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Abelian surfaces with odd bilevel structure

G.K. Sankaran
May 15, 2003

We study the moduli space of abelian surfaces with polarisation of type
(1,t) and a bilevel structure. These were introduced by Mukai (in a lecture
given in Sapporo in 1999); he showed that for 1 < ¢ < 5 the moduli space
is rational. In this lecture 1 describe some features of the geometry of the
moduli space for arbitrary ¢ and then explain how to use these to show that
if t is odd then the moduli space is of general type for t > 17. I also indicate
some special features of the case t = 6.

The moduli spaces concerned can be described as quotients of the Siegel
upper half-plane by a certain arithmetic subgroup of the symplectic group.
One needs an asymptotic estimate of the number of modulr forms of given
weight for this group, a description of the cusps and knowedge of the branch
locus, that is, of the torsion in the arithemtic group. Most of this can be
obtained by modifying calculations already performed for other types of level
structure.



Inhomogeneous Boundary Value Problem for the Nonlinear
Schrodinger Equation

Charles Bu
Department of Mathematics
Wellesley College
Wellesley, MA 02481, USA
cbu@wellesley.edu

April 17, 2003

Abstract

The following inhomogeneous boundary value problem for the nonlinear Schrédinger equation
on  C IR" is studied: iu; = Au — glu/P~'u, g > 0 with initial and boundary conditions
u(z,0) = h(z) for = € Q, u(z,t) = Q(z,t) on I where h,Q are given smooth functions. Under
suitable conditions, we prove the existence of a global solution in H'.

Key words: nonlinear Schrédinger equation, inhomogeneous boundary value problem, weak
solution, global existence

Mathematics Subject Classification (2000): 35K55, 35R35, 35K50



G-constellations and deformations
of the generic orbit

Alastair King (University of Bath, England)

Abstract

When a finite abelian group G acts on C", resolutions of the quotient
space C" /G can parametrise G-constellations, that is, G-regular finite length
sheaves. Under a natural condition, one can completely classify the ways in
which this can occur and effectively compute them using toric geometry.
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Abstract

We consider the motion of a vortex sheet on the surface of a unit sphere
in the presence of point vortices fixed at the north and south poles. Analytic
and numerical research revealed that a vortex sheet in two-dimensional space
has the following three properties. First, the vortex sheet is linearly unstable
due to Kelvin-Helmholtz instability. Second, the curvature of the vortex sheet
diverges in finite time. Last, the vortex sheet evolves into a rolling-up dou-
bly branched spiral, when the equation of motion is regularized by the vortex
method. The purpose of this article is to investigate how the curvature of
the sphere and the presence of the pole vortices affect these three properties
mathematically and numerically. We show that some low spectra of distur-
bance become linearly stable due to the pole vortices and thus the singularity
formation tends to be delayed. On the other hand, however, the vortex sheet,
which is regularized by the vortex method, acquires complex structure of many
rolling-up spirals.
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Abstract

1970 4RI — FF—I13EM KdV FEA 7— Y ohkBUEBRZ v d &
SNPMUHFERICBEENDZ L ER LTz, ZHhOHEBOBEITOWVWTIL,
xbik Lz bim&EhTuwWhotz, BaxZv=A4A vy MNERBZMHVWS
TLItEoT, bot—RC, TAALX—REENCERICTE>THEHENDS
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Abstract

HMEEOEREISHEMBOBERT A —EROAEH T, REIZS L TE
HIATLEET-VBEIL-YTDHI LT, H>ELAEEZEATVS, —RLEE
TAHRBFEHEORD & HICRZXDHERMAEN, EDXITLT—204mE
LLTHANICIRAEA DO EE 2D L, HFITELLAWHETSH
BHe EMEHELIERBLWTHHE LTHRALBE., ZOEMITIRVET LV
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BADES 291 ZEMOIFRTEOD—ITDONT
— Riemann [, metric 27 77, ZXRIEAX—

RE Kz

1. BE : ®EY a4/ ZMOM RO —DOHR
DED _DDPESITIIEHEERBEEN D B,
* D 0T %M
Riemann [, 7—X)VZ4E, Riemann [l EOXZ7 MLk, %

* J1RAZER
BGL(n,C), BDiffM, &%

Gauss Hiffiaw (1827) THWHENK Gauss DY —7 v hELTO
2 RICHALERT (= 3 RICZEMND “H OFD 271 28M) Mo
DO —DDEE. €O L TdH 5 Grassmann ZEAEO 2FEO D —{
Bo#Hxld, ZEREORKBRE 0 BEEZ2EIRT 281EHO % E % 1
=7

Bl Gi(C?) = {V* cCr (#IEHs2EM])} (Grassmann ZEkIK) |
£ : tautological bundle, & : orthogonal complement

ETBHEE,
H* (G (C"); Z) = Zey(€),- - - , ex(€)] /relations

ZZTeld Chern 8TH D, BIFRIL (relations) 1% c(6)e(ét) = 11T
KDL EN 5.

HE:: €225 12%H, 50V HEEMOIFEDS —REOPE.
RS SIZIE, D tautological part @

tautological generators/tautological relations

DETO B2tk zE 54 5.

2. Riemann HDEY 254 ZREMENR I



9
Riemann gHE={#2¢M] L0 EEHE KKK

ME, nKITEEE EO— BT S Riemann GHR2EZE Q & HFIE

nin+1)

Q = { IEEME n KHFMTH } =R 7

ERB. LENST, MZEnRKKC® ZKREETEEE, TDLED Rie-
mann FHEEAE R(M) 1

R(M) =T(PM XgLmpy Q) (PMIE M OQERENZFIV)

LE|ELIENTE, TR ZEMTE® EIZ M OS5 RHEE Diff M
MERT BT &IC/ 5. —ITiE, MZEMR(M)/DIf M IZHED RN
M3 szndt, MA2:Km, bbbl Y OESITIXFIZEINT
BOBEREL WEMERS. KDFFLLIE

Ro(E) = {© LD %R )

ETHIE, R(D) DS Re(X) EA®D Diff ¥ [A%E7% strong deformation re-
taraction WFFIES BT &M% (FFHRMEFES KT Uniformization the-
orem) . &<IZ N =3, (FE¥ g A2 LA LOHZE T SN PHhT) O

&Iz,
T, = Ro(X)/DiffgX, (DiffoX, & Diff £, O BT T D HE RS

1X Teichmiiller Z6fil & MEHEN RO LG &R B T ENFBENTNS. &
5z

M, =R,(X)/Diff . %,
=7;/My

3%k g D> /827 b Riemann fIOES 271 2EM &S, TIT
M, = Diff 13, /Diffo%,

1S, DFGIERE IREN 5 EEARRETH .

M, D753, Riemann H& (1857) 128X D, Teichmiiller (1937) ,
Ahlfors, Bers, Grothendieck, Mumford 212 & S EWHFADFiA HRH H



3. bROZ—o@ansid, BEAERENE—[AEGHBLERZHA
AR
BDIff, £, = K(M,,1) — M,

DFEIZ LD, M, E#IfIN> FIVOS3EZER, SSIZI3HMREELTO
HASRE M, O OMD TEZEBENEENS (K(M,,1)Id M, &4k
AR LT % Eilenberg-MacLane %Efi]) .

HEE : Riemann OEY 2 7 1 MO IFEOS—RE H*(M,) Z B
5. &<IZ, O tautological part &IFEIN BB R(M,), T/
H B Mumford-Morita-Miller 3

Ki € AAM,), (MBI e € HE(M, : Z)

KD EREN SR T IEZRIET SH. R(M,) IZDWTI Faber
WL BELWTFHEND .

ZZT, LREoEEA® RO —ON N S Ok E i HIC i Y
¥7 “Basy model” &=L T, —D® Riemann iOHEZEEZS. 5, LIZ
—DEFEME C LR EEDNUL, Abel-Jacobi DFAR

¢
Ey — Jac

MEHFRSND. T Jacld I§ O Jacobian TH B4, THUIALHHHIIC
BRTHTHY, TIIEE H = H\(S,:2) £ET5EF K(H,1) & bBEIT
5. ZOEE

H*(%,) = H*(Jac)/ < A°H/Z >

&, ¥, 0aFEOS—REIL Jacobian DEN DL AT 7 IV L B
LT 5. ST LEALOIEE X, MHICWAEZ OO family
AND—RILZWRT B L, EnWHT EITRS. BRIIZIE, FR

monodromy group

C, 2% Ramily of Hy(Jac;R/Z) A*H x Sp

Hain

|| l

cg Earle Fa“]]'ly Of .]a,cobiﬂl]s Hl(zgg Z/zg — 2) A Sp

Morita

M,



I1Z 759 Abel-Jacobi ®H8® Riemann f QRO 2D —fg{lbeE, > >
TV T4y 7 BOERGZEHRANWT, DEOFHELTS.
TAH

R(M,) = (H*(H*(Jac)/H)/ < [22] >)

ZIZT <[22 > H (H*(Jac)/H) DHBAT 7 IVTH 5.

3. WREILTS
BRI H = H\(2,; Z) ~NOHARIMEMZEL T, HOIK

Ik niEikEns. & ZT I, 1 Torelli B & WHI I 5 GREIN O T2 5
STHD. E,ZEEnOBHBBEEL, OutF, ZZ0/MEH AR L
UL, [ARRZEFOHLK

Out”F,, — OutF, — GL(n,Z)

NES5N S, 1986 4F1T Culler-Vogtmann (&, HAREN F, £72 % metric
75 7 DD T ZEM (Outer Space EMEINS) ZRRL , THAHTH]
FTHY, OuwE, NEAREGICERT A EEEHLEZ. ZOEMC
K BMWLEMIST 57D 27 EMEFINS. —F, GL(n,Z) 13 §2
IZFEL 72 n KT iRk O —2UZ B 5 Riemann st EEAO 22 Q 12 [E
ARELITERT 2 Z EAHMKICmS N TWS. ZOMZEROIFRED
T3 Z RN K HiRE FHHEICRRL, EEAZEKRZ DD, Riemann
HDEY 271 EMPLGEHEEIC AT, ThsDZ%Eb NI HO0
FREOS—OWZE, (Borel IZ&5 GL(n, Z) DLEIREDT —DRE
ZRE) EEHEESIEMDTHS. LhL, R

H*(Out"F,) «— H*(OutF,) «— H*(GL(n,Z))
K.Igusa Morita Borel, Soulé,- - -

IZHWNT, K IgusalZlk Out"F,, 12B99 % higher Franz-Reidemeister
torsion DEGROEF, EHICX S OwF, D2 IHFEDT—HOMERR
FIDEDE, Gangl-Soulé-Vincent i & % GL(n,Z) D IO TOIZEEIRE
O—HORINBEINTED, FNS=F0OMOMROMIZEZD T
VAT RICHFRO KR Z R RENA TN 5.



4. EVaSAZMoarEQS LU —BOIKREOD —
Borel 1Z & & i sty 7z #5251
£ B (Borel 1974)

lim H *(Sp(29.Z); Q) = H*(sp(o0,R)/U(o0))

= @[(—'1163: o ]
ﬂll_l.lgc H*(GL(n,Z); Q) = H*(sl(o0,R)/SO(0))
= A(bﬁr b91 e )

Izk V), arithmetic group & % WX FHICHifET 2ES 2 7 1 ZEMDEE
aFEnS —REZ, V-REOIFEQD—TRhT 5T LENTES.
BB aFEO Y —REIL, 2002 FFI2%E > T Madsen-Weiss 12
kD

lim H'(M5; @) % Qlevea, -

EREINI.

—745, Kontsevich i 1993 4EIZ, Riemann HBLVOT ZT7DEZ 2571
ZHIOAEER O RER W — &, HHOER K —RED IR
EOC—oEESMBRERRAL . BAEMICIE, =D ERXcY —
R coo, 0oy [o ZHAL, FNHOIFEOT—2ED 2T (%00
FREOS—ICXDELIRBLIZOTHS. £O I _DOHGZME
{ELTRRTEI2FDLDITES.

EH (Kontsevish 1993)

PHk(a:o grr: = €B2y-2+m=nH2n—k(Mg,m;Q)
PH*(IL)3% = Han_i(OutFoyy; Q)

3FHD ) —REDOHRIK [, VX, GHIEREM,, D) —RELEBIFRDD
DT, Kontsevish ® ERtDHEHLIAHIC T TICEEF O EHHHOVFEC
BOTHDATWEHDOTHS. LUk, TITORECILD [ OFDD
IZHEBLIZERTS.

EI (Morita 1990) 45 HE[H R E

Trace : H2k+1 — SZ’H-‘H



MEFEEL T

RF AT 7 IV [H, H| L Trace =0
M, 75 < {51 C Ker Trace

% U— R E L TORMAEREE

H— NHo P S*HH
k>1
MEET S, ELIZHIZ) —REEL THRAERTIRZW.
A8 . LORERBERIT) —REHOT —NIMEZE LA 5.
ZOTHHOYUE S IXMmPAFRIC, HERRGEH
H*(A*H & P $**+' H)™

k>1
~Q[valency #* {3,3,5,7,--- } L2 S T 7|
—s H*(H)™

NEshs.

LA HEFER O “moduli part”l X TN ETOMZE, & <ITHERKKED
HEIFEIZ L D ERITMHT B ENTEL. LAL, Thide|.khs
HhEXFEILK—8TH0, ROOBHOMBIIZ NN S O BEARE
TH5. T, Trace D—D—D % fHW/=—H/BHH/Z T

HY(S*HH)P ~Q 31— by € PH?*(H)®

D IEHAED FE & 22 BEROMIAZ HEFL TWwa. §3 TibR7:
OutF, ® AR EOP—HOERAZFIOEREIZ, T 5Ol Kontsevich
OEMRZE#EHL T
Hy(Out Fagyo; Q)
OXELTHELSNIEZDDTH 5.
Bic
}'{2(?{)5" >~ Q< ey, tats, >

Z T, e X Riemann B 2 71 2O B —HHEBICHIET5H0T
HBMN, ty,t5,---1&, i OutE, OFERE L TORENTMAT, Tl



HEERRHC N S ((HERERE, MM, g, AR, &K%
OHFHBIR) #axt Galois B Gal(Q/Q) @ “#" (Soulé 7o) IZHEHIT PR
THZ LML PEENS. S5 ICm<iE (2003 4E8) , T 5O
DO 3DEE, ThbbiREOS—3BEOREDD—[FEEER 03(Z) M
5 Z O MERRH O T 72 HE R B GAR O RERRIC A B I REMEN 8 B Z &Y
HpaTEE.

5. FFRODFRE
T, DEO_OEBTBLICT S

(1) akrEoS—RE&H'M,,) HEBENSED 25 1 22MO inter-
section theory I, 1990 fE® Witten O i B fEHH LENITEIZHN
7= Kontsevich ®EHIZHE D, Tz KE < —{LL 72 Gromov-Witten
HRCESET, Z<OMEEOBNILVERELWRREEZRT T
=. Thbld, EY a5 2zMounbid—XxEdEE (97245 Mumford-
Morita-Miller ¥8) 2B 2B TdH 5. Madsen-Weiss DFERIZE D, €
CaTA%EMM, 13, LESIZHWTIE Grassmann ZEkE & 2 BRI
Pl EZb>TWS. LaL, ELREEBIOEEMITIE, X357
WERMEZ B TWAEEZILNS. FEFOBAM S WA, XK
FIZIEkOBEENERZEIN, ThSEED 271 EMOENERY
MGG Z KMy 3b0EBbhsd. —HO KEEHIIESREHOH 2
MK, DIFREOD—HEL THRECLIDITIERIIEZFASNT
B0, £/, Wi, Hain OMEKHTNETNONEN 5 OMFEZ HDTW
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e (BERMzitkEn i) GER LS ORWBIEACKEICHS MIZE
No2%H 5. ZZTR, PROZ—08Ns —DOREZLEEL 2.
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(o AgRIE) = M) + THX BT oMEE5R)

INPHELDOEZLHBET, EHohén) LERTIOERTHS.

ZOMBEOBEEEIEL, HEROAMENLZEL LA TV, Ya—0
EH (1872) 7 =17 ADFEH (1893, 1902) NHE A THD. WG T
X, W ODDOFEDOHREMZ 2D OL2EEZEE LS EOMAEDFH
& RRRE A R

1 Hom FEIEESGEo1=h

UTF AG %6, p 2R LTH. HHAMETL- & HEEKEN
? 7% Hom FAETdH 5 (Asai-Y 1993).

Hom F#: |Hom(A,G)| =0 (mod ged)(|A/[A, A, |G|).

ZIT[A A ERHETEE, Hom(A,G) iX A 9o G ~OHEREERD
H#EERT.

Hom FHI%, #izBF2HBAOHOELIHETHERNXE LRRTE
D. MONIEZRERPINWL 20H 5.

(Frobenius 1893) #{r € G | 2" =1} =0 (mod ged)(n,|G|).
EDOFET A DM n OKEBHOBER ZOHEWEERETH L.

(Y 1993) A 37—~V 5K Y 3o,
(Asai-Y 1993) A/[A, A] OO A REOTFS TH D G2V EE T

VYA N



A4 ZILTHE: AN G ITERLTWALE, EFM G AICBITS
WEOMBEIZSWTH Hom PR LEFR LARAELY L.

{ERZEAZ2EA81E Hom FRETHE. 7T— N pBE A 2OV TDa
HA 7 AFRERE LITIE, —iED AlZ>WT® Hom FRELIELWE
EWRGgMmoTNS. A BKEIFOEEIE, 1930 /K0 P.Hall iZX 9 IE
Lo,

FIREICRT 22 < OMBITEREMBOGSICREZND. ARE
MEEONEIID> TWVWEHDT, s DEMECHEDERZHEN DD,
EWVWIKRFEHZ L= > TEL ORBERERLTEE. L 248K, BN
LT, ZINHOFEIT A G D pBHOBEICREIND. p-REICET
AMREIL, BFEHRPEIZEDLZ LBZVOEDR, EOFRITHOWVWTIE
IhA D ELATIRV. MrIR, B BERRCICXSBOBRFET,
EHLoDOFHEG, HER pBHOZ FATHRY LTV,

INBDOFRAOT 7u—FotthE LT, #BmihE BEERD
FiE, (FEFTH#) RE o P—{ 3, Burnside IR (BB G-E£EOHTTY —
@ Grothendieck ) {5 Fk, R (BHEBEEEESK, AHES
K, €—Z B transition AK) 265 HFERERHSH. ThTHLTHE
FREEDEMITR 2 TRV, 7= & 2T Frobenius DEH (A ASK[EEE) D
T LA MRFERAE LT, EEER A {E -7 Braver (2 X AFEBAM S
NTWA. ART—_AEOBAICRELZ LIZTERY. SEHOEE
(15, 9n) (91, gn HEEVWICHHR) DL 52 L OBMLEITRBH, £
DX I BREBEHORBEDEZ 2RIV, ZTHEH A BT —<LEED
%6 ® Hom FAEDOIEHA T X 2 ZEIFMELEY, —#IZ—% Burnside
BOBBEEST-REVLDOTHD. A BDKEIFOBRE, 7T—NVEHOE
B, —BORXEHOFE L, FyyThRKELR-2TWA,

(Mednykh 1978, Mulase-Yu 2002) S #z= 237 b —<2m, m(S) &
ZDEFRE, x(S) ZAAT7—FEHLTDH. Z0LZx

> AWM = |G- [Hom(m (S), G)|.

A

ZIZT )i G OBEW (R BiEL2#<.
COFBICEELLAFBRLILT, AREGICBTS 27y lay=t ®
EOMEENL |Co(t)| THEID Bl 5 (Oda-Y FF).

(Dijkgraaf-Witten FRZ5H& 1990) d & OfF0 = 3-IRTEAZAHRE M & (o] €



HYG,U(1)) \=xfL,
Z9%(M) = — >, (r(a),[M)

| I vy (M) =G

ZZTq% 1t HY(M, Z) — HY(Bg, Z) = H3(G,U(1)) ic &% a D,
[M] IZEARE. B2

-y
e

Hom ¥ : |G|Z% (M) = 0 mod ged(|H,(M)/|G|H, (M), |G|).

ZGY (M) |Hom(m, (M), G)|

2 WMEICEITS 2P =1 OFBEOBER

ROEE. XFFBE S, IS5 o = 1 (p 1358%%) OMOEE o 1X p TIE
#10 G B .

#5 {0} im0 0, ZWROBHLI L FEBI%L (Jacobstahl 1949 fih) Z#-:

“E::)-l =aP +n(n—1)--(n—p+ Q)Qiplwh

aozalz-—-:ap_lzl.
< _(p) p
Za"—t“ = exp (t-{—t—) ;
n! P
n={0
THITEST, o RV HETHEHETES.
Dwork(1981), Dress-Y (#F): ord,(a?’) > [E] - [}%] =t 7(n).

ZORRERHDHOT, BPOTFHE, ordy(ad)) - 1(n) FEREVI B
DTHho7-.

B, p=2 OHBE, FVULIERIKRTEZLNS:

py_[2m)  n#3 (mode) n
orda(ﬂ-il)—{,y(n)“ n=3 (mod4) ~ 4

LAz orda(alP) —1a(n) <1 THB. LHL p=3 1L ATHRWEY
ol HERTEEZ THRELEZLOOBRAMR R0 6. #&F



ZOBE, ordy(aP) —,(n) FERTR. BE-EE-T4E (2003),
37iZ K.Conrad(2002) iZR D X 5 e &b e fE R4 #E L T 5.

Ja = 2+ 27 + 3%; ord(agers) = 2k + 4 + ords(k — @),

FDIFEH K.Conrad E Artin-Hasse OF8E 8%

e@(Z}ﬂ@)=§:%“
i=0 n=0

(Artin-Hasse $#3% a, 1%, S, \ZB B8 p-<F OO EEK) © p-ERE
MBIV TV SHhOFREEH L TWAS.

3 UISNDOFETIE p = 3,7,11,19,23,29 THIA (FEH ) HEZ 2
(p <30 T). BIATHRVWEENEROIOLRBEHTHS. EROLZ
%, =D p OFE, = ORIBEILHIEER O MR 2R 2V T
b5, P =(p—1)1+1TZh# p TEVEASZ i< mbhT
A. LxLno p? TRV EINAMEShoTWRWL, FESNh5E LY
B, p<bx10® OFETIE p=5,13,563 ® 3@ TR T
Wah.

3 MABROBEAMEEEE S Gof=h

HIRBEOHSBERIZ OV TIE, Schmidt @ subgroup lattice (2R3 %
A (1994) B35, FOPIZ, FREMBEOHIHENTH, ThbbE
REAMEE G LZTOEEOHSE H IZXL, H2HHH K dH-o T,
HNK =1, (HK)=G THAH L) TENRHS. “OFHITL<E
T HEERICRER STz,

HMEE G OWMREROA B A8 w(H, K) (Z2W T, u(l,G)=0
(mod |G|) MEBN TS, ZhiEA—H A FEROSFETARNS L
. RORAEY ABEEO—Kwm15, p(l,G)#074b, HoHHRT
A THD. LiL, AREMIEICOWVWTO u(1,G) DEOHEZHEY
ShTuwizwy. Ao 2BEL, BFEEOA A 7 —EK L REOME
Thd. HRBERITITLLEOEMEALTEY, LEBNoTREAAS 7—
BRI BAERHD. ZHITOWTORRRLHHH1E Lhuizu,



(K.S.Brown 1972 O7RE r P—i Y 0 —0ER) p-s 8 (# 1) DIEF
EADIEFHEEDA A 7 —EHIZONT

X(8,(G)) =1 (mod |Glp)

LRFETARANLHELNS.

HAHEOY — 2 BEABOBHRE L A4 7—EHOBOBERS LTy
A5, FEREORRESEROIMAMBEICEL TLELD. ZORMNS
+% &, Brown OFErV—@#I o —0ERE, [Hom(C,",G)| (ZH
THERARXEFETHD. —Rye—0EBOLIER, EiF7ox=
W ADEBROIIETH-7-. Brown DEENL Y E—DEBRFDOLD%
HMITANE I NESLLRV.

FEEORBEERERTLELLbNS. =& 21 Hom(G,GL(n,C)) ®
ST ERICHEYEH S, FREOHAICH-T2AREAG, KEHO
BAE, ART—BEEOMEICHAIBRERML TS8R THS.

4 BoLBWmzHBELT

B IR EMFE ST OTER (1983 ) OB OFRBEROFEL, W< 2D
FElZmhot-. SEEROE R E~OIGH, HeER (/77
i, HEER), TUAZ—BHLTEAERARNAR R5K, B B
MBESEOMELRETHD. ZOVEDIC HR2LER dWwbhd
SERHD. & ZTERBEORFRIBRORERTHS., Thze—
(b3 4iE Hecke BROFRHIRIZ/R S, Hecke BIZETIRIIAECHE
HHTHL EAdD. F72 5 Hecke B Y &2 BHNITHBEHEORRR
X R LEERBR bTEx51E569. EExid, BEHERSZ 7
DERBRVPTE TS,

LI 2BEROTHRMBEBEICIOVWTHELX THS. HHARIEICH,
BATESL DFRERVBBER L THRY L.

- feEENE S XE 2/ NS RRFTARY T I ) —CTEMSEO—EH
DKV DL T 5. C:=Con(€) ZERFRHMBORT AT IV —LT5.

P T F1
Xz;g Awx)] .~ o (g |Aut(I)[t1)

T 1Ll Jacobstahl % Wohlfahrt OAKO AT Y —fKTHY, ZOFED



BEEHEREEEADEZL ZEATWVWS. A7) - RMNGIE, 18
HEPEEEXTEMSBO—BEMLAETHS.

 BEOERMER G/Ker(f) = Im(f) HHKROL 5 1o LTHERS = &
NTED, —ENEHERIMOTERFEMRATIY—C (1L X =
Y = X=Y Z@#i=9)icxrL, 173

H := ([Hom(X, Y)|), L := (|Quot(X,Y)]),
D = (|Aut(X)|dxy),U := (|Sub(X,Y)]|)

LB, H=LDU (17510 LDU-%#8!) TH5H. ZhixfE-T, AR
HOBEOANESNX, ¥—FBEHoBERAKR ER—BROLESRED
TIAY—IZET—MRILTES.

EHIZABEKEIRTAR20, BEEFEL2EONT I -GN LOHE
HITETHHFIZA-TL 5. ABRE G oRDVIZ G-EEOHIT T —
DOEHET, HRFEOHMAMBEPCEREAREZEFNTNS. ThZ—KD b
RATERT S, Bl bARR, 2L z2iEA— b~ b ACEELE bR
AREMEHFRONT L) — BN R ERTHLE Thoob
F o) —(ZBiT B (FEr P—ihl) o —0EERCHE MBI B,
& B & 0ERARL ER—FITHTL 3.

ZDX O BRMEDIZDITIX, BRI (ARBEORER) OXEMLL L
FIY)—{bTHLERHS. HEVWAOBEZHFL TWET.

2 & X M
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& SCHRODINGER J5# 3% o5 #

%A (HAvaATo NAWA)
LB RFRFRES CHAREHER

ABSTRACT. HERIEMTAETHLH LS 75:3Fﬁi’ff-5chrﬁdingerﬁﬁﬁ@ﬁ%ﬁ@ﬁﬁ
W T O @B DV TR Lz, @RI L dSLy(R) DR ER &
FOMEMOLIENARERMRT LI LA TEDL. ZOBDERHI S L8, HFH
IZBURIEWRS SR I 2N TLRHIO N BETHLERIP, TDLHI %
ANEVED D B (BFZE 1 + d KICD) I Schrodinger TR O BRI IR - 7458
o TWAHEF G- TEL . MOBEIRRIZ, BT I o NT MEDOK
L LIEhLBRO—2OTHHERRTE, COKEL BOERAPERICHS
B2 NTHY, BRITFETV) bubble LBUOBRTH DS, T/, BEMI,
Brown JEB)® ubiquitous DO EDDFETHH S & ) RIRABFVEZLTWATI LD,
PEAPZA LG THI.

2 ML, CoFERIINEL+ 2RT0 & SFEREBETOL —H—
V—LOHCEF LR T 2RFNET L ThH LS. ZOBE, MY — A295E
TLEMOE=MERL, BOMUGEOHEFE—LOBEEZHOLDLTWD., I
M Schrodinger FEER X7 7 A N—pD L —F—E— LADEF LB THET
VELTHHN, BAETHIFBEEORO TISHERISHAESATHT, 27 Ea—
¥ EIEERS EAIITDRTWA.

INTRODUCTION
KO L LI EEH % F5 - 72 Schrodinger AFEXOUMEREEZZ 2 5.

ot
(IV)  %(0) = yo € H'(RY)

SIT, pe(1,2°—1) EL(d23 L2 =24 d=120LE2* =00) THB. 2O

b % € C([0,Tn): H (RY)) % 53— (WRUGHT) BOHAET 5 & RAROBETH Y, KO
[RAFE] ExpnF— NIV =T Y) ORFAHBOLT % (Ginibre-Velo '79, Kato '87) :

{ (NLS) %% 4 Ap+ [lP~1p =0, (a,t) € RYx Ry

[ (®I* = I (0)1s
Hpsa (9(0) = VOO =~ IO = Py (o).

Typeset by ApmS-TEX



o TS TR RELRHE (p=1+3) CRKIFDHS

(NSC) %%%-FA¢+4¢PN¢==Q

COBEDONINI=T %

HW®) = V@2 - —s o) 124

243 2+3

LT ERT A ROEIIC, Elp=1+3 £HILT, HEXORLETS [HR] (2RI
LTS (p=1+ 5 ZERFIEE critical power LIFZ9))
(1) Case 1: p< 1+ 5 OH&

#NZ T = 0o (BEHIKEM) TH A | T4 NF—ORIFIIZKD Gagliardo-Nirenberg
AEREHWS L, |VU(t)|| @ a priori Filiz {35 LA TE 2.

1154 < Clf|PH-EE-D v gt
(2) Case 2: p 2 ]__|_% DL
BRI\ BT D 7 5 ADTEAET B (TATORIBRT HRTELR L, #HLH
(AR AR L E A b EL, BMOMREISEHTHS). I THRERLIE,

T <00, lim ||[Va(t)]| =00

t—Tm

L bRERT.
BRBOGAEIL, BEAfT XOZM TR, kO Virial X5 55R”¢ % (Zakharov 72, Glassey

77, M. Tsutsumi '78).
(11 =[xl O)1* + 263 (0), x - Vi (0)) + t*Hp41(¥(0))
t
- A (pr1-(243)) [ - PwiEtiar

Hpr1 (10(0)) < 0 OB, BABERAIREYIZFHAEST S & 31U, HREMCALA YD L% 0 F 16
5. p=1+4 0k, Virial $REKO &) LMELT %S T &SR

1%l (@)[12 = [[1x[(0)]|* + 263(w(0), x - V4h(0)) + t*H(1(0))

ZOBEE, p=1+ 3 ORECHEROFOMYE (FRAALHE) CL2b0LFLS.




A physical model and our goal.
FIRAZEICOVTHEBT 2611, HEXOYANERLR4DEEI DV TERTED
9. FA0FEX (NSC) i, d=2 DL &, FRERE POV —HF— K- LDHCKERZ R
T5 207 NVENTHS (Akhmanov et al '66, Zakharov '72) . t #HIIZROFE 3
T —LDE\HNERL, |P(x1,T2,a)?deidrs EFH ¢t =0 ICEBEICAHTLHER
(L=H#—E—L4) D t=q FHNDE—LDBEFE G TVEEEZ TV,

E— LD HOHERT S L, HEMICE, A;>0, a; e R? #Ho T,

L
|(xy, 22, t)|2d:r1da:2 - Z Ajdyi(deydxo) + p(dzrdag) as t— g
=1

MRETEELTEINTHS ) (BICEAHEETHHLIEER, TOLHITELATRVEINE
PEfTo THEBENE RN TH2). 2T, WHEHEOFHIKDOERTHS.

FAOBERZ, BRBVL—F—E—LOHECERLXERLTVEI L, HIL, LEEEOPGEN
T, =tg CHWIESZL2dHTAILTHAL. MO/BRFEHRLTVE LWV [REM] 2K
e, Lok % [Bith] CHE2Z2BENICHEIHIEFTHIILEN, HmrEilg-oTL
FRIE, UL, BTESTAINVEOERLIBERLbOL—FELEEZ NS | BITHYIZIE
[y MEOMEE] OMTF%2 [BIF] $5Z L1225,

Pseudo-conformal invariance.
2T, SEHNAENCHS. TIHEEREER L, BH%Schrodinger FRERXEE 2

£9: 5
o,
215 e A!/} = 0.
BRI ZY L 3SL,(R) @ (FBA#Y% unitary) #R%E ZOMEMO LICENS LB 5
ZEHTES (HAIE Niederer '72). ZOMOIEHNH A, HFHIZHEKRECHEIE S
i, MU MmO ETHL L EDNS, MIELMEIER

1
a2
IZBWTER, ZOREHAOAERS 2 RTINS (HOAREOME). BABAREEZHT S
EDOLWHEMERE 28AT5Z Lid, HBGERE, OB S b FHERSGDHS L) ICHEbh
AL, EBC, IBHERREVEFVTIOY A4 THEAD (L0 L —F— Y —ADHI%F).
BHBAEMICOVWT, bIPLFELLRTBI I (SLy(R) @ (ERM% unitary) £z
ERIfEoTAS). TITH RY OTLEFR—V FETET

o

x=(xy,-,2q) € R,
ROBESchrodinger B L IFEN TV S ¢

G = (SO(d) ® SLa(R)) > W,.



SIT @ IFER, b IPEEMEERT ) W, i Weyl BLFERS00T, MEHELT
W, =R @ R?
Thb. geG % g=(R,Aav) &Y. ZZT,
R €80(d); detR=1, 'RR=1Id,
A = [a ﬂ] € SLa(R); ad—py=1,
v @
(a,v) € R? x R%

Thb, HOBEHIIRO L) CEHENR TS . g; = (R;,Aj,a;,v;) €G, (j=1,2), 1
LT,

9201 = (RaRy, As A, az + Rao(—fv1 + aay), ve + Ra(dvy —yan),)

A1=|:al ﬁljl’ A2=[a2 B?:l

(v
{1
A

v2 02

2T, ZoOHOSchrodinger HRAOBOZMO EANORBE RO LS I2%5 1V &H
Hi Schrodinger HBRA O [TXTO] BoLEo 2B EMLE T 5. [HHEK] R
p:G—-GL(V)%, g=(R,A,a,v) LT

[p(9)¥])(x,1)
= (—yt+a) Zexp (%e(x, t)) " (

R Y x—vt—a) 6t—p0 )
—t+a T—gt+a)’

Liewh, oT, A= [f: ’g] EL7 %17,

_ |x—vt—al? 1 s
O(x,t) = —v g +2(v-x 2|v| t
Thb. ZDEE, g1, €G, ICHLT

[

[p(g2)p(g1)¥](x,t) = [p(g291)¢](x,t) exp (zw(gz, 9N ))

b, £LORED (g g1) W,

w(g2,91)
= —2Ry(62v1 — Yoa1) - ag + 80|v1|? — 2Ba70a; - Vi + a22lan |,



LEREN, SREEMORCREL exp(iw(ge, g1)) BATEHARLT [HFER] 253 5.
ZLT, bEHADZ L o HHIE Schrodinger H#EXORE, BlL, £ = (200, + A)p =0
it oL,

E[P(Ql)’!ﬂ](xa t) = E[P(Qz)w](xsf-)
= £[p(g2)p(g1)¥)(x, t) = £[p(g291)¥](x,t) = 0

AT 5. b L, Weyl BOBSEEZ 2T, p:SLy(R) — GL(V) RHERBTHL =
LACEELLD.

LRROBZEDZHR p(g) (9 € G)ERDEHIZHMTES.

(i) Space translations:
[G1(a)Y](x,t) =(x —a,t), a€R%

(ii) Galilei transformations:
[Ga (V)] (x, 1) = w(x — vt,B)el (V> M)y € RY
(iii) Space rotations:

[G3(R)¥)(x,t) = (R 'x,t), R € S0(d);

(iv) Time translations: A = [(1} i’] € SLy(R),

[Ga(b)¥)(x,t) = ¥(x,t —b), beER;

—N\ U

AT I
(v) dilations: A = [ 0 o

] € SLy(R),

[Gs(\Y](x.t) = e2 p(e*x,e?t), AER;

1 0

(vi) pseudo-comformal transformations: A = [w 1] € SLy(R),

. 2
[Go (@)¥(x,1) = (1 —wt) ™" exp {_ 2(? s Ls) } ¥ (1 a1 - wt) ’
w € R.



FIRAL 2 BRI Schrodinder 77255 (NSC) &

Llp(9)] + |[p(9))[*4[p(g)¥] = 0
EBDH, —HOEEIE SLy(R) KM AR LEZW. £LT, IR AL M
(%) MOMHIcHL SUHHFEIA TS, BERTRCLED, BEHEOBMIZIERDO LI %
[BAtE] #H% : (NSC) Ot (t) X LT,
1(Gs (M) 2](2)]| = [l(@)]| = [[+(0)]l,
H([Gs(NY](t) = e H(w(t) = e H(1(0))
DT A,

PLEAS, (NSC) %A RAZELIHENS Do [RE] THAY, TEXTORNT, J
BROMFE L RIFICOVWTORTEI B ). BOMNNFEONE» 61, HEXOMHET
7% <, #id % Lagrangian OMFREAREFR L R L T2 & 2 DN IEMHELRZH, KA
DOEE, [HBRAOMHME] L350RL, LEAHLORBUTICRZHENTHA.

CITRHEROBEBAZHICEIZbS v, HEKITHE 2 HHESFR CTY,
G DLie B0 (M5 EHEICLS) EHEEZ LI LIIARTH S, KBOREKE, BRI

0
gj = ﬂggjfs) | -
LR TET,

g1 =1V (g1) =10,
g2 =x+itV; (g2) = @ +itdy,

1 1
g4 = i@;,

g5=~*i(2t8;+x-v+g—),

. d 1
g6 = —i (t26¢ +tx-V + §t) — §|x|2.
Pt OFHET, ROKHRMHBEBTEETH S,
[‘chj] =0 (} = 1a2s3a4)
[22 95] = H2i£a [‘gs 96] = _27:329

ZIT [A,B] = AB— BA. BLALNIRFEN (RoEFEX) &, &F0%F06 Ok ki
(Ehrenfest’s @:0l) -

2é%<'¢’sﬂj¢) = —(, g (1P~ 9)) + ([P~ e, 959) + (¥, [£, g;]%)-



PoHBEIEEDL, o 12 (NLS) offThs. T2, Zo%FKU
g = a(x,t)d, + b(x,t) - V + e(x,t)

%5 —#HO—FEORBOSTERHFISH LTHRD L2, LD g; (j=1,2,--- ,6) AV, XK
DRFUMEHRLIENFTES.
(1) The momentum:

R((0) = [ FEHOw ix = Alvn), =12 d
(2) The center of mass motion :
(x, [(O) = (x, [1(0)[2) + 263(6(0), Vi (0));
(3) The angular momentum:
(W(t), x X (1) = (¥(0),x x TH(0));
(4) The energy:
Hpsa (6(8) = V()1 = — S ISOIEE = Hpa (o)
(5) The dilation identity:

S(w(t),x - Vi(t)) = I((0),x - Vip(0)) + tHp41(4(0))
- g (p+1- (243)) [ wlzar
2p+1) \P d)) J, p+107;

(6) The pseudo-comformal identity:
2
IGe+ V(@) = xe O + £ 7 I ®l
N 4 ‘ 51
+ m (p-}- 1- (2+ E)) [] T||1,b(1‘)”p+ld1'.

ZIT (6) DAEMUIPKRDOFRANEETH 5.

9202t = —2g6tp — 2L = —2g63p + 2 |Y|P 1.



7z, (5) & (6) 25, FISHITRA Virial FXEH/LILHTES :

Il @)IF =llxlw(0)]|* + 2t3((0), x - V(0)) + t*Hp41(¥(0))

- (1= (243) [e-mwengtien

Fo#BTIR L2/ VADRFERAH L TV AA, ZhUliE, XkoU(1) ¥—Yo%ki G
IR mA TBIHEL W,

(0) Gauge transformations:
[Go(O)¥](x, 1) = ep(x,t), BeS,
LT, ®#HMD Schrodinger ¥ %
G=GaU(l)
ELTBIFEEVI LIZR S,

BLOWUP SOLUTIONS AT CRITICALITY

BERIAELE, WS p = 1+ 508, RO L) GRIRERCTESRT 245 %% (Weinstein
'86, N '86) : % (dilation) & #ILHZEH (psedo-conformal transformation) % &A%
9%

[G6(1/T)Gs(—In T)y](x, 1)

(T — )~ exp {— 2(;‘,"'_2 5 } v (Ti e T(Tt— t)) |
T>0;

¥, BB Q(z)e't (Q 12 AQ—Q+|Q|7Q =0 D) ITIEAEEAZLILY

i|x|?

Qa,t) = (T — 1)~ exp{—m} Q (T)i ,;) exp (Tﬁfgﬁ—n)

i85, ZOffi

lim [|VQ(1)]] = o0,
lim |Q(z, t) *dz = [|Q||*do(dz)

RifirzL, RAOHESELZ) THAHI Lem LTINS, EiX, 7V BEELFRS
BENLEVIUHERL E, TRIEE [ (generic) | ZdDOTIRZW,




Tld, —HMLRBRBILEDL )LD THLDH% Theorem 1 (& ZFNLfEDMEG) & L
Tﬁ%75ﬁﬁy?Lﬁﬁﬁﬁﬁﬁﬁcwf%ﬂfﬁ:ﬁ,p:1+§mﬁ,ﬁﬁ&ﬁmagﬂ
JEIEHE (ground state) (&

f Hl d
f$0

THEMT oML, UTORGHBEMLRAFL DLLS.

Ny = d{IIfII2 H(f) < o},
IGH (R%)

inf {“foQ @ [U‘"n“2 D) + 9.4 ”.f”z:% | H(f) - 0}

f#0
Nooe e MIRIVAPR
' 1pd 2+3
PN Nl
TOoNEMETEMFRL DO TIER L,
2 2
Ny = 3
244771

RAHMEA DY, R N ZHERSEXORRBERESAS !
244 1 a 2
19154 < I

ERIC TR EERT 500 RER Q, T, ZHULROMBEOIMHLIEMH THS (Weinstein
'83, N '94) :

?ﬂQﬂ=

Ny =

) + 4 “lela

Qg = Qg + IQQ'ﬁQg =0.

PLEoE#EIE, LF® Thoerem 1 Oatb B L UGEHICE > TEETHH. EFE, N4 IIBw
T, Z450E N, %8 { 5719 Theorem 1 OFEHOMER L & o 7z,

wink, BB ILEDL ) BIRIBUETIONERDILIZLEL). ZO1D
AHTHE [ ) CARMTR] LIHIND L3 2% ke AT 5. ¥ % (NSC) 0

%maL,%ﬁw{nL Ab =T A—F—{\,} *
tn 1 Ty  sup ||1p(t)||2+§ = [[v(tn) |24
te[0,ty,)

—
1+3°
e (En)ll1 5



EEDT, ThbZHWTEREME scale down LTES L MES .

bn(@,t) ATz tn — A28, n=1,2,--,

DIRDBFWRERETS (ZITC, o OLON—EEFELETRT). BREROBREHMIECORS
i, MES {(Yn(z,t)} D n— oo TOWwRSEVE LTHFSIL (encode) SNz &1l% 5.
BESBAEMEL D, o, 12, BEEl 4, T [< 0 S Ent) AYOna, 1) £0MHEE §2 (NSC)
OMTHAEALAZLICEELLY. 4, ZZCTt, =T, LRHEZEETELW, TS, BKE
i [ ) A LIESAT, MRHEBELMED EEH] & BERELANIE] E2oTwa.,
FHHOBMBBROBED L) ITBROF — =200 > TWAHEICIE, EiLo N, OFMk
BNy FNELTVAREDLS, t, =T, LR, MEZRBEICLAENALRELTTE
{, FORWETHHHOHUMSY, BEROERT H5REOEMMA T ICEELEE 2 R
¥ (Giga-Kohn '89). L& LIk4 OHEEE) ClLw, 745, Bl L] Eh) Tz,
o4 DHETIE, FRADEHIZTTEL (BREROLEERICHTA2HHLHIRERONS.
MEF) 1, (z, 1) OEEZER C([0,T); L2(R?)) (for any T > 0) ATOIRAFE\: (277237
MEOBFEOHT) X BHT A LICL), kOEEEHS (N 94, '99 [3]) :

Theorem 1. We have:

L
Yn(z,t) ~ ZW(-’L‘ — 40, t) + palz,t), n—oo

—1

in the strong topology of C([0,T); L*>(R?)) (for any T > 0). Here,
(i) ¥ (z,t)’s are solutions of (NSC) in Cy(Ry; HY(RY)) with H(y’) =
(ii) @n(z,t) solves:

2%63— + A n=0, (.’B,t)ERdXR+,
on(x,0) = Pn(z,0) — Xiy ¥ (x —44,0), xR

that is, @n(x,t)’s are solutions of the f'ree Sehrédinger equation; and
(iii) the sequences {7y}, {¥2}, -+, {vr} are in R? such that

limp o0 [, = 18| = 00 (5 # k)
In the original world of v, we have

L
1/)(5) - Zw‘i("t) = an('at)

j=1

lim sup =0

=00 te(tn—A2T ]

with
244 _

lim A2 sup l|@n(t) “24_3 =

RS e[t — AR T \tn)




where

: 1 L (x—=v9A ta—t

J - n
=g (52 o)
= S (A_n’ ,\—) '

CORBOEREBHFRATIE, b L, WEOK {|)(z,1)|2de}ocicr,, PRE (tight)
THIUL, sy =ty — N2T. % BFICE T (LELLHIFIZIAS),

L
(2, 50)Pdz — 3 [ (0)[[26,05 (dz) + p(dz) as n— oo
g=1

7 B IHAEOFTFICR DO ER TR ) O L& R’E 5D, ST, WE p it |§n(z,t)|?de OB
ReLTHONE L DTHS.

I TKE AL, MBS {,} DT 28s MEDSHNTIT GRIET, o EAHRME L
TIHWwltThas, FFHOPTREL>TWADIE, L=oo LIRETHLHETHS,

llmsupZH Pi)20

lc—ocmJl

BARERTHHH, THPLTRTO jI22WT H(WW) =0 %W 5 EHFET, 20
72812, LLUF® Theorem 2 (THhE Y, BEMOGHEERL LTEETHS) tHVTWw5 (N
'93, 99 [3]) :

Theorem 2.

H(tpo) <0= sup [[Vy(t)|| =00
te[0,Ty)

If T, = oo, we have that, for any R > 0,

limsup |Vib(z, t)|2dz = oo

t—oc Jiz|>R

ZOEENS, BRELTHEONS ¢ EI}, TRTELDEOZANVF—2FHD (H(YW) 2 0)
:a%ﬂ#a#%,n@ﬂ:of@a.%Lr,ﬁﬁﬁAﬁm%&ﬁwxnwwmm2>Ni
DA, L < oo HRERENS. FIROFROBITS ¢ |[vo]? = zjmwmm%+mmﬂ

MUME o PERAFRTH ML, L=1T ol *Ot&%(ﬁﬁuﬁkfﬂ%ﬁjfé%)
LHFMATES. 27, BT 2R LG, —ARICHRE & CHST 283325 = a
BRWEE b Ao TYS (N'99 [3)]).



Theorem 1 OHEZEGENICS AL, X TV5 [ ROFFEB (LD =)0 F—OkH
KIEHR)] A5, ERLTWwS [/ rarny et (WRERETFATBE) O#E] 12%-T
[(EMZEEO) BROWEE | ~NeHFTWLDTHE. ThEBRERORLIBHLTE
ZE, BREIMETOROEHEERSE X, (NSC) #ha g0 "Frizv¥-" &2
(AR%) “BRAKER (EEERIECASOUMELHE>TwD) 2HUERLTESNS
“HIRBOFRE" oBhgbeTitish, FAWGIRMS _EEMREE, 2 “THH" %
Fio 7: A HSchrodinger i X OB EHWTERHSN L LT ) T Ltk b | ZOFL ) BOM
D B3R (SBERILICB VT Dirac JIEMFREEFOZERZRTILNTET, KOETNVT
B, U—ADPARBOETOX 2ol &2 b #ERME_HBLEZo Y Ea—¥
PHOAKBEERSCIME, B LREhS IR 2B EEAIEICLS.

TIT, YE® L) BT ORE LS (MER) 28T TEI ).
[H] R A

(1) BB ) CHABZERN L D OICH X R AFTEED ? FRADEHEPLER S DY
A EFIORTHICE D E2BETE R,

(2) EoxANF—2FHOMMAHMBORKEE [Eh] THAIH, Fhed [HEL] b
DTH5HH) 0 ?

(3) BEM»HEFKSNS Radon WEDE {|Y(z,t)Pde}ogicr, &, VO THRE
(tight) TH» 5 ?

(4) < b TARB (M) 2HEL, LA/ TELILILLST, EATVLROFHMZ
LOEHZADRICHONMILTLATWS, SOHE, KoM o O 2 12

]
MT5bDTHA. o 2HERNE, EHRICHETHHE LTV,

Eid, ThHOME (O—#ki) HREOAF — ¥ — LERIHEUOVTWES., ThERDREDH
TREI.

TIGHTNESS OF {|(z,t)*de}o<,ier,,

BREOF — & — O EFT (W2, Therorem 2 QWO EDHS &, WED K
{|v(z, t)|2d:r;}0§t<7~m DEEFEE (tightness) (Z2WTHHLIZAiIfLZzv. Theorem 2 OFEHIC
b, DTOREEICMNT 24#% Theorem 3 (N '99 [3]) #HWTWA.

Therorem 3. Suppose that p =1+ %. Suppose one of the following two conditions
holds:

(1) d =1 and H() <0,

(i) d = 2, H(2bo) < 0 and vy being radially symmetric. Then we have T,, < oo, that
is, the corresponding solution v of (NSC) - (IV) blows up in finite time T,. Further-
more the family of Radon measures {|1(z,t) |2d:1:}ﬂ§t<Tm defined by the solution v is
tight.

D7z (FLBET A TTORCERERL2D), GRITORSHHOGEDAEHZ



. ®H |z| % [Hl=T) Virial FROBILE ML IDEZEZL-OUTOLOERAET 5.

[ & 0s€<1],
. 1/3
g—E~1)% 1S£€6<1+ (2 )
'w(f):ﬁ - (q)
smooth, (w' £0) 1+ (3)"" £€<2,
L 0, 26
%‘r5|x|=\/lzﬁ=lxi for == (z1,---,an)k L, 874A=%—R>0IZHLT

T

)

wr(x) = Zwr(r) = = Ru
Wr(z) = 2 fu " wnld)ie:
EBL. ks n/zVirial FRNEBUTOE I 2L DTHS .
Lemma 1. We have: fort € [0,T,,),
(W, [9(0)1%)
= (W, lthol?) + 28t (th0, R - Vibo) — 2 / & [ " drH(b(n)

- 2/{: ds ]: drHE (y(7))
- %/ﬁt ds/: ar (A(V-g), ()P

Here the functional H® is defined by:
HI(7) = [ m@IVs@)F —ma)l @),
where
ml(?') =1- T.UR’(T)

ma(r) = 2_|2_ p (d —wg'(r) — ?wa(r)) .
d

REYE (tightness) OFEMICIE, EiO—# LS 7z Virial FXANORERT & F - 2H
HE #FHET HLEND Y, FOLDIKOESME L BN ERT

Ng = inf / 2d
R {%{ 1x|>nlf(x)| T

HA(f) S e, 11 S ||¢o||},



ZIT X = HNRY ik HY(RY) o MEedktdbobd. Zhik, Lo N, KHTS
EHMBEORFILENZ DO TH-T, ROFM%E %55 .

Lemma 2. For sufficiently large R > 0, we can find N, > 0 independent of R > 0:

Nr 2 N,

ZO#%E Lemma 2 & Lemma 1 # &b+ T, Radon MIEDE {|¢(z.t)|*dz}o<iar,
DREN (tightness) 2GEH S h b, REMATEH S A, B, Lemma 1OFATES
N 7:Virial £ 2HWT, EAFZORMTOEHD L H CFF L v, KEMLEHTE,
Ng (2B 5Lemma 2 ® & 5 |ZHERHEH TD L2 mass 2T 22 L THD. BAfFEDO%E
T, 2OZMOMEE L TERES CORL FOUFFHBIRL TV 20T, BREROIF{EIEH
BEHER>TWEDTHA.

—RE DA, COLH)ICERES TOMOEHEZRB T L2 LRBFRLRILTEIZVEIT
ba., LIAHAPBREOA—F—2GhoTLEI &, 25K R 12 [Pl hd0Ehs,
o (8] 3ZMoshn s [BXEM] Zodrd Likwy. FRERICERL).

LOoGLOG LAW AND NELSON DIFFUSIONS

WERMOA —F—ZPET 5 I i3, BERTCHLERATTIE VA A & DT 5 B9 IZ1T
b THS: (Sulem-Sulem '99(7] 2 EM). BEREALLEEIIH TS, ToOHFKR (TH) &

[Va(t)| =< \/1“ In(T — 1)1

T —t

TH Y, loglog law EFFITRTWA, HFEMICIE, TRLOFEFLUML VMLATVT
(Y.Tsutsumi ‘89, Cazenave-Weissler '90),

1
V=1

Thah. FEFHREOBICELLE Yy ThHotz. EIAHH, RICHALEEERIS
[/ | TES R, BETAHROBEA —¥—I13

V@)l 2

1

IV = 7

EhoTWTE LV, RO —F—LuHBad» 5 REBEVERII RO TEILVE ) L.
Bkl ->T, REEFEBOE OBRERICH LT

Vo)) < \/ ol — 8=

T;rn_t

| |



% % FfliAS % & 17z (Perelman 2001 [6], Merle-Raphael 2002 [2]). FRIZH»% OaEffvi:
A, Wik e S EEEE TORBIMEREDOARS PVICHLTHAREEZB VTN, 1,
[K&%] BICHLTIRES L DARBRRTH Y, loglogBldBien 77 UHFHLMShL
BEZZV. IS, p> 145 BEE, HEOCRECRIRRTH 25, TR

1
193] < \/ T

Thb. L2LENLTLL0OFMIZEFENE LTHEICH SN TWT (Y. Tsutsumi '89,

Cazenave-Weissler "90) :
Ive®l 2 1
V(@ -t

LD L OFMEAKLVE AL, THVDR, ZOBREF—F—ITEREORAFREXOEE L
LThoT, MUEH] 2EHLABERTVRV, &4, p=1+3 D& &5, EHEGHIES L
BIRbONREXLRIBETCHL L) DS,

i, FERIALLREE (RIS (NSC) oI LT) 13, loglog law ZIELWET 4 L,
Theorem 1 OFERIZBWT(BIRILIKEF 2 5 18), FFREAOBE L £ OEEILRHFIONY 52
EHEETIC—EHICRFoTLE). TOL)LERTOREA —FV—DOREIHFNICEHEL
METHLLEXS. AL, BIEFHTIICS TE 225, #HERERE (Nelson diffusion &IFEH
5 [5]) #HVAHEEBEALES (N 2001 [4]) : Carlen 83, 85 [1] ftx i, HOZEH
T = C([0, T); RY) iz
9 (, t)|*d

[[%0]|?

AHMERNE P 252 ECEAH. 2K X, 13

Xi(y) =~(t), ~v€Tl
d [HERER] Ths. 0L RHE P IidkoMfER#Ems X

P[X; € de’] =

dX, = b(X,,t)dt + dB,

oL LTHONE. 2T, B, I3HEHE Brown ##)TdH Y, B b 1, Shrodinger /
BAOR o 75

VD o
u(z,t) = { %W, if Y(z,t) #0

1 lf '!p(ﬂ;, t) = 0,

Vi(z,t)
%mﬂz{gwwif if ¥(z,t) # 0
' if ')b(l:, t) =@,



LE® Tz, osmotic velocity u & current velocity v #HW T
b(z,t) = u(z,t) + v(x,t)

LEHEINDLDTHS.

b4 LEMZTT, Carlen DR Ez#HF VTV I I (Carlen OFEFIE, HEIERYFFT ~
T x W THZ 505 &5 B#FSchrodinger HRADRIZKT 5 b 0 72A, FEMBORE b Ak
THb).
Theorem (Carlen ’83). Let u, v, b and p be defined through the solution ¥ of
(NSC) - (IV) as above. We associate I' = C([0, Ty, ); RY) with its Borel o-algebra F.
Let (T, F,F, X;) be evaluation stochastic process X;(y) = ~(t) for v € I with natural
filtration F, = o(Xs,s £ t). Then there exists a Borel “probability” measure P on I’
such that:

(i) (T, F,F:, Xy, P) is a Markouv process;

(ii) the image of P under X, has density p(x,t), that is,

[¢(x, t)Pda
[oll®

(iii) The following process By is a (I, F;, P)-Brownian motion:

P[Xg € dl] =

t
Bt = X( = X(] —‘/ b(X-r, T)d'r.
0

COEMTH O NS HHER % Nelson diffusion EFFATWAD, TOMHERRLZ LI
Lo T, loglog law & 1) 5§\ i5E _foT"' IV%(t)||dt < oo @% &, Theorem 1 AHERENSDZ
Ellh A, FEHOGHN ERREICETIERICE SRS .

T
fo IV(6)dt < oo,

¢

4 lim X, as.,
t1Tm

4
(2, t)|%de

3 lim P[X, € dz] = Ii ,
b Pl e da| = Ion S8

4

L
(. t)Pde = > Ajde(de) + u(dz) as t1 T

=1

e |



RBICEZFE>THRDDIZLv, ZoMEBRLEHVL K, () IAREHRFTEC
LoTBNTLE o7, MOFOESRICMTA2EREMTEL TS0 THLWHENYHS.
7, &fF fc ([Vy(t)|ldt < o0 (3, B x5 ERVERIL, BRETLHEZRALTINSLT
W5k, £IT, ZORTERVERTHS L OBiEE BT, loglog law #3652 DTREARVA
EEIRICDRoTL % Hat hFM L SRLFH T, BEA -y -3l H 5 L v
I EWRD.

b, BH [BRBE] lhoTwiELE). ZOLE

No(R)=J [ [I'r(tl>R/ ||wr)lldr]ﬂ[|w(t)|—>oast—»z"ml

n>0 n<t<Ty,

LAHEDOEEH
P (To(R)) > 0

TR L7oET 5L (BRI, 5D LFELWERFSNTGEHTE £ ThHs), Z
DHREXHNT, ERMLHETIEH S,

Inln(7,, — )1
Vel £ \/ et

# (B T&4, EREGMMESVEIZLZZFERIITEZICEATH P E WS &, Nelson
diffusion % £ T\ A MR HE

t
&=m-%—/mmﬂm
0

® Brown #EOp 2 TH->T, #OBrown EEOMICM 58 % % i, &K1
[ OHRIZH>TEATLE> TV TRAGZWIET 2D, BEEE P OS54

L
[W(a, t)Pde — Y " Ajdes (dz) + p(dz) as t 1 T,

J=1

L, BREEY T,, (28T Dirac fIEZ4KT I EI2L ), [#E] OfRICBVH TR DL
FXE) (B0) Thb.

Acknowledgments. XA THETREL5ATT S o7, BFHEORY v 7OES AR
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A, XWMOFIHEMELERCTIEELE. BEXMELTUTOLORHIFTEEF
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LEEEET LS.



o

REFERENCES

Carlen, E., Ezistence and sample path properties of the diffusions in Nelson’s stochastic Me-
chanics Springer Lecture Notes in Mathematics 1158 (Albeverio, S. et al, eds.), Stochastic pro-
cesses in Mathematics and Physics, vol.345, Springer-Verlag, Berlin Heiderberg New York, 1985,
pp- 25-51.

Merle, F. and Raphael, P., Sharp upper bound on the blow-up rate for the blow-up rate for
critical nonlinear Schridinger equation, Geom. Func. Anal. 13 (2003), 591-642.

Nawa, H., Asymptotic and limiting profiles of blow-up solutions of the nonlinear Schridinger
equation with critical power, Commun. Pure and Apllied Math. 52 (1999), 193-270.

Nawa, H., Nelson diffusions and blow-up phenomena in solutions of the nonlinear Schridinger
equation with critical power, Nonlinear Dynamics and Renormalization Group (I. M.
Sigal and C. Sulem, eds.), CRM Proceedings and lecture note; vol.27, American Mathematical
Society, 2001, pp. 117-134.

Nelson, E., Quantum fluctuations, Princeton Unuversity Press, Privceton, 1984.

Perelman, G., On the blow-up phenomenon for the critical nonlinear Schrodinger equation in
1D, Ann. Henri Poincare 2 (2001), 605-673.

Sulem, C. and Sulem, P.-L., Nonlinear Schridinger equation Applied Mathematical Sciences
139, Springer, New York, 1999,

BFTR | KERKFRF IR T Fhf R o

E-mail address: nawa@sigmath.es.osaka-u.ac.jp



Carleson type measures on parabolic Bergman spaces

2003/12/8 (in Hokkaido University)
Masahiro YAMADA
(Gifu University)

Let R (n > 1) be the upper half space of the (n + 1)-dimentional Euclidean space, that
is, " = {(z,t) = (z1,...,%n,t);z € R", ¢ > 0}. Let C(R*") be a class of all continuous
functions on R”*! and C‘°°(R"+') be a class of all infinitely differentiable functions on R’}*
with compact support. For 0 < a < 1, we consider a parabolic operator
0

a‘i‘(—/_\) 4

For 0 < @ < 1, (—A)* is the convolution operator defined by

L@ =

(19w = ~Cualim [ (ol18)~ a0y =3l "Hdy € CFRE,
y—=z|>

where C,, o = —4%7 /2T ((n + 20)/2) /T (—a) > 0. For 0 < a < 1, a operator L{®) is defined

by

(EDg)a,0) = — ol 1) + (-AR)Et) ¢ € CRERY™,

and L@ is called the adjoint operator of the parabolic operator L®). For 0 < a < 1, a function
u € C(R%) is said to be L(®)-harmonic if L(®)u = 0 in the sense of distributions, that is,
[|u-L@ypldV < oo and [u-L@p dV = 0 for all p € C°(R}H), where dV denotes
the Lebesgue volume measure (In fact, a L(“)-harmomc function is infinitely differentiable, see
[5]1). When v = 1, L™ is called the heat operator. For 1 < p < co and 0 < a < 1, we denote
by b? the set of all L(®)-harmonic functions on R’;*! which belong to L?(R’;**, dV). The spaces
b? are called parabolic Bergman spaces. The parabolic Bergman spaces are defined by Nishio,
Shimomura, and Suzuki [5] (The definition is more general), and several interesting results are
given. It was shown that each point evaluation is a bounded linear functional on all parabolic
Bergman spaces, and parabolic Bergman spaces are Banach spaces with respect to L”-norm.
Moreover, when & = 1/2, a function u belongs to b} 1/ if and only if u is harmonic on R} ™" and
belongs to L? (R, dV'), and thus V¥ 1, are equal to the harmonic Bergman spaces on the upper
half space.

Let 12 be a o-finite positive Borel measure on R, Ny = NU {0} and Nj = Ny x --- x Ny
(n factors). For a multi-index v = (71,...,7) € Ni, 07 denotes the differential monomial
al /oy ...0) and let 8, = 8/8,. We consider conditions for x in order that there exists a
constant C' > () such that

/ [B;fafu]” dp < C/ t“[@{”uF’ dV
R:-H Ln:1+l

for all u € b7, where /,m € Ny, and A € R. Let D be the open unit disk in the complex
plane and H? be the classical Hardy spaces on D. Carleson [1] proved that a finite positive

2000 Mathematics Subject Classification. Primary 32A36; Secondary 26D10; 35K05.
Key words and phrases. Bergman space, Carleson measure, heat equation, parabolic equation of fractional order.




Borel measure p on D satisfies [, [f|Pdp < C || f |/}, for all f € H? if and only if there
exists a constant X > 0 with u(S(I)) < K|I| for any interval I C 9D, where S(I) is the
corresponding Carleson square over /. Let L? be the usual Bergman spaces on L. Hastings
[2] proved that a finite positive Borel measure p on D satisfies [, |f[?du < C || f (|7, for all
f € L? if and only if there exists a constant K > 0 with (S(I)) < K|[I|* for any interval
I c dD. In [3], Luecking gives a necessary and sufficient condition for a positive measure
ju satisfying a inequality [, [f¥Pdp < C || f ||}, for the Bergman functions. Luecking [4]
also gives a necessary and sufficient condition for a o-finite positive measure y satisfying a
inequality fR1+l [020ful? du < C || f ||, for the harmonic Hardy functions on the upper
half space. We consider conditions for p satisfying such inequalities for parabolic Bergman
functions on the upper half space.

For (y.$) = (Y15 .-, Yn, s) € RT™, let
Q)(y, s) = {(z,t) e R™ ; |z; —y5| < 271!/ (1 < j<n), s<t< 25}
We call them parabolic rectangles of order o with center (y, s). Clearly, V(Q® (y, 5)) = sz *™.

Main Theorem. Let 1 < p < oo, v € NI} be a multi-index, and £, m € Ny. Suppose that
A>—land 1+ X+ (2!101 + € —m)p > 0. Then, there exists a constant C > 0 such that

/ |00k ulP dp < C'/ o ul? dV
R:—!—l R:‘-}l
for all v € V. if and only if there exists a constant K > ( such that

u(Q@(y, 5)) < KstHHHi(EE+t=mp

forall (y,s) € R,
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DYNAMICS OF BIRATIONAL MAPPINGS OF THE PLANE

ERic BEDFORD

December 15, 2003

In this lecture we consider a birational mapping f : C* — C?. We are
interested in studying the dynamics of f, which means that we want to understand
the behavior of the iterates f" = fo---o f as n — oo. First we will summarize
the general approach that was developed by Diller and Favre. This approach starts
by finding a compactification X of C* on which the induced mapping f* on the
cohomology group H'!(X) is well behaved. Then they obtain an invariant, closed
(1,1)-current p* which is closely related to the behavior of (f*)" as n — +oo0.
There is also a current p~ that reflects the behavior as n — —oo.

Here we consider the possibility of producing an invariant measure by taking
the wedge product u := pu+ A p~. We note that invariant measures reveal rather
different properties of f than those revealed by invariant currents.

Finally, we show how this approach may be applied to some specific families
of birational maps on C?. In fact, it will be shown that complex methods can be
used to understand certain real mappings f : R? — R2.
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DYNAMICS OF HOLOMORPHIC SELF-MAPS
OF BOUNDED DOMAINS IN C"

FiLipro BRACCI

January 28, 2004

In this talk I will illustrate the state of art about dynamics of holomorphic
mappings from a bounded domain to itself, in several complex variables. After giv-
ing motivations, such as searching for fixed points, behavior of iterates, composition
operators and commuting mappings, I will explain in detail the one-dimensional sit-
uation, namely the case the domain is the unit disc of the complex space. I will
explain the old results by Wolff, Julia and Carathéodory using a new metric ap-
proch by means of the Poincaré metric, which will be suitable for higher dimensional
generalizations via the Kobayashi metric. In particular I will describe "lineariza-
tion” properties showing how to solve the Schroder equation (and other functional
equations) in one and several variables.
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MILNOR CLASSES AND VANISHING CYCLES

JORG SCHURMANN

February 19, 2004

The classical Milnor number of an isolated hypersurface singularity has been
generalized in recent years to the Milnor class of a local complete intersection X
in a complex manifold. They are the difference of two kinds of Chern classes for
the singular space X, i.e. Fulton and Schwartz-MacPherson Chern classes. After
recalling the history of this subject, we explain our algebraic geometric approach to
the Milnor classes in terms of generalized vanishing cycles. Here we use the famous
deformation to the normal cone. Our result gives a far reaching generalization of
Parusinski-Pragacz’s formula for the hypersurface case. Moreover, it can easily be
localized at the singular locus of X, as in the related work of Brasselet-Lehmann-
Seade-Suwa.
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Burgers Turbulence and
Random Lagrangian Dynamics

Khanin Kostya
(Newton Institute Cambridge, U.K.)

Abstract

Statistical properties of solutions of the random forced Burgers equation
(Burgers turbulence) have recently been a subject of intensive studies. We
shall discuss a new approach to the analysis of the stationary measures for
solutions which is based on the variational principle and the theory of hy-
perbolic dynamical systems. We shall also discuss a connection between the
global structure of singularities (shocks) and the topology of the space-time
manifold.



On real transverse sections of
holomorphic foliations

GE R (REAKE)

Abstract

Let w be a holomorphic integrable one form on C", n > 2, and M a closed
smooth manifold of dimension 2n — 1. We have a fundamental question :

Question: Is there a smooth embedding ¢ of M into C" which is transverse
to the foliation F(w) defined by w =0in C" ?

In this lecture, we give a partial answer to this question



Formula for Computing Indices of
Vector Fields on Singular Vareties

Xavier Gomez-Mont
(CIMAT and RIMS)

Abstract

An isolated singular point of a complex analytic variety may be thought
as a space that has some ‘hidden’ topology in the singular point. One way
to figure out how much topology is hidden in the singularity is to exploit
the relationship between indices of vector fields and Euler characteristics of
manifolds, as expressed for example in Poincare-Hopf’s Theorem (The sum of
the indices of a vector fields with an isolated singularity is equal to the Euler
characteristic in compact orientable manifolds). The Poincare-Hopf index in
singular spaces is known as the GSV-index.

In the complex and real analytic category the Poincare-Hopf index is com-
puted using local algebra (ie, the ring of germs of holomorphic functions, its
ideals and modules). We give extensions of these local methods to the GSV-
index, for hypersurfaces and complete intersections.

The basic tools come from Homological Algebra, and include Koszul com-
plexes, the mapping cone construction and the Buchsbaum-Eisenbud complex.



