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An identity in constructing approximate gradient flows
for quasiconvex functionals

Koji Kikuchi

Department of Applied Mathematics, Faculty of Engineering, Shizuoka University
Hamamatsu 432-8561, Japan

Probability and PDE, Aug. 30, 2005

1 Introduction

be a function defined on the set of all N by n matrices with real elements, which is in this
article simply denoted by R™. Now let us consider the functional

J(u) = /0 F(Vu)dz,

U e e, .
where Vu = (7)———;). We suppose the following facts for the function F.
ox

(A1) F € CY(R™)
(A2) Fis quasiconvex with respect to p, that is,

! i f I m.
27‘_(—1?)5 /D F(py + Vé(x))de > F(py)

for each bounded domain D C R", for each p, € R™, and for each ¢ € Wi**(D; RN
0

(A3) There exist positive constants 1, A and a constant ¢ > 1 such that

{ Alpl? < F(p) < v(1 +|p|9)

The equation of gradient flow for J is given by

ot LA,
] —(t,x) — —F {z))} =0, x2€.
(1.1) Y (t,x) ; ma{Fla(V“(l))} 0, z¢€

We impose the initial and the boundary conditions

(1.2) u(0,2) = up(x), €,
(1.3) u(t,z) =w(z), 2z

We suppose that uy and w belong to W'4(Q, RY) N L2(Q) and that yug = yw on 9§ (v is
the trace operator to 9).



In this article we say that a function w is a weak solution to (1.1)~(1.3) in (0,00) x

if w satisfies i) u € L®((0,00); WH(Q) N LAQ)), w, € L*((0,T) x Q) for any T > 0,

i) s—ly\rg u(t,z) = up(z) in L2(Q), iii) yu(t) = yw on I' for L'-ae. ¢, and iv) for any
{

¢ € C3((0,00) x Q)

(1.4) Z/ /{u,(t Dd () + 30 Fyu Vu (t, z) Ydadt —

a=1

If « is a weak solution to (1.1), then J(w(t)) is absolutely continuous and it holds that
d'](u(t))/df = —(Ut uf)LZ(Q) <0 fOI Ll—a e. 1‘ Thus this de‘fines a ﬂ'radient ﬂow for ]

time om(l nunlm.lzmg, mrla.tlona,] func,t.tona]s.
Let h be a positive number. A sequence {u;} in Wh4(Q, RY) is constructed as follows:
we let ug be as in (1.2) and for [ > 1 we define 1 as a minimizer of the functional

/ lfv - u, 1l2

in the class w + Wy (Q, RY) (that is, among functions in Wh(Q, RY) with yv = yw).
The existence of a minimizer of F; is assured by the quasiconvexity of F' and (A3) (see,
for example, [2, Chapter 4, Theorem 2.9]). Note also that (A3) assures F; is Gateaux
differentiable. Approximate solutions u"(t, z) and @"(t,z) ((t,z) € (0,00) x Q) are defined
as, for (I = )h <t < lh,

hip N t—(=Dh = lh—t
ut(t,w) = —————wulz) + —

Up—1 («T)

and
L 51’) ’ll;( )

Then the following facts hold (see, for example, [1]).

Proposition 1.1 We have
1) {]|uk L2((0.00)x) ;45 uniformly bounded with respect to h
2) {||z" | 220 ((0,00) W La@)nz2 ) } 08 uniformly bounded with respect to h
3) {l|u" Loo((000)Wha@nL2(Q) } 8 uniformly bounded with respect to h
4) for any T > 0, {|| «" |lwraqomyxay} is uniformly bounded with respect to h, where
¢ = min{q, 2}.
Then there exist a function w such that, passing to a subsequence if necessary,
5) " converges to u as h — 0 weakly star in L>((0, 00); WH4(Q))
6) for any T > 0, u" converges to u as h — 0 weakly in W L9((0,T) x Q)
7) ul converges to u as h — 0 strongly in Li((0,T) x Q)
8) " converges to u as h — 0 strongly in LI((0,T) x Q)
9) s-ﬂli\rg w(t) = up in L*(S2).

In [5] the limit u is called a generalized minimizing movement associated with J. Propo-
sition 1.1 9) means that w satisfies (1. Z) in a weak sense. Propomtlon 1.1 5) implies that
w satisfies (1.3) in a weak sense since u" — w € L((0, 0); Wy 4(Q)) for each h (note that



If"[f’];}’q(ﬂ) is a closed subspace of W4(2)). Thus the problem is whether u satisfies (1.4).
Since w; is a minimizer of Fi(v), dFi(w + 2¢)/dz|.—o = 0 for any ¢ € Wy?(Q), and noting
that, for (I — 1)h <t < lh, ul(t, ) = (w(x) — w.1(x))/h, we have

N
(1.5) > / (Y ()6 (z) + 3 Fye Vﬁ")-—(r )}do =

=179 a=1
for any ¢ € Wy Q)N L*(Q) and any ¢ € UPo((£ — 1)h, £h). This equality leads us to expect
that the limit u is a weak solution to (1.1)—(1.3). In this article we show an identity, which
would be a key in getting to our final destination. Our main result is mentioned in terms of
geometric measure theory.

2 Graphs of Sobolev functions

Let U = Q x RY and let 7 denote the projection U 3 z = (z,y) — z € Q. For each N
by n matrix A, let M(A) denote the vector consists of all minor determinants of A including
0-th order determinant, i.e., 1. Then [, |M(A)|dx is the area of the plane y = Ax over the
set D C R".

Proposition 2.1 Let v be a function in WH1(Q, RY) and put 0y(z) = 1
where x = 7(2).
1) G, is countably n-rectifiable
2) / Oo(2)dH" = L™(Q), where G, is the graph of v
G

3) Oy is H"-integrable on G, ) _
4) for each nonnegative continuous function f on Q x RY x R™,

v(x))],

(2.1) / flx,v(z), Dv(z))dx —/ f(~ p)dV(z,p),

where V = [(H"LG,)L0y] ® 0pya).

Proof. Assertion 1) is well-known (compare to, for example, Theorems 4 of [4, T Section
3.1.5.]).

For H"-a.e. z € Gy, the approximate tangent space 7, exists and is expressed by the
equation y = Dv(r(z))x. Hereby 0y(z) = 1/|M(Duv(x(2)))| and hence

/ Go(2)dH" = | ————|M(Du( ))Idx~/)d:v.

/ |W(D'c )|

Thus Assertion 2) follows and Assertion 3) is the immediate consequence of 2).
When spt f is compact, we have by the definition of V'

(2.2) / flzp)dVi(z,p) = / f(z, Dv(m(2)))0u(z)dH" ().
JUXRnN Ja,
Replacing Q with any open set in Assertion 2), we have my((H"LG,)Lb) = L™ Thus the

right hand side of (2.2) coincides with the left hand side of (2.1). Hereby we obtain the
conclusion for a function f with a compact support.



Suppose that f is a general nonnegative continuous function. Then, approximating f
with an increasing sequence of functions in C§(€2 x RY x R™), we obtain the conclusion
by the monotone convergence theorem. Q.E.D.

In general, a pair of a countably n-rectifiable set M in an open set U ¢ R and a locally
‘H"* integrable function # on M is called a rectifiable n-varifold and denoted by v(M,#).
Proposition 2.1 shows that the pair (G,, fy) defines a rectifiable n-varifold v(G,, 6). In this
talk we call this varifold a graph varifold of v.

Given a rectifiable n-varifold v(M, ) in U, a Radon measure V on U x G, where G is the
collection of all n-dimensional vector subspaces of R™V is defined by V = [(H"LM)L6] &
Or,m. Usually a Radon measure on U x (G is called a general n-varifold in U/. When M is
a graph of a Sobolev function v, then for H"-a.e. zy € &, the approxima;tze tangent space
T,,M is a graph of a linear function y = Ay x, where A, = Dv (J‘()) Zo = 7(2p). Hence, in
this case we could define a Radon measure V in U x R™ by V = [(H'LM)LO| & 04,. Let V
be a Radon measure in U x R™. Let us assume that V(K x R”’\‘) < oo for each compact
set K C R™. A measure py in U is defined by py(B) = V(B x R™) for each Borel set
B c U. Our assumption implies py- is a Radon measure in U. Then there is a disintegration
decomposition V = py ® 77‘ () , namely, for each 8 € CJ(U x R™),

/sz z,p)dV(z,p) = / ( / Bz, p)dni? (p))dpsv.

Let v be a Sobolev function and let V be a Radon measure in I/ x R™ such that
V(K x R™Y) < oo for each compact set K ¢ R™¥. In this talk we call V a generalized graph
varifold of v if uy and H"LG, are mutually absolutely continuous.

Let V' be a generalized graph \anfold of u € WH4(Q). Then the functional J could be
extended to V as follows:

J[V] = /[  F(pav.

The first variation of J for V', which is denoted by o , 1s defined as

(2.3) JV](6) = / - ; Z pa(p) Z 507 7)\dV (z, p)
for ¢ = (¢',...,0N) € CHU; RY). We saJV that V has locally bounded first variation of J in
Q if for each TI cc O and each ¢=(d' ... ¢ o) e CHU; RW) with spt¢p C W there exists

a constant C J[V](0)] < C bup[g)l Note that 6.J[V] defines an R"-valued
Radon measure. Tts total vanat]on is denoted by ||6J[V]]|.

Proposition 2.2 Let V be a generalized graph varifold of a function w € WY (), r > q.
Suppose that V' has locally bounded first variation of J in 2. Then V satisfies

Jo BB = pho)r ) <0 G =1 )

for H"-a.e. z € Gy, where py = Du(z).



3 Main Theorem

Suppose thdt u E I°°((0 :>o) Wl ‘I(Q)) N UT>(, W”((O T) X Q) is a weak solution to

N oo p
(3.1) ZA {/ wl(t,2) ' (t, z, u(t, x))dx
ol zﬁ:Fw o 99 (1.2) +z

a=14=1 Y g
where V; = v(G .y, 00). Conversely suppose that a function u and a one parameter family
{Vi} of generalized graph varifolds of u satisfy (3.1). Then w is a weak solution to (1.1) if

()g‘)’

b 2)ph)dVi(z, p) bt = 0,

(?)2) ‘ :::::t:' ((Ju(f Ys H()) for E]‘a.(p‘. t.

Let u*(¢, ) and w"(¢,z) be approximate solutions constructed in Section 1. By Proposi-
tion 2.1 there exists a one parameter family of graph varifolds

Vi = v(Garg, ), o).

Further by Proposition 2.1 we can rewrite (1.5) as (3.1): for each ¥(t) € C§(0,00) and
¢(z) € CP(U)

(3.3) Z/ {/(ut Vit ) (t, x, T (L, x))dx

N 5 sz ‘ "
s S RO + Z o (L AV . p) bt = 0
=1 =]
We have by Proposition 2.1 2)
(3.4) ess. sup | B(z,p)dVi*(z,p)| < K sup|f|

t>0 Ux RN

for any 3(z,p) € CH(U x R™).
The following proposition can be obtained by the use of (3.4) in the standard compactness
argument (compare to Proposition 4.3 of [3]).

Lemma 3.1 There exists a subsequence of {V;*} (still denoted by {V'}) and a one pa-
rameter family of Radon measures Vi in U X R™, for t € (0,00), such that, for each
¥(t) € LY0,00) and B(z,p) € CY(U x R™),

lim /D w@t) [ Bz p)dVi(z,p)dt = /O b(t) / Bz,p)dVi(z, p)dt

U xRnN
Furthermore, for L'-a.e. t, V; is a generalized graph varifolds of u(t,-).
By the use of (xohring theory and estimates in Proposition 1.1 we obtain

sy } s uniformly bounded with respect to h for somer > ¢.




By the use of (1.5) we have

Lemma 3.3 V; has locally finite first variation of J in Q for L'-a.e. t € (0,00).
Thus by Proposition 2.2 we have our main theorem:

Theorem 3.4 For L'-a.e. t, and for H"-a.e. z € Gy,

- ~ ()113(3) J (2) . N E T
Joow 2 From) (g =) (0) =0 (i j =1, N),

Applications of this theorem will be mentioned in the talk.
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The sharp-interface limit of the action functional for
Allen-Cahn in one space dimension

Y OSHIHIRO TONEGAWA
Hokkaido University

The stochastically perturbed Allen-Cahn equation allows switching be-
tween stable equilibriums which is not possible for deterministic Allen-Cahn
equation. The asymptotic small probability of such switching for the small
noise limit is formally given and sometimes proved by the large deviation
theory. The probability is given by a deterministic minimization of the
Allen-Cahn action, which gives the cost for the transitions between stable
equilibriums. In this talk, I explain the basic background materials and
heuristic pictures, and present the rigorous one dimensional results. This is
a joint work with Robert Kohn and Maria Reznikoff.



Nonlinear Schrodinger Equation for Nearly Bichromatic Waves

S. Kanagawa
(joint work with B.T. Nohara, A. Arimoto and K. Tchizawa)
Musashi Institute of Technology (Japan)

Let u,,(t,x) be a wave function defined by for # €[0,), x ER’

00

um(l', _X:) =f—oo S(k)ei{/“—w(k)t}dk,

where S(k) is a spectrum and w(k) is an angular frequency. If S(k) is a
unimodal function and the support of S (k) is sufficiently small, then um(t,x) is
called a nearly monochromatic wave. Furthermore if S (k) is multimodal function
with two peaks and the support of S (k) is sufficiently small, then

0

ub(ts'x) =f

S(k )ei{kx - (k)t}dk,

is called a nearly bichromatic wave.
When S(k) = Oy, (k), u,(t,x) is a monochromatic wave and put

u (t,x) = ¢/ thor-olio)}

Similarly if S(k) = Oy, (k) + Oy, (k), then u,,(z,x) is called a bichromatic wave
defined by

i{kox-o(ko )t} i{lgx-o (k; )t} .

u,(t,x)=e +e

The envelopes of the nearly monochromatic wave u,,(t,x) for u;(t,x) and the
nearly bichromatic wave ub(t,x) for uz(t,x) are defined by

A, (tx)= U (1,.X) and A,(t,x)= M,
ul(t,x) uz(t,x)
respectively. Using the Taylor expansion w(k) = E ——_—(k - ko) , We
=0 J:

approximate the above envelope functions by for n =1

_8_



i S(k)el{la"fg%(k_koyt}

dk
Al (t,x) ==
m(t, %) o)
and .
o l{’“* .io—wolfk")(k—ko)ft}

(t.3) [ S(k)e \ " dk
Al (t,x) ="= ,

b u, (1, x)

respectively. They are called the nth order profile of nearly monochromatic wave
or bichromatic wave, respectively.

In this talk we show that the envelope function satisfies linear or nonlinear
Schrodinger equation. The following result is a key theorem for our talk.

Theorem. The second order profile A,i(t, x) satisfies the following
Schrodinger equation,

2
i PAn(tx) s o' (k)

aA,i(t,x) I, o”zA,i(t,x)
ot (ko)

A+— =0.
ox 2w x>



Malliavin calculus for stochastic functional

differential equations with jumps

Atsushi TAKEUCHI (Osaka City Univ.)

Fix T',r > 0. Let {2; be the set of R™-valued continuous functions on [0, 7]
with w;(0) = 0, and €y the set of Z . -valued measures on [0, 7] x R™ with
we([0,T] x {0}) = 0. Denote by F; the associated o-field on € for k = 1,2.
Put Q = Q) x @ and F = F; x Fa. Consider a probability measure P on
(Q, F) such that

(a) W(t)(w) = wi(t) (t € [0,7]) is an m-dimensional Brownian motion
starting at 0 € R™,

(b) J(dt,dz){w) = wa(dt,dz) is a Poisson random measure on [0, 7] x R™

(¢) W and J are independent

for w = (w1,ws) € Q, where p(dz) = |z|7™*dz (0 < a < 2). The space
(Q,F, P) is called the Wiener-Poisson space with the Lévy measure u(dz).

Let ao(t, f),a1(t, f),-++ ,am(t, f) be R%valued functions defined on [0, 7] x
D([—r,0;RY), and b.(¢, f) an R%valued function on [0,T] x D([—r,0]; R%) x
R™, which satisfy good conditions on the boundedness and the regularity.
Given a deterministic path n € D([—r,0];R%), consider the stochastic func-
tional differential equation

x(t) = n(t) (t € [-r,0]),

( 1) ™m _ -
da(t) = Zai('t,mt) AW (t) + / b(t, ) J(dt,dz) (¢t €(0,T]),
R

1=0

where dWO(t) = dt, J(dt,dz) := J(dt,dz) — J(dt,dz) is a compensated Pois-

[—7,0] — R% is defined by x:(s) = z(t + s) for s € [~r,0]. The main purpose



in this talk is to study the existence and the smoothness of the density for the
probability law of the random variable 2(7") with respect to the Lebesgue mea-
sure on R? via the Malliavin calculus on the Wiener-Poisson space (Q, F, P).

the positive constant depending only on m and «.

Theorem 1 If the d X d-matrix

™m

(2) F(t, f) = Zai(t, ) ai(t, )* +5b(t, f) B, f)*

is positive definite for any t € [0,T] and f € D([—r,0;R?), then the law of
2(T) is absolutely continuous with respect to the Lebesque measure on RY.

Fix 0 < ¢ < r. Consider the case where the coefficient b,(t, f) of the jump
term in the equation (1) has the following expression

ba(t, f) = ba(t, f4),
where f7 = {f(s); s € [-r,—q|} for f € D([-r,0];R?). Then we have
Theorem 2 If the d x d-matriz

m

is positive definite for any t € [0,T] and f € D([—r,0];RY), then the law of
2(T) has a smooth density with respect to the Lebesque measure on Re.
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KATO CLASS MEASURES OF SYMMETRIC
MARKOV PROCESSES UNDER
HEAT KERNEL ESTIMATES

Kazuhiro Kuwae Kumamoto University
Masayuki Takahashi Japan Research Institute

1. FRAMEWORK

Let (X, d) be a locally compact separable metric space and m a positive

compactification of X. For each x € X and r > 0, denote by B,(z) :=
{y € X | d(z,y) < r} the open ball with center z and radius r. We
consider and fix a symmetric regular Dirichlet form (&, F) on L?(X;m).
Then there exists a Hunt process M = (Q, X;,(, P,) such that for each
Borel v € L*(X;m), Tiu(x) = E.Ju(X;)] m-ae. z € X for all t > 0,
where (T})¢>0 is the semigroup associated with (€, F). Here ¢ := inf{t >
0| X; == A} denotes the life time of M. Further, we assume that there
exists a kernel py(x,y) defined for all (¢, z,y) €]0,00[x X x X such that
Elu(Xy)] = Pu(x) = [ pele, y)u(y)m(dy) for any z € X, bounded
Borel function w and ¢ > 0. p(x,y) is said to be a semigroup kernel,
or sometimes called a heat kernel of M on the analogy of heat kernel
of diffusions. Then P, can be extended to contractive semigroups on
LP(X;m) for p > 1. The following are well-known:

Jx
(2) plz, dy) = pe(x, y)m(dy), Yz € X,"t>0.
(3) / pe(z,yym(dy) <1, Yz e X,%t>0.
X
Throughout this paper, we fix v, 3 €]0, oo| and ¢, €]0, oc|.

Assumption 1.1 (Life time condition). M has the following property
that

In particular, if M is stochastically complete, that is, M is conservative,
then this condition is satisfied with v = 0.



Assumption 1.2 (Bishop type inequality). There exists an increas-
ing function V(r) on |0,00[ such that r ~— V(r)/r" is increasing or
bounded, and sup m(B,(z)) < V(r) for all r > 0.

re

Assumption 1.3 (Upper and lower estimates of heat kernel). Let

may depend on tg if 5 < oo and assume that ®; satisfies the following
condition H(®y):

dt < o0

/* (V(£) V £)Ba(t)
1 ¢
and (PE, 3): for any z,y € X, t €]0,tq]

L (dz,y) L. (dz,y)
W@J_ (—7173— Spt(%y)ﬁm‘l’z 77 )

Remark 1.1. Grigor'yan [9] or Grigor'yan-Hu-Lau [10] proved that the
lower estimate in (®F, 5) yvields that there exist C > 0 and 7 €]0, o0

oc if tg = oo. If the stochastic completeness of M and Assumption 1.3
with t5 = oo hold, then they proved the Ahlfors regqularity, that is, there
exists C > 0 such that C~'r¥ < m(B,(x)) < Cr” for all z € X and
r €]0, oc| hence, Assumption 1.2 holds by taking V(r) = Cr” in this
case.

Lemma 1.1. Suppose that there exist rg E]O,té/ﬁ[ and ¢ > 0 such that
m(B,,(x)) > cry for all x € X. Then Assumption 1.3 implies Assump-
tion 1.1.

2. KATO CLASS MEASURES

Definition 2.1 (Kato class S%, Dynkin class S%). For a positive
Borel measure i on X, pu is said to be of Kato class relative to p(x,y)
(write p € Sk) if

. ot
(1) lim sup / ( / ps(z, y)ds) w(dy) =0
-0 4ex Jx \Jo
and p is said to be of Dynkin class relative to pi(z,y) (write € Sp) if
ot
(2) sup/ (/ ps(zz,n,y)ds)u(dy) < oo 7t>0.
zeX JX MO

Clearly, S%- c S9. For a positive Borel measure p on X, p is said to be
of local Kato class relative to p,(x,y) (write o € Sk ,0) if Iop € Si for
any relatively compact open set G.



[16].

Lemma 2.1 (Lemma 3.1 in [16]). p € S% is equivalent to

(3) lim sup / ro(@, Y)p(dy) =0
a—X pex [y
and p € S, is equivalent to
(4) sup/ ro(z, y)pu(dy) < oo, “a > 0.
veX JX

Lemma 2.2 (Lemma 3.2 in [16]). The following are equivalent to each
other.

(1) pesy.
t
(2) sup/ (/ ps(m,y)ds)u(dy) < oo for't>0.
zeX JX Mo

(3) sup / ro(, y)p(dy) < oo for Yo > 0.
zeX JX )

Definition 2.2 (Kato class K, g). Fix ¥ > 0 and 3 > 0. For a positive
Borel measure 1 on X, p is said to be of Kato class relative to Green
kernel (write u € K, g) if

lim sup / G(z,y)u(dy) 0 forv > 3,
(2,9)<r

00X Ja

sup / wldy) < oo forv< g,
veX Jd(z,y)

where G(z,y) = G(d(x,y)) with

l()g( T ! ) Yo 3 .

For a positive Borel measure y on X, p is said to be of local Kato class
relative to Green kernel (write p € Kl“) if Iop € K, 3 for any relatively
compact open set G. Clearly K, 3 C Kl"‘

Lemma 2.3. If 1 € K,p, then sup,.x u(B.(z)) < oo for small r €
10, e[ In particular, every p € R,’,"/‘; is a Radon measure.



3. MAIN THEOREMS

Theorem 3.1. Suppose that Assumption 1.3 and v > 3 hold. Then the
following are equivalent:

(l) ne [(,/ B-

(2) lim mp/ re{2, Y)p(dy) = 0 for any o > 0.
r02eX JB.(x)

(3) hmbup / ro(z, y)p(dy) = 0 for some o > 0.
~VgeX JB.(2)

Remark 3.1. The assertion in Theorem 3.1 does not hold for v < /3 in

general. In fact, for 1-dimensional Brownian motion MY, we see that

o= 60 € [(1 does not satiqﬁe% the cond:itions (2), (3) in Theorem 3.1

Theorem 3.2. Suppose that Assumptions 1.1, 1.2 and 1.3 hold. Then we
h(we S}l =K, 8- Mm-eo'uer ,u €K, 3 implies that sup,. x u(Bgr(z)) < oc

to one (h.ence all) of the followmg.
(1) sup,.x u(Br(x)) < oo for all R > 0.
(2) wp X ,LL(BR(ZI‘)) < oo for some R>0.

Theorem 3.3. Suppose that A‘:su'mpﬁo'ns 1.2 and 1.3 hold. Then for
any f € LF (X;m), we have |fldm € K, 5 if p > v/ with v > 3, or if
p>lwithv < 3. Here feLX (X;m) means

4. EXAMPLES

Many examples satisfy Assumptions 1.1, 1.2 and 1.3. Symmetric a-
stable process, relativistic free Hamiltonian process, relativistic a-stable
process, jump type process on d-sets, Brownian motion on complete
smooth Riemannian manifold with lower Ricei curvature bound and with
positive injectivity radius, diffusion processes on nested fractals, Brown-
ian motion on Sierpinski Carpet and so on.
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The principal eigenvalue for time-changed
processes and applications

Takeda Masayoshi Tohoku University

be the Brownian motion on M and (&€, D(€)) the Dirichlet form generated hy
M:

o1 1 ;
E(u,v) = (—zAu,v)p, = = / (Vu,Vv) dm,
2 2 M

For a domain D € M, let MP = (P BP) be the absorbing Brownian motion
on D and (€p, D(Ep)) its Dirichlet form. Assume that M” is transient and
denote by GP(z,y) the Green function.

Definition 1. Let i be a Radon measure on D in the Kato class. The
measure 4 is said to be in the class SZ, if for any ¢ > 0, there exist a compact
set K C D and 0 > 0 such that

Gplz, y)Gply, 2
sup / ol “.Y,J) (Y, 2)
(2,2)eDxD\d J K Gp(z, 2)

u(dy) <e,

and for any Borel set B € K with u(B) < @,

/‘ Gp(z,y)Gply, 2)
B Gp(z, 2)

sup w(dy) <e.

(x,2)eDx D\d .

For 1 € 82, denote by A} the positive continuous additive functional in the

Revus correspondence. Let p2P (2, y) be the integral kernel of Feynman-Kac

semigroup:

pi" f(2) = Exfexp(AF) f(X,);t < mp] = /D P (@, ) () dy

Theorem 1. ([1],2]) For p € 82, following statements are equivalent:

(i) (gaugeability) supE,,[ezMD] < o0
xeD

(ii) (subcriticality) G*P(x,y) < oc for 2,y € D, x # y;

(i) A D) = inf {E(u,u) : u € CF(D), [puldu=1} > 1.



A(p; D) is the principal eigenvalue for the time-changed process by Af'.

Applications of Theorem 1 (i) Let B = (B;,P,) be a branching Brown-
ian motion with branching rate k and branching mechanism {p,(z)},>o:
P,[T > t|o(X)] = exp(—AF) (T is first splitting time), >, p,(z) = 1.
Set Q(x) = 3,5y npu(x) and p(dr) = (Q(x) — 1)k(dr). We assume that
SUP,ere @(2) < 00

Theorem 2. For a closed set K with Cap(K) > 0 and u € SMK

Mp; M\ K) > 1 & E,[Ng| < .

Here Ny is the number of branches hitting K.

To prove Theorem 2, we show that for p € S”

sup E,[exp(AL))] < oo <= sup E,[exp(A%)); Tp < o] < oc.
zeD

xelD

Then the identity

Eo[Nk] = Eplexp(AL)); 7p < o0

leads us to Theorem 2.

(ii) Let d(z,y) be the distance and m the volume. Let p(t, x,y) be the heat
kernel and assume that it satisfies the Gaussian lower and upper bounds (Li-
Yau estimate): For any z,y € M and ¢ > 0,

*(z.9) 2 (2.
Cyexp (—ﬁ.@) Cy exp ("ng ‘:‘f’g))

m(B(z, V1)) m(B(x, V1))

(Ch,¢1,Ca,co are positive constants. B(z,r) = {y € M : d(z,y) < r}). For
p € SM Let p#(t,z,y) be the heat kernel associtated with the Schrédinger
operator, A - .

<p(t,z,y) < (1)

Theorem 3. Let 1 € SM. Then p#(t, z,y) satisfies the Li-Yau estimate
if and only if A\(p; D) > 1.
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Rate of convergence of the Bence-Merriman-Osher
algorithm for motion by mean curvature

Katsuyuki Ishii (Faculty of Maritime Sciences, Kobe University)

In 1992, Bence, Merriman and Osher proposed an algorithm for computing the motion
of a hypersurface by its mean curvature. It is described as follows.

w— Au=0 in (0,+00) x RY,

(1) 4 N 1 xz€eC,
u(0,2) = —1 z € R\,

Fix a time step h > 0 and set
C] fey {{E 6 R"V ’ ’U/(h‘ (’I;) Z 0}.

Next we solve (1) with Cy replacing C; and define a new set Cy with u replaced by the
solution of (1) with the new initial data. Repeating this procedure, we have a sequence

= Cpif kh<t<(k+1)h k=0,1,...

for ¢ > 0. Letting h — 0, we obtain in the limit a flow {D;}s>0 of closed subsets in RV
with Dg = Cj and then dD; moves by its ((V — 1)-times) mean curvature.

The convergence and the generalizations of the Bence-Merriman-Osher (BMO in short)
algorithm were considered by many people. However, to my knowledge, there are a few
results on the rate of convergence of the BMO algorithm. In 1996 Ruuth gave a time-local
error estimate of the BMO algorithm in R?.

The purpose of this talk is to present the optimal rate of convergence of the BMO
algorithm, valid before the onset of singularities, for the Hausdorfl distance between T

Assume that {I'; }o<r<7 is a motion of a smooth and compact hypersurface by mean
curvature. Let {T'7}; ;>0 be a flow constructed by the BMO algorithm satisfying T = I'y.
First, we can show the following.

Theorem 0.1 For each T’ < T, there exist hg > 0 and L > 0 such that

(2) sup dy (F?, I‘t) < Lh for all h € (0, hy).

t€(0,17]
Here dy (A, B) denotes the Hausdorff distance between A, B C R™.

To show the optimality of the estimate in this theorem, we consider the special case
of a circle evolving by curvature. Let I'y = {& € R? | || = ¢(t)} (¢(t) = /1 —2t). Then
I, moves by its curvature and shrinks to a point at 7 = 1/2. Let {I'*}; 150 be a flow
constructed by the BMO algorithm satisfying I'4 = I'y. Then, for each ¢, h > 0, I'!* is a
circle and we can define its radius Ry(t). In this situation, we have



Theorem 0.2 For each T' < 1/2, there exist hg > 0 and L > 0 such that

sup |Rn(t) — (o(t) — hp(t))| < LA/

te[0,7”)
for all h € (0, ho), where ¥(t) = —log ¢(t)/3¢(t).

This theorem yields the optimality of (2) with respect to the order of h.

To prove Theorem 0.1 and 0.2, we construct suitable sub- and super-solutions of (1)
and use the comparison principle for (1). As to the constructions of sub- and super-
solutions of (1), we apply the asymptotic analysis of solutions of Allen-Cahn equation.



Periodic homogenization for nonlinear partially degenerate elliptic equations

Hitoshi Ishii
Waseda University, Tokyo, Japan

In this talk I describe some of results on the homogenization of fully nonlinear
partially degenerate elliptic equations in the frame work of periodic homogenization,
which have been obtained in a joint work with K. Shimano and P. E. Souganidis.

The degenerate elliptic equation treated is as follow: Let Q C RY be a bounded
open set. Here N = n + m, with n, m € N, RY = R™ x R™, and a generic point
z € RY will be denoted as z = (z,y), with £ € R and y € R™. With this notation,
the problem is:

FO(chus,m,y)+F1(Dyu5,x,y,§,g):O in Q,
u® =0 on 0,

where Fp, F} are a real-valued continuous functions on S™ x (2 and R™ x Q x R™ xR,
respectively, S™ denotes the space of n x n real symmetric matrices, u® = u(z,y)
represents the unknown function, and € > 0 is a parameter to be sent to zero. Moreover,
I assume that the function Fy is (partially) uniformly elliptic (or, more precisely, there
are constants 0 < A < A < oo such that for all X, P € S™ and z € Q, if P > 0, then

—Ar P < Fo(X + P, z) — Fp(X,2) < =Mtr P ),

the function F} is are coercive (or, more precisely, there are constants Cy > 0 and x > 0
such that for all ¢ € R™, z € Q, and ( € RY,

C()_1|Q|n - CO S Fl(q,Z,C) S C’O(quC + ]') )

and the functions ¢ — F(q, z,() are Z"-periodic. Under some additional assumptions,
one of the results states that the solution u® of the above Dirichlet problem converges,
as € — 0, to the solution of the homogenized problem.



Stochastic representation for fully nonlinear PDEs and application to homog-
enization

Naoyuki Ichihara (2005/08/31)

We consider the following second-order partial differential equation of parabolic type
with small parameter £ > 0:

M —uf + H (%0, ul,us,) =0, in [0,7) xR¢,
' w (T, z) = h(z) € CHRY), on R?,

where H = H(n,y,p, X) : R?x R x R? x § — R is assumed to be Z?-periodic in 1 and
satisfies the following conditions for some v and K > 0: '
(A1) H isof C? class with respect to all variables and all second derivatives are bounded.
(A2) H is convex in X.

(A3) For every (n,y,p, X) and &€ € RY,

v€* < H(n,y,p, X) — H(n,y,p. X +£R&) <v ¢,

where ¢ ® ¢ stands for the (d x d)-matrix defined by (¢ ® &), = £¢.
(A4) For every (y,p, X), (v/,p', X') and 7,

|H(n,y,p, X)— H(n,y', v/, X")| < K{

y=y|+p—p|+]X - X1}
(A5) |H(n,0,0,0)] < K.
(A6) For every n, 7" and (y,p, X),

|Hn,y,p, X) = H@n',y.p, X)| < K(1+p| +[XDln —n'].

We are interested in the asymptotic hehavior of solutions {u";2 > 0} as = tends to zero.
Such kind of homogenization problems have been studied by the viscosity solution method
(see [1], [2]).

Theorem 1. [Evans (’92), Alvarez-Bardi (°03)] The family of solutions {u®(t,z);z > 0}
to PDEs (1) converges uniformly on compacts to u°(t,z) as z goes to zero, where u°(t, )
i a unique (classical) solution of the PDE

@ —ud + H (v, u),ul,) =0, in [0,T) x R¢,
(T, z) = Wz), on R?.

The effective Hamiltonian H = H(y,p, X) is characterized as a unique constant of the
Jollowing cell problem

(3) H=Hn,y,p, X +vyn), (v(-), H) : unknown.



In this talk, we consider homogenization of PDE (1) from a probabilistic viewpoint.
For this purpose, we introduce a class of stochastic equations called backward stochastic
differential equations that play a important role in our approach. The novelty of our
result is that by virtue of probabilistic arguments, we can naturally calculate the rate of
convergence of solutions that has not been obtained in previous works. More precisely, let

that under our assumption there exists a unique solution to PDE (2) in the Holder space
stated above if § € (0, 1) is sufficiently small. Our main result is the following.
Theorem 2. For every compact subset Q@ of [0, T] x R%, there exists C' > 0 such that

2,

sup |uf(t, ) — u’(t,z)| < C =55
(t,2)eQ
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Risk-sensitive variational inequalities arising from
optimal investment with transaction costs

HIDEO NAGAI
Department of Mathematical Science, Graduate School of Engineering
Science, Osaka University

Risk-sensitive variational inequalities are studied. The inequalities arise
from power utility maximization problems on infinite time horizon with trans-
action costs in mathematical finance. We can reduce them to studying a
family of stopping problems of certain multiplicative functionals. The stop-
ping problems are solved by showing unique existence of the solutions of
relevant risk-sensitive variational inequalities. Optimal investment strategies
of utility maximization with transaction costs are constructed by using the
solutions.



Min-max representation of critical value in ergodic type
Bellman equation of first order

HIDEHIRO KAISE AND SHUENN-JYI SHEU
Nagoya University and Academia Sinica

It is known that the critical value of second order linear differential operators
has the min-max type representation. This can be understood as a gener-
alization of Rayleigh-Ritz variational formula for the principal eigenvalue of
Schrodinger operators. For general linear differential operators of second or-
der, we could derive the min-max representation by convex duality analysis
because the critical value is convex on perturbations (Oth order terms).

On the other hand, ergodic type Bellman equation of second order with a
particular quadratic Hamiltonian can be obtained by the eigenvalue problem
of Schrodinger operators through logarithmic transformation. This indicates
that the structure of solutions for Bellman equation of second order with
general quadratic Hamiltonian may be similar to positive solutions for linear
equation of second order. In our previous work, we specified the structure of
classical solutions of ergodic Bellman equation of second order and had the
min-max representation of the critical value, which generalizes the represen-
tation result of the critical value in second order linear operators.

In this talk, motivated by the results on second order case, we will discuss
the min-max representation of the critical value for ergodic Bellman equa-
tions of first order with quadratic Hamiltonian. We already proved that the
structure of viscosity solutions of first order equation is the same as the sec-
ond order case and there exists the critical value in the solutions. By noting
that the critical value is convex on Oth order term, we will show that the
min-max representation can be obtained by convex duality argument.



Large time expectations for diffusion processes and an
ergodic type Bellman equation

SHUENN-JYI SHEU
Institute of Mathematics, Academia Sinica, Nankang, Taipei, Taiwan

We consider a general diffusion process X (¢) satisfying the SDE,

dX (t) = b(X(t))dt + o (X (£))dB(t).

We assume only the smoothness of the coefficients b(-), o(+) and the non-
degeneracy of the diffusion coefficient. We study the expectations

E[f(X(T)eap( | V(X(10)dt)

with large T for various functions f(-), V(). The asymptotics is given by
exp(A(V)T). Our main concern is to determine A(V) and also other finer
asymptotics of the expectation. We shall see such problems closely relates
to the equation,

1 1

where A is a real number and W is a smooth function. A solution is given
by a pair, A and W. One may notice that this equation has another familiar
form,

505(@)Dy(z) +b(z) - Vo(z) + V(2)o(z) = A(z),

with ¢ = exp(W). This is a equation for eigenvalue and eigenfunction. An
equation with two different forms actually suggests very different approaches.
This has been revealed in our previous study, where a more general class of
nonlinear equations were discussed and in the analysis the function-space
argument, as is normally used in PDE literature, was totally avoided. In this
talk, we shall briefly review some results for this type of nonlinear equations
that will be used in the study of our problem. The asymptotics of large time
expectaions for diffusion process indeed suggest interesting questions for such
nonlinear equations. We shall mention these in our discussion. Aiming for
the solution, we are able to obtain some results that in the end will give
some satisfactory answers for the large time asymptotics of the expectations
described above.



On the principal eigenvalues
of Kolmogorov operators on R’
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August 1, 2005

Let Lo be the Kolmogorov operator on R? defined by
1
Ly = §A—DU(:U)-D.

Following to [1, Hypothesis 1.1], we make the following assumptions on the function U:
(A1) U e C5(R%),

1+2£
(A2) Im > 0 such that Sup{ |D U(.’E)l

(i1 Jafr?
(A3) a::inf{min[DzU(x)y-y | y € RY, |y|=1]
(A4) 3a,3y,3c > 0 such that

‘xERd} <400 forf=0,1,2,34,

xeRd}>0,

y- (DU(z +vy) — DU(z)) > aly/*™*? — c(jz|" +1) for z,y € R%

Let dv be the unique invariant probability measure on R? associated with Lg, and
H'(v) the Sobolev space with the norm

1/2
lellmey = [llel?+[1Del?] ™,

where

bl = (e )", 10t = (3 100som?)

Let 3 be the infimum of the Rayleigh quotient on Hj(v) defined by

1D
p=nt { Tol?

*This is a note for the Workshop “Probability and PDE” at Hokkaido University in the period of
8/30/2005-9/1/2005.

e e mon© ),




where
Hi(v)={peH(v) : =0} and @z/Rd @ dv.

Then, the best constant of the Poincaré inequality in L?(v) is $71. In [2], it was shown
that 2o < B. It is easy to see that the equality holds when L is the Ornstein-Uhlenbeck
operator. Here and in what follows, we say that Lo is the Ornstein-Uhlenbeck operator
if thire exist a dx d positive definite matrix A and a vector b such that DU (z) = A(z—b)
in R%.

Our goal of this talk is to show that § = 2« only when L is the Ornstein-Uhlenbeck
operator. Hence, if Ly is not the Ornstein-Uhlenbeck operator, the principal eigenvalue
(/2 of —Ly is strictly greater than a.

Our main result is stated as follows: Define the constant v by

=it { ol [T 102 Pl? o € 130\ 10} .

4 1/2
Here we use the notation such that ||D%*y|| = (Z H32w/8xi8wj||2) :

ij=1
THEOREM ([6]). The following three statements are equivalent:
(a) B =2a.
(b) v=0.
(c) DU(z) = A(z —b) in R%, where A is a d x d positive definite matrix with the
minimum eigenvalue «, and b = /Rd ydv(y) e R O
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An Estimation Problem for the Shape of a Domain
via Parabolic Equations

Hajime Kawakami (Akita University)
Yosuke Moriyama (NEC Software Hokuriku, Ltd.)
Masaaki Tsuchiya (Kanazawa University)

1 Introduction

This work is concerned with the inverse problem of determining the shape of some unknown
portion of the boundary of a domain based on a parabolic equation on the domain; the details will
be given in [2]. Such problems have been already studied by several authors. Especially, Brvan
and Caudill [1] treat the problem based on the usual heat equation in general dimensional cases.
More precisely they mainly consider the case of small and smooth unknown deformation of the
lower surface of a box, which ig the unknown portion of the boundary of the deformed domain.
In fact they examine a suitably linearized problem and determine the shape from measurenents
ol the temperature on the upper surface of the box. Then they impose Neumann’s condition on
the boundary, in particular, zero-Neumann’s on the unknown portion.

In this work, the same problem is investigated in a somewhat different situation: Dirichlet’s
condition is imposed on an unknown portion and Neumann’s ones on the other portions; that
is, a mixed boundary condition is imposed. This case is also necessary in practical applications.
We also examine a linearized problem and present a new reconstruction procedure for the shape
of the unknown portion and its stability property. In addition, the problem is treated in more
general framework: the heat operator and the box are replaced by a second order parabolic
operator of general type and a more general cylindrical domain, respectively, and further the
shape of deforming unknown portion is allowed depending on time and assuming only Lipschitz
continuity. We therefore have to use generalized solutions as in LadyZenskaja et al [3] and give
an a priori estimate for generalized solutions. This ensures rigorous derivation of the linearized
problem.

2 The inverse problem and its reduction

We start with defining a basic cylindrical domain in R™ (n > 2). Let B be a bounded Lipschitz
domain in R*~! and set

Q:= {(w',;r“) CR": Z/'=('.....2" HYeB, 0<a” < il} = B x (0,1). (2.1)
We decompose T' := JQ into a disjoint union ' =Ty U Ty UT,, where
Poi={(z",a™) e dQ: z" =0}, Ty:={R2"edQ: 2" =1}, To:=00\(Thuly).
Let S = S{t,y') be a function on [0,o0) x R*™! such that

supp S C [0,0¢) % B, S <1, (2.2)



which gives the shape ol the lower surface of the delormed domain. Then the deformed domain
is given by
Q= .y ={y=W"y"): ¥y €B, y">S(t,y)} >0 (2.3)

For a given T > 0, we further define the space-time domain Q7 with time dependent section
Q) by
Or = {(,ny) c0<i<T, ye S?m}

and decompose 0Q7 into a disjoint union

5(}7‘ = 12():7‘ @] [?| T U .Rg?-’]‘ U ({O} X Q(U)) J ({(1‘} X Q(’(‘)}.

where
-RO,.T - {(fy) : 0 S t S 7- yl € B f/n = S‘ita yi)} H
Rir = {(ty): 0Kt <T, ¥ ¢ B y" =1},
Rop = {(ty): 0<t<T, y€dB, 0<y" <1}.
Let A = A(t,y) = [a¥(t,y)], b = blt,y) = [bl(:‘!,y).,...‘b”‘(t,y’)]tl‘ and a = alt,y) be

an n ¥ n real matrix-valued function, an n-dimensional real vector-valued function and a real-
valued function defined on the closure of {(f, y): 0<t<T, ye Uog»,-g:rf?(r) U Q} , respectively.
Turthermore suppose that A(f,y) is symmetric and positive definite. For such quantities A, b
and «a, define a second order differential operator P:

'Pq;(t’ y) = vy ¢ (‘4 (t: y)vi} v(t y)) - b{f} y) * vyv(tt y) - (l:(f, y)'v(f, y)
where V,, := [8/0y1. ..., f}/{}y"”"]T CLetv=v(t,y) =l y), ve(toy), ... valt, y)]T be the onter
unit normal vector at y € 9Q). We define the conormal derivative J/0A and the parabolic

operator L relative to P by

D) = AT elt.)] evit.o)

dv ‘
Le(t,y) = —(t,y) — Pelt,y).
(t.y) = 2 (L) {t.y)
Let f be afunction on {(’1‘,3;) 0 <t < T, y€Upr <ty U SZ}, v afunctionon {(t.y): 0<t < T,
y' € B,y" =1}, and h a function on Qg UQ. Now consider the following initial-boundary valuc
problem on the deformed domain:

Lo(t,y) = —f(t,y) on Qr
e{t,y) =0 on Ror

My vy en R (2.4)
IN T 0 on Iy
(0. y) = h(u) on q.

We want to solve the following inverse problem: determine the shape S{t,y’) from the data
v(t,y) ((t,y) € Ryr). Of course, the time interval [0,77] can be replaced by another one; in what
follows, we consider the case of the time interval [0, T]. In order to solve the inverse problem,



we transform the initial-boundary value problem (2.4) to another one on the basic domain € as
follows. For each ¢ > 0, define a change of coordinates ¢,y = o5, . ) by

oo | v — S(t, i) (2.5)
y=@y") — a=(2". %) =1 =("~ ) ‘
v=(y") (@) =00 W) = ¥ T—50 7

Then the transformed operator is given as
Pult,z) == Voo (Alt,y)V,ult, 2)) - 5(}, x) e Vyult,z) — alt, x)ult, 2),

where
Alt.x) = a**(t, f)} = (Dyo) (97 (@) Al ,Qm(,))(I)§q5{.¢)}T(@(’{;(m)),
(l\t(t,;zf') = {6“(7‘.,&:)} = (lﬁ)yé(i))((ﬁm(w)) {7‘,@“)1,'1?)}
— (det D67} () At 2)V ('clecD_rg,§;§(;ez))

(1—a")S(t,x )}

— {0. O 1 — ,‘Ds\f,,,l;’)

alt,z) = alt, o(_l)l {z)).

If we set u(t.2) = u(t. ¢y (y)) = vt y), then Poit,y) = Pu(t,z). Denote by £ and (’.9/&?3\:' the
parabolic operator and the conormal derivative relative to P, respectively; we have

dv . : 18 g Ou :
W(i,y; ={(1=5S(t2'}) Z ‘Z ,,{i 2} =(1- ‘S(t.:t’))a—.:{;(_l,;ﬁ) on Ry,
ov du

anhy)=ozte) o R

Let Qp := (0,1} x Q and S;p = [0, x '; {j = 0,1,2) be space-time cylinders. Then the
problem (3.1) is transformed into the following initial-boundary value problem on the basic

domain:
Luft,z) = —f(t,2) on Qr
w(t,z) =0 on Sy
du Ny gy = { W(t, ) on Sit (2.6)
aN 0 on Syr
u(0,2) = h(x) on £,

. ~ 1 . .
. R P N P S P, =171,
where f(1,2) = f(l-,@m (@), vt ) = 1= 5(t,2") Y(l,w) and fife) = }'(”m( )

The correspondence between the shape S and a solution w of the above initial-boundary
value problem (2.6) is nonlinear in general. As in Bryan and Caudill 1], for the first approx-
imating approach to the original inverse problem, we examine a linearized problem such that
the correspondence becomes a linear mapping. The linearized problem is provided by the idea
of Gateaux differentiation. Let ¢ be a real number and replace S by 5 in the problem (2.6).



The corresponding operators and data are denoted with index ¢. Then we write the resulling

problem as

Louft, r) = - (t,z) on Q7
uw(t, ) =0 on Sy
a_?i (t,2) = v.(t, %) 01.1 5:.1,’1' (2.7)
ON 0 on Syt
u{0,2) = iz,e{:z') on Q.

Denote by u. a solution of (2.7). Since ¢ is the identity map, Lo =L and DJONy = 8/ON .
Hence ug becomes a solution to the problem:

Luplt.z) = —f{t,2) on Qr
uo(t,z) =0 on So 1
Jug _ ] elt.x) on Sirt {2.8)
('3;\/'( =0 on Sar
1p(0, ) = h{2) on €.

Differentiating (2.7) in ¢ at ¢ = 0, we have the desired linearized problem for an unknown
function w:

[ ;
( H(F*f ;
Lw(t,z) = Z ¢ ((’31"5) {t,z) — Fﬁ(t!x} on Q1
=1 X
wlt,z) =0 on Sor
7
U he Vit 2) — Y (F)w on Sig (2.9)
Al w0
Y =Y (FYy on SoT
i=1
w(0, ) = hf(x) on €,
where
N da Dug a db dug  da. df.
(Fyf =) —= e F=) = - ug + ——|
o de ( E o de o dn? de |.—¢ de —o
de —0 de 0

Our main subject is to solve the inverse problem based on the linearized problem. Therefore
we restate the inverse problem: determine the shape S{t, 2"} for (t.2’) € 0, T x B from the data
dit, 2"y = w(t,z) for (t,2) € S; 7.

3 Weak form and an a priori estimate for generalized solutions

In this section, we treat the domain and operator in more general type. Let © be a Lipschitz
domain in R™ (n > 2) and I' = MU T U I a Lipschitz dissection of I' = 9Q (see [1] for
the definition). For T > 0, put Qr = (0,7) x Q, S7 = [0,T] x ', 8’7 = [0,T] x " and
S =10,T] x IT".

Suppose that the following quantities defined on the clogure of Q7 are provided:



(1) A = At,z) = [a¥(L, z"é is an 7 x n real mal n\-\d]ue‘d measurable function, which is
symmetric and positive definite;

(2) @ = alt,z) = [al('i,:z:),...,(L”(‘é‘,:::)]T and b = blt,z) = {b‘(t,._r),.,..b'"(t,.r)]'T are n-

dimensional real vector-valued measurable functions;
(3) a = alt,z) is a real-valued measurable function.
For such quantities, consider the linear differential operators A* and P defined by
,4i7.z{t,:zt) = Z a”(f L)_(f )+ a (t,z)ult. x),

=1

Pult,z) = Z , 4 } Z be(t, x .7 z) — a(t,)ult, z)

= Ve (A, 2)Vult, ;7,} + alt, .r..)'n T, .17) = b(t,x) e Voult, x) — alt,2)ull, ).

I's

a
Then we also denote by £ and — IV the parabolic operator and the conormal derivative relative
to P, that is, ’

it i
Lult,z) = (()u {t,z) — Pu(t, z). ;z """" Z Alu(t, z)v;(z)

=1
where v = v(z) = [ (2), 2(x), ..., ¥ (2)]7 is the unit outer normal vector at x € d0. Consider
the following initial-boundary value problem

]

Lult,z) = Zd — flt.z) on Q1

=1

ut,z)=0  on &7

o,
(WA
s

N

Ju

a7t (t,@) +o(t,x)ult,z) =(t,2)  on Sy

u(0, T) = hiz) on .
Before introducing the concept of generalized solutions of (3.1), we provide some notations

for norms and spaces of integrable functions on @1 and St. For 1 < ¢,r < o0, Denote by
LA (Q) the space of functions u(t, 2) on @7 such that

4
T < v
”“’“stT = E‘"”1'_‘-"’0«?3“) = {/L ( (21“(t>f1?)!q da:) ! df} < oc.

Similarly we define the norm [[ull, . 5, and the space L?"(St) by using the surface measure d
on T instead of the Lebesgue measure on €. In parti« ular, \vhon qg=r LT ’1((27) = LG‘("QT)

Hu“q,q;(fgv H I’Hq Qr = ”'Il LA{Q7) and ‘u’igq S
we also define the corresponding norms and spaces in The u<«ual mannel Ihen we mtmdme th@

spaces of test functions and generalized solutions as in [3]:
HY"NQr) HY(0,T); LA () 0 L2 ((0,7); HH{Q)).
VOQr) C([0.T); L) N LA({0,T); HH(Q))

with norm || ||, , where

el = max llult Noa + IVerllzor

In the followings, v denotes the trace operator to the boundary I'.



Definition 3.1  We call u € VoY Q1) a generalized solution of (3.1) if u salisfies
(i) uls} =0, that is, v5(t,-) =0 on I” for almost everyt € [0.T];

(i) for every n € HY' Q) with s =0,

/i w(T,z)n(T, x)dz — / uny dadt
Q

+ | {(AV,u+au) s Vo + (beVou+ au) y} dedt

JQr

+/ (FoVun+ fr) dedt +

J S

oyuyndidt — / (& +=~Fov)yyn didt

S

....... h(-l iﬂ(o ’Lv(!l‘
Jao

o
N
e

where f:= (f'o .., M and v f = (vf',... I i L

For later use, it is convenient to generalize the equation (3.2) with replacing vf by an
arbitrarily given function ¥ == (¢!, ... , ") defined on St

/ u(T, 23n{T, z)d?—/ ury dedt
Ja Jg

Jer
2t

+ | {(AV,u+au) »Von+ (bs Vou+ au) n} dadt

Jor
+ / (FeVon+ fo)dedt + / ayuyndEdt — / (¢ +psv)yn didt
Sy JSp
------- hiz)n(0,x) dx. {(3.3)
Q

We notice that all the integrals in (3.3) are well-defined under following assumption.

Assumption 3.1 (1) There exists a constant v > 0 such that for almost every (t.2) € Or
and cvery € = (£1,62,....&,) € R”,

S i a)gg > viel
(2) («)

Z (a')?, Z (b)%, a € L™ (Qr),

=1
with exponent (go,vo) such that
n . 240
Go>35: ToZ3 .
2 T 20—

(b)

o€ L= (Sy),



wilh exponend (go, 1) such thal

er:
@>r-1, rn>—2— (n>3);
g2 —n+1 -7

2 14 X

g2 > .I., re > 12 (71 — 2)'
q2 — 1
(3) (a)
heI}Q), [fel*Qr), v el’Sr)  (i=Ll2....n).

(b)
J e Qo)

with exponent (g1, 1) such that

2n ] day ‘
< <2, M>— . > 3);
np2sU<® Nz ooy Ty 23
2q N
1 2 o >—L =2
<;p <2, 12 2 (n=2)

or

(4)

dq

_—_— <y <2, Py > - (n>3);
n =B=n Tes (n+2)g3 = 2(n—1) (n 2 3);
1<gz<2, 1y i (n=2)

or
g3 > 2, 132

Under Assumption 3.1, there exist positive constants p; and peo such that

| » n .
IZ (a")? =Y DOR (e <
li=1 Lo "0(Qrr) fé=1 L 70(Qr)

and
lollpazrs sy < #22-
In the followings, we fix such constants.
We extend the energy inequality in [3] {see Chap.IIl, §2) to the case of mixed boundary
conditions on a general bounded Lipschitz domain and, using it, we obtain the following a priori
estimate for solutions of (3.3).



Theorem 3.1  Suppose thal Assumplion 3.1 is fulfilled. Then lhere exisls a posilive conslanl
C' depending only on v, uy, pe,n such that

(g, <€ {ltllag + 1Alag, + 1710 + 11

lasrasse + 1%l 5, } (3.4)

for every solution w of (3.3) with uls, = 0. In particular, if | € LYQ1) and ¢ € L*(S7),
then || fll, rror @ 10N, 10.5p the estimate (3.4) can be replaced by N Allo.g, and 19y, »
respectively.

4 TUnique identification and reconstruction of the shape

In this section, we return the same situation on the domain and operator as in §2. Before stating

the results, let me introduce a condition for the coefficients and free terms of the initial-boundary
value problem (2.4).

Assumption 4.1 The coefficients and free terms of the initiol-boundary value problern (£.4)
satisfies the following conditions.

(1) The cocfficients and free terms are bounded.

(2) There exists a constant v > 0 such that for almost every (t,y) € Qr and every & =

(51 rgﬂv .o fg?l) € ‘Rn?
k3
Y. aViLy&s > viel.
=1
(3) The coefficients a (i.j=1,...,n) are of class C* and the other coefficients are Lipschitz

continuous in y and their Lipschitz constants are bounded in t.
(4) S = S(t.y") is Lipschilz continuous in (t,y).

(5) h is Lipschitz continuous and its trace vh to the boundary 0 vanishes on the lower
surface: y* = S(0.y').

6) av. b (i, =1,...,n) and ¥ have derivatives a}’, b, vy in t and satisfy
; s 3 ] H £ Vi

3

T 500
dat . .
/ ess sup |[——(ty)|dt < oo, {4.1)
J0 yER ot
T o | _
ess sup c73—(1‘.,3;) dt < o, (4.2)
0 yen |0l
T a‘h
/ ess sup —{’L—(t,g;) dt < oc. {1.3)
4O yel© ot

Then the following unique identification theorem is obtained.

Theorem 4.1  In addition to Assumption 4.1, assume that f(t,y) = 0. Moreover suppose that
one of the followings is fulfilled:

(i) The shape S is independent of the time variable t. and h £0 on Q or ¢ £0 on Sy 1.

(i) For every open interval 1 C (0,T1), v # 0 on I x I'y.



Then, the dala d(l, 2"y = w(i,x) ({1, 2) € Sy 1) delermine S{l,2") ({{,2") € [0.T] x B} uniquely.

A key result to obtain the unique identification theorem is the following integral equality on
the boundary.
Lemma 4.1  Suppose that Assumption 4.1 is satisfied. Let o be a generalized solution of the
problem:

Lre(t,z) =0 on Qr
Cplta)=0 on Sg.

TN : (4.4
dd:*(i ) =0 onSyr (4.4)
eT.x)=0 on Q,

where L~ denotes the formal adjoint of L and 3/ON™ denotes the asocitated conormal derivative.
Then
_ ()UQ ()3,

. p Lidt — — / dd (45
/317» ().;‘w @ J sor S (a ) ON ON= didt. (4.5)

Combining the lemma with the denseness of the Dirichlet to Neumann map from Syp to
So,r with respect to the problem (4.4), we can verify the theorem.

Next we proceed to discuss a recoustruction procedure of the shape. To describe the result,
we need the following function space on Br :=[0,7] x B:

H Y(Br):= HY(0.T; H*(B)) n H°(0.T: H} (B)),

where for an open set O, H*(O) denotes the usual Sobolev space on O based on the L%-space
L*{0) = HY(O) and also HI(O) stands for the space of Sobolev functions with null trace on
the boundary.

We reconstruct the shape S{t,2') approximately from given data d(¢, 2’} as follows:

/

1. Take a basis {5;}72, of HH(BI) such that for each t € (0,7, supp S;(t, - ) C B (i =
x

1,2,...). Denote bx w; {t, :r) L he &o]utmn of (2. 9) in 1 he case where S{t, 2’) = S;{t,27). Then

(2]

For arbitrarily fixed m € N, choose a sequence (@.....@mn) by the method of least squares:

m 2
arg min [id — Z w;d; = (Uye.e ). {4.6)
(ertm} || =1 L2(Sy.7)

3. For each m € N, the m~th approximation S(,,) of S is given by

m
Simy (s 2 = Z: @ Si{t, 2. {4.7)
t=1

Then we have the following result on the convergence and stability of the reconstruction proce-
dure.

Theorem 4.2 (1) There is a dense lincar subspace S of H ]01(1?1) such that for every S € §

lim Sey=S in Hy'(Br). (4.8)

O (m) =



2) For given S and S' € H]()]( Br), denole by d and d' the corresponding responses on Sy
A
i

respectively. And for each m € N, let (@,...,@y) and (@, ..., @,)
determined by the method of least squares from d and d' respectively. Then it holds

be the sequences

e fa = @] < Ko ld = s, o (4.9)

with a posilive constanl K, deiermined by dy, ..., dy,.
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Abstract

We consider an economic model of exploitation of a common property
resource, when agents can also invest in private and productive capital. In this
model, we assume that the common pool is under uncertainty in the sense that
it could have a sudden increase or decrease in the process of extraction. We
want to see whether there is an optimal solution to this model and moreover,
we shall also calculate the exhaustion (ruin) probability of the economy.

1 The Model

There are n identical agents having common access to a stock of natural resource,
denoted by S(¢). Each agent i also owns a private capital stock K;(f). Agent ¢
extracts the amount R;(t) of the common resource stock (i==1,...,n). Extraction is
costless. Assume that each individual extracts equal amount, so that the resource
stock is governed by

(1.1) dS(t) = dJ(t) — nRdt.

where J(t) is a pure jump process given by

ot p
(1.2) J(t) =/ / S(s—) - zN(ds,dz).
o Jr\(o)

N(-) is a Poisson Random measure with intensity

we assume that o

/ |22| A1 a(2)dz < .

J 00
Assume that agent 7 consumes C;(t), and remaining quantity is invested to accumu-
late his physical capital. The rate of accumulation of the privately owned capital

stock is thus

(1.3) dKi(t) = (RFPK? — C)dt,



where 0 < a,3 < 1. Each agent wishes to maximize the integral of the stream of
discounted utility

(1.4) max / (1—a)'Cl e dt

0

subject to (1.1) and (1.3), where p(> 0) is a discount factor.

2 The cooperative outcome

If the agents cooperate each other, they will collectively seek to maximize the
same level of their welfare. They will choose the rate of extraction per agent R; and
consumption per agent C; to maximize (1.4) subject to (1.1) and (1.3) with the initial
and boundary conditions S(0) = S > a, K;(0) = K; > 0, P (tlimS (t) < oc)

ek OO0
1, lim K;(t) > 0, where a is a positive constant.
t—o0

Define the value function V' (S, K;) for this maximization problem by

(2.1) V(S,Kp) = max F[/ (1 — ) 'O/ 7dt + g(S(1a), Ki(1a)],
CiLR>0 g

where g is a given function which represents the evaluation of existing stocks, 7, is the
first exit time of the system (S(t), K;(t)) from D, where D = {(S,K); S > a, K > 0}.

It is known that this optimization problem is equivalent to the following Hamilton-
Jacobi-Bellman equation;

(2.2) ,
(1= ) 'CI ™ + Vi (R K2 — Cy)
pV(S, K;) = max
S IS / {V(S+ Sz, K;) = V(S,K)}o(z)dz + Ve(—nR:)
JR

for (S, K;) € D, and

V(S,K;) = g(S,K;) for (S, K;) €D,

Instead of solving it directly, assume that the partial differential equation has a
simple solution
‘/ (Ag) A’I) mm ‘4 K’i}‘_a * BAS']-_!'j’

where A and B are positive constants to be determined. We shall also discuss the
ruin probability P(r, < t).
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Semimartingales from the Fokker-Planck
equation

Toshio Mikami, Hokkaido University

1 Monge-Kantorovich problem

Problem: General references are [1, 14, 15],
What is the best way to move a sand pile from one place to another ?

Let L : R?+ [0,00). They study the minimizer of

T(Py, Py) = inf{EUOl L(dfl—ff)>dt] {Pcp(t)_l — P(t=0, 1)}. (1.1)

The so-called Duality Theorem for T'(Fy, P;) plays a crucial role.
Theorem 1.1 (Duality Theorem)

Te(Po, 1) = sup{ [ o(Ly)P(dy) ~ [ o(0,2)Po(do) (1.2

P(1,) — 9(0,2) < Liy — ). o(t,-) € R (t = 0,1}

From Thm 1.1, we have

Te(Po, Pr) = sup{ [ u(Lyi)Prldy) = [ wl(@)Folds)| € Co(RY

where for L*(z) := sup,cre(< 2,u > —L(u)),

ou(t, z; )

5+ L (Dault,yiv)) = 0 ((t,z) € (0,1) x RY),

u(0,z;0) = o(z).



2 Stochastic control version

In this section we discuss a Markov control version of the Monge-Kantorovich
problem (see [11, 12]).

Let L(t,z;u) € C([0,1] x R¢ x R? : [0,00)) and be convex in u. Our
stochastic control problem is

V(P P) = mf{E[ | lL(t,X”(t);u(t))dt”

dX*(t) = u(t)dt + dW (t), PX*(t)™} = Py(t = 0, 1)}.

Here u(t) is progressively measurable and W (t) is a Wiener process on a
complete filtered probability space.
The duality theorem for V (P, P;) is

V(P P)=sup{ [ e(Ly)Pildy) - [ OB}, (21)

where the supremum is taken over all classical solutions ¢, to the following
HJB equation:

Op(t, z)
ot

+ %A(p(t,as) FH(t, 7 Dyt 7)) = 0((t,2) € (0,1) x RY),(2.2)
o(1,-) € CP(RY,

H(t,z;z) := sup{< z,u > —L(t,z;u)}. (2.3)
ueRd
(A.0) (i) Py and P, are Borel probability measures on R,
(ii) L(t, z;u) € C([0,1] x R? x R?: [0,00)) and is convex in u,
(iii) V(Fy, P1) is finite,
(A.1). There exists § > 1 such that

: . . d
Jim inf inf{L(t, z;u) : (t,z) € [0,1] x R} S0

|u|—o0 ]uP




L(t,z;u) — L(s,y;u)
1+ L(s,y;u)

AL(ey,e2) :=sup — 0 aseq, g9 — 0,

where the supremum is taken over all (¢, z) and (s,y), € [0, 1] x R¢, for which
[t —s| < e, |z —y| < ez and all u € RY

(A.3). (I)L(t, z;u) € C3([0,1] x R? x RY),

(ii) D2L(t,x;u) is positive definite for all (¢,z,u) € [0,1] x R% x R¥,

(iii) sup{L(t,z;0) : (t,z) € [0,1] x R4} is finite,

(iv) | D, L(t,z;u)|/(1 + L(t, z;u)) is bounded,

(v) sup{| Dy L(t, z;u)| : (t,z) € [0,1] x R%, |Ju| < R} is finite for all R > 0.
(A.4). (i) AL(0,00) is finite, or (ii) § = 2 in (A.1).

Remark 2.1. Typical examples are (1 + |u|?)%/2 for 6 > 1 and |ul® for § > 2.

Proposition 2.1 Suppose that (A.0)-(A.2) hold. Then V (P, P;) has a min-
1mizer.

Theorem 2.1 (Duality Theorem) Suppose that (A.0,1), (A.1)-(A.4) hold.
Then the duality theorem (2.1) holds.

Corollary 2.1 Suppose that (A.0)-(A.4) hold. Then for any minimizer
{X(t)}o<t<1 of V(Fo, P1), there exists a measurable bx(t,z) such that

dX (t) = bx(t, X(£))dt + dW (t). (2.4)

Next we only study the case where (A.4, ii) holds. (A typical example is
|ul® for § > 2.)

Proposition 2.2 (i) Suppose that (A.0)-(A.2) and (A.4, ii) hold. Then
V(Py, P1) has a Markovian minimizer.

(i3) Suppose in addition that for any (t,x) € [0,1] x R4, L(t,z;u) is strictly
convex in u. Then the minimizer is unique.



3 Semimartingales from the Fokker-Planck equa-
tions.

As an application of the duality theorem for the stochastic optimal control
problem, we consider the following: for a weak solution of the Fokker-Planck
equation with a p-th integrable drift vector (p > 1), we show the existence of
a semimartingale of which one-dimensional marginal distributions are given
by this solution.

More precisely, let b : [0, 1] x R% — R be measurable and { P;(dz) }o<;<1,
C M;(R?), satisfy the following Fokker-Planck equation: for f € C;*([0, 1] x
R%) and t € [0, 1],

/ f(t, z) P(dx) — /R £(0,z) Py(dz) (3.1)
/ Ad<afaix QAf(s )+ < b(t, z), Do f (s, ) > )Ps(dx).

Inspired by Born’s probabilistic interpretation of the solution to Schrédinger’s
equation, Nelson proposed the problem of the construction of a Markov pro-
cess { X (t)}o<t<1 for which the following holds (see [13]):

X = X(0)+ /()tb(s,X(s))ds+W(t) (tel01]), (3.2
P(X(t) edz) = PB(dz) (te0,1]), (3.3)

where {W (t)}o<i<1 is a 0[X(s) : 0 < s < t]-Wiener process.

The first result was given by Carlen [3] (see also [16]). It was generalized,
by Mikami [7], to the case where the second order differential operator has
variable coefficients. The further generalization and almost complete resolu-
tion was made by Cattiaux and Léonard [4-6] (see also [2, 8, 9] for the related
topics).

In these papers, they assumed that

/0 Lt /R |b(t, )P Py(da) < oo (3.0

for some b for which (3.1) holds. This is called the finite energy condition.



In this section we consider Nelson’s problem under a weaker assumption
than (3.4). More precisely, we assume the following: there exists p > 1 for
which

inf{/ dt/ b(t, z)|PP;(dx)|b satisfies (9. 1)} < 00. (3.5)

We call (3.5) the generalized finite energy condition.
In [7] we made use of the duality theorem (Theorem 2.1) for L =<
a(t,z)"u,u > for which the minimizer is the h-path process. Put

W(Py, ) = inf{ / di / (t, 2; b(t, 2)) P(t, dz)| (3.6)
{Pi(dz)}osi<r € Mi(RY), P(t, dz) = Py(dz)(t = 0,1),
(b(t,z), P(t,dz)) satisfies (3.1)}.

By Theorem 2.1, we obtain, under (3.5), the following:

Theorem 3.1 ([12]) Suppose that (A 1)-(A.4) hold. Then for any Py and
P1 E Ml(Rd)

V(Po,Pl) =’U(P0,P1). (37)

For P := {Pt(dﬂi)}ostgl C Ml(Rd), pU_t

V(P) = inf{E[ / ' L(t,XU(t);u(t))dt} lPX“(t)—l —RO<t<1} @)

v(P): 1nf{/ dt/ (t,z;b(t, z)) P.(dx)|b(t, x) satisfies (3. 1)} (3'95

Using a similar result to (3.7) on small time intervals C [0, 1], we obtain

Theorem 3.2 ([12]) Suppose that (A.1)-(A.4) hold. Then
(i) for any P := {P,(dz)}o<t<1 C Mi1(R?),

V(P) = v(P)(€ [0, 0]). (3.10)



(i) For any P := {P,(dz)}o<i<1, C M1(R9), for which v(P) is finite, there
exist a unique minimizer b,(t, z) of v(P) and a minimizer X of V(P). In
particular, for any minimizer X of V(P),

bx (t, X () = bo(t, X (1)) (3.11)

and (3.2)-(8.8) with b= b, hold.
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