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Geometric theory of systems of

ordinary differential equations,

NopoRrU TANAKA

Introduction. For around ten years we have worked on geometric theory of sysiems
of ordinary differential equations, and obtained many resulis on the geometry as well as
the geometxic integration of these systems, which will be published as & book in the near
future.

. This report just corresponds to the first two chapters of the book, and is concerned
with the following geometries:

(1} The geometry of pseudo-projective structures of order 2 of bidegree (=2, 7), which

formulates the geometry of involutive systems of partial differential equations of the second

order
azya — g8 k b ..._.ayb
paga = 10 G

Here, (n,7) is & given pair of integers with 1 <7< n-—1, and the indices i, j, k range over
the integers 1,:-+ ,r, and the indices a,b over the integers 1,--- ,n—r.

(2) The geometry of generalized psendo-projective structures of bidegree (=,r),
which formulates the geometry of involutive and “generic” systems of partial differential
equations of the second order
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For rigorous formulations of these struciures or rather differential equations see §2.
Here we only remark the following: A generalized pseudo-projective structure A of bidegree
(n,7) on an n-dimensional manifold M is a pair formed by a fibred - submanifold R of

J(M,r) and a differential system F of rank r on R which satisfy certain conditions, where




J{M,r) is the Grassmann bundle of r-dimensional contact elements to 7. Then a pseudo-
projective structure of order 2 of bidegree (n,r) on M simply means a generalized pseudo-
projective structure A of bidegree (n,7) on M such that R is an open fibred submanifold
of J(M,r). It is shown that there is naturally associated to every projective structure ©

on an n-dimensional manifold M a psendo-projective structure A(D) of bidegree (n,1).

Remark. Let (k,n,7) be a triplet of integers with k 2 3 and 1 S 7 S n—1. Let
us consider the geometry of involuiive systems of partial differential equations of the k-th
oxder

ak ya.
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where the indices 4y, ,7, j1, - range over the integers 1,-- , 7, the indices a,b over the
integers 1,--+ , 2 —#, and the index £ over the integers 1,--- ,k— 1. In the classical fashion
the isomorphism in the geomeiry is considered with respect to point transformations of
the space of the variables z, y°, if k = 201 k 2 3, » £ n — 2, and with respect to
contact transformations of the same space otherwise. Then we remark that the geometry
can be formulated as the geometry of pseudo-projective structures of order & of bidegree
(m,7), being a kind of generalized pseudo-projective structure. Thus we have seen that the
generalized pseut;lo-pro jective structures constitute a considerably large class of differential
equations. |

In §3 we introduce the notion of a (generalized) pseudo-projective system. First of all
a generalized psewdo-projective system is defined to be a triplet formed by a manifold R
and two differential systems, E and F, on it which satisfy the following conditions:

(i) (R,E,F)is a pseudo-product manifold. Namely £ N F = 0, and both E and F
are completely integrable.

(i) The system D{= E+F)is not reduced to the zero system, and is non-degenerate.

(i) The full derived system of D coincides with the tangent bundle T(R).

Next, a pseudo-projective sysiem (by which we here mean that of order 2 of bide-
gree (n,7})) is defined to be a generalized pseudo-projective system (R, E, F) such that
rank (T(R)/D)=n—7, rank E =r, and rank F =7(n—12).
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Let us consider a (generalized) pseuso-projective structure A’ on 2 manifold M which
is expressed by the pair (R, EB). Let F be the vertical tangent bundle of R. Then the
triplet (R, B, F) turns out to be a (generalized) pseudo-projective system, which is called
associated. Furthermore it is shown that (from the local view-point) the geometry of (gen-
eralized) pseudo-projective structures may be represented by the geometry of (generalized)
psendo-projective systems. _

Now, a pseuldo—pmduct manifold is an abstraction of a submanifold R of a proauct
manifold M x N equipped with the induced structure (B, F) from the product structure.
Since the conditions (ii) and (iii) above are genericness conditions on the system D, we
therefore see that a generalized pseudo-projective system essentially means a generic sub-
manifold or a generic relation in a product manifold. This reminds us of the axiomatic
projective geometry, i.e., the geometry of relations R in produci sets M x N satisfying the
so-called axioms of projective geometry. Accordingly we have known that the geometry
of generalized pseudo-projective systems well inherits the basic thought in the axiomatic

projective geometry.

Let us now consider a generalized pseudo-projective triplet (M, N, R), which is a
rigorous formulation of a generic relation R in a product manifold M x N. As we have seen,
{here is associated to the relation R the generalized psendo-projective system (R, B, F). By
the non-degeneracy assumption on the system D(= E+ F) it follows that thereis naturally
associated to the relation R two kinds of generalized pseudo-projective structure, X' on M
and X* on N, which are called the dual of each other. This fact assures the exisience of
the dual X* of any generalized pseudo-projective structure X.

§§4 and 5 are concerned with the prolongations of generalized pseudo-projective
systems. Let (R, B, F) be a generalized pseudo-projective system, and assume that the
system D(= E + F) is regular in the sense that the k-th derived system D~%=1 of D is
a subbundle of T(R) for each k 2 1. Then there is associated to every point =z € R the
symbol algebra T(z) of D at z, which means the graded Lie algebra t{2) = 3 gy(z) with
the natural bracket operation, where gy(z) = DP(=)/D?*(z). We have g_lp(;‘a = D(z) =
B(z) + F(z) (direct sum), and both E(z) and F(z) are abelian subalgebras of t(z). Then




the triplet £(z) formed by %(z), B(z) and F(z) is called the symbol algebra of (R,E, F)
at =z.

The symbol algebra £(z) can be easily abstracted to yield the notion of an ab-
stract symbol algebra of generalized pseudo-projective system or a non-degenerate pseudo-
product FGLA. Let £ be a model (absiract) symbol algebra of generalized pseudo-projec-
tive system. Then it is prolonged to a transitive graded Lie algebra &, and this is shown to
be necessarily of finite dimension. Now, a generalized psendo-projective system (R, B, F)
is called of type £, if the symbol algebra £(z) of the system at each z € R is 1somorphic
to £. Then it is shown that through a prolongation process the geometry of generalized
pseudo-projective systems of type £ may be represented by the geometry of a class of
manifolds with absolute parallelism (cf. Theorem 4.7).

Besides these we study some global problems on generalized psendo-projective struc-
tures, etc. In §2 we show that there is naturally associated to every generalized psendo-
projective structure A" on 2 manifold A the “arithmetic distance” p(p,q) in M. In para-
graph 3.7 we moreover propose some global problems on compact pseudo-projective triplets
of order 2.

For the rest of the iniroduction we shall explain our main results which have been
hitherto obtained and are not included in the text of this report.

(I) Let £ and & be as above, and let g = 3 g, be the expression of g. Assume that g
p .

is simple. Then there is naturally associaied to g a homogeneous space & /G(® such that
the Lie algebra of G (resp. of G(?)) is g (resp. g(® = z>_‘, gp)- Then we have the following
P20

Theorem 1. There is naturally associated to every generalized pseudo-projeciive
system (R, B, F) of type £ a normal Carian connection I' of model space G/G® o R,
Furthermore T can be consirucled by elemeniary operations, i.e., rational operations, dif-
ferentiations and the inverse function theorem regarded as operations.

Note that the connection T is ezpressed by the pair of a principal fibre bundle P over the
base spr;ce R with structure group G®) and a g-valued 1-form w on P called the connection
form. For the normalily condition see [20].

Theorem 1 can be derived from the main theorem there. It should be noted that the




same existence theorem, a variant of Theorem 1, can be also obtained in the case where g
is not semi-simple and ® satisfies certain additional conditions. These conditions include a
condition assuring the existence of haxmonic theory in the complex {C%(®), 8} associated
with &, the notation being as in [20].

(II) First of all we remark that the geometry of pseudo-projective structures of order
k of bidegree (n,r) may be represented by the geometry of pseudo-projective systems of
order k of bidegree (z,7), being a kind of generalized pseudo-projective system. (This has
been already remarked in the case where k=2)

Let us consider a psendo-projective system (R,FE, F) of order k of ]?idegree (n,7).
Then it is shown that the symbol algebras £(z) of the system al any points z € K are
mutually isomorphic, and essentially depend on the triplet (k,n,r). Thus we may speak
of the model symbol algebra £ of pseudo-projective system of order k of bidegree (n,7).
Then it is shown that the prolongation & of £ is as follows:

(a) If k=2, then the underlying Lie algebra g of ® is isomorphic to the simple Lie

2
algebra sp(n +1,R), and © takes the following form: g= 3, 05
p=-2
(b) Hk=3and r =n —1, then g is isomorphic to the simple Lie algebra sp(n R),

and ® takes the following form: g = Z Op-
p==—3

1
(c) Otherwise g is not semi-simple, and g takes the following form: g = 3 gp.
p=—k
Furthermore ® satisfies the additional conditions mentioned above.

By Theorem 1 and its variant we therefore obtain the following

Theorem 2. There is naturally associated to every pseudo-projective system (R, B,
F) of order k of bidegree (n,7) @ normal connection T' of model space G/G® on R.
PFurihermore I’ can be consiructed by rational operations and differentiations.

Now, there are naturally associated to ® iwo kinds of homogeneous space, GJA®
and G/B®), together with G/G(® such that G = A® 1 B Hence G/G®) may
be identified with a submanifold of G/A(®) x G/B(®). Then it is shown that the triplet
(G/AD, @B, G/ G(®)) gives a generalized pseudo-projective triplet, and that the gener-

alized pseudo-projective sysiem associated with the relation G /G is a psendo-projective
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system of order k of bidegree (n,r), which is called standard. It follows that the gen-
eralized pseudo-prajective structure Ay on G/A(Y) associated with the relation GG is
a pseudo-projective structure of order k of bidegree (n, *), which is also called standard.
Then we notice that the standard structure X, can be locally expressed by the system
O*y* /02"t ... 82 = 0 or precisely by the associated system of the second order, and
that the standard structure Ajp together with the triplet (G/4(%), G/ B(O), G/G®) may be
characterized in terms of the projective geometry. In more detail we have the following.

(a) The case where k = 2. Let P be the n-dimensional projective space. Then X,
may be characterized as the differential equation defining the r-dimensional projective sub-
spaces of P*, Incidentally we denote by £(P™,7) the Grassmann manifold of -dimensional
projective subspaces of P, and define a relation in the product manifold P™ x B(P*,7)
by

R ={(p,a}) € P* x B(P™,7)| p C a}.

We also denote by & the group of projective transformations of P*. Then we have the

following natural identifications:

G=G, G/AD=p" @G/B®=x(P" ),
G/G) = R = J(P", 7).

(b) The case where k =3 and » = n — 1. Let us consider the (2n — 1)-dimensional
projective space P?®~1 with the standard contact structure. Then A may be characterized
as the differential equation defining the Lagrangean projective subspaces of P?"-1,

(c) The case where k=3,r Sn—2or k 2 4. Let L be the universal line bundle
over the r-dimensional projective space P7, and set ¥V = R™*! and W = R™"". Let ns
consider the vector bundle H = W @ L~(*=) over P7, where L=(*~1) denotes the (k—1)-
th power of the dual L=* of L. Set § = W ® §*~3(V"), where S*~1(V*) stands for the
(k — 1)-th symmetric product of the dual space V* of V. As is well known, there is a
unique natural injective linear map & of S into the space of cross sections of H. These
.being prepared, Ap may be characterized as the differential equation defining the cross

sections (c) (@ € §) of H. Incidentally the group G is naturally isomorphic to a certain




subgroup of the affine transformation group AF(S) of § containg the translations, and this
group may be chazacterized as the group of fibre-preserving transformations of H which
naturally induce transformations on the cross sections 6(c).

(III) A profound study has been made of sysiems of ordinary differential equations
of the second order.

(IT1.1) Let A bea pseudo-projective structure of order 2 of bidegree (n,1), and let
(R, E, F) be the associated pseudo-projective system of order 2 of bidegree (n,1). Fur-
thermore let T be the normal conrection on R associated with (R, E, F). In the following
we assume that » = 3. For the graded Lie algebra ® and the connection T' we shall nse
the notations as in [20]. '

5
The curvature K of the connection I' is decomposed as follows: K =’ S KP, and
=0

hence the harmonic part HK of K as follows: HK = i HKP. Calculating the spaces
HP?(®) of harmonic forms, we see that K°=0,K'= ;I.l-’{ol, and HK = XK'+ HK?. Since
HK gives a fundamental system of invariants, it follows that both the invariants K and
FK? vanish, if and only if the equation A is equivalent to the standard equation Xg.
Now, X is said to be of the first restricted type, if the invarant HK 2 yanishes, and of

the second restrcted type, if the invariant K 1 yanishes. Then we have the following

Theorem 3. (1) X is of the first reatricied type, if and only if X' is equivalent to
the differential equation A’ (D) of geodesics associated with o projective siructure D on an
n-dimens:’onali manifold M.

(2) X is of the second restricted iype, if and only if the dual A™ of X is equivalent 1o
the differential equation Y(¥) associated with an Mp-structure ® on a 2(n—1)-dimensional
manifold N,

Here, M aeans the algebra M,(R) of square matrices of degree 2, and an Mz-structure
is a kind of geometric structure analogous to a quaternion structure. More precisely, let
N be a manifold, and consider the algebra End(Ta(N )) of endomorphisms of the tangent
vector space Th(N) to N at each'point & € N. Then an almost M;-structure on N is
an assignment & which assigns to every point @ € N a subalgebra @, of End(Ta(NV))

- 12 -




isomorphic to M;(R) and which is differentiable in a suitable sense. It can be shown that
if N admits an M,-structure, N is necessarily of even dimension. Clearly an M,-structure
on a 2-dimensional manifold is a trivial structure. Now, an almost M,-structure & on N
is called an M,-structure, either if dim N 2 6, and there is an affine connection ¥ on N
which leaves @ parallel or if dim N = 4, and there is an affine connection ¥V on N whick
leaves @ parallel and of which the curvature satisfies certain conditions. It should be noted
that the complexification N¢ of & real analytic quaternion manifold & is endowed with an

M-siructure in the complex analytic category, provided dim N 2 8.

Example. Let f(i!,-.- ,4"~2) be any function of the n — 2 variables TR L
where n 2 3. Let us consider the following system X of ordinary differential equations of

the second order:

2 .a

28 -0 (1SeSa-y),

dzyn—l d,yl d,yn—z
da? _f(dz’”.’ de )-

Then A is of the second restricted type, and it is equivalent to the standard system
d*y'fde? =0 (1 24X n—1), if and only if f(£,--+ ,1""2) is a polynomial of the variables
t1,+ ,t*~? of degree at most 2.

Finally let (R, B, F) be a pseudo-projective system of order 2 of bidegree (n,1), and
let P be the principal fibre bundle of the associated connection I'. Then we remark that
the curvature K of I' may be represented by n 4 1 homogeneous polynomials of n — 1
variables of degree 3 with functions on P as coefficienis. In particular it follows that if
n = 3, the invariant HK? may be represented by a homogeneous polynomial F of two
variables of degree 4, and the curvature X by F and two homogeneous polynomials, G
and H, of iwo variables of degree 3. This fact plays an important role in the classification
problem for pseudo-projective systems of order 2 of bidegree (3.1} which will f)e explained
in (I11.3). '

(IIL.2) Let X, (R,E,F) and T be as in (IXL1). We preserve the assumption that
n 2 3. Now, let a be the sheaf of germs of local infinitesimal automorphisms of (R, E, F),
being a sheaf of Lie algebras. Since (R, E,F) admits the connection T, it follows that




each stalk a(z) of a is of finite dimension or more precisely dim a{z) S dim g = n® + 2n.
From now on we assume that dim a(z) is locally constant. Note that this assumption is

antomatically satisfied in the real or complex analytic category.

Theorem 4. Assume thai X is of the second resiricted iype. Then the integralion
of X at any point = € R can be carried out by quadratures and the iniegrations of Lie’s
differential equations associated with the simple components of the Lie algebra ofz).

For example Lie’s differential equation associated with the simple Lie algebra sl(2,R)
is the Riccati equation

d .
B _ agfe) +exley + ax(e

As an immediate consequence of the theorem we have the following

Corollary. JIf a(z) = {0}, then the iniegration of X at @ can be carried out by
elementary operations.

Theorem 4 compares with Elie Cartan’s theorems for certain classes of single ordinary
differential equations of the second and third order. (See [4].)

Clearly the integration of A’ is reduced to the integration of the system F of rank
1. Let us consider the txiplet (G/A®, G/B®),G/G®). Then the proof of Theorem 4 is
based on the following geometric facts:

(i) Thereis naturally associated to the normal connection I' of model space G/ G a
transverse My-structure & on the foliated manifold (R, B), and in trun there is associated
to & a normal transverse connection I' of model space G/ B®) on (R, E). Furthermore
both & and I can be constructed by rational operations and differentiations, from which
follows that T can be constructed from X' by the same operations.

(i) The stalk a(z) of o is naturally isomorphic to the stalk z) of thé reduced sheaf
@ of germs of local infinitesimal antomorphisms of I*. Here, G means the quotient sheaf
/&, where Gis the sheaf of germs of local infinitesimal automorphisms of T, and £ is the
sheaf of gexms of local cross sections of E, being a subsheaf of ideals of @

Note that these facts have been inspired by (2) of Theorem 3.

- 14 -




Finally we add the following

Theorem 4'. Assume that o is transitive al o point z € R, i.e., To(R) = {X,|X €
a(z)}. Then the integration of X at z can be carried out by quadratures and the inlegrations
of Lie’s differential equations associated with the simple components of a(z).

This fact is a consequence of a general theorem on the equivalence of Kinear group
structures of finite type. Accordingly the proofs of Theorems 4 and 4’ are essentially
different.

(II1.3)  The final explanation in (III) is concerned with the (local) classification prob-
lem for systems of ordinary differential equations of the second order for iwo independent
variables, Clearly the problem is reduced (locally) to classify the psendo-projective sys-
tems of order 2 of bidegree (3.1). In the following these systemns will be simply called
pseudo-projective systems. Moreover everything. will be considered in the complex ana-
Iytic category.

Let R be a pseudo-projective system, and let us consider the invariants X! and HK 2.
From now or the underlying manifold R of R is assumed to be connected. Then R is
called of class (A), if K* = 0, of class (B), if HK? = 0, and of class (C), if K! # 0 and
HK?® &£ 0.

Let o be the sheaf of germs of local infinitesimal automorphisms of R. As we have
remarked, the dimension of each stalk a(z) of a is constant, whence the stalks a(z) are
mutually isomorphic as Lie algebras. This being said, a(R) denotes a model Lie algebra
isomorphic to a(z). Now, R is said to be transitive, if a is transitive at each 2 € R, and to
be intransitive, otherwise.

For each z € R we denote by a%(z) the isotropy subalgebra of a(z) : a%(z) = {X €
a(z)|X,; = 0}. We have 7

dim{a(z)/a%(2)) £ dim R =5.

Then we consider the following conditions on the system R:
(i) dim a®(z) 21 at each z € R,
(i) dim a°(z)is constant, and dim{a(z)/a%(z)) = 5 or 4. In other words, either a is

transitive or all the orbits of a are of codimension 1.

-~ 15 -




(A) We have completely classified the pseudo-projective systems of class (A) satis-
fying conditions (i) and (ii). In more detail we have obtained the following:

(1) These systems are classified into 7 transitive systems R' and 8 intransitive sys-
tems R".

(2) The dimensions of the Lie algebras a(R') for the transitive systems R' are
15,9,8,7,6,6,6, and the dimensions of the Lie algebras a(R") for the intransitive systems
R" are 6,5,5,5,5,5,5,5.

(3) The transitive system R' with dim a{R’) = T is parameterized by an arbitrary
constant, the intransitive system R with dim a(R") = 6 by an arbitrary fanction )
(s 0) of one variable ¢, and three of the intransitive systems R" with dim a(R") =5 by
arbitrary constants. Furthermore one of the iniransitive system R" with dim o(R") =35

is parameterized by the solutions of the single ordinary differential equation
4. ff" - £ 420 +9t2 436 =0,

and another of the same systems by the solutions of the ordinary differential equation

FRH2TF(F +3)=0 with f# 0,—%&.

Now, let R be a pseudo-projective system of class (A), and assume that R is not
locally equivalent to any one of the 15(= 7 + 8) classified systems. Then it is shown that
dim a(R) = 5.

(B) Let R bea psendo-projective system of class (B). Then we proved that dim a(%)
< 8, and classified the systems R with dim a(R) = 8 or 7. The resuli shows that there
is a unique system in either case, and it is transitive. Furthermore the system R’ with
dim a(R') = 7 is parametrized by an arbitrary constant.

(C) Let R be a pseudo-projective system of class (C). Then we proved that dim a(R)
< 7, and that there is a unique system R' with dim a(R') = 7, and it is transitive.

Let us now consider a pseudo-projective structure A, and let R be the assoclated

_pseudo-projective system. By Theorems 4 and 4' conbined with the results above we have

the following:
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(1) H dim a(R) = 15, then X is of class (A), and can be locally expressed by the
system
d*y; _ &Py,

== =—==0.

dz? dz?

Furthermore the Lie algebra a(R) is isomorphic to the simple Lie algebra si(4,C), and
hence the integration of X can be carried out by the integration of the generalized Ricecati
equation of degree 4, i.e., Lies differential equation associated with sl(4, C).

(2) I dim a(R) < 15, we have dim a(R) £ 9. X dim a(R) = 9, then X is of class
(A), and can be locally expressed by the system

Ly o Pn_Ldng

dz? ' dz?  3'de
(Compare the system given in Example, (111.2).) Furthermore the semi-simple part of
a(R) is isomorphic to the simple Lie algebra 5l(2,C), and hence the integration of X can
be carried out by quadratures and the integration of the Riccati equation.

(3) Ifdim a(R) = 8, there occur the following two cases: () X is of class (A), and
can be locally expressed by the system

d?y; d®y,  dyi dyz.,,, dy
T 0 g =g (G ) v - 1)

Furthermore a(R) is isomorphic to the simple Lie algebra sI(3,C), and hence the integration
of X' can be carried out by the integration of the generalized Riccati equation of degree 3.

() & is of class (B), and can be locally expressed by the system

dyy o dPy 2 dy
B =0 g —glm—egn)

Furthermore a(R) is solvable, and hence the integration of A’ can be carried out by quadra- .
tures,

And so forth.

(IV) In physics it is known that the differential equation of the orbits of rays in the
space-time or generally in an indefinite Riemannian space is a conformal invariant, and
hence the equation is naturally associated with the conformal structure on the space. In

our framework of the geometry of generalized pseudo-projective systems, we have obtained
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a thorough generalization of an indefinite conformal structure as well as the associated
equation of the orbits of rays. Tndeed we have introduced the notions of a pseudo-conformal
structure R of degree n and a co-psendo-conformal structure R of degree n, both defined
on n-dimensional manifolds M (n 2 3), which have the following properties (1)~ (4):

(1) A psendo-conformal structure R of degree n on M is a fibred submanifold of
codimension 1 of J(M, 1), the Grassmann bundle of 1-dimensional contact elements to M.
Hence it may be regarded as a differential equation for 1-dimensional submanifolds of M,

and can be locally expressed by a single ordinary differential equation of the first order:

dy’)

Hou @) (N =0

Here and in the following the indices ¢ and j range over the integers 1,--+ ,n— 1. Note that
a pseudo-conformal structure may be regarded as a generalization of the light cone or the
Monge cone in an indefinite conformal structure, while a co-pseudo-conformal structure as
a generalization of the co-light cone.

(2) A co-psendo-conformal structure R of degree n on M is a fibred submanifold of
codimension 1 of J(M,n —1), the Grassmann bundle of contact elements of codimension 1
to M. Hence it may be regarded as a differential equation for submanifolds of codimension

1 of M, and can be expressed by a single partial differential equation of the first order:

o)., (25 =
It should be noted that a co-pseudo-conformal structure R is “generic” among the fibred
submanifolds of codimension 1 of J{M,n — 1), while a pseudo-conformal structure is not
generic ai all.

(3) There is a natural one-to-one correspondence between the pseudo-conformal
structures R of degree » on M and the co-pseudo-conformal structures R of degree n
on M, and the correspondences R — # and R — R are kinds of Backlund transformation.
Furthermore if R corresponds to R, then there is a natural fibre-preserving diﬂ'eomorphisﬁ
§n of R onio R which induces the identity transformation of M.

(4) Let R be a pseudo-conformal structure of degree on M, and R the associated

co-pseudo-conformal structure of degree n on M. Let D' be the contact system of R, and
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let  be the Cauchy characteristic system of D', which is a subbundle of D' of rank 1.
We now denote by E the pull-back of £ o R by §z'. Then the pair X formed by R and
E gives a generalized pseudo-projective strucutre on M , and hence may be regarded as a
differential equation for 1-dimensional submanifolds of M , which can be expressed by a

system of ordinary differential equations of the following form:
dz?li i i dZIj
w7 = Fa (@) (Ec")),
. dy
f(z’(‘yJ)r(E)) = 0.

The equation X just generalizes the equation of the orbits of rays associated with an
indefinite conformal strncture.

(5) Let F be the vertical tangent bundle of the fibred manifold R. Then the system
(R, E, F) gives a generalized pseudo-projective system, which can be abstracted to yield
the notion of a pseudo-conformal system of degree n. Thus the geometry of the equations
A may be represented by the geomeiry of pseudo-conformal systems c;f degree n. Then
it follows from Theorem 1 that there is naturally associated to every pseudo-conformal
system (R, B, F) of degree n a normal Cartan connection T' on R. We notice that the
model symbol algebra £ admits the index » (2 £ 2r £ n) as an invariant, and that the

3
prolongation ® of £ takes the form g = 3 g, and g is isomorphic to the simple Lie
p=-3

algebra so(r + 1,7 —» + 1).

At this point we mention thai the geometry of the equations X, to a considerable
extent, resembles the geometry of systems of ordinary differential equations of the second
order. Therefore most results in the latier geometry are expected to find their counterparts
in the former geometry. For example we shall have the notion of a contact My-structure in
connection with the dual * of X', which will correspond to the notion of an Ms-structure.
Finally we add that the dual (R, F, E) of a pseudo-conformal system (R, E, F) of degree
3 means a pseudo-projective system of order 3 of bidegree (2.1), \’;fhich implies that the
geometry of psendo-conformal structures of degree 3 is closely related to the geometry of

single ordinary differential equations of the third order.
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§1. Preliminaries — Differential systems and the
Grassmann bundles —
1.1. General remarks on terminologies and notations.
(a} As usual R denotes the field of real numbers, and C the
field of complex numbers.
(b) Let M be a manifold. As usual TX(M) denotes the tangent

vector space to M at x € M, and T{(M) the tangent vector bundle of

M: T(M) = y Tx(M)' P% (M) denotes the cotangent bundle of M:

TH(M) = y TE(M), TE(M) being the dual space of T,(M). Let ¢ be a
map of a manifold M to a manifold M’. ¢, denotes the differential
of ¢, which is a bundle homomorphism of P(M) to T(M'). Given a

differential form w’ on M', ¢*w’' denotes the pull-back of w' by o.

{¢) Let E be a vector bundle over a manifold M. For x € M,
E(x) or Ex denotes the fibre of E at x. rank E denotes the fibre
dimension of E: rank E = dim E{x). Given an open set U of M,
I'(U,E) denotes the space of all local cross sectioﬁs of E defined
on 0.

A(d) Let £ be a sheaf over a manifold M. For x € M, &(x) or
Ex denotes the stalk of £ at x. Given an open set U of M, T'(U,¢&)
denotes the space of local cross sections of € defined on U. Let
E be a vector bundle over a manifold M, and & the sheaf of germs
of local cross sections of E. Then a germ of a stalk &(x) will be
often confounded with a local cross section s of E defined on a
neighborhood of x which represents the germ.

(e) an imbedding of a manifold M to a manifold M’ is an
injective immersion ¢ of M to M’ which gives a homeomorphism of M

onto the image ¢(M). As usual a submanifold of a manifold M' is
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§1. Preliminaries — Differential systems and the
Grassmann bundles —
1.1. General remarks on terminologies and notations.
(a) As usual R denotes the field of real numbers, and C the
field of complex numbers.
(b) Let M be a manifold. As usual TX(M) denotes the tangent

vector space to M at x € M, and T{M) the tangent vector bundle of

M: T(M) = g Tx(M). T* (M) denotes the cotangent bundle of M:

T*(M) = y TX(M), TE(M) being the dual space of T, (M). Let ¢ be a
map of a manifold M to a manifold M’'. ¢, denotes the differential
of &, which is a bundle homomorphism of T(M) to T({M’'). Given a

differential form w’ on M’', é*w' denotes the pull-back of w’ by ¢.

(¢) Let E be a vector bundle over a manifold M. For x € M,
E(x) or Ex denotes the fibre of E at x. rank E denotes the fibre
dimension of E: rank E = dim E{x)}. Given an open set U of M,
F(U,E) aenbtes the space of all local cross sectioﬁs of E defined
on U.

.(d) Let £ be a sheaf over a manifold M. For x € M, &(x) or
£x denotes the stalk of £ at x. Given an open set U of M, TI'(U,¢)
denotes the space of local cross sections of £ defined on U. Let
E be a vector bundle over a manifold M, and & the sheaf of germs
of local cross sections of E., Then a germ of a stalk £(x) will be
often confounded with a local cross section s of E defined on a
neighborhood of x which represents the germ.

(e} An imbedding of a manifold M to a manifold M’ is an
injective immersion ¢ of M to M’ which gives a homeomorphism of M

onto the image ¢(M). &As usual a submanifold of a manifold M’ is
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a manifold M such that M is a subset of M’, and the inclusion map
t of M to M’ is an immersion. An imbedded submanifold of M' is a
submanifold M of M’ such that 1 is an imbedding, i.e., the
topology of M coincides with the relative topology.

(£} Let m be a map of a manifold R to a manifold M. Then R
is called a fibred manifoid over M with projection w, if the
following conditions are satisfied: (i) # is surjective, and
(ii)} w7 is a submersion, i.e., the differential iy, Oof T maps TX(R)
onto Tn(x)(M) for each x ¢ R. Let R be a fibred manifold over M
with projection n. Let R’ be a submanifold of R, and '’ the
restriction of 7 to R’. Then R’ is called a fibred submanifold of
R, if R’ becomes a fibred manifold over M with projection 7’.

{g) A local diffeomorphism of é manifold M to a manifold M’
is a diffeomorphism ¢ of an open set of M onto an open set of M'.
Given a point (xo,xa) of M x M', a local diffeomorphism of M to M’
at [xo,xéj is a local diffeomorphism ¢ of M to M’ such that X is

in the domain of ¢ and ¢(x0] = xé.

1.2. Differential systems.

(A) Differential systems. A differential system on a
manifeld R is a subbundle D of the tangent vector bundle T(R) of R.
Let D be a differential system on a manifold R. Set ¢

= rank(T(R)/D), and let Xy be any point of R. Then there are
1-forms Ga(1 £ a £ 0) defined on a neighborhood O of X4 such that

D is defined there by the system of Pfaffian equations:
6% = o,

that is, the restriction D|0 of D to O consists of all X € T(0)
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such that 063(X) = 0. Note that 8% are automatically linearly

independent at each point of O.

Let R and R' be two manifolds, and let (Di)ieI and (D’i)ieI
be finite fami;ies of differential systems on them respectively.
Then an isomorphism of (R,(Di}) te (R’,(Di)} is a diffeomorphism
¢ of R onto R’ such that its differential ¢, maps D, onto Di for
each 1. We remark that the notion of isomorphism naturally gives
rise to the notions of local isomorphism, of (local) automorphism,
and of (local) infinitesimal automorphism:

2 local isomorphism of (R,(Di)) to (R’,(Di)) is a diffeomor-
phism ¢ of an open set O of R onto an open set 0 of R’ which
gives an isomorphism of (0,(Di|0n to (0',(D£|O'}]. Let (xo,xa)
be a point of R x R'. A loécl isomorphism of (R,(Di)) to (R',(Di))
at (xo,xé) is a local diffeomorphism ¢ of R to R’ at (xo,xa)
which gives a local isomorphism of (R,(Di)) to (R’,(Di)). A
(lLocal) automorphism of (R,{Di)) is a (local) isomorphism of
(R,(Di)) to itself. A (local) infinitesimal automorphism of
(R,(Di)) is a (local) vector field X on R such that for any local
1-parameter group (¢t]of local transformations of R generated by
X, each ¢t gives a local automorphism of (R,(Di)). It is easy to
see that a local vector field ¥ is a (local) infinitesimal
automorphism of (R,(Di)), if and only if for any i and any local
cross section Y of Di the bracket [X,Y] is a local cross section
of Di‘

In this book we shall be concerned with various kinds of
manifolds with family of differential systems, e.g., product

manifolds, pseudo-product manifolds and {generalized) pseudo-
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projective systems.

Finally let ¢ be a map of a manifeld to a manifold R’, and
let D' be a differential system on R’. Let us consider the inverse
image ¢51(D’) of D' by the differential ¢,. Set D = ¢ (D'}, and
D(x) = DN TX(R) for each * € R. Then Di(x) is a subspace of
Tx(R)‘ and D = % D{x). HNow let Xq be any point of R, and suppose

that D' is defined, on a neighborhood 0’ of ¢(x0), by a system of

" Pfaffian equations: 8’2 = 0 (1 s a s 0), where 0 = rank {T(R'}/D').

Then D is defined, onlb"1[0'), by the system of Pfaffian eguations:
¢¥0:3 _ g,

Thus D is, so to speak, a differential system possibly with
singularities, which is called the pull-back of D’ by ¢.
Especially the pull-back of the zero differential system, 0, on R’
by ¢ means the kernel of the differential ¢,, and we prefer to use
this last terminology. Furthermore, if R is a submanifold of R',
and ¢ is the inclusion map of R to R/, D is particularly called
the pull«back of D' to R.

(B) The torsion of a differential system. Let R be a
manifold, and let D be a differential system on it. Let x be any
point of R. BAs is easily verified, there is a unique skew-

symmetric bilinear map Yy of D(x} X D(x) to T(x)/D{(X) such that
Yx(Xx,Yx) =1W([X,Y]x}r

where T = T{R), W is the projection of T onto T/D, and X and'Y”.

are any local cross sections of D defined on a neighborhood of x.

tat- S

The bilinear map Yx thus obtained is called the torsion of D at x.

Now let x, be any point of R, and suppose that D is defined,

0
on a neighborhood of Xqt by a system of Pfaffian eguations:
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8% = 0 (1 s a £ g), where g = rank(T(R)/D). Let O be a sufficiently

small neighborhood of x,, and take 1-forms w' (1 g i s p} on O such
that the 1-forms ea and - are linearly independent at each point
x € O, where p = rank D. Then there are unique functions T?j

c i 4 . ma
(1 1,7 s p) on O such that Tij = Tji‘ and

1 . .
dg® = 2 E,T?j w A w ( mod 81,89,

i.3
It is easy to se that

0% (1, (X,¥)) = - de®(X,¥) = = § T3 (x)a’ (X)) (¥),
. 1.3

where x is any point of 0, and X and Y are any vectors of D(x).

By definition the system D is completely integrable, if for
any local cross sections X and Y of D ( with the same domain )
the bracket [X,Y] is likewise a cros section of D. Clearly D is
completely integrable, if and only if the torsion Yy vanishes at
each x g R.

The system D is called non-degenerate, if the torsion Yy is
non-degenerate at each x € R, i.e., the condition " x ¢ R,
X e D(x), and yx(x,Y) = 0 for all ¥ e D{(x) " implies X = 0. 1In
paticular D is called a contact structure on R, if D is non-
degenerate, rank(T(R)/D) =1, and dim R > 1. A manifold R equipped
with a contact structure D is called a contact manifold. Note that
a contact manifold is necessarily odd dimensional.

(C) Integral manifolds and integral elements of a differen-
tial system. Let R be a manifold, and 1et‘D be a differential
system on it. An integral manifold of D is a connected submanifold

N of R such that TX(N} c D{(x) at each x ¢ R. In particular if D

is completely integrable, an integral manifold of D will always
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mean that of the maximal dimension, unless otherwise stated.

If N is an integral manifold of D, and x is a point of N, the
torsion Yy of D at x clearly vanishes on the tangent space Tx(N)'
Now, let z be a contact element to R at a point x. Then z is
called an integral element of D, if 2 is a subspace of D(x), and
the torsion Yy vanishes on z.

(D) Completely integrable systems. Let R be a manifold, and
let B be a completely integrable (differential) system on it. &2
first integral of E is a function f defined on an open set O of R

which satisfies the following differential eguation:
Xf = 0 for any X € E{x) and any x € O.

Let X be any point of R. Then the famous Frobeniu’s theorem
states that there are first integrals £2 (1 & a s o) of E defined
on a neighborhood of X4 such that the differentials df® are
linearly independent at Xqgt where o = rank{(T(R)/E)}. The system
(£%) is called a fundamental system of first integrals of E at Xg

Let R be a fibred manifold over a manifold M with projection
m. Let V denote the kernel of the differential mw,: V = w;q(o).
Clearly V is a subbundle of T(R), and is completely integrable,
which is called the vertical tangent bundle of the fibred manifold
R.

Let R and E be as in the oustset. We denote by R/E the set
of all (maximal) integral manifolds of E,-and by m the projection
of R onto R/E. Now, R is said to be regular with respect to E,
if the set R/E becomes naturally a manifold or more precisely if
R/E is equipped with a differentiable structure so that (i) R

becomes a fibred manifold over R/E with projection 7, and (ii)
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the vertical tangent bundle of this fibred manifold coincides
with E. Note that there ig at most one differentiable structure
on R/E satisfying the first condition, and that if R satisfies
the second axiom of countability the first condition implies the
second.

Finally we add the following

| Lemma 1.1. Let R be a manifold, and let (Ei) be a finite

family of completely integrable systems on it. Then every point
Xg of R has a neighborhood 0O which is regular wifh respect to Ei
for each i.

This fact follows easily from Frobeniu’s theorem and Lemma
1.2 below.

For any positive number € we denote by Sn_1(é} the sphere of
the standard n-dimensional Buclidean space R" of radius € centred

at the origin o.

Lemma 1.2. Let ¢ be any local transformation of rR" at (0,0},
i.e., such that o is in the domain of ¢ and ¢(o) = o. If € is
sufficiently small, then the image @(Sn"1(5)) of Sn_1(E) by ¢ T
becomes a convex hypersurface of r".

Indeed it can be shown that if € is sufficiently small, the
second fundamentalform form of the hypersurface ¢(Sn_1(e)) of R"
becomes definite everywhere, meaning that ¢(Sn_1(€)) is a convex
hypersurface of R".

{E) The Cauchy characteristic system of a differential
system. Let R be a manifold, and let P be a differential system on
it. For each x ¢ R we denote by E(x) the null space of the torsion

Yy of D at =x:
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E(x)

(x e D(x)} | Y, (X,¥) = 0 for all Y e D(x)},

and set E = y E{x). It is clear that E is a subbundle of T(R},
if and only if dim E(x) is constant. We now assert that E is
completely integrable, provided E is a subbundle of T(R). Indeed
let X be any point of R. Let X and Y be any local cross sections
of E defined on neighborhoods of x, and ¥ any local cross section
of D defined on a neighborhood of %. Clearly [X,Y]x, [X,Z]x and

[Y,Z]x are all in D(x}. Since
[[X,¥1,2) = ([X,2),Y) + [X,[¥,2])],
it follows that

YUK Y)Y, 02, = Y (I B, Y) + Y (X, [¥,2]) = 0,

showing that [X,Y]x € E(x). This proves our assertion.

Thus E is, so to speak, a completely integrable system
possibly with singularities, which is denoted by ch(D}, and is

called the Cauchy characteristic system of D.

Now, assume that E is a subbundle of T(R), and that R is
regular with respect to E. Set M = R/E, and let m be the projec-

tion of R onto M.

Lemma 1.3, (E.Cartan). There is a unique differential system:

D on M such that the given system D is the pull-back of D by m:

D = W;T(B). Furthermore the system D is non-degenerate.

Procf. We first recall that a local vector field X on R is
a local infinitesimal automorphism of (R,D), if and only if for
any local cross section ¥ of D [X,Y] is a local cross section of
D. Then we see that a local vector field X on R is a local cross

section of E, if and only if it is at once a local cross section
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of D and a local infinitesimal automorphism of (R,D}. Now, let &
'be the sheaf of all germs of local cross sections X of E, which
becomes naturally a sheaf of Lie algebras. Clearly each fibre N
of the fibred manifold R over M is an orbit of £: T, (N) = B(x)

= {X, | X & £(x)) for each x € N.

Let I be the pseudo-group of local transformations of R
generated by € (cf.{15])). For any local cross section X of & let
(¢t) be any local 1-parameter group of local transformations of
R generated by X. Then T is generated by the local transformations
of the form ¢t. From the observations above we easily obtain the
following: (i) Every ¢ € I' is a local automorphism of {R,D),

(ii) T leaves each fibre of R invariant, i.e., if ¢ € I, and x is
a point in the domain of ¢, then the two points x and ¢(x} are in
the same fibre of R, and (iil) T acts transitively on each fibre
of R; i.e., if x and x' are two points in the same fibre of R,
then there is ¢ € T such that x' = ¢(x). It is now easy to see
that there is a unigue differential system D on M such that D

= n-l{ﬁ), proving the first assertion.

Clearly the differential w,: T(R) -+ T(M) naturally induces
a bundle homomorphism, say 7., of T(R)/D onto T{(M)/D, which gives

an isomorphism of T (R)/D(x) onto T )(M)/B(n(x)) for. each x € R.

T(x
Now, let x be any point of R, and let us consider the torsion Yy

of D at x as well as the torsion ?w(x) of D at m(x). Then we can
easily show that
Ya(x) (T (XD (X)) = (v, (X,¥)), X,¥ e D(x),

from which follows immediately that ?n(x) is nOn-degenerate.
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Hence the system D is nen-degenerate, proving the second assertion,
(F) The derived systems of a differential system. Let R be
a manifold. For simplicity we denote by T the tangent bundle T(R)
of R. We also denote by 0 the sheaf of germs of local functions
on M, which is a sheaf of rings. Furthermore we denote by 7 the
sheaf of germs of local vector fields on M or of local cross
sections of T, which is a sheaf of Lie algebras, and is a.module

over 0 or an O-module.

Now, let D be a differential system on R. We denote by D the
sheaf of germs of local cross sections of D, which is an 0-sub-
module of the 0-module 7. Let x be any point of R. For any

integer p < 0 we define a subspace DP(x) of 7(x) inductively as

follows:
o™ (x) = B(x),
Dp(x] = [Dp+1(x), Dix)] + Dp+1(x} for p 5 -2.
We then set 2P = y 2P (x). Clearly DP are O-submodules of 7, and
7 2eres BP 5eees 3_2 SN L}
We can easily prove the following
Lemma 1.4. [Dp(x),Dq(x)] c P9k,

For each x € R let us now consider the natural map of 7(x)
onto T{x}, i.e., the map which maps every X e 7(x) to XX e T(x).
Then we denote by DP(x) the image of Dp(x) by the natural map, and
set DP = Y Dp(x). Clearly we have

T o=e+*> Dp D e e D_1 = D.

Moreover it is clear that pP becomes a subbundle of T, if and
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only if dim Dp(x} is constant. Thus DP is a*differential system
possibly with singularities. For any positive integer k the

the system D X1 will be called the k-th derived system of D, and

D_k-1 the k-th derived sheaf of .

the sheaf
Let us now consider the torsion Yy of D at any point x € R.
Then we remark that the factor space D—z(x)/D(x) is the subspace
of T(x)/D(x) spanned by the vectors YX(X,Y), where X,Y € D{x).
Now, we denote by 2" the union pHO‘DP’ which is an 0-sub-
module of 7. For each x € R we also denote by D_m(x) the image
of D_m(x) by the natural map of 7{(x) onto T{x), and set D~
= .y D" (x). By Lemma 1.4 we see that D™ (x) is a subalgebra of
the Lie algebra 7(x). Moreover it is clear that D~ becomes a
subbundle of T(R), if and only if dim D™ (x) is constant. Thus

The system D™° will be called the full derived system of D, and

the sheaf 7 "the full derived sheaf of D.

For example consider the case where D is a contact structure.

Then it is clear that the first derived system of D coincides

-

with T: T = D = D'z.

1.3. The Grassmann bundles. Let V be an n-dimensional
vector space. Then Gr(V,r) will denote the Grassmann manifold of
r-dimensional subspaces of V, which is a compact, connected
manifold of dimension r(n-r).

Now, let (n,r) be a pair of integers with 1 s r & n-1. Let
M be an n-dimensional manifold. We denote by J(M,r) the set of

all r-dimensional contact elements to M or in other words,

D™ is a completely integrable system possibly with singularities.
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JiM, 7)) = B Gr{Tp(M],r).

We then denote by 1 the natural map of J(M,r) onto M: w(z) = p,

if z € Gr(Tp(M)). As is easily seen, J{M,r) is a fibre bundle

over the base space M with projection m { assciated with the frame
bundle of M ), which i5 called the Grassmann bundle of r-dimensional
contact elements to M. Note that J(M,1) and J(M,n-1) may be
regarded as the projective bundles associated with the vector
bundles T(M) and T*(M) respectively.

In the following the indeces i,j range over the integers
1,+*++,r, and the indices a,b over the integers 1,+**,n-r.

Let z, be any point of J(M,r), and let (Xi,ya) be any coordi-
nate system of M at ﬂ(zo) such that the differentials dxi are
linearly independent, restricted to the contact element Zg- Such
a coordinate system will be called adapted to 24- Now, let U bhe
the domain of the coordinate system. We denote by U the subset
of J(M,r) consisting of 2all z € J{M,r) such tﬁat n{z} € U, and
the coordinate system is adapted to z. Clearly U is an open set

of J(M,xr), z. € U, and m{0) = U. Moreover it is clear that there

0
are unique functions pi on U such that

ay®(x) = I pi(zrax (x),
1

where z is any point of U, and X is any vector in the contact

element z. Then we see that the functions xi(= xiuﬂ), ya(=‘yaoﬂ)
and p? together form a coordinate system of J(M,r), which is
defined on U. The coordinate system, thus obtained, is called
the canonical coordinate system of J(M,r) at 24 corresponding to

the coordinate system (xl,ya) of M or simply a canonical ccordinate
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system of J(M,r) at 24 -

Consider the following three special cases: (A) r = 1;

(B) ¥ = n-1; (C) n = 2, and hence r = 1. In case fA) the canonical

coordinate system will be described as (x,y1,---,yn'1,p1,---,p

by setting x = x1 and pa = p?, and in case (B) as (x],---,xn'1,y,

n—1}

Pys***eP,_ 1) by setting y = y1 and p, = pl, and in case (C) as

{x,¥,p) by setting x = x1, y = y1 and p = p}

For any z € J(M,r) we denote by C{(z) the subspace of Tz[J(M,r)
consisting of all vectors X e T, (J(M,r)) 'such that 7,(X) is in the

contact element z to M:
Clz) = {X e T (J(M,r)) | m(X) e z}.

We then set C = g C{z), which is easily shown to become a subbundle
of T(J{M,r)). The system C is called the contact system of J(M,r).
Let V be the vertical tangent bundle of J(M,r). Then it is clear
that v & C, and rank (C/V) = r.

Let ua consider any canonical coordinate system {xi,ya,p?} of
J{M,r) at ﬁny point 24- We define 1-forms 82 on the domain U of é
the coordinate system by

8% = ay® - 7 plax’.
i
Then it is clear that V is defined, on 0, by the system of Pfaffian
a

equations: ax* = dy = 0, and C by the system of Pfaffian equations

82 - 0. We have

a6 = | ax*a dpf,
i
from which follows immediately that C is non-degenerate, and the

first derived system of C coincides with T{J(M,r)).
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Summarizing the results above on the systems C and V, we have

Lemma 1.5. (1} V is completely integrable, and Vv < C.

(2) € is non-degenerate, and the first derived system of C

coincidds wuth T(J(M,r)).

{(3) rank(?{(J{M,r))/C) = n-r, rank{(C/V) = r, and rank V
= rin-rj.
Now, let o be any r-dimensional submanifold of M. For each

point p € &« the tangent space Tp(a) gives an r-dimensional contact
element to M and hence a point of J(M,r). This being said, we
denote by p{a) the image of the map p -+ Tp(a) of a to J(M,x).
Clearly p(a) is an r-dimensional submanifold of J(M,r), and the
projection m maps p(ai diffeomorphically onto the submanifold «

of M. The submanifold p(o} thus obtained is called the prolon-
gation of a. We now assert that p(e) is an integral manifold of
the contact system C. Indeed téké any point z of pl{a}. If we

put p = n{2), we have
My (T, (pla)) = Tp(al =z,
whence Tz(p(a)] c C(z). This proves our assertion.

Lemma 1.6. Let & be an r-dimensional integral manifold of C.
If m maps ¢ diffeomorphically onto a submanifold, say a, of M,

then @ = p(e).
Proof. Take any point z of G. If we put p = w(z), we have
Tp(a) = H*(Tz(&)} c . (C{z)) ==z.

It follows that Tp(a) = z, proving the lemma.

Let us now consider any canonical coordinate system (xl,ya,p?}
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of J(M,r) at any point 2g- Let o be an r-dimensional submanifold
of M. Suppose that p(a) is in the domain U of the coordinate

system, and that a is defined by a system of equations of the

feollowing form: ya = ua[x1,---,xr). Then, in virtue of Lemma 1.6

we can easily see that p(u) is defined by the following system of

eguatuins:
a a,. 1 r
y o o=1u (x ,--+,x"),
a
P ='a'g':"(x1.r' ':xr)
] 3xJ

Finally let us consider another n-dimensional manifold M’ as
well as the Grassmann bundle J(M’,r}t Let 7’ be the projection
of J(M',r) onto M', and let C' and V' be the conta&t system and
the vertical tangent bundle of J(M',r) respectively. Now, suppose
that there.is given a diffeomorphism ¢ of M onto M. If z is an
r-dimensional contact element to M, $,.(2z) is an r-dimensional
contact element to M’, and the map z + $,(2) gives a diffeomor-
phism of J(M,r) onto J(M',r}, which we denote by p(¢)}, and call

the preolongation of ¢. Clearly
T'epl{¢) = ¢am,

and p(¢) gives an isomorphism of (J{(M,r),C,V) to (J{(M’',r),C',v’).

1.4. Fibred submanifolds of the Grassman bundles, and
Realization lemma. Let M be an n-dimensional manifold, and let
R be a fibred submanifold of the Grassmann bundle J(M,r). The
notations being as in the previous paragraph, we denote by D and

F the pull-backs of C and V to R respectively: D = 1;1(C), and
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F = 1;1(V], 1 being the inclusion map of R to J{M,r). It is
clear that F is nothing but the vertical tangent bundle of the

fibred manifold R over M, and that for each z € R
Dz} = (X & T_(R) | m,(X) e z).

In particular it follows that D is a subbundle of T(R). The

system D thus obtained is called the contact system of R.

Lemma 1.7. (1) F is completely integrable, and F c D.

(2) ch{(D) n f = 0.

(3) rank(T(R)/D) = n-r, and rank (D/F) = r.

Proof. (1) is clear, and (3) follows immediately from the
expression of D(z) given above. (2) follows from Lemma 1.9 below,
proving the lemma. i

Let us now consider another n-dimensional manifeold M’, and
let R’ be a fibred submanifold of J(M’,r). Let w' be the
projection of J(M',r) onto M', and let D’ and F' be the contact

system and the vertical tangent bundle of R’ respectively.

Lemma 1.8. Let (zo,zé} be a point of R x R'. If § is a
local isomorphism of (R,D,F) to (RY,D',F’}) at (20,26], then there
is a unique local diffeomorphism ¢ of M to M’ at (n(zo),w(zé)).
such that § = p(¢} on a neighborhood of z, in R.

Proof. Since ¢ gives a local isomorphism of (R,F) to (R',F')

at (20'26)' we easily see that there is a unique local diffeomor-

il e AL i A

phism ¢ of M to M’ at (n(zol,n(zé)) such that 7'¢$ = dom on a

IPELPLY,

neighborhood of z, in R. Now, let O be a sufficiently small

neighborhood of zg in R, and-take any point z of 0. Since § gives

a local isomorphism of (R,D) to (R’,D’') at (z0 zé), it follows
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that

$(z) = 7 (D' ($(z)}) = mL(F,ID(z}))

by, D(2))) = ¢, (2) = p(d)(z),

whence &= p(4) on O. This proves the lemma. _

Let R be a fibred manifold over a manifold M with projection
v, and let D be a differential system on R. Let F be thé vertical
tangent bundle of R, and assume that Fc D, and 1 § r & n-1,
where n = dim M, and r = rank{D/F). as for the Grassmann bundle

J(M,r), we shall use the notations as in the previous paragraph.

Lemma 1.9 ( Realization lemma }. There is a unigue map ¢ of
R to J(M,r) satisfying the following conditions:

(i) med = u,

(ii) D is the pull-back of C by ¢: D =¢ ;1(c).

Furthermore the kernel ¢;1(0) of the differential ¢, coincides
with the intersection ch(P) n F.

In particular it follows that if D is non-degenerate, i.e.,
ch{D}) = 0, there is a unique immersion ¢ of R to J(M,r} satisfying
conditions (i) and (ii).

Proof of Lemma 1.9. We first remark that for each x € R
e (D(x)) gives an r-dimensional contact element to M, because
F(x) c D(#), and r = dim(D{x)/F(x)). This being said, we define

a map ¢ of R to J(M,r) by

¢(x) = u {D(x)), =x €R.

Clearly wed = p. For X e TX(R) we have: X € ¢;T(C) &=

b (X) € CUB{X)) & T (9, (X)) € d(x) & U (X) € u,(D(x)) &
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¥ ¢ D(x}. Hence we obtain ¢;1{C) = D. Now, let ¢’ be any map of

R to J{(M,r) such that we¢' = u, and ¢;"1(C) = D. For X e Tx(R)

we have: (X} ¢ ¢'(x) & 7 (¢(X)) e ¢ (x} & LX) e Cld'(x))
£~ X& D(x) & U, X) € u (D(x))= d(x). Therefore we obtain
¢’ (%) = é({x), and hence ¢’ = ¢, proving the first assertion.

Let x be any point of R. We take a coordinate system [xi,ya)
of M adapted to the contact element ¢(x) and consider the corre-
sponding canonical coordinate system (xion,yaow,p?) of J(M,r) at
d{x). Let X be a vector of Tx(R)" Clearly ¢,(X) = 0, if and
only if X(Xioﬂe¢) = x{yaowo¢) = X(p?o¢) = 0. Bince med = u, it
follows that ¢,(X) = 0, if and only if X € F(x), and X(p?o¢) = 0.
Let us now consider the 1-forms 6% = d({y®.w) - Z pid(xioﬂ), and
recall that C is defined, on a neighborhood of i(x) by the system
of Pfaffian equations: 6% = 0. set na = ¢*Ba. Since D = ¢;1(C),
we see that D is defined, on a neighborhood of x, by the system of
Pfaffian equations n® = 0. We have n° = d(yZou) - Z p?n¢ d(xiou),-

i

and hence dn® = ¥ d(xtop) A d(p?o¢). Therefore we obtain
i

an®(x,yY) = -~ ) X(p?°¢}'Y(xiau),
i _

where X € F{x), and Y € D(x). We also recall that ch(D}(x)
consists of all X € D{x) such that an®(X,Y) = 0 for all Y € D(x).
Furthermore we see that the linear map Y ~* (Y(xicu)) maps D(x)
onto Rr, because F({x) € D(x). Therefore it follows that the
intersection ch(D)(x) N F(x) consists of all X € F(x) with
X(pi°¢) = 0. As we have seen, this set consists of all X € T_(R)
with ¢_{X) = 0. We have thus shown that ¢;1(o) n Tx(R}

= ch(D)(x) N F(x), and hence ¢ (0) = ch{D) N F, proving the

second assertion.
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1.5. The formal derivations d/dxi. Let (n,r) be a pair of
integers with 1 s r s n-1. In the following the indices i,j,i1,
iz,---will range over the integers 1, --,r, and the indices a,hb
over the integers 1,+++,n-r.

Let (xi) and (ya) be the canonical coordinate systems of R*
and R"T respectively. Then (xi,ya) gives the canonical coordinate

n-r Now, let x be any point of R*, and let

system of R” = R x R
u be any map of a neighborhood of x to R" Y. ror any integer
k 2 0 wve may consider the k-jet ji(u) of u at x (c£.{ ]). Then

we denote by Jk the set of all the k-jets jt(u}. Clearly g0 may i

be identified with R". For any 0 s & = k we also denote by pz j
the projection of JX onto J%: of (3% u)) = jZ(u). We now Qifine
. a’ .k
functions pi1"'ig(1 £ L s k) onJ" by
L a
a X 9"u
eneq (I, (1)) - —(x
pl1 12; Jx ax11.--axl£ ( )'
where u® = y®ou: The functions p?1"'iz will be sometimes denoted |
by agya/3x11---axl£. Now, gk becomes a manifold so that the

b

iqeeeig (B8 rrsig,

functions xl{= xlopg), Ya(= Yaopg) and p
T £ £ s k) together form a coordinate system of Jk globally

defined on it. The coordinate system of Jk thus defined is called;

the canonical coordinate system of Jk.

Let f be any function defined on an open set O of Jk. Then

we define functions df/dxi on (p§+1)"1(0) in the following manner:é
Take any point jt+1(u) of (p§+1f4(0},and denote by jk(u) the map g
. Ty

x' =+ jz,(u} of a neighborhoecd of x to Jk. Then df/dxl are defined%
by

df ,_.k+1 afojk(ul

=53, {u)} = I (x).

dx - 0x
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In terms of the canonical coordinate systems of Jk and Jk+1 the

functions df/dxl may be expressed as follows:

£ of af a af a
— = -+ ) ——p5 + ) I —— P -
1 i a 1 = a 19t 1,
dx Ix a oy =1 Bpi1...i£

where J’ means a summation with respect to the index a and the
system {iq,-*-,ix) of indices with iq=--«-siy.

The differential operators d/dxi thus obtained are called
the formal derivations corresponding to the coordinate system
i

(xl,ya), x” being considered as independgnt variables, and ya as

dependent variables. Clearly we have

d.(df.) d (dfi]'

dxl dxj dxj dx
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a manifold M such that M is a subset of M’, and the inclusion map
i of M to M’ is an immersion. An imbedded submanifold of M’ is a
submanifold M of M' such that 1 is an imbedding, i.e., the
topology of M coincides with the relative topology,

(£} Let 7 be a map of a manifold R to a manifold M. Then R
is called a fibred manifoid over M with projection 7w, if the
following conditions are satisfied: (i) = is surjective, and
{ii) 7 is a submersion{ i.e., the differential T, of 7 maps TxtR)
onto T“(x)(m) for each x € R. Let R be a fibred manifold over M
with projection w. Let R’ be a submanifold of R, and 71’ the
restriction of 7 to R'. Then R’ is called a fibred submanifold of
R, if R' becomes a fibred manifold over M with projection ‘.

(g} A local diffeomorphism of a manifold M to a manifold M’
is a diffeomorphism ¢ of an open set of M onto an open set of M'.
Given a point Exo,xé) of M x M', a local diffeomorphism of M to M’
at (xo,xé) is a local diffeomorphism ¢ .of M to M’ such that Xq is

in the domain of ¢ and ¢(x0) = xé.

1.2. Differential systems.

(A) Differential systems. A differential system on a
manifold R is a subbundle D of the tangent vector bundle T(R) of R.
Let D be a differential system on a manifold R. Set g

= rank(T{R}/D), and let X0 be any point of R. Then there are
1-forms 6%(1 2 a s 0} defined on a neighborhood 0 of X such that

D is defined there by the system of Pfaffian equations:
6% = o,

that is, the restriction D|0 of D to O consists of all X e T(0O)
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such that 83(X) = 0. Note that 6% are automatically linearly
independent at each point of 0.

Let R and R’ be two manifolds, and let (Di)ieI and (D’i)ieI
be finite families of differential systems on them respectively.
Then an isomorphism of (R,(Di}) to (R’,(Di}} is a diffeomorphism
& of R onto R’ such that its differential ¢, maps D; onto H for
each i. We remark that the notion of isomorphism naturally gives
rise to the notions of local isomorphism, of {local} automorphism,
and of (local) infinitesimal automorphism:

A local isomorphism of (R,(Di)} to (R’,(Di)) is a diffeomor-
phism ¢ of an open set O of R onto an open set 0' of R’ which
gives an isomorphism of (o,(Di|on to (O',(D£|O’]). Let (XO'xé}
be a point of R x R’. A loacl isomorphism of (R,{Di)) to (R',{Di))
at (xo,xé) is a local diffeomorphism ¢ of R to R’ at [xo,xa)
which gives a local isomorphism of (R,(Di)) to (R’,(Di)). A
(local) automorphism of (R,(Di)) is a (local) isomorphism of
(R,{Di)} to itself. A (local} infinitesimal auvtomorphism of
(R,(Di)} is a (local) vector field X on R such that for any local
1-parameter group (¢t)of local transformations of R generated by
X, each ¢t gives a local automorphism of (R,(Di)). It is easy to
see that a local vector field X is a (local) infinitesimal
antomorphism of (R,(Di)), if and only if for any i and any local
cross section Y of Di the bracket [X,Y) is a local cross section
of Di'

In this book we shall be concerned with various kinds of
manifolds with family of differential systems, e.g., product

manifolds, pseudo-product manifolds and (generalized} pseudo-
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projective systems.

Finally let ¢ be a map of a manifold to a manifold R’, and
let D' be a differential system on R’. ILet us consider the inverse
image ¢;1(D’} of D' by the differential ¢,. Set D = ¢;1(D’), and
D(x} =D N Tx(R) for each x € R. Then D(x) is a subspace of
TX(R), and D = Y D(x}. Now let Xq be any point of R, and suppose
that D' is defined, on a neighborho&d 0’ of ¢(x0), by a system of
Pfaffian eguations: 8 = 0 (1 5 a = g), where ¢ = rank (T{(R')/D'").
Then D is defined,(m1¢_1(0’), by the system of Pfaffian equations:
$¥0:2 _ g, |

Thus D is, so to speak, a differential system possibly with
singularities, which is called the pull-back of D’ by .
Especially the pull-back of the zero differential system, 0, on R’
by ® means the kernel of the differential ., and we prefer to use
this last terminology. Furthermore, if R is a submanifold of R',
and ¢ is the inclusion map of R to R/, D is particularly called
the pull-back of D’ to R.

{(B) The torsion of a differential system. Let R-be a
manifold, and let D be a differential system on it. Let x be any
point of R. As is easily verified, there is a unique skew-

symmetric bilinear map Yx of D(x) X D{x} to T(x)/Di(X) such that
YX(XX'YX) =W(IX'Y]X) '

where T = T(R}, W is the projection of T onto T/D, and X and' Y

are any local cross sections of D defined on a neighborhood of X.

The bilinear map Yx thus obtained is called the torsion of D ;£ x.
Now let X, be any point of R, and suppose that D is defined,

on a neighborhood of Xy by a system of Pfaffian equations:
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aa =0 {1 2a g o), vwvhere g = rank(T(R}/D). Let O be a sufficientl
small neighborhood of Xy and take 1-forms mi (1 § i g p) on O such
that the 1-forms 6% and mi are linearly independent at each point

x € 0, where p = rank D. Then there are unigue functions sz

.. a
i,j s p) on O such that Ti' = - Tji‘ and

(1 3

1A

dea;‘_-'-]-):Ta..ml/\ mj ( mod 911"‘190)'
2i 5 ij
!

It is easy to se that
02 (4, (X,¥)) = - Ap%(X,¥) = - ] T (x)u (X)w’(¥),
i,)

where x is any point of O, énd X and Y are any vectors of D(x).
By definition the system D is completely integrable, if for
any local cross sections X and ¥ of D { with the same domain )
the bracket [X,Y] is likewise a cros section of D. Clearly D is
completely integrable, if and only if the torsion Yy vanishes at

each ®x € R.

The system D is called non-degenerate, if the torsion Yy is
1

non-degenerate at each x € R, i.e., the condition x € R,

X ¢ D{(x), and Yx(X,Y} = 0 for all Y € D(x) " implies X = 0. 1In

paticular D is called a contact structure on R, if D is non-

Y

degenerate, rank(T(R}/D) =1, and dim R > 1. A manifold R equipped |,

with a contact structure D is called a contact manifold. Note that ¢

a contact manifold is necessarily odd dimensional.
(C} 1Integral manifolds and integral elements of a differen-

tial system. Let R be a manifold, and let D be a differential

system on it. An integral manifold of D is a connected submanifold

N of R such that Tx{N} e« D{x) at each x ¢ R. In particular if D

is completely integrable, an integral manifeld of D will always

- 24 -

L.




mean that of the maximal dimension, unless otherwise stated.

If N is an integral manifold of D, and x is a point of N, the
tersion Yy of D at x clearly vanishes on the tangent space TX(N].
Now, let z be a contact element to R at a point x. Then z is
called an integqral element of D, if 2z is a subspace of D(x), and
the torsion Yy vanishes on z.

(D) Completely integrable systems. Let R be a manifold, and
let E be a completely integrable (differential) system on it. A
first integral of E is a function £ defined on an open set 0 of R

which satisfies the following differential equation:
Xf = 0 for any X € E(x) and any % ¢ O.

Let Xq be any point of R. Then the famous Frobeniu’s theorem
states that there are first integrals £2 (1 s a £ ¢) of E defined
on a neighborhocod of Xy such that the differentials df? are
linearly independent at Xy where ¢ = rank{T(R)/E). The systeﬁ
(f%) is called a fundamental system.of first integrals of E at Xq-

Let R be a fibred manifold over a manifold M with projection
m. Let V denote the kernel of the differential 7m,: V = ﬂ;1(0).
Clearly V is a subbundle of T(R), and is completely integrable,
which is called the vertical tangent bundle of the fibred manifold
R.

Let R and E be as in the oustset. We denote by R/E the set
of all (maximal) integral manifolds of E,-and by 7 the projection
of R onto R/E. Now, R is said to be regular with respect to E,
if the set R/E becomes naturally a manifo;d or more precisely if
R/E is equipped with a differentiable structure so that (i) R

becomes a fibred manifold over R/E with projection w, and (ii)
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the vertical tangent bundle of this fibred manifold coincides
with E. Note that there is at most one differentiable structure
on R/E satisfying the first condition, and that if R satisfies
the second axiom of countability the first condition implies the
second.

Finally we add the following

| Lemma 1.1. Let R be a manifold, and let (Ei] be a finite

family of completely integrable systems on it. Then every point
X of R has a neighborhocd O which is regular wifh respect to Ei
for each i.

This fact follows easily from Frobeniu’s theorem and Lemma
1.2 below.

For any positive number £ we denote by Sn—1(é) the sphere of
the standard n-dimensional Buclidean space R" of radius ¢ centred

at the origin o.

Lemma 1.2. Let ¢ be any local transformation of R" at {(o,0),
i.e., such that o is in the domain of ¢ and ¢(o) = o. If € is
sufficiently small, then the image ¢(S" '(e}) of $" '(e) by ¢
becomes a convex hypersurface of R,

Indeed it can be shown that if € is sufficiently small, the
second fundamentalform form of the hypersurface ¢(Sn"1(e)) of R"
becomes definite everywhere, meaning that ¢(Sn_1(e)) is a convex
hypersurface of R".

(E) The Cauchy characteristic system of a differential

system. Let R be a manifold, and let D be a differential system on

it. For each x & R we denote by E(x) the null space of the torsion

Yy of D at =x:
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E(x)

(X e D(x) | Y (X,¥Y) = 0 for all Y e D{(x}},

and set E

y E{x). It is clear that E is a subbundle of T(R},
if and only if dim E(x) is constant. We now assert that E is
completely integrable, provided E is a subbundle of T(R). Indeed
let x be any point of R. Let X and Y be any local cross sections
of E defined on neighborhoods of x, and Y any local cross section
of D defined on a neighborhood of x. Clearly [X'Y]x' [X,Z]x and

[Y,Z]x are all in D{x). Since
[0x,¥1,21 = ((X,2]),Y] + (X,(Y,2)],
it follows that
YX([XIY]X'ZX) = YX([X’Z]){'YX) + YK(X}{'[Y'Z.]_X) = 0,
showing that [X,Y]x € E{(x). This proves our assertion.
Thus E is, so to speak, a completely integrable system

possibly with singularities, which is denoted by ch(D), and is
called the Cauchy characteristic system of D.

Now, assume that E is a subbundle of T{R)}, and that R is
regular with respect to E. Set M = R/E, and let 7 be the projec-

tion of R onto M.

Lemma 1.3.(E.Cartan). There is a unique differential system
D on M such that the given system D is the pull-back of D by w:

D = ﬂ;1(5). Furthermore the system D is non-degenerate.

Proof. We first recall that a local vector field X on R is
a local infinitesimal automorphism of {R,D), if and only if for
any local cross section Y of D [X,Y] is a local craoss section of
D. Then we see that a local vector field X on R is a local cross

section of E, if and only if it is at once a local cross section




of D and a local infinitesimal automorphism of (R,D}. Now, let &
-be the sheaf of all germs of local cross sections X of E, which
becomes naturally a sheaf of Lie algebras. Clearly each fibre N
of the fibred manifold R over M is an orbit of £&: T, (N} = E{x)

= {xx | X e £(x))} for each x & N.

Let T be the pseudo-group of local transformations of R
generated by £ (cf.[15]}. PFor any local cross section X of & let
(¢t) be any local t1-parameter group of local transformations of
R generated by X. Then T is generated by the local transformations
of the form ¢t' From the observations above we easily obtain the
following: (i) Every ¢ € ' is a local automorphism of (R,D},

(ii} T leaves each fibre of R invariant, i.e., if ¢ e I', and x is
a point in the domaiﬁ of ¢, then the two points x and ¢({x} are in
the same fibre of R, and (iii}) T acts transitively on each fibre
of R, i.e., if x and x' are two points in the same fibre of R,
then there is ¢ € I such that x' = ¢(x). It is now easy to see
that there is a unique differential system D on M such that D

= n"l(ﬁ), proving the first assertion.

Clearly the differential w,: T(R) -+ T(M) naturally induces
a bundle homomorphism, say w,, of T(R)/D onto T(M)/D, which gives
an isomorphism of T (R)/D{(x) onto Tw(x)(M)/B(n(x}) for each x e R.
Now, let x be any peint of R, and let us consider the torsion yx
of D at x as well as the torsion ?w(x) of D at w(x). Then we can

easily show that
Yr(x) (T (X1 (¥)) = 7y, (X,¥)), X,Y & D(x),

from which follows immediately that ?n(x) is nOn-degenerate.
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Hence the system D is non-degenerate, proving the second assertion.

(F) The derived systems of a differential system. Let R be
a manifold. For simplicity we denote by T the tangent bundle T(R)
"of R. We also denote by O the sheaf of germs of local functions
on M, which is a sheaf of rings. Furthermore we denote by 7 the
sheaf of germs of local vector fields on M or of local CYOSS
sections of T, which is a sheaf of Lie algebras, and is a.module
over ¢ or an O-module.

Now, let D be a differential system on R. We denote by D the
sheaf of germs of local cross sections of D, which is an 0O-sub-
module of the 0U-module 7. Let x he any point of R. For any
integer p < 0 we define a subspace 2P(x) of 7(x) inductively as

follows:
-1
0 {x} = D(X),
P(x) = [2P*V(xy, D(x)1 « DP*V(x) for p s -2.

We then set AP = Y PPix). Clearly PP are O-submodules of 7, and
7 20005 0P 5e..5 072 5 7 2 p,

We can easily prove the following

Lemma 1.4. [Dp(x),Dq(x)] c Dp+q(x}.

For each x € R let us now consider the natural map of 7(x)
onto T(x), i.e., the map which maps every X € 7(x) to Xx € T(x}.
Then we denote by Dp(x) the image of Dp(x) by the natural map, ang
set DP = Y Dp(x). Clearly we have

T e DP Der* D-1 = D.

Moreover it is clear that DP becomes a subbundle of T, if and
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only if dim pP(x) is constant. Thus DP is a*differential system
possibly with singularities. For any positive integer k the
the system D_k-j will be called the k-th derived system of D, and
the sheaf D™F 1 the k-th derived sheaf of D.
Let us now consider the torsion Y, of D at any point x € R.
Then we remark that the factor space D"2(x)/D[x) is the subspace
of T(x)/D(x) spanned by the vectors Y, (X.Y}, where X,¥Y € D(x).
Now, we denote by d~ the union pgo DP, which is an O-sub-
module of 7. For each x € R we also denote by D_m(x) the image
of D™7(x) by the natural map of 7(x) onto T(x}, and set D

D% (%) . By Lemma 1.4 we see that 2~ (x)} is a subalgebra of

Y
the Lie algebra 7{x}). Moreover it is clear that D™® becomes a
subbundle of T{R), if and only if dim D (x) is constant. Thus
D™% is a completely integrable system possibly with singularities.
The system D~ will be called the full derived system of D, and
the sheaf ? " the full derived sheaf of D.

For example consider the case where D is a contact structure.
Then it is clear that the first derived system of D coincides

~c0 -2

with T: T = D =D

1.3. The Grassmann bundles. Let V be an n-dimensional
vector space. Then Gr(V,r) will denote the Grassmann manifold of
r-dimensional subspaces of V, which is a compact, connected
manifold of dimension r{n-r}.

Now, let (n,x) be a pair of integers with 1 = r s n-1. Let
M be an n-dimensional manifeld. We denote by J(M,r) the set of

all r-dimensional contact elements to M or in other words,
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J(M,r) = g Gr(Tp(M),r).

We then denote by w the natural map of J{M,r) onto M: m(z) = p,

if =z ¢ Gr(Tp(M)). As is easily seen, J(M,r) is a fibre bundle

over the base space M with projection 7 { assciated with the frame
bundle of M), which is called the Grassmann bundle of r-dimensianal
contact elements to M. Note that J(M,1) and J(M,n-1) may be
regarded as the projective bundles associated with the vector
bundles T(M) and T*(M) respectively.

In the following the indeces i,j range over the integers
1,*++,r, and the indices a,b over the integers 1,+++,n-r.

Let Z4 be any point of J(M,r), and let (ii,ya) be any coordi-
nate system of M at n(zo) such that the differentials dxi are
linearly independent, restricted to the contact element Zg- Such
a coordinate system will be called adapted to 2q- Now, let U be
the domain of the coordinate system. We denote by U the subset
of J(M,r} consisting of all z € J(M,r) such tﬁat 7{z) € U, and
the coordinate system is adapted to z. Clearly U is an open set

of J(M,r), z, € U, and w(0) = U. Moreover it is clear that there

0
are unigue functions p? on U such that

ay®(x) = | pf(zrax’ (x),
1

where z is any point of U, and X is any vector in the contact
element z. Then we see that the functions xi(= xivﬂ}, ya{= ya°ﬁ)
and p? together form a coordinate system of J(M,r), 'which is
defined on G. The coordinate system, thus obtained, is called
the canonical coordinate system of J{M,r) at z, corresponding to

the coordinate system (xl,ya) of M or simply a canonical coordinate
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system of J{M,r) at zg-
Consider the following three special cases: (A} r = 1;

(B} r = n-1; (C) n = 2, and hence r = 1. 1In case (A) the canonical

coordinate system will be described as {x,y1,---,yn_1,p1,---,pn_1)

by setting x = x' and p? = P?: and in case (B) as (x',-+*,x""',y,

: . = p
p_l AR 'pn—1 ) by Settlng Yy =Y and Pl = plr
(x,y,p) by setting x = X1; y = Y1 and p = P}_

and in case (C) as

For any 2 € J(M,r) we denote by C(z) the subspace of TZ(J(M,r)
consisting of all vectors X e T, (J(M,r)} 'such that m, (X) is in the

contact element z to M:
Clz) = (X e T (J(M,r)) | m(X) e z}.

We then set C = g C{z), which is easily shown to become a subbundle
of T{(J{M,r)). The system C is called the contact system of J(M,r).
Let V be the vertical tangent bundle of J(M,r). Then it is clear
that Vv ﬁ C, and rank (C/V) = r.

Let ua consider any canonical coordinate system (xi,ya,p?) of
J(M,x) at any point z,- We define 1-forms 6% on the domain § of

the coordinate system by
8% = ay® - ¥ p?dxl.
i

Then it is clear that V is defined, on U, by the system of Pfaffian

eguations: ax’ = dya = 0, and C by the system of Pfaffian eguations
8% = 0. We have
a6® = [ ax’ A dap],
i
from which follows immediately that C is non-degenerate, and the

first derived system of C coincides with T{J(M,r)).
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Summarizing the results above on the systems C and V, we have

Lemma 1.5. (1)} Vv is completely integrable, and V ¢ C.
(2} C is non-degenerate, and the first derived system of C

coincides wuth T(IJ(M,xr)).

(3) rank(F(J{M,r}))/C) = n-r, rank{C/V) = r, and rank Vv
= r{n-xr).
Now, let o be any r-dimensional submanifold of M. For each

point p ¢ a the tangent space Tp(a) gives an r-dimensional contact
element to M and hence a point of J(M,r). This being said, we
denote by p{a) the image of the map p -+ Tp(a) of o to J(M,x).
Clearly p(a) is an r-dimensional submanifold of J{M,r}, and the
projection n maps p{a) diffeomorphically onto the submanifold «

of M. The submanifold p(a} thus obtained is called the prolon-
gation of a. We now assert that p(¢) is an integral manifold of
the contact system C. 1Indeed téke any point z of p{a). If we

put p = ni{z), we have
T (T, (pla)) = Tole) = 2,
whence Tz(p(a)) c €(z). This proves our assertion.

Lemma 1.6. Let & be an r-dimensional integral manifold of C.
If v maps d diffeomorphically onto a submanifold, say a, of M,

then @ = p(a).
Froof. Take any point z of &. If we put p = 7m(z), we have
Tp(a) = n*(Tz(&J) c 7. .{C(z)) =z.

It follows that Tp(a) = 2, proving the lemma.

Let us now consider any canonical coordinate system (xl,ya,p?}
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of J(M,r) at any point zg- Let ¢ be an r-dimensional submanifold
of M. Suppecse that p{ae)} is in the domain U of the coordinate
system, and that o is defined by a system of equations of the

a 1 r].

following form: y = ua(x RCIII Then, in virtue of Lemma 1.6

we can easily see that p(a) is defined by the following system of

equatuins:
a a,. 1 r
Y = u (x PR 4 ]f
a
pa - Ju (x1,- _'xr)_
J BXJ

Finally let us consider another n-dimensional manifold M’ as
well as the Grassmann bundle J{M’,r), Let w' be the projection
of J(M’,r) onto M’, and let C' and V' be the contact system and
the vertical tangent bundle of J{M’,r) respectively. Now, suppose
that there.is given a diffeomorphism ¢ of M onto M'. If z is an
r-dimensional contact element to M, ¢,(z) is an r-dimensional
contact element to M’, and the map z + ¢,(z) gives a diffeomor-
phism of J(M,r) onto J(M',r), which we denote by p{¢), and call

the prolongation of ¢. Clearly
T ep{d) = dew,

and p(4$) gives an isomorphism of (J{(M,r),C,V) to {(J(M’',x),C’',V'}).

1.4. Fibred submanifolds of the Grassman bundles, and
Realization lemma. Let M be an n-dimensional manifold, and let
R be a fibred submanifold of the Grassmann bundle J{(M,r). The
notations being as in the previous paragraph, we denote by D and

F the pull-backs of C and V to R respectively: D = 1;1(01, and
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F = 1;1(V), U being the inclusion map of R to J{M,r}. It is
clear that F is nothing but the vertical tangent bundle of the

fibred manifold R over M, and that for each‘z € R
D(z) = {X € T_{R) | m,(X) e z].

In particular it folleows that D is a subbundle of T(R}). The

system D thus obtained is called the contact system of R.

Lemma 1.7. (1) F is completely integrable, and F < D.

{2) chi{(D) nF = 0.

(3) rank(T(R)/D) = n-r, and rank (D/F) = r.
Proof. (1} is clear, and (3) follows immediately from the
expression of D(z) given above. (2) follows from Lemma 1.9 below,

proving the lemma.

Let us now consider another n-dimensional manifold M', and
let R’ be a fibred submanifold of J(M',r). Let n’ be the
projection of J(M',r) onto M’, and let D’ and F' be the contact

system and the vertical tangent bundle of R’ respectively.

Lemma 1.8. Let (20,26) be a point of R x R'. If & is a
local isomorphism of (R,D,F) to (R',D',F’) at (20’36)' then there
is a unique local diffeomorphism ¢ of M to M’ at (ntzo),ﬂ(zé)).

such that & = p(¢) on a neighborhood of z. in R.

0

Proof. Since § gives a local isomorphism of (R,F} to (R',F') :

at (20,26), we easily see that there is a unique local diffeomor-
phism ¢ of M to M' at (w(zol,n(zé)) such that 7¢§ = ¢om on a
neighborhood of zy in R. Now, let O be a sufficiently small
neighborhood of 2 in R, and take any point z of O. Since & gives

a local isomorphism of (R,D} to (R’,D') at (z0 26), it follows
r
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that

Flz) = mi(D'($(2))) = TL(F,(D(z}))

b (m,D(z))) = ¢, {2z} = p{dl(z),

whence &= p{¢) on 0. This proves the lemma.

Let R be a fibred manifold over a manifold M with projection
u, and let D be a differential system on R. Let F be thé vertical
tangent bundle of R, and assume that Fc D, and 1 & r & n-1,

where n = dim M, and r = rank(D/F). As for the Grassmann bundle

J(M,r), we shall use the notations as in the previous paragraph.

Lemma 1.9 ( Realization lemma ). There is a unigue map ¢ of
R to Ji{M,r) satisfying the following conditions:

(i) Tmed = u,

(ii) D is the pull-back of C by &: D =6} (c).

Furthermore the kernel ¢;1(0) of the differential ¢, coincides
with the intersection ch(D) n F.

In particular it follows that if D is non-degenarate, i.e.,
ch(D) = 0, there is a unigue immersion o of R to J(M,r) satisfying
conditions (i) and (ii).

Proof of Lemma 1.9. We first remark that for each x € R
He{D(X)) gives an r-dimensional contact element to M, because
F(x) ¢ D(#), and r = dim(D{x)/F(x)). This being said, we define

a map ¢ of R to J(M,r) by
$(x) = u,(D{x)), x € R.

Clearly med = Y. For X e TX(R) we have: X € ¢;1(C) =

b (X) € C(d{x)) & 1, (b, (X)) € d(x} &> U (X) € U, (D(x)) &
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X € D(x). Hence we obtain ¢;1{C) = D. Now, let ¢’ be any map of

R to J(M,r) such that meo’

1

u, and ¢.7(C) = D. For X e T (R)

we have: w, (X) ¢ ¢'(x) & T (X)) e ¢ (x) & (X)) e Cla'(x))
£~ Xe D(x) & Me(X) € (D(x))= ¢(x). Therefore we obtain
¢’ (x) = ¢(x)}, and hence ¢’ = ¢, proving the first assertion.

Let x be any point of R. We take a coordinate system (xi,ya)
of M adapted to the contact element ¢(x) and consider the corre-
sponding canonical coordinate system (xion,yaow,p?) of J(M,r) at
d(x). Let X be a vector of Tx(R).. Clearly ¢,(X) = 0, if and
only if X{x emod) = X(yPemed) = X(pied) = 0. Since med = p, it
follows that ¢,(X} = 0, if and only if X e F{x), and X(p?o¢) = o.
Let us now consider the 1-forms 6% = a(yZ.m) - Z pid(xion), and
recall that C is defined, on a neighborhood of i(x) by the system
of Pfaffian equations: 6% = 0. set na = ¢*6%. Since D = ¢;1(C),
ve see that D is defined, on a neighborhood of x, by the system of
Pfaffian equations na = 0. We have na = d(yaou) - Z p?o¢ d(xinu},‘

i

-and hence dna = ) d(xiou),a d[p?u¢). Therefore we obtain-:
i

dn®(X,¥) = - ] X(pjed) ¥(x oy},
i :

where X € F(x), and Y € D(x}). We also recall that chiD}({x)
consists of all X € D(x) such that dna(X,Y) = 0 for all ¥ € D(x).
Furthermore we see that the linear map Y + (Y(xi°u1) maps D{x)
onto Rr, because F(x) € D(x). Therefore it follows that the
intersection ch(D)(x}) 9 F{x) consists of all X € F{x}) with
X(p?°¢) = 0. As we have seen, this set consists of all X ¢ Tx(R)
with ¢,(X) = 0. We have thus shown that ¢;1(0) N T (R}

"= ch(D)(x) N F(x), and hence ¢;1(0) = ch{D) N F, proving the

second assertion.
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1.5. The formal derivations d/dxi. Let {n,r) be a pair of
integers with 1 s r 5 n-1. In the following the indices i,j,i1,
i2,---will range over the integers 1,*+-,r, and the indices a,b
over the integers 1,+*+*,n-r.

Let (xl) and (ya) be the canonical coordinate systems of RF

T

and R"” respectively. Then (xl,ya) gives the cancnical coordinate

system of R” = RF x R"™F, Now, let x be any point of RY, and let

n-r

u be any map of a neighborhood of x to R For any integer

k &2 0 we may consider the k-jet jﬁ(u) of uw at x (cf£.[ 1). Then

we denote by Jk the set of all the k-jets jg(u). Clearly JO may
be identified with R". For any 0 = £ s k we also denote by pf

the projection of Jk onto Jg: pf(ji(u)) = ji(u). We now difine 2

functions p? (152 5 k) on'Jk by

11!0012
£ a
a .k 37
s e o)) - —(x) _‘
Pijerrigtx axilegeie T i

where 1u? = yaou: The functions p?

. will be sometimes denoted
11-.-19‘ ;

by Blya/3x11'--ax12. Now, 7% becomes a manifold so that the

b

11...12(115"'512:

functions xi(= xiopg), ya(= yaopg) and p
1 § 2 s k) together form a coordinate system of Jk globally
defined on it. The coordinate system of Jk thus defined is calledd
the canonical coordinate system of Jk. |

Let £ be any function defined on an open set O of Jk. Then

we define functions df/dx™ on (p§+1)_1{0) in the following manner: }

Take any point j§+1(u) of (p§+1f4{0),and denote by jk(u) the map

k

T

x’ -+ ji,(u) of a neighborhood of x to J*. Then df/dx" are defined *

by

Lk
A (55 Ty - BB (u)(y,,

dx* ~* ox
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In terms of the canonical coordinate systems of Jk and Jk+1 the

functions df/dxt may be expressed as follows:

f of of a of a

=t =g+l g, + I ——p2

axt  axt & ay® gz ap? e
11..-12‘

where }’ means a summation with respect to the index a and the
system (iq,-++,iyx) of indices with iy 8eeesiy.

The differential operators d/dxi thus obtained are called
the formal derivations corresponding to the coordinate system
(xi,ya), xi being considered as independent variables, and ya as

dependent variables. Clearly we have

d_df , _ 4 af

'( 2 - ) .).
dax* dx’ dxd ax?

- 39 -




§2. Pseudo-projective and generalized pseudo-projective
structures

2.1. Projective geometry. Let (n,r) be a pair of integers
with 1 s r £ n-1. Let p” be the n-dimensional projective space
over R. In this paragraph we shall give a global formulation of
the differential equation defining the r-dimensional projective
subspaces of Pn, and explain some related facts.

Let Z(Pn,r) be the set of all r-dimensional projective
subspaces of Pn, which may be naturally identified with the
Grassmann manifold Gr(Rn+1,r+1). Hence i(Pn,r) is a compact,

connected manifold of dimension (r+1)(n-r}. We define a relation

R in the product manifold P" x Z(Pn,r) by
R=1{ (pa) e P" x 2(P",x) | pc e},

where "p c ¢" means the point p lies on the projective subspace
@. This relation will be called the fundamental relation in the
product manifold. It is easy to see that R is a compact, con-
nected submanifold of the product manifold, and dim R = n+r{n-xr}).
Let u and v be the projections of R to P and Z(Pn,r)
respectively: u{x) = p and v(x) = o, where x = {(p,¢} € R. We
easily see that R is a fibred manifold over P with projecticn u,
and at the same time is a fibred manifold over E(pn,r} with
projection v. We also see that the fibres of these fibred
manifolds are all connected. We denote by F and E the vertical
tangent bundles of the fibred manifolds respectively: P = u;T(O)

(o).

and E = v
Let us now consider the Grassmann bundle J(Pn,r). If

(p,a). € R, the tangent space Tp{a} to the projective subspace «
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at p is an r-dimensional contact element to Pn, and hence gives
a point of J(Pn,r). We easily see that the correspondence

(p,a) -+ Tp{a) gives a diffeomorphism, say 1, of R onto J(Pn,r).
Clearly we have {ie1 = p, {i being the projection of J{(P",r) onto
p".

Now, consider the differential system 1.(E) on J(Pn,r),

which is completely integrable and of rank r.

Lemma 2.1. The maximal integral manifolds of 1, (E) consist
of all the prolongations pla) of r-dimensional projective sub-
spaces a.

Proof. If o is an r-dimensional projective subspace, we
clearly have p(a} = 1(v_1(a)), where o in the right hand side
should be considered as a point of E{Pn,r). Moreover it is clear
that the maximal integral manifolds of E consist: of all the
fibres v_1(a) of the fibred manifold R over L(P",r)}. Therefore
the lemma follows.

Let 8 be an r-dimensional connected submanifold of p". By
Lemma 2.7 it follows that the prolongation p(B) of B is an
integral manifold of 1,(E), if and only if B is an open submani-
fold of some r-dimensional projective subspace a. Consequently
the pair (J(Pn,r),l*(E)) may be regarede as a differential
equation for r-dimensional submanifolds of Pn, which defines the
r-dimensional projective subspaces.

Let (uo,---,un) be any hompgenecus coordinate system of pM.
As usual the ratios u'/uo,--uun/u0 define a coordinate system of

1 n—r)

Pn, which we denote by (x1,'--,xr,y PRI . Then we remark

the obvious fact: With respect to this coordinate system the




eguation (J(Pn,r),t*(E)) may be expressed as the system of
partial differential eqguations of the second order:
2.4
_ETX_T =0 (1 £1i,j er, 1 s a s n-rj.
1q,1
ox dx
Let C and V be the contact system and the vertical tangent

bundle of J(Pn,r) respectively.

Lemma 2.2. V = 1,(F), and C = 1,(E) + V {direct sum).

Proof. Since flel = u, we have V = 1,(F). 8Since EN F = 0,
it follows that 1,{(E) nV = 0. By Lemma 2.1 we have 1,.(E) « C.
Since rank (C/V) = rank 1,(E) = r, we have therefore séen that
C = 1,{(B) + V (direct sum), proving the lemma.

Finally we write down the fundamental properties of the
triplet (R,E,F):

(1) EnF = 0.

(2) Both E and F are completely integrable.

(3) The system E + F is non-degenerate.

{4} dim R = n+rin-r), rank E = r, and rank F = r{n-r}.

Indeed (1),(2) and (4) are clear, and (3) follows immediately !
from Lemmas 1.4 and 2.2.

It should be noted that the triplet (Pn,Z(Pn,r},R}, the
triplet (R,E,F) and the eguation (J{Pn,r),l*(E)) are closely

interrelated.

2.2. Pseudo-projective structures. Let (n,r) be a pair of
integers with 1 £ r s n-1. Let M be an n-dimensional manifold,
and let R be an open fibred submanifold of J(M,r). Let us

consider the contact system D and the vertical tangent bundle F
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of R, which are nothing but the restrictions of the contact system
C and the vertical tangent bundle V of J(M,r) to R respectively.
By Lemma 1.5 we know that (i) F is completely integrable, and
Fc D, (i1) D is non-degenerate, and the first derived system of
D coincides with T(R), and (iii) rank(T(R)/D) = n—r; rank (D/F)
= r, and rank F = r{n-r). Now, let E be a differential system on
R. Then the pair {(R,E) is called a pseudo-projective structure
{of order 2) of bidegree {n,r} on M, if the following conditions
are satisfied:

| (P.1}) D =E + F (direct sum),

(P.2) E is completely inﬁegrable,

(P.3) Each fibre of R is connected.

A pseudo-projective structure will be denote in principle by
a capital script, e.g.,X, and then the pair (R,E) will be called
the expression'of X; R itself will be called the underlying
fibred manifold of X. The same notation and terminology will be
also used for generalized pseudo-projective structures, which
will be defined in 2.4, Incidentally we shall introduce, in that
paragraph, the notion of (local) isomorphism for the generalized
pseudo~projective structures, which of course holds good for the
pseudo-projective structures. .

The notations being as in the previous paragraph, let us
consider the completely integrable system 1,(E} on J(Pn,r). By
Lemma 2.2 we see that the pair (J(M,x),1,(E)) defines a pseudo-
projective structure of bidegree (n,r) on the projective space
Pn, which we denote by XO' and call the standard pseudo-projective

Structure of bidegree (n,r). We recall that XO may be regarded
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as the differential equation defining the r-dimensional projective
subspaces of ph.

In general let X be a pseudo-projective structure of bidegree%
(n,r} on a manifold M, and (R,E) its expression. Then an !
r-dimensional submanifold « of M is said to be a solution of A,
if the prolongation p{a} of o is in R, and is an integral manifoldg
of E.

In this fashion X may be regarded as a differential eqguation

for r-dimensional submanifolds of M. From the global view-point ﬁ
]

the notion of a soclution of X should he generalized as follows:
2 solution of A in the wide sense is the image o of some integral i
manifold & of E by the projection y of R onto M. ( Note that the ;
restriction of p to & is an immersion, and that & is uniquely §
determined by «¢. } However, in our later argquments a solution of :

X will always mean a solution in the former sense, unless other-

b 53 St A

wise stated.

We shall now give a local expression of X in terms of a

canonical coordinate system. In the following the indices i,j,k,l%
will range over the integers 1,+¢+,r, and the indices a,b over ?

the integers 1,+++,n-r. _ é

Let z, be any point of R, and let (xl,ya,p?) be any canonical .
coordinate system of R or of J{M,r) at z4- Let 5 be the domain
of the coordinate system. Then F is defined, on the intersection %

R N ﬁ, by the system of Pfaffian equations: dxi =dy =0, and D

3
by the system of Pfaffian equations: dy® - § p?dxj = 0.. Since %

D = E + F (direct sum), it follows that there are unique functions ]

a

fij on the intersection R n U such that E is defined there by the :

e it e g
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system of Pfaffian equations:

ay® - ) p?dxj =0,
5 d

dp? - Z fijdxj = 0.
3

Now, f?j may be expressed as functions of (xk), (yb) and (pﬁ).
Let o be an r-dimensional connected submanifold of M. Suppose

that p(a) is in ﬁ, and that ¢ is defined by a system of equations

a r

of the following form: y°= ua(x1,---,x ). Then we easily see
that o is a solution of X, if and only if (u®) gives a solution
of the following system, say {(X), of partial differential equa-

tions of the second order:

2. .a b
2o 2 M), P, ).
ax™ax’ J DX

In the special.case where r = 1, this system simply means_the

following system of ordinary differential equations of the second

order:
.2 a b
T 2x, D), (G,
dx

where the indices a,b range over the integers 1,+«++,n-1, and we

_ a _ .a
set x = x1 and £~ = f11.

Using the functions fij’ we now define functions f?jk by

a a a
. BES . . afi.. b, afi.-fb
ijk =k b Pk b Tik°
% b 3y b, % ap; -

Then it can be shown that the system (X} is involutive or it
satisfies the integrability conditions:

a _ .a a _ .a
Fi3 7 T510 Figk = Tikye
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which describe that the system E, restricted to R N 5, is
completely integrable. For the definition of an involutive

system, see [7 ).

System (X), thus obtained, is called the local expression of .
A at Z, corresponding to the canonical coordinate system (xi,ya,p?j
of J(M,r) or corresponding to the coordinate system (xi,ya) of M.
Conversely it is clear that any involutive system of the form (4)

can be obtained as a local expression of some pseudo-projective

structure X of bidegree (n,r}).

2.3. Projective structures and the associated pseudo-
projective structures of bidegree (n,1}. First of all we recall
the definition of an affine connection together with some related
definitions. For the details see [2 ] and [10].

Let M be a manifold. We denote be 7 and 7(1'1) the sheaves
of germs of local cross sections of T and T* ® T respectively,
where T = T(M). Let V be a sheaf homomorphism of 7 to 7(1’1),
which naturally induces a linear map, denoted by the same letter
vV, of T{U,T) to I'(U,T* @ T) for any open set U of M. Then V is
called an affine connection on M, if it satisfies the following

conditions:
VifY) = £VY + 4f ® VY,

where Y is any vector field defined on any open set U of M, and £
any function defined on U.

Let ¢ be an affine connection on M. Then V is said to be
without torsion, if VXY - VYX = [X,Y) for any local vector fields

X,¥Y on M. { Note that VyY means the contraction of ¥Y by X.)
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Now, let o(t) (t € I) be a curve of M, I being an open interval.
Then 0 is called a geodesic of (M,V), if the tangent vector field
(do/dt)(t) (t e I) to the curve o is parallel with respect to the
connection V. We remark that for any p e M, X ¢ Tp(M) and t0 € R
there is a unique maximal geodesic o{t) (t e I) of (M,V) such

that tO'e i, O(tO) = p, and (do/dt)(t X.

o) =
We shall now recall the definition of a projective structure.
In the.following, affine connections will be always assumed to be
without torsion.
Let V and V' be two affine connections on a manifold M.
Then V' is said to be projectively eguivalent to ¥, if the
geodesics of (M,V') coincide with the geodesics of {M,V}), Here,
each geodesic of (M,V) or of (M,V') should be confounded with its
image in M. Clearly this relation becomes an equivglence rela-

tion. As is well known, 9’ is projectively eguivalent to v, if

and only if there is a t-form ¢ on M such that

+

vxy = vxy + C(X)Y + C(Y)X,

where X and Y are any local vector fields on M.

Let M be a manifold, and let D(M) be the set of all affine
connections V defined on open sets, say U(V), of M. Then a
projective structure on M is a subset D of D(M) which satisfies
the following conditions: .

(i) M = VgDU(V},

(ii) If V,V' € D, and U(V) n U(9') 4 0, then 9’ is projec-
tively eguivalent to ¥V on the intersection U(V) n u(v’y,

(iii}) D is maximal in the following sense: Let D’ be
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another subset D{(M) satisfying conditions (i) and (ii}. If
D c D, then D’ concides with D.

This definition is particularly valid'in the real or complex
analytic category, while in the c” category the projective

structure D can be reasonably replaced by its subset

Do = { VeD | u(v) =M},

which is nothing but a class of mutually projectively equivalent

affine connections on M.

We shall show that to every projective structure there is
naturally associated a pseudeo-projective structure of bidegree

(n,1). ;

Let M be an n-dimensional manifold, and let us consider its

tangent bundle T(M). Let $(M) be the complement of the zero cross;
section of T(M), which is an open fibred submanifold of T(M}. We %
¥

denote by w the projection of F(M) onto M. For each A € R-{0) we

define a transformation T of f[M) by Tl(y) = Ay for all 9 [ %(M){
Now, let V be an affine connection on M. As is well known, there%
is a unique vector field, say X(¥}), on f(M] having the following :
property: Let o(t) (t € I} be any geodesic of (M,V) with

6(t) ¥ 0, where &(t) = (do/dt)(t). Then G(t) (t € I) is an

integral curve of X{V). We can easily prove the following

Lemma 2.3. (1) m*(xtV)y) =y, yeTm.

(2) (1,)4(X(7) = L-x(V), 1eRr - {0).

The vector field X(V) is usually called the spray associateﬁf
with (M, V).

Let us now consider the Grassmann bundle J(M,1), and let C
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and V be the contact system and the vertical tangent bundle of
J{M,1) respectively. We denote by 7w the pProjection of J(M,1)

onto M, and by p the natural map of %(M) onto J(M,1): For each

y & T(M) ply) is the 1-dimensional contact element to M spanned
by the vector y. Clearly we have Tep = W. We also note that %[M)

is a fibred manifold over J(M,1)} with projection P. Now, let =z

be any point of J(M,1}. Take any point y of %(MJ with z = p(y),
and set Y = p*(X{V)Y). By (1) of Lemma 2.3 we.have T (Y) = y(e z),
from which follows that Y ¢ C({z), and Y & v(z). This being said,

ve denote by E(z) the 1 -dimensional subspace of Clz) spanned by Y.
By (2) of Lemma 2.3 we then find that E(z) does not depend on the
choice of y. Now, set E(V) = g E{z). Then we see that E(V) is a
subbundle of ¢, and C = E(V) + V (direct sum). Hence the pair
(J(M,1}, E(V)J_defines a pseudo-projective structure of bidegree
(n,1), which we denote by X{V}. |

Let of(t) (t e I) be any geodesic of (M,?). We define a
curve §(t) ft € I) of J(M,1) by 8(t) = p(o(t)) for all t e I.
olt) being an integral curve of X(V), we can easily prove the

following

Lemma 2.4. The image 8(I) of T by 8 is an integral manifold
of E(V), and hence the image oO(I) of I by ¢ is a solution of A{7)
in the wide sense. Furthermore the integral manifolds of E(V) are
exhausted by the submanifolds 6(I) of J(M,1) corresponding to
geodesics of{t) (t € I) of (M,V).

Now, let D be a projective structure on an n-dimensional
manifold M. For any V € D let us consider the péeudonprojective

structure X(V) or (J(U(V),1), E(9)) of bidegree (n,1) on the




domain U(V) of V. Note that J(U(V),1) is an open submanifold
of J{M,1), and J(M,1)} = vtEJDJ(U(V],‘I). By Lemma 2,4 it follows
that if V,9/ € D, and U{V) A U(V') & ¢, the systems E(V) and E(V’)E
coincide on the intersection J(U(V),1) n J(U(V'),1). Therefore
the systems E(V) can be pieced together to yield a differential

‘ system, say E(D), defined on the whole of J(M,1), and the pair
(J(M,1), BE(D)) defines a pseudo-projective structure of bidegrée
(n,1) on M, which we dinote by A{D). Clearly a solution ( in the
wide sense ) of X(D) means a geodesic of the projective structure
D. Thus X(D) will be sometimes called tﬁe differential equation
of geodesics of D.

Let X be a pseudo-projective structure of bidegree (n,1) on

e o -

a manifold M, and (R,E) its expression. In terms of a local

expression of X we shall discuss conditions that X can be obtained:
as a restriction of the pseudo-projective structure X(D} associ- :
ated with some projective structure D on M. In the following the i

indices i,j,k will range over the integers 1,+*+,n-1, and the

indices a,b,c over the integers 0,1,+++,n-1.

Let (x,y,p} be any canonical coordinate system of R at any
point Y where y = (yl) and p = (pl), and let us consider the

corresponding local expression of X at 245°

2.1 .
d d
_}2,_ = fl(XIYI'd_;%)'
dx
Proposition 2.5 (cf. [3]). The following two statements ared

mutually egquivalent:

(1) There is a projective structure D on M such that E is

the restriction of E(D)} to R.
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{2) The functions fl(x,y,p) take the following forms:
£ (x,y,p) = pra’tx,y,p) + giix,y,p).
Here, ga(x,y,p) are polynomials of the variable p of order at
most 2 with functions of the wvariables x,y as coefficients.
In particular we consider the case where n = 2. Let (x,v,p)

be any canonical coordinate system of R at any point Zgt and let

us consider the corresponding local expression of X at 25t

2
a’y _ dy
dxz - f(XIYde)-

Then we remark that the second statement in the proposition means
the following: The function f(x,y,p) is a polynomial of the
variable p of order at most 3 with functions of the vériables X, ¥

as coefficients, that is, f(x,y,p) takes the following form:
' 2 3
f(x,y:p} = A{x,y) + 3B(x,y)lp + 3C(x,y)p° + D(x,y)p".

Proof of proposition 2.5. The implication (1) = (2).
Clearly we may assume that there is an affine connection V defined
on the whole of M such that X = X{V), i.e., R = J{M,1) and E = E(V).
Let (x,y,p) be any canonical coordinate system of R at any point
zyr and let U be its domain. Denote by (xo,---,xn"1) the

1

coordinate system (x,y ,---,yn"1) of M, and consider the coeffi-

. a . : a, ., _ a
cients T'y  of V with respect to (x7): bexc = Erbcxa, where

a a a . . .
Xa = 3/3x°. Note that rbc = ch, because V is without torsion.
Now, let o(t) (t € I) be any geodesic of (M,V) with 6(I)
=p(0(I)) « U. If we put x?(t) = x®(0(t)), the functions x>(t)

satisfy the following system of ordinary differential equations:
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a n-1
. B
where Mo ) y

Lemma 2.4 o{I) is a solution of X, and is defined by a system of

should be preferably replaced by F;C(xo,---,x

equations of the following form: xt = xl(xo). Then -our. task is

to seek the system of ordinary differential equations satisfied

by the functions xl(xol. Since xl(t) = xl(xott)), we have
axt _axt ax? x| @ axl 2 axd g%
, ) -
dt = 4,0 dt 7 g2 (ax?)? 4t ax? ge?

Hence we easily find that the desired system is

a’xt _axt o i
0,2 - L, 0% ~— %
{dx") dx
where
k 3 k
pd = Fgo + 2 Tgk-giﬁ + ¥ F?k-g§~-g§6 .
k dx j.k dz~ dx

We have therefore seen that the functions fi corresponding to the
cancnical coordinate system (x,y,p) take the forms as stated in
the proposition.

The implication (2) = (1). From the discussion above we
deduce that for each zy € R there is an affine connection V € D{M)
$uch that 2y € J(U(Vv),1), and E = E(V) on some neighborhood of 2g-
Now, let D be the set of all affine connections V € D(M} such
that EzE(V) on the intersection R n J(U(V),1). Then, in view of
the remark above we can easily verify that D is a projective
structure on M, and E is the restriction of E(D) to R. ( Note

that each fibre of R is assumed to be connected. )
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we have thus completed the proof of the proposition.

2.4. Generalized pseudo-projective structures. Let (n,z}
be a pair of integers with 1 s r s n-1. Let M be an n-dimensicnal
manifold, and let R be an imbedded fibred submanifold of J{M,r).
Let us consider the contact system D and the vertical tangent
bundle F of R. éoncerning these systems, recall Lemma 1.7. Now,
let E be a differential system on R. Then the pair (R,E) is
called a generalized pseudo-projective structure of bidegree
(n,r}) on M, if the following conditions are satisfied:

(GP.1} D = E + F (direct sum)},

(GP.2) E is completely integrable,

(GP.3} ERach fibre of R is connected,

(GP.4) .D is non-degenerate,

(GP.5) The full derived system of D coincides with T(R).

We notice that under conditions (GP.1) and {GP.2), condition
(GP.4) is equivalent to the condition that ch(D) n ﬁ = 0, ch{(D)
being the Cauchy characteristic system of D. Indeed, we havé
ch(D) N F = 0 by Lemma 1.7, and ch(D) = ch(D) N E + ch(D) n F by
Lemma 3.3 in the next section.

Let X be a generalized pseudo-projective structure of bidegree
(n,r) on M, and (R,E) its expression. In the same fashion as
in the case of a pseudo-projective structure X may be regarded as
a differential equation: A solution of X is an r-dimensional
submanifold o of M of which the prolongation P{a) is in R, and is
an integral manifold of E. It should be noted that if dim R <

dim J(M,r), R itself may he regarded as a differential equation.




Furthermore a scolution of A in the wide sense is the'image u{d)
of an integral manifold & of E by the projection py of R onto M.
Let A and A’ be two generalized pseudo-projective structures

of bidegree (n,r}) on manifolds M and M', and let (R,E) and (R’,E'H

be their expressions, respectively. By an isomorphism of X to A&/

PP

we mean a diffeomorphism ¢ of M onto M’ such that the prolongation
p(d) of & naturally induces an isomorphism of (R,E) to (R',E') as

manifolds with differential system. Clearly a diffeomorphism ¢

RIS TR £ AR L MR e e

of M onto M’ is an isomorphism of X to X', if and only if it
naturally induces a one-to-one correspondence between the
solutions of X and the solutions of X'. Now, let p and g’ be the1

projections of R onto M and M' respectively, and let (zo,za) be a |
y

point of R x R'. By a local isomorphism of X to X' at (zo,zé) we

mean a local diffeomorphism ¢ of M to M’ at (u(zol,u'(zél) such %

that the prolongaticn pi{¢) of ¢ naturally induces a local

isomorphism of (R,E) to (R',E’'} at (20,261 as manifolds with

differential system.

We shall now make some remarks on the geometry of generalizedﬁ
pseudo-projective structures A. |

(1) In the next paragraph we shall introduce the notion of
the arithmetic distance p in M associated with &, and in the
next section the notion of the dual X* of X under some additional ¥
conditions on A&, which is a generalized pseudo-projective i
structure on the manifold of maximal solutions of X. We shall
find that conditions (GP.5) and (GP.4) play crucial roles in the
definitions of these notions respectively.

(2} Let us consider the sheaf a of germs of local
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infinitesimal automorphisms of X or precisely of the associated
generalized pseudo-projective system R. ( For the definition of
this notion see the next section. } In 85 we shall show that
under certain natural conditions the structure X is of finite
type in the sense that each stalk of a is of finite dimension

( see Proposition 5.9 ). We then remark that conditions (GP.4)
and (GP.5) likewise play crucial roles in the proof of this fact.

(3) In Chapter VI we shall introduce the notion of pseudo-
projective structures of order k 3, beiqg-special kinds of
generalized pseudo-projective structure. Then we shall see that
the geometry of systems of ordinary differential equations of
order k 2 3 may be represented by the geometry of pseudo-projective
structures of order k.

Let X be a generalized pseudo-projective structure of
bidegree (n,r).on a manifold M, and (R,E) its expression. We
shall give a local expression of X in terms of a canonical
coordinate system of J(M,r). In the following C and V will
denote the contact system and the vertical tangenf bundle of
J{M,r) respectively. fThe indices i,3,k will range over the
integers 1,-+-,r, the indices a,b over the integers 1,=++,n-r,
and the index )\ over the integers 1,+:++,8, where 6§ = dim J(M,r)

- dim R,

Let Z, be any point of R, and let (xi,ya,p?) be any canonical

coordinate system of J(M,r) at 2g- Let us consider any regular

system of local equations fA = 0 for the submanifold R of J(M,r)

at z,. Namely fA are functions defined on a neighborhood 01 of

0
Zg in J(M,r) such that R 1 0, = { z € 0, | £M(z) = 0 ), and the
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differentials de are linearly independent at Zg- Let us also
take any differential system E defined on a neighborhood O2 of Z4
.in J{M,r) such that E c ¢, and E = E on the intersection R N 02.
Clearly we have C = E + V {direct sum) on a sufficiently small
neighborhood O of 2 in J(M,r). Therefore it follows that there

are unigque functions f?j on the neighborhood O such that E is

defined there by the system of Pfaffian equations:

dya - X pédx] = Or
cO |
J
a a 5.0 _
ép; - % fijdx = 0.

A

may be expressed as functions of (xk);(yb)

Now, £° and f?

;
and (pi). Let o be an r-dimensional connected submanifold of M.
Suppose that the prolongation p(ai of ¢ is in O, and that o is
defined by a system of equations of the following form:

ya = ua(x1,°°-,xr). We first see that o is a solution of the
equation R, if and only if (ua) gives a solution of the following

system, say (R}, of partial differential equations of the first

order:
b

£Aee®), o ) = .
ox
We next see that « is a solution of the equation X, if and only
if (u?) gives a solution of the following system, say (X&), of

partial differential equations of the second order:

b
Aoy, P () = o,
ox
2. .a b
8y _ fa ((xk) { b 3y
— = f. Py oo )).
axtosx’ 1] axk

We note that system (&) is involutive, because the system E is
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completely integrable.

System (&) (resp. (R}), thus obtained, will be called a
local expression of A(resp. of R) at Z4 corresponding to the canonical
cocrdinate system (xi,ya,p?) of J(M,r} or corresponding to the

coordinate system (xl,ya) of M.

2.5. The arithmetic distance associated with a generalized
pseudo-projective structure. Let D be a differential system on a
manifold R, and let us consider the full derived system D~ of D.
By én integral curve of D we mean a curve o{t) (a s t s b) of R
such that the tangent vector (do/dt)(t) to the curve is in D{o({t))
for each t. It is well known that if R is connected, and
D™" = T(R), then any two points x and y of R can be joined by a

piece-wise integral curve of D ( cf. Chow [ 6 ] and Tanaka [19]).

Now, let (Ei) be a family of differential systems on R such that

D = ) Ei,i.e., D(x) = § Ei(x) for gsach x € R. Then we have the
H :

i
following stronger result.

Lemma 2.6. If R is connected, and D~ =T(Rj, then any two
points x and y of R can be joined by a composite of integral
curves of E,.

Before proceeding to the proof of this fact we shall apply it
to the study of generalized pseudo-projective structures,.

Let X be a generalized pseudo-projective structure of
bidegree (n,r) on a manifold M, and (R,E) its expression. BY a
chain in A we mean a system A formed by a finite number of points
p, (0 =1 s k) of M and k-1 maximal solitions ey (1 s 1 s k) of &

i -

in the wide sense such that P; 4+ Py € 04 for each 1 £ 1 £ k.
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The non-negative integer k will be called the length of the chain @
and will be denoted by k(A). Furthermore the points Py and Py -

will be denoted respectively by p(A) and g{A}.

From now on we assume that R or egquivalently M is connected.

Lemma 2.7. For any two points p and g of M there is a chain ﬁ

in X joining p and g: p = p{A) and g = g{4h). :

Proof. Let us consider the contact system D of R. Then ﬁ

D =E + F, F being the vertical tangent bundle of R, and the full

derived system D”" of D coincides with T(R). Therefore we know
from Lemma 2.6 that any two points z and w of R can be joined by
a composite of integral curves of E and F. Furthermore an inte-
gral curve of E means a curve in some maximal integral manifold
of ﬁ, and an integral curve of F a curve in some fibre of R. Now,{
the lemma follows immediately from these facts. |
Let p and g be any two points of M. Owing to Lemma 2.7 we
may define a non-negative integer p(p,q) to be the minimum of the f
lenghts k(A) of chains A in X joining p and g. It is easy to see 5
that the function (p.,q) »+ p{p,q) gives a distance (function) in M,;
which we call the arithmetic distance associated with &, Clearly 3
the arithmetic distance or the assignment X + p is a global
invariant in the geometry of generalized pseudo-projective struc- 3
tures. In particular we know that the arithmetic distance p is
invariant under the automorphism group Aut{X) of A: plé(p),d(q))

= plp,q) for all ¢ e Aut(4X) and p,g € M.

Remark., Let M be an irreducible symmetric R-space, which is 1
a compact and connected symmetric space. . Then a submanifold « of z

Mis called a Helgason sphere; if the following conditions are
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satisfied: (i) a is a totally geodésic sphere with minimum
radius, and (il) @« is of maximum dimension among the submanifolds
satisfying condition (i). Among others it is known that Helgason
spheres are congruent to each other under the largest connected
group of isometries of M, and that any two points p and g of M

can be joined by a chain of Helgason spheres. For any p,g € M one
may therefore define a non-negative integer p{p,q) to be the
minimum of the lengths of chains of Helgason spheres joining the
two points. Then the function (p,q) + p(p,qg) gives a distance in
M, which is called the arithmetic distance in the symmetric R-space
M. ( A detailed account of these can be found in Takeuchi [171.)
In 57 we shall make some studies on the arithmetic distances
associated with generalized pseudo-projective structures., Espe-
ciaily we shall see that the arithmetic distance in a Grassmann
manifold, being an irreducible symmetric R-space, is obtained as
the arithmetic distance associated with a suitable generalized
pseudo-projective sytructure on the manifold. It is reasonably
expected that the same fact exists concerning an arbitrary
irreducible symmetric R-space.

We shall now prove Lemma 2.6.

First of all we prepare some general notations. Given a
differential system H on R, TI'(H) denotes the space of all cross
_sections of H, and PO(H) the subspace of T(H) consisting of all
cross sections of H with compact support. We set T = T(R). For
any X e]b(T) let (¢t}teR be the_one—parameter group of trans-
formations of R generated by X. Then eX denotes the transformation

¢1, which is usually called the exponential map corresponding to X.
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Note that ¢t = etx.

Now, we denote by G the group of all the transformations of
R of the following form: e®1.. 2%k, yhere each X, is a vector
field in FO(Ei] for some i. We then denote by & the set of all
the one-parameter families (¢t]teR of transformations of R such E
that ¢0 = 1, the identity transformation of R, and ¢t € G for all é
t. Furthermore, for each (¢t) e G we denote by V((¢tl) the vector,

field on R induced by (¢t):

d .
V(o)) = g 0 (x) lt=0, x € R.

We then denote by g the set of all the vector fields on R of the |
i
form: V((¢t)).

Lemma 2.8. g is a subspace of T'(T), and if ¢ € G and X € g,
then ¢,(X}) € g.

Proof. let (¢t) and (wt) be any two families in G. Then we
have (¢t¢t) € G, and V((¢twt]) = V((¢tl) + V((wt)). If A € R, we
have (¢At)esé, and V{(¢kt)) = AV((¢t)). Furthermore if ¢ € G, we

have (¢c¢tc¢_1) € é, and V((¢°¢ta¢"1)) = ¢*V((¢t)), proving the
lemma.

For each x € R we define a subspace g{x) of T(x) by g(x)
= { Xx I X €49 ).
Lemma 2.9. If x1,---,x2 € g and x € R, then (ad(x1)---

ad(X, ,)%,), € gix).

Proof. We prove this by induction on the integer 1. k being

a positive integer, assume that the lemma is true for any L < k.

Let X «+,%X. be any k vector fields in g, and take (¢t) € G with

kA k
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Xk = V((¢t)). By Lemma 2.8 we have ¢t*(xk_1) € g. By the

assumption of induction we therefore obtain

(adtx1)°"ad(xk-2)¢t*(xk~1))x € gi{x). Since
X N = X, X R
ot Pex ko1 lly Teao = DX g e Xy v e R,
it follows that

(ad{X,)-- ad(X, )%,

3
prlad(Xy)errad(X Do, (X 1)), | o€ glx),

proving the lemma.

If X e PO(Ei), we have etx € G, and hence X = V((etx}) € g.
Therefore we obtain FO(Ei) < g. Since b = g E;, and D™ = T, it
follows from Lemma 2.9 that g(x) = T(x} for each x e R.

We show that the group G acts transitively on R. Indeed, let
Xy be any poinf of R. Set n = dim R. Since g(xo} =T(x0), we can
find n vector fields X1,---,Xn in g such that the n vectors

(X.l)xO,-“,(Xn)x form a basis of T(xo). For each 1 £ a 5 n take
(2) € G with X_ = Vi(62)), and set ¢, = ¢1 c-e 9, for any
t a £l t t1 tn

t = (t1,°",tn) e R, Clearly we have ¢y = 1, and

(a/ata)¢t(x0) It—d = (X ), . Therefore the map t + 0p(xq) gives
- 0

a diffeomorphism of a neighborhood of 0 onto a neighborhood of Xq -
Since R is connected, we have thus shown that G acts transitively
on R.

Now, let X4 and x be any two points of R. Since G acts
transitively on R, we can find ¢ € G such that x = ¢(x0). By the

very definition of the group G ¢ may be written in the form:
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b = eYN---eY1, where for each 1 s A £ N YA is in TO(Ei) for some

: - e¥h...a¥1 -
i. If we set X, = @ e (xol, we have x = Xy and Xp

|

1

1

1

Y tYp J
e A(xA 1l. We also see that the curve e (%, {0 st 1) of R |
- 1

:

]

joins the two points Pp-1 and>pA, and is an integral curve of a

suitable system Ei‘

We have thus completed the proof of Lemma 2.6.

Remark. We recall that D™ is a completely integrable system
possibly with singularities. By an integral manifold of D™ we

mean a connected submanifold N of R such that Tx(N) = D—m(x) at 3

each x € N, Now, assume that D together with R is real analytic.é
Then we know that through every point Xy € R there passes a uniqug
( real analytic } maximal integral manifold, say R’, of D" { see
Appendix & ). Let Ré be the set of all the points x € R which can
be joined by composites of {differentiable} integral curves of Ei‘
Then we assert that Ré = Rf. 1Indeed we easily have R6 c R'. Let:
D' and E{ denote the restrictions of D and E; to R’ respectively,?

which are differential systems on R’. Clearly D’ =} E{, and the &
i 3

full derived system of D’ coincides with the restriction, say

- 00

D', of p~" to R’. Since D'~ =T{R’'), we see from Lemma 2.6

that Ré = R', proving our assertion.
In particular it follows that if R6 = R, then R is connected,}

and D~° = T(R). This shows that the converse of ﬁemma 2.6 is
true, provided D together with R is real analytic. Accordingly
consider a generalized pseudo-projective structure X. Then we
have seen that under the real analyticity assumption on X conditio;
(GP.5) is the very condition assuring the existence of the ;

arithmetic distance associated with X,
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§3. Generalized pseudo-projective systems and the duality

in the generalized pseudo-projective structures

3.1. Product and pseudo-product manifolds. Let us consider
the product M X N of two manifolds M and N, which we simply denote
by R. Then R becomes naturally fibred manifolds at once over M
and N, and we denote by F and E their vertical tangent bundles
respectively: F = u;1(0} and E = u;1(0), ¢ and v being the projec-
tions of R onto M and N respectively. Clearly the pair (E,F)
satisfies the following conditions:

{1) T(R} = E + F (direct sum},

{2) Both E and F are completely'integrable.

This beins said, a product structure on a manifold R is a
pair formed by differential systems E and F on R satisfying .
conditions (1) and (2). Then a product manifold is a manifold R
egquipped with a proauct structure (E,F}.

Now, let R’ be a product manifold, and (E’,F’) its product
structure. Let R be a submanifold of R'. Then we denote by E and
F the pull-backs of E' and F’ to R respectively: E = 1;1(E'] and
F = 1;1(F’), 1 being the inclusion map of R to R’. These are
differential systems possibly with singularities on R, and let
us thus consider the following regularity condition on R:

Both E and F are subbundles of T{R} or equivalently both
dim E(x) and dim F(x) (x e R} are constant.

If R satisfies the regularity condition, the pair (E,F)
clearly satisfies the following conditions:

(i) EnPFP =0,

(ii) Both E and F are completely integrable.
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This being said, a pseudo-product structure on a manifold R
is a pair formed by differential systems E and F on R satisfying
conditions (i) and {(ii). Then a pseudo-product manifold is a ;
manifold R equipped with a pseudo-product structure (E,F) or the
triplet (R,E,F). It will be denoted in principle by a capital
script, e.g., R®, and then the triplet (R,E,F) will be called the
expression of R. The same notation and terminalogy will be also

used for almost pseudo-product manifolds which will be defined in:

5.1. '
Here, we remark that we already have the notion of (local)
isomorphism for the Ppseudo-product manifold;, because they form a:
special class of manifolds with family of differential systems |
{(see (a) in 1.2.). The same remark holds good for the almost
pseudo-product manifolds,

We shall now explain some fundamental facts on pseudo-
product manifolds.

As we have seen, a submanifold R of a product manifold R’
becomes naturally a pseudo-product manifold, provided R satisfies
the reqularity condition. Conversely let R be a pseudo-product
manifold, and (E,F) its pseudo-product structure. Assume that R
is regular with respect to E and F, and set M = R/F, N = R/E, and,
R’ = M x N. Denote by y and v the projections of R onto M and N |
respectively, and define a map p*v of R to R’ by

(u*v)(x) = (W{x), vix}), =x € R.
Since EN P = 0, we see that y*v is an immersion. Moreover it is

clear that the pseudo-product structure (E,F) of R is induced

from the product structure (E’,F’) of R’ by u%v, that is, E and F
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are the pull-backs of E’ and F' by pxv respectively.

In view of Lemma 1.1. we have therefore proved the following.

Pfoposition 3.1. Any pseudo-product manifeold R can be locally

realized as a submanifold of a product manifold. More precisely,
let Xq be any point of R. Then there are a product manifold R'

and an imbedding 1 of a neighborhood of xo,to R' such that the
pseudo-structure (E,F) of R, restricted to the neighborhood, is
induced from the product structure (E’',F'’) of R' by 1, and such
that

2 dim R = dim R’ + rank E + raﬂk F.
In connection with this proposition, we also add the following

proposition, of which the proof is left to the readers as an

exercise.

Proposition 3.2. For i{=1 or 2) let Ri be a product manifold,
and Ri its submanifold. Assume that Ri satisfies the regularity

3 43 ] — ] ’
condition, and 2 dim Ri = dim Ri + rank Ei + rank Fi’ where (Ei,Fi)
denotes the pseudo-product structure of Ri‘ Then a diffeomorphism
¢ of R1 onto R2 is an isomorphism of R1 onto R2 as pseudo-product
manifolds, if and only if it is extended to a local isomorphism,

] I

say ¢, of R; to R}

determined as a germ.

as product manifolds. Furthermore § is uniguely,

Finally, let (R,E,F) be a pseudo-product manifold. Since
ENF =0, the sum E + F gives a subbundle of T(R), which we denote
by D. Let us consider the Cauchy characteristic system ch{(d) of D

{see (e) in 1.2.). Then we have the following

Lemma 3.3. c¢h(D) = ch{(D) n E + ch(D} n F.
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Proof. Consider the torsion Yo of D at *x € R. 8Since both E
and F are completely integrable, we see that YX(X,Y) = 0 for any

vectors X and Y in E(x) or in F{x). The lemma follows easily fromf

this fact. %

3.2. Generalized pseudo-projective structures and generaliZEi
pseudo-projective systems. Let R be a pseudo-product manifold, an@

(R,E,F) its expression. Then R is called a generalized pseudo-

projective system, if the following conditions are satisfied:
{(GP.1)) The system D(= E + F)} is not reduced to the zero
system, and is non-degenerate,

((GP.Z)) The full derived system of D coincides with T(R}.

Our discussions from now on will be mainly concerned with
condition ({(GP.1)). Incidentally we know from Lemma 3.3 that this f
condition is equivalent to the following condition: D % 0, and
ch(D) n E = ch(b) n F = 0.

We shall now give a few definitions on a generalized pseudo-
projective system A.

Clearly the triplet (R,F,E) defines a generalized pseudo-
projective system, which we denote by A*, and call the dual of A.

We easily have 1 £ rank E £ dim R - rank F - 1. This being
said, let (n,r) be a pair of integers with 1 £ r £ n-1. Then A& is;
said to be of bidegree (n,r), if n = dim R - rank F, and r = ]
rank E.

Set r = rank E. Then an r-dimensional submanifeold of R is
said to be a solution of R, if it is an integral manifold of E. In

this fashion A may be regarded as a differential equation for
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r-dimensional submanifolds of R.
The next proposition indicates that the correspondence X + A

is compatible with the respective local isomorphisms.

Proposition 3.4. -Let X and X' be two generalized pseudo-
projective structures of bidegree (h,r) on manifolds M and M’,
and let R and R’ be the generalized pseudo-projective systems of
bidegree (n,r}, respectively. Let (zo,zél be a point of R ¥ Rf,
where R and R'are the underlying fibred manifolds of X and X!
respectively. If ¢ is a local isomorphism of A to &' at (zo,zé),
then the prolongation p(¢) of ¢, restricted to R, gives a local
isomorphism § of R to R’ at (20'26)’ Conversely if & is a iocal
isomorphism of R to R' at (20’26)' then there is a unique local
isomorphism ¢ of X to X' at (zo,zé) such that ¢ coincides with
p{®), restricted to R.

'Indeed, the first assertion is clear, and the second follows
immediately from.Lemma 1.8.

We also remark that the correspondence X + R is compatible
with the respective isomorphisms.

Conversely, let R be a generalized pseudo-projective system
of bidegree (n,r), and (R,E,F) its expression. Firsf of all let
us consider the following condetion on R:

{C.1) R is regular with respect to F.

Assume this condition, and set M = R/F. Since ch{(D) nF' = 0, we
see from Lemma 1.9 that there is a unigue immersién, say 1, of R
to J(M,r) such tﬁat M = fjel, and D = 1;1(C}, where p and {i are
the projections of R and J(M,r) onto M respectively, and C is the

contact system of J(M,R}). Recall that 1 is concretely given by
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Wx) = p, (D(x)) = u (E(x)), X € R. j

The immersion 1 will be called associated with R. Under conditioﬁ%
{C.1)}, let us further consider the following condition on RA: E

(C.2) 1 is an imbedding.

Assume these two conditions. Then the image 1(R) of R by 1
gives an imbedded submanifold of J(M,r}, and the image 1,(D) of Dg
by 1, the contact system of 1(R). Moreover the image 1, (E} of E ?
by 14 gives a differential system on 1(R), and the pair (i(R), i

1,{E)) defines a generalized pseudo-projective structure of

R

bidegree {n,r} on M, which is denoted by'X, and will he called

associated with R. Clearly R is associated with & or more precise]

k!
b
H

it is naturally isomorphic to the generalized pseudo-projective
system associated with A.
Let us now consider a generalized pseudo-projective structure

X of bidegree (n,r) on a manifold M. Let R be the associated f

generalized pseudo—projective'system of bidegree (n,r}, and (R,E,F]

its expression. (Hence (R,E) gives the expression of X.) Then it

Al
¥
2
:
is clear that R is regular with respect to F, M may be naturally %
b

identified with R/F, and the inclusion map of R to J(M,r}) may be °

naturally identified with the immersion 1 associated with A&.

Hence we find that X is just associated with R.

Let (X,zo) and (X',zé] be two generalized pseudo-projective
structures of bidegree (n,r) with reference points zg € R and
26 € R’, where R and R’ are the underlying fibred manifolds of
X and X' respectively. Then (X:;z4) and (X',z]) are said to be
locally isomorphic; if there is a local isomorphism of X to X! at%

'(20’26); An equivalence class with respect to this equivalence
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relation is called a local isomorphism class of generalized
pseudo-projective structures of bidegree {n,r). Similarly we may
speak of a local isomorphism class of generalized pseudo-projective
systems of bidegree (n,r). |

Now, we remark that every local isomorphism class R of
generalized pseudo-projective systems of -bidegree (n,r) has a
representative (R,xo) satisfying conditions (C.1) and (C.2)(cf.
Lemma 1.1). By the discussions above we have therefore seen that
there is a natural one-to-one correspondence between the local
isomorphism classes A of generalizéd pseudo-projective structures
of bidegree {n,r) and the local isomorphism classes R of general-

ized pseudo-projective systems of bidegree (n,r).

3.3. Pseudo-projective structures, and pseudo-projective
systems. Let. R be a pseudo-product manifold, and (R,E,F) its
expression. Then R is called a pseudo-projective system (of order
2) of bidegree {(n,r), if it is a generalized pseudo-projective
system of bidegree (n,r), and dim R = n+r{n-r}, rank E = r, and
rank ¥ = r(n~r). We remark that R is a pseudo-projective system
of bidegree (n,r), if and only if it satisfies the following
conditions:

((P.1)) The system D(= E + F) is non-degenerate,

({P.2)) dim R = n+r{n-r), rank E = r, and rank F = rin-r).

Indeed these conditions imply that the first derived system
of D coincides with T(R)}, which is a special case of Lemma 5.2 in
§5. This fact can be also derived from Lemmas 1.5 and 1.9.

Let X be a pseudo-projective structure of bidegree (n,r) on
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-manifold M x N, which will be considered particularly as a relatié

a manifold M. Then it is clear that the associated generalized 3
pseudo-projective system R of bidegree {n,r) is a pseudo-projectijy

system of bidegree (n,r). Conversely let R be a pseudo-projectivé

system of bidegree (n,r). Assuming that R satisfies conditions

{C.1} and {C.2}, let us consider the associated generalized

pseudo-projective structure X of bidegree (n,r) on the manifold
M{(= R/F). Then it is also clear that X is a pseudo-projective
structure of bidegree (n,r).

We have thus seen that there is a natural one-to-one corre—'é
spondence between the local isomorphism classes X of pseudo- g
projective structures of bidegree (n,r) and the local isomorphismﬁ
classes R of pseudo-projective systems of bidegree (n,r). 3

4

3.4. Non-degenerate relations in product manifolds M x N. zE
Let M and N be manifolds, and let R be a submanifold of the produ%f
R

in the product manifold. We denote by p and v the projections ofi
R to M and N respectively, and set n = dim M, n’= dim N,  d = dim é
r = d-n', and s = d-n. b
Now, suppose that both p and v are submersions, implying

that Max{n,n’} s d s n+n'. Furthermore suppose that Max(n,n’)
< d < n+n’ or equivalently 1 s r £ n-1, and 1 s s £ n’-1. If
{p,a) € R, v '(a} and p(v 1 (a)) are r-dimensional submanifolds of 4
R and M respectively, p is in u(v_1(a)), and the tangent space
Tp(u(U_T(u)H gives an r-dimensional contact element to M. This'ja

being said, we define a map 1 of R to J(M,r)by

1(x) = Tp(u(v”1(a)1), x = (p,&) € R.
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Similarly we define a map ¥ of R to J(N,s) by

It

Kix) = Ta(vtu"1(p))), X (p,a) € R

Clearly we have

fior = u, Vo = v,
where {§ and ¥ are the projections of J{M,r) and J(N,s) onto M and
N respectively. Thus we have the following commutative diagram:

1 K
J(M,r) ¢&—— R —s J{(N,s)

NN

M

The maps 1 and Kk will be called associated with the relation R.

Let us consider the following two conditions on the relation

(i) Max(n,n’) < d < n+n’, and the projections u and v are
both submersions,

(i1} Under this condition the maps 1 and ¥ are both immersions.

We denote by F and E the kernels of the differentials u, and
v, respectively: F = u;1(0), and E = v;1(0). Clearly condition
(i) is eguivalent to the following condition:

{i'} Max(n,n’) < d < n+n’, and dim E{x) = r and dim Fi(x) = s
for each x € R.

Assume condition (i). Then we see that both E and F become
subbundles of T(R), and the pair (E,F) gives a pseudo-product
structure on R, which is nothing but the one naturally induced
from the product structure of M x N, The pseudo-product manifold

{R,E,F) is denoted by R, and will be called associated with the
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relation R.
We assert that condition fii} is equivalent to the following
condition: ;
(ii”’) Under condition (i’) the system D{(= E + F) is non-
degenerate.

Indeed let x = (p,a) be any point of R. Then we have

Ux) = TV @) )) = (T (v (@))) = ug(B(x)) =, (D(x)).
Therefore it follows from Lemma 1.9 that 1;1(0) = ch(b} n F.
Similarly we have K;1(0] = ch(D} n E. Furthermore we see from
Lemma 3.3 that D is non-degenerate, if and only if ch(D) n E
= ch{(D} n F = 0. We have thus proved our assertion. i

These having been observed, we say that R is a nop-degenerateé
relation in the product manifold M x N, if it satisfies conditions;
(i) and (ii) or eguivalently conditions (i’) and (4ii'}. j

Remark. Let (n,n’,d) be a triplet of non-negative integers. ;

Then it can be shown that the following three statements are _ i
mutually equivalent:
{1) Max{n,n’') < d < n+n’,
Max{ (d-n')/(d-n),(d-n)/(d-n')} g n+n'-d.
' (2) There is a non-degenerate relation in a product manifoldf

M x N such that n = dim M, n' = dim N, and d = dim R.

ek i 1 st

(3) There is a pseudo-product manifold (R,E,F) which satis-
fies condition({(GP.1)) in 3.2 and the conditions: d = dim R,
d-n’' = rank E, and d-n = rank F, .
i
]
3.5. Generalized pseudo-projective triplets. Let M and N be

manifolds, and let R be an imbedded submanifold of M x N. We
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preserve the notations as in the_previous paragraph. Then the
triplet (M,N,R) is called a generalized pseudo-projective triplet,
if it satisfies the following conditions:

(a) R is a non-degenerate relation in the product manifold
M % N,

(b} The full derived system of D coincides with T(R),

(c) The projections p and v are both surjective, and their
fibres are all connected,

{d) The immersions 1 and k are both imbeddings.

Note that conditions (a) and (b) imply R is a generalized
pseudo—projéctive system.

A generalized pseudo-projective triplet is said to he
connected, if R or eguivalently M or egquivalently N is connected.
It is also said to be compact, if R and hence M and N are compact.

Let (M,N,ﬁ) and (M',N',R’') be two generalized pseudo-
projective triplets. Then an isomorphism of (M,N,R) to (M',N’,R')
is a pair (¢,¢) of diffeomorphisms ¢ of M onto M' and ¥ of N onto
N' such that theqproduct diffecmorphism ¢ %  of M ¥ N onto N X N’
maps R onto R'. Consider the generalized pseudo-projective systems
R and R’ associated respectively with the relations R and R'.

Then it is clear that an isomorphism (¢,¢) of (M,N,R) to (M',N',R')
naturally induces an isomorphism of R to R'. Conversely it is
clear that any isomorphism of 2 to R’ can be obtained in this
manner,

Let (M,N,R) be as above. We define a relation R* in N * M by
*
R = {{a,p) e N xM | (p,a) ¢ R}.

*
Then the triplet (N,M,R ) clearly gives a generalized pseudo-
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projective triplet, which is called the dual of (M,N,R). Let us A
* |
identify R with R by the bijection (a@,p) + (p,2). Then we remark ,

that the generalized pseudo-projective system associated with the
relation R* may be identified'with the dual R* of A,

In the following let (M,N,R) be a fixed generalized pseudo-
projective triplet. Consider the generalized pseudo-projective
system 2 of bidegree (n,r) associated with the relation R. We
first remark that R becomes fibred manifolds at one over M angd N,
their vertical tangent bundles are F and E respectively, and :
M = R/F and N = R/E. Consequently we know that the triplet (M,N,Rﬂ
is completely determined by R. We then remark that the immersions%
1 of R to J(M,r) and ¥ of R to J(N,s) associated with the relationé

R are nothing but the immersions associated respectively with R

*
and its dual R . Note that these are immediate conseguences of

R ke

conditicns {a) and (c).

*

In view of condition (d) we therefore see that both R and R i

satisfy conditions (C.1}) and (C.2) in 3.2, Hence we may consider
the generalized pseudo-projective structures (1(R), 1,.(E})) of

bidegree (n,r) on M and {x(R), Ke(F)) of bidegree (n’,s) on N

* B
which are associated respectively with 2 and@ R . These structures j

are denoted respectively by & and X*, and will be called associate&
with the relation R. The structure X* will be soon called the
dual of X, and vice versa.

For simplicity we denote by ” the triplet (M,N,R}, and by P*
its dual. Let us consider the automorphism groups Aut(X), Aut(R)
and Aut(P) of &, R and P respectively, and similarly the automor-

* * *
phism groups Aut{X ), Aut(R } and Aut(” ). Then we have the

ot e e il L s
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natural isomorphisms as follows: Aut(AX) = Aut(R) = Aut(P) = Aut(pPx)
= Aut(R*}) = Aut(A+),

Now, let Sol(X) be the set of maximal solutions of the
equation X, and let Sol{X,p} be the set of maximal solutions of X
through any point p ¢ M. Similarly we consider the sets Sol(X+*)
and Sol(X*,a}, where « € N. Let a be any point of N, By the very
definition of the map 1 it follows that the image (v~ (a)) of
v {u) by 1 COan1des with the prolongation plu(v” (a))} of
wiv (). Therefore we see that y(v" {a)} is a maximal solution
of X, and the assignment ¢ -+ u(v"1(a)] establishes a one-to-one
correépondence, say ¢, between N and Sol(J/). Similarly we sece
that u(u—1{p)) is a maximal solution of X* for any point p of M,
and the assignment p - v(u-1(p}) establishes a one-to-one corre-

spondence, say.-Y, between M and Sol(A*}). Clearly we have
¥(p) = 071 (Sol(4,p)), ®(a) = ¥"!(Sol(X*,q)).

From these discussions we have seen the following:

(1) X may be characterized as the differential equation
defining the submanifolds u(u—1(a)) of M, and similarly X* as the
differential equation defining the submanifolds u(u-1(p)) of N.

(2) N may be naturally identified with Sol{X), so that the
submanifolds Sol(X,p) of Sol(X) form the maximal solutions of X,
Hence X* may be characterized as the differential equation
defining the submanifolds Sol(A,p) of Sol{x). Similarly & may be
Characterlzed as the differential equation defining the sub-
manifolds Sol{X*,a) of Sol({A*).

We shall construct local expressions of X and A* in terms of

a local expression of the relation R. In the following the
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indices i,j will range over the integers 1,...,r, the indices
§,&€ over the integers 1,-++,s, and the indices a,b over the
integers 1,-++,d-r-s. Note that d-r~s = n-r = n’-s.

Let X be any point of R. We take any coordinate system
(x,y) of M at u{x,) adapted to the contact element lix,) to M,
where % = (xi), any y = (ya). Similarly we take any coordinate
system (z,w) of N at v(xo) adapted to the contact element K{xO)
to N, where z = (26), and w = (w®). Then (x,v,2,w) natufally
givés a coordinate system of M X N at Xg-. For simplicity we
assume that x,v,z and w vanish at Xg -

We have dim (M X N} - dim R = d-r-s. This being said, let
us consider any regular system, £2 = 0, of local eguations for the%
submanifold R of M X N ét xO(cf. the same system in 2.4). In ‘

terms of the coordinate system (x,y,z,w) the relation R is thus i

defined by the system of relations:
fa(x,y,z,w} = 0.

Since u*(E(xO)) = t(xo), we see that the n+n'defferentials dfa,
dxi, dzé, and dwb are linearly independent at X1 whence
deé((afalayb)(O)) % 0. It follows that the system of relations
above can be solved for y, so that ya are expressed as functions,
say ¢F, of the variables x,z and w. Hence the relation R is also

defined by the system of relations:

ya = ¢a(x,z,WJ.

Similarly the given system of relations can be solved for w, so
that w@ are expressed as functions, say wa, of x,¥y and z. Hence
the relation R is further defined by the system of relations:

W o= wa(x,y,z),

S A et i s T




Now, we recall that X may be characterized as the defferential
equation defining the submanifolds u(v_1(a}] of M, where ¢ ¢ N..
Let U and V be sufficiently small neighborhoods of u(xo) and u(xO)
respectively. Take any point o € V with the coordinates (z,w).
Then we see that the solution u(v™'(a)) of X is defined, on U, by
the system of relations: ya = ¢a(x,z,w). Moreover we have the

obvious identities: fa{x,¢(x,z,w),z,w} = 0. From these facts we

deduce the following

Proposition 3.5. A local expression of X at I(XDJ corre-
sponding to the coordinate system (x,¥) can be obtained by elimi-

nating the variables z and w in the following system of relations:

ca _ dff g’ .
dx?  dxtax’d

Here, d/dx’? are the formal derivations corresponding to the

coordinate system (x,y) (see 1.5). Hence,

aaf? | p (afa)ayb L g £ a%yP
a i )| i b 3 b i, 37
XT 9x b dx™ 9y~ ax b 9y~ 9x 3x

[

We shall now explain how to eliminate the variables z and w.
In view of.this explanation we can easily give a complete proof of
the proposition, which is therefore left to the readers as an
exercise.

First of all we remark that the variable w can be easily
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eliminated by using the relations w°® = wa(x,y,z), so that the
system of relations in the proposition is reduced to the following

system of relations:

ap? | _a%® |
dxd  dx*dx?
We have
a? _ aw® | ) 32 3yP
B Y,
dxd  axd B ayP axd

and det((awafayb](O}) 4 0. Hence we may define functions x? by

3 . 3v? b
3 ): b Xj-
ax b 9y

Then the system of relations dwa/dxj = 0 can be replaced by
x?(x,y,z) + QXI = 0,
ax
By Lemma 3.6 below we can find s pairs ‘aa'ie) of integers such

that 1 sa. sn-r, 1 si. s, and det((9x./3z°)(0)) & 0, where

Xe = X?E' Therefore the system of relations
- aE
Xelx,¥,2) + QXE— =0
ax~E

can be solved for z,.so that z6 are expressed as functions of x,y
and (3y“€/ax€), Substituting these functions for zd in the
reduced system of relations, we have thus accomplished the elimi-

nation.

Lemma 3.6. If (£°) & R®, and J (0x3/22%)(0)+€% = 0, then
5
£8 < 0.

Proof. We first remark that (x,y,z), restricted to R, gives
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a coordinate system of R at xg5. Hence wa, restricted to R, can be
expressed as functions of x,y and z, which are nothing but the
functions wa(x,y,z}. Hereafter we work on a sufficiently small
neighborhcod of Xq in R. ﬁhen ve see that E is defined by the
system of Pfaffian egquations: dz6 = dw? = 0, and F by the system

of Pfaffian equations: dax* = dya = 0. Since w® = wa(x,y,z), ve

have

a . a a
dw® = ¥ W gyt ) 2 b dYb + 1 a2
i ax™ b 3y 8

If we set §% = ¥ x?dxl + dy®, it therefore follows that D(= E + F)
i
is defined by the system of Pfaffian equations: 8% = 0. an easy

calculation proves that

a . ..
as® = - 7 2 axt A a2 ( noaiie?)).
: 5 Bz

Since D is non-degenerate at Xq the lemma follows immediately

from this fact.

Similarly to Proposition 3.5 we have the following

Proposition. A local expression of X* at K(XO) corresponding
to the coordinate system (z,w) can be obtained by eliminating the
variables x and y in the following system of relations:

ar? _ _a%s®
az® az%a:

fa= 6=0.

Here, d/dz® are the formal derivations corresponding to the
coordinate system (z,w). Furthermore we remark that the system of

relations above can be reduced to the following system of relations

dma ~ d2¢a
3zt B £




We shall refer to the proposition above as the dual form of

Proposition 3.5.

3.6. The duality in the generalized pseuvdo-projective
structures. Let X be a generalized pseudo-projective structure of
bidegree {(n,r) on a manifold M, and (R,E) its expression. Let R
be the associated generalized pseudo-projective system of bidegree
(n,r), which is thus expressed by (R,E,F), F being the vertical
tangent bundle of R. We remark that the dual R* of R is a genar-
alized pseudo-projective system of bidegree (n’,s), where n'
= dim R - rank E, and s = rank F.

Let us consider the following two conditions on the structure

(D.1}) The dual R* of R satisfies conditions (C.1) and (C.2)
in 3.2. Namely, R is regular with respect to E, and the immersionﬁ
say ¥, of R to J(N,s) associated with A* is an imbedding, where E
N = R/E. ( Note that N may be naturally identified with the set
of maximal solutions of X in the wide sense.)

{(D.2) Under condition (D.1) Ehe immersion uxv of R to
M x N is an imbedding, where p and v are the projections of R onto
M and N respectively. |

Assume these two conditions from now on. Then we may
consider the generalized pseudo-projective structure (K(R)},K_(F))
of bidegree {n’,s) on N associated with the dual A* of R. We ]
denote this structure by X*, and call it the dual of X. Clearly
A* satisfies conditions (D.1) and (D.2), and the dual of X* is X

or more precisely it is naturally isomorphic to X.
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Remark. Of course X* makes sense under condition (D.71).
Accordingly A* will be sometimes called the dual of X under this
weaker condition.

For simplicity let us identify R with a submanifold of M x N
by the imbedding Hxv. Then it is eclear that the triplet (M,N,R}
gives a generalized pseudo-projective triplet, and that X and A%
are associated with the relation R. Conversely it is likewise
clear that if (M,N,R) is a generalized pseudo-projective triplet,
and if X and X* are the generalized pseudolprojective structures
associated with the relation R, then A* is the dual of X.

Let X be as in the outset, and let us consider the special-
case where & is a pseudo-projective structure of bidegree (n,r}).
If X satisfies conditions (D.1) and (D.2), the dQual X* of X is a
generalized pseudo-projective structure of bidegree ((r+1)(n-r),
r{n-r)), which is not necessarily a pseudo-projective structure.
Clearly A+ is a pseudo-projective structure, if and only if
r = n~1. Furthermore if X is a pseudo-projective structure of
bidegree (n,n-1), so is A*, vwhich corresponds to the fact that if
R is a pseudo-projective system of bidegree (n,n~1), so is R*,

It should be noted that the duality in the pseudo-projective
structures of bidegree (n,n-1) directly generalizes the duality
existing between the points and the hyperplanes in the n-dimen-
sional projective geometry.

Here, we remark that we may always speak of the dual X* of a
local isomorphism class X of generalized pseudo-projective struc-
tures of bidegree (n,r), and that the dual of X* is X. 1Indeed, in

view of Lemma 1.1 it follows that X has a representative (X,zo}
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satisfying conditions (D.1) and {D.2)}. Let X* denote the local
isomorphism class of generalized pseudo-projective structures of
bidegree (n’,s} which is represented by (X*,zg), where A* is the
dual of &, and zs = K(ZO), K being as in the definition of condi-
tion (D.1). Then it is easy to see that X* does not depend on the
choice of (X,zO), and that the dual of X¥ is X, confirming our
claim.

Now, let X be a pseudo-projective structure of bidegree (n,1)
on a manifold M. We use the notations as in the ouset. Assuming
conditions (D.1) and (D.2), let us consider the dual X* of JX,
which is a generalized pseudo-projective structure of bidegree
(2{n-1),n-1) on N. As before we identify R with a submanifold of
M X N.

We shall construct a local expression of X* on the basis of a
local expression of X. In the following the indices i,j,k will
range over the integers 1,+++,n-1.

Let 29 be any point of R. We take any canonical coordinate
system (x,v,p) of R at Zge where y = (yi}, and p = (pi), and
consider the corresponding local expression, say (X&), of X:

a?yt s dy
5 5 = f (x,y,dx).
X

For simplicity we assume that x,y and p vanish at Zge

By the existence theorem for solutions of systems of ordinary

differential equations, there are unique functions ¢l(x,z,w) of
the variables x,z = (21) and w = (wl), defined on a neighborhood
of the origin, which satisfies the following conditions:

(i) For any fixed z and w the function x -+ (¢l(x,z,w}) gives
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a solution of ()),
) . i .
{ii) d)l(O,Z,w) = er and %;L(Drsz) = zl-

The family of functions ¢i will be called the general solu-
tion of (X).

Now, (x,y) gives a coordinate system of M at u(zo). We also
remark that (z,w) may be regarded as a coordinate system of N at
vizg) or rather of Sol(X) at ¢7' (v(zy)), so that (z,w) gives the
coordinates of the maximal solution of X, being a point of Sol{X},
defined by y = ¢ (x,2z,w). Then (x,¥,2,w) gives a coordinate
system of M x N at 273 € R. It is clear that with respect to this
coordinate system the relation R in M x N is defined by the system
of relations

v' o= oM x,z,w).

Therefore we see from the dual form of Proposition 3.5 that
a local expression of X* at K(Zo) corresponding to the coordinate
system (z,w) can be obtained by eliminating the variables x and y

in the following system of relations:

Je___L
dzj dzjdzk

. . i .
For example consider the special case where f1 = 0, i.e.,

system (X) takes the foellowing form:

2.1
ay _ o,
dx2
Then we have ¢l(x,z,w) = zvx + wh. Therefore the elimination can

be easily done, and the eliminated system of relations turns out

to be the following system, say (X*), of partial differential
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awl 1 gigow o

5z7 n-1 73 k azk
Bzwi = 0

szazk

In the special case where. n = 2, system (X*) simply means the

following single ordinary differential equation:

It is also easy to see that if n 2 3, system (X*) is obtained as
the prolongation of the following system of the first order:

k ' i

9w ‘

Z —% =0, i

ow
2 < =

.1
azj n-1

i .
. 6%

J Kk 3z
being a local expression of the eqguation k(R)} at K(ZOJ. In 5.2 we.

shall give a further generalizatin of this fact (see Corecllary to

Proposition 5.5).

3.7. Pseudo-projective triplets, and some global facts on

compact, connected pseudo-projective triplets. Let {(n,r) be a

pair of integers with 1 £ r $ n-1. A pseudo-projective triplet

(of order 2) of bidegree (n,r) is a generalized pseudo-projective

triplet {M,N,R} which satisfies the following condition:
(e} dim M = n, dim N = (r+1}{n-r), and dim R = n+r(n-r).
Let (M,N,R) be a pseudo-projective triplet of bidegree (n,r).;
Let us consider the generalized pseudo-projective system R associ—;
ated with the relation R, and (R,E,F) its expression. Then we :
have rank E = dim R - dim N = r, and rank F = dim R - dim M

= r(n-r), from which follows that R becomes a pseudo-projective
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system of bidegree (n,r). Note that this is a conseguence of
conditions (a) and (e).

For example consider the fundamental relation R in the product
manifold P" x Z(Pn,r) (see 2.1). From the observations there we
know that the triplet (Pn,z(Pn,r),R) satisfies conditions {a),(b),
(c}, and (e). We also know that the immersion 1 associated with
the relation R gives a diffeomdrphism of R onto J(Pn,r}. Moreéver'
it can be shown that the immersion k of R to J(Z(Pn,r),r(n—r))
associated with the relation R ié an imbeﬁding. Hence the triplet
turns out to satisfy condition(d). Since R is compact and con-
nected, we have thus seen that the triplet (Pn,i(Pn,r},R} becomes
a compact and connected pseudo-projective triplet of bidegree
(n,r}, which is called the standard pseudo-projective triplet of
bidegree (n,r). 1Incidentally the pseudo-projective system of
bidegree (n,r) associated with the relation R is denoted by RO,
and is called the standafd pseudo-projective system of bidegree
(n,r). Clearly the standard pseudo-projective structure XO of
bidegree {(n,r) is associated with RO' and vice versa. Moreover we
remark that if r = 1, XO is nothing but the pseudo-projective
structure X(Do] associated with the standard Projective structure
D0 on P".

These being defined and observed, there naturally arises the
following

Problem 1. Study the topological structure of a compact and
connected pseudo-projective triplet of bidegree (n,r). In partie—
ular, from the view-point of topology are there any compact . -and

connected pseudo-projective triplets of bidegree (n,r) other than the
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standard pseudo-projective triplet of bidegree (n,r)?

As a first step we treat with this problem in the special
case where r = n-1. ( In Remark 2 below we shall make some comment
on the problem in the case where r = 1.)

In general let us consider a triplet (M,N,R) formed by mani-
folds M,N and a submanifold R of M x N which satisfy conditions
(a),(c) and condition (e) with r = n-1, and which is compact and
connected, i.e., M,N and R are all compact and connected. Thus |
the triplet is reduced to a compact and connected pseudo-projesctive
triplet of bidegree (n,n-1), if it satisfies condition (d) in
addition. ( Note that condition (b) follows from condition (a).)
For the triplet we preserve the notations as in 3.4. First of allﬁ

we remark the following: dim M = dim N = n, and dim R = 2n-1:

v(u_1(p)) and u(v—1(a)) are {n-1)}-dimensional submanifolds of N

and M respectively, where p € M, and ¢ € N; 1 and K are immersions

of'R-to J{M,n-1) and J(N,n-1) respectively.

Proposition 3.7 (1) 1If 1 is injective, v(p~ '(p)) is diffeo- |
:

]

g
i
3
sa
1
g

-

morphic with the (n-1)-dimensional projective space P?"' for each

P g M,
(2) If 1 is not injective, v(u"1(p]) is diffeomorphic with

1 for each p € M.

the (n-1)-dimensional sphere s°
We also have the dual form of this proposition, which is

concerned with the immersion k and the submanifolds u{v_ ' {a)}.
Proof of Proposition 3.7. We first see that the pair (R,1)

gives a covering space of J(M,n-1), because both R and J(M,n-1)

are compact and connected, and dim R = dim J(M,n-1). Let p be anyrf

point of M. Since f{iel1 = pu, it follows that 1 maps u_1(p) onto thei
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fibre Gr(Tp(M),n-1} of J{(M,n-1) at p. Furthermore Gr(Tp(M),n—1)
is diffeomorphic with Pn—1, and u"1(p) is an (n-1)-dimensional
compact, connected submanifols of R. Hence we see that u'1(p]
becomes naturally a covering space over Gr(Tp(M},n-1) (2:?“"1),
from which follows immediately the proposition.

Example. Let M be an n-dimensional compact, connected
Riemannian manifold, and let d be the distance function on it.

For any positive number & we define a relation R in M x M by

R={(p,g) e m xM | dlp,q) = €}.

As is well known, R becomes a submanifold for a sufficiently
small €. Then K.Sugawara showed that if e is further sufficiently
small, the triplet (M,N,R) satisfies conditions (a),(c) and condi-
tion (e} with r = n-1. By Proposition 3.7 we see that -both 1 and
¥ are not injecttve, which can be directly verified as follows:
Take any points p,q € M with d(p,g) = 2e, and let r be the middle
point of the geodesic segment joing p and g. Then {r,p) ané (r,q)
are distinct points of R, and we easily see that 1((r,p))

= 1 {{r,q)),proving that 1 is not injective.

Especially this example indicates that in our present situa-
tion conditions (a),(c) and (e) impose no restrictions on the
topologies of M and N. At the same time condition (g&) together
with these conditions may possibly impose any restrictions on the
topologies, thus playing an important role in our problem.

Let (M,N,R) be a compact and connected pseudo-projective
triplet of bidegre (n,n-1). In his paper [16] K.Sugawara indeed
obtained some results on the homotopy groups of M and N, which may

be stated as follows:
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Thecrem S. If n = 3 or n z 6, the universal covering spaces
of M are homotopy spheres. Furthermore if n = 3, the fundamental
groups of M and N are z, or 0, and if n 3z 6, they are Zg-
Sugawara’'s proof of the theorem, to a considerable extent,
contains geometric studies on the submanifolds v(u"1(p)) and

n-1 by Proposition 3.7 and

u(v'1(u)] which are diffeomorphic with P
its dvual form. Here, we notice that he actually treats with a
class of triplets (M,N,R) more or less wider than ours, and

obtains much the same results as the theorem.

Remark 1. 1In connection with the discussions above we recall i

a problem proposed in [21] (see page 303 in H.M.J., Vol. XIV, NO.B).Q
Let (M,N,R). be a compact and connected pseudo-projective triplet :
of bidegree (n,n-t). Set & = {M X N) - R. Then, that problem is
concerned with the geometry of the product manifold 2, which is

known to be closely related to the geometry of the pseudo-projec-

tive system R of bidegree (n,n-1) associated with the relation R

{see Propositions 2.5 and 2.6, loc. cit.). 3

Remark 2 {(cf. [2])). Let M be one of the following projective-i

spaces with the standard Riemannian metrics: The m-dimensional

R N T S

projective spaces Pm(R) (m 2z 2), the m-dimensional complex projec-

tive spaces Pm[C) {m 2 2), the m-dimensional guaternion projective }

spaces Pm(Q) (m 2 2), and the Caley projective plane Pz(Ca). Then ;

M is a compact symmetric space of rank one, and is what is called
a CTI manifold. Now, we denote by N the set of all maximal

geodesics of M, where each maximal geodesic should be confounded

b £l o Lo b 3

with its image in M. We alsc define a relation R in M X N by
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R

n

{{pa) e M x N | p ¢ q).

If we put n = dim M, it can be shown that N becomes naturally a
2(n-1)-dinmensional manifold, R becomes a (2n-1)-dimensional
submanifold of M x N, and the triplet (M,N,R) gives a compact and
connected péeudo—projective triplet of bidegree (n,1). Furthermore
we know that if M & Pn(R}, M is not homotopically equivalent to
Pn(R). Accordingly these observations make a considerable contri-
bution to Problem 1 in the case where r = 1,

For the rest of this paragraph everything will be considered
in the complex analytic category.

Corresponding to Problem 1 there naturally arises the

following

Problem 2. Classify the compact and connected pseudo-
projective triplets (M,N,R) of bidegree (n,r) up to (holomorphic)
isomorphism. In particular are there any compact and connected
pseudo-projective triplets of bidegree (n,r) other than the
standard pseudo-projective triplet of bidegree (n,r)?

Let (M,N,R) be a compact and connected pseudo-projective
triplet of bidegree (n,n-1). On the basis of Proposition 3.7 and
its dual form, both being considered in the complex analytic
category, A.Fujiki proved the following theorem, which gives a

partial answer to Problem 2.

Theorem F. The complex manifold M and N are both biholomor-
phic to the n-dimensional complex projective space Pn(C).

In his proof of the theorem Fujiki above all utilizes Theorem
4.1 in I.Morrow and H.Rossi (11 ] concerning the characterization

of P(C).







§4., Preliminaries — Some fundamental facts on the geometry
of differential systems —
4.1. General remarks on notations and terminoclogies.

(A) Graded Lie algebras. Let K be the field R of real

EARET L M e

numbers or the field C of complex numbers, and let Z be the additiveﬁ

Ty

A1

group of integers. Then a graded Lie algebra or simply a GLA over
K is a pair formbed by a Lie algebra g over K and a family

of subspaces of g which satisfy the following conditions:

(g.)

p ez
(i) dim g < o=,

%

(ii} g = ¥ % (direct sum},
P

(iii) {g,gq] c gp+q.

A graded Lie algebra will be denoted by a capital Germanic
letter, e.g., G, and then the pair (g;(gp)) will be called the
expression of G; The family (gp} itself will be called the
gradatiéh of G. PFurthermore a graded Lie algebra will be some-
times confounded with the underlying Lie algebra g.

Concerning graded Lie algebras we have the various notions
as follows: isomorphism, homomorphism, graded subalgebra, graded
ideal, direct sum, and sc on.

If G is a graded Lie algebra, we remark that 9 becomes a
subalgebra, and the Lie algebra 9 is naturally represented on
each subspace gp of g, because [go,gp] c gp.

{B) Principal fibre bundles. At the outset we make some
remarks on Lie groups. 1In this book Lie groups will be always
assumed to satisfy‘the second axiom of countability. Let G be a
Lie group. By the Lie algebra g of G we mean the Lie algebra of

all left invariant vector fields on G. As usued Ad denotes the
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adjoint representation of the lLie group G on the vector space q,
while ad the adjoint representation of the Lie algebra g on the
vector space g. Furthermore exp denotes the exponential map of g
to G.

Now, let G be a Lie group. A (differentiable) principal
fibre bundle over a manifold M with structure group G is a pair
formed by a fibred manifold P over M and an action of G on P
which satisfy the following conditions:

(1) G acts freely on P { on the right } by the rule (z,a)

+ z*a, where z ¢ P, and a ¢ G. '

(ii) Two points z and z’ of the fibred manifold P are in
the same fibre, if and only if 2’ = z-a for some a ¢ G.

A principal fibre bundle will be denoteqd simply by P.

Let P and P’ be principal fibre bundles over manifolds M and
M’ with the same structure group G respectively. Then a (bundle)
isomorphism of P to P’ is a diffeomorphism ¢ of P onto P' such

that
v(z+a) = ¥(z)a, =z e€ P, a € G.

An isomorphism % of P to P’ naturally induces a diffeomorphism,
say W, of M onto M’': 7'oy = dow, 7 and 7' being the projections
of P and P' onto M and M’ respectively. 1In particular ¢ is called
an eguivalence of P to P', if ¢ is base-preserving, i.e., M = M7,
and ¢ is the identity map of M.

Let P be a principal fibre bundle over a manifold M with
structure group G. We first remark that P is locally trivial.
Indeed let x be any point of M, and g any local cross section of

the fibred manifold P defined on a neighborhood U of x. Let us




consider the inverse image 77 V(U) of U by the projection 7 of P
onto M, and define a map Y of U X G to ﬂ"1(U) by U({x,a) = g{x)-a
for all x € U and a € G. Then it can be easily shown that ¢ gives
an equivalence of U %X G to ﬂ_1(U), where both U x G and ﬁ"1(U) é

should be naturally considered as principal fibre bundles.

e R

Example. Let G be a Lie group, and H its closed subgroup.

Let us consider the homogeneous space G/H of G over H, and w the

A0 AL LY

projection of G onto G/H. Then the group B naturally acts on G on

SFeidvv Mo

7= -5

the right, and G becomes & principal fibre bundle over G/H with

structure group H with projection m.

- RSl 1L

We then explain some notations for our later uses. For each

a € G denote by Ra the diffeomorphism z + z+a of P, which we call

O B

the right translation of P corresponding to a. Let g be the Lie
algebra of G. For A € g we set a; = exp(tA). Then we denote by
A* the vector field on P induced by the one-parameter group'(Rat)

of right translations of P, which we call the vertical vector

Iy

bundle of P. Then we easily see that for each z € P the map
A = A; gives an isomorphism of g onto V(z) as vector spaces, and
further that (R_),B* = (Ad(a”)B)* for all a € G and B € g, whence

E:

i

3
field on P corresponding to A. Let V be the vertical tangent §

§
(A*,B*] = [A,B)* for all A,B e g.

Now, let £ be a homomorphism of a Lie group G to another Lie .

group G’. Let P and P' be principal fibre bundles over manifolds

M and M' with structure groups G and G' respectively. Then a

{bundle) homomorphism of P to P’ corresponding to £ is a map ¥ of

P to P’ such that

Pl{z-a) = ¢{z)F(a), z € P, a e G.
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A homomorphism y of P to P’ naturally induces a map of M to M'.

Let G' and P’ be as above, and let G be a Lie subgroup of G’
Then a reduction of B’ to the group G is a principal fibre bundle
P over M' with structure group G such that P is a fibred submani-
fold of P’, and the inclusion map of P to P’ is a homomorphism of
P to P’ corresponding to the inclusion map of G to G'. Clearly
this last condition means that the action of G on P is induced by
that of G on P;.

For a detailed account of principal fibre bundles we refer
to Kobayashi-Nomizu [10].

(C) The frame bundles and linear group structures. 1In the
following we fix an n-dimensional vector space V once for all.

Let M be an n-~dimensional manifold. For each point x of M
we denote by F(M,V)x the set of all isomorphisms of V onto Tx(M),
and set F(M,V) = g F(M,V)x. We then define the projection n of
F(M,V) onto M by m(z) = x, if z € F[M,V)x. Let us now consider
the general linear group GL(V) of V. For any z € F(M,V) and

a € GL(V) we define an element za of F(M,V) by
(za)v = z{av), v € V.

Clearly the group GL(V) acts freely on the set FP(M,V) by the rule
(z,a) + za, and two elements z and z' of F(M,V) are in the same
fibre, i.e., w{z) = w(z'), if and only if z' = za for some

a8 € GL(V). Furthermore we know that the set F(M,V) is endowed
with a differentiable structure so that it becomes a differenti-
able principal fibre bundle over M with structure group GL(V}
with projection m. The principal fibre bundle F(M,V), thus

obtained, is called the frame bundle { of model vector space V )
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over M.

Let us now consider a diffeomorphism ¢ of an n-dimensional
manifold M onteo another n-dimensional manifeold M’'. Then we define

a map F(¢) of F(M,V) to F(M',V) by
F(o)(z) v = ¢, (2*Vv), 2z &€ F(M,V), a € GL(V).

Clearly F(¢) gives a bundle isomorphism of F(M,V} to F(M',V),
which is called the pro;ongation of ¢.

Now, let G be a Lie subgroup of GL(V). Then a G-structure
on an n-dimensional manifeold M is a reduction Q of F(M,V) to the
group G. Let Q and @' be G-structures respectively on manifolds
M and M'. By an isomorphism of Q to Q' we mean a diffeomorphism
¢ of M onto M' such that the prolongation F(¢) of ¢ sends Q onto
Q’. We notice that the restriction of F(¢) to Q gives a diffeomor-
phism of Q onto Q', which is clearly a bundle isomorphism.

Lef Q be a G-structure on a manifold M, and 7 the projection

of Q onto M. Then we define a V-valued 1-form £ on Q by
z+E(X) = 1, (X), X € TZ(Q}, z € Q.

The 1-form £, thus defined, is called the basic form of Q.

Clearly we have the following

Lemma 4.1. (1) The vertical tangent bundle of Q is defined
by the Pfaffian equation: £ = 0.

(2) Rgﬁ = a;Tg, a e G.

We also remark that the basic form £ of Q is the pull-back
of the basic form of the GL(V)-structure F(M,V).

Finally we make some remarks on the notion of absolute

parallelism. An absolute paiallelism on an n-dimensional manifold
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M is usually defined to be a (global) cross section g of F(M,V},
which essentially means an e-structure ©Q on M, where e stands for
the subgroup of GL(V) consisting of the identity element e only.

As is easily seen, the geometry of manifolds equipped with absolute
parallelisms or with e-structures may be represented by the
geometry of manifolds M equipped with V-valued 1-forms satisfying
the following condition:

(#*) For each x ¢ M the map X + w{X) of TX(M) to V gives an
isomorphism of TX(M) onto V,

Here, the notion of isomorphism in the latter geometry is of
course defined as follows: Let w and w"be V-valued 1-forms
respectively on manifolds M and M’ satisfying condition {%).

Then an isomorphism of (M,w) to (M',w’) is a diffecmorphism ¢ of
M onto M’ such that w’ = ¢*w. These being observed, a V-valued
1-form w on a manifold M satisfying condition (*) will be also
called an absolute parallelism on M.

(D)} The prolongations of a space of linear maps. Let V and
W be two vector spaces of finite dimension. As usual Hom(V,W)
denotes the vector space of all linear maps of V to W, which may
be naturally identified with the tensor product W & v*, Now, let
g be a subspace of Hom(V,W)}. Then the (first) prolongation g(1)
of g is the subspace of Hom(V,g} consisting of all A ¢ Hom(V,qg)
such that A{v)v’' = A{(v')v for all v, v’ € V. g(1) being a subspace
(1)

of Hom(V,g}, we may speak of the prolongation of g , which we

denote by gtz), and call the second prolongation of g. In this
way we have the k-th prolongation of g for any k 2 1. We promise
(0)

that the 0-th prolongation g of g is the given subspace g. As
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is well known, the k-th prolongation g(k) of g may be simply

defined by

k+1

gk = g s¥vx) nw s (vey,

where sl(v*) denotes the &-th symmetric product of V¥*, and

g © sK(v*) should be regarded as a subspace of W ® V¥ ® s¥(vx).

4.2. The symbol algebras of differential systems and FGLA's.
Let D be a differenﬁial system on a manifold R. Let us consider
the sheaf 7 of Lie algebras of germs of local vector fields on R
and the sheaf ) of germs of local cross sections of D. Let us
also consider the derived sheaves oP (p < 0) of ? as well as the
derived systems pP (p < 0) of D (see(F) of 1.2). We recall that

7 oree PP oeeen D_1 = D, and T D*+*> pDP oeers D-1 = D, where

T = T{(R).
We say that the system D is regular, if DP is a subbundle of

T for each p < 0.

From now on we assume that D is not reduced to the zero

system, and is regular. Clearly PP coincides with the sheaf of

germs of local cross sections of pP,

Lemma 4.2. Let x be a point of R. If X € Dp(x), Y e Dq(x],
and x, € DP*'(x), then [%,¥], e DP"¥* (x).

Proof. Since X ¢ Dp+1(x), we can find 2 ¢ Dp+1(x) such
that X = 2. If we put W = X - 2, we have W € P(x), W, =0,

and [X,Y]x
Dp+q+1(x), and hence {Z,Y]x € DP+Q+1(x}. Furthermore let (xi) be

[Z,Y]x + [W,Y]x. By Lemma 1.4 we have [2,Y] €

a moving frame of DP defined on a neighborhood of x. Then W may
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be expressed as follows: W = Z fi-xi, and the coefficients fi
satisfy fi{x) = 0. Thereforelit follows that [W,Y]x

= - Z Yxfitxi)x e DP(x) Dp+q+1(x). We have thus shown that
[X,Y?x € Dp+q+1(x), proving the lemma.

Now, we set:

Gotx) = Pex) /0P (2, Ex) =} §,(x)
P
gp(X) = Dp(Xl/Dp+1(XJ, t(x) = 7% gp(x).
P
Here, we promise that DP(x)} = {0) and DP(x) = {0} for pz 0.

By Lemma 1.4 we see that t(x) becomes naturally a Lie algebra,
and [ép(x),éq(x)] c §p+q(x}. ( Note that t(x) is not a graded Lie
algebra, because ép(x) are of infinite dimension. ) The natural
maps of Dp(x] onto DF(x) naturally induce linear maps of §p(xj
onto gp(x], and in turn these naturally induce a linear map, say
¢, of £{x) onto t(x). Then we see from Lemma 4.2 that there is a
unique Lie algebra structure in t(x} such that ¢ gives a Lie
algebra homomorphism of t(x) onto t(x). For any p let us denote

by o the projection of pP(x) onto gp(x). Then the bracket

operation in the Lie algebra t(x) is concretely given by
[wf (%) =d(e, )] = = 90x,v1),

where X € Dp(x), and Y ¢ Dq(x).

Clearly we have [gp(x),gq(x)] c g q(x), and hence the pair

P+
(t({x), (gp(x}}) defines a graded Lie algebra, which we denote by
T(x). Moreover, g_4{x) = D(x] % {0}, and the Lie algebra t(x) is

generated by g_,(x), i.e., g (x) = [gp(x),g_1(x)] for p < O,

p-1
because 59_1(x) = [§p{x),§_1(x)} for p < 0. Incidentally we

remark that g_2(x) is a subspace of T(x)/D{x), and
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Yx{xry) = [XI‘Y]I X, ¥ g D(x)l

where Yy stands for the torsion of D at x.

Tn view of the observation above we now give the following
definition. Let T be a graded Lie algebra, and (t,(gp)) its
expression. Then T is called a fundamental graded Lié.algebra or
briefly a FGLA, if the following conditions are satisfied:

(i) dim t < =,

(i) g_, % {0}, and the Lie algebra t is generated by g_,.

i.e., g [gp,g_1] for all p < 0.

p-1

From this last condition it follows that 9y = {0) for all
p 2 0. Accordingly the gradation of the FGLA will be denoted by
(g5)p < o

Let T be a FGLA. Given a positive integer u, T is said to
be of the u-th kind, if 9_.1 = {0} and 9_y 3 {0) or equivalently
9 = {0) for all p < -u, and 9 p X {0) for all -p s p & -1.
Furthermore T is said to be non-degenerate, if the condition
"X & g_q. [X,9_41 = {0} " implies X = 0.

Let D be a differential system on a manifold R. The assump-
tions and notations being as above, let us consider the graded
Lie algebra T(x) or (t(x),(gp(x))) for each x € R. Then T(x) is
a FGLA, which is called the symbol algebra of D at x.

Let T be a FGLA, and t its underlying Lie algebra. Then the
system D is said to be of type T, if the following conditions are
satisfied:

{a) D is not reduged to the zero system, and is regular,

{b) T(x} = T at each x € R,

(c) dim R = dim t.
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4.3. Differential systems of type T. 1In this and the
subsequent paragraphs T will be a fixed FGLA, and (t,(gp)p<0) its
exXpression.

For each p < 0 we set

=1

®=1g

s r
j=p J

and define subgroups H and HO of GL(t) as follows:
H=1{aeGL(t) | ad®? = aP, p < ¢ 3,

Hy = { a e GL(t) | ag, = g p <0 ).

0 p’
Now, the factor space dp/dp+1 may be naturally identified with gp,

where we set 4° - {(0}. Hence every element a of H naturally

induces an element, say 3, of H.: aX = ax ( mod aP*'y for al1
0
X e gp. Clearly the map a + a gives a homomorphism, say ¢, of H

onto HO. We denote by N0 the kernel of r. Then we have

H=H -NO (ysemiudirect ).

0
Let G0 be a Lie subgroup of the automorphism group Aut(T) of
T. Then we denote by Gg the inverse image of G0 by £. Clearly
we have
#o_ N0
G0 = GO N™.

Now, let D be a differential system of type T on a manifolgd
R, and (Dp) the family of derived systems of D. Let us consider
the symbol algebra T(x) of D at any xe R. Let us also consider

the frame bundle F(R,t), and let 7 be the projection of F(R,t)
onto R. We denote by F(R,D,T) the subset of F(R,t) consiting of

all z ¢ F(M,t) such that z+dP =Dp(x), where x = #@({z), which
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clearly gives a differentiable reduction of F(R,t) to the group H.

p+1{x), every z € F(R,D,T)

Since 9p = dp/dp+1 and gp(x) = pP(x})/D
naturally gives rise to an isomorphism, say z, of t onto ti(x) as
vector spaces. This being said, we denote by F(R,D,T) the subset
of F(R,D,T) consiting of all z e F(R,D,T) such that z give isomor-
phisms of T to T({x).

We shall show that F(R,D,T) gives a differentiable reduction
of F(R,D,T) to the group put(T) 7.

Let 8 denote the vector space of all anti-symmetric bilinear

maps s of £t x t to t. The group H acts on § by the following

rule:
(s?)(X,Y) = tla) 's(c(a)X,g{a)y),

where s € S, a ¢ H, and X,Y € t. Using the bracket operation in

the Lie algebras t(x), we now define a map ¢ of F(R,D,T) to S by
#(z)(X,¥) = 2 V[2X,3¥], =z e F(R,D,T), X,Y € t.

Since {za] = E-;(a) for all z € F(R,D,T) and a € H, we see that ¢
is H-equivariant: ¢(za) = ¢(z}a. Now, let Sy denote the bracket
operation in the Lie algebra t. Clearly Aut(T}# is the isotropy
group of H at the point Sy € %;JJgince D is of type T, it follows
that the image of F(R,D,T) by.élis in the H-orbit through s,, and
further that F(R,D,T) is the inverse image of S by ¢. Bf Lemma
A.3 in Appendix A we have therefore shown that F(R,D,T} really
gives a differentiable reduction of ?(R,D,T) to the group Aut(T)#.

We remark that the construction above of F{R,D,T) uses the

inverse function theorem.
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4,4, G§~structures of type T. At the outset we prepare some
notations for our later arguments.

Let P be a manifold, and let 6 be a t-valued 1-form on it.
Assume that 8 is independent in the sense that dim P = dim t
+ dim 87'(0) at each z € P, where 67'(0) = { x e T_(P) | 8(x) = 0 }.
For each j < 0 denote by Bj the gj-component of 8 with respect to
the decomposition t =.Z gj. Furthermore let o and B differential
forms on P which takej;glues in a vecﬁor space V of finite dimen-

sion. Now, let p be any integer < 0. Define a subset I(p} of

Z x 2 by
Ip) = { (r,s) e 2 x2 | p<r,s <0, and r+s < P l.

Then, by the notation " g B " we mean that

3
a S B ( mod er (r 5 p); Br/\ Sst(r,s) e I(p)l).

Namely, take a basis (ejA)TsAsnj of gj for each j < 0 and a basis
(u,) sk ©f Vi and set Bj = ;-ejAejA' a = é au,, and B = 5 B U,
sA snj,
J € 0) are linearly independent at each point of P. } Furthermore -

{ Note that the independence of 8 means the 1-forms ajA {1

let 2(P) denote the sheaf of germs of local differential forms on
P. Then the notation ”cxs B" concretely means that the forms
a, - BV give cross sections of the subsheaf of ideals of Q(p)

generated by the following forms:

0

oA

r (1 A S n

(r,s) € I(p}).

Let G0 be a Lie subgroup of Aut{T), and let Q be a Gg—

erk A‘SSK (t s X sn_, ' sk s n_,
structure on a manifold R. Then Q is said to be of type T, if the

basic form £ of Q or the family (gp)p<0 satisfies the following




|-

g + I [E..6,]

P r+s=p P

where the notation £ " should be considered with respect to £.

o

Note the egquation dg_1 2, 0 is automatically satisfied.

Let D be a differential system of type T on a manifold R,
and let us consider the AutIT)#-structure F(R,D,T) on R. Let w
be the projection of F(R,D,T) onto R, and £ the basic form of the

structure. Let us consider the family (Dp) of derived systems of

D.

Proposition 4.3. (1) The pull—back w;1(Dp) of DP by 7 is
defined by the system of Pfaffian equations: gj =0 {(j < p).

{2) F{(R,D,T) is of type T.

Proof. For simplicity we set Q = F(R,D,T).

(1} For any z € R and X e TZ(R) we have z+&£{X} = m {X).
Clearly E£(X) e dp, if and only if #n,(X) e Dp(x), where x = w(z).
This clearly means that n;1(Dp) is defined by the system of
Pfaffian equations gj =0 (3 < p).

(2} The matter being of lccal character, we may assume that
Q is trivial. We take a cross section g of Q, and set o = g*§
and ap = g*gp. Note that a gives an absolute parallelism on R.
Now, there is a unigue map a of Q to Gg such that 2z = g(7w(z}))+a(z)
for all z € Q. Moreover there are unique maps b of Q to G0 and c
of Q to NU such that a(z) = c(z)b(z) for all z € Q. By Lemma 4.1

-1

we have £ = a  7w*a, from which follows that

b—1

1t

&

* *u.(j <
o Tra ( mod w UJ(J p}).

n*ap = bgp { mod £j(j < pl).

Then we can easily show that
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= = "1*
iy E b 'w Ap

{ mod n*ar (r 5 p); n*ar A w*as ((r,s) € I(p))),

- 1 1
where £ = df 4+ = 7§ (€ /6.1, and A = da_ + + D le_,a_ ).
P P2 r+s=p <+ S P b2 r+s=p T %

Therefore (2) follows immediately from the last statement of the

next lemma.

Lemma 4.4. (1) DP is defined by the system of Pfaffian
equations aj =0 (j < p).
(2) o (1X,¥],) = o (X ) e (Y,)], where X € D¥(x), ¥ D% (%),

and p = r+s.

(3) Ap = 0 ({mod a. (r = p); @A o, (lx,s) e I(p)))

Proof. (1) follows immediately from (1) of the proposition.
(2) Take any x ¢ R, and set z = g(x). Then, for all
X € TX(R) we héve z2+a{X) = X and hence E-ap[X) = mp(x); Now,

take any X ¢ Dr{x), Y € Ds(x), and set p=r+s. Then it follows

that
Z*Iar(xx),as(Yx}] = [z-ar(xx).z-as(Yx)]
_ r s ! .
= [m (Xx),m (Yx)] = W {[X;Y]x) =z ap{[X,Y]xJ,
whence [ar(XxJ,aS{Yx)] = Gp([X,Y]x)-
(3} Since ¢ givés an absolute parallelism on R, we have
Ap 20 { mod a. A as(r,s < 0)). Moreover, in view of (1) we

i}

obtain Ap(xx,Yx) —ap([x,Y]X) + [ar(xx),as(Yx}], where X ¢ Dr(x),

Y ¢ Dstx), and p = r+s. These being observed, (3) can be easily

derived from (1) and (2).

Now, let G, be a Lie subgroup of Aut(T). Then it is clear

0
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from Proposition 4.3 that any reduction Q of F(R,D,T) to the
group Gg is of type T.
Conversely let Q be any Gg—structure of type T on a manifold

R. Let w be the projection of Q onto R, and £ the basic form of

0. Then we have the following

Proposition 4.5. (1) For each p < 0 there is a unige
differential system pP on R such that n;1(Dp) is defined by the
system of Pfaffian equations &j =0 (j < p).

(2) Set D = p-'. Then D is of type T, and (DP) is the
family of derived systehs of D.

(3} Q gives a reduction of F(R,D,T) to the group Gﬁ.
Furthermore D is a unique differential system of type T on R
héving this property.

The system D will be called associated with Q.

frodf. For each p < 0 let DP be the differential systém on
Q defined by the system of Pfaffian eguations gj =0 (j < p).
Then it is easy to see that DP is invariant under the right
translations of Q, and contains the vertical tangent bundle of Q.
Hence there is a unigue differetial system pP? on R such that
n;1(DP) = DP, proving (1). (2) and (3) can be easily verified by
a reciprocal argument to the proof of Proposition 4.3. ( The

unigueness assertion in (3) is clear from the first assertions of

Propositions 4.3 and 4.5 )

4.5. Transitive graded Lie algebras and algebraic prolonga-
tions. Let G be a graded Lie algebra, and (g,(gp)) its expression.

If we set = ;W that i
g_ péo gps we see tha the pair (g-'(gp)p<0} or
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precisely (g_,(g_rxgpn gives a (truncated) graded subalgebra of G,
which we denote by G_. Then G is said to be transitive, if the
following conditions are satisfied:

{1} G_ is a PGLA,

{id) If pz 0, X e I and [X,g ] = {0), then X = 0.

If G is transitive, G_will be called the truncated FGLA of

Now, let T be a FGLA. We shall show that there is naturally
associated to T a graded Lie algebra & which satisfies the follow-

ing conditions:

[}

(a) is transitive,
(b) G_ =1,
{c)

conditions (a) and (b). Namely, let G be any graded Lie algebra

(]

is maximum among the graded Lie algebras satisfying

satisfying theée conditions. Then G is naturally imbedded in &.

Let (t,(gp) } be the expression of T. For all p <0 we

p<0

set ép = g,- For all p z 0 let us now define vector spaces ép

inductively as follows: First of all we define éo to be the

derivation algebra Der(T) of T. k being a positive integer,

~

suppose that we have defined gp for all 0 s p < k so that ﬁp are

b £ = H 3 Hom(t, g .  Then we
subspaces of g rgo om(gr,gr+p} c Bom( rzo gr+p}
define 9, to be the subspace G = rEO Hom(g,_,g,. ,) which consists

of all Xk € ﬁk satisfying the following equalities:
xk(Yr](ZS) - xk(zs}(yr] = xk{[YI‘ZS]}’
where Yr € g, % € gor TS < 0, and we promise that

Xk(Yr}(ZS) = [Xk(Yr),Zs], if r+k < 0;
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xk(zé)(yr) = [xk(zs],yr], if s+k < 0.
Thus we have completed our inductive definition. Set g = E ép‘
Then we easily see that there is a unique bracket operatiog % 1.
in g having the following properties: (i) The pair (é,(ép))
defines a graded Lie algebra, say é, with respect to this bracket
operation, (ii) & satisfies condition {(b), and (iii) (%, ,¥_]

€ g, and all k 2°0, r < 0. Moreover

= xk(Yr) for all xk € g+ Yr

it is clear that é satisfies conditions (a) and (c}.

The graded Lie algebra é, thus defined, is called the prolon-
gation of T, We remark that there is a ﬁnique element E in the
centre of éo such that {E,X] = p¥ for all X ¢ ép and all p.

Now, let g, be a subalgebra of §0. For all p 2 1 we define
subspaces gp of ép inductively as follows: k being a positive
integer, suppose that we have defined gp for all 0 < p < k. Then
gkis defined to be the subspace of 9 which consists of all
X, € ék such that [X,,9_} c g, for all r < 0. If we put

g = 'E gp, we can easily verify that the pair (g,(gp]) defines a
peZ

graded subalgebra, say G, of G.

The graded Lie algebra G, thus defined, is called the
prolongation of the pair (T,gol.

We shall now recall a proposition concerning the finite
dimensicnality of a transitive graded Lie algebra.

Let G be a transitive graded Lie algebra, and (g,(gp)) its
expression. At the outset we remark that the condition " p & 0,
X € I and [X,g9_,1 = {0} " implies X = 0. 1In particular we know
that the natural representation of the Lie algebra 9o On 9_4 is

faithful, and hence g, may be naturally identified with a
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" subalgebra of gl{g_T), the Lie algebra of all endomorphisms of

g_q-

For each p 2 0 we now define a subspace hp(G) or hp of go by
h =1{ Xe X,g9. = ] = -
b 95 Pt gjl {0} for all j 2 ).

Clearly h0 is an ideal of 9o+ aﬁd hence it may be identified with
a subalgebra of gl(g_1). Moerover it is clear that the subspaces
hp satisfy the following conditions: (i) [hp,g_1] c hﬁ_q' where
we promise that h_1 = g_q: (id) f[x,¥1,2] = [[(X,21,Y) for all

X ¢ hp,and ¥,2 € g_., and (iii) the condition " p z 0, X ¢ hp,
and [X,g_,] = (0} " implies X = 0. Hence it follows that for
each p > 0 hp may be naturally identified with a subspace of the
p-th prolongation hép) of the subalgebra h0 of gl(g_1) and also

with a subspace of the first prolongation of hp—1' These being

observed, we state the following

Proposition 4.6 ( Corollary to Theorem 11.1 in (181). The

Lie algebra g is of finite dimension, if and only if hk vanishes

for some k 2 0, and hence hp vanish for all p & k.

We now make some comments in connection with this proposition.
Assume that G is the prolongation of the pair (G_,go), G_ being
the truncated FGLA of G. From the very definition of the prolon-
gation it follows that hp just coincides with the p-th prolongation
h(P) of h, for each p & 0.

0 0

By the proposition we therefore see that g is of finite

dimension, if and only if the subalgebra hO of gl(g_1J is of

finite type, i.e., hék) vanishes for some k 2 0 { Corollary 2 to

Theorem 11.1 loc. cit. ). Furthermore assume that 9y = Der(G_) or

- 107 -




equivalently G is the proleongation of G_. Then it can be shown
that if G_ is degenerate oOr not non-degenerate, then g is of

ijnfinite dimension.{ of. the proof of (2) of Proposition 5.8 ).

Remark. Let T be a FGLA, and (t,(gp)p<0) its expression.
Let E be a graded (left) T-module. Namely E is a pair formed by

a t-module E and a family (E of subspaces of E which satisfy

p}pez
the following conditions: (i} dim By < = (ii) E = } Ep (direct
P
sum), and (iii) gr-Ep c Er+p' We define a subspace H of E by

H={aekE]| X+a =20 for all X ¢ A and all p s -2 }.

p
cited above may be restated as follows.

Clearly we have H = } By where H = H n E_. Then Theorem 11.1
P

Theorem. Assume that Ep vanishes for any sufficiently small
p. Then E is of finite dimension, if and only if H is of finite
dimension.

We observe that Proposition 4.5 really follows from this
theorem, because G becomes naturally a graded G_-module.

Our original proof of Theorem 11.1 made use of the charac-
terization due to Serre of an involutive module in terms of the-
Spencer cohomology groups cf. Guillemin {8 1] ). In his
unpublished paper [{3] Naruki gave an elementary proof of the
theorem just stated which is based on the structure theorem for

modules over PID only.

4.6. A general prolongation theorem for Gg—structures of
type T. Let T be a FGLA. Let G0 be a Lie subgroup of Aut(T},
and 99 its Lie algebra, being a subalgebra of Der(T). Let G be
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the prolongation of the pair (T,go), and g its underlying Lie

algebra.

Theorem 4.7. Assume that G0 is connected, and that g is aof
finite dimension.

(1) Let Q be any Gg—structure of type T on a manifold R.
Then there is canonically associated to Q a pair (P,w) as follows:
P is a fibred manifold over R, and w is a g-valued 1-form on P
and gives an absolute parallelism on it. The pair (P,w) is
called the prolongation of Q.

(2) Let Q and Q' be Gg-structures of type T on manifolds R
and R’, and let (P,w) and (P',w') be their prolongations, respec-
tively. If ¢ is an isomorphism of Q to Q', then there is a

unigue isomorphism ¢ of (P,w) to {(P’,w’) as manifolds with

absolute parallelism such that T o don, where 7 and 7’ are the
projections of é and P' onto R and R’ respectively. Conversely
if b is an isomorphism of (P,w) to {P',w’) as manifolds with
absolute parallelism, there is a unique isomorphism ¢ of Q to Q'
such that ¢ = ¢.

This theorem follows immedicately from Theorem 8.3 in [18]
( see also the proof of Theorem 8.4 there ).

The notations being as in the outset, assume that g is of
finite dimension. ( We do not assume that GO is connected ! }
Let Q be a G§~structure of type T on a manifold R, and let us
consider the automorphism group Aut{Q) of Q as well as the sheaf
a(Q) of germs of local infinitesimal automorphisms of Q. Then,

in view of Theorem 4.7 combined with Palais [14) we have the

following
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Corollary. (1) Each stalk a(Q)x of a{Q} is of finite
dimension, and dim a(Q)x = dim g.
{2) Aut(Q) becomes naturally a Lie group, and dim Aut{(Q)

£ dim g.
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§5. Equivalence problem for almost pseudo-product manifolds

5.1. Almost pseudo-~product manifolds and pseudo-product
FGLA’s. an almost pseundo-product structure on a manifold R is a
pair formed by différential systems E and F on R which satisfy
the following conditions:

(1) EnNnF = 0, and hence the sum B + F gives a differential
system, say D, on R,

(2) Fof any local cross sections X and Y of E or of F the
bracket [X,Y) gives a local cross section of D.

Then an almost pPseudo-product manif&ld is a manifold R
eguipped with an almost pPseudo-product structure (E,F) or the
triplet (R,E,F).

Let R be an almost pseundo-product manifold, and (R,E,F) its
expression. Then R is said to be integrable, if both E and F are
completely integrable. Clearly an integrable almost pseudo-
product manifold means a pseudo-product manifold.

Let us consider the torsion Yy of D at any x € R. Then we

can easily prove the following lemma ( cf. the proof of Lemma 3.3).
Lemma 5.1, Yx{X;Y) = 0 for any vectors X and Y in E(x) or
in F(x). In other words both E{x) and F(x) are integral elements

of D at x.

Assuming that D % 0, and D is regular, let us now consider
the symbol algebra T(x) of D at x, and let (t(x), (gp(x)}p<0) be

its éxpression. Clearly we have
g_1(x) = E(x}) + F(x) (direct sum) ,

and Lemma 5.1 may be restated as follows:

- 11t -




[E(x),B{x)] = [Fi{x),F(x)] = (0}.

This being said, let T be a FGLA, and (t,(gp)p<0

expression. Let e and £ be subspaces of I_q- Then the triplet

) its

(T,e,f) is called a pseudo-product FGLA, if it satisfies the
following conditions:

(i) g_q = e+f (direct sum),

(ii) [e,e]l = [£f,£f) = (0).

A pseudo-product FGLA will be denocted in principle by a
capital Germanic letter, e.qg.,L, and then the triplet will be
called the expression of L.

Let L and L' be two pseudo-precduct FGLA’s, and (T,e,f)} and
{(T’,e’,f’) their expressions. By an isomorphism of L to L' we
mean an isomorphism of T to T’ which sends e onto e’ and f onto
£r.

Let L be as above. Then L is said to be of the p-th kind,
if T is of the p-th kind. It is also said to be non-degenerate,
if T is non-degenerate. |

Now, considexr an almoét pseudo-product manifold A, and
assume that D 2 0, and D is regular. Let x be any point of R.
Then we see from the remark above that the triplet (T(x),E(x),
F(x)) defines a pseudo-product FGLA, which we denote by L{x), and
call the symbol algebra of A at x.

Finally let L be a pseudo-product FGLA. Then R is said to
be of type L, if the following conditions are satisfied:

{a) L{(x) = L at each x € R,

{b) dim R = dim t, t being the underlying Lie algebra of L.

We remark that if R is a pseudo-product manifold of type L,
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and L is non-degenerate, then R is a generalized pseudo-projective

system.

5.2. Almost pseudo-projective systems,and pseudo-projective
FGLA's. Let (n,r) be a pair of integers with 1 gr g n-1. Let R
be an almost pseudo-product manifold, and (R,E,F) its expression.
Then # is called an almost pséudo—projective system (of order 2)
of bidegree(n,r), if the following conditions are satisfied:

. (1) D(= E + F) is non-degenerate,
(2) dim R = n+r{n-r), rank E = r, énd rank F = r{n-x).
Clearly an integrable almost pseudo-projective system means

a pseudo-projective system.

Lemma 5.2. If R is an almost pseud0-projective system of
bidegree (n,r), then the first derived system of_D coincides with
T(R), and hencé D is regular.

Proof. Let x be any point of R, and let us consider the
torsion Yy of D at x. Then we have the following: (i} D{x) =

E(x} + F(x} (direct sum), (ii) YX(E(x],E(X)J = Yx(F(X),F(X)]

I

{0) (Lemma 5.1), (iii) Y, is non-degenerate, and (iv) dim E(x}

r, dim F(x) = r{n-r), and dim{(T(x)/D(x)) = n-r, where T = T(R).

1]

We define a linear map Y =+ Y of F{x) to Bom{E(x),T(x)/D(%x)) by

-~

Y(x) = Yx(Y,X}, X e BE(x).

Then we easily see from the remark above that the linear map
Yy + Y maps F(x) isomorphically onto Hom(E(x),T{x)/D(x)). Hence

we obtain

T{x}/D(x) = ‘rx(E(x},F(x)) = v, (D{x),D(x)),
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which clearly implies the lemma.
Let L be a pseudo-product FGLA, and (T,e,f) its expression.

Let (t,(gp} } be the expression of P. Then L is called a

P<g
pseudo-projective FGLA of bidegree (n,r), if the following
conditions are satisfied:
(i} L is of the second kind, and hence t = 9o v 9_q-
(ii) L is non-degenerate, which means that the condition
"X ee, [X,£f] = {0} "or " Xef, [X,e]l] = {0) " implies X = 0,
{iii) dim g_, = n-r, dim e = r, and dim f = r(n-r). _
If R is an almost pseudo-projective system of bidegree (n,r),
ve see from Lemma 5.2 together with its proof that the symbol

algebra L(x) of R at any x € R is a pseudo-projective FGLA of

bidegree {n,r).

Proposition 5.3. There is a unique pseudo-projective FGLA
of bidegree (n,r} except for isomorphisms.
Proof. Let L be a pseudo-projective FGLA of bidegree (n,r).

We define a linear map ¥ + Y of £ to Hom(e,g_z) by
Y(X) = [¥,X], X e e.

Then we see that the linear map Y + §'maps f isomorphically onto
Hom(e,g_z) ( cf. the proof of Lemma 5.2 ). In view of this fact
we can easily obtain the proposition.

By Proposition 5.3 we have the following

Proposition 5.4. Let L be a pseudo-projective FGLA of
bidegree (n,r), and let R be an almost pseudo-product manifold.
Then R is an almost pseudo-projective system of bidegree (n,r),

if and only if it is of type L.
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As an application of the symbol algebra of an almost pseudo-

projective system we shall prove the following

Proposition 5.5. Let 2 bhe an almost pseudo~projective system
of bidegree (n,r), and (R,E,F) its expression. Let X any point
of R. If n-r 2 2, then F(x) is a unigue r{n-r)-dimensional
integral element of the system D(= E + F ) at x.

Before proceeding to the proof we shall explain some conse-
quences of the proposition.

First of all we know that if n-r & 2, the system F is
naturally associated with the system D or it is a convariant
system of D in Cartan’s terminology. More in detail it can be
shown that F can be naturally constructed from D by rational
operations and differentiations. { The exact meanings of these
operations will be clarified in Part II. ) Clearly this fact

implies the following

Corollary 1 ( e¢f. Backlund [% ] and Yamaguchi {231).
Consider the Grassmann bundle J(M,r} over an n-dimensional
manifold M. If n-r 2 2, then the vertical tangent bundle V of
J{M,r) is naturally associated with the contact system C of
J(M,r).

Next, let X be a pseudo-projective structure of bidegree
(n,r) on a manifold M. Let R be the assoclated pseudo-projective
system of bidegree (n,r), and (R,E,F) its expression. Assuming
condition (D.1) in 3.6, let us consider the dual X* of X. We
recall that X* is a generalized pseudo-projective structure of

bidegree ((r+1)(n-r),r{n-r)), on the manifold N{(= R/E}, and is

- 115 -




expressed by (g, (R),k,(F)), where K is the immersion of R to
J(N,r(n-r}) associated with the dual R* of R. Now, the propo-

sition implies the following

Corollary 2. If n-r 2z 2, then the system y* of differential
equations of the second order is the prolongation of the system
k(R) of differential eguations of the first order.

For the definition of the prolongation of a system of

differential eguations see [ 7 ] and [22].

Proof of Proposition 5.5. Let x be any point of R, and let
us consider the symbol algebra L{x) or (T(x),E{x},F(x)) of Rat x.
For simplicity set g_ = gp{x}; e = E(x), and £ = F(x). Now,

p
assume that n-r z 2, and let z be any r{n-r)-dimensional contact

element of D at x, meaning that z is an r(n-r)-dimensional
subspace of g_, such that {z,2] = {o}. We take a complementary

subspace e’ of e 7 z in e, and define a linear map X -+ ﬁ of z to
Hom(e',g_,) by
X(y) = [X,¥], Yee'.

Then we easily see that the kernel of the linear map X =+ X is

e N z. Hence we obtain
dim 2z s dim {e n z) + dim e’*-dim 9 o

vwhence (n-r-t}dim (e n z) $ 0. 8ince n-r 2 2, it follows that
e nz = {0}, and hence g_q = e+z (direct sum). Therefore we can

find a unigue linear map ¢ of £ to e such that
z = {¢{X) + X | X e £]).

Now, we take bases (ei) of e and (da} of f.
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Here and in the following the indices i,j,k range over the
integers i,+++,r, and the indices a,b,c over the integers 1,---,
n-r. Then we see from the proof of Proposition 5.3 that there is
a unigque basis(di) of f such that [e;,ej] = nga. Hence ¢ may be

expressed as follows:
Jy jk
¢lef) = £¢b e -
Since [z,2] = {0), we have [ei,¢{eg)] + [¢(ei),eg] = 0, whence

I (ogt6S - o162y = 0.

Contracting both sides of the equalities above with respect to a

and ¢, we obtain
(n-r)eg” - o7 = o,
from which follows that
ey 2.i3 i
(n r)‘ ¢ = ¢b .
Since n-r 3 2, we therefore obtain ¢;j =0, i.e., & = 0. We have

thus shown that 2z = £ = F(x), proving the proposition.

5.3. Almost pseudo-product manifolds of type L and Aut(L)#-
structures of type T. In this paragraph L will be a fixed pseudo-

product FGLA, (T,e,f) its expression, and (t,(gp) ) the expres-

p<0
sion of T,

Let R be an almost pseudo-product manifold of type L, and
(R,E,F) its expression. Clearly the system D{(= E + F)} is of type

T, and we apply the argument in 4.3 to this system. Let us

consider the symbol algebra L(x) or (T(x),B(x),F({x)) of R at any
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%x € R. Then we denote by F(A,L) the subset of F(R,D,T) consisting
of all z € F(R,D,T) such that z give isomorphisms.of L to L{x),
where = = m(z).

We shall show that F(R,L) gives a differentiable reduction
of F(R,D,T) to the group Aut(L)#, where Aut(L) is the automor-
phism group of L.

Let § newly denote the set of all the pairs e’ and f' of 9_4
such that g4 = e’ + f' {direct sum), which becomes naturally &
real analytic manifold. The groﬁprAut(T)# acts on § by the

following rule:
! Y- -1 t =1 [ r ' - ' #
(e’ ,£')% = (gla) 'e',t{a) £}, (e',£') & 8§, a € Aut(T)".
Then we define a map & of F(R,D,T) to S by
(z) = (27 -B{x),5 +F(x)), z-¢ F(R,D,T),

where x = 7m(z). Now, the pair of the subspaces e and f of g9_,
gives a point of S§. Clearly Aut(L)# is the isotropy group of
aut(T)¥ at the point (e,f) € §. Since R is of type L, it follows
that the image of F(R,D,T) by ¢ is in the Aut(T]#—orbit through
(e,f), and further that F(R,L) is the inverse image of (e,f) by ¢,
By Lemma A.3 we have therefore shown that F(AX,L) really gives a
differentiable reduction of F(R,D,T) to the group Aut(L)#.

We remark that the construct;on above of F(R,L) uses the
inverse function theorem similarly to the construction of F(R,D,T)
in 4.3. However, consider the special case where L is a pseudo-

projective FGLA. Then it is clear that F(R,L) as well as F(R,D,T)

can be constructed by rational operations and differentiations.

We denote by 7w the projection of F(R,L) onto R, and by & the
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basic form of F(R,L). We alsoc denote by gi1(resp. by 5:1) the e-
{resp. f-) component of 5_1 with respect to the decompoesition

g_ 4 =&+ £.

Proposition 5.6. F(R,L) is of type T. Furthermore the
system n;1(E) is defined by the system of Pfaffian equations
gj = 5:1 =0 (j £ -2), and the system n;1(F} by the system of
Pfaffian equations & = gf1 =0 (j s -2).

Proof. The first assertion is clear. The proof of the
second assertion is quite similar to tha; of (1) of Proposition
4.3.

Now, let Q be any Aut(L)#—structure of type T on a manifold

R. Let 7 be the projection of Q onto R, and £ the basic form of
Q. As hefore the g_1—valued t-form 6_1 is decomposed as follows:
by = By v By

Proposition 5.7. (1) There are unique differential systems
E and F on R such that ﬁ;1(E} is defined by the system of Pfaffian
equations gj = §:1 =0 (j £ -2), and n;1(F) by the system of
Pfaffian equations €j = Ej1 =0 (j § -2).

{2) The triplet (R,E,F) defines an almost pseudo-product
manifold, say AR, of type L.

(3) Q = F{(R,L). Furthermore 2 is a unigue almost pseudo-
product manifold of type L having this property.

The manifold R will be called associated with Q.

Proof. The proof of (1) is quite similar to that of (1} of
Proposition 4.5. Let us prove (2) and (3). We first remark that

Q gives a reduction of F(R,D,T) to the group Aut(L)# ( by (3) of
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Proposition 4.5, where D is the differential system of type T
associated with Q. Now, for our purpose we may assume that Q is
trivial., Take a cross section g of Q, and set « = g*g, ap = é*gp,
and uf1 = g*€f1. et (DPP) be the family of derived systems of D.
Then it is clear that DP is defined by the system of Pfaffian
equations aj =0 {(j < p}), E by the system of Pfaffian equations

aj =0_, = 0 (j s-2), and F by the system of Pfaffian equations
aj = a; =0 (j § -2). Clearly we have D = E + F (direct sum).
Since Q is of -type T, we obtain

1
dO’.p + 5 2 [ar:a ] Or

r+s=p S P
where g is considered with respect to o. Let x be any point of R,
and let X and Y be any local cross sections of E or of F defined

on a neighborhood of x. Then it follows that

UP(EX,Y]) = 0 (P < "237

Il

let (x),0l, ()] + Lol (x) el ()] = 0,

showing that [X,Y] gives a cross section of D. Consequently we
have shown that the pair (E,F} gives an almost pseudo-product
structure on R. Let x be any point of R, and set z = g(x).

Since z+a(X) = X for all ¥ € Tx(R)’ it follows that z+e = E(x)
and z-f = F{x). Therefore z gives an isomorphism of L to the
symbol algebra L{x) of R at x, and hence R is of type L, proving
{2). This proof simultanecusly indicates that g gives a cross
section of F(R,L), and hence Q = F(2#,L). Furthermore the unigue-

ness assertion in (3) follows immediately from (1) and Proposition
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5.6, proving (3).

5.4. Finiteness for the geometry of almost pseudo-product
manifolds of type L. Let G be a transitive graded Lie algebra,
and (g,(gp)) its expression. We denote by T the truncated FGLA,
G , of G, which is thus expressed by (t,(g )p<0)’ where t = g

P
Let e and £ be subspaces of 9_q- Then the triplet

=p§0 gp.
{G,e,f) is called a pseudo-product graded Lie algebra, if the
following conditions are satisfied:

(i) The triplet (T,e,£f) defines a pseudo-preoduct FGLA, say L,

(ii} 9q leaves each of e and £ invariant, i.e., [go,e] e e,
and [go,f] c £,

The pseudo-product FGLA,L, will be called the truncated
pseudo-product FGLA of the pseudo-product graded Lie algebra
(G,e,£}. Furtﬁermore the algebra (G,e,f) will be sometimes
confounded with the underlying graded Lie algebra G, and then the
pair (e,f) will be called the pseudo-product structure of G.

Let L be a pseudo-product FGLA, and (T,e,f) its expession.

Let us consider the derivation algebra Der{(L) of L, i.e., the
subalgebra of Der(T) consisting of all X e Der(T) which leave
each of e and f invariant. Then the prolongation,'say G, of the
pair (T,Der(L)) is called the prolongation of L. Clearly the
triplet (G,e,f) gives a pseudo-product graded Lie algebra.
Conversely if (G,e,f) is a pseudo-product graded Lie algebra, G
becomes naturally a graded subalgebra of the prolongation of the
truncated pseudo-product FGLA, L, of (G,e,f).

Let (G,e,f) be a pseudo-product graded Lie algebra. We




preserve the notations as in the definition above.

Propositicn 5.8. ( cf. Corollary 3 to Theorem 11.1 in [ 1).

(1) If L is non-denerate, the Lie algebra g is of finite
dimension.

{2} Assume that G is the prolongation of L. Then g is of
finite dimension, if and only if L is non-degenerate.

Proof. (1) Let us consider the subalgebra ho = hO(G)-of
gl(g_1) (see 4.5). By Proposition 4.6 it sufficies to show that

} of h0 vanishes. Recall -that hé1) is

the first proleongation hé1
the vector space of all linear maps A of 9_; to h0 such that

A(X)Y = A(Y)X for all X,Y € 9.q- Now, we define an endomorphism

J of g9_4 by
JX = X for X ¢ e, and JX = -X for X € f.
Clearly J%X = X, and [JX,JY] = -[X,Y¥] for all X,Y e g_,. We also

define a bilinear map {X,Y) =+ <X,¥> of 9_1 % 9_4 to 9_5 by

<X,¥> = [JX,¥Y], X,Yeg_,.

1

Then, taking account of the assumption that L or T is non-degen-
erate, we easily have the following : (1)  <,> is symmetriec, i.e.,
<X,¥>» = <¥,X>, (il) <,> is non-degenerate,i.e., the condition

"X e g_q and <X,g_3” = {o} " implieé X = 0, angd (iii} every

A€ h0 is skew-symmetric with respect to <,>,i.e., <AX,Y¥> 4

<X ,A¥Y> = 0 for a;l XY e g_q- Therefore it follows that hé1)
yanishes, which compares with the well known fact that the first

)

prolongation o(n)(1 of the orthogonal Lie algebra o(n) vanishes.
We have thus proved (1).

(2) Suppose that G is the prolongation of L, and that L or
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T is degenerate. We define a subspace@nfof,g f'by
n={xegqg_, | [X,9_41 = {0}}.

Clearly n =nne+nnf % (0} ( cf. Lemma 3.3 ). We also define

a subspace ko of gl(g_1} by

ko = {A e gl(g_1) | a2e ¢ n n e, Af c n n‘f}.

Clearly k, is an ideal of'bO c glfg_,): and is of infinite type,
i.e., the k-th prolongation kék] of ko does not vanish for each
k 2 0. Since kék) c hék) = hk(G), it follows that g is of
infinite dimension. Now, (2} follows imﬁediately from this fact
and (1). We have thereby completed the proof of the proposition.
Finally let L be a pseudo-product FGLA, and assume that it
is non-degenerate._ Let G be the prolongation of L, and let GO be
the connected component of Aut(L) containing the identity element.
By Proposition 5.8 the underlying Lie algebra g of G is of Ffinite
dimension. fTherefore we may apply Theorem 4.7 to the Gg-structures
of type T. In view of Proposition 5.6 this application indicates
the finiteness for the gecmetry of almost pseudo-product manifold
of type L.
Let # be an almost pseudo-product manifold of type L. Let
us consider the automorphism group Aut(R) of R as well as the
sheaf a(R) of germs of local infinitesimal automorphisms of R.
As a concrete proof of the finiteness ststed above we then have

the following proposition, which is nothing but a consequence of

Corollary to Theorem 4.7.

Proposition 5.9. (1) Each stalk a(/?)x of a{R} is of finite

dimension, and dim a(f?.)x s dim g.
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{2} Aut(R) becomes naturally a Lie group, and dim Aut(R)

s dim g.
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Appendix A
Completely integrable didderential systems with singularities

and some differentiability lemmas

A.1. Completely integrable differential systems with
singularities, 1In this paragraph everything will be discussed in
the real analytic category. Let M be a manifold. Let us consider
the sheaf 0 of rings of germs of local functions on M, and the
sheaf 7 of Lie algebras of germs of local vector fields on M. 7
is a module over 0 or an (-module., In this appendix a differen-
tial system on M means an O-submodule £ of 7 which satisfies the
following conditions: For each p € M there is a finite or
infinite system (Xu) of local cross sections of £ defined on a
common neighborhood@ O of p such that the restriction of & to O is
generated by the cross sections X, Such a system (Xa) will be
called a system of local generators of £. The notion of a differ-
ential system just introduced is a2 formulation of the ambiguous
notion of a differential system possibly with singularities, A
differential system £ on M is said to bhe completely integrable,
if each stalk &(p) is a subalgebra of the Lie algebra 7(p).

Let & be a completely integrable system on M. For each

p € M we define a subspace E{p} of Tp(M) by
E{p} ={Xp{xE£tp) }.

Then a connected submanifold N of M is called an integral manifold
of £ or of E, if Tp(N) = E(p) for each p € M. By Theorem 1 of
Naganc [(12]) we know that through every point p of M there passes

a unique maximal integral manifecld N of £, and hence M is expressed
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as the disjoint union of maximal integral manifolds of €.

Let £ be as above, and let N be a submanifold of M such that
each connected component of the manifold N is a maximal integral
manifold of £. We denote by I the ideal of the closure of N,
which is the subsheaf of ideals of 0 defined as follows:

I = B I{p}, and I(p) is the ideal of 0(p) consisting of all the
germs € 0U(p) which are represented by local functions £, defined
on neighborhoods 0O of Pg in M, that vanish on the intersections
O n N, It is clear that if f is a local'cross section of I, and
if X is a local cross section of &, then Xf is a local cross
section of 1.

For each p € N we now define a subspace A(p) of T;(M) by

Ap) = (df) | £ e I(p) }.

Let TO be the pseudo-group of local transformations of M generated
by £ ( cf. the proof of Lemma 1.3 ). Then we easily see that Po
leaves each connected component of N invariant, and acts transi-
tively on it. It follows that dim A(p} is constant on each
connected component of N. Furthermore let T be a pseudo-group of
local transformations of M. Then it follows similarly that if T
leaves N invariant, and acts transitively on it, then dim A(p) is
constant on the whole of N. These being observed, let us consider
the following condition on N: |

(*} dim A(p) is constant on the whole of N.

Lemma A.1. Let & be a completely integrable system on M,
and let N be a submanifold of M such that each connected component

of the manifold N is a maximal integral manifold of £. Assume
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that N satisfies condition (*). Then, for each point P of N
there are a neighborhcod U of Py and an imbedded submanifold V of
U which satisfies the following conditions:

(i) UNNCcuv,

(i) E(p) c Tp(VJ for each p e v,

(iii) dim E(p) = dim N for each p ¢ V.

Proof. We set k = dim A(po), and take k local functions
xi € I(pol such.that the differentials (dxi)p form a basis of
A(pol. Then we assert that every local function f ¢ I(po) may be
expressed as a function of (xi) on some neighborhood of Pg in M.,
Indeed we take n-k local functions yj € 0(90) such that the n
local functions xi and yj form a coordinate system of M at PO'

Now, let O be a sufficiently small neighborhood of Py in M.

Then, for each p € 0 n N we have

(@) = [ Lprcaxt)_ 4 7 2 (p)ayd) .
P i ax P 5 ayd P

Since [df)p € Alp), and since (dxi)p form a basis of A(p), it
follows that (3£/3y7)(p) = 0, showing that the derivatives af/ay)
are local cross sections of I. Therefore we see that all the
derivatives aaf/Byj1-ﬂ-3yja give local cross sections of I,

whence (a“f/aij---ayj“}(po> = 0. We have thus shown that f may
be expressed as a functin of (xi) on some neighborhhod of Py in M,

proving our assertion.

We set dim N = r, and define a subset A of M by

a

i}

{ peM | dim E(p) s r ),

which clearly contains N. We easily see that there is a system

(fA) of local functions defined on a neighborhood 01 of Pg in M
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such that the intersection 01 N A is defined by the system of
equations fA = 0. Let ua also consider a system (Xa) of local
generators of the (-module ¢ defined on a neighborhood 02 of Py
in M. Let U be a cubic neighborhood of Py with respect to the
coordinate system (xi,yj) such that U c 01 n 02, and such that
dim E(p) = dim E{pol = r for each p e U N A. We denote by V the
slice of U defined by V = { p € U | xi(p} = 0 }. Clearly we have
UNNcV. Since N c A, fA give local cross sections of I, and
hence they may be expressed as functions of (xi) on some neighbor-
hood of Po in M. Therefore it follows that fA vanish on some
neighborhood of Pg in Vv and hence on the whole of V, showing that
V ¢ A. Similarly Xaxi vanish on the whole of V, because they
give local cross sections of I. This means that X are tangent
to V, whence E(p) c Tp(V) for each p € V. Since V c U, we have
dim E{p} = r for each p € V.

We have thus completed the proof of the lemma.
A.2. Some differentiability lemmas.

Lemma A.2. Let € and N be as in Lemma A.1, and assume -that
the submanifold N of M satisfies condition (%) as well as the
second axiom of countébility. Let ¢ be a differentiable map of a
differentiable manifold B to M such that the image of B by ¢ is
in N. Then the map ¢, regarded as a map of B to N, is differen-
tiable,

Proof. Take any point bo of B, and set Py = ¢(b0), being a
point of N. We apply Lemma A.1 to the collection {£,N,po). 1f

we set E' =pgv E{p), it follows from that lemma that E' is a
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subbundle of T(V) and is completely integrable, and that each
connected component of the open submanifold U n N of the manifold
N is a maximal integral manifold of E’. Now, let O be a connected
neighborhood of ho such that ¢(0) ¢ U. Then ¢(0) c U N N c V, and
the restriction of ¢ to O, regarded as a map of 0 to Vv, is
differentiable. Since the open submanifold U n N satisfies the
second axiom of countability, we have therefore seen that the
restriction of § to O, regarded as a map O to U n N, is differen-
tiable ( cf. Chevalley [ ]), proving thg lemma.

Let P be a differentiable principal fibre bundle over a
manifold M with structure group G. Let S be a real analytic
manifold, and assume that the Lie group G acts real analytically
on S (on the right) by the rule (s,a) + sa, where s € §, and
8 € G. Furthermore let ¢ be a differentiable map of P to 8 which
is G-equivafiant: d{za) = ¢#(2)? for all z ¢ P and a € G. Then we

have the following

Lemma A,3. Let Sg be a point of 5, and assume that the image
of P by ¢ is in the G-orbit through $y+ Denote by Q the inverse
image of o by ¢, and by H the isotropy group of G at Sg- Then Q
gives a differentiable reduction of the principal fibre bundle P
to the group H.

Proof. Let 7 be the projection of P onto M. Then the group
H acts freely on the set O in a natural tashion, m maps Q onto M,
and two points z and z’ of Q are in the same fibre, i.e., w{z)
= n({z"), if and only if z’' = 2za for some a € G. Therefore to
prove the lemma, it suffices to show that for each peint Py € M

there is a differentiable local cross section g of P defined on a
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neighborhood O of Py such that the image of 0 by g is in Q.

Let us consider the Lie algebra, say g, of real analytic
vector fields on S which is naturally induced by the action of G
on S ( cf. the Lie algebra consisting of all the vertical vector
fields A* on a principal fibre bundle P ). We denote by £ the
real analytic differential system on S generated by g, which is
completely integrable. Now, let S0 denote the G-orbit through Sq-
Then the map a -+ sg— of G to S0 naturally induces a bijection,
say 1, of G/H onto SO' and S0 becomes a real analytic submanifold
of 5 so that \ gives a real analytic homeomorphism of G/H onto SO'
Furtheremore we know that each connected component of the manifold
5. is a maximal integral manifeld of £, and that the submanifold

o
S, of 8 satisfies condition (*} as well as the second axiom of

0

countability. ( Note that a Lie group is assumed to satisfy
condition {#*).) Therefore it follows from Lemma A.2 that the map
$, regarded as a map of P to SO’ is differentiable.

Let us now recall that G may be considered as a principal
fibre bundle over G/H with structure group H, and take a local
cross section o0.0f this bundle defined on a neighborhood V of the
origin of G/H. Let Po be any point of M, and take a local cross
section g’ of P defined on a neighborhood 0 of Py such that the
image of O by ¢-.g’ is in the image 1(V) of V by 1. We then define

a map g of O to P by

g{p} = g'(p) olu), p & O, |

where u € vV, and 1{u) = ¢(g’(p}). Then we see that g gives a
differentiable cross section of P. Since Sg = ltu)a(u), we also
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see that ¢(g(p)) = Sor showing that the image of O by g is in Q.

We have thus proved the lemma. We remark that the construc-

tion above of Q uses the inverse function theorem.
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Z’E//Je.e/%f Yo conmnecdion ﬁ%m W g{ I~
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A m/ztﬂ/&mf/;/ exfended Ao a ;7—- Qrm&(ﬁ&i

- fy/cm, Aoy &, on B o Hhrd Hs /m‘/}_
(%, &) m&zfu{ conolilisns (C/) and
(C2) in e Aefimidisn a;fﬂ Transorse
Condar connoctisn. :

%{ Thosrem I. 4] we Fnsw ol the
curvalute K of " tahes wwluss in £/
and fremce Hhe structus e}amﬁsz j&m F
/ZZ%.M e f;[fam% y A

e + 2 [tw,007 = —2—/((/3_,/[;?,, |
whone By denstes 2he £, - mfazmw[ ﬂ;
w aith /aezsfecit 1o e a/vécampfu»&m .
.7 £+ 47 It /MZ@M Hhat
' Rl =K% ae GZ

%mf&-u N 46 mdzmzlég exdended 75 a



| T &
.f«m&m , /}47 K , on [3 _/Z‘mémy valuss in

+%0 /sz,}(na»fi:/%é} )
FER= K", acB?
- Them ave ﬁmf Hhe following
Ra/amazi‘m 31 The pacr (E, &) 2oved 4 "-
Leambwerse Canlam commeckisn., day b, ag’
mcaafe—f coset /475&:.@ G/ B%en 2 ﬁfmz‘w/,
mmufa«,ﬂa[ (R E) and il curvatute
Laetl wespect Mo Hhe olecomposilism
T=A, + 2% coincides widd He mzﬁa/mé
tansion Kiof He carvatune Kof 7
W % prove e firsd nsseniion
- we anust showr it e paire (T, &)
" Aa:f,g/f;&e,d comndidion (C 3, %mz/},

zéezf g P gnel X € TCBJ Thon a2 piuidi Jﬁw




———

ot G0 € 45 of amol snty o TalICE, .
wheile. Ty olemodes e )b/a%zc@om of B solp 7.

( | ey "_l,_ h — - < - [ . fi'".'..,'. '
. N 7 LR

Clearly it suffices B deal noidh Th
a4 whete ZEF Yﬁem.,z%ffﬁ ate @
weclor TE (B and an hemeni fe 42
such Mot X=Y + Ay, dince (r)ef

'40\9 75&4/‘6

T = wlY)+ A

1

w.(7) (omrd %@)
W20r) + @ (7’) (sl 'f@
%euf;u A ﬁ%aw 7%42‘ GLx) =0 (onsdf® )

,gfmd sz;rf% w_ZC/)—f w;(Y)=0 @z%&
Mém Aand are Aave

| __/L;F(X) = //x Y) = /0(2760_(‘//

i\



,i(X) = (Y = (0w Q)

= L& (e, (Y)+ Wi (Y)+ MZECW),
whone T demoded He /pm/zm ﬁf P
only R, whd P Hhe natural Hom omethis
of P o ths frame bundle FOR,).
Thewefore it follons ol Tlx) 4o in
E, /{%ma{, only o a () + wyl) =0,
| /)/Z&M/m; Phe Lirst aA/f-e/z/Z?Ml |

Kot ws now— prove The socsndd m%am

Kot L fo The curvalute 0{ 2 Theor e
/JW z;uc@zﬁc‘&n For F tLikes the

W%-Z/"Q\ /5’/ a/-ZMZL-Z/J /%Z —é_/ Corm Mﬁm‘t
of @ widk nespect Zo e docomposilivn:
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R =15 aeB?
Funtheronone LU 45 clear thal e
nesdrietien af He -€W% phove To P
%L&Z&/A Hhe STrnctute Lountisn f% /
whemce e nestrsodzon 0{L 16 P
cmmua/gd wz% K. Tée/wfaéz we oftain
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C2) pcfé,z‘-w ozw WAA‘M He i/mclezjoéa
w/j,w//&é_ (i g=y + Oy + 0t ad well as he
coget dpace G/A” defined in §1,2. We
domsde by P e Lineat /Z@JZZ&;&? D
/z%z.uieozizz},m of The i/zwf A s e
A/Mac,e a, .

' Pl XN = AL@Y  Conpd 0%,
Wm 26 AP wnd ve m,. Farthermose
,%efmo/a A acld on Hhe space y@m,, 2y
/Z%c 72l ow 7y /za/,e ‘ |
| LYONY) = AdCa™) L(pwXa f@»’)
Mzu, A, /é X, LEFONES ﬂ///w{ ze BZ
 Tlow; Lot K (R E,F) b a/m;@@a
Af!jem of deptee 7 and 7’%4 Z?i/MI |
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| G &sz a Aﬂ‘%wﬂf of AY Lot P denste
the entensior ojfﬁ&;ﬁéf{ 79/73"/%{//291!76
AP THen ave s0e that He conmection Fotoe
w of I" 4s mwajfy erlended Lo a y-valued
/- Foton 5 sy @D, on F to Hhal He /MZL |
(P &) 4@1[42&24 conolidiomns (C) ond (C2.
fcu/zwl’ia/w Ko I Totkes walues in 00
and Aomce e Alrue Lute eszw&n f:«t/"
Me/s e f&%wwy f?m»z h

olw + -—-— Co,w] = --— K(o/;/w/-/)
Mzu ¥, densies The vy - compoment &%
composidiom |

© widl /&Af@f/f,&vf Zhe dece -
E j]—-az,-f e 7/&&%@&)@-{%{&4, Kis
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R RN aed®
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in M prest sf He prsceding pospasilion, we
,/cc?oé //wme e Mmmﬁdg
‘ 179»@/7@44‘1‘2&02 32, The /ba[/L (P, &) gz.‘fuie/f
a Transverse Gardan conneclion, Ao I of

| model m/}ef/;facz GIA on e Folioted.
manifelol (R, F), and s curvatute ( aedl
wjbécfﬁ e plmﬁma‘ifz‘m T = oty +a®)
:Q&¢h1ub/-éd it the natural exLonsisr
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| Aifferentiotions, fecattie s 04 The

Cordan connecdzon |7
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3.2. He fre aéﬁ-e,//.cw aul(Fp, ...

26t (), awl(Zo)y aned ant(Z).
@& R(R, E,F) # a poesds-
prefeclove dysdem of a%ei/za 7, ard Let
B W te He associatecd psowcs -
, f/&yéc/&w connection on 7, We
denoie %7 oud (R) He sheaf of petmd ‘%){
Lecal 4‘42{4‘01,&5244‘4714 4 éZﬂ/ZLM&/Z/Q% LSS Jﬂ%
R, which coincided with, Zhe ttieaf of
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Kot 2 (F, ) 4o the Cartan AydTem
associnfeol will the conneclion I Yo
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wﬁﬂ/& 0{ a4

| fn%{/ywafﬂxzﬁd e Mé«/

- nemank Bk i Vs a Locol enfeniliesimal
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/Mw%f ddovcdute %waz:@m }‘41 /T
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weAdnieded /97% y nd. comAtded /MQZZ&ZM@&M

.,KZM:«/Zmz cmwuec«&aaz /7R L&) on e %&meeg[
| mmf,%z (R E) as well as the Cardan ,@ai:em '

!4’62 (B, &)1 Bes e ea/aému W/ W,
W%Jf invatiand MCZ%VL fke-&l X b 77'[[/) N

%Z;%a/-wé «ZL&” @ /&cfﬁl‘ Lovakiand M&ZZ»L

/)Mjecxiam af 7 enls I
| e ommre . 3.4, Xod X and )’& ﬂm? /u |
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/%4 ﬁ&’mwi fsld
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4;’; Hhen ;t;;:mjé i«f:wwwzmmf '
444%2%4/2?444:40«(’ 23, and ﬂmae Hhe
/wwfozm-zwf X 5 ;422-.24’/‘3 -M(Mf%c&‘ve)
\Homsomotphism , say b, of and (E)y To-
au? (5, )y

 Whem e ﬁwf e Following

; %fauﬁa@ 3.5 () g, Pt M4dm&4/0)€44ﬂz
% aat(z.)z m% aud (5,) .

(2 T imjeckism , Aay 52;0%752‘5- A
Andaees an MWM/D%_JAM af L)y il
A(Az)x/ El5z.
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Trosf of Hhe proposilisn ¢

) By Dsposilion 2l we Fnow Tha'l Hiere
pet a m/c%fgﬁ%/géﬁ% 7/'?57 z and 4
:%&%*d.%emvé/cd.ﬂ Landan /_fyxsfem SN,
| ;.zxa&z{?/m; Ao fofé&m‘ﬂ g condidiond:
1)V fecomes a fz%ud mam‘fé{d vt V!
v/ /pzza?ie_czﬁ‘&% ¢ Ao Hhal Bhe wesrtical ?
éﬁmiemf fumdde coincide aith e A%/JZZM
E(S,), aesricted T V] and 2) Ko’
a&/mc/mfw will, wy, /z,e/si‘/z,tcz"edi 261V |
 Nowr, B T amd T are o a//meéa«é
and. dim P=dim V! Gunthermare, w= 1w,
and KW= | 7/{4&%&%@, /f we sod-
%= Koty

we dee Hal Pro=w, LAY |

/

Mﬁi %;/twA 4 Local AZM&%&/%%{M:
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@Z’L A pd.zfmw/ on a Mf%%%mq/

»fz. Qcaww&a?é /9 cndiiced an
LABM0% vhasm af MZ(Z),?' wiltt anl (5 Yo

Fnthenmpie we Bosa From the seconc{
’ﬁw-ew‘m ot 7/%70&44/&&% %1 Fhal Hane
44 @ madural /L‘/wmwzfﬂ‘/sm af aunt (57,),
m;zé W (Z . Simee e Hsmomot pliiom
| !z ad (5 )y Lo aud (53)y 44 ¢nfec2'2¢-e, f |
e Rave f&u»é, stown ol 1, Lo |
an 4/3@%@/277%44m MM/&»&ZZ%; b7 /747
of e ﬁwf Iy rres ‘
(9 Fnam %Mﬁf?’ Lion 2/ are
Forow Hal k€ incduces m,c‘wm/z/zﬁ‘/m 7’ g
AZ DBy will A . Fonthoemsrs 2045
0&44 ;J_/%&I f@)z‘q}w/! an Mamiﬁﬁz'm cf E
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(3) Ttent, assume ok R is of #e forst

nestvicled Lype | andl consider He )
Anamsnerse Carlan conneclisn 7 : (P, @)
}i@m e fa&‘aj&d mqmszﬁ( (R, F) as well
as Mo Cardan /f#dzm z, (T, ). THesr
f«/fz‘ z shove we Bave 4 natutal ( wgecM,)
| ?fﬁmzmeﬁ44m doy 1, , &f 2ul (), Mo
| :MZ(Z_:/);( ad well as e ﬁfi&mnj
3_ ?zftfﬂ@/.f/z‘/ﬁ‘m 5.7 4) 2 Froed an |
_i/zxmff/z‘dm o‘% aud (5), with auil( i .
(2) The engeclisn, 42y 1, of PL5F
irduces an gmorphism of AZ)e
will A(&//z//’(za/)z :
o @“é&wf/dég{ 35 M He Cavdarn 7422”; z
s /é%;f{fﬂi s A0 s e Cardan 74&% 5,
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23 an m/zio,//za/ﬁm Heotem //éyz /Z%e A//JM
E ot F asdecialed il a /)/J-ﬁ»tdc/&-—
fregeclive syalem R of 7 of e second
ot He Jﬁ'/wz‘ nesloicled Type.

Z psends - projective A?/X/Z'Z% R avtll
be called /&7»9&:/&, % -J/'ﬁ/{ wssecialed
Qmm Adx//.fl-em (R w) /Lef«u&/a ‘



2]
Theonem 3. 8 2t R7( REL % a Pdea_#—/b/zafec.'&‘w

- W’Qm; “M Lt /:’ % my/bmmigff? P
Ao ' ‘ .

l‘_/{.'/..- A
-/

() Qasume Zf(c‘fi‘" A 44 /zzfa[a/z andl af/%e
second resthricled Lype . Then the integnalier
__ d‘f Phe A%Zem at e /bw‘ni‘ P ran fe
cqrnied out % e&wfmﬁ&; ﬁ/;e/za/mmf

Wq//m/u/zm and e ¢nite jzzaxfwm af e
djue Afd/?—eoﬁ/f associoded it Hhe AM'&/J'&
:mfmmz,; of Hhe Kiv alyetie ant(R),

(2) dssume it K id m%wzjn/z amdl af

,%e fmr tesdricleo Lype. Them the
w@fefwﬁm of Hhe Aystem F al He poinp can fe
caniled out by He dame sperations ot obsve.
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Qbsve all are nslice Hhal The fz‘/éd/f

wssention Aoy e é‘mz%%w_iz 57t protlem
Vi A%Zém of ordinaty a&%’mmzfcbm of
He second stdet and of He stecond
veslyicted ije

x) 4% - f‘}( x, o), G).
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Roof of Thesrem 33 %L/b/ww /%4
fw/;Z m&%/& on Lot s CAM’Z/_M a/.e/a /%z
| ﬁj%matf mﬁifecxﬁ
7 (P w), X2 (Pw) /7 (E,w) I (/Zw)
'}';'ﬁ./{_mﬁaw mm%@a& %g f/zamw&f{ |
Cantan conmeciion /sze,%m, with 1o
Candom comnecdion | can Fe wm/:/ﬁm/ﬁo&
l&fwm We /Sg/ffem H f% /4’%@/244222‘0«2‘ A‘M/J .
Tlorr; we doke a poind 2, of Puith f
TG)=p. Then we Rave Hhe faﬂmsz: |
70 Mimce 7 is a Dranswerse Candan
conmeclion pn Hhe ﬁfc‘a«tu{ mm‘%p/a[
(R,E), we know- fxz@m E@fwsl/fwm l2
ot e /zwz;z//zézdfm prottem fw e
Ayslesm E ot p can G neduced A Hie
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,mmfmam preoflom. Afm %z /13/42&»1 E(5)
al 2.
27 By Broposilisn 555 we Fnon-Hhot
wit (R)p = aut () = aut(Z)z, .
30 dimce e Ajﬂm R st He Conilan
:Zy/!&m 5 44 uf.afa/z. % e ﬂmﬂzm,‘
e Bpsor fzﬁm Cmﬁm% 3.6 Hhat We
Cmfam A;AZem 2y ad well s /Aefd-/a&
- Thewefore e ZZL/MZ assertisn Folbows
- dmmediately from Teowem 2.5. Henre,.
e anemiism Hod He second assestion
| can Be deall with just in e sime
manmes as above, Zfes c&zm/b&/ﬁmg
,z%} preovy @f e Hesrem






