such a coordinate system will be called adapted to zp. Now, let U be the domain of the
coordinate system. We denote by U the subset of J(M,r) consisting of all z € J(M,r) such
that 7(z) € U, and the coordinate system is adapted to z. Clearly U is an open set of
J(M,r), 20 € U, and n(U) = U. Moreover it is clear that there are unique functions p¢ on
U such that

dy*(X) = Zp?(Z)dwi(X),

where z is any point of (7 , and X is any vector in the contact element z. Then we see
that the functions z'(= z' o ), y%(= y® o w) and pg’- together form a coordinate system of

J(M,r), which is defined on U. The coordinate system, thus obtained, is called the canonical
coordinate system of J(M,r) at zp corresponding to the coordinate system (z°,y®) of M or
simply a canonical coordinate system of J(M,r) at 2.

Consider the following three special cases: (A) r =1; (B) r = n—1; (C) n = 2, and hence
r = 1. In case (A) the canonical coordinate system will be described as (z,y!,--- ,y" %, p,

oo, pv ) by setting z = 2! and p® = p¢, and in case (B) as («',-- 2"y, p1, 0 pr1)

by setting y = y' and p; = p}, and in case (C) as (z,y,p) by setting x = 2!, y = y* and
1

pP=D1

For any z € J(M,r) we denote by C(z) the subspace of T,(J(M,r)) consisting of all
vectors X € T,(J(M,r)) such that m.(X) is in the contact element z to M:

Clz)={X eT,(J(M,r)) | m(X) € 2 }.
We then set C' = |JC(z), which is easily shown to become a subbundle of T'(J(M,r)). The

system C' is called the contact system of J(M,r). Let V be the vertical tangent bundle of
J(M,r). Then it is clear that V C C, and rank(C/V') = r.
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Let us consider any canonical coordinate system (xi,y“,pg) of J(M,r) at any point zp.
We define 1-forms % on the domain U of the coordinate system by

0" = dy* — Zp?dxi.

Then it is clear that V is defined, on U, by the system of Pfaffian equations: dz’ = dy® = 0,
and C by the system of Pfaffian equations: % = 0. We have

do* = " da’ A dp,

from which follows immediately that C' is non-degenerate, and the first derived system of C
coincides with T'(J(M,r)).
Summarizing the results above on the systems C' and V', we have

Lemma 1.5. (1) V is completely integrable, and V C C.
(2) C is non-degenerate, and the first derived system of C' coincides with T'(J(M,r)).
(3) rank(T'(J(M,r))/C)=n—r, rank(C/V) =r, and rankV =r(n —r).

Now, let a be any r-dimensional submanifold of M. For each point p € « the tangent
space T () gives an r-dimensional contact element to M and hence a point of J(M, ). This
being said, we denote by p(«) the image of the map p — T, () of a to J(M,r). Clearly p(«)
is an r-dimensional submanifold of .J(M, r), and the projection m maps p(«) diffeomorphically
onto the submanifold a of M. The submanifold p(«) thus obtained is called the prolongation
of a. We now assert that p(«) is an integral manifold of the contact system C. Indeed take
any point z of p(«). If we put p = 7(z), we have

T (T:(p())) = Tp(e) = 2,

whence T, (p(«)) C C(z). This proves our assertion.

Lemma 1.6. Let & be an r-dimensional integral manifold of C. If m maps & diffeomorphically
onto a submanifold, say o, of M, then & = p(«).

Proof. Take any point z of &. If we put p = 7(z), we have
Ty(a) = m(T2(@)) € m(C(2)) =
It follows that 7},(c) = z, proving the lemma. O

Let us now consider any canonical coordinate system (z°,y, p?) of J(M,r) at any point

29. Let a be an r-dimensional submanifold of M. Suppose that p(«) is in the domain U of
the coordinate system, and that « is defined by a system of equations of the following form:
y® = u®(zt,...,2"). Then, in virtue of Lemma 1.6 we can easily see that p(a) is defined by

the following system of equations:

Y =u(zt, ... 2",
u® ,
p?:axj(x,,xr)

Finally let us consider another n-dimensional manifold M’ as well as the Grassmann
bundle J(M',r). Let " be the projection of J(M’',r) onto M’, and let C’ and V' be the
contact system and the vertical tangent bundle of J(M’,r) respectively. Now, suppose that
there is given a diffeomorphism ¢ of M onto M’. If z is an r-dimensional contact element
to M, ¢«(z) is an r-dimensional contact element to M’, and the map z — ¢.(2) gives a
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diffeomorphism of J(M,r) onto J(M’', r), which we denote by p(¢), and call the prolongation
of ¢. Clearly

' op(p) =pom,
and p(p) gives an isomorphism of (J(M,r),C,V) to (J(M',r),C", V).

1.4. Fibred submanifolds of the Grassmann bundles, and Realization lemma. Let
M be an n-dimensional manifold, and let R be a fibred submanifold of the Grassmann bundle
J(M,r). The notations being as in the previous paragraph, we denote by D and F' the pull-
backs of C'and V to R respectively: D = 1;(C), and F = 1;*(V), ¢ being the inclusion map
of R to J(M,r). It is clear that F' is nothing but the vertical tangent bundle of the fibred
manifold R over M, and that for each z € R

D(z)={X € T.(R) | m(X) € 2 }.

In particular it follows that D is a subbundle of T'(R). The system D thus obtained is called
the contact system of R.

Lemma 1.7. (1) F is completely integrable, and F C D.
(2) ch(D)NF =0.
(3) rank(T(R)/D) =n —r, and rank(D/F) =r.

Proof. (1) is clear, and (3) follows immediately from the expression of D(z) given above.
(2) follows from Lemma 1.9 below, proving the lemma. O

Let us now consider another n-dimensional manifold M’, and let R’ be a fibred subman-
ifold of J(M',r). Let @' be the projection of J(M’,r) onto M’, and let D’ and F’ be the
contact system and the vertical tangent bundle of R’ respectively.

Lemma 1.8. Let (z0,%() be a point of R x R'. If ¢ is a local isomorphism of (R,D,F)
to (R',D',F") at (z0,2)), then there is a unique local diffeomorphism ¢ of M to M’ at
(m(20), 7' (2()) such that ¢ = p(p) on a neighborhood of zy in R.

Proof. Since ¢ gives a local isomorphism of (R, F') to (R, F’) at (2o, 2(,), we easily see that
there is a unique local diffeomorphism ¢ of M to M’ at (m(zo), 7' (2()) such that 7’o@ = pom
on a neighborhood of zp in R. Now, let O be a sufficiently small neighborhood of zy in R,
and take any point z of O. Since ¢ gives a local isomorphism of (R, D) to (R, D") at (zo, 2(),
it follows that

p(2) = m(D'((2))) = m(B+(D(2))) = @x(m(D(2))) = x(2) = plep)(2),
whence ¢ = p(¢) on O. This proves the lemma. O

Let R be a fibred manifold over a manifold M with projection u, and let D be a differential
system on R. Let F' be the vertical tangent bundle of R, and assume that F' C D, and
1 =<7 <n-—1, where n = dim M, and r = rank(D/F). As for the Grassmann bundle
J(M,r), we shall use the notations as in the previous paragraph.

Lemma 1.9 (Realization lemma). There is a unique map ¢ of R to J(M,r) satisfying the
following conditions:

(i) mop=upn,
(ii) D is the pull-back of C by p: D = o, 1(C).
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Furthermore the kernel o, 1(0) of the differential . coincides with the intersection ch(D)N
F.

In particular it follows that if D is non-degenerate, i.e., ch(D) = 0, there is a unique
immersion ¢ of R to J(M,r) satisfying conditions (i) and (ii).

Proof of Lemma 1.9. We first remark that for each x € R, u.(D(z)) gives an r-dimensional
contact element to M, because F(x) C D(z), and r = dim(D(x)/F(z)). This being said, we
define a map ¢ of R to J(M,r) by

p(r) = ps(D(2)), = €R.

Clearly mo ¢ = p. For X € T,(R) we have: X € ¢;1(C) <= ¢«(X) € C(p(x)) <=
Te(0(X)) € () <= ps(X) € pu(D(x)) <= X € D(z). Hence we obtain p;(C) = D.
Now, let ¢’ be any map of R to J(M,r) such that 7o ¢ = u, and ¢ }(C) = D. For
X € To(R) we have: p(X) € ¢/(z) = m(f(X)) € ¢'(z) = ¢L(X) € C(¢()) =
X € D(z) <= ps(X) € u(D(z)) = ¢(x). Therefore we obtain ¢'(x) = ¢(z), and hence
¢ = p, proving the first assertion.

Let = be any point of R. We take a coordinate system (z°,y®) of M adapted to the contact
element () and consider the corresponding canonical coordinate system (zfom,y%o, p?) of
J(M,r) at o(z). Let X be a vector of T,,(R). Clearly ¢.(X) = 0, if and only if X (2'omoyp) =
X(y*omoyp) = X(pfoy)=0. Since mo ¢ = p, it follows that ¢.(X) = 0, if and only if
X € F(z), and X (p?op) = 0. Let us now consider the 1-forms 0% = d(y®onr) - ptd(zi o),

and recall that C' is defined, on a neighborhood of ¢(z) by the system of Pfaffian equations:
6% = 0. Set n® = ¢*§%. Since D = ¢, }(C), we see that D is defined, on a neighborhood of
x, by the system of Pfaffian equations n* = 0. We have n* = d(y® o ) — > (p§ o p)d(z" o ),

1

and hence dn® = " d(z o u) A d(p? o ). Therefore we obtain

dn(X,Y) = —ZX(p? o) Y(a'op),

where X € F(z), and Y € D(z). We also recall that ch(D)(z) consists of all X € D(z) such
that dn®(X,Y) = 0 for all Y € D(x). Furthermore we see that the linear map Y + (Y (2% o
w)) maps D(x) onto R", because F'(x) C D(xz). Therefore it follows that the intersection
ch(D)(x)NF(x) consists of all X € F(x) with X (pfop) = 0. As we have seen, this set consists
ofall X € T,(R) with ¢, (X) = 0. We have thus shown that ¢, 1(0)NT,(R) = ch(D)(z)NF(z),

and hence ¢, 1(0) = ch(D) N F, proving the second assertion. O
1.5. The formal derivations d/dx*. Let (n,r) be a pair of integers with 1 <7 < n — 1.
In the following the indices ¢, j, 1, 2, ... will range over the integers 1,...,r, and the indices
a,b over the integers 1,...,n —r.

Let (2') and (y*) be the canonical coordinate systems of R” and R"~" respectively. Then
(x%,y*) gives the canonical coordinate system of R” = R” x R"~". Now, let z be any point
of R", and let u be any map of a neighborhood of x to R™~". For any integer k = 0 we may
consider the k-jet j¥(u) of u at x (cf. [22]). Then we denote by J* the set of all the k-jets
j¥(u). Clearly J° may be identified with R™. For any 0 < ¢ < k we also denote by p} the
projection of J* onto J% pk(j¥(u)) = ji(u). We now define functions Py 4, 1=L=Fk)on
J* by

Py (7% (u)) = m(@a
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where u® = y® ou: The function pf, ,; will be sometimes denoted by oy )0zt - .. 9z,

Now, J*¥ becomes a manifold so that the functions z(= z% o p§), y*(= y® o pk) and p?1-~-ie
(iy £ --- <y, 1 £ ¢ < k) together form a coordinate system of J* globally defined on it.
The coordinate system of J* thus defined is called the canonical coordinate system of J*.

Let f be any function defined on an open set O of J*. Then we define functions df /dz’
on (pi“) 1(O) in the followmg manner: Take any point 551 (u) of (p kH) 1(0), and denote
by j*(u) the map 2/ jz ,(u) of a neighborhood of = to J*. Then df /dz’ are defined by

o j*(u
ey = LT gy,

In terms of the canonical coordinate systems of J¥ and J**! the functions df /dx’ may be
expressed as follows:

dx’ axl ZZ ph upiil"'il’

where 3 means a summation with respect to the index a and the system (i1, ...,4) of
indices with i1 < -+ < 4.

The differential operators d/dz’ thus obtained are called the formal derivations corre-
sponding to the coordinate system (x%,y%), 2 being considered as independent variables, and
y® as dependent variables. Clearly we have

d (df\  d [df
dx? <d563> T oda (daz’) '

§2. Pseudo-projective and generalized pseudo-projective structures

2.1. Projective geometry. Let (n,r) be a pair of integers with 1 < r < n — 1. Let
P" be the n-dimensional projective space over R. In this paragraph we shall give a global
formulation of the differential equation defining the r-dimensional projective subspaces of P”,
and explain some related facts.

Let X(P™,r) be the set of all r-dimensional projective subspaces of P", which may be
naturally identified with the Grassmann manifold Gr(R"*!,r +1). Hence X(P",r) is a com-
pact, connected manifold of dimension (n+ 1)(n —r). We define a relation R in the product
manifold P x ¥X(P",r) by

R={(p,a) e P" x X(P",r) |pC a}l,

where “p C «” means the point p lies on the projective subspace «. This relation will be
called the fundamental relation in the product manifold. It is easy to see that R is a compact,
connected submanifold of the product manifold, and dim R = n + r(n — r).

Let p and v be the projections of R to P™ and X(P",r) respectively: p(x) = p and
v(r) = «, where x = (p,a) € R. We easily see that R is a fibred manifold over P" with
projection u, and at the same time is a fibred manifold over X (P, r) with projection v. We
also see that the fibres of these fibred manifolds are all connected. We denote by F' and E the
vertical tangent bundles of the fibred manifolds respectively: F' = u;1(0) and E = v;1(0).

Let us now consider the Grassmann bundle J(P",r). If (p,«) € R, the tangent space
Tp(a) to the projective subspace « at p is an r-dimensional contact element to P", and hence
gives a point of J(P",r). We easily see that the correspondence (p,a) — Tp,(a) gives a
diffeomorphism, say ¢, of R onto J(P",r). Clearly we have fi ot = u, i being the projection
of J(P™,r) onto P".
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Now, consider the differential system ¢, (E) on J(P™,r), which is completely integrable
and of rank r.

Lemma 2.1. The mazimal integral manifolds of v.(E) consist of all the prolongation p(«)
of r-dimensional projective subspaces .

Proof. If a is an r-dimensional projective subspace, we clearly have p(a) = +(v~!(a)), where
a in the right hand side should be considered as a point of ¥X(P",r). Moreover it is clear that
the maximal integral manifolds of E consist of all the fibres v~!(a) of the fibred manifold R
over 3 (P", r). Therefore the lemma follows. O

Let 8 be an r-dimensional connected submanifold of P*. By Lemma 2.1 it follows that the
prolongation p(/3) of 3 is an integral manifold of ¢, (E), if and only if 5 is an open submanifold
of some r-dimensional projective subspace . Consequently the pair (J(P",r), t.(E)) may be
regarded as a differential equation for r-dimensional submanifolds of P, which defines the
r-dimensional projective subspaces.

Let (u°,...,u™) be any homogeneous coordinate system of P". As usual the ratios
ul /ul, ... u"/u® define a coordinate system of P", which we denote by (z!,...,2",y!, ...,
y™~"). Then we remark the obvious fact: With respect to this coordinate system the equa-
tion (J(P™,r),«(E)) may be expressed as the system of partial differential equations of the
second order:

aan
0x'dxI

Let C' and V be the contact system and the vertical tangent bundle of J(P™, r) respec-
tively.

=0 (1£4,j<r,1<as<n-—r).

Lemma 2.2. V =, (F), and C = 1,(F) + V (direct sum).

Proof. Since fiot = u, we have V = ¢, (F). Since EN F = 0, it follows that ¢,(E) NV = 0.
By Lemma 2.1 we have t,(E) C C. Since rank(C/V) = rank ¢, (F) = r, we have therefore
seen that C' = 1,(E) + V (direct sum), proving the lemma. O

Finally we write down the fundamental properties of the triplet (R, E, F):

(1) ENF =0.

(2) Both E and F are completely integrable.

(3) The system E 4+ F' is non-degenerate.

(4) dmR=n+r(n—r), rank F =r, and rank F' =r(n — ).

Indeed (1), (2) and (4) are clear, and (3) follows immediately from Lemmas 1.4 and 2.2.
It should be noted that the triplet (P", X(P",r), R), the triplet (R, E, F') and the equation
(J(P",7),14(E)) are closely interrelated.

2.2. Pseudo-projective structures. Let (n,r) be a pair of integers with 1 < r < n — 1.
Let M be an n-dimensional manifold, and let R be an open fibred submanifold of J(M,r).
Let us consider the contact system D and the vertical tangent bundle F of R, which are
nothing but the restrictions of the contact system C and the vertical tangent bundle V' of
J(M,r) to R respectively. By Lemma 1.5 we know that (i) F' is completely integrable, and
F C D, (ii) D is non-degenerate, and the first derived system of D coincides with T'(R),
and (iii) rank(T'(R)/D) = n — r, rank(D/F) = r, and rank F' = r(n — r). Now, let E be
a differential system on R. Then the pair (R, F) is called a pseudo-projective structure (of
order 2) of bidegree (n,r) on M, if the following conditions are satisfied:

(P.1) D= FE+ F (direct sum),
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(P.2) E is completely integrable,
(P.3) Each fibre of R is connected.

A pseudo-projective structure will be denoted in principle by a capital script, e.g., X', and
then the pair (R, E) will be called the expression of X'; R itself will be called the underlying
fibred manifold of X'. The same notation and terminology will be also used for generalized
pseudo-projective structures, which will be defined in §2.4. Incidentally we shall introduce,
in that paragraph, the notion of (local) isomorphism for the generalized pseudo-projective
structures, which of course holds good for the pseudo-projective structures.

The notations being as in the previous paragraph, let us consider the completely integrable
system ¢, (E) on J(P",r). By Lemma 2.2 we see that the pair (J(P",r), t.(F)) defines a
pseudo-projective structure of bidegree (n,r) on the projective space P, which we denote
by Xp, and call the standard pseudo-projective structure of bidegree (n,r). We recall that X}
may be regarded as the differential equation defining the r-dimensional projective subspaces
of P™.

In general let X' be a pseudo-projective structure of bidegree (n,r) on a manifold M, and
(R, E) its expression. Then an r-dimensional submanifold a of M is said to be a solution of
X, if the prolongation p(«) of «v is in R, and is an integral manifold of E.

In this fashion X may be regarded as a differential equation for r-dimensional submani-
folds of M. From the global view-point the notion of a solution of X should be generalized
as follows: A solution of X in the wide sense is the image « of some integral manifold & of F
by the projection p of R onto M. (Note that the restriction of x to & is an immersion, and
that & is uniquely determined by «.) However, in our later arguments a solution of X will
always mean a solution in the former sense, unless otherwise stated.

We shall now give a local expression of X in terms of a canonical coordinate system. In
the following the indices 4, j, k, £ will range over the integers 1, ...,r, and the indices a, b over
the integers 1,...,n —r.

Let zg be any point of R, and let (z, 52, p?-) be any canonical coordinate system of R or

of J(M,r) at zp. Let U be the domain of the coordinate system. Then F is defined, on the

intersection RN U, by the system of Pfaffian equations: dz' = dy® = 0, and D by the system

of Pfaffian equations: dy® — Zp?dmj = 0. Since D = E + F (direct sum), it follows that
J

there are unique functions ;; on the intersection RN U such that E is defined there by the
system of Pfaffian equations:

dy® — Zp?dmj =0,
J

dpf = fidal =0.
J

Now, ff; may be expressed as functions of (z%), (y*) and (p?). Let a be an r-dimensional

connected submanifold of M. Suppose that p(«) is in U, and that « is defined by a system of
equations of the following form: 3% = u®(z!,...,2"). Then we easily see that « is a solution
of X, if and only if (u®) gives a solution of the following system, say (&X'), of partial differential
equations of the second order:

Py (ke oy (O
s = 15 (.00 (5%))
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In the special case where r = 1, this system simply means the following system of ordinary
differential equations of the second order:

- by (Y
dl'Q - f $, (y )) dm )
where the indices a,b range over the integers 1,...,n — 1, and we set z = 2! and f* = f&.
Using the functions fj, we now define functions fi“jk, by
ofa ofa ofa
a ij ij b ij b
ijk oxk zb: ayb k ; aplé Lk

Then it can be shown that the system (X') is involutive or it satisfies the integrability condi-
tions:

a a

iy — Jjio Zk = ﬁcja
which describe that the system E, restricted to R N U, is completely integrable. For the
definition of an involutive system, see [7].

System (X'), thus obtained, is called the local expression of X at zy corresponding to
the canonical coordinate system (xi,y“,pg’-) of J(M,r) or corresponding to the coordinate
system (x%,y%) of M. Conversely it is clear that any involutive system of the form (X) can
be obtained as a local expression of some pseudo-projective structure X of bidegree (n,r).

2.3. Projective structures and the associated pseudo-projective structures of
bidegree (n,1). First of all we recall the definition of an affine connection together with
some related definitions. For the details see [9] and [10].

Let M be a manifold. We denote by 7 and 711 the sheaves of germs of local cross
sections of T and T ® T respectively, where T'= T'(M). Let V be a sheaf homomorphism of
T to 7Y, which naturally induces a linear map, denoted by the same letter V, of U, T)
to T(U, T* @ T) for any open set U of M. Then V is called an affine connection on M, if it
satisfies the following condition:

V(fY) = fVY +df ® Y,

where Y is any vector field defined on any open set U of M, and f is any function defined
onU.

Let V be an affine connection on M. Then V is said to be without torsion, if VxY —
Vy X = [X,Y] for any local vector fields X,Y on M. (Note that VxY means the contraction
of VY by X.) Now, let o(t) (¢t € I) be a curve of M, I being an open interval. Then o is

d
called a geodesic of (M, V), if the tangent vector field d—i(t) (t € I) to the curve o is parallel

with respect to the connection V. We remark that for any p € M, X € T,,(M) and ¢, € R

there is a unique maximal geodesic o(t) (t € I) of (M, V) such that tg € I, o(t9) = p, and
do
E(tO) = X.

We shall now recall the definition of a projective structure. In the following, affine con-
nections will be always assumed to be without torsion.

Let V and V' be two affine connections on a manifold M. Then V' is said to be projectively
equivalent to V, if the geodesics of (M, V') coincide with the geodesics of (M, V). Here, each
geodesic of (M, V) or of (M,V’) should be confounded with its image in M. Clearly this
relation becomes an equivalence relation. As is well known, V' is projectively equivalent to
V, if and only if there is a 1-form ¢ on M such that

VY = VxY + ((X)Y + ((V)X,
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where X and Y are any local vector fields on M.

Let M be a manifold, and let ©®(M) be the set of all affine connections V defined on
open sets, say U(V), of M. Then a projective structure on M is a subset ® of ©(M) which
satisfies the following conditions:

(i) M= UU()

(i) If V, V’ €D, and U(V)NU(V') # 0, then V' is projectively equivalent to V on the
intersection U(V) NnU(V'),

(iii) @ is maximal in the following sense: Let D’ be another subset of D (M) satisfying
conditions (i) and (ii). If ® C D', then D’ coincides with D.

This definition is particularly valid in the real or complex analytic category, while in the
C™ category the projective structure ® can be reasonably replaced by its subset

D={VeD|UNV)=M}

which is nothing but a class of mutually projectively equivalent affine connections on M.
We shall show that to every projective structure there is naturally associated a pseudo-
projective structure of bidegree (n,1).
Let M be an n-dimensional manifold, and let us consider its tangent bundle T'(M).

Let T (M) be the complement of the zero cross section of T (M), which is an open fibred
submanifold of T'(M). We denote by w the projection of T'(M) onto M. For each A € R—{0}
we define a transformation 7, of T'(M) by 7\(y) = Ay for all y € T(M). Now, let V be an

affine connection on M. As is well known, there is a unique vector field, say X (V), on T'(M)
having the following property: Let o(t) (t € I) be any geodesic of (M,V) with &(t) # 0,

where ¢(t) = ( ). Then &(t) (t € I) is an integral curve of X (V). We can easily prove the

dt
following

(X(V)) =y, yeT(M).
. X(V), AeR-{0}.

Lemma 2.3. (1) w
(2) ()«(X(V)) =

The vector field X (V) is usually called the spray associated with (M, V).
Let us now consider the Grassmann bundle J(M, 1), and let C and V be the contact
system and the vertical tangent bundle of J(M, 1) respectlvely We denote by 7 the prOJectlon

of J(M,1) onto M, and by p the natural map of T( ) onto J(M,1): For each y € T(M)
p(y) is the 1-dimensional contact element to M spanned by the vector y . Clearly we have

mop = w. We also note that T(M) is a fibred manifold over J(M,1) with projection p.

*

> =

Now, let z be any point of J(M,1). Take any point y of T'(M) with z = p(y), and set
Y = p«(X(V)y). By (1) of Lemma 2.3 we have 7,(Y) = y (€ 2), from which follows that
Y € C(z), and Y & V(z). This being said, we denote by E(z) the 1-dimensional subspace of
C(z) spanned by Y. By (2) of Lemma 2.3 we then find that E(z) does not depend on the
choice of y. Now, set E(V) = [JE(z). Then we see that F(V) is a subbundle of C, and

C = E(V)+V (direct sum). Hence the pair (J(M,1), E(V)) defines a pseudo-projective
structure of bidegree (n, 1), which we denote by X(V).

Let o(t) (t € I) be any geodesic of (M, V). We define a curve 6(¢t) (t € I) of J(M,1) by
a(t) = p(o(t)) for all t € I. 5(t) being an integral curve of X(V), we can easily prove the
following
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Lemma 2.4. The image 6(I) of I by & is an integral manifold of E(V), and hence the image
o(I) of I by o is a solution of X (V) in the wide sense. Furthermore the integral manifolds
of E(V) are exhausted by the submanifolds 6(I) of J(M,1) corresponding to geodesics o(t)
(tel) of (M,V).

Now, let ® be a projective structure on an n-dimensional manifold M. For any V € ©

let us consider the pseudo-projective structure X(V) or (J(U(V),1), E(V)) of bidegree (n, 1)

on the domain U(V) of V. Note that J(U(V),1) is an open submanifold of J(M, 1), and

J(M,1)= |J J(U(V),1). By Lemma 2.4 it follows that if V, V' € ©, and U(V)NU (V') # 0,
veD

the systems E(V) and E(V’) coincide on the intersection J(U(V),1)NJ(U(V’),1). Therefore

the system E(V) can be pieced together to yield a differential system, say E(D), defined on
the whole of J(M, 1), and the pair (J(M,1), E(D)) defines a pseudo-projective structure of
bidegree (n,1) on M, which we denote by X' (D). Clearly a solution (in the wide sense) of
X (D) means a geodesic of the projective structure ©. Thus X (D) will be sometimes called
the differential equation of geodesics of ®.

Let X be a pseudo-projective structure of bidegree (n,1) on a manifold M, and (R, E)
its expression. In terms of a local expression of X we shall discuss conditions that X can
be obtained as a restriction of the pseudo-projective structure X' (D) associated with some
projective structure ® on M. In the following the indices 4, j, k will range over the integers
1,...,n — 1, and the indices a, b, c over the integers 0,1,...,n — 1.

Let (z,y, p) be any canonical coordinate system of R at any point zg, where y = (3') and
p = (p'), and let us consider the corresponding local expression of X at zg:

2, .
i an ).

dx? dz

Proposition 2.5 (cf. [3]). The following two statements are mutually equivalent:
(1) There is a projective structure ® on M such that E is the restriction of E(D) to R.
(2) The functions f'(x,y,p) take the following forms:

i@, y,p) =gz, y,p) + ¢' (2,9, p).

Here, g*(x,y,p) are polynomials of the variable p of order at most 2 with functions of
the variables x,y as coefficients.

In particular we consider the case where n = 2. Let (x,y,p) be any canonical coordinate
system of R at any point zp, and let us consider the corresponding local expression of X at

20-
d*y dy
@ :f xa?h% .

Then we remark that the second statement in the proposition means the following: The
function f(z,y,p) is a polynomial of the variable p of order at most 3 with functions of the
variables x,y as coefficients, that is, f(x,y,p) takes the following form:

f(z,y,p) = A(z,y) + 3B(z,y)p + 3C(z,y)p* + D(z,y)p’.

Proof of Proposition 2.5. The implication (1) = (2). Clearly we may assume that there

is an affine connection V defined on the whole of M such that X = X (V), i.e., R = J(M,1)

and E = E(V). Let (z,y,p) be any canonical coordinate system of R at any point zg, and

let U be its domain. Denote by (z°,...,2"!) the coordinate system (z,y',... 4" ') of

M, and consider the coefficients I'f, of V with respect to (z%): Vx, X, = > I'f. X4, where
a
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Xq = 0/02?. Note that I'f, = I'%, because V is without torsion. Now, let o(t) (¢t € I) be
any geodesic of (M, V) with 6(I) = p(c(I)) C U. If we put z%(t) = 2%(o(t)), the functions
x?(t) satisfy the following system of ordinary differential equations:

A2z dxb  dzc
a2 T g =0
b,c

dt dt

where I'?. should be preferably replaced by I'¢ (2%, ..., 2" 1). By Lemma 2.4 o(I) is a solution
of X, and is defined by a system of equations of the following form: x! = z%(x?). Then our
task is to seek the system of ordinary differential equations satisfied by the functions zt(zY).
Since 2%(t) = 2%(2°(t)), we have

dr’ dx' da® Pt B d*z! dz®\? da'  d?2®

dt — dx0 dt’ dt?  (da0)2
Hence we easily find that the desired system is

d*z’ dz’

- 7. PO o PZ
(dz9)2  daO ’

B dt de0 a2

where i ‘ i
dz dz’)  dx
PO=Tho+ 23 The g 2 T g g
Js

We have therefore seen that the functions f* corresponding to the canonical coordinate system
(x,y,p) take the forms as stated in the proposition.

The implication (2) = (1). From the discussion above we deduce that for each zgp € R
there is an affine connection V € ©(M) such that zp € J(U(V),1), and E = E(V) on some
neighborhood of zy. Now, let © be the set of all affine connections V € ©D(M) such that
E = E(V) on the intersection R N J(U(V),1). Then, in view of the remark above we can
easily verify that © is a projective structure on M, and E is the restriction of E(D) to R.
(Note that each fibre of R is assumed to be connected.) We have thus completed the proof
of the proposition. O

2.4. Generalized pseudo-projective structures. Let (n,7) be a pair of integers with
1 <r <n-—1. Let M be an n-dimensional manifold, and let R be an imbedded fibred
submanifold of J(M,r). Let us consider the contact system D and the vertical tangent
bundle F' of R. Concerning these systems, recall Lemma 1.7. Now, let E be a differential
system on R. Then the pair (R, E) is called a generalized pseudo-projective structure of
bidegree (n,r) on M, if the following conditions are satisfied:

(GP.1) D = E + F (direct sum),

(GP.2) E is completely integrable,

(GP.3) Each fibre of R is connected,

(GP.4) D is non-degenerate,

(GP.5) The full derived system of D coincides with T'(R).

We notice that under conditions (GP.1) and (GP.2), condition (GP.4) is equivalent to the
condition that ch(D) N E = 0, ch(D) being the Cauchy characteristic system of D. Indeed,
we have ch(D) N F = 0 by Lemma 1.7, and ch(D) = ch(D) N E 4 ch(D) N F by Lemma 3.3
in the next section.

Let X be a generalized pseudo-projective structure of bidegree (n,r) on M, and (R, E)
its expression. In the same fashion as in the case of a pseudo-projective structure X may be
regarded as a differential equation: A solution of X is an r-dimensional submanifold « of M
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of which the prolongation p(«) is in R, and is an integral manifold of E. It should be noted
that if dim R < dim J(M, r), R itself may be regarded as a differential equation. Furthermore
a solution of X in the wide sense is the image u(&) of an integral manifold & of E by the
projection p of R onto M.

Let X and X’ be two generalized pseudo-projective structures of bidegree (n,r) on mani-
folds M and M’, and let (R, F) and (R, E’) be their expressions, respectively. By an isomor-
phism of X to X’ we mean a diffeomorphism ¢ of M onto M’ such that the prolongation p(¢p)
naturally induces an isomorphism of (R, E) to (R, E’) as manifolds with differential system.
Clearly a diffeomorphism ¢ of M onto M’ is an isomorphism of X to X”, if and only if it
naturally induces a one-to-one correspondence between the solutions of X and the solutions
of X’'. Now, let p and i/ be the projections of R and R’ onto M and M’ respectively, and
let (zo,2() be a point of R x R'. By a local isomorphism of X to X’ at (2o, 2() we mean
a local diffeomorphism ¢ of M to M’ at (uu(z0), 1’ (2()) such that the prolongation p(p) of
¢ naturally induces a local isomorphism of (R, E) to (R, E') at (29, 2;) as manifolds with
differential system.

We shall now make some remarks on the geometry of generalized pseudo-projective struc-
tures X.

(1) In the next paragraph we shall introduce the notion of the arithmetic distance p in
M associated with X, and in the next section the notion of the dual X* of X under some
additional conditions on X, which is a generalized pseudo-projective structure on the manifold
of maximal solutions of X. We shall find that conditions (GP.5) and (GP.4) play crucial roles
in the definitions of these notions respectively.

(2) Let us consider the sheaf a of germs of local infinitesimal automorphisms of X or
precisely of the associated generalized pseudo-projective system R. (For the definition of
this notion see the next section.) In §2 of Chapter II we shall show that under certain
natural conditions the structure X is of finite type in the sense that each stalk of a is of finite
dimension (see Proposition 2.9 in Chapter II). We then remark that conditions (GP.4) and
(GP.5) likewise play crucial roles in the proof of this fact.

(3) In Chapter VI we shall introduce the notion of pseudo-projective structures of order
k = 3, being special kinds of generalized pseudo-projective structure. Then we shall see that
the geometry of systems of ordinary differential equations of order k¥ = 3 may be represented
by the geometry of pseudo-projective structures of order k.

Let X be a generalized pseudo-projective structure of bidegree (n,r) on a manifold M,
and (R, F) its expression. We shall give a local expression of X' in terms of a canonical
coordinate system of J(M,r). In the following C' and V will denote the contact system
and the vertical tangent bundle of J(M,r) respectively. The indices i, j, k will range over
the integers 1,...,r, the indices a,b over the integers 1,...,n — r, and the index A over the
integers 1,...,d, where 6 = dim J(M,r) — dim R.

Let zo be any point of R, and let (z?,y, p?-) be any canonical coordinate system of J(M, r)
at zp. Let us consider any regular system of local equations f* = 0 for the submanifold R of
J(M,r) at zp. Namely f* are functions defined on a neighborhood O; of zy in J(M,r) such
that RN Oy = {z € O1 | fA(2) = 0}, and the differentials df* are linearly independent at
z0. Let us also take any differential system E defined on a neighborhood O of zy in .J (M,r)
such that E C C, and E = E on the intersection RN Oy. Clearly we have C' = E+ V (direct
sum) on a sufficiently small neighborhood O of zg in J(M,r). Therefore it follows that there

are unique functions i on the neighborhood O such that E is defined there by the system
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of Pfaffian equations:
dy® — Zp?da:j =0,
J

dpi — Z Z-“jda?j =0.
J

Now, f* and f{; may be expressed as functions of (z%), (y°) and (p?). Let o be an r-
dimensional connected submanifold of M. Suppose that the prolongation p(«) of « is in O,
and that « is defined by a system of equations of the following form: 3% = u®(z!,...,z").
We first see that « is a solution of the equation R, if and only if (u®) gives a solution of the

following system, say (R), of partial differential equations of the first order:

P (.00 (25)) =0

We next see that a is a solution of the equation X, if and only if (u®) gives a solution of the
following system, say (X), of partial differential equations of the second order:

P (@100 (25)) =0

Py ok by [0
o = 15 (.00 (5%))

We note that the system (X) is involutive, because the system E is completely integrable.
System (X') (resp. (R)), thus obtained, will be called a local expression of X (resp. of (R))
at zo corresponding to the canonical coordinate system (z*, y®, p?) of J(M,r) or corresponding

to the coordinate system (z°,y?) of M.

2.5. The arithmetic distance associated with a generalized pseudo-projective
structure. Let D be a differential system on a manifold R, and let us consider the full
derived system D~ of D. By an integral curve of D we mean a curve o(t) (a <t < b) of

d
R such that the tangent vector d—j(t) to the curve is in D(o(t)) for each t. It is well known

that if R is connected, and D™ = T'(R), then any two points x and y of R can be joined by

a piece-wise integral curve of D (cf. Chow [6] and Tanaka [19]). Now, let (E;) be a family

of differential systems on R such that D =Y E;, i.e., D(z) = Y E;(z) for each € R. Then
i i

we have the following stronger result.

Lemma 2.6. If R is connected, and D™ = T(R), then any two points x and y of R can be
joined by a composite of integral curves of Ej;.

Before proceeding to the proof of this fact we shall apply it to the study of generalized
pseudo-projective structures.

Let X be a generalized pseudo-projective structure of bidegree (n,r) on a manifold M,
and (R, F) its expression. By a chain in X we mean a system A formed by a finite number
of points p; (0 =i < k) of M and k maximal solutions a; (1 <4 < k) of X in the wide sense
such that p;_1, p; € a; for each 1 < 7 < k. The non-negative integer k will be called the
length of the chain A and will be denoted by k(A). Furthermore the points pg and p will be
denoted respectively by p(A) and g(A).

From now on we assume that R or equivalently M is connected.
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Lemma 2.7. For any two points p and q of M there is a chain A in X joining p and q:
p=p(A) and q = q(A).

Proof. Let us consider the contact system D of R. Then D = F + F, F being the vertical
tangent bundle of R, and the full derived system D~> of D coincides with T'(R). Therefore
we know from Lemma 2.6 that any two points z and w of R can be joined by a composite
of integral curves of £ and F. Furthermore an integral curve of F means a curve in some
maximal integral manifold of F, and an integral curve of F' a curve in some fibre of R. Now,
the lemma follows immediately from these facts. O

Let p and ¢ be any two points of M. Owing to Lemma 2.7 we may define a non-negative
integer p(p,q) to be the minimum of the lengths k(A) of chains A in X joining p and ¢. It is
easy to see that the function (p,q) — p(p, q) gives a distance (function) in M, which we call
the arithmetic distance associated with X. Clearly the arithmetic distance or the assignment
X — p is a global invariant in the geometry of generalized pseudo-projective structures. In
particular we know that the arithmetic distance p is invariant under the automorphism group
Aut(X) of X: p(p(p),¢(q)) = p(p,q) for all ¢ € Aut(X) and p,q € M.

Remark . Let M be an irreducible symmetric R-space, which is a compact and connected
symmetric space. Then a submanifold o of M is called a Helgason sphere, if the following
conditions are satisfied: (i) « is a totally geodesic sphere with minimum radius, and (ii) «
is of maximum dimension among the submanifolds satisfying condition (i). Among others
it is known that Helgason spheres are congruent to each other under the largest connected
group of isometries of M, and that any two points p and g of M can be joined by a chain of
Helgason spheres. For any p,q € M one may therefore define a non-negative integer p(p, ¢) to
be the minimum of the lengths of chains of Helgason spheres joining the two points. Then the
function (p, q) — p(p, q) gives a distance in M, which is called the arithmetic distance in the
symmetric R-space M. (A detailed account of these can be founded in Takeuchi [17].) In §7*
we shall make some studies on the arithmetic distances associated with generalized pseudo-
projective structures. Especially we shall see that the arithmetic distance in a Grassmann
manifold, being an irreducible symmetric R-space, is obtained as the arithmetic distance
associated with a suitable generalized pseudo-projective structure on the manifold. It is
reasonably expected that the same fact exists concerning an arbitrary irreducible symmetric
R-space.

We shall now prove Lemma 2.6.

First of all we prepare some general notations. Given a differential system H on R, I'(H)
denotes the space of all cross sections of H, and I'g(H) the subspace of I'(H) consisting of all
cross sections of H with compact support. We set T'= T'(R). For any X € I'o(T) let (¢¢)ier
be the one-parameter group of transformations of R generated by X. Then eX denotes the
transformation ¢, which is usually called the exponential map corresponding to X. Note
that ¢y = e!X.

Now, we denote by G the group of all the transformations of R of the following form:
eX1 ... Xk where each X is a vector field in I'g(E;) for some i. We then denote by G the
set of all the one-parameter families (¢;):cr of transformations of R such that ¢g = 1, the
identity transformation of R, and ¢, € G for all t. Furthermore, for each (¢;) € G we denote
by V((¢:)) the vector field on R induced by (¢;):

V((¢1))z = gtéf)t(ﬂf)ho, T € R.

1Editor’s note: It is uncertain where 87 is.
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We then denote by g the set of all the vector fields on R of the form: V((¢¢)).
Lemma 2.8. g is a subspace of I'(T), and if p € G and X € g, then p.(X) € g.

Proof. Let (¢;) and (¢¢) be any two families in G. Then we have (¢:1;) € G, and V ((¢s1¢)) =
V((é0) + V(). If X € R, we have (¢y) € G, and V((éx¢)) = AV((¢¢)). Furthermore if
¢ € G, we have (pogiop™t) € G, and V((pogiop™1)) = 0.V ((¢t)), proving the lemma. O

For each = € R we define a subspace g(z) of T'(z) by g(z) ={ X, | X € g}.
Lemma 2.9. If X;,..., Xy € g and v € R, then (ad(X1)---ad(X¢—1)X¢)z € g(z).

Proof. We prove this by induction on the integer ¢. k being a positive integer, assume that
the lemma is true for any ¢ < k. Let X1,..., X} be any k vector fields in g, and take (¢;) € G
with X = V((¢¢)). By Lemma 2.8 we have ¢ (X;_1) € g. By the assumption of induction
we therefore obtain (ad(X7) - --ad(Xg—2)¢w(Xk—1)) € g(z). Since

0
a(¢t*(Xk—1))y|t=0 = [Xp-1,Xk]y, YER,

it follows that

(ad(X1) - ad(Xg-1) X))z = %(ad(Xl) - ad(Xp—1) ot (Xg—1))zle=0 € 9(2),

proving the lemma. O

If X € To(E;), we have e/X € G, and hence X = V((e!*)) € g. Therefore we obtain
I'o(E;) C g. Since D = Y E;, and D™ =T, it follows from Lemma 2.9 that g(z) = T'(x)

for each z € R.

We show that the group G acts transitively on R. Indeed, let g be any point of R. Set
n = dim R. Since g(zg) = T'(zo), we can find n vector fields Xi,..., X, in g such that the
n vectors (X1)ay, . - -5 (Xp)a, form a basis of T'(xg). For each 1 < a < n take (¢¢) € G with
Xo=V((¢})), and set ¢ = qzbil <@ for any t = (t1,...,t") € R™. Clearly we have ¢y = 1,
and (0/0t*)pi(x0)|t=0 = (Xa)ze- Therefore the map ¢t — ¢:(xo) gives a diffeomorphism of
a neighborhood of 0 onto a neighborhood of zy. Since R is connected, we have thus shown
that G acts transitively on R.

Now, let xg and z be any two points of R. Since G acts transitively on R, we can find
¢ € G such that z = ¢(x¢). By the very definition of the group G, ¢ may be written in
the form: ¢ = eV ...e¥1 where for each 1 £ A < N, Yy is in I'o(E;) for some i. If we
set x4 = e¥4 .- e¥1(z0), we have z = xy and 24 = e¥4(24_1). We also see that the curve
eYa(za_1) (0 <t £ 1) of R joins the two points p4_1 and pa, and is an integral curve of a
suitable system F;.

We have thus completed the proof of Lemma 2.6. 0

Remark. We recall that D™ is a completely integrable system possibly with singularities.
By an integral manifold of D™ we mean a connected submanifold N of R such that T,,(N) =
D=°(z) at each x € N. Now, assume that D together with R is real analytic. Then we
know that through every point 2y € R there passes a unique (real analytic) maximal integral
manifold, say R’, of D~ (see Appendix A in Chapter II). Let R{, be the set of all the points
x € R which can be joined by composites of (differentiable) integral curves of F;. Then we
assert that R = R’. Indeed we easily have R, C R'. Let D" and E! denote the restrictions
of D and E; to R’ respectively, which are differential systems on R’. Clearly D' = )" E!, and
(2
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the full derived system of D’ coincides with the restriction, say D’~°°, of D> to R’. Since
D'~ =T(R'), we see from Lemma 2.6 that R = R/, proving our assertion.

In particular it follows that if R = R, then R is connected, and D~>° = T(R). This
shows that the converse of Lemma 2.6 is true, provided D together with R is real analytic.
Accordingly consider a generalized pseudo-projective structure X'. Then we have seen that
under the real analyticity assumption on X condition (GP.5) is the very condition assuring
the existence of the arithmetic distance associated with X

83. Generalized pseudo-projective systems and the duality in the generalized
pseudo-projective structures

3.1. Product and pseudo-product manifolds. Let us consider the product M x N of
two manifolds M and N, which we simply denote by R. Then R becomes naturally fibred
manifolds at once over M and N, and we denote by F' and F their vertical tangent bundles
respectively: F = pu;1(0) and E = v 1(0), x and v being the projections of R onto M and
N respectively. Clearly the pair (F, F') satisfies the following conditions:

(1) T(R) = E + F (direct sum),
(2) Both E and F' are completely integrable.

This being said, a product structure on a manifold R is a pair formed by differential
systems E and F on R satisfying conditions (1) and (2). Then a product manifold is a
manifold R equipped with a product structure (E, F).

Now, let R’ be a product manifold, and (E’, F’) its product structure. Let R be a
submanifold of R’. Then we denote by E and F the pull-backs of E’ and F’ to R respectively:
E = ;Y (F') and F = 171 (F’), « being the inclusion map of R to R'. These are differential
systems possibly with singularities on R, and let us thus consider the following regularity
condition on R:

Both E and F are subbundles of T'(R) or equivalently both dim F(z) and dim F(z)
(x € R) are constant.

If R satisfies the regularity condition, the pair (E, F') clearly satisfies the following con-
ditions:

(i) ENF=0,
(i) Both E and F are completely integrable.

This being said, a pseudo-product structure on a manifold R is a pair formed by differential
systems F and F' on R satisfying conditions (i) and (ii). Then a pseudo-product manifold is
a manifold R equipped with a pseudo-product structure (E, F') or the triplet (R, E, F). It
will be denoted in principle by a capital script, e.g., R, and then the triplet (R, E, F') will be
called the expression of R. The same notation and terminology will be also used for almost
pseudo-product manifolds which will be defined in §2.1 of Chapter II.

Here, we remark that we already have the notion of (local) isomorphism for the pseudo-
product manifolds, because they form a special class of manifolds with family of differential
systems (see (A) in §1.2.). The same remark holds good for the almost pseudo-product
manifolds.

We shall now explain some fundamental facts on pseudo-product manifolds.

As we have seen, a submanifold R of a product manifold R’ becomes naturally a pseudo-
product manifold, provided R satisfies the regularity condition. Conversely let R be a pseudo-
product manifold, and (E, F) its pseudo-product structure. Assume that R is regular with
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respect to E and F, and set M = R/F, N = R/E, and R’ = M x N. Denote by p and v
the projections of R onto M and N respectively, and define a map u* v of R to R’ by

(wxv)(z) = (u(z),v(2)), (z€R).
Since E N F = 0, we see that y % v is an immersion. Moreover it is clear that the pseudo-
product structure (F, F') of R is induced from the product structure (E’, F') of R’ by p* v,
that is, £ and F' are the pull-backs of E’ and F’ by u * v respectively.
In view of Lemma 1.1 we have therefore proved the following.

Proposition 3.1. Any pseudo-product manifold R can be locally realized as a submanifold
of a product manifold. More precisely, let xg be any point of R. Then there are a product
manifold R’ and an imbedding v of a neighborhood of xg to R’ such that the pseudo-product
structure (E, F) of R, restricted to the neighborhood, is induced from the product structure
(E',F") of R' by v, and such that

2dim R = dim R’ + rank FE + rank F.

In connection with this proposition, we also add the following proposition, of which the
proof is left to the readers as an exercise.

Proposition 3.2. For i (=1 or 2) let R, be a product manifold, and R; its submanifold.
Assume that R; satisfies the regularity condition, and 2 dim R; = dim R} + rank E; 4 rank F;,
where (E;, F;) denotes the pseudo-product structure of R;. Then a diffeomorphism ¢ of Ry
onto Ra is an isomorphism of Ry onto Ro as pseudo-product manifolds, if and only if it is
extended to a local isomorphism, say ¢, of R to R, as product manifolds. Furthermore ¢ is
uniquely determined as a germ.

Finally, let (R, E, F') be a pseudo-product manifold. Since £ N F = 0, the sum E + F
gives a subbundle of T'(R), which we denote by D. Let us consider the Cauchy characteristic
system ch(D) of D (see (E) in §1.2.). Then we have the following

Lemma 3.3. ch(D) =ch(D)NE +ch(D)NF.

Proof. Consider the torsion v, of D at x € R. Since both E and F' are completely integrable,
we see that v,(X,Y) = 0 for any vectors X and Y in E(x) or in F(x). The lemma follows
easily from this fact. O

3.2. Generalized pseudo-projective structures and generalized pseudo-projective
systems. Let R be a pseudo-product manifold, and (R, E, F') its expression. Then R is
called a generalized pseudo-projective system, if the following conditions are satisfied:

((GP.1)) The system D(= E + F) is not reduced to the zero system, and is non-degenerate,
((GP.2)) The full derived system of D coincides with T'(R).

Our discussions from now on will be mainly concerned with condition ((GP.1)). Inciden-
tally we know from Lemma 3.3 that this condition is equivalent to the following condition:
D #0,and ch(D)NE =ch(D)NF =0.

We shall now give a few definitions on a generalized pseudo-projective system R.

Clearly the triplet (R, F, E) defines a generalized pseudo-projective system, which we
denote by R*, and call the dual of R.

We easily have 1 < rank £ < dim R — rank F' — 1. This being said, let (n,r) be a pair of
integers with 1 <7 < n — 1. Then R is said to be of bidegree (n,r), if n = dim R — rank F,
and r = rank F.
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Set r = rank . Then an r-dimensional submanifold of R is said to be a solution of R, if
it is an integral manifold of E. In this fashion R may be regarded as a differential equation
for r-dimensional submanifolds of R.

The next proposition indicates that the correspondence X — R is compatible with the
respective local isomorphisms.

Proposition 3.4. Let X and X’ be two generalized pseudo-projective structures of bidegree
(n,7) on manifolds M and M', and let R and R’ be the generalized pseudo-projective systems
of bidegree (n,r), respectively. Let (z9,z,) be a point of R x R', where R and R' are the
underlying fibred manifolds of X and X' respectively. If o is a local isomorphism of X to X'
at (20, 2,), then the prolongation p(p) of ¢, restricted to R, gives a local isomorphism ¢ of R
to R at (20, ). Conversely if ¢ is a local isomorphism of R to R’ at (20, z), then there is a
unique local isomorphism ¢ of X to X' at (20, 2() such that ¢ coincides with p(p), restricted
to R.

Indeed, the first assertion is clear, and the second follows immediately from Lemma 1.8.

We also remark that the correspondence X +— R is compatible with the respective iso-
morphisms.

Conversely, let R be a generalized pseudo-projective system of bidegree (n,r), and (R, E,
F') its expression. First of all let us consider the following condition on R:

(C.1) R is regular with respect to F'.

Assume this condition, and set M = R/F. Since ch(D) N F = 0, we see from Lemma 1.9
that there is a unique immersion, say ¢, of R to J(M,r) such that u = jior, and D = 1 1(C),
where 1 and i are the projections of R and J(M,r) onto M respectively, and C' is the contact
system of J(M,r). Recall that ¢ is concretely given by

z) = px(D(x)) = p«(E(2)), =€ R.

The immersion ¢ will be called associated with R. Under condition (C.1), let us further
consider the following condition on R:

(C.2) ¢ is an imbedding.

Assume these two conditions. Then the image ((R) of R by ¢ gives an imbedded subman-
ifold of J(M,r), and the image (D) of D by v, the contact system of ((R). Moreover the
image (. (E) of E by . gives a differential system on ¢(R), and the pair (¢(R), t«(F)) defines
a generalized pseudo-projective structure of bidegree (n,r) on M, which is denoted by X,
and will be called associated with R. Clearly R is associated with X or more precisely it is
naturally isomorphic to the generalized pseudo-projective system associated with X.

Let us now consider a generalized pseudo-projective structure X of bidegree (n,r) on a
manifold M. Let R be the associated generalized pseudo-projective system of bidegree (n, ),
and (R, E, F) its expression. (Hence (R, E) gives the expression of X.) Then it is clear that
R is regular with respect to F', M may be naturally identified with R/F', and the inclusion
map of R to J(M,r) may be naturally identified with the immersion ¢ associated with R.
Hence we find that X is just associated with R.

Let (X, z0) and (X7, z) be two generalized pseudo-projective structures of bidegree (n,r)
with reference points zg € R and z{, € R/, where R and R’ are the underlying fibred manifolds
of X and X' respectively. Then (X, zp) and (X", () are said to be locally isomorphic, if there is
a local isomorphism of X to X" at (2o, 2(,); An equivalence class with respect to this equivalence
relation is called a local isomorphism class of generalized pseudo-projective structures of
bidegree (n,r). Similarly we may speak of a local isomorphism class of generalized pseudo-
projective systems of bidegree (n,r).
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Now, we remark that every local isomorphism class R of generalized pseudo-projective
systems of bidegree (n,r) has a representative (R, z¢) satisfying conditions (C.1) and (C.2)
(cf. Lemma 1.1). By the discussions above we have therefore seen that there is a natural
one-to-one correspondence between the local isomorphism classes X' of generalized pseudo-
projective structures of bidegree (n,r) and the local isomorphism classes R of generalized
pseudo-projective systems of bidegree (n,r).

3.3. Pseudo-projective structures, and pseudo-projective systems. Let R be a
pseudo-product manifold, and (R, E, F') its expression. Then R is called a pseudo-projective
system (of order 2) of bidegree (n, ), if it is a generalized pseudo-projective system of bidegree
(n,7), and dim R = n+r(n —r), rank F = r, and rank F' = r(n — r). We remark that R is a
pseudo-projective system of bidegree (n,r), if and only if it satisfies the following conditions:

((P.1)) The system D(= E + F) is non-degenerate,
((P.2)) dimR=n+r(n—r), rank £ =r, and rank F' = r(n —r).

Indeed these conditions imply that the first derived system of D coincides with T'(R),
which is a special case of Lemma 2.2 in Chapter II. This fact can be also derived from Lemmas
1.5 and 1.9.

Let X be a pseudo-projective structure of bidegree (n,r) on a manifold M. Then it
is clear that the associated generalized pseudo-projective system R of bidegree (n,r) is a
pseudo-projective system of bidegree (n,r). Conversely let R be a pseudo-projective system
of bidegree (n,r). Assuming that R satisfies conditions (C.1) and (C.2), let us consider
the associated generalized pseudo-projective structure X of bidegree (n,r) on the manifold
M(= R/F). Then it is also clear that X is a pseudo-projective structure of bidegree (n, ).

We have thus seen that there is a natural one-to-one correspondence between the lo-
cal isomorphism classes X of pseudo-projective structures of bidegree (n,r) and the local
isomorphism classes R of pseudo-projective systems of bidegree (n,r).

3.4. Non-degenerate relations in product manifolds M X N. Let M and N be man-
ifolds, and let R be a submanifold of the product manifold M x N, which will be considered
particularly as a relation in the product manifold. We denote by p and v the projections of
R to M and N respectively, and set n = dimM, n’ = dim N, d = dim R, r = d — n/, and
s=d—n.

Now, suppose that both p and v are submersions, implying that Max (n,n’) < d < n+n'.
Furthermore suppose that Max (n,n’) < d < n+ n’ or equivalently 1 < r < n — 1, and
1<s<n —1. If (p,a) € R, v"!(a) and p(r~!(a)) are r-dimensional submanifolds of R and
M respectively, p is in u(v~!(«)), and the tangent space T, (u(v~1(c))) gives an r-dimensional
contact element to M. This being said, we define a map ¢ of R to J(M,r) by

z) = Tp(p(rH(a)), == (p,a)€R.

Similarly we define a map  of R to J(N,s) by

k(z) = Ta(u(,ufl(p))), z = (p,a) € R.
Clearly we have
flov=p, por=u,

where j1 and ¥ are the projections of J(M,r) and J(N,s) onto M and N respectively. Thus
we have the following commutative diagram:
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J(M,r) ‘ R al J(N, s)
SN,

The maps ¢ and x will be called associated with the relation R.
Let us consider the following two conditions on the relation R:

(i) Max (n,n’) <d <n+n', and the projections p and v are both submersions,
(ii) Under this condition the maps ¢ and x are both immersions.

We denote by F and E the kernels of the differentials p, and v, respectively: F' = u;1(0),
and E = v;1(0). Clearly condition (i) is equivalent to the following condition:

(i) Max (n,n') <d <n+n', and dim E(z) = r and dim F'(z) = s for each = € R.

Assume condition (i). Then we see that both E and F' become subbundles of T'(R), and
the pair (F, F') gives a pseudo-product structure on R, which is nothing but the one naturally
induced from the product structure of M x N. The pseudo-product manifold (R, E, F) is
denoted by R, and will be called associated with the relation R.

We assert that condition (ii) is equivalent to the following condition:

(i') Under condition (') the system D(= F + F') is non-degenerate.

Indeed let z = (p, &) be any point of R. Then we have

Wz) = Ty(p(v @) = p(Te (v (@) = pu(E(2)) = pe(D()).

Therefore it follows from Lemma 1.9 that ;7 *(0) = ch(D) N F. Similarly we have x;1(0) =
ch(D) N E. Furthermore we see from Lemma 3.3 that D is non-degenerate, if and only if
ch(D) N E = ch(D)NF = 0. We have thus proved our assertion.

These having been observed, we say that R is a non-degenerate relation in the product
manifold M x N, if it satisfies conditions (i) and (ii) or equivalently conditions (i') and (ii’).

Remark. Let (n,n’,d) be a triplet of non-negative integers. Then it can be shown that the
following three statements are mutually equivalent:

(1) Max (n,n') <d<n+n,
Max {(d —n')/(d —n),(d—n)/(d—n")} En+n’ —d.
(2) There is a non-degenerate relation in a product manifold M x N such that n = dim M,
n' = dim N, and d = dim R.
(3) There is a pseudo-product manifold (R, E, F') which satisfies condition ((GP.1)) in §3.2
and the conditions: d = dim R, d — n’ = rank F, and d — n = rank F.

3.5. Generalized pseudo-projective triplets. Let M and N be manifolds, and let R be
an imbedded submanifold of M x N. We preserve the notations as in the previous paragraph.
Then the triplet (M, N, R) is called a generalized pseudo-projective triplet, if it satisfies the
following conditions:

(a) R is a non-degenerate relation in the product manifold M x N,

(b) The full derived system of D coincides with T'(R),

(¢) The projections p and v are both surjective, and their fibres are all connected,
(d) The immersions ¢ and x are both imbeddings.
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Note that conditions (a) and (b) imply that R is a generalized pseudo-projective system.

A generalized pseudo-projective triplet is said to be connected, if R or equivalently M
or equivalently N is connected. It is also said to be compact, if R and hence M and N are
compact.

Let (M,N,R) and (M’',N’, R') be two generalized pseudo-projective triplets. Then an
isomorphism of (M, N, R) to (M', N, R') is a pair (¢, ) of diffeomorphisms ¢ of M onto M’
and 1) of N onto N’ such that the product diffeomorphism ¢ x ¥ of M x N onto M’ x N’
maps R onto R'. Consider the generalized pseudo-projective systems R and R’ associated
respectively with the relations R and R’. Then it is clear that an isomorphism (p,) of
(M, N,R) to (M', N', R') naturally induces an isomorphism of R to R’. Conversely it is clear
that any isomorphism of R to R’ can be obtained in this manner.

Let (M, N, R) be as above. We define a relation R* in N x M by

R*={(a,p) € Nx M| (p,a) € R}.

Then the triplet (N, M, R*) clearly gives a generalized pseudo-projective triplet, which is
called the dual of (M, N, R). Let us identify R* with R by the bijection («, p) — (p, ). Then
we remark that the generalized pseudo-projective system associated with the relation R* may
be identified with the dual R* of R.

In the following let (M, N, R) be a fixed generalized pseudo-projective triplet. Consider
the generalized pseudo-projective system R of bidegree (n,r) associated with the relation
R. We first remark that R becomes fibred manifolds at once over M and N, their vertical
tangent bundles are F' and E respectively, and M = R/F and N = R/E. Consequently
we know that the triplet (M, N, R) is completely determined by R. We then remark that
the immersions ¢ of R to J(M,r) and k of R to J(N,s) associated with the relation R are
nothing but the immersions associated respectively with R and its dual R*. Note that these
are immediate consequences of conditions (a) and (c).

In view of condition (d) we therefore see that both R and R* satisfy conditions (C.1)
and (C.2) in §3.2. Hence we may consider the generalized pseudo-projective structures
(t(R),tx(E)) of bidegree (n,r) on M and (k(R),k«(F)) of bidegree (n’,s) on N which are
associated respectively with R and R*. These structures are denoted respectively by X and
X*, and will be called associated with the relation R. The structure X* will be soon called
the dual of X', and vice versa.

For simplicity we denote by P the triplet (M, N, R), and by P* its dual. Let us consider
the automorphism groups Aut(X), Aut(R) and Aut(P) of X, R and P respectively, and
similarly the automorphism groups Aut(X™), Aut(R*) and Aut(P*). Then we have the
natural isomorphisms as follows: Aut(X) = Aut(R) = Aut(P) = Aut(P*) = Aut(R*) =
Aut(X™).

Now, let Sol(X) be the set of maximal solutions of the equation X', and let Sol(&X, p) be
the set of maximal solutions of X’ through any point p € M. Similarly we consider the sets
Sol(X*) and Sol(X*,«), where a € N. Let a be any point of N. By the very definitions of
the map ¢ it follows that the image +(v~!(a)) of v~ () by ¢ coincides with the prolongation
p(u(v=(a))) of u(rv=1(a)). Therefore we see that pu(r~1(a)) is a maximal solution of X, and
the assignment o — p(v~1(a)) establishes a one-to-one correspondence, say ®, between N
and Sol(X). Similarly we see that v(u~!(p)) is a maximal solution of X* for any point p
of M, and the assignment p — v(u~'(p)) establishes a one-to-one correspondence, say ¥,
between M and Sol(X*). Clearly we have

T(p) = & H(Sol(X, p)), ®(a) = T H(Sol(X*, a)).

From these discussions we have seen the following:
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(1) X may be characterized as the differential equation defining the submanifolds u(v~!(a))
of M, and similarly X* as the differential equation defining the submanifolds v (! (p))
of N.

(2) N may be naturally identified with Sol(X'), so that the submanifolds Sol(X, p) of
Sol(X) form the maximal solutions of X*. Hence X* may be characterized as the
differential equation defining the submanifolds Sol(X, p) of Sol(X). Similarly X may
be characterized as the differential equation defining the submanifolds Sol(X*, «) of

Sol(X*).
We shall construct local expressions of X and X* in terms of a local expression of the
relation R. In the following the indices i, j will range over the integers 1,...,r, the indices 4,
€ over the integers 1,...,s, and the indices a,b over the integers 1,...,d —r — s. Note that

d—r—s=n—r=n'—s.

Let z¢ be any point of R. We take any coordinate system (z,y) of M at pu(zg) adapted
to the contact element t(xg) to M, where z = (z%), and y = (y%). Similarly we take any
coordinate system (z,w) of N at v(xg) adapted to the contact element k(z¢) to N, where
z = (2%), and w = (w®). Then (x,y, z, w) naturally gives a coordinate system of M x N at
xg. For simplicity we assume that z,y, z and w vanish at zg.

We have dim(M x N) —dim R = d — r — s. This being said, let us consider any regular
system, f* = 0, of local equations for the submanifold R of M x N at z( (cf. the same system
in §2.4). In terms of the coordinate system (z,y, z,w) the relation R is thus defined by the
system of relations:

fa(l" y? Z? w) = 0'

Since p,(E(x)) = t(xg), we see that the n + n/ differentials df®, da?, dz°, and dw® are
linearly independent at xg, whence det((0f%/9y?)(0)) # 0. It follows that the system of
relations above can be solved for y, so that y® are expressed as functions, say ¢%, of the
variables z, z and w. Hence the relation R is also defined by the system of relations:

y* = ¢%(z, 2, w).

Similarly the given system of relations can be solved for w, so that w® are expressed as
functions, say ¥, of z,y and z. Hence the relation R is further defined by the system of
relations:

w® =Y (x,y, 2).

Now, we recall that X may be characterized as the differential equation defining the
submanifolds p(v~!(a)) of M, where o € N. Let U and V be sufficiently small neighborhoods
of u(xg) and v(xg) respectively. Take any point o € V' with the coordinates (z,w). Then
we see that the solution u(r~!(a)) of X is defined, on U, by the system of relations: y* =
¢*(z, z,w). Moreover we have the obvious identities: f%(x, ¢(z,z,w), z,w) = 0. From these
facts we deduce the following

Proposition 3.5. A local expression of X at i(xg) corresponding to the coordinate system
(z,y) can be obtained by eliminating the variables z and w in the following system of relations:
_ dfa _ d?fa _
Cded dxidal

fCL
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Here, d/dx? are the formal derivations corresponding to the coordinate system (z,y) (see
§1.5). Hence,

aft _ of* of oy
+Z Oyt OxJ’

ded — Oxl
d2 fa _ d dfa
drided — dat \ dad

d (ofe d [ofa afa 9y
 da? <8xj> * zb: dz’ ( > o Z Oyb dzidxd”

We shall now explain how to eliminate the variables z and w. In view of this explanation
we can easily give a complete proof of the proposition, which is therefore left to the readers
as an exercise.

First of all we remark that the variable w can be easily eliminated by using the relations

@ =p%(x,y, z), so that the system of relations in the proposition is reduced to the following
system of relations:

dwa B dea B
dei  daidxi
dy®  oyY® N oY aiyb
dzd — OxJ - Oyb Oxd’
and det((0v*/9y")(0)) # 0. Hence we may define functions X? by
oY
oxJ Z 8yb J
Then the system of relations diy®/dz? = 0 can be replaced by

Xy, 7) + 9L =0,

We have

a

By Lemma 3.6 below we can find s pairs (ac,i.) of integers such that 1 < a. < n —r,
1 < i <7 and det((9x./02°)(0)) # 0, where y. = Xi:- Therefore the system of relations

Oye
Oxte
can be solved for z, so that 20 are expressed as functions of z,y and (dy® /dz’). Substituting

these functions for z° in the reduced system of relations, we have thus accomplished the
elimination.

=0

Xe(®,y,2) +

Lemma 3.6. If (€°) € R, and Y (0x%/02°)(0) - & = 0, then &° = 0.
§

Proof. We first remark that (z,y, z), restricted to R, gives a coordinate system of R at zg.
Hence w?, restricted to R, can be expressed as functions of x,y and z, which are nothing but
the functions ¥*(z,y, z). Hereafter we work on a sufficiently small neighborhood of zy in R.
Then we see that E is defined by the system of Pfaffian equations: dz° = dw® = 0, and F by
the system of Pfaffian equations: dz’ = dy® = 0. Since w® = ¢%(z,y, z), we have

8wa ; awa 8¢a
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If we set 0% = 3" x%dx’ + dy?, it therefore follows that D(= E + F) is defined by the system

of Pfaffian equaftions: A% = 0. An easy calculation proves that
“_ X 5 i 15 b
do® = _%:de Ndz (mod (67)).

Since D is non-degenerate at xg, the lemma follows immediately from this fact. 4
Similarly to Proposition 3.5 we have the following

Proposition. A local expression of X* at k(xg) corresponding to the coordinate system (z,w)
can be obtained by eliminating the variables x and y in the following system of relations:

a_dfa _ d?fa _
1= dzf  dzfdz® 0-

Here, d/dz¢ are the formal derivations corresponding to the coordinate system (z,w).
Furthermore we remark that the system of relations above can be reduced to the following
system of relations

d¢a B d2¢a _
dze  dzfdz®
We shall refer to the proposition above as the dual form of Proposition 3.5.

3.6. The duality in the generalized pseudo-projective structures. Let X be a gen-
eralized pseudo-projective structure of bidegree (n,r) on a manifold M, and (R, E) its ex-
pression. Let R be the associated generalized pseudo-projective system of bidegree (n,r),
which is thus expressed by (R, E, F'), F being the vertical tangent bundle of R. We remark
that the dual R* of R is a generalized pseudo-projective system of bidegree (n',s), where
n’ = dim R — rank F, and s = rank F.

Let us consider the following two conditions on the structure X’

(D.1) The dual R* of R satisfies conditions (C.1) and (C.2) in §3.2. Namely, R is regular
with respect to E, and the immersion, say k, of R to J(N,s) associated with R* is
an imbedding, where N = R/E. (Note that N may be naturally identified with the
set of maximal solutions of X’ in the wide sense.)

(D.2) Under condition (D.1) the immersion p* v of R to M x N is an imbedding, where
and v are the projections of R onto M and N respectively.

Assume these two conditions from now on. Then we may consider the generalized pseudo-
projective structure (k(R), £« (F)) of bidegree (n’,s) on N associated with the dual R* of R.
We denote this structure by X*, and call it the dual of X. Clearly A* satisfies conditions
(D.1) and (D.2), and the dual of X* is X or more precisely it is naturally isomorphic to X'.

Remark . Of course X* makes sense under condition (D.1). Accordingly X* will be some-
times called the dual of X under this weaker condition.

For simplicity let us identify R with a submanifold of M x N by the imbedding p * v.
Then it is clear that the triplet (M, N, R) gives a generalized pseudo-projective triplet, and
that X and A™* are associated with the relation R. Conversely it is likewise clear that if
(M,N,R) is a generalized pseudo-projective triplet, and if X and X* are the generalized
pseudo-projective structures associated with the relation R, then X* is the dual of X.

Let X be as in the outset, and let us consider the special case where X is a pseudo-
projective structure of bidegree (n,r). If X' satisfies conditions (D.1) and (D.2), the dual X*
of X' is a generalized pseudo-projective structure of bidegree ((r+1)(n—r),r(n—r)), which is
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not necessarily a pseudo-projective structure. Clearly X* is a pseudo-projective structure, if
and only if r = n—1. Furthermore if X is a pseudo-projective structure of bidegree (n,n—1),
so is X*, which corresponds to the fact that if R is a pseudo-projective system of bidegree
(n,n —1), so is R*. It should be noted that the duality in the pseudo-projective structures
of bidegree (n,n — 1) directly generalizes the duality existing between the points and the
hyperplanes in the n-dimensional projective geometry.

Here, we remark that we may always speak of the dual X* of a local isomorphism class
X of generalized pseudo-projective structures of bidegree (n,r), and that the dual of X™* is
X. Indeed, in view of Lemma 1.1 it follows that X has a representative (X, z) satisfying
conditions (D.1) and (D.2). Let X* denote the local isomorphism class of generalized pseudo-
projective structures of bidegree (n’, s) which is represented by (X*, z{}), where X* is the dual
of X, and 2§ = k(20), k being as in the definition of condition (D.1). Then it is easy to see
that X* does not depend on the choice of (X, zp), and that the dual of X* is X', confirming
our claim.

Now, let X’ be a pseudo-projective structure of bidegree (n,1) on a manifold M. We use
the notations as in the outset. Assuming conditions (D.1) and (D.2), let us consider the dual
X* of X, which is a generalized pseudo-projective structure of bidegree (2(n —1),n — 1) on
N. As before we identify R with a submanifold of M x N.

We shall construct a local expression of A* on the basis of a local expression of X. In
the following the indices i, j, k£ will range over the integers 1,...,n — 1.

Let zp be any point of R. We take any canonical coordinate system (z,y,p) of R at zp,
where y = ('), and p = (p'), and consider the corresponding local expression, say (X), of X:

Py dy
= T, Y, 7— |-
da? / L
For simplicity we assume that x,y and p vanish at zg.
By the existence theorem for solutions of system of ordinary differential equations, there

are unique functions ¢(z,z,w) of the variables z, z = (2!) and w = (w?), defined on a
neighborhood of the origin, which satisfy the following conditions:

(i) For any fixed z and w the function z (¢*(x, z,w)) gives a solution of (X).

(i) ¢%(0,z,w) = w', and 8;ﬁ(o,z,w) = 2%
Ox

The family of functions ¢ will be called the general solution of (X).

Now, (x,y) gives a coordinate system of M at u(zg). We also remark that (z,w) may
be regarded as a coordinate system of N at v(zp) or rather of Sol(X) at ®(v(zp)), so that
(z,w) gives the coordinates of the maximal solution of X', being a point of Sol(X), defined
by ¥* = ¢'(x,z,w). Then (x,y,z,w) gives a coordinate system of M x N at zy € R. It is
clear that with respect to this coordinate system the relation R in M x N is defined by the
system of relations

y' =o' (z,z,w).

Therefore we see from the dual form of Proposition 3.5 that a local expression of A™
at k(zp) corresponding to the coordinate system (z,w) can be obtained by eliminating the
variables x and y in the following system of relations:

dzi  dzidzr
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For example consider the special case where f* = 0, i.e., system (X) takes the following
form:
d2yi
dz?
Then we have ¢'(z,2,w) = z'z + w’. Therefore the elimination can be easily done, and
the eliminated system of relations turns out to be the following system, say (X*), of partial

differential equations

ow' 1 owk 0
0z7 n—1"7 ozk 7
9w’

021028

In the special case where n = 2, system (X*) simply means the following single ordinary
differential equation:
d*w
dz?
It is also easy to see that if n = 3, system (X*) is obtained as the prolongation of the following
system of the first order:

=0.

ow' 1 - owk
0z7 n-—17 p 0zk

being a local expression of the equation k(R) at x(zp). In §2.2 of Chapter II we shall give a
further generalization of this fact (see Corollary 2 to Proposition 2.5 in Chapter II).

3.7. Pseudo-projective triplets, and some global facts on compact, connected
pseudo-projective triplets. Let (n,r) be a pair of integers with 1 < r < n—1. A
pseudo-projective triplet (of order 2) of bidegree (n,r) is a generalized pseudo-projective
triplet (M, N, R) which satisfies the following condition:

() dimM =n,dimN = (r+1)(n—r), and dm R =n+r(n—r).

Let (M, N, R) be a pseudo-projective triplet of bidegree (n, 7). Let us consider the general-
ized pseudo-projective system R associated with the relation R, and (R, E, F') its expression.
Then we have rank £ = dim R — dim N = r, and rank F' = dim R — dim M = r(n — r), from
which follows that R becomes a pseudo-projective system of bidegree (n,r). Note that this
is a consequence of conditions (a) and (e).

For example consider the fundamental relation R in the product manifold P" x X (P",r)
(see §2.1). From the observations there we know that the triplet (P™, 3(P",r), R) satisfies
conditions (a), (b), (c), and (e). We also know that the immersion ¢ associated with the
relation R gives a diffeomorphism of R onto J(P",r). Moreover it can be shown that the
immersion k of R to J(X(P",r),r(n — r)) associated with the relation R is an imbedding.
Hence the triplet turns out to satisfy condition (d). Since R is compact and connected, we
have thus seen that the triplet (P", X(P",r), R) becomes a compact and connected pseudo-
projective triplet of bidegree (m,r), which is called the standard pseudo-projective triplet
of bidegree (n,r). Incidentally the pseudo-projective system of bidegree (n,r) associated
with the relation R is denoted by Ry, and is called the standard pseudo-projective system
of bidegree (n,r). Clearly the standard pseudo-projective structure Xy of bidegree (n,r) is
associated with R, and vice versa. Moreover we remark that if » = 1, A} is nothing but the
pseudo-projective structure X (D) associated with the standard projective structure Dy on
P,

These being defined and observed, there naturally arises the following
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Problem 1. Study the topological structure of a compact and connected pseudo-projective
triplet of bidegree (n,r). In particular, from the view-point of topology are there any compact
and connected pseudo-projective triplets of bidegree (n,r) other than the standard pseudo-
projective triplet of bidegree (n,r)?

As a first step we treat with this problem in the special case where r = n—1. (In Remark
2 below we shall make some comments on the problem in the case where r = 1.)

In general let us consider a triplet (M, N, R) formed by manifolds M, N and a submanifold
R of M x N which satisfy conditions (a), (c¢), and condition (e) with » = n — 1, and which
is compact and connected, i.e., M, N and R are all compact and connected. Thus the triplet
is reduced to a compact and connected pseudo-projective triplet of bidegree (n,n — 1), if
it satisfies condition (d) in addition. (Note that condition (b) follows from condition (a).)
For the triplet we preserve the notations as in §3.4. First of all we remark the following:
dim M =dim N = n, and dim R = 2n — 1; v(u~(p)) and u(r~1(a)) are (n — 1)-dimensional
submanifolds of N and M respectively, where p € M, and « € N; ¢ and k are immersions of
R to J(M,n —1) and J(N,n — 1) respectively.

Proposition 3.7. (1) Ifu is injective, v(u='(p)) is diffeomorphic with the (n — 1)-dimen-
sional projective space P! for each p € M.
(2) If v is not injective, v(u~t(p)) is diffeomorphic with the (n — 1)-dimensional sphere
S™=1 for each p € M.

We also have the dual form of this proposition, which is concerned with the immersion x
and the submanifolds p(v~1(a)).

Proof of Proposition 3.7. We first see that the pair (R, ¢) gives a covering space of J(M,n—
1), because both R and J(M,n—1) are compact and connected, and dim R = dim J(M,n—1).
Let p be any point of M. Since fi ot = u, it follows that + maps u~'(p) onto the fibre
Gr(T,(M),n —1) of J(M,n — 1) at p. Furthermore Gr(T,(M),n — 1) is diffeomorphic with
P*~! and p~!(p) is an (n — 1)-dimensional compact, connected submanifold of R. Hence we
see that u~1(p) becomes naturally a covering space over Gr(T,(M),n — 1) (= P 1), from
which follows immediately the proposition.

Example. Let M be an n-dimensional compact, connected Riemannian manifold, and let d
be the distance function on it. For any positive number € we define a relation R in M x M
by
R={(p,q) e M x M |d(p,q) =¢}.

As is well known, R becomes a submanifold for a sufficiently small e. Then K. Sugahara
showed that if ¢ is further sufficiently small, the triplet (M, M, R) satisfies conditions (a), (c)
and condition (e) with = n—1. By Proposition 3.7 we see that both ¢ and k are not injective,
which can be directly verified as follows: Take any points p,q € M with d(p,q) = 2¢, and
let r be the middle point of the geodesic segment joining p and ¢g. Then (r,p) and (r,q) are
distinct points of R, and we easily see that ¢((r,p)) = ¢((r, q)), proving that ¢ is not injective.

Especially this example indicates that in our present situation conditions (a), (c) and
(e) impose no restrictions on the topologies of M and N. At the same time condition (d)
together with these conditions may possibly impose any restrictions on the topologies, thus
playing an important role in our problem.

Let (M, N, R) be a compact and connected pseudo-projective triplet of bidegree (n,n—1).
In his paper [16] K. Sugahara indeed obtained some results on the homotopy groups of M
and NN, which may be stated as follows:
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Theorem S. Ifn =3 orn = 6, the universal covering spaces of M are homotopy spheres.
Furthermore if n = 3, the fundamental groups of M and N are Zs or 0, and if n = 6, they
are Zs.

Sugahara’s proof of the theorem, to a considerable extent, contains geometric studies on
the submanifolds v(u~(p)) and p(r~!(a)) which are diffeomorphic with P"~! by Proposition
3.7 and its dual form. Here we notice that he actually treats with a class of triplets (M, N, R)
more or less wider than ours, and obtains much the same results as the theorem.

Remark 1. In connection with the discussions above we recall a problem proposed in [21]
(see page 303 in H.M.J., Vol. XIV, No.3). Let (M,N,R) be a compact and connected
pseudo-projective triplet of bidegree (n,n—1). Set Q = (M x N)— R. Then, that problem is
concerned with the geometry of the product manifold €2, which is known to be closely related
to the geometry of the pseudo-projective system R of bidegree (n,n — 1) associated with the
relation R (see Propositions 2.5 and 2.6, loc. cit.).

Remark 2 (cf. [2]). Let M be one of the following projective spaces with the standard
Riemannian metrics: The m-dimensional real projective spaces P"(R) (m = 2), the m-
dimensional complex projective spaces P™(C) (m = 2), the m-dimensional quaternion pro-
jective spaces P™(Q) (m = 2), and the Cayley projective plane P?(Ca). Then M is a compact
symmetric space of rank one, and is what is called a C;; manifold. Now, we denote by N the
set of all maximal geodesics of M, where each maximal geodesic should be confounded with
its image in M. We also define a relation R in M x N by

R={(pa) e M x N |pCa}.

If we put n = dim M, it can be shown that N becomes naturally a 2(n — 1)-dimensional
manifold, R becomes a (2n— 1)-dimensional submanifold of M x N, and the triplet (M, N, R)
gives a compact and connected pseudo-projective triplet of bidegree (n,1). Furthermore we
know that if M # P™(R), M is not homotopically equivalent to P"(R). Accordingly these
observations make a considerable contribution to Problem 1 in the case where r = 1.

For the rest of this paragraph everything will be considered in the complex analytic
category.
Corresponding to Problem 1 there naturally arises the following

Problem 2. Classify the compact and connected pseudo-projective triplets (M, N, R) of bide-
gree (n,r) up to (holomorphic) isomorphism. In particular are there any compact and con-
nected pseudo-projective triplets of bidegree (n, ) other than the standard pseudo-projective
triplet of bidegree (n,r)?

Let (M, N, R) be a compact and connected pseudo-projective triplet of bidegree (n,n—1).
On the basis of Proposition 3.7 and its dual form, both being considered in the complex
analytic category, A. Fujiki proved the following theorem, which gives a partial answer to
Problem 2.

Theorem F. The complex manifolds M and N are both biholomorphic to the n-dimensional
complex projective space P™(C).

In his proof of the theorem Fujiki above all utilizes Theorem 4.1 in J. Morrow and H. Rossi
[11] concerning the characterization of P"(C).



CHAPTER II

Geometry of almost pseudo-product manifolds — General theory —

§1. Preliminaries — Some fundamental facts on the geometry of differential
systems —

1.1. General remarks on notations and terminologies.

(A) Graded Lie algebras. Let K be the field R of real numbers or the field C of complex
numbers, and let Z be the additive group of integers. Then a graded Lie algebra or simply
GLA over K is a pair formed by a Lie algebra g over K and a family (g,),cz of subspaces of
g which satisfy the following conditions:

(i) dimg, < oo,
(ii) g=>_gp (direct sum) ,
P

(iii) [gp, 9¢] C Gptq-

A graded Lie algebra will be denoted by a capital Germanic letter, e.g., &, and then
the pair (g, (gp)) will be called the expression of &; The family (g,) itself will be called the
gradation of &. Furthermore a graded Lie algebra will be sometimes confounded with the
underlying Lie algebra g.

Concerning graded Lie algebras we have the various notions as follows: isomorphism,
homomorphism, graded subalgebra, graded ideal, direct sum, and so on.

If & is a graded Lie algebra, we remark that gg becomes a subalgebra, and the Lie algebra
go is naturally represented on each subspace g, of g, because [go, gp] C gp-

(B) Principal fibre bundles. At the outset we make some remarks on Lie groups. In
this book Lie groups will be always assumed to satisfy the second axiom of countability. Let
G be a Lie group. By the Lie algebra g of G we mean the Lie algebra of all left invariant
vector fields on GG. As usual Ad denotes the adjoint representation of the Lie group G on the
vector space g, while ad the adjoint representation of the Lie algebra g on the vector space
g. Furthermore exp denotes the exponential map of g to G.

Now, let G be a Lie group. A (differentiable) principal fibre bundle over a manifold M
with structure group G is a pair formed by a fibred manifold P over M and an action of G
on P which satisfy the following conditions:

(i) G acts freely on P (on the right) by the rule (z,a) — 2z - a, where z € P, and a € G.
(i) Two points z and 2’ of the fibred manifold P are in the same fibre, if and only if
2 =z -a for some a € G.

A principal fibre bundle will be denoted simply by P.

Let P and P’ be principal fibre bundles over manifolds M and M’ with the same structure
group G respectively. Then a (bundle) isomorphism of P to P’ is a diffeomorphism 1) of P
onto P’ such that

PY(z-a)=Y(z)-a, z€P acG.
An isomorphism v of P to P’ naturally induces a diffeomorphism, say ¢, of M onto M’
7o) = pom, m and 7’ being the projections of P and P’ onto M and M’ respectively. In
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particular 1 is called an equivalence of P to P’, if ¢ is base-preserving, i.e., M = M’ and ¢
is the identity map of M.

Let P be a principal fibre bundle over a manifold M with structure group G. We first
remark that P is locally trivial. Indeed let x be any point of M, and g any cross section of
the fibred manifold P defined on a neighborhood U of x. Let us consider the inverse image
7 1(U) of U by the projection 7 of P onto M, and define a map v of U x G to 7~ 1(U) by
Y(z,a) = g(z) - a for all x € U and a € G. Then it can be easily shown that ¢ gives an
equivalence of U x G to 7~ (U), where both U x G and 7~ !(U) should be naturally considered
as principal fibre bundles.

Example. Let G be a Lie group, and H its closed subgroup. Let us consider the homogeneous
space G/H of G over H, and 7 the projection of G onto G/H. Then the group H naturally
acts on G on the right, and G becomes a principal fibre bundle over G/H with structure
group H with projection .

We then explain some notations for our later uses. For each a € G denote by R, the
diffeomorphism z — z - a of P, which we call the right translation of P corresponding to
a. Let g be the Lie algebra of G. For A € g we set a; = exp(tA). Then we denote by A*
the vector field on P induced by the one-parameter group (R,,) of right translations of P,
which we call the vertical vector field on P corresponding to A. Let V' be the vertical tangent
bundle of P. Then we easily see that for each z € P the map A — A} gives an isomorphism
of g onto V(2) as vector spaces, and further that (R,).«B* = (Ad(a~!)B)* for all @ € G and
B € g, whence [A*, B¥] = [A, B]* for all A, B € g.

Now, let f be a homomorphism of a Lie group G to another Lie group G’. Let P and
P’ be principal fibre bundles over manifolds M and M’ with structure groups G and G’
respectively. Then a (bundle) homomorphism of P to P’ corresponding to f is a map 1 of
P to P’ such that

Y(z-a)=¢(z)f(a), z€P,acd.
A homomorphism v of P to P’ naturally induces a map of M to M’.

Let G’ and P’ be as above, and let G be a Lie subgroup of G’. Then a reduction of P’
to the group G is a principal fibre bundle P over M’ with structure group G such that P is
a fibred submanifold of P’, and the inclusion map of P to P’ is a homomorphism of P to P’
corresponding to the inclusion map of G to G’. Clearly this last condition means that the
action of G on P is induced by that of G on P’.

For a detailed account of principal fibre bundles we refer to Kobayashi-Nomizu [10].

(C) The frame bundles and linear group structures. In the following we fix an n-
dimensional vector space V once for all.
Let M be an n-dimensional manifold. For each point x of M we denote by F(M, V), the
set of all isomorphisms of V' onto T, (M), and set F(M,V) = JF(M,V),. We then define
xT

the projection m of F'(M,V) onto M by n(z) =z, if z € F(M,V),. Let us now consider the
general linear group GL(V) of V. For any z € F(M,V) and a € GL(V) we define an element
za of F(M,V) by
(za)v = z(av), velV.

Clearly the group GL(V) acts freely on the set F/(M,V) by the rule (z,a) — za, and two
elements z and 2’ of F'(M, V) are in the same fibre, i.e., m(z) = w(z’), if and only if 2’ = za for
some a € GL(V). Furthermore we know that the set F'(M, V') is endowed with a differentiable
structure so that it becomes a differentiable principal fibre bundle over M with structure
group GL(V) with projection . The principal fibre bundle F'(M, V'), thus obtained, is called
the frame bundle (of model vector space V') over M.
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Let us now consider a diffeomorphism ¢ of an n-dimensional manifold M onto another
n-dimensional manifold M’. Then we define a map F(p) of F(M,V) of F(M',V) by

F(o)(2) v=1p«(2-v), z€F(M, V), veV.

Clearly F(p) gives a bundle isomorphism of F(M,V) to F(M', V), which is called the pro-
longation of .

Now, let G be a Lie subgroup of GL(V'). Then a G-structure on an n-dimensional manifold
M is a reduction @ of F(M,V) to the group G. Let Q and @’ be G-structures respectively on
manifolds M and M’. By an isomorphism of Q to Q' we mean a diffeomorphism ¢ of M onto
M’ such that the prolongation F(p) of ¢ sends @ onto @’. We notice that the restriction of
F(¢) to Q gives a diffeomorphism of @) onto @', which is clearly a bundle isomorphism.

Let @ be a G-structure on a manifold M, and 7 the projection of () onto M. Then we
define a V-valued 1-form £ on Q by

2 6(X) =m(X), XeT.(Q), z€qQ.

The 1-form &, thus defined, is called the basic form of Q.
Clearly we have the following

Lemma 1.1. (1) The vertical tangent bundle of Q) is defined by the Pfaffian equation: £ = 0.
(2) Ri¢=a"Y%, acd.

We also remark that the basic form £ of @) is the pull-back of the basic form of the
GL(V)-structure F\(M,V).

Finally we make some remarks on the notion of absolute parallelism. An absolute par-
allelism on an n-dimensional manifold M is usually defined to be a (global) cross section
g of F(M,V), which essentially means an {e}-structure @) on M, where {e} stands for the
subgroup of GL(V') consisting of the identity element e only. As is easily seen, the geometry
of manifolds equipped with absolute parallelism or with {e}-structures may be represented
by the geometry of manifolds M equipped with V-valued 1-forms w satisfying the following
condition:

() For each x € M the map X — w(X) of T,(M) to V gives an isomorphism of T, (M)
onto V.

Here, the notion of isomorphism in the latter geometry is of course defined as follows: Let
w and W’ be V-valued 1-forms respectively on manifolds M and M’ satisfying condition (x).
Then an isomorphism of (M, w) and (M’,w’) is a diffeomorphism ¢ of M onto M’ such that
w' = ¢p*w. These being observed, a V-valued 1-form w on a manifold M satisfying condition
(x) will be also called an absolute parallelism on M.

(D) The prolongations of a space of linear maps. Let V and W be two vector spaces
of finite dimension. As usual Hom(V, W) denotes the vector space of all linear maps of V'
to W, which may be naturally identified with the tensor product W ® V*. Now, let g be a
subspace of Hom(V, W). Then the (first) prolongation g(!) of g is the subspace of Hom(V, g)
consisting of all A € Hom(V,g) such that A(v)v’ = A(v)v for all v,v" € V. gM) being a
subspace of Hom(V, g), we may speak of the prolongation of g, which we denote by g,
and call the second prolongation of g. In this way we have the k-th prolongation of g for any
k = 1. We promise that the 0-th prolongation g(®) of g is the given subspace g. As is well
known, the k-th prolongation g'¥) of g may be simply defined by

g =ge SEV) N e SFH(VY),
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where S*(V*) denotes the /-th symmetric product of V*, and g ® S*(V*) should be regarded
as a subspace of W ®@ V* @ Sk(V*).

1.2. The symbol algebras of differential systems and FGLA’s. Let D be a differential
system on a manifold R. Let us consider the sheaf T of Lie algebra of germs of local vector
fields on R and the sheaf D of germs of local cross sections of D. Let us also consider the
derived sheaves DP (p < 0) of D as well as the derived systems DP (p < 0) of D (see (F)
of §1.2 in Chapter I). We recall that 7 > --- D DP > ... DD ! =D,and T D --- D DP
O>.--D> D! =D, where T = T(R).

We say that the system D is regular, if DP is a subbundle of T" for each p < 0.

From now on we assume that D is not reduced to the zero system, and is regular. Clearly
DP coincides with the sheaf of germs of local cross sections of DP.

Lemma 1.2. Let x be a point of R. If X € DP(x), Y € DY(x), and X, € DP*'(x), then
[X,Y], € DPTatl(z).

Proof. Since X, € DPT!(z), we can find Z € DPl(z) such that X, = Z,. If we put
W =X -7, we have W € DP(z), W, =0, and [X,Y], = [Z,Y], + [W,Y],. By Lemma 1.4
in Chapter I we have [Z,Y] € DP*4*+!(z), and hence [Z,Y], € DP*4+!(z). Furthermore let
(X;) be a moving frame of DP defined on a neighborhood of . Then W may be expressed
as follows: W = > f; - X, and the coefficients f; satisfy f;(x) = 0. Therefore it follows

that [W,Y], = — Y Y. fi(X;). € DP(x) C DPT4t1(z). We have thus shown that [X,Y], €
DrP+atl(g) proving the lemma. O

Now, we set:

gp(z) = DP(x) /DY () Z gp(z
gp(w) = DP(x)/ D" (x) ng

Here, we promise that DP(z) = {0} and DP(z) = {0} for p ; 0. By Lemma 1.4 in Chapter
I we see that t(x) becomes naturally a Lie algebra, and [g,(z), §4(%)] C §pt4(7). (Note that
t(z) is not a graded Lie algebra, because g,(z) are of infinite dimension.) The natural maps
of DP(z) onto DP(z) naturally induce linear maps of g,(z) onto g,(x), and in turn these
naturally induce a linear map, say ®, of t(x) onto t(x). Then we see from Lemma 1.2 that
there is a unique Lie algebra structure in t(x) such that ® gives a Lie algebra homomorphism
of t(x) onto t(z). For any p let us denote by w” the projection of DP(x) onto gp(x). Then
the bracket operation in the Lie algebra t(z) is concretely given by

(@ (Xa), @(V2)] = @ T([X, Y]2),

where X € DP(z), and Y € D4(x).

Clearly we have [g,(x),gq(x)] C gptq(x), and hence the pair (t(z), (gp(x)
graded Lie algebra, which we denote by T(x). Moreover, g_;(z) = D( ) # {0}, and the
Lie algebra t(z) is generated by g_i(x), i.e., gp—1(x) = [gp(z),g-1(z)] for p < 0, because
gp—1(x) = [gp(x),g-1(x)] for p < 0. Incidentally we remark that g_o(z) is a subspace of

T(z)/D(x), and

)) defines a

(X, Y)=[X,Y], X,Y € D(x),

where 7, stands for the torsion of D at x.
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In view of the observation above we now give the following definition. Let ¥ be a graded
Lie algebra, and (t,(gp)) its expression. Then ¥ is called a fundamental graded Lie algebra
or briefly a FGLA, if the following conditions are satisfied:

(i) dimt < oo,
(ii) g—1 # {0}, and the Lie algebra t is generated by g_1, i.e., gp—1 = [gp, g—1] for all p < 0.

From this last condition it follows that g, = {0} for all p 2 0. Accordingly the gradation
of the FGLA will be denoted by (gp)p<o-

Let T be a FGLA. Given a positive integer i, T is said to be of the p-th kind, if g_, 1 =
{0} and g_,, # {0} or equivalently g, = {0} for all p < —pu, and g, # {0} forall - < p = —1.
Furthermore ¥ is said to be non-degenerate, if the condition “X € g_1, [X,g-1] = {0}” implies
X =0.

Let D be a differential system on a manifold R. The assumptions and notations being
as above, let us consider the graded Lie algebra T(x) or (t(x), (g,(x))) for each x € R. Then
% (z) is a FGLA, which is called the symbol algebra of D at x.

Let T be a FGLA, and t its underlying Lie algebra. Then the system D is said to be of
type ¥, if the following conditions are satisfied:

(a) D is not reduced to the zero system, and is regular,
(b) ¥(zr) =T at each x € R,
(¢) dimR =dimt.
1.3. Differential systems of type ¥. In this and the subsequent paragraphs T will be a
fixed FGLA, and (t, (gp)p<0) its expression.
For each p < 0 we set
-1
=3 0
Jj=p

and define subgroups H and Hy of GL(t) as follows:
H={aecGL({) |ad® =", p<0},
Ho={aeGL(t) | agp =gp, p<0}.

Now, the factor space 97/0P*! may be naturally identified with g,, where we set 2° = {0}.
Hence every element a of H naturally induces an element, say @, of Hy: aX = aX (mod oP*!)
for all X € g,. Clearly the map a — a gives a homomorphism, say ¢, of H onto Hy. We
denote by N© the kernel of (. Then we have

H = Hy-N° (semi-direct).

Let G be a Lie subgroup of the automorphism group Aut(¥) of T. Then we denote by

Gg the inverse image of Gy by (. Clearly we have
Gl =Gy NO.

Now, let D be a differential system of type ¥ on a manifold R, and (DP) the family of
derived systems of D. Let us consider the symbol algebra T(z) of D at any € R. Let us also
consider the frame bundle F'(R,t), and let m be the projection of F((R,t) onto R. We denote
by F(R,D,¥) the subset of F(R,t) consisting of all z € F(R,t) such that z - 0P = DP(z),
where x = 7(z), which clearly gives a differentiable reduction of F'(R,t) to the group H. Since
gp = 07/oPT! and g,(z) = DP(x)/DP(z), every 2 € F(R, D,T) naturally gives rise to an
isomorphism, say Z, of t onto t(x) as vector spaces. This being said, we denote by F(R,D,%)
the subset of F'(R, D, ¥) consisting of all z € F(R, D,¥) such that Z give isomorphisms of T
to T(x).
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We shall show that F(R, D, %) gives a differentiable reduction of F(R, D, %) to the group
Aut(T)F.

Let S denote the vector space of all anti-symmetric bilinear maps of t x t to t. The group
H acts on S by the following rule:

(s)(X,Y) = ((a)""s(¢(a) X, ((a)Y),
where s € S, a € H, anc} X,Y € t. Using the bracket operation in the Lie algebras t(z), we
now define a map ® of F(R,D,%) to S by

()X, Y)=2"Y[2-X,2-Y]), z€F(R,D,%), X,Y €t

Since za = % - ((a) for all z € F(R,D,%) and a € H, we see that ® is H-equivariant:
®(za) = ®(2)*. Now, let sy denote the bracket operation in the Lie algebra t. Clearly
Aut(%)! is the isotropy group of H at the point sg € S. Since D is of type T, it follows that
the image of F(R,D,‘Z) by & is in the H-orbit through sg, and further that F(R, D, %) is
the inverse image of sg by ¢. By Lemma A.3 in Appendix A we have therefore shown that
F(R, D, %) really gives a differentiable reduction of F(R, D, %) to the group Aut(%)".

We remark that the construction above of F'(R, D, ¥) uses the inverse function theorem.

1.4. Gg-structures of type ¥. At the outset we prepare some notations for our later
arguments.

Let P be a manifold, and let 6 be a t-valued 1-form on it. Assume that 6 is independent
in the sense that dim P = dim t + dim 6. 1(0) at each z € P, where §;1(0) = { X € T,(P) |
6(X) = 0}. For each j < 0 denote by 6; the gj-component of 6 with respect to the decom-
position t = ) g;. Furthermore let o and 5 be differential forms on P which take values in

§<0
a vector space V' of finite dimension. Now, let p be any integer < 0. Define a subset I(p) of
Z X 7 by
Ip)={(r,s) €ZxZ|p<r,s<0,andr+s<p}.

Then, by the notation “a = 5”7 we mean that
p

a= B (mod 0, (r < p); 0. ANOs ((r,s) € I(p))).

Namely, take a basis (€;x)1<a<n, of g; for each j < 0 and a basis (uy)1<,<x of V, and set
0; => 0jxejn, = > auy, and f =) fyu,. (Note that the independence of # means the
A v v

1-forms 0 (1 £ X < nj, j < 0) are linearly independent at each point of P.) Furthermore let
Q(P) denote the sheaf of germs of local differential forms on P. Then the notation “a = 3"
P

concretely means that the forms a,, — 3, give cross sections of the subsheaf of ideals of 2(P)
generated by the following forms:

ar)\ (1 éAgnm rép),
OeANOss (L= A=np, 1S kS n, (r,s) € I(p)).

Let Gy be a Lie subgroup of Aut(¥), and let Q be a Gg—structure on a manifold R. Then
Q is said to be of type T, if the basic form & of @ or the family (&,),<o satisfies the following

1
d Yy ryss] = U, §_27
5p+2r+zsjp[5 G120, p=

A —t

where the notation “=” should be considered with respect to £&. Note that the equation

2
dé_1 = 0 is automatically satisfied.
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Let D be a differential system of type ¥ on a manifold R, and let us consider the Aut(T)!-
structure F'(R,D,%) on R. Let m be the projection of F(R,D,¥) onto R, and & the basic
form of the structure. Let us consider the family (DP) of derived systems of D.

Proposition 1.3. (1) The pull-back 7' (DP) of DP by 7 is defined by the system of Pfaf-
fian equations: £ =0 (j < p).
(2) F(R,D,%) is of type ¥.

Proof. For simplicity we set Q = F(R, D, ¥).

(1) For any z € @ and X € T,(Q) we have z - {(X) = m(X). Clearly £(X) € 9P, if and
only if m.(X) € DP(z), where z = 7(z). This clearly means that 7, 1(DP) is defined by the
system of Pfaffian equations §; =0 (5 < p).

(2) The matter being of local character, we may assume that @) is trivial. We take a cross
section g of @, and set a@ = g*¢ and o, = g*§,. Note that o gives an absolute parallelism
on R. Now, there is a unique map a of @ to G(ﬁ) such that z = g(7(z)) - a(z) for all z € Q.
Moreover there are unique maps b of Q to Gy and ¢ of @ to N° such that a(z) = ¢(2)b(z) for
all z € Q. By Lemma 1.1 we have ¢ = a~'7*«, from which follows that

& =b"1n"a, (mod ¢y (j < p)),
oy = by (mod &; (5 < p)).
Then we can easily show that

=, = b ln* A, (mod 7", (r < p); 7 a, A s ((r,8) € I(p))),

1 1

where =, = d§, + = > [&.&), and A, = doy, + — > [on, ). Therefore (2) follows
2 r+s=p r+s=p

immediately from the last statement of the next lemma. O

Lemma 1.4. (1) DP is defined by the system of Pfaffian equations a; =0 (j < p).
(2) op([X,Y]y) = [0 (Xz), as(Yz)], where X € D"(z), Y € D*(z), and p =1 + s.
(3) A, =0 (mod o (r £ p); ar Nas((r,s) € I(p))).

Proof. (1) follows immediately from (1) of the proposition.

(2) Take any = € R, and set z = g(x). Then, for all X € T,(R) we have z - a(X) = X
and hence % - a,(X) = wP(X). Now, take any X € D"(z), Y € D*(x), and set p = r + s.
Then it follows that

- [an(Xa), 0s(Ye)] = [ an(X2), 2 - as(Y2)]
= [@"(Xe), @ (Ya)] = @P([X, Y]e) = 2 ap([X, Y]2),

whence [0 (Xy), as(Yz)] = ap([X, Y]2).

(3) Since « gives an absolute parallelism on R, we have 4, =0 (mod o, Ay (1,5 <0)).
Moreover, in view of (1) we obtain A,(X;,Y;) = —ap([X,Y]s) + [0 (X2), as(Yy)], where
X € D" (z), Y € D*(x), and p = r + s. These being observed, (3) can be easily derived from
(1) and (2). O

Now, let Gy be a Lie subgroup of Aut(¥). Then it is clear from Proposition 1.3 that any
reduction @ of F (R, D,¥) to the group Gg is of type ¥.

Conversely let () be any Gg—structure of type ¥ on a manifold R. Let m be the projection
of @ onto R, and £ the basic form of (). Then we have the following

Proposition 1.5. (1) For each p < 0 there is a unique differential system DP on R such
that w1 (DP) is defined by the system of Pfaffian equations & =0 (j < p).
(2) Set D = D~'. Then D is of type T, and (DP) is the family of derived systems of D.
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(3) Q gives a reduction of F(R,D,¥) to the group G(ﬁ). Furthermore D is a unique differ-
ential system of type T on R having this property.
The system D will be called associated with Q).

Proof. For each p < 0 let DP be the differential system on @ defined by the system of
Pfaffian equations §; = 0 (j < p). Then it is easy to see that DP is invariant under the right
translations of (), and contains the vertical tangent bundle of ). Hence there is a unique
differential system DP on R such that 7, 1(DP) = DP, proving (1). (2) and (3) can be easily
verified by a reciprocal argument to the proof of Proposition 1.3. (The uniqueness assertion
in (3) is clear from the first assertions of Propositions 1.3 and 1.5). O

1.5. Transitive graded Lie algebras and algebraic prolongations. Let & be a graded

Lie algebra, and (g, (gp)) its expression. If we set g = > gp, we see that the pair (g_,
p<0
(gp)p<0) or precisely (g—,(g— N gp)) gives a (truncated) graded subalgebra of &, which we

denote by &_. Then & is said to be transitive, if the following conditions are satisfied:

(i) &_is a FGLA,
(ii) Ifp=20, X €gp, and [X,g_] = {0}, then X = 0.

If & is transitive, &_ will be called the truncated FGLA of &.
Now, let T be a FGLA. We shall show that there is naturally associated to T a graded
Lie algebra & which satisfies the following conditions:

(a) & is transitive,

(b) &6 =7,

(¢) & is maximum among the graded Lie algebras satisfying conditions (a) and (b).
Namely, let & be any graded Lie algebra satisfying these conditions. Then & is natu-
rally imbedded in ®.

Let (t,(gp)p<0) be the expression of T. For all p < 0 we set g, = gp. Forall p =2 0
let us now define vector space g, inductively as follows: First of all we defined gop to be the
derivation algebra Der(¥) of €. k being a positive integer, suppose that we have defined g,

for all 0 < p < k so that g, are subspaces of q, = > Hom(g,,§r+p) C Hom(t, > Gryp)-
r<0 r<0
Then we define g to be the subspace of qx = > Hom(g,, §,+%) which consists of all X € qi
r<0
satisfying the following equalities:

Xp(Yr)(Zs) = Xi(Zs)(Yr) = Xi([Yr, Zs]),
where Y, € g, Zs € gs, 7,5 < 0, and we promise that

Xp(Yr)(Zs) = [Xi(Yr), Zs], ifr+k <O0;

Xi(Zs)(Yy) = [Xk(Zs),Y,], ifs+k<O.

Thus we have completed our inductive definition. Set g = ) g,. Then we easily see that
PEL
there is a unique bracket operation [, ] in g having the following properties: (i) The pair

(9,(gp)) defines a graded Lie algebra, say &, with respect to this bracket operation, (ii) &
satisfies condition (b), and (iii) [X,Y,] = Xi(Y;) for all X € gx, Y, € g, and all k = 0,
r < 0. Moreover it is clear that & satisfies conditions (a) and (c).

The graded Lie algebra (;5, thus defined, is called the prolongation of €. We remark that

there is a unique element E in the center of go such that [E, X] = pX for all X € g, and all
p.
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Now, let go be a subalgebra of go. For all p = 1 we define subspaces g, of g, inductively
as follows: k being a positive integer, suppose that we have defined g, for all 0 < p < k. Then
g is defined to be the subspace of g which consists of all X}, € g such that [Xy, g,] C gkir

for all » < 0. If we put g = ) g,, we call easily verify that the pair (g, (g,)) defines a graded
pEZL

subalgebra, say &, of ®.

The graded Lie algebra &, thus defined, is called the prolongation of the pair (¥, go).

We shall now recall a proposition concerning the finite dimensionality of a transitive
graded Lie algebra.

Let & be a transitive graded Lie algebra, and (g, (gp)) its expression. At the outset we
remark that the condition “p 2 0, X € g, and [X, g—1] = {0}” implies X = 0. In particular
we know that the natural representation of the Lie algebra gg on g_; is faithful, and hence gg
may be naturally identified with a subalgebra of gl(g_1), the Lie algebra of all endomorphisms
of g-1.

For each p 2 0 we now define a subspace h,(®) or b, of g, by

hp={X €g,|[X,g;] ={0} forallj= -2}

Clearly b is an ideal of gy, and hence it may be identified with a subalgebra of gl(g_1).
Moreover it is clear that the subspaces b, satisfy the following conditions: (i) [hp, g—1] C bp—1,
where we promise that h_; = g_1, (i) [X,Y], Z] = [[X,Z],Y] forall X e h,and Y, Z € g_1,
and (iii) the condition “p =2 0, X € b, and [X, g—1] = {0}” implies X = 0. Hence it follows
that for each p > 0, b, may be naturally identified with a subspace of the p-th prolongation
b(()p ) of the subalgebra b of gl(g_1) and also with a subspace of the first prolongation of h,_1.
These being observed, we state the following

Proposition 1.6 (Corollary 1 to Theorem 11.1 in [18]). The Lie algebra g is of finite di-
mension, if and only if by vanishes for some k = 0, and hence b, vanish for all p 2 k.

We now make some comments in connection with this proposition. Assume that & is
the prolongation of the pair (&_,go), &_ being the truncated FGLA of &. From the very

definition of the prolongation it follows that b, just coincides with the p-th prolongation f)ép Jof
ho for each p = 0.
By the proposition we therefore see that g is of finite dimension, if and only if the subal-

gebra b of gl(g_1) is of finite type, i.e., hék) vanishes for some k = 0 (Corollary 2 to Theorem
11.1 loc. cit.). Furthermore assume that go = Der(®_) or equivalently & is the prolongation
of &_. Then it can be shown that if &_ is degenerate or not non-degenerate, then g is of
infinite dimension. (cf. the proof of (2) of Proposition 2.8).

Remark . Let T be a FGLA, and (t, (gp)p<0) its expression. Let E be a graded (left) -

module. Namely F is a pair formed by a t-module E and a family (E),),cz of subspaces of

E which satisfy the following conditions: (i) dim E, < oo, (ii) E = ) E, (direct sum), and
P

(iii) g, - Ep C Eryp. We define a subspace H of E by
H={acE|X -a=0 forall X €g,andallp=—-2}.
Clearly we have H = ) H,,, where H, = H N E,. Then Theorem 11.1 cited above may be
P

restated as follows:

Theorem. Assume that E, vanishes for any sufficiently small p. Then E is of finite dimen-
sion, if and only if H is of finite dimension.
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We observe that Proposition 1.6 really follows from this theorem, because & becomes
naturally a graded &_-module.

Our original proof of Theorem 11.1 made use of the characterization due to Serre of an
involutive module in terms of the Spencer cohomology groups (cf. Guillemin and Sternberg
[8]). In his unpublished paper [13] Naruki gave an elementary proof of the theorem just
stated which is based on the structure theorem for modules over PID only.

1.6. A general prolongation theorem for G(ﬂ)—structures of type . Let ¥ be a FGLA.
Let Gy be a Lie subgroup of Aut(¥), and g¢ its Lie algebra, being a subalgebra of Der(¥).
Let & be the prolongation of the pair (T, gg), and g its underlying Lie algebra.

Theorem 1.7. Assume that Gy is connected, and that g is of finite dimension.

(1) Let Q be any Gg—structure of type T on a manifold R. Then there is canonically
associated to QQ a pair (P,w) as follows: P is a fibred manifold over R, and w is a
g-valued 1-form on P and gives an absolute parallelism on it. The pair (P,w) is called
the prolongation of Q.

(2) Let Q and Q' be Gg—structures of type T on manifolds R and R, and let (P,w) and
(P’ ') be their prolongations, respectively. If ¢ is an isomorphism of Q to Q', then
there is a unique isomorphism ¢ of (P,w) to (P',w') as manifolds with absolute par-
allelism such that ' o o = @ o, where ™ and ©' are the projections of P and P’
onto R and R respectively. Conversely if 1 is an isomorphism of (P,w) to (P',w') as
manifolds with absolute parallelism, there is a unique isomorphism ¢ of Q to Q' such

that ¥ = @.
This theorem follows immediately from Theorem 8.3 in [1&] (see also the proof of Theorem
8.4 there).

The notations being as in the outset, assume that g is of finite dimension. (We do not
assume that Gy is connected!) Let @ be a Gg—structure of type ¥ on a manifold R, and let
us consider the automorphism group Aut(Q) of @ as well as the sheaf a(Q) of germs of local
infinitesimal automorphisms of ). Then, in view of Theorem 1.7 combined with Palais [14]
we have the following

Corollary. (1) Each stalk a(Q), of a(Q) is of finite dimension, and dima(Q), < dimg.
(2) Aut(Q) becomes naturally a Lie group, and dim Aut(Q) < dim g.

§2. Equivalence problem for almost pseudo-product manifolds

2.1. Almost pseudo-product manifolds and pseudo-product FGLA’s. An almost
pseudo-product structure on a manifold R is a pair formed by differential systems E and F
on R which satisfy the following conditions:

(1) ENF =0, and hence the sum E + F' gives a differential system, say D, on R,
(2) For any local cross sections X and Y of E or of F' the bracket [X, Y] gives a local cross
section of D.

Then an almost pseudo-product manifold is a manifold R equipped with an almost pseudo-
product structure (E, F') or the triplet (R, E, F).

Let R be an almost pseudo-product manifold, and (R, E, F) its expression. Then R is
said to be integrable, if both E and F' are completely integrable. Clearly an integrable almost
pseudo-product manifold means a pseudo-product manifold.

Let us consider the torsion 7y, of D at any z € R. Then we can easily prove the following
lemma (cf. the proof of Lemma 3.3 in Chapter I.)
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Lemma 2.1. 7,(X,Y) = 0 for any vectors X and Y in E(x) or in F(x). In other words
both E(x) and F(x) are integral elements of D at x.

Assuming that D # 0, and D is regular, let us now consider the symbol algebra ¥(x) of
D at z, and let (t(x), (gp(x))p<0) be its expression. Clearly we have

g-1(z) = E(z) + F(x) (direct sum),
and Lemma 2.1 may be restated as follows:
[E(z), E(z)] = [F(x), F(z)] = {0}

This being said, let T be a FGLA, and (t, (g,)p<0) its expression. Let ¢ and f be subspaces
of g_1. Then the triplet (T, e, ) is called a pseudo-product FGLA, if it satisfies the following
conditions:

(i) g-1=e¢+f (direct sum),

(i) [e,e] = [}, ] = {0}.

A pseudo-product FGLA will be denoted in principle by a capital Germanic letter, e.g.,
£, and then the triplet will be called the expression of £.

Let £ and £’ be two pseudo-product FGLA’s, and (¥, ¢, f) and (T, ¢/, ') their expressions.
By an isomorphism of £ to £ we mean an isomorphism of T to ¥’ which sends ¢ onto ¢’ and
f onto .

Let £ be as above. Then £ is said to be of the u-th kind, if T is of the u-th kind. It is
also said to be non-degenerate, if ¥ is non-degenerate.

Now, consider an almost pseudo-product manifold R, and assume that D # 0, and D
is regular. Let = be any point of R. Then we see from the remark above that the triplet
(¥(x), E(x), F(z)) defines a pseudo-product FGLA, which we denote by £(z), and call the
symbol algebra of R at x.

Finally let £ be a pseudo-product FGLA. Then R is said to be of type £, if the following
conditions are satisfied:

(a) £(x) 2 £ at each z € R,
(b) dim R = dim t, t being the underlying Lie algebra of £.

We remark that if R is a pseudo-product manifold of type £, and £ is non-degenerate,
then R is a generalized pseudo-projective system.

2.2. Almost pseudo-projective systems, and pseudo-projective FGLA’s. Let (n,r)
be a pair of integers with 1 < r < n — 1. Let R be an almost pseudo-product manifold, and
(R, E, F) its expression. Then R is called an almost pseudo-projective system (of order 2) of
bidegree (n,r), if the following conditions are satisfied:

(1) D(= E + F) is non-degenerate,
(2) dimR=n+r(n—r), rank E =r, and rank F' =r(n — ).
Clearly an integrable almost pseudo-projective system means a pseudo-projective system.

Lemma 2.2. If R is an almost pseudo-projective system of bidegree (n,r), then the first
derived system of D coincides with T(R), and hence D is regular.

Proof. Let z be any point of R, and let us consider the torsion ~, of D at . Then we have the
following: (i) D(z) = E(z) 4+ F(z) (direct sum), (i) v.(E(z), E(x)) = v (F(x), F(z)) = {0}
(Lemma 2.1), (iii) 7, is non-degenerate, and (iv) dim E(z) = r, dim F'(x) = r(n — r), and
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dim(T(z)/D(z)) = n — r, where T = T(R). We define a linear map Y ~— Y of F(x) to
Hom(E(x), T(x)/D(x)) by

Y(X) =%, X), X e EB(@)

Then we easily see from the remark above that the linear map Y +— Y maps F(z) isomor-
phically onto Hom(FE(z),T(z)/D(x)). Hence we obtain

T(x)/D(x) = 12(E(z), F(x)) = 72(D(x), D(x)),

which clearly implies the lemma. O

Let £ be a pseudo-product FGLA, and (¥, e¢,f) its expression. Let (t,(gp)p<o0) be the
expression of T. Then £ is called a pseudo-projective FGLA of bidegree (n, ), if the following
conditions are satisfied:

(i) £ is of the second kind, and hence t = g_o + g_1,
(ii) £ is non-degenerate, which means that the condition “X € e, [X,f] = {0}” or “X € §,
[X,¢] = {0}” implies X =0,
(ili) dimg_g=n—r,dime =7, and dimf=1r(n —r).

If R is an almost pseudo-projective system of bidegree (n,r), we see from Lemma 2.2
together with its proof that the symbol algebra £(z) of R at any x € R is a pseudo-projective
FGLA of bidegree (n,r).

Proposition 2.3. There is a unique pseudo-projective FGLA of bidegree (n,r) except for
isomorphisms.

Proof. Let £ be a pseudo-projective FGLA of bidegree (n, 7). We define a linear map ¥ — Y
of f to Hom(e, g—2) by
Y(X)=[V,X], Xee

Then we see that the linear map Y +— Y maps f isomorphically onto Hom(e, g_») (cf. the
proof of Lemma 2.2). In view of this fact we can easily obtain the proposition. g

By Proposition 2.3 we have the following

Proposition 2.4. Let £ be a pseudo-projective FGLA of bidegree (n,r), and let R be an
almost pseudo-product manifold. Then R is an almost pseudo-projective system of bidegree
(n,r), if and only if it is of type £.

As an application of the symbol algebra of an almost pseudo-projective system we shall
prove the following

Proposition 2.5. Let R be an almost pseudo-projective system of bidegree (n,r), and (R, E,
F) its expression. Let x be any point of R. If n —r = 2, then F(zx) is a unique r(n — r)-
dimensional integral element of the system D(= E + F) at x.

Before proceeding to the proof we shall explain some consequences of the proposition.

First of all we know that if n—r = 2, the system F is naturally associated with the system
D or it is a covariant system of D in Cartan’s terminology. More in detail it can be shown
that F' can be naturally constructed from D by rational operations and differentiations. (The
exact meanings of these operations will be clarified in Part II.) Clearly this fact implies the
following
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Corollary 1 (cf. Bécklund [1] and Yamaguchi [23]). Consider the Grassmann bundle
J(M,r) over an n-dimensional manifold M. If n —r = 2, then the vertical tangent bun-
dle V of J(M,r) is naturally associated with the contact system C of J(M,r).

Next, let X be a pseudo-projective structure of bidegree (n,r) on a manifold M. Let R
be the associated pseudo-projective system of bidegree (n,r), and (R, E, F) its expression.
Assuming condition (D.1) in §3.6 of Chapter I, let us consider the dual X* of X. We recall
that X'* is a generalized pseudo-projective structure of bidegree ((r + 1)(n — r),r(n — r)),
on the manifold N(= R/FE), and is expressed by (k.(E), k«(F')), where £ is the immersion
of R to J(N,r(n — r)) associated with the dual R* of R. Now, the proposition implies the
following

Corollary 2. If n —r 2 2, then the system X* of differential equations of the second order
is the prolongation of the system k(R) of differential equations of the first order.

For the definition of the prolongation of a system of differential equations see [7] and [22].

Proof of Proposition 2.5. Let x be any point of R, and let us consider the symbol algebra
£(z) or (2(z), E(x), F(x)) of R at z. For simplicity set g, = gp(z), ¢ = E(x), and § = F(x).
Now, assume that n—r = 2, and let z be any r(n —r)-dimensional integral element of D at x,
meaning that z is an r(n — r)-dimensional subspace of g_; such that [z, z] = {0}. We take a
complementary subspace ¢’ of ¢z in ¢, and define a linear map X — X of z to Hom(¢/, g_2)
by
X(Y)=[X,Y], Yecd.
Then we easily see that the kernel of the linear map X +— X is ¢ N z. Hence we obtain
dim 2z < dim(e N z) + dime’ - dim g_o,

whence (n —r — 1)dim(e N 2z) < 0. Since n —r = 2, it follows that ¢ N z = {0}, and hence
g—1 = ¢+ z (direct sum). Therefore we can find a unique linear map ¢ of f to ¢ such that

2={$(X)+X| X ef}.

Now, we take bases (e;) of ¢ and (d,) of g_o. Here and in the following the indices 4, j, k range
over the integers 1,...,r, and the indices a, b, ¢ over the integers 1,...,n — r. Then we see
from the proof of Proposition 2.3 that there is a unique basis (%) of f such that [}, e;] = 5§da.
Hence ¢ may be expressed as follows:

¢(€Z) = Z ¢Zk€k~

k
Since [z,2] = {0}, we have [ QS(eZ)] + [¢(eé),eg] = 0, whence gbgida —.d.ljdb = 0. Since

a’
n—r 2> 2, we may take different indices a and b, and therefore we obtain ¢§ = 0, i.e., ¢ = 0.!

We have thus shown that z = f = F(x), proving the proposition. O

2.3. Almost pseudo-product manifolds of type £ and Aut(,ﬁ)ﬁ—structures of type
T. In this paragraph £ will be a fixed pseudo-product FGLA, (%, ¢,f) its expression, and
(t, (gp)p<0) be the expression of T.

Let R be an almost pseudo-product manifold of type £, and (R, E, F) its expression.
Clearly the system D(= E + F) is of type ¥, and we apply the argument in §1.3 to this
system. Let us consider the symbol algebra £(z) or (T(z), E(x), F(z)) of R at any x € R.
Then we denote by F(R,£) the subset of F(R,D,¥) consisting of all z € F(R, D,¥) such
that Z give isomorphisms of £ to £(z), where z = 7(2).

1Editor’s note: We here slightly modify the proof.
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We shall show that F'(R, £) gives a differentiable reduction of F(R,D,¥) to the group
Aut(£)F, where Aut(£) is the automorphism group of £.

Let S newly denote the set of all the pairs ¢’ and ' of g_; such that g_; = ¢’ +§ (direct
sum), which becomes naturally a real analytic manifold. The group Aut(%)* acts on S by
the following rule:

(¢, 1) = (¢(a) ' (@)1, (¢,F) €5, a € Aut(T)%.
Then we define a map ® of F(R,D,%T) to S by
O(z) = (57 B(2),5" - F(z)), =€ F(R,D,%),

where z = 7(z). Now, the pair of the subspaces ¢ and f of g_; gives a point of S. Clearly
Aut(£)* is the isotropy group of Aut(%)* at the point (e,f) € S. Since R is of type £, it
follows that the image of F(R, D,T) by ® is in the Aut(T)*orbit through (e, f), and further
that F'(R, £) is the inverse image of (e, f) by ®. By Lemma A.3 we have therefore shown that
F(R, £) really gives a differentiable reduction of F(R, D, %) to the group Aut(£)* .

We remark that the construction above of F(R,£) uses the inverse function theorem
similarly to the construction of F/(R, D,¥) in §1.3. However, consider the special case where
£ is a pseudo-projective FGLA. Then it is clear that F(R, £) as well as F(R, D, %) can be
constructed by rational operations and differentiations.

We denote by 7 the projection of F'(R,£) onto R, and by £ the basic form of F(R,£).
We also denote by 7, (resp. by £7,) the e- (resp. §-) component of £_; with respect to the
decomposition g_1 = ¢ 4+ f.

Proposition 2.6. F(R,£) is of type T. Furthermore the system 7, '(E) is defined by the
system of Pfaffian equations £ = &, =0 (j < —2), and the system 7, (F) by the system of
Pfaffian equations & = £, =0 (j £ —2).

Proof. The first assertion is clear. The proof of the second assertion is quite similar to that
of (1) of Proposition 1.3. O

Now, let @ be any Aut(£)f-structure of type T on a manifold R. Let 7 be the projection
of @ onto R, and £ the basic form of Q). As before the g_i-valued 1-form £_; is decomposed
as follows: €1 =&, +&7,.

Proposition 2.7. (1) There are unique differential systems E and F on R such that
7, Y(E) is defined by the system of Pfaffian equations & = £, =0 (j £ —2), and
7 Y(F) by the system of Pfaffian equations & = £, =0 (j < —2).
(2) The triplet (R, E, F) defines an almost pseudo-product manifold, say R, of type L.
(3) Q@ = F(R,L). Furthermore R is a unique almost pseudo-product manifold of type £
having this property.
The manifold R will be called associated with Q.

Proof. The proof of (1) is quite similar to that of (1) of Proposition 1.5. Let us prove (2)
and (3). We first remark that @ gives a reduction of F(R, D, %) to the group Aut(£)* (by (3)
of Proposition 1.5), where D is the differential system of type ¥ associated with Q). Now, for
our purpose we may assume that @ is trivial. Take a cross section g of ), and set a = g*¢,
ap = g*&p, and aF, = g*¢%,. Let (DP) be the family of derived systems of D. Then it is
clear that DP is defined by the system of Pfaffian equations o; = 0 (j < p), £ by the system
of Pfaffian equations a; = a_; = 0 (j = —2), and F by the system of Pfaffian equations
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aj=at; =0 (j £ —2). Clearly we have D = E + F (direct sum). Since @ is of type T, we
obtain

1
dOép+ 5 Z [OLT,OZS] 07

r+s=p P

where = is considered with respect to a. Let x be any point of R, and let X and Y be any
P

local cross sections of E or of F' defined on a neighborhood of x. Then it follows that

ap([X,Y]) =0 (p<-2),
a—o([X,Y]) = [a—1(X), a1 (Y)]
= o5 (X), a2 ()] + [aZ;(X),aZ4 (Y)] =0,

showing that [X,Y] gives a cross section of D. Consequently we have shown that the pair
(E, F) gives an almost pseudo-product structure on R. Let x be any point of R, and set
z = g(x). Since z-a(X) = X for all X € T, (R), it follows that z-¢ = E(x) and z-f = F(x).
Therefore Z gives an isomorphism of £ to the symbol algebra £(x) of R at x, and hence R
is of type £, proving (2). This proof simultaneously indicates that g gives a cross section
of F(R,£), and hence @ = F(R,£). Furthermore the uniqueness assertion in (3) follows
immediately from (1) and Proposition 2.6, proving (3). O

2.4. Finiteness for the geometry of almost pseudo-product manifolds of type £.
Let & be a transitive graded Lie algebra, and (g, (gp)) its expression. We denote by T the

truncated FGLA, &_, of &, which is thus expressed by (t, (gp)p<0), where t = g_ = > g,.
p<0
Let ¢ and § be subspaces of g_;. Then the triplet (&,e¢,§) is called a pseudo-product graded

Lie algebra, if the following conditions are satisfied:

(i) The triplet (¥, e,f) defines a pseudo-product FGLA, say £,
(ii) go leaves each of ¢ and f invariant, i.e., [go,¢] C ¢, and [go, f] C .

The pseudo-product FGLA, £, will be called the truncated pseudo-product FGLA of
the pseudo-product graded Lie algebra (&,e,f). Furthermore the algebra (&,e,f) will be
sometimes confounded with the underlying graded Lie algebra &, and then the pair (e, f) will
be called the pseudo-product structure of &.

Let £ be a pseudo-product FGLA, and (%, ¢, f) its expression. Let us consider the deriva-
tion algebra Der(£) of £, i.e., the subalgebra of Der(¥) consisting of all X € Der(¥) which
leave each of ¢ and f invariant. Then the prolongation, say &, of the pair (¥, Der(£)) is called
the prolongation of £. Clearly the triplet (&, ¢, f) gives a pseudo-product graded Lie algebra.
Conversely if (&, ¢, f) is a pseudo-product graded Lie algebra, & becomes naturally a graded
subalgebra of the prolongation of the truncated pseudo-product FGLA, £, of (&, ¢, ).

Let (B, ¢, f) be a pseudo-product graded Lie algebra. We preserve the notations as in the
definition above.

Proposition 2.8 (cf. Corollary 3 to Theorem 11.1 in [18]). (1) If £ is non-degenerate, the
Lie algebra g is of finite dimension.
(2) Assume that & is the prolongation of £. Then g is of finite dimension, if and only if
£ is non-degenerale.

Proof. (1) Let us consider the subalgebra hy = ho(®) of gl(g—1) (see §1.5). By Proposition
1.6 it suffices to show that the first prolongation h[()l) of o vanishes. Recall that f)(()l) is the
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vector space of all linear maps A of g_; to hg such that A(X)Y = A(Y)X for all X,Y € g_;.
Now, we define an endomorphism J of g_; by

JX =X for X ece, and JX =-X for X €.

Clearly J2X = X, and [JX,JY] = —[X,Y] for all X,Y € g_1. We also define a bilinear map
(X,Y) = (X,Y) of g_1 X g1 to g—2 by

(X,Y)=[JX,Y], X,Yeg_i.

Then, taking account of the assumption that £ or ¥ is non-degenerate, we easily have the
following: (i) (-, -) is symmetric, i.e., (X,Y) = (Y, X), (ii) (-, -) is non-degenerate, i.e.,
the condition “X € g_; and (X,g_1) = {0}” implies X = 0, and (iii) every A € hg is skew-
symmetric with respect to (-, -), i.e., (AX,Y)+ (X, AY) =0 for all X, Y € g_;. Therefore it
follows that h(()l) vanishes, which compares with the well known fact that the first prolongation
o(n)( of the orthogonal Lie algebra o(n) vanishes. We have thus proved (1).

(2) Suppose that & is the prolongation of £, and that £ or ¥ is degenerate. We define a
subspace n of g_1 by

n={Xeg|[X,g1]={0}}
Clearly n =nne+nnNf# {0} (cf. Lemma 3.3 in Chapter I). We also define a subspace £
of gl(g—1) by
to={Acglg_1) | AeCnne, AfCunf}.

Clearly ¢ is an ideal of hy C gl(g—1), and is of infinite type, i.e., the k-th prolongation Eék)
of €y does not vanish for each k& = 0. Since Eék) - f)ék) = hi(®), it follows that g is of infinite
dimension. Now, (2) follows immediately from this fact and (1). We have thereby completed
the proof of the proposition. O

Finally let £ be a pseudo-product FGLA, and assume that it is non-degenerate. Let &
be the prolongation of £, and let Gy be the connected component of Aut(£) containing the
identity element. By Proposition 2.8 the underlying Lie algebra g of & is of finite dimension.
Therefore we may apply Theorem 1.7 to the Gg—structures of type T. In view of Proposi-
tion 2.6 this application indicates the finiteness for the geometry of almost pseudo-product
manifold of type £.

Let R be an almost pseudo-product manifold of type £. Let us consider the automorphism
group Aut(R) of R as well as the sheaf a(R) of germs of local infinitesimal automorphisms of
R. As a concrete proof of the finiteness stated above we then have the following proposition,
which is nothing but a consequence of Corollary to Theorem 1.7.

Proposition 2.9. (1) FEach stalk a(R), of a(R) is of finite dimension, and dima(R),
< dim g.
(2) Aut(R) becomes naturally a Lie group, and dim Aut(R) < dim g.
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Appendix A. Completely integrable differential systems with singularities and
some differentiability lemmas

A.1. Completely integrable differential systems with singularities. In this para-
graph everything will be discussed in the real analytic category. Let M be a manifold. Let
us consider the sheaf O of rings of germs of local functions on M, and the sheaf 7 of Lie
algebras of germs of local vector fields on M. 7T is a module over O or an O-module. In
this appendix a differential system on M means an O-submodule £ of T which satisfies the
following conditions : For each p € M there is a finite or infinite system (X,) of local cross
sections of £ defined on a common neighborhood O of p such that the restriction of £ to O
is generated by the cross sections X,. Such a system (X,) will be called a system of local
generators of £. The notion of a differential system just introduced is a formulation of the
ambiguous notion of a differential system possibly with singularities. A differential system £
on M is said to be completely integrable, if each stalk £(p) is a subalgebra of the Lie algebra
T(p)-

Let £ be a completely integrable system on M. For each p € M we define a subspace

E(p) of T,,(M) by

B(p) = {X,| X € £(n) .
Then a connected submanifold NV of M is called an integral manifold of £ or of E, if T,,(N) =
E(p) for each p € N. By Theorem 1 of Nagano [12] we know that through every point p of
M there passes a unique maximal integral manifold N of £, and hence M is expressed as the
disjoint union of maximal integral manifolds of £.

Let £ be as above, and let N be a submanifold of M such that each connected component
of the manifold N is a maximal integral manifold of £. We denote by Z the ideal of the closure
of N, which is the subsheaf of ideals of O defined as follows: Z = | JZ(p), and Z(p) is the

P

ideal of O(p) consisting of all the germs € O(p) which are represented by local functions f,
defined on neighborhoods O of p in M, that vanish on the intersections O N N. It is clear
that if f is a local cross section of Z, and if X is a local cross section of £, then X f is a local
cross section of 7.

For each p € N we now define a subspace A(p) of T,;(M) by

Alp) ={(df)p | f€Z(p)}.

Let I'y be the pseudo-group of local transformations of M generated by £ (cf. the proof of
Lemma 1.3 in Chapter I). Then we easily see that I'y leaves each connected component of N
invariant, and acts transitively on it. It follows that dim A(p) is constant on each connected
component of N. Furthermore let I' be a pseudo-group of local transformations of M. Then
it follows similarly that if I" leaves N invariant, and acts transitively on it, then dim A(p) is
constant on the whole of V. These being observed, let us consider the following condition on
N:

() dim A(p) is constant on the whole of N.

Lemma A.1. Let £ be a completely integrable system on M, and let N be a submanifold of
M such that each connected component of the manifold N is a mazimal integral manifold of £.
Assume that N satisfies condition (x). Then, for each point py of N there are a neighborhood
U of po and an imbedded submanifold V of U which satisfies the following conditions:

() UNNCYV,

(ii) E(p) CTp(V) for eachp eV,
(iii) dim E(p) = dim N for eachp € V.
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Proof. We set k = dim A(py), and take k local functions 2 € Z(pg) such that the differentials
(dz"),, form a basis of A(pg). Then we assert that every local function f € Z(py) may be
expressed as a function of (z) on some neighborhood of py in M. Indeed we take n — k local
functions 7 € O(pg) such that the n local functions ¢ and ¢/ form a coordinate system of M
at po. Now, let O be a sufficiently small neighborhood of pg in M. Then, for each p € ONN

we have

(@), = 3 G0y + 3 5 0) )y
i J

Since (df), € A(p), and since (dz'), form a basis of A(p), it follows that (9f/0y?)(p) = 0,
showing that the derivatives 0 f /0y’ are local cross sections of Z. Therefore we see that all the
derivatives 9% f /Oyt - - - Oy’ give local cross sections of Z, whence (9% f/dy’t - - - OyI=)(po) =
0. We have thus shown that f may be expressed as a function of (%) on some neighborhood

of pg in M, proving our assertion.
We set dim N = r, and define a subset A of M by

A={peM|[dmE({)=r},

which clearly contains N. We easily see that there is a system (fy) of local functions defined
on a neighborhood O1 of pg in M such that the intersection O1N A is defined by the system of
equations f) = 0. Let us also consider a system (X,,) of local generators of the O-module &
defined on a neighborhood O3 of pg in M. Let U be a cubic neighborhood of pg with respect to
the coordinate system (%, y7) such that U C O1NOs, and such that dim E(p) = dim E(pg) = r
for each p € U N A. We denote by V the slice of U defined by V = {p € U | 2*(p) = 0}.
Clearly we have UN N C V. Since N C A, f) give local cross sections of Z, and hence they
may be expressed as functions of (2?) on some neighborhood of pg in M. Therefore it follows
that f) vanish on some neighborhood of py in V' and hence on the whole of V', showing that
V C A. Similarly X,2! vanish on the whole of V', because they give local cross sections of Z.
This means that X, are tangent to V, whence E(p) C T),(V) for each p € V. Since V C U,
we have dim E(p) = r for each p € V.

We have thus completed the proof of the lemma. O

A.2. Some differentiability lemmas.

Lemma A.2. Let £ and N be as in Lemma A.1, and assume that the submanifold N of M
satisfies condition (x) as well as the second axiom of countability. Let ¢ be a differentiable
map of a differentiable manifold B to M such that the image of B by ¢ is in N. Then the
map @, regarded as a map of B to N, is differentiable.

Proof. Take any point by of B, and set pg = ¢(bg), being a point of N. We apply Lemma
A.1 to the collection {€, N,po}. If we set E' = |J E(p), it follows from that lemma that E’
peV
is a subbundle of T'(V') and is completely integrable, and that each connected component of
the open submanifold U N N of the manifold N is a maximal integral manifold of E’. Now,
let O be a connected neighborhood of by such that ¢(O) C U. Then ¢(O) CUNN C V,
and the restriction of ¢ to O, regarded as a map of O to V, is differentiable. Since the open
submanifold U N NV satisfies the second axiom of countability, we have therefore seen that the
restriction of ¢ to O, regarded as a map of O to U N N, is differentiable (cf. Chevalley [5]),
proving the lemma. O

Let P be a differentiable principal fibre bundle over a manifold M with structure group
G. Let S be a real analytic manifold, and assume that the Lie group G acts real analytically
on S (on the right) by the rule (s,a) — s%, where s € S, and a € G. Furthermore let @ be a
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differentiable map of P to S which is G-equivariant: @(za) = ¢(2)® for all z € P and a € G.
Then we have the following

Lemma A.3. Let sg be a point of S, and assume that the image of P by @ is in the G-orbit
through sg. Denote by Q) the inverse image of so by @, and by H the isotropy group of G at
so. Then Q gives a differentiable reduction of the principal fibre bundle P to the group H.

Proof. Let 7 be the projection of P onto M. Then the group H acts freely on the set @ in
a natural fashion, m maps @ onto M, and two points z and 2’ of ) are in the same fibre, i.e,
7(z) = w(2'), if and only if 2’ = za for some a € G. Therefore to prove the lemma, it suffices
to show that for each point pg € M there is a differentiable local cross section g of P defined
on a neighborhood O of pg such that the image of O by ¢ is in Q.

Let us consider the Lie algebra, say g, of real analytic vector fields on S which is naturally
induced by the action of G on S (cf. the Lie algebra consisting of all the vertical vector fields
A* on a principal fibre bundle P). We denote by £ the real analytic differential system on S
generated by g, which is completely integrable. Now, let Sy denote the G-orbit through sq.
Then the map a — 5871 of G to Sy naturally induces a bijection, say ¢, of G/H onto Sy, and
So becomes a real analytic submanifold of S so that ¢ gives a real analytic homeomorphism
of G/H onto Sp. Furthermore we know that each connected component of the manifold Sy
is a maximal integral manifold of £, and that the submanifold Sy of S satisfies condition (%)
as well as the second axiom of countability. (Note that a Lie group is assumed to satisfy
condition (x).) Therefore it follows from Lemma A.2 that the map &, regarded as a map of
P to Sy, is differentiable.

Let us now recall that G may be considered as a principal fibre bundle over G/H with
structure group H, and take a local cross section ¢ of this bundle defined on a neighborhood
V of the origin of G/H. Let py be any point of M, and take a local cross section ¢’ of P
defined on a neighborhood O of py such that the image of O by @ o ¢ is in the image (V') of
V by ¢. We then define a map g of O to P by

9lp)=g'(p)-o(u), peo,
where v € V, and «(u) = @(¢'(p)). Then we see that g gives a differentiable cross section of
P. Since sg = t(u)™, we also see that #(g(p)) = so, showing that the image of O by g is in
Q.
We have thus proved the lemma. We remark that the construction above of ) uses the
inverse function theorem. O



CHAPTER III

Projective graded Lie algebras

81. Preliminaries: Simple graded Lie algebras

1.1. Simple graded Lie algebras.
& ={g,(gp)}, (SGLA1), (SGLA2)

M = {m, (gp)p<o}

( , ) Killing form of g
Proposition 1.1. (1) (gp,94) =0 ifp+qg#0.
)
Proposition 1.2. FE
go C Der(9M), & & (9M,go) D prolongation d graded subalgebra
Proposition 1.3. ¢

Let & be a graded Lie algebra, and (g, (gp)) its expression. Let us denote by ¥ the
truncated graded subalgebra &_ of &, which is thus expressed by (t,(gp)p<0), where t =

g— = ) gp- Then & is called a simple graded Lie algebra or briefly a SGLA, if the following
p<0
conditions are satisfied:

1) dimg < oo and the Lie algebra g is simple;
2) % is a FGLA.
A simple graded Lie algebra & is called of the p-th kind, if the FGLA, ¥, is of the u-th
kind.
In the following we shall consider a fixed simple graded Lie algebra &. We preserve the
notation as above.
1.2. The homogeneous spaces G/G(.
Aut(g),
G07 G(0)7
k: GO Go
Proposition 1.4. G = Gy -expg - - exp Oy

p=>1, G
p: GO = GL(m)
p: g = gi(m)
Proposition 1.5. G faithful on g_1
Proposition 1.6. Kerp = G = exp Ou
Proposition 1.7. G effective on G/G©)
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Let & = {g,(gp)} be a simple graded Lie algebra, and let us consider the associated

filtered Lie algebra F(&) = {g, (g }.
For any subspace h of g we define subspaces Ph and Qb of g as follows

Ph={X eg|(X,h) =0},
Qh={X €g?|[X,p] g}

Lemma 1.8. Let & be of the u-th kind.
(1) o7 = Pg), 1=psp
(2) g =Qg P, 1<p=yp

(3) gl-rtP = PQ -PQg (PQ p times), 0<p < p. g P =QP---QPQg (QP p

times), 1<p < p.

From (3) of Lemma 1.8 we see that the filtration (g®)) depends only on the pair (g, g(»).

More precisely we have the following

Proposition 1.9. Let &' = {¢, (g;,)} be another simple graded Lie algebra, and let F(®') =

{o/,(@P}. If (9,0'7) = (¢/,g"?), then g'?) = g'®) for all p.
We denote by Aut(g, g(o)) the automorphism group of the pair (g,g(o)), ie

Aut(g, ) = {a € Aut(g) | ag” = gV }.

In other words Aut(g, g(*)) is the normalizer of g(*) in Aut(g).
Corollary 1. Aut(F(®)) = Aut(g, g(?).

Corollary 2. The notations being as in Proposition 1.9, assume that (g,g(o)) =

Then there is a € Aut(g, g*)) such that ag, = g, for all p.

1.3. The operators 9 and 9*.
C1®), 0

(Oc)(Xi N ANXgg1) =
(, ) inner product
o
(0% c) (X1 A NXy) =
A =00+ 00"
HY(®)

C1(&) = HI(®) + ACY(®8)
Go on C1(®&)
Proposition 1.10. (9¢)® = 9(c*), (9*c)* = 9*(c).
GO on CU(®)
Proposition 1.11. (9%*c)* = 9*(c).
g on C9(®)

(¢/,9'©).
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1.4. The spaces CP9(&).
AY(m), A

gOAI(m*) =) g;® A
i

CP,Q(@) — Z Cf’q, where Cf’q =g;® Ag‘—p—q—i-l'

J
oCP1(®) c cr~hitl(@),
9*CP(®) c crthal(@),
CPIU(®) = HPY(B) + ACPY(®B)

HY(®) => HP(®)

Proposition 1.12. g is the prolongation of (M, gy) <
CP1(®) 1%, Go-invariant
Proposition 1.13. X € g, (r 20), c€ CP4(®) = X € CPT9(B)

§2. Projective graded Lie algebras and the homogeneous spaces G/G(O), G'/A(O)
and G/B(!

2.1. Projective graded Lie algebras. Let £ = {9M;¢,f} be a projective FGLA of type
(n,r), and let M = {m; (gp)p<o}. We first remark that the automorphism group Aut(£) of £
is isomorphic with the product group GL(g_2) x GL(e) through the natural representation
of Aut(£) on the space g_o + ¢ (cf. the proof of Proposition *x), and hence the derivation
algebra Der(£) of £ is isomorphic with the product Lie algebra gl(g_2) x gl(e) through the
corresponding representation of Der(£) on g_o+e¢. Especially in the case where r = 1, Aut(£)
is also isomorphic with the product group GL(¢) x GL(f) through the natural representation
of Aut(£) on the space g1 = ¢ + f, and hence Der(£) is isomorphic with the product Lie
algebra gl(e) x gl(f) through the corresponding representation of Der(£) on g_;.

Let & = {g,(gp)} be the prolongation of £ or of (9, Der(L)), which will be called a
projective graded Lie algebra of type (n,r). By virtue of Proposition 1.2.5, projective graded
Lie algebras of type (n,r) are unique up to isomorphism and hence depend only upon the
pair (n, 7).

A direct calculation of the prolongation yields the following
Proposition 2.1. & is a simple graded Lie algebra of the second kind, and the underlying
Lie algebra g is isomorphic with the simple Lie algebra sl(n + 1,R).

In the next paragraph we shall give a matricial representation of & together with another
proof of the proposition.

We shall now show that to the graded Lie algebra & (or precisely to £) there are associated
two kinds of simple graded Lie algebras of the first kind, 21 and 8.

We have m = g_s + ¢ + f (direct sum), and then we define a linear endomorphism J of m
by

Jgo=0; JX=X, Xece JX=-X, Xef.
Clearly J is in the centre of gy = Der(£), and
[‘]’ng]:O; [‘]’ [‘LXH:Xv X €9g-1.

HI1.3.4 ® &1 MVicxd 2325,
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Lemma 2.2. [J,[J,X]| =X, X e€gi and[J,g2]=0.

Proof. Let p = 1 or 2. Then it follows from Proposition 2.1 that the condition “X € g,
[X,g-2] = 0” implies X =0 (cf. [31, Lemma 3.2]). Lemma 2.2 follows easily from this fact.
(Another proof also given by the use of Proposition *x). O

Let ¢ =1 or —1. We define subspaces g and g_ by
gf={Xeg|[]X] =X}
Clearly we have gfl =c¢and g_; = f, and it follows from Lemma 2.2 that
g1 =9g7 +9g; (direct sum).
Thus the Lie algebra g is decomposed as follows:
g=g2+0 ,+07 +00 g+ 0
We define subspaces a,, p € Z, of g as follows:
a, =0 ifp<—-1 orp>1,; a,1:g,2—|—gf1;
a=g";+00+0/; a1 =g; +0
and define an element Fy in the centre of gg by
1
2
where E is the element in the centre of gy such that [E, X]| = pX, X € g,. Then using
Lemma 2.2, we easily have

EQl: (E_J)v

[Ey, X] =pX, X €a,
Therefore it follows that 2 = {g, (a,)} is a simple graded Lie algebra of the first kind.
Similarly we define subspaces b, p € Z, of g as follows:

b,=0 ifp<—-1 orp>1; b_1=g2+9 ;
bo=g", +g0+07; bi=g]+0,

and define an element Fgy in the centre of gg by
1

Then we have
[Eg, X] =pX, X €bp,
and hence B = {g, (b,)} becomes a simple graded Lie algebra of the first kind.

Remark. Our discussions above concerning the graded Lie algebras 2 and 8 do not essen-
tially use Proposition 2.1, especially the simplicity of the underlying Lie algebra g, indicating
that the results can be generalized to the cases of any GP FGLA’s of the second kind. Indeed
let £ = {M;e,f} be a GP FGLA of the second kind, and let & = {g, (g,)} be its prolongation.
Then it is shown that there is an element J in the centre of gy such that [J, X] = X, X € ¢,
and [J, X] = —X, X € {, and such that [J,gp] = 0if piseven, and [J,[J, X]] = X, X € g,, if p
is odd. It is also shown that there is an element E in the centre of go such that [E, X] = pX,
X € g,. We now know that the elements Ey = 3(E — J) and Ey = 3(E + J) give rise
to graded Lie algebras 2 = {g, (a,)} and B = {g, (b,)} respectively in the same manner as
above. (Analogous results can be also obtained for suitable GP FGLA’s of the third order.
Such a GP FGLA really appears in the study of single ordinary differential equations of the
third order.)
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2.2. Matricial representations of projective graded Lie algebras. Let m,ry,..., 7k
be positive integers such that vy 4+ --- 4+ ry = m. Then every matrix X in the Lie algebra
g = sl(m,R) may be written in the form:

X1 - Xu
X = )
Xk o Xkk
where X;; are r; x r; matrices. We define subspaces of g,, p € Z, of g by

Then we see that {g, (gp)} is a simple graded Lie algebra of the (k — 1)-th kind, which we
denote by &(ry,...,7rL).

Let n and 7 be integers such that 1 <r <n —1. Puttingry =1, 7o =rand r3=n—r,
we have the graded Lie algebra of the second kind, &(1,r,n — r), and analogously we have
the graded Lie algebras of the first kind, &(1,n) and &(r + 1,n — ). We shall show that
® = &(1,r,n —r) is a projective graded Lie algebra of type (n,r) and the associated graded
Lie algebras 2 and B are given by A = &(1,n) and B =&(r+1,n — 7).

We first remark that, the notations being as above, the subspaces g_s,...,g2 of g =
sl(n + 1,R) are explicitly given as follows:
0 00 0 0 0
g2 = 0 0 0 , g-1—= X21 0 0 s
X311 00 0 X3 0
Xll 0 0 0 X12 0
g0 = 0 Xo O ;o 1= (0 0 Xog| p,
0 0 Xs3 0 0 0
0 0 Xi3
go = 00 O
00 O

We also remark that the element E in the centre of gg is given by
E = (Aidij)1<ij<n+15
2n —r n—r—1 —r—2
s N2 r+1 +1 y Ar+42 n+1 n+1

Let us consider the truncated graded subalgebra 9 = {m, (g,)p<0} of &, where m =

> 8p = g—2+9g-1. Then using Proposition in [+*] we easily see that & is the prolongation of
p<0
(9, go), where gy should be naturally identified with a subalgebra of the derivation algebra

Der(9) of M. We now define two subspaces ¢ and f of g by

where \; =

0 00 0 0 0
e=<|Xn 00|}, §F={[0o 0 o
0 00 0 X3 0

Then it is easy to see that £ = {9M;e,f} is a projective FGLA of type (n,r) and that
go coincides with the derivation algebra Der(£) of £. We have thus shown that & is the
prolongation of £, and hence a projective graded Lie algebra of type (n,r).

We define a matrix J in g by

J = (1i0i5)1<i j<n+15
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—r n+1-—7r AN
S = - = ... = = — en we see
nt1l 2 Hr41 1 y Mr+2 Hn+41 nil

n
that J is in the centre of go and that [J, g2c] = 0 and [J,[J, X]] = X, X € g., where e = 1 or
—1. Furthermore we see that ¢ = g* |, f = g, and

where pu; =

00 O 0 X2 O
g7 =< |0 0 Xu3 ], g, =<0 0 0
00 O 0 0 O
Therefore the subspaces a_1, ap and a; of g are given by
0 00 X1 0 0
a_;p = Xo1 0 O R ap = 0 Xoo  Xog )
X351 0 0 0 X35 Xs3
0 X2 Xi3
a = 0 O 0 ,
0 O 0
and the subspaces b_1, bg and by of g are given by
0 0 O X1 X2 O
b_1 = 0 0 0 ; bp = Xo1 Xoo O ;
X31 X32 O 0 0 Xz
0 0 Xi3
00 O

It is now clear that 2 = &(1,n) and B = &(r+1,n—r). We have thus proved our assertions.

2.3. The homogeneous spaces G/G®, G/A® and G/B(®. In this and the next
paragraphs, we preserve the notations as in 2.1. First of all we remark that every automor-
phism of £ is naturally extensible to an automorphism of &. Thus the automorphism group
Aut(£) of £ may be identified with a subgroup of the automorphism group Aut(®) of &.
Since the derivation algebras Der(£) of £ and Der(®) of & coincide, we know that Aut(£) is
an open subgroup of Aut(®).
Lemma 2.3. (1) If 1 £ r < n—2, then Aut(£) = Aut(8).
(2) Ifr=n—1, then Aut(g)’ N Aut(®) C Aut(£).

This lemma together with Lemma 2.4 below can be easily proved by using the matricial
representation of & given in the previous paragraph.

We define subgroups Go, G(© and G of the automorphism group Aut(g) of the Lie algebra
g as follows:

Go = Aut(g), G =Gy-GY, G =Aut(g)” - G,

where as before GV stands for the subgroup of Aut(g) generated by the subalgebra g =
g1+ g2 of g2 G = expgy - expge. Hence G and G are the groups associated with the
pair (&,Gy). (See Remark below Theorem *x.) We know from (1) of Lemma 2.3 that if
1 <r <n—2, then Gy, GM and G are the groups naturally associated with & itself (See

Let us consider the homogeneous space G/ G, Then we easily see that the subspaces
¢ = gJ_Fl and §f = g—; naturally give rise to G-invariant differential systems Ey and Fy on
G/GO and that Py = {G/GO); Ey, Fy} is a projective system of type (n,r), which will be
called the standard projective system of type (n,7).
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By using the simple graded Lie algebras of the first kind, 2 and 9B, we now define
subgroups Ag, A, By, B of Aut(g) as follows:

Ap = Awt(@),  A® = 4y. 4D,
Bo = Aut(B),2  BO® = B,-BW,

where A (resp. B(M) stands for the subgroup of Aut(g) generated by the subalgebra a;
(resp. by) of g: A =expa;, BY = expby.
Lemma 2.4. (1) G = Aut(g)? - Ay = Aut(g)" - By.
(2) AgN By = Gy, and A© N BO =GO,
Therefore we know that Ay, A and G (resp. By, BO), G) are the groups naturally

associated with 2 (resp. B). Furthermore we know that the diagonal map a — (a,a) of G
to G x G induces an imbedding

L G/GY = G/AY x /B

We notice that the pseudo-product structure (Eg, Fy) on G/G© is induced by this imbedding.

Let us now consider the projective space P* = G'(R"*!), the Grassmann manifold
G"(P") = G"L(R"!) and the Grassmann bundle G"(T(P")) (See Chapter I, §1). Let
(€0, - .., en) be the canonical basis of R"*1. Then the 1-dimensional subspace of R**! spanned
by eq defines a point zg of P*, and similarly the (r+1)-dimensional subspace of R"*! spanned
by eg,...,e, defines a point yg of G"(P™). Moreover, yy being an r-dimensional projective
subspace of P", the tangent space of yy at x¢ defines a point zy of G"(T'(P™)).

Now let G be the prOJectlve transformation group of P"". Then P" may be represented by
the homogeneous space G / A where A denotes the isotropy subgroup of G at the point
xo. Furthermore G naturally acts both on G" (IP’”) and G" (T (P™)), and these spaces may be
represented by the homogeneous spaces G / B and @ / G©) respectively, where BO) (resp.
G() denotes the isotropy subgroup of G at o (resp. at z).

These being prepared, we remark that there exist natural identifications as follows: G =
G, A = A0 BO) = BO) and GO = GO whence G/A®) =P G/BO) = G"(P") and
G/GO) = Gr(T(P")).

2.4. Some studies in connection with the imbedding G/G(® — G/A©®) x G/B©).
For the sake of simplicity we set as follows: R = G/G®) = G"(T(P")), and R’ = G/A©) x
G/ BO) = pr x G"(P™). The product group G x G naturally acts on the product manifold
R’, and hence the group G itself acts on R’ through the diagonal map G — G x G. This
being said, it turns out that the imbedding ¢ : R — R’ is G-equivariant. If we identify R
with a submanifold of R’ through the imbedding ¢, then it follows that R is a G-orbit, more
precisely the G-orbit through the point (xq,yo).

Let us now consider the open submanifold = R' — R of R'. We denote by Aut(f2) the
group of all biproduct maps 2 — €2, and similarly by Aut(R) the group of all biproduct maps
R — R, which is nothing but the automorphism group Aut(y) of the standard projective
system Pg. These being prepared, we state the following two propositions which can be easily
shown.

Proposition 2.5. (1) Q is a G-orbit.
(2) Ifr =n—1, then Q may be represented by the homogeneous space G /Ay or G/ By with
respect to suitable reference points, and these spaces are affine symmetric spaces, or
more precisely %—k‘dhlerian symmetric spaces in the sense of Berger [24].

2t l=n—r OL IERELN
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Proposition 2.6. (1) FEwvery biproduct map ¢ € Aut() is extendible to a unique biproduct
map R' — R’ and this in turn induces a biproduct map ¢ € Aut(R).
(2) Conversely every biproduct map ¢ € Aut(R) is extendible to a unique biproduct map
R’ — R', and this in turn induces a biproduct map ¢ € Aut(Q).
(3) Therefore the two groups Aut(Q) and Aut(R) are naturally isomorphic.

Concerning these propositions, we now make some remarks.

Remark 1. In §xx we shall see that the group Aut(R) = Aut(Py) is naturally isomorphic
with the group G, i.e., it is obtained from the action of G on R. By Proposition 2.6 we
know that the same holds for the group Aut(2). In particular Aut(2) is a finite dimensional
Lie group. Here we notice that the pseudo-group of all local biproduct maps of a product
manifold €2 is necessarily infinite dimensional.

(This fact also follows from the fundamental theorem on projective transformations (cf.
Proposition *x).)
Remark 2. Proposition 2.6 indicates that the geometry of the product manifold €2 is closely
related to the geometry of the pseudo-product manifold R, or the global geometry of dif-

2,,«

ferential equations =0,1=54,j=<r, 1< a= n—r, which is very much like the

0x'0xI
fact that the geometry of a homogeneous Siegel domain is closely related to the geometry of
its (completed) Silov boundary (See Tanaka [30]). This analogy is essentially based on the

relationship existing between product structures and complex structures.

Remark 3. Our studies in this section depend on the projective FGLA, £, chosen. It is
plausible that most results including Propositions 2.5 and 2.6 can be generalized to the cases
of any GP FGLA’s of the second kind and of further general GP FGLA’s (cf. Remark at the
end of 2.1).

2.5. (g,¢,f) & pseudo-product simple graded Lie algebra &9 %.
go D centre DG J T, RO Z WL TEELEDNM—D2H 5.
L,X]=X, Xece [JX]=-X, Xef.
TITC, JIFRZmETDIEDERET S =
[J) 92}7] = {0}’ [Ja [J7 XH = X7 X e g?p—l‘
ST, p IMERED integer THD. (p=0,1, -1 IZFUTINEDEY) LD LIFESITHMN
%.)
g2p—1 D subspaces g3, 1, 05, | %
gétp—l ={X €gyp1|[/X]==xX}
CEOTERTS. SN e=g"), f=97, THY, FRD p ITHULT
g2p-1= 03, 1 + 83p_1 (direct sum)
Lemma 2.7. (1) g-2= [gi_hg:l]:
(2) 9y 1 = [62,871]  for any p <0,
(3) [gétpflagétqfl] = {O} fOT’ any pvq

E % simple graded Lie algebra & @ characteristic element £ 9 %. gy O centre DIt Ey

%

1
Ey=5(E~J)

&> TEFEL, g D subspaces D family (a,) %
ap={X €g|[Ey X]=pX}
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WL TREETD. BT,
ap =8z 1 T 82p + g;rp+1
s, NEVEIZ g=>a, BD05. 5T (g,(ay)) A graded Lie algebra (245 Z

P
ERDOMND. T A TERDY. Lemma 2.7 2> Tay_y = [ay,a_1] for p <0 BIRIND.
&> T, 2 & simple graded Lie algebra (2725
IR 12N,

[ap,a—1] =93, 1 + 92 + 03,11, 05 + g2 + 97 ]
= 929, 073] + (93,115 0_3) + (85,15 9-2] + (92, 9-2]
+ (02110 9-2] + (8551, 874] + [92p, 074
1 =02, 3+ 02p2+05,
gop—2 = [02p-1,0-1) = [03, 1 + 05, 1,071 + 07y
= (03,1, 01 + (95, 1,071]
C [lo2p: 711,071 + (92,15 071] C [92p, 0-2] + [03, 1,07 ]
= 2l
[ ]

= [l92p, 9-2] + 85,1, 071]: 07
921, 9-2] + [92p, 73]
93,1 = [92p, 071

£27T, ap_1 Clap,a_q]. 2T ap_q =[ap,a_q].
[FBRIZ, go D centre DIt By %

ng 92p—2,9

N

1
&> TEFEL, g D subspaces D family (b,) %
by ={X €g|[Ep X]=pX}
WWEOTEHETD. ZDOLE,
bp = gg_p—l + ng + gQ_p—l
THd. TLUT, (g,(by)) » simple graded Lie algebra IZ%2%. 2% B THDT.
AR O#E#MIZB VT, (@), (a@), (6@) iZZzhTh, 6, A, B IIHT 3 filtrations &
45.

& 2% U T, pseudo-product FGLA, £, %%Ké Aut(L) 1% Aut(&) D open subgroup
L HEED. Aut(S) = {a € Aut(®) | Ad(a)g®, — g%, ).

Lemma 2.8. Aut(£) = Aut(2() N Aut(B).
Go=Aut(g) &L, GO, G % (G,Gy) \ZAtBET % groups £ T3 :
GO =Gy-GY, G =Aut(g) - Go
Aut(2() @ open subgroup Ay %
Ag = Aut(20)? - Gy
&> TEETD. HHMIZ, G = Aut(g)’- 4y THB. 72, G D subgroup AO) %
A0 = 4,. AD

WCEoTEETD. oM A G X (A, Ag) ITAFET S groups TH 3.
k&2, Aut(B) D open subgroup By %

By = Aut(8)" - Gy
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W&o TEHETD. Z0e ¥, G =Aut(g)’- By TH5. £/ G D subgroup BO) %
BO = g,. BW

W&o TEHETD. 20k, BO, Gl (B,By) IXMHi$ 2 groups TH 5.
Lemma 2.9. GO = A©0) 1 BO),

Proof. Lemma 2.8 IZ2& Y, Gy = 49N By. g® = a® np© f’f&‘% GO c A0 A BO) %
2%. ac AD ﬂB(O 3:'3‘%) Ad(a)a® = a® Ad(a)b® = p© f’fﬁb Ad( g0 = g©
%2%. &o7T, Lemma ** I2& Y, a € Aut(6) -GV, b e Aut(®) % b la e GV 23 %
NeF3. ZDLX Ad(e)E = E (mod gV), Ad(a)J = Ad(b)J (mod gM) 225, 7z,
a € A( ) = Ag- A Znb, Ad(a)Ey = Ey (mod aM). ZWHDHEENS, Ad(b)J = J
(mod gW). #->T, Ad(b)J =J 2x2%. £oT,be Gy. #IZ, ae GO =Gy -GV WERIN
7. O

X T, homogeneous spaces G/G), G/AO), G/BO) #F z k>, I 51 compact, con-
nected TH 5.

Lemma 2.9 12& Y, G/GO 75 G/A(0>, G/BO) © EADBERE maps RdHD. ZNb %
ZTNTN v ’Ci'\:ﬁb'a)— G/GO & G/AO, G/BO) E0 fibred manifolds with projections T
»H3. A /GO) BO) /GO [ L] 5 iz connected Thd0H, 2HHO fibred manifolds DT
NTOD fibre 1 connected Thd. H, Lemma 2.9 IZ& > T, immersion p* v : G/GO —
G/A® x G/B© (% imbedding TH 5. o4, op % G/A (©0) G/B(O) D origins £95. G i
diagonal map G — Gx G %LU T, G/A® xG/BO Eiz ﬁfﬂﬁ'é_é ZDEE (uxv)(G/GO)
4 (oA,OB) zild l@{’ﬁ)ﬂé:i % orbit THD I L EZFETD. 5% uxv I2&>T, G/GO)
% G/AO) >< G /B @ submanifold £F—HT 25 LI1ZT5.

(G/A©) G/B ©,G/G0) ix generahzed projective triplet THd Z & %:/T% 2.g0D sub—
spaces a0 & 60 X g0 &K Ad(GO)- 1nvar1ant Thd. £oTC, a0, (=8 G/G
® G-invariant differential systems = HRIZELS, IhbiEhTh E, F 'C?%?b'é" a0 )
IZ g @ subalgebras TH Y, a® Np0) =g THZ0 5, pair (E,F) 1 G/GO LD pseudo—
product structure % %5-X %. Pseudo-product manifold (G/G©), E, F) % By TEHT. W5
M, E = v Y0), F = p;1(0) THEH5, Py I3 relation G/G<0> c G/A<0> x G/BO) 1Zff
B4 % pseudo-product manifold TH 3. X T, g D subspace g1 | iﬁﬂi Ad(G)-invariant
THY, gtb = a=D 46D XoTsystem D(= E+ F) 1& gtb) 2o HRICE I ND
G/GO) F G-invariant differential system TH 3. £ or T I& non degenerate TH N5, D
#8 non-degenerate THd Z L 2013, &> T relation G/G© 1% non-degenerate relatlon Iz
2%,

X T, relation G/G©) (ZffBid % immersions ¢ : G/GO = J(G/AO r) & k:G/GO —
JG/BO s) &2 %>, 25T, r=rankE, s =rank F T»%. 1 » injective THD I & %
RTD. Y, 1(2) = pe(D(2)) = p(E(2), 2 € G/GO) THBZ & ZENHZS. #IZ, o 8
injective < “a € A® Ad(a)b® =" = ¢ € GO BbO»d. LI AP, Lemma 2.9 DFEH
MO, ZDRMEDGZIND I BNbhnd. LoT Hinjective THD Z EARI Nz, Ak
12, k Minjective THDZ L ERIND.

PLEIZE Y, (G/AD,G/BO G/G©) 7% compact, connected generalized projective triplet
THdIebinorz., Zhud (g f) AT D L XiThd.
projective Lie algebra triplet PLAT
projective Lie group triplet PLGT
generalized PLAT
generalized PLGT

(M, N, R) compact, connected generalized pseudo-projective triplet
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DIZOoOWT 9= L33

R
7N
M N
po € M, Sy, Si,..., subsets of M inductively defined as follows:

So = {po},

Ska1 = p(v ™ ((pH(Sk))))

S8 S SS =M

l= Man(p(po, q))

Sk =1{aeM]plpo,q) =k}
dim R < dim J(M,r) OHEITIE {Sk} 1& M O stratification 252 5.

Aut(X%),, the isotropy group of Aut(X) at py £ 9% & &,
% S 1 Aut(X),, AZ

Gr(V,k), dimV =n.
p(Xl, XQ) = dlm(Xl/Xl N X2)
X € GI“(V, k‘)

p(Xo,X):l < dlm(XoﬂX):k‘—l
p(XOaX) =1 ODK:\%a
XoNnXCcXCcXo+X, dmXonX)=k—-1, dmX =%k, dim(Xo+X)=k+1
Flag(V.k—1,k+1)={(Y,2) | Y e Gr(V,k—-1),Zc Gt(V,k+1),Y C Z}
M = Gr(V,k), N =Flag(V,k—1,k+1)
R={(X,Y,Z2) e MxN|YCXCZ}
(M, N, R) generalized pseudo-projective triplet
X, X4, ...
X @ solution & 1-dimensional
X @ solution »' Helgason sphere

G = GL(n,R)/centre
Xeg=sl(nR), m=n—k—-2

k 1 1 m

Zn &Y, pseudo-product
X = SGLA, &, N2 6.

g-1=c¢+f, dime=1, dimf=2k
(M,N,R) & \Zfffid 3 (G/A®,G/BO), G/GO) & LTERHING.
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2.6. The spaces of harmonic forms, HP9(&). & = {g,(g,)} % simple graded Lie
algebra &9 %.
{RD proposition ZFEHL & 5.

Proposition 2.10. {LE®D p,q 2L T,
HP(®) = HP() N CP,
J

LD positive integer i IZXH LT, G 2 m= Y g, 5 g_; DLEAD projection £§ 5.
p<0

operator 9; : C4(®) — C1TY(®) %

@) (@i A Nwgrn) = Y (DR Glan), clwr A Adk A Awgya)]
k

WE->TEHTD. 2>TceClB),z,€m THD.

X 51T operator dp : C4(®) — CI1H(®) %

Goe) (@1 A=+ Aagyr) = Y (=D e(fwg, al,ar A Ndg Ao AB A+ Aagyn)
k<l

WE>TEHTD. 2>TceClB),z,€m THD.

HH 5 222 operator 9 : C4(&) — CIH(®) &

0=> 0

>0

ERRT D, EBHIC
&-Cf’q C Cf__z-l’qﬂ for any i 2 0 and any p,q,j
PHEND END.
ViZ 0 UT, 9F : CITHB) — C9(S) % operator §; : CU(B) — CITHB) D adjoint
operator £9%. HA BT operator 9 : C4(®) — CI1(®) D adjoint operator 9* : CIH1(&) —

C1®) Ik
0r=>0;
20
ERL,
afcf_f”“ C C;D’q for any i =2 0 and any p,q,j
MERAL T B

Vi > 0N UT, ny =dimg; &5 E, (ein)1<asn; & g—i D basis & U, (e*) % g D
Killing form (, ) {ZBU T (e;)) (< dual & g; D basis £ 9%, i>00D&F I &
@Fc) (@i A= Awg) =D [e elean Amy A Ag))
A=1

L RILI N operator 95 1&

(D5e)(z1 A - ANy) = ZZZ D le([e, ap] - Aea Azy A Adp A+ Axy)

k >0 \=1
ERBIND. 25 TceC (@), 2, em THD. ZNHDAIL [20], Proposition DFEHAA
LAGITHHING.
XD Lemma ZaEH L £ 5.
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Lemma 2.11. Vi > 0 12X U T,
Z(a:arJri + 0,4i07) =0

r=0

ceClxy,...,zgem &9 5.
(050ic) (1 /\---/\:Uq)

7222 k—i—lac Uxk]f/\era/\xl/\"‘/\i‘k/\“'/\xq)

k r>00=1
1 1
=-A+-B
2 —1—2 +C
I>STAB,CIFRTHEZLND.

A= ZZZ k—HCz axk]f)ac(era/\xl/\"'/\ik/\---/\xq)}’

k r>00=1

b= ZZZ "[Gilero)s c([€ k)= At A Adg Ao Ay,

k r>00=1
ZZZ DR (1), c([€7, ap) - A epg ATLT A NGy A N A= Ay)]
l<k:7’>0cr 1

+ 2 ZZZ D (), c[eros k) - A brg ATI A= ABgg Ao ABLA - A zy)]
l>kr>00 1

Lemma 2.11 I&, ¥X® Lemma 2.12 NHEBHIZHELNDS.
Lemma 2.12. (1) B=A.
(2) A== (Oryibrc)(mi A Nag) = 3 (07 Orgic)(x1 A~ -+ N ).

r>0 r>0

(3) C=—(0;05¢c)(x1 N+ Nxg).

Proof. (1) r >0 % fix & &, 2 = Y. CGas(ar) THY, [, Gys(ar)] € g-s THD

r4+s>0
nH,
[6“77 xk]— = Z[ero’ gr-i—s(xk)]
s>0
Thd. TLT
€77, Gras(@r)] = Y (€7 Grs(@p)]s € TVesr = D (€77, [Grrs (), €] esr
=1 =1
oz
S5 Gilere) el[e anl- Axi A Adg A Ay)]
r>00=1
= Z Z ZK@([CT-FS(wk)v €ST])7C(657 A X1 VANEERIVAN C%k VANERRIVA .’L'q)]
r>0 s>0 7=1
:_ZZC’L , X (657'/\«'171/\ /\-’i’k/\/\wq)]

s>0 7=1
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79

WIZB=A%Z%.
(2) G([e", zk]=) = [€77, Gti(zr)] THIMD,

A= Z Z Z k+1 7C7’+l(xk)] (67‘0' VAN ATVANEE

k r>00=1

—ZZZ D [e" e(lere Ay A N A

k r>00=1

ANEE A Aag)]

A @q)]; Grti(wk)]

+ZZZ DM, [Grpi(r), clere At A= N A== Ag)]]

k r>00=1

_ZZ DF@Re) (i A Adg Ao Axy), Gryi ()]

k >0

3 S @il ero A A Ay

r>0o0=1

==Y (OriOe) (@ A Aag) = Y (05 Drpic) (T A -+

r>0 r>0

(3) REBIHENID NS

X T space OP4 |% CPY = ZC]I»”q ERRL, ZORRIZHIGL T CP? DRI ¢ &

J

C:EC]'

J

A zq)

D9 5. ZLU T Lemma 2.11 2> THGIZIRD Lemma 2.13 2 2 5.

Lemma 2.13. c€ CP7 D& X,

(A, = (050 + 0,07 ek + D > (071:0r + 0r07 1) Chei

r=20 >0 r=0

Proposition 2.10 (&, Z® Lemma 2.13 6&E 5G5S, c € HPY(B) & U, VE IZH U
T ¢, € HP(®) 75:/]“%9 IN%E k2B % induction THEHT 2. £ +0/NI W k124

LCor=0Thd. ZITHd k IZDWT ¢ € HPIS), VI < k
81‘61:8;0120, Vizo, VIi<k

CRI%ETHD. £oT Lemma 2.13 5

> (970, + 0,07 ey, =
r=0
2%, CNEVHEBIC
Orcy, = Orcy, =0, r=0

A5, T ¢ € HPI(B) 2REKT 2. Lo THXDERI/RI N, Proposition 2.10 D

FHDSE T U7z,

EIRET D, ZDIREIR

Ak
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§3. The spaces of harmonic forms, HP'?(®), associated with projective graded
Lie algebras

3.1. The operators 9; and 9, ¢ = 0,1,2, associated with simple graded Lie
algebras of the second kind. In this and the subsequent two paragraphs let & = {g, (g,)}
be a simple graded Lie algebra of the second kind.

Put dimg_o = ny and dimg_; = n;. Let (d1,...,dn,) = (ds) be a basis of g_o, and (d®)
the basis of go dual to (d). Let (e1,...,en,) = (e;) be a basis of g_1, and (e?) the basis of g;
dual to (e;). Let (2 and (; be the projections of m = g_s+g_; onto g_o and g_; respectively.

Let us recall the operators 9; : C? — C971 i > 0, and their adjoint operators 9} : C9t1 —
C1, which are defined in the proof of Proposition 2.10. Clearly we have 9; = 9 = 0 for ¢ > 2.

The operator 0o is defined by

(Do) (@1 A+ Aagyr) = Y (=DM Galan), clwr A ARk A Amgia)),
k
the operator 9, by
(Ore) (@1 A Aagyn) = Y (DG (n), clwr A Adg A Amgia)),
k
and the operator dy by
(8()6)(.%1 Ao A l’q_H) = Z(—l)kJrlC(Kl(xk), gl(l’l)] ANZIN - ANTZp AN NT N A IL’q+1),
k<l

where ¢ € C? and xj, € m. In the last formula, note that [(1(zk), 1 ()] = [k, 21]-
The operator J; is defined by

@5) (@@L A+ Awg) =Y [d%, c(da, ATt A -+ A g)],
the operator 07 by
(Ore) (@i A= Nag) = Z[ei,c(ei ANx1 A Axg)l,

and the operator 9; by

(Opc) (X1 AN+ Nxg) = L Z(—l)kﬂc([ei, GQrp)]Nei ANzt A= NT A+ AN xyg),

2 £
ki
where ¢ € C9%! and x;, € m. In the last formula, note that [d% zz]- = 0, [¢/, 4] =
[6274-2(‘7;]6)}'
Clearly the operator 9 : C?7 — C9t! may be expressed as follows:

0 = 0y + 01 + 0Oy,
and the adjoint operator 9* : C9t1 — C? of 9 as follows:
0" =05+ 0] + 0.
Now the space A9m* is decomposed as follows:
Adm* — Z AT
rs=q

where
T S

AP =gig A AgigANgi A Aghy.
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Therefore putting
D;,s =g ® AT’S,
we see that the space C'? is decomposed as follows:

-y Y o

j rt+s=q
Clearly we have
D} C DTS, 93Dy C DY
oDy c DY, oDyt c DY,
aOD;,s c D;_1’8+2, 85D§_1’s+2 C D;’S.
The space C? is also decomposed as follows: C? = > CP4, and each CP? as follows:

P
Ccrd = ZC;”Q. For any pair (p,q) let (r,s) be the pair such that r + s = ¢, —2r — s =

J
j—p—q-+1. Then we have
p7q J— T78
C;"=D;",
from which follows that

D5q p—1,q+1 p—1,q+1 D5q
where i = 0,1, 2. Hereafter we shall frequently deal with the spaces D instead of C7“.

3.2. The spaces of harmonic forms, HP?(®), associated with simple graded Lie
algebras of the second kind. We first explain some preliminary facts on the graded Lie
algebra &.
Lemma 3.1 (cf. Lemmas 3.1 and 3.2 in [31]). Let e be 1 or —1.
(1) [ge, 8e] = 82, [9-1,01] = 80, and [g—2z, 9] = 9.
(2) If X € g- and [X,gc] = {0}, then X =0. If X € g_o. and [X, g:] = {0}, then X = 0.
If X € g. and [X,g-2:] = {0}, then X = 0. If X € go- and [X,g_2.] = {0}, then
X =0.

We define elements Fy and Ej of gg respectively by

Ey =) [d%ds], and Ey =) [¢',ej].
« 7
As is easily observed, both Fy and E; do not depend on the choices of the bases, and are in
the centre of gg.
Let z; € g; = D;.)’O. Then we have

D300y = Z[daa [da, zp]], 010wy = Z[eia [e:, zp]],

« 7
and we can easily prove the following
Lemma 3.2. 8;82.%1 = [Eg,l'l], (9;(92.%2 = [EQ,J}Q], 8{‘81:):_1 = —[EQ,I'_l], 8;*81951 =
[Eg + Ej, $1], and 8}‘81952 = [El, iL'Q].
Lemma 3.3. The operator u — —[Eq,u| of g_o to itself is symmetric and positive definite
with respect to the inner product (-, -).

Proof. We may assume that the basis (e;) of g_; is orthonormal, i.e., (ei,ej) = 0;5. Then
we have o(e;) = —e!, whence o(E;) = —Ej. It follows that

([Er,ul,v) = (u, [E1,0]), U,V € g_o.
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Furthermore we have A A
—([El,u],u) = Z([ezau]v [ez’u]) 2 07

and if the equality holds, we obtain [¢?,u] = 0, whence u = 0 (Lemma 3.1). O

We shall now study the spaces HP?(&). The space CP:? is decomposed as follows:
Cp,2 — CP,Q + Cp,2 Cp,2

In particular we see that C?? = 0 if p < —1 or p > 5. We also note that Cp’ Ty = Df)f)g,
cP? = pH! C’I’;’ D0 21 Now by Proposition 2.10 we have

p—2 — “p—2
2,0 , 1,1 ) 0,2
HP?(®) = HP*(6) N D,y + HP*(6) N D,y + HP? (&) N D).
Lemma 3.4. HP?(&) N D;f?) ={0}.

Proof. Let c € D;f]?). For any u,v € g_o we have

(0500¢) (w A v) = %Z(BOC)([ei W Aei Av) — %Z(@oc)([ei,v] Aei )
:—72 [e',ul, e] Av)+ = Z ei] A u)

— —%c([El,u] Av) + %C([Elvv] Au).

Thus we see from Lemma 3.3 that 950y : D 3 — D 3 is a positive definite operator. Since
doc = 0 for c € HP2(&) N D; 03, it follows that Hp2((’5) N D;_O?) = {0}. O

Therefore we have the following
Proposition 3.5. ( ) HP2(6) = HP2(B) N Dl’l + HP2(&) N DY,
(2) HP2(®)N D - "o consists of all c € D - g such that
agc = 616 = (9()6 = 81c = 626 = 0.
(3) HP2(®)N Dgfl consists of all ¢ € Dgfl such that
Oac = 01c = Jyc = 0jc = 0.
Using this proposition, we shall now prove the following proposition. Define an ideal hg
of go by
bo={X €go|[X,g2]=0}.
Proposition 3.6. (1) H*?(&) = {0}.
(2) If & is the prolongation of (9, go), then HH*(®) = {0}.
(3) H32(®) C D', H*2(®) C D', and HY2(6) N DY? C ho @ A2g* .

Proof. First of all (1) is clear, because H52(&) c A3,
(2) We have H*2?(®) C D%’l. Let ¢ € H*?(®). Then we have 0yc = 0, and hence
(O2c)(uNvAz)=[u,c(vAz)—|v,c(unz)] =0,
where u,v € g3 and z € g_;. Fix an # € g_; and define a linear map f : g_2 — g2 by
f(u) = c(uAz), u € g_g. Then we have f € C¥! = go®g*, = D;O and 0f = 0o f = 0. Since
® is the prolongation of (90, go), and since g4 = {0}, we see from Proposition 1.12 that the
map 9 : C*! — C32 is injective. Therefore we get f = 0 and hence ¢ = 0, proving (2).
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(3) Let c € HP2(&) N Dgfl. Then we have doc = 0 and hence
(026)(u A ) = [u, (A y)] = O,

where v € g_9, and z,y € g_1. Since ¢(x Ay) € gp—1, it follows that if p = 2 or 3, then
c¢(x Ay) =0 (Lemma 3.1) and if p = 1, then ¢(z A y) € by, proving (3). O

3.3. The case where dimg_5 = 1. Z® paragraph Tl dimg_o =1 £{RKEL, dimg_; =
2(n—1) &B<. ([31] T, 2D XS54 & % simple graded Lie algebra of contact type of degree
n &EXAZ) HEMNIZ
go=R-FE+1by (direct sum)

MY NLD. BAR & X (9, go) D prolongation & AKE T D. ¥RD propositions ZFEHHL & 5.
Proposition 3.7. n > 3 L{RETS.

(1) HP2(®)={0} ifp#0orl.

(2) H*%(®) c D7

(3) HY2(8) C by @ A" .
Proposition 3.8. n =2 Y{KETS.

(1) dimby = 1 THY, hy D basis A BdH>T, [A[Azx]] = z, Vo € g1 NEIX

[A,[Az]] = —x, Ve € g1 2T D.
(2) HP*(®)={0} ifp#3.
(3) H32(®) consists of all c € A%’l satisfying the equation

[A,c(u Av)]+c(un[Az]) =0, w€Eg_o, x€g_q.
go @D centre Dt By = [dl,dl], E| = Z[ei,ei] EERD.

]

1
2(n+1)

Lemma 3.9 ([31, Lemma 5.2]). (1) Ey = AoE, where Ay =
n—1
2) Fr=MF = ——.
(2) E1 = ME, where A\ S+ 1)
EF9n=3 LIETS.

0,2
Lemma 3.10. H?*(8) C D,”.

Proof. c € HP2(G)N DY, £ §%. ZDL X doc=0 THS. Ojdoc ZFHLES. 2 €9
L35,

(000¢) (di A7) = % S (@) ([ef, di] A i A )

= =3 S ellle! e Aw)+ 5 D ellle il Aed) — 5 3 elleral A e ),

Mllet, di],e;] = [Er,di] THY, [ef,di] = Y (e, [di, e'])e;, €}, x] = (€, [x,d ])dy 72N 5

i J

(9500c)(d1 N x) = —%c([El,dl] Ax)— Zc([ei,w] A [ef, di))

7

_ _%c([El,dl] Ax) — e(dy A [z, d], di))

= —%C([El,dl] A fL‘) - C(dl A [:L‘aEZ])



84 §3. The spaces of harmonic forms, H?2(®), associated with projective graded Lie algebras

#2%. £>7T,Lemma 3.9 2ffi>T
(98606 = ()\1 — )\2)0 =0
ERBD. nZ23EM5, AN —-X>0. o Tec=0%2%. 5T Lemma 3.10 2RI N /z.
Il

Lemma 3.11. H 1?(&) = {0}.

Proof. H12(6) c D”3 TH%. c e H'2(®) LThE, dfc =0. £>T, Ve e gy IZx
LT,

(Bfe)(x) =Y [ehelei na)] =) (e(ei na),d')[e,di] =
% 2%. (le!,dq]) I linearly independent TdH 2 25 (Lemma 3.1), {c(e; A x),d') = 0, i.e.,
c=0%2Z%. O

Lemmas 3.10 and 3.11 & Proposition 3.6 > 5E % IZ Proposition 3.7 % 2 5.

{XIZ Proposition 3.8 ZaEHHU & 5. go C gl(g—1) 2ABZELN 5, dimgy < 4. dimgy =4
&g (M, go) D prolongation I contact graded algebra of degree 2 T V), MEFRIRTTH
%. (dimgy =4 D& ¥, & & projective contact graded Lie algebra of degree 2 Tdhd.) Lo
Tdimgy <3. Fegy ZZ2H,1<dimgy<3. £>T7=<dimg<9. g & simple 25,
dimg=8. £>Tdimgyg=2. £>Tdimhg=1TdHd. A% hy D basis £ 5. ghg = ho
EWb, 0A=+A Thd. ((0A,04) = (A,A) £0). cA= —A £F5.

([A;z],y) = (2, [A,9])
[[Aw%']ay} +[1’, [Avy“ :07 T,y €91
5 by @ basis A WFFEL T, g1 @ endomorphism z — [A,x] D eigenvalue 1% 1 or —1
Y53, EoT [ AAa]] =z, ceg,. RIZoA=ALTE. ZOLX
([Au'r]ay) :—(ZC, [A7y])7 T,y €9g-1
2T, hg D basis A BWFELT, [A [Az]] = -z, v €91 £BD.
Lemma 3.12. HP?(&) C D;fg

Proof. c € HP*(®)N D)%, £§%. Oje=0 THDINH
1 ) 1 1
(0gc)(dy) = 3 zi:c([ez, di] N e;) = 50([61, di] Nep) + 50([62,d1] Aez) = 0.

A= <[61,d1},€2> = <[ , € ] 1) LB i A#£0 MDD [el,dl] = Aes, [62,d1] =-)Xeg TH5B.
£2T —Ae(egNey)=0. 2T e=0 %Ké O

Lemma 3.13. H?%(®) = {0}, p=0,1,2.

Proof. c € HP2(&) £$5. d5c=0 Ebd
(O5c)(z) = [d',c(di Ax)] =0,  x€g
223, EoTp=0,1DLZ,c=0%2%.p=2,HTTS. ZDELE Jic=0ThH2N"5H
(Ore)(di Az Ay) = —[z,c(di Ay)l + [y, c(dr Az)] = 0

2%, I>Tuayegg. c(diNy) €y THEINLAESIZ c=0%Z5. (cf. [20], Lemma
1.4) O
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Lemmas 3.11 and 3.13 & Propositions 3.7 and 3.8 225, HP2(&) = {0} if p # 3 K
H32(®)={ce D" |8ic=0fc=0} B 5.
ce DI X9 B. Bie=0 B2 ODOBLEFHEME

((O1c)(di ANz ANy), E) = (x,c(dy Ny)) — (y,c(di Ax)) =0,
((Ore)(dr Az Ay), A) = —([A, z], c(di A y)) + ([A, 9], e(di Ax)) =0,

Thd. 2>T,x,y€g_1. BBHITIOEMEIE
[A7 C(dl A SC)] + c(dl A [A,CC]) =0, TEPg1
IZ equivalent THDZ ENDOND. RIZOc=0 25 dfc=0 PENPND L EZRTD. FEE

(dy, (87c)(dr)) = ([dv,e'],c(ex Adr)) + ([dr, €], c(ez A dr))
= —/\<€2,C(61 A\ d1)> + )\<61, 6(62 A d1)>
= )\<(alc)(d1 Ner A 82),E> =0.

Lo THEIEZZXS. (N IF Lemma 3.12 DE D)

3.4. The spaces of harmonic forms, HP2(®), associated with projective graded
Lie algebras of type (n,1), n > 33, Let £ be a projective FGLA of type (n,r), and & its
prolongation. We first explain some preliminary facts on the graded Lie algebra &.
Lemma 3.14. Lete be 1 or —1. Let § be + or —, and let —§ be — or + according as § is +
or —.
(1) loo,00 =02 [od0-2:] =0, [02.02] = [09.6%4] = {O}.
(2) If X € g0 and [X,g 9] = {0}, then X = 0. If X € g_o. and [X,g°] = {0}, then
X =0. IfX € g’ and [X,g-%] = {0}, then X = 0. If X € g° and [X,g~] = {0}, then
X =0.
(3) The spaces g3 and g° | are mutually orthogonal with respect to the Killing form { , ),
and hence the bilinear function gd x g:‘{ 5 (X,Y) — (X,Y) € R is non-degenerate.
Hereafter we assume that » =1 and n = 3.
We know that the Lie algebra gg is naturally isomorphic with the Lie algebra g[(gfl) +
gl(g—;). Hence the centre ¢y of go is 2-dimensional, and is spanned by FE and J. We denote
by so the ideal of gy corresponding to the simple Lie algebra sl(g—;). Then we have

go =co +50 (direct sum), [s0,g%,] = [s0,07] = {0}
We also note that sg coincides with the ideal of gy orthogonal to ¢g with respect to the Killing
form (, ). Hence
so={X €go|(X,E)=(X,J)=0}.
Let eg be a basis of gfl, and €° the basis of g dual to eg (with respect to the Killing

form (, )). Let (e1,...,en—1) = (e;) be a basis of g~;, and (e?) the basis of gi dual to (e;).
Putting

di - [e’ia 60}7
we see that (d;) is a basis of g_s. Let (d’) be the basis of go dual to (d;).
In the following the indices ¢, j, k will range over the integers 1,...,n — 1.

32D &A1 FIVIEFRITIE projective 12 pseudo- BRI N T2, LU Chapter 11T %58 U T “projective”
M Chapter I, II {281} % “pseudo-projective” &R URKRTHbLONTEBY., ZDFFL L,
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Let us consider the elements Ey and Fj in the centre of gy (see §xx). We newly define
elements Ef and E| of go respectively by
Ef = (€2, e0], and ET :Z[eijei].
i

Clearly we have

By =E{ + E.
Lemma 3.15. (1) Ez = \E + ppJ, where Ay = ﬁ and iy = ;((:;12)).
(2) Ef = X[TE+ ufJ, where \| = D and pf = m
(3) Ey =M E+ uyJ, where \| = 4(nl+1) and 7 = 42(24_-1)
(4) Bi = ME +unJ, where Ay = 2(nl+1) and i = 2(7;;21)

Lemma 3.16. [eo,d’:] = ¢, [d',ej] = 5§eo, [0, di] = (A + e, [€4,€%] = (A + i) d, and
[di,e7] = (\{ + pi1")7 eo.

Finally we mention that all the results in this paragraph can be verified directly or by the
use of the matricial representation (or briefly the M.R.) of &. We shall also use some facts
which can be easily obtained from the M.R. of &.

We shall now study the spaces HP2(®). (We are assuming that r = 1, n = 3).

g1=g",+0°, THZM5 Dy, DY T hTh

D;’l =0 @A) + 8, @05 A (0217
Dy? =g, ® (a5,)" A (02,)" + g ® A*(g2)"
ERMRTE. Il p=Tor -1 D& I, g, =g, +g, THEND, FILD 4 DD spaces 1

THNTENI 5122 DD spaces (RT3
X T Proposition 3.5 IZ& > T, HP?(®) &

HP?(®) = HP2(8) N DYy + HP(®) N DY
LAMRI NG, ALED p IS LT, DY, 7203 DY?) 0 subspace VP2 (n, 1) RO & 5 IZ5E
#7935,

(i) VP2(n,1)=0ifp< —20rp=3
(ii) V*1,2<n’ 1) consists of all c € g_2 ® AQ(g L)* such that
0,

D Ad elei A)) =

i

z eg:lv

or in other words, the trace of the endomorphism u + ¢([u, €] Az) of g_o vanishes for
any = € g_;. (Note that [e?,d;] = (\] + p])e; and A] + p # 0 (Lemma 3.15).

if >4
VO’Z(TL, 1) _ 0+ L 1 n <=
9o, ®A(gy)" if n=3

(iv) V12(n,1) consists of all ¢ € g7y ® g*5 A (g7,)* such that

> (€, e(di Aeg)) =0,

)

or in other words, the trace of the endomorphism x — ¢([z, o] A eg) of g_; vanishes.



III. Projective graded Lie algebras 87

(v) V22(n,1) consists of all ¢ € s ® g* 4 A (g_1)* such that [c([z, eo] Ay), 2] is symmetric
with respect to the variables z,y,z € g_;.
The being prepared, we shall prove the following

Proposition 3.17. HP2(®) = VP2(n,1) for all p.

Remark. & % projective graded Lie algebra of type (n,n —1) £9%. n =2 D& XTI,
Proposition 3.8 {Z& > T spaces HP2(&) IZBRIZEHHEINT WS, n >3 DL X%, Proposition
317 > TR ICEIAETE S, MG E Y 5.

Proposition 3.17 OFEIIZ ADHIIZEZICDOWTOEREZITD. p=1lor -1 5. ZOD
& & spaces D, 13,

D;,s — g; ® ADS 4 g; ® ATS
ERRL, ZORRIZIGU T, Dy DEIT ¢ &
c=ct+c
NIRRT D,
URE~IZ HP2(®) C VP2(n,1) 237, H[[ IO inclusion IFBBITRIND.
3.4.1. The space H~12(&). Proposition 3.5 IZ&>T H 12(®) I Do_’g Dt ¢ T,
dpc=07c=0
LT DEDEUNERD. ce HY(B) £95. ZDLEVreg | ITHLT,
(OFc)(x) = [e% cleo A )] + D e, clei Aw)] =0

)

[0 cleo Az)] € gy, D[el,cles Ax)] € gy BZMD,

(%, cleg A )] = Z[ei, cle; ANx)] =0
2%, ZhEVEF clegnz)=0% 2% (Lemma 3.14). ko T cegoa®@A%(g_,)* THD.
I 512 Lemma 3.16 Z{i>T
Y oleeles na)) = (elei na), d)e! dj] = —(A7 + 1) Y _(e(es Ax),d')eg = 0
i irj i
A5, +ul >07EZ05, Z(c(ei/\x),di> =0%R%. BIZceV12(n1). BLEIZEST
H=12(&) c V7 12(n,1) 2RI N7z,

3.4.2. The space H%2(®). Proposition 3.5 IZ& 5T HY2(&) N D"y 1& DY) Ot ¢ T
Opc = 07c=05¢=10
W T2 08E» 52, HO?(6)N DY 1% D2 Ot ¢ T
Oic=05c=0[c=0
2T L DRUNS KD,
£9 HO2(®) c DY 2F%S. ce HO2(B)NDhy 225, 2L X Veeg | ITHLT
(850)(z) = S Id'c(d n@)] = 0

Z2A%. £2Te(diNx)=0,ie,c=0 %A% (Consider the M.R. of &).
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c€ HY2(®) L 95. Voecg 1 IZXHLT,
(Oc) (@) = [ ¢t (eo A )] + D [ef, ¢ (e Aw)] =0
IN&Y ct(egNhz) = c(e;ANz) =0 %Z5. (Consider the M.R. of &.) ZHIX, ¢ €
g, @A (g ) REKTD. Yo,y € g, WHLUT, v(zAy) = (c(zAy),e’) £BL. dice=0
ThHdMNH
(Ore)(z Ay A z) =y Az)[z, eo] —v(z A 2)[y, eo] +v(x Ay)lz,e0] = 0
22%. I>Tuxyzeg, £2T

Yy Az —y(@Az)y+y(@Ay)z=0
INEVEBIZ (n—-3)y=0%2%. o Tn=4 DL X ~v=0ie,c=0%2%. LT
HY2(®) c V92(n,1) BRI N
3.4.3. The space H12(®). Proposition 3.5 I1Z2& > T HY2(&) N DM & DY Ot ¢ T
O1c=0pc=0{c=05c=0
EWRTHEORENSRY, HY2(6) N DY? 1 by @ A2(g_1)* DIt ¢ T
Oic=0c=0{c=0

ZiETDEDRENLRD,

£ HY2(6) c DM 27, ce HY2A(B)NDY? L§2. BHITONPD LD by Ik J 1T &

DRGNS, FoTVr,ye g ICHUT, c(zAy) i, c(zAy) =y Ay)J with y(zAy) €R
ERIND. FoTVoreg 1 ITHLT

(016)(@) = (e A 2)e® — 3 (es A 2)e
22%. £oTr(eone) =y(eAx) =0,ie,y=0%Z%. HIZc=0. £>T H"2(&) c D"
Lemma 3.18. c€ H'2(6) L §5.
(1) ¢t (g—2Agt) =0, and ¢~ (g_2 Ag—;) = 0.
(2) c€g- ®a A (85)"
(3) ceVh2(n,1).
Proof. (1) 9jc=0 725, Vu e g9 I LT,

(85¢)(u) = [¢°, ¢t (eo A u)] —i—Ze ¢ (e; Au) =0
ZABH. INEVEBIZcT(egAu) =c (e; Au) =0 % Z 2 (Consider the M.R. of &). &>T
(1) DIES .
(2)Vuego &Vreg | IIXNUT, (9701¢)(unzx) i&
(O701c)(u A ) = D7 D1 (c(unz)) + Y [}, [z, clen Au)]]
A=0
YEREIND. 0101c=0 THDNH, ZORE (1)

07O (cT(u A ) +Z ‘ Tles Au)]] =0

NHn%. Lemma 3.2 5
0701 (ct(uAw)) = —[Ea, ¢ (uAz)] = (Ao — p2)ct (uAx)
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MNHH1 Y, Lemma 3.16 %> T

Z[eia [$7C+(ei A U)H = Z(xa €j><c+(ei A u)7 60>[eia [ej7 60]] = ()‘;r + MIL)C+(U A l‘)

7 2,7
MWOMD. FoT (Aa—pa+ AT +u) )t (uAz) =0. Ao—pa+ A +uf > 0705 ct(uAz) =0
%25, ZOFEFEL (1) &hbceg @9, A (gh) Wond.
(3) 5¢=0 N5, Lemma 3.16 ZffioT
(05¢)(e0) =D _[d',e(di Aeo)] =Y {e(di Aeg),e?)[d' ej] = (c(di Aeg),e’)e” =0
% 2, %

oM. FoT Y {c(d; Nep),et) =0. £oT,ce VH2(n,1) BRI N O

3.4.4. The space H%*2(®). Propositions 3.5 and 3.6 12 & > T H?%(&) I% Dé’l DIt ¢ T
Oac = 01c = Opc = 0fc = D3¢ =0

Zhied oL DEENSRD.

Lemma 3.19. c € H*?(8) £ ¥ 5.

(1) c€s0®(g—2)" A(g-1)",
(2) ceV%2(n,1).

Proof. (1) so ={X € go | (X,E) = (X,J) =0} Z»N5S,Vu € g_g, Vo € g1 IIXHUT,
(c(unz),E)={c(unz),J) =0 ZREIFZEL. d1c=0{c=07ENH,

(0701c)(u N z) =0 (c(uNx))+ Z[[e)‘, z], clex Au)| + [z, (07¢)(u)]
A=0

=010 (c(u A ) + Y _[[e* 2], clex Au)] =0
A=0

% 2 5. Lemma 3.15 2> T

n

(0701 (c(unz)), E) = Z<[6A7 [ex, c(u A )], E)
A=0
=(c(unz),E1) = {c(unz),E)+ u{c(unx),J)

25, 72 J & gog D centre DILENH

n

O lle*, al, clex Aw)], E) = 0.
A=0
((O7he)(unz), EYy = M{c(uAx),E)+ p{c(unz),J)y=0
ZZ5. FEKIZULT
(O5onc)(uAz),J) = (c(unx),—E] +E)
= (=AM + A {e(una), B) + (—pf +pq){e(ung), J) = %(C(U/\w)w}) =0
#25%. AENS (c(uhx),E)={c(unx),])y=0%Z5. £>T (1) WRINX.
(2) Vu € go, Ve eg | ITXHLT
(Oc)(u Nz Aey) =—[z,c(uNe)] + [eo, c(uAx)] =0
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c(uhzx)€sy EMND, [eg,c(unz)]=0. &2T
[z, c(u A eg)] =0.

otof c(une) =0%2A5. IZ ceEsoR9" 5 A (g7,)" PRINK. Yu € g_g, Yo,y € g4
LT,
(Ore)(una Ay) = =[x, c(uAy)] + [y, c(uAz)] =0,

(Goc)(x Ay Aeo) = e[z, e0] Ay)] = e[y, eo] A)] = 0
225, Zhv&EY [e([z,e0]l Ny), 2] DY, xyy,z € g7 ICDWT symmetric THD I EHBDN5.
o T ceV?2(n,1) PRI N7, O
3.4.5. The space H»2(®). Propositions 3.5 and 3.6 1Z& > T H>2(8) & D' Ot ¢ T
Oac = 01c = 0pc = e =10
ZiiEd oL DRENLRD.
Lemma 3.20. c € H3%(&) £ §5.

(1) ceaf ®(g—2)* A(a2)"
(2) ¢=0.

Proof. (1) Vu,v € g_9, z € g1 IZX LT,
(Q2c)(uNvAT)=[u,c(vAz)]—[v,e(unz) =0
AL &Y
[u,c(vAz)] = [v,c (unz)] =0
2%, a;={(c(djANz),e0) EBTIE, ¢ (dj Az) =aje’. &>T Lemma 3.16 %ffi> T,
[diyc(dj Ax)] — [dj, ¢ (di A )] = aj[d;, e°] — as[d;, €]
—(A\) Z (a;joF — al5k Jer =0
k

22BN +uf <07Z»5, a;6F az5k—0 ZAD. \,Z/LJ:‘) (n—2)a;j=0%%%. 2T
aj=0,ie,c =0%Z%. 0jc=0,c” —Oti)‘b Vu € g_o IZH LT,

(0Fc)(u) = [2, ¢t (eg A u)] + Z[ei,c*(ei Au)] = [€2, ¢t (eg Au)] = 0.
25, IhEY, ct(eoghu)=0%25. MEIZEY cegf @g 'y A(g-))" PRI N
2Q)uegg, z,ycgy £9%. dic=0c=07LENb

((ro)(unz Ay), E) = (=[z,c(uANy)] + [y, c(u A z)], E)

= (z,c(uny)) — (y,c(uhz)) =0,

(Goc)(z Ay Aeo) = c([z,e0) Ny) — c([y, e0] Ax) =0
#Z2%. £2T (c([r,e0) Ny),2) 1& z,y,2 € g7y IZDWT symmetric THDZ ERDOND.
UWEG oy, Tz EY, £TD. Dic=07EN5

(8501¢)(u A z) = 810 (c(u A z)) +Z [z, ele; Au)]] =0

THb. (c(eg ANu) =0 IZ7FER). Lemmas 3.2 and 3.15 ZfH>
o (c(unz))=[F2+ Er,c(uhz)] = A+ p2+ M + p1)e(u A x)
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%2%. (clunz)€gf ITHR) IHIT

Z[ei, [, c(e; Au)]] = M\ <Z<aj, cle; Au))et + Z(ei, x)c(e; A u))
= Mc(z Au) + A\ Z(a:, cle; Au))e’

5T, [ [oyl] = M@ y)z + (2, 2)y) @ € 97, gz € g7y Bl &oT

(Ao + p2 + pr)e(u Ax) + A\ Z(x, cle; Au)el =0

2R5. £oTC,n,y,z€9_ ITHULT

(A2 + p2 + pa)(c([z, eo] Ay), 2) = M{e([, e0] A 2),y)
— (o a2 + 1 — A)el(, 0] A 9),2) = 0
ZABD. Xtpe+ur—M>07E05 (c([r,e0] Ny),z) =0. 2T e=0%Z5%. O

3.5. The spaces of harmonic forms, HP?(®), associated with projective graded
Lie algebras of type (n,r). Z® paragraph Tl& £ I¥LED projective FGLA of type
(n,r) THY, & 1T D prolongation TH 5.

9 space H"?(®) %X 3. vector spaces V( ) %(n, 1), V(g)Q(n r), V(g’)Q(n,r) ZIRD &S

IZEETD.

(i) ‘/(0)2(71 r) % gt @ A%(g7,)* DIt ¢ T Oie =0 % T 5 EDRKMESD vector space

Thd.

(ii) V(g’f(n,r) IF g7, ®A%(gh)* DIt e T de=0 %2R T 2L DRAEDMED vector space

Thd.
(i) V7(n,r) & g7, @ (g7)" Ag2))" OIL ¢ T die= e = dje =0 &R T 5 H ORI
MES vector space TH 5.
XD Proposition ZFEHL X 5.
Proposition 3.21. (1) H%?(&) = V(O’)Z(n )+ V(g

(2) n—rz=z30&E, V(OQ(n r) = {0}.

B) n—r=lorr=10D,¥, Wg)Q(n’r):{O}

(€1, en—r) = (€a) % g_o O basis, (en—ri1,---,en) = (€;) % g7, D basis £§5. T
DEE g, D basis (e,) T

7)2(”’ T) + Vv(%)z (’I’L, T)'

et €51 = djea
BRSO DOMME L DFIETD. (el,...,e"") = (&) & (eq) & dual & gy D basis,
(en . e) = (€') & (e;) T dual & gT D basis, (&) % (el) 1T dual %% g7 D basis &

R
go DIt B, By #ZThZTNRATEHT 2.

Efr = Z[eiaei]v and E; = Z[egaefx]

i a,l
Lemma 3.22. (1) EX = AT E + putJ, where A = ——— and jt = —(r+2)
(2) Ey = A\ E + uyJ, where AT r Q= 2nor
= wnere = an =
Lo P A MM T
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X T Proposition 3.21 DFHIZAS S, r =1 DHA L EAKIILT HO2(8) c D22 A%
RIND.

§ % 4+ or — &9, operator & : go® (g% )" — g_1 @ A% (g’ )" %

(@a)(z A y) = [z,a(y)] = [y, a()]
W&o TEHETD. 25Tacgo® (g’ 2,y € g’ THS. inner product (, ) BT 99
? adjoint operator 9%* : g_1 @ A%(g°1)* — go ® (g2 ,)* 1&
Sletale; Ax)] i Jis +
86* — i .
(Or"a)(@) dolet alel, Ax)] if §is —

THEZHNE. 25Tacg @A), vcg’] THh5D. ogt, =9, 00", =9 2R
&

ce H2(®) c A% 9%, HO2(8) Ik, A Ot ¢ T

Oic=05c=07c=0
EMRETEZ2EDRENORD. cldc=ct+c ENMTD. 6 =4 or — ITRLT, a ¢
@ oA (g %
aé(gj/\y):cé(gj/\y)’ xayEQ(Zl)
&> TEHETD.
Lemma 3.23. (1) (=A] + py)at + 070 *at = 0.
(2) —(\f +pf)a + 070 a =0

Proof. dfc=07ZM"bVy e gy IZHUT,

@%MDZEZEC (ei A y) +§:z, (b Ay)]

%A%, 0c=07E"nb Vreg ,y,z2€9, 1§(ﬂ‘b’C,
(Oe)(x Ay Az)=z,ct(ynz)]—[y,c (xA2)]+[z,c (xAy)] =0
#RA5. £oT
D ol e ety A =Y e lys e (b AR+ Y lef, [z e (e Ayl =0, g,z € gty

£-oT
[EL ¢t ynz)] =y, e, e (e A2+ [z, lef, e (el Ay)l] =0.

a,l o,

& >T Lemma 3.22 & (97c) =0 IZBT 25 EXA»D
(AT +uD)e (A 2) + [y, Y [ et (ein2)] = [z ) e, (e Ayl =0

25, X (1) 2EKTS.
%<Hﬁ:bf()@r*ﬂé. O
(=M +u7) >0, —(AT +puf) >0 7Z»5, Lemma 323 5 at =a~ =0 %2%. £oT
gty nely) =0, ¢ (g2, Ng2y) =0
MRIN, ZO2H/FHDAEL dfc=0 05
et et einy) =0, yea,

%
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2B, INMOEBIZ cteAy) =0 S, ko T
gty AgZy) =0.
MU ENS
HY(®) C gty @ A%(g2,)" + 02, @ A%(g7))" + 02, ® (g71)" A (92,)"
2R, SREGI
HO2(&) = Vi (n,7) + Vg (n,7) + Vig (n,7)

WRIND.

n—r=z30&%¥E, Vg’)z(n,r):{O} ZIRTD. c€ ‘/’8’)2(71,7") £95. dc=07EnH

(D) (€', A e]/;, A e,’;) = [e?, c(ej/;, A e,’;)] — [e%,c(eé A 65)] + [eﬁ,c(e"a A ej/;,)] =0
(c(el, Neb),el) = alfl L BT,
al}0E, — al¥i65 + a505 = 0
2% . n—r 23 DEEDFTIORLVAGIZ all =0 222, £5Tc=0Tdh2.

n—r=lorr=10D& &, V(%’)Q(n,r) ={0} 2RTD. CGV(g’f(n,r) £9%. 9fc=07%

>

ZARESY
(Fe)er) = D [efcleh Ner)] = Y {eleh Aex).ef)efseh] =0
o, ,i,8,j
ZZH. n—r=lorr=10&E ZOANS <C(eg/\ek),e§> =0MPED. oTe=0%
Ab.
BLEIZ & > T Proposition 3.21 DFEANE T U 7=,
XCr=n—105H%2EALD. ZOREDKT,dimg_o=1,dimg_1 =2(n—1) TH
5. n=20&XTE H"?(®) I Proposition 3.21 IZ& > THRIZIREINT VS, (J € by 2
HRE). n =3 Dk X2, FIZRS &S IZ Propositions 3.24 and 3.25 %ffi>T HP?(®) I35
BITREIND . FERIFROBY) TH 5.
Proposition 3.24. Assume thatr =n —1 and n = 3.
(1) HP%(&) ={0} ifp#0 or1.
(2) H2(8) =V (n,n—1)+ V3 (n,n—1).
(3) HY2(&) consists of all ¢ € ho @ (g7,)* A (g—,)* such that d1c = djc = 0.
Proposition 3.25. Assume that r =1 and n = 2.
(1) HP2(®) = {0} if p # 3.
(2) H>*(®) =g @ g5 A (07)" +97 @975 A (g7)"

Proof of Proposition 3.24. It suffices to prove (3). Let us identify hy with a subalgebra
of gl(g_1) through the natural representation of by on g_;. Then we have J € ho and J? = 1.
Define a bilinear form « on g_; by

[J.’B,y] :O[(xﬂy)dlv T,Y € g-1,

d; being a basis of g_y. Then we see that « is non-degenerate and that a(z,y) = a(y, z) and
a(Jz, Jy) = —a(z,y). Now the space HY?(&) consists of all ¢ € by ® A%(g_1)* such that
Oc=95c=0;c=0. Let c € H"?(&). Then it follows that

Je(z Ny) = ez ANy)d,
clx ANy)z+clyhz)z+c(zAz)y =0,
a(c(ac A y)sz) = —OZ(C(Q’J A y)w7 Z)? T,Y,2,W € g1,
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whence c(Jz A Jy) = —c(x Ay) (cf. the curvature of a Kéhlarian manifold). Thus we get
c€ho®(g7,)* A(g_,)*. It is now easy to verify that the equation dc = 0 can be derived
from the equations 0ic = 0fc = 0. We have thus proved Proposition 3.24. O

B IZIRD Proposition 2 2 INA 5. AfHHIZEKT 5.
Proposition 3.26. 2<r<n -2 {RETS.
(1) HP2(&)={0} if p# —1 orO.
) H™12(®) consists of all c € g_o ® A*(g—,)* such that dic = 0.

(2
(3) HOX(®) = VO (n,r) + VG2 (n.r) + V32 ().

A EDRTD projective graded Lie algebras 125 U T, spaces HP?(®) & FHE LU 7=



CHAPTER IV

Almost pseudo-product manifolds and normal connections of type &

81. Normal connections of type &

1.1. Cartan connections.

The notion of isomorphism. (P,w) (resp. (P',w’)) % M (resp. M’) E® Cartan connec-
tion of type G/GO) 43, p: M — M’ » (P, ) M5 (P w') NO isomorphism THd &
I&, bundle isomorphism ¢ : P — P’ 3FE L T,

~ /
ofw = w

Zhie L, D ¢ D p % induce $25Z L ThHhD.

Proposition 1 1. G/GO IZDOWTRDIREERLTS i) G & 2nd countability axiom % i /&
T 5;1i) G/GO) X connected TH 3 iii) G D G/GO AND action 1% effective THD. ZD
& X o IX unique.

(P,w), g5 X — o(X)
(5X:gd,(X), 5_)(:3)(* ierg(O)

Let G/G’" be a homogeneous space of a Lie group G over its closed subgroup G’, and
denote by g and g’ the Lie algebras of G and G’ respectively. Then a (Cartan) connection
of the model space G/G’ on a manifold M is a pair formed by a principal fibre bundle P
over M with structure group G’ and a g-valued 1-form w on P which satisfy the following
conditions:

(i) w gives an absolute parallelism on P, i.e., for each z € P the linear map which maps
X € T.(P) to w(X) € g is an isomorphism of T, (P) onto g.
(i) Riw=Ad(e Hw, acd.
(i) w(X*)=X, Xeg.

The connection will be denoted by a capital Greek letter, e.g., ', and then the pair (P, w)
will be called the expression of I'; w itself will called the connection form of I'. The same
notation and terminology will be used for transverse (Cartan) connections, which will be
defined in Part II.

1.2. Connections of type &.
6, G/GY
(P,w): connection of type &

W
Proposition 1.2. w_ OMWE

1
Q=dw—+ §[w,w]
Proposition 1.3. K : P — C?(®)
Proposition 1.4. R:K = K*, ac GO

95
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OJ:ZWJ', Q:ZQ]
J J

K=) Kj=) K' K;j=) K, K'=) K7,
J P P J

wj(X7) = 8jr X,

Riwj = Ad(a™)wy,

ox,wj =—[Xp,wj—], X,€g, r21,
R:KP = (KP)*, a€ Gy

ox, KP = (KP")*, X,egq,, 121

1 1
0 = 3K Aw) = 3 3 Ko )
p

(P,w) — P C Q, Q : Gﬁo—structure

1.3. Normal connections of type &.
Proposition 1.5. (P,w) normal <= @Q of type M.
Theorem 1.6. normal connections of type & <— Gg-structure of type M.

(1), (2), (3)
Remark. Gy Z Aut(®) D open subgroup
GO =Gy-GY, G =Aut(g)°Go

G /GO 1%, effective, compact, etc
normal connection of type (&,Gy) (of type & &\ D)

(P,w) % weak Cartan connection of type (g,g(®)) on M.
curvature K : P — C%(&) &< [ARICUTEHRTE 5.

K:ZKP

(P,w) 7 weak normal connection of type &
(P,w) »* normal connection of type & (& I, (9, go) D prolongation & IFE L 7A)

K:ZKP

TP U X AXoAX3) = —0x, KPT (X9 A X3) — - -
Proposition 1.7 (Bianchi identities).

OKP = gr~1

H :C%*(®) — H*(®) harmonic projection

H X OP2(®) % HP2(®) I project § 5.
HK or {HKP} % the fundamental system of invariants &\ 5.
Proposition 1.8. K =0 <« HK=0
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§2. Almost pseudo-product manifolds, and normal connections of type &

2.1. Almost pseudo-product manifolds of type £ and normal connections of type
&. Let £ = {M;e,f} be a non-degenerate pseudo-product FGLA, and & = {g,(g,)} its
prolongation. By Proposition I1.2.8 we know that g is finite dimensional. In this paragraph
we assume that g is a simple Lie algebra and hence & is a simple graded Lie algebra.

Similarly to the case of a projective FGLA the automorphism group Aut(£) of £ may be
identified with an open subgroup of the automorphism group Aut(®) of &. This being said,
we set

Go = Aut(£),
and define subgroups G(9) and G of Aut(g) respectively by
GO =Gy-GY, G =Gy Aut(g)?,

which are just the groups associated with the pair (&,Gp) (see Remark #x). Here GV is
the Lie subgroup of Aut(g) generated by the subalgebra g = > gp of g. Let us consider
pz1

the homogeneous space G/ G, Then we see as before that the subspaces ¢ and fof g_1
give rise to G-invariant differential systems FEy and Fy on G/G(O) respectively, and that
PBo = {R; Ey, Fp} is a pseudo-product manifold of type £, which will be called the standard
pseudo-product manifold of type £.

Now we have the notion of a normal connection of type & (or exactly of type (&, Gy))
as well as the notion of a Gg—structure of type M (see §§I1.1,11.2 and II1.2). Let (P,w) be a
normal connection of type & on a manifold R, and () the corresponding Gg—structure of type
M on R. Let p be the natural homomorphism P — @ corresponding to the homomorphism
p: GO - G Gg, and let 7 (resp. «) be the projection P — R (resp. @ — R). Let £ be
the basic form on Q. Then we have

T=aop, and w_ = p*E,

where w_ is the m-component of w with respect to the decomposition. Furthermore the
connection form w is decomposed as follows:

w:E Wp,
P

and w_1 as follows:
wo=wh +wl),

where w™,| (resp. w”;) is the e-component (resp. the j-component) of w_; with respect to

the decomposition: g_; = e+ f. Similarly the basic form ¢ is decomposed as follows:

§=> &, and &=¢H+¢0
p

Clearly we have
Wp = P*fpa p <0, and th = P*fjl, w_ = P*fil
Therefore from Theorem ** and Proposition #x we obtain
Theorem 2.1. (1) To every normal connection of type &, (P,w), on a manifold R there
is associated a unique almost pseudo-product manifold of type £, P = {R; E,F},
satisfying the following conditions:
i) For each p < 0 7, (D,) is defined by the equations w, =0, q¢ < p, where D, is
the (—p — 1)-th derived system of D.
ii) m Y(E) is defined by the equations w, =w_; =0, p < —2,
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iii) 7, 1(F) is defined by the equations w, =w’; =0, p < -2,

(2) Conversely to every almost pseudo-product manifold of type £, B = {R; E, F'}, there is
associated, in a natural manner, a normal connection of type &, (P,w), on R satisfying
the conditions above.

(3) Let (P,w) (resp. (P',w')) be a normal connection of type & on a manifold R (resp. on
R'), and*B = {R; E,F} (resp. P’ = {R'; E', F'}) be the corresponding almost pseudo-
product manifold of type £. Then a diffeomorphism ¢ : R — R’ is an isomorphism of
B to P if and only if it is an isomorphism of (P,w) to (P',w').

Let I and I be connections of model space G/G’ on manifolds M and M’, and (P,w)
and (P’,w’) their expressions, respectively. By an isomorphism of I to IV we mean a diffeo-
morphism ¢ of M onto M’ such that there is a bundle isomorphism ¢ of P onto P’ satisfying
the following conditions:

(i) ¢ induces ¢,

(i) ¢*w =w.

We remark that if G/G’ is connected, and G acts effectively on G/G’, then ¢ is uniquely
determined by ¢.

Furthermore the connections I' and I are said to be equivalent, if M = M’, and the
identity transformation of M gives an isomorphism of " to I".

By a normal connection of type £ we mean a normal connection modeled by G/G’. Let
us consider a normal connection I' of type £ on a manifold M, and (P,w) its expression.
According to the decomposition g = ) g, the connection form w is decomposed as follows:

P
w = Y wp, and according to the decomposition g_1 = g™, + g~; the g_j-valued 1-form w_;
P

as follows: w_1 = w, +w”|.

Theorem 2.2. (1) Let R be any almost pseudo-product manifold, and (R, E,F) its ex-
pression. Then there is naturally associated to R a normal connection I' on R which
satisfies the following conditions (i) and (ii): Let (P,w) be the expression of T, and
7 the projection of P onto M. Then, (i) the system 7, (E) on P is defined by the
system of Pfaffian equations wy, = w_; = 0 (p < —2), and (ii) the system 7, 1(F) on
P is defined by the system of Pfaffian equations w, =w’; =0 (p < —2).

(2) Conversely let T' be a normal connection of type £ on a manifold R. Then there is
a unique almost pseudo-product structure (E,F) on R such that the almost pseudo-
product manifold R expressed by (R, E,F) is of type £ and such that ' is naturally
isomorphic to the normal connection of type £ associated with R.

(3) Let R and R’ be two almost pseudo-product manifolds of type £, and I' and T be the
associated normal connection of type £ respectively. Then an isomorphism of R to R’
is an 1somorphism of I' to I, and vice versa.

Thus we know that the almost pseudo-product manifolds of type £, B, are naturally in a
one-to-one correspondence with the normal connections of type &, (P,w), up to isomorphisms.
It is easy to see that the standard pseudo-product manifold of type £, By, just corresponds
to the standard normal connection of type &, (G, w), on G/G®), and hence we get

Corollary. Let ¢ : U = V be a local transformation of G/G©). Then ¢ is a local automor-
phism of Po if and only if it is obtained from the action of G on G/G(O), i.e., there is an
a € G such that o(x) = ax, x € U.

Suppose now that £ is a projective FGLA of type (n,r), and let B be an almost pseudo-
product manifold. Then by Proposition #x B is an almost projective system of type (n,r)
if and only if it is of type £. Accordingly Theorem *x can be applied to the geometry of
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almost projective systems of type (n,r). Let us now consider the geometry of single ordinary
differential equations of the third order

Ty _ ol W Py
dx3 Y e da? )

where the equivalence is considered with respect to contact transformations of the space of
variables x,y. Then it can be shown that this geometry may be represented by the geometry
of pseudo-product manifolds of type £, where £ is a non-degenerate pseudo-product FGLA
of the third kind such that the prolongation & of £ is a simple graded Lie algebra and the
underlying Lie algebra g is isomorphic with the simple Lie algebra 0(3,2). Thus Theorem xx
can be applied to the former geometry through the latter (cf. Cartan [26], Chern [27]).

2.2. The normal connections of type & associated with almost projective systems
of type (n,r). The notations being as above, we assume in this paragraph that £ is a
projective FGLA of type (n,r). Let B = {R; E, F'} be an almost projective system of type
(n,r), and (P,w) the corresponding normal connection of type &.

Let us consider the curvature function K : P — C?(&). The space C%(®) is decomposed
as follows:

5
C*(®) = Y CP(®),

p=-—1
and hence each CP2(®) as follows:
CP2(B) = CP2% + C0%, + CP2.

(The notations being as in §III.1, Cg’_23 = Aif?), 05;22 = A;fQ and C’g’_zl = Agfl.) Therefore

according to the notations given in §II1.2, K is decomposed in two ways as follows:
5 2
K=)> K'=)> K,
p=—1 j=—2

each K? as follows:

KV =K, s+ K ,+ K} |,
and each Kj as follows:

Kj =K/ 4+ KI72 4+ kI

Here we remark that
K Y =K3)=0, and 9*K? =0, 0Zp<5,

because the connection (P,w) is normal.
Thus the structure equation dw + iw,w] = $K(w- Aw_) is decomposed into the five
equations as follows:

1
dw; + B 2 .[wr,ws]
(Ej) ) r+s=j 1
— §Kg+3(w,g Nw_g) + K (w g Awoy) + iKJJ.H(w,l Aw_y), —2<j<2

For example equations (E_3) and (F_1) may be explicitly written as follows:

1 1
(E_5) dw o+ =w_1,w_1] + [wo,w_2] = =K g(w s Aw o) + K%y (w_a Aw_1),
2 2
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dw_1 + [wo, w—_1] + [w1, w_2]
(E-1) 1 1
= §K31(w,2 AN w,g) + Kll(w,g A w,l) + §K91(w71 A w,l).

As an application of the structure equation we shall now prove an integrability theorem
on almost projective systems. We first recall that the space of harmonic forms, H%?(®), is
calculated as follows:

0,2 _ 1702
HO®) = Vi

(see Proposition xx), noting that 1/8’)2(71,7“) Cgt, ®@A%(g7))", V(g’f(n, r) C g7, ® A% (g
0,2 - * — )%

and Vi)' (n,1) C 921 @ (871)" A (a2)"
Theorem 2.3. Let P = {R; E, F'} be an almost projective system of type (n,r), and (P,w)
the corresponding normal connection of type ® on R. Consider the invariant K°.

(1) ‘B is integrable if and only if K° takes values in V&’f(n, T).

(2) Assume thatn —r =1 orr = 1. Then B is integrable if and only if K° = 0.

(3) Ifn—r =3, then F is automatically completely integrable (cf. Yamaguchi [23]).

(4) Ifr =1 and n = 4, then B is automatically integrable.

The differential system 7, *(E) (resp. 7, !(F)) on P is defined by the equations:

wa =Wy =0 (resp. g —wh = 0),

(n,7) + Vi (n,r) + Vi (n,r)

and it is clear that the differential system E (resp. F') is completely integrable if and only
if so is 7, 1(E) (resp. 7, '(F)). Furthermore K° = K, + K%, takes values in H%2(®) by
Proposition #*. (This implies K, = 0.) Therefore the theorem follows immediately from
Proposition #* and the next
Lemma 2.4. (1) dw_2=0 (mod w_s,w ), dw”;=1K% (wh Awh)) (modw_o,w;)
(2) dw_o=0 (modw_p,wt)), dw’ =1K% (w ; Aw>)) (modw_o,wh).
This fact follows easily from equations (E_5) and (E_1), noting that i[w_q,w_1] =

[lev w:l]'



CHAPTER V

The geometry of systems of ordinary differential equations of the second order

Throughout this chapter £ is a projective FGLA of type (n,1), and & its prolongation.
As to these objects we use the notations as in §II1.3 and I11.4. Especially we fix bases (d,) of
g—2, eg of gfl, (e;) of g—4, etc. in the manner as in §II1.4. We always assume that n = 3.

81. Infinitesimal normal connections of type &

1.1. P % manifold M E® fibred manifold, V' % the system of vertical vectors of the fibred
manifold ¥4 %. g D& X 12 LT, P _EOD vector filed X* 2SI U, IRD A% R L
TVW2EDLT 5.
1) Mt X — X* I, Lie algebra homomorphism TH 5. i.e., [X*YV*] = [X,Y]*, X,Y €
4
2) P D& 2 IZHUT, Wi X — X7 & g® 25 V, EA® isomorphism % 5% 3.
w % P LD gvalued form &4 5. ROFZMEDFT (Pw) 2 M ED weak Cartan
connection of type (g,g(®) & k3.
(IC.1) XeT,(P) 95 wX)=0 = X =0.
(IC.2) w(X*)=X, Xeg0.
(IC.3) ZLxw=—[X,w], X eg®.
Cartan connection of type G/G©) 1ZHi 5 HZ weak Cartan connection of type (g, g(®) T
Hb.
(P,w) (resp. (P',w')) % M (vesp. M') E® weak Cartan connection of type (g,g(®) &3
%. (20,2p)) E PXx P &%, z9g D nbd 25 z, ® nbd D _EAD diffeomorphism ¢ #3% > T,

Prw'=w,  P(20) = 2
MY LD & ¥ ¢p % local isomorphism of (P,w) to (P/,w') at (29,2}) & &3 LD local
isomorphism 1) 1%

JX) =X, X eg®
2T 5.
Proposition 1.1. fEE®D weak Cartan connection of type (g,9») & 1 2D Cartan con-
nection of type G/GO) \Z&k>T represent XNd. b, (P,w) 2 M kD weak Cartan
connection of type (g,90), 2o € P £ 3§ 3. ZDE X, 1 DD manifold M' ETEHEIN
7= Cartan connection of type G/GO), (P', ') & 2z ® nbd THEFEI Nz local isomorphism
P (Pw) — (P W) DMFIET 3.

Z O Prop. I& the Lie algebra of vector fields, { X* | X € g(© } on P % 2y ® nbd T

NTEILILE>TERBIIRIND.
Proposition 1.2. (P,w) (resp. (P',w')) & M (resp.M') ETEZI /= Cartan connection of
type G/GO) L5 3. p % 2 € P D nbd TEEI N local isomorphism (P,w) — (P',w') as
weak Cartan connections £ 3%, ZD& X, 1y = 7(z9) D nbd TEFEI N/ local isomorphism
0 (Pw) — (P, WFIELT, o =@ B 29 D nbd THALY B.

101
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1.2. The space VP2(&). Let us consider a class € of normal connection of type &, (P,w),
satisfying certain invariance conditions, for example, such as K® = 0 or K = K! = 0, etc.
Every connection (P,w) in the class € satisfies the identities
O*KP =0, and OKP=wP~l p>o0.

Now the function WP~! takes values in CP~13(®), and we define a subspace V?~13(€) of
CP13(®) by

vyt = {Le P 3(@)* | LwP" =0 for any (P,w) € €},
where VP~13(€)1 stands for the subspace of CP~13(&)* orthogonal to VP~13(€). Clearly
every (P,w) € € satisfies the equations

LOKP =9*KP =0, p>0, LecVP 13t

This being said, we define a subspace V??(€) of CP2(®) by

VPEE) ={ce CP*(B) | Ldc=d*c=0 for any L € VP~13(¢)1},

which is nothing but the smallest subspace of CP?(®) in which the function KP corresponding
to any (P,w) € € takes values.

Here we notice that a considerable amount of informations for the determination of
VP~13(¢) are obtainable from the informations on the subspaces V42(€), ¢ < p. We also no-
tice that HP2(®) C VP2(€). As we have already seen in §I11.3, the determination of HP2(®)
(at least for projective graded Lie algebras) can be easily carried out by the use of Proposition
s+, but we shall see in §V.3 the works towards the determination of V?%(€) require messy
and complicated calculations.

1.3. Some remarks in the case where & is a simple graded Lie algebra of the first

kind. %7 simple graded Lie algebra of the first kind i&, [29] {281} % irreducible I-system
ZREKRUTHD. XoT [29] IZBITDFERIZFID & S 7% graded Lie algebras (26 U Ti#EH L
25.

YT & % simple graded Lie algebra of the first kind & U, fJfid % groups Gy = Aut(®),
GO =Gy -GV, G =Aut(g) Gy 2£2%. GO 1% G 12B1F3 g© D normalizer TH 3
(cf. [29, Lemma 1.5]).

(P,w) % connection of type G/G®) on M. K %% ® curvature £ § 5. K I& C*(®) =

2
g@A2(gh,) DA >TH Y, SR C2B) = 3 CPA(&) IfE>T
p=0

2
K = ZKP
p=0

ERIRINDG. CP2(B) = g,_1 @ A%(g*)) THDIILEFERLED. &oT K IF (Pw) @
torsion THd. (e1,...,e,) & g_1 D basis & §HIL,

8*K0 — ,8*K1 _
ThHY,0'K?=0. 5T (P,w) » normal connection of type & T3 &%, (P,w) » [29]
DK T normal connection TH2 Z & EZZEKRL TVDZLNbON5.

GL(g—1) @ subgroup Gg Ik Gy I—HULTEY, Gg—structure of type M FHIZ Go-
structure % &KL TW3. &> T Theorem IV.?? £V, XD Proposition % 2 5.
Proposition 1.3. & »% (9, gg) D prolongation TH D LAKET D, i.e., HO1(&) = HV(B) =
{0}, 2ok x

{M E® Cartan connections of type &} JEIN {M E®D Gy-structures }
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Z OFERIF [29] TREIZEONT WD,

G D closed subgroup H % H =expg_1-Go > CE#T 3. H 1Z GO D dual TH3.
H @ Lie algebra h lZh=g 1 +gg CTHEALNTVS.

Q = M LD Go-structure, £ % T D basic form £ 95. y % Q ED h-valued 1-form &
U, x—1 (resp. x0) & x D g_1- (resp. go-) component &9 5. (Q,x) #* connection of type
H/Gy THY, D x_1 = THDLE, x 2 Q IZHFD affine connection &5 .

X % Q 21} 3 affine connection, S % T D curvature £ 9 5: BIH S %

1 1
dx + i[X,X] = §S(X—1 A X-1)

%29 % unique & function Q — h@A%(g_1)* THD. SfRHQA%(g_1)* = g 1A% (g_1)*+
g0 @A (g 1) IS T, SIE S =5 1+8 LafRINd. S 1 % x D torsion & &3, (S
133 linear connection xo @D curvature & KX 5).
Proposition 1.4 (cf.[29, Theorem 8.1]). IRDOFMZ LT S function T : Q — g1 ®
A%(g_1)* 2 unique \(ZTFHET B :

1) &*T =o.

2) T & Q IZBFD affine connection D torsion S_1 THD.

T % Q O torsion & &.&. ZHF Q D structure function (cf.[29]) DFEEALTH 5.

(P,w) % M E® normal connection of type &, Q ZXf)t9 % Go-structure, p: P — Q
% H#R72 homomorphism & 9%. T % Q D torsion & U, x & Q (ZH1F% affine connection
T, T=5 185095,

Proposition 1.5 (cf.[29, Proposition 7.5]). (1) K° = p*T.
(2) KY=0. >T, T=51=0 Y KETD. ZDOLZ, functionU : Q — g1 PMFAEL T,
KYXAY)=S(XAY)-[UX),Y]+[U(Y),X], XY €g-1,

ZST Sy, Uld P ED functions EEOIREITH 5.

§2. Normal connections of the type &, type 21, and type 8B

2.1. The normal connections of type & associated with projective systems of type
(n,1). Let P = {R; E, F'} be a projective system of type (n, 1), and (P, w) the corresponding
normal connection of type & on R. Let us consider the invariants K? together with their
harmonic part HKP. First of all by Theorem IV.?? we have

K’=o0.
It follows from Proposition IV.?7 that
HK'= K"

By Proposition II1.3.17 the spaces of harmonic forms HP?(®) are calculated as follows:
HP2(&) = VP2(n,1) for all p. Since the space VP?(n,1) vanishes for p = 3,4,5, it fol-
lows that

HK?=HK"'=HK®=0.
Therefore we know from Theorem 2.9 in [20] that K'(= HK') and HK? form a fundamental
system of invariants of the connection, and especially we get the following

Theorem 2.1. K' = HK? = 0 if and only if the given projective system B is locally
isomorphic to the standard projective system of type (n,1), Po.
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Consider the natural homomorphism x of G onto Gp. By Proposition IV.?? we know
that K has a tensorial property in the following sense:

RK'= (KM qeq®,
We shall now study the invariants K? = K2, + K3 + K? and HK?. K} takes values in
Aé’l, and this space is decomposed as follows:

Ayt =00 @ g% A (aT)" + a0 @ 8% A (a7))"
Correspondingly K2 is decomposed as follows:
K§ ="1K{ + K¢.
Proposition 2.2. (1) K2, takes values in g_; ® A’g*,.
(2) KZ=0.
(3) O(KE) =0*("K3) =0, i.e., “K? takes values in V*?%(n,1).

This fact together with Proposition 2.5 below will be proved in §4.

We assert that HK? = ~K2. Let us consider the inner product (-, -) in C*?(&). Putting
L =K% +*tKZ we have K? = L + ~“K{ and (L, K2) = 0. Since HK? takes values in
V22(n,1), we also see that (L, HK?) = 0. Since H("K?) = “K2 by (3) of Proposition 2.2,
we therefore obtain

(HK? - K2 HK? - "K&) = (HK? - "K} K* - "K?) = (HK?* - "K},L) =0,

whence HK? = ~ K2, proving our assertion. Thus we have proved the following
Proposition 2.3. HK? = _Kg

From the fact we can derive a tensorial property for HK?. Namely we have
Proposition 2.4. R¥(HK?) = (HK?)"%), aec GO,
Proof. By Proposition IV.?? we have R} K? = (K?)?, a € Go, whence R:("K?) = (TK3)®
a € Go. Let X € g,, where » = 1 or 2. Again by Proposition IV.??, we have §xK?
(K277)X. Hence for any U € g_3 and Y € g_, we obtain

((xK?)(UAY)=—[X,K*"(UAY)]+ K> "(p(X)UAY) + K*"(U A p(X)Y).

Since K = 0 and since K' = HK"! takes values in V12(n,1), we find that the right hand
side of the equality above vanishes. Hence (§x K?)(U AY) = 0, meaning that dx(~K3) = 0.
Thus the proposition follows. O

Finally concerning the invariant K? = K3 + K3 + K3, we have the following
Proposition 2.5. K3 = 0.

We mention that the curvature satisfies further linear relations, which will be stated in
Chapter VI'. (cf. Proposition 3.1 under the assumption that HK? = 0; Propositions 3.4 and
3.7 under assumption that K = 0.)

2.2. Normal connections of type 21 and projective structures in the usual sense.
simple graded Lie algebra 2 & groups Ag, A, G 22X 5. 25D group & A IZHFBE
$ % groups TH3. G/AOD =P" TH 3. Ay lx G/AQ DI SIZH1F 3 linear isotropy group

THY, GL(a_q) IZH—HIN, [>T ag & glla_q) ICHA—HIND. A I, [28] ITEIT5
graded Lie algebra g =V +gl(V) + V* LRBTHD I L 2ERTD. £72, [29] ITRAIX, A

I irreducible l-system of type P"(R) TdH 5. A 1% (a_1,a0) D prolongation THWZ & %
Y5,

1Chapter V, Section 4 ¥ b3,
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BHIZ HO2(A) = {0} 7RI N5, &> THEED normal connection of type 2, (P,w), &
torsion % FF72 8. 2L (P,w) A% normal projective connection ThHd I L ZRLTWD.
HUZIRD Proposition % 2 5.

Proposition 2.6 (cf. [28] and [29]). manifold M EOD normal connections of type A, (P,w),
& M E®D projective structures in the usual sense, 0, L IXHRZLTTT 1:1 ITRIET 5.

(P,w) % normal connection of type 2 on M (Z® connection Z (P,w)y &M <) K %<
D curvature £ §5. K X C?(A) =g A%a* | DIEZR>TEY, 5 C2(A) = Z CP2(A)

pf

- T,

2

K =) Kj

p=0
RS D, Ky & (P,w)y D torsion THY, zero THD. m = a1 +g_; THDINH,
C?(A) = g® A%a* | 1 C%(B) = g @ A2m* D subspace L AKLIND. £>T K I C?(6) D

5

% £ D function & AR IN, 4R C3(B) = > CP2(B) - T,

p=—1

5
K=Y K°

p=—1

ERRIND.
XT M O frame bundle F(M) = F(M,a_1) & Grassmann bundle G1(T'(M)) %% X
5. ye F(M) £9%. y |&isomorphism a_1 — T,(M) &<, 5T z i y O origin
Thd. g") lda_y @ l-subspace THIM 5 y- gt I& M D 1-dim. contact element T
%:y-gt, € GHT(M)). Mty y-g7, I& onto THY, F(M) i GHT(M)) ED fibred
manifold 1275,
F(M) GYT(M))

N

M
pa = HIRZE: homomorphism P—sFM)&d3%. (Ay=GL(a_1) 7’:75‘6 pa 1& surjective
Thd)zeP,ac A L3hig, pg[(za)glL = pa(2)g", = a c GO THDZENWRHBIT
RIND (Lemma 2.9). &> T, GYT(M)) i&
GY(T(M)) = P/G©
LERBINS. £o5T P GYT(M)) ED GO-principal bundle T 3.

P GH(T(M))

/

M

Proposition 2.7. (1) (P,w) & normal connection of type & on G*(T(M)) TH Y, K I%
TD curvature THD (TD connection = (P,w)g &M< )
(2) K°=HK?=0
K% = 0 T#»% 5 normal connection (P,w)e 2% projective system of type (n,1),
P={GHT(M)); E,F} T D, BHIZHOMD &SI F X the system of vertical vectors
of the fibred manifold GY(T(M)) over M T % (cf.Thaxx ). £>T X = (GHT(M)),E)
& M E® projective system of type (n,1) Td%. 0 % normal connection of type 2l on
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M, (P,w), \{ZX)&d % projective structure in the usual sense &4 5. X(0) & 0 IZHIBT 2
projective structure of the restricted type, B(d) & X(0) (X T S projective system of type
(n,1) £9 5.
Proposition 2.8. P =P(d) and X = X().

ZOEMHDFERIX, IMOFELEEFSTEDIIRINDG. Ved & fix §5. ZDLE, y(t) »
V @ geodesic A H1E, X € a_; & &(X) D integral curve J(s) 23 > T, v = 7 as subsets.
EJABULEN AVAL NN
Lemma 2.9. a € A©), pala)gt, =97, = a€ GO

Proof. a € Ag £ LTE\W. pyla)gt, = gt 1&, Ad(a)g™, € g7, +a® = g &k
. (-, ) 1ZBF 3 g @ annihilator I& g» TH2. £>T Ad(a)ge = go. M = [g"1, g9
TH275 Ad(a)gV) = gV, g0 = [ gD 4 gD THZ 25 Ad(a)g® = g0, koT
a € Aut(®). a € Aut(®) NG = Aut(g)? N Aut(&) C Gy. O

2.3. Normal connections of type 8 and allowable By-structures. simple graded Lie
algebra of the first kind, B, & groups By, BY, G ## 2 %. Zh 5D group 1& B IZHBE
$ % groups TH3. G/BO = G"(P*) = G"HH(R") TH 5. By 1% G/BO DB
linear isotropy group TH 5. (a,b) € GL(n—1,R) x GL(2,R) IZX LT, M,_12(R) O linear
automorphism 7(a,b) %

n(a,0)X = aXb™t, X € M,_12(R)

W&o TERTNIE, By I& b_y D basis (e1,...,eam—2) WCBELUT, By I& nla,b) %25ED
My —12(R) O linear automorphisms EEDES linear group & U TERHIIND.

BHIT B X, (b_1,bg) D prolongation THD Z &, ie., H'(B) = H>L(B) = {0} K& d
ZEDHENDEND. L5 TIRD Prop. # 2 5.
Proposition 2.10. manifold N E®D normal connections of type B, (P,w), & N E®D By-
structures, Q, EAXBERZMLST 1:1 1ITHRIET 5.
Remark 2.1. B = My (4), Mdbius algebra. By-structure &, conformal structure.

(P,w) % normal connection of type B on N, K % Z® curvature £ 9 %. (Z D connection

2
% (Pw)g 7<), K& C3(B) =g A%* | D% F>TEY, 2k C2(B) = > CP2(B)
p=0
o T
2
K =) Kf
p=0

ERREIND. m=b_1+g7, THEM"H, C2(B) = g A%b* I, C(B) = g® A>m* ©
subspace £ AR IND. LT K I& C*(®) D% FFD function & AR I N, 73ff C*(8) =

5
S OP®) 1T
p=—1

5
K= K’
p=-—1
ERRIND.

Q % normal connection (P,w)y (ZXf)6d S N ED By-structure £ 45, ye€ Q &7
%. y & isomorphism b_y — T,(N) 2E<. T>T z id y D origih THD. g-; IFb_y
® (n — 1)-dim. subspace THDN 5, y-g_; (&N D (n — 1)-dim. contact element TH5:
y-g_; €EGHT(N)). Mty y-g-, 1T&d Q DHE R(Q) TET. R(Q) & G H(T(N))
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@ submanifold TH Y, dimR(Q) =2n—1 THD. £/ R(Q) & N ED, Q IF R(Q) LD
fibred manifold TdH 5.

Q — R(Q) —— G"{(T(N))

N

N

ps % EF#R homomorphism P — Q £95%. z € P, a € BO &90UE, py(za)g”, =
ps(2)g-, = a € GO THZZENEBIIRINS. (a € BY, py(a)gt, = g7, = a € GO).
£->T R(Q) I
R(Q) = P/G¥
LEBEIND. £o5T P IE RQ) £ GO-principal bundle TH 3.

P —= R(Q) — G"Y(T(N))

N7

N

PAF normal connection (P,w)qy & torsion & Ff728\W, ie., Ky =0 LIRETD. ZDIK
ElX Q »torsion KRN L S equivalent THD.
Proposition 2.11. (1) (P,w) (& normal connection of type & on R(Q) TH Y, K 3%

D curvature THB. Z®D connection & (P,w)s &M<
(2) K°=07%456F, Kl=0Tdh2.

X % Q 2815 torsion zero M affine connection, S : Q — by @ A%b* | & Z D curvature
95,
Lemma 2.12. X,Y €9, £9%. ZDLE, KL(XAY) & (piS)(XAY) D gF,-component
FEELW.

< Z T function 77 : Q — gfl ® A2(g:1)* %

T'(X ANY) = the g*,-component of S(X AY)

IZ& > TEHETNIE, Lemma 2.12 225 T 1X, By-structure Q Z N6 ED Z D05,

n=>40M& %, Theorem IV.?2? 225 KO =0 THh3. &> T Propositions I11.3.17 and IV.??
MO K =0%2%. £/7, Lemma 2.12 5 T/ =0 MRS Z & 21EETD. (I, n=3 DY
G5ZZ25. Z0LE K'=HK? THhY, KO IZ VO%(&)-valued THD. X,Y €g-, D& ¥,
K°(X AY) = the gt,-component of Kx(X AY) TH5D. &> T Lemma 2.12 5, K¥ =0
ST =0 W9 nd. £/, KO=0 D& &, Propositions 111.3.17 and IV.?? 25 K =0 2
. UKD Prop. # A 5.

Proposition 2.13. (1) n24 D¢ ¥ K =K' =0
(2) n=30DrtE K'=0<=T'=0. £/22054, T' =0 &6, K' =0.

T =0 YIHETD. D& KY=0THhd. 5T, normal connection (P,w)e (I
projective system of type (n,1), B = {R(Q); E, F} BRInd 5. BAHITH25EDIT E IF the
system of vertical vectors of the fibred manifold R(Q) on N Td% (cf. Theorem *x). &
T Y= (RQ),F) & N ED GP system of type (2n —2,n — 1) TH . T 51T Proposition
2.10 5 F X R(Q) ZIMoik&ED Z A DMNS. £ LT Proposition 2.13 2256 Q I T/ =0
% e 9 DAEED By-structure without torsion (27410 525 Z L 21EET 5.
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Q % Bg-structure £ 92%. Q O torsion T M zero THY T/ =0 THdL X, Q %
allowable By-structure & £33, EDiEwM S/LFZD allowable By-structure Q on N ZX LT
H #7217 T projective system of type (n,1), B, & GP system of type (2n —2,n — 1), 9,
MBI D Z Ehbhhorz.

§3. Reduction theorems

3.1. Reduction theorems, (1). P = {R; E, F'} % projective system of type (n,1) £ 94 5.
RIF E & F OWHGIZOWT regular THo LRKESTSH. M =R/F, N=R/E &L, wy :
R — M, wy : R — N % projection £§ 3. 1j: R — GY{T(M)), 1y : R — G YT(N))
% canonical immersions £ 9%. R — M x N, 1y, vy I& imbeddings E{RETH. ZD&
¥ X =(R,E) & M E® projective structure of type (n,1) THY, P = (R, F) I N ED
GP-system of type (2n —2,n —1) THY, X @ dual TH5. (P,w) 2 P IIXHIHdTD R L
® normal connection of type &, K % T ® curvature £ 9% (Z® connection % (P,w)g T
%5

{RD Proposition 1% §4.4 TIEIAIND.
Proposition 3.1. HK2 =0 2/E9%. Z0O& ¥ K 12 a® @ A2(a_;)* Dz E>.

Z @ Proposition % > TIRD Theorem ZFEHL & 5.
Theorem 3.2. HK? =0 &{RETD. ZD & E X X projective structure of the restricted
type TH 5.

0 % (P,w)g (X9 % projective structure in the usual sense, X(0) = {
Z 0 19 S projective structure of the restricted type &9 5. I 5l
X(0) 1T d % GHT(M)) D normal connection of type & £ 4%, ZD

D R EANDHIRTHZDZ D05,
§5.3 C Theorem 3.2 DHIFEH%Z 52 5.
Theorem 3.2 & §IIL.8.1%2 DD O KHEHLIZE > T

{projective systems of type (n,1), (or projective structures of type (n,1),%) with HK? = 0}
PN {projective structures in the usual sense, 0}
NHnd.
Theorem 3.2 DFEAHIZAS .

Lemma 3.3. (P,w) (& M E® infinitesimal normal connection of type A THD. (ZD
connection % (P,w)y &0 <).

PAR §IIL2 @ i.c. connection (ZBId SFER %S .
20 € P (P,w) (P )

£\\m (ﬂﬂiM;?\w b
W)
]\i/[,/ All// R7G1(T

3.2. Reduction theorems, (2). P = {R;E,F}, ---, (P,w) &R EIXEIL9.1° L[AKE T 5.
XD Proposition 1% §4.5 TIEHINS.

2v.22 LiEbha,
36v.3.1 L b,
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Proposition 3.4. K' =0 fETS. Z0OL ¥ K 13 60 @ A2(b_))* OfEizFiD.

1)) Proposition %> TIRD Theorem %L £ 5. F(EED allowable By-structure
on N, Q, IZI& N E®D GP-system 9(Q) = {R(Q); F(Q)} WHIEdH I L2 BMNHLTEHI 2
Theorem 3.5. K! =0 #2{RET 5. ZDL E, unique & allowable By-structure on N, Q,
PHEELUT, X O dual Y &, D(Q) D R ~NDHIRE LTHELNDS. BB, i) R C R(Q), &>
T, R1E R(Q) D open submanifold TH Y, ii) F &, B(Q) D R(Q) ~DHIRTH 5.

(P(Q),w(Q)) = Q IZHd % normal connection of type B on R(Q) &35, ZD& ¥
TOFEHMNS (Pw)s &, (P(Q),w(Q))s D R(Q) ANDHIRTH D Z LD

Theorem 3.5 & §II1.8.2* Mk 6 KHEIZIZW>T
{projective systems of type (n,1),%, (or projective structures of type (n,1), %) with K' =0}
= {allowable By-structures, @ }
MO,

Theorem 3.5 OFEFHIZAA S .

Lemma 3.6. (P,w) (& M E® infinitesimal normal connection of type B ThHd. (ZD
connection % (P,w)y &M< ).

PUF §II1.2 @ i.C. connections (2R3 2 F5R % 5.
20 € P (P,w) (P, ") (P, w'")
AN
T R(Q) |R@) R(Q") |B@")

:
RVARVARY,

2o € N N N
(P,w)y 25 (P,w)y asiC.c
(8
(P,w)eg — (P',u')e asi.C.c
2EL I
Y=
(P,OJ)@ d (Plaw,)® as C.c
T R(Q) o =19
N N’
F(N) F(N')
U U
Q=0,Q") Q'

dev.2.3 LEbNhD,
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T=000""

(P} : (P",u")p
RQ)~2—R—"~ R(Q")
|
N N0 N
T
PN <2 F(N) —2e PN

R — M O fibres I& connected. &> T Q & globally defined
Remark. £ % projective FGLA of type (n,r), & % ® prolongation £ 94 %. & (Zi& simple
graded Lie algebras 21, B W[4 5. B = {R;E,F} % projective system of type (n,r),
(P,w) %Xt % normal connection of type & &4 5. r=n—1,n =3 &B56IX,
K'=HK? =HK®=HK*=HK’> =0
THhd. TUT HK' = K! BEANAERTHY, HY2(S) Cho® (g7)* A (g7, DIfi% K
D, FE25r<n-272561F,
HK'=HK? = HK®=HK* = HK® =0
THhd. ZTUT HK® DEANRLERETHY), V(%’)z(n,n —r)Cg ;@ (@) A(gT,)* DfEiz
RFD.
WiZr=n—1,n2=23 £21E2<r <n-2 DHEHITIE, (P,w) » IC connection of type 2A
or of type B (T reduce TZ) EFNIE, BB curvature K 2 g®@ A%(a_q)* 21k g@ A2(b_1)*

DAl % BAUE, BRIZ K =0 78D 5> T P IE standard system By 1 locally isomorphic
12785, > T Theorems 3 2, 3.5 DIZD Reduction theorems (FE MR FIK %Ki /2 800,

n=2r=105 li Cartan (Z& > T Reduction theorems 335N T\ 5. (see
Appendlx)

Reduction theorems (I AN 1ETH S & ZADEMD HFERNRIFFEREHELKLTH Y,
k=3 U EOTNTOEMS ARERNRIITUTHIT DL EDNS.

3.3. Further properties of the curvatures of projective systems of type (n,1) with
K!'=0. (Pw) X ELFAKETS.

K*=K§+ K} + K3, K'=K|+K;, K’ =K
THdZLZ2BVHEULTEIS. §4.5 T Proposition 3.4 & Y FEUWRD Proposition % LA
T 5.

Proposition 3.7. K! =0 X {KET 5.

(1) K'=K'=K'=0

(2) K213 V22(n,1) Oz D,

(3) i) K§ = K3 =0, ii) K} I&, g7 ® (g-2)* A (92,)* DiEZEFD, iii) (K3 ([en, 2] A y), 2)
i variables x,y,z € g_; \ZDWT symmetric THD.

(4) i) K{=0,ii) K3 &, g2 ® (g_2)* A (97)* DEARFED, iii) (K3 ([en, ] AY), [en, 2]) &
variables x,y,z € g_; (ZDWT symmetric TH .

(5) K3=0
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(6) 65an = 07 567LK]? = _[eTU K%L 567LK24 = 0

3.4. Examples.

84. Proof of Propositions 2.2, 2.5, 3.1, 3.4, and 3.7

¢y (resp. €3; resp. €3) % normal connection of type &, (P,w) T K" = 0 (resp.K" =
HK? = 0; resp. K'=K!'=0) 2iid 325D > fE3 class £§ 5. ¢ (LT CP2(&) D
subspace VP2(&;) DI d 2 Z L ZENEZ D (see §IV 1). Z2dD& & Propositions 2.2 and 2.5
(resp. Proposition 3.1), resp. Proposition 3.4) I& VP2(&1) (resp. VP2(&3); resp. VP2(€3))
DIPENDHIZETDH D . E 72 Proposition 3.7 & VP2(&3) LN RELTNDTHAD.

4.1. The Bianchi identity. (P,w) (& *x LFkE T 5. (P,w) (B9 % Bianchi identity
IFIRD identities (D fET B .
OKP = wP~!
(§IV.1.4 A K). wr~t ik KO ... KP~! 721312 depend $2&ETHD. K =0 THY,
K'=HK' 3 V12(n,1) Offiz&>Z L 2FE LT, w1 23R LU TIRD Lemma & X 5.
Lemma 4.1. u,v,w € g_2, 7,y,2 €g_1 £9B.
(0) (GKP)(U/\U/\w) = 0, KP2(v Aw) — 6, KP72(w Au) — 5 KP~2(u Av) — KP~3(K2(u A
v) Aw) — KP3(K2(v Aw) Au) — KP3(K2(w A u) Av)
(1) (OKP)(uhvAz)=—6,KP2(vAx) =8, KP2(x Au) — 0, KP Y (u Av) — KP3(K?(u A
v)Ax)— KP2(KY (v Ax) Au) — KP2(KY (2 Au) Av)
(2) (?Kp))(u Nz /\23/() :1(5UK)1’_2()$ Ay) — 6 KP Yy Au) — 6, KP~Hunz) — KP2(K(uA
KP*(K ' (yAu) Nz
(3) (OKP)(x AyAz)= —5pr*1(y ANz) =8, KP Yz Az) — 6, KP H(z Ay)

KP & KP = Kp g+ Kp o+ K tﬁ@ﬁ'@‘é At the proofs of the propositions from
now on, the 1nvar1ants KP Kg 3 Kp o and K, will be simply denoted by ¢, ¢,—3, ¢p—2 and
cp—1 respectively. E-HIZIT p=2 DL & K_l =c 1 & cog=ct+c, ENETD (cf.
§ITL.5).

4.2. Proof of Proposition 2.2. Z® paragraph Tl invariant K2 =c=c_1 +co+c1 %
EAB.
Lemma 4.2. (1) (O¢)(uhvAz)=0.

(2) () (unzAy) =022 Dc)(uhzNey) & g—; DIEZFFD.

(3) (Oc)(x Ay Aey)=0.

(4) (950c)(x Aep)=0.

Proof. Lemma 4.1 & K =0 KU K! = HK! 28 V12(n,1) D2 D> Zen 6, IROFR
ZAD.

(OK*)(uAvAz) =0,
(OK?)(u Az Ay) =0,
(OK?)(u Az Aep) = —0,K' (e, Au),
(OK?)(x Ay Aen) =0,
512 (05K )(en) =0. &>T Lemma %2 2 5. O

Lemma 4.3. ¢ (z Ay) = 0.
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Proof. (Oc)(unzAy)=0 &Y
(Ooc—1 + Orco + Dact)(u Nz Ay) = —[z,co(z ANy)] + [y, colu Ax)] + [u,cr(z Ay)| =0
A g )
—[z,colz Ay)l + [y, colu AN )] + [u, e (A y)] =0
)L 30
[u. e (x Ay)] =0
%2%. &>T Lemma I11.3.1 &Y ¢ (zAy) =0 2 ES. O

Lemma 4.4. (1) ZATC’:I(U/\U)—[U,a(v)]—Z[e"‘”, [u, co(vAenti)]]+[v, cf ([e%, u]Aey)] =

0. 25> Ta(v)= Z[e”*i,co(enﬂ Av)].
(2) (03cH)(w) + a(u) + e (e, u] A en) = 0.
(3) ai‘alctl + 828501_1 + 4)\1_61_1 = 0.
(4) ¢, =0.
Proof. (1)
(Oc)(v ANz Aep) = (Opc—1 + Oico + Oact) (v Az Aey)
= —c_1([z,en] AN V) = [z, c0(v A ep)] + [en, co(v A 2)] + [v,c1(z A ey)]
(Bc)(vAxAey) 1&gy DIEZFRDMNDS,
—ct [z, en) A0) + [en,colv Az)] + [v,¢f (A ep)] =0
£oT
_Ci—l([[env u]7 en] Av)+ [em co(v A [en’ u])] + [U’ C—li_([env u] A 6n)] =0
25, [[e"ul,en) = [Ef,u] = —2X\Tu TH Y, [e",u] = (e [u, e )enti THIMD,
[en, co(v A", ul)] = Z[[u’ "], co(v A ensi)]
= _[u7 CL(U)] - Z[enJri, [u7 CO(U A en-i-i)]]
Bz (1) 22 5.
(2) O*c=0 &V,
(O3¢c—1 + Ofco + Oycr)(u)
= Z[ei, co1(e; ANu)] + €7, co(e™ Au)| + Z[e”“, colenti ANu)] + ci([e",u] Aep)

)

2Z%. 25T (0cr1)(u) = Zcﬂ[e””,u] Aenti) =ci([e™ ul ANey) EWDFHEZ[M /2. B

Z[ei, cti(e; Au)] + Z[e"”, colensi ANu)] +cf ([e"u] Aen) =0

22%. £oT (2) BRI N,
(3) (1) & (2) 2D

Z[en-‘ri’ [, co(v A enii)]] = 207 ¢ (u A v) — [u, a(v)] — [v,a(u)] — [v, (D3t (u)]

7
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ZA5. IT (Oc)(uhvAz)=07Z"5b,

(0114 Oaco)(u ANvAz) = [z, ¢ (uAV)] + [u,co(v Ax)] — [v,c0(unz)] =0
&Y

(O onct ) (wA )+ [, [u, cov A ensa)]] = Y[ [o, cou A engi)]] = 0

) )

225, MEICED (3) 225,

(4) A > 072725, (3) M5 ety =0 2HES. O
Lemma 4.5. (1) — Z[e"“,co(ei A z)] = > len, [e" i el (enti A D)) + AT + pf — Ao —
p2)ef (e" Ax) = 0.
(2) Z[ = sco(es Ax)]+ (A + pf )ef (€ Ax) — (9701 (enct))(x )+Z[€m[ c1 (enti A
)] =o.

(3) Otdi(enacl) + (M2 + pa — 20 —2u )epac =0
(4) cf(enNx) =0
Proof. (1) cf; =0 THI»5H
[eny co(u A x)] + [u, cf (z Aey)] =0
Tdh D (Proof of Lemma 4.4, (1)). &> T
> M€l enl, colei Ax)] + > [en, [€f, colei A )] + D50a(ct (z Aen)) =0
Tdh 5. Lemma II1.3.2 £V
D305(ct (@ New)) = [Ea,cf (x A en)] = (Ao + pu2)ef (A )
ThHd. £/ 0c=0ThHE2NH
(B3¢0 + 0fcr)(x) = D _[e' colei A )] + [€", cf (en A )] + Z T(enti Ax)] =0
£oT
Z[[e’ enl, colei A )] = [en, [€", ¢ (en A 2)]]

- Z ens [€"T ] (ensi A)]] + (N + p2)cf (2 Aey) = 0.

% Z%. Lemma III.3.16 £V [l ey = —eT THY,
[en, [, cf (en A 2)]] = —[E, cf (en A 2)] = —(A] + 1y )y (en A )

ThHEN"H, (1) 2R 5.
(2) (Oe)(x Ay Ney) =025

(Ooco + Orer)(x ANy Aep)
= co([z, en] Ay) — coly, en] A ) + [z, ¢ (y Aen)] = [y, ¢ (2 Aen)] + [en, e (z Ay)] =0
%25%. £oT

2[6"”, co([enti, en] NYy)] — Z[enHa co([y, en] A enyi)]

% %

(61 o (enJ Cl + Z nti ena cr (en+l A y)]] 0.

A
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% 2%. Lemma I11.3.1 &V [e",[y,en]] = [y, Ef] = (\] + p )y TH2 55 Lemma 4.4 (2)
Al
D e colenss Alys eal)]l + (A7 + uf)ef (y Aen) =0

A5, LENS (2) DMES.
(3) (1) & (2) 5
(0101 (enae)) (@) + (N2 + p2 — 20 = 2] ) (epac] ) () = 0
WS, ZORE z=e, DEZIIZELHWITD. £oT (3) 2R 5.
(4) Aa 4+ p2 — 207 —2uf >0 TH205, (3) 15 epucf =0, ie, ¢ (e, A7) =0 %R
[
aecAY? %
alxNy)=c] (zNy), alzAe,) =0.
WZE->TEETS.
Lemma 4.6. (1) 010{a + (A2 — p2)a =0
(2) ¢y (zAy) =0,

Proof. (1)
[eny co(u A x)] + [u, cf (z Aey)] =0
T® 5 (Proof of Lemma 4.4, (1)). ¢f (x Aep) =0 THIMND [en,co(urz)] =0 Thd. &>
T le" co(unz)]=0.
—[z, colu AY)l + [y, colu A )] + [u, e (z Ay)] = 0
T»H% (Proof of Lemma 4.3). &> T

—Z le’, cole; Ay)] —I—Zy, e',co(e; Nx)]] +0302(c; (x ANy)) =0

22%. ([eh,z] e gy ZMo, EOERIZE ST [, 2],co(e; Ay)] =0 THS). Lemma I11.3.2
"o

0502(cy (z Ay)) = [Bz, ey (x Ay)] = (A2 — pa)ey (2 A y)
ThY, cf(enhNz) =075,

Z[e co(e; A x) +Z L (enti N2)] =0

(Proof of Lemma 4.5, (1 )) £oT
> e[ e (ensi Ayl — Z[?Ja (", 1 (enti A )]l + (M2 = p2)ey (x Ay) =0

2%, ZHEHSNT (1) 2EKT 5.
(2) Ao —p2 > 07205, (1) 5 a=0,ie,c;(zAy) =0 2X 5. O
a ="K &£8IHE, Lemmas 4.3, 4.4 and 4.5 & Proposition ** (1), (2) DSESHITIKE
AZB.
Lemma 4.7. 0a = 01a = 0pa = 0fa = 050 =0
ZHE Oa=0"a=0 2EKT 5.
Lemma 4.8. (1) (05c_1)([z,en]) — [z, (05c0)(en)] — [€™, co[z, en] Aen)] + (A2 — p2)ci(x A
en) =0
(2) (o — 2 — XF — h)en(z A ea) + [o, (O 1) ea)] = 0
(3) ci(xNey) =0
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Proof. (1)
(Oc)(u Nz Ney) =—c_1([x,en]) Au) — [x,co(u A en)] + [u,c1(x Aey)]
THd. T>5T lep,co(unz)) =0 Z2ERETD (co(ux) lE, s DfEZKD). &> T Lemma
4.2, (4) £V
(050¢)(x N ep) = (05c—1)([z,en]) — Z[ei, [, cole; N ep)]] + 0502(ci(z Ney)) =0
%#2%. £9 Lemma I11.3.2 & V)
0502(c(x Ney)) = [Ea,c1(x Aep)| = (Ao — p2)er(z Aey)

%2 %. (Lemma 4.5, (4) &V, ci(z Aep) & g7 DIEZFED). IRIT [¢),2] = (¢, [z, en])e" %
flioT

Y le [z, colei Aen)l] = [, (F5c0)(en)] + D _[le' sz, colei Aen)]
= [z, (85c0)(en)] + [€", co([z, en] A en)]
A5, BLEIZEY (1) PRI N
(2) O*c=0 &V
(03¢—1 + 07co + Opcr)(u) =0, (03¢0 + 07cr1)(en) =0
Z2A%5.TLT Z[e””, co(énti Au)] =0 (Lemma 4.4 (2)) 7205,

(O1co)(u) = [€"; co(en A w)]

ZRB. £oT (1) b,

—(Oper)([z, en]) + [z, (Orcr)(en)] + (A2 — p2)er(z Aen) = 0
%25, [ [z, en]] = [1, Ef ] = A\ +uf)x Z0b,

(@5e1)([z, enl) = cr([e” [z, en]] Aen) = (A + i )er(z Aen)
Thd. UEIZE>T (2) BRI N,

(3) (2) 5
(o — 2 = A = D) @Fe)(en) + 0™ enis (B er) (ea)] = 0

2D, A—po— AN —puf > 07205, TREVEBIZ (Ofcr)(en) = 0 BED. &oT
ca(zrNey)=0Thb. O
4.3. Proof of Proposition 2.5. Z® paragraph Tl invariant K2 =c=co+c1+co 25
AB.
Lemma 4.9. (1) (Oc)(x AyAey,) =0
(2) (950¢)(x Ay) =0
(3) (050c)(x ANey) =0
Proof. Lemma 4.1 £ 5IZDF5RMNHIROERE X B.
(OK3) (uhaAy) = —0,K*(y Au) — 6, K*(u A )
(OK3)(u Az Aep) = —6,K%(en Au) — e, K*(u A )
(OK*(x Ay Aey,) =0
225, IBIT(BKE)(x)=0ThHY,KI=07E"5, (03K3)(en) =0 22%. £2>T Lemma
2R O
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Lemma 4.10. (1) —[e", ¢f ([z,en] Ay)] + [, ¢ ([ysen] A 2)] + 2Xaca(z A y) =0,
(2) o ([z,en] Ay) = o ([ysen] A @) + [en, c2(z Ay)] =0
(3) ca(zAy) =0.
Proof. (1)
(Oc)(u Nz ANy) = (Ooco + O1c1 + Oaca)(u Az Ay)
= —[z, el @AY+ [y, cf (WA 2)] + [u, ca(w A y)]
THd. (050c)(xNy)=07END,
- Z[[ei, z],cf (e Ay)] + Z[[ei, yl,ef (e A )] + 0302(ca(x Ay)) =0
% Z%. Lemma I11.3.2 £ V)
0502(ca(x Ny)) = [Ea, ca(x ANy)] = 2 aca(x A y)
THY, e z] = (e}, [z, en])e” DD (1) 225D,
(2) (De)(x ANy Ney) =075,
(Oocr + O1c2)(x ANy Aey)
= c1([z, en] Ay) — cilly, en] Ax) + [m,c2(y A en)] = [y, c2(x Aen)] + [en, c2(@ Ay)] =0
A%, £oT
cf ([z,en] Ay) = cf ([y,en] A7) + [en, ca(z A y)] =0,

[€", [en, ca(x AY)]] + 2 2c2(x Ay) =0

(€™, [en, c2(z AY)]] = [Ef, c2(x A y)] = 20T o A y)
25
(A2 + A )e2(z Ay) = 0.
A+ AT > 07205 ca(xAy) =0 %25, O

Lemma 4.11. (1) — Z[e”“, c1(enti N[z, en])] — Z[e”“, c1([entisen] AT)] + (20g — AT —

pi)ea(x Aey) =0 Z ' Z
2) X", cillentiren] A2)] = X[ er([@, en] A en)] + (9701c2)(z A en) =0

(3) (2Xa —A] — i) (enaca) + 95O (enacy) =0. °
(4) ca(x Nep) =0.
Proof. (1)
(Oc)(u Nz A ep) = (0oco+ Orc1 + O2c2)(u Az Aey)
= —co([z,en] ANu) — [z, c1(u A ep)] + [en, c1(u A x)] + [u, ca(z A ey)]
THd. (050c)(xNey) =076
(05¢0)([x, en]) — Z[[ei,x],cl(ei Nen)l+ Z[[ei, en),c1(ei A x)] + 0502(ca(x ANey)) =0
Lemma I11.3.2 IZ& > T
0502(ca(x Nep)) = [Ea,calz Aep)] =2 aca(z Aey).
SIfEE]: (3) DRE (202 — 3AF — uf ) (enaca) + (8101)(ensca) = 0 IIEET 2 BENH 2 L EbND.
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F7z [ef,x] = (€', [x,en])e, [¢}, en] = —e T ZMD
Z[[ei,ﬂ, cr(ei Nep)] =€, c1([z, en] Aen)],
Z[[ei> en]v Cl(ei A $>] = - Z[en—”v Cl([enJrz'a en] A l‘)]

o
(05¢0)([x, en]) — [€", c1([z, en] A en)] — Z[e"“,cl([e”“,en] A z)] + 2 ec2(z Aey) =0
ZZBD. IHIZ =0 &Y
(03c0)([z, en]) + (97 c1)([x, en]) + (Fpea)([z, en]) = 0
THhY,

(Orer)([z; en]) = [€", cren A [z, en]) +Z M er(ent A [, en])]s

(@fea) ([ eal) = ealle™ [z cal] A ) = eallos EF] A en) = (XF + i )eala A )
:M6®$%@b()%ié
(2) (Oe)(x Ay Ney,) =0 &
(Oocr + ) (x ANy Ney) = cl([x,en] ANy) —ci([y,en] Nx) + (O1c2)(z Ay Ney) =0
A5, 2T

S e er(lentisen] AW =D € er([y, en] A ensi)] + (95 01c2)(y Aen) =0

22%. £oT (2) BRI N,
(3) (1) & (2) 2D

(2X2 = A — p)ea(z Aen) + (0501c2)(z A ep) =0
ZRAD. oz Ny) =015, ZHIE
(202 — AT — u])(enac2) + (0701)(enac2) =0
REKRTD. 20 — A —uf >0 705 e,0c0=0,ie, c2(rNe,)=0%25. O
4.4. Proof of Proposition 3.1. Z® paragraph Tld HK? ="K =0 &{ET 5. K ! =
K'=0Td»hV, K = HK' 1 V12(n,1) C 9=, ® (g—2)* A (g7,)* DfE%FFD. Proposition
W&o T K2 (unAw) i go; DEEFS, Ki(uhz) =0 (IKE), 2D Ki =0. 51
Proposition 2.5 &) Kj = 0. &> T Proposition 3.1 % GEHH$ 2 1Z1%

K}uAz)=K3(uhz)=0
i e = AN
RIZ invariant K3 =c=co+c) 2% 2 5.
Lemma 4.12. (1) (Oc)(u Az Ay)=0.
(2) (950c)(uNx)+ e, (Oc)(en ANuAx)] =0.

Proof. Lemma 4.1 & 5EDFERNSIRAZ X 5.
(DK (unvAz)=—0,K*(unv),
(OK3(unzAy) =0,
(DK (uhzAep) = —0.K%(en Au).



118 84. Proof of Propositions 2.2, 2.5, 3.1, 3.4, and 3.7

IHIZOK?=0 &V

(0" K?)(u) = (95 524) (u) + (97 K§) (u) = (93 521)(u) + [€", K*(en A )]
%#Z%. £>T Lemma 2. O
Lemma 4.13. ¢ (uAz) = 0.

Proof. (Oc)(unzAy)=0 &Y
—[z, el (wAy)] + [y, ef (un2)] =0
% Z%. Lemma I11.3.16 {2 & V), ZHix
(o, (u A Y2 + (2, ¢ (u AR = (g, e (u A 2)2 + (2, ¢ (u A 2)y

EEKT D, INEVEDI (2, (uny))=0,ie cf (uAy) =0 %2R 5. O
a€g1®(g-2)"N(g-,)" &
a(uNz)=ci(uAnz), a(u A ey) =0
W&o TERTD.

Lemma 4.14. (1) (010fa)(u A x) + (0302a)(u A x) + (\] — pf )a(u A x) = 0.
(2) ci(unz)=0.

Proof. (1)

(Oc)(e; NuNx) = (01co + O2c1)(ei Nu A x) = [z,c0(e; Au)| + (O2c¢1)(ei ANu A x)
(Oc)(en Nu N x) = (Opco + O1c1)(en Au A x)

= co([en, x] Au) + [en, c1(u A x)] + [z, c1(en A u)]

(050¢)(u A z)+ [e", (Oc)(en ANuAz)] =0

Yy AY5) ‘
Z[ez, [z, cole; Au)]] + (0502¢1)(u A x)
+ [€", co([en, x] Au)] + [€7, [en, c1(u A x)]] + [€", [z, c1(en Au)]] =0
®A5. ' ‘
Z[el, [z, co(e; Au)]] = Z[[el, z], co(e; Au)] + [z, (03¢0) (u)]
= [ena CO([$7 en] A u)] + [xv (0500)(11)]
c=0 &V

(3c0)(u) + (91 c1)(u) =0,
(Oren)(u) = [ er(en A u)] + Z[e””, c1(enti Au)] = [e", cr(en Au)] + (97a)(u)

ZZb. 0T
>l [z, coles Aw)]] = [, col[z, en] Aw)] = [, [€", e1(en A )] = [z, (8fa)(w)]
T HIZ
[, len, c1(u A @)]] = [Ef, er(u Aw)] = (A — pfer(u A )
ISTea(une) Mgy DIEEFRODZ 2o/ b

[z, (O1a) ()] + (9502c1)(u A w) + (A] — pf Jer(uAw) =0
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Z5. 2k
(O 07a)(uAx)+ (0502a)(unz) + (A — pa(unz) =0
EREETD. £oT (1) WRINA.
) A —uf >0 05, ZOXDS a(uiz) =0, ie, ci(urz)=0%25. O
I invariant K*=c=c1+c 2EZ LS.
Lemma 4.15. (050¢)(u A x) + [e", (Oc)(en ANu A x)] = 0.
Proof. Lemma 4.1 & 532DFEHRMN 5
(OKYHY(uAvAz)=—0,K3(uAv),
(OKH(uhxAey) = —0,K3(en Au)
#25.0°K=0Mm"b6
(0" K%)(u) = (O3K%) () + [e", K¥(en A )] = 0
755 Lemma % X 5. O
Lemma 4.16. ca(u A z) =0.
Proof.
(Oc)(ei NuNz) = (01c1 + Oaca)(e; ANu A x) = [z, c1(e; Au)| + (Daca)(ei A u A x)
(0c)(en NuNx) = (0pc1 + Orca)(en ANu A x)
= c1([en, 2] Aw)] + [en, ca(u A )] + [z, caen A u)]
£o7T, (050c)(unz)+[e" (Oc)(en Nunz)] =0 N5
> lle, @] erles Aw)] + (D502c0) (u Aw) + [€", c1([en, 2] Aw)] + [EY, ca(u A )] =0,
[Ef, ca(uAx)] =2\ ca(u A ), Z[[ei, z],c1(e; Au)] = [e" er([z, en] A u)]
Zn5
(0302¢2)(u A ) + 20 ca(u A ) =0
5. INED AN >0 curz)=0%25. O
4.5. Proof of Proposition 3.4. Z® paragraph Tl¥ K! = 0 &{KET . ZDREL
K'=0 75 K2 = HK? Th%. 65T, K2 13 V22(n,1) C 5@ (g_a)* A (a7,)* DIEZEKED.
F 7z Proposition 2.5 &V K3 =0. &> T, Proposition 3.4 ZzEHT % 121,
K¥(uhep) = Ky(uhey) =0

ZEEHT X L.
F9 invariant K2 =c=cog+c¢; 252 5.

Lemma 4.17. (1) (Oc)(u Av Aey) =0.
(2) (0F0c)(uNey)=0.
Proof. Lemma 4.1 &{E & VIRDEXZE X 5.
(OK®)(uAvAe,) =0
(OK3)(uAx Aep) = =0, K*(u A )
K? |3 harmonic 7225 (95 K?)(x) = (07 KZ)(u) =0. &> T Lemma % X 3. O
Lemma 4.18. ¢; (uAe,) =0.
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Proof. (Oc)(uhvAey,)=0 &Y
(01co + O2c1)(u A v A en) = [en, co(uAv)] + [u,c1(v Aey)] — [v,c1(uNey)] =0
£-oT
[u,cf (VA en)] — [v,e; (uhen)] =0
o Ta;=(c](ejNen) en) EBITIE
ajles, "] — ailej, e"] = 0.
leiye™] = —(A + uf enyi 7205
a;oF — ai5§-“ =0
£2oTaj=0,ie,c5(ejANey) =0 2X5%. O
Lemma 4.19. (1) — > [e" ™ coe; Au)]— (AT +p)er(unen) + [ [en, cr(uhents)]] +

(930ne1)(u A €0) = 0. |
(2) —2[e" coles Aw)] — (AT + py)er(u A en) + 201, [en, cr(u A eny)]] = 0.

(3) (Af + 7 — A — s )en(u A en) + (3500c1) (u A eg) = 0
(4) ci(uney,) =0

Proof. (1) (Oc)(e; AuNe,) =0 &V
(Orco + O2c1)(es ANu A ey) = [en, coei Au)] + (Oac1)(es Au A ey)

£oT A
Z[e’, len, co(eis Au)]] 4+ (0502¢1)(u A ey) =0

%

ZAR5.0c=0 &Y
(85c0)(w) + (Bfer)(u) = Y _[e', coles Aw)] + [€" ex(en Aw)] + ) _[e", er(ensi Aw)] =0,

i i
[en, €] = et EZnb,

z:[e’”rZ co(ei A u)] —i—Z s lens co(es A )]

+ [Eii_7cl(U/\ €n + Z en+l’ envcl(en-‘ri AU)H =0
%2%. 2> Te(uhey) W gl DIEEFEODZ L&
[EV c1(unen)] = (N + pf er(u A en)
ChHEME, (1) k25,

(2)
(Oc)(u Nz Ney) =—co([x,en] Au) — [z, c1(u A en)] + [en, c1(u A )]
ZA5%. (070c)(uNey) = Z[e”“, (Oc)(enri NuNen)] =075
_Z " co([entis en] A )] =[BT, c1(u A en)] + Z[€"+i, [en, c1(u A engi)]] = 0
ZRD.
[Erser(unen)] = (A +pp)er(unen)

THdMDH (2) 2R 5.

(3) (1), (2) &Y EBIZ (3) A 5.

(A AN +puy =N —pf >07Z05,(3) KW e(une,) =0 %25, O
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invariant K* =c=c;+cy 2& 2 &D.
Lemma 4.20. (050¢)(u A ey,) + (070¢)(u A ep) = 0.
Proof. Lemma 4.1 & 532DFERMNSIRODERN%E 2 5.
(DKM (uAv Aey) = —be, K3(u
(OKY(uhzAep) = —6e, K3(u
K3 =0 &V
(05 K°)(u) + (97 K°)(u) = 0
2%. £>T Lemma % 2 5. O
Lemma 4.21. (1) (9502¢2)(u A ey) + 2X] c2(u Aey) = 0.
(2) ca(uNne,)=0.
Proof. (1)
(Oc)(ei NuNep) = (011 + Oac2)(ei ANu A ey) = [en, c1(e; Au)] + (Gaca)(e; Au A ey)
(0c)(enti Nu N ey) = (Ooct + 01c2)(enti Au A ey,)
= c1([entir en] A u) + [entis ca(u A eq)] + [en, c2(enti A )]
(050¢)(u A ey) + (050c)(uNey) =0 725,
Z[[ei, en),c1(ei Au)] + (0502¢2)(u A ey) + Z[e””, ci(e; ANu)] + [Ey  ca(uNep)| =0,
(B, c2(uNep)] =2M ca(uNep)

ThHY, el e,] = —e"T THDN5, (1) 2R 5.
(2) A\ > 07256, (1) 5 ca(une,) =0 &2 ZA5. O
4.6. Proof of Proposition 3.7. Z® paragraph Tl& K' =0 &IKET 3.
£7 invariant K3 = K + K§ %% 2 %. Lemma 4.1 £ 5ZDKEEMNHIRD Lemma %
Ab.
Lemma 4.22. (1) (OK*)(uAvAz)=(0K3)(uAvAe,)=0.
(2) (OK3)(uAzAy) = =6 K*(yAu)—0,K:(urz), (OK3)(uhzAe,) = 0., K*(unz).
(3) (OK*)(xAyAnz)=(0K3)(zAyAey) =0
Lemma 4.23. (1) 6., Kg = 0.
(2) Kg=0»D K3 1F gl ® (g2)* A (g)* DIEZEFD.
(3) (K3([en,z] Ay),2) I& variables z,y,z € g~y {ZDWT symmetric.

Proof. (1)
(OK3)(uAxAep) = (00K +NEK)(uAxAey) =—Ko([z,en] Au) + [en, K3 (u A x)]
Thd. (0K (uhzAey) =0, KZ(uhz) THENH,
b, KE(uNx) = —[en, Ki(uAz)] + Kg(uA [en, z])
%25, K}uAz) i
K3(uAz)=aluAz)e” (mod g7)
LROLIND. £oT
Sen K§(u N 2) = a(u A z)Ef + K§(u A [en, z])
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Z2Z%. 25T ald function P — gy A (g-1)* THD. u=ley,2] £BZE
S, K2 ([en, 2] Az) = a([en, ©] A2)E;
% 2%. Ki(len,z) Nz) 1, 50 DIEZFED, (50, Ef) =0 2255 alen,z] Az) =0. > T
Se, Ko ([en, x] Az) =0
% 2%. Ki(len, 7] Ay) 1& 2,y {2DWVT symmetric 7205,
Se, K& ([en, 2] Ay) = 0.
&oTH, KZ=0%25%.
(2) (1) 5
aluhz)Ef + K§(u A [en,z]) =0
#25%. (OK3)(uhvie,)=0&HY
(K3 + K3 (uAvAey) = [en, Kg(uAv)] =0

AR5, I
a(uAz)[E], en] = 0.
[Ef en] = (AT +p)en T=A +uf #0256 alunz)=0%25. £>C, K}(uAz)
Mol OERL K3 =0 Wbhor.
(3) (OK3)(x AyAey) =005

(QoKT) (@ Ay Aen) = Ki([z,en] Ay) — K (ly, en] Aw) =0
A5, LI
(OK3(unzAy) = (O K)(uAzAy) =]z, K (uAy)] + [y, K3(u A x)]
ThY, (OK3)(unhzNy) = =06, KZ(y Au) — 6, KE(uNzx) 7205
—lo, Ky (u A y)) + [y, K7 (u A 2)] = =6, K5 (y A ) — 6, K5 (uA o)
25, A4l 5 @{IE‘.%EF#B, <50,E> =0 717:)‘6,
(@, KT (uAy)) = (y, Ki(uAx))

25, LEIZEY (K (len, ] AY), 2) B2, y, 2 IZDWT symmetric THD Z EMWbno7z. O

PRI invariant K* = K} + K3 %% 2 %. Lemma 4.1 £ 5ZOFERNSIRO Lemma %

ZB.

Lemma 4.24. (1) (0KY)(uAvAz) = =6, K2(vAz)—8,K%(xAu), (OK*) (uAvAe,) =0.
(2) (OKY(uAhzAy)=—0,K3(yAu)—6,K3(unz), (OKY ) (uizAey)=—0c, K>(uAx)
(3) OKH(xAyAz)=(0OK)(xzAyAe,) =0

Lemma 4.25. (1) K{ =0 2D 6., K} = —[e,, K3] .

(2) (K3([en, 2] AY), [en, 2]) W& 2y, 2 IZDWT symmetric TH 2.
Proof. (1) (OKY)(uAz Aey) = —0e, K3(uAx) 72025
(O0K{ + KD (uAzAey) =—Ki([x,en] Au) + [en, Ki(u A x)] = =66, K3 (u A x)

22%. 2T Ki(unv) Mg] DEARFEDZ N DNE. (OKY)(uhvAz) = 6, KZ(vAz) —
Su K2 (z Au) 7275

(O K{ + KD (uAvAz) =[x, K{(uAv)]+ [u, K3 (v Az)] — [v, K3(u A )]
= 6, KZ(vAx) — 8, KE(x Au)
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x&ié Eiﬂﬂi S0 @1@’2]%‘67 <J,5()> = 0, [J,g_g] =0 7‘:7)345
(2, Ki(uAv)) =0
225, Kiunv) i, gf OBERODNL Ki=0%2%. $5T 6., K3 = —[en, K} 22 5.

[u, Ka(v A )] — [v, Ky (uAz)] = =0, Ka((v A x) — 8, Ka((z Au)
Thd. HillE 5o DIEZEFES, (50, E) =0 7205
(u, K3 (v A ) = (v, K3 (uAx))
#2%. IHIT(OKYH(xAyNe,) =0 &V
(DoK3) (@ Ay Nen) = Ky([z,en] Ay) — Ky (ly en] Aw) =0
225, DLENS, (K3([en, 2] Ay), [en, 2]) DY 2,9, 2 IZDWT symmetric TH D Z EARDN>
7. O
BT invariant K° = K %% X 2. Lemma 4.1 L 52DFERNOINE 2 5.
Lemma 4.26. (1) (OK®)(uAvAz)=—0,K3(vAx)—0,K3(zAu),
(2) (OKD)(uhzAey)=—de, K*(u A x)
Lemma 4.27. (1) K =0,
Proof. (1) (0K®)(uhvAx)=—6,K3(vAx)—6,K3(x Au) 25
(WK (uAvAz) =[x, Ky(urv)]=—=0,K3(vAz)—0,K(x Au)
%25, FUE gl OEERD, FEllE gf DIEEFRFONS,
[, K3 (u A v)] =0
ERB. [ eny ] =00e" THIMH, K3 =0%2Z%.
(2) (OKD)(uhzAep) = =0, K3(uNz) 23D K5 = K3 =070 6, Ki=0%2%. O
A ET Proposition 3.7 M35ERIZFEH X v 7z,

§5. The expressions of the invariants HK? and K! in terms of canonical
coordinate systems

ZD § T, P ={R; E,F} % projective system of type (n,1), (P,w) Z Xt 9 % normal
connection of type &, K %€ ® curvature £ 9%. 7: P — R % projection ¥4 3.

5.1. Fundamental formulas for the covariant derivatives. f % R E® function ¥4
%. P E® function for ZFEUXE f TR ZLIZTD.

ITERED X € g IZHUT, covariant differentiation dx = L x) PHIET 5. R EDE
O function f & X1,..., X, € g iU T, P L0 function f(X1,...,X};) %

LEHKTD.
Lemma 5.1. a € GO, X

, X € g .
(1) R*f(Xy,...,XE) = f(Ad(a)X1,...,Ad(a)X})
)
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Proof. a c GO %3, Zhr X
(Ra)s(Y) = @(Ad(a™1)Y), Y eg
MENL T D, X 51T

Ryf=f
Thd. £oT ) .
RZf(Xl, e ,Xk> = f(Ad(a)Xl, . ,Ad(a)Xk)
225, koT (1) DD, X € g DL X, 5y = Ly THEME, (1) HHEBIC (2) A%
. O

space C%(®) = g ® A?(m*) Ik
CX(®) = m® A2(m) + g0 @ A2(m)
ERRT D, ZORRIZIL U T, curvature K 1

K=K +K,
ENHET S,
<0 520

THDIL2EETD. X eglHUT, X_ THMEg=m+g® IZBF % m-component % %
HI.
Lemma 5.2. 2 € P, X1,Xo€g £95. ZD& IMADNHKLT 5.
[0(X1), @(X2)]. = &([X1, Xa]): —w(A). — B]
ST, A (resp. B )&, K_((X1)- A (X2)-) (resp. Ki((X1)-AN(X2)-)) D z TOETHS.

Proof. structure equation &Y &%
w([w(X1),w(X2)]) = [X1, Xo] — K((X1)- A (X2)-)
#Z%. ZOXRLVEDHIZ Lemma 2D . O

Lemma 5.3.

f(X17X25X37 cee 7Xk‘)
= f(Xo, X1, X3,..., Xp) + f([ X1, Xo], X3, ..., X)

k
- f(K—((Xl)— A <X2>—)a X3, ... 7Xk) - Z f(X37 B [K+((X1)— A (XQ)—)7XZ']7 cee 7Xk)

Proof. zc¢ P 3 5.

f(X1, X9, X3, ..., X1)(2) = 0(X1).0(X2) f( X3, ..., Xp)

= O(X2)0(X1) f(X3, ..., Xp) + [0(X1),0(Xa)]. f(Xs, ..., Xp)
Lemmas 5.1, 5.2 Z{fi> T,

[(0(X1),0(X2)]|.f(Xs,..., Xk)

= @([X1, X))o f( X3, ..., Xp) —0(A). (X3, ..., Xp) — B f(X3,..., X))

k
F(IX1, Xo], X3, Xp)(2) — F(A, X3, Xp)(2) — Zf(Xg, L BXG L Xe)(2)
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#IZ Lemma % 2 5. O

f & R E® function THY, F O first integral THD LT 5. 7, (F) I& equation
wao=wh =0 TEHINDIND, Z g, DEZT(Z) & 7, Y(F) D cross section TH 5.
£-oT

f(Z2) =0, Ze€g

Tdh 5. XD Lemma & Lemma 5.3 & Proposition I11.3.17, Proposition 2.2 6851 5.
Lemma 5.4. X egty, Zeg-, £95.

(1) f(Z,X)=f(2 X))

(2) Jf(ZZX) f(2,[2,X]) =0

(3) f(2,X,X)=2f(12,X],X)

4) f(2.2,X,X)=2f(12,X],1Z,X]) X

(5) f(2,2,2,X,X) = =2f(([Ko(Z A [Z,X]), 2), X)) = 2f ([K1(Z A [Z,X]), (2, X]))

(6) f(Z,X,X,X)=3f(1Z,X],X, X)=2f([K_1(X A[Z, X]), X]) =2 ([Ko(X A[Z, X]), X])

Proof. Z® Lemma & F® 2 D@ Lemma (& Lemma 5.3 & Proposition I11.3.17, Proposition
22 MHROND.
(1) Lemma 5.3 &V

f(2,X) = J(X,2) + J([Z.X]) = [(K-(Z A X))
K(Z A X) =0 (Proposition II1.3.17) 7225, (1) 2 X 5.

f(ZaZaX):f(Z7 [Z,X])
% Z%. Lemma 5.3 IZ& V)
f(2.12,X]) = f(12. X1, 2) + [((2,12. X)) = J(KE_(Z A [Z, X))
%25%. f(2)=0,[2,[2,X])=0, K_(ZA[Z,X]) =0 (Proposition IIL.3.17) Z»5 (2) %
AB.
(B) K(ZAX) =075, (1) LFHERIZUT
f(ZvX7X>:f(szvX)+f~([Z7X]vX)

ZA%. (1) & Lemma 5.3 5
f(X,2,X) = [(X,[2,X]) = [([Z, X], X) + F(IX,[Z, X]])) = F(K_(X A [Z,X]))
*2%.[X,[Z,X]] =0 Tdhb. £/ Proposition II1.3.17 I2& Y K_(X A[Z,X]) = KL (X A
(Z,X]) 1% g~ DfEZEFD. £oT (3) »MES.
(4) (3) M5

f(Z,2,X,X)=2f(2Z,[2,X],X)
% Z%. Lemma 5.3 &V
f(2,12,X),X) = [(2,X], 2, X) + [(1Z,[2, X]), X) = f(K_(Z A [Z,X]), X)
— J(K(Z A (2, X)), X))
k25, 23 (1) 5

f([Z’X]’Z’X) :]E([ZvX]’[ZvX])
2%, W (2,[2,X]] =0, K (ZA[Z,X]) =0 ThHd. X5t
Ki(ZA[Z,X]) = Ko(Z A 2. X)) + K1(Z A2, X)) + Ko (Z A [Z, X))
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ThHY, Ko(Z N [Z,X]) = K3Z N|[Z, X)) 1& 59 DIi % F;D (Proposition 2.2) 225, [Ko(Z A
(Z,X)),X]=0. 2T [K.(ZA[Z,X)),X] i&go+g1 Cg® DiizFHE>. UENSL
f(Z’ [Z’X]aX) :f([Z’X]’[ZvX])

%23, &oT (4) RS,

(5) (4) 25

f(2,2,2,X,X)=2f(2,[2,X],[Z, X))
k2%, (3) DI ERIZLT
f(2,12,X),12,X]) = [(12,X], 2,12, X)) — [(IK+(Z A2, X)), (2, X])
2%, FF (2 IL&oTf(Z,[2,X]) =0 THB. I
K. (ZN[Z,X]))=Ko(ZN[Z,X))+ K(ZN[Z,X]) + K2(Z N |[Z, X))
THY, [K2(Z N[Z,X)),[2,X]] & g0 C 9O DilEZFES, [Ko(Z A2, X)), (2, X]] = [[Ko(Z A
[Z,X)),Z],X] TH3. £>T,
f(Zv [ZaX]v [Z’ X]) = _f([KO(Z/\ [Z7X])a [Z,XH) - f([Kl(Z/\ [Z7X])v [ZvXH)

£ >T (5) BiES.

(6) (1) DFEM & FRRIZ LT,

F(Z.X,X,X) = f(X,2,X,X) + f([Z X], X, X)
k2%, (3) b
f(X,2,X,X)=2f(X,[Z,X],X)

% Z%. Lemma 5.3 5

.]E(Xv [27 X],X) = .]E([Zv X]7X7 X) - f(K—l(X A [Zv X])vX) - f([KO(X A [Zv X])aX])
%25, KA(XAN[Z,X]) & g-; DiE%ERONS (1) 2ffi>T

FIE_1(X A [2,X]),X) = F(IK-1(X A [Z, X)), X])

ZZb. 0T
f(Xv [Z7X]’X) = f([Z7X]’X7X) - f([Kfl(X/\ [ZaX])vXD - JE([KO(X/\ [Z>X])7X])
x5, £oT (6) WD, O

5.2. Canonical coordinate systems and the cross sections o. R DIEED £ ag 12X
UT, ap @ nbd U TEF I N7 coordinate system {z,yt,...,y" 1, pt ... ,p" 1} DFEHEL
T, F X equation
dr=dy'=0, 1<i<n-—1
TEHZIN, E &
dyt — p'dx = 0,
dpf — Flde =0, 1<i,j<n-1
R 25ED equation TEZEIND. T > T FI IF qp D nbd TEFHEIN/z function TH 5.
UFNU=REIRETSD. /2 indices i,5,k, 1 1&, {1,....,n—1} ZE<EDELTD. g_o,
gy, 874, etc B EITIETNEN basis (e;), en, (entj), etec & §rx DL DT> THL.
XD Proposition ZFEHL & 5.
Proposition 5.5. {EED a € RIZNUT, P DR y=o0(a) TH>T, n(y) = a MDOIR%
ET%B@bfﬂﬁ—’)ﬁEjéz
1) p'enss)(y) =65, Zlen)(y) =1,
2) Z(en,en)(y) =Z([Z,en])(y) =0, Z€g;.
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3) i([Z,en],en)(y) :0; Zeg:l‘
X 5T M a — o(a) 1, principal fibre bundle P @O differentiable cross section o %52 %.

xz & F O first integral 7255, Lemma 5.4 5
(Z,en)(y) =2([Z,en])(y) =0,  T(Z,en,en)(y) = 22([Z, en], €n)(y) = 0.
Zb.
F9IRD Lemma % iEHT 5.

Lemma 5.6. (1) det(p’(en+j)) # 0 everywhere.

(2) Z(en) # 0 everywhere.
Proof. (1) z,y* I& F O first integrals TH D25

i(Z)=7(Z2)=0, Zeg,
Thd. 2T, p(2)(y)=0L,%d Zeg L ye PBHo72dhE, m(0(Z)y) =0 %
Z2%. £2T Z=0. ZOHFEFEX (1) 2HEKkT 5.
(2) 7, YE) & equation w9 = w"; = 0 TEHBINDINS, O(e,) W&, 77 1(E) @ cross
section THhod. £oT
gz(en) _pi'%(en) =0, ﬁ](en) - Fj'i(en) =0
A5, oTiley)(y) =022 ye P BdhHorzedTEm(0(e,)) =0 &85, ZHIEHHS
MIZFETHD. 2T (2) BES. O
ae GO ¥943%. Proposition II1.1.4 (&Y a I
a = bexp X exp Xs
c‘:%'%?bif?hé Z>Tbe G[), X € g1, X5 € g2. I 51 X, =4
X, =X+ X7

LRIND. IS>T X egf, X] €g] THhdD. LLEDFHED FTIRD Lemma % 2 5.
Lemma 5.7. Ze€g~, £95%.

(1) Rip'(Z) =p'(Ad(b)Z), Rii(en) = Z(Ad(b)en)

(2) b=e D& E,

R (en, €n) = Z(en, en) + Z([[ X7, en), €n)),
R,2([Z, en]) = 2([Z, en]) + 2([X1, [Z, €n]]).
3) b=e, X1 =0 D& ¥,
RZ‘%([Za en],en) = ‘%([Z7 en}ven) + ‘%([[X% [Zv en]],en])

Proof. (1)
Ad(a)Z = Ad(b)Z (mod g),  Ad(a)e, = Ad(b)e, (mod g?)
THhb. £>7TC, Lemma 5.1 &V
Ryp'(Z) = p'(Ad(a)Z) = ' (Ad(b)Z), RiE(en) = Z(Ad(a)e,) = Z(Ad(b)en)

22%. £oT (1) M.
(2)b=c &RETD. ZD

n
(&
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&> 7T Lemma 5.1, 5.3 Zffi>T
R Z(en, en) = Z(Ad(a)en, Ad(a)e,) = Z(Ad(a)en, er)
= Z(en, Ad(a)ey,) + Z([Ad(a)en, en]) — Z(K_((Ad(a)e,)— Aey))
Z(en, en) + Z([[X7 s €nl, €n])
Rai([Z, en]) = £(Ad(a)[Z, en]) = Z([Z, en]) + 2([X1, [Z, €n]])
2%, (X1, [Z,en]) = 2([ X, [Z, en])) 205, (2) D3ED
B)b=e X1 =0 KETD. ZDL X
Ad(a)[Z,e,] = [Z, en] + [ X2, [Z, ey]] (mod g1 + g2)
Tdhd. £>T Lemmas 5.1, 5.3 ZflioT
R:Z([Z,en), en) = T(Ad(a)[Z, en], Ad(a)eyn) = Z(Ad(a)[Z, en], en)
= Z(en, Ad(a)[Z, en]) + Z([Ad(a)[Z, en], en]) — Z(K_((Ad(a)[Z, en])- A en))
I(en, [Z, en]) + Z([[X2,[Z, en]], en]) — 2(K_([Z, en] A €n))
E([Z, en), en) + Z([X2,[Z, en]], en)
x5, £oT (3) S, O
ML ED¥EfFD T, Proposition 5.5 ZFEHHL & D. a e R & U, m(y) =a 2d yge P %
1D¢5%.
L beGy e, y1=yo-b &HB<. Lemma 5.7 (1) IZ& Y
P (entj)(y1) = 5 (Ad(B)ent;)(w0),  E(en)(y1) = Z(Ad(b)en) (o)
Thd. Gy = Aut(g) &, g1 = g, +9°;, EANOHRARKE%EU T, product group

GL(gtl)XGL(gzl) EH—HIND. £72 Lemma 5.6 (Z&2T, Z(ey,)(yo) # 0, det(ﬁi(en_,_j)(yo)) #
0. &oT

Plentg) () =65, F(en)(y1) =1

ZIET D b BME—DHEETD.
Il X1€egp 2V, a1 =expXi,yo=y1-a1 £HBL. 2ZDL & Lemma 5.7 (2) 1H

Z(en, en)(y2) = Z(en, en)(y1) + Z([[ X1, enl, €n]) (y1)

([Z, en))(y2) = 2([Z, en])(y1) + 2([X1, [Z, en]]) (11)
%25, X{ =ae" BT,

(X7 el en]) = a(=XM +p)en,  [X{[Z enl] = =\ + )XY, Z)en

Thd. £oT

Z(en, en)(y2) = Z(en, en)(y1) +04(_)‘T +N1~_)

#([Z, en))(y2) = 2([Z, e)) (91) — (AN + i N(XT, Z)
=Mt # 0N+ pf #0ERD,

j(ena en)(ZJQ) = 0) ‘%([Z7 en])(yQ) =0
iR 5 Xy BME—DFFETDH I N5, Lemma 5.7 IZ&>T
D (enﬂ)( 2) = 5 T(en)(y2) = 1
THhdILrEETD.
M. Xoego &, as=expXo,y3=1y2-a2 £H <. ZD& E Lemma 5.7 (3) IT& Y
‘%([Zv €n], en)(y3) = ‘%([Zv €n], en)(yQ) + ‘%([[X% [Zv en]]v €n])(y2)
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A5,
HX2’ [Zv enHv en] = _QAT<X27 [Zv en]>en
ThaN"H
Z([Z, enl, en)(y3) = T([Z, en], en) (y2) — 2)‘—1|—<X2, [Z, en])
22BN #£0END,
I([Z,en],en)(ys) =0
Ehied S Xo BHE—DIFET D Z L2005, Lemma 5.7 12X, 2D y3 IZHLT
Plenti)ys) =65 dlen)(ys) =1,  F(en,en)(ys) = #([Z, en])(y3) = 0

THdILE2HERTS.

UEIZE>T y OFENRINZ., —BHEIEEDE R Y Lemma 5.7 "HHOLMNTHD. F
72505 a — y A P @ differentiable cross section % 525 Z & & EDHEmMNSHOLNTH 5.

5.3. The invariant HK?2. 532075 %179 5. Proposition 2.3 (Z&> T, HK? = ~ K}
TdHd. P _ED functions K;kl %

[T KG ([en+js en] A ent)s enti] = [Ko([ensjs en] A ent); ent] Z Shienti

W&o TEHTD. K2 Ik, V22(n,1) D% FONS, K;kl & 4, k, 1 IZDWT symmetric T

»HY,
Z jki =0
2l s 5. ' '
R EO® function F* %f{#i>7T, R E® functions Figs Fji %

; DF
B = gpiagrag: 1k = 2
IZE->TE#ETD. £UT, R ED functions <I>§.kl %

. . 1 . . .
Pl = Fly — m(ij@l + Fiudj + Fi;0;)

&> TEET .

P = g F;klzjzkzl

. 1 ix— OP
2 : i _ z i
2’2" Tn+ll - 077

ril,

LA ED¥ESED R TIRD Theorem %/’:’Lé

Theorem 5.8. o % Proposition 5.5 \ZE51F % cross section R— P £ 95, ZOX X
* 771 1 %
g Kjkl = §q)jkl
AN AVACIESN
Corollary. HK? =0 235 720D BB D+ 85K FC RO THE L TH D :
F'=p'A+ B

ISTAB I, ph. ., pv L IZDWTE % 21RD polynomials TH 5.
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Proof. HK?2 =0 £{KETD. ZD& ¥ Theorem 5.8 L)

. 1 . . .
(*) Fi — m(%@l + F0; + Fy;0;,) =0

Thbd. ZORIZ 9 % apply LT
opt

4 1 . , 4
(+') Fiji — g (Ftandr + Fodj + Fujoi,) =0
ZA%.IHST

‘ o . 0

tikl = aTgtF}kz, Fijr = aT)tij

Thd. HEMNIZ
Z Filjkl = Fjn

THY, Fjg \& 4,k IZDWT symmetric THINH, (¥) & ¢ & t IZDOWTHERNT D Z &I
£-oT

3 n—2
n+1 M ng
A%, FOoTFy=0. £2T (x) &V Fj,=0%22%. ZhIE F 2 p... p"7 ! iZDow
T %3 IRD polynomials THdZ L 2FEKTD. TUT F' » (x) 232 enb, F!
M Corollary IZWHIETH D Z LN 0O0 5. HITEGITHENIDOLND. O

X T ED Corollary % f#->T Theorem 3.2 DRIFEH%Z 52 &5, RI& F IZBLU T reg-
ular THDEREL, M = R/F £5<. ZUT natural immersion ¢y : R — GH(T(M))
I¥ imbedding T#H 2 L{KET 2. £9 R D coordinate system {z,y’,p’} {& GL(T(M)) D
canonical coordinate system MHBFEOLNTWVWASHZ L ZFEREL LS. ZDFERE Y Corollary XU
Proposition ** 225, THK? =0 &% 720D BEND+2R5EM41E X = (R, E) »° projective
structure of the restricted type 2% Z & TdHhd | #43%. &> T Theorem 3.2 DHIFEHTE S
nr-.

I T Theorem 5.8 ZFEHHL & 5.

Lemma 5.9. ji(en, e,) — p'Z(en, en) = T(en)? F*.

Fip — Fir =0

Proof. ji(e,) = p'@(e,) THIMNH,
§'(en, en) = ' (en)(en) + p'Z(en, en)
2%, piey) = Fli(e,) THDM5, Lemma & X 5. O
UFRODi a% fix Uy,y=oc(a) &BL. £/ g, DIt Z % fix 5.
u==(en), u =x(Zey))
& BITIE, Lemma 5.4 25
dSzu=1', dzu =0
% Z%. TUT, Proposition 5.5 6 u=1,u' =0aty THd I L%EEETD.

Lemma 5.10. y (ZEWTIRMBHELT .

(1) 9'(2) = 5((Z, en)-
(2) p'(2,2) =0
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Proof. (1) §i(es) = p'@(e,) = p'u TH 2. Lemma 5.4 25 §4(Z,e,) = §([Z,e,]) TH 5.
oz

7' ([Z, en)) = p(Z)u + p'u
ZZb. 0T

(2 )Lemma 6 QI(Z, [Z,ey]) =0 THD. FoTEXKY
0=p"(Z, Z)u+2p"(Z)u
PHES. £oT (2) BED. O
Lemma 5.11. y IZEW TR KT S
075 (en, n) = P'E(en, €n))
=9y(Z,Z,Z,en,en) —0'T(Z,Z,Z, en,en) + 30 (2)%(Z, Z, en, €n)

Q)‘[/\
;-lk\_/

Proof. 3D 22O0DORX%E 2 5.
(5z<pia~7(€n, en)) = ﬁi(Z).i'(en, en) +pi§7(Z7 €n, en)
5%(pizf(en, en)) = ﬁi(Z, Z)E(en, en) + 2ﬁi(Z)i(Z, €ns€n) —|—pi5:(Z, Z,en,en)

Proposition 5.5, Lemmas 5.4, 5.10 (& > T, Z(en, en) = 3(Z, en,en) = p(Z,Z) =0 at y T
H%. (Lemma 5.4 £V 2(Z,en,en) = 28([Z, en),en) THD). 2T y IZBNT

63 (p'E(en, en)) = 394 (2)i(Z, Z, en, en) + P'E(Z, Z, Z, en, e2)
2%, 650 (en,en) =§(Z,Z,Z, en,€,) THBMN5, Lemma DRI N7z O
Lemma 5.12. y L:a‘au\f‘(ﬁﬁbi‘ﬁkﬁﬁ“é
(W2F) = Y Fhp (2)i(2)5'(2)

7.kl

8FZ

Proof. i(Z) = §(Z) = 0 Firb, Fi(Z) = 25 F(2), ete. 2%, ko TRD2REZB.

Sz (uF") = 2uu'F' + Z 8i il(Z
l

62 (uPFY) = 2(u/) F! + duu Z

OF"
22 ~k l 22 )
HUZ y 12T
PFr
2 i ~ ~k ~]
FY) E e apkap (2)p"(2)p'(2)

%#2%. &oT Lemma 2RI N7z, O
Lemma 5.13. y IZBWTIRANKILT D.
—2([Ko(Z N2, en)), Z)) + 30 (2)E(Z, Z, ey en) = Y Fiad (2)5"(2)5'(Z)

7.kl
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Proof. A FDERIE y IZBEWTFHGITSED LS. £ Lemmas 5.9, 5.11 and 5.12 75
RA%E 2 5.

(2,2, Z, en,en) —p%(z, Z,Z,en,en) + 30 (2)E(Z, Z, en, en)
Z b ()5 (2)P(Z)

7.kl

Z U T Lemma 5.4 (5) 5

G(Z,Z,Z,en,en) — D32, Z,Z, e, €n)

= —25(T%(2)) — 25" (T%(2)) + 2p"&(T*(2)) + 2p"&(T(Z))
2%. ST

T*(2) = [[Ko(Z N[ Z,en)), Z),en), T°(Z) = [K1(Z A2, en)), [ Z, €]
TdHh35. Lemma 5.10 5
J(T*(2)) =P ([Ko(Z N [Z, en]), Z))
Thh,
#T*(Z)) =0

Thd. ILITT3Z) kg1 DIERFD, R EO differential system D = E+F (& dy' —p'dx =
0 CERINDIND,

GUT*(2)) — p'E(T*(2)) =0
25, LEOFEEMNS Lemma HHED. O

Z =3 zle,; EBIFIX, 2 =p(Z) THD (Proposition 5.5). T LT
B(Z, Z,enyen) = > A 2F, Aj = Ay

& BIFE, Lemma 5.13 5

22[(1 A2k 32 ZAkz]z —Z kz]

4.k, Jik,l
#R5. 24 VIMERTHY, K, & 4k, 1 IZDWWT symmetric 255
jkl
2Ky + (Ajrd] + Apds + Ajoy) = Fly
EAB. YKy =0 0D,
(n+ 1) Ajk = Fjk
#25. £oT
2K}, = @y

A%, ZORIIMERED a € RIZHUT o(a) THILTS. &> T Theorem 5.8 DFEIHMNTE T
L7
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5.4. The invariant K'. Z® paragraph {28\ TE LD T %2HFFET 5. KL 1 harmonic
ThY, Vh2(n,1) OfEZRD. K K_1([Z,en) Nep), Z € g~ 1, ICEODTREINDG. £
T, P L functions K}, %

K_1([entk,en] Nen) ZKkenH

Lo TEHRTD.
Y Ki=0
MALT B .
functions F* #{fi>T, R 1O functions F} %
G 8FZ aﬂ O*Ft . 1~ OF OFJ
Fi i 2N 22 9T
Fi = Apkdz Z kaayﬂ Pt Z 8pk8p3 Z OpJ Opk
W&o TEEL, R LD functions ¢} %
WZE->TEETD.
L= ij Z
%l 213,
. dOF"  _OF' 1<~ OF'0F’
L LA
dx OpF Z opl Opk
LA EDFEE D FTIRD Theorem % ié
Theorem 5.14. o % Proposition 5.5 (ZH1F % cross section R - P £ 45, ZD& X
awﬁ;:§¢;
ML T B

Z ® Theorem DFEHIZHEDETIZ K = 0, HK? # 0 M2 % projective system of type
(n,1) DHIZEZET LS.

R % variables z,y’,p/ DZE[H R*~1 923, R _E® functions F*, ..., F" 1 2IkRD &L >
WWEDD: FI=0,2<i<n—1; FL & p?,...,p" ! 72132 depend T 2{EED functions.
P={R;E,F} % F',..., F" L iZX>T#ED R LD projective system of type (n,1) &9
5. HIH F A% equation

de =dy' =0
TREHEIN, E M equation ' ‘

dy' — p'dx = 0,

dp’ — Flde =0

TEHRINDEDTHD.

SN, FL =0, f62>T, ¢ =0 THhbH. &>T, Theorem 5.14 £>T K' =0 TH 5.
Z LT, Theorem 5.8 75“91’91% {)’Y@nn%_% 25
Proposition 5.15. HK? = 0 722 72D B DO+0R5&M410%, FL »p?,. . pn L 1220
TODE % 2IRD polynomial 7225 2L Thd.
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MUz ZIE FY 238 p2, . p" L 2D W T D 3IRD polynomial 251X, HK? #0 TH .
Theorem 2.1 &V K' = HK? = 0 22 720DBEND+4385M4:1%, P » standard
projective system of type (n,1), Po, (C locally equivalent 2% Z & ThHd. £oT, LD

Proposition 5.15 IFIXDERIZE#Z 515 equation

d2y1 Fl dy dyn—l
dr? dr’ 7 dx )
d2 k
TyQ —0, 2<k<n-1

T

M standard equation
d2yi
=0 1Zisn-1
x

\Z locally equivalent (2782 728D DBEND+3REME, FL 23 p2 .. pv L IZDWTDOE#

2 {RD polynomial 2% Z & TH 5.
X T Theorem 5.14 DFEHZ L LS. AF R Diia % fix U,y =o(a) &HXK.
Lemma 5.16. y IEWTIRADEKALT B

(1) ) -

(2) p'(en) = . 4

) Flemrmsen) = Flensirca) ~
(4) ﬁz(€n+k, en) = 2p' ([€n+k7 en]) = agk

Proof. (1) and (2) ‘ A ‘
J(en) =p'E(en), P'en) = Fli(en)
THY, T(en) =1aty 205, (1), (2) HHES.
(3) 7'(en) = p'i(en) &V

gi(en-i-ky en) =p (en+k) (en) +p x(en—&-kv en)

EAD. Flensien) = Pl ea) (Lemma 5.4 (1) THY, ilea) = 1 Plenss) = 0
T(enthren) =0at y 7205, (3) BMED. (cf. the proof of Lemma 5.10).
4) p'(en) = F'i(en) £V
8F1 _ i
p en+k7 6n - Z €n+k x(en) + F $(€n+ka en)

£-oT

OF!

p (enJrkaen) = aipk at y

#2%. X6 §(en) = p'E(en) &Y
7 ([enthsenls en) = B ([entrs en))E(en) + P'E([en sk, €nl, €n)
gi(em en) = ﬁi(en)f(en) +pi3~3(en= en),
G (€nthsensen) = D' (€nphs en)(en) + D' (€n)E(entr, en)
+ 5 (ensk)E(ens en) + P'E(nths ens n),

%ié gi(en—i-k'aenaeTL) = QQi([en+k,en],en) "Ci) L)a j(en-i-kaenaen) - Qj([en+k7€n]7en)
at y, etc. £>T EXNn5H

ﬁi(en+k7 en) = 2ﬁi([en+k7 en]) at y

=0
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BHES . BLET (4) BRI hr, 0
Lemma 5.17. y IZEWTIRADIKILT B ‘ '
(1) Oepsife, (5" (en, €n)—p'Z(en, en)) = §'(€ntk; €ns €ns €n)—P"E(entk, €n, €n, €n) =03 (en, €n, €n)
(2) e, ipien] (' (ensen) = p'Z(en, en)) = §'([entks €nls €ns en) — P'T([€ntk, €nl, €n, €n)

Proof. (1) £ ’ A '
O, (P'T(en,en)) = P'(€n)T(en, en) + P'T(en, €n, en)
#A2%. TUT, Z(en,en) = T(€nth, enren) = 0, Pentr) =0, at y THD. £oT y BV
TR % 2 5.
56n+k56n (Pif(em en)) - 5]255(671’ €n, en) +pif(€n+k7 €n, €n, en)
ZR5. £oT (1) »ES.
(2) EEFBRIZ, y ICBWTIRR%ZE 2 5.
5[en+k,en] (pii’(@n, en)) = pij:([en—&—ky 677,]7 €n, en)
ZRBD. £oT (2) MiES. d
Lemma 5.18. y IZEWTIRX%E 2 5.
, O*F? O*Ft . OF" o’rFt OF! OFJ
1) 6e ., 0e, (Z(ep)?F?) = —— : [ —_—
(1) Oe 4 en (F(en)"F") Opkox * ZJ: 8pk6yﬂp7 + oy + Zj: OpkopI * ZJ: Op7 Opk

. 9QF" 1 _ OF'9F7
5 211\ - or-or-
9 Sl = 5 1% 5555

Proof. (1) £
O, (F(en)?F?) = 2% (ep) i (en, en) F*

L [oF OF OFi
+ Z(en) (%x(en) + ; Tyjyj(en) + ; Wp](en))
% Z%. Proposition 5.5 £ Lemma 5.16 ZZ 8L T, b, 0e, (Z(en)2F") 2L, (1) 2 X 5.
(2) (1) LFBEIZ LT, (2) 22 3. 0

Lemma 5.19. y IZEW TR KL T S
2K} — 6t (e, en, en) = Fy

Proof. L FOAAIE y IZHEWTEEHEY 4. Lemma 5.4 (6) & Lemmas 5.18 and 5.9 WHED
IR % 2 %
—2§"(Sy) — 29 (SR) + 20'T(Sy) + 29°%(S}) — 6 (en, en, €n) = Fy
Z>T
SI% = [K_1(en A [entk, €n]), enl, Sl% = [Ko(en A [entks €n)), €n]
Tdh 5. Lemma 5.4, etc 16

7' (Sk) = D' (K-1(en A [entr, en])) = —Kj,

(S} =0
ZRB. IBIT S gt DIEEROND,
7'(S0) — p'z(SE) =0
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Thd. LEMNS Lemma % 2 5.
ZKZZ =07,5 Lemma 5.19 225

—(n—1)Z(en, en,en) = ZFZ

A5, £oT A ‘

2K — Bl
225, ZORIFITARTD ae RIZHUT, y=o0(a) THILYT D
HM5E T U7,

. &> T Theorem 5.14 ®

O

Ak



CHAPTER VI

81. Contact manifolds of order k

1.1. The Grassmann bundles and their prolongations. Let (n,) be a pair of integers
with 1 <7 <n—1. Let M be an n-dimensional manifold. For every k = 1 we shall construct
a manifold J¥(M,r) with a differential system C* inductively in the following manner: First
JY(M,r) is defined to be the Grassmann bundle J(M,r) over M, and C! to be the contact
system C' on it. Suppose that for some k& > 2 we have constructed J(M,r) together with
C’forall 1 £¢ < k—1,sothat J*(M,r) are fibred manifolds over J* (M, r), where we set
JO(M,r) = M. Let V*~1 be the vertical tangent bundle of the fibred manifold J*~1(M,r)
over J¥=2(M,r). Then J¥(M,r) is defined to be the set of all r-dimensional integral elements
2F of Ck=1 such that z* N VF=1(zF=1) = {0}, where z*~! is the origin of z*. Note that
JF(M,r) can be inductively shown to become a fibred submanifold of the Grassmann bundle
J(J*1(M,r),r) over J¥~1(M,r). Furthermore C* is defined to be the contact system on the
fibred submanifold J*(M,r), i.e., the pull-back of the contact system on J(J*~1(M,r),r) to
JF(M,r) (see ), completing our inductive definition.
We have thus obtained a sequence

k
oo JEOML ) S RN M) o o JY (M) = JO(M ) = M

of fibred manifolds and a differential system C* on each J*(M,r), where p’,g_l denotes the
projection. The pair (J*(M,r), C*) will be called the (k— 1)-th prolongation of (J(M,r),C),
which will be also called the k-th prolongation of the pair (M,r). As above we denote by V*
the vertical tangent bundle J*(M,r) over J*~1(M,r), which is called the symbol system of
JE(M, ).

If 0 < ¢ < k, J¥(M,r) becomes naturally a fibred manifold over J¢(M,r), and we denote
by pé? its projection: plg = p]];l 0---0 pﬁ“ if £ < k, and pﬁ is the identity. This being said,
we define differential systems CF and V¥ (1 £ ¢ < k) on J¥(M,r) as follows:

Cr = () N(CY, VE= (o)t (V).
Clearly we have CF = C¥, ka =V*, and
CY > Cin, VEDVEL, CEDVE

Let z¥ be a point of J¥(M,r). Let (x',...,2",y',...,y" ") be a coordinate system of
M at plg(z(’f) such that the 1-forms dz', ..., da" are linearly independent, restricted to the
r-dimensional contact element p¥(2) to M. We denote by U the domain of the coordinate
system, and by U the set of all z* € JF(M,r) such that pf(z¥) € U, and da', ..., da”

are linearly independent, restricted to p¥(2*). It is clear that U is an open set of J*(M,r),

zéf eU , and plg((}) = U. In the following the indices 4, i1, 22, ...will range over the integers
1, ..., r, and the index « over the integers 1, ..., n —r.

137
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Lemma 1.1. There are unique functions pf, ., (1 =0 =k) on U satisfying the following
conditions:

1) pgi ., are symmetric with respect to the indices i1, ..., ip.
2) The functions x* (= x% 0 pk), y* (= y® o pk) andp“ g (1SS, 1S0=k)

together give a coordinate system of J*(M,r) on U.
3) Vf is defined by the Pfaffian equations:

drt = dy® = dpf;7.__7im =0 (1=m<=s/l-1),

and C’f by the Pfaffian equations:

3
dpg, i — Zp?llml dz* =0 (1<m<=s/(-1).
i

The coordinate system (¢, y®, 20 7-@) (1 £ ¢ £ k) will be called a canonical coordinate
system of J¥(M,r) at z§.

Let S be an r-dimensional submanifold of M. Then S is prolonged to the r-dimensional
submanifold p(S) of J*(M,r), and in turn this is prolonged to the r-dimensional submanifold
p?(S) = p(p(S)) of J(J'(M,r)), which is clearly in J?(M,r). In this way S is prolonged
to the r-dimensional submanifold p*(S) of J*¥(M,r) for every k. Note that p*(S) gives an
integral manifold of the contact system C*.

Lemma 1.2. Let S be an r-dimensional integral manifold of C*. Assume that the pm]ectwn

pO maps S diffeomorphically onto an r-dimensional submamfold S of M. Then S = Pk (9).
Let us now consider a canonical coordinate system (¢, oy ) (L= L= k)of JE(M, )
at a point zk. Let S be an r-dimensional submanifold of M. Suppose that p*(S) is in the

domain U of the coordinate system, and S is defined by the equations:
y® =u(zl, ... 2.
Then we remark that p¥(S) is defined by the equations:
@ =zt .. 2",
Y4
11y.44520 axll . axlg )

For simplicity we set as follows:

Yy
L") (1<0<k).

R=JKM,r), D=CFk,
Dy=CF, E, =V} (12tZk).
Lemma 1.3. (1) D = Dy is regular, and Dy is the (k — £)-th derived system of Dy, for

0 < ¢ < k—1, where Dy is given by Dy = T(R). Furthermore Dy is the first derived
system of Dyyq for0 <0< k—1.

(2) Dy =ch(Dy_q), 2<¢<k,
F,cDy, 15(¢Zk,
F,=DynF ., 2<0<Ek

(3) Dy, is non-degenerate, i.e., ch(Dy) = 0.
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(4) rank(Dg/Dpy1) = (n— 1) Hy, 0S0<k—1,
rank(Dy/Fy) =7, 102k,
rank(Fy/Fp1) =(n—1),Hy, 0=(0=k—1,
rank(Fy) = (n —r) »Hg.
-1
Recall that . Hy, = (T +§ )

By virtue of Lemma  we may speak of the symbol algebra § = (f, (gp)p<0) of (R, D) at
any point z € R:

g-1 = Di(2),
Op = Diypt+1(2)/Digpia(2), p= -2,

where we set Dy = T'(R) if £ £ 0. Let f denote the subspace Fj(z) of g_;.
Lemma 1.4. (1) The FGLA, §, is of the (k + 1)-th kind and non-degenerate.
(2) [gmgq] = {0} fOT’p, q § _2z [gpvf] = {0} fO?”p g _27 and [fa f] = {0}
(3) Ifps -2, Xegp, and [X,Y]| =0 for allY € g_1, then X = 0.
(4) dimg_(p41) = n—r, dimg, = (n — 1) Hyypy1 for —k = p = =2, dim(g_1/f) =7,
and dim f = (n —r) . H.
(5) There is a subspace e of g_1 such that g1 = e + f (direct sum) and [e,e] = {0}.
This can be easily derived form Lemma together with Lemma
Here we remark that if k£ = 2, f consists of all X € g_; such that [X, g_o] = {0}, showing
that f is naturally associated with § (or rather naturally constructed from §). In the case
where k = 1 we have the following

Lemma 1.5. If k=1 and r < n — 2, then [ is naturally associated with §.

Indeed, it is known that f is spanned by all the elements X € g_; such that rank(ad(X)) =
1.

It should be noted that if k =1 and »r =n — 1, § is a contact FGLA, i.e., dimg 5 =1,
and hence f is not naturally associated with §.

By Lemma  we know that the systems Dy (1 £ ¢ < k) and Fy (2 £ ¢ < k) are all naturally
associated with the system D or covariant systems of C* in E. Cartan’s terminology. As for
the system F} we have the following

Lemma 1.6. If r < n — 2, then Fy is naturally associated with D.

Indeed this lemma can be easily reduced to the case where k£ = 1, and in this case the
lemma follows immediately from Lemma . (Another more direct proof can be given by
considering the symbol algebra of F} at any z € R and by using Lemma .)

It should be noted that (J*(M,n — 1),C") is a contact manifold of degree n, and hence
V1 is not naturally associated with C'. It follows that if » = n — 1, I} is not naturally
associated with D.

Now let us consider another n-dimensional manifold M’ and the prolongations J*(M’, r)
of the pair (M’,r). Assuming that M is diffeomorphic with M’ let ¢ be a diffeomorphism
of M onto M’. Then ¢ is prolonged to the diffeomorphism p(p) of J*(M,r) onto J(M'mr),
and in turn this is prolonged to the diffeomorphism p?(¢) = p(p(p)) of J(JY(M,r),r) onto
J(JY(M',r),r), which clearly sends J2(M,r) onto J?(M’,r). In this way ¢ is prolonged to
the diffeomorphism p* () of J*(M,r) onto J*(M’ r) for every k. We note that p* () gives
an isomorphism of (J¥(M,r), C*) onto (J¥(M',r), C'*).

By Lemma  we have
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Lemma 1.7. Let § be any local isomorphism of (J*(M,r),C*) onto (J¥(M',r),C™*) at any
(2,2") € JF(M,r) x JE(M',r). If r < n — 2, there is a unique local diffeomorphism ¢ of M
to M at (h(=), o () such that & = p(p).

Proof of Lemma . Let us consider the symbole algebra f = Zﬁp of CF at any point
p<0
z € JN(M,r): §, = {0} for p £ =2, §_5 = T.(JF(M,7))/C(2), and §_; = C{(2). Let f
and f, denote the subspaces V{*(z) and Vi (z) of g_, respectively. Clearly f, consists of
all X € g_; such that [X,g_;] = {0}, and hence it is an graded ideal of f. Therefore §/f,
(29_5+(g_1/f,)) becomes naturally a graded Lie algebra. Let us now consider the symbol
algebra § = Zg; of C' at = = p(2): g, = {0} for p £ =2, ¢, = T (JH(M,r))/C (),
p<0

and g’ ; = C'(z). Let f’ denote the subspace V1(x) of g’ ;. Then we see that there is a
natural isomorphism of f/f, onto f' (as graded Lie algebras) which sends the subspace f/f of
91/ fo onto the subspace f’ of g’ ;. Consequently it follows from Lemma  that f is naturally
associated with the graded Lie algebra f, which clearly implies that V/* is naturally associated
with C¥ and hence C*.

1.2. Contact manifolds and their prolongations. Let (M,C) be a contact manifold
of degree n. We denote by L(M,C) the set of all (n — 1)-dimensional integral elements of
C, which can be shown to become naturally a fibred submanifold of the Grassmann bundle
J(M,n—1) over M. L(M,C) will be called the Lagrange-Grassmann bundle over (M, C).
We denote by C the contact system on L(M,C).

For every k = 1 we shall now construct a manifold I'*(M,C)(= LF¥~1(M,C)?) with a
differential system C* inductively in the following manner: First I''(M, c) is defined to be
the manifold M, and C*! to be the contact structure C. Second I'2(M, ¢) is defined to be the
Lagrange-Grassmann bundle L(M,C), and C? to be the contact system C on it. Suppose
that for some k > 3 we have constructed I'¢(M, C) together with C¢ for all 1 £ ¢ <k —1, so
that T'“(M, C) are fibred submanifolds over T'*~1(M, C) for all 2 £ ¢ < k—1. Let V¥~! be the
vertical tangent bundle of the fibred manifold T*~1(M, C) over I'*~2(M,C). Then T'*(M, C)
is defined to be the set of all (n — 1)-dimensional integral elements z* of C*~1 such that
2F A VEL(ZF=1) = 0, where 257! is the origin of 2¥. Note that T'*(M.C) can be inductively
shown to become a fibred submanifold of the Grassmann bundle J(I'*~*(M,C),n — 1) over
I*=1(M, C). Furthermore C¥ is defined to be the contact system on the fibred submanifold
I*(M,0).

We have thus obtained a sequence

k
Pr—1

TP o) B Y M, 0) —» - s TH M, C) = M

of fibred manifolds and a differential system C* on each T'*(M, C), where Pllﬁq denotes the
projection. The pair (I'*(M, C), C*) will be called the (k — 1)-th prolongation of the contact
manifold (M, C).

As above we denote by V* the vertical tangent bundle of the fibred manifold I'*(M, C)
over I'*=1(M, C), which is called the symbol system of I'*(M, C).

Remark: Let us consider the prolongations (J*(M,n — 1),C¥) of the pair (M,n — 1),
where M is an n-dimensional manifold. Then (M,C) = (J(M,n — 1),C') is a contact
manifold of degree n, and for every k > 1 (J*(M,n—1),C*) may be naturally identified with
an open submanifold of (T*(M, C), C¥) (as manifolds with differential system).
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If 1 <¢ <k, T'*(M, C) becomes naturally a fibred manifold over I'¥(M, C), and we denote
by p§ the projection of I'*(M, C) onto I'*(M, C). As above let V¢ (¢ = 2) denote the vertical
tangent bundle of the fibred manifold T'*(M, C) over I'*~1(M, C). Then we define differential
systems CF (1 <0< k) and VF (2= 0= k) on I'*(M, C) as follows:

k N k ky—1 (7€
CZ = (pZ)*l(C )7 va = (pf)*l(v )
Let 2! be any point of M. By Darboux’s theorem there is a coordinate system (z!, ..., 2"}
Y,P1, .-, Pn_1) of M at z! such that C is defined by the Pfaffian equation

dy — Zpidxi =0.
i
Such a coordinate system will be called a canonical coordinate system of (M, C).
Now, let zé“ be a point of I'*(M,C). Let (x',...,2" ' y,p1,...,pn_1) be a canoni-
cal coordinate system of (M, C) at p}(z5) such that the 1-form dx!,..., dz""! are linearly
independent, restricted to the (n — 1)-dimensional contact element ph(z§) to M. (Since

p5(z8) € L(M,C), we easily see that such a canonical coordinate system exists for the

given zé“) We denote by U the domain of the coordinate system, and by U the set of all
2% € TF(M, C) such that p}(z¥) € U, and dx', ... d2z" ! are linearly independent, restricted
to pk(2¥). Tt is clear that U is an open set of I'*(M,C), 2k € U, and p¥(U) = U. In the
following the indices 4,41, 79, ... will range over the integers 1,...,n — 1.
Lemma 1.8. There are unique functions p;, i, (2 =€ = k) on U satisfying the following
conditions:

1) piy..i, are symmetric with respect to the indices i1, ..., 1.

2) The functions z'(= % 0 pf), y(= y o p}), pi(=piopf) and piy 4, (i1 < -+ S g, 2 <
0 < k) together give a coordinate system of T*(M,C) on U.

3) ng is defined by the Pfaffian equations:

dzt = dy =dpi, i, =0 (1<m=(-1),
and C’l{“ by the Pfaffian equations

dy —>, pidx’ =0, ‘
Apiy iy — 2 i Pirimidz' =0 (1 Sm =€ —1).

The coordinate system (z%,y,p;, .4,) (1 £ £ < k) will be called a canonical coordinate
system of T¥(M,C) at z§.

By a Lagrangean submanifold of the contact manifold (M,C) we mean an (n — 1)-
dimensional integral manifold S of C. Let S be a Lagrangean submanifold of (M, C'). Then
S is prolonged to the (n — 1)-dimensional submanifold p(S) of J(M,n — 1)), which is clearly
in T2(M, C). In this way S is prolonged to the (n — 1)-dimensional submanifold p*~1(S) of
I'*(M,C) for every k. Note that p*~1(S) gives an integral manifold of the contact system
C*.

Lemma 1.9. Let S be an (n — 1)-dimensional integral manifold of C*. Assume that the
projection p§ maps S diffeomorphically onto an (n — 1)-dimensional submanifold S of M.
Then S is a Lagrangean submanifold of (M,C), and S = p*~1(S).

Let us now consider a canonical coordinate system (z%,y,p;, . 4,) (1 £ £ < k) of TF(M, O)
at a point z§. Let S be a Lagrangean submanifold of (M, C). Suppose that p*~1(S) is in the
domain U of the coordinate system, and S is defined by the equations:

{ y=u(z!, ... "),
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Then we remark that p*~1(S) is defined by the equations

{ y=u(zt, ... 2",

l p—
Pirvoie = gorotr(at, 2" ) (1S LS k).

For simplicity we set as follows:
R=TFM,C), D=CF=Ck, D,=Cf (1<t<k), F,=VF(250<k).

Then we notice that Lemma holds true in our present situation, where, of course, the as-
sertions concerning the system F; should be neglected, and r should be replaced by n — 1.
Therefore we may speak of the symbol algebra F = (t, (gp)p<0) of (R, D) at any point z € R.
We then notice that Lemma holds true in addition, where r should be replaced by n — 1.
Now, let us consider another contact manifold (M’, C”) of degree n and their prolonga-
tions IT'*(M’,C"). Assuming that (M,C) is isomorphic with (M’,C"), let ¢ be a (contact)
isomorphism of (M, C) onto (M',C’). Then ¢ is prolonged to the diffeomorphism p(y) of
J(M,n — 1) onto J(M',n — 1) which clearly sends I'}(M, C) onto I'>(M’,C"). In this way ¢
is prolonged to the diffeomorphism p*~1(¢) of T'*(M, C) onto I'*(M’,C") for every k. Note
that p*~1(¢) gives an isomorphism of (T'*(M, C), C*) onto (I*(M', C"), C'F).
Lemma 1.10. Let ¢ be any local isomorphism of (TF(M,C),C*) to (T*¥(M',C"),C'*) at any
(2,2') € T*(M,C) x T¥(M',C"). Then there is a unique local (contact) isomorphism ¢ of
(M, C) to (M',C") at (pk(2), g (+')) such that = p~ ().

1.3. Contact manifolds of order k. Following Yamaguchi, we shall introduce the notion
of a contact manifold of order k of bidegree (n,r), where k 2 1, and 1 < r < n— 1. Hereafter
“ of bidegree (n,n — 1)” will be also called “of degree n”.

(A) The case where 1 £ r < n — 2. Let R be a manifold, and D a differential system on
it. Then the pair (R, D) is called a contact manifold of order k of bidegree (n,r), if there are
differential systems D; and Fy (1 £ ¢ < k) on R satisfying the following conditions:

1) Dy, = D, and Dy is the first derived system of Dyyq for 1 S ¢ <k — 1.

2) rank(T(R)/D1) =n —r.

3) Fy = ch(Dy_1) C Dy, and rank(Dy/Fy) = r for 2 < ¢ < k.

4) Fy is completely integrable, F» C F} C Dy, rank(D;/F1) = r, and Fy, = Dy N FY.

5) Dy, is non-degenerate.

6) dimR=n+ (n—1) 35 rH,.

(Dy) family of contact systems
(Fy) family of auxiliary systems

Now, let M be an n-dimensional manifold. Then we see from Lemma that the k-th
prolongation (J*(M,r),C*) of the pair (M,r) becomes a contact manifold of order k of
bidegree (n,r). The next lemma implies that every contact manifold (R, D) of order k of
bidegree (n,r) is locally isomorphic with (J*(M,r), C*¥). Therefore we know that the system
F together with the systems Dy (1 £ ¢ < k) and Fy (2 < ¢ < k) is naturally associated with
D (Lemma). The differential systems Dy and Fy (1 < ¢ < k) will be called associated with
D. (*)

Let (R, D) be a contact manifold of order k of bidegree (n,r). Assume that R is regular
with respect to the completely integrable system Fj. Set M = R/Fj, and let pg be the
projection of R onto M. Clearly we have dim M = n.

Lemma 1.11. There is a unique open immersion ¢ of R to J*(M,r) such that py = ,0’5 o,
and D = ;1 (CF).
Note that D, = 1 1(CF), and Fy = ;Y (V}F) for 1 S 0 S k.



VL 143

(*) In particular the system Fj will be called the symbol system of (R, D), which cor-
responds to the symbol system V¥ of J*(M,r). We also remark that we may speak of a
canonical coordinate system of (R, D), which corresponds to a canonical coordinate system
of JE(M, 7).

(B) The case where r = n — 1. Let R be a manifold, and D a differential system on it.
Then the pair (R, D) is called a contact manifold of order k of degree n, if there are differential
systems Dy (1 £ ¢ < k) and Fy (2 = ¢ < k) on R satisfying the following conditions:

1) Dy, = D, and Dy is the first derived system of Dyyq for 1 S ¢ <k — 1.

2) rank(T'(R)/D1) = 1, and rank(D;/D3) =n — 1.

3) Fy = ch(Dy_1) C Dy, and rank(D;/Fy) =n—1for 2 < ¢ < k.

4) F, = D, N Fs.

5) Dy, is non-degenerate.

k

6) dimR=n+> n 1H.
=1
Let (M,C) be a contact manifold of degree n. Then we remark that the (k — 1)-th
prolongation (I'*(M, C), C*) of (M, C) becomes a contact manifold of order k of degree n(cf.
Lemma). The next lemma implies that every contact manifold (R, D) of order k of degree n
is locally isomorphic with

(Dy) family of contact systems
(Fy) family of auxiliary systems

(T*(M, C),C*). As before the differential systems D, (1 < ¢ < k) and F, (2 £ ¢ < k) will
be called associated with D. In particular the system F} will be called the symbol system of
(R, D). We further remark that we may speak of a canonical coordinate system of (R, D).

Let (R, D) be a contact manifold of order k of degree n. Assume that R is regular with
respect to the completely integrable system Fy = ch(D;1). Set M = R/F5, and let p; be
the projection of R onto M. Then there is a unique differential system C on M such that
Fy = (p);1(O). Clearly the pair (M, C) gives a contact manifold of degree n.

Lemma 1.12. There is a unique open immersion ¢ of R to Fk(M, C) such that p1 = p’f o,
and D = 11 (CF).

Note that D, = (; H(CF) (1 £ €< k), and F, = ;1 (V}F) 220 k).

We have thus introduced the notion of a contact manifold of order k.

Incidentally we shall define the prolongation of a contact manifold (M, C) of order k — 1
of bidegree (n,r), where k =2 2, and 1 < r < n — 1. Let V be the symbol system of (M, C),
which exists unless k = 2, r = n — 1. We denote by L(M,C) the set of all r-dimensional
integral elements z of C' such that 2NV (x) = {0}, = being the origin of z. Then L(M,C') can
be shown to become a fibred submanifold of the Grassmann bundle J(M,r) over M. Let C
denote the contact system on the fibred submanifold L(M, C). It is easy to see that the pair
(L(M,C),C) becomes a contact manifold of order k of bidegree (n,r), which will be called
the prolongation of (M, C).

Let S be an r-dimensional integral manifold of C' which is transversal to V: T, (S)NV (z) =
{0} at each z € M. Then S is prolonged to the r-dimensional submanifold p(S) of J(M, C),
which is clearly in L(M,C). Note that p(S) gives an integral manifold of C.

Let us now consider another contact manifold (M’,C’) of order k — 1 of bidegree (n,r)
and its prolongation (L(M’,C"),C"). Assuming that (M, C) is isomorphic with (M’,C"), let
¢ be an isomorphism of (M, C) onto (M’,C"). Then ¢ is prolonged to the diffeomorphism
p(p) of J(M,r) onto J(M’,r), which clearly sends L(M,C) onto L(M’,C"). Note that p(p)
gives an isomorphism of (L(M,C),C) onto (L(M',C"),C").
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Now, let M be an n-dimensional manifold, and let us consider the prolongations (.J k(M ,T),
C*) of the pair (M,r). Then we remark that J*(M,r) are inductively defined as follows:

JHM,r) = J(M,r), JNM,r) = L(J*H(M,r),C*Y), k= 2.

Furthermore ler (M, C') be a contact manifold of degree n, and let us consider its prolongations
(T*(M, C), C*). Then we remark that T*(M, C) are inductively defined as follows

(M, C) =M, T*(M,C) = L(T* Y (M, C),C* 1Y), k> 2.

§2. Pseudo-projective systems of order k

2.1. OD structures of order k. ! In this paragraph we shall introduce the notion of an
OD structure of order k of bidegree (n,r), where k 22, and 1 £ r <n—1. “OD”, of course,
means “ordinary differential”.

(A) The case where k =2 or k = 3, 7 < n—2. Let M be an n-dimensional manifold, and
let us consider the (k — 1)-th prolongation (J*¥~1(M,r),C*~1) of the pair (M,r). Let R be
an open fibred submanifold of the fibred manifold J*~1(M,r) over M. We denote by D and
F the restrictions to R of the contact system C*~! and the symbol system V¥~ respectively.
Let E be a differential system on R. Then the pair X = (R, E) is called an OD structure of
order k of bidegree (n,r) on M, if it satisfies the following conditions:

1) FE is completely integrable,
2) D= FE+ F (direct sum).

Let X = (R, E) (resp. X’ = (R',E’)) be an OD structure of order k of bidegree (n,r)
on a manifold M (resp. on M’). By an isomorphism of X to X’ we mean a diffeomorphism
¢ of M onto M’ such that the prolongation p*~!(p) of ¢ gives an isomorphism of (R, E)
onto (R', E') (as manifolds with differential system). Let (z,2’) be a point of R x R'. By
a local isomorphism of X to X’ at (z,2’) we mean a local diffeomorphism ¢ of M to M’
at (ph=1(2), ph*1(#')) such that p*~1(p) gives a local isomorphism of (R, E) to (R', E') at
(z,2").

Clearly an OD structure of order 2 of bidegree (n,r) means a pseudo-projective structure
of bidegree (n,r) in the sense of Chapter I.

Let X = (R, E) be an OD structure of order k of bidegree (n,r) on a manifold M. Then
we say that an r-dimensional submanifold S of M is a solution of X, if the prolongation
pF1(8) of S is in R, and is an integral manifold of E. (Note that rank (E) = r.) In this way
the structure X may be regarded as a differential equation.

Let 2o be any point of R, and let (27, Y%, pgy.q) (1 < 1 £ k—1) be any canonical coordinate
system of J*~1(M,r) at zy. Let U denote the domain of the coordinate system. By Lemma
* we easily see that there are unique functions ffl‘% on the intersection RN U such that E
is defined by the Pfaffian equations:

lop - FD (differential equation of finite type)
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dy® = plda’ =0,
(1) 4 dDfi — Zpg,,,m do'=0 (1S1Zk-2),

1
dpgllk_l - Z fﬁlk—ll dx' = 0.
i

Now, let S be an r-dimensional submanifold of M. Suppose that p*~1(S) C U , and S is
defined by the equations y® = u®(z!,---,2"). Then it is easy to see that S is a solution of

X, if and only if (u®) gives a solution of the system of partial differential equations:

8kya . 6lya
! —_—— = Ot ? o - < < _
) g = fn (@00 (G ) ) ST h-1)

We note that this system is involutive or satisfies the integrability conditions. We also note
that if r = 1, (¥) simply means the system of ordinary differential equations:

dkya B fa ( a) dyi dk—lya
dzk S A7 A W '

The system (") will be called a local expression of X" at zyp. Conversely it is clear that any
involutive system of the form (*') can be obtained as a local expression of an OD structure
X of order k of bidegree (n,r).

(B) The case where k = 3 and r =n — 1. Let (M, C) be a contact manifold of degree n,
and let us consider the (k — 2)-th prolongation (I'*~1(M, C),C*=1) of (M, C). Let R be an
open fibred submanifold of the fibred manifold I'*~1(M, C) over M. We denote by D and F
the restrictions to R of the contact system C*~! and the symbol system V*~! respectively.
Let E be a differential system on R. Then the pair X = (R, E) is called an OD structure of
order k of degree n on (M, C), if it satisfies the conditions 1) and 2) in (A).

Let X = (R,E) (resp. X’ = (R, E’)) be an OD structure of order k of degree n on
a contact manifold (M,C) (resp. (M',C’)). By an isomorphism of X to X’ we mean a
(contact) isomorphism ¢ of (M,C) onto (M’,C’) such that the prolongation p*~2(y) of ¢
gives an isomorphism of (R, F) onto (R, E’) (as manifolds with differential system). Let
(z,2') be a point of R x R'. By a local isomorphism of X to X’ at (z,2') we mean a (contact)
isomorphism ¢ of (M, C) to (M’,C") at (p¥~1(2), p)*~1(2)) such that p*~2(p) gives a local
isomorphism of (R, E) to (R, E’) at (z,2').

Let X = (R, E) be an OD structure of order k of degree n on a contact manifold (M, C).
Then we say that a Lagrangean submanifold S of (M, C') is a solution of X, if the prolongation
p*2(S) of S is in R, and is an integral manifold of E. In this way the structure X may be
regarded as a differential equation.

Let zo be any point of R, and let (2%, y, pi,.i;) (1 =1 < k—1) be any canonical coordinate
system of T*~1 (M, C) at 2. Let U denote the domain of the coordinate system. By Lemma %
we see that there are unique functions f;,...;, on the intersection RN U such that E is defined
by the Pfaffian equations of the form (x), where the index « should be taken off everywhere.
Now, let S be a Lagrangean submanifold of (M, C). Suppose that p*~2(S) C (7, and S is
defined by the equations
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y:U(l‘l,"- 71,11—1)’
ou _
p; = axi(xl,... ,I’n 1).

Then we see that S is a solution of the equation X, if and only if u gives a solution of the
system of partial differential equations:

6ky . 0ly
meoo I i vy <1<

We note that this system is involutive. We also note that if » = 1, this system simply means
the single ordinary differential equation:

@ f (w Y @ .. dk_1y>

dzF de’ 0 dzk1

The system (x”) will be called a local expression of X at zp. Conversely any involutive
system of the form (*”) can be obtained as a local expression of an OD structure X of order
k of degree n.

2.2. Pseudo-projective systems of order k. Let (k,n,r) be a triplet of integers with
E=22and 1 <r <n-1. Let R = (R;E,F) be a pseudo-product manifold, and let us
consider the differential system D = E + F on R. Then R is called a pseudo-projective
system of order k of bidegree (n,r), if it satisfies the following conditions:

1) (R, D) is a contact manifold of order k — 1 of bidegree (n,r),
2) F coincides with the symbol system Fj,_ of (R, D), except that k =2 and r =n—1.

Clearly a pseudo-projective system of order 2 of bidegree (n,r) means a pseudo-projective
system of bidegree (n,r) in the sense of Chapter I.

Let X = (R, E) be an OD structure of order k of bidegree (n,r) on a manifold M or
a contact manifold (M, C). Then it is clear that the triplet R = (R; E, F) gives a pseudo-
projective system of order k of bidegree (n,r), which is called associated with X. Here F
is the restriction of the symbol system of J*~1(M,r) or T*~1(M,C) to R. By Lemmas?® we
have the following

LEMMA  Let X (resp. X') be an OD structure of order k of bidegree (n,r) on M or
(M,C) (resp. on M" or (M',C")), and let R (resp. R’) be the associated pseudo-projective
system of order k of bidegree (n,r). If ¢ is a local isomorphism of X to X' at (z,2'), then
the prolongation p*~1(v) or p*~2(¢) of ¢, gives a local isomorphism of R to R’ at (z,7').
Conversely if ¢ is a local isomorphism of R to R’ at (z,2'), then there is a unique local
isomorphism @ of X to X' at (z,2") such that = p*~(p) or @ = p*~2(p).

Furthermore we know from Lemmas that any pseudo-projective system R of order k of
bidegree (n,r) is locally associated with an OD structure X of order k of bidegree (n,r). We
have thereby seen that in the local point of view there is a natural one-to-one correspondence
between the OD structures of order k of bidegree (n,r) and the pseudo-projective systems of
order k of bidegree (n,r).

2By Lemmas we see that the assignment X — R is compatible with the respective isomorphisms.
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In connection with OD structures and pseudo-projective systems of order k we shall now
introduce the notion of a pseudo-projective structure of order k of bidegree (n,r). In the
case where k = 2, this is defined to be an OD structure of order 2 of bidegree (n,r) or a
pseudo-projective structure of bidegree (n,r) in the sense of Chapter I. Let us consider the
case where k = 3. Let (M,C) be a contact manifold of order k — 2 of bidegree (n,r), and
(L(M,C),C) its prolongation. Let R be an open fibred submanifold of L(M, C) over M. We
denote by D the restriction of the contact system C to R, and by F' the vertical tangent
bundle of the fibred manifold R over M. Let E be a differential system on R. Then the pair
X = (R, E) is called a pseudo-projective structure of order k of bidegree (n,r) on (M, C), if
it satisfies the conditions 1) and 2) in (A), the preceding paragraph.

Concerning pseudo-product structures of order k = 3, we remark the following.

(1) A pseudo-projective structure X = (R, E) of order k of bidegree (n,r) on (M,C) is
a generalized pseudo-projective structure of bidegree (n,r) on M in the sense of Chapter I.
Therefore, X may be regarded as a differential equation, which is locally expressed by an
involutive system of partial differential equations of the second order. Moreover the dual X'*
of X can be considered under suitable regularity conditions on X.

(2) A pseudo-projective structure of order 3 of degree n means an OD structure of order
3 of degree n.

(3) Let X = (R, FE) be a pseudo-projective structure of order k of bidegree (n,r) on
(M,C). Then the triplet R = (R;E,F) gives a pseudo-projective system of order k of
bidegree (n,r).

(4) Let Xy = (R, FE) be an OD structure of order k of bidegree (n,r) on a manifold
M or a contact manifold (M,C). We denote by M the image of R by the projection of

R to J¥"2(M,r) or T*=2(M,C), and by C the restriction of the contact system "% on
JF=2(M,r) or T*=2(M,C) to R. Then the pair (M,C) gives a contact manifold of order
k — 2 of bidegree (n,r), and the pair (R, E) gives a pseudo-projective structure of order k of
bidegree (n,r) on (M, C'), which we denote by X. The structure X’ will be called associated
with Xo.

(5) In the local point of view, the equations Ay and X describe essentially the same
differential equation.

(6) In the local point of view, there is a natural one-to-one correspondence between the
OD structures of order k of bidegree (n,r) and the pseudo-projective structures of order k of
bidegree (n,r).

2.3. Pseudo-projective FGLA’s of order k. Let p = (R; E, F') be a pseudo-projective
system of order k of bidegree (n,r). Then D is regular, and therefore we may speak of the
symbol algebra of B at any point z € R. Let § = (f, (gp)p<0) be the symbol algebra of the
contact manifold (R, D) of order k — 1 at z:

g-1 = D(z),
9p = Ditp(2)/Digpy1(2), p< -2
Here, D;(1 < I < k — 1) denote the differential systems associated with D, and we set
D; =T(R) for I <0. Let e and f denote the subspaces E(z) and F(z) of g_; respectively.
Then the triplet £ = (F;e, f) gives the symbol algebra of 8 at z, which is a pseudo-product
FGLA.
By Lemma we know that £ satisfies the following conditions:
1): £ or § is of the k-th kind and non-degenerate.

2): [gp, 94] = {0} for p,q < —2, and [gp, f] = {0} for p < —2.
3): Ifp< -2, X €gp,and [X,Y]=0forall Y € e, then X =0.
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4): dimg_, =n—r,dimg, = (n — ), Hyyp for =k +1 < p < =2, dime = r, and
dimf=(n—r),Hg1.
In general, consider a pseudo-product FGLA, £. Then L is called a pseudo-projective FGLA
of order k of bidegree (n, ), if it satisfies the four conditions above.

Now, let £ be a pseudo-projective FGLA of order k of bidegree (n,r). Let us consider the
tensor products g_; ® S'(e*), where S'(e*) denotes the I-th symmetric product of the dual
space e* of e. Note that g_;, ® S!(e*) may be naturally regarded as the space of all g_j-valued
symmetric [-linear forms on e. For any X € g_; ® S'(e*) and Y € e, we define an element
Y1X€g p®STe) by

(YJX)(Yla ale—l) :X(K}/h 7le—1)-

Here and in the following Y7,Y?3, - - denote any elements of e. Now, let p be any integer with
—k+1<p<-2. For any X € g, we define a g_g-valued (k + p)-linear form X on e by
X(Yi’ T 7Y]€+p) = H e [[Xv Y1]7Y2]’ e ']v Yk?-‘rp]'

Since e is abelian, we see that X is symmetric, and hence X € g_r ® S*tP(e*). From the
conditions 3) and 4) we also see that the assignment X — X gives an isomorphism of g,
onto g_i ® S¥*P(e*). For any X € f we now define an element X € g_j, ® S*1(e*) in the
same manner as above. Then, we see from the conditions 1), 3) and 4) that the assignment
XX gives an isomorphism of f onto g_j ® S*¥~1(e*).

Hereafter we shall identify g, (—k + 1 < p < —2) with g_j ® S¥™P(e*), and f with
g_r ® S¥~1(e*), by the isomorphism X — X. Then, we clearly have

(X,Y]=Y X,

where X € g, (-k+1<p<-2)or X € f,and Y €e.

Form the discussion above we know that there is a unique pseudo-projective FGLA of
order k of bidegree (n,r) up to isomorphism.

Accordingly let £ be a pseudo-projective FGLA of order k of bidegree (n,r). Then it
follows that every pseudo-projective system P of order k of bidegree (n,r) is of type L.

The prolongation of £ will be called a pseudo-projective GLA of order k of bidegree (n, ).



CHAPTER VII

Geometry of systems of ordinary differential equations of higher order, (1)

81. Pseudo-projective GLA’s of order 3 of degree n

1.1. Contact projective geometry. n % integer >2 X U, m=2n—-1&8<. P™ & m-
dim. projective space over R &3 5. R2" = R?" — {0} £ & ¥, p: R2® — P™ % projection &
95, (20, ,2m) @ P™ D canonical homogeneous coordinate system or canonical coordinate
system of R2" 9 %. R2" D 1-form w %

n—1

w = 20 dzm — 2m dzo + Z(zZ dzn—1+4i — Zn—1+i dz;i)

i=1
WZ&->TE#ETSD. ' % Pfaffian equation w = 0 IZ L > TEZHI NS R?" LD differential
system &9 % . 512 C' D Cauchy characteristic system ch(C”) = the vertical tangent bundle
of the fibred manifold R2" over P™ 2RI N5 . 1 Uz CIEHARIZ P™ EO differential system
C %8 X ZTHI& contact structure (2725,

a % (n — 1)-dim. projective subspace of P™ &9 %. « » contact manifold (P™,C')
® Lagrangean submanifold Td % & &, a % Lagrangean projective subspace & &&. a =
p~Ha)U{0} EBIFIE, &k R? @ n-dim. linear subspace THd. BHIZ

« : Lagrangean projective subspace
<= a M symplectic form
n—1
dw =2 (dZ() ANdzpy + Zdzl- /\dzn,lﬂ-)
i=1

12849 % Lagrangean subspace

WRIND.

A(P™,C) % the set of Lagrangean projective subspaces of P™ &4 %. A(P™,C) I&
compact connected manifold T# ), dim A(P™,C) = in(n+1) BRI NS,

product manifold P™ x A(P™,C) IZ&F % relation R = R(n) %

R={(p,a) € P™" x A(P",C)|p C a}

W&o TEHETD. RIEP™ x A(P™,C) D compact connected submanifold T Y, dim R =
2n—14+3%(n—1) TH2IEWRIND.

7m: R — P™, p: R — A(P™,C) % projection £ 9 %. R IX fibred manifold over P™
with projection 7 TdH ¥V, TAUXFIKFIZ fibred manifold over A(P™,C) with projection p T
H5.

X T contact manifold (P™,C) (249 % Lagrange-Grassmann bundle L(P™,C) &% X
5. (p,a) € RBELIX, Ty(a) € L(P™,C) THD. TLUTHIL (p,a) — Tp(a) iZ RM5H
L(P™, C) D EAD diffeomorphism ¢ % 52 5. w: L(P™,C) — P™ % projection & 3 1UZ,
wor=m ChHd.

INeR. Ra(z) =Az,2 € R, Rjw=\w & HE.

149
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F (resp. FE) % fibred manifold R over P™ (resp. over A(P™,C)) O vertical tangent
bundle £ 9%. D =FE+F &<, 112&d D D image 1.(D) & A(P™,C) LD contact
system THB. £>T (LIZ&>TRE L(P™,C) A~ L), Xo = (R, E) & P™ LD
pseudo-projective structure of order 3 of degree n #5-2%. T U T triplet P = (R; E, F) &
Xo W 2B % pseudo-projective system of order 3 of degree n % 5- 2 %.

S % P™® (n— 1)-dim. submanifold &9 %. ZD& F

S'is a solution of Xy

<= «is a part of a Lagrangean projective subspace «

MY LD, £ 5T Xy & Lagrangean projective subspaces = £ 79 % differential equation T
HdI N7,

U%z2 #0TEZEIND P Dopen set £ 45, UIXRTIZHRIZFA—HIN, 2, =
2 /20 (1 <A< m) EBFIE, (z)) 1& U = R™ D canonical coordinate system % 5-2 5. PAF,
GLjiL n—128<EDETD.

w' = dxm + Z(z, da:n_l_H' — Tn—1+1i dl‘l)

7

EBTI, w=23w 225. I5IT,

Y =T, + E Ti Sp—14i, Pi = 2Tp_14i

)

EBTE, W =dy — Y pidy; & A DU (25,9, p;) 1& contact manifold (P™,C) (2T %
canonical coordinate system %= 5- X %.
X T, a % equation
Zn—1+i = Q3 20 + Z Q55 25,
J
Zm = a020+zbi2i

i

TREEIND P™ D (n—1)-dim. projective subspace &9 %. coordinate system (z;,y,p;) IZ

BLCTanU &
y=ao+ Y (ai+b)xi+ Y ayjzw,,

pi=2a; +2 Zaijxj
J
TEHIN, anU LT,

dy - Zpi del = Z(bz - ai) dez + Z(a]’i — CLij)SL‘i d.’Ej

i J
DA RVASKE: (A
a M Lagrangean projective subspace
< bl = @5, Q35 = Qj;

Nbhnd. &> T, ad Lagrangean projective subspace 2 5 X, o N U & equation
Yy =ap+2 Zai i + Zaijxia:j,
i J

pi=2a;+2 Zaij Tj (aij = ajl-)
J
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TEHIND. PLEIZE > T equation Xy = (R, E) ' local (2

3y _0
89018:5]8% N
225D equation IZ X > TRILIND Z &N H»n>72. (Note that in the discussion above
(20, , zm) may be replaced by any homogeneous coordinate system (z, - - , 2, ) such that

/ / / / / / / AN
2o dzy, — 2z, dzg + E (zidzp_ 115 — 2p_14d2) = - w,
%

where ¢ is a constant # 0.)

1.2. Pseudo-projective graded Lie algebras of order 3 of degree n. 3 pseudo-
projective graded Lie algebra of order 3 of degree n (D matricial representation % 5- % & 5,
2n {X skew-symmetric matrix I,, %

0 0 0 1
;|0 0 L0
"“lo —1,., 0 0

-1 0 0 0

W&o TEHT D, ZIT 11 lEn — 1R unit matrix Th 5, gl(2n,R) D subalgebra g %
g={X €gl(2n,R)|"XI, + I,X =0}
IZ&>TEFT D, gldsimple graded Lie algebra sp(n,R) (Z isomorphic Tdh %,
nm=ny=1ny=n3g=n—-1E<, 2OLE, matrix X € gl(2n,R) & X = (X;;)1<i j<4
LRDOELND, ZIT, X;; 1 n; X nj-matrix THd, X € g2 7=dDFRMZ
Xip="X31, Xuz=—"Xo1, 'Xso=X3, Xu=-"Xu,
Xg3 = —'X9g, 'Xog=Xoz, Xsa=-"X13, Xos="'Xy3
THhd, gD subspaces D family (g,) %
gp=0Ngp(l,n—1n—-1,1;R)={X eg|X;; =0if j —i #p}

TEHTIE. &= (g,(gp)) 1F6(1,n—1,n—1,1;R) D graded subalgebra 2% %, TLT,
t=13 00 £LBTE T = (t (gp)p<0) & FGLA of the third kind TH 2. £>T. & I&
SGLA of the third kind (272 %,

g_1 @ subspaces ¢, § # TNTH

e:{XEg_l\X;;Q:O},

f: {X Gg_1|X21 ZO}
WL TEHRTNIE £ =(T;e,§) 1% pseudo-projective FGLA of order 3 of degree n (2724,
g0 (& £ O derivation algebra Der (L) IZ[A—# I N5, 2T, Proposition IZ& VD, &1 LD

prolongation 1272 %, Z® & % the standard pseudo-projective graded Lie algebra of order 3
of degree n & &3,

E%
3 1
X1 = 2 Xog = 517171
TEHZIND gy D centre DILE FTIULX, E 1F & D characteristic element TH D, J %
1 1
Xn = 5 X22§1n71
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TEHZRIND go D centre DIt & T,
[J,gp) = {0} if piseven
[L[LX]]=X forall X eg, ifpisodd
DD 5D, HUZ odd integer p 12X U T, g, @ subspaces g, g, %
g, = {X €gp|[J X] = £X}
&k o TEHT UL,
g =0, +9, (direct sum)
EA%, gl =¢, 00, =f, 005 =0-3, 95 = g3 KV
g7 ={X € g1| X12 =0},
g ={X €01 Xo3 =0}

DHEMND HEND,
go D centre Dyt B, %
E, = %(E - J)
IZE2TERHEL. gD subspaces D family (a,) &
ap = {X € g|[Ea, X] = pX}

W&o TEET D, D& X,
p =03, 1+ 02p + 03,41
2Z%, 2T, a,={0}ifp<—20rp>2ThHY,
ao=g-3 a.1=g2+9g",, a=g_,+0 +09;,
ap =g; +9g2, az=gs3

225, MU, A ={g,(ay)} IZSGLA of the second kind TH Y. &(1,2(n—1),1;R) D graded
subalgebra Tdh %, 2 & projective contact graded Lie algebra of degree n (Z isomorphic T
Hd,

go D centre DL Ey %

By = %(EJrJ)

W& TEFEL. gD subspaces D family (b,) %
by = {X € g [Eq, X] = pX}
KEOTREHRT D, DL T,
by :gg_p—l + 82p + P11
2R%, W2oT, by={0}ifp<—lorp>1THhY,
b1 =gs+g2+97, bo=gl +go+ar,
b1 =g{ +92+ 03

# A%, T, B ={g, (by)} & SGLA of the first kind TH Y. &(n,n;R) D graded subalgebra
Thd, [|DELED T, B Sp(n,R) i isomorphic ThHd, FHI, n=20D& X, BIEM(3)
IZ isomorphic TH 5,
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1.3. The homogeneous spaces G/G(O), G/A(O), G/B(O). G % the group of projective
transformations of P™ leaving the contact structure C invariant £ 9%, G l& P™ EIZ tran-
sitive IZFEHIS %, G IZHRIZA(P™,C) LIZEMU, ZOEME transitive TH D, IHIZE
I& diagonal map G — G x G % if# b“C product manifold P™ x A(P™,C) EIZ/EFHL. TDIE
FHIZ & % orbits 1% R = R(n) & T ® complement (ZX>THA 5N,

P = =2y =0IlEDTHIAOLND P"DR, ag & 2 == 2y, =012&L>TH
A 5N % Lagrangean projectlve subspace £33, IS (po, ) € RTHZ, A0 % pg iz

BF% G D isotropy group. BO) % ag 12813 G D isotropy group. GO 2 (pg, ap) 1B 1T
% G D isotropy group £ 95, ZD& X, P™ A(P™ C), RIEZHNZH homogeneous space
G/A® G/BO G/GO Iz&>THEEIND,

GL(2n,R) @ subgroup G’ %

G'={AecGL2n,R)|'AI,A = \I,, with some \ € R,}
WEOTEET D, HOEMNIZ
G'={AeGL(2n—1,R)| A*dw = \dw with some X € R,}

Thd, (A'dw = Mw & A*w = Iw.) U group G & factor group G'/C(G') IZ&>THED
INd, ZIT. C(G)IFG Dcentre THY., X-1gy—1 (X € R,) R DIED diagonal matrices
RN D,

G D Lie algebra i g (Z[FA—# I 1. G & Aut(g) D open subgroup (Z[A—HINd, G' D
subgroups G, G %

b=GNGo(l,n—1,n—1,1;R),
Y =cncM1,n-1,n-11R)

W&o TEEKL, Go=Gh/C(G") bBL, HIEMIGO =Gy-¢M Thd, Z2TaWIixH
RIZG D subgroup &&&j“*f%é IHIZG)=Aut(L) THY., G=Aut(g) Go T
HY. GW X gno nilpotent subalgebra gt) = = 51 Op WL E 2 TERIND G D Lie subgroup
THdIENREIND, BLEND groups Gy, GO, G W L IZABET % groups TH 3 Z &b
Mol (EIX, Aut(L) = Aut(6) BWRIND, 25T Gy, GO, G & BT S groups I
ER->TWVW5S,)

P™ L@ pseudo-product structure (E, F) I g ® subalgebras a(® = g, 4 g(@ & p®) =
g, + o0 oM ND G/GO) ED invariant pseudo-product structure & —9 3,

(*) Va € Aut(&) {26 LT Ad(a)g™, # 9=, THD. FEB. Ad(a)gt, = g7, L0
g-3=[g-2,0" 1] = [g-2,0 ;] =0&7&H, ?}Eb‘i'c}‘é goDgy,9-, EADRIY ilrredumble
NG, a € Aut(®) A& 5IE Ad(a)gt, =g, Ad(a)g~, = g4, i.e., a € Aut(L) BED,

G' @ subgroups A, AV #FhFh

= G'NGo(1,2(n—1),1;R),
AD = ' N G(l)(1,2(n - 1), 1;R)

K;ofi%b\Ayn%ﬂxa'ab< HHMMZ AO) = 49 AD TH D, X512 Ag = Aut()
THhY., G=Aut(g)’ Ay THY. AW & g D nilpotent subalgebra a®) = Zp>1 ap, I2&>2T
AKX 5 G D Lie subgroup TH 2 Z LAVRIND, #IZ groups Ag, AV, G IZ A ITABET

% groups TH 2 Z L DbO»nd,
P™ _EO contact structure C 13 g ? subspace al~1) = sz—l a, (= g2 =g otg 1+...)

MHEIND G/AO) ED invariant differential system & —#3 5,

(e : 2ZTAFYTHY)
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Vok<p<-1IZHUT, S, 2IROFEMHEmET D X € S RIEDIESD S D subspace &
95 :

—q—1
X(eg,...,€0,Y1,...,Yitq) =0.
ZIT. qg#p Yicgh,. WHONTS= > Sp (direct sum) TH 3.
VX € SIZLT, XP cg @ SHP((gh)*) %

—p—1

k—1)! N
( ) X(607"'7607Y17"'7Yk+p)

(—p—1)!
W&o TEET D, ZITY, € gfl. ZUT, linearmap ®: S5 —b_1 %

XP(YY,. .., Vi) =

-1
o(X)= > X

p=—k

ko TEHET S, XS, B0 0(X)=XP ThHY, ®IES, 25 gt @ SHP((gh)") ®
EAD isomorphism % 525, #IZ ®FS N5 b1 D EAD isomorphism % 5-2 %,
Lemma 1.1. Z<€l, X € S
(2 X) =[2(2), 2(X)]
DeGL(gt) iz LT, DeGL(V) %

~ 1 0
= »)
W&o TEHET S, TUT, LD subgroup Ly %

LO = {(D’B) | D e GL(gjl)’B € GL(g—k)}

&S TEHET D, Lo lEHRIZ L = L/U ® subgroup & RiX N3,
group Go = GL(g",) x GL(g_x) 2% X %, group isomorphism ®q : Ly — Gy %

(I)O((D’B)) = (DvB)

IZE->TEET D,
Lemma 1.2. Va € Ly, X € SIZRU T,

B(a- X) = Ad(Dp(a))B(X).

Lemma 1.3. There is a unique Lie group isomorphism ® : L — By such that ®(a) =
®o(a),a € Lo, and such that

B(a - X) = Ad(®(a))B(X),
where a € L, and X € S.

Proof. L =L Ly, Aut(B) = Aut(B)? - Gy THD, ZZTL° (resp. Aut(B)°) I L (resp.
Aut(B)) DHEALILOD connected component TH D, #IZ, ZD Lemma i Lemmas 2 HEH
HED, O

1.4.
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1.5. A lemma on the graded Lie algebra &. gfl & gk (Z inner product (-, -) & A
N%. Vo @ inner product (-, ) % (eg,e0) =1 LRDEIIEHTD. gt & Vi O inner
products (-, -) I&EHHRIZ V O inner product (-, -) Z&E<.

S @ inner product (-, -) ZIRD LD IZEET D. (€r)o<a<, ® V D orthonormal basis &
95, ZDLE X, X' eV IZXHUT,

(XX = > (X(Ern,--rny)s X (Exs - 8xy))
ALy Ag—1

BHO M (X, X') 1, (@)oo, PEVHIZELBR. (e)1<<, & g7 @D orthonormal ba-
—1
sis £9%. (6)) £UT (e)) 22 Z &IZ& Y, decomposition S = > S, A orthogonal

p=—k

decomposition THd Z LB HNn5.

[ @ inner product (-, -) ZIRO XD IZEHKTS. Z=(A,B), Z = (A,B) el ITHLT,

(Z,7") = Tr(*AA") + Tr('BB’)

W&o TEHTSD. ZIT, A (resp. B) 12V D (resp. g_x) @D inner product (-, -) (ZBF
% A (resp. B) @ transpose THD.

map6: L — L %

6((A,B)) = (A"1'B™), (AB)el

IC&-oTEHTS. IS 6 1% L O involutive automorphism THh 3. 6(U) =U TH2»

5, 6 1% L @ involutive automorphism 6 Z3E <. X 522D ¢ IX Lie algebra [ @ involutive
automorphism o Z&E <. B 5 MNIZ

o((A,B)) = (-'A,-'B), (A,B) €l

ThHd.

15 2

(aX,X") = (X,6(a)'X"), a€L, X, X' €8
LU
(az,2") = (2,6(a)7'Z"), acL, 2,7 €l

MDD, £72, 6(Lg) = Lo 27FEET 5.

b_1 (resp.bg) @ inner product (-, -) % isomorphism ® : S — b_y (resp. ® : [ — by) M

&

- o 2

isometry (2225 K DIZEFTD. £72 L (resp. [) D involutive automorphism & (resp. o)
isomorphism ® : L — By (resp. @ : [ — bg) & By (resp. bg) @D involutive automorphism &
(resp. o) 2E<: ®(6(a)) = 6(®(a)), a € By (resp. ®(0(2)) = a(®(2)), Z € by)

X T by & by @ inner product (-, -) I& g=b_1 + by @ inner product (-, -) Z&E<.
Lemma 1.4. g D inner product (-, -) & By @ involutive automorphism 6 &£ by D involutive
automorphism o \FIRDFMZ LT 5 -

(1) decomposition g = gp, §-1 =01, + 071, 00 = g + 9§ 1&TXT orthogonal decompo-
P
sition THD.
(2) 6(Go) = Go, 6(Gf) = Gy THB. I5IZ a(gy) = g5, o(gg) = 85, 0(g7)) =91 THB.
(3) (Ad(a)X,X") = (X,Ad(6(a)")X"), a € By, X, X' €g. > C,
(ad(2)X, X') = —(X,ad(c(2))X"), Zecby, X,X €g.
Remark 1.1. g @ inner product (-, -) »g, (=k < p < 2), g7y, 74, g0, g1 ZE< inner

products 1%, IRD LS IZ5EZ65N5.
(1) g%y, g_r @ induced inner products &5 2 5N/-ED L —HT 5.
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(2) Xp, X, €0, (—k<p=<2), X 1,X' €97, £9%. (e;) & g7y D orthonormal basis
£9%. ZDLEIV-k<Sp<S —-1IZHLT,
(Xp, X,) = D)) > (Xpleirsnei,) Xpleis - ei,))
105+ slhk4p

(3) Xo=(D, 51 TrD+B), X{= (D', TrD' +B')egy £ 5. ZOL X,

1
Tr(*DD') — 1 TrD-Tr D' + Tr('‘BB’)
r

(XOa Xé) -

(4) g1 = (gF,)* ® induced inner product i, g©; D5 X 547 inner product 75 HARIZ
‘:)71’11% 1R

(X1, X7) =Y Xi(e)Xi(e:), X1,X]€m

.

iz
B))=('D~','B™Y, (D,B) € Gy,
B)) = (-'D,~'B), (D,B) € go,
(6X)(Y)=—(X,Y), X,Yegt,
FrERELTHL.



Part 11

On the integration problems derived from
two remarkable classes of systems of
ordinary differential equations of the

second order



CHAPTER 1

Preliminary remarks

By a foliated manifold we mean a manifold R equipped with a completely integrable
system E or the pair (R, E).

Let (R, E) be a foliated manifold.

1°. A function f on R is called a first integral of E if it satisfies the differential equation:

Xf=0 forany X € F.

2°. Let p be any point of R. If we set n = dim R — rank F/, we see from the Frobenius
theorem that there are n first integrals u', ..., u™ of E defined on a neighborhood of p such
that the differentials du', ..., du™ are linearly independent at p. It can be shown that any first

integral f of E defined on a neighborhood of p may be described as a function of u',. .., u™:

f=F',. .. u").

3°. By the integration of E at a point p we mean to construct a fundamental system
(ul,...,u") of first integrals of E at p.

Let p be a mapping of a manifold R to a manifold M. Then R is called a fibred manifold
over the base space M with projection p, if p is surjective, and for each point p the differential
p«p s surjective. A vector X € T),(R) is called a vertical vectorif p.,(X) = 0, and the totality
of vertical vectors is called the vertical tangent bundle of the fibred manifold.

81. Transverse Cartan connections and Cartan systems

1.1. Transverse Cartan connections. Let G/G’ be a coset of a Lie group G over its
closed subgroup G’. Let g and g’ be the Lie algebras of G and G’ respectively.

Let us consider a foliated manifold (R, E). Suppose that R becomes a fibred manifold
over a manifold R’ with projection p so that the vertical tangent bundle coincides with E.
Furthermore suppose that there is given a Cartan connection IV : (P’,w’) of model coset
space G/G’ on R'. Then we denote by P the p.f.b. over R induced from the p.f.b. P’ by the
mapping p, and by p the natural homomorphism of P to P’. We also denote by w the g-valued
1-form p*w’ on P. Then it is clear that the pair (P,w) satisfies the following conditions:

(C.1) Riw = Ad(a w, a€ G’
(C2)w(A*)=A, Aey.

Let 7’ (resp. m) be the projection of P’ (resp. P) onto R’ (resp. R). Since ' op=pom
and E = p;1(0), we also see that the pair satisfies the third condition:

(C.3) Let X be a tangent vector to P. Then, w(X) € ¢, if and only if
«(X) € E.
The observation above leads to the following

Definition 1.1. A transverse Cartan connection I' of model coset space G/G’ on a foliated
manifold (R, E) is the pair (P,w) formed by a p.f.b. P over R with structure group G’ with
projection 7 and a g-valued 1-form w on P satisfying conditions (C.1), (C.2) and (C.3).

158
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Let " : (P,w) be as in the definition. We once for all fix a complementary subspace m of
¢’ in g, and denote by # the m-component of w with respect to the decomposition: g = m+g’.
We also denote by E(T") the differential system (possibly with singularities) by the equation
w = 0, and by V(T') the vertical tangent bundle of the p.f.b. P, or simply V(') = 7;1(0).
Then we have the following
Proposition 1.1. (1) 0=1(0) = 7, }(E) = BE(I') @ V().

(2) For each z € P the differential m, of m maps the fibre E(I'), of E(I') at z isomorphi-
cally onto the fibre E ) of E.

(3) E(T') is right invariant.

(4) There is a unique function K : P — g ® A>m* such that

1 1
dw + i[w,w] = 5[((9/\9).

Proof. (1) ~ (3) can be easily verified. If we set Q = dw+ % [w, w], we have A*.Q = 0 for any
Acg,and Q(X AY) = 0 for any cross sections X,Y of E(T). Since §~1(0) = E(I') + V(I),
it follows that X JQ = 0 for any X € 6~1(0). Therefore (4) follows. O

The equality in (4) will be called the structure equation, and the function K the curvature.
We know from the existence of the structure equation that the system E(I') is completely
integrable.

1.2. A reduction proposition for the integration of completely integrable systems.
Let T : (P,w) be a transverse Cartan connection of model coset space G/G’ on a foliated
manifold (R, E).
Proposition 1.2. Let z¢ be any point of P and set po = w(zp). Then, once the system E(I)
was integrated at xg, the integration of the system E at pg can be carried out by elementary
operations.

By elementary operations we here mean a collection of operations formed by rational
operations, differentiations and the uses of the implicit function theorem.

Proof. We set r = rank £ = rank E(I'), m = dimP —r (= dimG) and n = dimR — r (=

dim G/G"). Now, let (u',...,u™) be a fundamental system of first integrals of F(I') at x.
(1) We take r functions u™*1, ... u™*" defined on a neighborhood of zq so that u', ..., u™,

u™H . u™ form a coordinate system of P at xzg. Let Py be a small cubic neighborhood

of xg. We then construct a mapping ¢ of Fy to R™ by
o(z) = (u(2),...,u™(2)), z€ Py,

and set Qo = ¢(Fy). Then Py becomes a fibred manifold over the base space Qo with
projection ¢ so that the vertical tangent bundle coincides with the system FE(T'), restricted
to Py. We set yo = p(x0).

(2) Let us now construct a local right action of the group G’ on Q. For this purpose
we first construct a mapping ¥ of Qo to Py such that ¥ (yo) = zp and ¢ o ¢ is the identity
mapping. Then the local action is constructed by the following rule:

y-a=p(y) - a),

where (y,a) € Qo x G’ with ¥(y) - a € Py. Since the system E(I') is right invariant, we
see that this rule really gives a local action of G’ on @y and that ¢ is compatible with the
respective actions of G'.

(3) For any A € g’ we have the (vertical) vector field A* on Py. Let us denote by the same
symbol A* the vector field on @)y induced from the local 1-parameter group y — y - exptA
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of local right translations on )p. Clearly these two vector fields are p-related: ., A% =
AL (s)» # € Po. Therefore the condition A7 ) = 0 implies A7 € E(T"),. By Proposition 1.1 it
follows that A =0 or A = 0. We have thereby proved the following:

Lemma 1.3. The local action of G' on Qqo is infinitesimally free, that is, the condition
“Ay, =0 for some A € g’ and for some y € Qo ” implies A = 0.

(4) We now take an n-dimensional small submanifold, say My, of Qo through yo which
is transversal to the G’-orbit through yo as well as a small neighborhood, say Ny, of the
identity element e of G’. Then we define a mapping ® of My x Ny to Qo by ®(y,a) =
y-a, (y,a) € My x Ny. By Lemma 1.3 we easily see that the differential of ® at (yo,e)
gives an isomorphism. Thus ® gives a diffeomorphism of a neighborhood of (yg,e) onto a
neighborhood of yy so that ®(yp,e) = yo, and we construct the inverse, say ¥, of ®.

The matter being highly of local character, we may assume that ¥ gives a diffeomorphism
of Qo onto My x Ny. This being said, we denote by w the projection of My x Ny onto My, and
set € = w o W. Then @y becomes a fibred manifold over My with projection €. Furthermore
if we set Ryg = w(FPp), R is an open submanifold of R, and Py becomes a fibred manifold over
Ry with projection .

(5) We set pg = 7(xg), and take a local cross section o of the fibred manifold Py over R
defined on a neighborhood Vj of pg and such that o(pg) = zp. Then we define a mapping p
of Vo to My by p=copoo.

Lemma 1.4. There is a neighborhood Uy of x¢ such that m(Uy) C Vo and the two mappings
pom and € o coincide on Up.

Proof. Let z € 771(V3)NPy. Then we have (por)(z) = (cop)(o(n(2))). Since n(c(n(2))) =
7(z), there is an element a(z) of G' with o(n(2)) = 2 - a(2). It follows (pom)(z) = (g0
©)(z-a(z)) =e(e(z) - a(2)). In view of the structure of Qg, ¢ may be expressed as follows:
o(z) = e(p(2)) - b(z), z € Py, where b(z) € Ny. Since p(xo) = yo and e(yp) = yo, we have
b(xo) = e. Similarly we have o(pg) = zo = o - a(xg), whence a(xg) = e. Therefore it follows
that there is a neighborhood Uy of zy such that 7w(Up) C Vp and b(z) - a(z) € Ny for any
z € Uy. Consequently for any z € Uy we obtain

e(p(2) - a(2)) = e(e(p(2)) - b(2)a(2)) = e(p(2)),

whence (p o m)(z) = e(p(z)), proving the lemma. O

(6) By Proposition 1.1 we have
Y (E) = E() + V().
By Lemma 1.4 we have
(pom)t(0) = (e0p);(0) on Up.
Furthermore we can easily verify that
(e 09)7(0) = E(T) + V(T) on U,
Consequently it follows that
(pom)(0) = (E) on U,
which clearly means that
p:'(0) = E on p(Up).
Now, let (&1, ---,€™) be a coordinate system of My at p(pg). Then this last fact implies
that (¢Lop, -, op) gives a fundamental system of first integrals of E at py. We have thus

completed the proof of Proposition 1.2, because all the constructions above can be carried
out by elementary operations. We have thus completed the proof of the proposition. (|
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§2. Cartan systems

As for a detailed account of the theory of Cartan systems, see the appendix.

2.1. Cartan systems. At the outset we give the following

Definition 2.1. (E.Cartan[**]) A Cartan system X (of degree n) is the pair (P,w) formed by
a manifold P and an R"-valued 1-form w or a system of 1-forms w',--- ,w" on P satisfying
the following conditions:

1) wh,...,w" are linearly independent at each point of P.

2) There are functions cé»k(l < 1,7,k <n) on P such that

dw' + %Zc;kwj AWk =0, cé-,C + ci;j = 0.
J.k

Given a Cartan system 3, the equality above will be called the structure equation, and
the system (c;k) of functions the structure functions. We also denote by E(X) the differential
system on P defined by the equation w = 0, which is clearly completely integrable.

Now, a local vector field X on P is called a local infinitesimal automorphism of X, if X
leaves w invariant or Lyxw = 0. In view of the structure equation we know that a local cross
section of E(X) is an infinitesimal automorphism of ¥ and that if X is a local infinitesimal
automorphism of ¥ and Y is a local cross section of F(X), then the bracket [X, Y] is a local
cross section of E(X). This being said, we denote by A the sheaf of Lie algebras of local
infinitesimal automorphisms of ¥, and by £ the sheaf of local cross sections of E(X), being a
subsheaf of ideals of A. Furthermore for each x € P the factor Lie algebra A, /&, is denoted
by aut(X),, and is called the reduced Lie algebra of infinitesimal automorphisms of ¥ at x,
where A, (resp. &) denotes the stalk at x of A (resp. of £). We shall see that under a
suitable regularity condition on ¥ aut(X), is naturally isomorphic with the stalk at x of the
factor Lie algebra sheaf A/E.

For example let us consider a transverse Cartan connection I' : (P, w) of model coset space
G/G on a foliated manifold (R, E). Then the pair (P,w) may be regarded as a Cartan
system, say >, which is called assoctated. Proposition 1.2 indicates that the integration
problem in the foliated manifold (R, E) can be reduced to the integration problem in the
associated Cartan system X.

2.2. Non-degenerate Cartan systems. A Cartan system of degree n: ¥ : (P, w) is called
non-degenerate, if dim P = n or in other words w gives an absolute parallelism on P. A
non-degenerate Cartan system no more possesses the meaning of a differential equation, but
is a geometric object.

Proposition 2.1. Let X : (P,w) be a Cartan system of degree n, and let xo be any point of
P.

(1) There are a neighborhood V' of xo and a non-degenerate Cartan system Y/ : (V' W)
satisfying the following conditions: 1) V' becomes a fibred manifold over V' with projection k
so that the vertical tangent bundle coincides with the system E(X), restricted to V', and 2)
k*w' coincides with w, restricted to V.

(2) The projection k naturally induces an isomorphism of aut(X)y, onto aut(X'),(z,)-

Corollary 2.2. dimaut(X), <n, z € P.

Proof of Proposition 2.1. (0) We set r = rank E(X), whence dim P = n + r. In the following
the letters 4,7 will range over the integers 1,...,n, and the letters A\, u over the integers
n+1,...,n+r.
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(1) Let o be any point of P, and let (u,...,u"*") be a coordinate system of P at x
such that (u?) gives a fundamental system of first integrals of the system E(X) at .

Let V be a cubic neighborhood of xy with respect to this coordinate system, and let
us consider the moving frame (9/dul,...,d/0u™") of the tangent bundle T(V) of V. For
simplicity we set Y\ = 0/0u”. Then we see that (Y)) gives a moving frame of the system
E(%).

We define a mapping x of V to R" by () = (u'(z)) for any z € V, and set V' = x(V).
Then we see that V becomes a fibred manifold over V' with projection x so that the vertical
tangent bundle coincides with the system FE(X), restricted to V.

Now, the R™-valued 1-form w may be described as follows:

w=Y_ fidu' +) fudu,
i M

where f;, f, are R"-valued functions on V. Since w(Yy) = 0 and Yyu* = 6%, we have f\ = 0.
Furthermore since Ly,w = 0 and Y u' = 0, we obtain Y\ f; = 0. It follows that f; are
first integrals of F/(X), and hence may be described as follows: f; = fi(ul, coou), f; being
functions on V.

Let (v') be the canonical coordinate system of V’. Then we have u’ = vior and f; = fion.

If we set
W= Z fidvi,

we find that w = k*w’, and the pair (V’,w’) gives a non-degenerate Cartan system, say >,
of degree n, proving the first assertion.

(2) Let X be any local infinitesimal automorphism of ¥ defined on a neighborhood of z,
which may be described as follows:

X = Zgia/aui + Zg“YM.
( H

If we set X =" ¢'0/0u’, we see that X is a local infinitesimal automorphism of 3.
Lemma 2.3. The vector fields [Yy, X] and [Yy,d/0ul] are local cross sections of E(X).
~ For the proof of this fact we remark that i) Lgw = 0 and w(Yy) = 0, and ii) du’ (9/u’) =
6! and Yyu'/ = 0.
Now, we have

Yy, X] =) Yag'd/ou' +  g' [Va,0/0u].

By lemma 2.3 it follows that YA.gi = 0. Therefore g' are first integrals of F(X) and hence may
be described as follows: ¢° = §*(u',...,u"), §° being functions defined on a neighborhood of
k(xo). If we set

X'=>"go/ot,

we know that 1) X’ is a local infinitesimal automorphism of ¥’; 2) X and X' are k-related,
and 3) the assignment X — X' induces an isomorphism of aut(%)., with aut(%’),(,,), proving
the second assertion.

2.3. The regularity condition. Let X : (P,w) be a Cartan system of degree n. First of
all we remark that a function f on P is a first integral of F(X), if and only if

df =0 (modw!,...,w").
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Therefore if f is a first integral of E(X), the differential df may be described as follows:
df =) fiw'.

The coefficients f; will be denoted by &;f or df/dw'.

By using the structure equation we can easily verify the following
Lemma 2.4. (1) The structure functions cék are first integrals of E(X).

(2) If f is a first integral of E(X), then the coefficients 6;f of df are first integrals of
EX).

This being said, let us denote by I’(3) the family of all (global) first integrals of E(X).
Then we denote by I(X) the smallest subfamily among the subfamilies I of I'(X) satisfying
the following conditions:

1) cé.k el,
2)If f €I, then §,f € 1.

Namely I(X) consists of all functions of the following form:
Oiy 01l (L0 kyin,...yip <, £>0)

Now, for each point x € P we denote by A(X), the subspace of T,(P) consisting of all
tangent vectors X € T,(P) such that

Xf=0 forall felI(X),
and set A(X) = UA(Z)QC, being a differential system (possibly with singularities) on P.

x

Clearly we have E(X) C A(Y).

We say that the Cartan system X is regular, if A(X) gives a differential system in the
usual sense, restricted to each connected component of P, or equivalently dim A(X), is locally
constant.

It can be shown that in the real analytic category any Cartan system is necessarily regular.

2.4. The Cartan’s integration theorem for Cartan systems. We are now in a position
to state the following

Theorem 2.5. (E.Cartan[**]) Let ¥ : (P,w) be a Cartan system, and let xo be any point
of P. If ¥ is reqular, then the integration of the completely integrable system E(X) can be
carried out by elementary operations, quadratures and the integrations of the Lie systems
associated with the simple components of the Lie algebra aut(X)g, .

83. The integration problems associated with pseudo-projective systems of the
restricted types

3.1. The transverse Cartan connections associated with pseudo-projective sys-
tems of the restricted types. (1) Let us consider the graded Lie algebra B : g =
b_1 4+ by + by as well as the coset space G/B(O) defined in 1.2. We denote by po the lin-
ear isotropy representation of the group B(®) on the space b_; identified with the tangent
space to G/B(© at the origin o:

p2(a)X = Ad(a)X  (mod b)),

where @ € B©® and X € b_;. Furthermore the group B(® acts on the space g ® AZb* | by
the following rule:
LYX ANY) =Ad(a V) L(pa(a)X A pa(a)Y),
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where X,Y € b_1, L € g A%b*; and a € B Clearly 6 ® A2b* | is an invariant subspace
in this action.

Now, let R : (R, E,F) be a pseudo-projective system of degree n and of the second
restricted type, and let I : (P,w) be the associated pseudo-projective connection, being a
Cartan connection of model coset space G/G(® on R. G(©) being a subgroup of B, let P,
denote the extension of the p.f.b. P to the group BO)_ Tt is easy to see that the connection
form w of I is naturally extended to a g-valued 1-form, say w, on P, so that the pair (P, )
satisfies conditions (C.1) and (C.2) in the definition of a transverse Cartan connection.

By Theorem 1.4.1 we know that the curvature K of I' takes values in 6(0) @ A%b* | and
hence the structure equation for I' takes the following form:

dw + %[w,w] = éK(ﬁ—l A B-1),

where S_; denotes the b_;-component of w with respect to the decomposition: g = b_;+6,
It follows that

RK=K* aecGU.
Therefore K is naturally extended to a function, say K, on P, taking values in b(¥) @ AZb*
so that
R*K =K* aeBO.

a
Then we have the following
Proposition 3.1. The pair (P2, &) gives a transverse Cartan connection, say I's, of model
coset space G/B©) on the foliated manifold (R, E), and its curvature (with respect to the

decomposition g = b_y 4 b(®) ) coincides with the natural extension K of the curvature K of
r.

Proof. To prove the first assertion we must show that the pair (P>, @) satisfies condition
(C.3). Namely, let z € P, and X € T, (P,). Then we must show that @(X) € b, if and
only if m9,(X) € E, where 7o denotes the projection of Py onto R. Clearly it suffices to deal
with the case where z € P. Then there are a vector Y € T},(P) and an element A € b(® such
that X =Y + A%. Since w™ (V) € b(®), we have

wX)=wl})+ A
w_(Y) (modb®)
w oY) +w (YY) (modb®).

Therefore it follows that ©(X) = 0 (mod b(?), if and only if w_5(Y) +w™;(Y) = 0. On the
other hand we have

T (X) = me(Y) = p(z)w_(Y)
= p(@)(w-2(Y) +w (V) +wh (Y)),

where 7 denotes the projection of P onto R, and p the natural homomorphism of P to the
frame bundle F(R,g_). Therefore it follows that 7.(X) is in E, if and only if w_o(Y) +
w”1(Y) =0, proving the first assertion.

Let us now prove the second assertion. Let L be the curvature of I's. Then the structure
equation for I' takes the following form:

1 1= =

do + 5[@,5)] = §L(5—1 A B-1),
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where 3_; denotes the b_j-component of @ with respect to the decomposition: g = b_; + (),
It follows that

R:L=1L1°% aeBWY.
Furthermore it is clear that the restriction of the equation above to P yields the structure
equation for I', whence the restriction of L to P coincides with K. Therefore we obtain
L = K, proving the second assertion. O

(2) Let us now consider the graded Lie algebra 20 : g = a_1 + ag + a; as well as the coset
space G /A(O) defined in §1.2. We denote by p; the linear isotropy representation of the group
A©) on the space a_:

p1(a)X = Ad(a)X (modal®),

where a € A and X € a_;. Furthermore the group A acts on the space g ® A%a* | by
the following rule:
LYX AY)=Ad(a Y)L(p1(a)X A p1(a)Y),

where X,Y €a_1, L € g® A%a*, and a € A,

Now let R : (R, E, F') be a pseudo-projective system of degree n and of the first restricted
type, and let " : (P,w) be the associated pseudo-projective connection. G () being a subgroup
of A® let P, denote the extension of the p.f.b. P to the group A Then we see that the
connection form w of I' is naturally extended to a g-valued 1-form, say w, on P; so that the
pair (Pp,w) satisfies conditions (C.1) and (C.2).

By Theorem 1.4.1 we know that the curvature K of I' takes values in a(®) ® A%a* | and
hence the structure equation for I' takes the following form:

dw + %[w,w] = %K(a_l ANa_q),
where a_1 denotes the a._1-component of w with respect to the decqmposition: g=20a_1 +a(©),
Therefore, as before K is naturally extended to a function, say K, on P, taking values in
a® ® A%a* | so that
RK =K aecA0,
Reasoning just in the same manner as in the proof of the preceding proposition, we can
prove the following

Proposition 3.2. The pair (P1,&) gives a transverse Cartan connection, say I'1, of model
coset space G/A©) on the foliated manifold (R, F), and its curvature (with respect to the

decomposition g = a_y 4+ a0)) coincides with the natural extension K of the curvature K of
r.

Finally we add that both the transverse Cartan connections I's and I'y can be constructed
from the pseudo-projective system R by differentiations, because so is the Cartan connection
r.

3.2. The Lie algebras aut(R),, aut(X),, aut(X2), and aut(X;),. (0) Let R : (R, E, F)
be a pseudo-projective system of degree n, and let I' : (P,w) be the associated pseudo-
projective connection on R. We denote by aut(R) the sheaf of germs of local infinitesimal
automorphisms of R, which coincides with the sheaf of germs of local infinitesimal automor-
phisms of I'.

Let ¥ : (P,w) be the Cartan system associated with the connection I'. We take any point
x of P and set p = w(z), m being the projection of P onto R. Then we know from Lemma 3.3
just below that the projection 7 naturally induces a (Lie algebra) isomorphism of aut(X),
with aut(R),.
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Lemma 3.3. Let U be a simply connected neighborhood of x. Then any germ of aut(X), can
be represented by a right invariant infinitesimal automorphism of ¥ defined on the whole of
7 1(U).

For the proof of this fact we only remark that if Y is a local infinitesimal automorphism
of ¥, then [V, A*] = 0 for any A € g(®), which can be easily obtained from the structure
equation for I'.

(1) Now, assume that R is of the second restricted type, and consider the transverse
Cartan connection I'y : (P, @) on the foliated manifold (R, E) as well as the Cartan system
Y5 : (Py,@). Then we easily see that any right invariant vector field X on 7~(U) is extended
to a right invariant vector field, say X, on m, 1(U ), w2 being the projection of P» onto R.

Lemma 3.4. Let X andY be any right invariant vector fields on 7= (U). Then the following
hold:

(Lx@(Yya) = Ad(a™")(Lxw)(Yy),
(Lx@)(Ayq) =0,
where y € P, a € BO) and A € b,
It follows from Lemma 2.4 that if X is a right invariant infinitesimal automorphism of
Y, then X is a right invariant infinitesimal automorphism of X2, and hence the assignment
X — X yields an (injective) homomorphism, say tq, of aut(2), to aut(X2),.
Then we have the following
Proposition 3.5. (1) ta gives an isomorphism of aut(X), with aut(Xs),.
(2) The injection, say t2, of P to Py induces an isomorphism of A(X), with A(X2)./E(X2),.

Corollary 3.6. If the Cartan system X is regular, so is the Cartan system %s.

For the proof of this fact we note that the system A(32) together with the system F(X5)
is right invariant.

Proof of Proposition 3.5.

(1) By Proposition 2.1 we know that there are a neighborhood V' of x and a non-degenerate
Cartan system Y/ : (V' ') satisfying the following conditions: 1) V becomes a fibred manifold
over V' with projection « so that the vertical tangent bundle coincides with the system F(3s),
restricted to V, and 2) k*w’ coincides with we, restricted to V.

Now, both ¥ and ¥’ are non-degenerate, and dim P = dim V’. Furthermore, w = t5wo
and k*w’ = wo. Therefore, if we set p = ko 19, we see that p*w’ = w, meaning that ¢ gives
a local isomorphism of ¥ with ¥/ defined on a neighborhood of z. Accordingly ¢ induces an
isomorphism of aut(X), with aut(¥'), ;). Furthermore we know from the second assertion of
Proposition 2.1 that there is a natural isomorphism of aut(¥3), with aut(X’), ). Since the
homomorphism ¢y of aut(X), to aut(Xs), is injective, we have thereby shown that ¢o is an
isomorphism, completing the proof of the first assertion.

(2) From the proof of Proposition 2.1 we know that x induces an isomorphism of
A(X2)./E(X), with A(Y),. Furthermore it is clear that ¢ induces an isomorphism of A(X),
with A(X'),. Consequently the second assertion follows. O

(3) Next, assume that R is of the first restricted type, and consider the transverse Cartan
connection I'; : (P;,@) on the foliated manifold (R, F') as well as the Cartan system X :
(P1,@). Then just as above we have a natural (injective) homomorphism, say ¢1, of aut(X),
to aut(Xq), as well as the following

Proposition 3.7. (1) ¢1 gives an isomorphism of aut(X), with aut(X1),.
(2) The injection, say t1, of P to Py induces an isomorphism of A(X1)y with A(X1)z/E(X1).
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Corollary 3.8. If the Cartan system ¥ is regular, so is the Cartan system .

3.3. An integration theorem for the system FE or F associated with a pseudo-
projective system R of the second or the first restricted type. A pseudo-projective
system R will be called regular, if the associated Cartan system ¥ : (P,w) is regular.

Theorem 3.9. Let R : (R, E, F) be a pseudo-projective system, and let py be any point of
R.

(1) Assume that R is regular and of the second restricted type. Then the integration of
the system E at the point py can be carried out by elementary operations, quadratures and
the integrations of the Lie systems associated with the simple components of the Lie algebra
aut(R)p, -

(2) Assume that R is reqular and of the first restricted type. Then the integration of the
system F' at the point py can be carried out by the same operations as above.

Above all we notice that the first assertion settles the integration problem for system of
ordinary differential equations of the second order and of the second restricted type:

2, A k
@ = (w0 D).

Proof of Theorem 3.9. To prove the first assertion let us consider the following objects:
I':(Pw), X:(Pw), I'y: (P,w), Lo: (P,w).

As we have remarked, the transverse Cartan connection I's together with the Cartan connec-
tion I' can constructed from the system R by differentiations.

Now, we take a point xg of P with 7(x¢) = po. Then we have the following:

1°. Since I's is a transverse Cartan connection on the foliated manifold (R, E), we know
from Proposition 1.2 that the integration problem for the system E at pg can be reduced to
the integration problem for the system F(X9) at xg.

2°. By Proposition 3.5 we know that

aut(R)p, = aut(X)z, = aut(X2)z,-

3°. Since the system R or the Cartan system > is regular by the assumption, we know
from Corollary 3.6 that the Cartan system Yo as well is regular.

Therefore the first assertion follows immediately from Theorem 2.5. Here, we mention
that the second assertion can be dealt with just in the same manner as above, thus completing
the proof of the theorem. O
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