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Fo. HEOHEONTERY AT AZNH S ORIEMT OSSR & FERIZFERTH LT
WhHZa—mrORERETSZ LT, ERTIIELNATW WO =2 —a VOFEE
FHITHZLENTE, EBEZTOL IO =2 —0 VN FEET D ENRITH -T2, =
DHFRE S LI, BIebid=R L ofgaFZRaiTo 7o, VL OHEGRFEFRZ1T O & -0
FIZEmRR L O Th o T2, A E T ILOENIATNE W I RIVIZEZ D &V FETEL
EHBHEDOETIIZENDNHERERICHAHTEA ) E VS AEN IR EZT 52 LI
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pote, WEHGE, vy ATy N BHRRE & BIZEREZITO, WA T2 0 I
52 TYLHLRNBEMICHRZIT Y 2 LWy hotz, £, METh=a—a  fF#hbid
Fk L. ATEAZETS MRS Z B D 2 EE OB D = 2 —a U N ZEAFET D 2 L 130 ho
7= [14], ZOHFRITKRO LS R b DThD, A B,CAEETNENRRDZHT Y —D8K
DEALLIEEE, ;€A b €B,€C(i=1,2) IR LT, a—=b &b —c,(i=1,2)
EMNLIEEEED, 2L, o QTN E 5 2, o IS 5 27200, 2B i3sihe,
b, € B,(b, # b),c, € C.(c, #¢;),(i = 1,2)ITRLT, b, =, (i =1,2) 2FHSE5,
L, T A S 2, I E B2 e, TOXIICLT, 4 — e, (i =1,2)
EEATTHDEDNERAND, FEE, VIR0 BECIOFITEFEITTE L L0
MNoT-,

4.4 WERFHEMNEEDHERIE

D XD 7 EMR ORERBLOBIRRIZ D L 5 RFEIC L > TSN TWAHDEAH
Do ZO XD RBUENG B OB L ORI A FRE L CTAhIz, ko B M LRI,
2 7 a RS OMRESERIC &> T~ 7 u 2222 o ER S ML 5 R EIC R4 5
LD Th o7, WRRMEDOBBIZZ N EIXRRY | AT AMTH D FEOW AR TRE 5
AUIZRRIZ Y AT ANIZHERERS M SR SN A RTETH 5, T b b, H1DD bEkih OHHRE
FRFESTELT, ZHEFMEREEEZWET DL IICT AT ADRBELIERFICRED L 9
RREI > TWND, ZOBGmEMEL LI LRAALTNDLLIATHD [15], MOKRETE
T a— VO EIZET HE TV (16, 17) 72 &L WL OO 2 EEEE T V2 HEEE L T
WL EZATHS,

Flo, —ODOHMEE LT, LR OMBEREDOA OO OFIET NV EEZ TV D,
LB/ IMERIERENIE O BE BRI R 2 27 & U THEROGERE L ITFEBID 720 AL
7 L OfE— SR B RE O—E (F.OHRE) IZOZ 0 IR LB D LR H
% [19], Z OFRRREIRE T VA EEEE, BIHFE, G—3s & bICHELE (18, Zh
FHELSMEE LTHEL TV 5,

HiEE
HAKFYERFHETH A AOMTEZ2BtA L C, FrEiFBsFE#£E ERATO 7’r Y=/
by JUNEEERPAGHR LFE, ACE R FECFEE ., FEFREIEET & WA AR
FrE L TR, 2y, 1He. IR B omE 2 88k TR TE 2 2 L Idakic s
HThotlz, RIED LWANRELES . BN LRE, FAECEENZ, ZNHD AT
HIEH LIV, F, 2 X2 KB Eo-MEOHT-H, $EHE0EED -6
WHEH L2V, s 0F b0 R — M3 It £ e o7 2 L iEED
720N, AL RIEFERFIZ I AR RURAI L O K 5 72 KW 7 0 ¥ = 7 b O EZ ST
Wizl E AR IXE R e smB S ERbbECnieiZnwiz, £72, HFSPO X
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I IRUESNERIAFZE T U — R bWl 2 ENTE L, P DB 7= DI TR E—
LM AEN T, ARER] STOLOLERE EHICERMLIEZ EHIENLY, £
IHLDON OMITEEREATIN, FIEEEHEITEZ R, T 9 WolibgE & Idhlkon
DIEENIH L H EHFE VEEZ BTS2, RITV R EBEROHE Y OFEWIZ
NWTHleoThbnb e oo TITENV A BAG L7z, 4. dbRAEEZ D PRSP S v
RIFEFINPEI R THAENTZ L 5 L LTS, PEIRFENS CREST 2§ Z &3 TE/2 2
EIXH LWV E LTHREDO B D E/R DAy & LTWS, CREST TIdfHEM (A
FERRAL DR Z BT LW AN TEIRRIC D72 28904 T 25 CTh 5, HFrazes L CTEHRE
TR, BREY. EBHEABT. vy NLRAME LR LRI L WO T
TITo TN T el oTe, HLWEFEOENPHENWTRETHAN, £95 THRITHE
HINEEY B A AR, BHAWITENRERICORSCENTXASHERRTHL 2 LA RT
ZENTERZNITHE D ENT 720,
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NOTE ON THE BODY-IMAGE TOWARD ITS
MATHEMATICAL MODELING

HIDEO KUBO

ABSTRACT. This note reports our recent study concerning the body-image
which is a high dimensional vector space, and whose element is a set of
indices to be chosen for creating a peculiar motion. Our aim is to under-
stand how we can make some motion by bottom-up algorithm. In other
words, we wish to know how we can find a set of indices which create the
desired motion. We try to explain the mechanism by using the stochastic
feedforward model and the self-organizing map.

1. INTRODUCTION

In the field of mathematical science, one of the most interesting phenome-
non is the self-organization, which leads to the emergency of order in various
fields. It actually provides macroscopic orders as a result of the interaction
among elements in the microscopic level, (Turing pattern, BZ reaction, Be-
nard convection are known as examples of the self-organization). In other
words, the self-organization is a purely bottom-up process. Moreover, it helps
us to understand the mechanism of such a phenomenon that appears without
any top-down algorithm. However, we encounter different kinds of phenom-
ena which cannot be explained by the principle of the self-organization in the
usual sense. This observation is a starting point of an ambitious project with
Professor Ichiro Tsuda. Of course, although the work has not yet been com-
pleted, the author would like to report the progress done for these years, on
the occasion of his retirement from Hokkaido University.

Our target in this project consists of two folds which are closely related to
each other. The one is the functional differentiation, such as the differen-
tiation to the cerebral cortex, the frontal cortex, the cerebellum, etc. in the
brain. The other is the immediate adaptation, which is a necessary ability
in order to modify the ordered activity according to an unexpected stimulus
or situation. The main feature of these phenomena is the presence of the in-
teraction between the underlined system and its surroundings, in addition to
the interaction among the elements belonging to the system. We name such

Key words and phrases. Body-image, Self-organization with constraints, Self-organizing
maps.
The author was partially supported by Grant-in-Aid for Science Research (No.16KT0015),
JSPS.
1
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a kind of phenomenon “Self-organization with constraints” and try to
understand its mechanism (see [5]).

To tackle the tough problem, we have built up an inter-disciplinary team.
We wish to introduce the members and express the author’s gratitude to them.
Professor Koh Hosoda is a specialist of humanoid robotics which moves by the
air tube and has many sensors. Professor Makoto Nishibe studies the evo-
lutionary economics, especially, the rule ecological dynamical system which
involves the micro-meso-macro loop. These topics are mainly connected with
the functional differentiation. Professor Yasuko Funabiki is a specialist of new
characterization of autism, which tells us that the most essential difficulty
for autism disorder is to adapt unexpected situation. Professor Johan Lauw-
ereyns studies the relationship between animal’s decision and their learning
by constructing a paradigm and making psychological experiment based on it.
Professor Simona Settepanella studies the hyperplane arrangement which has
an application on the decision making. These topics are strongly related to the
immediate adaptation. We have developed mutual understanding and share
the idea of the self-organization with constraints.

This note is organized as follows. In Section 2, we briefly review stochastic
feedforward models based on the work of Todo [4]. In Section 3, self-organizing
maps due to Kohonen is discussed. In Section 4, we try to apply these math-
ematical models to the body-image which is used to control of our own body.
Some conjectures related to this attempt are also given. Section 5 is devoted
to concluding remarks.

2. STOCHASTIC FEEDFORWARD MODELS

We are seeking for mathematical models of the self-organization with con-
straints. But constraints are assumed even for the standard self-organization.
So, the point should be whether the constraint affects in the macroscopic level
or not.

One important example has been obtained by a work of Todo [4]. More
concretely, a learning process for a neural network (a stochastic feedforward
model) was considered under some constraint on the mutual information.
Mathematically speaking, a stochastic feedforward model is a map from X =
{0,1}M to Y = {0,1}", where M and N are integers representing the number
of neurons. The element x = (zy,...,25) € X is a vector-valued random vari-
able associated with the probability P(z). For a given z € X, the conditional
probability for the i-th component y; of y € Y is determined by

where f is a suitably chosen function and w;; (1 < ¢ < M,1 < j < N) are
parameters to be reinforced, and for y € Y

P(ylz) = Hf(x,yi; {wis}),
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In addition, we have
P(z,y) = P(ylz)P(x), P(y) =) P(z,y).
zeX
Now we can define the mutual information between X and Y by
I(X,Y) = Eu [~ log P(&)] + B, log Ply)) ~ Exy |~ log P(z.y)
where [E, denotes the expectation value, i.e.,
E.[—log P(z)] = Z —P(x)log P(x),
zeX

for instance.

In his model, the function f is defined by
1
f@,yi {wi}) = :
’ 1+ exp(—(2y; — 1) Y3 wyja;)

Besides, the following consuming energy for firing taken into account of the
definition of the cost function L(X,Y):

E(X,Y) = % (Z P(y; = 1)) .

In fact, our problem is described as the maximization of the mutual information
I(X,Y) keeping the consuming energy E(X,Y’) to be low, so that the cost
function would be

LIX,)Y)=1(X,Y) - AE(X,Y),
where A is a parameter. To realize this, we reinforce the parameters {w;;} by

OL(X.,Y)
t+1 _ ¢ ’ —
(1) wij _wij+a8Tij’ t—1,2,...,
where (2 0) is the rate of study.
It is of our special interest that the combination (z;,v;) = (1, 0) enhances the

OL(X,Y

effect of the gradient of the cost function OLX.Y) in (1), while (z;,y;) = (1,1)
]

does not, so that the learning process can be viewed as the anti-Hebb rule.

Indeed, one can computed the gradient as

OL(X,Y)
ow;;
== 33— D)1= i) g ().,

where we put Fi(z,y) = [, [ (@, yr; {wi; }) P(z).
Moreover, he found by the aid of computer simulation that the learning
scheme (1) stabilize as t becomes large enough in such a way that for the
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same input x € X, one receives the same output y € Y almost surely, that is,
P(y|z) ~ 1.

3. SELF-ORGANIZING MAPS

As a simple model, which leads to the functional differentiation, we focus
on the self-organizing map introduced by Professor Kohonen. His idea is to
mimic the function of the brain by using the artificial neural net, instead of
trying to understand the real mechanism of the brain. Specifically, we mimic
how the human recognizes objects in real world. To identify some object, we
use information on the properties of the object. If we wish to have more subtle
identification, we need more information about its properties. By regarding
the set of properties as a N-dimensional vector with N being large enough,
this cognition process can be characterized by such a map that similar objects
x, ' € RY are sent to positions which are close to each other. In particular,
the self-organizing map S : RY — I' x R¥ is constructed in the following
manner, where I' = {(i,7) € Z* : 0 < 4,7 < M} with an integer M.

Suppose that we have a large number of input data: x(0),z(1),...,z(T) €
RY. Here T stands for the number of trials. For each z € Tandt =0,1,...,T,
we associate a reference vector m(z,t) as follows: The initial values of m(z,0)
are freely chosen. For a given z(t) (0 £ ¢t = T), let ¢(t) € I' be a victory
position determined by

c(t) = argmin{|m(z,t) — z(t)| : z € '}.

Then we inductively define reference vectors m(z,t) by

t
(2) m(z,t)=m(z,t—1)+a(l — T)MZ’ c(t—1)(x(t—1) —m(z,t —1)),
forzel', t=1,2,...,T,
where v € (0, 1) is the rate of study, and

[z — (), .
heet)) = 4 Pz ) el <),

0 otherwise

with r(t) = ro(1 — %). This means that we modify the values of m(z,t) only
when z is close to the victory position ¢(t — 1). Finally, the map S is defined
by S({e(t)}y) = (e(T), m(e(T), T)).

It should be noticed that in the above scheme, there exists freedom to choose
the distance between the reference vector m(z,t) and the input z(¢) (or to
choose the divergence used in the information geometry, instead of the dis-
tance). We also remark that m(z,t) plays a similar role to w} ; appeared in the
model due to Todo [4] (see (1) and (2)). Both factors serve to make the under-
lined system to be optimized so that we have a “stable output ” for the same
input. However, this kind of method related to the gradient of some functional
has an essential difficulty called “trapping of the local minimum”. This means
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that the reinforcement procedure of {m(z,t)} or {wf;} may fail to arrive at
the global minimum and that the system might not give any proper response.
It’s a big issue in mathematics, but there exist arguments which allow us to
avoid such a problem at least on the practical level. For instance, global op-
timization algorithm based on the probability theory is one of the practical
ways (see, e.g., [4]). Simulated annealing is also one way, but its convergence
is rather slow in general. (see, e.g., [2]). Another kind of approach has been
done by a work of Sumiya, et all [3], in which local minimum are regarded
as vortices of a graph and are connected by edges with some weight of the
graph. The weights are determined by taking into account of the transition
rate, that is, how often the state in the local minimum transfers to other local
minimum connected by the edge. They proposed an algorithm to contract the
graph by neglecting some vortices from which the state can be escaped easily.
Professor Settepanella and her corroborators studied similar problems related
to decision making in more theoretical way. We hope that rather clear picture
around this issue will be obtained in near future.

4. BODY-IMAGE

As an application of the stochastic feedworward model and the self-organizing
map, we consider the body-image. To make some motion, say, throwing a ball,
pushing a door, or just walking, we need to adapt many indices in a suitable
way. Indeed, to throw a ball, we should to decide how high we lift our arm
up, how fast we move our arm forward, in which point we release the ball, and
so on. Omne can regard a set of these indices as a data in a cyber space or in
a vector space with large number of dimensions. In this way, we have a cor-
respondence between the data in the cyber space and actions in the physical
space:

Cyber space (Data)| — | Physical space (Action)

We have already known which data leads to some desired action through ex-
perience. By using the knowledge, it’s possible to teach children or robots how
they make some task to be successful by top-down algorithm. This type of
process is called “supervised learning ” .

On the other side, we learn many things by ourselves. As a particular
example, let us imagine how babies are able to recognize efficient way of their
own bodies for moving forward, rolling, and so on. This process is called
“unsupervised learning ” and is organized by bottom-up algorithm.

Conjecture 1. To identify some data in the cyber space for a specific action,
we use a stochastic feedforward model.

On the other hand, we underline that it would be inconvenient to find a
desired data in the cyber space, because similar actions may not correspond
to close points in the cyber space. This may cause a problem for our brains,
because their resource is strictly limited. For this reason, the self-organizing
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map comes into play. In fact, the self-organizing map has a function to extract
feature of objects so that the corresponding data for similar objects are sent
to close positions. We wish to name the image of the self-organizing map the
“dual cyber space”, because its elements have a relationship with objects in
the real world, although it is still in a virtual space.

Dual cyber space (Feature)|<«— | Cyber space (Data)

The advantage to create the dual cyberspace is to diminish the load of brains,
provide the following conjecture is true.

Conjecture 2. If we could suitably construct a self-organizing map, then the
dual cyber space associated with the map has nice correspondence to objects.
In other word, we can construct a kind of inverse of the stochastic feedforward
model.

It seems quite difficult to check whether such a correspondence exists in our
brains or not. But we will be able to check Conjecture 2 by using humanoid
robots which are produced by the laboratory of Professor Hosoda. Actually,
for some action, the data of indices such as pressure of the muscle, velocity,
angle, and so on can be collected. Based on those data, we shall find a suitable
distance which determine a self-organizing map so that it is an inverse of the
stochastic feedforward model.

Up to now, we have not yet considered any feedback mechanism. Let us
turn to the example of babies and discuss a bit on this issue. Suppose that
s/he wants to do some specific action. Then, according to Conjecture 2, s/he
need to choose a corresponding feature in the dual cyber space so that the
corresponding data to the action in the cyber space can be found. However,
the choice does not always lead to the desired action due to some error in
the stochastic feedforward model. In such a case, we have to modify the
correspondence between a data in the cyber space and an action in the physical
space. Moreover, if the baby grows up, then the established correspondence
may not work well. Therefore, we need to consider feedback mechanism to solve
this type of problems. It would be useful to adapt an idea of the rule ecology
dynamics proposed by Professor Nishibe. To realize the feedback mechanism
in our attempt is quite important for understanding the plasticity.

5. CONCLUDING REMARKS

In this note we first summarize the stochastic feedforward model and the
self-organizing map. Based on these notion, we try to understand how we can
make some motion as we wish. A basic idea for this question is to construct
an inverse of the stochastic feedforward model as a self-organizing map. In
addition, we wish to find mechanism of plasticity by using the rule ecology
dynamics. Once these attempts are affirmatively established, we could apply
the result not only to the motion but also to the psychological problems, say,
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the reinforcement study with exploration studied by Professor Lauwereyns, and
the adaptation to the real world for autisms studied by Professor Funabiki.

We believe that our attempt will be useful to get the description of the
functional differentiation and the immediate adaptation, although many steps
are still left in front of us. The importance of the problem for trapping the
local minimum is also pointed out. We hope that all these interesting problems
will be solved in collaboration of our team.
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RGBSR & (0, 1) N 2 IRAREIEERIZ 5 D3, 22T, IRDFEENE D D [4].

EFE1 X +bX+c(b,ceZ) D1 DDR a BWHEAFIXME (0,1) ICEENZ LT L. ZDL
S, aDEE2 (DF D, ol 2 IIREEEED) T, a DHEEIT e’ 13 a” eR\[0,1] &
AN

HE1IZHEOWT, EfES K OCBRLELBOAERICHWL BREZEATS. § &
0,1) ND 2 IRRBBEDELEL TS, £/, SZc>01D1+b+c<0, HLLIT,
c<O0DPD1l4+b+c>0%2AT (bo)eZ? DESGLTS (Fig. 3). fX)=X>+bX+c
(772U, (b,c)€§8) 1%, sgn f(0) #sgn f(1) &75728, (0,1) MIZEEE 1 OR%E 1D
Zibo. HE 1S,

e (b,o)eSIZTHLT, X?+bX+cDIEBRDaeS N—RIZEELS
o TOMIMZE > TEEZD S 56 S NOEH o e HE L5

ZENRGITDNE. UFTH, aeS %, (b,o)=nl(a)e§ TRIHTZZ LT 5.

Fig.3. #45 (M35 0E#EERT)
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S EOF Y NELOEEEERTS720121, (b,c)e§S TEREEINDaeS 2D
DX (0,1/2) & (1/2,1) DEBSIZFET 20 %, EMEICHET20ELHS. 2D
S R X MPHIE L, sgn f(0) & sgn f(1/2) ZFid 22 iz kb, fHICETTES. HE
B, sen f(0) # sen £(1/2) 72513 a € (0,1/2), sen £(0) = sen f(1/2) % 51F a € (1/2,1)
L%, D& DR XKEHEIXAEBEHE DA Z > TIEMIZFEITTE 5.

S EDF Y NEZIZHIET S S EOEBBRT =na'oTon BIRRTHA 605 Z LIk
RAGIZHOIN5D

_ (b0 if 7(b.c) € (0. 1/2)
YTb’C)"{ (—2b—4.4b+4c+4)  if nb.c)e(1/2.1) -

fERE, a ORI (b,c) 12, BEIHBEOAZM > TEHE R LEEOA#H 2T Z 212k -
T, T(a) DERET(b,c) BFonbd.

Ble LT, xo=(V5-1)27" (O£, (bo.co) = (1,-1) PSHEST ¥ FEHD
HiEZERT 5625 A LS5, ZOEPEGROHO DB % Table 1 122137, &
(> cn) = T"(bo, co) (n € Zsp) (2R UTHIER £,(X) = X2 +b,X+¢, BEXD, TD f, 1F
0,1) WIZHE—DIR x, 25D, B (X} pm010.. BTV MNEHRDXAF I T ATRS. Z
SLTHEONZT Y NERDOE#EE, Fig. 4 12X RTS. BR4DAHEIZE->T, 7V b
BARD A AR EEZERTELZ e hbnd (Fig.2 LB KD Z ).

Table 1. EHBUERHE DB, FIASRMA (bo, co) = (1,-1).

n (by,cn) Jn(X) Xn €n
0 (1,-1) XP+X-1 0.618034 1
1 (-6,4) X>-6X+4 0.763932 1
2 (8,-4) X?>+8X -4 0.472136 0
3 (16,-16) X*>+16X-16 0944272 1
4 (-36,4) X? -36X +4 0.111456 0
5 (=72,16) X?>-72X+16 0.222912 O
6 (—144,64) X>—-144X+64 0445825 0

\W"’“ i \\ i MM | WMM 'Mv’\w i il

|
il
Il ‘H‘M’H w' ‘H'M‘ ‘ \ “\ M\H\H

[
b \H

0O 50 100 150 200

n

Fig. 4. 2 WHEREE i TR L7 7 > b BIR OB
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3. TV MNEBRODEYEZ & o I BEIELEE K

HIETALLDIZ, TV NEROEME L EKT 5 ERIC iEFﬁ¥Ui’Eﬁ5Z\%7§§%5.
(bp,cn) €S (neZsy) TREIND x, €8 DKM (0,1/2) I2&FNBHEEITIE e =0,
5 ThWE Dvﬁ@—lt?é;tffM7/ﬁAE/FW&%$MWﬁ%5ﬂé
(Table 1 ).

(bo,co) € S TRILIND xo [ FHHETIIRNTZD, {e)m0.10.. OIEAHMEIXLGET N
5. TOEET, S OLTOERIIHEMT VXL Y MNilzEAKT 2 72D DI (seed)
EUTHAHTE S.

BEOBLLS v XLy MIlZERT 2858120, VIEOESTIcS 2HAETIHE
NHb. XHk[4] T, PIHEESGLE LT, UTFD I, (beZ\{-2,-1,0})) ZEALX.
b>1Dt ¥,

n:kaoe§|—b5cs—q.

h<-3D& X,
n:ka@e5|1sC3—b—ﬁ.

2O IS B I =x (D) C S I, WIMEEA L LTUTFORWIERE SO,

PEE 1: b OHIHEL 2 K E TN, [, OBERIFHEAXEHNZIZIE IO T S
P 2: I, DERFZZENTNERLE 2IKIHET S (0F0, o,fel, D a+BR5
£, Q@) £ Q) %3)

PEE 11, I, DEZEMEO T TV INTWEZL2ERLTED, T FAhLn
B EADISHOBETELEEFLWEEEE 2 5. MHE 2L, I, »oBonsd by MiFE
TiE, UTNOEKRCTHEICRRD I L2EKT S, F 2 HHEREEHREBBOES (12
72U, I, DERZ2HEHBUZS DT HHEESIIRL) 95, ME2 LV, a,fel, 1D
azBRO, FED fLge FIZNULT fla)#gB) 725, DED, F O TREARER
EEOEMEZE Y ML TH, ALYy MMIEEFZ Z 2idRWw. 20 &5 REEIR
T" (n € Zsg) CREABEZR n ¥y b Y7 MEELSMZ B R4 R EZ2 & .

KBRIZ, Bx D FEERF-oTRE 10 OHHLT v XLy MlZE 10° Ak L (WA
LEHELUTIE, Lo ZAWVT), KEE AR A AL TV SELEMRE Y 7 b
v = 7Y —)L (NIST statistical test suite, ver. 2.1.2) [5] Zffi-> Tl L 7z. fEE L2 L T,
BHERB L PHEO—HRMEIZET 2 2 IXREITIZETAKL, ERI N HUELE’E
DEEE B pHiatE2 DO L 2RI 2R ITESNL»r o7, ZOEKT, 7V b
BAG D EHE % o 7R OELB O IR TH D L ER 5.

SEE  ARTFZEIZ JSPS BIFZE JP15K00342 OBIK %2 21375 DT .
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MR & BB
k%R

ElntPEpNE SN R e A T St
nami@math.sci.hokudai.ac.jp

1 BWE

BIME (BEUA—72) LREOWSITHYT 2B TR TH D, YHIFRTFI VR LT 4+ —2
CIEENT W S DOWREF I A — 27 LIREND KD 124572, BRIIZIE, BF74—27 ORI
2000 FEARHITED Ambainis F12 & 2 BRI AIZE 2GR L T 5, EHIZSEH S & LA T Hadamard
U — 7 OHIGM &SI BT 245 R (3] 21872, SEOMREH ([2]) (d@H DA
2 KRB DR & SR EHIC YT 5, KEZFEICHEY T 2R IEWHEROIEIC L > TR S
(). L— OIS Airy BIASEING, BT 4 — 2 LB RS & 138 5 B THEkH
K1 B WITHEEEEN ek e LCHEERIIHELTWE, — AT, BHEOWSEZET VA —2 L
UTHEARHIIF SN TR, AFETIE, BTV A4 — 212k TR OB % 2 BT 54 % %
. HHSELUCHY T2 BT A — 2 DR 5 2., THEEOHMEL2RT,

2 EFI0F—7

Ple LT 1R T LOBT YA =225 X5, 1 IR T LITEHBREBIED 2 KT~ 2 hb
v = (vi)kez,vx € C? 2525, HIHIREE 0 = (v)) % o) = (o, B), |a* + |82 =1, v) = 1(0,0)
(k#0) 2B, MOE>ITa=R) BEEREL2EHT S,

U%QxQ@J:&UﬁW&TéoUﬁmbGQhﬂw1K£OTU<Z b)iku

—a
a —b

U= LEIT5,
b a

UMNPSIREST S P.Q 2IRDXSIZH5Z 5,

1 0 0 0
oot ) om0 )

1 0 0 0
e (t e ()

HHWNIE,
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P,Q 12 & o THIHAIREE o° DIFFFEZIRTED 5,
vt i= Pol )+ Qup_y.

BIZDWVWT Xy & Prob(Xe =k) == [vl|? L&D D, D X; & U DBERET S 1 IR T EO
IREET T4 —27 2 XX, YIREE P,.Q OB S S, [obt? = 3, [vh]? AL U, W54 ¢
THREB X, 2THLTWVWBAZ L IREL IZHEIrOOND,

FEEL, RO &S ICHIRRE 2R TE S, P & Q OIETHMED 5@ E OWA: & 1357 %88
Hha,

t=20 v
Q
t=1 Pov Qu
Q Q
t=2 Py (QP + PQ)v Q%*v

U ED&ET Y+ — 2 DEHE, BEOES pT = ppl  +(1—p)pl_; KHLTZ22=K) 4T
TNV THb, ZOFKTET VA —27 LIS, —Ff, BHEOHFIZT VX LREIFA>TWRNWI &
WCHEELTIELY, BErRBia= ) RIRERN LA FIZ AL > TERINDZBDTH 5,

BAKRNIZ U % Hadamard 1751 & U CTEBOB T I 4 —2 DX F I 2 A2 BEL &S,

gL (11
“v2 4

1 1 0 1 (0 1
P = = — .
\/§<1 o)’Q \/§<0 1)
aB<om%%#ﬁd%:lc>aiéoRQK&%%%W%—&%3Z?v7i6ﬁ%&Wﬂ

YL, PQ WX

2
DESIHEHET S, 2720, AR TLT 20L& IOV T V2 2B L,
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/
N
N 4

1
1+1
-1+1
1+2
-1+2 0—1
CRIFOEH Z2BIRT L1 DX IEFEORS L IZE B> T, ZEinHE

E@ﬁﬂw)%ﬁﬂ‘é,ﬁ?b "o, ZOMIREIHAERNS, FKT D mOIMINTFEBI I IE L T
Wb ESICHZ 5,

( )

n=2500; N=2' ~+

0.025

Prob.

0.015

0.005

& 1: Hadamard 1752 & 2 BT 4 — 2 Z@IASM 1(1/v2,1/V2) L LT 256 AT v TE 58T
BITBIR T E DHERE B, HElE Prob(X, = k) 2R 7,

ZDES BT 4 — 2 ORI U258 8 LTI E B 2 0BE (2 REDES
ZONWT—RDL=R Y ATH] U (1S BIBEREEASET ([2]) 12 &> TRSNT NS, BEOAK
DA, HOBIEE L 3855 A — ) V2 X BRI TH B,
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3 RIREE Fhk

i CRZ@Y, BFU4—2 EHB L MER EOI=ZXVREAFITZATHS, *
T VR AR EZIIGFELZ WV, Tld, AL NEMEMA S 2DOHERO FIzEHI NS
R e UC, HEMDO EOXAFIVANET VA — T2 EDDBILITTEE/25 50, Ak
2, BV NERE EOXSICEZRBZ 8T, BEOWSEENTAIET VAV EEETESD
A5, 612, TNSOMERFIRUZE U THILELUZAHY TR T 4 — 27 OIEIZIFET
57255, AFETIZ, TO3DOMEZFEN %2522 & THEMIZIERT 5,

4 N REBRDFESTZ2EFV +— U L BB

9. HAANIFER (—RENHIIFR) D—DTh b1 ZhEMETHET S, /1 ZhE
a3 12 LORBEWMT 2D IS IZEHRZR L CELZDINERTH S,

EE 4.1 (N ZREW) IRTHEZABT 12 - 1? 231 ZhZie L5,
22,y/2 In=10,1/2
P (70 (€ Ty =[0.1/2)

NA ZREBD T2 (AT DX 12 2 TRIDO XS ZHEI LT Jy =TIy, J1 =TI, Iy =T~ Jp,
L =T ) 7o T05, o AFAIZDWTIE 2 fHTHARIN, y ARIZDOWTIE 1/2 THINITH 5,

T

o Ji
Iy I

71| N

NA ZREBINVA_—TWEEZRET 2056, BEONREDOE LIZ L2(1%) Eoa=2Y) £z
Urf(x) = f(Tz) TEHETDHILNTES, foT, BFVA—JDERIIBLER Pr BLU Qr
Z Ur 95 Prf=Ur(15,f), Qrf :=Ur(l;,f) 2 LTHEZ6N5,

ARG Z o) =12 BET ) =0 (k#£0) £TDHI L TRV A — 27 DERNRERINE-T
RO EEZED S Z LM TE D,

t+1 . _ ¢ t
v, = Prop + Qrvy_y

WERZER X, (X L2 V)V |- [ 12X D Prob(Xy =k) = [vl|> TEHL &S,

Ur DEDZRET I A —212&>T, 1P 2REIL=EHE Jo, 1 1& Pr, Qr DIEFIZ X > THES
ShrEARCERINS,

Prob(X, = k) 3R Dl BAKIZRD 2 Z LW TE 5.

[0 P = [Prvigs + Qrve—1[” = |Proj i[> + |Qrop_y

1 1
= §|Ultc+1|2 + §|”1tc—1|2~
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=0 il
Jo

t=1

t=2

Prob(Xy = k) = ()27 TH Y. THREHEOMEL» SE 5N ZHAFITME S 20, DF
D, BEBHOMLEREBT BTV A -2 25X TWVWED,

EE 4.1 Up OFETI2EF T+ — 2@ OS2 EHT 5,

5 EFVA—VEEMR - ZE/NM IREHR

Ur (DX BHTY 4 — 2 2 EMRAD X E L, H2REBUMRY ERE EITIE, HA AW
REGASUIMERY UTERABENBNEBAIIRD . RS2 1 ORBAT 5, &7
12 & BREATRRORE, REIC L3 0 4 ARSEEORIERENTH B (7).

o Cellular Automata
(Tx)l = f(xi—Tv AR 7xi+s)

o EEEMZ (CML)
(Tx); = (1 —2¢) f(x:) + ef (wiyr) +ef(xiz1)
o KIBfEER (GCM)
3
(Tz); = (1 —e)f(x:) + ~ Zf(fj)
JFi

o BHMEHR

frr1(x) = (1 — &) fu(®) + efu(fu(x))
ZOXRIZBWT, N ZREBOFET BTV 4 — 27 IZRERPILEROE TV & U THIGS

—DEANU =L ENA ZREH ([6]) EAERIZAUETVTH 5,
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(2~ 1), (y+1)/2n 1) (1/2<a <)
LENA TRABTIE, RREK

T@y,%:{mﬁwzn+n (0<a<1/2)

fulz) = afa(2z) 0<a<1/2
Tl —afa@e—Dta 12<a<1

W2 & BER R Fy (2, y) i= folT) foaly) DIFIEL. TOERIZ X B REHIE, ﬁ’ﬂﬁﬁﬁ’

BB AERNEOHED SKHD 1 AR Z2REMN T &S LilAz, BEOAN AT ANNFERT
NS I - AN s k== D) xMEﬁ%ﬁ%%@HTébt“ﬁﬂét\ﬁiﬁﬁ@xdb@
VoTW5,

6 MEEHEORRIE

NA ZREMOFEST 28774 — 7 ZNMABMEN 12 TH M, 7—) THBEFHT S &
THHILT 2 Z e TES, fir, & fe LX) 07—V TEBET B, f(z) =Y, frpe?m koty)
Mo PrfeQrfa7—YITRBIIE>TRkTHILNTES,

(Prfur = / I g TR f ydady
4 kel

— ka l/ —27i(K z+1'y) 27rz(k2m+ly/2)dxdy
— ka l/ 2miz(2k—k')+y(1/2-1' )dl‘dy

:Zh/g ;5-' UT (Zﬁ)éb‘ﬂi PT, QT) @ﬁﬂ%% U(k’,l’),(k,l) 7’&?2\}_’_”¥«§: & Kj—éo

7  HEE{LL

BIEiORBIZESNIFHEZEE2 ARSI & TENSHHESELUIHY T2 BF T 4 — 27 DEZ2 D
WA B125 5, Ur DELTHIBEFEDER S % X REOBIZER L, WR%E & 522N IHET
DEBRINZE EHTEL L NEEHEERD =X V{75 %2455 (2N HE UHEId iz s
DTHB), 2F0, 7V ZEHEERIGCORERR 7 — ) TZBTHEMT 5, ZDIT5% Py,QN
rELZEIZT S,

(PN) (1), (k1) WCPWTIRIRDIED . £ kK IZDWTRARBDIED 5

N—oo 2

1/2
27rz(2k K’ )'de - lim — 2mi(2k—k’)x /2N
[ S
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ARz EDBEZ L TROEEZEB S,

1/2 (2k = k)

N-1
1 Z 2mi(2k—k))z/2N _ ) 0 (2k # K' k' : even)
2N 27i(2k—k’)
=0 e” -1
(k' : odd)

2N(62“(2k*k')/1\7 _ 1)

LUAZDWTHREBRIC, [) 2wl =l/2 gy — 9 [1/2 2mil=2)ygy v H X HZ TWER B,

1z = 1 NZ_l (1—21')y/2N
2mi(l=21")y 7, _ li 2mi(l—21")y /2
/0 € dy Nobso 2N = c

1/2 (1 =2U)

N-1
L Z p2mil=2)y/2N _ ) 0 (I #£2l,1: even)
2N o e2mil=2') _ 1

(I : odd)

QN(ezm‘(lle’)/N _ 1)
IS EHAWT, BRO NIZDWT NIRIEATTH Py & Qn RO XS IZEZE 5,

(P ) B L%i:l eQ‘n’i(Zk—k')x/QN 1 NEEI eQm‘(l—Ql/)y/QN
N (lvk)v(l 7k) \/ﬁN ot \/§N y:O
(Qn) P— L 2N§71 e2mi(2k—K" )z /2N ! 1§€2ﬂi(l—21')y/2N+lwi
N)(Lk),(V k) \/§N et \/§N P .

X 5IT, Fy REER T — V) TEMATH], THIEFEE (Fy)pe = e 70 /N LT 5,
Fsboo0
Vy = F N
o (0

F3t oo
Py =F N @V
N 2N ( 0 0) N

EBITIE,

0 0
=F Y%
Qn 2N (0 F]§1> ®"VN

Uy =Py +Qn F2=RVATHIZ0S Uy 1& CN @ CN IT/ERALT, &1 74— 27 2583 2,

1751 Viy 13 [5] 128\ T quantized baker’s transformation &SN TWAH{75E2<FHLUED
Thbd, UhaxeHsde, FilOoEHE2HE5,
T 7.1 Ur DTS 2R B & Uy DITFIESD TELLTE 5,

N =1 DHEIZ Uy 1 Hadamard 751272 0, T OFEES S8+ 7 + — 7 |ZATHI T L 722

B (H1) OB THD, NEWEIZAEL LR TBEOBHOAF Y 7 3y MIH2 D@D,
EHOMSIEL o TV &5 ILBBIN D,
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e ———— .
pern TS o
" ,
1 ,
" ,
o j
oon f
pe ]
e j
D
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e L
e A S
ﬁa”é fé“i Purs S |
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e
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14 421&
e
i
12 -
Py
01 é ¥
o i
+ 3
o6 é 4
3
0 s ¥ ‘%
A
I g
“
i o x\
e 0 T TR TR T

B2 N=4 (EBAE) N=16 (EBA) N=64 (FEE), N=128 (FEAH) £LTUy D

BEZBBFI4— 0% 1024 AT v TESEEAFY TV av b, NDBKEL LS L@ OWD
ZENZIEL 2B,

8 2RITDIFHE

PAEEMIRAEORT T A — 27 T HERTHEH, 2 EIZ— T2 P L,
LIRTTEGR Te = dz(mod 1) IZ K211 ZREHMZHVNIE 2 IRITGE TV 4+ — 7 DEHAAD 4

DOEHEGADIENTES, dIRTRET VA= IZB T DEHAAND 2d HDIEHTH IR,
Tz = 2dz(mod 1) Z W5,

X 3: 2¢otE T Y A — 2, NEEEE N =8(%), N = 24(45), 120 step
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9 Grover 7 #A—7DiHHE

3IRFED Grover VA — 7 BIRD XD IZEET 5,
-1 2 2
a=&ZVFHU =31 2 -1 2)KowT\RQQ%W®$5K%@&
2 2 -1
-1 0 0 0 2 0 00 2
P=31'12 o0 ofl,c=31'l0 -1 0|, Q=3"1']0 0 2
2 00 0 2 0 0 0 —1

PC,Q0»SIRTEESELV A —2 % 3IREE Grover VA —27 & L5,
vt = Puj 1+ Cvj, + Quj_y.

Grover UV 4 — 7 DBEEBEBEBEFET 2 N0 L2k, FAURERIAIENE, Z
NEFEEAE X, BRESAEHEFLETEIERbhroTWn5,

02

01r

1
It
Iin
T

AT P, ‘
0 100 200 300 400 500 600

4: Grover walk, 520 step

2L ERTF U A — 7 DgGH LARICEIGENEZEZEA S LN TES, Te =3z(mod 1) 2 14 1
WHEEREU 72 W RD 3 DD 6 P,C,Q 2K T %, Grover VA —2ZIZBWVWTHAHHBEE2 K
E<HD Z 8 THIGT BiEH QBN T 2 HILEM 2B TWS Z b,

10 %R

ARETENS ZREHMERHCTET Y A — 27 2L, @EOMSEZEE T8 IR T
Wb Z e aRUE, £/ ARUOGELIC & 2 H A Z2 B 2 GREHEDR TV 4+ — 2 %215
52 ENTER, 2IRTRT Y A —7, Grover 74— 212DV HFAKOERE2EZ, TITHRL
72 ® DR 1/2 THEAIZE) S Bfif L OFEMETH 205, N1 ZhEMmELR T 5 Z & T
F1/3 & 2/3 CEAICHBAEZERT LI, BLOTOHEREA LML S BUEH (28T
TW5, ZOMERIIFHBTHNTERTE S,
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0015 [

A4

0005 ‘h 0005

M»

|
Ml

300

0.005

o 100

5: Grover walk, Wi HHE N = 6( LB A),N = 12( EBAT), N = 30(FEA),N = 96( VB,
520 step

S& 3R

SESHOE T2 77+ — 2 OFE) 26 69 % 1 5, pp. 70-90.

Norio Konno, A new type of limit theorems for the one-dimensional quantum random walk.
J. Math. Soc. Japan 57 (2005), no. 4, 1179-1195. MR2183589

Norio Konno, Takao Namiki and Takahiro Soshi, Symmetry of distribution for the one-
dimensional Hadamard walk. Interdiscip. Inform. Sci. 10 (2004), no. 1, 11-22. MR2062188

Toshikazu Sunada and Tatsuya Tate, Asymptotic behavior of quantum walks on the line. J.
Funct. Anal. 262 (2012), no. 6, 2608-2645.

N. L. Balazs and A. Voros, The quantized baker’s transformation. Ann. Physics 190 (1989),
no. 1, 1-31

Shuichi Tasaki, Fick’s Law and Fractality of Nonequilibrium Stationary States in a Reversible
Multibaker Map, Journal of Statistical Physics, 81(1995), 935-987, MR 1361303
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J A RDINZ 6N FEE - el 7 )V O iy & v

R X *(Fumihiko NAKAMURA)
AGHERE R AR AP e A o L 3 4

1 Fim
FAZE - e (NS) £ TV [1] & MEEIT W % X3 2 FRHE R VAR 544
Sap(x) =azx+ (mod 1), (0<a,f<1), (1)

&, A4z uomEiRR 2] ML 2T L E LT, MR —~D=a—n v DR ABIR%
gL ETLELTESN TS, ZOGE»ESNS [0,1]) EOTIER Sy 513, ZEALETRTD
FTA=% (o, ) TR LT, AN S2F0ERTILBHONTVS, $LIOFHRIEa+L>1DEE
I, oo NNz [0,1] WIZRD28, ZoARHEEFNLS, K 1A 5 NS €7V OEM % FEG
2R E %2, ORBIRGGEE, S, BEMRZRO 7 X — s 5 E BB L2 b DT, 77
LA K& (3] LA TV S, ZORINE O EER MR, m BN E D7 X =S FHRE n AR Z R
NTRA=FHEOMICIE, (m+n) AR ZRO N7 A=Y HEBPGEET 2, L0WHIILThHs, 774K
WIE NS T LA, X DIEORENRE 7L 25T 2 HAGHICH L T, “7—/ L FD
T (Arnold tongues) 7 % “fiAH[FII%E (phase-locking region) 7 & MAZIL TV %, Z OAAH A HAGEIX <
I X —% 22l % AR (rotation number) THEL ZIRICHR O N EREHETH 2., ZOHEBAD/ AT X —
FICR L TE, NFARORHRIBANDNS ) A ADMEAIT X > TROBEEEDZ L v L v “E—FH
# (mode-locking) ” EWHINZMWEZRT [4,5, 6). 7/, "ADNSETMITELTY [7, 8 TR L)
2 PR IR D3 8 5 X — F ZERINICBIIl S TR D, [3] TRt Z 52 7Bl £ S I NS ETVITHT %
PR E — 2 %, D% D, "AERTD (0,1) NOHEHEE /n 1SN L, S, PHEEE /0 &2 FFo3
A=Y R EHICHEE L 722 itk 5, Cns Do ERMLE VT, AGHESRTIE, 2 D& RII5E
Wr 587 X =8 DNEITNTIIC, 7o & 212 ORRIFERINS 2 EBEPEL TY, JTLONER Sep D
JMIED MR 72 %, D DHBEEDMRAND Ev) 2 EERT. ZOHEFENS EF LKL C—loE— N[
W E ) BRROFIEDBEANCEEH S N7 2 L 2R T 2. COREZRTOICAHIERTIE, NSET L
W/ ARXDBMASNEUT DT v F L) FR%EETLI LTS,

Ty =azg+B+& (mod 1) for (a,B) € (0,1)? (2)

2L, {&lt >0} BYAR—F30,0] TH 2 @D E LK 2 b DML AMERELINTH S (0 <6 < 1),
ZUTSAT A (2) BRSNS 2 a7 (EAIFE (9] 1C5T 5 o0 WE AWK AT, SHENGEEE
(asymptotic periodicity) & #HERRREM (asymptotic stability) Zifiw L, Z45DWEIIED 7
DD VEMEEER L, o OWBEEENT (9, 10, 11, 12) ZEThEMINT W5, [13] Ik L,
AT A (2) SRS NS )V 2 7 EHFIEEICHDER 2 FE 2 SO 2 EDMED B3, 1 WL Y
YDA EE L AETH 5 2 L ICHEET 2 L R4 DTEH 551, MAS /A RADKREZITIEL T, <
a 7 fERHOER A I (R0 2 DU R) Mnafzer: (A1) o &b oot BzRo02KLzl &
BERT 5. DD, BEALETO (0,8) € (0,1)2 1K L, $% /4 XOKS S ORI 0. (o, B) DIFHE

* e-mail: nfumihiko@math.sci.hokudai.ac.jp
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L, /A XDmKIE O % 0. (a, B) ZEZ LB Id v a 7R EINLN 2 ABEZ b5, 023 0.(a, B)
Z 2 TGN R LEEZ RO &) T EZIRL T2, Provatas & Mackey[14] 1& Z O H 2 1] 2
DEGEITDAGNZ G AT 5, Lo THRA DRI S ORFERZLEORME n > 2 NRRTE 2
ERTEHRL TS,

2 Rational Characteristic Sequence D4E

HAE n 2L, Pr(n):={l <n| GCD(n,0) =1} £$ %, B (n,l) ¥ D,; EHWLEE, #IiC
neN/le Pr(n) 73T bDET5. WE (n,) ITHLTRRATERI NS 0171 {kn}mez

- [“”n“)l] _ [’;ﬂ for mez, (3)

% Rational characteristic sequence £ WESZ L1292 (BAT RCS £ <), I DFliE mechanical word
rotation words, Chrstoffel wrod & L CHHIS N [16, 17), F72 I/n ZWILEICE E 2 7511 Saturnian
word % characteristic sequence & L THIL LT 5 [18, 19]. FEFLDFEHNC K & & # 2 K7 T H AW
Y= D—2lk, TORCSZHVA (X 4) CEHZINL) BB E, (i) Ths. ZoOFETIF, RCSOHH
ERIEF, (1) oBREERAENX (W 2.3) 2N 5.

8 2.1 ([3], Proposition 2.2) {km}mez % (n,1) 1T 2 RCS T35 &, DUNOWEDELD 2D,

(i) kman =km for mezZ,
(ii) kn—1—m =km for meZ, m¢nZ,nZ—1,
(iii) k,,_;=km for meZ, m¢nZnZ—1,

m

727U, l:==min{teN |l =1 (mod n)}. 22T, k=0, ky_y =1 EZEHSLICVOTHED LD, O

iRl 2.2 (/3], Proposition 2.3) {km}mez, {kl}tmez Z Z0Z 4 (n,1), (n',I') ICNT2 RCS £§ 5,
L« 717', ol —n/l =1 2725 non/ LU SN, Bzl {kmtmez 2y m=0,-- ,n+n' —1IZKL

n

T,

[ ky for m=0,---,n—1
K, for m=mn,--- ,n4+n —1

EL, 2SO m=m+t(n+n'), t € Z\{0}, m=0,--- ,n+n’ — 1 IZH LTI,

m o= ]%m

I

LEDD, ZOEE, H {kmtmez & (n+n/, 1+ 1) INT 2 RCS L5 5, O

KIZ, ROSICL-> THEBS NI TOMBKZEER 5.

i—1
kna™, for a€(0,1) and i=2,--- ,n. 4)
1

. 1
(i) = 1—at

B, {kmbmez & (n,1) I 2 RCS TH B, KOMMEIZ Z OB F, (n) KT 28 H 252 555, &
NDME 4.1 OFEFHICEE LG # 2 BT LICh 5,

B 2.3 (N) TRTO (n,0) KL, MTORERDM D0,

an—l —a”

1—am

a’L

1—at

< Fpi(n) — Fou(i) < for a«€(0,1) and i=2,--- ,n—1. (5)
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1
e
4/5
© 3/4
2/3
3/5
-

172

Izl Period 2
2/5
- Period 3 13
- Period 4 1/4
1/5

|I| Period 5
0 14

1 77V AW Sap BRBIE2 26 5 FTORAMAERD $F X — & fHIK

3 AE-ERETILOT77LIEE

COETIE, BHNTERINLT7 7 LAKEICOWTHENT S, ZiUd S, 5 DAMIEZ D7 X — 21
E FIEGNC B L 72 0T, R1icRens k9%, 77 L A800 (kA 2R) IS Gz fio
T3,

HHAE n ICNLT, 77 L AMEZM T CERT 2. F 2 R2OHTEALEL, {Dyitnenicrrm) 2%
& E Oy HEaET, UFOWEZMETOOLT 5, & acm(E) ML T, 5% BY,(a), BL(a)
DEIEL,

Up) (Dn,l N Wfl{a}) = [B{?,l(a)a B,(il(a)) .

EEHFD, L, m(e,f) = a, ma(a,f) = BTHB. o, EHD a € m(E) KL TBY (a) < BL /()
BRSO L E, Doy < Dy EHS LT 2, 2ITE, 200487 A=8%252(0,1] Lok
{Taaﬁ : [07 1] — [07 1]}(a,,8)eE %%25

!

EE 3.1 {Top}(ap)erz »° E WICT7 7 LA (Farey structure) 252 L%, $5/87 X — 5 F451H
(Dot} neriierriny © EBEELT, UTF2MHT L2209,

(i) Leb(Dny) > 0,

(ii) (a,8) € Dy DEE, T, 5 \FEAHE n OFRMIHZ RO,

(iii) FERDOERE n IZH L, Dypy11 < D1y Dipn—1 < Dpg1 DI ILD. £/, nl' —n/l =1 27§
HAE (n, 1), (0, ) I LT, &L Dyy < Dy %5038, Dy < Dy iy < Dy DYDY 32D, O

Sap W37 7 LAMEEZ DI L 2RO, IFD X ) ICEATE (Do} & =2 0B BY, (),
BE (o) 2525,

Dy ={(a,f) € (0,1)* | Byy(a) <8 < B ()}, (6)
1 n—1

B;{l(a):(l—a)<1_an kaam+1>, (7)
1 :r:ll an—l —gn

Bﬁﬂa)z(l—a)(l_ankaam+1—1_an>7 (8)
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EFU, {kmbmes & (n,1) (KR % RSC THB. Zhb (6), (7), (8) 1ok > TROGEITING.
R 3.2 ([3], Theorem 4.1) {Sap}(a.pco1)2 & (0,1)2 HIC7 7 LA iz b, o

SER 3.3 (0,8) € Dy DEE, B Sop 7350 n MOMBLEDEGIRUTTEA SN,

Pern(Sa,g){lfaA,;(a) 1=0,--- ,nl}, (9)
7L, i=0,1,-,n—1IZHLT,
A _ 1 \- i—m—1 - nti—m—1
i(a) = T —an (Tnz_okma +mZ:ikma ) . (10)
TH5. ]

4 FR - ERETINORERROERICEAT HHEE

AR 2 RO —RICH AR T X K NERLR OB ER S 5. Keener[20] 13X 73 1K G 0 H 5
KT 2% 0HEEZRL TS, B2 130, SEROEAPERE 5I1EEZ T3 1IERIANRE R &
SOMEEZTRL TS, XomElE, (a,8) € Dy TH2NSETLVDOHROEAVHIREATHL I L%
fiis iy %, NSETLOXOOMRICEHT 28 L WEEZ 52 TED, ZhMlii#E 5.6 OFEHIC B3 2 %
ZR7T. 22T, €03 NS model DFHEFEHOWRTH S 2 L2 FEL TEL.

W 4.1 (N) (o,8) € Dpy ERET 2. i=1,--- ,n—1IHLT, S ;5 Ick L u0iGIL

9

S0 =0 Fn—itm—1— B (1)

—1
S, o™

m=1
LEY, s TRT0,1NIET 2. 7L {knlmez & (n,1) 1K 2 RCS TH 5.
EoITi=n DL EDMHR S, 7(0) 12 [0,1] IKIFS %0, 0

5 JAZXBMAShcY AT LOEERNEE

COETIRET, SRBLEL TV AT A (2) OWHEN A58 % i 5 72 O ICHEZ0E H 2 HEfii L,
TEHEZBRND, (X, A p) ZWEZERE L, BIBERE P LY(X) —» LY(X) 2~ a 7% (Markov
operator) £33, Thbbt PIIMEEDNIEA L BB L, ()Pf >0, (i)||Pf]| = ||f]] 2T, £,
D={feLl' | f>0,]|fl| =1} £T3. ZN5DY— LD [9] IKEIPN T2,

EE 5.1 {P!} PERERICEKRER (asymptotically stable) TH 2 &%, H BB f. € D B—RBITHFEL, T
BOBK fe DITRLT, tlim |P f — fl| =052 Pf, = f. BDIRD IO EER VT, O

EE 5.2 {P!} ELRERICEERR (asymptotically periodic) Tdbh % 1%, &5 HBREK r & 2 O DIEEABIEF
G €D, h; € L™, (i=1,--,7), fFAFQ: L' - L' BHEEL T, fLED fe L1 il T, Pf»

Pf) = Y N(f)gi() + Qf (), (12)
=1
EETFBEERNY, L

M) = [ f@hi@ntdo). (13)
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ThHY, BB g, LEFE Q U OMR & 7§,
(i) i #jBBTRTD G, j€ {1, ,r} I gi(x)g;(x) = 0 B,
(it) FEBRBATRL, &2 EHRE p(i) B—TIHEL, Pgi = gpu) DAL BT i #£§ %5 4,5 1K LT
p(i) # p(j) DIRAL;
(iii) TEREOBE f e LY INLT, t = 00 DEE ||PIQS|| — 0 KL ]
R 5.3 (P} BWREMICKENTH S 2 L1E, (P} 03 r = 1 CHREMICAMINTS % 2 & LRAETH 2.0
RIZ, [0,1] ko F v & Lk
Tip1 = S(wy) +&  (mod 1), (14)

EEZDL, L, S:[0,1] — [0,1] EAHIZEET, &,&, - FBOEE g 285D, M7 RHERERST
H2, TOVAT AT B2 a7ERFE P LY([0,1]) — L([0,1]) ZXAXTEZ 65N 3 [13].

P = z— i or L
Pf(x) /[0’1] f() (;9( S(y) + )) dy for felL (15)

& 5.4 ([13), Theorem 2.8) £ (15) ThH 26N ~wnra 7{EH#% P : L1([0,1]) — L'([0,1]) icX L T,
(P} 1T I ©H 2 . O
ZITHBEH LG VS LR (2) KHEARET. MESA LD, AT A (2) HOERINB LD

ZHEAZP IR LTH, (P} RIHENICHNTS 2 2 EobhoTws, UFOEEHTE, MA2 /4

ROKEZICHRLT, {P'} 20 > 1 (WOEMICAIIN) & %5 7001054 r =1 (WREIICZEER) & 74

BDDFEEELZ TS,

EE 55 (N)PEYAT L (2) T2 va7fEfl#F (15) &L, (a,8) € Dy £T5. ZOR, &5
[0,1] HNOFEEL 0. (o, B) DMHAEL T,

() BLO<O(a,B8) 551E, r=n>1 2%h (P} IXWHENICENNTS 2 (AL n).
(i) L O> 0. (o, f) 251, r=1, 2% {P} ZMHEMICRENTS 5.
ZITr BEES2NTEALNEARKTH S, 7, 0.(0,B) BRRTHEALNS,

O[nfl(l _ Q)Z

1—an

O.(c, B) = — B+ Bk (@) (16)
KMIBTIRAI BT 25, (i) DI ¥ — & 7o 7R DU 15T

%8 5.6 (0,0) €D, DLE, i=0,---,n—1ICHLT, nlOXH G, %,
B B+0

11—« l1—«

G; = - Ai(a)v

LEDD, L, Aje) 3R (10) THEAGNELDTH L. ZOW, D i=0,1,- ,n—2IHLT,

Az(a) ’ (17)

Ti41 € Gi+1 if Ty € Gi, and Tiy1 € G() if T € anlv (18)

DI LD. 72l g EY AT A (2) k>TSS, HiZ, HBLHARE N BHFEEL, t > N,
a.e.xg € [0,1] 1L T, 2441 € U?;Ol G; DI 3D, O

Rfic, = Bl (o) ®LEICNT 2 ERZELT. ZOKE S = BY (o) &, /4 AHMASHTO NS
FATRAMEEZRF LR OEAD AT A =P L hoTwE I EEZEKLTWS, ZHE T3, 9] Tl
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iz a=1/2,8 = 351(1/2) =17/30,0 = 1/15 D EE2HEEIN, FLRIETIEIORMNZ AT X =%
(o, B) = (1/2,17/30) IR L TD A, WHEMNICLEN L 75 2 E23[21]) TiEHE N, K> TROEM 5.7 %
INoDFEEZ-BRELZZDDTH 3,

EE 5.7 (N) P23 275 (2) KT 32 a 7{EM% (15) £ L, (a,f) % 8= BY)(a) Ziir$ X 51
52%., ZOLEEEDO>0IHLT, {P}IRBENICEENTS S, O

6 HUERERE DLLE

COETIX, FEM 55 OBMENEEREZANTE, S TENATEER 77 20EMNICe L2 7EH
R X 2 HERBOLEZEZ TS, < a 7ERROERICB T 25X [9] 22 S 7w, K2 T3,
SAF L (2 BOERENE2N AT EAEP LML {P fo} &, ST A—F a=1/2,8 = BE,(1/2) = 4/7,
JARDREE 0 =0,(1/2,4/7) = 1/14, PHIEEBIEL fo = 1o KL TBIMIL 2. FEH K D Z0BE
v a 7R PR 3 OWBEEIIEZ 028, K256 b t B REVKIC (a),(b),(c) Z#E DI
TREHBBPTE 2, HE () & (d) RIFEAERALUBOER NI 8% R LT3,

(a) (b)

adkh 12
s Al

2 WHEMRAIPEZ R L CTW B, 22T [0, 1] WIC—RICAE L 7 5,000,000 fH OB RIS 2T 4
(2) &2 tRIOKEZTTY, EXA N7 L0BLEBML. ST A= da=1/2,=4/7, /A AD
KRESIZ O =1/14. KEFEHZ (a) t = 200; (b) t = 201; (c) t = 202; and (d) ¢ = 203.

(c)

—HR 3T, NTA—F % LEFAL a=1/2, 8=BY(1/2) =4/TEL, /A RDKESE LEY DT
BICKREL 0 =0,(1/2,4/7)+0.02=1/14+0.02 £ L7z, Z0LSFEEHEN S, <3 7{EHE P il
W LEMNEZ SO 3D 503, FEEE 200 MHEOKERITIEK 3 DX ) B A N7 7 MR L T
LTI TE 5,

3 WREMZEEEZ R LTOLS, 2 2TR [0,1] FIC RIS L 72 5,000,000 OIS S 2T 2
(2) 12k % 200 HIORBEE T, STA—F i a=1/2,8=4/T, ) 4 ADKESIZ 0 =1/14+ 0.02.

i, R4 E "7 A—% a=1/2, 8= BY,(1/2) = 17/30, /4 AOKREE § = 1/15 OBE DI
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fWch s, EH5T 06, vLa7ElFE P ZHENLEEREZ LD Lbo 503, EBRICHEEEIT)H &
100,000 MIHDAEETE R+ 77 L DRLDIZ E A ERZ 7% 702 2 LBl N,

W
A

ada
A A

R4 RN9A—% a=1/2,=17/30, /4 ROKEZ 0 =1/15 DL ZOREBHERTH 5, KEFII
(2)200; (b)1,000; (c)10,000; (d)100,000 T%H %. 100,000 FIEHETE 5 < £ R k75 ADE{LAR
2%, WHEWZEEZFF> 2 L PBIHTE 7.

H& A T7LAE5

EnI77LIEBIF, 13, DB UTT, 0UELIUTOTXRTOEBNDEEZ/ NS VIELSHRTTE
2EINTH L. LTS Fs FTEBIRTED, 77 LA BINCET 2 HE I [22) 28I v,

01 011 01121
Fl_{lvl}v FQ_{17271}7 F3_{1;3727371}

0111231 01112132341
F4{17473a2337471}7 FS{ 77777777777 }
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Joodoooodoogoooogno

godg

1 OO0

gobooobboooo,ogoooboobbooooobobobbooooooobooboo. gooon
ooooooobobobobbo,bbbbbo0oooooooooobobobbo.oobobobo
g, jgogoooobooboobooboobbboooooogo, oo oobooobooboo
0 [1].00000000000000000000000DO0O0O00OO0.0000O00,O
gobboooobbboooobobobooooboboooo,obbboooobbbooooboon
oooboobboob.obboobboobobo,0ooboooboooboooboooo, o
goooooobobobobboo.ob,0bbbbbbbooo0doooooooooooboooboboo
O0000000ooooo, 00000000000 00.00000ooooooo CVHOOO
gbboobogbboobbooboobobuoobbooboon.
gooooboboboobobob,bbbbbbobooog,bbobo0doooooooooboooboobobo
gogobo,0jggooboboboooboobobbooooooooooooobobo.ocoooboboboobobo
go,gjggooooobobobbbobobboboooogoo,0ggooooooooobooboboo
[2.00000000000D0,000000000000D00DOO0OOOOODODOODOOODOOD.
goobooooboboooobob,bbooooboboooobbboooobbboooboobo
g, 0bogbobggbboooboobbuoobbooboooboobbooboooD.
goboboooobboooobobbuooobob,boooobboooobbbooooboon
000000000 [3.000,0000000000000000C0O00O0O0DOOOOODOOD
goobooobo,ggbbooobooobooobobooboboooboooboooobooag,
gooboooobobooooboboooooboobooobo.obbboooobbboooobooo
goggooobobboboobbo,bbobbooo.obbbodgooooooooobobooboobobn
goooobobobobobb,bbbbbbboo0oooooooooboooobobob,bobbobo
goobooooobobooooboobbooooboboboooobbooooobb.bboooobooboo
gogoooobooobobobbo,bbbbboodooooo,gjogoooooooboboobobobo
oooO,b000dbboboooobboobobboo0.oob,bbooobbooobobooooboo
goobooooboboooobobboooobboboooobob,bbooobbbooooboobo
goobooooo.ggbbogobooo,bbooboooboooboobbooboooobo.
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2 DOhOoOoOoobobooooooo

input layer mmmmlp-output layer

01 2000000000000000D000D0O0ODAO

010000000000000000000000000000000000000000
00000.00000000,0000000 {0,1}00000000000.000,00
00000000000000 M, NOOOD,000,0000000000000000
X={0,1} v={0,1}¥000.000000000 00,0000 000000000
000 z;€{0,1}0000 = (z1,22,...,2x) € X0000D0.00000000000 yO
y=(y1,92,...,yny) EYOOD.00000000000000000000,00000000
00000,000000000000000000000000000. 2,00 4000000
0w, 000.00 2000000 P(x)000.000000 «000,0000:000000
000000 10000000000 Py, =1|2)0000,0000000000000000

ogoooooo.
1
P(y; =1|z) = = f(ui)
1+ exp(— Z;‘il w;;x; + b)

000 b0000000,0000000000000000000b=-5000.000000
0,P(x)00000,0000 P(z,y) 0000000 P(y)00D0000.
000000000000000,000000000000000000000000000.C
0,0000000000000000000 I(X,Y)00O000000000.

X Y)= Y play)log(EEY

zGX,yEY

gdooooooooooo,boodoooo.onoooooboboboooboooo,ooooon

oo bobobobob. 0o boobob,0gooooon wij:()

dodoooooooooooob.obn, 0o ooboooo,bgooboooonoa

do0odoooooogoo.ooo0ogoobooooooooboDo oo oooogooad
.
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0000,00000 EX,Y)OOOOOOOooOOooooOooooooooooooo.

2
E(X,Y>—;<Zp<yi—1>>
000000000000000,0000 L(X,)Y)Oooooooooo.
L(X,Y)=I(X,Y) - AE(X,Y)
000A>00000,0000000000000D0000000D0.0D0000D0 L(X,Y)O
0ooooooooobo,000ooobobobo,o0b0b0bobo0bob0ob0bobooo0.0onooog,

gooooooobob,0bbbobbbboooog, b0 ooooooboooboboo
goob.0ogoooobobog, bbb b, goboobboobog.

oL
8wij

w?TH = wfj + «

(1)

0000000 DO00DO0O0DO0O0DO0.000,000000  N=MODOODOODOO
goooooboo,bbo0ddodob z00000000DODDDODOO0OOOOODDODD.ODOO
000000,000000 Plyle)DOODDODOOOO.O020,N=M=500000000
00000000000000 P(yle)0DOODODDOODOODOOOODOODOOD.OO0DOODOODO
gooooobobobobbbboooogo,0boddoooooobooobob.ooobobobo
00 2000,000000 y00O0OO0OO.000,200000{0,1}0002000 1000
0000000000 0oO0o0ooO0o0.0o0O «z=1(0,0,0,0,0)00000000O0000.00
ooobyOooOobobObO.0O0O0DOO00000,0000b0bObObObOO00o0oooOooDbobbo
gooooobobobbbboooo.bo,bbbbbboodoogooooooobooobobobo
gbobooobogooooboobooobo.gobob,ogbboobooobuoobooon.

Result 1
goobooboob z000,00000000DO00O0DO0OyDOOODODO.

p(ylz) = 1

Choose w; randomly After learning (12 =0.0)
conditional probability P(ylx) conditional probability P(y[x)

35 T . T T T T 1 35 — 1
20 L = == %0 | . ] 09
] 08 L] n ' 08

index * | : 1 5L g B KX
Ofy o - - - | o 20 | l. . | 06

0 5 10 15 20 25 30 35 o m " L N N N L 0
index of x

02 000000 P(ylz). w; 00000000000 (00)0,000 (00O).
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0000000000000 oU0oo0o0.00000 AD,0000DOO00DOOOO0OO0
oood0opooo0oo, A 0000000000 0O0OO0O0ODOOO0ODO.D30,00D0000,0
O00oo0ooooooooo.ogdo A=0,0000000000000000O0O0O0O0O00OO
O000000000.000 A=0500000000000000000000000000
g.00boooboogoooo,00oobo 10 100obo,goooboo0ooo0ooboUuDboo
O00D0000D0.000 AO00000D000,0000 A 0000,000000000000
googoog.

Result 2

OMN<=A.000,00000 2%2°0000000 y%,¢y*°000, P(y®*z®) ~1,Py°lab) =1
00000000, 2%#2°000,y*#4*00000.

OA>=)\000,0000¢y0000, P(ylz*)~1,P(ylz®)~100000 z%,2°00000.

After leaning (A=0.0) After leaning (A=0.5)
conditional probability p(yJx) conditional probability p(yJx)
% T ' ! 3 — — 1
3/? — " . . | 08 30 o8
index " [ " . L s o7
ofy ?1 - . . W os “ zi
10 _.l - .' 1 03 10 [ LR N nees 0.3
. " 02 b 02
5 . . n i o1 5 .l.l.l.l o
0 - . ) ‘. ) ) ) 0 . ....... ) ) ‘ ) 0
0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
index of x

03 0000000000 Pyle). A=0.0(00), A=0.5(00).

gooboooobobo,jgoboboooobbooobboooobobobooobobooon
gboooobooboob.ooboobgo,0oboobooobooboobooobooboobo
gogoboo,bbobbuodgog,goooobbbbooooooo.ooo,gooboobo
gooooobobobobobbbooooooooo, oo b, oooobobobobobo
gobooobogoboobob.oooboooob,booboooboobbooboboooobo.

3 DOOoooooog

gooooboboboobbbobo,0bbbbbbbo0odgo.0o0o0oo0oooooooo
g, 0bogbobooobogob.boobooooboon.

OI(X,Y;w) 3

= D
) (z,y)

zeX, yey

D(z,y) = —pi(z,y) f (i) log <p]()f;)> z;(2y; — 1)
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000 D(z,y) 0000, 2,4, 0000000000000.000000000000.
{D@w%ﬂJ«%wDZUJD
D(z,y) >0 ((z;,5:) = (1,0))

0(1)000000,0000000000000, w0 (z;,%)=(1,00000000000
0000000, (z;,w) =(1,1)00000000000000000000000.00000
00000000000000000.000000,00000000000000000000
00000000000000000.00000000000,00000000000000
ooooooooo, (z,y) =(1,1)0000000000000000.00000000,0
00000000000 00000000000000000000,000000000000
00000000000000000000000000,00000000000000.00
0,0000000000000000000000000 [4],.
00000000000,00000000000000000000000000000,00
000,00000000000000000 D(z,y)0000,000000000000000
000000000000000.0000,00000000000000000000000
0000000000.00000000,000000000000000000000000
0000000, D(x,y)=00000000000000.000,00000000000,00
000000000000000000000000000000000000000.0000,
000000000000000000000000 (¢,y)=(1,1)000000000000,
0000 (z,%) =(1,0000000000000000000000000000000.00
0000000000000000 {0,1}0200000,{-1,1}0000000000000
ooo.
000,0000000000000000000000000000000000000,00
0000,000000000000000000000000000O0OOOOOO.0000,
(z;,:)=(1,1)0000000000000000000000000000O00O0O00,00
000000000,00000000000000000000000000.0000000
000000000000000000.000 (zj,y)=(1,00000000,00000000
0000000000000000000000,000000000000000000000
0000.0000000000000,0000000000000000000000000
000.00000000000000000000000000000000000 [5.000
0000,00000000000000000000000000000000,000000
000,000000000000000000000000.

goon

[1] Collerton D,et al.,(2012) Why people see things that are not there:a novel perception and
Attention Deficit model for recurrent complex visual hallucinations.Behavioral and Brain
Sciences,28,737-794.

[2] Bar M,et al.,(2003) A cortical mechanism for triggering top-down facilitation in visual

object recognition.Journal of Cognitive Neuroscience,15,600-609.
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[3] TsudaIet al., (2015) Self-Organization with Constraints-A Mathematical Model for Func-
tional Differentiation,Entropy,18,74.

[4] R. Linsker(1988): Self-Organization in a Perceptual Network, IEEE Computer, 21,
105/117

[5] Uchiyama M,et al.,(2012) Pareidolias:complex visual illusions in dementia with Lewy
bodies,Brain,135,2458-2469.
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MY Cc-a—0OVEHED

F“B jClL.\ , 1?%%% 2, }iEEl—EB‘

e AR
At

S

M=

L OREDO—D1THRE b Th . LEMR LES T, WAEWITT AT ARKROF R
FRICHBWTHEEE ¥ 2 — L EMEN DHREHAL 2 1ED . Z 0BT O3k X OO
REMEICB W TIARRICR 6N D, 20X EREMEDIRIEIZH D A I = X L2 BT 57
DIZ, VAT LREROBED DHEERNL &2 A T 2 &R TE AT T NV OME LRI,
ARIFFETIIMRRICESZ Y TS, RFROBE, Ry U — 7 EBI &R HERE 2 A ik
HZEThHD. ZOHBMDEDIZ, FxlZ—FHRKEEGO—RITGHR Yy NT— 7 2551
BHT ) XL X o THEMIRER ) DRk 217 > 72

[TC&HIC

Tox D AT EBROMEERICE T DERCEENORBEETH DA, FFITHER L IERIE
ST FRCA AR GRORE S & LIS IATHIR 2RV KD

FEH - JEKIIRATREND, kBFHOHESED, BEEEZn T, @kt KRB ES x O—J51h
e o—RTEGH 1] 255 L.

X1 = filleh) + Coxg ™t = Oy M

ZITCRBIVCEHENEN—ORIOESENLOFARE, HOMbARELZEL TWVD.
SOICHERIBE D T, IARAEBGH) 2NN ETHNFREELT (K1BH) .
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(=1 External input G( ) G(y):chaos map

c' c' c c' c' c' c c' (3 c'
B 1 AMEANGCY)Z & b2 d —TFRfEE—RITEHRDOBEARX

SHBAD GO I B (K 17242) 26Tt (K 14) ~fhd 2 &icind. Zok, 1§
WA & & BITHER L Tt Meb b RnER &, FEFTRH L & BITHERPBER LN
HIFMAHAT D L VAN FROER~ERPMET 2GR BFET .

I<monsu AT 47 AGBEIEETH Y, Rk T A —2Ez RO THEREZ Tt~
BAHENTERV. FRIBEARRREHBO—DICLL N TREINHRA - HH (1983) 2
218 L 7o Bk BZ 5403 d 5 [2].

fi(x) = Altan™(B(x — 0.2)) + tan™1(0.28)]|/[1 + (2x)*°] + by, (2)
A = 0.8(1.0 + 0.7*°)/[tan™1(0.158) + tan=1(0.23)] (3)

ZIThlIy 7 MRTA=FTH%H. B=200, b=0.19 DHFZX 2 (TR,

£4(x)

X 2 H#ifk BZ 544 (8=200, b=0.19)

BIEINTIINTATI O REERCT D720, AR -HE (1987, 1988) IIAN
& kFHDOER TR Z n 35 LRI S ARG HREL () Z2 TRRo L 2 IZE# L3, 4].
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J

I, (k) = Z p(j®) logp(j®) " — Z (P (i*]i) log pa (i *¥]i) )
ij

T 2T p() HAMBA S ARIE | ZE SRR, p(GO) 1F k B A OBEHARAE [ &S e,
P (GO|i) IZAMEEASIANIREE § & B> 72FF, n BRERITRIC k 3 B O BERIVRIE j 2 B D b & e
FCThD. M3EHDV7 bRFA—ZEETOAST L OB EHAEKRETHD. EEAN
WD 3FAOEENR R BMAFHRENm S, TALY FAIOERIITmD-> TRy, Zh
T AOWEE M LD TH S,

mutual information 7, (k)

3
25 |
2,
15
11/
05 -
o]

iteration n

X 3 EFfTEMEEFREOH]

ETIL

FATIFIE(3, 41 KV, HLOMOBMRIIERE LR DL ZLBMbATWE, TE ED LS RE
BRLVERELBEZONDDMN2] LWV BWIZEZ D BIZEAIIUTOET LV ESZZD.

X = fieGep) + a(Cx™ = C'x) (12 a20) (5)

fi(x) = a, tanh(a,(x — a3)) — a, tanh(as(x — ag)) + by (6)

FERITEATRL] LRI —FRICHEGShD (K458) . BTk, M HE
AN HEFE LD FANZIXERPMeD LRV ERNSNTNEDT, T4 AEH G(y) &k
BIOBEHRIKESTRIE D TIMBNH AN L. £72 200 tanh DR LADETH S f,0)IL T DD
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WNRIA—ZEiET 52 LT, BB, HFEMBEE, BB, B, BRI
EDRYIEWVEIFHOB AR TE D, 72 alTFHEBED LREZRT RTIA—FThH 5.

External mput ; ; ; ; ; ; ; ; ;

X 4

FEDFIIHHEERE LR KICT 258 fi(x) D/XT A =2 LEEGRE C, ¢ OMABEDE

A=@1"Ua@h,c(ﬂ%%fﬁ$%%KM&6@%(tﬁb,%éﬁEC,UMOWE
1 EFTOHPAT, IHICallE o TEBRBPRESTVIFICEE) . XTI A—XDOMHAAEDLE

A DD ke FHOFHK LB & ORI SMAEEREE (4, k) L L, REKRTOMA
TGO 72 OIZR ORI J(A) ZHEAT 5.

J4) = Z mrzlix{ln(A, k)} (7
k

%k TL(A, k) OEKEZRD (K5OI TRINTZA) , TOMEFMEE Lz, Mz
i & 32 OIEFSMBAN B ERES 2 BHRLZ OMEHZT T, FRECHBMsbo T D
FEFMT D720 TH 5. K5 TEAEL VAT REGCIHmE 55,

mutual information 7 , (k) mutual information 7, (k)

iteration n iteration n

X 5 HHEFRELFMEIKOBR (XY ADHHPIMEIF)

FROFHERES A b LI RT A —F OB ALY ADRKREITH. KL TIINRNTA—FD
PRI L LT, Larry J. Eshelman 23222 L7 CHC & W9 &7 03 Y X A% HW=[5].

B 6137 > 7 LIRMEN B A X — b LIZEBEORBOFIRTH S, K6 135D RS
2 B WER OB OR (BB , MAGHRE (PE) , KRAITFT—% (FB) Z&RKRLT
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W5, Ao (K6 £) TRIXEHROBZEIITOATE LT, MARJFREL Tt T
FIEO0 T, FRINT — 2 2 A TH TIROBERITIFEAFRITEDL WD LEDILD. Z0HkT
AR (M6 k) TIETHETHERNM=ADN TR, &EMMNA (K6F) TITFHANHRE
DBLED BT 2 EHE DL RITZFHROBERIZA LRV,

Example

) “© ®
iteration n

earlier

Stage of genetic algorithm
X 6 BTNV Y ALK DZBEROKBELOH]. EXRMOMA, FR3PRHAR,
DS B HEAR.

R

FEERED LR a ZZEZ RPN OEBEHT L TY ALK DEE(EEIT T2/ R, alls T
LUT 0 3 1830 0 BE0S fc RO 1T AL 7.

1. B (a BREVE)
APRENEZFTHETHD. €=1, C"'=0, fx)=0<&720, KXGB), 6) LD

Xp1 = DG(Y)  xfq = axiT! (8)
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LD ZORERIIRA n TOEFE k-1 OARIEN, FFZ) n+l THEFE k+l ~Hli/sa v —23MTh
NTWAELZERTSE (K7 @ DOESR) . ZORNBANOHFRNERITEEINS. all
Lo TEREZDFRWVWERTZOMIZR>TLED.

2. BB (a3 PRE D)

a NHREDOEE, K7 b) DEIITREIND, AT v T RAEMRAEG DR 3 DO
o R EOBEBENRITND. ZOBKIZ3 S OREEE L LAEMOARBANLET, EY 25
FIAZETHD. v hT—I BETHANNRITIELE COERNRERRBSIIRS Sh
L. MBI DANN RS DS, ANP/NSTITLELRABRTHFICEESD. L LASR
HEREILEZRYFROREEEEZ D L, PROFHEEE CTHINL, 40P R H
L CEDOWFIAREHA~L KEY LTR>TL 5. SNBANINDL2BEEZEXD L, ZOMHEHRM
7L ZAMRITIR & T D BEFE MR > TOLKERF AR 7 (b) OLRREREIT — 2 bR b6 5.

3. IREA (a 2N S V)

a BD/hI N EET, T(c) DEITTR SN D BEEANRITND. Z ORREITLER 2 MRz
B, ANPRFEREET 2 ABRE#HZ L T\no. ANRH LK, 2 AHMIRESD, IR
R DZALCALAT D AR E T TV D DDRERINT — 2 b TN D (M7 (o) DAKER) .
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X

40 . .
» iteration n

X 7 ESIECEER, BRER, IREBIOY A LIZRoTWS. E-ENLIRICES,
MEERE, BRINT—FZE2HRLTND.

2 TEBIR LRV, RS IREOMIZ b R RIS IT 2 BT B 4 B 2 2 BB Mt
LW ONBHLIERIDOVIalb—rarhbBHbMNIRole. —DINFATIOHEE TH
L. SNIATINEFI ChH 2 &2 DM ER T, b L <I3AEE 0 BEE DN EITn 2 B R H
NDDIFINFARLEHI IR ED AT THLMEN D L.

Flo, FERICHHBUC LD /A X%z D & WERINBITN D HEAHEIRNIEL 72 5.
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MABREORKILE VD Ky b U —27 2ROMEEICH L GRIRE T iR, SEENH
CUHLARAO I B RE b L7, RRICRE G IREE O LIRS AR EELL T OBA 1238\ TR AL O 15 B
BALORIIRD BB OND . Z ORI, MRMEOES B, b LEWRISEED H
DV EFREORE R E W MHREAEOL L, ACHEBMNICBENTZbOTHD Z & 2R
LTWDHHDEERD.

SHOBEE LTI~ HIEa &Ik L, J0EMRRy N — 2 25 e LICFRNE 2
HID. FTAMZE TN L2 s ERE IS, OB MO L2 A bES 2
&, MR Y NU— 7 O CHBMEMESND Z E NI ESND.

ZER
[1]I. Tsuda and H. Shimizu, “Self-organization of the dynamical channel”, Complex Systems —

Operational Approaches in Neurobiology, = Physics and Computers (ed. H. Haken,  Springer-Verlag,

1985) 240.
[2] K. Matsumoto and I. Tsuda, “Noise-induced order”, J. Stat. Phys. 31 (1983) 87.
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D 26 (1987) 347.
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Absolutelycontinuous invariant measures for
non-Markov fibred systems deriving from Banach
limits

Hisayoshi TOYOKAWA

1 Introduction

The existence of a finite invariant measure is one of the most important problem
in ergodic theory since the establishment of some ergodic theorem is very interesting
problem for ergodic theory and dynamical systems. In this paper, we consider nec-
essary and sufficient conditions for the existence of finite invariant measures by using
Banach limits. The method of construction of finite invariant measures by using Ba-
nach limits is due to [5] and [11]. They refer only to the existence of an equivalent
invariant probability measure. In this paper, we show that equi-uniformly absolute
continuity implies the existence of an absolutely continuous finite invariant measure
which may be useful to consider dissipative systems.

In section 2, we prepare necessary definitions including the definition of Banach lim-
its. In section 3, we show that equi-uniformly absolute continuity implies a set function
deriving from Banach limits is an absolutely continuous finite invariant measure. Fur-
ther we show that the support of this absolutely continuous finite invariant measure
deriving from Banach limits absorbs almost all orbits. We also show the necessary and
sufficient conditions for the existence of an equivalent probability measure. In section
4, we consider sufficient conditions for the existence of an absolutely/equivalent finite
invariant measure on fibred systems which is partially due to [9].

Throughout this paper, we assume that#, m) is a measure space whefeis o-
algebra ofX andmis a measure o and assume thdt : X — X is a transformation.

We do not necessarily assume that the transformatiosm invertible. We denote by
£ = {{anhn € R"| supyy [an] < oo} and|l{an}nlle = SURsq [@nl- Then €=, ]| - [|.) is @
Banach space ([7]).

2 Preliminaries

Definitions
Let (X, %) be a measurable spaoe,u, v, (YN € N) be measures of, andT : X — X
be a transformation.

. def
1. T ismeasurableee YA e .Z, T-'Ac .Z.
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10.

11.

12.

13,
Remark A ([10])

It is known that Banach limits exist and for any Banach likiin satisfies

. T is nonsingular with respect to e [m(A) = 0= m(T-*A)=0].

. . . def
. mis T-invariant. &= YA e .7, m(T-1A) = m(A).

. (T, m) isergodic.

&L [Ac 7, T'A=A modm= m(A) = 0orm(x\A) = 0].

. u is absolutely continuouswith respect tan (which is denoted by <« m).

&L m(A) = 0= u(A) = 0].

. A sequence of measurés,}, is equi-uniformly absolutely continuous with

respect to a measurg(which is denoted byv,}, < u (equi-unif.)).
&L Ve>0,35> 0, [u(A) < 6 = SUp; va(A) < .

. i is uniformly absolutely continuous with respect tdv,}n (which is denoted by

{vntn > m(unif.))
&L Ve s 0,36 > 0, [infrug va(A) < 6 = u(A) < €.

. mandu areequivalent (which is denoted byn ~ u).

def .
Em< 1 andu < m(unif.)).

. {vn}n andmis uniformly equivalent. (which we is denoted b{¥,}, ~ m (unif.)

g {vnln < m(equi-unif.) andivy}, > m (unif.).

Ad\ Ifinear functionaLim : ¢ — R is aBanach limit.
& Lim satisfies the following three conditions:

(1) {Xnlnew € €%, X > 0(Yn e N) = Lim({Xn}new)> O;

(2) Y{Xn}new € €7, Lim({Xn}nar)= Lim({Xn+1}new).-

(3) Lim({1,1,1,---}) = 1.

W c X is awandering setfor T.

&L THWAT'W =0 modm(vk, VI € N (O} with k # 1)

W c X is aweakly wandering setfor T (with a weakly wandering sequence
{ni}i).

& e, c N, SLT WA T "W =0 modm(¥i, ¥j € Nwithi # ).

. . def .
(T, m) isconservativee— YW € .7 :a wandering setn(W) = 0.

lim (inf }
n

n—oo ]20

n-1 - - 1 n-1
2 %) < Lim(alo) < lim (Supr D %)) (Vo € £),
i=0 129 =0
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Moreover, left hand side and right hand side of the above inequality are also Banach
limits.

3 The existence of a finite invariant measure
Theorem3.1

Let (X,.%,m) be a probability space arid : X — X be measurable. Assume that
{mo T™"}, < m(equi-unif.). Then, there exists an absolutely continubtiavariant
probability measurga with respect tan.

Sketch of proof

In general, a set functigm( - ) = Lim({mo T™"},)) satisfies the following properties:
1. u(X) = 1 andu(0) = 0;
2. u satisfies finite additivity.
3. u(A)=0if m(A) = 0.
4. poTl=p.

Equi-uniformly absolute continuity dimo T~"}, with respect tan implies that a set
functionu(-) = Lim({mo T"},) satisfies countable additivity.

Proposition 3.2

Let (X,.%, m) be a probability space afid: X — X be a measurable and nonsingular
transformation. If a set functigm(- ) = Lim({mo T~"(-)},) is an absolutely continuous
T-invariant probability measure with respectto Then, it follows that

UT‘“[S—rﬂn >0]=X modm.

n>0

Remark B
If there exists finite invariant measytend (T, m) is ergodic, thef 5o T‘”[g—ﬁ] >0] =
X mod mholds.

Remark C

Aaronson shows in [1] (p.36,45) the following property. L¥t.%, m) be ac-finite
measure space afd: X — X be a measurable and nonsingular transformation. If
(T, m) is conservative and ergodic, then, up to multiplication by constants, there is at
most one absolutely continuousfinite T-invariant measure with respectio More-

over, if there exists such measyrghenu ~ m.

Theorem 3.3
Let (X,.#,m) be a probability space afid: X — X be measurable and nonsingular
with respect tan. Then, the followings are equivalent.
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(A) Thereexists an equivalenk-invariant probability measune with respect tan.
(B) m(A)>0 = Iim inf m(T-"A) > 0.

o1
(C) m(A)> 0 = liminf - Z(; m(TA) > 0.

. 1 n-1 .
(D) M(A) >0 = Ilrrlsmupﬁ ; m(T~A)> 0.

(E) m(A) > 0 = Ais not weakly wandering set.

(F) {mo T}, ~ m(unif.).

Remark D

The equivalence conditions in theorem 3.3 except (F) are shown in caseTwisen
invertible in [5] and wherT is non-invertible in [11].

4  Fibred systems

Definitions
Let (X, 4, m) be a probability space anid: X — X be a measurable transformation.

1. Let{Z}ke be a partition ofX with an index set. Z is acylinder of rank n.

&L 7 is defined byZ, N T2, N --- N T Dz for someky, kp, - -, kq € 1.
We denote this cylinder b,k and denote by the family of all cylinders
of rankn and setZ = |, ™.

Let (X, £, m) be a standard probability space and X — X be a measurable and non-
singular transformation. We assume that there ez C 4 a partition ofX s.t.

TZ € % (Yk e 1) and assume that € Z N\ TZ impliesT |7 (A) e BN Z(Vkel).

Then, by measurable image theorem (1.0.3 [I]Vy,..k, € B(¥n € N, Vky,--- ,ky €

). Hence (Vi | T4 — Zker local inverses off |z, andVigk,..k, = Vk, © Vi, 0 - -+ o Vi,

(on T"Zy,.k,) satisfy thatvn € N, Vky,--- Ky € |, Vi .k, A € B\ L.k, (YA €
BNT"Z,..k,) andVi,...,(N) = 0 if N € BN T"Z, ..k, satisfiean(N) = 0 by nonsin-
gularity of T.

Therefore, we have, by Radon-Nikodym theorem, that there exists a unique non nega-
tive L1(X, m) function

d(mo Vi)

dm (X) (a.e.x € T“Zkl...kn).

Under the above assumption, we can define R-cylinders.
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2. Acylinderz, ., € 2™ is anR-cylinder with constanC > 1.
&, It holds that

d(mo V.. . d(mo V..
esssup—( ° Tk I‘”)(x) < C essinf HM° Vi) k")(x)_
XET”Zkl,,.kn dm XET”Zkl___kn

We denoteZ(C, T) by all R-cylinders with constar@ > 1.

We call a dynamical systenX(#, m,T) a fibred system if the system satisfies the
following properties:

(a) (X, %, m)is a standard probability measure space;
(b) T is measurable and nonsingular.

(c) HZka C £ : a partition ofX with the countable index sét
St.TZ e & (Vkel).

(d) Vx| TZ — Ze : the family of local inverses of |z, .
(e) Z generatess (i.e. the smallest-algebra containing” is %).

Proposition 4.1

Let (X, #,m, T) be a fibred system arid(C, T) = 2 for some constar® > 1.

If 3D, > 0,Vqg > 1, VZkl.“kq e O, Vp > 1, VZ|1...|p e P with Z|1,...|p|(1..4|(q €
Z(P+9)_it holds that

m(Tp+qZ|1,...| pkl"'kq) < Dlm(TqZkl...kq)m(T pZ|14..|p),

then there exists an absolutely continudumvariant probability measure with respect
tom.

Sketch of proof
We can calculate directlyp € N, VZ € 2 (Z = Z,.., for someky, - - - , kg € 1),

m(T_kal"'kq) = Z m(Vll"'lp(Zkl'"kq ﬂ TpZ|l...|p))
|1,--~,|p€|
d(mo V,,..
B f ( (:j ) °Vk1~~kn_d(m(;Vk1“—.k")dm
Il’“"lpEI T‘W+P(Z.lv..|pkl...kq) m m

and sincelC > 1,s.t.4(C, T) = 2, we have that

d(Mmo Vi)
dm - m(T”Zkl...kn)

m(Zq...kn).

Therefore,the assumptiom(TP*9Z, .y k,..k,) < Dim(T9Z .., )M(TPZ,.., ), implies
{mo T}, < m (equi-unif.) and it follows from theorem 3.1 that there exists an
absolutely continuous finite invariant measure.
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RemarkE
Itis known (see [12]) that forX, .%, m, T) a fibred system witl/(C, T) = 2 for some
constanC > 1, if AD, > 0, ¥n > 1, ¥Z, .k, € 2™, it holds that

m(T”Zkl...kn) > Dy, (T)

then there exists an equivaléitinvariant probability measure with respecto

Note that if X, Z,m,T) is a fibred system satisfying Markov property (i T2 #

0impliesz c TZ VK, | € 1), then, since it holds that"zZy,..«, = TZ, (Yka,--- ,kn € 1),

it is easy to see that the assumption of proposition 4.1 implies the assumption (7).
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A ITHERE D J 72 D LB O BN FIEL . BRx I A7 — /L TRy MU —7 IRk LIE#R
RHAT>TND, DXy MU — 7 [ THEIC BB b & EICHRME S, REEZE L
SOFHRIRX IS 2 ATREIS LTV D, ITFEOFHAIEIR OFRIC LY | 2 b OER) (iR 5
) v hU—27 HSRER) (RPRIEEN) X v U — 27 1%, MREGR LI E VWS Z & T
U FIRRIC A2 > C& T, v 27 1 LoUL TR MRI ROBERER) MRI, A Y A2ty 7 L
LTI b L — = A A= 7 BB RN EHRI(ECoG) & W o 2 BHAIE R T H
%o MRI GHHID X 5 72~ 27 v LAV OFHANZ B W IR L~ 07— 2 BNHIERTRE T o
W, JRFTHFRRE D AL TR~V DE A F 27 AT Z SR, —J7, ECoG D
EoR AV Raty 7 LALOFHITIXR TR ER O X U IR 2 fRe 0 & 1 7 I 7 A
EEHIFTRE Td 2 285, IR DOTEE) 2 [FIRFHICFHAIT 5 Z X TE v, i vy U —7
DEFRFRDOT=DIZIE, ZNOEDR T — VDRI DT — 2 Zfia L, MR OIEE) 2 0
BN A D ER S D, ZNDDOFERT — X Zfh LIKKERE OB & T A21T 5 FB L
LT, BHHETNEERTHAZEDNENTHLEEZBND,

MO R T — & 2 ff o 7o BIRE T L O FRIZENTE, BNDOE 22—~ - T LA -
Tavzl NRKEDOT LAY A =TT 4 TIIREESNDIER T V=7 MR E
U—RKLTW5%, BRJNTIX Dr. Mclntosh % (Z 1 % The Virtual Brain Project 3% ¥V . & b D%
WA T =22 b elIc~v 7 B AT — L DORMF Y b U — 7 R LS A T 7 A& AT
TOLFRENZHEREZINBY ., V7 FHEBEATWDS [1], KETIX, 7 LU T
U A DRI FHRE S~ > T OREEPE AT TS 2], ERNICBWTIEZ 9 L
TeRCKkOBM BB E X RN S, v —F Yy bORE G & Ulc THERTIHEINIC X 2 idiRe
v N = OREFEMAT a7 M B 204FENLHBLTWDS 3], ZhbDrry
=7 MZBWTC, w7 nAaty 7 Offfffidt » MRI OHFZET, AV A3t v 7 O
YUATITONTWD 0D, BHET NV EERERT — X 2~ VT A7 — VA LT
IR TH D,

AEHETIE, SNETORA Y Ry 7 R FETREEE T VO [4][5] & BIEETH O~
—Et v FNOMHER - BERE WRT T — X ZHWe~v s v xaty 7 2T T VO E R
U, BERET U L DM FE DS B O FTREIEIC DWW Tl 217 o 7o FERIICIE. 2h b
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